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ABSTRACT OF THE DISSERTATION

Nonstationary random dynamical systems

By

Grigorii Monakov

Doctor of Philosophy in Mathematics
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Professor Anton Gorodetski, Chair

This thesis is dedicated to studying the quantitative regularity of measures produced by

actions of random dynamical systems and to applying these geometric estimates to products

of random matrices. First, we consider smooth random dynamical systems defined by a

distribution with a finite moment of the norm of the differential, and prove that under suitable

non-degeneracy conditions any stationary measure must be Hölder continuous. This result is

a vast generalization of the classical statement on Hölder continuity of stationary measures

of random walks on linear groups. Second, we extend this framework to rougher settings

by considering Lipschitz and Hölder continuous random dynamical systems defined by a

distribution with a finite logarithmic moment, proving that under suitable non-degeneracy

conditions every stationary measure must be log-Hölder continuous. Finally, we leverage

these regularization properties to prove a Central Limit Theorem for non-stationary random

products of SL(2,R) matrices, generalizing the classical results by Benoist and Quint that

was obtained in the case of iid random matrix products.

The content of this thesis is based on three papers, two of which ([24, 23]) are joint work

with Anton Gorodetski and Victor Kleptsyn, and the last of which ([34]) was prepared with

their continuous support and advice.
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Chapter 1

Introduction

1.1 Regularity of stationary measures

1.1.1 Hölder regularity of stationary measures

Let M be a smooth closed Riemannian manifold and f : M → M be a homeomorphism.

One of the most extensively studied objects in this setting is the invariant measure.

Definition 1.1.1. Borel measure ν on M is called invariant if f∗ν = ν.

This thesis is dedicated to studying the random analog of invariant measures called stationary

measures. Before we can define this concept we need to introduce random dynamical systems.

Let µ be a Borel probability measure on Diff1(M), the set of C1-diffeomorphisms of M .

Consider the corresponding random dynamical system, given by the compositions

Tn := fn ◦ · · · ◦ f1,

where fi ∈ Diff1(M) are chosen randomly and independently, with respect to the distribution
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µ.

If an initial point x ∈ M is distributed with respect to a probability measure ν, one can

consider the distribution µ∗ν of its random image f(x). In other words, µ∗ν is the µ-averaged

push-forward image of the measure ν:

µ ∗ ν :=

∫
Diff1(M)

(f∗ν) dµ(f).

Definition 1.1.2. The measure ν is called µ-stationary if µ ∗ ν = ν.

As it was mentioned above, stationary measures of random dynamical systems are natural

analogues of invariant measures of deterministic maps. Their properties are of crucial im-

portance for many results in random dynamics, see [2, 12, 6, 10, 14, 15, 29, 28, 31, 32] and

references therein.

One of the important properties is regularity (or singularity) with respect to a reference

measure. In our setting the reference measure is the Lebesgue measure on the manifold

M determined by the Riemannian structure. We define two following types of measure

regularity:

Definition 1.1.3. We say that the measure ν on M is (C, α)-Hölder, if

∀x ∈M ∀r > 0 ν(Br(x)) < Crα.

The measure ν on M is (C,α)-log-Hölder if

∀x ∈M ∀r > 0 ν(Br(x)) ≤ C| log(r)|−α.
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For a diffeomorphism f ∈ Diff1(M) denote

L(f) = max(Lip(f),Lip(f−1)). (1.1.1)

The first one of the main results of this work (discussed in more details and proved in

Chapter 2) can be formulated as follows:

Theorem 1.1.4. Suppose that µ is a probability distribution on Diff1(M) such that

∫
L(f)γdµ(f) <∞ for some γ > 0.

Suppose also that there is no probability measure on the manifold M invariant under every

map f ∈ suppµ. Then every stationary measure of a random dynamical system defined by

the distribution µ is Hölder continuous.

Remark 1.1.5. While we formulate the results for C1-diffeomorphisms, only smoothness of

the phase space is important for the proof, not the smoothness of the maps. We only need

the maps to be bi-Lipschitz. Hence, Theorem 1.1.4 holds for random dynamical systems

defined by a probability measure µ on the space of bi-Lipschitz homeomorphisms: {f ∈

Homeo(M) | L(f) <∞}. For the precise statement see Theorem 2.1.3.

Remark 1.1.6. An assumption that the maps {fi} are identically distributed can be es-

sentially relaxed, see Theorem 2.1.8 below. An example showing the necessity of the finite

moment in Theorem 1.1.4 is provided in Section 2.6. At the same time, weakening the as-

sumption on finite moments and/or lowering regularity of maps to Hölder continuous leads

to lowering regularity of the stationary measures to log-Hölder, see Section 1.1.2 and Chapter

3. For the discussion of necessity of other conditions see remarks 2.1.5, 2.1.9, and 2.1.10.

In Section 2.1 below we provide formal definitions and more general and stronger versions of

this result. Specifically, in Theorem 2.1.6 we show that averaged images of any initial measure
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become Hölder regular on any scale larger than some threshold, which decays exponentially

in the number of iterates. Theorem 2.1.8 is a similar result for a non-stationary case, namely,

it claims that, informally speaking, by averaging with respect to a different distribution on

each step, one “regularizes” a probability measure on a manifold, bringing it closer to the

subspace of Hölder measures.

1.1.2 log-Hölder regularity of stationary measures

The Theorem 1.1.4 gives rise to a series of natural questions. Namely, one can ask

• What do we get if we impose a weaker condition on the tails of distribution µ? For

instance, if we only assume that
∫
(log ∥f∥Diff1)γdµ(f) <∞.

• Is it possible to weaken the regularity assumption on the dynamical system? For exam-

ple, what if we only assume that homeomorphisms f ∈ supp(µ) are Hölder continuous

and not differentiable?

Chapter 3 addresses both of these questions. Our main results in this direction are the

following two theorems (for rigorous formulations and further discussion see Section 3.1):

Theorem 1.1.7. Let µ be a probability measure on Lip(M) – space of bi-Lipschitz homeo-

morphisms of M , satisfying the following assumptions:

• Lipschitz constant has finite α-logarithmic moment with respect to µ.

• There is no measure m on M , such that f∗m = m for µ-a.e. f .

Then every µ-stationary measure is α/2-log-Hölder.

Theorem 1.1.8. Let µ be a probability measure on Hol(M) – space of bi-Hölder homeomor-

phisms of M , satisfying the following assumptions:

4



• Hölder constant has a finite logarithmic moment with respect to µ.

• There is no measure m on M , such that f∗m = m for µ-a.e. f .

Then every µ-stationary measure is log-Hölder.

Remark 1.1.9. Both Theorem 1.1.7 and Theorem 1.1.8 have non-stationary versions that

deal with finite number of random iterations, see Theorem 3.1.4 and Theorem 3.1.9.

Remark 1.1.10. Moreover, at the end of Chapter 3 (see Section 3.5) we provide an even

more precise (and, inevitably, more technical) result in the spirit of log-Hölder continuity

about interaction of two measures generated by non-stationary random dynamical systems.

That statement allows us to prove a non-stationary Central Limit Theorem for products of

random SL(2,R) matrices with optimal assumption on the tails (finite 2+ ε moment for any

ε > 0, see Section 1.2 and Chapter 4).

1.2 Application: Central Limit Theorem for products of

random SL(2,R) matrices

1.2.1 Historical background

The two most fundamental results in probability that are present in almost every textbook

are the (strong) Law of Large Numbers (LLN) and the Central Limit Theorem (CLT). In

the most basic form, if {ξn} is an iid sequence of random variables with finite expectation

a and finite variance σ2, the LLN claims that almost surely 1
n

∑n
i=1 ξi → a, and the CLT

claims that
∑n

i=1 ξi−na√
nσ

converges in distribution to a normal distribution N (0, 1) with mean 0

and variance 1.
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There are many ways to relax the assumptions in both cases. In particular, the random

variables do not have to be identically distributed. For example, a non-stationary version of

the LLN known as Kolmogorov’s Law [30] claims that if {ξi} is a sequence of independent

random variables with ai = Eξi, σ2
i = Var (ξi), and

∑∞
i=1

σ2
i

i2
<∞, then

∑n
i=1(ξi−ai)

n
→ 0 almost

surely. On the other hand, if for some δ > 0 the sequence E|ξi|2+δ is uniformly bounded,

then the sequence of random variables (
∑n

i=1(ξi − ai)) /
√∑n

i=1 σ
2
i converges in distribution

to N (0, 1), provided1 ∑n
i=1 σ

2
i → ∞.

There are plenty of different generalizations and forms of these statements. For example, for

some of the analogs of the LLN and CLT for the sums of iid random variables in the context

of random walks on groups see the survey [13] and monograph [9], and references therein.

Here we discuss random matrix products. In this case, a multiplicative version of the LLN is

given by Furstenberg and Kesten [17]. A stronger result is the famous Furstenberg Theorem,

which also guarantees positivity of the Lyapunov exponent. In order to formulate it we will

need some algebraic conditions on the distribution of our random matrices.

Let {Xk, k ≥ 1} be independent and identically distributed random variables, taking values

in SL(d,R), the d×d matrices with determinant one, let GX be the smallest closed subgroup

of SL(d,R) containing the support of the distribution of X1.

Definition 1.2.1. GX is called strongly irreducible if there is no finite family of proper

non-zero subspaces V1, V2, . . . , VN ⊂ Rd such that

X(∪N
i=1Vi) = ∪N

i=1Vi for all X ∈ GX ,

and proximal (or contracting) if there exists a sequence X1, X2, . . . ,∈ GX and a sequence of

real numbers x1, x2, . . . such that the sequence of operators {xiXi} converges in norm to a
1There are stronger versions of CLT for sums of independent not identically distributed random variables,

such as Lyapunov or Lindeberg–Feller Theorems; here we provide the statement that is a direct additive
analog of the main result of this thesis.

6



linear endomorphism of Rd of rank one.

See [10] for a detailed discussion of these notions.

Theorem 1.2.2 (H. Furstenberg [16]). Assume that

E[log ∥X1∥] <∞, where ∥X1∥ = sup
v∈Rd,|v|=1

|X1v|.

Also, assume that GX is not compact and is strongly irreducible.Then there exists a positive

constant λF (Lyapunov exponent) such that with probability one

lim
n→∞

1

n
log ∥Xn . . . X2X1∥ = λF > 0.

Remark 1.2.3. In the case of random products of SL(2,R) matrices, the assumption thatGX

is not compact and is strongly irreducible is equivalent to the assumption that there exists

no measure on RP1 invariant under the action of every map from GX , see [4, Lemma 3.6].

The CLT for the products of iid random matrices is also available. The initial results were

obtained for matrices with positive coefficients [5], [17]. In the case of absolutely continuous

distributions it was obtained by Tutubalin [38, 39]. The requirements on regularity of dis-

tributions was relaxed by Le Page, who proved the CLT for random matrix products under

the assumption of finite exponential moments [35], see also [10], [19], [26], [20], [27]. Finally,

the assumption on the moments of the distribution was optimized by Benoist and Quint [7]:

Theorem 1.2.4 (Benoist, Quint, [7]). Let {Xk, k ≥ 1} be independent and identically dis-

tributed random matrices in SL(d,R). Assume that GX is non-compact and strongly irre-

ducible and

E
[
(log ∥X1∥)2

]
<∞. (1.2.1)

7



Then there exists σ > 0 such that the random variables

log ∥Xn . . . X1∥ − nλF√
n

,

where λF > 0 is the Lyapunov exponent, converge in distribution to N (0, σ2).

Notice that both Theorems 1.2.2 and 1.2.4 require the random matrices to be identically

distributed. That requirement allows to consider a stationary measure for the random dy-

namics on the projective space, which is a key notion used in the proofs of both results. For

example, the proofs of the earlier versions of CLT relied on the following result by Guivarc’h:

Theorem 1.2.5 (Guivarc’h, [25]). Suppose that, in the setting above, GX is strongly irre-

ducible and proximal, and

E∥X∥γ <∞

for some γ > 0. Then the random dynamical system given by the random projective maps

fXj
has unique stationary measure ν on RPd−1, and ν is Hölder continuous (here fX is the

projectivisation of the matrix X (see Eq. (4.5.1) below)).

An alternative proof of Theorem 1.2.5 (inspired by [11]) can be found in [6]. A proof of

Hölder continuity of stationary measures under somewhat weaker assumptions was obtained

in [1].

Notice that Theorem 1.2.5 can be considered a partial case of Theorem 1.1.4. Indeed, strong

irreducibility and proximality conditions imply absence of common invariant measure for

the corresponding projective maps (this follows, for example, from Propositions 1.6 and 2.3

in [10, Chapter III]), and finite moment condition implies the corresponding condition in

Theorem 1.1.4.

Later on Benoist and Quint proved a more precise version of Theorem 1.2.5 that allowed log-

arithmic tails (and established an analog of log-Hölder regularity for the stationary measure),

8



and used that result to establish Theorem 1.2.4.

At the same time, the classical LLN and CLT hold for sums of independent and not neces-

sarily identically distributed real valued random variables, and it is natural to expect that

non-stationary versions of the LLN and CLT for random matrix products should hold as

well. Indeed, the non-stationary version of the Furstenberg Theorem was recently provided

in [22], and it already found interesting applications in spectral theory [21, 41]. The non-

stationary version of the CLT for random products of SL(2,R) matrices (see Theorem 1.2.6)

is the final main result of this thesis (and Chapter 4 of this thesis), and Theorem 3.5.1 in

Chapter 3 is specifically designed to play the same role in its proof as Theorem 1.2.5 and its

generalizations play in the proof of 1.2.4.

1.2.2 Definitions and statement of main results

Let us now provide the setting needed to state CLT for nonstationary products of SL(2,R)

random matrices.

Let K be a compact subset (with respect to the weak-* topology) in the set of probability

measures on the group SL(2,R). We will say that the measures condition is satisfied if

for every measure µ ∈ K there are no Borel probability measures ν1, ν2 on RP1 such that

(fA)∗ν1 = ν2 for µ-almost every A ∈ SL(2,R), where fA is the projectivisation of the matrix A

(see Eq. (4.5.1) below).

Let us fix some sequence {µi}i∈N, µi ∈ K, and let Ai ∈ SL(2,R) be independent matrix-valued

random variables, with Ai being distributed w.r.t. µi. Set

Tn = AnAn−1 . . . A1,
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and denote

Ln = E log ∥Tn∥. (1.2.2)

If the measures condition is satisfied, then for any {µi}i∈N, µi ∈ K, the sequence {Ln} must

grow at least linearly, i.e. the norms of the random products must grow exponentially on

average, see [22, Theorem 1.5]. A related statement on exponential growth of the norms in

the case of non-stationary linear cocycles over Markov chains was established by Goldsheid

[18]. Moreover, if additionally a uniform bound on some exponential moment exists for

distributions from K, the non-random sequence {Ln} describes the behavior of almost every

random product, and in this sense serves as a non-stationary analog of Lyapunov exponent.

Namely, almost surely one has limn→∞
1
n
(log ∥Tn∥ − Ln) = 0, see [22, Theorem 1.1]. This

provides a direct analog of the LLN for non-stationary random matrix products.

That compels the question whether an analog of CLT for non-identically distributed random

variables must hold in this setting. The main result of Chapter 4 provides a positive answer

in dimension two:

Theorem 1.2.6. Let K be a compact subset in the set of probability measures on the

group SL(2,R) that satisfies the measures condition, and assume that there exists γ > 2 and

M > 0 such that for any µ ∈ K one has

Eµ(log ∥A∥)γ < M. (1.2.3)

Then the random variables
log ∥Tn∥ − Ln√
Var(log ∥Tn∥)

converge in distribution to N (0, 1), with the convergence that is uniform with respect to the

choice of the sequence µ1, µ2, · · · ∈ K.
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Also, there are constants C1, C2 > 0 and an index n0 such that for all n ≥ n0 and all

µ1, . . . , µn ∈ K one has

C2
1n ≤ Var(log ∥Tn∥) ≤ C2

2n. (1.2.4)

Remark 1.2.7. (a) The condition (1.2.3) with the assumption γ > 2 is optimal, in a sense

that it cannot be strengthened to γ = 2. This is in contrast with the iid case, compare

with Theorem 1.2.4. We discuss this below, see Example 4.9.2 in Section 4.9.

(b) One should expect that, under suitable conditions, Theorem 1.2.6 should hold for

random SL(d,R) matrix products for every d ≥ 2. To prove such a statement, it would

be helpful to have a non-stationary analog of simplicity of the Lyapunov spectrum,

see [26], [20] for the case of iid random matrix products. In the case of some specific

regular distributions in SL(d,R) such an analog was recently established [3], but a

statement for a general sequence of distributions is currently not available, even if

certainly expected.

The conclusion of Theorem 1.2.6 also applies to the distribution of log-lengths of individual

vectors, log |Tnv|, as well as to the matrix elements (Tn)i,j.

Theorem 1.2.8. Under the assumptions of Theorem 1.2.6, for any nonzero v ∈ R2 and any

i, j = 1, 2 the random variables

log |Tnv| − Ln√
Var(log ∥Tn∥)

,
log |(Tn)ij| − Ln√

Var(log ∥Tn∥)

converge in distribution to N (0, 1), where (Tn)ij is the (i, j)-th element of the matrix Tn.
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Chapter 2

Hölder regularity of stationary measures

2.1 Definitions and main results

Definition 2.1.1. We say that the measure ν on M is (α,C)-Hölder, if

∀x ∈M ∀r > 0 ν(Br(x)) < Crα. (2.1.1)

The measures that satisfy (2.1.1) appear in geometric measure theory literature under the

names “upper Ahlfors regular”, or “Frostman measure”.

Definition 2.1.2. For a diffeomorphism f ∈ Diff1(M) we define

Lip(f) = sup
x̸=y

(
d(f(x), f(y))

d(x, y)

)

and

L(f) = max(Lip(f),Lip(f−1)).
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Our first main result claims that Hölder regularity of stationary measures is completely

abundant. The statement below is a more formal and detailed version of Theorem 1.1.4.

Theorem 2.1.3. Let µ be a probability measure on Diff1(M), satisfying the following as-

sumptions:

• (finite moment condition) There exists γ > 0 and C0 > 0 such that

∫
L(f)γ dµ(f) < C0; (2.1.2)

• (no common invariant measure) There is no probability measure m on M such

that f∗m = m for µ-a.e. f .

Then there exist α > 0 and C such that any µ-stationary probability measure ν on M is

(α,C)-Hölder.

Remark 2.1.4. Denote by M the space of all probability measures on Diff1(M) equipped

with weak-∗ topology. If K ⊂ M is a compact set, such that the assumptions of Theorem

2.1.3 (with uniform γ > 0 and C0 > 0) hold for all µ ∈ K, then α and C in the conclusion

can be chosen uniformly in µ ∈ K.

Remark 2.1.5. Notice that the condition on absence of common invariant measures cannot

be dropped without adding some other assumptions on a model. Indeed, otherwise it could

happen that all maps from suppµ preserve the same non-Hölder measure, e.g. some atomic

measure.

Theorem 2.1.3 states that (under suitable moment condition) all the stationary measures

for a random dynamical system with no common invariant measure are uniformly Hölder.

Thus, it is natural to ask if (averaged) iterations µ∗n ∗ ν0 of a given non-stationary initial

measure ν0 become “more and more Hölder” as the number n of iterations increases.

13



However, if both initial measure ν0 and the measure µ are atomic (for instance, if ν0 is a

Dirac measure, and the measure µ is supported on a finite number of diffeomorphisms), then

any of these iterated images has atoms, and thus cannot be Hölder. Hence, one can only

hope (and expect) the Hölder property on not-too-small scales. And indeed, it turns out to

be the case: after n iterations one has Hölder property on all scales above an exponentially

small one. Namely, we have the following theorem, our second main result:

Theorem 2.1.6. Assume that µ satisfies the assumptions of Theorem 2.1.3. Then there

exist α > 0, C and κ < 1 such that for any initial measure ν0, any number of iterations

n ∈ N, and any x ∈M one has:

if r > κn then (µ∗n ∗ ν0)(Br(x)) < Crα. (2.1.3)

Remark 2.1.7. Equivalently, the conclusion (2.1.3) in Theorem 2.1.6 can be replaced by

the following one (perhaps, with different values of the constants):

for any r > 0 we have (µ∗n ∗ ν0)(Br(x)) < C(rα + κn).

Notice that Theorem 2.1.3 is an immediate consequence of Theorem 2.1.6. Indeed, if ν0 is a

stationary measure, then µ∗n ∗ν0 = ν0, and since κn → 0 as n→ ∞, applying Theorem 2.1.6

to the measure ν0 shows that ν0 is Hölder continuous, and hence Theorem 2.1.3 follows.

Finally, in some situations one has to consider non-stationary random dynamical systems,

where the maps fi applied on different steps are chosen with respect to different distributions

µi. One example of such situation is non-stationary version of the Furstenberg theorem

[22, 18], related to the Anderson Localisation for random Schrödinger operators in l2(Z),

usually referred to as Anderson Model, in presence of a non-constant background potential.

Our third theorem states that in the non-stationary setting, under natural genericity as-
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sumptions the random (averaged) image of any given probability measure on M after n

iterations satisfies the Hölder property on not-too-small scales.

Theorem 2.1.8. Let K ⊂ M be a compact, satisfying the following conditions:

• (uniform finite moment condition) There exists γ > 0, C0 such that for any µ ∈ K

one has

∫
L(f)γ dµ(f) < C0; (2.1.4)

• (no deterministic images) For any µ ∈ K there are no probability measures ν, ν ′

on M such that f∗ν = ν ′ for µ-almost all f ∈ Diff1(M).

Then there exist α > 0, C, κ < 1 such that for any initial measure ν0, any n, and any

distributions µ1, . . . , µn ∈ K the n-th image of ν0 satisfies (α,C)-Hölder property on the

scales larger than κn:

∀x ∈M ∀r > κn (µn ∗ · · · ∗ µ1 ∗ ν0)(Br(x)) < Crα.

Remark 2.1.9. Theorems 2.1.3, 2.1.6 and 2.1.8 also hold for the case of M being a compact

manifold with a boundary. In this case we consider µ that is a probability measure on the

space of all diffeomorphisms of M on the image.

Remark 2.1.10. It is certainly reasonable to ask whether one can relax any other assump-

tions in Theorem 1.1.4. For example, what if the random dynamical systems is defined by

diffeomorphisms that preserve the Lebesgue measure on the phase space? Can one claim in

this case that under suitable assumptions all the stationary measures must be Hölder? An-

other natural question is whether in the case the independence assumption is dropped, the

property (2.1.3) still holds? The following simple example shows that in general one should

15



not expect it. Consider an iid sequence of random diffeomorphisms f1, f2, . . ., and construct

another sequence of random maps gi = f−1
i+1 ◦ fi. Then {gi} is a sequence of random maps

such that gi and gk are independent if |i− k| > 2, but it is clear that one should not expect

(2.1.3) to hold.

2.1.1 “No invariant measure” vs “no deterministic images” condi-

tions

The “no deterministic images” assumption in Theorem 2.1.8 is a natural generalisation to

the non-stationary setting of the “no common invariant measures” one. Indeed, in the non-

stationary setting it does not make sense to directly compare measures before and after

applying a random map, since by taking any (bounded) family of maps gi and considering a

family of conjugations fi 7→ f̃i := gi ◦ fi ◦ g−1
i−1 one can turn random orbits xi = fi(xi−1) into

random orbits yi = f̃i(yi−1) given by yi = gi(xi), not changing any essential properties of the

non-stationary random dynamical system, but destroying a common invariant measure.

Nevertheless, notice that in the stationary case, when both of these conditions make sense,

“no common invariant measure” and “no measure with deterministic images” are essentially

different: absence of one-step deterministic images is a strictly stronger assumption than ab-

sence of a common invariant measure. Indeed, for instance, one can take two diffeomorphisms

f, g of the circle, where f is a North-South map with two fixed points (so the only invariant

measures are concentrated at these points), and g is a sufficiently small irrational rotation

(thus having only one invariant measure, namely Lebesgue measure on the circle). Thus, f

and g have no common invariant measure. However, the composition g−1 ◦ f (that is close

to f) has a fixed point x0 (near a fixed point of the map f). The relation g−1 ◦ f(x0) = x0

implies that f(x0) = g(x0), and thus the Dirac measure at x0 has a deterministic image.

However, being able to compress several steps into a single one makes these two assumptions
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equivalent for their usage in the above theorems:

Proposition 2.1.11. Let µ ∈ M be a probability measure on Diff1(M) such that there is no

common invariant measure for all f ∈ suppµ. Then there exists k ∈ N such that µ∗k satisfies

“no deterministic images” condition (i.e. there are no probability measures ν, ν ′ on M such

that f∗ν = ν ′ with f = fk◦. . .◦f1 for µ×µ×. . .×µ-almost all (f1, f2, . . . , fk) ∈
(
Diff1(M)

)k).
Proof of Proposition 2.1.11. Assume that for arbitrarily large k there exist measures νk, ν ′k

such that f∗νk = ν ′k for µ∗k-a.e. f ∈ Diff1(M). For any such k consider the intermediate

images (note that intermediate images must be deterministic, too):

νk,0 := νk, νk,j = f∗νk,j−1, j = 1, . . . , k, for µ-a.e. f ∈ Diff1(M).

Let ν̄k be the time averages of these measures:

ν̄k :=
1

k

k−1∑
j=0

νk,j.

Then, due to the standard time-averaging (Krylov-Bogolyubov) argument any accumulation

point ν̄ of the measures ν̄k is a common invariant measure for µ-a.e. f ∈ Diff1(M). Namely,

for µ-a.e. f ∈ Diff1(M) one has

f∗ν̄k = ν̄k +
1

k
(f∗νk,k−1 − νk,0),

providing f∗ν̄ = ν̄ after passing to a limit point ν̄. This leads to a contradiction with the

assumption of the proposition.

Notice that Proposition 2.1.11 implies that it suffices to prove Theorems 2.1.3 and 2.1.6

under a more restrictive “no deterministic images” assumption instead of the “no common

invariant measures” condition. In particular, Theorem 2.1.6 can be considered a corollary of
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Theorem 2.1.8.

2.2 Ideas of the proof

In this section we informally present the ideas and motivations behind the proofs of our main

results, before passing to the formal proofs in Section 2.4.

We start with slightly weaker, but less technically complicated arguments, that allow us to

establish the existence of a Hölder stationary measure.

As the first step, for any α > 0 and a measure ν on M define its energy as

Eα(ν) :=
∫∫

M

d(x, y)−αdν(x)dν(y) (2.2.1)

An immediate application of Markov’s inequality shows that when Eα(ν) is finite, the measure

is α
2
-Hölder, and the Hölder constant can be estimated in terms of the energy. Indeed, for

any x ∈M and r > 0 one has

Eα(ν) ≥ (2r)−αν(Br(x))
2, (2.2.2)

as pairwise distances between the points of Br(x) do not exceed 2r. Hence, to establish the

Hölder property of a measure it would suffice to show that its energy is finite for some α > 0.

The key step here is to show that for a sufficiently small α, convolution with µ makes

sufficiently high energies decrease. Namely, there exists α0 > 0 and constants C0 > 0,

0 < λ < 1 such that for any α < α0 one has

Eα(µ ∗ ν) ≤ λEα(ν) + C0. (2.2.3)
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To do so, we re-interpret the energy (2.2.1) in terms similar to L2-norm of a convenient

function. Namely, for a given measure ν, consider the function

ρα[ν](y) :=

∫
M

φα(d(x, y)) dν(x), (2.2.4)

where φα(r) := r−
k+α
2 and k is the dimension of the manifold M . Take the square of the

L2-norm (with respect to the Lebesgue measure on M) of this function,

Ẽα(ν) :=
∫
M

ρα[ν](y)
2 dLebM(y). (2.2.5)

It turns out that there exists constant cα (that depends only on α and the dimension of the

manifold M) such that for any ν

Ẽα(ν) = (cα + o(1)) · Eα(ν), (2.2.6)

where o(1) tends to zero as either of energies Eα, Ẽα tend to infinity. Indeed, the right hand

side of (2.2.5) can be rewritten as

Ẽα(ν) =
∫
M

ρ2α[ν](y) dLebM(y)

=

∫∫∫
M×M×M

φα(d(x, y))φα(d(z, y)) dν(x)dν(z) dLebM(y)

=

∫∫
M×M

Kα(x, z)dν(x)dν(z), (2.2.7)

where

Kα(x, z) :=

∫
M

φα(d(x, y))φα(d(z, y)) dLebM(y). (2.2.8)

If M was replaced by the Euclidean space Rk, the kernel (2.2.8) would have exactly the form

cα|x − z|−α, where cα is a constant. Indeed, an isometric change of coordinates preserves
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the integral (2.2.8), and the isometries of Rk act transitively on pairs of points of the same

distance, hence (2.2.8) depends only on |x− z|. At the same time, rescaling of Rk with any

factor λ > 0 multiplies both φα(d(x, y)) and φα(d(z, y)) by λ−
k+α
2 , and has the Jacobian of

λk, hence Kα(x, z) scales as |x− z|−α, thus providing the above form.

Hence, on Rk one would have exact proportionality cαEα = Ẽα. Meanwhile, for a general

compact manifold M high values of energy E can come only from points close to each other,

and on a small scale a Riemannian manifold is almost Euclidean.

Finally, the key argument goes by contradiction. Namely, for a small α the energy Eα is

almost unchanged by applying a given diffeomorphism f , as the distances are changed at

most L(f) times, and their α’s powers are changed by a factor close to 1. Due to (2.2.6),

this implies that for a large value of energy the same applies to Ẽα.

However, the latter energy admits an L2-norm interpretation: the definition (2.2.5) is the

squared length ⟨ρ, ρ⟩L2(M,LebM ) of a vector (function) ρ ∈ L2(M), linearly associated to the

measure ν. In particular, if the L2-norm of the average of images f∗ν (where f is distributed

w.r.t. µ) does not decrease, it means that (most of) these vectors are essentially (almost)

aligned. Considering the non-probability measure

Θα[ν] := ρα[ν]
2(y) dLebM(y), (2.2.9)

we see that the (almost) alignment of the vectors implies that the corresponding normalized

(probability) measure θα[ν] := 1

Ẽα(ν)
Θα[ν] on M is a measure with (almost) deterministic

image. Passing to the limit as α tends to 0, we find a measure with the deterministic image,

thus obtaining a contradiction.

The relation (2.2.3) that we have (non-rigorously) established implies that when the energy

Eα(ν) is large, the passage to the averaged image µ ∗ ν decreases it. This already suffices to
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establish the existence of a Hölder stationary measure. Indeed, take any measure ν0 of finite

α-energy (for instance, the Lebesgue measure on M). Consider the sequence of its averaged

images,

νn := µ ∗ νn−1, n = 1, 2, . . . ;

their Eα energies then stay uniformly bounded. Hence, the same bound for the energy applies

to their Cesaro averages ν̄n := 1
n

∑n−1
j=0 νj. Finally, any accumulation point of this latter

sequence is necessarily a stationary measure, is of finite energy, and, hence, Hölder regular.

This completes the (informal sketch of the) proof of the existence of a Hölder stationary

measure.

Now, for a stationary measure ν the inequality (2.2.3) reads as

Eα(ν) ≤ λEα(ν) + C0,

thus implying that either the energy Eα(ν) ≤ C0

1−λ
, or that this energy is infinite. Unfor-

tunately, the above arguments do not exclude the latter possibility, though suggest that it

should not take place: large energies “decrease at infinity”. Also, if one takes a Dirac measure

as an initial one, an averaging with respect to a distribution that has atomic component will

always have some atoms, and hence will never be Hölder regular. So in order to prove The-

orems 2.1.3–2.1.8, definitions of energy in (2.2.1) and (2.2.5) are to be modified to exclude

the infinity from the list of possibilities.

