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MULTIDIMENSIONAL UPWIND METHODS FOR HYPERBOLIC CONSERVATION LAWS

Abstract

We present a class of s.econd order conservative finite difference algorithms for
solving numerically time-dependent problems for hyperbolic conservation laws
in several space variables. These methods are upwind and multidimensional, in
that the numerical fluxes are obtained by solving the characteristic form of the
full multidimensional equations at the zone edge, and that all fluxes are
evaluated and differenced at the same time; in particular, operator splitting is
not used. Correct behavior at discontinuities is obtained by the use of solutions
to the Riemann problem, and by limiting some of the second order terms.
Numerical results are presented, which show that the methods described here
yield the same high resolution results as the correspeonding operator split

methods.



0. Introduction

Over the last several years, there has been considerable development of
upwind-type numerical methods for solving numerically nonlinear systems of
hyperbolic conservation laws in several space dimensions. These methods, gen-
erally speaking, are all second-order extensions of Godunov's first-order method
[8]. They incorporate into the numerical solutions the nonlinear wave propaga-
tion properties of the solution, in the form of Riemann problems and charac-
teristic equations, leading to algorithms which are robust and accurate, even in
the presence of nonlinear discontinuities. However, all of the methods currently
in use are derived using the characteristic form of the equations in one space
dimension, with most of these algorithms being extended to several space
dimensions using operator splitting. Nonetheless, these algorithms, particularly
the operator split ﬁnes. have been quite successful in resolving complex pat-
terns of interacting discontinuities and smooth waves; for further details see

[15] and the references cited there.

In this paper, we will consider a class of conservative finite difference algo-
rithms for hyperbolic conservation laws in several space variables which do not
make use of operator splitting, for which we use the multidimensional wave pro-
pagation properties of the solution to calculate fluxes. Our goal is to obtain an
algorithm which has the same robustness and resolution as the best operator
split algorithms, at comparable cost. Given that we are seeking performance
only comparable to, rather than exceeding, the operator split algorithms, it is
reasonable to ask the purpose of considering these unsplit schemes. The reason
for doing so is that there are situations where the use of an operator split
scheme is inappropriate. Generally, this is the case when the requirements of
conservation and correct qualitative behavior require the differencing of fluxes

at all the zone boundaries simultaneously, rather than two at a time. One such



situation is advection by an incompressible velocity field, as occurs in some
models of multiphase flow through porous media; another occurs in coupling
front tracking algorithms for a nonlinear discontinuity to a conservative
difference algorithm, while maintaining conservation all the way up to the
tracked front. For similar reasons, it is natural, though not essential, to con-
sider the use of an unsplit algorithm for calculations on general quadrilateral

meshes, and for the calculation of steady-state solutions by marching in time.

The design of the algorithm described here is broken into two steps. First,
we specify an algorithm for a linear scalar advection equation, which, in smooth
regions, is second-order accurate, to which a flux limiting procedure, related to
the monotonicity algorithm used [13] for advection algorithms in one dimension,
is applied. We then construct the algorithm for systems by introducing a
predictor-corrector formalism, and by replacing various derivatives in the pred-
ictor step by finite differences, using the advection algorithm as guide: upwind
differences for advection become differences of Godunov fluxes for systems, and
monotonized central differences differences for advection become monotonized
central differences with monotonicity constraints applied to the appropriate
choice of transformed variables. A major problem in this program is the
specification of design criteria which guarantee oscillation-free results, even in
the for a linear scalar equation. The principal criterion in one space dimension is
that the scheme be total variation diminishing [ 10]; however, a straightforward
generalization of this criterion to more than one dimension has been shown in
[9] to imply that the scheme is at most first order accurate for smooth solu-
tions. The approach taken in the present work is to specify certain necessary
conditions that the scheme must satisfy, and which are satisfied by the schemes

described here. These are:



1) For a one-dimensional problem aligned with one of the grid directions,
the algorithm should reduce to a second-order Godunov method of a type

described in [5].

2) The second order scheme without limiting, and the first order scheme
obtained by imposing the full limiting of the fluxes at all mesh points,
should have as linear difference schemes, the same CFL stability limit on
the time step, which in turn should be the same as for an operator split

scheme, with the component one dimensional algorithm as in [5].

3) In the case of linear advection, the fully limited scheme should satisfy a

maximum principle.

In the following, we will restrict our attention to the case of two space vari-
ables. Although the formalism developed here carries over to higher dimensions,
the tradeoffs between performance and cost change as the number of dimen-
sions grow; a proper evaluation of what those tradeoffs are can only be made by
numerical experimentation. Even in three dimensions, such a study is beyond
the capabilities of present computer technology. Some discussion of these con-

siderations will be made in the final section of this paper.



1. Advection Algorithms

We consider the scalar advection equation in two space variables

8p U —
Bt +u-Vo=0 {1.1)
_ _ _,8 8 ~
X—(K.y), p—p(x.t) V_(E' W) u—(u.v) u,v > 0

We want to solve numerically initial value problems for (1.1). To this end,
we will attempt to construct algorithms which generalize upstream-centered
algorithms in [ 13] to two space variables, without replacing the operator approx-
imating the time evolution of (1.1) by the product of one-dimensional evolution
operators. Our strategy will be to start from a well-behaved first-order upwind
algorithm for solving (1.1). We add to the evolution operator the terms neces-
sary to make the algorithm second-order accurate in such a way so that they

can be limited, i.e., subtracted off, at discontinuities.

Let Ax,Ay be spatial increments, At a time increment. We assume that we

know pjj, the average of p t time t™

1
pi]?j b U—L p(x, t.n)dl[.
1,] 1]
Here Aj; = [(i-$)Ax,(i+%)Ax] x [(j=4)Ay.(j+%)Ay] ., 0;; = (area of A;;). We wish to
calculate pfi"!, the solution to (1.1) at time t**! = t® + At. A natural algorithm
for doing this is to trace backward in time from t"+At the set A;;, along the
characteristics of (1.1), to obtain A'j;. Then p/}*! is set equal to the average over

A'; ; of the trivial interpolation function Pl (x) = piyif X € A5

1
o JL-LJ Pl(x,y) dx dy (1.2)
L]

b

= (A1pf} + Apfi-y + Aspllyj + Agpi1 1) oy
ij

where the Ay’s are the areas in each of the four upstream zones swept out by u,

as indicated in Figure 1.



The scheme described above is first order accurate. It also satisfies a maximum

principle, since pfi"! is the weighted sum, with nonnegative weights of the solu-

tion at time t™. We can put this scheme in explicit conservation form

At vAL
PR = plyt LR —pBY) + THANY - P (13)
ol = i+ 2 or s - ol (1.4)

PRl = Pl Aol — P).

One way of deriving the formulas for pi’l’;ﬁ.pin_ﬁ% is to notice that they are the
averages of p! over the region swept out by the characteristics through the zone
edges centered, respectively, at {i+%,j) and (i,j+%) (Figure 2 ). We shall refer to
this scheme as the corner transport upwind (CTU) scheme, since it takes into
account the effect of information propagating across corners of zones in calcu-

lating the flux.

