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Learnin g Subgoal s an d Method s fo r  Solvin g Problem s 

Richard Catrambone Keith J. Holyoak 

The University of Michigan The University of California at Lx)S Angeles 
Departmen t  o f  Psycholog y Departmen t  o f  Psycholog y 

In prior studies (Catrambone & Holyoak, 1987) we demonstrated that subjects studying 
example s dealin g wit h th e Poisso n distributio n tende d t o lear n a  serie s o f  step s fo r  solvin g 
problem s rathe r  tha n learnin g meaningfu l  chunks .  W e argue d tha t  thes e chunk s shoul d consis t  o f 
relevan t  subgoal s an d method s fo r  achievin g thos e subgoals .  I f  a  perso n learn s subgoal s an d 
method s fo r  a  particula r  proble m domain ,  the n the y shoul d b e bette r  abl e t o solv e nove l  problem s i n 
tha t  domain .  Nove l  problem s ar e define d a s 1 )  havin g a  subgoa l  orde r  tha t  i s  differen t  fro m 
previousl y studie d problem s and/o r  2 )  requirin g modification s o f  ol d method s fo r  achievin g on e o r 
more subgoals . 

One encouraging finding from our earlier experiments, from a pedagogic point of view, was that 
i f  subject s studie d example s tha t  demonstrate d tw o differen t  solutio n procedures ,  the n the y wer e 
more likel y t o lear n som e o f  th e subgoal s i n th e proble m space .  However ,  subject s stil l  ha d 
difficult y modifyin g ol d methods .  T w o limitation s wit h th e earlie r  experiment s wer e tha t  subject s 
onl y studie d fou r  example s an d th e procedure s differe d fro m eac h othe r  i n severa l  ways .  Th e firs t 
limitatio n mad e transfe r  mor e difficul t  t o achiev e an d th e secon d limitatio n mad e comparison s 
among group s les s straightforwar d tha t  w e woul d hav e liked .  Th e purpos e o f  th e presen t  pape r  i s 
t o describ e a n experimen t  tha t  gav e subject s mor e extensiv e trainin g an d carefull y manipulate d jus t 
th e method s subject s learne d fo r  findin g subgoals .  W e wishe d t o examin e whethe r  mor e extensiv e 
trainin g wit h tw o o r  mor e method s fo r  findin g a  subgoa l  woul d hel p learner s t o figur e ou t  ho w t o 
modif y thos e method s i n ne w problems . 

Our work has suggested that people's procedural knowledge for a domain such as solving 
probabilit y  problem s ca n b e represente d i n term s o f  subgoal s an d methods .  Thes e subgoal s an d 
method s ma y b e base d o n th e "true "  subgoal s an d method s i n th e domain ,  o r  the y ma y correspon d 
t o superficia l  feature s o f  exampl e problems .  Ther e ma y b e n o agreemen t  ove r  wha t  ar e th e "true " 
structura l  feature s fo r  a  proble m domain ,  bu t  ther e i s certainl y mor e agreemen t  amon g expert s tha n 
novice s i n a  domai n abou t  th e domain' s relevan t  feature s (e.g. ,  Adelson ,  1981 ;  McKeithe n & , 
Reitman ,  1981) . 

Related Work 

Various researchers have shown that learners focus on superficial features of examples and need 
t o b e guide d t o focu s o n th e deepe r  aspects .  Anderso n an d hi s colleague s (Anderson ,  Farrell ,  & 
Sauers ,  1984 ;  PiroU i  &  Anderson ,  1985 )  demonstrate d tha t  student s learnin g ho w t o writ e 
recursiv e function s i n th e LIS P programmin g languag e relie d heavil y o n th e syntacti c element s o f 
example s i n orde r  t o creat e thei r  firs t  fe w functions .  Thes e student s essentiall y  mappe d eac h par t  o f 
th e curren t  proble m ont o a n example .  Thi s approac h worke d becaus e th e earl y targe t  problem s 
wer e designe d t o b e isomorphi c wit h th e examples .  However ,  student s mus t  eventuall y b e weane d 
fro m heav y relianc e o n pur e exampl e mappin g an d induce d t o focu s o n subgoal s an d method s i n 
orde r  t o b e abl e t o solv e mor e difficul t  o r  nove l  problem s i n a  domain . 