Such a modification is done by replacing the interaction kernel d(x, y)−α in the definition of

the energy Eα by a bounded function, choosing a distance ε at which the interaction in the

energy is cut-off. To do so, we take (see Definition 2.3.5 below)

Eα,ε(ν) :=
∫∫

M

Uα,ε(d(x, y))dν(x)dν(y).
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for some bounded interaction potential Uα,ε(r). Unfortunately, bluntly taking [max(r, ε)]−α

in the role of Uα,ε(r) makes it harder to work with the L2-interpretation. Thus we first

modify the L2-definition, applying a cut-off in the construction of the function ρ, and then

use it to define the energy.

2.2.1 Structure of the paper

We start by providing rigorous definitions for the cut-off energies Ẽα,ε and Eα,ε in Sec-

tions 2.3.1 and 2.3.2 (see Definitions 2.3.2 and 2.3.5 below). We then state some of their

properties in Section 2.3.3. In particular, we show that when the energies are large, they are

comparable to each other (see Proposition 2.3.10, which is analogous to (2.2.6) above).

Next, in Section 2.3.4 we introduce measures θα,ε[ν] associated with the measure ν, and de-

scribe the effect of an action of “not too distorting” diffeomorphisms (see Proposition 2.3.21).

We provide the formal proof of Theorems 2.1.3–2.1.8 in Section 2.4. The main intermediate

result is Proposition 2.4.1 on exponential decrease of large energies; it is an analog of (2.2.3)

and is established in Section 2.4.1. The final step in the proof of Theorems 2.1.3–2.1.8 is

made in Section 2.4.2.

To make an exposition more reader-friendly, the detailed proofs of the most technical state-

ments are postponed till Section 2.5. Namely, in Section 2.5.1 we discuss the properties of

the functions φα,ε(r) and Uα,ε(r), and prove Proposition 2.3.6. In Section 2.5.2 we provide

the proof of Proposition 2.3.10 that claims that the energies Eα,ε(ν) and Ẽα,ε(ν) cannot differ

too much. The proof of Proposition 2.3.21 is given in Section 2.5.4, Proposition 2.3.16 is

proven in Section 2.5.3, and in Section 2.5.5 the proof of Lemma 2.4.3 is given.

Finally, in Section 2.6 we give an example that shows that the finite moment condition (2.1.2)

cannot be replaced by the condition
∫
logL(f) dµ(f) < ∞ that would be an analog of the
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condition on distribution in the classical Furstenberg Theorem on random matrix products.

2.3 Tools for the proof

In this section, we introduce the ε-cut-off energies Eα,ε and Ẽα,ε, as well as the corresponding

measures Θα,ε(ν) and θα,ε(ν) associated to a given measure ν. We then study their properties

and how these objects are changed under an action of a diffeomorphism.

2.3.1 L2-type energy Ẽα,ε

To implement the strategy described in Section 2.2 in a way applicable to any initial proba-

bility measure on the manifold, let us start by modifying the definitions of the energy given

by (2.2.1) and (2.2.5). As L2-point of view is the essential component of the proof, we start

by modifying the function used to realise it.

0 ε r

ε−
k+α

2

ϕα,ε

r−
k+α

2

Figure 2.1: Function φα,ε(r): it coincides with r−
k+α
2 (graph drawn by a dotted line) for

r > ε, and scales as a slower-growing power of r for r < ε
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Definition 2.3.1. We define (see Fig. 2.1)

φα,ε(r) :=


r−

k+α
2 , r ≥ ε

1
εα

· r− k−α
2 , r < ε.

(2.3.1)

The following definition should be considered an analog of (2.2.5) and (2.2.9) from Section

2.2:

Definition 2.3.2. For a measure ν on M , we define a function

ρα,ε[ν](y) :=

∫
M

φα,ε(d(x, y))dν(x). (2.3.2)

and a (finite, not necessarily a probability) measure

Θα,ε[ν] := ρ2α,ε[ν](y) dLebM(y).

We also define

Ẽα,ε(ν) := Θα,ε[ν](M) =

∫
M

ρ2α,ε[ν](y) dLebM(y). (2.3.3)

In the same way as in Section 2.2, we rewrite the definition (2.3.3) as a pairwise interaction

with some kernel Kα,ε:

Lemma 2.3.3.

Ẽα,ε(ν) =
∫∫

M×M

Kα,ε(x, z)dν(x)dν(z),

24



where

Kα,ε(x, z) :=

∫
M

φα,ε(d(x, y))φα,ε(d(z, y)) dLebM(y). (2.3.4)

Proof. In the same way as in (2.2.7), it suffices to substitute (2.3.2) that defines ρ2α,ε[ν](y),

into (2.3.3), obtaining a triple integral

Ẽα,ε(ν) =
∫∫∫

M×M×M

φα,ε(d(x, y))φα,ε(d(z, y)) dν(x)dν(z) dLebM(y), (2.3.5)

and then change the order of integration.

2.3.2 Interaction-type energy Eα,ε

Now let us define the energy Eα,ε. As the reader will see, we actually need both of these

notions (as well as the relations between them): while Ẽα,ε is L2-based and thus adapted

for the final steps of the proof, it is the energy Eα,ε that behaves well under an action of a

diffeomorphism.

In the same way as in Section 2.2, we first replace the manifold M with the Euclidean

space Rk in (2.3.4):

Definition 2.3.4. For any two points x, z ∈ Rk consider the integral

Iα,ε(x, z) :=

∫
Rk

φα,ε(|y − x|)φα,ε(|y − z|) dLebRk(y). (2.3.6)
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For any isometry f : Rk → Rk it is easy to see that

Iα,ε(f(x), f(z)) :=

∫
Rk

φα,ε(|y − f(x)|)φα,ε(|y − f(z)|) dLebRk(y) =

=

∫
Rk

φα,ε(|f(y)− f(x)|)φα,ε(|f(y)− f(z)|) dLebRk(f(y)) = Iα,ε(x, z).

Since Iα,ε(x, z) depends only on the distance r = |x−z| we can define a function Uα,ε : R → R

as follows:

Uα,ε(r) := Iα,ε(x, z), (2.3.7)

where x and z are any points in Rk, such that r = |x− z|. We will show that Uα,ε(r) is finite

for every ε > 0, α > 0, and r ≥ 0 in Lemma 2.5.4

Now we are ready to give a definition of energy Eα,ε(ν) that is a modified version of (2.2.1):

Definition 2.3.5. We define

Eα,ε(ν) :=
∫∫

M×M

Uα,ε(d(x, z)) dν(x)dν(z).

0 ε r

Uα,ε(0)

Uα,ε(r)

cαr
−α

c′αr
−α

Figure 2.2: The function Uα,ε(r)

Note that the function Uα,ε(r) that we defined can indeed be seen as a cut-off version of r−α.

Namely, it has the following properties (see Fig. 2.2).
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Proposition 2.3.6. For any α ∈ (0, 1
2
) the following hold:

1. (Finiteness and monotonicity) For any ε > 0 the function Uα,ε(r) is non-increasing

and finite everywhere on [0,+∞); in particular, for any r > 0 one has

Uα,ε(r) ≤ Uα,ε(0). (2.3.8)

2. (Outside cut-off: power law) For some constants cα, c′α for any r ≥ ε > 0 one has

c′αr
−α ≤ Uα,ε(r) ≤ cαr

−α; (2.3.9)

also, for any r > 0

Uα,ε(r)

cαr−α
→ 1, as ε→ 0. (2.3.10)

3. (α-slow changing) For any ε and any r′ > r > 0, one has

(
r′

r

)−α

≤ Uα,ε(r
′)

Uα,ε(r)
≤ 1 (2.3.11)

We postpone the proof of these properties until Section 2.5.1. Specifically, conclusion (1)

will be proven in Lemma 2.5.4 and Lemma 2.5.6, conclusion (2) in Corollary 2.5.2 and

Lemma 2.5.5, and conclusion (3) in Proposition 2.5.3.

Meanwhile, we will be using Proposition 2.3.6 to prove our main results. We will assume

that for any given α ∈ (0, 1
2
) the constants cα, c′α are as in the conclusions of this proposition.

Note that the value of Uα,ε(0), appearing in conclusion (1) of Proposition 2.3.6, can be

calculated explicitly:

Lemma 2.3.7. Uα,ε(0) =
L
α
ε−α, where L = 2k LebRk(B1(0)) is a constant.
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Proof.

Uα,ε(0) =

∫
Rk

φα,ε(|x|)2 dLebRk(x)

=

∫
|x|<ε

(
|x|α2 − k

2

εα

)2

dLebRk(x) +

∫
|x|>ε

(
|x|−

α
2
− k

2

)2
dLebRk(x)

= LebRk(B1(0))

(∫ ε

0

rα−k

ε2α
krk−1dr +

∫ ∞

ε

r−α−k krk−1dr

)
= k LebRk(B1(0))

(
rα

αε2α

∣∣∣∣ε
0

− r−α

α

∣∣∣∣∞
ε

)
=
L

α
ε−α,

where we have used the standard formula for integrals of radial functions,

∫
Rk

f(|x|) dLebRk(x) = LebRk(B1(0))

∫ ∞

0

f(r) krk−1dr.

Due to the monotonicity conclusion (1) of Proposition 2.3.6 one gets the following uniform

upper bound:

Corollary 2.3.8. For any α ∈ (0, 1
2
) there exists C ′′

α such that for any measure ν on M and

any ε > 0 one has

Eα,ε(ν) ≤ C ′′
αε

−α.

Proof. The function Uα,ε(r) is monotonously decreasing, so

Eα,ε(ν) =
∫∫

M×M

Uα,ε(d(x, z)) dν(x)dν(z) ≤ Uα,ε(0) = C ′′
αε

−α,

where C ′′
α = L

α
.

Proposition 2.3.6 also allows us to have Hölder type bounds in terms of the energy, the
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statement that is an analogue to (2.2.2) above:

Lemma 2.3.9. For any α, ε > 0 and any probability measure ν on M , one has

∀y ∈M ∀r > ε ν(Br(y)) ≤

√
Eα,ε(ν)2α

c′α
· r

α
2 , (2.3.12)

where c′α is given by (2.3.9) from Proposition 2.3.6.

Proof. One has

Eα,ε(ν) ≥ Uα,ε(2r) · ν(Br(y))
2 ≥ c′α(2r)

−α · ν(Br(y))
2,

where the first inequality is the Markov lower bound for the integral (for any x, z ∈ Br(y)

one has Uα,ε(d(x, z)) ≥ Uα,ε(2r)), and the second is due to (2.3.9). Dividing by c′α(2r)−α and

taking square root, we obtain the desired (2.3.12).

2.3.3 Properties of the energies Eα,ε and Ẽα,ε

In the same way as for (2.2.6), the two energies, Eα,ε and Ẽα,ε, are comparable. Namely, we

have the following statement.

Proposition 2.3.10. For any α ∈ (0, 1/2) and any δ > 0 there exists C > 0 such that for

any ε > 0 and any measure ν on M such that Ẽα,ε(ν) > C or Eα,ε(ν) > C one has

Eα,ε(ν)
Ẽα,ε(ν)

∈ (1− δ, 1 + δ).

The idea of the proof is the same as for (2.2.6): large values of energy can come only from

points that are close to each other, and locally any manifold looks like a Euclidean space.

Again, we postpone the formal proof of this proposition until Section 2.5.2.
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It is convenient to re-formulate Proposition 2.3.10 using the following notation:

Definition 2.3.11. We say that two positive numbers, A and A′, are (δ, C)-close, if

A < (1 + δ)A′ + C and A′ < (1 + δ)A+ C;

this can be equivalently rewritten as

1

1 + δ
A− 1

1 + δ
C < A′ < (1 + δ)A+ C.

We denote it A ≈(δ,C) A
′.

Remark 2.3.12. Proposition 2.3.10 can be equivalently reformulated in the following way,

that includes all possible probability measures ν, not necessarily the high energy ones. For

any α ∈ (0, 1/2) and any δ > 0 there exists C > 0 such that

∀ε > 0 ∀ν Eα,ε(ν) ≈(δ,C) Ẽα,ε(ν). (2.3.13)

The next proposition and its corollary give a bound on how the energy Eα,ε can change under

an action of a diffeomorphism. Namely, it is changed by a factor that is at most L(f)α, where

L(f) is as in Definition 2.1.2. Thus once α is close to 0, the factor is close to 1.

Proposition 2.3.13. For any α ∈ (0, 1/2), any ε > 0 and any f ∈ Diff1(M) one has

L(f)−α ≤ Eα,ε(f∗ν)
Eα,ε(ν)

≤ L(f)α.

Proof. Indeed, by definition of L(f) we know that L(f) ≥ 1 and

d(f(x), f(z)) ≤ L(f)d(x, z) for any x, z ∈M .
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Proposition 2.3.6 thus implies (see (2.3.11)) that

L(f)−αUα,ε(d(x, z)) ≤ Uα,ε(d(f(x), f(z)))

Integrating over dν(x) dν(z), one gets the desired

L(f)−αEα,ε(ν) ≤ Eα,ε(f∗ν).

The second inequality follows in the same way from

L(f)−1d(x, z) ≤ d(f(x), f(z))

Corollary 2.3.14. For any δ > 0 and any R < ∞ there exists α0 > 0 such that for any

α ∈ (0, α0), any ε > 0 and any f ∈ Diff1(M) with L(f) < R one has

Eα,ε(f∗ν)
Eα,ε(ν)

∈ (1− δ, 1 + δ).

Joining this statement with Proposition 2.3.10, we get the same statement for the energy

Ẽα,ε:

Corollary 2.3.15. For any δ > 0 and any R < ∞ there exists α0 > 0 such that for any

α ∈ (0, α0), there exists C > 0 such that for any f ∈ Diff1(M) with L(f) < R, any ε > 0

and any ν such that Ẽα,ε(ν) > C or Eα,ε(ν) > C one has

Ẽα,ε(f∗ν)
Ẽα,ε(ν)

∈ (1− δ, 1 + δ). (2.3.14)

A final concluding remark in this direction is that the statement of Corollary 2.3.15 sur-
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vives if one takes an expectation of energy of a random image, provided that the moment

condition (2.1.2) is satisfied.

Proposition 2.3.16. If a probability measure µ ∈ M satisfies assumption (2.1.2) then for

any δ > 0 there exists α0 > 0 such that for any α ∈ (0, α0) the following holds. There exists

C > 0 such that for any ε > 0 and any measure ν on the manifold M with Ẽα,ε(ν) > C one

has:

Eµ

[
Ẽα,ε(f∗ν)

]
Ẽα,ε(ν)

∈ (1− δ, 1 + δ). (2.3.15)

For any given individual diffeomorphism f and any measure ν, the quotient Eα,ε(f∗ν)/Eα,ε(ν)

belongs to [L(f)−α,L(f)α] and hence converges to 1 as α tends to 0 uniformly in ε. It is

not difficult to justify that one can bring the expectation under the limit, obtaining the

convergence to 1 of the quotient EµEα,ε(f∗ν)/Eα,ε(ν). Conclusion (2.3.15) states the same for

the energies Ẽα,ε; we provide a formal proof of Proposition 2.3.16 in Section 2.5.3.

2.3.4 Normalizations θα,ε, Wasserstein distance

In the same way as in the sketch of the proof, we consider the normalizations θα,ε of measures

Θα,ε given by Definition 2.3.2. It is these measures that would turn out to be closer and

closer to having a deterministic image assuming that the conclusions of our main results do

not hold.

Definition 2.3.17.

θα,ε(ν) =
1

Ẽα,ε(ν)
Θα,ε[ν]. (2.3.16)

In what follows it will be convenient to use Wasserstein metric in the space of probability
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measures on M . Let us recall its definition, as well as definition of the total variation distance

between measures:

Definition 2.3.18. Let ν1, ν2 be two probability measures on a measure space (M,B). Then

the Wasserstein distance (or, to be completely precise, 1-Wasserstein distance) between them

is defined as

W (ν1, ν2) = inf
γ

∫∫
M×M

d(x, y) dγ(x, y),

where the infimum is taken over all probability measures γ on (M ×M,B × B) with the

marginals (projections on the x and y coordinates) Px(γ) = ν1 and Py(γ) = ν2.

Definition 2.3.19. Let ν1, ν2 be two probability measures on a measure space (M,B). Then

the total variation distance between them is

TV(ν1, ν2) = sup
B∈B

|ν1(B)− ν2(B)|.

Also, we will need the following statement that can be found, for example, in [40, Theorem

6.15]: the Wasserstein metric is bounded from above by the diameter times the total variation

distance.

Lemma 2.3.20. For any two probability measures ν1, ν2 on a manifold M we have

W (ν1, ν2) ≤ diam(M) · TV(ν1, ν2).

We are going to use the following statement. Assuming that α is sufficiently small, the

energy of a measure ν is sufficiently high, and a diffeomorphism f is “not too distorting”,

not only are the energies of ν and of f∗ν close to each other, but also the measure θα,ε[f∗ν]

is close to the push-forward f∗θα,ε[ν].
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Proposition 2.3.21. For any δ > 0 and any R > 0 there exists α0 > 0 such that for any

α ∈ (0, α0) there exists C > 0 such that for any f ∈ Diff1(M) with L(f) < R, any ε > 0,

and any ν such that Ẽα,ε(ν) > C or Eα,ε(ν) > C one has

W (f∗θα,ε(ν), θα,ε(f∗ν)) < δ. (2.3.17)

The idea of the proof of this proposition is close to the one for Proposition 2.3.10: large

energy means that most of it comes from points close to each other. Moreover, considering

the energy as a triple integral (2.3.5), one sees that most of it comes out from all the three

points being close to each other. Now, when a diffeomorphism f is applied, these local

contributions are changed roughly in the same way as the kernel Uα,ε(d(x, z)). Finally, the

latter almost does not change if L(f)α is close to 1, thus implying the desired closeness of

two measures.

Once again, we postpone the formal proof of this proposition until Section 2.5.4.

2.4 Proofs of main results

In this section we prove Theorems 2.1.3, 2.1.6, and 2.1.8, except for the technically com-

plicated parts, that we moved to Section 2.5 (specifically, the proofs of Propositions 2.3.6,

2.3.10, 2.3.16, 2.3.21, together with the proof of Lemma 2.4.3).

2.4.1 Exponential decrease of large energies

The key step of the proof of our main results is the following proposition:

Proposition 2.4.1. If the measure µ satisfies the finite moment condition and the no
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deterministic images condition, then there exist α > 0, C < ∞, λ < 1, such that for any

ε > 0 if Ẽα,ε(ν) > C then

Ẽα,ε(µ ∗ ν) < λẼα,ε(ν). (2.4.1)

Proof. Fix some small number δ > 0, take λ = 1−δ, and assume the contrary: for any α > 0

and C <∞ there exists an ε > 0 and a probability measure ν with energy Ẽα,ε(ν) > C, such

that

Ẽα,ε(µ ∗ ν) ≥ (1− δ)Ẽα,ε(ν). (2.4.2)

Recall the following standard statement:

Lemma 2.4.2. Assume that in some Hilbert space H a probability measure is given; in other

words, one is given a random variable v taking values in this space. Assume that this measure

has finite second moment, and let v := Ev be its expectation. Then

E⟨v − v, v − v⟩ = E⟨v, v⟩ − ⟨v, v⟩ (2.4.3)

In dimension one, it is exactly the equivalence between the two definitions of variance of a

random variable; and in general, it is straightforward to check (2.4.3): it suffices to substitute

v = (v − v) + v to the expectation in the right hand side and use the linearity of the scalar

product.

Now, let us apply this statement to L2(M,LebM). Namely, for a given measure ν its averaged

image µ ∗ ν is the expectation of f∗ν, where the diffeomorphism f of M is taken randomly

w.r.t. the measure µ. Hence, the same applies for the density ρα,ε[ν], given by (2.3.2) (see
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Definition 2.3.2), since it depends linearly on ν:

ρα,ε[µ ∗ ν] = Eµ ρα,ε[f∗ν]. (2.4.4)

Substituting this into (2.4.3) (with v = ρα,ε[f∗ν]), and taking into account the defini-

tion (2.3.3), we get

Eµ

[∫
M

(ρα,ε[f∗ν](y)− ρα,ε[µ ∗ ν](y))2 dLebM(y)

]
= Eµ

[
Ẽα,ε(f∗ν)

]
− Ẽα,ε(µ ∗ ν); (2.4.5)

in particular,

Ẽα,ε(µ ∗ ν) ≤ Eµ

[
Ẽα,ε(f∗ν)

]
. (2.4.6)

By Proposition 2.3.16 we can find sufficiently small α > 0 and sufficiently large C <∞, such

that for any ε > 0 and any measure ν on M with Ẽα,ε(ν) > C the inequality (2.3.15) holds,

and thus (taking only the upper bound)

Eµ

[
Ẽα,ε(f∗ν)

]
≤ (1 + δ)Ẽα,ε(ν). (2.4.7)

Denote by ν a probability measure with Ẽα,ε(ν) > C, for which the inequality (2.4.2) holds.

Substituting (2.4.7) and (2.4.2) in the right hand side of (2.4.5), we get

Eµ

[∫
M

(ρα,ε(f∗ν)(y)− ρα,ε(µ ∗ ν)(y))2 dLebM(y)

]
< 2δ Ẽα,ε(ν) (2.4.8)
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and thus

Eµ

[∫
M

(ρα,ε(f∗ν)(y)− ρα,ε(µ ∗ ν)(y))2

Ẽα,ε(ν)
dLebM(y)

]
< 2δ. (2.4.9)

The final step is to show that measures

θα,ε(f∗ν) =
ρα,ε(f∗ν)(y)

2

Ẽα,ε(f∗ν)
dLebM(y) and θα,ε(µ ∗ ν) = ρα,ε(µ ∗ ν)(y)2

Ẽα,ε(µ ∗ ν)
dLebM(y)

are close with high probability. And indeed, we have the following statement, estimating

(even) the total variations distance:

Lemma 2.4.3. Under the assumptions above

Pµ

[
TV(θα,ε(f∗ν), θα,ε(µ ∗ ν)) > 2

4
√
δ
]
< 4

√
δ, (2.4.10)

and hence

Pµ

[
W (θα,ε(f∗ν), θα,ε(µ ∗ ν)) > 2 diam(M)

4
√
δ
]
< 4

√
δ. (2.4.11)

Proof of Lemma 2.4.3 is the most technical part of the proof of Proposition 2.4.1, and we

postpone it till Section 2.5.5.

We are now ready to conclude the proof of Proposition 2.4.1. Namely, the conclusion (2.4.11)

states that with high probability the measure θα,ε(f∗ν) is close to the deterministic one,

θα,ε(µ ∗ ν). The next step is to show that with high probability the first measure is close to

the f∗-image of a given measure, θα,ε(ν).
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To do so, choose R <∞, such that

Pµ [L(f) < R] > 1− 4
√
δ

By Proposition 2.3.21 we can choose C big enough, so that for any f ∈ Diff1(M), such that

L(f) < R inequality (2.3.17) holds, and using triangle inequality we arrive to

Pµ

[
W (f∗θα,ε(ν), θα,ε(µ ∗ ν)) > 2 diam(M)

4
√
δ + δ

]
< 5

4
√
δ. (2.4.12)

Now consider the sequence δn = 1
n

and denote by νn the corresponding measure and corre-

sponding parameters by αn, εn, for which (2.4.2) holds. Then the measures θαn,εn(νn) have

a weakly convergent subsequence. Futhermore, we can take another subsequence, such that

the measures θαnk
,εnk

(µ ∗ νnk
) also converge. It remains to notice that due to inequality

(2.4.12) the limit measure

m = lim
k→∞

θαnk
,εnk

(νnk
)

has an almost surely constant image under the action of f ∈ supp(µ), that is equal to

m̃ = lim
k→∞

θαnk
,εnk

(µ ∗ νnk
),

which contradicts our assumption.

Finally, Proposition 2.4.1 can be generalized by the following statement.

Proposition 2.4.4. Let K ⊂ M be a compact subset that satisfies the following conditions:

• (uniform finite moment condition) There exists C0, γ > 0 such that for any µ ∈ K
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one has

∫
L(f)γ dµ(f) < C0;

• (no deterministic images) For any µ ∈ K there are no probability measures ν, ν ′

on M such that f∗ν = ν ′ for µ-almost all f ∈ Diff1(M).

Then the constants α, λ and C in Proposition 2.4.1 can be chosen uniformly in µ ∈ K.

Proof. Indeed, assume the contrary. It is easy to see that in the statements in Section 2.3

the constants can be chosen uniformly for all µ ∈ K. Now, repeating the proof of Propo-

sition 2.4.1, we see that the only part to be modified is passage to the limit. Again taking

δn = 1
n

one finds αn, εn and a measure µn ∈ K such that (2.4.2) holds. Passing to a subse-

quence (nk), one can ensure the existence of three limits:

m = lim
k→∞

θαnk
,εnk

(νnk
)

m̃ = lim
k→∞

θαnk
,εnk

(µnk
∗ νnk

),

µ̃ = lim
k→∞

µnk

In turn, this implies that for µ̃-a.e. diffeomorphism f one has f∗m = m̃, thus obtaining a

contradiction with the “no deterministic images” assumption at µ̃ ∈ K.

Finally, we note that the conclusion of Proposition 2.4.1 can be modified to include all

possible measures ν (without assuming the energy higher than C). To do so, we need to

adjust the upper bound (2.4.1) in order to include low-energy measures ν:

Lemma 2.4.5. Assume that the measure µ satisfies the finite moment condition (2.1.2) with

some γ, and that α < γ and C are given. Then there exists C ′ such that for any measure ν
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on M with Eα,ε(ν) ≤ C one has

Eα,ε(µ ∗ ν) ≤ C ′. (2.4.13)

Corollary 2.4.6. In the assumptions of Proposition 2.4.1 one can conclude that there exist

α > 0, C̃ <∞, λ < 1, such that for any ε > 0 and any measure ν on M

Eα,ε(µ ∗ ν) < max(λEα,ε(ν), C̃) (2.4.14)

Proof of Lemma 2.4.5. Note first that due to Proposition 2.3.10, for any α and C1 there

exists C2 such that for any ε and any measure ν one has

Ẽα,ε(ν) < C1 ⇒ Eα,ε(ν) < C2

and vice versa,

Eα,ε(ν) < C1 ⇒ Ẽα,ε(ν) < C2. (2.4.15)

In other words, having an upper bound on one of the energies Eα,ε(ν), Ẽα,ε(ν) implies a bound

for the other one.

Next, the finite moment condition implies the finiteness of the expectation

CI := EµL(f)
α <∞. (2.4.16)

Now, (2.4.5) implies that for any measure ν we have

Ẽα,ε(µ ∗ ν) ≤ EµẼα,ε(f∗ν);

At the same time Proposition 2.3.10 for δ = 1
2

implies that for some constant C1 one has for
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any measure ν ′

Ẽα,ε(ν ′) ≤ max(2Eα,ε(ν ′), C1).

Applying this for ν ′ = f∗ν and joining it with Proposition 2.3.13, we get

Ẽα,ε(f∗ν) ≤ max(2Eα,ε(f∗ν), C1) ≤ 2L(f)αEα,ε(ν) + C1.

Taking the expectation w.r.t. µ and using (2.4.16), we finally get a uniform bound

Ẽα,ε(µ ∗ ν) ≤ 2CIC + C1 =: C ′.

Proof of Corollary 2.4.6. In the proof of Proposition 2.4.1 we can take α arbitrarily small,

so we can assume that α < γ. Applying Proposition 2.3.10 to both sides of (2.4.1), where we

take δ sufficiently small so that 1−δ
1+δ

> λ, allows to conclude that there exists some constant

C3 such that for all ε and ν

Eα,ε(µ ∗ ν) < λ′Eα,ε(ν) if Eα,ε(ν) > C3,

where λ′ = 1+δ
1−δ

λ < 1. Meanwhile, Lemma 2.4.5 implies that there exists some C4 such that

Eα,ε(µ ∗ ν) < C4 if Eα,ε(ν) ≤ C3.

Taking C̃ := C4, we get the desired (2.4.14).
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2.4.2 Hölder bounds: proofs of Theorems 2.1.3–2.1.8

Now we are ready to complete the proof of Theorem 2.1.6 (and thus of Theorem 2.1.3).

Proof of Theorem 2.1.6. Let α, C̃ be as in Corollary 2.4.6: for any ε and for any measure ν

one has

Eα,ε(µ ∗ ν) < max(λEα,ε(ν), C̃);

applying this n times, we get

Eα,ε(µn ∗ ν) < max(λnEα,ε(ν), C̃).

Recall that Lemma 2.3.7 gives a uniform upper bound Eα,ε(ν) ≤ C ′′
αε

−α, where C ′′
α = L

α
;

choose ε := λ
n
α , then we have

Eα,ε(µn ∗ ν) < max(C ′′
α, C̃).

Now, applying Lemma 2.3.9 for any r > ε = κn, where κ := λ
1
α , we deduce that

(µn ∗ ν)(Br(x)) <

√
2αmax(C ′′

α, C̃)

c′α
· r

α
2 ,

which, after renaming α := α/2 and choosing appropriate C completes the proof of Theorem

2.1.6.

Arguing in the same way as in the proof of Theorem 2.1.6, Theorem 2.1.8 can be deduced

from Proposition 2.4.4.

42



Remark 2.4.7. The same proof works for the setting mentioned in Remark 2.1.9. One has

to consider an embedding M ↪→ M̃ into a closed manifold M̃ , to define energies Eα,ε and

Ẽα,ε with respect to the Lebesgue measure on M̃ and to repeat the original proof verbatim.

2.5 Proofs of used properties

Here we provide the proofs of the technical statements that were formulated and used above,

as described in Section 2.2.1.

2.5.1 Properties of φα,ε(r) and Uα,ε(r)

Let us prove Proposition 2.3.6. We start with some scaling properties of φα,ε and of Uα,ε:

Lemma 2.5.1. For any λ > 0 and any α, ε > 0 we have

∀r > 0 φα,λε(λr) = λ−
k
2
−α

2φα,ε(r) (2.5.1)

and

∀r > 0 Uα,λε(λr) = λ−αUα,ε(r). (2.5.2)

In particular, one has

Uα,ε(r) = r−αUα, ε
r
(1) = ε−αUα,1(r/ε). (2.5.3)

Proof. Relation (2.5.1) follows directly from (2.3.1) in the definition of φα,ε. For (2.5.2),

it suffices to make a change of variable y = λy′ in the integral (2.3.6). Finally, (2.5.3)

immediately follows from (2.5.2)
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Corollary 2.5.2. For any α > 0 and any r > ε > 0 one has

Uα,ε(r) ≥ c′αr
−α,

where c′α := Uα,1(1).

Proof. As a function of ε, the function φα,ε(r) and hence Uα,ε(r) is decreasing. The conclusion

thus directly follows from (2.5.3).

Proposition 2.5.3.

∀α, ε > 0 ∀r′ > r > 0 (r′/r)−
k
2
−α

2 ≤ φα,ε(r
′)

φα,ε(r)
≤ (r′/r)−

k
2
+α

2 . (2.5.4)

∀α, ε > 0 ∀r′ > r > 0 (r′/r)−α ≤ Uα,ε(r
′)

Uα,ε(r)
≤ (r′/r)α. (2.5.5)

Proof. Note first that, on each of the intervals (0, ε] and [ε,∞) the function φα,ε takes the

form const · r− k
2 r±

α
2 , thus implying the first statement on each of these intervals. Now, to

handle the case r′ > ε > r, it suffices to multiply the obtained estimates for (r, ε) and for

(ε, r′).

