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Abstract

Geometric– and Learning–Based Perception and Control for Robotic Systems

by

Saman Fahandezhsaadi

Doctor of Philosophy in Engineering – Mechanical Engineering

University of California, Berkeley

Professor Masayoshi Tomizuka, Chair

A reliable, accurate, and robust robotic system is highly dependent on perception, the
ability of a robot to sense and interpret its environment. A variety of sensing technologies
and methods can be integrated for perception purposes depending on a particular robotic
setting and the surrounding. Uncertainty, environment variability, and limited sensing
capabilities are factors that pose challenges to the perception task. This dissertation focuses
on exploiting geometric and probabilistic characteristics as well as hidden structural
properties of robotic systems and their surroundings to address some of these challenges.

A geometric state estimator is presented for an agent with the ability to measure single
ranges to fixed points (anchors) in its environment. The state estimator is generic, and
can be immediately applied to any robot with the range sensor. A greedy optimization
algorithm is developed to select the best measurement in each time step. The selection
algorithm is added to the extended Kalman filter, resulting in choosing the best measure-
ment out of all the available range values. The effectiveness of the presented estimator
algorithm is demonstrated through experimental setup for a flying robot.

The estimation accuracy is improved under the assumption that the ranging infrastructure
is not perfect. A real–time restructure of the setup allows to enhance the localization
accuracy of the ego agent. The estimator is incorporated into an adaptive algorithm. Using
a mobile UWB ranging sensor, the mobile anchor moves to improve localization accuracy
of the main robot. The algorithm reconstructs the range sensor network in real–time to
minimize the covariance matrix in the extended Kalman filter. The presented algorithm is
experimentally validated in a network of range sensors.

A probabilistic–based approach for pose estimation using point clouds is presented. The
point registration algorithm is based on directional statistics, which estimates the rigid
transformation (i.e. rotation matrix and translation vector) between two point cloud
frames. The algorithm outputs the robot’s pose estimation (location and orientation).
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The framework transforms the point registration task on a unit sphere, and solves the
problem in two steps of correspondence and alignment. In particular, a mixture model (as
an example of directional statistics on unit sphere in R3) is adopted and the process of
point registration has been carried out by the two phases of Expectation–Maximization
algorithm. The method has been evaluated with point clouds from LiDAR sensors in an
indoor environment.

A deep graph network is presented, to improve the robustness and accuracy of point
registration. The framework models the point registration task based on the flexible
architecture of Graph Network (GN) blocks. Three main modules–an encoder, a core, and
a decoder–are responsible to perform both steps of correspondence and assignment in
point matching process. The experiments and examination of the proposed model shows
comparable results with other state–of–the–art geometric–or learning–based algorithm in
terms of accuracy as well as robustness with regard to bad initial conditions and presence
of outliers in data points. The flexibility and configurability of the framework allows to
easily change, add, and/or combine various customized deep modules and mechanisms
to the presented graph–based framework.

The last part of this dissertation, studies ReLU network architecture in the domain of
control. The input/output domain and structure of the network and its proximity to
explicit Model Predictive Control (eMPC). The mathematical equivalency of feedforward
ReLU and piecewise affine function is presented, and we investigate the prospect of
representing state feedback policy of eMPC as a ReLU DNN, and vice versa. A sampling
based method has been developed to identify input–space regions in ReLU networks.
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Chapter 1

Introduction

This dissertation presents multiple of closely connected approaches in geometric–, proba-
bilistic–, and learning–based perception and control of robotic systems in various environ-
ments equipped with range sensors, LiDAR sensors, or any other 3D scanning technologies.
The theoretical development in connection with each framework has been equipped with
experimental results that confirms the performance improvement in each application.

1.1 Motivation
A localization technology should be reliable and robust in different situations like in bad
weather or in indoor areas with smoke or dust. Also any sensing technology for robots has
to work in area with limited accessibility or no pre–installed or destroyed infrastructure
in situations like building inspection or rescue mission in disaster area. It also should
be flexible in multi–robot cooperation settings. And finally it should be low cost. But
since there are physical limitations in the hardware level in these technologies, it is still
possible to improve the performance by developing reliable algorithms in the software
level. Audio- or radio-beacon systems are very reliable, flexible and low cost compared to
other sensing technologies like vision-based or laser-based systems.

The localization accuracy of range-based robots is sensitive to the ranging sensor layout,
therefore it is impossible to attain reasonable accuracy in the presence of the constraints
(e.g. limited line–of–sight, crowded indoor settings, dynamic environment with moving
objects) in the environment. without careful planning, which may be difficult in harsh
conditions.

Light Detection and Ranging (LiDAR) as well as 3D scanning sensor technologies share
similar characteristics with ranging sensor, though the former produces extremely rich
data from the environment comparing with the latter. While the beacon infrastructure of
range sensors is missing in LiDAR sensors, localization frameworks such as SLAM and
keypoint matching [28, 24, 14] on robots equipped with LiDAR incorporate keypoints and
landmarks as virtual beacons/anchors in the scenes during the process of localization and



CHAPTER 1. INTRODUCTION 2

mapping. In addition, for robotic systems using the 3D LiDAR technology the problem of
point matching (or point registration) is an initial key step towards an accurate and reliable
pose estimation. Therefor the second part of this dissertation focuses on the problem of
point registration as an essential part of robot localization and state estimation.

In addition to the probabilistic view, with the advances in deep neural networks in
the domain of supervised learning, recently a new deep learning–based view of point
registration problem has been emerged. This view adds new mathematical tools and
empirical modules in tackling the persistent problems of point cloud registration to the
existing body of work. Classical methods (mostly geometric–and hybrid with probabilistic
interpretation of corresponding points, as the first step in solving the problem) dealing with
point registration are subject to certain limitations such as converge to a local optimum
near the initialization which makes the problem highly sensitive to the choice of initial
condition. Also, the computation speed (number of iteration to convergence) and accuracy
of these methods suffer from the sensitivity to the amount of outliers, noise, and repetitive
geometry in the scene. The use of deep neural network in the point clouds’ domain has its
own challenges due to the fact that point clouds are unordered and unstructured [141, 140,
121, 97, 53, 69]. Nevertheless in recent years a lot of progress has been made on performing
various tasks (e.g. object classification and detection, semantic segmentation, localization)
[102, 101, 143]. And still it remains an active area of research due to unresolved obstacles,
and since point clouds provide a very rich information of surrounding which is a decisive
part for the success of complex robotic systems such as autonomous driving.

1.2 Outline and Contribution
This dissertation has been organized in the following order. In chapter 2 a geometric–based
state estimator is derived for an agent with the ability to measure single ranges to fixed
points (anchors) in its environment. The state estimator makes no agent–specific assump-
tions and it is generic, and can be immediately applied to any rigid body agent with
the radio–beacon range sensor. As the considered system can only make a single range
measurement at a time, a greedy optimization algorithm has been presented for selecting
the best measurement in each time step. The selection algorithm is added to the extended
Kalman filter which minimizes the variance matrix in the beginning of the correction step
of the Kalman filter, resulting in choosing the best measurement out of all the available
range values at each time. An important property of the partial derivative of the mea-
surement model has been exploited in the process of computing the best anchor to range.
Experiments in an indoor testbed using an externally controlled multicopter demonstrate
the efficacy of the proposed algorithm, specifically showing an improvement over a naïve
strategy of a fixed sequence of measurements. In separate experiments, the algorithm is
also used in feedback control, to control the position of the multicopter. Other anchor
selection methods like [130, 57] only work in a collaborating manner where using infor-
mation from multiples of robots, or completely ignore the geometric property of ranging
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sensor technologies. Also they mostly rely on probabilistic properties of Kalman filter like
Fisher information which are not as reliable as the deterministic geometric property that is
exploited in this presented work.

In chapter 3, the localization accuracy (and eventually the state estimation accuracy) is
further improved for robot agents by introducing a real–time restructure of range sensor
setup. In addition to the optimal algorithmic scheme introduced in chapter one, the
framework in this chapter provides a reliable state estimation with accurate localization
characteristics in the absent of a structured range sensor setting. The method improves the
localization accuracy of robotic systems operating in a range–based localization network,
and it is favorable especially when the robots operate in harsh environments where the
access to a robust and reliable localization system is limited. Although it is only designed
to work with as few as two moving robots, the proposed method can be extended to a
multi–agent cooperative positioning framework using the ranging sensor technologies. A
state estimator is used for a six degree of freedom object using inertial sensors as well as
an Ultra–wideband (UWB) range measurement sensor. The estimator is incorporated into
an adaptive algorithm, improving the localization quality of an agent by using a mobile
UWB ranging sensor, where the mobile anchor moves to improve localization accuracy
of the main robot. The algorithm reconstructs the range sensor network in real–time to
minimize the covariance matrix in the extended Kalman filter. The proposed algorithm is
experimentally validated in a network of range sensors consisting of one mobile and four
fixed anchors. The main agent which should be localized and the mobile anchor are both
quadcopter. The algorithm also show similar result when using multiple mobile anchors
in restructuring the network of range sensors. Although the range measurement based
localization is deployed in various multi–agent positioning and wireless sensor networks
[90, 106, 27, 132, 105], the idea of mobile anchors (i.e. the range sensors that adapt their
locations in such a way to improve the position accuracy of the ego agent) is missing in all
of the previous works. The new approach proposed in chapter 3 addresses this limitation
that can be incorporated naturally in any previous ranging–based perception framework.

Chapter 4 presents a probabilistic–based approach for pose estimation using point
clouds. The point registration algorithm is based on directional statistics [122, 93, 75, 67],
which estimates the rigid transformation (i.e. rotation matrix and translation vector)
between two point cloud frames. The final result will be the estimation of robot’s pose
(its location and orientation) that is equipped with a LiDAR sensor capable of scanning
the 3D environment. The method improves the robustness of point registration and
consequently the robot localization in the presence of outliers which always occurs due
to occlusion, dynamic objects, and sensor errors. The framework transforms the point
registration task on a unit sphere, and solves the problem in two steps of correspondence
and alignment. In particular, a mixture model (as an example of directional statistics on
unit sphere in R3) is adopted and the process of point registration has been carried out by
the two phases of Expectation–Maximization algorithm. Other methods mostly use the
positional information of point clouds, but the presented method utilizes both position
as well as surface normals of each data point for pose estimation. The method has been
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evaluated with point clouds from LiDAR sensors in an indoor environment. Previous
methods of point registration like ICP or GICP are sensitive to outliers and initialization
of the algorithm, both of these disadvantages have been resolved and the results show
improvements in those fronts.

Chapter 5 presents a novel deep neural network for pose estimation which improves the
shortcomings in previously introduced models for the task of point registration. To remedy
prior limitations, a deep point registration method consists of blocks of graph structure
has been introduced. The graph–based architectures have demonstrated relational inductive
biases [7, 21, 98, 144], a key property in deep learning algorithms that leads to combinatorial
generalization. The framework models the point registration task based on the flexible
architecture of Graph Network (GN) blocks. Three main modules–an encoder, a core, and
a decoder–are responsible to perform both steps of correspondence and assignment in
point matching process. The experiments and examination of the proposed model shows
comparable results with other state–of–the–art geometric–or learning–based algorithm in
terms of accuracy as well as robustness with regard to bad initial conditions and presence
of outliers in data points. The flexibility and configurability of the framework allows to
easily change, add, and/or combine various customized deep modules and mechanisms
to the presented graph–based framework.

Parallel to the previous chapter concerning with the study of mathematical structure of
graph neural network, the last part of this dissertation investigates specific deep neural
architectures in a different task domain. Chapter 6 examines the input/output domain and
structure of famous Multi–Layer Perceptron (or MLPs) and its link to Model Predictive
Control (MPC). As the first step, feedforward rectifier (ReLU) MLPs and their relation
to the piecewise affine (PWA) functions as an essential linking mathematical entity has
been studied. Afterward, this chapter investigates the prospect of representing explicit
state feedback policy of model predictive control (eMPC) as a ReLU DNN, and vice
versa. The complexity and architecture of the DNN has been discussed by introducing
bounds on domain partitioning of such neural networks. A sampling based method has
been developed for input–space identification of ReLU networks. The method ultimately
approximates a PWA function over polyhedral regions as an equivalent for the networks.
Inverse multiparametric linear or quadratic programs (mp–LP or mp–QP) are another
connection in reconstruction of constraints and cost function given a PWA function that
has been investigated as a potential way of representing eMPC solution by means of PWA
functions and eventually ReLU networks.

1.3 Outlook
The goal of this dissertation is to highlight the benefits of carefully exploiting geometric
and probabilistic characteristics as well as hidden structural properties of robotic systems
and their surroundings in the field of perception and control.

The geometric characteristics can be utilized to further improve the existing algorithms
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for localization and state estimation. The probabilistic properties such as directional
statistics in this dissertation was employed to extract probabilistic aspects of the perception
modules to enhance the quality of pose estimation. In addition, the use of LiDAR–based
sensors provides a rich set of information from the environment that anticipates the
incorporation of efficient deep learning–based approaches to cope with the huge amount
of processing data at each time.

The experimental parts of this dissertation demonstrate the theoretical implication
of incorporating those characteristics to improve the accuracy and robustness of state
estimation in robotic systems. The experiments and discussions also illuminate the chal-
lenges that needs to be overcome in the future, so that the combination of all the presented
theatrical findings can be deployed successfully on a wide range of robots and dynamical
systems.
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Part I

Geometric State Estimation



7

Chapter 2

Optimal Measurement Selection

2.1 Overview
Low cost, flexible, and reliable localization technology is a key enabling technology for
robotics. One of the main current limitations for the deployment of autonomous agents is
the agents’ ability to reliably and accurately determine their position. Various different
sensing technologies exist for localization, ranging from purely self-contained on the agent
to globally distributed satellite navigation.

Different technologies represent a variety of different trade-offs, with varying require-
ments of computational power, electric power, precision, reliability, and accuracy. Perhaps
the most widely used localization technology relies on satellites (e.g. GPS or Galileo) –
these systems work reliably and accurately when the agent has a clear line-of-sight to the
satellites (typically, outdoors, and far from tall structures), some example robotic systems
are [23, 134, 51, 6, 52]. However, the reliance on a clear line of sight to the satellites is also
the main drawback, leading to very poor (or nonexistent) localization in the presence of
tall structures (e.g. in cities) or indoors.

In research laboratories, a popular in-door alternative is to use optical motion capture
equipment, which can yield extremely precise measurements (errors on order of millime-
tres) at high rates, but only over small volumes (on the order of 100m3). Such systems
provide extremely rich data, but they are expensive, fragile, and are very constrained – for
examples of robotic systems relying on motion capture are [50, 77, 73].

Another paradigm relies exclusively on sensors on the agent itself, for example cameras
or laser range finders. Here, the agent may fuse the measurements with other sensors, to
simultaneously build a map of its environment, and localize within it (the SLAM problem)
[36, 88, 112, 20]. Such systems are attractive, since they are self-contained, but also require
substantial computational power, heavy sensors/cameras – this leads to large, heavy,
complex, and energy-hungry agents. Such systems may also be fragile, especially in
environments with visual changes (e.g. smoke, changing light conditions and shadows,
etc.).
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Alternatively, radio- or audio-beacons can be installed indoor, to build an indoor
analogue of GPS, such as in [99, 62, 114, 100, 84]. Such systems may be created out of
relatively low-cost components, provide high-quality localization over large areas, and do
not impose particularly large restrictions on the individual agents using the localization
system. However, they do require the installation of infrastructure, and as such are less
flexible than vision-based systems. Ultra-wideband (UWB) radio ranging is an example of
such localization system. In [57, 31], this type of technology (e.g. radio beacon) is used to
solve the SLAM problem based on the robot cooperation with sensor networks.