McKendree (1986) found that geometry students performed best on new problems when they 
receive d erro r  feedbac k o n example s tha t  focuse d o n subgoal s rathe r  tha n feedbac k tha t  simpl y tol d 
th e studen t  tha t  h e o r  sh e ha d mad e a n error .  I n addition ,  a n earlie r  protoco l  stud y o f  tutor s 

153 



C A T R A M B O N E,  H O L Y O AK 

indicated that a very important role of feedback was to make the novice's goals explicit and to help 
kee p trac k o f  thes e goal s durin g th e tas k (McKendree ,  Reiser ,  &  Anderson ,  1984) . 

Chamey and Reder (1986) showed that diverse examples are important in helping people learn 
procedure s an d whe n t o appl y the m (i.e. ,  t o lear n selectio n rules) .  Thei r  subject s studie d example s 
i n orde r  t o lear n variou s command s o n a  persona l  computer .  Chame y an d Rede r  foun d tha t  varie d 
examples ,  whic h demonstrate d a  rang e o f  situation s i n whic h a  comman d coul d b e used ,  helpe d 
ne w user s gras p th e utilit y  an d applicabiUt y o f  th e command . 

The studies cited above suggest that people learning information in a new domain need to be 
directe d t o focu s o n th e relevan t  aspect s o f  trainin g materials .  Example s mus t  b e carefull y chose n 
t o hel p th e use r  gai n a  functiona l  understandin g o f  th e subgoals ,  methods ,  an d whe n t o appl y th e 
method s (Charne y &  Reder ,  1986 ;  VanLehn ,  1982 ,  1985) .  I n addition ,  learner s mus t  b e abl e t o 
modif y method s i n ne w situations .  Thi s las t  issu e wa s a n importan t  focu s i n th e curren t  experimen t 
whic h deal t  wit h subject s leamin g ho w t o solv e problem s dealin g wit h th e Poisso n distribution . 

The Poisson Distribution and Some Examples 

The Poisson distribution is often used to approximate binomial probabilities for events that 

occu r  wit h som e smal l  probabilit y fi.  Th e Poisso n equatio n is :  P(X=x)=[e'^^]/x! ,  wher e X  i s th e 
expecte d value-th e average-o f  th e rando m variabl e X .  On e us e o f  th e Poisso n distributio n i s 
illustrate d i n Tabl e 1 . 

The subgoals and methods (in parentheses) for this "quarry" problem could be listed as 
follows : 

1) find X (find total frequency of event and divide by total number of trials) 
2)  find  expecte d probabilit y  fo r  eac h X  (plu g eac h X  int o th e Poisso n equation ) 
3)  find  expecte d frequenc y fo r  eac h X  (multipl y eac h P(X )  b y th e tota l  numbe r  o f  trials) . 

In prior experiments (Catrambone & Holyoak, 1987) we found that subjects could study a 
proble m suc h a s th e on e i n Tabl e 1  an d the n solv e a n isomorphi c proble m suc h a s on e dealin g wit h 
th e numbe r  o f  error s mad e pe r  gam e b y a  basebal l  team' s infielders .  However ,  thes e subject s ha d 
grea t  difficult y solvin g th e "birthday "  proble m i n Tabl e 2  tha t  ha d a  differen t  subgoa l  orde r  an d 

require d a  modifie d metho d t o find  k . 