To establish the second conclusion, set λ := r
r′

, λ < 1. Take two points x′, z′ at the distance

r′ from each other, then the points x = λx′, z = λz′ are at distance r. Let us make a change

of variable y = λy′ in (2.3.6) for Iα,ε(x, z):

Uα,ε(r) = Iα,ε(x, z) =

∫
Rk

φα,ε(|y − x|)φα,ε(|y − z|) dLebRk(y)

=

∫
Rk

φα,ε(|λy′ − λx′|)φα,ε(|λy′ − λz′|) dLebRk(λy′)

= λk
∫

Rk

φα,ε(λ|y′ − x′|)φα,ε(λ|y′ − z′|) dLebRk(y′)
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Now, due to (2.5.4),

λ−(k−α) ≤ φα,ε(λ|y′ − x′|)φα,ε(λ|y′ − z′|)
φα,ε(|y′ − x′|)φα,ε(|y′ − z′|)

≤ λ−(k+α)

Hence, the ratio of Uα,ε(r) and

λk
∫

Rk

φα,ε(|y′ − x′|)φα,ε(|y′ − z′|) dLebRk(y′) = λkUα,ε(r
′)

must be between λ−(k−α) and λ−(k+α). As λk cancels out, we get the desired

λαUα,ε(r
′) ≤ Uα,ε(r) ≤ λ−αUα,ε(r

′).

Let us now show that the values of Uα,ε(r) are always finite.

Lemma 2.5.4. For any α ∈ (0, 1
2
), ε > 0, and any r ≥ 0 the value Uα,ε(r) is finite, and

∀r ≥ 0 Uα,ε(r) ≤ ⟨φα,ε, φα,ε⟩L2(Rk) = Uα,ε(0). (2.5.6)

Proof. Note that the φα,ε ∈ L2(Rk). Indeed, the inequality 2 · k−α
2

< k ensures squared

integrability at the origin, and as 2 · k+α
2
> k, the integral converges at infinity, too.

Now, Uα,ε(r) is a scalar product between two r-shifted copies of φα,ε. Hence, it is finite for

all r ≥ 0, and we get the desired (2.3.8).

The next lemma explains that the interaction potential Uα,ε(r) can be considered as a cut-off

of r−α (or, more precisely, of cαr−α):
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Lemma 2.5.5. For any α ∈ (0, 1
2
) the function Uα,ε(r) is decreasing in ε, and one has

∀r > 0 lim
ε→0

Uα,ε(r) = cαr
−α (2.5.7)

where

cα :=

∫
Rk

|y|−
k+α
2 |y − (1, 0, . . . , 0)|−

k+α
2 dLebRk(y)

is a constant depending only on α.

Proof. The monotonicity part immediately comes from the monotonicity of φα,ε in ε, as

we have already seen in the proof of Corollary 2.5.2. As the functions under the integral

in (2.3.6) are positive and monotonous in ε, one can pass to the limit as ε → 0, obtaining

the convolution square of r−
k+α
2 in Rk. The latter equals cαr−α due to the scaling reasons,

and the constant cα comes from substituting r = 1.

Lemma 2.5.6. For any α, ε > 0 function Uα,ε(r) is non-increasing in r.

Proof. Actually, the convolution of any positive, spherically symmetric, radially non-increas-

ing and square integrable functions ψ1(r), ψ2(r) in Rk is again spherically symmetric radially

non-increasing function. Indeed, any such function can be approximated from below by a

linear combination of indicator functions 1BR(0)(x) = 1|x|<R of balls centred at the origin,

taken with positive coefficients. It now suffices to establish the statement for such indicator

functions, as one can then pass to the (monotonous) limit.

Therefore it is enough to show that the volume of the intersection of two such balls BR1(0)

and BR2(x) is a non-increasing function of |x| (see Fig. 2.3). But that is a partial case of the

following simple statement:

Lemma 2.5.7. Suppose A ⊂ Rk is convex, B ⊂ A is measurable, and LebRk(B) <∞. Then
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0 x

R1 R2

Figure 2.3: Intersections of BR1(0) with BR2(x)

for any non-zero vector v̄ ∈ Rk the measure LebRk(A ∩ (B + tv̄)) as a function of t ≥ 0 is

non-increasing.

Indeed, monotonicity in Lemma 2.5.7 follows from the fact that due to convexity of A, for

any point b ∈ B, as soon as b+ t1v̄ ̸∈ A, we must have b+ tv̄ ̸∈ A for all t > t1.

Proof of Proposition 2.3.6. The finiteness part of conclusion (1) is proven in Lemma 2.5.4;

at the same time, Lemma 2.5.6 ensures the monotonicity in r of Uα,ε(r), thus completing the

proof of conclusion (1).

Next, the lower bound in (2.3.9) in conclusion (2) is established in Corollary 2.5.2. The

limit (2.5.7) from the conclusion of Lemma 2.5.5 is exactly the limit part (2.3.10) of conclu-

sion (2); due to Lemma 2.5.5 the function Uα,ε(r) is decreasing in ε, hence for any ε > 0 one

has

Uα,ε(r) ≤ lim
ε′→0

Uα,ε′(r) = cαr
−α

thus establishing the upper bound part of (2.3.9), and completing the proof of conclusion (2).

Finally, the lower bound part of (2.3.11) in conclusion (3) follows from Proposition 2.5.3,

while the upper bound is implied by the inequality Uα,ε(r
′) ≤ Uα,ε(r). The latter follows

from the monotonicity in r of the function Uα,ε(r), established in Lemma 2.5.6.
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2.5.2 Comparing Eα,ε(ν) and Ẽα,ε(ν): Proof of Proposition 2.3.10

Let us recall that in (2.2.8) we defined

Kα(x, z) =

∫
M

φα(d(x, y))φα(d(z, y)) dLebM(y).

We will need the following statement:

Lemma 2.5.8. For any α > 0, the interaction potentials Kα,ε(x, z) and Uα,ε(d(x, z)) are

comparable in the following sense:

∀δ > 0 ∃C : ∀ε > 0, ∀x, z ∈M

Kα,ε(x, z) ≈(δ,C) Uα,ε(d(x, z)), i.e.

1

1 + δ
(Uα,ε(d(x, z))− C) < Kα,ε(x, z) < (1 + δ)Uα,ε(d(x, z)) + C. (2.5.8)

Postponing its proof for the moment, note that it implies Proposition 2.3.10.

Proof of Proposition 2.3.10. It suffices to integrate (2.5.8) w.r.t. ν×ν (x, z). As the constant

C does not depend on these points nor on the measure ν, one gets

1

1 + δ
(E(ν)− C) < Ẽ(ν) < (1 + δ)E(ν) + C

with the same constant C. As it was noticed in Remark 2.3.12, this is an equivalent form of

Proposition 2.3.10.

Proof of Lemma 2.5.8. Let α > 0 be given. Take any r0 > 0 and divide the integral (2.3.4)
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defining Kα,ε(x, z) into two parts, depending on whether the distance d(x, y) exceeds r0:

Kα,ε(x, z) =

∫
Br0 (x)

φα,ε(d(x, y))φα,ε(d(z, y)) dLebM(y)+

+

∫
M\Br0 (x)

φα,ε(d(x, y))φα,ε(d(z, y)) dLebM(y).

Denote the first and the second summands as K(r0)
α,ε (x, z) and K

(r0)
α,ε (x, z).

Note that the second summand is uniformly bounded: indeed, the factor φα,ε(d(x, y)) does

not exceed a constant φα,ε(r0) ≤ φα(r0), while the second factor φα,ε(d(y, z)) is a function

with the integral on M that is bounded uniformly in z ∈M . The latter uniform bound can

be seen by again decomposing the integral in two:

∫
M

φα,ε(d(y, z)) dLebM(y) =

∫
Br0 (z)

φα,ε(d(y, z)) dLebM(y)+

+

∫
M\Br0 (z)

φα,ε(d(y, z)) dLebM(y). (2.5.9)

The second summand in (2.5.9) does not exceed vol(M) · φα(r0), as

φα(r) = lim
ε→+0

φα,ε(r) = r−
k+α
2

is an upper bound for φα,ε(r) for all ε > 0. The first one can be estimated uniformly in z ∈M

by passage to the geodesic coordinates centred at z, comparing it to the same integral in

a ball in Rk: the Jacobian of the change of variables is (for r0 smaller than the injectivity

radius in M) uniformly bounded, and the integral of r−
k+α
2 on Br0(0) ⊂ Rk converges.

We thus have

K(r0)
α,ε (x, z) ≤ CK

α (r0) (2.5.10)
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for some constant CK
α (r0).

Now, let us transform the first integral, K(r0)
α,ε (x, z). For sufficiently small r0 > 0 (smaller

than the injectivity radius at every point) one can take the geodesic coordinates at any point

x ∈M in a ball of radius r0. Thus, we can take a point x′ ∈ Rk, let ψ : Br0(x
′) → Br0(x) be

geodesic coordinates, and denote z′ := ψ−1(z).

Fix any δ1 > 0. Due to the compactness of M , for a sufficiently small r0 the Jacobian and

the bi-Lipschitz constants of ψ are δ1-close to 1:

L(ψ) < 1 + δ1, Jac(ψ) ∈
(

1

1 + δ1
, 1 + δ1

)
. (2.5.11)

Making a change of variables y = ψ(y′) in the integral for K(r0)
α,ε (x, z), we get

K(r0)
α,ε (x, z) =

∫
Br0 (x)

φα,ε(d(x, y))φα,ε(d(z, y)) dLebM(y)

=

∫
Br0 (x

′)

φα,ε(d(ψ(x
′), ψ(y′)))φα,ε(d(ψ(z

′), ψ(y′))) dLebM(ψ(y′));

all the three quotients

φα,ε(d(ψ(x
′), ψ(y′)))

φα,ε(|x′ − y′|)
,

φα,ε(d(ψ(z
′), ψ(y′)))

φα,ε(|z′ − y′|)
,

dLebM

dψ∗LebRk

∣∣∣∣
y

are close to 1: the first two quotients, as well as their reciprocals, do not exceed (1 + δ1)
k+α
2

due to Proposition 2.5.3, and the last one and its reciprocal are bounded from above by

(1 + δ1). Thus, K(r0)
α,ε (x, z) differs from

I(r0)α,ε (x
′, z′) :=

∫
Br0 (x

′)

φα,ε(|x′ − y′|)φα,ε(|z′ − y′|) dLebRk(y′) (2.5.12)
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by the factor at most (1 + δ1)
k+α+1:

1

(1 + δ1)k+α+1
≤ K

(r0)
α,ε (x, z)

I
(r0)
α,ε (x′, z′)

≤ (1 + δ1)
k+α+1

Now, I(r0)α,ε (x′, z′) is also a part of Iα,ε(x′, z′), that differs from it by

I
(r0)

α,ε (x
′, z′) := Iα,ε(x

′, z′)− I(r0)α,ε (x
′, z′)

=

∫
Rk\Br0 (x

′)

φα,ε(|x′ − y′|)φα,ε(|z′ − y′|) dLebRk(y′) (2.5.13)

Note that this difference is bounded uniformly in ε, x′, z′. Indeed, on one hand, for |x′−z′| <
r0
2

this is due to the convergence of the integral of r−k−α at infinity, as in the domain of

integration in (2.5.13) both distances |x′ − y′|, |z′ − y′| are bounded from below by r0
2
> ε,

and hence the integrated function does not exceed

φα,ε(|x′ − y′|)φα,ε(|z′ − y′|) = |x′ − y′|−
k+α
2 |z′ − y′|−

k+α
2 ≤ 2

k+α
2 |x′ − y′|−(k+α).

On the other hand, for |x′ − z′| ≥ r0
2

such a bound follows from Lemma 2.5.5, as

I
(r0)

α,ε (x
′, z′) ≤ Uα,ε(|x′ − z′|) ≤ cα

(r0
2

)−α

.

Thus, first choosing δ1 so that (1 + δ1)
k+α+2 < 1 + δ and then accordingly choosing r0 (so

that (2.5.11) holds), we obtain the desired estimate (2.5.8).
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2.5.3 Eµ

[
Ẽα,ε(f∗ν)

]
vs Ẽα,ε(ν): Proof of Proposition 2.3.16

Proof of Proposition 2.3.16. Let us start by establishing that the estimate (2.3.15) holds

with Ẽα,ε replaced by Eα,ε. Indeed, from Proposition 2.3.13 we know that for any f ∈

Diff1(M) one has

L(f)−α ≤ Eα,ε(f∗ν)
Eα,ε(ν)

≤ L(f)α.

Taking the expectation with respect to measure µ we get

Eµ [Eα,ε(f∗ν)]
Eα,ε(ν)

∈
(
Eµ

[
L(f)−α

]
,Eµ [L(f)

α]
)
.

It remains to notice that by Hölder’s inequality we have

Eµ [L(f)
α] ≤ (Eµ [L(f)

γ])α/γ

and by Jensen’s inequality we also have

(Eµ [L(f)
α])−1 ≤ Eµ

[
L(f)−α

]
.

Hence, taking C0 such that Eµ [L(f)
γ] < C0, one gets that for any α < γ,

Eµ [Eα,ε(f∗ν)]
Eα,ε(ν)

∈
(
C

−α
γ

0 , C
α
γ

0

)
.

Since C
α
γ

0 tends to 1 as α tends to 0, for any δE > 0 there exists α0 such that for any

α ∈ (0, α0) one has

Eµ [Eα,ε(f∗ν)]
Eα,ε(ν)

∈
(

1

1 + δE
, 1 + δE

)
. (2.5.14)
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Let us now return back to the original (2.3.15). Namely, let δ > 0 be given; choose and fix

δE > 0 such that (1 + δE)
3 < 1 + δ, and let α0 be chosen w.r.t. δE so that (2.5.14) holds.

By Proposition 2.3.10, there exists CE > 0 such that for any measure ν ′ on M and any ε > 0

one has

1

1 + δE
Eα,ε(ν ′)−

CE

1 + δE
< Ẽα,ε(ν ′) < (1 + δE)Eα,ε(ν ′) + CE (2.5.15)

Applying this for ν ′ = f∗ν and taking the expectation w.r.t. µ provides

1

1 + δE
Eµ [Eα,ε(f∗ν)]−

CE

1 + δE
< Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δE)Eµ [Eα,ε(f∗ν)] + CE;

using (2.5.14), we thus get

1

(1 + δE)2
Eα,ε(ν)−

CE

1 + δE
< Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δE)

2Eα,ε(ν) + CE.

Finally, using (2.5.15) with ν ′ = ν to estimate Eα,ε via Ẽα,ε, we get

1

(1 + δE)2
· 1

(1 + δE)

(
Ẽα,ε(ν)− CE

)
− CE

1 + δE
< Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δE)

2 ·
(
(1 + δE)Ẽα,ε(ν) + CE

)
+ CE;

as (1 + δE)
3 < 1 + δ, we get the desired

1

(1 + δ)
(Ẽα,ε(ν)− C ′) < Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δ)Ẽα,ε(ν) + C ′

for some constant C ′. As δ > 0 was arbitrary, and taking (2.5.15) into account again, (2.3.15)

follows.
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2.5.4 Estimating W (f∗θα,ε(ν), θα,ε(f∗ν)): Proof of Proposition 2.3.21

Proof of Proposition 2.3.21. For given α, ε > 0 and measure ν, consider a (non-probability)

measure mα,ε(ν) on M ×M ×M , given by

mα,ε(ν) = φα,ε(d(x, y))φα,ε(d(z, y)) ν(dx) LebM(dy) ν(dz),

where we use (x, y, z) for the coordinates on M ×M ×M .

Denote by π1, π2 the projections ofM×M×M on the first and second coordinate respectively,

and by π1,3 the projection on M ×M corresponding to the first and third coordinates. Then

directly by definition

(π2)∗mα,ε(ν) = Θα,ε(ν);

also, define

Θ̂α,ε(ν) := (π1,3)∗mα,ε(ν) = Kα,ε(x, z) ν(dx) ν(dz); (2.5.16)

the second equality is due to (2.3.4). Finally, consider the measure

Θ′
α,ε(ν) := (π1)∗mα,ε(ν) (2.5.17)

as well as the normalizations of these measures,

θ̂α,ε(ν) :=
1

Ẽα,ε(ν)
Θ̂α,ε(ν), θ′α,ε(ν) :=

1

Ẽα,ε(ν)
Θ′

α,ε(ν). (2.5.18)

For a high-energy measure ν most of the measure mα,ε(ν) is concentrated near the diagonal,

and hence the projections on the first and on the second coordinates are close to each other.
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The following lemma formalizes this argument:

Lemma 2.5.9. For any δ1, α there exists C ′ such that for any ε > 0 and ν with Ẽα,ε(ν) > C ′

one has

W (θα,ε(ν), θ
′
α,ε(ν)) < δ1.

Proof. Take r0 := δ1
2

and let

Ar0 := {(x, y, z) ∈M3 | d(x, y) < r0}, Ar0 :=M3 \ Ar0 .

Using the notations as in the proof of Lemma 2.5.8, we have

mα,ε(ν)(Ar0) =

∫∫
K(r0)

α,ε (x, z) dν(x) dν(z) ≤ CK
α (r0),

where CK
α (r0) is an upper bound for K

(r0)
α,ε (x, z), see (2.5.10). Thus, the non-normalized

measure mα,ε(ν)(Ar0) does not exceed a constant CK
α (r0).

Now, we can couple the normalized measures θα,ε(ν) and θ′α,ε(ν) using the projection of

1

Ẽα,ε(ν)
mα,ε(ν) on the first two coordinates; this coupling leads to the upper bound for the

Wasserstein distance

W (θα,ε(ν), θ
′
α,ε(ν))≤

∫∫∫
d(x, y)

dmα,ε(ν)(x, y, z)

Ẽα,ε(ν)

≤ r0 ·
mα,ε(ν)(Ar0)

Ẽα,ε(ν)
+ diam(M) · mα,ε(ν)(Ar0)

Ẽα,ε(ν)
≤ r0 +

CK
α (r0)

Ẽα,ε(ν)
, (2.5.19)

where the first summand corresponds to the points with d(x, y) < r0, and the second to the

points with d(x, y) ≥ r0. As we chose r0 = δ1
2
, it suffices to require that

Ẽα,ε(ν) >
2CK

α (r0)

δ1
=: C ′

55



to ensure that the total Wasserstein distance does not exceed δ1.

On the other hand, for the measures θ′α,ε(ν) the analogue of Proposition 2.3.21 can be

established directly, and one can even estimate the total variations distance:

Lemma 2.5.10. For any δ2 > 0 and any R > 0 there exists α2 > 0 such that for any

α ∈ (0, α2) there exists C > 0 such that for any f ∈ Diff1(M) with L(f) < R, any ε > 0,

and any ν such that Ẽα,ε(ν) > C or Eα,ε(ν) > C one has

TV(f∗θ
′
α,ε(ν), θ

′
α,ε(f∗ν)) < δ2, (2.5.20)

and, hence,

W (f∗θ
′
α,ε(ν), θ

′
α,ε(f∗ν)) < δ2 · diam(M). (2.5.21)

Proof. We will first use Lemma 2.5.8 together with Proposition 2.5.3 to compare Kα,ε(x, z)

with Kα,ε(f(x), f(z)). Namely, choose α1 and δ3 so small that

(1 + δ3)
2 ·Rα1 < 1 +

δ2
10
.

Then from Lemma 2.5.8 we know that for every α < α1 there exists C > 0 such that for any

x, z, ε we have

Kα,ε(x, z) ≈(δ3,C) Uα,ε(d(x, z)), Kα,ε(f(x), f(z)) ≈(δ3,C) Uα,ε(d(f(x), f(z))),

while from (2.5.5) in Proposition 2.5.3 we get

Uα,ε(d(f(x), f(z)))

Uα,ε(d(x, z))
∈ (L(f)−α,L(f)α) ⊂ (R−α1 , Rα1).
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Joining these three estimates together, we obtain

Kα,ε(x, z) ≈(
δ2
10

,C′′)
Kα,ε(f(x), f(z)) (2.5.22)

for some explicit constant C ′′.

Now, applying f−1
∗ does not change the total variations distance, so instead of (2.5.20) we

can show the equivalent statement

TV(θ′α,ε(ν), f
−1
∗ θ′α,ε(f∗ν)) < δ2. (2.5.23)

The measures here can be obtained as projections of measures on M ×M :

θ′α,ε(ν) = (π1)∗ θ̂α,ε(ν),

f−1
∗ θ′α,ε(f∗ν) = (π1)∗

(
f−1
∗ θ̂α,ε(f∗ν)

)
where π1 is the projection on the first coordinate. To obtain the desired (2.5.23), we will

actually show that for sufficiently high energy Ẽα,ε(ν) even before projection one has

TV(θ̂α,ε(ν), f
−1
∗ θ̂α,ε(f∗ν)) < δ2. (2.5.24)

To do so, note that both these measures are absolutely continuous with respect to ν × ν:

θ̂α,ε(ν) =
1

Ẽα,ε(ν)
Kα,ε(x, z) ν(dx) ν(dz),

f−1
∗ θ̂α,ε(f∗ν) =

1

Ẽα,ε(f∗ν)
Kα,ε(f(x), f(z)) ν(dx) ν(dz).

Now, (2.5.22) implies that once Kα,ε(x, z) > C2 =: 20C′′

δ2
, the Kα,ε parts of these densities are
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close to each other:

1

1 + δ2
6

<
Kα,ε(f(x), f(z))

Kα,ε(x, z)
< 1 +

δ2
6
. (2.5.25)

On the other hand, due to Corollary 2.3.15, there exists α0 such that for all α < α0, once the

energy Ẽα,ε(ν) is sufficiently large, the normalization constants are also close to each other,

1

1 + δ2
6

Ẽα,ε(ν) < Ẽα,ε(f∗ν) < (1 +
δ2
6
) Ẽα,ε(ν). (2.5.26)

Take now α2 = min(α1, α0), so that for any α < α2 both inequalities (2.5.25) and (2.5.26)

hold for sufficiently large Kα,ε(x, z) and Ẽα,ε(ν) respectively. Multiplying these inequalities,

we get that on the set

A := {(x, z) | Kα,ε(x, z) > C2}

the quotient of densities w.r.t. ν × ν of the two measures θ̂α,ε(ν) and f−1
∗ θ̂α,ε(f∗ν) is in the

interval
(

1

(1+
δ2
6
)2
, (1 + δ2

6
)2
)

.

Finally, the θ̂α,ε(ν)-measure of its complement does not exceed C2

Ẽα,ε(ν)
. Hence, if the energy

Ẽα,ε(ν) is sufficiently high to make sure that C2

Ẽα,ε(ν)
< δ2

6
, the part that the normalized

measures have in common is at least

1− δ2
6

(1 + δ2
6
)2
> 1− δ2

2
,

and hence the total variation (2.5.24) indeed does not exceed δ2.

An application of Lemma 2.3.20 concludes the proof of the upper bound (2.5.21) for the

Wasserstein distance.
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Lemma 2.5.9 and Lemma 2.5.10 together imply Proposition 2.3.21. Indeed, we have:

W (f∗θα,ε(ν), θα,ε(f∗ν)) ≤ W (f∗θα,ε(ν), f∗θ
′
α,ε(ν))+

+W (f∗θ
′
α,ε(ν), θ

′
α,ε(f∗ν)) +W (θ′α,ε(f∗ν), θα,ε(f∗ν))

The first and the third summands can be estimated directly using Lemma 2.5.9. Indeed,

for the first summand, it suffices to note that the application of f increases the Wasserstein

distance at most L(f) < R times; for the last summand, to apply this lemma, we note that

an upper bound on L(f) implies that f∗ν is of sufficiently high energy provided that ν is of

high energy.

Finally, the second summand is estimated directly by Lemma 2.5.10.

2.5.5 Estimating W (θα,ε(f∗ν), θα,ε(µ ∗ ν)): Proof of Lemma 2.4.3

Proof of Lemma 2.4.3. We start by working with the non-normalized measures Θα,ε(f∗ν),

Θα,ε(µ ∗ ν). To simplify the notation, denote

gf (y) := ρα,ε[f∗ν](y), g(y) := ρα,ε[µ ∗ ν](y).

Therefore, we have

Θα,ε[f∗ν] = (gf (y))
2dLebM(y) and Θα,ε[µ ∗ ν] = (g(y))2dLebM(y). (2.5.27)

From (2.4.2) we have

Ẽα,ε(ν) ≤
1

1− δ
Ẽα,ε(µ ∗ ν).
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Joining with (2.4.8), we have

Ef

[∫
M

|gf (y)− g(y)|2 dLebM(y)

]
≤ 2δ

1− δ
Ẽα,ε(µ ∗ ν). (2.5.28)

Next, there is a following general inequality in normed spaces: for any normed space V and

any nonzero u, v ∈ V , one has

∥∥∥∥ u

∥u∥
− v

∥v∥

∥∥∥∥ =

∥∥∥∥ u

∥u∥
·
(
1− ∥u∥

∥v∥

)
+
u− v

∥v∥

∥∥∥∥ ≤ 2
∥u− v∥
∥v∥

. (2.5.29)

Let us apply it to the functions gf , g ∈ L2(M); denote

hf :=
gf

∥gf∥L2

, h̄ :=
g

∥g∥L2

,

so that normalisation to probability measures of (2.5.27) yields

θα,ε[f∗ν] = h2f (y) dLebM(y), θα,ε[µ ∗ ν] = h̄2(y) dLebM(y).

Then, (2.5.29) implies that

∥hf − h̄∥L2 ≤ 2
∥gf − g∥L2

∥g∥L2

(2.5.30)

On the other hand, the total variation distance between the normalised measures can be

written as

TV(θα,ε[f∗ν], θα,ε[µ ∗ ν]) = 1

2
∥h2f − h̄2∥L1 =

1

2
∥(hf − h̄)(hf + h̄)∥L1 ,
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and hence by Cauchy inequality

TV(θα,ε[f∗ν], θα,ε[µ ∗ ν])2 ≤ ∥hf − h̄∥2L2
·
∥∥∥∥hf + h̄

2

∥∥∥∥2
L2

≤ ∥hf − h̄∥2L2
≤ 4

∥gf − g∥2L2

∥g∥2L2

;

the second inequality is due to
∥∥∥hf+h̄

2

∥∥∥
L2

≤ 1, and the last one is due to (2.5.30). The right

hand side of the inequality is equal to

4

Ẽα,ε(µ ∗ ν)

∫
M

|gf − g|2 dLebM ;

taking the expectation with respect to f and applying (2.5.28), we get

EfTV(θα,ε[f∗ν], θα,ε[µ ∗ ν])2 ≤ 4 · 2δ

1− δ
≤ 16δ.

In the last inequality we assumed that δ ≤ 1
2
, as the statement holds trivially otherwise.

Applying the Markov inequality, we see that

Pµ

[
TV(θα,ε[f∗ν], θα,ε[µ ∗ ν]) > 2

4
√
δ
]
< 4

√
δ,

thus establishing conclusion (2.4.10). Finally, the latter immediately implies conclusion

(2.4.11) due to Lemma 2.3.20.

2.6 Example: necessity of exponential tails

Notice that our main result is applicable to the case when all the maps we consider are

projective maps of RPd. Hölder continuity of a stationary measure in that case is a well
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known result by Guivarc’h [25], as we discussed in Section 1.2.1 above. The condition on

finiteness of moments (used both in our main result and in [25]) is more restrictive than the

condition in the Furstenberg Theorem on random matrix products that ensures positivity

of Lyapunov exponent, i.e. E log ∥A∥ < ∞, see [16]. Let us give an example that shows

that this is not an artifact of the proof, and that the original Furstenberg condition is not

sufficient to guarantee Hölder continuity of stationary measures.

Proposition 2.6.1. There exists a probability distribution µ on SL(2,R) such that

1) The smallest subgroup generated by suppµ is proximal (in particular, not compact) and

strongly irreducible;

2) Eµ log ∥A∥ <∞;

3) For any γ > 0 we have Eµ∥A∥γ = ∞;

4) Any stationary measure on RP1 is not Hölder continuous.

Proof. For each n ∈ N set

An = R 1
5n

·

2n
2

0

0 2−n2

 ·R− 1
5n
,

where Rα =

 cos 2πα sin 2πα

− sin 2πα cos 2πα

, and define the distribution µ on SL(2,R) by

µ(An) = pn ≡ 1

2n
.

It is straightforward to check that the conditions 1), 2), and 3) of the Proposition 2.6.1 are

satisfied. Let us show that 4) also holds. Let us denote by fn : RP1 → RP1 a projectivization
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of An : R2 → R2. Slightly abusing the notation, let us use the same symbol µ also for the

distribution on the space of projective maps with µ(fn) = pn = 1
2n

. Each map fn has an

attracting fixed point that we denote by sn. Let ν be a stationary probability measure on

RP1. Due to the explicit form of the matrices An we have supp ν ⊆ [0, 2/5] (here we identify

RP1 with [0, 1]/{0∼1}). If x ∈ [0, 2/5] ⊂ RP1 and v ∈ R2 is the corresponding unit vector,

then

|Anv| ≥ 2n
2

cos
2π

5
>

2n
2

10
, and hence |f ′

n(x)| =
1

|Anv|2
<

100

22n2 ,

Notice that with probability pkn we can apply the matrix An in the random product k times

in a row. Since

fk
n(supp ν) ⊂ fk

n([0, 2/5]) ⊂

[
sn −

(
100

22n2

)k

, sn +

(
100

22n2

)k
]
≡ In,k,

we have ν(In,k) ≥ pkn = 1
2kn

. This implies that

log ν(In,k)

log |In,k|
≤ −n log 2

log 2
k

+ log 100− 2n2 log 2
→ 0 as n→ ∞,

hence the measure ν cannot be Hölder continuous.
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Chapter 3

Log-Hölder regularity of stationary

measures

This chapter is structured as follows: in Section 3.1 we formulate the main results, Section

3.2 contains a proof of Theorem 3.1.4, Section 3.3 outlines the proof of Theorem 3.1.9,

Section 3.4 collects computational lemmata necessary for the proofs, and Section 3.5 contains

the theorem about joint regularity of two measures, which is used in Chapter 4 to prove

Central Limit Theorem for nonstationary products of random SL(2,R) matrices with optimal

moments assumption.

3.1 Main results

Let M be a smooth closed Riemannian manifold of dimension k and µ be a Borel proba-

bility measure on Homeo(M), the set of continuous homeomorphisms of M . Consider the
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corresponding random dynamical system, given by the compositions

Tn := fn ◦ · · · ◦ f1,

where fi ∈ Homeo(M) are chosen randomly and independently, with respect to the distri-

bution µ.

If an initial point x ∈ M is distributed with respect to a probability measure ν, one can

consider the distribution µ∗ν of its random image f(x). In other words, µ∗ν is the µ-averaged

push-forward image of the measure ν:

µ ∗ ν :=

∫
Homeo(M)

(f∗ν) dµ(f).

The measure ν is called µ-stationary if µ ∗ ν = ν. Let M denote the space of all Borel

probability measures on M equipped with the weak-* topology. Recall the following:

Definition 3.1.1. A measure ν ∈ M is (C, α)-Hölder if

∀x ∈M ∀r > 0 ν(Br(x)) ≤ Crα.

A measure ν ∈ M is (C, α)-log-Hölder if

∀x ∈M ∀r > 0 ν(Br(x)) ≤ C| log(r)|−α.

Let Hol(M) denote the space of all bi-Hölder continuous homeomorphisms of M and Lip(M)

denote the space of all bi-Lipschitz continuous homeomorphisms of M . We define Hölder

and Lipschitz constants by the following formulae:
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Definition 3.1.2. For a map f :M →M and γ > 0, let

Hγ(f) = sup
x,y∈M
x̸=y

d(f(x), f(y))

d(x, y)γ

be the (possibly infinite) γ-Hölder norm of this map, and if f is a homeomorphism, let

H ′
γ(f) = max

(
Hγ(f), Hγ

(
f−1
))
.

Next, for f ∈ Hol(M) let

γ(f) = sup{γ > 0 : H ′
γ(f) <∞}

be the critical Hölder regularity for f (that might not be attained), and define

L(f) = H ′
γ(f)/2(f)

be the Hölder constant corresponding to the regularity γ(f)/2, that is automatically finite.

We also introduce the quantity

Λ(f) = 2 · 1 + log(L(f))

γ(f)

as a (convenient for the future computations) measure of (ir)regularity of a bi-Hölder home-

omorphism. Finally, for a bi-Lipschitz f ∈ Lip(M) we denote the corresponding bi-Lipschitz

constant by

L(f) = H ′
1(f).