Utilizing the UWB as range sensor for localization purposes is well-developed in the
literature. Range-only SLAM is a precise way of localizing wireless sensor networks (WSN)
node positions [120]. In [30], the UWB ranging sensor is used for the range-only SLAM
approach. In [130], a method is described based on the Fisher information matrix of the
Kalman filter which improves the target tracking accuracy of the wireless network. The
method is related to our proposed method in this chapter which selects sensors for future
measurements.

A schematic of UWB ranging system is given in Fig. 2.1. Furthermore, such systems
typically use active measurements, wherein a measurement involves the transmission of a
radio/audio message from the localization infrastructure to/from the agent. Since these
communications use the same frequency band, this imposes a constraint on the number of
simultaneous measurements.

In this chapter, a flexible state estimator, and an algorithm for selecting the optimal
localization measurement will be presented, so that an agent may maximize its localization
quality. A first-principles model is developed for an autonomous agent localizing by
measuring distances to fixed (known) locations in the world, which is incorporated in a
Kalman filter for six degrees-of-freedom (6DOF) state estimation. The results are validated
in a series of experiments, where the estimator is deployed on a low-cost quadcopter
system.

A2

A5

A6 A8

A1

A3 A4

A7

Figure 2.1: A schematic of the proposed systems: an agent (here a quadcopter) operates in
a space prepared with multiple radio anchors at known locations (indexed A1-A8) in the
Figure. At any given instant in time, the vehicle can only measure a distance to one anchor.
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2.2 Modeling
We consider the problem of estimating the state of an agent, modelled as a generic six
degree of freedom rigid body, equipped with an inertial measurement (accelerometer and
rate gyroscope), and with the ability to measure the distance to any of a fixed set of points
in its environment. The body’s degrees of freedom are three in translation, and three in
rotation; yielding a six-dimensional state vector to estimate. The goal is to have as general
as possible a model, so that the resulting estimator may be applied to a variety of types of
agents without modification.

Equations of motion

The convention here is of using bold-face symbols for vector/matrix quantities, and
regular font for scalars. Specifically, the position of the object is denoted as x, expressed in
a coordinate system fixed with respect to the ground. The object’s velocity and acceleration
are given respectively by v and a, again expressed in the ground. The orientation of
the object is encoded with the rotation matrixR, and the angular velocity is given by ω.
The rotation matrix is defined so that multiplication by R is equivalent to a coordinate
transformation to the inertial frame, from the body-fixed frame. The time derivatives of
these quantities are given as

d

dt
x = v (2.1)

d

dt
v = a (2.2)

d

dt
R = RS(ω) (2.3)

where S(ω) is the skew-symmetric matrix version of the cross product, so that S(x)y =
x× y. Note we do not use the derivative of the angular velocity, as the angular velocity
can be reliably estimated directly from the rate gyroscope outputs.

Inertial measurements

The agent’s inertial measurement unit outputs accelerometer and rate gyroscope measure-
ments, α and γ, respectively. Both sensors are assumed to be well-calibrated, specifically
having no scale errors nor bias offset.

The rate gyroscope measures the angular velocity, corrupted by an additive noise νγ ,
and the measurement is modeled as

γ = ω + νγ (2.4)
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The accelerometer measures the ‘proper acceleration’ of the vehicle, in the vehicle’s body-
fixed coordinate system, as given by:

αm = R−1 (a− g) + να (2.5)

where we again assume corruption by an additive noise να, and g is the gravitational
acceleration vector, constant in the earth-fixed frame – see [66] for a good tutorial. A typical
‘z-up’ coordinate system would have g = (0, 0,−9.81) m/s2.

Range measurement system

At discrete times, the agent is able to measure the distance from itself to one of a set of
fixed positions in the world (here, called ‘anchors’). The anchors are at known positions pi
in the world, and a measurement ρi to anchor i is modelled as

ρi = ‖x− pi‖+ νρ (2.6)

where ‖·‖ is the Euclidean norm, and νρ is a scalar, additive noise. Note that this assumes
that the radio antenna is located at the same point as the inertial measurement unit; this
assumption can be relaxed easily however. Furthermore, no dependency is assumed on
the orientation, though this has been shown to be a potentially important effect [65].

A single distance measurement between the agent and an anchor consists of a set of
four radio messages, which allow the agent and the anchor to determine the distance
between them by measuring the time-of-flight of the radio signal (see [84] for a similar
scheme). The agent can communicate only with one anchor at a time, meaning that only a
single range measurement can be taken at any instant in time.

2.3 Estimator
The goal of the estimator is to estimate the 12-element state of the rigid body agent, using
measurements from the inertial measurement unit and the range measurements. We
create a “kinematic” state estimator for a generic 6DOF object, making specifically no
assumptions on the forces or torques acting on the system. This yields a flexible estimator,
that may be readily applied to a variety of rigid bodies; the flexibility comes at the cost of
some precision (if we had an accurate model of the forces/torques acting on the agent, this
information could be used to improve the estimator performance).

The estimator is based on the Extended Kalman Filter (EKF) [118], specifically using
the technique of [83] to encode an attitude in the state with correct-to-first-order statistics.
It is worth mentioning that no trilateration method has been used to calculate the position
of the agent from a set of range measurements. The estimator only relies on a single
measurement at each step of EKF.
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Although the 6DOF agent has twelve states, the estimator’s stochastic state ξ is 9
dimensional:

ξ̂ =
(
x̂, v̂, δ̂

)
(2.7)

with the hat denoting estimated quantities, and where δ is an “attitude error” measure,
assumed to be small. The estimator uses a redundant attitude representation, with a
‘reference attitude’ Rref and the attitude error δ̂ combined yielding the estimator’s attitude
estimate R̂ which is

R̂ = Rref

(
I + S(δ̂)

)
(2.8)

with I the identity matrix. This representation allows for a singularity-free attitude
estimation using only a three-dimensional representation of the attitude error. This is
achieved by enforcing the requirement that δ is zero after each Kalman filtering step – a
complete discussion of this approach is given in [83].

The estimator does not include the angular velocity ω as a state, and instead uses
the measurement from the rate gyroscope directly. This is justified by the high-quality
measurements from modern rate gyroscopes, and is a standard approach in e.g. attitude
estimation for satellites (see, e.g. [76]). Not only is this conceptually simpler than encoding
additional states, it substantially reduces the computational complexity of the resulting
state estimator (since the computational complexity of a Kalman filter scales approximately
like the number of states cubed).

In the prediction stage of the extended Kalman filter, the output of the accelerometer
and rate gyroscope are used, so that the acceleration is given by:

d

dt
v = Rαm + g −Rνα (2.9)

The orientation differential equation is rewritten in terms of δ, with specifically

d

dt
δ = γ − νγ (2.10)

It is assumed that the sensor noise terms να and νγ are zero-mean, and spatially and
temporally independent, so that they can be straight-forwardly modelled as process noise
in the Kalman filter formulation.

The output from the ranging radios is used for the estimator’s measurement update
step. Specifically, given a measured distance ρi (with the subscript i indicating the choice
of anchor to which the range was measured), the measurement equation (2.6) can be
linearized straight-forwardly to apply the Extended Kalman filter formulation.
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Since the measurement model is the distance of the agent from the anchor, the partial
derivative with respect to the estimator state has an interesting property:

H i :=
∂ρi
∂ξ

=

(
∂ρi
∂x

,
∂ρi
∂v

,
∂ρi
∂δ

)
(2.11)

∂ρi
∂x

=
x− pi
‖x− pi‖

=: ei (2.12)

∂ρi
∂v

=
∂ρi
∂δ

= 0 (2.13)

This means that the measurement sensitivity is the unit vector in the direction of the agent
from the anchor ei – a very intuitive property that will be exploited in the next section to
determine which anchor i should be used for the measurement.

The Kalman filter also computes an estimated covariance matrix, Σ relying on the
partial derivatives and using the approach of [83]. The matrix may be partitioned into
blocks, as below

Σ =

Σxx Σxv Σxδ

Σvx Σvv Σvδ

Σδx Σδv Σδδ

 ∈ R9×9 (2.14)

with e.g. Σxδ the 3× 3 cross-covariance between the position and attitude states.

2.4 Anchor selection algorithm
As the agent is only capable of measuring the distance to a single anchor at any given
time, there is the freedom to choose which anchor. A simple algorithm to use is to proceed
sequentially through the list of anchors, consistently following some pre-determined
ordering. Here, instead, we describe a computationally efficient and greedy selection
algorithm that maximizes the information gain from the anchors at each time step. This
is done, specifically, by choosing to get that measurement which produces the largest
decrease in the estimator’s variance, using the matrix trace as measure of size. This is
closely related to the information matrix (Fisher information), which for a Gaussian case
is the same as the inverse of covariance matrix, and provides the measure of information
about the state present in the observations [85]. This means by minimizing the covariance
matrix, the maximum of available information in the measurements can be extracted.

Given a measurement ρi from anchor i, the Kalman filter’s covariance is updated at
each time instant according to the standard Kalman filter equations:

Ki = ΣHi
>(HiΣHi

> + r)−1 (2.15)
Σ+
i = (I −KiHi) Σ (2.16)
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where Σ+
i is the updated covariance matrix after a measurement update, Ki is the EKF

gain matrix, and Hi is the measurement matrix as computed in (2.11). By substituting
(2.15) in (2.16), we define the change in covariance due to a measurement update from
anchor i as ∆Σi

∆Σi = Σ+
i −Σ = −ΣH>i (H iΣH

>
i + r)−1H iΣ (2.17)

with r the (scalar) variance of the ranging noise νρ. Since the measurements are scalar, the
matrix inverse is simply an ordinary division. Also, the matrix Hi is sparse, therefore (2.17)
can be decomposed as

∆Σi =
−1

e>i Σxxei + r

Σxxei
Σxvei
Σxδei

Σxxei
Σxvei
Σxδei

> (2.18)

consisting of the projection of the variance onto the unit vector to the anchor i.
By comparing this change in covariance, different potential measurements (to anchors

at different locations) at any given time can be compared. Notable is the intuitive form that
this change takes, which will be exploited to generate an easily computed metric, below.

Minimizing trace of covariance matrix

The performance metric we minimize is the trace of the covariance matrix after the mea-
surement, that is tr

(
Σ+
i

)
. The trace of covariance matrix is the mean of the norm of the

error squared of state estimator (i.e. tr
(
Σ+
i

)
= E||ξ − ξ̂||2). This metric perfectly makes

sense, since the goal is to reduce the estimation error as much as possible [17].
From the definition of ∆Σi in (2.18), and the linearity of the trace operator, it follows

that this is equivalent to maximizing tr (∆Σi) (i.e. by maximizing the difference between
covariance of Kalman filter before and after measurement, the algorithm chooses the
anchor which reduces the covariance trace the most).

Starting from equation (2.17), using the cyclic property of matrix traces (e.g. tr(AB) =
tr(BA)), we simplify to get

tr(∆Σi) = − H iΣΣH>i
H iΣH

>
i + r

(2.19)

This can be simplified further by exploiting the sparsity ofH i, to yield

tr(∆Σi) = −‖Σxxei‖2 + ‖Σxvei‖2 + ‖Σxδei‖2

e>i Σxxei + r
(2.20)

At a given instant in time, the system computes ∆Σi for each anchor i in the network,
and then selects the maximizing anchor. This is a simple computation, requiring only
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a small number of multiplications to compute, and therefore easily implemented on
computationally limited hardware. (i.e. Using (2.20) with the necessary number of fixed
points in the space (usually 5 or 6), the computation cost is significantly small considering
relatively powerful microcontroller used in today’s robotic systems).

2.5 Experimental validation
The approach is validated in experiment, where a quadcopter is used as the autonomous
agent. A first set of experiments is an ensemble, showing the performance of the algorithm
for the quadcopter under external control, so that the motion is repeatable. These experi-
ments compare performance when using the greedy optimization to that when using a
fixed, sequential measurement sequence. The second experiment demonstrates closed-loop
control of the quadcopter, using the resulting state estimate for feedback control.

Experimental setup

The proposed algorithm was tested on a Crazyflie 2.0 quadcopter (shown in Fig. 2.3), with
approximate mass of 30g, and a scale of approximately 105mm. The quadcopter is equipped
with an STM32F4 microcontroller, uses an Invensense MPU9250 inertial measurement
unit, and a Decawave DW1000 module for the ultra-wideband ranging measurements.
The anchors shared the same computational and sensing hardware. All computations
for the state estimation (including the measurement selection) were performed on the
microcontroller. Measurements from the accelerometer and rate gyroscope were taken
at 500Hz, and range measurements were taken at approximately 60Hz. The estimator
performance is quantified by using a ceiling-mounted motion capture system, whose
measurements are taken as ground truth.

The anchor arrangement as well as the quadcopter’s commanded trajectory can be seen
in Fig. 2.4. In general at least four anchors is needed in order to estimate a unique position
in the space (otherwise the estimate of position may be arbitrarily rotated, reflected, or
even translated). But in real-time implementation, it is a good practice to have more
than four anchors for redundancy. Since the estimator uses only one range measurement
at a time from one anchor, increasing the number of anchors will not affect the results
theoretically, though this should be investigated in real-time experiment. Notable is that
three anchors are placed in very close proximity to one another, so that their measurements
convey very similar information. This was chosen so as to highlight the effect of the greedy
optimization algorithm that was proposed in this chapter.

Estimation only

In the first set of experiments, the state estimate is not used for control, and instead an
offboard controller is used. This offboard controller uses measurements from the motion
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Figure 2.2: Estimation using ultra-wideband ranging localization (optimal anchor selec-
tion). The left column of plots shows the position in [m], the middle column shows the
velocity in [m/s], and the right column shows the attitude of the quadcopter in [deg.]. The
experiment illustrates the comparison of true states (driven from motion caption system)
against our estimator using the optimal anchor choice. As seen, quadcopter takes off and
hovers for 2s, then starts moving along the y axis horizontally for 8sec., and finally lands
at the origin. The yellow area around the mean values on the plots shows the square
roots of the diagonals of EKF covariance matrix (i.e. one standard deviation). Note that
the estimator does not compute the estimate in terms of yaw, pitch, and roll angles; the
estimator output is simply transformed into this format as it is easier to parse in a figure.
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Figure 2.3: The quadcopter used in our experiments as the mobile agent. The UWB
ranging sensor (sees in this picture) works at the rate of approximately 60 Hz.

capture system, and consists of a set of cascaded controllers similar to that of [73]. The use
of the offboard controller resulted in repeatable experiments, where the quadcopter moved
along very similar trajectories for each flight (which therefore yields a fair comparison). For
all experiments, the estimator of Section 2.3 runs exclusively on the agent’s microcontroller.

The estimator outputs were examined and compared with two different EKF settings:
when the quadcopter sequentially ranges to anchors (the naïve approach), and when the
quadcopter uses the optimization of Section 2.4. The reference trajectory path is also shown
in Fig. 2.4.

The experiment was repeated ten times for each algorithm, and the resulting root mean
square error (RMSE) for each trial are shown in Table 2.1. Due to the system’s stochastic
nature, the best run using the naïve sequential selection approach is better than the worst
run using the optimization algorithm. Nonetheless, a clear improvement is observed on
average, with an RMSE reduction of approximately 11% in position and velocity, and 17%
in attitude when using the optimal measurement selection algorithm.

Fig. 2.2 shows experimental data from a representative trial using the optimal anchor
selection algorithm. The graph shows that the estimated state is close to the ground truth
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Figure 2.4: Anchor setup and quadcopter trajectory. The set of five anchors are all located at
z = 0, and the quadcopter’s motion is confined to a plane where x = 0, with the horizontal
motion at a height of 2m.

data from the motion capture system, with specifically also the estimator variance being a
reliable indication of estimate quality. The results are closely related to our conclusion on
maximizing the most informative direction in the space. The extreme anchor arrangement,
gives very little information in the x direction to the estimator, and this creates large
uncertainty on that direction. Notable also is the large initial uncertainty in attitude for
the rotation about gravity. This is because this state is unobservable without horizontal
motion, and the uncertainty rapidly decreases when the vehicle executes the side-to-side
motion.
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Closed-loop tracking experiment

The second experiment demonstrates that the estimator performs sufficiently well to allow
the quadcopter to fly without the use of the external system. The result of the experiment in
position can be seen in Fig. 2.5. As seen in the graph, the quadcopter tracks the command
in y and z directions well, but performs more poorly in the x direction. This is due to the
larger uncertainty in this direction, stemming from the anchor layout.