One fact that is immediately seen from the formula given above for the
fluxes is the difference between the CTU scheme and the conventional donor cell
differencing. In the latter case, pi‘lﬂs = pf . pii¥% = p%. Thus, in this scheme, we
are adding a time-centered correction term to the donor-cell flux which esti-
mates the effect on the flux of the gradients in the transverse direction. This
corresponds to subtracting from the donor cell algorithm a term, which, to lead-

ing order in the truncation error, is always destabilizing. This is reflected in the

differing CFL times step limits for the two schemes:

ult  vAL
: g udt | vAt
Donor—Cell o + TY <1. (1.8)

One can view schemes of the form (1.3)-(1.4) as being predictor-corrector
schemes. One regards the calculation of pﬂ% , P:nﬁ}i as the predictor step, with

the conservative differencing as the corrector step. Thus, if pﬂ;& were to be cal-



culated in such a way as to have a local truncation error of 0{At?) in smooth
regions, then the scheme would be second order accurate. To obtain such an

estimate for pfi¥/5 , one must have

At & Ax 8
PR =PI+ T ot T ox {a.7)
—on_ Bt % , %, Bxd
= P ?(“ax +v6y)+ 2 ox

—ony(Ax _ At Bp At _dp
=B (s T 5

The only terms in (1.7) missing from the CTU flux (1.4) are the ones involving

%\% Thus, we add that term to pﬂ% to obtain a second order flux:

_ Ax uAt | A%p;; vAt
PRY =PIy + (2_‘”' > ) Ax  2hy (Pij — Pij-1) (1.8)
xp_ . 6
Here =L should be a difference approximation to (—&-) , and A%p
bx 0% "|(iax , jay)

should also be limited to suppress oscillations at discontinuities. The simplest

choice is a central difference approximation to (E':;—) with the one dimensional

limiter given in [13]:

(8%)i; = min(h| pfivg = picrgl RISy — o8]+ 2108 — ol )Xsgn(pierj — Pio1y)
if (o1 —oR) (PB —pf1y) > 0; (1.9)

= 0 otherwise.

Simnilarly, we define

_ A At (Np)i.j At
pi'% = pf + (—g‘“ 'é—V) Ay | 2Ax u(pij = Pi-1.5)
where AYp is a monotonized central difference formula, such as the one given by
(1.7) with the roles of i and j reversed. Because of the nonlinear switch in the

definition of A®p , A%p , one cannot perform a formal error analysis on this algo-

rithm. However, in smooth regions, one expects A*p , A% to be given by the

central difference operators (N‘P)i.j = %(Piﬂ.} i pi—l.j) , (Nrp)i.j = %(pi.j+l = Pij-1)-



In this case, one can perform the linear error analysis, and find that the scheme
is second order accurate. We have also calculated the amplification factor and
evaluated it numerically; we have found that, as long as the time step satisfies

(1.5), the second order algorithm does not amplify any Fourier modes.

There is not a great deal one can say about the monotonicity properties of
this algorithm, save that, when the slopes are fully limited, i.e., Ap = A% =0, it
reduces to the first order CTU scheme described above. In order to have this
property, it is necessary to treat the spatial derivatives in the predictor step in
an asymmetric way: the derivatives in the direction tangent to the zone edge are
approximated by upwind differences, and not subject to monotonicity, while the
derivatives in the direction normal to the zone edge are approximated by mono-
tonized central differences. For linear advection of a discontinuity oblique to

the grid, the algorithm appears to produce monotone results.

A different approach to the one taken here, more in line with the geometric
constructions in [13], would be to construct piecewise linear interpolants of p,
suitably monotonized, and to integrate over surfaces swept out by the charac-
teristics to obtain fluxes, similar to what was done to obtain the flux form (1.4)
for the CTU scheme. We have not done so here: for a development along such
lines for the advection equation, see [14]. However, fof strongly nonlinear prob-
lems, we find that a somewhat more elaborate treatment of the transverse
derivatives than simply using first order upwind differencing will be required,
leading to an algorithm which is intermediate in complexity. This algorithm will

be discussed in the next section.



2. Systems of Conservation Laws

In this section, we will consider algorithms for solving numerically the ini-

tial value problem

aU
£ $V-F=0
at ¥

U(x, t) = U: K*x[0,T]>RM
F = (F*, FY) € R%RM

U(x,0) = Up(x)

given. For each n€ R? we define the projected equations ( along n ) to be the

one dimensional system of conservation laws

au o™ _ s
-a--t—'i' —5-)-(-—— 0 Fn(U) =n F(U). (22)

We say that the system (2.1) is hyperbolic if, for every n the projected equations
(2.2) are hyperbolic, i.e., that the linearized coefficient matrix VyF® = A® has M
real eigenvalues A™!< - - - <A™ corresponding to M linearly independent left
and right eigenvectors (1™*,r™"), v =1, - - - M. We also have A™ = n-Awhere

A= (A% AY),A* = VyFX AY = VyFY The left and right eigenvectors can be chosen so
as to be biorthonormal, i.e., I™V-r™¥ = §,, ., so that the expansion of a vector

weRY in terms of the r™”'s is givenbyw = Y o®"r™, with a®¥ = I™"-w
v=1,--- ’H

Our algorithm for the calculation of conservative fluxes is motivated in part
by a version of the multidimensional theory of characteristics, which we review
briefly here; for a more extensive discussion, see [6]. If ['is a curve in the plane
f (xt):t =tg}, then there exist surfaces S!, - - - ,S™ called characteristic sur-
faces, passing through I, such that the normal to S” at a point (X.,t) is of the
form (n,—A™"), where A™" is the v*! eigenvalue of the projected equations in the
direction of the unit vector n. The significance of these surfaces is that along

each of these surfaces, a continuous solution to (2.1) satisfies the fcllowing



interior partial differential relation:
Bi=rs ( + A-VU)
= . ( —+ (n-A)(n-VU) + (t-A)(t-VU)) (2.3)
= ( + A%¥n-VU + (t-A)t-VU))

where t is a unit vector orthogonal to n in the plane. Since (A™n,1) and (t,0) are

tangent to S¥, then (2.3) contains only derivatives in directions tangent to S*. In

particular, if we define du to be differentiation in the direction of the vector
o

field (A\™" n,1), then (2.3) becomes

ln_'p d.U
d v
i.e., we obtain the ordinary differential relation from the theory of characteris-

——+ (I™Y-AY) (L-VU) = (2.4)

tics in one dimension for the system projected in the n direction, with the

derivatives in the t direction acting as source terms.

Finally, we assume that the Riemann problem for the projected system (2.2)

is well-posed for all n€ IR? i.e., that the initial value problem for (2.2) given by

U(x,0) = Uy, for x>0

= Ug for x<0

has a unique solution with appropriate entropy conditions, for any choice of

Uy, Ug for which (2.2) is hyperbolic. This solution is a function only of the similar-

ity variable QtL, throughout this paper, when we require the solution to a Riemann
problem, it will be at the point %L: 0.