Now we are ready to formulate our main results.
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Theorem 3.1.3. Let µ be a probability measure on Hol(M), satisfying the following assump-

tions:

• There exists β > 0 such that

∫
Hol(M)

Λ(f)β dµ(f) <∞.

• (no invariant measure) There is no measure m ∈ M, such that f∗m = m for

µ-a.e. f .

Then there exist α > 0 and C such that every µ-stationary probability measure ν on M is

(C, α)-log-Hölder.

Moreover, we prove the following regularity estimate for a nonstationary random dynamical

system after finitely many iterations:

Theorem 3.1.4. Let K be a compact set (with respect to weak-* topology) in the space of

Borel probability measures on Homeo(M), satisfying the following assumptions:

• For every µ ∈ K we have supp(µ) ⊂ Hol(M).

• There exists β > 0 and C0 such that for every µ ∈ K

∫
Hol(M)

Λ(f)β dµ(f) < C0. (3.1.1)

• (no deterministic image) For every µ ∈ K there are no measures m1,m2 ∈ M,

such that f∗m1 = m2 for µ-a.e. f .

Then there exist α > 0, C and κ > 1 such that for every initial measure ν0, every sequence
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of measures µ1, µ2, . . . ∈ K, every number of iterations n ∈ N, and every x ∈M one has:

if r > e−κn

then [µn ∗ µn−1 ∗ . . . ∗ µ1 ∗ ν0](Br(x)) < C| log(r)|−α.

We would like to reiterate the following connection between the no invariant measure and

the no deterministic image assumptions.

Proposition 3.1.5. Let µ be a probability measure on Homeo(M) that satisfies no invari-

ant measure condition (there is no common invariant measure for all f ∈ suppµ). Then

there exists k ∈ N such that µ∗k satisfies no deterministic images condition (i.e. there

are no probability measures ν, ν ′ on M such that f∗ν = ν ′ with f = fk ◦ fk−1 ◦ . . . ◦ f1 for

µ× µ× . . .× µ-almost all (f1, f2, . . . , fk) ∈ (Homeo(M))k).

Indeed, if for any k ∈ N there exists a measure with the same image under every f ∈ supp(µk)

then any accumulation point of Krylov-Bogolyubov time averages of these measures has to

be an invariant measure (see Section 2.1.1 for more details).

Applying Theorem 3.1.4 to a one-point set K = {µ} and taking into account Proposition

3.1.5 we obtain the following

Corollary 3.1.6. Assume that µ satisfies the assumptions of Theorem 3.1.3. Then there

exist α > 0, C and κ > 1 such that for every initial measure ν0, every number of iterations

n ∈ N, and every x ∈M one has:

if r > e−κn

then [µ∗n ∗ ν0](Br(x)) < C| log(r)|−α. (3.1.2)

Remark 3.1.7. It is also easy to see that Theorem 3.1.3 follows from Corollary 3.1.6, hence

all we need to prove is Theorem 3.1.4.

Using similar techniques we are also able to provide more refined estimates for the case of
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bi-Lipschitz homeomorphisms.

Theorem 3.1.8. Let µ be a probability measure on Lip(M), satisfying the following assump-

tions:

• There exists α > 0 such that

∫
Lip(M)

(log(L(f)))α dµ(f) <∞. (3.1.3)

• There is no measure m ∈ M, such that f∗m = m for µ-a.e. f .

Then there exists C, such that every stationary measure ν ∈ M is (C,α/2)-log-Hölder.

Similar to the case of Hölder continuous homeomorphisms, a nonstationary version of The-

orem 3.1.8 is available.

Theorem 3.1.9. Let K be a compact set (with respect to weak-* topology) in the space of

Borel probability measures on Homeo(M), satisfying the following assumptions:

• For every µ ∈ K we have supp(µ) ⊂ Lip(M).

• There exists α > 0 and C0 such that for every µ ∈ K

∫
Lip(M)

(log(L(f)))α dµ(f) < C0. (3.1.4)

• For every µ ∈ K there are no measures m1,m2 ∈ M, such that f∗m1 = m2 for µ-a.e. f .

Then there exist C and κ > 1 such that for every initial measure ν0, every sequence of

measures µ1, µ2, . . . ∈ K, every number of iterations n ∈ N, and every x ∈M one has:

if r > e−κn

then [µn ∗ µn−1 ∗ . . . ∗ µ1 ∗ ν0](Br(x)) < C| log(r)|−
α
2 .
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The following corollary also holds:

Corollary 3.1.10. Assume that µ satisfies the assumptions of Theorem 3.1.8. Then there

exist C and κ > 1 such that for every initial measure ν0, every number of iterations n ∈ N,

and every x ∈M one has:

if r > e−κn

then [µ∗n ∗ ν0](Br(x)) < C| log(r)|−
α
2 .

3.2 Hölder continuous homeomorphisms

3.2.1 Outline of the proof

This section is devoted to the proof of Theorem 3.1.4. As it was already mentioned in

Corollary 3.1.6 and Remark 3.1.7, it will immediately imply Theorem 3.1.3. The regularity

of a measure ν on M can be established by considering the integral

∫∫
M2

| log(d(x, z))|α dν(x) dν(z). (3.2.1)

Namely, if it is finite, then the measure of any ball Br(x) by the Markov inequality doesn’t

exceed

ν(Br(x)) ≤ c| log(r)|−
α
2 .

Moreover, a similar estimate can be obtained given finiteness of any integral

EU(ν) =
∫∫

M×M

U(d(x, z)) dν(x) dν(z), (3.2.2)
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where the function U(r) has the same singularity as | log(r)|α as r → 0. Indeed, if a lower

bound U(r) > c| log(r)|α holds for some r > ε, then for the same r one will have the bound

for the measures ν(Br(x)).

To estimate integrals of the type (3.2.1), we will apply the machinery introduced in Chapter

2. Namely, we will consider the quantity Eα,ε(ν) = EUα,ε(ν), associated to some function Uα,ε,

and satisfying the following properties:

(i) For a fixed α > 0 it admits a uniform upper bound, depending only on the choice of

the minimal radius ε:

Eα,ε(ν) ≤ Uα,ε(0) (3.2.3)

(see Lemma 3.2.6).

(ii) Outside the radius ε it satisfies the lower bound

Uα,ε(r) ≥ c| log(r)|α (3.2.4)

(see Proposition 3.2.4 part (III)).

(iii) A convolution with any µ ∈ K reduces the quantity Eα,ε by a linear factor: for some

λ < 1, C̃ for any ε > 0, any ν and any µ ∈ K one has

Eα,ε(µ ∗ ν) < max(λEα,ε(ν), C̃) (3.2.5)

(see Proposition 3.2.27 and Corollary 3.2.31).

Having constructed such functions, for every n we choose ε so that the upper bound

Eα,ε(µn ∗ µn−1 ∗ . . . ∗ µ1 ∗ ν) < max(λnUα,ε(0), C̃) (3.2.6)
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obtained from joining (i) and (iii), would be equal to C̃. Then, the application of the Markov

inequality to (ii) concludes the proof.

The most technically involved part of the proof is establishing inequality (3.2.5). The key

idea is to replace the energy Eα,ε(ν) with an equivalent one Ẽα,ε(ν) (see Section 3.2.5), where

Ẽα,ε can be represented as a square of the norm of an L2(M,Leb) function. Let us call this

function ρα,ε[ν](y). It will follow from the construction that

ρα,ε[µ ∗ ν](y) = Eµρα,ε[f∗ν](y),

and that functions ρα,ε[f∗ν](y) are comparable in L2 norm with ρα,ε[ν](y) for bi-Hölder f .

Now the idea of the proof can be formulated as follows: the energy Ẽα,ε(µ ∗ ν) is a square

of norm of a convex combination of L2(M,Leb) vectors of norm comparable to the one of

ρα,ε[ν]:

Ẽα,ε(µ ∗ ν) = ∥Eµρα,ε[f∗ν]∥2L2 , and ∥ρα,ε[f∗ν]∥L2 ∼ ∥ρα,ε[ν]∥L2 .

If the contraction doesn’t happen (inequality (3.2.5) doesn’t hold), then the convex combi-

nation has a norm that is comparable to that of its components. This fact implies that the

components are aligned with each other. In other words, the functions ρα,ε[f∗ν](y) are close

to one another for µ-almost all f . Hence, so are the measures given by

θα,ε[f∗ν] =
ρ2α,ε[f∗ν](y) dLeb(y)

Ẽα,ε(f∗ν)

(notice that due to our choice of Ẽα,ε(ν) and ρα,ε[ν] the measure θα,ε[ν] always has total mass

equal to 1). Finally, we show that measures θα,ε[f∗ν] and f∗θα,ε[ν] are also close for any

bi-Hölder f . Now it remains to notice that for µ-almost every f the measures f∗θα,ε[ν] have

to be close to one another, which turns the measure θα,ε[ν] into a measure with an “almost

deterministic image”. After passing to a limit, we obtain a true measure with deterministic
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image and hence arrive to a contradiction.

The plan for the rest of this section is as follows:

• In Section 3.2.2 we define functions Uα,ε and φα,ε (which are needed to construct Eα,ε

and Ẽα,ε mentioned above).

• In Section 3.2.3 we collect some useful properties of Uα,ε, including the lower bound

(3.2.4) (Proposition 3.2.4 part (III)).

• In Section 3.2.4 we introduce Eα,ε. We prove the upper bound (3.2.3) (Lemma 3.2.6),

estimates on how Eα,ε behaves if we replace ν with f∗ν for a bi-Hölder f (Proposition

3.2.8), and a Markov’s type inequality (Lemma 3.2.7) to be used in the end of the proof

of Theorem 3.1.4.

• In Section 3.2.5 we introduce Ẽα,ε, ρα,ε, and θα,ε mentioned above. We prove that

energies Eα,ε and Ẽα,ε are equivalent (Proposition 3.2.14).

• In Section 3.2.6 we prove that measures θα,ε[f∗ν] and f∗θα,ε[ν] are close to each other

for any bi-Hölder f (Proposition 3.2.22). We also show that the average (with respect

to µ) value of Ẽα,ε(f∗ν) is close to Ẽα,ε(ν) (see Proposition 3.2.25). This is where the

tail estimate (3.1.1) comes into play.

• In Section 3.2.7 we prove the contraction property (3.2.5) (Proposition 3.2.27).

• In Section 3.2.8 we establish the upper bound (3.2.6) and finish the proof of Theorem

3.1.4.

3.2.2 Choice of the functions Uα,ε and φα,ε

As mentioned above, we would like to find a function φα(r), such that φα ∗ φα(r) has a

singularity of order | log(r)|α at the origin. A natural candidate is given by a square root of
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the derivative of | log(r)|α. As we will be working on a Riemannian manifold of dimension k

we adjust φα accordingly:

Definition 3.2.1. Define

φα(x) =


(− log(x))

α−1
2

x
k
2

, if 0 < x < 1
e
,

0, otherwise,

and for r > 0

Uα(r) =

∫
Rk

φα(|x|)φα(|r̄ − x|) dx =

=

∫
{|x|< 1

e
}∩{|r̄−x|< 1

e
}
φα(|x|)φα(|r̄ − x|) dx,

where x ∈ Rk and r̄ = (r, 0, . . . , 0) ∈ Rk.

The function Uα(r) has the same singularity at the origin as | log(r)|α (see Lemma 3.4.1),

but still needs a little adjustment, because the integral

∫∫
M2

Uα(d(x, z)) dν(x) dν(z)

might be infinite and the estimate mentioned in Part (i) of the outline will be meaningless.

To fix that problem we define the following family of cut-offs:

Definition 3.2.2. Define

φα,ε(x) =


φα(x), if x ≥ ε;

φα(ε), if 0 < x < ε
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and

Uα,ε(r) =

∫
Rk

φα,ε(|x|)φα,ε(|r̄ − x|) dx =

=

∫
{|x|< 1

e
}∩{|r̄−x|< 1

e
}
φα,ε(|x|)φα,ε(|r̄ − x|) dx, (3.2.7)

where x ∈ Rk and r̄ = (r, 0, . . . , 0) ∈ Rk.

3.2.3 Properties of Uα,ε

In this section we collect some important properties of Uα,ε.

An important symmetry that the function Uα,ε possesses is described in the following

Remark 3.2.3. Note that the definition of Uα,ε can be reformulated as follows: for any two

points x, z̄ ∈ Rk consider the integral

Iα,ε(x, z̄) :=

∫
Rk

φα,ε(|ȳ − x|)φα,ε(|ȳ − z̄|) dLeb(ȳ). (3.2.8)

Due to the spherical symmetry, this integral depends only on the distance r = |x−z̄| between

these two points:

Iα,ε(x, z̄) = Uα,ε(|x− z̄|)

for some function Uα,ε of r = |x − z̄| (which of course has to coincide with Uα,ε defined by

(3.2.7)). We can take this as a definition of Uα,ε(r).

Let us denote by cα,k the following constant:

cα,k =
kωk

α
,
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where ωk is the volume of a k-dimensional unit ball. The following Proposition establishes

the properties of Uα,ε outlined in parts (i) and (ii) of the plan, together with some other

estimates that will be useful later.

Proposition 3.2.4. For every dimension k ≥ 1 the following holds:

(I) For every α > 0 and ε > 0 the function Uα,ε is non-increasing.

(II) For every α0 > 0 there exist r0 > 0 and ε0 > 0, such that for every 0 < α < α0, every

0 < ε < ε0, and every 0 < r < r0 we have:

Uα,ε(r) < 2cα,k(− log(r))α. (3.2.9)

(III) For every α0 > 0 there exist ε0 > 0, such that for every 0 < α < α0, and every r, ε,

such that 0 < ε < r < ε0 we have:

Uα,ε(r) >
cα,k
2

(− log(r))α. (3.2.10)

(IV) For every α0 > 0 and every δ > 0 there exist ε0 > 0 and r0 > 0 such that for every

0 < α < α0, every 0 < ε < ε0, and every 0 < r1 ≤ r2 ≤ r0 we have

Uα,ε(r1) ≤ (1 + δ)

(
log(r1)

log(r2)

)α

Uα,ε(r2). (3.2.11)

We will postpone the proof of Proposition 3.2.4 until Section 3.4.

3.2.4 Definition and properties of Eα,ε: behaviour under images and

convolutions

We are ready to define the energy mentioned in (3.2.2).
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Definition 3.2.5.

Eα,ε(ν) =
∫∫

M2

Uα,ε(d(x, z))dν(x)dν(z).

Let us point out a few useful properties of Eα,ε. We start with a precise estimate for the

energy of an arbitrary measure ν for given α and ε (as mentioned in part (i) of the outline):

Lemma 3.2.6. For every α > 0, every ν ∈ M and every 0 < ε < 1/e we have the following

upper bound:

Eα,ε(ν) ≤ (ωk + cα,k)(− log(ε))α (3.2.12)

Proof. A straightforward computation shows that

Eα,ε(ν) ≤ Uα,ε(0) =

∫
0<|x̄|<ε

φ2
α(ε) dx̄+

∫
ε<|x̄|< 1

e

φ2
α(|x̄|) dx̄.

Both summands can be computed exactly. For the first one we substitute the definition of

φα(ε):

∫
0<|x̄|<ε

φ2
α(ε) dx̄ =

ωkε
k(− log(ε))α−1

εk
= ωk(− log(ε))α−1.

For the second one we use spherical coordinates (see Lemma 3.4.1 for details):

∫
ε<|x̄|< 1

e

φ2
α(|x̄|) dx̄ = cα,k((− log(ε))α − 1).

Adding together the two inequalities above we arrive to (3.2.12).

Next, we show a Markov type inequality that estimates ν(Br(x)) through Eε,α(ν):
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Lemma 3.2.7. For every α > 0 there exists Cα,k < ∞ and ε0 > 0, such that for every

0 < ε < ε0, every ν ∈ M, every 0 < ε < r < 1
e

and every ball Br(x) ⊂ M the following

holds:

ν(Br(x)) ≤ Cα,k

√
Eα,ε(ν)(− log(r))−

α
2 . (3.2.13)

Proof. Let us choose ε0 such that Part (III) of Proposition 3.2.4 is applicable. Then for

small enough r applying Markov inequality to the definition of Eα,ε we obtain:

Eα,ε(ν) ≥ Uα,ε(2r) · ν(Br(x))
2 ≥ cα,k

2
(− log(2r))α · ν(Br(x))

2.

Choosing Cα,k big enough we can ensure that (3.2.13) holds for all r such that ε < r <

1/e.

Now we need some preparations in order to describe the energy Eα,ε(µ ∗ ν) that we get

after one step of our random dynamics. The following estimates will be useful for proving

the contraction mentioned in part (iii) of the outline. We start with the following series of

statements describes the change of the energy Eα,ε(ν) after applying a Hölder continuous

homeomorphism.

Proposition 3.2.8. For every δ > 0 there exists ε0 > 0, such that for every 0 < α < 1 there

exist A = A(α, δ), such that for every 0 < ε < ε0, every f ∈ Hol(M) and every ν ∈ M the

following holds:

Eα,ε(f∗ν) ≤ Λ(f)α ((1 + δ)Eα,ε(ν) + A) . (3.2.14)

Proof. According to the Part (IV) of Proposition 3.2.4 we can choose ε0 > 0 and r0 > 0,
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such that for every 0 < α < 1, every 0 < ε < ε0 and every 0 < r1 ≤ r2 ≤ r0 we have

Uα,ε(r1) ≤ (1 + δ)

(
log(r1)

log(r2)

)α

Uα,ε(r2).

Let us split the integral from the definition of energy the Eα,ε(f∗ν) in the following way:

Eα,ε(f∗ν) =
∫∫

M×M

Uα,ε(d(x, z)) df∗ν(x) df∗ν(z) =

=

∫∫
M×M

Uα,ε(d(f(x), f(z))) dν(x) dν(z) =

=

∫∫
d(x,z)<r0

Uα,ε(d(f(x), f(z))) dν(x) dν(z)+

+

∫∫
d(x,z)≥r0

Uα,ε(d(f(x), f(z))) dν(x) dν(z).

To estimate the first summand we take r2 = d(x, z) and r1 = min(d(f(x), f(z)), r2) and we

deduce that

Uα,ε(d(f(x), f(z))) ≤ Uα,ε(r1) ≤ (1 + δ)

(
log(r1)

log(r2)

)α

Uα,ε(r2) ≤

≤ (1 + δ)max

(
1,

(
log(d(f(x), f(z)))

log(d(x, z))

)α)
Uα,ε(d(x, z))

for any x, z ∈M , such that d(x, z) ≤ r0. By definition of γ(f) and L(f) we know that

d(f(x), f(z)) ≥
(
d(x, z)

L(f)

) 2
γ(f)

for any x, z ∈M . After substituting that into previous inequality we arrive to

Uα,ε(d(f(x), f(z))) ≤

≤ (1 + δ)

(
2(log(d(x, z))− log(L(f)))

γ(f) log(d(x, z))

)α

Uα,ε(d(x, z)) ≤

≤ (1 + δ)Λ(f)αUα,ε(d(x, z)).
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For the first summand the last inequality gives us the following:

∫∫
d(x,z)<r0

Uα,ε(d(f(x), f(z))) dν(x) dν(z) ≤

≤ (1 + δ)

∫∫
M×M

Λ(f)αUα,ε(d(x, z)) dν(x) dν(z) ≤

≤ (1 + δ)Λ(f)αEα,ε(ν).

Let us take r0 and ε0 small enough to ensure that the conclusion of Part (II) of Proposition

3.2.4 also holds. That allows us to estimate the second summand as follows:

∫∫
d(x,z)≥r0

Uα,ε(d(f(x), f(z))) dν(x) dν(z) ≤

≤
∫∫

M×M

Uα,ε

((
r0
L(f)

) 2
γ(f)

)
dν(x) dν(z) ≤

≤ 2cα,k

(
− log

((
r0
L(f)

) 2
γ(f)

))α

≤

≤ 2cα,k(− log(r0))
αΛ(f)α.

Taking A = 2cα,k(− log(r0))
α finishes the proof.

An immediate corollary can be formulated as follows:

Corollary 3.2.9. For every δ > 0 there exists ε0 > 0, such that for every 0 < α < 1 there

exists C < ∞, such that for every 0 < ε < ε0, every f ∈ Hol(M) and every ν ∈ M, such

that Eα,ε(ν) > C the following holds:

Λ(f)−α 1

1 + δ
≤ Eα,ε(f∗ν)

Eα,ε(ν)
≤ Λ(f)α(1 + δ). (3.2.15)

Another corollary of this statement that would be convenient to use is

Corollary 3.2.10. There exists ε0 > 0, such that for every 0 < α < 1 there exists C < ∞,
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such that for every 0 < ε < ε0, every f ∈ Hol(M) and every ν ∈ M the following holds:

Eα,ε(f∗ν) ≤ max (2Λ(f)αEα,ε(ν), C) . (3.2.16)

Proof. Applying Corollary 3.2.9 to δ = 1
2
, ν̃ := f∗ν and f̃ = f−1 we conclude that there

exists C <∞, such that if Eα,ε(ν̃) = Eα,ε(f∗ν) > C then

Eα,ε(f−1
∗ f∗ν) ≥

1

1 + 1
2

Λ
(
f−1
)−α Eα,ε(f∗ν).

It remains to recall that Λ(f) = Λ(f−1) and the inequality (3.2.16) follows.

3.2.5 Definition of Ẽα,ε and comparison to Eα,ε

Following the technique from Chapter 2 we introduce another energy Ẽα,ε(ν). The intuition

behind it can be described as follows: on one hand, for singular enough ν (such that Eα,ε(ν)

is big) the values Eα,ε(ν) and Ẽα,ε(ν) will be close to each other, so we can use Ẽα,ε(ν) to

estimate Eα,ε(ν). On the other hand, the energy Ẽα,ε can be represented as a square of

the norm of an L2(M,Leb) vector, which allows us to use geometry of this Hilbert space

when working with Ẽα,ε. This makes Ẽα,ε a crucial tool for proving the contraction property

described in part (iii) of the outline.

We start by defining the corresponding L2(M,Leb) vector mentioned above:

Definition 3.2.11. For ν ∈ M define

ρα,ε[ν](y) =

∫
M

φα,ε(d(x, y)) dν(x). (3.2.17)

It will be convenient to have a notation for a measure that has density with respect to Leb,
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which is equal to ρα,ε[ν]:

Θα,ε[ν] = ρ2α,ε[ν](y) dLeb(y).

Next, we define Ẽα,ε and a normalized version of the measure Θα,ε:

Definition 3.2.12. For ν ∈ M define:

Ẽα,ε(ν) = Θα,ε[ν](M); (3.2.18)

and

θα,ε[ν] =
Θα,ε[ν]

Ẽα,ε(ν)
.

In order to compare Ẽα,ε(ν) to Eα,ε(ν) we show that the former can be represented as an

integral of a certain kernel over ν × ν. Later we will show that this kernel is close to

Uα,ε(d(x, z)).

Lemma 3.2.13.

Ẽα,ε(ν) =
∫∫

M×M

Kα,ε(x, z) dν(x) dν(z),

where

Kα,ε(x, z) :=

∫
M

φα,ε(d(x, y))φα,ε(d(z, y)) dLeb(y). (3.2.19)

Proof. It suffices to substitute (3.2.17) that defines ρ2α,ε[ν](y), into (3.2.18), obtaining a triple
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integral

Ẽα,ε(ν) =
∫∫∫

M×M×M

φα,ε(d(x, y))φα,ε(d(z, y)) dν(x) dν(z) dLeb(y),

and then change the order of integration.

The following Proposition formalizes the statement that for singular enough ν the values

Eα,ε(ν) and Ẽα,ε(ν) are close to each other.

Proposition 3.2.14. For every α > 0 and every δ > 0 there exists C > 0 such that for

every ε > 0 if Eα,ε(ν) > C or Ẽα,ε(ν) > C then one has

Eα,ε(ν)
Ẽα,ε(ν)

∈ (1− δ, 1 + δ).

In what follows it will be convenient to use the following notation:

Definition 3.2.15. We say that two positive numbers, A and A′, are (δ, C)-close, if

A < (1 + δ)A′ + C and A′ < (1 + δ)A+ C;

this can be equivalently rewritten as

1

1 + δ
A− 1

1 + δ
C < A′ < (1 + δ)A+ C.

We denote it A ≈(δ,C) A
′.

Remark 3.2.16. We can reformulate Proposition 3.2.14 using notations introduced above:

for every α > 0 and every δ > 0 there exists C < ∞, such that for every ε > 0 and every

ν ∈ M one has

Eα,ε(ν) ≈(δ,C) Ẽα,ε(ν).
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Joining Proposition 3.2.14 and Corollary 3.2.9 we get

Corollary 3.2.17. For every δ > 0 there exists ε0 > 0, such that for every R < ∞ there

exists α0 > 0, such that for every 0 < α < α0 there exists C > 0 such that for every

f ∈ Hol(M) with L(f) < R and γ(f)−1 < R, every 0 < ε < ε0 and every ν, such that

Ẽα,ε(ν) > C or Eα,ε(ν) > C one has

Ẽα,ε(f∗ν)
Ẽα,ε(ν)

∈ (1− δ, 1 + δ). (3.2.20)

To prove Proposition 3.2.14 we will need the following:

Lemma 3.2.18. For every α > 0, the interaction potentials Kα,ε(x, z) and

Uα,ε(d(x, z)) are comparable in the following sense:

∀δ > 0 ∃C : ∀ε > 0, ∀x, z ∈M

Kα,ε(x, z) ≈(δ,C) Uα,ε(d(x, z)), i.e.

1

1 + δ
(Uα,ε(d(x, z))− C) < Kα,ε(x, z) < (1 + δ)Uα,ε(d(x, z)) + C. (3.2.21)

Let us postpone the proof of Lemma 3.2.18 for a moment and deduce Proposition 3.2.14.

Proof of Proposition 3.2.14. It suffices to integrate (3.2.21) w.r.t. ν × ν (x, z). As the con-

stant C does not depend on these points nor on the measure ν, one gets

1

1 + δ
(Eα,ε(ν)− C) < Ẽα,ε(ν) < (1 + δ)Eα,ε(ν) + C

with the same constant C. As it was noticed in Remark 3.2.16, this is an equivalent form of

Proposition 3.2.14.

Proof of Lemma 3.2.18. Let α > 0 be given. Take any r0 > 0 and divide the integral (3.2.19)
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defining Kα,ε(x, z) into two parts, depending on whether the distance d(x, y) exceeds r0:

Kα,ε(x, z) =

∫
Br0 (x)

φα,ε(d(x, y))φα,ε(d(z, y)) dLeb(y)+

+

∫
M\Br0 (x)

φα,ε(d(x, y))φα,ε(d(z, y)) dLeb(y).

Denote the first and the second summands as K(r0)
α,ε (x, z) and K

(r0)
α,ε (x, z). Note that the

second summand is uniformly bounded: indeed, the factor φα,ε(d(x, y)) doesn’t exceed a

constant φα,ε(r0) ≤ φα(r0), while the second factor φα,ε(d(y, z)) is a function with the

integral on M that is bounded uniformly in z ∈ M . The latter uniform bound can be seen

by again decomposing the integral in two:

∫
M

φα,ε(d(y, z)) dLeb(y) =
∫
Br0 (z)

φα,ε(d(y, z)) dLeb(y)+

+

∫
M\Br0 (z)

φα,ε(d(y, z)) dLeb(y). (3.2.22)

The second summand in (3.2.22) does not exceed vol(M) · φα(r0).The first one can be esti-

mated uniformly in z ∈ M by passage to the geodesic coordinates centred at z, comparing

it to the same integral in a ball in Rk: the Jacobian of the change of variables is (for r0

smaller than the injectivity radius in M) uniformly bounded, and the integral of (− log(r))
α−1
2

r
k
2

on Br0(0) ⊂ Rk converges.

We thus have

K(r0)
α,ε (x, z) ≤ CK

α (r0) (3.2.23)

for some constant CK
α (r0).

Now, let us transform the first integral, K(r0)
α,ε (x, z). For sufficiently small r0 > 0 (smaller

than the injectivity radius at every point) one can take the geodesic coordinates at any point
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x ∈M in a ball of radius r0. Thus, we can take a point x′ ∈ Rk, let ψ : Br0(x
′) → Br0(x) be

geodesic coordinates, and denote z′ := ψ−1(z).

Fix any δ1 > 0. Due to the compactness of M , for a sufficiently small r0 the Jacobian and

the bi-Lipschitz constants of ψ are δ1-close to 1:

L(ψ) < 1 + δ1, Jac(ψ) ∈
(

1

1 + δ1
, 1 + δ1

)
.

Making a change of variables y = ψ(y′) in the integral for K(r0)
α,ε (x, z), we get

K(r0)
α,ε (x, z) =

∫
Br0 (x)

φα,ε(d(x, y))φα,ε(d(z, y)) dLebM(y) =

=

∫
Br0 (x

′)

φα,ε(d(ψ(x
′), ψ(y′)))φα,ε(d(ψ(z

′), ψ(y′))) dLebM(ψ(y′));

all the three quotients

φα,ε(d(ψ(x
′), ψ(y′)))

φα,ε(|x′ − y′|)
,

φα,ε(d(ψ(z
′), ψ(y′)))

φα,ε(|z′ − y′|)
,

dLebM

dψ∗LebRk

∣∣∣∣
y

are close to 1: the first two by a factor (1 + δ1)
k+α
2 since

1 ≤ φα,ε(r1)

φα,ε(r2)
≤
(
log(r1)

log(r2)

)α−1
2
(
r2
r1

) k
2

<

(
r2
r1

) k+α
2

for any 0 < r1 ≤ r2 <
1

e
,

and the last one by the factor (1 + δ1). Thus, K(r0)
α,ε (x, z) differs from

I(r0)α,ε (x
′, z′) :=

∫
Br0 (x

′)

φα,ε(|x′ − y′|)φα,ε(|z′ − y′|) dLebRk(y′) (3.2.24)

by the factor at most (1 + δ1)
k+α+1. Now, I(r0)α,ε (x′, z′) is also a part of Iα,ε(x′, z′) (define by
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(3.2.8)), that differs from it by

I
(r0)

α,ε (x
′, z′) :=

∫
Rk\Br0 (x

′)

φα,ε(|x′ − y′|)φα,ε(|z′ − y′|) dLebRk(y′),

that is bounded uniformly in ε, x′, z′ (for |x′ − z′| < r0
2

both functions outside of Br0(x
′)

are bounded and have compact supports, for |x′ − z′| ≥ r0
2

we have I(r0)α,ε (x
′, z′) ≤ Uα,ε

(
r0
2

)
).

Thus, first choosing δ1 so that (1 + δ1)
k+α+1 < 1 + δ and then accordingly choosing r0, we

obtain the desired estimate (3.2.21).

3.2.6 Properties of θα,ε(ν) and Ẽα,ε(ν) under Hölder homeomorphisms

First, in this section we show that computing the measure θα,ε “almost commutes” with

a Hölder continuous homeomorphisms, i.e. θα,ε(f∗ν) ≃ f∗θα,ε(ν) (see Proposition 3.2.22).

Second, we show that the energy Ẽα,ε(ν) doesn’t change much on average if we apply a

random Hölder homeomorphism (see Proposition 3.2.25). Both facts are used to prove the

contraction described in part (iii) of the outline of the proof.

In what follows it will be convenient to use Wasserstein metric in the space of probability

measures on M . Let us recall its definition, as well as definition of the total variation distance

between measures:

Definition 3.2.19. Let ν1, ν2 be two probability measures on a measure space (M,B). Then

the Wasserstein distance between them is defined as

W (ν1, ν2) = inf
γ

∫∫
M×M

d(x, y) dγ(x, y),

where the infimum is taken over all probability measures γ on (M ×M,B × B) with the
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marginals (projections on the x and y coordinates) Px(γ) = ν1 and Py(γ) = ν2.

