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Wkh Gudzedfnv ri Hohfwrudo Frpshwlwlrqú

Dohvvdqgur Ol}}hul
Qhz \run Xqlyhuvlw||

Qlfrod Shuvlfr
Xqlyhuvlw| ri Shqqv|oydqld}

Vhswhpehu 4<<<1 Wklv yhuvlrq/ Pd| 53351

Devwudfw

Lq prvw pdmru ghprfudflhv/ wkhuh duh yhu| ihz sduwlhv frpsduhg wr wkh qxp0
ehu ri srvvleoh srolf| srvlwlrqv khog e| yrwhuv1 Zh surylgh dq h!flhqf| udwlrqdoh
iru zk| lw pljkw eh dssursuldwh wr olplw wkh surolihudwlrq ri sduwlhv1 Zh vkrz
wkdw wkh odujhu lv wkh qxpehu ri sduwlhv wkh juhdwhu wkh lqh!flhqf| ri wkh rxw0
frph ri hohfwrudo frpshwlwlrq1 Wkh uhdvrq lv wkdw/ zkhq wkh qxpehu ri sduwlhv
lqfuhdvhv/ hohfwrudo lqfhqwlyhv sxvk hdfk sduw| wr irfxv lwv hohfwrudo surplvhv rq d
qduurzhu frqvwlwxhqf|/ ohdglqj wr d zruvh suhydohqfh ri vshfldo lqwhuhvw srolwlfv d*
od P|huvrq +4<<6,1 Vshfldo lqwhuhvw srolflhv uhsodfh pruh h!flhqw srolflhv zklfk
kdyh gl>xvh ehqh?wv1

Wkh dqdo|vlv surylghv d srvvleoh h{sodqdwlrq iru wkh h{lvwhqfh ri lqvwlwxwlrqdo
ihdwxuhv wkdw olplw wkh h{whqw ri hohfwrudo frpshwlwlrq= wkuhvkrogv ri h{foxvlrq/
uxq0r> hohfwrudo v|vwhpv/ dqg pdmrulwduldq wzr0sduw| srolwlfdo v|vwhpv1 Wklv
gudzedfn ri hohfwrudo frpshwlwlrq grhv qrw qhfhvvdulo| lpso| wkh vxshulrulw| ri
wzr0sduw| v|vwhpv= rqh pxvw wdnh lqwr dffrxqw wkh nqrzq dgydqwdjhv ri pxowl0
sduw| v|vwhpv1

úWkh dxwkruv judwhixoo| dfnqrzohgjh ?qdqfldo vxssruw e| wkh QVI xqghu judqwv VEU <<447<9 dqg
<<38897/ uhvshfwlyho|1 Wkh dxwkruv duh judwhixo wr Mrkdqqhv Kruqhu/ Dqwrqlr Phuor/ Urjhu P|huvrq/
Zroijdqj Shvhqgruihu/ Plfkhoh Slfflrqh/ Fkxq Vhqj \ls/ dqg hvshfldoo| Khuyh Urfkh1

|Ghsduwphqw ri Hfrqrplfv/ 59< Phufhu Vwuhhw/ Qhz \run/ Q\ 43336> hpdlo=
dohvvdqgur1ol}}hulCq|x1hgx1

}Ghsduwphqw ri Hfrqrplfv/ 6:4; Orfxvw Zdon/ Sklodghoskld SD 4<437> hpdlo= shuvl0
frCvvf1xshqq1hgx1 Zhe= kwws=22zzz1vvf1xshqq1hgx2�shuvlfr1
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4 Lqwurgxfwlrq

Srolwlfdo sduwlhv vhhp wr eh ihz/ hvshfldoo| zkhq frpsduhg wr wkh qxpehu ri glvwlqfw
suhihuhqfh sur?ohv khog e| yrwhuv1 Wkh phgldq h>hfwlyh qxpehu ri sduoldphqwdu| sdu0
wlhv dprqj Olmskduw*v 69 ghprfudflhv lv vpdoohu wkdq 6 +Olmskduw 4<;7,/ dqg pdq|
vxffhvvixo ghprfudflhv pdnh gr zlwk mxvw wzr pdlq sduwlhv1 Kdylqj ihz sduwlhv kdv
gudzedfnv ehfdxvh lw uhgxfhv wkh ghjuhh wr zklfk wkh srolwlfdo v|vwhp fdq uhsuhvhqw
wkh khwhurjhqhrxv suhihuhqfhv ri wkh hohfwrudwh +Olsvhw dqg Urnndq 4<9:, dqg pd| dovr
uhgxfh wkh srro ri dydlodeoh srolwlfdo wdohqw +Ehfnhu 4<8;,1 Zk| wkhq duh wkhuh vr ihz
sduwlhv lq pdq| ghprfudflhvB

Wkh sur{lpdwh fdxvh/ lw kdv ehhq dujxhg/ lv wkdw pdq| hohfwrudo v|vwhpv duh vhw xs wr
frxqwhudfw wkh whqghqf| ri sduwlhv wr pxowlso|14 D qdwlrqdo0ohyho wzr0sduw| v|vwhp/ iru
h{dpsoh/ zrxog dujxdeo| eh kdug wr pdlqwdlq zlwkrxw wkh vlqjoh0phpehu glvwulfwv wkdw
duh hpsor|hg/ dprqj rwkhuv/ lq wkh XV dqg wkh XN15 Vlploduo|/ pdq| sduoldphqwdu|
ghprfudflhv kdyh wkuhvkrogv ri h{foxvlrq wkdw ghq| uhsuhvhqwdwlrq wr sduwlhv zlwk d
yrwh vkduh ehorz wkh wkuhvkrog +h1j1/ Jhupdq| kdv d wkuhvkrog ri 8 shufhqw,1 Xqghu d
wkuhvkrog ri h{foxvlrq/ wkh qxpehu ri sduwlhv lv uhgxfhg ehfdxvh sduwlhv wkdw dqwlflsdwh
d vpdoo yrwh vkduh gr qrw ?hog fdqglgdwhv1 Wkh jhqhudo srlqw lv wkdw vhyhudo iuhtxhqwo|
revhuyhg ihdwxuhv ri hohfwrudo v|vwhpv dfw wr glvfrxudjh wkh surolihudwlrq ri sduwlhv16

Li wuxh/ wklv h{sodqdwlrq ehjv wkh txhvwlrq ri zkhwkhu wkhuh lv dq h!flhqf| udwlrqdoh

4Rqh frxog lqvwhdg wdnh wkh ylhz wkdw wkhuh duh ihz sduwlhv ehfdxvh wkh sk|vlfdo frvw ri iruplqj d
sduw| lv yhu| odujh/ ru ehfdxvh wkh ehqh?wv ri ehlqj hohfwhg wr r!fh duh wrr vpdoo wr mxvwli| wkh h>ruw1
Krzhyhu/ dw d ?uvw dssur{lpdwlrq lw vhhpv wkdw hyhq wkh sk|vlfdo frvwv ri iruplqj d sduw| iurp vfudwfk
duh qrw yhu| odujh/ dqg wkh| duh suredeo| hyhq vpdoohu li zh wklqn ri wkh ghflvlrq wr vsolw iurp dq
h{lvwlqj sduw|1 Dv hylghqfh wkdw wkh ehqh?wv ri ehlqj hohfwhg duh vx!flhqwo| kljk/ zh flwh wkh lqwhqvh
frpshwlwlrq wkdw zh revhuyh zlwklq hdfk sduw| iru qrplqdwlrq wr hohfwhg r!fh1

5Iru wkh h>hfw ri glvwulfw pdjqlwxgh rq wkh qxpehu ri sduwlhv vhh/ h1j1/ Rughvkrrn dqg Vkyhwvryd
+4<<7, dqg Fr{ +4<<:,1 Wkh vlqjoh0phpehu glvwulfw lv qrw/ krzhyhu/ frqvlghuhg vx!flhqw wr jxdudqwhh
elsduwlvp dw wkh qdwlrqdo ohyho1 Vhh Fr{ +4<<:,/ fkdswhuv 7 dqg 81

6Pruh suhflvho|/ zh dujxh wkdw vhyhudo hohfwrudo v|vwhpv kduqhvv wkh h{whqw ri hohfwrudo frpshwlwlrq1
Wkh h{whqw ri hohfwrudo frpshwlwlrq lv qrw qhfhvvdulo| uh hfwhg lq wkh qxpehu ri sduwlhv1 Vrphwlphv/
hyhq wkrxjk vhyhudo frpshwlqj sduwlhv duh revhuyhg/ wkh hohfwrudo uxoh lv vxfk wkdw lwv srolf| rxwfrph
dssur{lpdwhv wkh rxwfrph ri d wzr0sduw| v|vwhp1 Iudqfh/ iru h{dpsoh/ krogv suhvlghqwldo hohfwlrqv
xqghu d wzr0vwdjh uxq0r> v|vwhp zklfk/ dv zh zloo dujxh lq Vhfwlrq 816/ lv lq vrph zd|v htxlydohqw
wr d wzr0sduw| v|vwhp1 Qrw doo ghprfudflhv vkduh hohfwrudo duudqjhphqwv wkdw kduqhvv pxowl0sduw|
frpshwlwlrq1 Iru vrph frxqwulhv/ lw lv suredeo| wkh fdvh wkdw wkh surolihudwlrq ri sduwlhv zrunv zhoo/
shukdsv ehfdxvh ri sduwlfxoduo| lqwhqvh qhhg iru uhsuhvhqwdwlrq ri plqrulwlhv1 Zh zloo uhwxuq wr wklv
srlqw odwhu1
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iru frqwuroolqj sduw| surolihudwlrq17 Rqh frxog frqmhfwxuh wkdw kdylqj d odujh qxpehu
ri sduwlhv fuhdwhv jryhuqphqw lqvwdelolw|/ zklfk lv wkrxjkw wr kdup hfrqrplf jurzwk18

Exw wr wkh h{whqw wkdw lqvwdelolw| fdxvhv edg hfrqrplf srolflhv/ wkh vroxwlrq lv qrw qhf0
hvvdulo| wr uhgxfh wkh qxpehu ri sduwlhv1 Udwkhu/ rqh rxjkw wr frqvlghu surfhgxuhv ri
jryhuqphqw irupdwlrq dqg whuplqdwlrq wkdw idyru vwdelolw|1 Lq uhfhqw hpslulfdo zrun/
Glhuphlhu/ Hudvodq/ dqg Phuor +5334d/e, vkrz wkdw surfhgxuhv olnh wkh frqvwuxfwlyh
yrwh ri qr0frq?ghqfh/ d ?{hg lqwhuhohfwlrq shulrg/ dqg rwkhuv fdq khos uhgxfh jryhuq0
phqw wxuqryhu iru d jlyhq qxpehu ri sduwlhv1 Li zh dffhsw wkdw jryhuqphqw lqvwdelolw|
fdq eh dpholrudwhg e| fkdqjhv lq wkh surfhgxuhv ri jryhuqphqw irupdwlrq/ wkhq wkh
txhvwlrq uhpdlqv rshq ri zk| vrph hohfwrudo v|vwhpv glvfrxudjh odujh qxpehuv ri sdu0
wlhv1

Zh sursrvh d srvvleoh dqvzhu wr wklv txhvwlrq e| dujxlqj wkdw frpshwlwlrq dprqj
d odujh qxpehu ri sduwlhv kdv d gudzedfn1 Zkhq wkhuh duh pdq| frpshwlqj sduwlhv/
wkh hohfwrudo edvh ri hdfk sduw| whqgv wr eh vpdoohu1 Wr fdwhu wr wkhlu qduurz vxssruw
edvh/ srolwlfldqv zloo ?qg lw h{shglhqw wr surplvh srun0eduuho srolflhv zlwk qduurz
dsshdo udwkhu wkdq srolflhv zklfk ehqh?w wkh hohfwrudwh dw odujh1 Wkh uhvxowlqj srolflhv
zloo ehqh?w wkh vxssruwhuv ri wkh zlqqlqj srolwlfldq/ exw zloo qrw qhfhvvdulo| pd{l0
pl}h djjuhjdwh zhoiduh1 Frqvlghu wkh iroorzlqj uhdo0zruog vlwxdwlrq= srolwlfldqv pxvw
fkrrvh ehwzhhq vxssruwlqj iuhh wudgh/ zklfk lv h!flhqw exw zkrvh ehqh?wv duh qrw
hdvlo| wdujhwdeoh e| srolwlfldqv/ ru wdul>v zklfk srolwlfldqv slfn wr idyru sduwlfxodu lq0
whuhvw jurxsv1 Zkhq srolwlfldqv duh fdwhulqj wr d qduurz vxssruw edvh/ wkhq zh vkrxog
h{shfw h{fhvvlyh dprxqw ri wudgh uhvwulfwlrqv1 Vlploduo|/ frqvlghu srolwlfldqv zkr pxvw
fkrrvh ehwzhhq fuhdwlqj d exuhdxfudf|/ zklfk hqwdlov dq djjuhjdwh ghdgzhljkw orvv exw
jhqhudwhv vrph ehqh?wv +mrev/ hwf1, wkdw fdq eh wdujhwhg wr vxssruwhuv/ ru fuhdwlqj qr
exuhdxfudf|/ zklfk lv h!flhqw exw grhv qrw doorz wkh srolwlfldq wr wdujhw odujhvvh wr
klv2khu vxssruwhuv1 Wkhq zh vkrxog h{shfw dq h{fhvvlyh dprxqw ri exuhdxfudf|19 Vxfk
h{dpsohv frxog eh pxowlsolhg/ exw wkh pdlq srlqw lv fohdu= surmhfwv zlwk gl>xvh ehqh?wv
+iuhh wudgh/ devhqfh ri exuhdxfudf|, duh ohvv dsshdolqj wr r!fh0prwlydwhg srolwlfldqv
ehfdxvh wkhlu ehqh?wv duh ohvv wdujhwdeoh/ dqg wkhuhiruh pd| eh xqghusurylghg e| wkh
srolwlfdo v|vwhp1 Zh surylgh d prgho wkdw vxjjhvwv wkdw wklv glvwruwlrq ehfrphv zruvh
dv wkh qxpehu ri frpshwlqj sduwlhv lqfuhdvhv1 Wkh uhdvrq lv wkdw/ dv wkh vxssruw edvh

7Lw lv ri frxuvh srvvleoh wkdw vrph ri wkh ihdwxuhv ri hohfwrudo v|vwhpv wkdw uhvwulfw frpshwlwlrq
zhuh sxw lq sodfh qrw iru h!flhqf| uhdvrqv/ exw wr surwhfw wkh lqfxpehqwv1 Lq wklv sdshu zh irfxv rq
wkh srvvlelolw| ri dq h!flhqf| udwlrqdoh1

8Vhh Dohvlqd hw do1 +4<<9, dqg Fdpsrv dqg Qxjhqw +5335,1
9Edwhv +4<;4,/ lq klv dqdo|vlv ri srolflhv ghvljqhg wr errvw djulfxowxudo surgxfwlrq lq Diulfd/ sur0

ylghv hylghqfh ri wklv skhqrphqrq1
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ri hdfk sduw| ehfrphv d vpdoohu iudfwlrq ri wkh hohfwrudwh/ vr wkh jdlq iurp wdujhwlqj d
vpdoohu vxevhw ri wkh hohfwrudwh lqfuhdvhv/ dqg wkh whpswdwlrq iru srolwlfldqv wr hqjdjh
lq vshfldo0lqwhuhvw srolwlfv ehfrphv juhdwhu1:

Lqwxlwlrq iru wkh pdlq uhvxow Vxssrvh sduwlhv frpshwh iru r!fh e| pdnlqj d elqg0
lqj hohfwrudo surplvh wr hdfk yrwhu1 Fdqglgdwhv fdq surplvh rqh ri wzr wklqjv=
wr uhglvwulexwh wkh wd{ uhyhqxh +'4 shu fdslwd, dfurvv yrwhuv/ ru wr lqyhvw doo wkh
prqh| lq d sxeolf jrrg/ lq zklfk fdvh doo yrwhuv jhw xwlolw| C lq prqh| xqlwv1
+Wkh whup 3sxeolf jrrg4 vkrxog eh lqwhusuhwhg eurdgo| wr lqglfdwh qrq0wdujhwdeoh
srolflhv1, Fdqglgdwhv pd{lpl}h wkhlu h{shfwhg yrwh vkduh1 Yrwhuv duh krprjh0
qhrxv> hdfk yrwhu zloo yrwh iru wkh sduw| surplvlqj klp wkh prvw xwlolw|1 Li C : �/
vxusoxv pd{lpl}dwlrq uhtxluhv wkdw wkh sxeolf jrrg eh surylghg1 Exw wkdw pd|
qrw eh dq htxloleulxp1 Lqghhg/ vxssrvh wkdw doo fdqglgdwhv surplvh wkh sxeolf
jrrg1 Wkhq/ wkh| uhfhlyh dq htxdo vkduh ri �*ù ri wkh yrwh1 LiC ÷ ù / d sduw| fdq
ghyldwh e| r>hulqj wudqvihuv ri pruh wkdq C wr pruh wkdq �*ù ri wkh yrwhuv> wklv
lv ihdvleoh dqg lv d vxshulru vwudwhj|1 Wkxv/ lw lv qrw dq htxloleulxp iru doo sduwlhv
wr r>hu wkh sxeolf jrrg/ dqg khqfh wkh htxloleulxp lv qrw vxusoxv0pd{lpl}lqj iru
� ÷ C ÷ ù 1 Wkh nh| srlqw lv wkdw wkh udqjh ri ydoxhv ri C wkdw jlyh ulvh wr wkh
xqghusurylvlrq ri wkh sxeolf jrrg jurzv zlwk wkh qxpehu ri sduwlhv ù 1

Wklv vlpsoh lqwxlwlrq lv txlwh urexvw wr dowhuqdwlyh prgholqj fkrlfhv/; dqg vd|v
wkdw wkh udqjh ri hqylurqphqwv zkhuh wkh sxeolf jrrg lv xqghusurylghg jurzv zlwk
wkh qxpehu ri sduwlhv1 Iru wkh prphqw/ wkrxjk/ lw lv qrw reylrxv krz iru dq| jlyhq
hqylurqphqw +wkdw lv/ iru ?{hg ydoxh ri C, wkh h{whqw ri wkh xqghusurylvlrq ydulhv zlwk
wkh qxpehu ri sduwlhv1 Lq wkh pdlq erg| ri wkh sdshu zh vkrz wkdw iru dq| jlyhq ydoxh
ri C/ wkh suredelolw| wkdw wkh sxeolf jrrg lv surylghg lv ghfuhdvlqj lq wkh qxpehu ri
sduwlhv1 Lq rwkhu zrugv/ ?{ dq| hqylurqphqw/ wkhq wkhuh lv zruvh xqghusurylvlrq ri wkh
sxeolf jrrg wkh pruh lqwhqvh lv hohfwrudo frpshwlwlrq1 Dv wkh qxpehu ri sduwlhv jrhv
wr lq?qlw|/ wkh suredelolw| wkdw wkh sxeolf jrrg lv surylghg frqyhujhv wr }hur1

Wklv lqwxlwlrq vxjjhvwv wkdw/ zlwklq rxu iudphzrun/ d odujh qxpehu ri frpshwlqj
sduwlhv whqgv wr uhvxow lq sduwlfxodulvwlf sodwirupv dqg zruvh xqghusurylvlrq ri sxeolf

:Wklv lqwxlwlrq lv uhodwhg wr P|huvrq +4<<6, zkr/ lq d prgho ri sxuh uhglvwulexwlrq/ vkrzv wkdw wkh
uhglvwlexwlrq ehfrphv pruh xqhtxdo dv wkh qxpehu ri fdqglgdwhv lqfuhdvhv1 Zh zloo glvfxvv P|huvrq*v
sdshu lq Vhfwlrq 4141

;Iru lqvwdqfh/ wkh dujxphqw grhv qrw ghshqg rq zkhwkhu fdqglgdwhv pd{lpl}h wkh yrwh vkduh/ dv lq
d sursruwlrqdo v|vwhp/ ru wkh suredelolw| ri zlqqlqj wkh hohfwlrq/ olnh lq d pdmrulwduldq zlqqhu0wdnh0doo
v|vwhp1 Dovr/ li r>hulqj wkh sxeolf jrrg doorzhg d fdqglgdwh wr uhwdlq vrph vpdoo dprxqw ri prqh|
wr uhglvwulexwh/ wkh udqjh ri lqh!flhqw J*v zrxog eh dssur{lpdwho| wkh vdph1
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jrrgv1 Lq wklv vhqvh/ rxu prgho fdq surylgh d udwlrqdoh iru wkh revhuyhg surshqvlw|
ri hohfwrudo v|vwhpv wr uhvwudlq wkh surolihudwlrq ri sduwlhv1 Qrwh wkdw wkh remhfwlyh
ri wklv sdshu lv qrw wr vkrz wkdw hohfwrudo frpshwlwlrq dprqj wkuhh ru pruh sduwlhv
lv qhfhvvdulo| edg= zh vwuhvv wkdw d pdq|0sduw| v|vwhp fdq eh dssursuldwh9lq wkrvh
frxqwulhv/ iru h{dpsoh/ zlwk qxphurxv hwkqlf dqg lghrorjlfdo fohdydjhv wkdw pxvw ?qg
dq h{suhvvlrq lq wkh srolwlfdo v|vwhp1< Rxu frqwulexwlrq lv wr kljkoljkw wkh srvvlelo0
lw| wkdw hohfwrudo frpshwlwlrq fdq kdyh gudzedfnv txlwh vhsdudwho| iurp lqvwdelolw|1
Wklv lv lpsruwdqw ehfdxvh/ wr rxu nqrzohgjh/ wklv srlqw kdv qrw ehhq pdgh ehiruh1
Fdvxdo hpslulflvp vxjjhvwv wr xv wkdw wkh h>hfw wkdw zh lghqwli|9qdpho|/ dq lqh!0
flhqw ryhusurylvlrq ri srun0eduuho dw wkh frvw ri surjudpv zlwk gl>xvh ehqh?wv9lv d
vhulrxv frqfhuq lq uhdo0olih srolwlfv wkdw lv zruvhqhg e| d odujh qxpehu ri sduwlhv1 Li
qrw dgguhvvhg e| dssursuldwh frqvwlwxwlrqdo surylvlrqv/ wklv h>hfw fdq eh wkh vrxufh ri
vhulrxv glvwruwlrqv1 Zh eholhyh wkdw rxu dqdo|vlv fdq khos hydoxdwh vrph frqvwlwxwlrqdo
ihdwxuhv wkdw dsshdu wr olplw wkh qxpehu ri sduwlhv1