2.6 Conclusion
This chapter presented a computationally low-cost algorithm for estimating the six degree
of freedom state of a rigid body equipped with an inertial measurement unit and operating
inside a system of range-measuring radios. Specific attention was paid to the optimal
selection of a ranging measurement, where the resulting approach is based on greedily
minimizing the trace of the estimator covariance matrix. Although increasing the rate of
measurement can potentially improve the estimator performance, the hardware limitation
is always an issue. Also, even with higher measurement rate, the proposed algorithm can
be used to improve the performance further more. The resulting algorithm can be deployed
on low-cost, computationally constrained devices. The estimator has the advantage that it
makes no specific assumptions about the agent’s motion, and could thus be immediately
applied to a large variety of agents.

A series of flight experiments were performed to demonstrate the efficacy of the
estimator as implemented on a low-cost quadcopter. Over twenty repeated experiments
with the quadcopter externally controlled, a substantial improvement due to the selection
of the anchor using the greedy optimization approach compared to using a naïve sequential
ranging algorithm was shown. Further experiments showed that the estimator performs
sufficiently well to be used for closed-loop control as well, even for fast, unstable systems
such as quadcopters.
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Figure 2.5: Closed-loop control of the quadcopter using the presented optimal anchor
selection algorithm. The plot represents the position of quadcopter. The blue, green, and
red lines show the command position, the onboard position estimator (EKF), and the
motion capture system output (ground truth), respectively. The yellow area around the
estimation shows one standard deviation on position in each direction.
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Chapter 3

Restructure of a ranging-based
localization network

3.1 Overview
An accurate, robust, and accessible localization system is crucial for robot operation in
the case of, for example, emergency services, building fault detection in disaster areas,
or rescue missions. We assume that in these situations the pre-installed infrastructure is
destroyed or limited (i.e. no access to GPS signal), and therefore a local and stand-alone
alternative localization system is vital. Also, the harsh environment of these situation
requires to use reliable sensory devices. For example, the sensors should function in smoke,
dust, and in foggy or heavy rain conditions where optical systems cannot be used reliably.
An infrastructure (e.g. radio/audio beacons) for the local positioning system is important
to be placed in the environment such that it maximizes the localization accuracy, but it is
most likely impossible due to limited accessibility of such environment. The proposed
method in this chapter will address above issues by using a reliable range measurement
sensor with mobile infrastructure setting.

The recently popular ultra-wideband radio ranging is a flexible, relatively low-cost, and
reliable localization technology mostly for but not limited to indoor environments – see e.g.
[109, 29, 110, 39, 74]. The infrastructure components (i.e radio-beacon) of the system are
easy to setup in the environment. The radio-beacon (here called ‘anchor’) communicates
via radio messages with an agent which is equipped with UWB sensor. The result is a
range measurement, the distance between the agent and each individual anchors.

The UWB sensors are used in a wide range of localization methods. For example, in
conjunction with the SLAM (simultaneous localization and mapping) problem, a particular
UWB transmitter-receiver configuration on an agent is used in [30]. The authors explain
that it is crucial to use UWB ranging specially in emergency situation, when other tech-
nologies like camera- or laser-based sensors fail to operate in such harsh environment. The
UWB technology also has medical applications. For example, authors in [19] developed
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an algorithm to improve the localization accuracy of surgical devices using UWB sensor
in highly reflective and dense indoor environments such as operating rooms where mul-
tipath and no-line-of-sight conditions are an issue. In [64], authors developed a Kalman
filter estimator using fusion of inertial measurement unit with UWB ranging sensor for
localization in crowded and dynamic environments like imaging rooms, where technical
devices like C-arm imaging systems or operating tables are moving.

The range measurement based localization is also used in multi-agent cooperative
positioning and wireless sensor network [90, 106, 27, 132, 105]. The main idea is to
localize several agents (or wireless sensor nodes) with the capability of exchanging their
information (i.e. relative distance, position, orientation, etc). Our proposed method
considers using several fixed UWB anchors as well as mobile anchors, the ones that adapt
their positions in order to improve the position accuracy of the agent. In other words, the
cooperation occurs between an agent and a set of mobile anchors. Since the localization
accuracy is sensitive to the anchor arrangement, it is hard to achieve reasonable accuracy
with restricted anchor’s arrangement without careful planning, which may be difficult in
harsh conditions. In this chapter, the position of mobile anchors is assumed to be known
(i.e. they have access to a separate, independent localization technology), whereas the
agents rely only on the mobile and fixed anchors for localization, since they don’t have
access to any localization infrastructure. Future work will look at generalizing this by
removing the separate localization technology which mobile anchors currently rely on. A
schematic of our proposed system is shown in Fig. 3.1

In this chapter, we use a state estimator with no assumption on force-torque, and we
develop an adaptive localization algorithm on top of the estimator for moving a known
ranging measurement point (i.e. a mobile anchor), so that an agent may minimizes its
position uncertainty. The state estimation consists of a general six degrees of freedom
(6DOF) model with measurement model as agent’s distance to known positions in the
world. The adaptive algorithm maximizes the agent’s localization quality in the least-
square sense. The results are validated in a series of experiments, where the estimator is
implemented on a quadcopter system.

3.2 System Model
We consider model of a generic 6 degree of freedom (3 in translation and 3 in rotation)
rigid body for the purpose of estimating the states of an agent. The agent is equipped with
inertial measurement unit (accelerometer and rate gyroscope) and a range measurement
sensor that allows to measure the distance to any of fixed or mobile sets of anchors (with
known location) in its environment. In the following subsections we will briefly describe
the underlying models of the estimator.
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Figure 3.1: A schematic of the proposed systems: an agent (here a quadcopter) operates in
a space prepared with combination of one mobile (indexed as M1) and four fixed radio
anchors (indexed A1-A4). At the left, the ellipse representing the position uncertainty
is extended in the direction which there is no anchors present. At the right, the mobile
anchor moves to the area with no anchors and reduces the uncertainty around the agent.

Equations of motion

We will use the convention of using bold-face symbols for vector/matrix quantities, and
regular font for scalars. In the model, the position of the rigid body (agent) is denoted as
x, its velocity as v, and acceleration as a, all expressed in the inertial frame fixed to the
ground. The rotation matrix and the angular velocity are given respectively byR and ω,
where the rotation matrix represents the orientation of the agent. The multiplication by the
rotation matrix will result a coordination transformation from the body-fixed frame to the
inertial frame. The time derivatives of these quantities are given as

d

dt
x = v (3.1)

d

dt
v = a (3.2)

d

dt
R = RS(ω) (3.3)

note that S(ω) is the skew-symmetric matrix version of cross product, where S(x)y =
x× y.
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Inertial measurements

The inertial measurement unit outputs the accelerometer and rate gyroscope measure-
ments, α and γ. The accelerometer measures the ‘proper acceleration’ in the body-fixed
frame which we assume it is corrupted by additive noise να.

αm = R−1 (a− g) + να (3.4)

The gravitational acceleration is in the inertial frame fixed to the ground, and has magni-
tude g = (0, 0,−9.81) m/s2. The rate gyroscope measures angular velocity of the agent in
the body-fixed frame. The measurement is modeled as

γ = ω + νγ (3.5)

here the the measurement is corrupted by νγ . Both να and νγ are assumed to be zero
mean, based on the fact that the sensors are well calibrated and scale/bias-free.

UWB Range measurement system

The UWB radio mounted on the agent communicates with other radios in the environment.
At each time instant, the agent measures the distance from its position at x to one of fixed
or mobile position at pi (anchor’s position) in the world. This measurement ρi to anchor i
is modelled as the Euclidean norm corrupted with additive scalar noise νρ with zero mean.

ρi = ‖x− pi‖+ νρ (3.6)

The UWB radio uses two-way ranging time-of-flight based algorithm to calculate the
distance (see [84] for two-way ranging scheme). The agent can communicate only with
one anchor at a time, meaning that only a single range measurement can be taken at any
instant in time.

3.3 State estimator
For the state estimation, an extended Kalman filter (EKF) [118] presented in this section
estimates the 12-element state of the agent consist of position, attitude and their derivatives.
The kinematic model makes the Kalman filter an estimator for a generic 6DOF rigid body
with no assumption on forces or torques acting on the agent. The EKF uses the technique
of [83] to encode an attitude in the state with correct-to-first-order statistics.

The estimator does not include the angular velocity as a state, instead uses the output
of rate gyroscope measurement; assuming that the modern sensors output high-quality
measurements which is a standard approach in attitude estimation for satellites [76]. Thus,
the estimator’s stochastic state ξ is a 9 dimensional vector:

ξ̂ =
(
x̂, v̂, δ̂

)
(3.7)
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with the hat denoting estimated quantities, and where δ̂ represents attitude error measure,
assumed to be small. The estimator uses a redundant attitude representation, with a
‘reference attitude’ Rref and the attitude error δ̂ combined yielding the estimator’s attitude
estimate R̂

R̂ = Rref

(
I + S(δ̂)

)
(3.8)

with I the identity matrix. This representation allows for a singularity-free attitude
estimation using only a three-dimensional representation of the attitude error – a complete
discussion of this approach is given in [83].

The EKF uses the output of accelerometer and rate gyroscope for the prediction step,
so the state differential is given by

d

dt
v̂ = Rαm + g −Rνα (3.9)

d

dt
δ̂ = γ − νγ (3.10)

In the measurement update step, the estimator uses the output of the UWB ranging radios.
The linearization of measurement equation (2.6) is as follows

H i :=
∂ρi
∂ξ

=

(
∂ρi
∂x

,
∂ρi
∂v

,
∂ρi
∂δ

)
(3.11)

∂ρi
∂x

=
x− pi
‖x− pi‖

=: ei (3.12)

∂ρi
∂v

=
∂ρi
∂δ

= 0 (3.13)

Note that the measurement sensitivity with respect to the agent’s position ei is the unit
vector in the direction of anchor i from the agent.

The estimate covariance matrix Σ computed by EKF relies on the partial derivatives
of linearization process and using the approach of [83]. This is the partitioned matrix as
below

Σ =

Σxx Σxv Σxδ

ΣT
xv Σvv Σvδ

ΣT
xδ ΣT

vδ Σδδ

 ∈ R9×9 (3.14)

with e.g. Σxδ the 3 × 3 cross-covariance between the position and attitude states. The
very intuitive property of measurement sensitivity will be used in the following section to
determine how the anchors can move in order to maximize the localization quality of the
agent.
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3.4 Mobile anchor algorithm
The measurement model as described in (3.12) is sensitive to the location of the anchors
pi. This means, it is possible to affect the variance of the state estimates by moving the
anchors. This allows to create an optimization problem in order to move the anchors in
the direction which minimizes the estimation error of the agent’s position. The covariance
matrix is used as the metric for estimation quality. In the following subsections we will
discuss this approach in detail.

Least squares approach

The least-square approach is used as an easy-to-analyze approximation of the EKF used to
estimate the agent’s location. This is motivated by the least squares interpretation of the
Kalman filter.

All the derivations in this section are assumed to be for a single mobile anchor with
N − 1 fixed anchors. It is simple to generalize the derivation for multiple mobile anchors,
since the desired moving direction of each anchor decouples. All the quantities without
number subscription are introduced for the single mobile anchor.

Notable is that we have two sets of decision variables in this section. The position
estimate of the agent x is the decision variable for the least squares problem. The mobile
anchor’s position p is the decision variable for minimizing the variance of the agent’s
position estimate. We are using these two variables throughout this section.

We consider again the ranging measurement model in (2.6). Note, here we look at
a batched version of this equation (i.e. the equation is concatenation of scalar measure-
ments at each discrete time step for N anchors, fixed or mobile anchors), which is an
approximation of EKF

ρ = h(x,p) + νρ (3.15)
ρ
ρ1
...

ρN−1

 =


‖x− p‖
‖x− p1‖

...∥∥x− pN−1∥∥

+


νρ
νρ1
...

νρN−1

 ,
where ρ is the measurement vector, νρ is the additive noise vector with zero mean, and
h(x, p) is the nonlinear measurement model (vector-valued equation) mapping the posi-
tion of an agent in R3 to the batch of anchors’ measurements in RN . The partial derivative
of the nonlinear model with respect to the agent’s position will result a N × 3 Jacobian
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matrix

H(x̂, p) =
∂h(x, p)

∂x
=


e>

e>1
...

e>N−1

 ∈ RN×3 (3.16)

where ith row of the matrix is the unit vector pointing from the agent to anchor i. Assuming
noise in (3.15) to be zero mean with isotropic covariance Var(νρ) = qI , the position estimate
can be found by minimizing the 2−norm squared of noise

x̂ = arg min
x
‖νρ‖2

As stated before, for the nonlinear measurement model this will be done iteratively by
linearizing the model at each time step, and moving in the direction of the gradient descent.

Statistical properties

Since we use the linearized version of the equation, the mean of the estimated position is
zero (i.e. unbiased estimator) but the variance is

Var(x̂) ≈ ((H>H)−1H>)qI((H>H)−1H>)>

= q(H>H)−1 (3.17)

For brevity, we useH instead ofH(x̂, p) from now on. Our goal is to minimize the effect
of noise on the state estimates (i.e. to minimize the variance of the state estimates by
varying the anchor location). Specifically, we choose to minimize the largest eigenvalue of
the covariance matrix, which is equivalent to maximizing the smallest eigenvalue of its
inverse:

max
p

min
i

λi(H
>H) (3.18)

By expanding matrix H>H , the max-min problem can be converted to a simple form.
Substituting (3.16) in matrixH , the result is the sum of N rank-one matrices

H>H =
[
e e1 . . . eN−1

]

e>

e>1
...

e>N−1

 (3.19)

= ee> +
N−1∑
i=1

eie
>
i
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Since all ei and e are unit vectors (the direction to the anchors), the trace of H>H is
always constant and equal to the number of anchors:

tr(H>H) = tr(e>e) +
N−1∑
i=1

tr(e>i ei) = N (3.20)

The trace of a matrix is also equal to the sum of its eigenvalues; that means the sum of
eigenvalues of the covariance matrix in this problem is constant.

tr(H>H) =
3∑
i=1

λi = N (3.21)

Using this fact, the max-min optimization problem can be transformed to

max
λ,t

t

subject to 1>λ = N

t ≤ λi ∀i
0 ≤ λi ∀i

(3.22)

where t is a slack variable, and λ is a vector representing the eigenvalues of matrixH>H .
This problem can be solved by introducing its dual problem. Since (3.21) shows that the
sum of eigenvalues is constant, we can conclude that (3.22) is equivalent to the following
problem

max
p

det(H>H) = max
i

3∏
i=1

λi (3.23)

It can be shown that for both problems the maximum occurs, when all the eigenvalues
are equal. Specifically, (3.18) has interpretation for robust design (it minimizes the worst
variance direction) as opposed to (3.23) which minimizes the volume of ellipsoid associ-
ated with the covariance matrix [17]. This shows that this method satisfies both design
approaches (i.e. minimizing the largest variance direction will result in minimizing the
ellipsoid volume).

Mobile anchor

Since the matrix consists of the mobile anchor’s position, its determinant depends on the
position of the mobile anchor at each time step.