Definition 3.2.20. Let ν1, ν2 be two probability measures on a measure space (M,B). Then

the total variation distance between them is

TV(ν1, ν2) = sup
B∈B

|ν1(B)− ν2(B)|.

Also, we will need the following statement that can be found, for example, in [40, Theorem

6.15]: the Wasserstein metric is bounded from above by the diameter times the total variation

distance.

Lemma 3.2.21. For every two probability measures ν1, ν2 on a manifold M we have

W (ν1, ν2) ≤ diam(M) · TV(ν1, ν2).

Equipped with these notions we would like to prove the following

Proposition 3.2.22. For every δ > 0 and every R < ∞ there exists α0 > 0, such that for

every 0 < α < α0 there exists C > 0, such that for every ε > 0, every f ∈ Hol(M), such that

γ(f)−1, L(f) < R and every ν ∈ M such that Eα,ε(ν) > C or Ẽα,ε(ν) > C one has

W (f∗θα,ε[ν], θα,ε[f∗ν]) < δ. (3.2.25)

Proof. For given α, ε > 0 and measure ν, consider a (non-probability) measure mα,ε(ν) on

M ×M ×M , given by

mα,ε(ν) = φα,ε(d(x, y))φα,ε(d(z, y)) dν(x) dLeb(y) dν(z).

Denote by π1, π2 the projections of M ×M ×M on the first and second coordinates respec-

tively, and by π1,3 the projection on M×M corresponding to the first and third coordinates.
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Then directly from definition

(π2)∗mα,ε(ν) = Θα,ε(ν);

also, define

Θ̂α,ε(ν) := (π1,3)∗mα,ε(ν) = Kα,ε(x, z) ν(dx) ν(dz); (3.2.26)

the second equality is due to (3.2.19). Finally, consider the measure

Θ′
α,ε(ν) := (π1)∗mα,ε(ν) (3.2.27)

as well as the normalizations of these measures,

θ̂α,ε(ν) :=
1

Ẽα,ε(ν)
Θ̂α,ε(ν), θ′α,ε(ν) :=

1

Ẽα,ε(ν)
Θ′

α,ε(ν). (3.2.28)

For a high-energy measure ν most of the measure mα,ε(ν) is concentrated near the diagonal,

and hence the projections on the first and on the second coordinates are close to each other.

The following lemma formalizes this argument:

Lemma 3.2.23. For every δ1, α there exists C ′ such that for every ε > 0 and ν with

Ẽα,ε(ν) > C ′ one has

W (θα,ε(ν), θ
′
α,ε(ν)) < δ1.

Proof. Take r0 := δ1
2

and let

Ar0 := {(x, y, z) ∈M3 | d(x, y) < r0}, Ar0 :=M3 \ Ar0 .

89



From the proof of Lemma 3.2.18, we have

mα,ε(ν)(Ar0) =

∫
K(r0)

α,ε (x, z) dν(x) dν(z) ≤ CK
α (r0),

where the second inequality is due to (3.2.23). Thus, the non-normalized measure

mα,ε(ν)(Ar0) does not exceed a constant CK
α (r0).

Now, we can couple the normalized measures θα,ε(ν) and θ′α,ε(ν) using the projection of

1

Ẽα,ε(ν)
mα,ε(ν) on the first two coordinates; this coupling leads to the upper bound for the

Wasserstein distance:

W (θα,ε(ν), θ
′
α,ε(ν)) ≤ r0 ·

mα,ε(ν)(Ar0)

Ẽα,ε(ν)

+ diam(M) · mα,ε(ν)(Ar0)

Ẽα,ε(ν)
≤ r0 +

CK
α (r0)

Ẽα,ε(ν)
, (3.2.29)

where the first summand corresponds to the points with d(x, y) < r0, and the second to the

points with d(x, y) ≥ r0. As we chose r0 = δ1
2
, it suffices to require that

Ẽα,ε(ν) >
2CK

α (r0)

δ1
=: C ′

to ensure that the total Wasserstein distance does not exceed δ1.

On the other hand, for the measures θ′α,ε(ν) the analogue of Proposition 3.2.22 can be

established directly, and one can even estimate the total variations distance:

Lemma 3.2.24. For every δ2 > 0 and every R > 0 there exists α2 > 0 such that for

every 0 < α < α2 there exists C > 0 such that for every ε > 0, every f ∈ Hol(M) with

γ(f)−1, L(f) < R and every ν such that Ẽα,ε(ν) > C or Eα,ε(ν) > C one has

TV(f∗θ
′
α,ε(ν), θ

′
α,ε(f∗ν)) < δ2, (3.2.30)
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and, hence,

W (f∗θ
′
α,ε(ν), θ

′
α,ε(f∗ν)) < δ2 · diam(M). (3.2.31)

Proof. We will first use Lemma 3.2.18 together with Part (IV) of Proposition 3.2.4 to com-

pare Kα,ε(x, z) with Kα,ε(f(x), f(z)). Fix α0 and δ3 so small that

(1 + δ3)
2 · [2R(1 + log(R))]α0 < 1 +

δ2
10
.

Then from Lemma 3.2.18 we know that there exists C > 0 such that for any x, z, ε we have

Kα,ε(x, z) ≈(δ3,C) Uα,ε(d(x, z)), Kα,ε(f(x), f(z)) ≈(δ3,C) Uα,ε(d(f(x), f(z))). (3.2.32)

Without loss of generality we can assume that d(x, z) < d(f(x), f(z)). Then by Part (IV) of

Proposition 3.2.4 we can choose a particular r0 = r0(α0, δ3), such that if d(f(x), f(z)) < r0

then

Uα,ε(d(x, z))

Uα,ε(d(f(x), f(z)))
< (1 + δ3)

(
log(d(x, z))

log(d(f(x), f(z)))

)α

. (3.2.33)

Notice that inequality (3.2.33) only holds for ε < ε0(α0, δ3). That can be guaranteed by

taking C big enough, because, according to Lemma 3.2.6, the energy Eε,α(ν) for ε ≥ ε0 has

an explicit upper bound.

Using the fact that L(f), γ(f)−1 < R we conclude that

(
log(d(x, z))

log(d(f(x), f(z)))

)α

≤

≤

(
2

γ(f)
log [d(f(x), f(z))L(f)−1]

log(d(f(x), f(z)))

)α

<

< [2R(1 + log(R))]α0
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and

Uα,ε(d(x, z)) < (1 + δ3) [2R(1 + log(R))]α0 Uα,ε(d(f(x), f(z))). (3.2.34)

On the other hand, if d(f(x), f(z)) > r0 then

d(x, z) ≥
(

r0
L(f)

) 2
γ(f)

>
(r0
R

) 2
R

and hence

Uα,ε(d(x, z)) < Uα0

((r0
R

) 2
R

)
. (3.2.35)

Combining estimates (3.2.32), (3.2.34) and (3.2.35) we conclude that

Kα,ε(x, z) ≈(
δ2
10

,C′′)
Kα,ε(f(x), f(z)) (3.2.36)

for some explicit constant C ′′.

Now, applying f−1
∗ does not change the total variations distance, so instead of (3.2.30) we

can show the equivalent statement

TV(θ′α,ε(ν), f
−1
∗ θ′α,ε(f∗ν)) < δ2. (3.2.37)

The measures here can be obtained as projections of measures on M ×M :

θ′α,ε(ν) = (π1)∗ θ̂α,ε(ν),

f−1
∗ θ′α,ε(f∗ν) = (π1)∗

(
f−1
∗ θ̂α,ε(f∗ν)

)
where π1 is the projection on the first coordinate. To obtain the desired (3.2.37), we will
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actually show that for sufficiently high energy Ẽα,ε(ν) even before projection one has

TV(θ̂α,ε(ν), f
−1
∗ θ̂α,ε(f∗ν)) < δ2. (3.2.38)

To do so, note that both these measures are absolutely continuous with respect to ν × ν:

θ̂α,ε(ν) =
1

Ẽα,ε(ν)
Kα,ε(x, z) ν(dx) ν(dz),

f−1
∗ θ̂α,ε(f∗ν) =

1

Ẽα,ε(f∗ν)
Kα,ε(f(x), f(z)) ν(dx) ν(dz).

Now, (3.2.36) implies that once Kα,ε(x, z) > C2 :=
20C′′

δ2
, the Kα,ε parts of these densities are

close to each other:

1

1 + δ2
6

<
Kα,ε(f(x), f(z))

Kα,ε(x, z)
< 1 +

δ2
6
.

On the other hand, due to Corollary 3.2.17, once the energy Ẽα,ε(ν) is sufficiently large, the

normalization constants are also close to each other:

1

1 + δ2
6

Ẽα,ε(ν) < Ẽα,ε(f∗ν) < (1 +
δ2
6
) Ẽα,ε(ν).

Multiplying the two inequalities, we get that on the set

A := {(x, z) | Kα,ε(x, z) > C2}

the quotient of densities w.r.t. ν × ν of the two measures is in the interval

(
1(

1 + δ2
6

)2 ,(1 + δ2
6

)2
)
.
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Finally, the θ̂α,ε(ν)-measure of its complement does not exceed C2

Ẽα,ε(ν)
. Hence, if the energy

Ẽα,ε(ν) is sufficiently high to make sure that C2

Ẽα,ε(ν)
< δ2

6
, the part that the normalized

measures have in common is at least

1− δ2
6(

1 + δ2
6

)2 > 1− δ2
2
,

and hence the total variation (3.2.38) indeed does not exceed δ2.

An application of Lemma 3.2.21 concludes the proof of the upper bound (3.2.31) for the

Wasserstein distance.

Lemma 3.2.23 and Lemma 3.2.24 together imply Proposition 3.2.22. Indeed, we have:

W (f∗θα,ε(ν), θα,ε(f∗ν)) ≤ W (f∗θα,ε(ν), f∗θ
′
α,ε(ν))+

+W (f∗θ
′
α,ε(ν), θ

′
α,ε(f∗ν)) +W (θ′α,ε(f∗ν), θα,ε(f∗ν))

The first and the third summands can be estimated directly using Lemma 3.2.23. It suffices

to note that since L(f), γ(f)−1 < R we have control over the increase of the Wasserstein

distance after application of f . Indeed, a simple application of Jensen’s inequality gives us

W (f∗θα,ε(ν), f∗θ
′
α,ε(ν)) < R ·W (θα,ε(ν), θ

′
α,ε(ν))

2
R .

For the last summand, to apply Lemma, we note that an upper bound on L(f) and γ(f)−1

implies that f∗ν is of sufficiently high energy provided that ν is of high energy.

Finally, the second summand is estimated directly by Lemma 3.2.24.

Proposition 3.2.25. If a probability measure µ on Hol(M) satisfies assumption (3.1.1) then
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for every δ > 0 there exists α0 > 0 such that for every 0 < α < α0 there exists C > 0 such

that for every ε > 0 and every measure ν ∈ M such that Eα,ε(ν) > C the following formula

holds:

Eµ

[
Ẽα,ε(f∗ν)

]
Ẽα,ε(ν)

∈ (1− δ, 1 + δ). (3.2.39)

Proof. Let us fix some δE > 0 and pick δ̃ > 0, such that (1+ δ̃)2 < 1+ δE. It follows directly

from condition (3.1.1) and Hölder inequality that there exists α0 > 0, such that for every

0 < α < α0 one has

∫
Hol(M)

Λ(f)α dµ(f) < 1 + δ̃. (3.2.40)

According to Corollary 3.2.9 we can choose C such that inequality (3.2.15) holds for δ̃. Let

f ∈ Hol(M) be a random homeomorphism distributed with respect to the measure µ. Then

integrating inequality (3.2.15) with respect to the measure µ and combining it with inequality

(3.2.40) we get:

1

1 + δE
<

1

(1 + δ̃)2
≤ Eµ [Eα,ε(f∗ν)]

Eα,ε(ν)
≤ (1 + δ̃)2 < 1 + δE. (3.2.41)

Let us now return back to the original (3.2.39). Namely, let δ > 0 be given; choose and fix

δE > 0 such that (1 + δE)
3 < 1 + δ, and let α0 be chosen w.r.t. δE so that (3.2.41) holds.

By Proposition 3.2.14, there exists CE > 0 such that for any measure ν ′ on M and any ε > 0

one has

1

1 + δE
Eα,ε(ν ′)−

CE

1 + δE
< Ẽα,ε(ν ′) < (1 + δE)Eα,ε(ν ′) + CE (3.2.42)
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Applying this for ν ′ = f∗ν and taking the expectation w.r.t. µ provides

1

1 + δE
Eµ [Eα,ε(f∗ν)]−

CE

1 + δE
< Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δE)Eµ [Eα,ε(f∗ν)] + CE;

using (3.2.41), we thus get

1

(1 + δE)2
Eα,ε(ν)−

CE

1 + δE
< Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δE)

2Eα,ε(ν) + CE.

Finally, using (3.2.42) with ν ′ = ν to estimate Eα,ε via Ẽα,ε, we get

1

(1 + δE)2
· 1

(1 + δE)

(
Ẽα,ε(ν)− CE

)
− CE

1 + δE
< Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δE)

2 ·
(
(1 + δE)Ẽα,ε(ν) + CE

)
+ CE;

as (1 + δE)
3 < 1 + δ, we obtain the desired

1

1 + δ
(Ẽα,ε(ν)− C ′) < Eµ

[
Ẽα,ε(f∗ν)

]
< (1 + δ)Ẽα,ε(ν) + C ′

for some constant C ′. As δ > 0 was arbitrary (3.2.39) follows.

Remark 3.2.26. Notice that if instead of one measure µ on Hol(M) we consider a compact

K of such measures, such that there exists β > 0 and C0 such that for every µ ∈ K

∫
Hol(M)

Λ(f)β dµ(f) < C0

then constants α0 and C in Proposition 3.2.25 can be chosen uniformly for all measures in

K.
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3.2.7 Contraction of Ẽα,ε under random dynamics

In this section we prove a proposition that formalizes (3.2.5). Namely, we show that if Eα,ε(ν)

is big enough then Ẽα,ε(µ ∗ ν) < λẼα,ε(ν) for some λ < 1. This will allow us to control the

energy after n iterations of random dynamics and finish the proof of Theorem 3.1.4.

Proposition 3.2.27. Under the assumptions of Theorem 3.1.4 there exists α > 0, λ < 1,

and C <∞, such that for every ε > 0, every ν ∈ M and every µ ∈ K if Eα,ε(ν) > C then

Ẽα,ε(µ ∗ ν) < λẼα,ε(ν). (3.2.43)

Proof. Fix some small number δ > 0 , take λ = 1 − δ, and assume the contrary: for any

α > 0 and C <∞ there exists a measure µ ∈ K, an ε > 0 and a probability measure ν with

energy Ẽα,ε(ν) > C, such that

Ẽα,ε(µ ∗ ν) ≥ (1− δ)Ẽα,ε(ν). (3.2.44)

Recall the following standard statement:

Lemma 3.2.28. Assume that in some Hilbert space H a probability measure is given; in

other words, one is given a random variable v taking values in this space. Assume that this

measure has finite second moment, and let v := Ev be its expectation. Then

E⟨v − v, v − v⟩ = E⟨v, v⟩ − ⟨v, v⟩ (3.2.45)

Let us apply this statement to L2(M,Leb). Namely, for a given measure ν its averaged

image µ ∗ ν is the expectation of f∗ν, where the homeomorphism f of M is taken randomly

w.r.t. the measure µ. Hence, the same applies for the density ρα,ε[ν], given by (3.2.17) (see
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Definition 3.2.11):

ρα,ε[µ ∗ ν] = Eµ ρα,ε[f∗ν]. (3.2.46)

Substituting this into (3.2.45) (with v = ρα,ε[f∗ν]), and taking into account the defini-

tion (3.2.18), we get

Eµ

[∫
M

(ρα,ε[f∗ν](y)− ρα,ε[µ ∗ ν](y))2 dLeb(y)
]
=

= Eµ

[
Ẽα,ε(f∗ν)

]
− Ẽα,ε(µ ∗ ν); (3.2.47)

in particular,

Ẽα,ε(µ ∗ ν) ≤ Eµ

[
Ẽα,ε(f∗ν)

]
. (3.2.48)

By Proposition 3.2.25 we can find sufficiently small α > 0 and sufficiently large C < ∞

(uniformly in µ), such that for any ε > 0 and any measure ν on M with Ẽα,ε(ν) > C the

inequality (3.2.39) holds, and thus (taking only the upper bound)

Eµ

[
Ẽα,ε(f∗ν)

]
≤ (1 + δ)Ẽα,ε(ν). (3.2.49)

Denote by ν a probability measure with Ẽα,ε(ν) > C, for which the inequality (3.2.44) holds.

Substituting (3.2.49) and (3.2.44) in the right hand side of (3.2.47), we get

Eµ

[∫
M

(ρα,ε(f∗ν)(y)− ρα,ε(µ ∗ ν)(y))2 dLeb(y)
]
< 2δ Ẽα,ε(ν). (3.2.50)
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and thus

Eµ

[∫
M

(ρα,ε(f∗ν)(y)− ρα,ε(µ ∗ ν)(y))2

Ẽα,ε(ν)
dLeb(y)

]
< 2δ. (3.2.51)

The final step is to show that measures

θα,ε(f∗ν) =
ρα,ε(f∗ν)(y)

2

Ẽα,ε(f∗ν)
dLeb(y) and θα,ε(µ ∗ ν) = ρα,ε(µ ∗ ν)(y)2

Ẽα,ε(µ ∗ ν)
dLeb(y)

are close with high probability. And indeed, we have the following statement, estimating

(even) the total variations distance:

Lemma 3.2.29. Under the assumptions above

Pµ

[
TV(θα,ε(f∗ν), θα,ε(µ ∗ ν)) > 10

8
√
δ
]
< 4

√
δ, (3.2.52)

and hence

Pµ

[
W (θα,ε(f∗ν), θα,ε(µ ∗ ν)) > 10diam(M)

8
√
δ
]
< 4

√
δ. (3.2.53)

Proof of Lemma 3.2.29. We start by working with the non-normalized measures Θα,ε(f∗ν)

and Θα,ε(µ ∗ ν). To simplify the notation, denote

gf (y) := ρα,ε[f∗ν](y), g(y) := ρα,ε[µ ∗ ν](y).

Therefore, we have

Θα,ε[f∗ν] = (gf (y))
2dLeb(y) and Θα,ε[µ ∗ ν] = (g(y))2dLeb(y).
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From (3.2.44) we have

Ẽα,ε(ν) ≤
1

1− δ
Ẽα,ε(µ ∗ ν).

Joining with (3.2.50), we have

Ef

[∫
M

|gf (y)− g(y)|2 dLeb(y)
]
≤ 2δ

1− δ
Ẽα,ε(µ ∗ ν). (3.2.54)

By Markov inequality, with the probability at least 1− 2
√
δ

1−δ
, one has

∫
M

|gf (y)− g(y)|2 dLeb(y) ≤
√
δ Ẽα,ε(µ ∗ ν)

=
√
δΘα,ε[µ ∗ ν](M) =

√
δ

∫
M

g2(y) dLeb(y). (3.2.55)

Now, for any f for which (3.2.55) holds, consider the set

Xf := {y ∈M : |gf (y)− g(y)| ≤ 8
√
δ · g(y)}.

Again from Markov inequality type argument, one has

Θα,ε[µ ∗ ν](Xf ) ≥
(
1− 4

√
δ
)
Θα,ε[µ ∗ ν](M). (3.2.56)

Indeed, on the complement M \Xf one has |gf (y)−g(y)|2 > 4
√
δ ·g2(y); integrating, one gets

∫
M\Xf

|gf (y)− g(y)|2 dLeb(y) > 4
√
δ ·Θα,ε[µ ∗ ν](M \Xf ).

Thus, if (3.2.56) did not hold, it would imply

Θα,ε[µ ∗ ν](M \Xf ) >
4
√
δ ·Θα,ε[µ ∗ ν](M),
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hence providing a contradiction with (3.2.55).

Now, (3.2.56) implies that the non-normalized measures Θα,ε[f∗ν] and Θα,ε[µ ∗ ν] share a

common part

Ξf := (1− 8
√
δ)2 g2(y) · 1Xf

(y) dLeb(y)

of measure at least

Ξf (M) ≥ (1− 8
√
δ)2(1− 4

√
δ) ·Θα,ε[µ ∗ ν](M). (3.2.57)

Finally, note that the normalization constants are also close with high probability, namely,

for f such that the inequality (3.2.55) holds. Indeed, the inequality (3.2.55) can be rewritten

as

∥gf − g∥2L2(M) ≤
√
δ · ∥g∥2L2(M);

hence, for any f for which it holds, the triangle inequality implies

Θα,ε[f∗ν](M) = ∥gf∥2L2(M) ≤ (1 +
4
√
δ)2Θα,ε[µ ∗ ν](M). (3.2.58)

Now, the normalized measures θα,ε[f∗ν] and θα,ε[µ ∗ ν] share the common part 1
Cf

Ξf , where

Cf = max(Θα,ε[f∗ν](M),Θα,ε[µ ∗ ν](M))

is the maximum of two normalization constants. Using (3.2.57) and (3.2.58), we see that

this part has measure at least

1

Cf

Ξf (M) ≥ (1− 8
√
δ)2(1− 4

√
δ)

(1 + 4
√
δ)2

≥ 1− 10
8
√
δ.
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Hence, for any f satisfying (3.2.55) the total variation distance between the normalized

measures does not exceed

TV(θα,ε(f∗ν), θα,ε(µ ∗ ν)) ≤ 10
8
√
δ.

As (3.2.55) holds with the probability at least 1 − 2
√
δ

1−δ
> 1 − 4

√
δ, this establishes conclu-

sion (3.2.52). Finally, this immediately implies conclusion (3.2.53) due to Lemma 3.2.21.

We are now ready to conclude the proof of Proposition 3.2.27. Namely, the conclusion (3.2.53)

states that with high probability the measure θα,ε(f∗ν) is close to the deterministic one,

θα,ε(µ ∗ ν). The next step is to show that with high probability the first measure is close to

f∗-image of a given measure, θα,ε(ν).

It easily follows from inequality (3.1.1) that we can choose R < ∞ (again, uniformly in µ),

such that

Pµ

[
L(f) < R and γ(f)−1 < R

]
> 1− 4

√
δ

By Proposition 3.2.22 we can choose C big enough, so that for any f ∈ Hol(M), such that

L(f), γ(f)−1 < R inequality (3.2.25) holds, and using triangle inequality we arrive to

Pµ

[
W (f∗θα,ε(ν), θα,ε(µ ∗ ν)) > 10diam(M)

8
√
δ + δ

]
< 5

4
√
δ. (3.2.59)

Now consider the sequence δn = 1
n

and denote by µn and νn the corresponding measures and

corresponding parameters by αn, εn, for which (3.2.44) holds. Then the measures θαn,εn(νn)

have a weakly convergent subsequence. Furthermore, we can take another subsequence, such

that the measures θαnk
,εnk

(µnk
∗ νnk

) also converge. Passing to a subsequence one more time
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we can guarantee (due to compactness of K) that

lim
k→∞

µnk
= µ

for some µ ∈ K. It remains to notice that due to inequality (3.2.59) the limit measure

m = lim
k→∞

θαnk
,εnk

(νnk
)

has an almost surely constant image under the action of f ∈ supp(µ), that is equal to

m̃ = lim
k→∞

θαnk
,εnk

(µnk
∗ νnk

) = lim
k→∞

θαnk
,εnk

(µ ∗ νnk
),

which contradicts our assumption.

3.2.8 Proof of Theorem 3.1.4

Now we have all the ingredients to implement the plan outlined in Section 3.2.1. First we

modify Proposition 3.2.27 (contraction of energy) so that we have control over the image

of any probability measure, not just those with high energies. Then we apply Markov’s

inequality (Lemma 3.2.7) to finish the proof of Theorem 3.1.4.

We start by expanding Proposition 3.2.27 so that it includes all measures on M . To do so,

we need to adjust the upper bound (3.2.43) in order to include low-energy measures ν:

Lemma 3.2.30. Assume that the measure µ satisfies the condition (3.1.1) with some β, and

that α < β and C are given. Then there exists C ′ such that for any ε > 0 and any measure

ν on M with Eα,ε(ν) ≤ C one has

Eα,ε(µ ∗ ν) ≤ C ′.
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Corollary 3.2.31. In the assumptions of Proposition 3.2.27 one can conclude that there

exist α > 0, C̃ < ∞, λ < 1, such that for every µ ∈ K, every ε > 0 and every measure ν on

M

Eα,ε(µ ∗ ν) < max(λEα,ε(ν), C̃). (3.2.60)

Proof of Lemma 3.2.30. Condition (3.1.1) implies the finiteness of the expectation

CI := EµΛ(f)
α <∞. (3.2.61)

Now, (3.2.48) implies that for every measure ν we have

Ẽα,ε(µ ∗ ν) ≤ EµẼα,ε(f∗ν).

At the same time Proposition 3.2.14 for δ = 1
2

implies that for some constant C1 one has for

any measure ν ′

Ẽα,ε(ν ′) ≤ max(2Eα,ε(ν ′), C1).

Applying this for ν ′ = f∗ν and joining it with Corollary 3.2.10, we get

Ẽα,ε(f∗ν) ≤ max(2Eα,ε(f∗ν), C1) ≤ 2max (2Λ(f)αEα,ε(ν), C2) + C1,

where C2 is equal to C from Corollary (3.2.10). Taking the expectation w.r.t. µ and us-

ing (3.2.61), we finally get a uniform bound

Ẽα,ε(µ ∗ ν) ≤ 4CIC + 2C2 + C1 =: C ′.
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Proof of Corollary 3.2.31. In the proof of Proposition 3.2.27 we can take α arbitrarily small,

so we can assume that α < β. Applying Proposition 3.2.14 to both sides of (3.2.43), where we

take δ sufficiently small so that 1−δ
1+δ

> λ, allows to conclude that there exists some constant

C3 such that for all ε and ν

Eα,ε(µ ∗ ν) < λ′Eα,ε(ν) if Eα,ε(ν) > C3,

where λ′ = 1+δ
1−δ

λ < 1. Meanwhile, Lemma 3.2.30 implies that there exists some C4 such that

Eα,ε(µ ∗ ν) < C4 if Eα,ε(ν) ≤ C3.

Taking C̃ := C4, we get the desired (3.2.60).

Now we are ready to complete the proof of Theorem 3.1.4 (and hence of Theorem 3.1.3).

Proof of Theorem 3.1.4. Let α, C̃ be as in Corollary 3.2.31: for any µ ∈ K, any ε > 0 and

for any measure ν one has

Eα,ε(µ ∗ ν) < max(λEα,ε(ν), C̃);

applying this n times, we get

Eα,ε(µn ∗ . . . ∗ µ1 ∗ ν) < max(λnEα,ε(ν), C̃).

Recall that Lemma 3.2.6 gives a uniform upper bound

Eα,ε(ν) ≤ (ωk + cα,k)(− log(ε))α,
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choose

ε := e−(
1
λ)

n
α

,

then we have

Eα,ε(µn ∗ . . . ∗ µ1 ∗ ν) < max
(
(ωk + cα,k), C̃

)
.

Now, applying Lemma 3.2.7 for any r > ε = e−κn , where κ := (1/λ)1/α > 1, we deduce that

(µn ∗ . . . ∗ µ1 ∗ ν)(Br(x)) < Cα,k

√
max

(
(ωk + cα,k), C̃

)
· (− log(r))−

α
2 .

Renaming α/2 as α completes the proof of Theorem 3.1.4.

3.3 Lipschitz homeomorphisms

In this section we will outline the proof of Theorem 3.1.9. Since it utilizes the same method

as the proof of Theorem 3.1.4 we will give modified versions of key propositions avoiding

technical details. In this section we will work with a fixed α > 0.

First, we will need an analog of Proposition 3.2.8 to have an estimate for Eα,ε(f∗ν) for a

Lipschitz continuous f . It can be formulated as follows:

Proposition 3.3.1. For every δ > 0 there exists ε0 > 0 and B < ∞, such that every

0 < ε < ε0, every f ∈ Lip(M) and every ν ∈ M the following holds:

Eα,ε(f∗ν) ≤ (1 + δ log(L(f)))α(Eα,ε(ν) +B). (3.3.1)
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In this case useful corollaries can be formulated as follows:

Corollary 3.3.2. For every δ > 0 there exists C < ∞ such that for every ε > 0, every

f ∈ Lip(M) and every ν ∈ M, such that Eα,ε(ν) > C the following holds:

1

1 + δ
(1 + δ log(L(f)))−α <

Eα,ε(f∗ν)
Eα,ε(ν)

< (1 + δ)(1 + δ log(L(f)))α. (3.3.2)

Corollary 3.3.3. There exists C < ∞ such that for every ε > 0, every f ∈ Lip(M) and

every ν ∈ M the following holds:

Eα,ε(f∗ν) < max(2(1 + log(L(f)))αEα,ε(ν), C).

Notice, that Proposition 3.2.14 does not depend on the regularity of f , hence it remains

unchanged. That, once again, allows us to establish an estimate for Ẽα,ε(f∗ν) (analog of

Corollary 3.2.17):

Corollary 3.3.4. For every δ > 0 and every R <∞ there exists C > 0 such that for every

f ∈ Lip(M) with L(f) < R, every ε > 0 and every ν such that Ẽα,ε(ν) > C or Eα,ε(ν) > C

one has

Ẽα,ε(f∗ν)
Ẽα,ε(ν)

∈ (1− δ, 1 + δ).

Next on the list is the analog of Proposition 3.2.22, which is formulated below.

Proposition 3.3.5. For any δ > 0, any R < ∞ and any α ∈ (0, 1] there exists C > 0

such that for any ε > 0, any f ∈ Lip(M), such that L(f) < R and any ν ∈ M such that

Eα,ε(ν) > C or Ẽα,ε(ν) > C one has

W (f∗θα,ε[ν], θα,ε[f∗ν]) < δ.
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Once again, the proof repeats the one of Proposition 3.2.22 up to minor computational

details. Finally, the uniform estimate (3.1.3) allows us to establish the following analog of

Proposition 3.2.25:

Proposition 3.3.6. If a probability measure µ on Lip(M) satisfies assumption (3.1.3) then

for every δ > 0 there exists C > 0 such that for every ε > 0 and every measure ν ∈ M such

that Eα,ε(ν) > C the following formula holds:

Eµ

[
Ẽα,ε(f∗ν)

]
Ẽα,ε(ν)

∈ (1− δ, 1 + δ).

Utilizing these modified statements we are able to repeat the proof of the contracting property

for Ẽα,ε (analog of Proposition 3.2.27, but with a fixed α taken from assumption (3.1.4)):

Proposition 3.3.7. Under the assumptions of Theorem 3.1.9 there exists λ < 1 and C <∞,

such that for every µ ∈ K, every ε > 0 and every ν ∈ M if Eα,ε(ν) > C then

Ẽα,ε(µ ∗ ν) < λẼα,ε(ν).

Finally, we can formulate a similar estimate for all measures and not just those with high

energy. This statement will also be used in Section 3.5 to prove a technical generalization of

Theorem 3.1.9, which was mentioned at the end of Section 1.1.2.

Corollary 3.3.8. In the assumptions of Proposition 3.3.7 one can conclude that there exist

C̃ <∞, λ < 1, such that for every µ ∈ K, every ε > 0 and every measure ν on M

Eα,ε(µ ∗ ν) < max(λEα,ε(ν), C̃).

From here Theorem 3.1.9 (and hence Theorem 3.1.8) follows.
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3.4 Technical lemmata

In this section we establish some properties of functions φα and φα,ε and then prove Propo-

sition 3.2.4.

A straightforward computation allows us to prove the following

Lemma 3.4.1. For any 0 < r < 1
e

∫
x∈Rk,r<|x|< 1

e

φα(|x|)2 dx = cα,k((− log(r))α − 1),

where cα,k = kωk

α
, and ωk is the volume of a unit ball in Rk.