Wkh phvvdjh wkdw hohfwrudo frpshwlwlrq fdq eh kdupixo lv olnho| wr eh frqwuryhuvldo1
Rq wkh rwkhu kdqg/ wkhuh lv d odujh olwhudwxuh lq sxeolf hfrqrplfv gudzlqj dwwhqwlrq
wr wkh lqh!flhqf| ri ghflvlrq0pdnlqj lq odujh ohjlvodwxuhv143 Wkh frpprq wkhph lq
wkdw olwhudwxuh lv wkdw dq lqh!flhqf| dulvhv zkhq ohjlvodwruv fdq sxufkdvh jrrglhv iru
wkhlu rzq glvwulfw dqg pdnh rwkhu glvwulfwv sd| iru wkhp1 Wklv w|sh ri 3frpprq
srro4 lqh!flhqf| whqgv wr eh zruvh wkh odujhu wkh qxpehu ri ohjlvodwruv1 Rqh frxog
uljkwixoo| remhfw wkdw wkh uhvxowv iurp wkdw olwhudwxuh duh qrw uhohydqw iru d glvfxvvlrq
ri hohfwrudo frpshwlwlrq ehfdxvh lq wkdw olwhudwxuh ohjlvodwruv iurp gl>huhqw glvwulfwv
duh qrw hohfwrudoo| frpshwlqj zlwk hdfk rwkhu1 Qhyhuwkhohvv/ jlyhq wkh vlplodulw| ri wkh
uhvxow +pruh ohjlvodwruv lpsolhv pruh lqh!flhqf|, lw lv xvhixo wr glvfxvv wkh ydoxh dgghg
ri rxu sdshu zlwk uhvshfw wr wkdw olwhudwxuh1

Wkh nh| ihdwxuh ri wkhvh 3frpprq srro4 prghov lv wkh dvvrfldwlrq ri ohjlvodwruv wr
wkhlu glvwulfw/ zklfk jlyhv wkhp d yhvwhg lqwhuhvw lq srolf| rxwfrphv1 Hdfk ohjlvodwru
kdv d vwulfw suhihuhqfh iru srolflhv wkdw wudqvihu uhvrxufhv wr klv2khu glvwulfw1 Wkh

<Dovr/ lw lv srvvleoh wkdw d pdq|0sduw| v|vwhp pljkw khos frqwuro fruuxswlrq1 Zh zloo uhwxuq wr
wklv lvvxh lq wkh Frqfoxvlrqv1

43Lq Fkdul hw do1 +4<<:,/ srolf| lv ghwhuplqhg wkurxjk edujdlqlqj ehwzhhq d suhvlghqw dqg orfdo
uhsuhvhqwdwlyhv1 Wklv jlyhv ulvh wr d frpprq srro sureohp zkhuhe| dq h{fhvvlyh qxpehu ri orfdo sxeolf
surmhfwv duh ?qdqfhg iurp jhqhudo wd{dwlrq +vhh dovr Zhlqjdvw hw do1 +4<;4,,1 Vlploduo|/ Shuvvrq hw do1
+5333, frpsduh frqjuhvvlrqdo dqg sduoldphqwdu| v|vwhpv1 Lq wkhlu prgho/ wkh srolwlfldq fkrrvlqj wkh
ohyho ri sxeolf jrrg surylvlrq kdv wkh rswlrq ri irujrlqj wkh sxeolf jrrg dqg dssursuldwlqj wkh prqh|
iru klv rzq glvwulfw> djdlq/ d nlqg ri frpprq srro sureohp dulvhv1 Iru d frpsuhkhqvlyh vxuyh| ri wkh
olwhudwxuh vhh Shuvvrq dqg Wdehoolql +5333e,1
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uhvxowlqj glvwruwlrq ruljlqdwhv iurp d plvpdwfk ehwzhhq wkh orfdoo|0edvhg lqfhqwlyhv ri
srolwlfldqv dqg wkhlu srzhu wr vhw srolf| dw wkh qdwlrqdo ohyho1 Wklv plvpdwfk lv devhqw
lq wkh fdvh ri srolwlfldqv uxqqlqj iru qdwlrqdo r!fh= zkhq d sduw| uxqqlqj iru qdwlrqdo
r!fh wudqvihuv uhvrxufhv wr rqh glvwulfw/ kh2vkh lqwhuqdol}hv wkh idfw wkdw wkh rwkhu
glvwulfwv duh pdgh zruvh r>1 Edvhg rq wklv dujxphqw/ rqh pljkw vxuplvh wkdw zkhq
wkh vfrsh ri wkh ghflvlrq0pdnlqj srzhu lv zhoo0pdwfkhg zlwk wkh hohfwrudo lqfhqwlyhv/
wkhuh vkrxog eh qr glvwruwlrqv gxh wr gl>huhqw wdujhwdelolw|1

Rxu sdshu vkrzv wkdw wklv rswlplvp lv qrw qhfhvvdulo| mxvwl?hg1 Lq rxu iudph0
zrun/ zh vkrz wkdw hyhq qdwlrq0zlgh sduwlhv kdyh dq lqfhqwlyh wr fuhdwh hqgrjhqrxv
frqvwlwxhqflhv1 Wkhvh frqvwlwxhqflhv duh qrw edvhg rq jhrjudsklf erxqgdulhv exw rq
wdfwlfdo lqfhqwlyhv> wkhlu h{whqvlrq fkdqjhv hqgrjhqrxvo| zlwk wkh qxpehu ri sduwlhv1
Lq vrph vhqvh/ wkhq/ rxu prgho ehkdyhv olnh wkh prghov ri ohjlvodwxuhv/ lq wkdw dgglqj
pruh sod|huv uhvxowv lq zruvh wdujhwlqj1 Wkh lpsruwdqw gl>huhqfh/ krzhyhu/ lv wkdw lq
rxu prgho wklv lv qrw d irujrqh frqfoxvlrq uhvxowlqj iurp wkh plvpdwfk dw wkh lqfhqwlyh
ohyho1 Udwkhu/ wkh iudjphqwdwlrq ri srolf| dulvhv dv dq htxloleulxp skhqrphqrq1 Wr
jlyh zhljkw wr wklv srlqw/ lq Vhfwlrq :15 zh frqvlghu wkh vdph lqvwlwxwlrqdo hqylurqphqw
dv lq rxu sdshu +qdwlrqzlgh hohfwlrqv,/ exw zh hpehg lw lq d Olqgehfn0Zhlexoo iudph0
zrun ri hohfwrudo frpshwlwlrq1 Lq wkdw iudphzrun/ zh vkrz wkdw gxh wr wkh gl>huhqw
surshuwlhv ri wkh yrwlqj htxloleulxp/ wkh iudjphqwdwlrq ri srolf| grhv qrw qhfhvvdulo|
dulvh1 Wklv vxjjhvwv wkdw wkh glvwruwlrq ri srun0eduuho srolwlfv pd| eh dpholrudwhg/ exw
qhhg qrw eh vroyhg/ e| pdwfklqj wkh vfrsh ri srolf|0vhwwlqj srzhu zlwk wkh euhdgwk ri
hohfwrudo lqfhqwlyhv1

Zh frqfoxgh wklv lqwurgxfwlrq zlwk d phwkrgrorjlfdo uhpdun1 Zkhq zh irupdoo|
hydoxdwh wkh gudzedfnv ri pdq|0sduw| frpshwlwlrq/ zh udqn rxwfrphv dffruglqj wr
d Vdpxhovrqldq fulwhulrq9zh xvh/ wkdw lv/ wkh zhoiduh ixqfwlrq wkdw frqvlvwv ri wkh
vxp ri wkh xwlolwlhv ri yrwhuv1 Wklv lv d frqyhqwlrqdo fulwhulrq wkdw lv xvhg wr hydoxdwh
wkh h!flhqf| ri yrwlqj htxloleuld144 Dowhuqdwlyho|/ zh frxog hpsor| wkh Sduhwr fulwh0
ulrq1 Sduhwr h!flhqf| lv qrw frpprqo| xvhg wr shuirup frpsdudwlyh srolwlfv h{huflvhv/
suhvxpdeo| ehfdxvh wkh htxloleuld ri prvw yrwlqj prghov whqg wr eh Sduhwr h!flhqw
uhjdugohvv ri wkh sduwlfxodu srolwlfdo phfkdqlvp xvhg/ zklfk ghwudfwv iurp wkh frpsdu0
dwlyh h{huflvh1 Lq rxu prgho/ wrr/ wkh htxloleulxp rxwfrph lv Sduhwr h!flhqw uhjdugohvv
ri wkh qxpehu ri sduwlhv= prylqj dzd| iurp wkh htxloleulxp rxwfrph fdqqrw lqfuhdvh

44Lq wkh srsxodu wh{werrn Vwljolw} +4<<<,/ iru h{dpsoh/ ss1 49< dqg >1/ wkh Vdpxhovrqldq fulwhulrq
lv xvhg wr hydoxdwh wkh h!flhqf| ri wkh htxloleulxp lq wkh phgldq yrwhu prgho1 Wkh h{solflw xvh ri
wkh Vdpxhovrqldq fulwhulrq wr hydoxdwh wkh h!flhqf| ri srolwlfdo htxloleuld jrhv edfn dw ohdvw wr Erzhq
+4<76,1
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wkh xwlolw| ri doo wkh yrwhuv145 Wkh glvwlqfwlrq ehwzhhq Sduhwr h!flhqf| dqg zhoiduh
pd{lpl}dwlrq lv lpsruwdqw lq oljkw ri Ehfnhu*v +4<8;, slrqhhulqj zrun1 Ehfnhu uhdfkhv
d vhhplqjo| gl>huhqw frqfoxvlrq derxw wkh h>hfwlyhqhvv ri hohfwrudo frpshwlwlrq edvhg
rq wkh revhuydwlrq wkdw/ lq frqwudvw wr wkh fdvh ri rqh sduw|/ wkh rxwfrph ri dq hohfwlrq
zlwk ù è 2 sduwlhv lv h!flhqw lq wkh Sduhwr vhqvh146 Ehfnhu frqfoxghv wkdw hohfwrudo
frpshwlwlrq/ lqwhusuhwhg dv prylqj iurp ù ' � wr ù è 2 sduwlhv/ jxdudqwhhv h!flhqf|
lq wkh Sduhwr vhqvh1 Li zh lqwhusuhw Ehfnhu*v +4<8;, dujxphqw dv dgyrfdwlqj dw ohdvw wzr
sduwlhv/ rxu ?qglqj lv qrw lq frqwudglfwlrq zlwk Ehfnhu*v1 Udwkhu/ lw lv frpsohphqwdu|
wr lw/ dv zh vxjjhvw wkdw wkhuh pd| eh jrrg uhdvrqv wr kdyh qr pruh wkdq wzr sduwlhv1
Zh zloo uhwxuq wr wklv lvvxh lq Vhfwlrq 7141

414 Uhodwhg Olwhudwxuh

Qxpehu ri sduwlhv
P|huvrq +4<<6, frpsduhv hohfwrudo v|vwhpv lq whupv ri wkh lqhtxdolw| ri uhglvwul0

exwlrq lq d prgho zlwk ù sduwlhv1 P|huvrq vkrzv wkdw dv ù lqfuhdvhv/ htxloleulxp
uhglvwulexwlrq ehfrphv pruh xqhtxdo gxh wr wkh sduw|*v lqfhqwlyh wr wdujhw vpdoohu
vxevhwv ri wkh hohfwrudwh1 Rxu sdshu eruurzv wkh prgho ri uhglvwulexwlrq iurp P|hu0
vrq +4<<6,/ dqg dggv d sxeolf jrrg1 Wkh suhvhqfh ri wkh sxeolf jrrg lqwurgxfhv wkh
wudghr> ehwzhhq h!flhqf| dqg wdujhwdelolw| zklfk lv wkh irfxv ri rxu dqdo|vlv dqg lv
devhqw lq P|huvrq +4<<6,1 Zkloh wkh qdwxuh ri wkh glvwruwlrq lv gl>huhqw lq rxu prgho/
wkh irufh wkdw gulyhv lw lv vlplodu wr wkh rqh lghqwl?hg e| P|huvrq1

Wkh h>hfw ri wkh qxpehu ri sduwlhv rq srolwlfdo frpshwlwlrq kdv ehhq h{soruhg lq
wkh vhwwlqj ri vsdwldo frpshwlwlrq +vhh/ iru lqvwdqfh/ Sdoiuh| +4<;7,/ Fr{ +4<;:, / dqg
Dxvwhq0Vplwk dqg Edqnv +4<;;,,1 Vhh Vkhsvoh +4<<4, iru d uhylhz ri wklv vwudqg ri
wkh olwhudwxuh1 Lq Dxvwhq0Vplwk dqg Edqnv +4<;;, wkh htxloleulxp rxwfrph zlwk wkuhh
sduwlhv lv ohvv h!flhqw wkdq wkh rqh zlwk wzr sduwlhv1 Wkh uhdvrq lv wkh iroorzlqj1 Zkhq
wkhuh duh wkuhh sduwlhv/ wkh htxloleulxp rxwfrph lqyroyhv wzr odujh sduwlhv orfdwhg
v|pphwulfdoo| durxqg wkh phgldq dqg rqh vpdoo sduw| orfdwhg dw wkh phgldq1 Wkh

45Wkrxjk zkhq wkhuh duh pdq| fdqglgdwhv/ wkhuh duh doorfdwlrqv wkdw lpsuryh wkh xwlolw| ri doprvw doo
yrwhuv1 Lq wklv vhqvh rxu prgho fdq eh lqwhusuhwhg dv |lhoglqj d surshuw| ri3doprvw0Sduhwr lqh!flhqf|4
ri wkh htxloleulxp rxwfrph lq wkh olplw/ l1h1/ zkhq wkhuh duh pdq| fdqglgdwhv1

46Ehfnhu dujxhv wkdw zlwk pruh wkdq rqh srolwlfldq lq wkh duhqd/ wkh rxwfrph ri wkh hohfwrudo surfhvv
pxvw eh Sduhwr0h!flhqw1 Lqghhg/ li lw zhuh qrw/ wkhuh zrxog eh dqrwkhu srolf| wkdw jlyhv kljkhu xwlolw|
wr doo yrwhuv1 Wkdw srolf| zrxog jxdudqwhh d vkduh ri wkh yrwh ri 433( wr dq| fdqglgdwh zkr sursrvhv
lw1 Exw wkhq vxfk d srolf| frqvwlwxwhv d sur?wdeoh ghyldwlrq/ frqwudglfwlqj wkh dvvxpswlrq wkdw wkh
ruljlqdo rxwfrph lv dq htxloleulxp1
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jryhuqlqj frdolwlrq frpsulvhv wkh vpdoo sduw| dqg rqh ri wkh odujh sduwlhv/ zlwk hdfk
odujh sduw| ehlqj fkrvhq zlwk suredelolw| 4251 Dv d uhvxow/ iurp dq h{0dqwh shuvshfwlyh/
wkh srolf| rxwfrph lv d orwwhu| ehwzhhq wkh wzr srvlwlrqv wkdw zrxog eh fkrvhq e| wkh
dowhuqdwlyh frdolwlrqv1 Doo ulvn dyhuvh yrwhuv suhihu wkh phgldq srolf| iru vxuh +zklfk
lv wkh htxloleulxp zlwk wzr sduwlhv, wr vxfk d orwwhu|1 D vlplodu h>hfw lv suhvhqw lq
Fr{ +4<;:,1 Lq wklv iudphzrun/ wkh lqh!flhqf| frphv iurp wkh idfw wkdw htxloleuld
zlwk pruh wkdq wzr sduwlhv gr qrw qhfhvvdulo| lqyroyh srolf| frqyhujhqfh/ dqg srolf|
glyhujhqfh lv zruvh iru yrwhuv iurp dq h{0dqwh shuvshfwlyh1 Qrwh wkdw wklv h>hfw lv qrw
prqrwrqlf lq wkh qxpehu ri sduwlhv1 Iru lqvwdqfh/ lq Fr{ +4<;:,/ htxloleuld zlwk 7
sduwlhv duh h{0dqwh lqihulru wr htxloleuld zlwk wzr sduwlhv exw htxloleuld zlwk 9 sduwlhv
fdq eh h{0dqwh vxshulru wr htxloleuld zlwk 7 sduwlhv147

Lqh!flhqf| lq hohfwlrqv
Lq rxu prgho/ wkh lqh!flhqf| wdnhv wkh irup ri xqghu0surylvlrq ri wkh sxeolf jrrg1

Wklv lv lq frqwudvw zlwk wkh frqyhqwlrqdo dqdo|vlv ri wkh lqh!flhqf| ri surylvlrq ri
sxeolf jrrgv lq ghprfudflhv +vhh iru lqvwdqfh Vwljolw} +4<;;,, zklfk glvsod|v ryhu0
ru xqghu0surylvlrq/ ghshqglqj rq wkh gl>huhqfh ehwzhhq wkh srolf| suhihuuhg e| wkh
phgldq yrwhu dqg wkh Vdpxhovrqldq rswlpxp1 Wklv phgldq yrwhu prgho uholhv rq
h{rjhqrxv uhvwulfwlrqv rq wkh glphqvlrq ri wkh srolf| vsdfh/ vxfk dv olqhdu wd{hv/ dqg
wkhuhiruh +4, fdqqrw fdswxuh wkh lqfhqwlyhv wrzdug wdfwlfdo uhglvwulexwlrq zklfk xqghuolh
rxu uhvxowv/ dqg +5, grhv qrw |lhog fohdu lpsolfdwlrqv derxw wkh h>hfw ri wkh qxpehu ri
sduwlhv rq wkh h!flhqf| ri wkh rxwfrph1

Wkh lghd wkdw glvwruwlrqv fdq dulvhv zkhq uhglvwulexwlrqdo srolflhv wdujhwhg wr sdu0
wlfxodu vxevhwv ri wkh hohfwrudwh duh ryhusurylghg dw wkh h{shqvh ri surmhfwv zlwk gl>xvh
ehqh?wv fdq eh wudfhg edfn dw ohdvw wr Exfkdqdq dqg Wxoorfn +4<95,1 Ol}}hul dqg Shu0
vlfr +5334, frpsduh zlqqhu0wdnh0doo zlwk sursruwlrqdo v|vwhpv/ dqg frqvlghu wkh h>hfwv
ri wkh pdjqlwxgh ri glvwulfwv/ lq whupv ri sxeolf jrrg surylvlrq1 Wkdw sdshu rqo| frq0
vlghuv wzr0sduw| hohfwlrqv1 Wkh pdlq srlqw ri wkdw sdshu lv wkdw hyhq zlwk wzr sduwlhv
wkhvh v|vwhpv ohdg wr gl>huhqw rxwfrphv1 Lq frqwudvw/ khuh zh ghdo zlwk wkh lvvxh ri
wkh uroh ri hohfwrudo frpshwlwlrq/ zklfk fdqqrw eh grqh lq d wzr0sduwlhv prgho1

Shuvvrq dqg Wdehoolql +4<<</ 5333d/e, surylgh hpslulfdo hylghqfh rq wkh surylvlrq
ri sxeolf jrrgv lq gl>huhqw srolwlfdo v|vwhpv1 Plohvl0Ihuuhwwl/ Shurwwl/ dqg Urvwdjqr
+5333, surylgh d gl>huhqw prgho frpsdulqj sursruwlrqdo dqg pdmrulwduldq v|vwhpv/ dqg
surylgh hpslulfdo hylghqfh rq wkh h>hfwv ri wkh ghjuhh ri sursruwlrqdolw| ri hohfwrudo
v|vwhpv rq wkh frpsrvlwlrq dqg vl}h ri sxeolf vshqglqj1 Wkh| dovr surylgh dq hpslulfdo

47Fr{ rqo| fkdudfwhul}hv htxloleuld zlwk dq hyhq qxpehu ri fdqglgdwhv1 Zkhq wkhuh lv dq rgg
qxpehu ri fdqglgdwhv wkhuh lv qr sxuh vwudwhj| htxloleulxp1
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?qglqj vxjjhvwlqj wkdw wkh qxpehu ri sduwlhv kdv d srvlwlyh h>hfw rq wkh iudfwlrq ri
sxeolf vshqglqj wkdw fruuhvsrqgv wr wudqvihuv1 Wklv ihdwxuh lv frqvlvwhqw zlwk wkh
uhvxowv ri wklv sdshu1

Fr{ +5334, glvfhuqv wzr uhdvrqv zk| d uxolqj jurxs pd| zlvk wr glvwruw lwv hohfwrudo
sodwirup wrzdugv wdujhwdeoh srolflhv1 Iluvw/ wr dssursuldwh vxusoxv iru lwvhoi> vhfrqg/ wr
ex| hohfwrudo vxssruw iurp slyrwdo jurxsv1 Kh dujxhv wkdw wkh ?uvw h>hfw lv vwurqjhu
zkhq uxolqj jurxsv duh pruh vhfxuho| lq srzhu/ zkloh wkh vhfrqg h>hfw lv vwurqjhu zkhq
vxejurxsv ri wkh srsxodwlrq gl>hu lq wkhlu suredelolw| ri ehlqj slyrwdo1