In the birthday problem the solver must realize that \ is simply the frequency of the event 

(numbe r  o f  peopl e i n th e room )  divide d b y th e numbe r  o f  trial s (day s o f  th e year) .  Onc e X  i s found , 
the n i t  ca n b e pu t  int o th e Poisso n equatio n alon g wit h th e valu e o f  X  tha t  i s  desire d i n orde r  t o find 

th e expecte d probabilit y  fo r  tha t  valu e o f  X .  Mos t  subject s di d no t  reaUz e tha t  X  wa s a  subgoa l  tha t 
coul d b e foun d usin g a  modificatio n o f  th e metho d use d i n th e "quarry "  proble m (wher e th e even t 
frequenc y wa s no t  give n directly) .  I n addition ,  fe w subject s eve n realize d the y coul d find  th e 
expecte d probabiUt y fo r  a  particula r  valu e o f  X .  Th e protocol s o f  mos t  o f  th e subject s indicate d tha t 
al l  the y reall y kne w ho w t o d o wa s appl y a  serie s o f  step s the y ha d learne d fro m th e "quarry " 
problem .  The y typicall y di d no t  differentiat e th e step s int o method s fo r  reachin g particula r 
subgoals . 
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Table 1 
"Quarry "  Proble m Usin g th e Poisso n Distributio n 

A horizontal quarry surface was divided into 30 squares about 1 meter on a side. In each square 
th e numbe r  o f  specimen s o f  th e extinc t  mammal  Ditoleste s motissimu s wa s counted .  Th e result s ar e 
give n i n th e tabl e below .  Fi t  a  Poisso n distributio n t o x ,  tha t  is ,  giv e th e expecte d frequencie s fo r 
th e differen t  value s o f  x  base d o n th e Poisso n model . 

Number  o f  Specimen s pe r  Squar e 
0 
1 
2 
3 
4 o r  mor e 
Tota l 

SOLUTION: 

E(X )  =  [0(16)+l(9)+2(3)+3(l)+4(l)]/3 0 =  22/3 0 =  .73 3 =  X 
=averag e numbe r  o f  specimen s foun d i n eac h squar e 

P(X=x) = [(e--'733)(.733X)]/x! = [(.48)(.733)^]/x! 

Fitted Poisson Distribution: 
X 
0 
1 
2 
3 
4 o r  mor e 

Observe d Frequenc y 
16 
9 
3 
1 
1 

30 

Expecte d Frequenc y 
.4 8 *  3 0 =  1 4 
.352*30=1 1 
.1289*3 0 =  4 
.0315*30= 1 
.005 8 *  3 0 =  0 

Tabl e 2 
"Birthday "  Proble m Usin g th e Poisso n Distributio n 

Suppose you took a random sample of 500 people and found out their birthdays. A "success" is 
recorde d eac h tim e a  person' s birthda y tum s ou t  t o b e Januar y 1st .  Assum e ther e ar e 36 5 day s i n a 
year ,  eac h equall y likel y t o b e a  randoml y chose n person' s birthday .  Fi t  a  Poisso n distributio n t o x 
(th e numbe r  o f  peopl e bo m o n Januar y 1st )  an d fm d th e predicte d likelihoo d tha t  exactl y 3  peopl e 
fro m th e sampl e ar e bor n o n Januar y 1st . 

SOLUTION: 

X =  500/36 5 =  1.3 7 =  averag e numbe r  o f  peopl e bor n o n an y give n da y 

P(X=3) = [(e-l-3'7)(1.373)]/3! 
=[(.254)(2.57)]/ 6 

=.10 9 
=likelihoo d o f  exactl y thre e peopl e bein g bo m o n Januar y 1s t 
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P(X=0 ) Observe d 
Frequenc y Tabl e 

Frequenc y 
(X=0 ) 

Number 
of 

Trial s 

Tota l  Even t 
Frequenc y 

P(X=x ) 

/  Expecte d \ 
I  Frequenc y ) 
V Tabl e / 

Figur e 1 
Proble m Spac e fo r  Poisso n Distributio n Problem s 

Figur e 1  show s th e proble m spac e fo r  Poisso n distributio n problems .  Th e circle s represen t 
possibl e subgoal s (o r  givens )  an d th e arrow s indicat e whic h subgoal s ca n b e reache d fro m othe r 

subgoals .  Th e figur e show s tha t  X  ca n b e reache d i n a  fe w ways . 