H>H =
(x̂− p)(x̂− p)>

‖x̂− p‖

+
N−1∑
i=1

(x̂− pi)(x̂− pi)>

‖x̂− pi‖
∈ R3×3
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By taking partial derivative with respect to the mobile anchor’s position p = (x, y, z) we
can find a direction that the mobile anchor can move in order to minimize the determinant
of the covariance matrix

∂det(H>H)

∂p
=

 d
dx

det(H>H)
d
dy

det(H>H)
d
dz

det(H>H)

 (3.24)

We rewrite the inverse of the covariance matrix in a compact form as

H>H =

m1 m2 m3

m2 m4 m5

m3 m5 m6

 (3.25)

wheremi are functions of mobile anchor’s position. As an example,m1 andm6 have the
form (note that x̂1, x̂2, x̂3 are the three first states of the estimator representing the agent’s
position):

m2 =
(x̂1 − x)(x̂2 − y)

‖x̂− p‖2
, m6 =

(x̂3 − z)2

‖x̂− p‖2

Representing the inverse of the covariance matrix in the compact form of (3.25) allows to
derive the determinant of the matrix and its partial derivative in terms of functions mi,
and then substitute back the mobile anchor’s position. At the end, (3.24) will be a set of
three closed form equations in terms of the mobile anchor’s position as well as the agent’s
position, which can be easily implemented.

We choose the control action as the velocity command for the mobile anchor which is
the Jacobian of the determinant of the covariance matrix multiplying by a gain value s > 0
as follows

vcmd = s
∂det(H>H)

∂p

This is exactly the same as moving on the direction of gradient ascent iteratively until the
mobile anchor reaches to the top (max point of determinant) and stays there. For sequence
of steps the mobile anchors move as follows

p(k + 1) = p(k) + (∆t)vcmd (3.26)

where k is time steps and ∆t is the discrete time interval. In the following section we will
present the real-time experimental results of this approach.
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Figure 3.2: Closed loop control of quadcopter using UWB ranging sensor with and without
use of mobile anchor. The experiment illustrates the square roots of the diagonals of EKF
covariance matrix (i.e. one standard deviation). As seen using mobile anchor, decreases
uncertainty (position and velocity) dramatically in the x direction, since there are enough
fixed anchors along y direction but nothing in the x direction (see Fig. 3.3). Note that
the estimator does not compute the estimate in terms of yaw, pitch, and roll angles; the
estimator output is simply transformed into this format as it is easier to parse in a figure.

3.5 Experimental validation
The approach is validated in experiment, where two quadcopters are used, one as au-
tonomous agent and one as mobile anchor. A first set of experiments just uses the fixed
anchors as the only UWB measurement setting. The second experiment uses one mobile
anchor in addition to the fixed anchors. Results will be presented by comparing the agent’s
variance computed by the onboard EKF for the two different experiment settings.
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Figure 3.3: Top view. Red dots represent the position of fixed anchors in both sets of
experiments. The black dot is the fifth fixed anchor in the first and the initial position of
mobile anchor in the second set of experiments. The set of four anchors are all located at
z = 0. The blue path is the projection of the mobile anchor trajectory on xy plane.

Experimental setup

The testbed we used to examine our algorithm is a Crazyflie 2.0 quadcopter, with approxi-
mate mass of 30g, and motor-to-motor distance of 105mm. We used two quadcopters as
the agent and the mobile anchor in our experiments. The quadcopter is equipped with
an STM32F4 microcontroller, an Invensense MPU9250 inertial measurement unit, and a
Decawave DW1000 radio module for the ultra-wideband ranging measurements. Beside
the mobile anchor which shared the same hardware, all the fixed anchors also have the
same computational and sensing hardware. The state estimation (EKF) for the agent was
performed on the microcontroller, but the mobile anchor used motion capture system for
its own localization, and was commanded by the trajectory according to (3.26) computed
off-board on a computer. Measurements from the accelerometer and rate gyroscope were
taken at 500Hz, and range measurements were taken at approximately 80Hz. The effec-
tiveness of our approach on the estimator performance is quantified by using the motion
capture system, whose measurements are taken as ground truth.

The top view of the anchor arrangement can be seen in Fig. 3.3. Notable is that the
anchors are placed such that their measurements carry sufficient information in the y
direction, but not very much in the x direction. This was chosen so as to highlight the
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Root mean-square error (RMSE)
Average difference %4 fixed, 1 mobile 5 fixed anchors

position [m] 0.156 0.182 -14.3%
velocity [m/s] 0.374 0.409 -8.6%
attitude [deg.] 5.140 5.315 -3.3%

Table 3.1: Comparison of estimation error from experiments

importance of mobile anchor and our proposed algorithm.

Experiment with mobile anchor

Two sets of similar experiments were conducted to verify the advantage of using mobile
anchor against only fixed anchors to improve the localization accuracy. In the first set of
experiments, we used five fixed anchors placed on the ground as pictured in Fig. 3.3. We
ran this test several times while the quadcopter hovers at the same position at origin and
the EKF described in Section 2.3 runs on the quacopter’s microcontroller. In the second set
of experiments, we used four fixed anchors in addition to one mobile anchor. The mobile
anchor starts from its initial position (black dot in Fig. 3.3) and moves according to the
algorithm described in Section 3.4.

Table 3.1 compares the average root mean square error (RMSE) on state estimates of
the quadcopter (position, velocity, attitude) from several trials for both sets of experiments.
As seen the average RMSE is improved by about 14%, 9%, and 3% for position, velocity
and attitude respectively. The results show larger improvement on position rather than
other states. This represent the fact that the proposed algorithm have direct impact on the
position estimate quality but not on velocity and attitude. Fig. 3.4 shows the determinant
of inverse covariance matrix in the proposed algorithm det(HTH)−1. This verifies that
the mobile anchor has moved to decrease the position uncertainty around the agent.

Fig. 3.2 shows the experimental data of a trial of both experiments, which is the
comparison of one standard deviation of state estimates. Comparing the monotonic
decrease in the uncertainty of position in x direction (blue line) with no improvement
in y shows that our intuition about anchor’s arrangement was correct; absence of any
anchor along the axis of symmetry between the fixed anchors causes insufficient available
information along that axis, but when the mobile anchor starts to move towards the axis
the uncertainty also decreases accordingly.

As the agent navigates in the environment to reach the target position, the localization
network (anchors) is capable to reconstruct itself in real time accordingly. Although the
proposed algorithm for the mobile anchor was derived assuming that the agent’s position
is fixed (i.e. no dynamic model was introduced), the algorithm works reliably even for the
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Figure 3.4: Determinant of the inverse of the covariance matrix. The plot shows the
increase of the determinant as expected when the mobile anchor moving in the direction
of gradient ascent; that means the state estimate variance is decreasing.

moving agent. As an example, Fig. 3.5 shows an experiment when the quadcopter tracks
a trajectory, and the mobile anchor adapts its position based on the proposed approach
reducing the uncertainty of the quadcopter’s position estimate.

3.6 Conclusion
This chapter presented a EKF estimator for estimating a 6DOF states of an object using
accelerometer, rate gyroscope, and UWB ranging sensor. Specifically, the chapter was
focused on developing a method to use UWB mobile anchor and improving the localization
quality of an agent. This was done by minimizing the determinant of the covariance matrix.
The minimization will result a set of closed form equations representing a direction that
the mobile anchor moves in that direction at each time instant.

By using an UWB mobile anchor and the presented method, the quadcopter was able to
reliably fly (hovering and tracking a trajectory) while the fixed anchors was set in specific
locations to cause a large uncertainty in one direction which makes the flight very hard.
The experimental results presented in this chapter have shown a improvement on the
position estimate (about 14%), which had also an indirect impact on the improvement of
the velocity and attitude estimates. In addition, the result of a trajectory tracking scenario
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Figure 3.5: Closed loop control of the quadcopter using one mobile anchor. The plot
shows that the quadcopter is tracking a horizontal trajectory (dashed blue) along the y
axis. Despite the fact that the method was developed for a fixed agent, the results show
that it can be used for moving agents as well.

showed that the proposed method can be applied for the moving agents, and will result to
reducing the overall uncertainty of the state estimates.
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Part II

Probabilistic Pose Estimation
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Chapter 4

Point Registration with Directional
Mixture Model

4.1 Overview
The problem of point registration or matching plays a crucial role in many engineering
applications and scientific disciplines from robot navigation, odometry and autonomous
vehicles to graphics, object modeling, and medical imaging. In all of these applications,
it is important to acquire a very accurate point registration, despite the sensors errors
and limitations. The goal of point registration is to use 3D dataset observation and
try to find the best rigid transformation hypothesis that maps one frame to the next.
The rigid transformation (R, t) ∈ SE(3) consists of a rotation matrix R ∈ SO(3) and a
translation vector t ∈ R3; and a 3D point x ∈ R3 can be accordingly transformed rigidly as
T (x) = Rx+ t.

Recently, the point registration algorithms have received extensive focus from academia
and industries in autonomous driving, since the rapidly developed 3D sensing technology
endows the intelligent vehicle the capacity of accurate mapping and localization. Supe-
riority of 3D LiDAR which can reliably employed during night, bad weather (e.g. rain,
snow), and in terms of computing complexity, makes it a suitable choice of 3D perception
for intelligent vehicles. However, the limited sensor’s coverage, intrinsic sensor errors,
and outliers caused by occlusion or unpredictable traffic participators in the real traffic
scenarios are formidable challenges which require to be addressed when trying to deploy
the point registration algorithm in intelligent vehicles.

A standard approach for point registration problem is the Iterative Closest Point (ICP)
algorithm [11] which solves the problem in two iterative steps: finding the correspondence
points and then minimizing the sum of squared residuals to find the best transformation.
The ICP method is sensitive to the outliers and the solution is heavily influenced by the
initialization. There are several variants of ICP method that try to improve the original
method in different regards: ICPp2pl, ICPpl2pl, GICP [70, 115, 113]. In all of these methods
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Figure 4.1: Two data samples drawn from Kent distribution. Left: Samples drawn from
a single Kent PDF. Arrows show µ the mean direction of samples as well as γ1,γ2 major
and minor axes which depend on the orientation of samples. Right: Shows a mixture of
two Kent distributions with different parameters. The pointcloud surface normals with
different concentrations, can be modeled as a mixture of Kent distributions.

both rotation matrix and translation vector are found together iteratively. In addition, the
correspondence phase is hard-assignment or one-to-one.

Our proposed method solves the problem of point registration in a probabilistic fash-
ion by incorporating the orientational information from the pointcloud. The method is
mainly motivated by the fact that it can robustify the registration to noise and outliers
by incorporating surface normals. In particular, the surface normals are assumed to be
drawn from a directional distribution called Kent distribution. Directional statistic is a
suitable way to represent pointcloud features like surface normals, since they represent a
directional pattern in the pointcloud and also they are invariant with respect to translation.
In this approach the estimation of rigid transformation can be decoupled into two steps:
first, the rotation matrix between two frames can be estimated using the surface normals,
and second, the translation vector can be found using the positional information of the
pointcloud. The decoupling of rotation matrix from translation vector is also addressed in
[125].

Many previous works use the probabilistic approach (i.e. soft-assignment) for the
correspondence phase [104, 72, 86]. In contrast to hard-assignment or one-to-one corre-
spondence in classical ICP methods, in this method the points are associated to each other
in two frames according to a probability distribution. [86] formulated the point registration
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problem as a maximum likelihood (ML) estimation problem by using Gaussian mixture
model (GMM). [33] also use GMM to describe and register multiple pointclouds jointly
that are assumed to be drawn from an underlying distribution. There are other variants of
GMM method with different noise and outlier conditions [54, 48].

Recently, [78] and [12] proposed point registration with Von Mises–Fisher distribution
which is also a directional distribution defined on a unit sphere for 3D points. The method
is a hybrid method that combines both directional and positional information into a
hybrid of Gaussian and Von Mises distributions. Although the method improves the
registration with regard to outliers, its isotropic assumption is not realistic in the real world
applications. In contrast, Kent distribution accounts for anisotropic (i.e. the ovalness of
surface normals on a unit sphere) dataset as seen in Fig. 4.1. This will further address the
problem of outliers in dataset. Based on the proposed statistical framework, the iterations
of finding correspondences and updating transformations are now considered as a type of
Expectation-Maximization (EM) procedure.

The rest of this chapter is organized as follows; first we start by preliminaries and
introducing nomenclatures, including the definition of Kent distribution. Then we intro-
duce the mixture model that describes the probabilistic relationship between points in two
frames. Then, we detail the steps in the EM algorithm in the proposed method. We present
the results from the experiments on ETH dataset, and finally we make the concluding
remarks and discuss the future directions.

4.2 Methods
Preliminaries

Throughout the chapter we use the following notations for pointclouds:

• M , N– number of points in the model and observed pointclouds, respectively,

• Y = {yi}m=1,...,M , yi ∈ R3– the model pointcloud,

• X = {xi}n=1,...,N , xi ∈ R3– the observed pointcloud,

• Ỹ = {ỹm ∈ R3 : ‖ỹi‖2 = 1}i=1,...,M– the surface normals of model data,

• X̃ = {x̃n ∈ R3 : ‖x̃i‖2 = 1}i=1,...,N– the surface normals of observed data,

• µy the positional mean of the model pointcloud,

• µx the positional mean of the observed pointcloud,

• zn, 1 ≤ n ≤ N , the hidden random variable in the mixture model.
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Figure 4.2: Example from the KITTI dataset [37]. Figures show two urban scenes pointcloud
data and associated surface normals on a unit sphere. As seen, as the vehicle moves, the
surface normals are also moving on the unit sphere which indicates the rotation between
consecutive frames.
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Kent distribution is the spherical analogous of the bivariate Gaussian distribution which
was introduced by [59]. Since the distribution is defined over the set of unit vector on a
sphere, it is suitable for representing surface normals of data points in a pointcloud. The
distribution can be represented with 5 parameters (κ, β,µ,γ1,γ2) as1,

FB5(x̃) = c(κ, β)−1 exp
{
κµT x̃+ β

[
(γT1 x̃)2 − (γT2 x̃)2

]}
,

where κ ≥ 0 is the concentration, β ≥ 0 describes ovalness, µ ∈ R3 is the mean direction,
and γ1,γ2 ∈ R3 are the major axis and minor axis of the orientation of the distribution,
respectively. Together, Γ = (µ,γ1,γ2) creates an orthogonal matrix representing the
total orientation of data on the sphere. c(κ, β) is the normalization term which can be
expressed, in general, with an infinite sequence of the Modified Bessel functions, but it can
be simplified under the assumption of 2β < κ and large κ as c(κ, β) = 2πeκ

(κ2−4β2)1/2
.

Problem formulation

The point registration problem can be modeled as a mixture of Kent distributions. The
distribution which describes the probability of an observed data point corresponding to a
model data point has the form [12],

FB5(x̃n|zn = ỹm) =

c(κ, β)−1 exp
{
κỹTmx̃n + β

[
(γT1 x̃n)2 − (γT2 x̃n)2

]}
, (4.1)

where ỹm are substituted as the mean directions, and consequently the marginal distribution
of an observed data point x̃n can be computed as,

p(x̃n) =
M∑
m=1

πmFB5(x̃n|zn = ỹm) + π0p0(x̃n). (4.2)

In general, the membership probabilities are part of parameter estimation in mixture
models, but here they are assumed to be constant and identical. We also add a uniform
distribution which accounts for the noise/outlier in the data points as p0(x̃n) = 1

N
. π0 can

be chosen empirically based on the approximate amount of noise/outlier in the dataset.
Fig. 4.2 shows an example of two urban scenes and the estimated surface normals which
represents a mixture of Kent distributions. Normals rotate on the sphere in consecutive
frames and are invariant to the translation along the trajectory of the vehicle.