Proof. Since the function φα(|x|) depends only on the radius |x| we conclude that its integral

over a sphere of radius y is equal to

∫
x∈Rk,|x|=y

φα(|x|)2 dS(x) = kωky
k−1φα(y)

2

(ωk is the volume of a unit ball in Rk, hence kωky
k−1 is the (k − 1)-dimensional volume of a

sphere of radius y). Integrating over the radius y we get:

∫
x∈Rk,r<|x|< 1

e

φα(|x|)2 dx =

∫ 1/e

r

kωky
k−1 | log(y)|α−1

yk
dy =

= kωk

∫ 1/e

r

(− log(y))α−1

y
dy =

kωk

α
(| log(r)|α − 1).
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Let us define a function

Vα,ε(r) =


cα,k| log(r)|α, for ε < r < 1/e;

cα,k| log(ε)|α, for r ≤ ε.

Our next goal is to prove

Proposition 3.4.2. For every α0 > 0 and every δ > 0 there exists ε0 > 0 and r0 > 0, such

that for every 0 < α < α0, for every 0 < ε < ε0, and every 0 ≤ r < r0 we have

1

1 + δ
<
Uα,ε(r)

Vα,ε(r)
< 1 + δ,

where the function Uα,ε(r) is defined by equation (3.2.7).

Proof. Given α0 > 0 and δ > 0, take some constant c > 0; its exact value will be chosen

later (and will depend on δ and α0, but not r). Now, write the integral (3.2.7):

Uα,ε(r) =

∫
Rk

φα,ε(|x|)φα,ε(|x− r̄|) dx,

splitting the domain of integration into several parts:

(i) Balls Br/2(0) and Br/2(r̄);

(ii) Difference Bcr(0) \ (Br/2(0) ∪Br/2(r̄));

(iii) Outer region Rk \B 1
2e
(0);

(iv) Spherical layer between two spheres B 1
2e
(0) \Bcr(0).

We will show that, for an appropriate choice of the constant c, ε0, and r0 the integrals over

all these regions except for the last one do not exceed δ
10
Vα,ε(r), and the integral over the
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spherical layer will differ from Vα,ε(r) by at most δ
10
Vα,ε(r):

1− δ

10
<

1

Vα,ε(r)

∫
cr<|x|< 1

2e

φα,ε(|x|)φα,ε(|x− r̄|) dx < 1 +
δ

10
. (3.4.1)

Adding such upper bounds once they are established would give

1− δ

2
<
Uα,ε(r)

Vα,ε(r)
< 1 +

δ

2
,

so that would conclude the proof.

Let us start by establishing the required inequality for the outer region. If |x| > cr then

1− 1

c
<

|x− r̄|
|x|

< 1 +
1

c
.

Hence, for c big enough we have

−2

c
< log |x− r̄| − log |x| < 1

c
,

and for any cr < |x| < 1/e we get

1− 2

c
<

log |x− r̄|
log |x|

< 1 +
1

c
.

Recalling the definition of φα,ε (Definition 3.2.2) we conclude that given δ > 0 and α0 we

can pick r0 < 1
2e

and c big enough so that

1− δ

100
<
φα,ε(|x|)φα,ε(|x− r̄|)

φα,ε(|x|)2
< 1 +

δ

100
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for every x in spherical layer B 1
2e
(0) \Bcr(0). Integrating this inequality we get

1− δ

100
<

∫
cr<|x|< 1

2e
φα,ε(|x|)φα,ε(|x− r̄|) dx∫

cr<|x|< 1
2e
φα,ε(|x|)2 dx

< 1 +
δ

100
. (3.4.2)

Using Lemma 3.4.1 it’s not too hard to establish that given α0 > 0, δ > 0, and c we can

choose r0 > 0 and ε0 > 0 so that for every 0 < α < α0, every 0 < ε < ε0, and 0 < r < r0 we

have

1− δ

100
<

∫
cr<|x|< 1

2e
φα,ε(|x|)2 dx

Vα,ε(r)
< 1 +

δ

100
. (3.4.3)

Namely, to prove the inequality above one needs to treat cases r ≥ ε and r < ε separately.

If r ≥ ε then by Lemma 3.4.1 we have

Vα,ε(r) =

∫
r<|x|<1/e

φα,ε(|x|)2 dx+ cα,k =

=

∫
r<|x|<cr

φα,ε(|x|)2 dx+

∫
cr<|x|< 1

2e

φα,ε(|x|)2 dx+

∫
1
2e

<|x|< 1
e

φα,ε(|x|)2 dx+ cα,k =

= cα,k((− log(r))α − (− log(cr))α) + cα,k(1 + log(2))α +

∫
cr<|x|< 1

2e

φα,ε(|x|)2 dx.

Now we notice that all summands except for the last one are small compared to Vα,ε(r) =

cα,k(− log(r))α for r close to zero, i. e.

cα,k((− log(r))α − (− log(cr))α) + cα,k(1 + log(2))α

cα,k(− log(r))α
→r→0 0,

and the convergence is uniform in α ∈ (0, α0). Hence, by taking small enough r0 we guarantee

(3.4.3). If r < ε we can represent Vα,ε(r) in the following way:

Vα,ε(r) = Vα,ε(ε) =

∫
ε<|x|< 1

e

φα,ε(|x|)2 dx+ cα,k.

The domain of that integral intersects with (cr, 1
2e
) by at least (cε, 1

2e
) (since c > 1 and
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r < ε). Hence the following estimate holds:

∣∣∣∣∣
∫
cr<|x|< 1

2e

φα,ε(|x|)2 dx− Vα,ε(r)

∣∣∣∣∣ ≤
≤
∫
0<|x|<ε

φα(ε)
2 dx+

∫
ε<|x|<cε

φα(|x|)2 dx+

∫
1
2e

<|x|< 1
e

φα(|x|)2 dx+ cα,k =

= ωkε
k (− log(ε))α−1

εk
+ cα,k((− log(ε))α − (− log(cε))α) + cα,k(1 + log(2)).

Dividing both sides by Vα,ε(r) = cα,k(− log(ε))α and picking ε0 small enough we establish

(3.4.3).

Now equations (3.4.2) and (3.4.3) together imply (3.4.1).

We organize the rest of the proof of Proposition 3.4.2 in a sequence of Lemmata estimating

integrals over domains mentioned in (i), (ii), and (iii).

Lemma 3.4.3. For every α0 > 0, and δ > 0 there exists r0 > 0 and ε0 > 0 such that for

every 0 < α < α0, 0 < ε < ε0, and every 0 < r < r0 we have

∫
Br/2(0)∪Br/2(r̄)

φα,ε(|x|)φα,ε(|x− r̄|) dx < δ

10
Vα,ε(r). (3.4.4)

Proof. Due to the central symmetry of φα,ε(|x|) it will be enough to estimate just the integral

over Br/2(0). If r < ε as we have seen before

∫
Br/2(0)

φα,ε(|x|)φα,ε(|x− r̄|) dx <
∫
|x|<ε

φα,ε(ε)
2 dx = ωk(− log(ε))α−1

and for small enough ε0 the estimate (3.4.4) follows.

If r ≥ ε the desired inequality will follow from the uniform in α ∈ (0, α0) convergence

∫
|x|<r/2

φα(|x|)φα(|r̄ − x|) dx

(− log(r))α
→r→0 0.
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To prove said convergence we start with the following computation:

∫
|x|<r/2

φα(|x|)φα(|r̄ − x|) dx < φα(r/2)

∫
|x|<r/2

φα(|x|) dx =

= kωk
(− log(r/2))

α−1
2

(r/2)k/2

∫ r/2

0

(− log(t))
α−1
2

tk/2
tk−1 dt. (3.4.5)

We will focus on the last integral. If α ≤ 1 then

∫ r/2

0

(− log(t))
α−1
2 tk/2−1 dt ≤

∫ r/2

0

tk/2−1 dt =
2

k

(r
2

)k/2
.

Combining that with formula (3.4.5) we get

∫
|x|<r/2

φα(|x|)φα(|r̄ − x|) dx

(− log(r))α
< 2ωk

(− log(r/2))
α−1
2

(− log(r))α

and uniform convergence follows.

If α > 1 after taking the last integral in formula (3.4.5) by parts we obtain:

∫ r/2

0

(− log(t))
α−1
2 tk/2−1 dt =

=
2(− log(t))

α−1
2 tk/2

k

∣∣∣∣∣
r/2

0

+
α− 1

k

∫ r/2

0

(− log(t))
α−3
2 tk/2−1 dt. (3.4.6)
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Since r goes to zero we can assume that − log(r/2) > 2(α0− 1)/k. In that case we can write

α− 1

k

∫ r/2

0

(− log(t))
α−3
2 tk/2−1 dt =

=
α− 1

k

∫ r/2

0

(− log(t))
α−3
2 (− log(t))(− log(t))−1tk/2−1 dt <

<
α− 1

k
(− log(r/2))−1

∫ r/2

0

(− log(t))
α−1
2 tk/2−1 dt <

<
1

2

∫ r/2

0

(− log(t))
α−1
2 tk/2−1 dt.

Together with formula (3.4.6) the last inequality implies

∫ r/2

0

(− log(t))
α−1
2 tk/2−1 dt <

4

k

(
− log

(r
2

))α−1
2
(r
2

)k/2
and the uniform convergence follows.

Lemma 3.4.4. For every α0 > 0, δ > 0, and c > 0 there exists r0 > 0 and ε0 > 0 such that

for every 0 < α < α0, 0 < ε < ε0, and every 0 < r < r0 we have

∫
Bcr(0)\(Br/2(0)∪Br/2(r̄))

φα,ε(|x|)φα,ε(|x− r̄|) dx < δ

10
Vα,ε(r). (3.4.7)

Proof. Let us denote the domain of integration by D:

D = Bcr(0) \ (Br/2(0) ∪Br/2(r̄)).

Using Cauchy-Schwarz inequality we conclude that

∫
D

φα,ε(|x|)φα,ε(|x− r̄|) dx ≤

√∫
D

φα,ε(|x|)2 dx
∫
D

φα,ε(|x− r̄|)2 dx.
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By increasing domains of both integrals we arrive to

∫
D

φα,ε(|x|)φα,ε(|x− r̄|) dx ≤
∫
r/2<|x|<2cr

φα,ε(|x|)2 dx.

Now we have to consider two cases, depending on the relation of r and ε. We treat these

cases similarly to our proof of estimate (3.4.3). Assume that r ≥ ε. Then by Lemma 3.4.1

we have

∫
r/2<|x|<2cr

φα,ε(|x|)2 dx ≤ cα,k((− log(r/2))α − (− log(cr))α).

Choosing r0 small enough we guarantee inequality (3.4.7).

If r < ε we have

∫
r/2<|x|<2cr

φα,ε(|x|)2 dx < ωkε
k | log(ε)|α−1

εk
+

∫
ε<|x|<2cε

φα,ε(|x|)2 dx,

and choosing ε0 small enough we establish (3.4.7).

To conclude the proof of Proposition 3.4.2 it remains to notice that the integral over domain

(iii) is uniformly bounded.

Finally, using Proposition 3.4.2 we are able to prove Proposition 3.2.4

Proof of Proposition 3.2.4. (I) First, notice that the function φα,ε(r) is nonincreasing. Us-

ing that fact Part (I) follows from the definition of Uα,ε, for details see Lemma 2.5.6.

(II) Choosing δ = 1 in Proposition 3.4.2 we obtain inequality (3.2.9).
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(III) Choosing δ = 1 in Proposition 3.4.2 we obtain inequality (3.2.10).

(IV) Thanks to Proposition 3.4.2 it is enough to prove inequality (3.2.11) for Vα,ε(r1) and

Vα,ε(r2), which easily follows from the definition.

3.5 Joint regularity of two random measures

In this section we present a tailored version of Theorem 3.1.9 that we intend to use in order to

prove Central Limit Theorem for non-stationary products of random SL(2,R) matrices with

optimal assumption on the distributions’ tails (see Section 1.2 and Chapter 4). Namely, the

following result allows us to control the probability that two points independently generated

by iterating two random dynamical systems will end up close to one another.

Theorem 3.5.1. Let K be a compact set (with respect to weak-* topology) in the space of

Borel probability measures on Homeo(M), satisfying the following assumptions:

• For every µ ∈ K we have supp(µ) ⊂ Lip(M).

• There exist α > 0 and C0 such that for every µ ∈ K

∫
Lip(M)

(log(L(f)))α dµ(f) < C0. (3.5.1)

• For every µ ∈ K there are no measures m1,m2 ∈ M, such that f∗m1 = m2 for µ-a.e. f .

Then there exist C and κ > 1 such that for any initial measures ν(1)0 , ν
(2)
0 , every number of

iterations n1, n2 ∈ N, and every choice of two sequences of measures µ(1)
1 , µ

(1)
2 , . . . , µ

(1)
n1 ∈ K
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and µ(2)
1 , µ

(2)
2 , . . . , µ

(2)
n2 ∈ K one has:

∫∫
M×M

| log (max{d(x, y), r}) |α dν1(x) dν2(y) < C, (3.5.2)

where r > e−κmin(n1,n2), ν1 = µ
(1)
n1 ∗µ

(1)
n1−1 ∗ . . .∗µ

(1)
1 ∗ν(1)0 , and ν2 = µ

(2)
n2 ∗µ

(2)
n2−1 ∗ . . .∗µ

(2)
1 ∗ν(2)0 .

Proof. For this proof let us fix k = dim(M) and α > 0 from inequality (3.5.1). According to

Part (III) of Proposition 3.2.4 there exists ε0 > 0 and CU such that for any ε < r < ε0 we

have

Uα,ε(r) > CU | log(r)|α.

Fix κ = λ−
1
α , some r > e−κmin(n1,n2) , and measures ν1, ν2 from the statement. In order to

prove (3.5.2) it is enough to show that for some constant C̃ we have

∫∫
M×M

Uα,r(d(x, y)) dν1(x) dν2(y) < C̃.

Notice that according to the Definition 3.2.5:

Eα,r
(
ν1 + ν2

2

)
=

∫∫
M×M

Uα,r(d(x, y)) d
ν1 + ν2

2
(x) d

ν1 + ν2
2

(y) ≥

≥ 1

2

∫∫
M×M

Uα,r(d(x, y)) dν1(x) dν2(y),

so all we need is to come up with a constant upper bound for Eα,r
(
ν1+ν2

2

)
. Thanks to

Proposition 3.2.14 it is sufficient to estimate Ẽα,r
(
ν1+ν2

2

)
. Now we are able to employ a

geometric inequality in L2(M,Leb) using vectors ρα,r[ν1] and ρα,r[ν2]. Namely, recall that
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due to the Definition 3.2.12 we have

Ẽα,r
(
ν1 + ν2

2

)
=

∥∥∥∥ρα,r[ν1] + ρα,r[ν2]

2

∥∥∥∥2
L2(M)

≤

≤
∥ρα,r[ν1]∥2L2(M) + ∥ρα,r[ν2]∥2L2(M)

2
=

1

2
(Ẽα,r(ν1) + Ẽα,r(ν2)).

Using Proposition 3.2.14 one more time we conclude that for big enough energies we have

1

2
(Ẽα,r(ν1) + Ẽα,r(ν2)) ≤ Eα,r(ν1) + Eα,r(ν2).

Starting from here we are mimicking the end of the proof of Theorem 3.1.4. Applying

Corollary 3.3.8 we arrive to

Eα,r(ν1) ≤ max
(
λn1Eα,r

(
ν
(1)
0

)
, C̃
)

and Eα,r(ν2) ≤ max
(
λn2Eα,r

(
ν
(2)
0

)
, C̃
)
.

From Lemma 3.2.6 we know that

max
(
Eα,r

(
ν
(1)
0

)
, Eα,r

(
ν
(2)
0

))
< (ωk + cα,k)(− log(r))α,

so since

r > e−κmin(n1,n2) = e−λ−min(n1,n2)
α

we have

Eα,r(ν1) + Eα,r(ν2) < 2max
(
ωk + cα,k, C̃

)
.

From here Theorem 3.5.1 follows.
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Chapter 4

Central Limit Theorem for

non-stationary random products of

SL(2,R) matrices

4.1 Notations and plan of the proof of the main result

Recall that K is a compact subset in the set of probability measures on the group SL(2,R).

We will say that the measures condition is satisfied if for every measure µ ∈ K there

are no Borel probability measures ν1, ν2 on RP1 such that (fA)∗ν1 = ν2 for µ-almost every

A ∈ SL(2,R), where fA is the projectivisation of the matrix A (see Eq. (4.5.1) below).

Let us fix some sequence {µi}i∈N, µi ∈ K, and let Ai ∈ SL(2,R) be independent matrix-valued

random variables, with Ai being distributed w.r.t. µi. Set
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Tn = AnAn−1 . . . A1,

and denote (following Section 1.2.2)

Ln = E log ∥Tn∥.

Moreover, let

T(n1,n2] := An2An2−1 . . . An1+1

be the part of the product of our random matrices Ai, where the index varies from n1 +1 to

n2. Also, denote

ξn = log ∥Tn∥, ξ(n1,n2] = log
∥∥T(n1,n2]

∥∥ .
Note that if two intervals of indices (n1, n2] and (n′

1, n
′
2] are disjoint, then the corresponding

products T(n1,n2] and T(n′
1,n

′
2]

are independent, and thus so are their log-norms ξ(n1,n2] and

ξ(n′
1,n

′
2]
.

Now, a long product of matrices can be split into two parts (that we will later choose to be

of comparable lengths): for any n, n′ one has

Tn+n′ = T(n,n+n′]Tn;
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in particular, this implies

ξn+n′ = log ∥T(n,n+n′]Tn∥ ≤ log ∥Tn∥+ log ∥T(n,n+n′]∥ = ξn + ξ(n,n+n′]. (4.1.1)

The right hand side of the inequality in (4.1.1) is a sum of two independent random variables;

let us introduce the random variable Rn,n′ that measures the difference between the right

and left hand sides of (4.1.1):

Rn,n′ = log ∥Tn∥+ log
∥∥T(n,n+n′]

∥∥− log ∥Tn+n′∥ = (ξn + ξ(n,n+n′])− ξn+n′ . (4.1.2)

Remark 4.1.1. The idea of using estimates for Rn,n′ in order to establish CLT is similar in

spirit to the results and methods used in [7], [8], and [33].

If due to some reason all the discrepancies Rn,n′ would vanish, then the problem would

reduce to analysis of a sum of independent random variables. Therefore, if we could control

the random variables Rn,n′ and knew that the variances of {ξn} grow, we could try to show

that the presence of these controlled discrepancies does not change the behaviour of {ξn}

too much.

We thus split the proof of Theorem 1.2.6 into a “probabilistic” and a “geometric” parts. In

the “probabilistic” part (Sections 4.2–4.4), we pass to a general framework of a family of

abstract random variables {ξ̃a;n}, independent if the corresponding intervals (a, a+n] do not

intersect; they will be later related to the random variables {ξ(n1,n2]} by (4.2.1). Our main

result in this part, Theorem 4.2.1, is a tool that establishes sufficient conditions for the CLT

to hold for such a family. These conditions, properties ((a))–((e)) listed in Section 4.2.1,

are stated in terms of the moments of these random variables and the behaviour of the
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corresponding additivity discrepancies

R̃a;n,n′ := ξ̃a;n + ξ̃a+n;n′ − ξ̃a;n+n′ .

To prove Theorem 4.2.1, we start by obtaining under these assumptions an upper bound for

the moments of ξ̃a;n; it is Proposition 4.2.2 in Section 4.2.2. In Section 4.2.3 (see Lemma 4.2.5)

we show that the variances of {ξ̃a;n} under our assumptions must grow linearly.

Section 4.3 contains the core part of the proof of Theorem 4.2.1, the bootstrapping argument.

Namely, the sum of two independent random variables is closer to the Gaussian behavior than

the summands separately. We introduce the quantitative way (4.3.1) of measuring how close

the distribution is to the Gaussian, and establish the corresponding inequality in Section 4.3.3

(see Lemma 4.3.4). Then, we control how an additional perturbation, coming from the R̃a;n,n′

terms, can worsen the bounds. This is done in Section 4.3.4; see Proposition 4.3.7 and

Corollary 4.3.8 therein. Finally, in Section 4.4, these bootstrapping arguments are applied

to prove the Abstract CLT, Theorem 4.2.1.

After that we switch to our initial setting and the random variables {ξ(n1,n2]}, corresponding

to the random matrix products, and start the “geometric” part of the proof of Theorem 1.2.6.

Our goal is now to check that after centering, the variables ξ̃a;n = ξ(a,a+n] − Eξ(a,a+n] satisfy

the assumptions of Theorem 4.2.1.

Specifically, in Section 4.5 we establish uniform bounds on moments of the discrepan-

cies Rn,n′ , see Proposition 4.5.6. To do so, we have to show that it is (sufficiently) improbable

that the most expanded vector for the product Tn is sent to the direction close to the one that

is contracted by T(n,n+n′]. This can be reformulated in terms of the action on the projective

line RP1: in these terms, it is the probability of two sequences of iterations sending two given

points close to each other. We use results from Chapter 3, where such estimates (log-Hölder

bounds after a finite number of non-stationary iterations) were established.
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In Section 4.6 we verify that the assumptions ((a))–((d)) of the Abstract CLT are satisfied

for the random variables ξ̃a;n = ξ(a,a+n] − Eξ(a,a+n]. The assumption ((e)) is verified in

Section 4.7. Together with Theorem 4.2.1, this proves the main result, Theorem 1.2.6, see

the end of Section 4.6.

Section 4.8 provides the proof of the CLT for vectors and matrix elements of the non-

stationary random matrix products, Theorem 1.2.8. Finally, in Section 4.9 we give an ex-

ample showing that the assumption of finiteness of (2 + ε)-th moment in Theorem 1.2.6 is

optimal, and cannot be replaced by an assumption of finiteness of 2nd moment, unlike in

the case of random products of iid matrices.

4.2 Abstract probabilistic setup

4.2.1 Abstract Central Limit Theorem

Assume that we are given an abstract family {ξ̃a;n}a≥0, n≥1 of random variables; we will

list the assumptions, under which we claim the CLT for this family. As we have already

mentioned, it is linked to the random variables ξ(a,a+n] = log
∥∥T(a,a+n]

∥∥ originating from the

products of random matrices by setting

ξ̃a;n := ξ(a,a+n] − Eξ(a,a+n]. (4.2.1)

Note that the second index in this new family corresponds to the “ length” of the product,

and not to the last index; this choice is made due to the importance of this length (the

estimates will be uniform in a as n tends to infinity).
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Define the difference (additivity discrepancy) random variables

R̃a;n,n′ := ξ̃a;n + ξ̃a+n;n′ − ξ̃a;n+n′ , (4.2.2)

and assume that the following conditions hold:

(a) Centering: Eξ̃a;n = 0 for all a, n.

(b) Independence: for any a, a′, n, n′ such that a′ ≥ a+n, the random variables ξ̃a;n and

ξ̃a′,n′ are independent.

(c) Initial moments: The variables ξ̃a;n have finite 2 + ε-th moments, and

∃CM : ∀a = 0, 1, 2, . . . , E|ξ̃a;1|2+ε < C2+ε
M . (4.2.3)

(d) Moments of differences: There exists CR such that for any a and any n, n′ with

n′

2
≤ n ≤ 2n′, one has

E|R̃a;n,n′|2+ε ≤ C2+ε
R . (4.2.4)

(e) Growth of variance: For every c there exists n1 ∈ N such that

∀n ≥ n1 ∀a Var ξ̃a;n ≥ c. (4.2.5)

As we will see in Section 4.6, for the family {ξ̃a;n} associated to the products of random

matrices by (4.2.1) these assumptions indeed hold; see Lemma 4.6.1 and Proposition 4.6.2.

The following theorem is our main abstract probability result.

Theorem 4.2.1 (Abstract CLT). Let the family ξ̃a;n satisfy the assumptions ((a))–((e)).
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Then there exist constants C1, C2 and a number n0 such that for every n > n0

∀a C2
1 n ≤ Var ξ̃a;n ≤ C2

2 n, (4.2.6)

and random variables

ξ̃0;n√
Var ξ̃0;n

(4.2.7)

converge to N (0, 1) in distribution as n→ ∞.

As we have already declared, Theorem 1.2.6 will be deduced from Theorem 4.2.1 by checking

that the family (4.2.1) satisfies the assumptions ((a))–((e)) above. The rest of this section

and Sections 4.3 and 4.4 are devoted to the proof of Theorem 4.2.1.

4.2.2 Upper bounds for moments of ξ̃a;n

We start by establishing some upper moment estimates for ξ̃a;n. Note that in the case of

ξ̃a;n being sums of independent N (0, 1)-summands (and in particular, all Ra;n,n′ = 0), one

would have ξ̃a;n ∼ N (0, n), and thus the p-th moment of ξ̃a;n would scale exactly as np/2.

The conclusion of Proposition 4.2.2 below, which is the main result of this section, extends

upper bounds with such a scaling to the more general setting of the assumptions above.

Proposition 4.2.2. Assume that the family ξ̃a;n satisfies the assumptions ((a))–((d)) above.

Then, there exists a constant C2 such that for all a and n,

E|ξ̃a;n|2+ε < C2+ε
2 n1+ ε

2 . (4.2.8)
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As a corollary, for any p ∈ [0, 2 + ε], any a and n, one has

E|ξ̃a;n|p < Cp
2n

p/2. (4.2.9)

Remark 4.2.3. In the additive case, when R̃a;n,n′ = 0, Proposition 4.2.2 turns into Rosenthal

type estimates, e.g. see [37, 36].

Proof of Proposition 4.2.2. We will start by establishing the conclusion (4.2.9) for p = 2

(and thus for all smaller values of p), in other words, a linear upper bound for the growth of

the variance of ξ̃a;n:

∃Cσ : ∀a, ∀n Var ξ̃a;n ≤ C2
σ · n. (4.2.10)

To do so, we will recurrently define the sequence cm, such that for each m = 1, 2, . . . one has

∀a Var ξ̃a;m ≤ c2m ·m. (4.2.11)

Namely, we start by setting c1 := CM ; the estimate (4.2.11) is then satisfied due to initial

moments assumption ((c)). Now, to construct cm with m > 1, take n =
⌊
m
2

⌋
and n′ = m−n.

Then for any a,

Var(ξ̃a;n + ξ̃a+n;n′) = Var ξ̃a;n +Var ξ̃a+n;n′ ≤ c2n · n+ c2n′ · n′ ≤ (max(cn, cn′))2 ·m.

Now, the L2-norm triangle inequality (or Cauchy-Schwarz inequality)

√
Var(X − Y ) ≤

√
VarX +

√
VarY
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holds for any two random variables X, Y with finite second moment; applying it for

ξ̃a;m = (ξ̃a;n + ξ̃a+n;n′)︸ ︷︷ ︸
X

− R̃a;n,n′︸ ︷︷ ︸
Y

,

and using assumption ((d)) that implies
√
Var R̃a;n,n′ ≤ 2CR, one gets

1√
m

√
Var ξ̃a;m ≤ max(cn, cn′) +

2CR√
m
. (4.2.12)

Hence, it suffices to take cm to be the right hand side of (4.2.12):

cm := max(cn, cn′) +
2CR√
m
, (4.2.13)

to ensure that (4.2.11) holds for this m. For the sequence defined by the recurrence rela-

tion (4.2.13), it is easy to check by induction that for all m = 2k + 1, . . . , 2k+1 we have

cm ≤ c1 +
k∑

j=0

2CR√
2j
,

which in turn implies a uniform bound

cm ≤ CM +
2CR

1− 1√
2

=: Cσ,

thus concluding the proof of (4.2.10). Note also that due to the Jensen inequality, the

established estimate also implies

∀a, ∀n E|ξ̃a;n|p ≤ (Cσ ·
√
n)p (4.2.14)

for every p ∈ [0, 2].

Let us now pass to the estimate of the (2 + ε)-th moments. We are going again to define
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recurrently a sequence c′m, such that for all m = 1, 2, . . . one has

∀a E|ξ̃a;m|2+ε ≤ (c′m ·
√
m)2+ε. (4.2.15)

As before, we start by setting c′1 := CM ; the estimate (4.2.15) is then satisfied due to initial

moments assumption ((c)). Now, to construct cm with m > 1, we take n =
⌊
m
2

⌋
and

n′ = m−n. We will use the following lemma (postponing its proof until the end of the proof

of Proposition 4.2.2):

Lemma 4.2.4. Let X, Y be two independent random variables. Then

E|X + Y |2+ε ≤ E|X|2+ε + E|Y |2+ε + 22+ε
(
E|X| · E|Y |1+ε + E|X|1+ε · E|Y |

)
. (4.2.16)

Now, let us apply Lemma 4.2.4 to X = ξ̃a;n and Y = ξ̃a+n;n′ . Note that due to the upper

bound (4.2.14) for first and 1 + ε-th moments, we get

E|X|1+ε · E|Y | ≤ C1+ε
σ

√
n
1+ε · Cσ

√
n′ ≤ C2+ε

σ

√
m

2+ε
,

and the same estimate applies to E|X| · E|Y |1+ε. From the estimate (4.2.16) we thus get

E
∣∣∣ξ̃a;n + ξ̃a+n;n′

∣∣∣2+ε

≤ E
∣∣∣ξ̃a;n∣∣∣2+ε

+ E
∣∣∣ξ̃a+n;n′

∣∣∣2+ε

+ 2(2Cσ)
2+ε ·

√
m

2+ε

≤ (max(c′n, c
′
n′))2+ε ·

(
n1+ ε

2 + (n′)1+
ε
2

)
+ (4Cσ)

2+ε ·m1+ ε
2 (4.2.17)

Now, let

λm :=
( n
m

)1+ ε
2
+

(
n′

m

)1+ ε
2

.

Taking 2 + ε-th power root, and using the concavity inequality 2+ε
√
a+ b ≤ 2+ε

√
a+ 2+ε

√
b, we
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obtain

(
E
∣∣∣ξ̃a;n + ξ̃a+n;n′

∣∣∣2+ε
)1/(2+ε)

≤ (λ1/(2+ε)
m ·max(c′n, c

′
n′) + 4Cσ) ·

√
m. (4.2.18)

Now, using the L2+ε–triangle inequality for (ξ̃a;n + ξ̃a+n;n′) and R̃a;n,n′ , we get

(
E
∣∣∣ξ̃a;m∣∣∣2+ε

)1/(2+ε)

≤ (λ1/(2+ε)
m ·max(c′n, c

′
n′) + 4Cσ) ·

√
m+ 2CR.

Hence, it suffices to take

c′m := λ1/(2+ε)
m ·max(c′n, c

′
n′) + 4Cσ +

2CR√
m

(4.2.19)

for the upper bound E
∣∣∣ξ̃a;m∣∣∣2+ε

≤ (c′m ·
√
m)2+ε to hold.

Now, for every m one has λm < 1, and the values λm converge to 2−
ε
2 < 1 as m → ∞.

Hence, there exists λ < 1 such that for all m, one has λ1/(2+ε)
m < λ. Taking

C2 :=
4Cσ + 2CR

1− λ

to be the fixed point of the map c 7→ λc + (4Cσ + 2CR), we see by recurrence that the

sequence (c′m) satisfies c′m ≤ C2 for all m. We have thus obtained the desired upper bound

E|ξ̃a;m|2+ε ≤ C2+ε
2 ·

√
m

2+ε
.