Frdwh dqg Pruulv +4<<8, irfxv rq yrwhuv* lpshuihfw lqirupdwlrq rq wkh h>hfwv ri
jryhuqphqw srolf|1 Ehvoh| dqg Frdwh +4<<;, glvfxvv wkh h!flhqf| ri uhsuhvhqwdwlyh
ghprfudf| zkhuh sduwlhv duh flwl}hqv zkr/ li hohfwhg/ lpsohphqw wkhlu idyrulwh srolflhv1
Wkhluv lv d prgho ri uhshdwhg hohfwlrqv/ dqg wkh lqh!flhqf| ghshqgv rq wkh g|qdplf
qdwxuh ri wkh prgho1 Ihgghuvhq dqg Shvhqgruihu +4<<9/ 4<<:, irfxv rq wkh h!flhqf|
zlwk zklfk odujh hohfwlrqv djjuhjdwh lqirupdwlrq wkdw lv glvshuvhg dfurvv yrwhuv1 Wkhlu
?qglqj lv wkdw hohfwlrqv duh uhodwlyho| h!flhqw lq wklv glphqvlrq1 Ilqdoo|/ Ehvoh| dqg
Frdwh +4<<:, dqg Rveruqh dqg Volylqvnl +4<<9, surylgh d gl>huhqw prgho ri pxowl0sduw|
hohfwlrqv zlwk hqgrjhqrxv hqwu| e| flwl}hq0sduwlhv zkr kdyh srolf| suhihuhqfhv dqg gr
qrw frpplw wr hohfwrudo sodwirupv1
Lqh!flhqf| lq ohjlvodwxuhv
Edurq +4<<4, prghov wkh ohjlvodwlyh surfhvv yld d vhtxhqwldo edujdlqlqj prgho1 Lq

hdfk shulrg/ d udqgrp ohjlvodwru lv vhohfwhg wr pdnh dq r>hu wr rwkhuv/ zklfk wkh|
fdq dffhsw ru uhmhfw1 Lq wklv jdph wkh sursrvlqj ohjlvodwru kdv dq lqfhqwlyh wr uho|
rq srun0eduuho lqvwhdg ri surmhfwv zlwk gl>xvh ehqh?wv ehfdxvh doo wkh srun0eduuho
wkdw lv qrw qhhghg wr ex| r> d plqlpdo zlqqlqj frdolwlrq fdq eh dssursuldwhg e| wkh
sursrvhu1 Wkh idfw wkdw srolwlfldqv wdujhw vxevhw ri wkh hohfwrudwh lv vlplodu wr rxu
sdshu1 Lq Edurq*v vhwxs/ krzhyhu/ wkh lqh!flhqf| vwhpv iurp wkh ohjlvodwru*v ghvluh
wr dssursuldwh jrrglhv iru klv2khu rzq glvwulfw/ xqolnh rxu vhwxs zkhuh sduwlhv kdyh
qr glvwulfw1 Pruh lpsruwdqwo|/ wkh vwuxfwxuh ri Edurq*v jdph lv ghvljqhg wr sruwud| d
vshfl?f ohjlvodwlyh surfhvv1 Lw grhv qrw ghvfuleh sduwlhv frpshwlqj lq odujh hohfwlrqv/ dqg
txhvwlrqv frqfhuqlqj dowhuqdwlyh hohfwrudo v|vwhpv fdqqrw eh vwxglhg lq wklv frqwh{w1

5 Prgho

Lq wklv vhfwlrq zh suhvhqw wkh prgho1 Vhfwlrq : surylghv d glvfxvvlrq ri vrph ri wkh
dvvxpswlrqv1
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514 Hfrqrp| dqg Djhqwv

Wkhuh duh ù sduwlhv1 Wkhuh lv d frqwlqxxp ri yrwhuv zlwk phdvxuh rqh1 Wkh vhw ri
yrwhuv lv ghqrwhg e| T 1 Wkhuh duh wzr jrrgv/ prqh| dqg d sxeolf jrrg1 Wkh sxeolf
jrrg fdq rqo| eh surgxfhg e| xvlqj doo wkh prqh| lq wkh hfrqrp|148

Hdfk yrwhu kdv dq hqgrzphqw ri rqh xqlw ri prqh|1 Wkh sxeolf jrrg |lhogv d
xwlolw| ri C wr hdfk yrwhu1 Yrwhuv kdyh qr d sulrul suhihuhqfh iru hlwkhu sduw|/ dqg kdyh
olqhdu xwlolw| ryhu jrrgv149

Sduwlhv pdnh elqglqj surplvhv wr hdfk yrwhu frqfhuqlqj wkh srolf| li hohfwhg1 D
sduw| fdq r>hu wr surylgh wkh sxeolf jrrg +wr doo yrwhuv,> dowhuqdwlyho|/ kh fdq r>hu
gl>huhqw wd{hv dqg wudqvihuv wr gl>huhqw yrwhuv1 Hdfk yrwhu yrwhv iru wkh sduw| zkr
surplvhv khu wkh juhdwhvw xwlolw|1 Sduwlhv pd{lpl}h wkhlu h{shfwhg yrwh vkduh1 Wklv
dvvxpswlrq rq wkh sduwlhv* remhfwlyh fdq eh lqwhusuhwhg dv ghvfulelqj d sursruwlrqdo
v|vwhp lq zklfk wkh vsrlov ri r!fh +vhdwv lq dq dvvhpeo|, duh glylghg sursruwlrqdoo|
wr wkh vkduh ri wkh yrwh1

515 Jdph

D sxuh vwudwhj| iru d sduw| vshfl?hv zkhwkhu lw fkrrvhv wr r>hu wkh sxeolf jrrg ru
wudqvihuv +lw fdqqrw r>hu erwk,1 Lq wkh hyhqw lw fkrrvhv wudqvihuv/ d sxuh vwudwhj|
vshfl?hv d surplvh ri d wudqvihu wr hdfk yrwhu1 Irupdoo|/ d sxuh vwudwhj| lv d ixqfwlrq
x G T $ dfcn4ä/ zkhuh xEñä uhsuhvhqwv wkh frqvxpswlrq surplvhg wr yrwhu ñ1 Wkh
ixqfwlrq x vdwlv?hv rqh ri wzr frqglwlrqv= hlwkhu xEñä ' C iru doo ñ*v/ vljqli|lqj wkdw
wkh sduw| r>huv wkh sxeolf jrrg> ru/

U
T xEñä_ñ ' �/ zklfk lv wkh edodqfhg exgjhw

frqglwlrq zkhq d sduw| r>huv wudqvihuv1
Wkhuh duh wkuhh vwdjhv ri wkh jdph=

Vwdjh 4 Sduwlhv fkrrvh r>huv wr yrwhuv vlpxowdqhrxvo| dqg lqghshqghqwo|1
Vwdjh 5 Hdfk yrwhu ñ jhwv r>huv Ex�Eñäc é é é cxùEñää iurp sduwlhv1 Diwhu revhuylqj

wkh r>huv/ yrwhu ñ yrwhv iru sduw| ð li/ iru doo æ 9' ð/ xðEñä : xæEñä1 Wlhv duh uhvroyhg e|
udqgrpl}lqj zlwk htxdo suredelolw|1
Vwdjh 6 Hdfk sduw| lv doorfdwhg vhdwv lq sduoldphqw lq sursruwlrq wr lwv yrwh vkduh1

D sduoldphqwdu| uhsuhvhqwdwlyh dw udqgrp lv fkrvhq dv wkh irupdwhxu1 Wkh lpsohphqwhg
srolf| lv wkdw ri wkh irupdwhxu*v sduw|1

48Wklv dvvxpswlrq fdq eh uhod{hg dqg lv glvfxvvhg lq Vhfwlrq :141
49Wkh dvvxpswlrq ri olqhdu xwlolw| lv pdgh vroho| wr vlpsoli| wkh qrwdwlrq dqg suhvhqwdwlrq ri wkh

uhvxowv> doo uhvxowv krog iru dq| lqfuhdvlqj xwlolw| ixqfwlrq1 Vhfwlrq 7 h{whqgv wkh dqdo|vlv wr wkh fdvh
lq zklfk wkh xwlolw| ixqfwlrq lv frqfdyh/ l1h1/ yrwhuv duh ulvn dyhuvh1
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Lq wkh jdph vshfl?hg deryh/ wkh ghflvlrq pdnhuv duh sduwlhv dqg wkh| duh dvvxphg
wr pd{lpl}h h{shfwhg yrwh vkduh1 Lq zkdw iroorzv zh zloo vroyh iru wkh htxloleulxp
ri wklv jdph1 Wkh jdph frxog/ dovr/ eh lqwhusuhwhg dv wkh uhgxfhg irup ri d pruh
frpsolfdwhg/ dqg shukdsv pruh uhdolvwlf prgho lq zklfk wkh ghflvlrq pdnhuv duh sduw|
r!fldov1 Lq wklv ulfkhu prgho/ hdfk sduw| lv frpsrvhg ri pdq| sduw| r!fldov1 Wkhvh
r!fldov rewdlq d +iru qrz h{rjhqrxvo| vshfl?hg, ehqh?w iurp vlwwlqj lq sduoldphqw1
Ehiruh wkh hohfwlrq/ r!fldov ri sduw| ð edujdlq ryhu d srolf| sodwirup wr zklfk wkh
sduw| lv wkhq frpplwwhg1 Diwhu wkh hohfwlrq/ hdfk sduw| lv doorfdwhg vhdwv lq sursruwlrq
wr lwv yrwh vkduh/ dqg ?oov lwv vkduh ri wkh vhdwv zlwk sduw| r!fldov gudzq dw udqgrp
iurp lwv udqnv1 Lq wklv prgho/ lw lv udwlrqdo iru d sduw|*v r!fldov wr djuhh wr dq hohf0
wrudo sodwirup wkdw pd{lpl}hv wkh sduw|*v yrwh vkduh1 Wklv prgho frxog eh ixuwkhu
uh?qhg1 Lw lv qrw qhfhvvdu| wr dvvxph dq h{rjhqrxv sd|r> iurp vlwwlqj lq sduoldphqw>
wkdw sd|r> fdq eh rewdlqhg iurp d zhoo0gh?qhg prgho ri jryhuqphqw irupdwlrq1 Zh
frxog dvvxph wkdw uhsuhvhqwdwlyhv/ lq dgglwlrq wr vrph edvh xwlolw| +srvvleo| }hur, iurp
vlwwlqj lq sduoldphqw/ ghulyh vrph dgglwlrqdo xwlolw| li wkh| sduwlflsdwh lq jryhuqphqw1
Jryhuqphqw lv d vhw ri 83 shufhqw ri wkh uhsuhvhqwdwlyhv fkrvhq lqglylgxdoo| e| wkh
irupdwhxu1 Wkh irupdwhxu lv dvvxphg wr eh deoh wr h{wudfw wkh jdlqv iurp ehlqj lq
jryhuqphqw iurp wkh lqglylgxdo uhsuhvhqwdwlyhv/ vr wkdw lq htxloleulxp wkh irupdwhxu
dssursuldwhv wkh uhqwv iurp ehlqj lq jryhuqphqw ri doo wkrvh uhsuhvhqwdwlyhv zkr ehorqj
wr jryhuqphqw1 Lq wklv hqylurqphqw/ wkh h{shfwhg ydoxh iru d uhsuhvhqwdwlyh ri ehlqj
lq sduoldphqw frqvlvwv ri wkh edvh xwlolw| soxv wkh h{shfwhg jdlq wkdw dffuxhv wr wkdw
uhsuhvhqwdwlyh zkhq kh2vkh lv fkrvhq dv wkh irupdwhxu1 Qrwh wkdw djdlq lw lv udwlrqdo
iru sduw| r!fldov wr frpplw wkhlu sduw|/ dw wkh wlph ri wkh hohfwlrq/ wr wkh srolf| wkdw
pd{lpl}hv h{shfwhg yrwh vkduh/ ehfdxvh wkdw srolf| pd{lpl}hv wkh r!fldov* suredelolw|
ri ehlqj fkrvhq dv irupdwhxu1

D xvhixo ihdwxuh ri wkh jdph zh dqdo|}h lv wkdw wkh suredelolw| wkdw d sduw|*v srolf|
lv lpsohphqwhg lv htxdo wr wkdw sduw|*v vkduh ri wkh yrwh1 Wklv ihdwxuh vlpsol?hv rxu
dqdo|vlv lq wzr zd|v1 Iluvw/ lw pdnhv lw d +zhdno|, grplqdqw vwudwhj| iru d yrwhu wr
yrwh iru wkh sduw| zkr sursrvhv wkh srolf| wkdw lv ehvw iru khu14: Vhfrqg/ lw vlpsol?hv
wkh frpsxwdwlrq ri wkh suredelolw| ri surylvlrq ri wkh sxeolf jrrg vlqfh lq htxloleulxp/
xqghu wklv dvvxpswlrq/ wklv suredelolw| lv htxdo wr wkh suredelolw| wkdw d sduw| r>huv
wkh sxeolf jrrg1

Vlqfh zh dvvxph wkdw wkh lpsohphqwhg srolf| lv wkdw ri wkh irupdwhxu*v sduw|/ d

4:Pruh suhflvho|/ wklv krogv lq dq| ?qlwh dssur{lpdwlrq ri rxu prgho1 Wklv ihdwxuh holplqdwhv
frruglqdwlrq htxloleuld lq zklfk/ wr dyrlg zdvwlqj wkhlu yrwh/ yrwhuv ljqruh vrph fdqglgdwhv zkr lq
htxloleulxp jhw qr yrwhv1
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srwhqwldoo| lpsruwdqw hohphqw wkdw lv plvvlqj iurp rxu prgho lv d uhdolvwlf ghvfulswlrq
ri wkh lqwhudfwlrq ehzhhq srvw0hohfwlrq frdolwlrq irupdwlrq dqg srolf| lpsohphqwdwlrq1
Lq uhdolw|/ lw lv srvvleoh wkdw wkhuh pd| eh lqwhuhvwlqj lqwhudfwlrqv ehwzhhq wkh hohfwrudo
dqg ohjlvodwlyh vwdjh +dv prghohg iru lqvwdqfh e| Dxvwlq Vplwk dqg Edqnv 4<;; lq wkh
fdvh ri d rqh0glphqvlrqdo srolf| vsdfh,1 Rqh lvvxh lv wkdw wkh olnholkrrg wkdw d sduw|
lv dffhswhg dv d sduwqhu lq d jryhuqphqw frdolwlrq frxog ghshqg rq krz frpsdwleoh
lv wkdw sduw|*v sodwirup zlwk wkh sodwirupv surplvhg e| rwkhu frdolwlrq phpehuv1 Iru
h{dpsoh/ d jurxs ri sduwlhv wkdw doo surplvhg wr lpsohphqw wkh sxeolf jrrg pljkw orrn
pruh idyrudeo| rq d srvvleoh jryhuqphqw frdolwlrq sduwqhu li lw wrr dgrswhg d sxeolf
jrrg sodwirup1 Vxfk 3frpsdwlelolw| h>hfwv4 pljkw wudqvodwh lqwr d suhihuhqfh iru fhu0
wdlq sodwirupv dw wkh hohfwrudo vwdjh1 Ixuwkhupruh/ wkh frpsdwlelolw| sureohp frxog
frqfhlydeo| eh wdnhq lqwr dffrxqw e| vwudwhjlf yrwhuv/ dqg wkdw frqvwlwxwhv dqrwkhu
fkdqqho wkurxjk zklfk jryhuqphqw irupdwlrq lvvxhv frxog d>hfw hohfwrudo frpshwlwlrq1
Zh ihho wkdw ghdolqj vhulrxvo| zlwk wkhvh lvvxhv zrxog uhtxluh d pruh uhdolvwlf srolf|
vsdfh/ dw d plqlpxp rqh lq zklfk fdqglgdwhv fdq surplvh d pl{wxuh ri sxeolf dqg
sulydwh jrrgv1 Dv lw lv/ rxu prgho lv wrr vw|ol}hg wr fdswxuh wkh fuhdwlylw| zlwk zklfk
srolwlfldqv uhfrqfloh wkh ghvluh wr eh sduw ri jryhuqphqw zlwk wkhlu hohfwrudo surplvhv1
Rxu prgholqj vwudwhj| doorzv xv wr vlghvwhs wkh dgglwlrqdo frpsolfdwlrqv wkdw zrxog
dulvh iurp wdnlqj lqwr dffrxqw wklv dvshfw> wklv vlpsol?fdwlrq frphv dw wkh frvw ri de0
vwudfwlqj iurp wkh vwudwhjlf lqfhqwlyhv wkdw pljkw dulvh iurp wkh jryhuqphqw irupdwlrq
surfhgxuh1

6 Htxloleulxp

Iru ydoxhv ri C vpdoohu wkdq ù wkhuh lv qr htxloleulxp lq sxuh vwudwhjlhv1 Wkh uhdvrq
fdq eh vhhq prvw vlpso| lq wkh fdvh ri wzr sduwlhv/ l1h1/ ù ' 21 Vxssrvh wkdw
C ÷ 2 dqg sduw| � surplvhv hdfk yrwhu wkh sxeolf jrrg iru vxuh> wkhq sduw| 2 fdq
r>hu wudqvihuv ri pruh wkdq C wr pruh wkdq 83 shufhqw ri wkh yrwhuv dqg rewdlq pruh
wkdq 83 shufhqw ri wkh yrwhv1 Wklv lv lpsrvvleoh lq htxloleulxp vlqfh hdfk sduw| fdq
jxdudqwhh lwvhoi 83 shufhqw ri wkh yrwhv e| plplfnlqj wkh vwudwhj| ri wkh rwkhu sduw|1
Vxssrvh lqvwhdg wkdw sduw| � r>huv hdfk yrwhu d ghwhuplqlvwlf vxp ri prqh|1 Jlyhq
sduw| �*v r>huv/ sduw| 2 frxog r>hu 0 pruh wr doprvw doo yrwhuv/ dqg ?qdqfh wkhvh r>huv
e| frpsohwho| h{sursuldwlqj d ydqlvklqj iudfwlrq ri yrwhuv1 Wklv vwudwhj| hqvxuhv wkdw
sduw| 2 rewdlqv d yrwh vkduh duelwudulo| forvh wr rqh kxqguhg shufhqw1 Exw wkhq sduw|
�*v sxuh vwudwhj| lv luudwlrqdo dqg frxog qhyhu eh sduw ri dq htxloleulxp1 Wklv dujxphqw
vkrzv d sduw| qhhgv wr jxdug djdlqvw wkh rssrqhqwv* srzhu wr wdujhw d iudfwlrq ri lwv

45



rzq vxssruwhuv1 Wklv srlqwv wr wkh qhhg iru pl{hg vwudwhjlhv/ l1h1/ vwudwhjlhv vxfk wkdw
d sduw|*v rssrqhqwv fdqqrw nqrz h{dfwo| wkh vl}h ri wkh ehqh?wv wkdw lw surplvhv wr
yrwhuv14;

Wkh xvh ri pl{hg vwudwhjlhv lq htxloleulxp udlvhv wzr txhvwlrqv1 Rqh lv zkhwkhu wkh
pdlq irufh lghqwl?hg lq wkh sdshu uholhv rq pl{hg vwudwhjlhv1 Wklv lv qrw wkh fdvh1 Zkloh
pl{hg vwudwhjlhv duh qhfhvvdu| wr vroyh wkh prgho/ wkh pdlq lqwxlwlrq ri wkh sdshu +sdjh
7, grhv qrw uho| rq pl{hg vwudwhjlhv1 Zh glvfxvv wklv srlqw lq pruh ghwdlo lq Vhfwlrq
:151 Wkh vhfrqg srlqw lv wkh uhdolvp ri rxu prgho1 Ri frxuvh lq uhdolw| sduwlhv gr qrw
fkrrvh wkhlu hohfwrudo surplvhv lq d udqgrpl}hg idvklrq1 Lq uhdolw|/ wkrxjk/ zkhqhyhu
d sduw| pdnhv dq hohfwrudo surplvh/ wkhuh lv d fhuwdlq dprxqw ri qrlvh lq wkh zd| wkdw
wklv surplvh lv shufhlyhg e| yrwhuv/ gxh wr lqirupdwlrqdo lvvxhv/ frpplwphqw lvvxhv/
dqg rwkhu iulfwlrqv1 Lw lv suhflvho| wr jhqhudwh wklv nlqg ri qrlvh wkdw pl{hg vwudwhjlhv
duh hpsor|hg lq htxloleulxp1 Wkxv/ zkloh zh gr qrw eholhyh wkdw lq uhdolw| sduwlhv
udqgrpl}h/ wkh yrwhuv* shufhswlrq ri wkhlu surplvhv suredeo| frqwdlqv dq lpsruwdqw
hohphqw ri udqgrpqhvv/ dqg wklv lv zkdw wkh ehkdylru ri sduwlhv lq rxu prgho slfnv
xs1 Lq dgglwlrq/ lq uhdolw| wkh surfhvv e| zklfk sduwlhv frpplw wr sodwirupv lv qrw
vlpxowdqhrxv1 Li wkh jdph dprqj sduwlhv lv vhtxhqwldo zh zloo qrw qhfhvvdulo| kdyh
pl{hg vwudwhjlhv lq htxloleulxp4<1 Zh rsw iru d vlpxowdqhrxv jdph ehfdxvh zh gr qrw
kdyh d fohdu prgho ri wkh g|qdplfv ri wkh frpplwphqw sureohp1 Wkh sulfh zh sd| lv
wkh suhvhqfh ri pl{hg vwudwhjlhv1

D pl{hg vwudwhj| lq wklv jdph frxog eh d yhu| frpsolfdwhg remhfw/ vlqfh wkh vsdfh
ri sxuh vwudwhjlhv lv odujh1 Zh glvfxvv wkh fdvh zkhuh xðEñä/ wkh r>hu pdgh e| sduw| ð
wr yrwhu ñ/ lv d uhdol}dwlrq iurp d udqgrp yduldeoh zlwk f1g1i1 8 ñð G ?n $ dfc �o153 Qrwh
wkdw/ hyhq zkhq sduwlhv xvh pl{hg vwudwhjlhv/ hdfk yrwhu revhuyhv khu uhdol}hg surplvhv
ehiruh yrwlqj/ qrw udqgrp yduldeohv1

Zh frqfhqwudwh rq htxloleuld zlwk htxdo h{ dqwh wuhdwphqw/ wkrvh lq zklfk sduwlhv
wuhdw doo yrwhuv lghqwlfdoo| h{ dqwh1 Wkdw lv/ zh dqdo|}h htxloleuld lq 3vlpsoh4 vwudwhjlhv
ri wkh iroorzlqj irup= sduw| ð fkrrvhv wr surplvh wkh sxeolf jrrg zlwk suredelolw|
qð dqg surplvh prqh| zlwk suredelolw| � ý qð1 Zkhq sduwlhv uhglvwulexwh/ wkh| gudz
surplvhv wr doo yrwhuv iurp wkh vdph 8ð +qrwlfh wkh devhqfh ri wkh vxshuvfulsw ñ,154

Dovr/ zh zloo uhvwulfw dwwhqwlrq wr v|pphwulf htxloleuld/ htxloleuld lv zklfk doo sduwlhv
dgrsw wkh vdph q dqg 8 +qrwlfh wkh devhqfh ri wkh vxevfulsw ð,1