By assuming that all surface normals of the observed data points x̃1, . . . , x̃N are inde-
pendent, the likelihood function is

L(Θ) = p(X̃|Ỹ ; Θ) =
N∏
n=1

p(x̃n), (4.3)

1In the original paper the distribution was called Fisher-Bingham with 5 parameters, therefore we use
the same notation FB5(.) in this chapter as well.
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and the log-likelihood function can be computed as

logL(Θ) =
N∑
n=1

log p(x̃n) (4.4)

=
N∑
n=1

log
M∑
m=1

(πmFB5(x̃n|zn = ỹm) + π0p0(x̃n)) ,

where the parameters are Θ = (κ, β,γ1,γ2,R). The matrixR rotates the surface normals
of the observed pointcloud X̃ to the surface normals of the model pointcloud Ỹ , and has
been expressed implicitly in (4.1) as ỹm = Rx̃n. Rotating surface normals does not change
other parameters in the distribution as stated in the following lemma.

Lemma 1 IfR is an orthogonal matrix, and x̃ ∼ FB5(κ, β,µ,γ1,γ2), then, ỹ ∼ FB5(κ, β,Rµ,Rγ1,Rγ2)
when ỹ = Rx̃.

Proof 1 From the definition of Kent distribution we know that we always have x̃∗ ∼ FB5(κ, β, I)
when x̃∗ = ΓT x̃. Then if x̃∗ = (RΓ)T ỹ, therefore, x̃∗ = ΓTRT ỹ, which means ỹ = Rx̃.

This is also intuitive that the orientation parameter does not change the compactness
of the Kent distribution, since the rotation matrix is orthogonal, therefore κ and β are
preserved. This helps us to estimate the change of the orientation of surface normals
without considering any changes in the compactness and ovalness.

Log-likelihood function in (4.4) assumes a prior knowledge of point correspondence
(i.e. the correspondence between points in two pointclouds). However, in practice we don’t
know those correspondences and we refer to the observed data as incomplete. Since the
correspondence between surface normals in observed and model data is missing, the hidden
variable zn is introduced in EM algorithm to represent their probabilistic assignment.
We describe an EM-like approach in the next section in order to iteratively solve for
incomplete-data version of the maximum likelihood (ML) problem.

Algorithm 1 Main Algorithm
Input: observed and model pointclouds: X , Y .
Output: R, t

1: Surface normals estimation X̃ , Ỹ according to Section 4.3
2: Divide Ỹ , X̃ to K groups according to Section 4.3
3: Update Θk in parallel for each group k = 1, . . . , K according to Algorithm 2.
4: AverageRk according to equation (4.14).
5: Update t according to equation (4.15).
6: ReturnR, t.
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4.3 Point Registration Algorithm
In this section we describe the proposed approach for 3D point registration using Kent
distribution. The method relies on decoupling of rotation from translation by estimat-
ing rotation based on surface normals and translation from the positional data points.
Algorithms 1 and 2 outline the steps of the method.

Surface Normals Estimation

Several methods exist to estimate the surface normals associated with each point in the
pointcloud [61]. In this chapter we compute the normals using principal component
analysis (PCA) method. To improve the performance of the proposed method, we pre-
process the surface normals with: a) orientation consistency and b) outliers removal. The
orientations of surface normals computed by PCA are ambiguous (i.e. it is impossible to
solve for the sign of normal vectors). To ensure we have consistent surface normals in
the algorithm, we use a defined viewpoint vp to make their orientation consistent [107].
All normals ni of points xi with the same directions should satisfy ni · (vp − xi) > 0. We
also use a modified version of outlier removal method for the surface normals. We utilize
cosine similarity in order to remove normals that are far away from their mean direction. The
method is detailed in [142] and [108].

Clustering with Spherical k-means

In the most of urban scene pointclouds, the majority of surface normals are estimated
based on prominent surfaces such as buildings which generate the pattern of surface
normals concentrated in specific areas on the sphere (for example see Fig. 4.2). Therefore
we use spherical k-means approach [49] to cluster surface normals and use those normals
from the same cluster in both observed and model data points. This helps to run the
algorithm in parallel for the smaller size of data points in each cluster and finally take an
average to find the overall rotation matrix in each step. It is worth noting that the spherical
clustering is closely related to ML estimate of Von-Mises distribution which is the same as
Kent distribution when β = 0 [5]. Fig. 4.3 depicts steps in order to prepare surface normals
for the EM algorithm which will be explained in the following subsection.

EM-like Algorithm

A variant of EM approach is adopted here to estimate the parameter Θ. As stated in
Section 4.2, since the point correspondence is not available (i.e. the observed data is
viewed as being incomplete), log-likelihood function in (4.4) cannot be optimized directly.
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Algorithm 2 EM-like Algorithm
Initialization: κ, β,γ1,γ2,R

1: while not converged do
2: E-step: Compute posterior probabilities τmn according to equation (4.6)
3: M-step:
4: UpdateR according to equation (4.12)
5: Compute parameters using moment estimates according to Section 4.3
6: end while
7: Return κ, β,γ1,γ2,R

The complete-data log-likelihood function is given by

logLc(Θ) =
N∑
n=1

M∑
m=1

P (zn|x̃n)

(
log π0 + log p0(x̃n) (4.5)

+ log πm + log FB5(x̃n|zn = ỹm)

)
,

where P (zn|x̃n) is the posterior correspondence probability that links the observed data
to the realization of hidden variables. The parameters will be found by minimizing the
negative of the conditional expectation of logLc(Θ) iteratively in the following two steps.

E-step

The hidden correspondence-label zn will be handled by the E-step, which is computing
the posterior probability distribution τmn. This posterior distribution plays the role of
soft-assignment between the model normals ỹm and the observed normals x̃n, and can be
computed as

τmn = P (zn = ỹm|x̃n) =
πmFB5(x̃n|zn = ỹm)

p(x̃n)
, (4.6)

for m = 1, . . . ,M , n = 1, . . . , N , and where the denominator is defined in (4.2). The
posterior probability of assigning observed normal to an outlier is τ0n = 1−

∑M
m=1 τmn. By

replacing τmn in (4.5) we have the function that needs to be maximized in the M-step,

Q(Θ) =
N∑
n=1

M∑
m=1

τmn
(

log π0 + log p0(x̃n) (4.7)

+ log πm + log FB5(x̃n|zn = ỹm)
)
.
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Figure 4.3: The process of preparing surface normals from pointcloud data. 1) pointcloud
2) estimating surface normals 3) outlier removal 4) spherical clustering.

M-step

This step requires to find the parameter Θ of the distribution by maximizing the Q(Θ)
function

Θ∗ = arg maxΘ Q(Θ). (4.8)

Although the optimization problem in (4.8) has closed form solution for some types of
probability distributions, unfortunately due to the orthogonality constraints on Kent
distribution parameters and rotation matrix, this constrained nonlinear problem is hard to
solve. Therefore we solve the problem in two sub-steps: finding rotation matrix and then
updating Kent distribution parameters.
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Rotation Matrix Update:

Substituting in (4.7) we have

Q(Θ) =
M∑
m=1

N∑
n=1

τmn

(
log π0 + log p0(x̃n)

+ log πm + log c(κ, β)−1

+ κỹTmRx̃n + β
[
(γT1Rx̃n)2 − (γT2Rx̃n)2

])
. (4.9)

The optimal rotation matrix can be found by maximizing Q-function with respect to the
rotation matrix which belongs to the set of special orthogonal matrices SO(3) defined as

SO(3) = {R ∈ R3×3|RTR = I, detR = 1}. (4.10)

After removing constant terms and also minimizing negative of Q-function, the constraint
optimization problem can be written as,

R∗ = arg minR∈SO(3) −Q(Θ) = arg minR∈SO(3)

M∑
m=1

N∑
n=1

τmn
(
− κỹTmRx̃n + β

[
(γT2Rx̃n)2 − (γT1Rx̃n)2

])
= arg minR∈SO(3) − κ

M∑
m=1

N∑
n=1

τmnỹ
T
mRx̃n

+ β
M∑
m=1

N∑
n=1

τmn(x̃TnR
T (γ2γ

T
2 − γ1γ

T
1 )Rx̃n). (4.11)

Using matrix trace and its cyclic property, the first term above can be rewritten as

M∑
m=1

N∑
n=1

τmnỹ
T
mRx̃n =

M∑
m=1

N∑
n=1

tr(τmnỹ
T
mRx̃n) =

M∑
m=1

N∑
n=1

tr(Rτmnx̃nỹ
T
m) = tr(R

M∑
m=1

N∑
n=1

τmnx̃nỹ
T
m).
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The second term in (4.11) also can be simplified the same way,

M∑
m=1

N∑
n=1

τmnx̃
T
nR

T (γ2γ
T
2 − γ1γ

T
2 )Rx̃n =

M∑
m=1

N∑
n=1

tr
(
τmnx̃

T
nR

T (γ2γ
T
2 − γ1γ

T
1 )Rx̃n

)
=

M∑
m=1

N∑
n=1

tr
(
RT (γ2γ

T
2 − γ1γ

T
1 )Rτmnx̃nx̃

T
n

)
=

tr

(
RT (γ2γ

T
2 − γ1γ

T
1 )R

M∑
m=1

N∑
n=1

τmnx̃nx̃
T
n

)
.

By substituting the following matrices

A = γ2γ
T
2 − γ1γ

T
1

B =
M∑
m=1

N∑
n=1

τmnx̃nx̃
T
n

C =
M∑
m=1

N∑
n=1

τmnx̃nỹ
T
m,

and rearranging the terms, we can rewrite (4.11) in a compact matrix form as

R∗ = arg minR∈SO(3) βtr(RTARB)− κtr(RC). (4.12)

Since the constraint in (4.10) is the set of special orthogonal group or the set of rotation
matrices which are smooth, it is convenient to use Riemannian manifold optimization. We
use the manifold optimization solver from the package in [16].

Distribution Parameters Update:

After updating the rotation matrix, we need to update distribution parameters as well.
Recalling equation (4.9), we just retain terms that depend on the parameters and also
substitute the optimal rotation matrix from previous step,

(κ∗, β∗,γ∗1,γ
∗
2) = arg minγT1 ·γ2=0

M,N∑
m,n=1

τmn

(
− log c(κ, β)−1

− κỹTmR∗x̃n + β
[
(γT2R

∗x̃n)2 − (γT1R
∗x̃n)2

])
. (4.13)
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There are some attempts to solve variant of this problem (in the context of mixture of
Kent distributions) iteratively using BFGS quasi-Newton method with reparametrization
of variables [12] or BSLM approach [87], but there is no guarantee to find a solution
considering the nonconvex nature of the problem. A more convenient method to solve for
parameters, as described in [92], is the moment estimation method. The method should be
adapted for the mixture of Kent distribution, as it is only described before for the unimodal
Kent distributions. Here we compute the weighted sample moments as follows,

¯̃x =

∑N
n=1 Tn(R∗x̃n)

Np

S =

∑N
n=1 Tn(R∗x̃n)(R∗x̃n)T

Np

where Tn =
∑M

m=1 τmn and Np =
∑M

m=1

∑N
n=1 τmn. Using the above weighted moments, the

rest of the method has been explained in [59], and we exclude the details here for brevity.
Using the moment estimate instead of ML estimate makes the EM algorithm to lose the

theoretical convergence guarantees, however as stated in [59], the moment estimation is
very close to ML estimate in case of small eccentricity 2β

κ
or large κ, which is a usual case

in practice.

Rotation averaging and Translation:

Finally we need to compute average of the rotations from different clusters and estimate
the translation. Rotation averaging in Euclidean sense can be computed as,

R = RUdiag(
1√
Λ1

,
1√
Λ2

,
s√
Λ3

)UT (4.14)

where R =
∑N
i R

∗
i

N
, N2UTDU = N2R

T
R, and D = diag(Λ1,Λ2,Λ3). Also s = 1 if det(R)

is positive and s = −1 otherwise [79]. R∗i are the optimal rotation matrices found by
the algorithm for each cluster in the dataset. The translation vector also can easily be
computed based on the positional mean of rotated observed data and model data,

t∗ = µy −R∗µx. (4.15)

This is valid, since it is the optimal translation in the sense of Euclidean norm which has
been used in ICP-based methods as well.

4.4 Experimental Results
In this section the proposed method is tested and verified via 3D pointcloud registration
on real indoor scanner pointclouds [96]. We pre-processed the pointcloud frames before
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Figure 4.4: Top: Example of staircase pointcloud with 20% outliers (blue points) and its
associated surface normals. Bottom: Comparison of rotation and translation errors.



CHAPTER 4. POINT REGISTRATION WITH DIRECTIONAL MIXTURE MODEL 49

applying the algorithm. In the first stage, frames were down sampled to 10% of the original
size (about 10, 000 points) which was empirically chosen. In addition, all the processes
on the surface normals described in Section 4.3 was performed. The proposed method
was implemented in MATLAB. The algorithm was initialized with identity rotation matrix
and zero translation vector. The distribution parameters were initialized in E-step based
on the current frame. We empirically found best results with 15 neighborhood points for
surface normals estimation. We adopt the error metric for comparison of estimated and
true rotation matrices from [129],

eR̂ = cos−1
(

tr(RT R̂)− 1

2

)
where R̂ andR are estimated and true rotation matrix, respectively. And for the translation
error we have l2-norm of the difference of estimated and true translation et̂ = ||t̂− t||2.

Outlier Robustness

We performed a set of point registration experiments comparing the robustness of the
proposed method with ICP and NDT methods. Fig. 4.4 shows an example of frame with
outlier points in blue. It can be seen that how the positional outliers impact and spread their
associated surface normals on the unit sphere. The bottom plots illustrate the average of
rotation and translation errors with different level of outliers injected into the pointclouds
over Ntrials = 100 trials. As seen, ICP and NDT methods have inconsistent and higher
error with regard to outliers which makes them unreliable in practice. In contrast, the
proposed method has relatively lower errors and consistent with the level of outliers.

Performance Evaluation

The results from comparison of different point registration methods are tabulated in
table 4.1. The results show the average rotation and translation error on the sequence of
same frames from the dataset. For NDT [123], the grid size is set as 2.0, 4.0, 2.0, 1.0 meters
with aligns the pointclouds in a finer-coarser-to-finer manner, and for CICP [32] the scale
factor is σ = 1.0 meter with a decay rate of 0.96. Fig. 4.6 represents an example of the
point matching of two consecutive frames. The green is the pointcloud that is transformed
back into the model pointcloud based on the estimated rigid transformation found by the
proposed method. As seen in the table 4.1, the proposed algorithm outperforms other
methods with regard to translation error and generates satisfying rotation errors compared
with the state-of-the-art NDT and GICP. It is reasonable to infer that the more information
involved, the more accurate of the point registration algorithm. For instance, the ICP and
CICP based on point-to-point distance produce the worse matching results. Likewise,
GICP and NDT utlize more geometrical information like curvatures and more abstracted
covariance matrices, which guarantees the better results.
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Figure 4.5: Top: Example of staircase pointcloud with 20% outliers (blue points) and its
associated surface normals. Bottom: Comparison of rotation and translation errors.
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Table 4.1: Comparison of PR Methods

Trials ICP PointNetLK RPM-Net Ours
angular error Avg. eR̂ 1.27 0.847 0.305 0.74
translation error Avg. et̂ 0.403 0.0054 0.003 0.018

The proposed feature-based point registration method has two advantages over other
methods: firstly only the directional information is utilized for rotation estimation and
secondly the computationally expensive correspondence phase in ICP- or NDT-based
methods is avoided, but the registration results are still competitive even with NDT or
GICP. On the other hand, since the indoor pointcloud is free of most of missing data
comparing with outdoor scenes, we expect our method would perform better in the
presence of outliers, occluded, and missing data as presented in the previous experiment
case.

Finally as stated in Section 4.3, although using moment estimate method makes the
EM algorithm without convergence guarantee, since the algorithm utilizes the highly
concentrated surface normals on the unit sphere (i.e. large κ) the moment estimate is
closely related to ML estimates. In fact, the empirical results from our experiment show
that (4.7) the Q-function is not decreasing after each iteration of the algorithm.