We assume, as in the scalar case, that we know U{} the average of the solu-

tion over A;;, the zone centered at (iAx, jAy):
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n = l_ n
U 5 fALlU(x, t") dx

We want to extend the algorithm described in the previous section to calcu-
late U%*!. The difficulty here is that the different modes of wave propagation
can carry gradient information from different sides of the zone edge where the
flux is to be evaluated. We solve this problem by using predictor calculations
similar to (1.8) to calculate two states at a zone edge, representing the propaga-
tion of signals coming from the left and the right of the zone edge. We then
obtain a single value for the flux by solving a Riemann problem given the two

states, with the jump assumed to be parallel to the zone edge.

The algorithm can be broken up into the following four steps:

1) the calculation of monotonized central difference approximations to

BUBUL MU BU
Ax Bx | (Ax.jay) - Ay dy (iAx.jAy)s

2) the construction of time-centered left and right states at the zone edges:

URHAL . UR¥R at ((i+%)Ax,jdy) , and URt%y, UR¥% R at (idx,(j+%)4y) ;

3) The solution of the Riemann problem at the zone edges for the projected
equations along the normal to that zone edge, given the left and right states

computed in 2) , to obtain URY, UR

4) The conservative differencing of the fluxes

FZy; = PXURYE) . Fluy = FY(URE) to obtain U

At
UR' = Ul (PR — Pl + A — B,

In describing the details of this algorithm we will describe the details of
only the calculation of Ffy ; ; the other fluxes are calculated along the same

lines, interchanging the roles of i and j, x and y.



11

The calculation of slopes follows the pattern seen in the scalar case: we use
central difference to approximate the spatial derivatives of U, and constrain
them using a one dimensional monotonicity algorithm. In imposing monotoni-
city constraints, there are two strategies which have been used successfully in
one dimension. The first is to perform a nonlinear change of variables such that
the new dependent variables are essentially the characteristic variables, and
interpolate those variables using monotonized interpolation such as the one
given for the scalar case in the previous section. This procedure can only be
done for special systems, including Euler’s equations for compressible flow,
which shall be discussed in § 4. The second approach, due to Harten [11], is to
expand the central difference approximation to the spatial derivatives in terms
of the right eigenvectors of the coefficient matrix of the linearized equation, and
constrain the amplitudes in that expansion. Since the latter procedure is well

defined for general systems of conservation laws, we will describe it here.

To calculate (A*U);; we define the expansions,

W(Uisrj — Uinry) = D okr™Y,
2(Ujsj — Ujy) = 3. 4 g (2.5)

2(Uij — Ui1y) = ) okr™v,

where ¥, r*¥, A*¥ are the eigenvectors and eigenvalues of the equations pro-

jected in the x coordinate direction. Then (A*U);; is given by
(87U);; = Ya'r™v (2.8)

o = min( || , [af| , | ak|)xsgn(af) if af ok > 0

= 0 otherwise.

Next, we define the left and right states at the zone edges Ui}z 1, UR¥SR.
We extrapolate from the zone centers on either side of the zone edge at

((i+¥%)Ax,(j+%)Ay), using a formula similar to (1.7):
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T _ Ax 8U At 8U
Uls = Ui 35" 2 3t

= Ax 8U At ,8F* 3F7

=Uhit 2 5x "2 Cox T oy &
Ax  AtA*, 08U At OFY

= TP == wiiineriiin L b i ot

= Ufig + (£33 2 Va2 b

Here, and in what follows, we use expressions such as (2.7) involving the symbols
(S, £, k) to mean a pair of expressions: one with (S, +, k) replaced by
(L, +, 0), the other with (S, +, k) replaced by (R, —, 1). In calculating UL s,

U aFry
ﬁ}{ and the _ésf_

we approximate %by the monotonized central differences
term by a difference of Godunov fluxes, the extension fo nonlinear systems of
upwind differencing.

It is convenient to view the calculation of U{L’%_L ; Ui‘?i.%_ﬁ as consisting of two

steps, the first involving the monotonized central difference approximations to

ou

B’ the second involving the transverse derivatives:
& _ Ax M ou .
Uigys = Uy + (25— 5A) 5= (2.8)
- At 8FY
Ui¥ss = Uisgys — 2 oy " (2.9)

In order to calculate ﬁi+}§,j.s- for linear problems, it would suffice to simply

ceni U (A*U)y
PIREE ox y Ax

. However, we make two changes in (2.8), which, for

linear problems, are redundant operations which lead to the same answer, but

which have been seen to lead to a somewhat more robust algorithm for strongly
nonlinear problems. This first is to discard in the %—term the components

corresponding to characteristics which do not propagate towards the zone edge.
The second is to introduce arbitrary reference states Uy, , Uy taking advantage of
the fact that the characteristic projection operators appearing in both the con-

struction of the left and right states, and in the solution of the Riemann prob-
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lemn, act on increments of U. The resulting algorithm is given as follows:

¥ i 2 At
Uisyys = Us + Ps (Ufky; — Us) + Ps(¥ — mAx(UHk.j))(AxU)HkJ (.10)

Pgw = % (%K - wIrEk;
viaNe Uy ) > 0

~ ~
The reference states Uy, , Ug are chosen so as to reduce to as great an

extent as possible the size of the sum of the terms multiplied by the charac-

teristic projection operators Ps. One possibility is to take
ﬁL = Uln_] + (% = max()\x'H(UiJ) s 0) 2?3%)(&]‘1}“ (2 11)

Ur = Uy = 0 + min(V (U1 ), 0) oAU
The additional cost of applying the characteristic projection operators is small.
Because of the monotonicity algorithm, we already know the expansion of A*U in
terms of the right eigenvectors, applying the characteristic projection operators
to (A*U) is accomplished by setting to zero the coefficients of the eigenvector
expansion of {AXU) for which have associated propagation speeds having the
wrong sign. Finally, the calculation of the terms involving A* are easily accom-
plished using the fact that the projection operators are sums of eigenprojections

of A*, implying that Ps AX AXU = )] A*Ya¥r*¥. Using this fact, and with the
XY >0

above choice of ﬁL. ﬁR, we obtain the following explicit expression for (2.10):

~ ~ At
Ugan = Ui+ g, 2o O = Miady'ely (2.12)
v J"' >0
Ui+}§.j.R - UR + —EE E (A;xi-llj - Alxi-‘lz])a]ﬁ-]{]r]ilh
v:)@-‘i’.] <0

where the afff” 's are the expansion coefficients of (A*U);; given by (2.6). This pro-
cedure is essentially that given in [5] for computing the left and right states for
the one dimensional algorithm, applied to the case of piecewise linear interpola-

tion.
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To complete the calculation to U{i’gﬁ_s we approximate ] by some