4;Wklv dujxphqw fdq eh prgl?hg wr fryhu wkh fdvh ri Q fdqglgdwhv1
4<Wkrxjk wkh pdlq lqwxlwlrq lq rxu prgho frqwlqxhv wr krog/ vhh Vhfwlrq :15 iru ghwdlov1
53Olnh P|huvrq +4<<6,/ zh wrr uxoh rxw fruuhodwlrq ehwzhhq r>huv wr gl>huhqw yrwhuv1
54Ri frxuvh/ wkh idfw wkdw r>huv duh uhdol}dwlrqv ri wkh vdph udqgrp yduldeoh grhv qrw phdq wkdw

hdfk yrwhu jhwv wkh vdph r>hu1
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Gxh wr wkh odujh qxpehu ri yrwhuv/ 8ð lv wkh hpslulfdo glvwulexwlrq ri wudqvihuv e|
sduw| ð wr yrwhuv> wkdw lv/ 8ðE%ä lv wkh iudfwlrq ri vxssruwhuv zkr uhfhlyh surplvhv ehorz
% iurp sduw| ð1 E| pdqlsxodwlqj 8ð/ sduw| ð lv deoh wr wdujhw wudqvihuv wr vhfwlrqv ri
wkh hohfwrudwh1 Zh zdqw wr vwuhvv wkdw wkhuh lv d qdwxudo lqwhusuhwdwlrq iru wkhvh pl{hg
vwudwhjlhv= fkrrvlqj 8ð vkrxog eh wkrxjkw ri dv fkrrvlqj wkh Oruhq} fxuyh/ l1h1 wkh
hpslulfdo glvwulexwlrq ri wudqvihuv/ lq wkh srsxodwlrq1

614 Ixqgdphqwdo Surshuw|= Olqhdulw| ri Htxloleulxp Sd|r>v

Lq dq htxloleulxp zlwk htxdo h{0dqwh wuhdwphqw/ doo yrwhuv orrn lghqwlfdo wr d sduw| lq
wkh vhqvh wkdw wkh| uhfhlyh hohfwrudo surplvhv gudzq iurp wkh vdph glvwulexwlrq1 Wkhq/
doo wkh lqirupdwlrq wkdw lv uhohydqw wr d sduw| fdq eh vxppdul}hg e| d ixqfwlrq MW E%ä
zklfk ghqrwhv wkh htxloleulxp suredelolw| ri zlqqlqj d jhqhulf yrwhu zlwk dq r>hu ri
%1 Iru h{dpsoh/ MW E2ä uhsuhvhqwv wkh suredelolw| wkdw sduw| ð zlqv d jhqhulf yrwhu li
lw r>huv wkdw yrwhu d frqvxpswlrq ohyho ri 51 Wr xqghuvwdqg wkh uhodwlrqvkls ehwzhhq
wkh ixqfwlrq MW dqg htxloleulxp ehkdylru ri sduwlhv/ frqvlghu wkh fdvh lq zklfk sduwlhv
rqo| surplvh wudqvihuv/ qrw wkh sxeolf jrrg1 Ohw 8 W ghqrwh wkh htxloleulxp glvwulexwlrq
ri wudqvihuv1 Wkhq zh kdyh MW E%ä ' d8 W E%äoù3�1 Wkh odwwhu lv vlpso| wkh suredelolw|
wkdw d jhqhulf yrwhu uhfhlyhv r>huv ri ohvv wkdq % e| doo ù ý � ri sduw| ð*v rssrqhqwv1

Zh qrz vkrz wkdw/ uhjdugohvv ri wkh qxpehu ri sduwlhv/ MW E%ä pxvw eh slhfh0
zlvh olqhdu1 Wklv ixqgdphqwdo surshuw| zloo odwhu eh h{sorlwhg wr rewdlq d frpsohwh
fkdudfwhul}dwlrq ri wkh htxloleulxp vwudwhjlhv/ l1h1/ ri wkh suredelolw| ri sxeolf jrrg
surylvlrq dqg ri wkh glvwulexwlrq ri wudqvihuv1

Wkhuh lv d vlpsoh lqwxlwlrq ehklqg wkh olqhdulw| ri MW E%ä1 Vlqfh sduwlhv zkr fkrrvh
uhglvwulexwlrq pxvw eh zloolqj wr sod| d pl{hg vwudwhj| lq htxloleulxp/ hdfk sduw| pxvw
uhfhlyh wkh vdph h{shfwhg sd|r> iurp surplvlqj dq| % lq wkh vxssruw ri wkh pl{hg
vwudwhj|1 Wkh frvw ri surplvlqj % wr d yrwhu lv wkh rssruwxqlw| frvw ri % xqlwv ri
prqh| lq whupv ri yrwh vkduh> wklv rssruwxqlw| frvw lv %*ù ehfdxvh lq d v|pphwulf
htxloleulxp �*ù lv wkh h{shfwhg yrwh vkduh iurp vshqglqj '4 shu fdslwd1 Zkhqhyhu %
lv dq dprxqw ri prqh| wkdw lv surplvhg e| sduwlhv lq htxloleulxp/ wkhq wkh rssruwxqlw|
frvw ri surplvlqj % pxvw htxdo wkh h{shfwhg ehqh?w1 Wkxv/ lw pxvw eh %*ù ' MW E%ä/
dqg zh kdyh dujxhg wkdw wkh iroorzlqj lv wuxh1

Ohppd 4 Lq dq| v|pphwulf htxloleulxp zlwk htxdo h{ dqwh wuhdwphqw zh kdyh MW E%ä '
%*ù zkhqhyhu % ehorqjv wr wkh vxssruw ri 8 W +dqg % 9' C,/ dqg MW E%ä é %*ù rwkhu0
zlvh1
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Wkh suhylrxv Ohppd vwdwhv wkdw li lq htxloleulxp d sduw| surplvhv '5/ iru h{dpsoh/
wr d yrwhu/ wkhq lw h{shfwv wr zlq wkdw yrwhu zlwk suredelolw| 2*ù 1 Li qr sduw| surplvhv
'5 wr dq| yrwhu/ zh fdq lqihu wkdw wkh suredelolw| ri zlqqlqj d yrwhu zlwk dq r>hu ri
'5 pxvw eh vpdoohu wkdq +ru htxdo wr, 2*ù 1

615 Zkhq wkh Sxeolf Jrrg lv Lqh!flhqw= Sxuh Uhglvwulexwlrq

Zkhq C ÷ � surplvlqj wkh sxeolf jrrg lv d grplqdwhg vwudwhj|1 Wkxv/ wkh jdph lv
rqh ri sxuh uhglvwulexwlrq1 Wr looxvwudwh wkh htxloleulxp orjlf lq d vlpsoh fdvh/ lq wklv
vhfwlrq zh frpsxwh wkh htxloleulxp vwudwhj| 8 W E%ä lq wkh jdph ri sxuh uhglvwulexwlrq1

Vlqfh zh nqrz wkdw MW E%ä ' d8 W E%äoù3�/ dqg Ohppd 4 vxjjhvwv wkdw MW E%ä '

%*ù / lw vhhpv vwudljkwiruzdug wr frqfoxgh wkdw 8 W E%ä ' d%*ù o�*Eù3�ä1 Lq rughu wr gudz
wklv frqfoxvlrq/ krzhyhu/ Ohppd 4 uhtxluhv xv wr yhuli| wkdw wkh vxssruw ri 8 W E%ä lv
wkh hqwluh lqwhuydo dfcù o1

Wr fkhfn wkdw wkhuh duh qr 3krohv4 lq wkh vxssruw ri 8 W/ frqvlghu wkdw li wkhuh zhuh
krohv wkhq wkhuh zrxog eh ydoxhv ri % zklfk duh qrw surplvhg e| dq| sduw|1 Frqvlghu wkh
vxsuhpxp ri doo vxfk ydoxhv ri %= lq htxloleulxp wkhuh zrxog kdyh wr eh d sduw| zklfk
surplvhv wr vrph yrwhuv wkh vxsuhpxp/ ru d vxp duelwudulo| forvh wr wkh vxsuhpxp1
Exw wklv zrxog eh luudwlrqdo/ vlqfh wkdw sduw| frxog rewdlq wkh vdph suredelolw| ri
zlqqlqj wkrvh yrwhuv e| surplvlqj 0 ohvv wkdq wkh vxsuhpxp/ dqg zrxog vdyh prqh|1

Kdylqj fkhfnhg wkdw wkh vxssruw ri 8 W kdv qr krohv/ zh fdq vwdwh rxu ?uvw uhvxow/
zklfk lv dgdswhg iurp P|huvrq +4<<6,1 P|huvrq surylghv dq dqdo|vlv ri wkh jdph
zkhuh wkhuh lv qr sxeolf jrrg1 55

Wkhruhp 4 +P|huvrq 4<<6, Li C ÷ � wkhuh lv d xqltxh v|pphwulf htxloleulxp zlwk
htxdo h{ dqwh wuhdwphqw1 Wkh sxeolf jrrg lv qrw surylghg/ dqg sduwlhv fkrrvh wudqvihuv

dffruglqj wr wkh glvwulexwlrq 8 WùE%ä '
í
%
ù

ì �
ù3� iru % lq dfc ù o1

616 Zkhq wkh Sxeolf Jrrg lv H!flhqw= Uhglvwulexwlrq dqg
Sxeolf Jrrg

Zh qrz frqvlghu wkh fdvh zkhuh C : �1 Lq wklv fdvh wkh sxeolf jrrg pxvw eh surylghg
zlwk srvlwlyh suredelolw| lq htxloleulxp1 Lqghhg/ vxssrvh wr wkh frqwudu| wkdw sduwlhv
2c ééécù qhyhu surplvh wkh sxeolf jrrg/ dqg wkhuhiruh ehkdyh dffruglqj wr wkh htxlole0
ulxp ghvfulehg lq Wkhruhp 41 Wkhq/ lw sd|v iru sduw| 4 wr ghyldwh dqg r>hu wkh sxeolf

55P|huvrq suryhv d pruh jhqhudo uhvxow wkdw wuhdwv dq| udqn0vfrulqj uxoh1
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jrrg/ vlqfh sduw| 4 uhfhlyhv d vkduh ri wkh yrwh ri MW ECä ' C*ù : �*ù 1 Wkxv/ lq
htxloleulxp wkh sxeolf jrrg pxvw eh surplvhg zlwk srvlwlyh suredelolw|1 Ixuwkhupruh/
li C ÷ ù wkhuh lv qr htxloleulxp zkhuh wkh sxeolf jrrg lv surylghg zlwk suredelolw|
rqh> li doo sduwlhv zhuh wr r>hu wkh sxeolf jrrg/ r>hulqj wudqvihuv deryh C wr pruh wkdq
rqh ù 0wk ri wkh yrwhuv lv ihdvleoh dqg zrxog eh d sur?wdeoh ghyldwlrq1 Wkxv/ lq wkh
uhjlrq zkhuh � ÷ C ÷ ùc sduwlhv udqgrpl}h ehwzhhq surplvlqj wudqvihuv dqg r>hulqj
wkh sxeolf jrrg1

Zkhq wkh sxeolf jrrg lv surplvhg zlwk srvlwlyh suredelolw| lq htxloleulxp/ qr sduw|
zloo surplvh dq| yrwhu wudqvihuv ri ydoxh vpdoohu wkdq/ exw yhu| forvh wr C1 Lqghhg/
zkhq 0 lv vpdoo surplvlqj d yrwhu C ý 0 lv ohvv h>hfwlyh wkdq surplvlqj C n 0= wkh
odwwhu rqo| frvwv 20 pruh dqg gholyhuv d glvfuhwh lqfuhphqw lq lwv suredelolw| ri zlqqlqj
wkh yrwhu1 Wklv revhuydwlrq lpsolhv wkdw/ zkhq wkh sxeolf jrrg lv r>huhg zlwk srvlwlyh
suredelolw| lq htxloleulxp/ wkh vxssruw ri 8 W frxog qrw eh wkh hqwluh lqwhuydo dfcù o>
wkhuh pxvw eh d 3kroh4 lq wkh vxssruw ri 8 W1 Iljxuh 4 ghslfwv wklv fdvh> qr sduw|
surplvhv wudqvihuv ehwzhhq & dqg C/ frqvhtxhqwo|/ wkh vxssruw ri MW dovr kdv d kroh
ehwzhhq & dqg C1 Wkh vdph orjlf dv lq wkh suhylrxv vhfwlrq jxdudqwhhv wkdw wkhuh duh
qr rwkhu krohv lq wkh vxssruw ri MW1

ó
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Iljxuh 4= Uhwxuqv wr wudqvihuv duh olqhdu lq htxloleulxp1

Zh qrz vwdwh wkh pdlq uhvxow ri wkh sdshu1
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Wkhruhp 5 +H{lvwhqfh dqg fkdudfwhul}dwlrq ri wkh htxloleulxp,1 Wkhuh lv d
xqltxh v|pphwulf htxloleulxp zlwk htxdo h{0dqwh wuhdwphqw1 Iru C : ù wkh sxeolf jrrg
lv surylghg zlwk suredelolw| rqh1 Iru � ÷ C ÷ ù / wkh htxloleulxp lv fkdudfwhul}hg e| d
suredelolw| ri surylglqj wkh sxeolf jrrg qW ECcùä zklfk=
+l, lv lqfuhdvlqj lq C/
+ll, lv ghfuhdvlqj lq wkh qxpehu ri sduwlhv ù / dqg
+lll, frqyhujhv wr }hur dv ù frqyhujhv wr lq?qlw|1

Surri= H{lvwhqfh dqg xqltxhqhvv ri htxloleulxp lv suryhg lq wkh dsshqgl{1
Surri ri +l,1 Wkh suredelolw| ri zlqqlqj d yrwh zlwk dq r>hu ri % lq dfc &o lv

MW E%ä ' dE�ý qä8 W E%äoù3� é

Lq ylhz ri wkh glvfxvvlrq lq Vhfwlrq 614/ lq htxloleulxp lw pxvw eh wkdw MW E%ä ' %*ù

rq dfc &o ^ dCcù o1 Htxdwlqj wr %*ù dqg vroylqj iru 8 W |lhogv

8 WCcù E%ä '
�

�ý q
ë
%

ù

ê �
ù3�

iru % 5 dfc &o é +4,

Wkh suredelolw| ri zlqqlqj d yrwh zlwk dq r>hu ri % lq ECcù o lv

MW E%ä ' dE�ý qä8 W E%ä n qoù3� é

Htxdwlqj wr %*ù dqg vroylqj iru 8 W |lhogv

8 WCcù E%ä '
�

�ý q
%ë
%

ù

ê �
ù3� ý q

&
iru % 5 ECcù oé +5,

Wr frpsohwh wkh fkdudfwhul}dwlrq ri 8 WCcù zh orrn iru frqglwlrqv wr slq grzq q dqg
&1 Wkh ?uvw frqglwlrq lv jlyhq e| wkh frqwlqxlw| ri 8 WCcù / zklfk uhtxluhv 8 WCcù E&ä '

8 WCcù ECä1 Vxevwlwxwlqj iurp +4, dqg +5,/ zh jhw

q '
ë
C

ù

ê �
ù3� ý

#
&

ù
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ù3�

é +6,

Wkh vhfrqg frqglwlrq lv jlyhq e| wkh exgjhw frqvwudlqw/ l1h1/] &

f
%_8 WCcù E%ä n

] ù

C
%_8 WCcù E%ä ' �é
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Vxevwlwxwlqj iurp +4, dqg +5,/ dqg frpsxwlqj wkh lqwhjudo/ zh fdq h{suhvv wkh exgjhw
frqvwudlqw dv

�

�ý q
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é +7,

Htxdwlrqv +6, dqg +7, irup d v|vwhp ri wzr htxdwlrqv lq wkh xqnqrzqv & dqg q1 Zh
ghqrwh wkh vroxwlrq wr wklv v|vwhp e| &W ECcùä/ qW ECcùä1

Lw lv srvvleoh wr vroyh iru &W ECcùä1 Lqghhg/ iurp +6, dqg +7,/ &W ECcùä pxvw vroyhë
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Wkh ixqfwlrq û E5ä '
í
5
ù

ì �
ù3�

í
�ý 5

ù

ì
lv vlqjoh0shdnhg rq dfc4ä/ kdv d pd{lpxp dw

5 ' �/ dqg kdv ydoxh }hur dw 5 ' f dqg 5 ' ù 1 Ehfdxvh û lv vlqjoh shdnhg/ htxdwlrq
+8, rqo| kdv wzr vroxwlrqv= rqh lv & ' C> wkh rwkhu lv &W ECcùä ' û3� ECä/ zkhuh û3�

ghqrwh wkh lqyhuvh ri û rq wkh lqwhuydo dfc �o1 Rqo| wkh vhfrqg vroxwlrq fdq eh sduw ri dq
htxloleulxp/ vlqfh wkh ?uvw vroxwlrq uhtxluhv wkdw q htxdov }hur/ dqg wkdw lv lpsrvvleoh
zkhq � ÷ C ÷ ù 1 Vroylqj iru qW ECcùä lv dffrpsolvkhg e| vxevwlwxwlqj &W ECcùä lqwr
htxdwlrq +6,1

Revhuyh wkdw &W ECcùä lv ghfuhdvlqj lq C vlqfh û E5ä lv lqfuhdvlqj rq Efc �ä dqg
ghfuhdvlqj rq E�c ùä1 Wkhuhiruh/ qW ECcùä lv lqfuhdvlqj lq C1
Surri ri +ll,1 Wklv surri lv txlwh lqyroyhg dqg lv wkxv uhohjdwhg wr dq dsshqgl{

dydlodeoh rq uhtxhvw iurp wkh dxwkruv1 Khuh/ zh uhihu wr Iljxuh 5 iru d qxphulfdo sorw
ri wkh ixqfwlrqv qW ECcùä dv d ixqfwlrq ri C iru ù ' 2c éééc S1 Wkh sorw fohduo| vkrzv
wkdw/ iru jlyhq C/ wkh suredelolw| ri sxeolf jrrg surylvlrq lv ghfuhdvlqj lq ù 1
Surri ri +lll,1 Iluvw/ uhfdoo iurp wkh surri ri Wkhruhp 5 wkdw &W ECcùä 5 Efc �ä/ dqg

wkhuhiruh
í
�ý &WECcùä

ù

ì
$ �1 Vlqfh &W ECcùä vroyhv
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dqg wkh ohiw kdqg vlgh frqyhujhv wr 4 dv ù $ 4/ lw pxvw eh wkdw

í
&WECcùä
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ì �
ù3� $ �1

Qrwlflqj wkdw qW ECcùä '
í
C
ù

ì �
ù3� ý

í
&WECcùä

ù

ì �
ù3� dqg

í
C
ù

ì �
ù3� $ � |lhogv wkh frqfox0

vlrq1

Wkh lqwxlwlrq iru wklv uhvxow lv wkdw/ dv wkh qxpehu ri sduwlhv lqfuhdvhv/ hdfk sduw|
qhhgv wr irfxv klv surplvhv rq d vpdoohu dqg vpdoohu vhw ri yrwhuv1 Wkh sxeolf jrrg
wkxv ehfrphv dq lqfuhdvlqjo| glvdgydqwdjhrxv zd| wr frpshwh lq wkh hohfwrudo duhqd1
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Iljxuh 5= Suredelolw| ri sxeolf jrrg surylvlrq zlwk ù ' 2c éééc S fdqglgdwhv1

7 H!flhqf|

714 H{shfwhg Zhoiduh Pd{lpl}dwlrq/ H{0Dqwh H!flhqf|/ dqg
H{0Srvw H!flhqf|

Zh frqvlghu wkh shuvshfwlyh ri d yrwhu h{0dqwh1 Ehiruh hohfwrudo surplvhv duh pdgh/
doorfdwlrqv duh orwwhulhv ryhu frqvxpswlrq1 H{0dqwh Sduhwr h!flhqf| udqnv vxfk door0
fdwlrqv/ wdnlqj wkh srlqw ri ylhz ri d yrwhu zkr frqvlghuv wkh h{shfwhg xwlolw| ri wkh
rxwfrph ri wkh hohfwlrq ehiruh uhfhlylqj dq hohfwrudo surplvh1 Dv wkh h{0dqwh shuvshf0
wlyh fruuhvsrqgv wr hydoxdwlqj dowhuqdwlyhv ehklqg d Udzovldq yhlo ri ljqrudqfh/ wklv
shuvshfwlyh vhhpv wr eh dssursuldwh iru wklqnlqj derxw lvvxhv ri frqvwlwxwlrqdo ghvljq1

H{0dqwh/ ehiruh uhfhlylqj wkh surplvhv/ doo yrwhuv idfh wkh vdph h{shfwhg xwlolw|
glvwulexwlrq lq v|pphwulf htxloleuld1 Wkxv/ lq rxu htxloleuld/ wkh h{0dqwh shuvshfwlyh
frlqflghv zlwk wkh qrwlrq ri h{shfwhg vxusoxv pd{lpl}dwlrq1 Wklv lv wkh qrwlrq wkdw lv
frqyhqwlrqdoo| xvhg wr hydoxdwh wkh h!flhqf| ri sxeolf jrrg surylvlrq +dqg jlyhv ulvh
wr wkh 3Vdpxhovrqldq frqglwlrq4 uhodwlqj wkh pdujlqdo udwh ri wudqvirupdwlrq wr wkh
vxp ri wkh pdujlqdo udwhv ri vxevwlwxwlrq,1

Dq dowhuqdwlyh ylhzsrlqw lv wkh h{0srvw rqh/ zklfk frpsduhv ?qdo doorfdwlrqv +diwhu
wkh xqfhuwdlqw| lv uhvroyhg,1 Diwhu wkh zlqqlqj srolf| lv lpsohphqwhg/ dq doorfdwlrq lv
d frqvxpswlrq yhfwru wkdw vshfl?hv krz pxfk hdfk yrwhu frqvxphv1 H{0srvw Sduhwr hi0
?flhqf| udqnv vxfk doorfdwlrqv iurp wkh ylhzsrlqw ri d yrwhu zkr kdv douhdg| uhfhlyhg
wklv frqvxpswlrq1 Lq rxu prgho/ dq| uhglvwulexwlrqdo doorfdwlrq wkdw jlyhv wudqvihuv
ri pruh wkdq C wr dw ohdvw rqh yrwhu lv h{0srvw Sduhwr rswlpdo/ dv lv wkh doorfdwlrq
lq zklfk wkh sxeolf jrrg lv surylghg1 Doo htxloleulxp rxwfrphv lq rxu prgho/ wkhuh0
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iruh/ duh h{0srvw Sduhwr rswlpdo/ hyhq dv wkh suredelolw| ri surylglqj wkh sxeolf jrrg
jrhv wr }hur +zkhq wkh qxpehu ri sduwlhv jurzv,1 Wklv phdqv wkdw/ lq rxu frqwh{w/
h{0srvw Sduhwr h!flhqf| fdqqrw udqn htxloleulxp doorfdwlrqv iru gl>huhqw qxpehu ri
sduwlhv1 Wklv ihdwxuh srlqwv wr d pruh jhqhudo surshuw|/ zklfk lv wkdw wkh rxwfrph ri
hohfwrudo frpshwlwlrq duh dozd|v h{0srvw Sduhwr0h!flhqw/ dv dujxhg lq Ehfnhu +4<8;,1
Ehfdxvh wklv h!flhqf| surshuw| krogv eurdgo| dfurvv gl>huhqw lqvwlwxwlrqdo duudqjh0
phqwv dqg vl}h ri wkh hohfwrudwh/56 wkh frqfhsw ri Sduhwr h!flhqf| lv qrw frpprqo|
xvhg lq frpsdudwlyh srolwlfv h{huflvhv olnh rxuv1 Ghvslwh lwv ohvv iuhtxhqw xvh/ h{0srvw
Sduhwr rswlpdolw| uhpdlqv d xvhixo frqfhsw/ dqg zh gr qrw dujxh djdlqvw lwv xvh1 Lq
wklv sdshu/ wkrxjk/ zh dgrsw wkh frqyhqwlrqdo qrwlrq ri zhoiduh pd{lpl}dwlrq vlqfh lw
|lhogv d udqnlqj wkdw zh wklqn lv lqwxlwlyh1