4.5 Conclusion
In this chapter, our proposed feature-based method for 3D point registration was pre-
sented and evaluated with examples of indoor pointclouds. The algorithm incorporates
surface normals in the scene as directional information to be used within our cohesive and
probabilistic framework which improves the registration accuracy comparing to ICP-based
methods. The method utilizes the fact that the translation-invariant property of surface
normals decouples the estimation of rotation from translation. Additionally, the proposed
method provides a robust mechanism that rejects outliers in the correspondence phase in
a probabilistic fashion. The computation time comparison is not analyzed in this chapter
and one possible future direction can be reducing the computation time of the proposed
algorithm.
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Figure 4.6: An example of matching quality (i.e. frames alignment) in two consecutive
frames from indoor scanning data set [96] using the proposed method. Purple: the model
pointcloud. Green: the transformed pointcloud.
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Chapter 5

Deep Graph Network Point Registration

5.1 Overview
In recent years with the sensory advancement of robotic systems equipped with LiDAR
(Light Detection and Ranging) technologies, deployment of fast and accurate algorithms
is inevitable for processing and extracting information from 3D data points in real-time
applications. A lot of progress has been made in most computer vision tasks from image
classification and detection to semantic segmentation and reconstruction. But since 3D
point clouds are unstructured and have permutation ambiguity, make them a difficult
choice when using deep learning neural architectures.

The point registration or point cloud matching is a crucial part in many engineering
applications and scientific disciplines such as robot navigation, autonomous driving,
graphics, object modeling, and medical imaging. Introduction of Lidar sensors and other
3D range scanners offers an opportunity to obtain ample amount of sensor information
from the environment in the form of 3D point clouds. It is important to acquire a very
accurate point matching, despite the sensors errors and limitations enforced by each
setting.

The point registration utilizes 3D point dataset of observations and tries to find the
best rigid transformation hypothesis that maps one frame of the pointcloud to the other.
The rigid transformation (R, t) ∈ SE(3) consists of a rotation matrix R ∈ SO(3) and a
translation vector t ∈ R3; and a point x ∈ R3 can be accordingly transformed using the
following equation T (x) = Rx+ t.

The point registration has recently received extensive attention in autonomous driving,
since the rapidly developing 3d sensor technology enriches the intelligent vehicle with
the capacity of accurate mapping and localization. Superiority of 3D LiDAR over other
sensing technologies like camera which can be reliably employed in night and bad weather
(e.g. rain, snow) makes it a suitable choice of 3D perception for intelligent vehicles.
However, the limited sensor’s coverage, intrinsic sensor errors, and outliers caused by
occlusion or unpredictable traffic participators in the real traffic scenarios are burdensome
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challenges which needs to be addressed when we deploy the point registration algorithms
in autonomous driving.

In this work we introduce a flexible graph-based deep learning model for point reg-
istration on 3D point clouds. In particular inspired by the development of a new graph
network formalism in [7], a graph-based framework has been introduced that consists of
three main parts (i.e. graph network blocks). First the input to the model which is two point
cloud frames are transformed into a graph representation. Then,

1. the graph representation of inputs will be encoded into a latent representation by a
graph network block;

2. the latent representation is passing through the core graph network multiple times;

3. and finally the decoder decodes the latent graphs into the output graph. The global
attribute of the output graphs represents the rigid transformation.

We train and test our model on ModelNet40 dataset [135]. We also compare our results with
the recent state-of-the-art method in the field of point registration. The proposed method
is flexible and configurable in its structure, and it is possible to incorporate other modules
into it, in order to improve the results.

The graph networks are far better in terms of inductive biases comparing with convo-
lutional or fully connected layers. They are invariant to permutations of the input signal,
which makes them a suitable choice when we work with unordered and unstructured
form of data like point cloud in our case. Graph networks are flexible and configurable.
It is easily possible to incorporate other mechanisms and structures within the graph net
blocks. They are also flexible in terms of the size and shape of input and output, a property
that is lacking in other deep learning algorithms. And most importantly related to the task
of point registration, by using graph network the local geometry of each point as well as
the whole structure and topology of point clouds in a larger range are considered in estab-
lishing correspondences between frames. This ultimately helps in an accurate alignment
estimate of the two frames. This property will be reinforced later by the introduction of
non-local mechanism that explicitly encodes the long-range dependencies in each frame.

5.2 Related Work
The problem of point registration can be divided into two main categories of geometric-
and learning-based approaches.

Geometric Point Registration

The classical methods of point registration are based on geometry of the point clouds such
as coordinates of the points and surface normals, or other geometric features. The focus of
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these methods is to solve the nonlinear least-square problem in an accurate and efficient
way. Two main methods are ICP-based and globally optimal methods.

The point registration problem can be solved with geometric-based approach with the
Iterative Closest Point (ICP) algorithm as the most popular technique [11]. ICP solves the
problem in two steps iteratively, 1) finding the correspondence points between frames
(or alignment phase), and 2) minimizing the sum of squared residuals to find the rigid
transformation (or registration phase). Several variants of ICP method improving the
original method has been introduced such as ICPp2pl, ICPpl2pl, GICP [70, 115, 113]. But,
one major limitation of ICP-based methods is that it can only converge to a local optimum
near the initialization, and its convergence region is fairly small, especially when there are
noise or outliers in the point cloud data.

Other geometric-based methods are globally optimal methods that try to find the global
solution, and ultimately avoid the sensitivity to initialization [136, 137]. The globally
optimal methods are mostly using branch-and-bound optimization techniques [18, 82,
94, 89] or other global optimization approaches (e.g. truncated L2−norm, second order
cone programming (SOCP), consensus set maximization [3, 60, 68]) to find the global
solution. But unfortunately these type of methods are very slow, make a lot of unrealistic
assumptions, and they are only practical in some limited scenarios, and clearly they are not
suitable for real-time applications. In addition to ICP-based method, some other schemes
use the concept of point set correlation (i.e. soft assignment) to iteratively harden the
point-to-point correspondence. The logic behind these methods follows the fact that the
convergence area of ICP can be widened by soft assignment techniques [40, 126, 26], so
that the algorithm can converge to a better solution.

Finally, there are also some probabilistic methods that can be grouped as a subcategory
of geometric-based methods [104, 72, 86]. These methods are distinct in their probabilistic
interpretation of alignment phase between two point cloud frames, so with that the
least-square problem in their geometric-based counterparts are modeled as a maximum
likelihood problem. The probabilistic approach is based on soft assignment–the process
of assigning multiple points to a point across frames with a probability–instead of hard-
assignment or one-to-one association of points in the frames.

Deep Learning Point Registration

Very recently, the learning-based approaches for point registration has been introduced,
which is gaining popularity in the community due to its benefits over geometric approaches.
The methods are mostly focused on the correspondence phase or alignments (authors put
forward various combinations of back bone feature extractors [102] for 3D point clouds,
transformer networks [127] for feature representation, and outlier filtering techniques like
RANSAC [35] for refining the final results [25]), and for the registration phase (or pose
optimization) they still use the singular value decomposition to solve the problem similar
to classical counterparts. In this sense, they are hybrid method, using both geometric- and
learning-based modules to solve the problem.
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Authors in [139] have incorporated both point correspondence and registration phases
in an end-to-end trainable network with a match matrix at the end which resembles the
kernel correlation in classical methods, so it needs to be deployed iteratively in order
to converge to the final alignment. Similarly, [71] uses an end-to-end formalism for
registration, utilizing 3D CNN as the correspondence generating layer to final alignment
in one iteration.

Using only fully connected layers (i.e. MLPs) in the deep neural network architecture
will result poor discriminative ability, which leads to a large proportion of incorrect point
correspondences, and consequently results an inaccurate point registration due to the
wrong alignment of frames [138, 111, 2].

Inspired by natural language processing, authors in [133] use a combination of point
encoding network, attention-based module and Pointer Networks [128] to solve the reg-
istration problem. The results show that the method should be applied iteratively (or
recursively) in order to refine the alignment and ultimately improve the registration quality,
which may takes more time required for a on-line inference algorithm.

In this section, we describe the point registration problem formulation, later we intro-
duce the graph network representation of point cloud frames. The input and output of
each block of graph network should be a graph with the same structure but with different
attributes. We explain the details of this specific framework and the graph representation
of the point clouds in the following sections.

5.3 Problem Formulation

Preliminaries

Point registration problem Throughout the paper we use the following notations. M , N
are the number of data points in the target and source point clouds (subscribed with T and
S), respectively. PT = {yi}m=1,...,M , yi ∈ R3+d and PS = {xi}n=1,...,N , xi ∈ R3+d denote
the target and source point cloud Cartesian position plus any additional d−dimensional
feature space which can be extracted by any feature off-the-shelf descriptor and used in our
pipeline. Given two point cloud frames, we seek to find the rigid transformation T (R, t) ∈
SE(3) between the target and source frames, which can be represented generally as an
operator PT = TR,t (PS). Since in general we do not assume the one-to-one feature
correspondence between frames, therefore the point clouds can have different number of
points, i.e. M 6= N .

Graph We define graph as a 3-tuple G = (u, V, E), which is directed with attributes on
nodes V = {vi}i=1:Nv , vertices E = {ek, rk, sk}k=1:Ne , and a global or graph-level attribute
u. Nodes can be a receiver or a sender, where rk and sk are the index of receiver and sender
nodes, respectively.
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Figure 5.1: Graph Network (GN) Block. The building block of our proposed method is based
on the GN block. It consist of nodes, edges, and graph–level attribute u. Input/output
of the block should also be in standard graph form explained in this work. An input
graph attributes pass through a set of computational steps based on update/aggregation
functions to result the output graph.

Graph Network (GN) Terminology

Inspired by the new graph network (GN) formalism in [7], we briefly explain the main
block of GN and its internal structure. This frameworks defines a class of functions for
relational reasoning over graph-structured representation of point clouds. The GNs make
the building blocks of our proposed graph-based framework for 3D point registration.
The GN block consists of three main entities: 1) nodes, 2) edges, and 3) graph-level or
global attribute, as seen in Fig. 5.1. Nodes and edges carry out attributes that can be in any
structural form like vector, matrix, or tensor. Note that the input and output of GN blocks
should be in graph form as well.

In its complete form, within each block there exists three update functions φ(·) and three
aggregation functions ρ(·), responsible for per-edge, per-node, and per-graph updates and
for aggregating information that comes from nodes and edges, respectively. Per-edge and
per-node functions are reused across all edges and nodes. This means that a single graph
network can be used on any graph representations with different size and shape.

e′k = φe (ek, vrk , vsk , u) ē′i = ρe→v (E ′i)

v′i = φv (ē′i, vi, u) ē′ = ρe→u (E ′) (5.1)

u′ = φu (ē′, v̄, u) v̄′ = ρv→u (V ′)

where E ′i = {e′k, rk, sk}rk=i, k=1:Ne , V ′ = {v′i}i=1:Nv , and E ′ =
⋃
iE
′
i = {e′k, rk, sk}k=1:Ne .

Obviously, the aggregation must be a symmetric function with respect to the input ar-
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Figure 5.2: Graph Network Blocks. The proposed architecture for the task of point reg-
istration consists of three main graph network blocks: Encoder, Core, and Decoder. The
Encoder embeds the first latent graph from graph representation of point clouds P S and
P T . The core block has been repeated M times to represent the message–passing processes
in graph theory. M steps are constructed recurrently with shared parameters to also
capture the temporal information which exists during iterative point cloud alignment. The
Decoder extracts rigid transformation information from the last latent graphs. For more
detail see Fig. 5.3

guments (i.e. permutation invariant, since in general the order of nodes/edges is am-
biguous). A GN block can have any arbitrary combination of update and aggregation
functions depending on its functionality and design purpose. Finally, in a specific order
update/aggregation functions should be executed on any input graph (i.e the computation
proceeds from edges, to nodes, and to the global level). For more detail see [7].

Graph Representation

The initial source and target graphs are constructed in such a way that connects neighbors
of each point in Cartesian coordinate p = (x, y, z) within a certain radius. A standard
kd−tree algorithm is utilized for this task. Given the point clouds P S ,P T , we create a
graph representation with data points as nodes pi, and directed edges (dij, sk = i, rk = j)
(both sides as multi-graph) as the distance connection between points in each point cloud
frame. This initial graph later be feed into the encoder block for node and edge embedding.

We choose the radius to rather be large enough in order to capture long-distance
dependencies in the structure of 3D point clouds (at the extreme end, this can be a fully
connected multi-graph representation of a frame with relatively moderate number of
points). Although this initial graph topology can be seen simple and inadequate, but
our aim is to embed the latent node/edge features automatically by the use of proposed
Encoder-Core-Decoder architecture which we explain next.
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Figure 5.3: Diagram of the proposed deep graph network operating on a pair of point
clouds. Top Diagram shows three main blocks of the model. The Core blocks doesM –step
message–passing with shared parameter in each GNm

c . Bottom Diagram shows the details
of the model and the input/output in each part of the model. The first latent graphsG0

S
G0
T carry the embeddings based on non–local mechanism introduced in Encoder section

5.4. The concatenation of both graphs enters the Core block when message–passing process
aggregates information across both graphs, and also captures temporal relationships due
to the use of shared functions and parameters in the structure of Core block. The Decoder
simply extract rigid transformation which was encoded as the global entity in the graphs.
At the end, the transformation performed on the source frame estimates the target frame
(This has been used during the training phase for computing the loss function comparing
it with the true transformation between frames).
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Figure 5.4: Encoder GN Block. For implementing the non–local mean, the edge update
function φe(·) is a MLP with arguments as the dot product of positional data points (a
scalar pairwise–interaction function) and a vector–valued non–pairwise function (also
represented as a MLP). The edge–to–node aggregation function ρe→v (·) is only summation
(or mean in case of normalizing the sum). The rest are also MLPs which will be described
in Experiential Evaluation section 5.5.

5.4 Graph-based Point Registration
Now that all the necessary elements are defined, the details of the proposed graph-based
model will be presented in this section. The overall goal of the proposed deep learning
architecture is to find the discrepancy in pose structure–which is indicative of the rigid
transformation–between the two graph representation of point clouds. But since the
point correspondence is not one-on-one between frames, the model should learn other
local/global structural characteristics in frames in order to be able to ultimately find an
accurate alignment in the presence of outliers, noise, occlusion, and non-overlap effects. In
the following the mechanisms used in the proposed model will be explained that address
these essential requirements such that results a robust model for point registration task.

Encoder graph net

The encoder block, Enc : P → G, embeds the point cloud representation P S (or P T )
as a latent graph G0

S (or G0
T ), where G = (u, V, E) is the graph described in section 5.3.

The node embedding functions v′i = φv(pi) are learned MLPs on data points position.
The edge functions e′ij = φe(dij) are also MLPs on pairwise relative distance, which
embed the topological relation between pairs, such as local geometry, long range relation,
or directional dependencies. e′ij are directed edges from sender i to receiver j. The
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graph-level attribute u representing global properties is the point cloud pose which can
be embedded separately but also it is possible to be as part of nodes’ features (as a
relative pose between correspondence pairs). The encoder block defined here is shared (i.e.
shared MLPs) between the two initial graph representations. The Non-local embedding
mechanism as an important part in the encoder block will be explained below.
Non-local Mechanism One of the main functionality of the encoder is the non-local
mechanism [131]. Non-local mean can be formulated as the normalized summation of a
pairwise and unitary functions on neighboring nodes in the graph as

yi ∝
∑
∀j
f(vi, vj)g(vj),

where vj’s are neighboring nodes of vi. The non-local mechanism captures the long-range
dependencies between entities of its input signals. In our proposed framework, it expresses
the global structural properties of the point clouds as a latent feature space. In graph
matching, both local geometry of each point as well as the global structure and topology
are considered in establishing correspondences, so that more correct correspondences
are found. So it is beneficial to exploit the exact concept in point clouds for establishing
more accurate correspondences between two frames by use of non–local mechanism.
We consider dot product as the pairwise-interaction function, which is a proxy for the
similarity between any location in the input signal. In another words, the global features
are the representation of pairwise relationship between points with their neighbors. Non-
local mechanism is robust to outliers, and it is insensitive to noise which both are rather a
local phenomenon than global.