In our earlier experiments (Catrambone & Holyoak, 1987) we found that subjects who studied 

problem s onl y o f  th e quarr y typ e recognize d th e subgoa l  o f  findin g k  i n th e birthda y proble m abou t 
3 0 % o f  th e tim e an d th e subgoa l  o f  findin g P(X=x )  abou t  3 5 % o f  th e time .  I n addition ,  w e foun d 
tha t  subject s w h o studie d problem s o f  th e quarr y typ e an d anothe r  typ e (i n whic h P(X=0 )  wa s 

give n an d th e proble m aske d fo r  th e valu e o f  X )  recognize d th e subgoa l  o f  findin g X  abou t  5 0 % o f 
th e tim e an d findin g P(X=x )  9 8 % o f  th e time .  Thi s suggest s tha t  studyin g multipl e solutio n 

procedure s helpe d mak e subgoal s (suc h a s findin g k )  mor e apparen t  t o learners .  However ,  on e 

thin g thes e subject s coul d no t  d o ver y wel l  wa s figur e ou t  ho w t o fin d X.  Hal f  o f  th e subject s kne w 

tha t  X  neede d t o b e foun d bu t  di d no t  kno w ho w t o ge t  i t  othe r  tha n t o us e th e frequenc y tabl e 
metho d demonstrate d i n th e quarr y problem .  The y wer e no t  abl e t o modif y thi s method . 

Current Experiment 

In the current experiment, we solicited paid volunteers from an upper-level probability course at 
th e Universit y o f  Michigan .  Thes e student s ha d bee n taugh t  abou t  rando m variable s an d wer e i n 
th e proces s o f  learnin g th e binomia l  distribution .  Student s participate d i n th e presen t  experiment , 
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which dealt with the Poisson distribution, while learning the binomial distribution but before 

learnin g th e Poisson .  W e sough t  t o manipulat e mor e systematicall y th e method s fo r  finding  X  tha t 
subject s studie d an d t o increas e th e numbe r  o f  example s o f  eac h method .  A n extensiv e discussio n 
of  th e desig n o f  th e experimen t  i s i n Catrambon e an d Holyoa k (i n preparation) .  Belo w i s a n outlin e 
of  th e relevan t  aspect s o f  th e design . 

Procedure 

Subjects studied 10 examples which demonstrated, different methods for finding X. Methods for 

findin g X  ar e liste d below .  Som e subject s learne d tw o method s an d othe r  subject s learne d thre e 
methods .  N o subjec t  studie d method s # 4 o r  #5 .  I n th e tes t  phase ,  subject s solve d 1 0 problem s 

usin g al l  fiv e X-methods . 

The five methods for finding X are: 

1) X given directly in the problem 
2)  Calculate d fro m a n observe d frequenc y tabl e 
3)  Calculate d fro m th e Poisso n equatio n i f  P(X=0 )  i s give n 
4)  Calculate d fro m th e Poisso n equatio n i f  th e frequency  o f  X = 0 i s give n an d th e tota l 

number  o f  trial s i s  give n 
5)  Calculate d b y dividin g th e frequency  o f  th e even t  b y th e tota l  numbe r  o f  trial s 

Results and Discussion 

Figure 2 presents the percentage of subjects that used X-methods #4 and #5 correctly in the test 

phas e a s a  functio n o f  th e numbe r  o f  X-method s the y studie d i n th e trainin g phase .  Subject s i n bot h 

group s wer e quit e goo d usin g X-metho d #4 .  Thi s resul t  i s  no t  to o surprisin g sinc e X-metho d # 4 i s 

quit e simila r  t o X-metho d # 3 an d al l  subject s studie d x-metho d #3 .  Th e onl y differenc e i n th e 
method s i s tha t  # 4 require s th e solve r  t o find  P(X=0 )  rathe r  tha n bein g give n i t  directly .  Th e prio r 
studie s ha d indicate d tha t  subject s wer e quit e goo d a t  goin g from a  frequenc y t o a  probabihty .  A 