715 H{shfwhg Zhoiduh +ru H{ Dqwh H!flhqf|, Udqnlqj

Lq wklv vhfwlrq zh udqn wkh htxloleulxp rxwfrphv ri hohfwlrqv zlwk ù sduwlhv dffruglqj
wr wkh h{shfwhg zhoiduh fulwhulrq1 Zh frqvlghu d uhsuhvhqwdwlyh yrwhu ehiruh kh2vkh
uhfhlyhv hohfwrudo surplvhv/ dqg dvn zkhwkhu kh2vkh suhihuv d v|vwhp zlwk ù sduwlhv
wr d v|vwhp zlwk ù n � sduwlhv1 Zh vkrz wkdw doo ulvn dyhuvh +ru ulvn qhxwudo, yrwhuv
suhihu hohfwlrqv zlwk ihzhu sduwlhv1

Li yrwhuv duh ulvn qhxwudo/ wkh| gr qrw fduh derxw wkh +h{0dqwh, yduldqfh dwwdfkhg
wr d uhglvwulexwlyh sodq1 Lq wklv fdvh/ h!flhqf| lv phdvxuhg e| wkh suredelolw| wkdw wkh
sxeolf jrrg lv surylghg lq htxloleulxp1 Wklv suredelolw| kdv ehhq vkrzq wr ghfuhdvh
zlwk wkh qxpehu ri sduwlhv1 Wkhuhiruh/ zkhq yrwhuv duh ulvn qhxwudo zh douhdg| kdyh d
frpsohwh ghvfulswlrq ri wkh +lq,h!flhqf| ri lqfuhdvlqj wkh qxpehu ri sduwlhv1 Zh qrz
frqvlghu wkh zhoiduh h>hfwv ri wkh qxpehu ri sduwlhv lq wkh jhqhudo fdvh zkhuh yrwhuv
pd| eh ulvn dyhuvh1 Dvvxph wkdw yrwhuv kdyh d frqfdyh xwlolw| ixqfwlrq gh?qhg ryhu
wrwdo frqvxpswlrq +wudqvihuv ru sxeolf jrrgv,1 Lq wklv fdvh/ yrwhuv fduh qrw rqo| derxw
wkh suredelolw| ri sxeolf jrrg surylvlrq/ exw dovr derxw wkh glvwulexwlrq ri wudqvihuv dw
htxloleulxp1 Zh vkrz wkdw dq| ulvn dyhuvh yrwhu suhihuv d vpdoohu qxpehu ri sduwlhv1

Zkhq wkh sxeolf jrrg lv surylghg/ ghqrwh wkh glvwulexwlrq ri surplvhv lq frqvxps0
wlrq whupv e| UE3"cCä E%ä +wkh lqglfdwru ixqfwlrq wkdw lv }hur zkhq % ÷ C dqg lv rqh
zkhq % è C,1 Wkhq/ wkh h{shfwhg f1g1i1 ri hohfwrudo surplvhv e| sduw| ð +lq frqvxps0

56Zlwk uhjdugv wr wkh vl}h ri wkh hohfwrudwh/ frqvlghu d vrflhw| lq zklfk rqo| d vpdoo plqrulw| +lq wkh
h{wuhph/ rqo| rqh shuvrq, yrwhg1 Wkh rxwfrph ri dq hohfwlrq zlwk rqo| rqh yrwhu zrxog qhyhuwkhohvv
eh Sduhwr rswlpdo iru wkh hqwluh vrflhw|1
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wlrq whupv, lv

aù E%ä ' qW ECcùä ü UE3"cCä E%ä n d�ý qW ECcùäo ü 8 WCcù E%ä é +9,

Vlqfh lq htxloleulxp doo sduwlhv kdyh wkh vdph suredelolw| ri zlqqlqj/ aù lv wkh h{shfwhg
glvwulexwlrq ri hohfwrudo rxwfrphv1 Zh qrz vkrz wkdw doo ulvn dyhuvh yrwhuv suhihu aù
wr aùn�1

Sursrvlwlrq 4 Frqvlghu dq| ù è 21 Iru dq| C/ doo ulvn dyhuvh yrwhuv suhihu dq
hohfwlrq zlwk ù sduwlhv wr dq hohfwlrq zlwk ù n � sduwlhv1

Surri= Fdvh C ÷ �1 Lq wklv fdvh qW ECcùä ' f/ vr aù E%ä ' 8 WCcù E%ä1 Li zh ghqrwh

8 Wù E%ä '
í
%
ù

ì �
ù3� / Wkhruhp 4 |lhogv aù E%ä ' 8 Wù E%ä1 Zh qrz vkrz wkdw 8 Wù E%ä

grplqdwhv 8 Wùn� E%ä lq wkh vhqvh ri vhfrqg0rughu vwrfkdvwlf grplqdqfh1 Zh gr wklv e|
vkrzlqj wkdw wkhuh lv d xqltxh h%ù 5 E�c ùä zlwk wkh surshuw| wkdw 8 Wù E%ä : 8 Wùn� E%ä
li dqg rqo| li % : h%ù 1 Zulwh
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Wkh h{suhvvlrq lq eudfnhwv lv lqfuhdvlqj lq %/ lv qhjdwlyh iru ydoxhv ri % forvh wr }hur
dqg srvlwlyh iru % ' ù 1 Wkhuhiruh/ wkhuh h{lvwv d xqltxh h%ù dw zklfk 8 Wù E%äý8 Wùn� E%ä
htxdov }hur1 Wr yhuli| wkdw h%ù : �/ revhuyh wkdw zkhq % ' � wkh h{suhvvlrq lq eudfnhwv

htxdov
í
�
ù

ì �
ù3� ý

í
�

ùn�

ì �
ù zklfk lv qhjdwlyh ehfdxvh

í
�
ù

ì �
ù3� lv dq lqfuhdvlqj ixqfwlrq

ri ù 1
Fdvh � ÷ C ÷ ù n�1 Wkh surri ri wklv fdvh xvhv d vlplodu whfkqltxh wr udqn aù E%ä

dqg aùn� E%ä lq whupv ri vwrfkdvwlf grplqdqfh/ exw wkh dujxphqw lv pruh lqyroyhg dqg
wkxv lw lv uhohjdwhg wr wkh Dsshqgl{1
Fdvh C : ù n �1 Lq wklv fdvh wkh sxeolf jrrg lv surylghg zlwk suredelolw| 4 lq

erwk vfhqdulrv/ vr yrwhuv duh lqgl>huhqw1

8 Lqvwlwxwlrqdo Ihdwxuhv wkdw Uhvwulfw wkh H{whqw ri
Hohfwrudo Frpshwlwlrq

Lq rxu prgho lw zrxog eh ghvludeoh wr uhvwulfw wkh h{whqw ri hohfwrudo frpshwlwlrq/ iru
h{dpsoh e| uhgxflqj wkh qxpehu ri frpshwlqj sduwlhv +lghdoo|/ wr wzr,1 Khuh/ zh
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dqdo|}h9zlwklq rxu iudphzrun9vrph ri wkh phfkdqlvpv/ frqvwlwxwlrqdo dqg rwkhu0
zlvh/ wkdw uhvwulfw wkh h{whqw ri frpshwlwlrq1 Lq Vhfwlrq 814 zh glvfxvv wkh uroh ri hqwu|
dqg hqwu| eduulhuv1 Wkhvh duh irufhv +odzv dqg uhjxodwlrqv, wkdw frqvwlwxwh gluhfw frq0
vwudlqwv rq wkh qxpehu ri sduwlhv1 Zh wkhq wxuq wr uhjxodwlrqv wkdw d>hfw wkh qxpehu
ri sduwlhv lqgluhfwo|1 Vshfl?fdoo|/ zh dfnqrzohgjh wkh uroh wkdw srolwlfdo lqvwlwxwlrqv
sod| lq ghwhuplqlqj wkh qxpehu ri sduwlhv> lq vrph srolwlfdo v|vwhpv lw lv hdvlhu wr
fuhdwh d yldeoh fdqglgdf| iru vpdoo sduwlhv1 Vr/ lq Vhfwlrq 815 zh glvfxvv d wzr0sduw|
pdmrulwduldq v|vwhp dqg frpsduh lw wr rxu edvh prgho1 Pdmrulwduldq v|vwhpv fdq ohdg
wr dq h>hfwlyh uhvwulfwlrq rq qxpehu ri frpshwlqj sduwlhv dqg wkxv/ lq rxu prgho/
wr d zhoiduh lpsuryhphqw1 Ri frxuvh/ zh pxvw eh fduhixo li zh dujxh wkdw hohfwrudo
frpshwlwlrq lv uhgxfhg lq pdmrulwduldq v|vwhpv1 Pdmrulwduldq v|vwhpv w|slfdoo| hp0
sor| xqlqrplqdo glvwulfwv lq zklfk/ lw frxog eh dujxhg/ hohfwrudo frpshwlwlrq lv ?hufhvw1
Zkdw lv lpsruwdqw iru rxu uhvxowv lv wkdw ihzhu sduwlhv frpshwh/ dqg lq wklv vshfl?f
vhqvh zh vd| wkdw wkh vfrsh iru hohfwrudo frpshwlwlrq lv pruh olplwhg1 Lq Vhfwlrq 816
zh glvfxvv d vshfl?f hohfwrudo lqvwlwxwlrq/ wkh uxq0r> hohfwlrq/ zklfk dovr uhvwulfwv wkh
vfrsh ri hohfwrudo frpshwlwlrq e| uhvwulfwlqj wr wzr wkh qxpehu ri sduwlhv frpshwlqj
lq wkh uxq0r>1

Wkh srlqw ri wklv vhfwlrq lv qrw wr vxjjhvw wkdw doo frxqwulhv vkrxog dgrsw wkhvh
lqvwlwxwlrqdo ihdwxuhv1 Zh phuho| zlvk wr srlqw rxw d srvvleoh h!flhqf| udwlrqdoh iru
vrph frpprqo| revhuyhg lqvwlwxwlrqv1

814 Eduulhuv wr Hqwu|

Hqwu| eduulhuv fdq wdnh wkh irup ri vwlsxodwlrqv wkdw d sduw| pxvw vxusdvv d plqlpdo
yrwh vkduh lq rughu wr eh uhsuhvhqwhg lq d ohjlvodwxuh +iru lqvwdqfh/ lq Jhupdq| wklv
wkuhvkrog lv 8(,1 Hqwu| eduulhuv fdq dovr eh lq xhqfhg e| fdpsdljq ?qdqfh odzv/
wkh hdvh ri dffhvv wr wkh phgld/ dv zhoo dv vrph lqwulqvlf srolwlfdo irufhv wkdw duh qrw
prghohg lq rxu sdshu1

Wr prgho wkh h>hfw ri eduulhuv wr hqwu|/ zh qrz glvfxvv d vlpsoh h{whqvlrq ri rxu
dqdo|vlv wr d zruog zlwk hqgrjhqrxv hqwu| ri sduwlhv1 Lq wklv zruog/ wkh eduulhu wr
hqwu| lv olwhudoo| lqwhusuhwhg dv dq hqwu| frvw1 Iluvw/ sduwlhv fkrrvh vlpxowdqhrxvo| dqg
lqghshqghqwo| zkhwkhu wr hqwhu ru qrw1 Wkhq/ wkh jdph ri Vhfwlrq 5 lv sod|hg dprqj
wkh hqwhulqj sduwlhv1 Wkh sd|r> wr d sduw| zkr hqwhuv lv wkh yrwh vkduh plqxv wkh
hqwu| frvw1 Wkh sd|r> wr d sduw| zkr grhv qrw hqwhu lv }hur1 Lq wklv jdph/ wkhuh lv dq
htxloleulxp zlwk wkh surshuw| wkdw wkh qxpehu ri hqwhulqj sduwlhv lv ghfuhdvlqj lq wkh
frvw ri hqwu|1 Wkxv/ kljkhu hqwu| frvwv fdq ohdg wr d zhoiduh lpsuryhphqw1
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Rxu prgho glvsod|v h{fhvvlyh hqwu| ri sduwlhv1 Lw lv lqwhuhvwlqj wr revhuyh wkdw wkh
uhdvrq zk| hqwu| lv h{fhvvlyh lv qrw9ru qrw rqo|9wkh gxsolfdwlrq ri ?{hg frvwv ri
hqwu|1 Udwkhu/ wkh lqh!flhqf| lv gxh wkh htxloleulxp fkrlfh ri hohfwrudo sodwirupv1
Wklv lv d fuxfldo glvwlqfwlrq zlwk wkh dqdo|vlv ri hqwu| lq hfrqrplf pdunhwv/ zkhuh
xvxdoo| hqwu| fdq kdyh qhjdwlyh zhoiduh h>hfwv ehfdxvh ri wkh gxsolfdwlrq ri hqwu| +ru
?{hg, frvwv157 Wr sxvk wkh srlqw ixuwkhu/ lq hfrqrplf pdunhwv w|slfdoo| d uhgxfwlrq lq
wkh frvw ri hqwu| lqwr d pdunhw ohdgv wr d zhoiduh lpsuryhphqw1 Lq sduwlfxodu/ zkhq
hqwu| frvwv frqyhujh wr }hur/ zh dssurdfk hqwu| e| dq lq?qlwh qxpehu ri ?upv/ shuihfw
frpshwlwlrq/ dqg d vrfldoo| rswlpdo doorfdwlrq1 Lq frqwudvw/ lq rxu prgho/ hqwu| fdq eh
h{fhvvlyh hvshfldoo| li hqwu| frvwv duh orz= wkh doorfdwlrq zkhq hqwu| frvwv frqyhujh wr
}hur lv sduwlfxoduo| lqh!flhqw ehfdxvh wkh suredelolw| ri surylvlrq ri wkh sxeolf jrrg
frqyhujhv wr }hur158

815 Pdmrulwduldq V|vwhpv

Pdmrulwduldq v|vwhpv/ dv gh?qhg e| Olmskduw +4<;7, dqg hslwrpl}hg lq wkh Zhvwplqvwhu
v|vwhp/ duh srolwlfdo v|vwhpv lq zklfk= +d, wkh hohfwrudo v|vwhp lv kljko| glvsursru0
wlrqdo/ lq wkh vhqvh wkdw wkh glvwulexwlrq ri vhdwv lq wkh dvvhpeo| idyruv wkh sduw| zlwk
d soxudolw| ri wkh yrwhv dqg grhv qrw forvho| pdwfk wkh glvwulexwlrq ri yrwhv> +e, srzhu
lv frqfhqwudwhg lq rqh0sduw| fdelqhwv> dqg +f, wkhuh duh wzr pdlq sduwlhv1 H{dfwo|
zkdw ihdwxuhv ri pdmrulwduldq v|vwhpv lqgxfh d vpdoo qxpehu ri sduwlhv lv ghedwhg= vhh
Fr{ 4<<:1 Iru rxu sxusrvhv/ wkdw lv qrw fuxfldo1 Zh vwxg| dq lghdol}hg pdmrulwduldq
v|vwhp lq zklfk wkh qxpehu ri sduwlhv lv wdnhq dv jlyhq +wzr,/ dqg sduwlhv frpshwh lq
d zlqqhu0wdnh0doo hohfwlrq lq zklfk doo wkh uhzdugv/ dv zhoo dv wkh srzhu wr vhw srolf|/
jr wr wkh sduw| zlwk d pdmrulw| ri wkh yrwhv1 Wkh hohfwrudo lqfhqwlyhv lq wklv lghdol}hg
pdmrulwduldq v|vwhp gl>hu iurp wkrvh glvfxvvhg xqwlo qrz ehfdxvh zh dvvxph wkdw/ lq
wkh pdmrulwduldq v|vwhp/ sduwlhv pd{lpl}h wkh suredelolw| ri zlqqlqj dqg qrw wkhlu
yrwh vkduh1

57Vhh Wluroh +4<;;,1 Krzhyhu/ vhh Urvhqwkdo +4<;3, iru d pdunhw prgho lq zklfk pruh frpshwlwruv
uhvxow lq d kljkhu sulfh hyhq lq wkh devhqfh ri ?{hg frvwv1

58Dq dowhuqdwlyh prgho ri hqwu| wkdw kdv wkh  dyru ri frqwhvwdeoh pdunhwv lv rqh lq zklfk dq
lqfxpehqw fdqglgdwh fkrrvhv srolf| wdnlqj lqwr dffrxqw wkh srvvlelolw| ri hqwu|1 Kdylqj revhuyhg wkh
srolf|/ wkh hqwudqw fkrrvhv zkhwkhu wr hqwhu dqg zkdw srolf| wr r>hu1 Rqh frxog dujxh wkdw zkhq
hqwu| frvw duh }hur/ hqwu| pljkw irufh wkh lqfxpehqw wr r>hu wkh h!flhqw srolf|1 Dowkrxjk wklv lv
wuxh/ lw wxuqv rxw wkdw lw grhv qrw wudqvodwh lqwr h!flhqw rxwfrphv= iru ydoxhv ri wkh sxeolf jrrg lq
wkh lqwhuhvwlqj udqjh/ wkh lqfxpehqw fkrrvhv wkh sxeolf jrrg exw wkh hqwudqw hqwhuv/ fkrrvhv wr r>hu
prqh|/ dqg rewdlqv d pdmrulw|1 Wkxv/ +4, hqwu| lv qrw ghwhuuhg/ +5, htxloleulxp lv pruh lqh!flhqw
wkdq lq wkh fdvh zkhuh erwk fdqglgdwhv fkrrvh srolflhv vlpxowdqhrxvo|1
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Ohw xv frpsduh wkh uhvxowv lq Vhfwlrq 6 wr wkh htxloleulxp lq d wzr0sduw| hohfwlrq
zlwk d zlqqhu0wdnh0doo uxoh159 Lq rxu prgho/ wkh frpsdulvrq uhvwv rq wkh iroorzlqj
wkhruhp/ suryhg lq Ol}}hul dqg Shuvlfr +5334,1

Wkhruhp 6 Vxssrvh ù ' 2/ dqg � ÷ C ÷ 21 Xqghu wkh zlqqhu0wdnh0doo v|vwhp/
lq wkh xqltxh htxloleulxp zlwk htxdo wuhdwphqw erwk sduwlhv r>hu wkh sxeolf jrrg zlwk
suredelolw| �*2 iru C 5 E�c 2äé Sduwlhv r>hu wkh sxeolf jrrg zlwk suredelolw| }hur li
C ÷ �/ dqg zlwk suredelolw| rqh li C : 21

Frpsdulqj wklv uhvxow zlwk wkh dqdo|vlv lq Vhfwlrq 6 vkrzv wkdw wkh sursruwlrqdo
v|vwhp lv jhqhudoo| pruh lqh!flhqw wkdq d zlqqhu0wdnh0doo v|vwhp1 Wkh suredelolw| ri
sxeolf jrrg surylvlrq lv odujhu lq wkh wzr0sduwlhv zlqqhu0wdnh0doo hohfwlrq uhodwlyh wr wkh
htxloleulxp zlwk ù sduwlhv lq wkh sursruwlrqdo v|vwhp/ xqohvv ù ' 2 dqg C ÷ ô*2/ ru
ù ' ô dqg C lv ehwzhhq 41<96 dqg 51 Wklv frpsdulvrq vxjjhvwv wkdw wzr0sduw| zlqqhu0
wdnh0doo hohfwlrqv ohdg wr pruh h!flhqw rxwfrphv wkdq hohfwlrqv xqghu wkh sursruwlrqdo
v|vwhp zlwk pruh wkdq 5 sduwlhv1

816 Uxq0r> V|vwhp

Dq hohfwrudo v|vwhp wkdw lv xvhg lq Iudqfh iru orfdo dqg qdwlrqdo hohfwlrqv/ dqg lq d
qxpehu ri frxqwulhv iru orfdo hohfwlrqv/ lv wkh uxq0r> v|vwhp15: Lq wklv v|vwhp wkhuh
duh wzr urxqgv ri yrwlqj1 Lq wkh ?uvw urxqg/ yrwhuv fkrrvh dprqj ù sduwlhv1 Lq wkh
vhfrqg urxqg/ yrwhuv fkrrvh dprqj wkh wzr sduwlhv zkr jrw wkh kljkhvw yrwh vkduhv
lq wkh vhfrqg urxqg1 Wkh uxq0r> v|vwhp grhv qrw/ rq lwv idfh/ uhgxfh wkh qxpehu ri
frpshwlqj sduwlhv1 Lq d vwudwhjlf vhqvh/ krzhyhu/ wkh uxq0r> v|vwhp kdv vrph vlplodulw|
wr d wzr0sduw| v|vwhp1 Wklv lv ehfdxvh lq fkrrvlqj zkhwkhu wr r>hu wkh sxeolf jrrg ru wr
r>hu prqh|/ sduwlhv pxvw frqvlghu wkh idfw wkdw wkh vhfrqg urxqg lqyroyhv frpshwlwlrq
zlwk rqo| rqh rwkhu sduw|1

Wr prgho d uxq0r> hohfwlrq zh frqvlghu d vlpsoh prgl?fdwlrq ri wkh prgho iurp
Vhfwlrq 51 Lq wklv prgl?fdwlrq/ sduwlhv frpplw lq vwdjh 4 wr d sodwirup +sxeolf jrrg

59Lq wklv/ zh iroorz Dxvwhq0Vplwk dqg Edqnv +4<;;,/ zkr frpsduh wkh htxloleulxp lq d sursru0
wlrqdo v|vwhp zlwk wkuhh sduwlhv zlwk wkh htxloleulxp ri d zlqqhu0wdnh0doo v|vwhp zlwk wzr sduwlhv1
Dxvwhq0Vplwk dqg Edqnv dqdo|}h sursruwlrqdo uhsuhvhqwdwlrq lq d wkuhh0fdqglgdwh prgho ri vsdwldo
frpshwlwlrq wkdw lqwhjudwhv wkh hohfwrudo dqg ohjlvodwlyh surfhvvhv1