Let us now prove Lemma 4.2.4:

Proof of Lemma 4.2.4. Let us first show that for any a, b ∈ R,

|a+ b|2+ε ≤ |a|2+ε + |b|2+ε + 22+ε · (|a|1+ε|b|+ |a| · |b|1+ε). (4.2.20)
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Indeed, Jensen’s inequality for the function (1 + x)2+ε on [0, 1] implies that

∀x ∈ [0, 1] (1 + x)2+ε ≤ (1− x) · 1 + x · 22+ε ≤ 1 + 22+εx. (4.2.21)

Now, if |a| ≥ |b|, then

|a+ b|2+ε ≤ |a|2+ε ·
(
1 +

|b|
|a|

)2+ε

≤ |a|2+ε + 22+ε · |a|1+ε|b|, (4.2.22)

where we have applied (4.2.21) with x = |b|
|a| . In the same way, if |b| ≥ |a|, then

|a+ b|2+ε ≤ |b|2+ε + 22+ε · |b|1+ε|a|. (4.2.23)

Taking the sum of the right hand sides of (4.2.22) and (4.2.23), we obtain the desired upper

bound (4.2.20). It now suffices to apply this inequality for X and Y , and to take the

expectation.

With Lemma 4.2.4 proven, the proof of Proposition 4.2.2 is now complete.

4.2.3 Linear growth of variances

In this section we prove a lower growth bound for the variances of ξ̃a;n. Together with already

established Proposition 4.2.2, it implies the linear growth conclusion (4.2.6) of Theorem 4.2.1;

the latter corresponds to inequality (1.2.4) in Theorem 1.2.6.

Lemma 4.2.5. Under the assumptions ((a))–((e)) above, there exists C1 > 0 and n0 such

that

∀a ∀n ≥ n0 Var ξ̃a;n ≥ C2
1n. (4.2.24)
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The proof of Lemma 4.2.5 uses the same ideas of controlling the influence of the discrepancy

R̃a;n,n′ as those that appear in the proof of Proposition 4.2.2.

Proof of Lemma 4.2.5. Recall that

ξ̃a;n+n′ = (ξ̃a;n + ξ̃a+n;n′)− R̃a;n,n′ ;

Cauchy-Schwarz inequality thus implies that

√
Var ξ̃a;n+n′ ≥

√
Var(ξ̃a;n + ξ̃a+n;n′)−

√
Var R̃a;n,n′ . (4.2.25)

We will use (4.2.25) to establish by induction that for some n0 and q > 0 for all m ≥ n0 and

all a one has

√
Var ξ̃a;m ≥

√
q(m+ 1) + 3CR. (4.2.26)

To do that, set n0 to be equal to n1 for which (4.2.5) holds with c = 16C2
R, and let q := C2

R

2n0
,

where CR is given by the assumption ((d)). This choice guarantees that (4.2.26) holds for

any a and every m = n0, . . . , 2n0 − 1: we have

√
Var ξ̃a;m ≥

√
16C2

R = 4CR ≥

√
C2

R

2n0

· (m+ 1) + 3CR.

Now, we proceed by induction to show that (4.2.26) actually holds for every m ≥ n0. Indeed,

let m ≥ 2n0 be the first number for which (4.2.26) has not yet been established; decompose

it as m = n + n′, where n = ⌊m
2
⌋, n′ = ⌈m

2
⌉ = m − n. Then, each of the variances Var ξ̃a;n,

Var ξ̃a+n;n′ in (4.2.25) is bounded from below by
(√

q(n+ 1) + 3CR

)2
, and hence, due to
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independence of ξ̃a;n and ξ̃a+n;n′ we have

√
Var ξ̃a;m ≥

√
Var ξ̃a;n +Var ξ̃a+n;n′ −

√
Var R̃a;n,n′ ≥

≥
√
2 · (

√
q(n+ 1) + 3CR)− CR ≥

≥
√
q(m+ 1) + (3

√
2 − 1)CR,

where we have used 2(n+1) ≥ m+1, as n = ⌊m
2
⌋. As 3

√
2−1 > 3, this proves the induction

step. In particular, for every m ≥ n0 and any a we have Var ξ̃a;m ≥ qm, that proves the

lemma with C1 =
√
q = CR√

2n0
.

Now, define the normalised family

ηa;n :=
1√

Var ξ̃a;n

ξ̃a;n. (4.2.27)

Combining the upper bound for the 2 + ε-th moment of ξ̃a;n by (C2

√
n)2+ε from Proposi-

tion 4.2.2 with a lower bound for its variance by (C1

√
n)2 from Lemma 4.2.5, we get the

following uniform upper bound.

Corollary 4.2.6. Under the assumptions ((a))–((e)) above, there exists C, such that for

all n ≥ n0, with n0 given by Lemma 4.2.5, and any a, the normalised variable ηa;n, defined

by (4.2.27), satisfies

E|ηa;n|2+ε < C
2+ε

.

Proof. Indeed, one has

E|ηa;n|2+ε <
(C2

√
n)2+ε

(C1

√
n)2+ε

=
C2+ε

2

C2+ε
1

,
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hence it suffices to take C := C2/C1.

4.3 Bootstrapping: distance to the Gaussian distribution

Let us now pass to the core part of the proof of Theorem 4.2.1: in this section we present

the bootstrapping arguments that allow to show the convergence to Gaussian law.

4.3.1 Preliminaries

Let ξ, ξ′ be two independent random variables with finite (2 + ε)-th moments and comparable

variances: for a given constant C > 1, we have

C−1 <
Var ξ

Var ξ′
< C.

We will provide a value N ′
ρ(ξ), measuring quantitatively “non-Gaussianity” of the law of ξ,

such that (under appropriate assumptions) it will be smaller for the sum ξ + ξ′ than for the

summands separately.

Definition 4.3.1. For a random variable ξ we denote by φξ(t) its characteristic function:

φξ(t) = Eeitξ.

Now, let

Nρ(η) = sup
0<|t|<ρ

∣∣∣log (φη(t)e
t2/2
)∣∣∣

|t|2+ε
, N ′

ρ(ξ) = Nρ

(
ξ − Eξ√
Var ξ

)
. (4.3.1)

Then η ∼ N (0, 1) if and only if Nρ(η) = 0 for all ρ > 0 (as the distribution of a random
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variable is uniquely determined by its characteristic function). Note also that Nρ(η) might

be infinite if the corresponding characteristic function φη vanishes somewhere on [−ρ, ρ].

Finally, the logarithm here is a function of a complex variable (as the characteristic function

might be, and most often is, non-real). As soon as φη(t) does not vanish on [−ρ, ρ], we define

the composition log
(
φη(t)e

t2/2
)

by a continuous extension, starting with the value log 1 = 0

at t = 0.

4.3.2 Initial estimates

To start a bootstrapping argument, one needs some initial bounds, in this case, for the

norms N ′
ρ(ξ) for some ρ > 0. The first step to obtain these is the following bound for the

characteristic functions:

Lemma 4.3.2. Let X be a random variable with

EX = 0, VarX = 1, E|X|2+ε < C2+ε
X ,

for some ε ∈ (0, 1). Then its characteristic function satisfies

∣∣∣∣φX(t)−
(
1− t2

2

)∣∣∣∣ ≤ C2+ε
X · |t|2+ε for all t ∈ R. (4.3.2)

Proof. Note that it suffices to establish the following estimate for the second derivative φ′′(t):

for all t ∈ R,

|φ′′
X(t) + 1| ≤ 2C2+ε

X |t|ε. (4.3.3)

Indeed, integrating (4.3.3) two times then suffices to obtain (4.3.2):

φX(t)−
(
1− t2

2

)
=

∫ t

0

dt1

∫ t1

0

(φ′′
X(t2) + 1) dt2.
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Now, let us rewrite the estimated expression in (4.3.3):

|φ′′
X(t) + 1| = |E(X2(eitX − 1))| ≤ E(X2|eitX − 1|) ≤ E(X2 · 2|tX|ε); (4.3.4)

here we have used VarX = 1 for the first equality, and the upper bound

|eix − 1| ≤ min(2, |x|) ≤ 2|x|ε (4.3.5)

for the last inequality. Finally, the right hand side of (4.3.4) can be rewritten as

2|t|ε · E|X|2+ε < 2C2+ε
X |t|ε,

thus completing the proof.

Joining Lemma 4.3.2 with the estimate from Corollary 4.2.6, we get an initial bound lemma

for the family {ξ̃a;n}.

Lemma 4.3.3. Under the assumptions ((a))–((e)) above, for the normalised variables ηa;n,

defined by (4.2.27), the following estimate holds. There exists ρ0 > 0, such that for any

n ≥ n0, where n0 is given by Lemma 4.2.5, and any a the value Nρ0(ηa;n) is well-defined and

satisfies

Nρ0(ηa;n) < 3C
2+ε and ρ2+ε

0 Nρ0(ηa;n) <
1

100
,

where C is the constant defined in Corollary 4.2.6.

Moreover, the choice of ρ0 depends only on the constants under the assumptions ((a))–((e)).
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Proof. Applying Lemma 4.3.2, and multiplying (4.3.2) by e
t2

2 , we get

∣∣∣∣e t2

2 φηa;n(t)− e
t2

2

(
1− t2

2

)∣∣∣∣ ≤ C
2+ε|t|2+ε · e

t2

2 (4.3.6)

Now,

e
t2

2

(
1− t2

2

)
= 1 + o(|t|2+ε),

thus for sufficiently small ρ one has

∀|t| ≤ ρ

∣∣∣∣e t2

2

(
1− t2

2

)
− 1

∣∣∣∣ ≤ 1

2
C

2+ε|t|2+ε, (4.3.7)

as well as

∀|t| ≤ ρ e
t2

2 ≤ e
ρ2

2 <
3

2
,

hence the right hand side of (4.3.6) can be replaced by 3
2
C

2+ε|t|2+ε. Joining this with (4.3.7),

we get

∀|t| ≤ ρ
∣∣∣e t2

2 φηa;n(t)− 1
∣∣∣ ≤ (1

2
+

3

2

)
· C2+ε|t|2+ε = 2(C · |t|)2+ε.

Taking

ρ0 := min

(
ρ,

1

20C

)
,

we ensure that 2(Cρ0)
2+ε < 1

100
. Hence the function log z is 3

2
-Lipschitz in the (complex)

disc U2(Cρ0)
2+ε(1), and therefore,

∀|t| ≤ ρ0

∣∣∣log (e t2

2 φηa;n(t)
)∣∣∣ ≤ 3

2
· 2C2+ε|t|2+ε,
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which implies the desired conclusions

Nρ0(ηa;n) < 3C
2+ε and ρ2+ε

0 Nρ0(ηa;n) <
1

(20C)2+ε
· 3C2+ε

<
1

100
.

4.3.3 Sum of two independent variables

The following is the first step of the bootstrapping argument, estimating the decrease of

N ′-values for the sum of two independent random variables. Notice that in addition to the

decrease by a linear factor, the parameter ρ (describing the size of the domain) gets increased.

Lemma 4.3.4. For any C > 0 there exist λ < 1 and L > 1 such that if for some ρ > 0 for

some independent random variables ξ, ξ′ one has

C−1 <
Var ξ

Var ξ′
< C

and values N ′
ρ(ξ), N

′
ρ(ξ

′) are finite, then

N ′
Lρ(ξ + ξ′) ≤ λ ·max(N ′

ρ(ξ), N
′
ρ(ξ

′)). (4.3.8)

Proof. Let

η =
ξ − Eξ√
Var ξ

, η′ =
ξ′ − Eξ′√
Var ξ′

, η′′ =
(ξ + ξ′)− (E(ξ + ξ′))√

Var(ξ + ξ′)
,

Also, denote

c =

√
Var ξ

Var ξ +Var ξ′
, c′ =

√
Var ξ′

Var ξ +Var ξ′
;
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then, one has

η′′ = cη + c′η′,

with the coefficients that satisfy

c2 + (c′)2 = 1, c, c′ ≤
√

C

C + 1
< 1.

By definition, we have for any L

N ′
Lρ(ξ + ξ′) = NLρ(η

′′) = NLρ(cη + c′η′).

Now, for the characteristic functions we have

φcη+c′η′(t) = φη(ct) · φη′(c
′t),

and as c2 + (c′)2 = 1, we have

e
1
2
t2φcη+c′η′(t) = e

1
2
(ct)2φη(ct) · e

1
2
(c′t)2φη′(c

′t). (4.3.9)

If cL, c′L ≤ 1, taking the logarithm of (4.3.9) and dividing by |t|2+ε, we get

NLρ(η
′′) = sup

0<|t|<Lρ

∣∣∣log (e 1
2
t2φη′′(t)

)∣∣∣
|t|2+ε

≤

≤ sup
0<|t|<Lρ

∣∣∣log (e 1
2
(ct)2φη(ct)

)∣∣∣
|t|2+ε

+ sup
0<|t|<Lρ

∣∣∣log (e 1
2
(c′t)2φη′(c

′t)
)∣∣∣

|t|2+ε

Making the ct and c′t variable change in the first and second expressions respectively in the
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right hand side, we obtain

NLρ(η
′′) ≤ c2+εNcLρ(η) + (c′)2+εNc′Lρ(η

′) ≤

≤ (c2+ε + (c′)2+ε) ·max(Nρ(η), Nρ(η
′)) ≤

≤ max(cε, (c′)ε) · max(Nρ(η), Nρ(η
′)).

Taking L =
√

C+1
C

and λ = L−ε concludes the proof.

4.3.4 Correction by an additional term

For the family {ξ̃a;n}, one has

ξ̃a;n+n′ = (ξ̃a;n + ξ̃a+n;n′)− R̃a;n,n′ ,

with an additional term R̃a;n,n′ present in addition to the sum of independent random vari-

ables

S̃a;n,n′ := ξ̃a;n + ξ̃a+n;n′ , (4.3.10)

Due to this, an additional (and possibly non-independent) term is added to the normalized

random variable: for

X =
S̃a;n,n′√
Var S̃a;n,n′

, Y =
ξ̃a;n+n′√
Var ξ̃a;n+n′

(4.3.11)

this term is the difference

r = ra;n,n′ = Y −X.
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In this section we control influence of this difference between normalized variables on the

corresponding value N ′
ρ(·). First, note that Er = 0, and its 2+ ε-th moment E|r|2+ε satisfies

the following upper bound.

Lemma 4.3.5. Under the assumptions ((a))–((e)) above, and with n0 given by Lemma 4.2.5,

there exists Qr <∞, such that for every n, n′ ≥ n0, satisfying

n

2
≤ n′ ≤ 2n,

we have

E|ra;n,n′|2+ε <

(
Qr√
n+ n′

)2+ε

(4.3.12)

Proof. Note that ra;n,n′ can be expressed as

r = ra;n,n′ =

√
Var S̃a;n,n′ −

√
Var ξ̃a;n+n′√

Var ξ̃a;n+n′

·X − 1√
Var ξ̃a;n+n′

R̃a;n,n′ . (4.3.13)

Now, the L2+ε-norms of both X and R̃a;n,n′ are uniformly bounded (due to Corollary 4.2.6

and assumption ((d)) respectively). On the other hand, from the Cauchy-Schwartz inequality

one has

∣∣∣∣√Var S̃a;n,n′ −
√
Var ξ̃a;n+n′

∣∣∣∣ ≤√Var R̃a;n,n′ ,

and hence, due to Lemma 4.2.5, both coefficients admit upper bounds as const√
n+n′ .

Our next step is to control the influence of such a “small” change by r = Y − X on the

non-Gaussianity value Nρ(·). We first estimate the change of the characteristic function.

Namely, assuming that we are given random variables X and Y with a bound on their 2+ ε-

th moment, we provide an estimate that tends to zero as a power of 2+ε-th moment of their
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difference.

Lemma 4.3.6. Let X,Y be two random variables with

EX = EY = 0, VarX = VarY = 1, E|X|2+ε,E|Y |2+ε < C2+ε
X ,

for some ε ∈ (0, 1). Assume that for r = Y −X one has E|r|2+ε < C2+ε
r . Then for any t ∈ R

one has

|φX(t)− φY (t)| ≤ 5Cε
rC

2
X · |t|2+ε (4.3.14)

Proof. Note that it suffices to obtain an estimate

|(φX − φY )
′′(t)| ≤ 10Cε

rC
2
X · |t|ε; (4.3.15)

indeed, using

φX(t)− φY (t) =

∫ t

0

dt1

∫ t1

0

(φX − φY )
′′(t2) dt2,

and integrating (4.3.15) two times, we get the desired (4.3.14).

Now, the second derivative of the difference of the characteristic functions can be rewritten

in the following way.

(φX − φY )
′′(t) = −E(X2eitX − Y 2eitY ) = −E(X2(eitX − 1)− Y 2(eitY − 1)), (4.3.16)

where the second equality follows from VarX = VarY .

In order to obtain the estimate (4.3.15), let us decompose the right hand side of (4.3.16):

|φ′′
X(t)− φ′′

Y (t)| ≤ E|(X2 − Y 2)(eitX − 1)|+ E(Y 2|eitY − eitX |).
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Using (4.3.5), we can estimate the second summand:

E(Y 2|eitY − eitX |) ≤ E(Y 2 · 2|t(X − Y )|ε) = |t|ε · E(2|r|ε · Y 2);

the right hand side now does not exceed 2Cε
rC

2
X |t|ε due to the Hölder inequality with the

exponents p = 2+ε
ε

and q = 2+ε
2

.

To estimate the first summand, note that Y 2 −X2 = r(X + Y ), hence it does not exceed

E|(X2 − Y 2)(eitX − 1)| ≤ E (|r| · (|X|+ |Y |) · 2|tX|ε) .

Moreover, as |r| ≤ |X| + |Y | and hence |r| ≤ |r|ε(|X| + |Y |)1−ε, this summand does not

exceed

E
(
|r|ε · 2(|X|+ |Y |)2

)
· |t|ε,

and due to the Hölder inequality with the same exponents p, q as above it does not exceed

8Cε
rC

2
X · |t|ε. Adding these estimates together, we obtain the desired (4.3.15).

Now, apply these estimates to estimate the change of Nρ(·):

Proposition 4.3.7. Under the assumptions of Lemma 4.3.6, let Kr := 5Cε
rC

2
X be the factor

that appears in its conclusion (4.3.14). Assume additionally that for some ρ > 0 one has

ρ2+εNρ(X) ≤ 1

100
(4.3.17)

and

Krρ
2+εe

ρ2

2 ≤ 1

100
. (4.3.18)
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Then

Nρ(Y ) ≤ Nρ(X) + 2Kre
ρ2

2 .

Proof. Note first that due to (4.3.17), for any |t| ≤ ρ we have

∣∣∣log (φX(t)e
t2

2

)∣∣∣ ≤ 1

100

and hence

∣∣∣φX(t)e
t2

2 − 1
∣∣∣ ≤ 1

50

(as the exponent function is 2-Lipschitz in U1/100(0)).

At the same time, the conclusion of Lemma 4.3.6 and the assumption (4.3.18) imply that

for any |t| ≤ ρ one has

∣∣∣φX(t)e
t2

2 − φY (t)e
t2

2

∣∣∣ = |φX(t)− φY (t)| · e
t2

2 ≤ Krρ
2+ε · e

ρ2

2 ≤ 1

100
,

hence altogether

∣∣∣φY (t)e
t2

2 − 1
∣∣∣ ≤ ∣∣∣φX(t)e

t2

2 − φY (t)e
t2

2

∣∣∣+ ∣∣∣φX(t)e
t2

2 − 1
∣∣∣ ≤ 1

100
+

1

50
≤ 1

25
.

Finally, the logarithm function is 2-Lipschitz in U 1
25
(1), and thus for such t

∣∣∣log (φY (t)e
t2

2

)∣∣∣ ≤ ∣∣∣log (φX(t)e
t2

2

)∣∣∣+ 2 ·
∣∣∣φY (t)e

t2

2 − φX(t)e
t2

2

∣∣∣
≤ Nρ(X)|t|2+ε + 2Kre

t2

2 |t|2+ε ≤ (Nρ(X) + 2Kre
t2

2 ) · |t|2+ε. (4.3.19)
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This implies the desired

Nρ(Y ) ≤ Nρ(X) + 2Kre
ρ2

2 .

Let us now apply Proposition 4.3.7 to the family {ξ̃a;n} that occurs in the setting of Theo-

rem 4.2.1.

Corollary 4.3.8. Under the assumptions of Theorem 4.2.1, there exists a constant K such

that if for some ρ > 0, some a, some n, n′ ≥ n0, with n0 given by Lemma 4.2.5, as soon as

n
2
≤ n′ ≤ 2n, one has

ρ2+εN ′
ρ(ξ̃a;n + ξ̃a+n;n′) ≤ 1

100
(4.3.20)

and

ρ2+ε K

(n+ n′)ε/2
e

ρ2

2 ≤ 1

100
, (4.3.21)

then

N ′
ρ(ξ̃a;n+n′) ≤ N ′

ρ(ξ̃a;n + ξ̃a+n;n′) + 2
K

(n+ n′)ε/2
e

ρ2

2 .

Proof. Take X and Y , defined by (4.3.11), so that

Nρ(X) = N ′
ρ(ξ̃a;n + ξ̃a+n;n′), Nρ(Y ) = N ′

ρ(ξ̃a;n+n′).

Applying Lemma 4.3.5, from its conclusion (4.3.12) we get an estimate for the L2+ε-norm of
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their difference r = ra;n,n′ = Y −X:

Cr :=
(
E|r|2+ε

)1/(2+ε) ≤ Qr√
n+ n′

.

Hence, the value Kr = 5Cε
rC

2
X in Proposition 4.3.7 is bounded from above by

Kr = 5Cε
rC

2
X ≤ 5

(
Qr√
n+ n′

)ε

· C2
X =

K

(n+ n′)ε/2
,

where

K := 5Qε
rC

2
X .

The conclusion then immediately follows from Proposition 4.3.7.

4.4 Proof of the abstract CLT

Joining the results of the previous sections, we obtain the following proposition:

Proposition 4.4.1. Under the assumptions of Theorem 4.2.1, there exist sequences ρn → ∞,

δn → 0, such that for any n ≥ n0, where n0 is given by Lemma 4.2.5, and any a, one has

N ′
ρn(ξ̃a;n) ≤ δn. (4.4.1)

Prior to proving it, note that Theorem 4.2.1 follows from Proposition 4.4.1 almost immedi-

ately.

Proof of Theorem 4.2.1. Assume that the assumptions of Theorem 4.2.1 are satisfied. Due
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to Proposition 4.4.1, for any ρ > 0 for all sufficiently large n we have ρn ≥ ρ, and hence

lim
n→∞

N ′
ρ(ξ̃a;n) = lim

n→∞
Nρ(ηa;n) = 0,

where

ηa;n =
ξ̃a;n√
Var ξ̃a;n

.

In particular, the characteristic functions φηa;n(t) of the normalized variables converge uni-

formly on compact sets to e−
t2

2 . As the weak convergence of random variables is equivalent

(Lévy’s continuity theorem) to the pointwise convergence of their characteristic functions,

we have the desired weak convergence

ηa;n =
ξ̃a;n√
Var ξ̃a;n

→ N (0, 1), n→ ∞.

Moreover, this convergence is actually uniform in a, as the convergence of the characteristic

functions is uniform in a on any compact interval [−ρ, ρ] due to the uniform estimate (4.4.1).

Proof of Proposition 4.4.1. We are going to construct the sequence (ρn, δn)n≥n0 so that the

desired property (4.4.1) can be established by induction on n. Namely, we have the following

Lemma 4.4.2 (Bootstrapping). Let the sequence (ρn, δn)n≥n0, where n0 is given by

Lemma 4.2.5, be chosen in such a way that the following conditions hold:

• As n→ ∞, one has ρn → ∞ and δn → 0.
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• For some n1 ≥ 2n0, we have

ρn = ρ′0, δn = 3C
2+ε for all n = n0, . . . , n1,

where C is given by Corollary 4.2.6,

ρ′0 = min

(
ρ0,

1

20C

)

and ρ0 is given by Lemma 4.3.3.

• For every m > 2n0, taking n = ⌊m
2
⌋ and n′ = m− n, one has

ρm ≤ Lmin(ρn, ρn′), (4.4.2)

ρ2+ε
m δm ≤ 1

100
, (4.4.3)λmax(δn, δn′) + 2

Ke
ρ2m
2

mε/2

 ≤ δm, (4.4.4)

where constants L and λ are defined by the conclusion of Lemma 4.3.4 for C = 2
(

Cσ

C1

)2
,

where C1 is given by Lemma 4.2.5, and Cσ is given by (4.2.10).

Then the conclusion of Proposition 4.4.1 holds for this sequence.

Proof. The proof of (4.4.1) is by induction. Namely, the base of the induction is formed by

m = n0, . . . , n1, where the inequality

N ′
ρm(ξ̃a;m) ≤ δm

follows from the choice of ρ′0 and Lemma 4.3.3.

Let us make the induction step. Namely, for m > n1 let n = ⌈m
2
⌉ and n′ = m − n; then,
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n0 ≤ n, n′ < m, so the conclusion is already established for these indices. Hence, due to the

induction assumption and inequality (4.4.2),

N ′
ρm/L(ξ̃a;n) ≤ N ′

ρn(ξ̃a;n) ≤ δn and N ′
ρm/L(ξ̃a+n;n′) ≤ N ′

ρn′ (ξ̃a+n;n′) ≤ δn′ .

and thus due to the conclusion (4.3.8) of Lemma 4.3.4,

N ′
ρm(ξ̃a;n + ξ̃a+n;n′) ≤ λmax(δn, δn′). (4.4.5)

Now, we are going to apply Corollary 4.3.8 for ρm, n, n′. First, let us check that its assump-

tions are satisfied. Indeed, multiplying (4.4.5) by ρ2+ε
m and applying (4.4.3) and (4.4.4), we

get

ρ2+ε
m N ′

ρm(ξ̃a;n + ξ̃a+n;n′) ≤ ρ2+ε
m δm ≤ 1

100
,

so the assumption (4.3.20) is satisfied. Next, assumption (4.3.21) follows again from (4.4.4)

and (4.4.3):

K

mε/2
ρ2+ε
m e

ρ2m
2 ≤ ρ2+ε

m δm ≤ 1

100
.

Corollary 4.3.8 is thus applicable, and hence (again using (4.4.4)) we get

N ′
ρm(ξ̃a;m) ≤

λmax(δn, δn′) + 2
Ke

ρ2m
2

mε/2

 ≤ δm.

The induction step is complete.
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To complete the proof of Proposition 4.4.1, it remains to construct the sequences

ρm → ∞, δm → 0

that satisfy the assumptions of Lemma 4.4.2. Roughly speaking, if we were keeping the

radii ρm constant, the contraction with the factor λ would effectively allow to bring δm to

zero as the additional term 2Ke
ρ2m
2

mε/2 then also tends to zero. It suffices now to make the radii

ρm increase extremely slowly, so that the exponent e
ρ2m
2 would not break this asymptotic

vanishing.

Following this idea, we will choose ρm so that

ρm ≤ 1

2

√
ε logm;

such a restriction allows to use

Ke
ρ2m
2

mε/2
≤ Kmε/8

mε/2
<

K

mε/4
(4.4.6)

when checking that inequality (4.4.4) holds. Next, we let

δm = Am−β, m > n1, (4.4.7)

where the constant A is chosen so that at m = n1 this value coincides with 3C
2+ε,

A = 3C
2+ε · nβ

1 , (4.4.8)

and the (sufficiently small) power β > 0 and the (sufficiently large) initial index n1 are yet

to be fixed.
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Now, choose the exponent β > 0 sufficiently small so that

λ · 2β < 1, β <
ε

4
,

and fix λ′ ∈ (2βλ, 1).

Then, for all sufficiently large n1 the condition (4.4.4) holds and can be proved by induction.

Indeed, in the left hand side the first summand is

λmax(δn, δn′) ≤ λ · A
(
m− 1

2

)−β

= 2βλ · Am−β ·
(
m− 1

m

)−β

< λ′δm.

The second summand due to (4.4.6) is at most K ·m−ε/4, thus it suffices to check for m > n1

the inequality

λ′Am−β + 2Km−ε/4 < Am−β,

which can be rewritten as

(1− λ′)Am−β > 2Km−ε/4. (4.4.9)

As β < ε
4
, due to the monotonicity it suffices to check (4.4.9) for m = n1. Now, recall

that (4.4.8) is used to determine A for given n1 and β; substituting the value of A from (4.4.8),

we see that (4.4.9) holds for m = n1 once n1 is sufficiently large to ensure

(1− λ′) · 3C2+ε
> 2Kn

−ε/4
1

We fix a sufficiently large n1 so that (4.4.9) holds, fix the corresponding A (defined by (4.4.8))

and the sequence (δm), defined for m > n1 by (4.4.7). Then, we use (4.4.3) and (4.4.2) to
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choose the sequence (ρm). Namely, for m > n1 we let

ρm = min

(
Lmin(ρn, ρn′),

1

2

√
ε logm, (100δm)

−1/(2+ε)

)
. (4.4.10)

Then the inequality ρm ≤ (100δm)
−1/(2+ε) implies (4.4.3), and (4.4.2) is satisfied automati-

cally. Finally, as

min

(
1

2

√
ε logm, (100δm)

−1/(2+ε)

)
→ ∞, m→ ∞,

the sequence (ρm) defined by (4.4.10) also tends to infinity; actually, it will coincide with

1
2

√
ε logm for all sufficiently large m. This completes the proof of Proposition 4.4.1.

4.5 Moment estimates for Rn,n′

Let us now return to the setting of Theorem 1.2.6, the one of random matrix products. We

start by establishing the bounds for the moments of discrepancies Rn,n′ that are defined

by (4.1.2). To do so, we first discuss some properties of SL(2,R) matrices in Section 4.5.1,

and then state and prove the main estimate, Proposition 4.5.6, in Section 4.5.2.

4.5.1 Preliminaries: action of SL(2,R) matrices

Let [·] be the canonical projection [·] : R2\{0} → RP1, and denote by fB the projectivization

of the matrix B, namely,

fB : RP1 → RP1, such that fB ◦ [·] = [·] ◦B. (4.5.1)

152



We consider RP1 to be equipped with the metric dist(·, ·) that is the angle between the

corresponding lines.

Recall that every matrix B ∈ SL(2,R) can be written as a product

B = Rotβ1

(
∥B∥ 0

0 ∥B∥−1

)
Rotβ2 , (4.5.2)

where Rotβ is a rotation by the angle β. Let e1, e2 be the standard basis vectors of R2; for

a matrix B in the form (4.5.2), denote by r(B) = [Rot−1
β2
e2] ∈ RP1 the direction that is

contracted the most by B. Finally, for a vector v ∈ R2 and a matrix B ∈ SL(2,R), let

Θ(B, v) = log(∥B∥ · |v|)− log(|Bv|) = log
∥B∥ · |v|
|Bv|

;

in other words, Θ(B, v) is a function that compares the expansion by B of the vector v with

the maximal possible expansion by B over all the nonzero vectors.

We have the following estimate:

Lemma 4.5.1. For any B ∈ SL(2,R) and any nonzero vector v ∈ R2, one has

Θ(B, v) ≤ − log sin dist([v], r(B)). (4.5.3)

Proof. We can assume the vector v to be of unit length. Distance dist([v], r(B)) is equal to

the angle between Rotβ2(v) and e2, thus the component of Rotβ2(v) that is parallel to e1 is

equal to sin dist([v], r(B)); see Fig. 4.1. After the application of the diagonal matrix in the

representation (4.5.2), this component gets multiplied by ∥B∥, and provides a lower bound

for the length of the image |Bv|. This immediately implies (4.5.3).

Lemma 4.5.1 immediately implies the following estimate:
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r(B)

v

e2

e1

Rotβ2v Rot−1
β1

Bv

‖B‖ · e1

Figure 4.1: Left: mostly contracted direction r(B) and a vector v. Center: their images
after rotation by Rotβ2 . Right: the images after the application of the diagonal matrix in
the decomposition (4.5.2).

Corollary 4.5.2. For any B ∈ SL(2,R) for at least one of two coordinate vectors ei one has

Θ(B, ei) ≤ log
√
2.

Proof. Indeed, at least one of the points [e1], [e2] is at the distance at least π
4

from the

direction r(B), and the estimate follows from (4.5.3).