more interestin g resul t  i s  tha t  subject s use d X-metho d # 5 correctl y abou t  7 5 % o f  th e time .  Thi s 

metho d i s a  simple r  versio n o f  X-metho d #2 .  I n # 2 th e solve r  mus t  find  th e frequency  o f  th e even t 
wherea s i n # 5 th e frequency  i s give n directiy .  I n th e prio r  studies ,  subject s wer e typicall y quit e 

unsuccessfu l  i n adaptin g X-metho d # 2 int o #5 .  Th e highes t  succes s rat e o f  an y o f  th e earlie r  group s 
was 53% .  Th e performanc e o f  subject s i n th e curren t  experimen t  wa s significantl y bette r  tha n tha t 
(75 % v s 53% ,  z  =  2.44 ,  £  <  .02) . 

This would suggest that the more extensive practice with example problems benefitted subjects 
i n th e curren t  experiment .  Th e manipulatio n o f  tw o versu s thre e type s o f  method s di d no t  see m t o 
make a  grea t  dea l  o f  difference .  I t  woul d see m tha t  extensiv e practic e wit h a t  leas t  tw o method s i s 
th e critica l  featur e fo r  bein g abl e t o modif y th e ol d methods .  Th e particula r  method s tha t  ar e learne d 
als o matter s (se e Catrambon e &  Holyoak ,  i n preparation ,  fo r  discussio n o f  thi s issue) . 

The prior experiments combined with the current one suggest that subjects who studied example 
problem s tha t  illustrate d multipl e method s fo r  findin g a  particula r  subgoa l  wer e abl e t o recogniz e 
tha t  subgoa l  mor e successfull y tha n subject s wh o onl y studie d on e procedure .  Ther e ar e severa l 
explanation s fo r  thi s result .  On e explanatio n i s relate d t o th e wor k o f  Swelle r  an d hi s colleague s 
(Mawer  &  Sweller ,  1982 ;  Swelle r  &  Levine ,  1982 ;  Sweller ,  Mawer ,  &  Ward ,  1983 )  tha t  indicate s 
tha t  whe n proble m solver s ar e le d t o focu s o n a  singl e ultimat e goal ,  the y concentrat e o n reducin g 
th e distanc e betwee n th e initia l  stat e an d th e goa l  stat e an d thu s fai l  t o recogniz e subgoal s an d 
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methods in the domain. The one-procedure subjects in the earlier experiments learned a single 
concret e goa l  whe n the y studie d th e exampl e problem s suc h a s takin g a  frequenc y tabl e a s inpu t 
and,  throug h a  stereotype d serie s o f  operations ,  producin g a n expecte d frequenc y tabl e a s output . 

They di d no t  for m intermediat e goal s suc h a s findin g A,  o r  a  singl e P(X) .  Th e multiple-procedur e 

subjects ,  b y virtu e o f  seein g th e sam e unknow n (suc h a s X )  reache d i n mor e tha n on e way ,  wer e 
abl e t o recogniz e tha t  unknow n a s a  subgoal .  Th e extensiv e practic e o n tw o o r  mor e method s b y 
subject s i n th e curren t  experirnen t  helpe d the m t o modif y ol d method s bette r  tha n subject s i n th e 
earlie r  studies . 

Extensive practice with multiple methods appears to be an important component in enabling 
learner s t o recogniz e subgoal s o r  modif y methods ,  a t  leas t  t o som e degree .  Tha t  is ,  learner s ar e 
reasonabl y successfu l  i n alterin g method s i f  the y hav e ha d a  fai r  amoun t  o f  practic e wit h tw o o r 
more .  I t  wil l  b e importan t  t o continu e t o examin e th e relativ e contribution s o f  variet y an d amoun t 
of  practic e o n learners '  abilit y  t o isolat e subgoal s an d method s an d t o modif y th e method s fo r  a 
variet y o f  domains .  I n addition ,  i t  wil l  b e importan t  t o stud y ho w practic e allow s peopl e t o modif y 
methods . 

100 T 
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Correc t 
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40 • -
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Two Method s 
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