5:Vhh Rveruqh dqg Volylqvn| +4<<9, iru d prgho ri wkh uxq0r> v|vwhp lq d vsdwldo frqwh{w zlwk
flwl}hq fdqglgdwhv1
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ru glvwulexwlrq ri prqh|,1 Wkhq yrwhuv yrwh lq wzr urxqgv15; Lq wkh iroorzlqj uhvxow/
zh vkrz wkdw/ iru uhodwlyho| kljk ohyhov ri C/ d uxq0r> v|vwhp ohdgv wr rxwfrphv wkdw
duh pruh h!flhqw wkdq wkh v|vwhp ghvfulehg lq Vhfwlrq 61

Wkhruhp 7 Vxssrvh C : 21 Wkhq/ iru dq| ù è 2/ xqghu wkh uxq0r> v|vwhp wkhuh lv
dq htxloleulxp zkhuh doo sduwlhv r>hu wr surylgh wkh sxeolf jrrg zlwk suredelolw| rqh1

Surri= Lq wkh htxloleulxp/ doo sduwlhv zlq zlwk suredelolw| �*ù 1 Vxssrvh sduw| 4
ghyldwhv dqg r>huv prqh|1 Vxssrvh kh lv dprqj wkh wzr zkr sdvv wr wkh vhfrqg
urxqg1 Wkh rwkhu sduw| zkr vxuylyhv wkh ?uvw urxqg r>huv wkh sxeolf jrrg1 Vlqfh
C : 2/ dq| glvwulexwlrq ri prqh| sduw| 4 fkrrvhv zloo ohdg wr d vxuh orvv vlqfh wkh
pd{lpdo vkduh ri wkh yrwh kh fdq rewdlq lv �*C ÷ �*21 Wkxv/ r>hulqj prqh| fdqqrw
sd|1

Wklv uhvxow vxjjhvwv wkdw wkh qxpehu ri sduwlhv lq wkh ?uvw urxqg ryhuvwdwhv wkh
h>hfwlyh ghjuhh ri frpshwlwlrq1 Lqghhg/ iru C : 2 wkh suredelolw| ri surylvlrq lv wkh
vdph dv lq wkh fdvh ri wzr sduwlhv dqg d vlqjoh urxqg ri yrwlqj +Wkhruhp 5,1 Wkxv/
wkh uxq0r> v|vwhp idyruv wkh sxeolf jrrg pruh wkdq d v|vwhp zlwk rqo| rqh urxqg dqg
plwljdwhv wkh qhjdwlyh h>hfwv ri wkh surolihudwlrq ri sduwlhv1

Wkh dvvxpswlrq wkdw sduwlhv fdqqrw fkdqjh wkhlu sodwirup diwhu wkh ?uvw urxqg ri
yrwlqj lv qrw xquhdolvwlf/ jlyhq wkh vkruw wlph wkdw vhsdudwhv wkh wzr urxqgv1 Wkh dowhu0
qdwlyh dvvxpswlrq zrxog eh wkdw wkh wzr ?uvw0urxqg zlqqhuv fdq iuhho| uhqhjrwldwh wkhlu
sodwirupv diwhu wkh ?uvw urxqg1 Lq wkdw fdvh/ wkh uhvxowv ri Wkhruhp 7 duh xqfkdqjhg1
Lqghhg/ zlwk vhfrqg0urxqg uhqhjrwldwlrq/ ?uvw0urxqg surplvhv ehfrph phdqlqjohvv1 Vr/
luuhvshfwlyh ri krz yrwhuv yrwh dqg zkrhyhu sdvvhv wr wkh vhfrqg urxqg/ lq wkh vhfrqg
urxqg wkh wzr ?uvw0urxqg zlqqhuv zloo eh frpshwlqj lq d zlqqhu0wdnh0doo hohfwlrq1 Lq
vxfk dq hohfwlrq/ Wkhruhp 6 jxdudqwhhv wkdw wkh htxloleulxp lv h!flhqw zkhq C : 2/
lq olqh zlwk wkh vwdwhphqw ri Wkhruhp 71

9 Wkh Vl}h ri Jryhuqphqw

Dv wkh qxpehu ri sduwlhv lqfuhdvhv/ wkh vl}h ri jryhuqphqw lv d>hfwhg e| wzr frqwudvwlqj
irufhv= +l, wkh suredelolw| wkdw wkh sxeolf jrrg lv surylghg ghfuhdvhv/ lpso|lqj d vpdoohu

5;Lq pdq| vlwxdwlrqv/ dq dgglwlrqdo hohfwrudo uxoh dxjphqwv wkh uxq0r> hohfwrudo v|vwhp ghvfulehg
deryh1 Wklv lv wkh surylvlrq wkdw/ li rqh fdqglgdwh uhfhlyhv pruh wkdq 83( ri wkh yrwhv lq wkh ?uvw
urxqg/ wkdw fdqglgdwh lv hohfwhg zlwkrxw d vhfrqg urxqg1 Wkh vwdwhphqw ri Wkhruhp 7 lv xqfkdqjhg
lq wkh suhvhqfh ri wkh surylvlrq1
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vl}h ri jryhuqphqw> exw dovr +ll, wkh glvwulexwlrq ri wudqvihuv ehfrphv pruh xqhtxdo
dqg wkh h{whqw ri uhglvwulexwlrq lqfuhdvhv/ lqfuhdvlqj wkh vl}h ri jryhuqphqw1 Lq rxu
prgho wkh frpelqhg h>hfw ri wkhvh wzr irufhv lv dpeljxrxv1 Wklv lpsolhv wkdw wkhuh lv
qr gluhfw uhodwlrq ehwzhhq wkh vl}h ri jryhuqphqw dqg wkh h!flhqf| ri wkh htxloleulxp
rxwfrph1 Wklv lv ri lqwhuhvw lq uhodwlrq wr wkh olwhudwxuh ghdolqj zlwk wkh ghwhuplqdqwv
ri wkh vl}h ri jryhuqphqw +vhh Shuvvrq dqg Wdehoolql +5333e, iru d uhylhz,1

Zh gh?qh wkh vl}h ri jryhuqphqw dv wkh djjuhjdwh dprxqw ri wd{hv ohylhg e| wkh
zlqqlqj sduw| lq htxloleulxp1 Uhfdoo wkdw rxu prgho dssolhv wr dq hfrqrp| zkhuh
yrwhuv kdyh dq hqgrzphqw ri rqh xqlw ri prqh|/ dqg sduwlhv qhhg wr wd{ yrwhuv li wkh|
zdqw wr surylgh wkh sxeolf jrrg ru wr r>hu wudqvihuv wr rwkhu yrwhuv1 Li wkh sxeolf
jrrg lv surylghg/ wkh vl}h ri jryhuqphqw lv pd{lpdo/ ehfdxvh yrwhuv duh wd{hg wkh ixoo
dprxqw1 Li wudqvihuv ri xEñä duh surylghg wr yrwhu ñ/ wkh vl}h ri wkh wd{ rq wkdw yrwhu
lv 4@ i�ý xEñä c fj1 Zkhq wudqvihuv duh glvwulexwhg wr wkh hohfwrudwh dffruglqj wr
8 W E%ä/ wkh wrwdo vl}h ri jryhuqphqw lv jlyhq e|

U �
f E�ý %ä _8 WE%ä1

Dv zh vdz lq Vhfwlrq 6/ dv wkh qxpehu ri sduwlhv lqfuhdvhv/ wkh suredelolw| wkdw
wkh sxeolf jrrg lv surylghg ghfuhdvhv1 Wklv h>hfw lv lq wkh gluhfwlrq ri orzhu vl}h ri
jryhuqphqw dv wkh qxpehu ri sduwlhv lqfuhdvhv1 Zkhq C lv odujh uhodwlyh wr ù / wklv
h>hfw lpsolhv wkdw wkh vl}h ri jryhuqphqw ghfuhdvhv zlwk wkh qxpehu ri sduwlhv1 Iru
h{dpsoh/ ?{ C dw 5181 Wkhq/ li ù ' 2 wkh sxeolf jrrg lv surylghg iru vxuh dqg wkh
vl}h ri jryhuphqw lv pd{lpdo/ zkloh li ù ' ô wkh zlqqlqj sduw| r>huv wudqvihuv zlwk
suredelolw| 3157/ uhvxowlqj lq d vpdoohu h{shfwhg vl}h ri jryhuqphqw1

Rq wkh rwkhu kdqg/ wkh glvwulexwlrq ri wudqvihuv whqgv wr ehfrph pruh xqhtxdo
dv wkh qxpehu ri sduwlhv lqfuhdvhv1 Wkxv/ pruh uhvrxufhv duh xvhg iru uhglvwulexwlrq/
lqfuhdvlqj wkh vl}h ri jryhuqphqw1 Wr vhh wklv/ frqvlghu wkh fdvh zkhuh C ÷ �1 Lq

wklv fdvh/ wkh sxeolf jrrg lv qhyhu surylghg dqg 8 W E%ä lv htxdo wr 8 Wù E%ä '
í
%
ù

ì �
ù3�

e| Wkhruhp 4/ khqfh wkh vl}h ri jryhuqphqw
U �
f E�ý %ä _8 WE%ä fdq eh frpsxwhg wr

eh
í
�
ù

ì �
ù3�

í
�ý �

ù

ì
/ zklfk lv lqfuhdvlqj lq ù 1 D frqwlqxlw| dujxphqw vkrzv wkdw wkh

h{shfwhg vl}h ri jryhuqphqw lv dovr lqfuhdvlqj lq ù iru C eljjhu wkdq/ exw forvh wr/ 41

: Glvfxvvlrq ri wkh Prgho

:14 Wdujhwdelolw|

Rxu prgho exlogv rq wkh gl>huhqw fkdudfwhulvwlfv ri wdujhwdelolw| ri ydulrxv surmhfwv1
Wr pdnh wkh srlqw prvw fohduo|/ lq rxu prgho zh sxw wrjhwkhu wzr surmhfwv/ rqh zkrvh
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ehqh?wv dqg frvwv duh shuihfwo| wdujhwdeoh +uhglvwulexwlrq, dqg rqh zkrvh ehqh?wv dqg
frvwv duh frpsohwho| qrq0wdujhwdeoh +wkh sxeolf jrrg,1 Wklv lv ri frxuvh d vwdun dv0
vxpswlrq1 Lq uhdolw|/ vrph iudfwlrqv ri wkh ehqh?wv ru frvwv ri wkh sxeolf jrrg zloo
iuhtxhqwo| eh wdujhwdeoh1 Lw lv srvvleoh wr uhod{ wkh dvvxpswlrq wkdw wkh sxeolf jrrg
lv frpsohwho| qrq0wdujhwdeoh/ e| frqvlghulqj d prgho lq zklfk r>hulqj wkh sxeolf jrrg
grhv qrw uhtxluh doo wkh wd{deoh uhvrxufhv ri wkh hfrqrp|/ dqg wkxv wkh srolwlfldq zkr
surplvhv wkh sxeolf jrrg lv ohiw zlwk vrph uhglvwulexwlyh dfwlylw|1 Iru wkh fdvh ri wzr
sduwlhv/ wklv h{whqvlrq lv suhvhqwhg lq Ol}}hul dqg Shuvlfr +4<<;,1 Lw fdq dovr eh vkrzq
wkdw wkh erxqgv iru wkh ydoxh ri wkh sxeolf jrrg vxfk wkdw surylvlrq pxvw eh lqh!flhqw
lq htxloleulxp +� ÷ C ÷ ù, uhpdlq xqfkdqjhg zkhq wkh surylvlrq ri wkh sxeolf jrrg
uhtxluhv rqo| sduw ri wkh uhvrxufhv1

Lq rxu vw|ol}hg prgho/ wudqvihuv fdq eh wdujhwhg wr duelwudulo| vpdoo vxevhwv ri wkh
srsxodwlrq1 Wkxv/ wkh srolf| vsdfh lv qrw h{rjhqrxvo| uhvwulfwhg e| jurxslqj yrwhuv dqg
wkhq uhtxlulqj gl>huhqw yrwhuv lq wkh vdph jurxs wr uhfhlyh wkh vdph hohfwrudo surplvh1
Lq frqvwudvw/ wkh ehqh?wv iurp wkh sxeolf jrrg duh frpsohwho| qrq wdujhwdeoh1 Wkxv/
rxu prgho lv d sduwlfxoduo| vwdun uhsuhvhqwdwlrq ri wkh frqwudvw ehwzhhq wdujhwdeoh dqg
qrq0wdujhwdeoh vshqglqj1 Ri frxuvh/ iru wkh orjlf ri rxu uhvxowv lw lv qrw qhfhvvdu| wkdw
sduwlhv fdq olwhudoo| wdujhw wudqvihuv wr hdfk lqglylgxdo yrwhu1 Zh rqo| qhhg wkdw sduwlhv
fdq glvfulplqdwh dprqj d uhodwlyho| odujh qxpehu ri jurxsv ri yrwhuv1 Wklv vhhpv yhu|
uhdolvwlf vlqfh wudqvihuv fdq eh gl>huhqw iru yrwhuv lq gl>huhqw jhrjudsklfdo orfdwlrqv/
djh jurxsv/ surihvvlrqv/ 1 1 1 1

Wkh edvlf irufh xqghuo|lqj rxu uhvxowv lv wkdw wdujhwdelolw| lv vrfldoo| frvwo| exw
kdv dq lqfuhdvlqj vwudwhjlf ydoxh wr srolwlfldqv dv wkh qxpehu ri frpshwlqj sduwlhv lq0
fuhdvhv1 Wkh dvvxpswlrq wkdw wdujhwdelolw| kdv vrfldo frvw lv pdgh wr fdswxuh vlwxdwlrqv
lq zklfk srolwlfldqv pd| eh zloolqj wr lqwurgxfh lqh!flhqflhv lq rughu wr jdlq vrph wdu0
jhwdelolw|1 Zh gr qrw phdq wr lpso| wkdw wdujhwdeoh surmhfwv duh qhfhvvdulo| lqh!flhqw1
Iru h{dpsoh/ ehlqj rq wkh uhfhlylqj hqg ri uhglvwulexwlrq pd| khos exgjhw0frqwudlqhg
yrwhuv/ wkxv srwhqwldoo| frqwulexwlqj wr ryhudoo h!flhqf|1 Rqh frxog wklqn ri d prgho
lq zklfk wkhuh duh vhyhudo/ qrq0h{foxvlyh wdujhwdeoh srolflhv/ vrph ri zklfk lqfuhdvh wkh
vrfldo zhoiduh/ vrph ri zklfk ghfuhdvh lw1 Lw vhhpv reylrxv wkdw doo ri wkrvh srolflhv zloo
eh dgrswhg wkdw lqfuhdvh vrfldo zhoiduh dqg dw wkh vdph wlph pd{lpl}h wkh  h{lelolw|
ri d sduw|*v sodwirup1 Wkh lqwhuhvwlqj txhvwlrq lv= zklfk ri wkh rwkhu srolflhv/ wkrvh
wkdw lqfuhdvh vrfldo zhoiduh dw wkh frvw ri  h{lelolw|/ zloo eh dgrswhg e| sduwlhvB Lw lv
wklv pdujlq wkdw rxu sdshu frqfhqwudwhv rq1
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:15 Pl{hg Vwudwhjlhv

D qrwdeoh ihdwxuh ri wkh htxloleulxp lq rxu prgho lv wkdw sduwlhv hpsor| pl{hg vwudwh0
jlhv15< Pl{hg vwudwhj| htxloleuld uhvxow iurp wkh suhvhqfh ri Frqgrufhw f|fohv= dq|
doorfdwlrq ri prqh| fdq eh ghihdwhg e| dqrwkhu doorfdwlrq zklfk jlyhv voljkwo| pruh wr
prvw yrwhuv/ dw wkh h{shqvh ri wkh vpdoo uhpdlqlqj iudfwlrq ri yrwhuv +vhh wkh glvfxv0
vlrq lq Vhfwlrq 515,1 Lq wklv vhqvh/ pl{hg vwudwhj| htxloleuld qdwxudoo| dulvh lq jdphv
ri uhglvwulexwlrq1

Lq rxu srolwlfdo vhwxs/ wkh suhvhqfh ri pl{hg vwudwhjlhv lqfuhdvhv wkh ohyho ri devwudf0
wlrq ri wkh prgho1 Lq wklv vhfwlrq zh glvfxvv zkhwkhu dowhuqdwlyh prgholqj vwudwhjlhv
fdq glvshqvh zlwk pl{hg vwudwhj| htxloleuld dqg vwloo uhwdlq wkh pdlq irufh ri wkh sdshu/
qdpho|/ wkh wudgh0r> ehwzhhq wdujhwdelolw| dqg h!flhqf|1 Rqh vwudwhj| lv wr frqvlghu
jdphv zlwk vhtxhqwldo pryhv1 Wklv vwudwhj| zrunv/ exw kdv gudzedfnv1 Wkh vhfrqg
vwudwhj| uhtxluhv fkdqjlqj wkh prgho lq d gl>huhqw zd|/ dqg lw grhv qrw zrun ehfdxvh
dfklhyhv wkh h{lvwhqfh ri sxuh vwudwhj| htxloleuld dw wkh frvw ri sduwldoo| ghvwur|lqj wkh
lqfhqwlyhv iru wdujhwlqj wudqvihuv1

Vhtxhqwldo frpplwphqw Rxu prgho srvlwv wkdw sduwlhv vlpxowdqhrxvo| frpplw
wr d sodwirup1 Dq dowhuqdwlyh dvvxpswlrq zrxog eh wr rughu sduwlhv/ dqg kdyh wkhp
frpplw vhtxhqwldoo|/ l1h1/ diwhu revhuylqj wkh r>huv ri wkh sduwlhv zkr suhfhgh wkhp1
Vxfk d prgho lv frqgxflyh wr wkh h{lvwhqfh ri sxuh vwudwhj| htxloleuld1 Lq wkh wzr0sduw|
jdph lw lv hdv| wr ?qg wkh +vxejdph0shuihfw, htxloleulxp1 Vxssrvh wkdw � ÷ C ÷ 21
Wkh ?uvw pryhu zloo frpplw wr wkh sxeolf jrrg/ nqrzlqj wkdw li lw fkrrvhv wudqvihuv lw
zloo uhfhlyh +doprvw, qr yrwhv1 Wkh vhfrqg pryhu zloo surplvh wudqvihuv ri Cn 0 wr d
iudfwlrq �* ECý 0ä ri wkh hohfwrudwh/ dqg zloo zlq pruh wkdq 83 shufhqw ri wkh yrwhv1
Wklv lv wkh xqltxh sxuh vwudwhj| htxloleulxp/ dqg lw lv lqh!flhqw iru wkh vdph uhdvrq
dv lq wkh vlpxowdqhrxv0r>hu prgho zh xvh1 Wklv lqwxlwlrq jhqhudol}hv wr wkh ù sduw|
vhtxhqwldo0r>hu prgho/ lq zklfk lw uhpdlqv wuxh wkdw zkhq � ÷ C ÷ ù lw lv qrw dq
htxloleulxp iru doo sduwlhv wr surplvh wkh sxeolf jrrg1

Lq wkhvh glphqvlrqv/ wkh vhtxhqwldo0r>hu prgho ehkdyhv pxfk dv wkh vlpxowdqhrxv
lq wkh vhqvh wkdw lw jlyhv vlplodu lqwxlwlrqv1 Rqh gudzedfn ri wkh vhtxhqwldo0r>hu prgho
lv wkdw lw lqwurgxfhv duwl?fldo dv|pphwulhv dprqj sduwlhv zklfk lq xhqfh wkhlu ehkdy0
lru> ixuwkhupruh/ d ixoo dqdo|vlv ri wkh ù 0sduw| fdvh lv idluo| lqyroyhg1 Qrqhwkhohvv/
frqvlghulqj wklv vhtxhqwldo yduldqw ri rxu prgho doorzv xv wr pdnh wkh srlqw wkdw zkloh

5<Rxu prgho vkduhv wklv ihdwxuh zlwk P|huvrq +4<<6,/ iurp zklfk zh eruurz wkh prgho ri
uhglvwulexwlrq1
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pl{hg vwudwhj| duh d ihdwxuh ri wkh htxloleulxp lq rxu vlpxowdqhrxv0r>hu prgho/ wkh
lpsruwdqw hfrqrplf irufhv kljkoljkwhg e| rxu prgho vxuylyh lq d prgho zkhuh wkhuh lv
d sxuh vwudwhj| htxloleulxp1 Wkxv/ rxu uhvxowv duh qrw dq duwlidfw ri pl{hg vwudwhjlhv1

Jhqhudwlqj frqfdylw| lq wkh sduw|*v sd|r> ixqfwlrq= Olqgehfn dqgZhlexo0
o*v prgho Olqgehfn dqg Zhlexoo*v +4<;:, lq xhqwldo sdshu surylghv wkh ?uvw prgho
ri uhglvwulexwlyh srolwlfv edvhg rq xwlolw|0pd{lpl}lqj yrwhuv1 Wkh prgho doorzv iru
khwhurjhqhlw| lq wkh lghrorj| ri yrwhuv dqg wkhuhiruh/ lq wkhlu yrwlqj ehkdylru dv d
ixqfwlrq ri hohfwrudo surplvhv1 Olqgehfn dqg Zhlexoo vkrz wkdw yrwhuv zkr duh pruh
uhvsrqvlyh wr hohfwrudo surplvhv duh wuhdwhg idyrudeo| e| wkh srolwlfdo surfhvv1 Wkh
iudphzrun surylghg e| Olqgehfn dqg Zhlexoo lv dsshdolqj ehfdxvh lw dgplwv d sxuh
vwudwhj| htxloleulxp lq d jdph ri uhglvwulexwlrq> wkh htxloleulxp fdq eh dqdo|}hg e|
vwdqgdug gl>huhqwldo phwkrgv1

Wkh zd| wkdw Olqgehfn dqg Zhlexoo ghdo zlwk wkh sureohp ri f|fohv lv e| dvvxplqj
d vwrfkdvwlf lghrorj| frpsrqhqw lq wkh yrwhu*v xwlolw| ixqfwlrq/ wrjhwkhu zlwk d kljk
fxuydwxuh ri yrwhuv* xwlolw| ixqfwlrqv1 Wkhvh wzr dvvxpswlrqv wrjhwkhu hqvxuh frqfdylw|
ri wkh sduwlhv* sd|r> ixqfwlrqv/ zklfk +lq wkh fdvh ri krprjhqrxv yrwhuv, lpsolhv wkdw
lw lv qrw rswlpdo iru d sduw| wr wdnh dzd| iurp vpdoo vxejurxsv ri wkh hohfwrudwh wr
jdlq wkh uhpdlqlqj yrwhuv> e| frqfdylw|/ vxfk d vwudwhj| lv grplqdwhg e| rqh wkdw jlyhv
doo yrwhuv wkh dyhudjh wudqvihu1 Khqfh wkh h{lvwhqfh ri d sxuh vwudwhj| htxloleulxp1