3y |iax.iay)

appropriate upwind flux difference. The simplest choice is to use Godunov's first

<
;; - If we define Uj’g{_}é to be the solution to the

order method to evaluate

Riemann problem for the projected equations along the y-direction, with left and

right states

(Usgr» Uliesr) = (U}, Ufiin) (2.13)
then
~ At
Ufi¥ss = Uispjs — B—M‘(W(U;Erkﬁ)ﬁ) — FY(Ufi i) (R.14)

is a sufficiently accurate approximation to (2.9) to yield an algorithm that is
second order accurate. For problems involving moderately strong nonlinear
discontinuities which are oblique to the mesh directions, it is necessary to use a

slightly more complicated algorithm to evaluate the effect of the transverse

derivative term Mon the left and right states. This term estimates the

dy 2
change in the solution due to the y-gradients. In the case of an oblique discon-
tinuity, if the estimate is sufficiently different from the actual change calculated
in the conservation step, the solution will overshoot, or the discontinuity will

spread, depending on the relative signs of the gradient and the error. To allevi-

which is closer to what we will

ate this problem, we use an estimate for By

actually use in the conservation step, by taking UiTj+}ﬁ to be the solution to the
Riemann problem for the equations projected along the y-direction with left and
right states

(Ulapr . Ufayr) = (ﬁi,j»f;g.},- ﬁi_j+)§.R) (2.15)

-~

where ﬁj)j.!.}ﬁ.]_‘ » Uij+xRr is computed using the analogue of (2.10) for the zone edge

at (iAx , (j+¥)Ay).
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Given the left and right states defined as above, we solve the Riemann prob-
lem for the one dimensional equation projected along the x direction to obtain
Ui’},’%. In the case of constant coefficient equations, it is easy to check that Ui’i%

satisfies the following linear equations, independent of the choice of ﬁL , ﬁa:

. At
- (URHE = Uiga) = g - (P(Ufgad —P(Ulgad) - (2.16)

where
Uiy = Ul + (6 - A‘-V%)(Axu)i_j if A¥>0

=Uh;— B+ A‘”-z-%)(ﬁ‘U)jH.j otherwise.
This is a finite difference approximation to the characteristic form of the
equations (2.4) on the M characteristic surfaces intersecting the line
{(x.y):x = (i+}%)Ax} at time t**!. The proof is a routine calculation using the
characteristic projection operators; the key fact that is required is that the
solution to the Riemann problem for (2.2) with left and right states Wy, , Wr is

given by
W = P_WL + PpWg

where P;, Py are the projection operators defined in (2.10). In the case where
the equations are nonlinear, but the solutions are smooth, U}l’% satisfies (2.18)
modulo terms which are second order in the mesh spacing, provided that

ﬁs — Uik, is of the order of the mesh spacing, where the eigenvectors and eigen-
values are evaluated at U&%. This fact describes one sense in which the algo-
rithm described here is upstream-centered for smooth solutions: the value of
the predictor Uﬂ% is given by solving a solution to M linear equations which are

finite difference approximations to the characteristic equations.

Finally, we need to specify a bound on the time step for stability. We expect

that the CFL condition should be given by
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maxl)\;v [ f}\"7 -~ (2.17)

by analogy with the stability condition (1.5) for the advection equation . We have
not proven this for any problem for which A* and AY do not commute. However,
we have used the above condition as a time step control for our gas dynamics

calculations, and have seen no evidence of instability.



) 51 4

3. Quadrilateral Grids

The above algorithm can be extended to the case of arbitrary quadrilateral
grids. For the purposes of deriving the algorithm we will assume that our grid
comes from a smooth coordinate mapping, although the final difference algo-
rithm will be expressed only in terms of differences between coordinates of the

corners of the quadrilateral mesh.

We now assume that our computational domain is divided into quadrila-
terals f_\.,-‘j with corners located at (X,’+m+;5, qu.ﬁj...%). Furthermore, we assume
there is a smooth map (£, 77) <> (x, y) between some coordinate space and phy-
sical space, with a rectangular mesh in (£, 7) space with corners located at
(£is3 » My+y) such that (Xiepjey . Yiepjen) = (X(&ivg . y3) ¥ (&isy » Mj+p). We can

transform the system (2.1) to the (£ , ) coordinate system:

d(JU) , OFt . oF" _

at 2t | onm
J = Det(Vig , m(x . ¥))
FE=n"-F, F?’=nfF

0 (3.1)

n-(8y _ 9x, ¢-(_08y
Without loss of generality we assume here that J > 0. We define finite difference

approximations to the derivatives of the grid mapping function:
(MX); ok = Zigtisels = Xidp 1% N .e'_’E_I £
i = Baieh T Xigen N 5 & pplbi

(A")iags = Kiagpjry — Xinggjp ™ g%i g - D7
(8515 = H((A*R); 54y + (A°%); ) (3.2)
(A"%)i5 = B((A"K)ieg; + (A"X)iy;)
035 = B(Xis3i% — g ) Visspio — Yisiw+(Kirgien — G310 Vihish — Yirkin)
Using these finite differences, we can make the connection between the mapping

derivatives in appearing in the transformed equations (3.1) and the geometry of
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the finite difference grid in physical space (Figure 4 ): 0;; & J(¢;,7;)AAn; is the
area of the (1) zone, and nfA¢; & —(Afx);3y;, nAn; & (Aﬂx)ith are normal to the
zone edges, where we use the notation (w, , Wg)l = (—wgy , wy).

As in the previous section, we will assume that, at time step n, we know U},
the average of U over A;;. The procedure for calculating Ui‘}“ follows the same
basic cutline as that of the rectangular grid case. We construct time-centered
left and right states at the zone edges, solve the Riemann problem, and
difference the fluxes conservatively, taking care that, at each step, the effect of

the quadrilateral mesh is accounted for in a suitable fashion.

Our conservative difference step will be of the "finite volume" type:

At
Ul = Ul + (87%);dy - F(URYE) — (A", - F(UBHE) (3.3)
1,]
= (8% F(UR) + (8)fg- FULH)
It is clear that this formula is a conservative finite difference approximation to
(3.1). This formula can also be obtained by integrating (2.1) over A;;x[t¥, t"*%],

applying the divergence theorem, and approximating the resulting surface

integrals using the midpoint formula. From that point of view, each of the terms

multiplied by —:—t—represents a time- and space-averaged flux through one of the
i

edges of 4;;.