For implementation, as you see in Fig. 5.4, it is simply possible to incorporate the
equations within the encoder block. The updates are the pairwise and unitary MLPs, and
the aggregation function is the summation (a permutation–invariant function) as it is the
case for the non-local mean.

Core graph net

The core block, Core : G → G, is a full GN with all the update and aggregation functions.
The M steps applied to the input graphsG0

S , G
0
T with shared weights as a sequence. The

target frame can be interpreted as the transformed version of the source frame, in another
words GM

T = T θ
(
G0
S
)
, where θ = (R, t) is the learned weights of the model. So in this

case, the core block is a learned function that transforms the latent source graph to the
latent target graph. In the case of point registration, both the message-passing as well as
recurrent setting are natural to the structure of the problem.

As the two graph representation of point clouds are fed into the model, they are
merged (concatenated) along the entire model passing through several modules, so by
keep tracking their indices, they will be reconstructed at the end of the model after the
decoder block.
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Figure 5.5: Core GN Block. All the update functions φe(·), φv(·), φu(·) in this block are
MLPs with shared parameters across pair of point clouds and all nodes and edges. All the
aggregation functions ρe→v(·), ρe→u(·), ρv→u(·) are just normalized sum of the functions’
input. The message-passing and recurrent property also is implemented in the structure of
the Core block.

Message-passing The M–step pass resembles the message-passing operation on graphs,
the process of propagating information across the graph. The message-passing process
is similar to the breaking down the process of registration of one frame to another into
smaller infinitesimal steps.
Recurrent behavior The recurrent architecture also has been built when the core is applied
in a sequential setting. The recurrent formalism guarantees the sequential nature of rigid
transformation preventing any discontinuity or jump in the process of learning point
registration (improves stability of convergence).

Decoder graph net

The decoder block Dec : G → P extracts information from the last latent graph GM . No
aggregation function is used in this block. The nodes, edges, and global attributes of
the decoded output graph can be used for any task-specific purposes. in addition to
extracting the rigid transformation, the decoder merges the two latent graphGM

S andGM
T

by applying the learned transformation on the source point cloud.

Loss function

In geometric-based methods, the registration can be done by iteratively minimizing
the residuals in the least-square sense; or by maximum likelihood problem similar to
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Figure 5.6: Decoder GN Block. This block only updates φe(·), φv(·), φu(·) nodes, edges,
and graph–level entities with no aggregation as the final step in the model. The decoder
independently decodes the edge, node, and global attributes (does not compute relations,
etc.), on each message-passing step.

expectation-maximization approach. For the training of deep learning models a similar
formulation can be used for the loss function. Specifically, the minimization applies to
the residual of estimated rigid transformation matrix with the true transformation. For
the loss function the Frobenius norm has been chosen. The norm measures the difference
between ground truth transformation with the estimate from the proposed model. Another
term also added to incorporate a soft constraint that should be enforced on any rotation
estimation to be an orthogonal matrix.

Loss = ‖G−1estGgt − I‖F + α‖R−1estRest − I‖F (5.2)

where Gest, Ggt ∈ SE(3) are estimated and ground truth rigid transformations, and
Rest ∈ SO(3) is the ground truth rotation matrix. The training loss is computed for
each processing step of the core block. The reason is to encourage the model to solve
the problem in as few steps as possible, and force the model to learn the infinitesimal
changes in transformation matrix. This is possible due to the fact that we synthesize the
data points needed for the training, and breaking down the registration task into smaller
transformations, which allows computing the loss of the intermediate steps along the way.

5.5 Experimental validation
The process of training and testing of the proposed graph neural network constructed
based on combination of train/test point clouds, and evaluation and comparison with
other geometric and deep state–of–the–art methods in terms of estimation error, training
time and inference time.
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Figure 5.7: Examples of input to the trained model and the output registered results. Row
1 & 3: Two point clouds (source and target), each containing 2048 points, are set as the
input to the model. Row 2 & 4: The output point clouds have been aligned and translated,
showing that the trained model correctly finds the rigid transformation between frames.
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Table 5.1: Comparison of Deep point registration Methods, in [deg.] & [m]

error metric ICP FGR PointNetLK RPM-Net DCP-v2 Ours
Avg. eRest 2.99 0.936 1.58 3.35 1.14 3.11
Avg. etest 0.29 0.014 0.022 0.086 0.002 0.051

Dataset

Modelnet40 has been used as the main dataset for training of the proposed model [135].
They contains of CAD model (mesh) of 40 object categories that are divided into training
and testing portions. All the dataset are randomly sampled from surface and volume of
meshes into point clouds with 4096 positional points. All the points have been normalized
into a unit box centered at origin. Only a subset of data points are used for training and
testing, since 4096 is excessive particularly when the number of neighboring is large to
cover the global topology of the objects, bu comparison has been made for the different
inference time when using different number of points for estimation.

Training

In terms of the training of deep point registrations, depending on the model architecture,
and in particular the graph-based models, it is easily possible to train the model with
synthesized data that are noise and outlier free, dense, and uniform across the topology of
objects.1 Also synthetic rigid transformation can be used, so the labels for a supervised
learning training process are ready to use. Also, comparing with geometric methods that
need to be run on CPU, the proposed method can be run directly on GPU as part of a
neural network pipeline. And this allows to run some part of the model in parallel, and
ultimately have faster solution time for point registration.

All the source point clouds have been rotated and translated randomly in the range
of [−30,+30]◦ and [−0.5, 0.5] m, respectively. The combined values represent a rigid
transformation matrix that works as the label for the computation of loss function at the
end of each forward pass. The random rotation for each input is divided into infinitesimal
rotation as a batch, which can be fed into the model and the model can learn infinitesimal
rotations at the core block 5.4, when M = 10 steps of message–passing takes place. Small

1Although in practice deep neural networks tend to better generalize with adding noise into the input
data, but one can argue this is not the case for point cloud registration. The noise adding has been seen as
a regularization [13] in loss optimization problem or data augmentation [41]. But generalization was the
main goal by indicating the use of graph representation of point clouds as the way of introducing Relational
Inductive Biases, so that no such noise adding be needed. In addition, point clouds are inherently unordered
and unstructured, so adding noise does not help in that front. The results in this chapter shows the training
improvement. Although noise are not added for training but they were for the testing to measure the
robustness of the proposed model.
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Figure 5.8: Left to Right: The progress in objects alignment (three objects: vase, airplane,
and bottle) during M–step message passing process inside the core block 5.4. The training
loss is computed for each processing step of the core block. The reason is to encourage the
model to solve the problem in as few steps as possible, and force the model to learn the
infinitesimal changes in transformation matrix.

step rotations are more numerically stable since they have simple representation and the
composition of infinitesimal rotations is commutative.

All update functions in the model including those in the encoder, core, and decoder
blocks are MLPs (fully connected layers). All MLPs have two hidden layers with ReLU
activation followed by an output layer. Each layer has size 128, and all layers are followed
by normalization layer [4], which is found to be improving the training stability.
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Table 5.2: Accuracy results in the presence of noise & outliers

% outlier/noise FGR PointNetLK RPM-Net DCP-v2 Ours
5 1.05 1.89 3.37 1.11 2.41
10 1.06 1.89 3.42 1.13 2.42
15 2.11 2.24 3.76 1.18 2.59
20 2.67 3.08 3.88 1.34 2.71

Results

We adopt the error metric for comparison of estimated and true rotation matrices from
[129] as,

eRest = cos−1
(

tr(R>gtRest)− 1

2

)
whereRest andRgt are estimated and true rotation matrix, respectively. The metric eRest
returns the angle of rotation matrixR>gtRest in degrees. For a perfect estimation this should
be zero since the composition of a rotation matrix with its transpose is the identity matrix.
And for the translation error we have l2-norm of the difference of estimated and true
translation as

etest = ||test − tgt||2

Seen in Table 5.1 are the average rotation and translation error over a random set of point
clouds drawn randomly from the the test portion of dataset, and also randomly chosen
from different 40 categories. As seen, though different with other methods in structure
and use of features, the proposed model still produces competitive results with some of
the methods listed in the table.

Seen in Fig. 5.9 are examples of point registration for different object with Gaussian
noise (with zero mean and unit variance) synthetically injected into the dataset. Objects
are aligned relatively correct even with noise, showing that the proposed method is robust
enough to demonstrate good results with corrupted data (noise or outliers in point cloud).
Table 5.2 shows the accuracy of rigid transformation estimates when different levels of
noise has been injected into dataset. The comparison in the table shows the results are
competitive with other deep learning methods. One important property in the result
points to the fact that by increasing the amount noise in the dataset the proposed method
performs relatively stable with small error, confirming the long–range features as the
source of alignment rather than local features that can be corrupted by noise or existence
of outliers in point clouds.

In Table 5.3 the inference time has be compared with other methods with different
number of points in point clouds. Subsampling from objects in ModelNet40 dataset it is
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Figure 5.9: Three examples of point matching in the presence of noise and outliers.
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Table 5.3: Comparison of Inference time in millisecond

no. points ICP FGR PointNetLK RPM-Net DCP-v2 Ours
512 7.97 22.01 161.2 65.85 7.9 210.21
1024 16.68 84.30 176.34 143.4 8.3 276.30
2048 28.634 147.65 209.07 445.67 73.7 634.21

possible to test the trained model with different number of points. As expected, as the
number of points increases so the inference time for estimation. Since the graph network
tries to find global and long-range dependencies in the point clouds the process of inference
takes relatively more time comparing with other methods, so this can be further improved
in future works by incorporating other attention and relational mechanism that can capture
global dependencies faster.

5.6 Conclusion
A deep graph-based framework has been proposed for the task of point registration
between two point clouds. Since the model is based on correspondence between two
frames in the latent space and not initialization of the frames, it makes the solution less
sensitive and more robust with to initialization errors.

Using non–local mechanism in the model helps to encode the global features of point
clouds that makes the correspondence less affected by noise. The structure of graph
network in this work naturally supports the combinatorial generalization, since the com-
putations are not strictly at the system level, but rather they apply shared weights and
computations across the entities and relations as well (i.e. The training of the model is
not driven purely by the input signals, but the relationship between different parts of the
architecture plays an important role in learning the underlying task of registration in this
example). This allows never–before–seen signals to be reasoned about using the graph
network models.

By utilizing the proposed model, it is possible to combine and utilize other recently
proposed mechanisms such as attention–based, interaction–based, and relational networks
within this model. This helps to use the benefits of each of these modules under a unified
setting of graph network which makes it easy to understand, accessible, and easy to
implement by using only one neural network platform.
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Part III

Control and Deep Learning
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Chapter 6

In Proximity of ReLU Architecture and
eMPC

6.1 Overview
In recent years, deep neural networks (DNN) has had tremendous success in computer
vision, speech recognition, and other areas of machine learning [63, 42, 117, 95]. Despite
all these unprecedented performances in learning tasks, a theoretical understanding of
DNN’s architecture, features, and properties is still unexplored. Also, all of these successes
are related to the supervised learning and are concerned mostly with function fitting
(e.g. classification, function approximation, and regression). In contrast, in reinforcement
learning (RL), the concept of feedback makes it hard to study in theory since the statistical
properties are dynamic/changing, and also they are hard to train in practice. Another
shortcoming of DNN in RL is the absence of theoretical guarantees regarding stability,
robustness, and convergence. All these issues need a great deal of consideration.

On the other hand, model predictive control is a powerful tool for control and decision
making in robotics and other safety-concerned applications due to its adaptability, robust-
ness, and stability-safety guarantees. In specific, explicit MPC allows us to pre-compute
the optimal control policy u∗t = f(x(t)) as a function of current state x(t), and deploy it
on-line in real-time. This prevents the issue of solving optimization problem in real-time
on embedded systems which are typically limited with regard to memory capacity and
computation power. But deployment of an explicit MPC suffers from increasing number
of regions which grows exponentially (in the worst case) with the number of constraints
[1, 9]. This demands significant amount of storage and computational complexity.

Several attempts have been made to address those shortcomings in explicit MPC [8, 38,
56, 55, 43, 119]. But in contrast, regarding deep reinforcement learning, all the attempts
were mainly focused on empirical results, and analyzing its architecture only to appear in
literature in very recent years. Here we focus more to mention some of these new findings
regarding the DNN. Authors in [116] investigate the complexity of DNN by studying
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the number of polytopic regions that they can attain. The paper also provides a tighter
upper-bound (compared to previous bounds [80]) on the maximal number of regions that
can be partitioned by a ReLU DNN. The paper [34] discusses the geometric properties of
DNN for classification and how to improve the robustness of such DNN to perturbation by
analyzing those properties. In [10] authors present a method that adds stability guarantee
to the deep gradient descent algorithm.

Although these two specific areas of research (deep RL and MPC) have strong con-
nection in (adaptive) optimal control theory [124], but from mathematical point of view
there is another link between these two: Both ReLU DNN and solution to the mp-LP or
mp-QP in explicit MPC represent a PWA function on polyhedra. This gives a great amount
of motivation to investigate the possibility of reconstructing one from the other in order to
benefit from advantages in both approaches.

Since the presumption concerning DNN that they have tens of thousands of parameters
(weights and biases) seems reasonable for vision or language applications, but in fact a
DNN can represent a very complex function with much less number of parameters. This is
a compelling property when we are dealing with representing a control policy as a DNN.
As an example, Fig. 6.1 shows a 2–layer ReLU network with just 84 parameters chosen
randomly. The plot shows how a very small size network can subdivide the input-space to
many polytopes and different affine policy pieces over each region.

In the following, we first provide mathematical definition of ReLU DNN and its
structural properties in Section 6.2. Then in Section 6.3, we present a brief overview of
existing theorems that represent connection between ReLU nets and PWA functions, and
discuss challenges which prevent us to have an explicit association. Also we present a
sample-based method in order to identify the underlying PWA function that a ReLU DNN
can represent. Finally in Section 6.4, we provide a numerical example that examine a
simple network and its equivalent PWA function.

6.2 Preliminaries and Problem Formulation
In this section we define feedforward ReLU DNN and discuss some properties of these
models and their ability to map input-space to the complex family of PWA functions.

Notation and Definitions

Definition 1 A rectifier (ReLU) feedforward network is a layered neural network with L ∈ N
hidden layers (depth of the net) with input and output dimensions n0, nL+1 ∈ N respectively.
Each hidden layer l is composed of an affine transformation fl : Rnl → Rnl+1 followed by a rectifier
activation function rect(x) : x 7→ max(x, 0)

fl = Wlhl−1 + bl

hl = rect(fl) = max{fl, 0},
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Figure 6.1: This example shows the level of complexity that a feedforward neural net-
work (NN) can represent. The plot shows how just a 2-layer NN maps input-space
x ∈ R2, (x1, x2) to the output-space y ∈ R with 7 ReLU activation units in each layer (total
of 84 parameters). The network creates a complex continuous PWA function which can be
a close approximation of a highly nonlinear function.
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Figure 6.2: Illustration of L–layer ReLU DNN f : Rn0 → RnL+1 . Depending on application
and complexity of function to be approximated, DNN can have an arbitrary number of
layers (i.e. depth) and activation units in each layer (i.e width). Note that DNNs are
recognized just by the number of hidden layers. Also as seen, the output layer is just a linear
transformation of last hidden layer without activation mapping.

where the max is an element-wise function, Wl ∈ Rnl×nl−1 , bl ∈ Rnl , fl ∈ Rnl , hl ∈ Rnl , and
h0 ∈ Rn0 is defined as the input to the network. We call fl pre-activation and hl post-activation
functions at hidden layer l. The output layer is just a linear transformation W (L+1) and does not
count as part of the hidden layers. Finally, any ReLU net with L > 1 layers is called L–layer
DNN and can be represented as a function f : Rn0 → RnL+1

f = WL+1 ◦ hL ◦ fL ◦ . . . ◦ h2 ◦ f2 ◦ h1 ◦ f1

where ◦ denotes function decomposition.