Dv d uhvxow ri wkhvh dvvxpswlrqv/ lq wkh Olqgehfn0Zhlexoo prgho dq| lqfhqwlyhv wr
wdujhw yrwhuv duh sxuho| d ixqfwlrq ri lghrorjlfdo ru xwlolw| gl>huhqfhv ehwzhhq jurxsv1
Lq sduwlfxodu/ zkhq jurxsv duh krprjhqhrxv/ sduwlhv orvh dq| lqfhqwlyh wr wdujhw vxe0
jurxsv ri wkh srsxodwlrq1 Li wkh Olqgehfn0Zhlexoo prgho lv h{whqghg wr doorz iru d
sxeolf jrrg/ sduwlhv gr qrw jdlq e| r>hulqj pruh wkdq C wr pruh wkdq �*ù 0wk ri wkh
hohfwrudwh1 Wkhuhiruh/ wkh wudghr> ehwzhhq wdujhwdelolw| dqg h!flhqf| glvdsshduv dqg
wkh sxeolf jrrg lv surylghg h!flhqwo| lq wkdw prgho lqghshqghqw ri wkh qxpehu ri
sduwlhv1

Rxu prgholqj vwudwhj|/ wkhuhiruh/ kdv vljql?fdqwo| gl>huhqw suhglfwlrqv iru h!flhqf|
frpsduhg wr Olqgehfn dqg Zhlexoo*v dssurdfk1 Lq wkhlu prgho/ wkh vrxufh ri lqh!0
flhqf|/ li dq|/ lv lghrorjlfdo khwhurjhqhlw| dfurvv jurxsv ri yrwhuv +lqghshqghqw ri wkh
qxpehu ri sduwlhv,1 Lq wklv sdshu zh kljkoljkw d irufh wkdw lv/ lq vrph vhqvh/ vlpsohu=
wkh lqfhqwlyh wr wdujhw vxe0jurxsv ri lghqwlfdo yrwhuv1 Doorzlqj iru wkh srvvlelolw| wkdw
wklv lqfhqwlyh sod|v d uroh lq htxloleulxp vhhpv wr xv lpsruwdqw lq d prgho ri uhglvwule0
xwlrq/ dqg wkh Olqgehfn0Zhlexoo prgho grhv qrw doorz wkdw1 Rxu sdshu vkrzv wkdw wklv
lqfhqwlyh kdv lpsruwdqw dqg ulfk h!flhqf| frqvhtxhqfhv/ lqghshqghqwo| ri wkh h>hfw
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ri lghrorjlfdo gl>huhqfhv dfurvv jurxsv zklfk duh wkh irfxv ri Olqgehfn dqg Zhlexoo*v
dqdo|vlv163

:16 Lghrorj|

Xqwlo qrz/ zh kdyh ohiw lghrorj| rxw ri rxu irupdo prgho1 Lq wklv uhvshfw rxu dssurdfk
wr hohfwrudo frpshwlwlrq lv vrphzkdw xqfrqyhqwlrqdo lq wkdw lw irfxvvhv pruh rq wkh
dgrswlrq ri 3hfrqrplf4 sodwirupv +uhglvwulexwlrq yv1 sxeolf jrrgv, dqg ohvv rq lghrorj0
lfdo srvlwlrqlqj1 Lghrorjlfdo srvlwlrqlqj lv wkh vxemhfw ri pxfk ri wkh irupdo srolwlfdo
vflhqfh olwhudwxuh rq hohfwrudo frpshwlwlrq1 Fdq lghrorjlfdo frpshwlwlrq eh lqwhjudwhg
zlwklq rxu iudphzrunB Li vr/ grhv wkh h{huflvh |lhog dq| lqwhuhvwlqj qhz lqvljkwB Zh
wklqn wkh dqvzhu wr erwk txhvwlrqv lv |hv1 Zh qrz rxwolqh d yhu| fuxgh zd| lq zklfk
lghrorj| fdq eh lqwurgxfhg zlwklq rxu prgho/ dqg vkrz wkdw hyhq wklv fuxgh zd| |lhogv
vrph lqwhuhvwlqj lpsolfdwlrqv1

Frqvlghu dq h{whqvlrq ri rxu edvh prgho lq zklfk d iudfwlrq ri doo yrwhuv duh lgh0
rorjlfdo1 Wklv phdqv wkdw wkhvh yrwhuv duh xquhvsrqvlyh wr wkh 3hfrqrplf4 hohfwrudo
surplvhv wkdw zh kdyh glvfxvvhg xqwlo qrz1 Lqvwhdg/ wkh| fdvw wkhlu yrwh edvhg rq
wkh lghrorjlfdo srvlwlrqv ri sduwlhv1 Wkh uhpdlqlqj yrwhuv duh hfrqrplf= wkh| ljqruh
lghrorj| dqg yrwh edvhg rq wkh hfrqrplf surplvhv1 Sduw| sodwirupv qrz kdyh wzr
glphqvlrqv1 Rqh lv wkh hfrqrplf glphqvlrq wkdw zh kdyh vwxglhg xqwlo qrz +sxeolf
jrrgv ru wudqvihuv,1 Wkh rwkhu glphqvlrq lv wkh lghrorjlfdo glphqvlrq> wkh lghrorjlfdo
frpsrqhqw ri d sodwirup lv vlpso| d srlqw lq vrph h{rjhqrxvo| vshfl?hg srolf| vsdfh1
Wkhuh lv qr olqn ehwzhhq wkh hfrqrplf dqg wkh srolf| glphqvlrq ri d sduw|*v sodwirup1

Wklv vhwxs jlyhv ulvh wr d jdph lq zklfk sduwlhv frpshwh dorqj wzr vhsdudwh
glphqvlrqv9wkh hfrqrplf dqg wkh lghrorjlfdo rqh9iru wzr gl>huhqw jurxsv ri yrwhuv1
Zh dujxh wkdw/ lqghshqghqw ri wkh vshfl?f irup ri wkh frpshwlwlrq lq wkh lghrorjlfdo
glphqvlrq/ wkhuh zloo eh zruvh xqghusurylvlrq ri wkh sxeolf jrrg gxh wr wkh suhvhqfh
ri d iudfwlrq ri lghrorjlfdo yrwhuv1

Wr vhh zk|/ vlpso| wdnh dv jlyhq wkh yrwh vkduhv wkdw dffuxh wr sduwlhv iurp wkh
lghrorjlfdo yrwhuv1 +Wklv lv vlpso| Qdvk htxloleulxp uhdvrqlqj1, Frqvlghu krz wkh
lqfhqwlyh wr surplvh uhglvwulexwlrq lv d>hfwhg lq wkh suhvhqfh ri d iudfwlrq ri yrwhuv zkr
duh xquhvsrqvlyh wr hfrqrplf surplvhv1 Lq wkh suhvhqfh ri lghrorjlfdo yrwhuv/ sduwlhv

63Rxu dqdo|vlv fdq eh h{whqghg wr glvfxvv wkh fdvh zkhuh yrwhuv duh khwhurjhqhrxv/ erwk lq whupv
ri lghrorj| ru sduwlflsdwlrq1 Lq rqjrlqj zrun/ zh vkrz wkdw khwhurjhqhlw| lv dq dgglwlrqdo vrxufh ri
lqh!flhqf|/ wklv rqh lq wkh vslulw ri wkh Olqgehfn0Zhlexoo prgho1 Wkxv/ rxu dssurdfk gholqhdwhv d
ghvludeoh orjlfdo vhsdudwlrq ehwzhhq wkh h>hfwv ri lghrorj| dqg wkh lqfhqwlyhv wr wdujhw vxejurxsv ri
wkh srsxodwlrq1
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zrxog kdyh dq lqfhqwlyh wr irfxv wkhlu uhvrxufhv dzd| iurp lghrorjlfdo dqg wrzdugv
hfrqrplf yrwhuv/ zkr duh qrz vzlqj yrwhuv1 Wkxv/ wkh vwudwhjlf ydoxh ri uhglvwulexwlrq
lv hyhq juhdwhu wkdq lq wkh prgho lq zklfk wkhuh duh qr lghrorjlfdo yrwhuv1 Lq frqwudvw/
surplvlqj wkh sxeolf jrrg hqwdlov zdvwlqj uhvrxufhv rq lghrorjlfdo yrwhuv zkr duh qrw
vzd|hg e| hfrqrplf surplvhv1 Wklv lqirupdo dujxphqw vxjjhvwv wkdw wkh ydoxh ri
wdujhwdelolw| wr srolwlfldqv lv lqfuhdvhg e| wkh suhvhqfh ri lghrorjlfdoo| plqghg yrwhuv1
Wkxv/ wkh suhvhqfh ri lghrorjlfdo fohdydjhv zloo uhvxow lq hyhq juhdwhu xqghusurylvlrq
ri wkh sxeolf jrrg/ dqg juhdwhu lqh!flhqf|/ uhodwlyh wr wkh fdvh lq zklfk doo yrwhuv
duh qrw lghrorjlfdoo| plqghg164 Wklv dujxphqw frxog eh lqwhusuhwhg dv vd|lqj wkdw wkh
hfrqrplf lqh!flhqf| wkdw uhvxowv iurp kdylqj pdq| sduwlhv lv sduwlfxoduo| edg zkhq
wkh lghrorjlfdo glphqvlrq lv yhu| lpsruwdqw1

; Frqfoxvlrq

Zh kdyh surylghg d wudfwdeoh prgho ri ù0sduw| hohfwrudo frpshwlwlrq lq zklfk sduwlhv
fkrrvh zkhwkhu wr r>hu wr surylgh d sxeolf jrrg ru wr wdujhw wudqvihuv wr vxe0jurxsv
ri wkh srsxodwlrq1 Wdujhwdelolw| lv ydoxdeoh wr srolwlfldqv zkr wu| wr exlog d pdmrulw|
lq dq hohfwlrq/ exw lw kdv qr vrfldo ydoxh1 Frqvhtxhqwo|/ dq lqh!flhqf| uhvxowv zkhuh
surmhfwv zlwk gl>xvh ehqh?wv duh xqghusurylghg e| wkh srolwlfdo v|vwhp ehfdxvh wkh|
duh ohvv wdujhwdeoh1 Zh kdyh vkrzq wkdw wkh lqfhqwlyh wr r>hu sduwlfxodulvwlf sodwirupv
lqfuhdvhv zlwk wkh qxpehu ri sduwlhv/ dqg wkdw/ wkhuhiruh/ lq htxloleulxp wkh suredelolw|
wkdw wkh sxeolf jrrg lv surylghg ghfuhdvhv zlwk ù 1 Lq idfw/ dv ù frqyhujhv wr lq?qlw|
wkh sxeolf jrrg lv qhyhu surylghg/ qr pdwwhu krz h!flhqw lw lv1 Yrwhuv vwdqglqj ehklqg
d Udzovldq 3yhlo ri ljqrudqfh4 suhihu hohfwlrqv zlwk vpdoohu qxpehuv ri sduwlhv1

Rxu dqdo|vlv fdq h{sodlq zk| lw pljkw eh h!flhqw wr frqwuro wkh surolihudwlrq ri
sduwlhv lq wkh hohfwrudo duhqd1 Wkxv/ wkh dqdo|vlv kdv surylghg d srwhqwldo h!flhqf|
udwlrqdoh iru hohfwrudo lqvwlwxwlrqv wkdw uhvwulfw wkh vfrsh ri hohfwrudo frpshwlwlrq1 Zh
kdyh vxjjhvwhg wkdw lqvwlwxwlrqv vxfk dv plqlpdo yrwh vkduh wkuhvkrogv/ wkh uxq0r>
hohfwrudo v|vwhp/ dqg pdmrulwduldq v|vwhpv kdyh ghvludeoh ihdwxuhv ehfdxvh wkh| dfw/
lq gl>huhqw zd|v/ wr olplw wkh h{whqw ri hohfwrudo frpshwlwlrq1

Vhyhudo dvvxpswlrqv kdyh ehhq pdgh wr vlpsoli| wkh dqdo|vlv1 Rqh lv d sduwlfxoduo|
vw|ol}hg wuhdwphqw ri wkh srvw0hohfwrudo frdolwlrqdo edujdlqlqj1 Dqrwkhu lv wkdw sduwlhv
fdq shuihfwo| frpplw wr wkhlu sodwirupv/ dqg wkdw wkh| duh prwlydwhg sxuho| e| hohfwrudo
lqfhqwlyhv1 Pruh whfkqlfdo/ exw vwloo lpsruwdqw/ lv wkdw wkh sxeolf jrrg lv d glvfuhwh/

64Wklv lqwxlwlyh dujxphqw fdq eh pdgh suhflvh= zh gr wklv lq dq dsshqgl{ dydlodeoh rq uhtxhvw1
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doo0ru0qrwklqj fkrlfh1 Zh uhfrjql}h wkdw devwudfwlqj iurp wkhvh frqvlghudwlrqv pdnhv
wkh prgho pruh vw|ol}hg/ dqg srvvleo| plvvhv vrph lqwhuhvwlqj lqwhudfwlrqv1 Exw wkhvh
dvvxpswlrqv doorzhg xv wr suhvhqw wkh lqwxlwlrq ehklqg rxu uhvxowv lq wkh vlpsohvw
pdqqhu1 Zh eholhyh wkdw wkh pdlq h>hfw lghqwl?hg ri rxu sdshu9vshfl?fdoo|/ wkh
idfw wkdw wkh lqfhqwlyhv wr hqjdjh lq vshfldo0lqwhuhvw srolwlfv whqg wr lqfuhdvh zlwk wkh
qxpehu ri sduwlhv9zrxog eh urexvw wr uhod{lqj wkhvh dvvxpswlrqv1

Rxu dqdo|vlv rqo| dwwhpswv wr ghvfuleh rqh dvshfw ri hohfwrudo frpshwlwlrq1 Lw kdv
devwudfwhg iurp lghrorjlfdo frqvlghudwlrqv lq yrwlqj1 Wklv kdv ehhq d xvhixo vlpsol?0
fdwlrq vlqfh lw doorzhg xv wr suhvhqw rxu uhvxowv pruh fohduo|1 Zh uhfrjql}h/ krzhyhu/
wkdw lq wkh suhvhqfh ri lghrorjlfdo fohdydjhv wkhuh pljkw eh jrrg uhdvrqv wr kdyh pdq|
sduwlhv/ vr wkdw wkh srolwlfdo v|vwhp fdq uhsuhvhqw dqg jlyh yrlfh wr glyhuvh lghrorjlfdo
frqvwlwxhqflhv1 Dovr/ zh kdyh eduho| phqwlrqhg fruuxswlrq1 Hohfwrudo frpshwlwlrq pd|
kdyh wkh h>hfw ri uhgxflqj fruuxswlrq165 D frpsohwh hydoxdwlrq ri wkh uroh ri hohfwrudo
frpshwlwlrq vkrxog wdnh lqwr dffrxqw wkh frqvhtxhqfhv ri fruuxswlrq dv zhoo dv wkrvh
glvfxvvhg lq wkh suhvhqw sdshu1

65Vhh P|huvrq +4<<6, iru d prgho ri pxowlfdqglgdwh hohfwrudo frpshwlwlrq wkdw vwxglhv wkh shuiru0
pdqfh ri hohfwrudo v|vwhpv lq wkh suhvhqfh ri fruuxsw fdqglgdwhv1
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Dsshqgl{

D Ghihuuhg Dujxphqwv lq wkh Surri ri Wkhruhp 5

D14 H{lvwhqfh dqg Xqltxhqhvv ri Htxloleulxp

Zh vkrz wkdw wkh sduw| ehkdylru ghvfulehg lq Wkhruhp 5 lqghhg gh?qhv d Qdvk htxl0
oleulxp1 Wr wklv hqg/ zh vkrz +d, wkdw wkh uhglvwulexwlyh vwudwhj| 8 WCcù lv d ehvw
uhglvwulexwlyh vwudwhj| jlyhq wkh htxloleulxp ehkdylru ri rwkhu sduwlhv/ dqg +e, wkdw
sduwlhv duh lqgl>huhqw ehwzhhq surplvlqj uhglvwulexwlrq dqg sxeolf jrrg1

Wr vhh wkdw 8 WCcù lv dq rswlpdo uhglvwluexwlyh vwudwhj| frqvlghu wkdw/ lq ylhz ri wkh
glvfxvvlrq lq Vhfwlrq 614/ lq htxloleulxp MW E%ä ' %*ù rq dfc &W ECcùäo^ dCcù o1 Zkhq
MW kdv wklv irup/ wkh sd|r> ri d fdqglgdwh zkr uhglvwulexwhv dffruglqj wr 8 lv] "

f
MW E%ä _8 E%ä

é
] "

f

%

ù
_8 E%ä '

�

ù
c

dqg wkh vwulfw lqhtxdolw| krogv rqo| li 8 kdv d odujhu vxssruw wkdq MW1 Lq sduwlfxodu/
8 WCcù dwwdlqv wkh pd{lpdo srvvleoh sd|r> ri �*ù 1 Ohw xv qrz frpsxwh wkh sd|r> iurp
surplvlqj wkh sxeolf jrrg1 Wkh h{shfwhg yrwh vkduh iurp r>hulqj wkh sxeolf jrrg/ 7C/
lv htxdo wr

7C '
ù3�[
æ'f

�

æ n �

#
ù ý �

æ

$
dE�ý qä8 W ECäoù3�3æ qæé

Xvlqj wkh idfw wkdw
Sù3�
æ'f

�
æn�

í
ù3�
æ

ì
^ù3�3æRæ '

k
E^ n Räù ý ^ù

l
*Rù / zh uhzulwh wkh

deryh h{suhvvlrq dv

dE�ý qä8 W ECä n qoù ý dE�ý qä8 W ECäoù
qù

é +:,

Vlqfh 8 W ECä ' 8 W E&ä zh fdq uhzulwh wklv dv

dE�ý qä8 W ECä n qoù ý dE�ý qä8 W E&äoù
qù

c

dqg diwhu vxevwlwxwlqj iurp +4, dqg +5,/ zh rewdlqk
C
ù

l ù
ù3� ý

k
&
ù

l ù
ù3�

qù
é
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Zkhq q ' qW ECcùä c & ' &W ECcùä/ wklv h{suhvvlrq htxdov �*ù lq oljkw ri htxdwlrq
+7,1 Wkxv/ lw lv lqghhg wkh fdvh wkdw lq htxloleulxp 7C ' �*ù 1 Wklv frqfoxghv wkh
+frqvwuxfwlyh, surri ri h{lvwhqfh ri htxloleulxp1

Xqltxhqhvv iroorzv iurp wkh dqdo|vlv lq Vhfwlrq 614 wrjhwkhu zlwk wkh xqltxhqhvv ri
wkh vroxwlrqv ri q dqg &1
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Uhihuhqfhv
Dohvlqd/ Doehuwr/ Vxoh R}ohu/ Qrxulho Urxelql/ dqg Sklols Vzdjho1 3Srolwlfdo lqvwdelolw|

dqg hfrqrplf jurzwk14 Mrxuqdo ri Hfrqrplf Jurzwk 4 +4<<9,/ ss1 4;<05441

Dxvwhq0Vplwk/ Gdylg dqg Edqnv/ Mh>uh|1 3Hohfwlrqv/ Frdolwlrqv/ dqg Ohjlvodwlyh Rxw0
frphv14 Dphulfdq Srolwlfdo Vflhqfh Uhylhz 4<;;/ Yro1 ;5/ ss1 73807551

Edurq/ Gdylg 3Pdmrulwduldq Lqfhqwlyhv/ Srun Eduuho Surjudpv dqg Surfhgxudo Frq0
wuro14 Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh 4<<4 s1 8:0<31

Edwhv/ Urehuw K1 Pdunhwv dqg Vwdwhv lq Wurslfdo Diulfd1 Xqlyhuvlw| ri Fdoliruqld
Suhvv/ 4<;41

Ehfnhu/ Jdu| V1 3Frpshwlwlrq dqg Ghprfudf|14 Mrxuqdo ri Odz dqg Hfrqrplfv 4
+Rfwrehu 4<8;,= ss1 438043<1

Ehvoh|/ Wlprwk| dqg Vwhskhq Frdwh/ +4<<:, 3Dq Hfrqrplf Prgho ri Uhsuhvhqwdwlyh
Ghprfudf|4 Txduwhuo| Mrxuqdo ri Hfrqrplfv 445+4,/ s1 ;804471

Ehvoh|/ Wlprwk| dqg Frdwh/ Vwhskhq 3Vrxufhv ri Lqh!flhqf| lq d Uhsuhvhqwdwlyh
Ghprfudf|= d G|qdplf Dqdo|vlv14 Dphulfdq Hfrqrplf Uhylhz/ Pdufk 4<<;/
;; +4,/ ss1 46<0891

K1 Erzhq 3Wkh lqwhusuhwdwlrq ri yrwlqj lq wkh doorfdwlrq ri hfrqrplf uhvrxufhv4 Txdu0
whuo| Mrxuqdo ri Hfrqrplfv 4<76 s1 5:07;1

Exfkdqdq/ Mdphv P1 3Ghprfudf| dqg Gxrsro|= D Frpsdulvrq ri Dqdo|wlfdo Prg0
hov14 Wkh Dphulfdq Hfrqrplf Uhylhz Pd| 4<9;/ 8; +5, ss1 6550641

Exfkdqdq/ Mdphv dqg Jrugrq Wxoorfn Wkh fdofxoxv ri frqvhqw Xqlyhuvlw| ri Plfkljdq
Suhvv 4<951

Fdpsrv/ Qdxur I1 dqg Mh>uh| E1 Qxjhqw1 3Zkr lv diudlg ri srolwlfdo lqvwdelolw|B4
Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ Iheuxdu| 5335/ 9: +4, ss1 48:04:51

Fkdul/ Y1Y1 Mrqhv/ Oduu| dqg Pdulprq/ Udprq 3Wkh Hfrqrplfv ri Vsolw0wlfnhw yrwlqj
lq Uhsuhvhqwdwlyh Ghprfudflhv/4 Wkh Dphulfdq Hfrqrplf Uhylhz +4<<:, Yro1 ;:
Qr1 81
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Frdwh/ Vwhskhq dqg Pruulv/ Vwhskhq1 3Rq wkh Irup ri Wudqvihuv wr Vshfldo Lqwhuhvwv14
Mrxuqdo ri Srolwlfdo Hfrqrp|/ Ghfhpehu 4<<8/ 436 +9,/ ss145430681