Our strategy for obtaining values for Ui‘}:;zi ; Uﬁ’ﬂ?ﬁ follows the pattern used in
the rectangular grid case. We extrapolate time-centered left and right limiting
states at the zone edges using (3.1). We then solve the Riemann problem using
these states for the equations (2.1) projected in the direction of the normal to
the zone edges in physical space. We consider, for example, the zone edge cen-
tered at (i+%,j) and we wish to construct Uﬂ%'L. UQ%JR left and right states at
that zone edge. The starting point for this is to consider the extrapolation for-

mulae analogous to (2.7) for the system (3.1):
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Aty 9U , At aU

U.‘H- b F U]i—k] 2 ag 2 at
A U At BF¢ aF'T
= UBy; + é" o~ ar Cor ) (3.4)
At ou At 9n" At 9F7
s ¢ e T -
Gt 2JAE 4k 7°) a¢ Aivk ~ 33 8¢ F= o an
P At on” . 8Ft
where A* = n7-A The term W-Fcomes from putting FIH nonconserva-

tion form, and is equal to zero in the rectangular grid case. We break this pro-

cedure into two steps:

T At
. : — ... —_ A
Uispgis = Uft + (£} 2TAE e nE) 3t A$1+k (3.5)
n - At , 8n” aFm
Ulﬁé,‘ﬁ,s = Uis = g5 F+ 50 (3.8)
We approximate 6€ by monotonized central differences and %lj-l;—-by upwind

n
differences. The term aanT- Fis differenced in such a way so as to exactly cancel

the difference approximation to ?31;-7; if there are no gradients in the i direction.

We first consider the calculation of ﬁi+}§.j.s- We approximate

(= g ™ (% = gt (8 0rhy AUB ) (37)
where we have replaced J and nf, n? by the appropr;ate difference approxima-

tions from (3.2) . By analogy with the rectangular grid case, we want to approxi-

mate —Ag‘, with (MU)i.j, a central difference approximation to which some form

0¢

of monotonicity has been applied. If the coordinate mapping is smooth, then
the formula (2.5) for equally spaced zones can be used without modification,
while retaining second order accuracy in regions where the solution is smooth.
However, we replace the eigenvectors in the monotonicity constraints in (2.6) by
(l1J ST ]‘") v=1,---,M, the left and right eigenvectors corresponding to the
eigenvalues Afj'< - - - <AfM of (A”x),] -A(UJ). As before, we can also discard

terms in (3.7) corresponding to signals propagating away from the zone edge,
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and allow for an arbitrary choice of reference state ﬁs obtaining the following

analogue of (2.10) for a general quadrilateral grid:

~ ~ ~ At
Uisyys = Us + Ps(Ufy — Us) + Ps(+) — T (anx)j%k.j'A(Uil}—k.j)) - (AU )i41c4(3.8)
itk
where
Psw= ), (&% wrfk;
u:ﬂﬁg.i)o
. - At 8F™ . ) . .
We approximate 27 -Wby an appropriate upwind difference approxima-

tion. In general, it is of the form of the corresponding difference approximation
in the conservative difference step (3.9):
At 0F7 At
= 57 3™ 2o ((M)ifuy F(UTjay) — (M) y F(U)y))
2 on 20i;
Here U;Z-,,)i is calculated by solving a Riemann problem for the projected equa-
tions along —(éfx)i%ﬂé with left and right states (UE;-J,%.L , UTsgR). Asin the rec-

tangular grid case, UiTj+}5.s may be set to Uf};; or ﬁi.j-!-}ﬁ,s- Finally, we approximate

At 9" : . : A .
37 W F using the finite difference approximations (3.2):
At on" At
27 0f | 2 20, ((A™);vy5 — (Aﬂx)éﬁ.j) - F(UR). (3.10)

Collecting our difference approximations, cur final value for Uj‘l%_s is given by
= At
UlZs = Uiays + E[ (ﬁex)ii'k,jﬂé_' F(Ufen) — (ﬁex)ii“k.j—}g'F(Uiak,j—}s} (3.11)

= ((Mx)ii'xw,j e (Mx)ii}ﬁk.j) -F(Ufxy) ]

We obtain Uﬂ% by solving the Riemann problem for the projected equations
along (&”x),-!cﬁ_j with left and right states Ui“fg‘s, Uﬁ%. U,v‘l% satisfies finite
difference approximations to the characteristic equations (2.4) for the charac-
teristic surfaces through the (i+%, j)th zone edge in physical space, similar to

(2.14).



21

The appropriate generalization of (2.17) as a CFL condition on the time step

s given by

At‘

A
max| | Afy”
U-i.j

i o (3.12)

£
— 1INy
o

This is dimensionally correct since Af}, A%Y contain factors of A"x, Aéx. In the
case of advection, and if the grid mapping is linear, one can demonstrate numer-
ically, as was done for the rectangular mesh case, that this is the correct CFL
condition. In general, the time step bound (3.12) has the following interpretation
in terms of characteristics: At must be less than the time it takes a wave pro-

pagating in a direction normal to a zone edge to reach an opposite zone edge.
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4. Gas Dynamics

We give in this section a detailed description of an algorithm of the type
described above for the case of Euler’'s equations for inviscid compressible flow
in two space variables, in planar geometry, on a general quadrilateral grid. The

system we wish to solve is of the form (2. 1), with M = 4, and

p pu pv
2
_ |pu rces:  FOUAE _ |puv A
U=l FX(U) = pis . FYU) = e . ;(‘)
pE pull + up pvE+p

where p is the density, (u,v) = u the x and y components of velocity, and E the
total energy per unit mass. The pressure is derived from these quantities via an
equation of state, p = p(p,e) , where e is the internal energy per unit mass, given
by e = E — %(u® + v?). In this section, we will describe an algorithm suitable for
use with a polytropic equation of state, i.e., for p given by p(p.e) = :),P__e—l, and the
adiabatic speed of sound c given by c? = :)ZOE- The case of a general convex equa-

tion of state is a straightforward extension of ideas in [4].

The projected equations for the system (4.1), are essentially those of gas
dynamics in one dimension. If we project the equations in the n direction for n a
unit vector, we can make a change of variables to obtain the following system

equivalent to (2.2):

W AG(W
ot —(—,r(;)—: ¢ #2)
p pul
N N
_|pu e+ p
w= oy G(W) = puliyT
pE puVE + uMp

HereuN =u - n,ul = u-nl with the other variables defined as before. Since n

is a unit vector, u® + v¥ = (UN)? + (u")? so the formula for the internal energy e
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can use either quantity. From these equations, it is clear that the eigenvectors
and eigenvalues of the linearized system, as well as the solution to the Riemann
problem, are given by those for the one-dimensional gas dynamics equations,
with uT being treated as a passively advected quantity. Hence, we can use the
techniques of [2] and [5] for calculating solutions to the Riemann problem and

for manipulating characteristic variables.

Although the algorithm described here follows the same basic outline as
those given in the previous two sections, there are some differences, mainly with
the calculation of ﬁi+}ﬁ,j_s- For the purpose of calculating ﬁiﬂé_j_s, we make a non-
linear change of variables, performing the difference calculation of {3.5) in
terms of the primitive variables p, u, v, p, as was done in [5] for gas dynamics
in one space variable. We then transform back to the conserved variables to cal-
culate Ujl?[..%,s. This procedure enables us to perform our central difference cal-
culation componentwise on the primitive variables, using formulas similar to
(1.9), rather than on the amplitudes of an expansion of AfU in terms of the right
eigenvectors. Also, since we are working in terms of the primitive variables, we
can use the more elaborate central difference algorithm given in [4], which gives
rise to a steeper representation of discontinuities than (1.9).