Definition 2 Every layer l ∈ {1, 2, . . . , L} of a ReLU DNN has nl activation units which is
called width of the layer. Each activation unit receives the rectified weighted sum of the previous
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post-activation values hl−1 plus a bias. The jth activation unit in layer l is denoted by hl,j ∈ R

fl,j = W>
l,jhl−1 + bl,j

hl,j = max{fl,j, 0},

where W>
l,j and bl,j are the jth row and the jth element of matrix Wl and vector bl respectively.

An illustration of a L–layer ReLU DNN is shown in Fig. 6.2. Each blue circle in the
figure represent an activation unit. Depending on the structure of DNN it can have
any width size for each hidden layer. The total number of parameters for each DNN
θ = {W1:L+1, b1:L} can be a basis to compare different architectures by varying depths and
widths.

ReLU DNN Expressiveness

Despite the DNN’s empirical successes, some fundamental questions about how and why
these results are achieved is absent in literature. Neural net expressivity is a subject that tries
to answer some of these questions such as how the depth, width, and the type of layers
impact the function that the network represents, and also how these properties affect its
performance. Here we try to provide some of these findings. First we present a set of
theorems that deal with these types of questions.

First, since the post-activation h(s) := max{s, 0} is itself a PWA function and also
the structure of ReLU networks is a series of composition of affine and post-activation
functions, therefore the result is a PWA function that is defined over the regions of the
input-space. This has been stated in the following theorem.

Theorem 1 Given a neural network with ReLU activation, the input-space is partitioned into
convex polytopes.

Proof 2 The complete proof can be found in [103]. But as sketch of proof, consider the first layer
l = 1; each pre–activation function establishes a hyperplane on the input-space since f1,j =
W1,jx+ b1,j = 0. All such hyperplanes associated to each unit provide a hyperplane arrangement
which partitions the input-space into polytopes. By induction, it can be shown that this is true for
all other layers in DNN. Fig. 6.3 illustrates the theorem for a 2-layer DNN.

Another important property of ReLU networks is the number of polytopic regions that
they can realize on their input-spaces. This helps on two fronts: 1) To understand the
complexity of a specific architecture based on the lower- and upper-bound of the number
of regions and 2) To design an architecture based on the number of regions that is necessary
for an specific application. A lower–bound on the number of regions is described in the
following theorem
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Theorem 2 The maximal number of regions computed by a ReLU neural network, with n0 inputs,
L hidden layers, and widths nl ≥ n0 ∀l ∈ {1, 2, . . . , L}, is lower-bounded by(

L−1∏
l=1

bnl
n0

cn0

)
n0∑
j=0

(
nL
j

)
. (6.1)

where b·c is the floor function on fractions.

Proof 3 Proof can be found in [81] or [91].

From the hyperplane arrangement it can be shown that the maximal number of regions for
any ReLU networks with a total of N activation units is bounded from above by 2N [81].
This bound is very loose, and not very useful. But there is also a tighter upper-bound on the
number of regions,

Theorem 3 The maximal number of regions of a ReLU neural network, with n0 inputs, L hidden
layers, and widths nl ≥ n0 ∀l ∈ {1, 2, . . . , L}, is upper-bounded by∑

(j1,...,jL)∈J

L∏
l=1

(
nl
jl

)
(6.2)

where J = {(j1, . . . , jL) ∈ ZL : 0 ≤ jl ≤ min{n0, n1 − j1, . . . , nl−1 − jl−1, nl}, ∀l ∈ [L]}

Proof 4 See Theorem 1. in [116].

These theoretical backgrounds give us better understanding of how a structure of neural
network impacts its performance and also helps us to use some of these properties in order
to construct the link with explicit MPC in the following sections.

explicit MPC and PWA functions

Given a dynamical system, the purpose of a constrained optimal control is to solve an
optimization problem with a set of constraints on states xt and actions ut in order to find
a sequence of actions u∗0:∞ that controls the system to a desired/reference state. We can
formulate such problem as an infinite-horizon optimization problem

J∗∞(x(0)) = min
u0,u1,...

∞∑
t=0

q(xt, ut)

s.t. xt+1 = Axt +But,

xt ∈ X , ut ∈ U ,

x0 = x(0),

∀t = 0, 1, . . . .

(6.3)
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Figure 6.3: A ReLU DNN subdivides the input-space into polytopes. In fact, each hidden
layer divides the input-space from the previous layer hl−1, and this recursively subdivides
the input–space of the whole network for the deeper layers forward. Here we have a
2–layer ReLU net with input x ∈ R2 and four activation units in each layer. The left plot
shows the pre-activation functions f1 = W1x+ b1 that is equivalent to four hyperplanes in
R2. Hidden units are activated in one side of their corresponding hyperplanes. The right
plot shows both hyperplanes from the first and second layers in blue and red, respectively.
The hyperplanes in the second layer, as seen in the plot, are not straight lines, but rather
they are bent at the first layer boundaries (blue lines). When those hyperplanes pass
through different regions partitioned by the first layer, they will be bent. Therefore we still
have four activation boundaries for four units in layer 2, but they are not straight lines. In
the right plot we can see all the regions that the network can partition on the input-space.
Also it represents different affine functions over each polytope.
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This problem (6.3) cannot be solved easily due to its infinite horizon nature with constraints
on states and actions [15]; instead model predictive control (i.e. receding horizon control) is a
suitable approach to follow, which mimics (6.3) by appropriate choice of p(xN), q(xk, uk),
and Xf as the following,

J∗0 (x(t)) = min
u0:(N−1)

p(xN) +
N−1∑
k=0

q(xk, uk)

s.t xk+1 = Axk +Buk,

xk ∈ X , uk ∈ U ,
xN ∈ Xf ,
x0 = x(t),

∀k = 0, . . . , N − 1.

(6.4)

Equation (6.4) can be seen as a multiparametric program (mp) in which x(t) is the vector of
parameters. In particular for the case of linear and quadratic cost functions with polyhedral
constraints, it transpires that the solution to problem (6.4) is in fact a PWA function of the
parameters u∗(t) = f(x(t)), an explicit solution to the MPC controller.

In a number of instances we may be interested in the constructing the PWA function
corresponding to a ReLU net which is also the solution of a mp–LP/mp–QP problem. This
may arise when, for example, we want to measure the suboptimality of a trained network
with the solution of an explicit MPC. Inverse mp–LP/QP studies this idea, constructing
such optimization problems from PWA functions. The following theorem expresses this in
detail,

Theorem 4 Every continuous piecewise affine function f : Rm → Rn can be obtained as a linear
map of the unique explicit solution f̂(x) of multi-parametric linear program in the form of

f̂(x) ∈ arg minz J(z, x)

s.t. (z, x) ∈ Ω,
(6.5)

with dimension n̂, when n̂ ≤ 2n.

The proof presented in [45] is constructive, that means the proof establishes a procedure
that results to the formulation of a mp-LP from a PWA function. The proof follows from
the fact that every PWA function can be decomposed to two convex function and from
there it is straightforward to construct a mp-LP for a convex PWA function. Note that,
although the proof is constructive, it is still very hard (or even impossible) to implement it
as an algorithm.

Now, referring to Fig. 6.4 we can have a better understanding of the whole picture
in relating the ReLU feedforward to the PWA functions, mp-LP/mp-QP, and ultimately
explicit MPC. Although it is possible to use learning to find an approximation of an explicit
MPC policy, yet constructing a deep network from a PWA function needs to be studied
further in the future works.
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Figure 6.4: This illustration gives an entire perspective that this chapter tries to depict.
ReLU DNNs represent PWA function on polyhedra which subdivide the input-space. As-
suming that the input to the neural network is the parameter x(t), the network can exactly
act as an explicit state feedback policy. The dashed arrows indicate the needs for further
study of methods -analytical or approximate- which can reconstruct the mathematical
structures of each block from the other in a constructive manner.

6.3 Explicit MPC and ReLU DNN
In this section we connect the ReLU DNN and explicit MPC through their underlying
connection which is PWA functions. As mentioned in previous sections we know that
every ReLU DNN has a continuous PWA function representation on the input-space,
and vice versa (but not necessary in an explicit closed form, since constructing such a
connection is not easy in general).

Identification of Input-Space in ReLU DNN

In order to identify the different regions partitioned by ReLU NN on the input-space, we
present an approximate method here that is an extension of the method introduced in [81].
We will show that it is possible to construct each pieces of a PWA function by extending
the PWA representation of a shallow network (i.e. L = 1).

Since every dimension of the output-space can be treated independently, here we
assume the construction of a scalar-valued function f : Ω ⊂ Rn0 → R from a DNN model
(i.e the output-space is scalar nL+1 = 1), but as mentioned, the proposed method can be
applied separately for each dimension in the case of vector-valued DNN models. Any
scalar-valued affine function which is defined over its convex region Ωi can be written as

fi(x) = u>x+ c, x ∈ Ωi, (6.6)

where u> ∈ Rn0 and c ∈ R. In order to construct u> and c in (6.6), we first consider a NN
with one layer and then extend it to the deep nets.
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Shallow Network

Note that we can reformulate a scalar rectifier function as

rect(h) = I(h) · h, (6.7)

where I(h) is an indicator function defined as follows

I(h) =

{
1 h > 0

0 otherwise
(6.8)

Now considering a single layer NN f : Rn0 → R, we rewrite it with the help of indicator
function as

f(x) = W2diag

(
I(W1,1x+ b1,1)
I(W1,2x+ b1,2)

...
I(W1,n1x+ b1,n1)


)

(W1x+ b1). (6.9)

Simplifying (6.9), f(x) can be written more compactly as

f(x) = W2diag(If1(x))W1x+W2diag(If1(x))b1, (6.10)

where diag(Ifl(x)) is the compact form of indicator function for pre-activation fl in layer l.
From (6.10) we can see that given input x weight u> and bias c can be computed.

Deep Network

Now we can extend the derivation in (6.10) for deep network. Given an input x from a
region Ωi we can construct the corresponding weight u> and bias c for each affine map fi.
The weight is computed by

u> = WL+1diag(IfL(x))WL . . .

diag(If2(x))W2 diag(If1(x))W1, (6.11)

A bias of the affine map c also can be computed similarly

c = WL+1diag(IfL)WL . . . diag(If2)W2 diag(If1)b1

+WL+1diag(IfL)WL . . .diag(If2)b2

+
...

+WL+1diag(IfL)bL (6.12)

Both equations (6.11) and (6.12) depend on input x, so we need to use a (large enough)
set of samples from the input-space to be able to identify different affine responses of the
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output. It is worth mentioning that from (6.11) and (6.12) it is also possible to derive the
corresponding affine function for each activation unit up to a specific hidden layer instead
of the whole network. This means that any activation unit in any stage of a deep neural
network can be written as a PWA function over the input-space of the network. This needs
further study, but as a preliminary, we can ask "is there any connection between layers of a
neural network and for example the horizon in model predictive control?"

Learning DNN with Exact Architecture

Several literature study the concept of learning approximate MPC through supervised or
reinforcement learning process [22, 47]. But we can utilize the structure of PWA control
policy to further improve the process of learning [58]. The following theorem is the key
concept in the process.

Theorem 5 Any convex PWA function f : Rn0 → R, which also can be formulated as pointwise
maximum of N affine functions f(x) := maxi=1,...,N fi(x), can be exactly presented by a ReLU
DNN with width nl = n0 + 1, ∀l ∈ [L] and depth N .

Proof 5 See Theorem 2 in [44].

Depending on the dimension of control input u ∈ Rm, it may be needed to train up to 2m
networks. In fact, every element in the control input vector can be treated separately. Each
element u∗(x(t)) : Rn0 → R is a PWA function which needs to be decomposed into the
difference of two convex PWA functions. Finally, theorem 5 gives an exact design structure
for each network. And presumably, this should result a better learning (smaller loss value,
faster convergence, better accuracy), which ultimately impacts the performance of the
controller that the trained network substitutes.

6.4 Experimental validation
In this section we present a simple example (as a proof of concept) to illustrate the way
to construct a mp-LP from a ReLU DNN. We examine a 2-layer feedforward net with
n1 = n2 = 2 (i.e. total of four activation units) and one dimensional input/output x, y ∈ R.
The two hidden layers are constructed as follows

h1 =

[
h1,1
h1,2

]
= max{0,W1x+ b1}

= max

{
0,

[
−3/2

2

]
x+

[
3
−2

]}
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Figure 6.5: The plots show a scalar PWA function and its decomposition to two convex
functions, f(x) = γ(x)− η(x).
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h2 =

[
h2,1
h2,2

]
= max{0,W2h1 + b2}

= max

{
0,

[
−1 −1
1/2 −1

]
h1 +

[
1
2

]}
,

and the linear map for the output layer is

y = W3h2 =
[
1 −1

]
h2.

The PWA function equivalent to the above feedforward network is

y = f(x) =



0 x ≤ 2
3

−3
2
x+ 1 2

3
≤ x ≤ 1

1
2
x− 1 1 ≤ x ≤ 6

5

−3x− 4 6
5
≤ x ≤ 2

x 2 ≤ x

(6.13)

since the PWA function (6.13) is not convex nor concave, we can decompose it into the
difference of two convex functions γ(x) and η(x) as follows

γ(x) =


−x x ≤ 1

x− 2 1 ≤ x ≤ 6
5

7
2
x− 5 6

5
≤ x

η(x) =


−x x ≤ 2

3
1
2
x− 1 2

3
≤ x ≤ 2

5
2
x− 5 2 ≤ x

Then we can construct the mp-LP counterpart that its solution is the same as PWA function
(6.13). Introducing decision variable z ∈ R2, we can write

J∗(x) = min
z∈R2

[
1 −1

] [z1
z2

]
s.t. − x ≤ z1 x ≥ z2

x− 2 ≤ z1 − 1

2
x+ 1 ≥ z2

7

2
x− 5 ≤ z1 − 5

2
x+ 5 ≥ z2,

x ∈ [0, 3]

(6.14)

and then we can construct f(x) with linear map T as

f(x) = T f̂(x) =
[
1 1

]
f̂(x)



CHAPTER 6. IN PROXIMITY OF RELU ARCHITECTURE AND EMPC 84

Figure 6.6: The plots show the explicit solution to the mp-LP (6.14) using MPT3 toolbox
[46]. Top & center: show plots of the optimizers z∗1 = γ(x) and z∗2 = −η(x) which both are
functions of the parameter x. the solution exactly results the PWA function (6.13). bottom:
The plot depicts the optimal value J∗(x) which is a function of parameter x and also is
convex and PWA as we know from the theory of mp-LP (corollary 11.5 in [15]).

In fact the explicit solutions to the mp-LP are

z∗1 = γ(x),

z∗2 = −η(x),

f̂(x) =
[
γ(x) −η(x)

]T
,

which exactly follows the constructive proof in [45].
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6.5 Conclusion
We presented an overview of ReLU deep neural networks; and discussed several structural
properties of such models which are key concepts of using a ReLU network as an explicit
state feedback policy for a model predictive controller. Specifically, we argued since any
ReLU network models a PWA function on polyhedra, it would be a perfect choice to use a
ReLU network instead of state feedback policy computed by an explicit MPC procedure
considering storage and execution complexity of such controllers in real-time. We also
presented a sample–based method that identifies different affine pieces of a ReLU networks.
For future work, alongside further development of some initial findings in this dissertation,
other very recently new ideas such as representing ReLU DNN as a mixed-integer linear
problem [116] can be the subject of further investigation.
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