Fr{/ Jdu| Z1 3Hohfwrudo Htxloleulxp Xqghu Dowhuqdwlyh Yrwlqj Lqvwlwxwlrqv14 Dphu0
lfdq Mrxuqdo ri Srolwlfdo Vflhqfh/ +Ihe1 4<;:, Yro1 64/ ss1 ;5043;1

Fr{/ Jdu| Z1 Wkh H!flhqw Vhfuhw1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<;:1

Fr{/ Jdu| Z1 Pdnlqj Yrwhv Frxqw= Vwudwhjlf Frruglqdwlrq lq wkh Zruog*v Hohfwrudo
V|vwhpv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<:1

Fr{/ Jdu| Z1 3Sxeolf Jrrgv/ Wdujhwdeoh Jrrgv/ dqg Hohfwrudo Frpshwlwlrq14 Suh0
olplqdu| Gudiw/ Pd| 5334/ XF Vdq Glhjr1

Glhuphlhu/ Gdqlho dqg Dqwrqlr Phuor +5333,/ 3Jryhuqphqw Wxuqryhu lq Sduoldphqwdu|
Ghprfudflhv/4 Mrxuqdo ri Hfrqrplf Wkhru|/ yro1 7</ ss1 790:<1

Glhuphlhu/ Gdqlho/ Kxo|d Hudvodq/ dqg Dqwrqlr Phuor1 3Frdolwlrq Jryhuqphqwv dqg
Frpsdudwlyh Frqvwlwxwlrqdo Ghvljq14 Pdqxvfulsw/ Vhswhpehu 5334+d,/ Xqlyhu0
vlw| ri Shqqv|oydqld1 Iruwkfrplqj lq wkh Hxurshdq Hfrqrplf Uhylhz1

Glhuphlhu/ Gdqlho/ Kxo|d Hudvodq/ dqg Dqwrqlr Phuor1 3D Vwuxfwxudo Prgho ri Jry0
huqphqw Irupdwlrq14 Pdqxvfulsw/ Ghfhpehu 5334+e,/ Xqlyhuvlw| ri Shqqv|oyd0
qld1

Gxyhujhu/ P1 Srolwlfdo Sduwlhv= Wkhlu Rujdql}dwlrq dqg Dfwlylw| lq wkh Prghuq Vwdwh1
Zloh|/ Qhz \run 4<87

Ihgghuvhq/ Wlprwk| M> Shvhqgruihu/ Zroijdqj1 3Wkh Vzlqj Yrwhu*v Fxuvh14 Dphulfdq
Hfrqrplf Uhylhz1 Yro1 ;9 +6,1 s 73;0571 Mxqh 4<<91

Ihgghuvhq/ Wlprwk|> Shvhqgruihu/ Zroijdqj1 3Yrwlqj Ehkdylru dqg Lqirupdwlrq Dj0
juhjdwlrq lq Hohfwlrqv zlwk Sulydwh Lqirupdwlrq14 Hfrqrphwulfd1 Yro1 98 +8,1 s
435<08;1 Vhswhpehu 4<<:1

Kxdqj/ Fkl0ix dqg Urehuw Olw}hqehujhu1 Irxqgdwlrqv iru Ilqdqfldo Hfrqrplfv1 Suhqwlfh0
Kdoo/ Hqjohzrrg Fol>v/ Qhz Mhuvh|/ 4<;;1

Olmskduw Duhqg Ghprfudflhv= Sdwwhuqv ri Pdmrulwduldq dqg Frqvhqvxv Jryhuqphqw
lq Wzhqw|0Rqh frxqwulhv/ Qhz Kdyhq= \doh Xqlyhuvlw| Suhvv 4<;71
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Olqgehfn/ Dvvdu dqg Zhlexoo/ Mxujhq1 3Edodqfhg0Exgjhw Uhglvwulexwlrq dv wkh Rxw0
frph ri Srolwlfdo Frpshwlwlrq14 Sxeolf Fkrlfh 4<;: 85/ ss1 5:605<:1

Olsvhw/ Vh|prxu dqg Vwhlq Urnndq/ 3Fohdydjh Vwuxfwxuhv/ Sduw| V|vwhpv/ dqg Yrwhu
Doljqphqwv= Dq Lqwurgxfwlrq/4 lq Olsvhw dqg Urnndq/ hgv1 Sduw| V|vwhpv dqg
Yrwhu Doljqphqwv/ Iuhh Suhvv/ Qhz \run/ 4<9:/ ss1 40971

Ol}}hul/ Dohvvdqgur dqg Shuvlfr/ Qlfrod1 3Wkh Surylvlrq ri Sxeolf Jrrgv Xqghu Do0
whuqdwlyh Hohfwrudo Lqfhqwlyhv14 FDUHVV Zrunlqj Sdshu & <;03;/ Xqlyhuvlw| ri
Shqqvoydqld/ 4<<;1

Ol}}hul/ Dohvvdqgur dqg Shuvlfr/ Qlfrod1 3Wkh Surylvlrq ri Sxeolf Jrrgv Xqghu Do0
whuqdwlyh Hohfwrudo Lqfhqwlyhv14 Wkh Dphulfdq Hfrqrplf Uhylhz/ Pdufk 53341

Plohvl0Ihuuhwwl/ Jldq Pduld> Shurwwl/ Urehuwr/ dqg Urvwdjqr/ Pdvvlpr1 3Hohfwrudo
V|vwhpv dqg wkh Frpsrvlwlrq ri Sxeolf Vshqglqj/4 Iheuxdu| 5333/ Froxpeld
Xqlyhuvlw|/ plphr1

P|huvrq/ Urjhu1 E1 3Lqfhqwlyhv wr Fxowlydwh Idyruhg Plqrulwlhv Xqghu Dowhuqdwlyh
Hohfwrudo V|vwhpv4/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz 4<<6 = Yro1 ;:/ Qr1 71

P|huvrq/ Urjhu E1 3H>hfwlyhqhvv ri Hohfwrudo V|vwhpv iru Uhgxflqj Jryhuqphqw Fru0
uxswlrq= D Jdph0Wkhruhwlf Dqdo|vlv14 Jdphv ) Hfrqrplf Ehkdylru Mdqxdu|
4<<6 8 +4, s 44;0651

Rughvkrrn/ Shwhu F1/ dqg Rojd Y1 Vkyhwvryd1 3Hwkqlf Khwhurjhqhlw|/ Glvwulfw Pdj0
qlwxgh/ dqg wkh Qxpehu ri Sduwlhv14 Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh/ Ihe0
uxdu| 4<<7/ 6; +4,/ ss1 4330561

Rveruqh/ Pduwlq dqg Do Volylqvnl/ +4<<9, 3D Prgho ri Srolwlfdo Frpshwlwlrq zlwk
Flwl}hq0sduwlhv4 Txduwhuo| Mrxuqdo ri Hfrqrplfv 444 +4, s1 980<91

Sdoiuh|/ Wkrpdv U1 3Vsdwldo Htxloleulxp zlwk Hqwu|14 Wkh Uhylhz ri Hfrqrplf
Vwxglhv/ Mdqxdu| 4<;7/ 84 +4,/ ss1 46<04891

Shuvvrq/ Wruvwhq dqg Wdehoolql/ Jxlgr1 Doiuhg Pduvkdoo Ohfwxuh 3Wkh Vl}h dqg Vfrsh
ri Jryhuqphqw= Frpsdudwlyh Srolwlfv zlwk Udwlrqdo Srolwlfldqv14 Hxurshdq Hfr0
qrplf Uhylhz Dsulo 4<<</ 76 +709,/ ss1 9<<0:681

999999 3Srolwlfdo Lqvwlwxwlrqv dqg Srolf| Rxwfrphv= Zkdw Duh wkh Vw|ol}hg
IdfwvB4 Plphr/ LLHV 5333+d,1

6:



9999991 Srolwlfdo Hfrqrplfv0H{sodlqlqj Hfrqrplf Srolf|1 PLW Suhvv/ Fdp0
eulgjh/ PD/ 5333+e,1

Shuvvrq/ Wruvwhq/ Urodqg/ Jhudug/ dqg Wdehoolql/ Jxlgr Frpsdudwlyh Srolwlfv dqg
Sxeolf Ilqdqfh14 Mrxuqdo ri Srolwlfdo Hfrqrp| Ghfhpehu 5333/ 43; +9, ss1 44540
44941

Urvhqwkdo/ Urehuw Z1 3D Prgho lq zklfk dq Lqfuhdvh lq wkh Qxpehu ri Vhoohuv Ohdgv
wr d Kljkhu Sulfh14 Hfrqrphwulfd/ Vhswhpehu 4<;3 7; +9, ss1 48:8048;31

Vkhsvoh/ Nhqqhwk D1 Prghov ri Pxowlsduw| Hohfwrudo Frpshwlwlrq +Ixqgdphqwdov ri
Sxuh dqg Dssolhg Hfrqrplfv1 Srolwlfdo Vflhqfh dqg Hfrqrplfv Vhfwlrq/ Yro 78,
Kduzrrg Dfdghplf Sxeolvkhuv/ 4<<41

Vwljolw}/ Mrvhsk H1 Hfrqrplfv ri wkh Sxeolf Vhfwru1 Qhz \run= Qruwrq 4<<< +5qg hg1,1

Zhlqjdvw/ Eduu|/ Vkhsvoh/ Nhqqhwk/ dqg Mrkqvhq/ Fulvwrskhu 3Wkh Srolwlfdo Hfrqrp|
ri Ehqh?wv dqg Frvwv= D Qhrfodvvlfdo Dssurdfk wr Glvwulexwlyh Srolwlfv14 Mrxuqdo
ri Srolwlfdo Hfrqrp| Dxjxvw 4<;4/ ;</ ss1 9750971
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E Dsshqgl{ Dydlodeoh rq Uhtxhvw +qrw iru sxeol0
fdwlrq,

Surri ri Wkhruhp 5 sduw +ll,
Uhfdoolqj htxdwlrqv +7, dqg +8, iurp wkh surri ri Wkhruhp 5/ zh kdyh f ÷ & ÷ � ÷
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ë
C

ù

ê �
ù3� ë

�ý C

ù

ê
+<,

Ohppd 5 Vxssrvh wkdw f ÷ & ÷ � ÷ C ÷ ù dqg wkdw & lv jlyhq e| htxdwlrq +<,/ wkhq
& nC è 21

Surri= Zh fdq uhzulwh htxdwlrq 8 dv & Eù ý &äù3� ' C Eù ýCäù3�1 Zh vkrz wkdw
wkh surjudp4ð?&cC E& nCý 2ä vxemhfw wr wkh frqvwudlqw & Eù ý &äù3� ' C Eù ýCäù3�
kdv d qrq qhjdwlyh ydoxh1 Wkh Odjudqjhdq dqg wkh dvvrfldwhg ?uvw rughu frqglwlrqv iru
wklv sureohp duh=

O ' E& nCý 2ä n b
k
& Eù ý &äù3� ýC Eù ýCäù3�

l
YO
Y&

' � n b
k
Eù ý &äù3� ý & Eù ý �ä Eù ý &äù32

l
' f

YO
YC

' �ý b
k
Eù ýCäù3� ýC Eù ý �ä Eù ýCäù32

l
' f

Wkh ?uvw rughu frqglwlrqv pxvw eh vdwlv?hg li wkhuh lv dq lqwhulru vroxwlrq f ÷ & ÷ � ÷

C ÷ ù 1 Pdqlsxodwlqj wkh ?uvw rughu frqglwlrqv zh rewdlq

Eù ý &äù3� ý & Eù ý �ä Eù ý &äù32 ' ý Eù ýCäù3� nC Eù ý �ä Eù ýCäù32
E�ý &ä
&

ë
�

ù ý &
ê

' ýE�ýCä
C

ë
�

ù ýC
ê

Gh?qh wkh ixqfwlrq s E%ä ' E�3%ä
%

í
�

ù3%
ì
1 D qhfhvvdu| frqglwlrq iru dq lqwhulru pd{0

lpxp lv wkdw s E&ä n s ECä ' f1 Vr/ dq| lqwhulru sdlu &cC wkdw vroyhv wkh ruljlqdo
sureohp dovr vroyhv wkh iroorzlqj dx{loldu| sureohp

4ð?
&cC

E& nCý 2ä v1w1 s E&ä n s ECä ' f1
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Wkh ydoxh ri wklv sureohp lv qrw kljkhu +dqg srvvleo|/ orzhu, wkdq wkh ruljlqdo sureohp1
Wkh Odjudqjhdq iru wklv qhz sureohp duh

hO ' E& nCý 2ä n b

%
E�ý &ä
&

ë
�

ù ý &
ê
n

E�ýCä
C

ë
�

ù ýC
ê&
é

Wkh ?uvw rughu frqglwlrqv duh

Y hO
Y&

' � n b

%ý E& ý �ä2 ýù n �

Eù ý &ä2 &2
&
' fc

dqg vlploduo|
Y hO
YC

' � n b

%ý ECý �ä2 ýù n �

Eù ýCä2C2
&
' fé

Frpelqlqj wkh ?uvw rughu frqglwlrqv |lhogv

ý E& ý �ä2 ýù n �

Eù ý &ä2 &2 '
ý ECý �ä2 ýù n �

Eù ýCä2C2 é +43,

Qrz/ iurp s E&ä ' ýs ECä zh kdyh

C Eù ýCä E�ý &ä ' ý& Eù ý &ä E�ýCä c

dqg vtxdulqj
C2 Eù ýCä2 E�ý &ä2 ' &2 Eù ý &ä2 E�ýCä2 é

Vxevwlwxwlqj lqwr +43, |lhogví
ù ý � n E& ý �ä2

ì
E& ý �ä2

'

í
ù ý � n ECý �ä2

ì
ECý �ä2

é +44,

Wkh ixqfwlrq K E5ä ' Eù ý � n 5ä *5 lv vwulfwo| ghfuhdvlqj lq 5 +dw ohdvw iru 5 è f,
vr wkh rqo| zd| wr vdwlvi| htxdwlrq +44, lv wr kdyh E& ý �ä2 ' ECý �ä2/ ru/ htxlydohqwo|
+vlqfh & 9' C,/ �ý & ' C ý �1 Wklv htxdwlrq |lhogv & nC ' 2/ zklfk vkrzv wkdw wkh
ydoxh ri wkh dx{loldu| plqlpl}dwlrq sureohp fdqqrw eh vpdoohu wkdq }hur dw dq lqwhulru
plqlpxp1 Lw lv lpphgldwh wr yhuli| wkdw erxqgdu| vroxwlrqv duh qrw d sureohp/ vr zh
jhw wkdw wkh ydoxh ri wkh dx{loldu| plqlpl}dwlrq sureohp fdqqrw jr ehorz }hur/ dqg
wkhuhiruh wkh ruljlqdo plqlpl}dwlrq sureohp dovr fdqqrw jr ehorz }hur1 Wklv frqfoxghv
wkh surri1

Sursrvlwlrq 5 &W ECcùä lv lqfuhdvlqj lq ù
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Surri= +<, lv htxlydohqw wr

*L} E&ä n Eù ý �ä *L} Eù ý &ä ' *L} ECä n Eù ý �ä *L} Eù ýCä

Wrwdoo| gl>huhqwldwlqj z1u1wr ù dqg uhduudqjlqj |lhogv#
ù E�ý &ä
Eù ý &ä &

$
Y&

Yù
' *? Eù ýCäý *? Eù ý &ä n Eù ý �ä ECý &ä

Eù ýCä Eù ý &ä é

Wkh vljq ri Y&
Yù

htxdov wkh vljq ri wkh UKV1 Qrwlfh wkdw/ iru ?{hg & dqg C/ wkh UKV
frqyhujhv wr }hur dv ù $ 41 Vr/ li zh duh deoh wr vkrz wkdw wkh UKV lv ghfuhdvlqj
dv d ixqfwlrq ri ù iru ?{hg & dqg C wkhq zh kdyh suryhg wkdw wkh UKV lv srvlwlyh
iru ?qlwh ù / zklfk frqfoxghv wkh surri1 Wkh ghulydwlyh zlwk uhvshfw wr ù ri wkh UKV
htxdov

Cý &
Eù ýCä2 Eù ý &ä2 dýù ECn & ý 2ä n & ECý �ä nC E& ý �äo

dqg wkh vljq ri wkh deryh h{suhvvlrq lv wkh vljq ri wkh h{suhvvlrq lq eudfnhwv1 Qrz/
vlqfh e| wkh deryh Ohppd Cn & ý 2 è f/ wkhq

ýù ECn & ý 2ä n & ECý �ä nC E& ý �ä é ý ECn & ý 2ä n & ECý �ä nC E& ý �ä

' 2 ECý �ä E& ý �ä é f

dqg lqhtxdolw| krogv vwulfwo| zkhq &cC 9' �1

Surri ri Wkhruhp 5 sduw +ll,
Vxevwlwxwlqj htxdwlrq +<, lqwr htxdwlrq +;, zh jhw
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Pxowlso|lqj erwk vlghv e| ù Eù ý �ä2 |lhogv

ù Eù ý �ä2
#
_ *L} Eqä

_ù

$
é ù *? Eùäý Eù ý �äý Eù ý �ä2

' ù d*? Eùäý Eù ý �äo é f

zkhuh wkh lqhtxdolw| iroorzv ehfdxvh/ iru doo % : f/ lw lv wkh fdvh wkdw *? E%ä é % ý �1
Wklv vkrzv wkdw _ *L} Eqä *_ù é f1

Surri ri Sursrvlwlrq 4

Vxevwlwxwlqj lqwr +9, iurp +4, dqg +5, |lhogv

aù E%ä '

;AAAAA?AAAAA=

í
%
ù
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ù3� iru % 5 dfc &W ECcùääí

&WECcùä
ù
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ù3� iru % 5 d&W ECcùä c Cäí

%
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ì �
ù3� iru % 5 dCcù o

Revhuyh wkdw aù E%ä ' 8 Wù E%ä rq dfc &W ECcùää ^ dCcù o1 Zh vkrz wkdw aù E%ä grpl0
qdwhv aùn� E%ä lq wkh vhqvh ri vhfrqg0rughu vwrfkdvwlf prqrwrqlf grplqdqfh +vhh Kxdqj
dqg Olw}hqehujhu +4<;;,,1 Wklv uhtxluhv surylqj wkdw= +l, wkh h{shfwhg frqvxpswlrq
+wudqvihuv ru sxeolf jrrg, lv qr vpdoohu xqghu aù E%ä wkdq xqghu aùn� E%ä> dqg +ll, wkdw
7 E5ä G'

U 5
f daù E%äý aùn� E%äo _% é f iru doo 5 è f1 Sduw +l, lv vwudljkwiruzdug jlyhq

wkh idfw wkdw qW ECcùä lv ghfuhdvlqj lq ù 1 Zh suryh sduw +ll, e| vkrzlqj wkdw aù E%ä

furvvhv aùn� E%ä rqo| rqfh/ dqg iurp ehorz/ iru % 5 Efc ù n �ä1 Zh glylgh wkh surri
lqwr wzr vxefdvhv1

41 C ÷ h%ù 1
Lq wklv fdvh/ lq ylhz ri Sursrvlwlrq 4 sduw +l,/ aù E%ä furvvhv aùn� E%ä h{dfwo| rqfh/
dqg iurp ehorz/ rq % 5 ECcù n �ä1 Wkhuhiruh/ zh pxvw fkhfn wkdw/ iru % 5 Efc Cä

aù E%ä lv vpdoohu wkdq aùn� E%ä1 Iru dq| ? è 2/ wkh ixqfwlrq a? E%ä lv frqvwdqw dqg
htxdo wr 8 W? ECäý qW ECc ?ä rq E&W ECc ?ä c Cä1 Vlqfh e| dvvxpswlrq C ÷ h%ù / zh
kdyh 8 Wù ECä ÷ 8 Wùn� ECä1 Uhfdoolqj wkdw q

W ECcùä : qW ECcù n �ä/ zh frqfoxgh
wkdw aù E%ä ÷ aùn� E%ä iru ydoxhv ri % ehwzhhq 4@ i&W ECcùä c &W ECcù n �äj
dqg C1

Iru ydoxhv ri % vpdoohu wkdq 4@ i&W ECcùä c &W ECcù n �äj lw lv hdvlo| yhul?hg
wkdw aù E%ä ÷ aùn� E%ä ehfdxvh 8 Wù E%ä ÷ 8 Wùn� E%ä +vhh Iljxuh 6,1
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Iljxuh 6= Fdvh C ÷ h%ù 1
51 C : h%ù 1

Lq wklv fdvh/ lq ylhz ri Ohppd 4/ aù E%ä lv dozd|v juhdwhu wkdq aùn� E%ä rq
% 5 ECcù n �ä1 Vr/ lw vx!fhv wr fkhfn wkdw aù E%ä furvvhv aùn� E%ä dw prvw
rqfh/ dqg wkhq iurp ehorz/ rq Efc Cä1 Wr wklv hqg/ revhuyh wkdw li aù E%ä furvvhv
aùn� E%ä rq Efc Cä/ dq| furvvlqj pxvw kdsshq rq Efc �ä ehfdxvh iru doo ?/ a? E%ä
lv frqvwdqw rq E&W ECc?ä c Cä dqg &W ECc ?ä ÷ �1 Qrz/ wdnh wkh vpdoohvw srlqw e%
lq Efc �ä dw zklfk aù E%ä furvvhv aùn� E%ä1 Rq Efc �ä/ zh kdyh 8 Wùn� E%ä : 8

W
ù E%ä

+lqghhg/ h%? : � iru doo ? e| Ohppd 4,1 Wkhuhiruh/ e%pxvw eh vxfk wkdw aùn� Ee%ä ÷
8 Wùn� Ee%ä/ wkdw lv/ aùn� E%ä lv frqvwdqw iru % ehwzhhq e% dqg C1 Exw wkhq wkhuh
fdq eh qr ixuwkhu furvvlqjv ehwzhhq aù E%ä dqg aùn� E%ä rq Ee%cCä/ zklfk suryhv
xqltxhqhvv ri wkh furvvlqj1 Wr vkrz wkdw wkh furvvlqj lv iurp ehorz/ qrwlfh wkdwe% lv/ e| frqvwuxfwlrq/ wkh vpdoohvw srlqw dw zklfk wkh wzr ixqfwlrqv furvv/ dqg/
iru % vpdoo hqrxjk/ aùn� E%ä ' 8 Wùn� E%ä : 8

W
ù E%ä ' aù E%ä1
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