In order to justify the use of the more elaborate algorithm for computing

@—and, more generally, to understand the errors introduced by using

0¢

difference approximations to %—, such as (2.5), it is useful to make a lccal

change of variables (£,17) < (a,b)
a(em) = [ (T + (Gtae (4.3)

sy n,, 0x 2 a 2\% '
= SXe g 2d
The coordinates (a,b) measure arc length along the grid lines {£ = constli,

{n = const! respectively. It is easy to check that, for (£, 7) sufficiently close to
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(&. m;) the Jacobian of the above map is nonsingular, since the cross derivatives

g—z; ?}%= O((¢ - &), (n —n;)). Using the chain rule, we compute %%—-to be
ou ,, _ 8U da oU &b
e 76 = Ba ae bt Bp aF e
Thus, the central difference approximation to %used in {(3.8) can be viewed as

using a central difference approximation for -‘;%and dropping the term propor-

tional to -@31 since it is of one order smaller in the mesh spacing. In terms of

0¢

the mesh in physical space, this corresponds to the assumption that the arc
length along each of the coordinate directions is a smoothly varying function of
the other coordinate. This is a condition satisfied in a wide variety of applica-
tions, even when the grid mapping as a whole is not smooth, such as in the case
of highly stretched grids used in airfoil calculations. In the latter situation, one
can retain the formalism developed here but use an approximation to the

derivatives appropriate for a strongly varying mesh in the a- or b- direction.

In terms of the coordinate system (4.3), we can express URYf s in the follow-

ing form:

~ AtAD; U

Uisyys = Uf + (£ - %&k,j -A(Ufx ) =—ADay; (4.4)

20i4kj da
A At
UfiYss = Uispjs — E;;‘H:_j[ﬂaﬂk,ji—}ﬁnﬁ—kjﬂéﬁUiT;k.jﬂﬁ) — Aaj iy F(Uf 4 4.5)
+ F(Ufi;) - (Bbiagex DSy — Abiyi P )]

where

(8a)i s = (M) + (Afy)Pag)®
(Bb)i+35 = ((A"%)F g + (A7) G )%

(A7)

4.6
Abip 4y ; )

ﬂi‘f ¥ =
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o (ﬁsx)ig'[ﬂé]

8 —
L Baiji+)

We calculate ﬁi+)§,j.S by transforming to the variables V = {p,u,v,p)* before
applying (4.5):

Vi = V(U]

S ~ ~ AtAbyyyj ., av
Viepis = Vs + Ps(VR — Vo) + Ps(£lo — ?M:—;J"Tid(.j Afcs Tinney) Ea_ﬁaﬂk.j (4.7)

Uinis = UViagis)-
Here T;; = WU | ;. and Pg is defined by Psw = Y (&K wirik; where
M viaAEE >0 '

127, Y, NY v =1, - 4 are the eigenvectors and eigenvalues of Tiz' - AR -Tiy:

Al=g-pnP—c AR =)a3=qu-nb A4 =u-nP+ec

f 1 3 1 3
nPc 1 0 nPc
= b
al — P g2 - |0 all o | 7Py as | @
5 _nf,’c i ¥ g K pi | o nfc
P
. Cg ! l 02 !
- b ] '
1&1 - O _ Xp — Yno 1
’ 2c ' 2c ' 2c?)
1‘*-2:[1.0,0.—12
c

189 = [0, —n}’ L 0]

nPp npp 1 |
2c ' Re '’ ZCEJ

184 = [0,

Here nP = (n?, n}’) and the subscripts i,j are suppressed. The time step control

(3.12) in terms of the above eigenvalues, is given by

by, Bt |

Aih"p f_\.ai‘j Ist
i Y

max[ | ARV | |=1.

ij. v

The approximation to (ﬂ) Aa;; we use is obtained by using a formula
p da | o moral
ij

like (1.9) for each component of V. For example, we define, forq=p, p, u, v, ,
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(Mm@ = 2min( | aft; —af |, [afy — aygl)
if (qft1; — o)) (afy — at1y) > 0,
= (0 otherwise,

(APq)y; = min(B| afty; — afirl  (Afm@ipxsen(afiy; — a1y
and set (A%q);; = (Afq)s; to obtain the algorithm analogous to (1.9). In the calcu-

lations presented in § 5, we use the following algorithm, taken from [3], which

yields a steeper representation of discontinuities:

1
| Qiv1,j — Di-1j — Z{(AIEQ)H—IJ + (ﬁfaq}i-l.j) | ﬁai.j
(Aai_l_j + ZAai_j + ﬂaﬂ.l’j)

(A%q);; = min|B . {BEnd)i

xsgn{qfii; — qi]ll,j)

Given the values for A%V, we can give explicit formulas for vhm.s:

& AtAb; ;

VL = Van + (}é = ITIE.X(‘],HJ ) D,lb_] + Cgrf] . 0) EO_H—I'; )Aanlj
i ) AtAbyy
Vg = Viqri.j - (HE 2 mln(“‘i‘ll.j- n-ihil-l,j = Ci+1,j» 0) _2__.‘:'...!.)&&\}“”

Oi+1,j
viﬂé.j.s = Vs + 1 Binisriik,
AtAb; ; )
ﬁi‘i}&.jl = Tn"-‘()\ﬁ‘* — ?\fj") (lfj" - f_'\.aV,-’j) if )\i'j‘]*" =0,

= 0 otherwise;

AtAbjy, x

Blir = 2001, Sl — M) (8Y - A%y BEARY; <0,

= 0 otherwise.
The formulas for ﬁi,j+}§.S are identical to those given above, with the interchange
of i and j, n® and n®.
The calculation of Ui} s given ﬁ“_%_j,s is given by (4.5), with Ui'I_'j,,yZ the solu-
tion to the Riemann problem for the equations projected in the nf,y directicn,
with left and right states given by Ui%%,s — ﬁi,jﬂé,s or UE}J,%_S = Ufj4x- In the calcu-

lations shown below, we use the latter choice.
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The final conservative difference step is given by (3.3). We define

m{3} b
o mii% ot + pAYE ATy
ELT | miY v — R ATXi;

phY:
mﬁ% (Ell}- A + P:{ﬂé )

m}'%

. miE ol — pRi Alyi s
LR T v + pIY Ay

phi%

miy% (R + )
L

where mi}i% = Abj,y; PR (nhy;- ufiift ). mpig = Day iy p5H% (D ufi% ) are the

mass fluxes through the zone edges at (i+%,j) and (i,j+}). Then (3.3) is given by

At
U = Ul + Py — Pl + Pl — Fllay)-
1,]

Dissipation Mechanisms

In [5], it was noticed that, in one space dimension, and near strongly non-
linear shocks, the dissipation implicit in monotonicity constraints such as (3.8)
and (4.8), was insufficient to guarantee the correct jump in the Riemann invari-
ants transported along the characteristic families which cross the shock. For
that reason, it was suggested that additional dissipation be added to the algo-
rithm near such discontinuities in the form of flattening of the interpolation
functions, and by adding a small viscous dissipation term to the fluxes. Since
both these forms of dissipation were required for one dimensional problems, it is
expected that similar dissipation would be required for the present algorithm,
since, for one dimensional problemes, it is similar to the algorithm in [5]. The
second order artificial viscosity used in [5] can be applied without modification
to the present algorithm, simply by adding the dissipative flux to each of the

four fluxes, prior to the conservative differencing step. The form these
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dissipative fluxes take in the case of a general quadrilateral grid is also stan-
dard; see, e.g. [12]. The simplest flattening algorithm in [5] can be used, with
.one important modification: in each zone, the slopes corresponding to the
derivatives in each of the grid directions should be flattened by the same
amount. We define flattening coefficients x2, xP

| Pi+1,j — pi—l.jl
min(pi+1 4 Pi-1)

| Pi+1,; — Pi—1, | )
| Pi+2,j — Pi-2j |

>6 (4.9)

';.'fj =& if (w_y; — U41+1.j) 'nil.,j >0,

= 0 otherwise

x¢ = min(x2s, 5 . X8)

where
2= 1ifz% .,
=0ifz <zg,
Z—Zg .
=1—- ——ifzg<z<z,
Zy — Zp
and

sij = sign(Pi+1j — Pi-1.5)
We define x,-‘.’}- similarly, with the roles of i and j reversed. Then the slopes A%g, Abq

obtained from (4.8) are reset to

A%q;; . APgi; »xij A%Gi . Xij APy, (4.10)
where

Xij = min(x®% , x5)
In the runs discussed in the next section, the parameters in the above algorithm
we set to be d = .33, zg = .75, z; = .85. In addition, we used the two-dimensional
Lapidus viscous flux discussed in [5] with a coefficient of .1. These were the
choice of the parameters used in the corresponding algorithms for operator
split calculations described in [5], and have been found to give adequate results

over a wide range of problems.



29

Boundary Conditions

It is straightforward to impose various continuation-type boundary condi-
tions (inflow, outflow, periodic, etc.) in regions where the grid has a natural
extension beyond the computational domain. Since the numerical domain of
dependence of a grid point is contained in the 7 x 7 block of grid points contain-
ing the point at the center, then one can extend the original computational
mesh by three grid points in each direction, and set the values on the extended
part of the grid at the beginning of each time step using the boundary condi-

tions, thus supplying sufficient data to calculate the values on the original grid.

The most common situation where one cannot extend the grid is in the case
of an impermeable surface, particularly on a body-fitted grid. Let us assume, for

example, that the curve {£(X) = £y} is a reflecting surface, with the fluid con-
tained in the region {£(x) > 'fig-}ﬁi- The algorithm described above can be applied
without modification, if we specify values for the slopes ﬁ}’qjo_m, Abq_io_”‘j and for

the fluxes F(U _y ), F'(U,-‘;iﬁ.i). The slopes are given by

1
Ag;y; =qujo_j= 0 g=p.p, n,-bn_m-u

b ;- APwy; = min( | oy nd gl L 2] (g ~0,5) - 0d g5 | )sgn(ui;-nd 4)  (4.11)
if (ayy,- ni‘;—}ﬁ,j) (@1 — u; ) - nil;—}ﬁ,j >0

0 otherwise

1

Given the slope information, it is possible to calculate ﬁia_”’j.R, Uj’;t;g'j.R. To obtain
the states U{g%j, U};* - we solve Riemann problems projected in the “i];—}i,j

direction, with left and right state given by

-~ -~ i
o4l > BBiL = Gyuir - ABHir . a=ponET; - u (4.12)

b . T b . e =
i By g0 Do WL = 0y By yr . —0D g ult R
With this choice of left and right states, it is clear that U5 % i 'ni!;—}ﬁ.j =0, so that

the advective terms in the fluxes at (ip—%,j) vanish, leaving only the pressure
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terms in the x- and y- momentum equations. Whatever approximate solution to
the Riemann problem is used should guarantee that the advective terms vanish

in the flux calculation at the wall.
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5. Numerical Results

The gas dynamics algorithm described here is being used in a variety of
applications, including flow in cascades and chahnels, with body-fitted meshes
[7], and in adaptive mesh refinement calculations in two dimensions [1]. We will
present here two calculations, both done on rectangular grids. The first is the
calculation cf a steady state regular shock reflection, used as a test problem in
[16]. This problem has been used extensively as test problem for numerical
methods used in aerodynamic calculations. The second test problem is the dou-
ble Mach reflection of a shock off an oblique surface, used in [15] as a test prob-
lem for comparing various difference methods. Since our purpose is to demon-
strate that the current method has the same resolution as the corresponding
operator split algorithm, we present also a calculation of this problem per-
formed by using in an operator split formulation the one dimensional algorithm

obtained by restricting the algorithm described in § 4 to one dimension.

In the first test problem, the computational domain is a rectangle of length

4 and height 1 (Figure 5 ). This domain is divided into a 60 x 20 rectangular grid,

with Ax = _1_15_ Ay = % The boundary conditions are that of a reflecting surface
along the bottom boundary, supersonic outflow along the right boundary, and

Dirichlet conditions on the other two sides, given by

1
(p-u-V’P)l(U.y.t)=<1-.2-9‘0-. TZ’

(p.u,v.p)lx. 1.1y =(1.69997, 2.61934, .50632 , 1.52819)

Initially, we set the solution in the entire domain to be that at the left boundary;
we then iterate for 500 time steps using a CFL condition of .9, at which time the

solution reaches a steady state.

In Figure 6, we show a contour plot of the pressure. The contours are

equally spaced, with contour levels of .1, beginning at 0. The shocks have a
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nearly monotone transition, and are fairly narrow, with some slight spreading on
the high pressure side of each shock. This spreading is due to the flattening
algorithm (4.1C). We see this in Figure 7, where we plot profiles of the solution at
y = .525, computed with and without flattening. The width of the shocks is about
2—2% zones in the normal direction, where this figure is obtained by counting

the number of points in the transition in Figure 7, and multiplying it by

sin(tan‘%%]tan(a)]))), where a is the angle between the direction tangent to

the shock and the x direction. The shock transition with flattening is slightly
broader; however, the transition without flattening has some low-amplitude
oscillations, which are not present in the solution obtained with flattening. Even
though the shocks are supersonic on both sides, there is no difficulty with
uncontrolled diffusion of the discontinuities. This is in contrast to the results
obtained with first-order upwind methods, where steady shocks remain quite
sharp if the trapsition is supersonic/subsonic, but which spread over many
zones if the transition is supersonic/supersonic. Indeed, the main difficulty for
the present method is to insure that the shocks are broad enough so that
sufficient dissipation occurs across the shock, as was the case with the operator

split second order methods.

The second test problem is an unsteady shock reflection problem. A planar
shock is incident on an oblique surface, with the surface at a 30 ° angle to the
direction of propagation of the shock (Figure 8 ). The fluid in front of the shock
has zero velocily, and the shock Mach number is equal to 10. The solution to this
problem is self-similar, with U a function of (x,y,t) only in the combination
(x/t,y/t). In Figure 9, we show the results of calculation of this test problem
performed with the present unsplit second order method; in Figure 10, the
corresponding results obtained with the operator split method. The results of

the two calculations are essentially identical, supporting the assertion that the
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unsplit method has the same resolution as the corresponding operator split
method. However, a considerable degree of care was required in the unsplit
scheme for this to be the case. The choice of (2.15), rather than (2.13), in calcu-
lating the transverse derivative in the predictor step is essential; otherwise, one
obtains considerably lower resolution in the jet along the wall in the double Mglch
region. The accuracy in the double Mach region is also sensitive to the reflecting
boundary conditions. The former difficulty has no analogue in the operator split
method; as for the latter problem, the operator split method gives the same
results with much simpler boundary conditions. Finally, the multidimensional
flattening algorithm given by (4.10) was required to eliminate low-amplitude
noise behind the the shocks, whereas the operator split algorithms required only

the one dimensional flattening algorithm in [5] to be applied in each sweep.



6. Discussion and Conclusions

In this paper, we have derived explicit second-order Godunov-type methods
in: two space variables by using the wave propagation properties for multidimen-
sional hyperbolic equations, and by limiting some of the second-order terms to
suppress oscillations. The calculations in § 5 indicate that we have been success-
ful in the goal stated in the Introduction of producing an algorithm with compar-
able performance to the operator split second order Godunov methods, at a
comparab.le cost. In retrospect, this is not surprising, since the multidimen-
sional algorithm consists of combinations of the one-dimensional operators
which appear in the operator split schemes. In particular, the same Riemann
problemé appear in the present method as in the operator split methods, since
in the former case averaging the solution to the characteristic form of the equa-
tions over a zone edge provides, via (2.4), a natural choice of a direction in which
to project the multidimensional equations for solving the Riemann problem.
However, there are differences between the present algorithms and the operator
split approach. The algorithms discussed here are somewhat more expensive,
requiring twice as many solutions to the Riemann problem as the corresponding
operator split algorithm. Since the Riemann problem for a polytropic equation of
state constitutes half the calculation in one dimeﬁsion, this leads to an algo-
rithm which takes 50% more time than the operator split algorithm. In the regu-
lar reflection problem, the vectorized impiementation on the Cray 1 advanced
about 24,000 zones by one time step in each cpu second. Also, the multidimen-
sional algorithms appear to be more sensitive to various details of the imple-
mentation, requiring a greater degree of care, such as for the reflecting boun-

dary conditions (4.11) - (4.12), and for the flattening algorithm (4.10).

There are a number of straightforward applications and extensions of the
methods described here. It is possible to introduce quadratic interpolants, as in

[5], to evaluate U in the predictor step in order to improve the resolution of
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linear discontinuities by means of contact detection and steepening. Conserva-
tion laws for which the fluxes have an explicit spatial dependence, such as for
incompressible multiphase flow in porous media, can be easily treated using
similar techniques to the ones used for the general quadrilateral meshes.
Cylindrical coordinates in two dimensions, as well as general moving quadrila-
teral meshes, with the motion externally specified, are also straightforward. The

treatment of a general equation of state via the techniques in [6] is accom-
plished by introducing an additional transport equation for y = %3-—+ 1 for use in

the predictor step for the transverse derivatives. This introduces some addi-
tional complication into the method, which is more than offset by the fact that

one need only evaluate the equation of state once per zone per time step.

There are some problems for which the formalism given here is attractive,
but for which the extensions are not entirely straightforward. One of these is the
extension of this method for calculation of problems in Lagrangian coordinates
in two dimensions. The difficulty here is that the motion of the grid must be
obtained from the solution itself; unlike the one dimensional case, neither the
solution nor the fluxes are defined at the corners of the mesh, where it is most
natural to specify the motion of the grid. Consequently, some form of averaging
of the velocities must be introduced in order to move the grid, but one which
does not degrade the resolution of the method. Finally, there is the question of
the extension of these ideas to three dimensions. If we just take as our advection
algorithm the three dimensional analogue of (1.2), we arrive at an algorithm for
systems which satisfies the properties 1) - 3) in the Introduction, but requires 12
solutions to the Riemann problem per zone per time step; this is in contrast to
the 3 solutions required by an operator split methed. The large number of solu-
tions to the Riemann problem comes from the fact that for each coordinate

direction in three dimensions, the analogue of the predictor step for the
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transverse derivatives (2.9) requires a calculation comparable to the full two
dimensional calculation described in this paper. However, if we are willing to
relax 3) somewhat, we obtain an algorithm which requires only 6 solutions to the
Riemann problem by using the extension of donor-cell differencing to systems to
evaluate the transverse derivatives in the predictor step; equivalently, we would
be ignoring the contributions due to transport from zones offset by one mesh
length in all three directions, which correspond to third order terms in the trun-
cation error. In both cases, we would obtain algorithms which, for two dimen-
sional problems aligned with one of the mesh directions, give identical results to
the algorithms described in this paper. The question as to what the appropriate
formulation is for problems in three dimensions is undoubtedly problem depen-

dent, and probably can be resolved only by numerical experiments.
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Figure Captions

Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Figure 7:

Figure 8:

The region over which we average p' to obtain the new value for p is
outlined with a dotted line. It is obtained by following the integral
curves of the vector field u {(in this case, straight lines) backwards

in time by At from points in A;;.

The shaded region is the region over which one averages p'! to
obtain the CTU flux at the zone edge bounding that region. It is the
set of all points from which characteristics can reach that zone

edge between time t" and t"+At.

Characteristic surfaces in two space dimensions. ['is a curve in
the spatial plane with normal vector field n, and SY is cne of the M

characteristic surfaces in space-time passing through I'.

Geometric interpretation of the difference approximations to the

derivatives of the grid mapping.
Steady state regular reflection problem.

Numerical solution to regular reflection problem: a) with flatten-

ing; b) without flattening.

Comparison of pressure profiles for regular reflection problem
along the line y = .525 (j = 11): x- with flattening, * - without

flattening.

Ramp reflection problem: a) initial configuration; b) double Mach

reflection at later times: solid lines are shocks, dotted lines are



Figure 9:

Figure 10:

slip surfaces.

Numerical solution of ramp reflection problem using the method
described in §4. The mesh is a rectangular mesh of 400100 zones,

with the reflecting wall beginning 20 mesh lengths from the lower

and the time shown is t =.2; thus this

left corner. Ax = Ay = 1;,0,

calculation corresponds to the finest grid results in [15].

Numerical solution of ramp reflection problem, using operator split

method, with numerical parameters the same as for Figure 9.
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