Lemma 4.5.1 involves the location of the direction r(B); the following statement gives a way

to approximate its location:

Lemma 4.5.3. For any B ∈ SL(2,R) for at least one of two coordinate vectors ej one has

dist(f−1
B [ej], r(B)) ≤ 1

∥B∥2
. (4.5.4)

Proof. One of the vectors Rot−1
β1
ej is at the angle θ ≥ π

4
with the direction e1. Now,

(
∥B∥ 0

0 ∥B∥−1

)−1

Rot−1
β1
ej =

(
∥B∥ 0

0 ∥B∥−1

)−1 (
cos θ
± sin θ

)
=
(

1
∥B∥ cos θ

±∥B∥·sin θ

)
. (4.5.5)

The tangent of the angle θ′ between the vector (4.5.5) and the direction of e2 is thus equal

to tan θ′ = cotan θ
∥B∥2 ≤ 1

∥B∥2 . An application of Rot−1
β2

then concludes the proof:

dist(f−1
B [ej], r(B)) = θ′ ≤ tan θ′ ≤ 1

∥B∥2
.
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Next, note that one can estimate the decrease in the log-norm in the product of two matri-

ces B1 and B2 using their action on any (in particular, well-chosen) vector v:

Lemma 4.5.4. For any B1, B2 ∈ SL(2,R) and any nonzero vector v,

log ∥B1∥+ log ∥B2∥ − log ∥B2B1∥ ≤ Θ(B1, v) + Θ(B2, B1v). (4.5.6)

Proof. We can assume the vector v to be a unit one. Then,

log ∥B2B1∥ ≥ log |B2B1v| = log ∥B2∥+ log |B1v| −Θ(B2, B1v)

= log ∥B2∥ + log ∥B1∥ − Θ(B1, v) − Θ(B2, B1v).

Finally, the previous lemmas can be joined together in order to obtain a good estimate for

the right hand side of (4.5.6). Namely, for any B1, B2 ∈ SL(2,R) consider the images of the

coordinate directions fB1([ei]), i = 1, 2, and preimages f−1
B2

([ej]), j = 1, 2. Let ∆B1,B2 be the

minimal distance between these pairs:

∆B1,B2 := min
i=1,2

min
j=1,2

dist(fB1([ei]), f
−1
B2

([ej])). (4.5.7)

We then have the following estimate:

Proposition 4.5.5. For any B1, B2 ∈ SL(2,R), one has

log ∥B1∥+ log ∥B2∥ − log ∥B2B1∥ ≤ log 4
√
2 + logmin(∆−1

B1,B2
, ∥B2∥2). (4.5.8)

Proof. Due to Corollary 4.5.2, we can choose a coordinate vector ei so that Θ(B1, ei) ≤
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log
√
2. Due to Lemma 4.5.4, the left hand side of (4.5.8) does not exceed

Θ(B1, ei) + Θ(B2, B1ei) ≤ log
√
2 + Θ(B2, B1ei). (4.5.9)

Note that for any nonzero vector v (in particular, for v = B1ei), one has |B2v| ≥ 1
∥B2∥ |v| and

hence

Θ(B2, v) ≤ log ∥B2∥2.

Thus, if ∆−1
B1,B2

≥ 1
2
∥B2∥2, the estimate (4.5.9) implies the desired (4.5.8) immediately: its

right hand side then does not exceed

log
√
2 + Θ(B2, B1ei) ≤ log

√
2 + log(2 · 1

2
∥B2∥2) ≤ log 2

√
2 + logmin(∆−1

B1,B2
, ∥B2∥2).

Given that, from now on we can assume that ∆−1
B1,B2

< 1
2
∥B2∥2, and the proof will be

complete once we establish that

Θ(B2, B1ei) ≤ log 4 + log∆−1
B1,B2

. (4.5.10)

[B1ei]

[B−1
2 ej ] r(B2)

r(B2)
[B−1

2 ej ]

[B1ei]

Figure 4.2: Top left: image [B1ei] provided by Corollary 4.5.2. Top right: the direction r(B2)
and the preimage [B−1

2 ej], sufficiently close to it, that is provided by Lemma 4.5.3. Bottom:
these three directions and an arc of length at least ∆B1,B2 .

Now, let ej be the coordinate vector for which the estimate (4.5.4) from Lemma 4.5.3 holds
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(see Fig. 4.2). Then for v = fB1(ei), by triangle inequality and definition of ∆B1,B2 one has

dist([v], r(B2)) ≥ dist(fB1([ei]), f
−1
B2

([ej]))− dist(f−1
B2

([ej]), r(B2))

≥ ∆B1,B2 −
1

∥B2∥2
≥ 1

2
∆B1,B2 ,

where we have used ∆B1,B2 >
2

∥B2∥2 for the last inequality. Applying Lemma 4.5.1, we finally

get

Θ(B2, B1ei) ≤ − log sin dist([v], r(B2)) ≤ − log sin
1

2
∆B1,B2 ≤ log 4 + log∆−1

B1,B2
,

where we have used the inequality sin x ≥ 2
π
x ≥ x

2
for x ∈ [0, π

2
]. This completes the proof

of (4.5.10) and thus of the proposition.

4.5.2 Estimates

The main statement of this section is the following estimate for the moments of the random

variables Rn,n′ . As γ > 2, we can choose ε ∈ (0, 1] such that

2 + ε < γ.

We fix a choice of such ε from now on until the end of the paper.

Proposition 4.5.6. Under the assumptions of Theorem 1.2.6, there exists CR, such that for

every n, n′ ∈ N with n′

2
≤n ≤ 2n′, and any measures µ1, . . . , µn+n′ ∈ K, one has

ERn,n′ < CR, ER2
n,n′ < C2

R, and ER2+ε
n,n′ < C2+ε

R .

Proof of Proposition 4.5.6. First of all, notice that it suffices to prove the estimate for ER2+ε
n,n′ ,
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as it implies the other two by using Jensen inequality: for every p ∈ [1, 2 + ε] one has

ERp
n,n′ = E(R2+ε

n,n′)
p

2+ε ≤ (ER2+ε
n,n′)

p
2+ε < (C2+ε

R )
p

2+ε = Cp
R.

Now, the random variable Rn,n′ has the form

Rn,n′ = log ∥B1∥+ log ∥B2∥ − log ∥B2B1∥,

where B1 = Tn and B2 = T(n,n+n′]. Proposition 4.5.5 then implies

Rn,n′ ≤ log 4
√
2 + logmin(∆−1

Tn,T(n,n+n′]
, ∥T(n,n+n′]∥2) (4.5.11)

In what follows we will use the following regularity result from Chapter 3. The setting

of Chapter 3 is a general setting of non-stationary random dynamics: one assumes that a

compact set KM of probability measures on Homeo(M) for some compact manifold M is

given, and that these measures are concentrated on the bi-Lipschitz maps. It is also assumed

that all these measures satisfy no deterministic image condition, and that the Lipschitz

constant admits a uniformly bounded γ-th log-moment:

∀µ ∈ KM

∫
Lip(M)

(logmax(Lip(f),Lip(f−1)))γ dµ(f) < CKM .

Then, the following estimates hold:

Theorem 4.5.7 (partial case of Theorem 3.5.1). Under the assumptions above, there exist

constants κ > 1 and CM, such that for any two initial probability measures ν(1)0 and ν
(2)
0

on M and any two sequences of iterations,

µ
(1)
1 , . . . , µ(1)

n1
, µ

(2)
1 , . . . , µ(2)

n2
∈ KM,
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for the random images

ν1 = µ(1)
n1

∗ · · · ∗ µ(1)
1 ∗ ν(1)0 , ν2 = µ(2)

n2
∗ · · · ∗ µ(2)

1 ∗ ν(2)0 (4.5.12)

one has a uniform bound for γ-th log moment for the distance between the random points

with a cut-off at radius θn1,n2 := exp(−κmin(n1,n2)):

∫∫
M×M

| logmax(d(x, y), θn1,n2)|γ dν1 dν2 < CM. (4.5.13)

In particular, the Markov inequality for (4.5.13) immediately implies a log-Hölder-type bound

for the distances between these images

(ν1 × ν2){(x, y) | d(x, y) ≤ r} < CM · | log r|−γ (4.5.14)

for every r ≥ θn1,n2 .

In our case, M will be the projective line RP1 and the maps will be the projectivisations

of linear maps of R2. Namely, to a probability measure µ ∈ K on SL(2,R) we associate two

probability measures that are its pushforwards by the maps from SL(2,R) to Homeo(RP1),

F1 : A 7→ fA and F2 : A 7→ f−1
A ,

and we let the set KM be formed by these images,

KM := {(F1)∗µ | µ ∈ K} ∪ {(F2)∗µ | µ ∈ K}.

Then it satisfies the assumptions of Theorem 4.5.7: the set KM is compact as a union of

two continuous images of a compact K, the moments assumption follows from the moments

assumption for K, and absence of a deterministic image follows from the similar condition
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for the measures from K.

We will take initial measures

ν
(1)
0 = ν

(2)
0 =

1

2
δ[e1] +

1

2
δ[e2].

Then, taking n1 := n and the sequence µ(1)
j := (F1)∗µj, we see that the image measure ν1 is

the half-sum of the laws of [Tne1] and of [Tne2]. In the same way, taking n2 := n′ and the

sequence

µ
(2)
j := (F2)∗µn+n′−(j−1), j = 1, . . . , n′,

we see that the image measure ν2 is the half-sum of the laws of [T−1
(n,n+n′]e1] and of [T−1

(n,n+n′]e2].

An application of Theorem 4.5.7 thus yields a uniform upper bound

1

4

∑
i=1,2

∑
j=1,2

E
∣∣∣logmax

{
dist

(
[Tnei], [T

−1
(n,n+n′]ej]

)
, θn,n′

}∣∣∣γ ≤ CM,

and hence (replacing the sum over i and j with the maximal summand)

E
∣∣∣logmax

{
∆Tn,T(n,n+n′]

, θn,n′

}∣∣∣γ ≤ 4CM,

Now, in the right hand side of (4.5.11) we have a different maximum: instead of a cut-off at

a fixed threshold θn,n′ , the norm of the product T(n,n+n′] appears. To handle it, note that if

∆−1
Tn,T(n,n+n′]

≤ θ−1
n,n′ , then

min(∆−1
Tn,T(n,n+n′]

, ∥T(n,n+n′]∥2) ≤ ∆−1
Tn,T(n,n+n′]

= min(∆−1
Tn,T(n,n+n′]

, θ−1
n,n′),
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while if ∆−1
Tn,T(n,n+n′]

> θ−1
n,n′ , then

min(∆−1
Tn,T(n,n+n′]

, ∥T(n,n+n′]∥2) ≤ ∥T(n,n+n′]∥2;

applying the logarithm and joining these two inequalities, we get

logmin(∆−1
Tn,T(n,n+n′]

, ∥T(n,n+n′]∥2) ≤
∣∣∣logmax(∆Tn,T(n,n+n′]

, θn,n′)
∣∣∣+

+ (log ∥T(n,n+n′]∥2) · 1{∆Tn,T(n,n+n′]
<θn,n′}. (4.5.15)

The (2 + ε)-th moment of second summand can be then estimated by the Hölder inequality

with the exponents p = γ
2+ε

> 1 and q = 1
1− 1

p

:

E
[
(2 log ∥T(n,n+n′]∥)2+ε · 1{∆Tn,T(n,n+n′]

<θn,n′}

]
≤
(
E(2 log ∥T(n,n+n′]∥)γ

)1/p · (P {∆Tn,T(n,n+n′]
< θn,n′}

)1/q
≤ (2n′)2+εM1/p · (4CM · | log θn,n′|−γ)1/q (4.5.16)

Here we have noticed that log ∥T(n,n+n′]∥ does not exceed a sum of n′ summands of the form

log ∥Aj∥, the γ-th moment of each of which does not exceed M , and used the Markov inequal-

ity (4.5.14) to estimate the probability in the second factor. Now, as | log θn,n′ | = κmin(n,n′)

grows exponentially in n′ (recall that n ≤ 2n′ due to the assumption of the proposition), the

right hand side of (4.5.16) is uniformly bounded (and actually tends to 0 as n′ grows).

We have shown that both random variables in the right hand side of (4.5.15) have uniformly

bounded (2 + ε)-th moments, and hence the same applies to Rn,n′ : the upper bound (4.5.11)

for it differs by an addition of a constant log 4
√
2.
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4.6 Proof of Theorem 1.2.6

In this section we verify the assumptions ((a))–((e)) in the setting of Theorem 1.2.6, except

for the unboundedness of variance, which is stated in Proposition 4.6.2 below and is proven

in the next section. We then deduce Theorem 1.2.6 from Theorem 4.2.1.

Lemma 4.6.1. Under the assumptions of Theorem 1.2.6, the family of random variables

{ξ̃a;n}, defined by (4.2.1), satisfies the assumptions ((a))–((e)) above.

Proof. The only non-trivial conclusions are the estimate ((d)) and the lower bound for the

variance ((e)). To ensure ((d)), recall that Proposition 4.5.6 guarantees for n′

2
≤ n ≤ 2n′ the

bound ER2+ε
a;n,n′ ≤ C2+ε

R , where

Ra;n,n′ := ξ(a,a+n] + ξ(a+n,a+n+n′] − ξ(a,a+n+n′] ≥ 0.

Now, this (due to the Jensen’s inequality for x1/(2+ε)) implies ERa;n,n′ ≤ CR, and hence the

random variable R̃a;n,n′ = Ra;n,n′ − ERa;n,n′ is the difference between two random variables,

whose L2+ε(P )-norm does not exceed CR. The desired (4.2.4) then follows from the triangle

inequality for L2+ε-norm after we redefine CR := 2CR for consistency.

Verifying assumption ((e)) turns out to be a surprisingly technical endeavour. We give

the corresponding formal statement about the matrices here and postpone its proof until

Section 4.7.

Proposition 4.6.2. Under the assumptions of Theorem 1.2.6, for any c > 0 there exists

n1 ∈ N such that for any n ≥ n1 and any collection of distributions µ1, . . . , µn ∈ K one has

Varµ1,...,µn ξn ≥ c.

From Proposition 4.6.2 and formula (4.2.1) the assumption ((e)) follows immediately.
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We conclude this section with the proof of our main result, Theorem 1.2.6.

Proof of Theorem 1.2.6. Assume that the assumptions of Theorem 1.2.6 are satisfied. Then,

due to Lemma 4.6.1, the family ξ̃a;n, defined by (4.2.1), satisfies the assumptions ((a))–((d)),

while Proposition 4.6.2 guarantees that this family satisfies the assumption ((e)). Hence, for

this family the conclusions of Theorem 4.2.1 hold, implying that random variables

ξn − Eξn√
Var ξn

=
ξ̃0;n√
Var ξ̃0;n

weakly converge to N (0, 1). Moreover, the speed of convergence in Theorem 4.2.1 is regu-

lated by the sequences (ρm, δm), constructed in Lemma 4.4.2. These sequences require for

their construction only constants CR, C2, n0, etc., that can be chosen independently of the

sequence of measures µ1, µ2, · · · ∈ K, as such uniformity holds for all the statements in Sec-

tion 4.5. Hence, the convergence of normalised measures in Theorem 1.2.6 is also uniform in

the choice of the sequence µ1, µ2, · · · ∈ K.

4.7 Unboundedness of Variance: proof of Proposition

4.6.2

In this section we prove Proposition 4.6.2, i.e. show that under the assumptions of Theo-

rem 1.2.6 variances of ξn become arbitrarily large. This completes the proof of Theorem 1.2.6.

In order to do so, we will assume that n is quite large, and will decompose the full product

An . . . A1 into a several “long” groups Dm+1, . . . , D1, between which some “short” composi-
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tions are applied:

An . . . A1 = Dm+1(Bµn0,m
. . . Bµ1,m)Dm . . . D2(Bµn0,1

. . . Bµ1,1)D1.

We will show that (for an appropriate choice of lengths) even conditionally to all

D1, . . . , Dm+1, the distribution of the log-norm of the product (with high probability) has

sufficiently high variance. At the same time, dividing by the product of norms of Dj, we get

the composition

Dm+1

∥Dm+1∥
(Bµn0,m

. . . Bµ1,m)
Dm

∥Dm∥
. . .

D2

∥D2∥
(Bµn0,1

. . . Bµ1,1)
D1

∥D1∥
,

where all the quotients Dj

∥Dj∥ are almost rank-one matrices.

Therefore, we first consider the variance of a distribution of images of a given vector under

random linear maps of rank one. In this case it is easier to show that the variance grows, see

Lemma 4.7.1 and Lemma 4.7.6 below. By continuity, if one replaces random rank one linear

maps by random linear maps of large norm, and uses the fact that for a matrix D ∈ SL(2,R)

with large norm, D
∥D∥ is close to a linear map of rank one and norm one, then a lower bound

on variances still holds, see Lemma 4.7.7 and Corollary 4.7.8. Finally, we can complete the

proof of Proposition 4.6.2 by applying the fact that with large probability a composition of

a long enough sequence of random SL(2,R) matrices has a large norm.

Let us now realize this strategy.

Let Y ⊆ Mat2(R) be the space of all linear maps R2 → R2 of norm 1 and of rank 1. Notice

that Y is homeomorphic to the torus T2; indeed, it follows from the fact that any such

map can be represented as a composition of an orthogonal projection to a one-dimensional

subspace and a rotation.

Lemma 4.7.1. There exist ε0 > 0 and n0 ∈ N such that for any non-zero vector v ∈ R2,
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any p ∈ Y , and any µ1, µ2, . . . , µn0 ∈ K we have

Var log
∣∣p ◦ (Bµn0

. . . Bµ1)v
∣∣ ≥ ε0.

To prove Lemma 4.7.1 we will use a statement from [22] that was called Atom Dissolving

Theorem there. We will start with a couple of definitions.

Definition 4.7.2. Denote by Max(ν) the weight of a maximal atom of a probability measure

ν. In particular, if ν has no atoms, then Max(ν) = 0.

Definition 4.7.3. Let X be a metric compact. For a measure µ on the space of homeomor-

phisms Homeo(X), we say that there is

• no finite set with a deterministic image, if there are no two finite sets F, F ′ ⊂ X such

that f(F ) = F ′ for µ-a.e. f ∈ Homeo(X);

• no measure with a deterministic image, if there are no two probability measures ν, ν ′

on X such that f∗ν = ν ′ for µ-a.e. f ∈ Homeo(X).

The following statement is a general statement for non-stationary dynamics, ensuring the

“dissolving of atoms”: decrease of the probability of a given point being sent to any particular

point.

Theorem 4.7.4 (Atoms Dissolving Theorem 1.13 from [22]). Let KX be a compact set of

probability measures on Homeo(X).

• Assume that for any µ ∈ KX there is no finite set with a deterministic image. Then

for any ε > 0 there exists n such that for any probability measure ν on X and any

sequence µ1, . . . , µn ∈ KX we have

Max (µn ∗ · · · ∗ µ1 ∗ ν) < ε.
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In particular, for any probability measure ν on X and any sequence µ1, µ2, . . . ∈ KX

we have

lim
n→∞

Max (µn ∗ · · · ∗ µ1 ∗ ν) = 0.

• If, moreover, for any µ ∈ KX there is no measure with a deterministic image, then the

convergence is exponential and uniform over all sequences µ1, µ2, . . . from KN
X and all

probability measures ν. That is, there exists λ < 1 such that for any n, any ν and any

µ1, µ2, · · · ∈ KX

Max (µn ∗ · · · ∗ µ1 ∗ ν) < λn.

In the proof below we will only be using the first part of Theorem 4.7.4.

Proof of Lemma 4.7.1. Due to Theorem 4.7.4 and our assumptions regarding the measures

from K, there exists n′ ∈ N such that for any µ1, µ2, . . . , µn′ ∈ K we have

Max (µn′ ∗ · · · ∗ µ1 ∗ ν) <
1

2

for any probability measure ν on RP1. To prove Lemma 4.7.1 it is enough to choose n0 =

n′ + 1.

Since

Var log
∣∣p ◦ (Bµn0

. . . Bµ1)v
∣∣ = Var log

∣∣∣∣p ◦ (Bµn0
. . . Bµ1)

v

|v|

∣∣∣∣ ,
without loss of generality we can assume that |v| = 1 and, slightly abusing the notation,

consider it an element of RP1. For given p ∈ Y , v ∈ R2, |v| = 1, {µ1, µ2, . . . , µn0} ∈ Kn0

consider the probability distribution χ on [0,+∞) of the random images
∣∣p ◦ (Bµn0

. . . Bµ1)v
∣∣.
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Lemma 4.7.5. The function Φ : RP1 × Y ×Kn0 → R ∪ {∞} defined by

Φ(v, p, µ1, µ2, . . . , µn0) =

 ∞, if χ({0}) > 0;

Var log
∣∣p ◦ (Bµn0

. . . Bµ1)v
∣∣ , if χ({0}) = 0,

is lower semicontinuous.

Proof. Notice that χ depends continuously on (v, p, µ1, µ2, . . . , µn0) in weak-∗ topology.

Let us consider the cases when χ({0}) > 0 and when χ({0}) = 0 separately.

Assume first that χ({0}) > 0. We want to show that given M > 0, for any sufficiently small

perturbation χ′ of χ we have Var logχ′ > M (here we slightly abuse notation by thinking

of χ and χ′ as both distributions and random variables with these distributions). Notice

that the measures condition implies that χ cannot be concentrated exclusively at 0 ∈ R.

Hence for some τ > 0 we have χ[τ,+∞) > 0. If χ′ is a probability distribution that is

sufficiently close to χ, then χ′[τ/2,+∞) is not less than 1
2
χ[τ,+∞), and the χ′-weight of

a small neighborhood of the origin is at least 1
2
χ({0}). Choosing that neighborhood small

enough guarantees that Var logχ′ > M.

Assume now that χ({0}) = 0 and Var logχ <∞. Then

Var logχ = lim
T→∞

Var
[
(logχ)|[−T,T ]

]
,

so for any ε > 0, for some large enough T > 0 we have

Var
[
(logχ)|[−T,T ]

]
> Var logχ− ε

2
.
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Therefore, for any χ′ that is sufficiently close to χ we have

Var logχ′ ≥ Var
[
(logχ′)|[−2T,2T ]

]
≥ Var

[
(logχ)|[−T,T ]

]
− ε

2
> Var logχ− ε.

The case when χ({0}) = 0 and Var logχ = ∞ can be treated similarly.

The space RP1×Y ×Kn0 is compact. Hence, Lemma 4.7.5 implies that it is enough to show

that Φ > 0 to ensure that for some ε0 > 0 we have Φ ≥ ε0 > 0.

Suppose this is not the case, and for some unit vector v, a linear map p ∈ Y , and µ1, . . . , µn0 ∈

K we have

Var log
∣∣p ◦ (Bµn0

. . . Bµ1)v
∣∣ = 0.

Then for some d ≥ 0 with probability 1 we have
∣∣p ◦ (Bµn0

. . . Bµ1)v
∣∣ = d. That means

that Bµn0
. . . Bµ1v has to belong to L = {u | |p(u)| = d}, which is a line (if d = 0) or a

union of two lines (if d > 0). This implies that µ1 × µ2 × . . . × µn0−1-almost surely the

image Bµn0−1 . . . Bµ1v must belong to the set ∩A∈supp(µn0 )
A−1(L). Since the measure µn0

L = {|p(u)| = d}

0 0

A−1

0

vBµn0−1 . . . Bµ1

Figure 4.3: The set L and its preimages

must satisfy the measure condition, this intersection must consist of at most four points (see

Fig. 4.3), whose projectivization gives at most two points on RP1. But this would imply

that if ν is an atomic measure on RP1 at the point corresponding to the initial vector v,

then µn0−1 ∗ · · · ∗µ1 ∗ ν is a measure supported on at most two points, which contradicts the
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choice of n0 above. This completes the proof of Lemma 4.7.1.

Lemma 4.7.6. For any m ∈ N, any {µ1,i, . . . , µn0,i}i=1,...,m ∈ Kmn0, and any

{p1, . . . , pm+1} ∈ Y m+1 we have

Var log ∥pm+1(Bµn0,m
. . . Bµ1,m)pm . . . p2(Bµn0,1

. . . Bµ1,1)p1∥ ≥ ε0m.

Proof. As each pj is a unit norm rank 1 matrix, it can be written as

pj = vj ⊗ ℓj, where vj ∈ R2, ℓj ∈ (R2)∗, |vj| = |ℓj| = 1.

Now, let

B̃j := Bµn0,j
. . . Bµ1,j

be the j-th intermediate product. Then for the product

T = pm+1B̃mpm . . . p2B̃1p1

one has for any v ∈ R2

T (v) = vm+1 · ℓm+1(B̃mvm) · · · · · ℓ2(B̃1v1) · ℓ1(v),

and hence

log ∥T∥ =
m∑
j=1

log |ℓj+1(B̃jvj)|. (4.7.1)

Right hand side of (4.7.1) is a sum of m independent random variables, and the variance

of each of them is at least ε0 due to Lemma 4.7.1. Thus, the variance of log ∥T∥ is at

least mε0.
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Lemma 4.7.7. There exists a neighborhood U of the compact Kn0m × Y m+1 in Kn0m ×

Mat2(R)m+1 such that for any

µ̄× {Dj}j=1,...,m+1 ∈ U,

where µ̄ = {µ1,i, . . . , µn0,i}i=1,...,m and Dj ∈Mat2(R), we have

Var log ∥Dm+1(Bµn0,m
. . . Bµ1,m)Dm . . . D2(Bµn0,1

. . . Bµ1,1)D1∥ ≥ ε0m

2

Proof. On Kn0m × Y m+1 this variance is bounded from below by ε0m due to Lemma 4.7.6.

As the set Kn0m × Y m+1 is compact, and the variance is a lower-semicontinuous function of

a distribution, there exists a neighbourhood U of this compact on which the variance is at

least mε0
2

.

Corollary 4.7.8. There exists Q such that for any D1, . . . , Dm+1 ∈ SL(2,R) with ∥Dj∥ ≥

Q, j = 1, . . . ,m+ 1 one has

Var log ∥Dm+1(Bµn0,m
. . . Bµ1,m)Dm . . . D2(Bµn0,1

. . . Bµ1,1)D1∥ ≥ ε0m

2

Proof.

log ∥Dm+1(Bµn0,m
. . . Bµ1,m)Dm . . . D2(Bµn0,1

. . . Bµ1,1)D1∥ =

= log ∥D̃m+1(Bµn0,m
. . . Bµ1,m)D̃m . . . D̃2(Bµn0,1

. . . Bµ1,1)D̃1∥+
m+1∑
j=1

log ∥Dj∥, (4.7.2)

where D̃j :=
Dj

∥Dj∥ . On the other hand, as ∥D∥ → ∞ for D ∈ SL(2,R), one has D
∥D∥ → Y , so

it suffices to choose Q sufficiently large to ensure that

({µi,k}1≤i≤n0,1≤k≤m, (D̃1, . . . , D̃m+1)) ∈ U
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once ∥Dj∥ ≥ Q for all j = 1, . . . ,m+ 1, where U is provided by Lemma 4.7.7.

Proof of Proposition 4.6.2. First, fix n0 and ε0 given by Lemma 4.7.1. Then, choose and fix

m such that mε0
4
> c.

Now, take a sufficiently large Q provided by Corollary 4.7.8. It follows from [18, Theorem 2.2]

that for a sufficiently large n2 one has

∀n′ ≥ n2 ∀µ1, . . . , µn′ ∈ K P µ1,...,µn′ (∥An′ . . . A1∥ ≥ Q) ≥ 1− 1

2(m+ 1)
.

Now, take n3 := n2(m + 1) + n0m. Then, for any n ≥ n3 and any µ1, . . . , µn ∈ K we can

decompose the product An . . . A1 as

An . . . A1 = Dm+1B̃mDm . . . D2B̃1D1,

where each Dj is a product of at least n2 matrices Ai, and each B̃j is a product of n0 of Ai’s.

This implies that with the probability at least 1
2

one has ∥Dj∥ ≥ Q for all j, and hence the

variance of the distribution conditional to such Dj is at least mε0
2

. Thus, we finally have

Var ξn ≥ ED1,...Dm+1 Var(ξn | D1, . . . Dm+1) ≥
1

2
· mε0

2
=
mε0
4

> c.

4.8 CLT for images of vectors and matrix elements

Let us now deduce Theorem 1.2.8 from Theorem 1.2.6.

Proof of Theorem 1.2.8. We start with establishing the first part of the theorem, convergence
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for normalised log-lengths log |Tnv|. Note that it suffices to show that for every s > 0 there

exists a constant Cs such that for all sufficiently large n,

P (log ∥Tn∥ − log |Tnv| > Cs) < s. (4.8.1)

Indeed, as Var(log ∥Tn∥) tends to infinity, once (4.8.1) is established, it would imply that the

difference

log ∥Tn∥ − Ln√
Var(log ∥Tn∥)

− log |Tnv| − Ln√
Var(log ∥Tn∥)

=
log ∥Tn∥ − log |Tnv|√

Var(log ∥Tn∥)

converges to zero in probability. And as adding a random variable that converges in proba-

bility to zero does not affect the weak limit, this would imply the convergence

log |Tnv| − Ln√
Var(log ∥Tn∥)

→ N (0, 1).

Now, without loss of generality we can assume that the vector v is a vector of unit length.

The difference log ∥Tn∥− log |Tnv| = Θ(Tn, v) can then be estimated using Lemma 4.5.1: its

conclusion (4.5.3) implies that it suffices to show that for a sufficiently small angle α = α(s),

one has

P (r(Tn) ∈ Uα[v]) < s. (4.8.2)

Indeed, once such angle α is found, we can take Cs := − log sinα.

We will now proceed along the same lines as in the proof of Lemma 4.5.4. Namely,

Lemma 4.5.3 allows us to approximate the location of r(Tn): it is 1
∥Tn∥2 -close to at least one

of the directions [T−1
n e1], [T−1

n e2].

Now, for every α > 0 the probability that such a preimage direction belongs to a given 2α-
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neighbourhood of a given direction can be estimated using the log-Hölder estimates (4.5.14)

that are implied by Theorem 4.5.7. Namely, we apply it with

ν
(1)
0 = ν

(2)
0 = δ[ei], µ

(1)
j = µ

(2)
j = (F2)∗µn+1−j,

where F2 : A 7→ f−1
A , so that the measures ν1 = ν2 (defined by (4.5.12)) are the distributions

of preimages [T−1
n ei]. Note that

U2α([v])× U2α([v]) ⊂ {(x, y) | dist(x, y) < 4α},

and thus

ν1(U2α([v]))
2 ≤ (ν1 × ν2)({(x, y) | dist(x, y) < 4α}).

Hence, from (4.5.14) we get that for every i = 1, 2

P ([T−1
n ei] ∈ U2α([v])) ≤

√
CM · | log(4α)|−γ/2 (4.8.3)

Fixing α > 0 sufficiently small so that the right hand side of (4.8.3) does not exceed s/3, we

see that with the probability at least 1− 2
3
s neither of the preimages [T−1

n e1], [T−1
n e2] belongs

to U2α([v]). Finally, take the number n of matrices sufficiently large so that ∥Tn∥2 > 1
α

with

the probability at least 1 − s
3

and the allowed radius θn,n < 4α; by Lemma 4.5.3 it implies

that at least one of the distances dist(r(Tn), [T
−1
n ei]) does not exceed α. Then altogether

with the probability at least 1− s we have

dist(r(Tn), [v]) ≥ max
i=1,2

(dist([v], [T−1
n ei])− dist(r(Tn), [T

−1
n ei])) ≥ 2α− α = α,

implying the desired (4.8.2).
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The same argument applies to the random variables log |(Tn)i,j|: it suffices to show that for

every s > 0 there exists a constant C ′
s such that for all sufficiently large n,

P (log |Tnej| − log |(Tn)i,j| > C ′
s) < s. (4.8.4)

Now, for any pair of indices i, j = 1, 2,

|(Tn)i,j| = |Tnej| · sin dist([Tnej], [e3−i]).

Using the same log-Hölder estimate (4.5.14) for the forward dynamics, we choose α′ such

that [Tnej] belongs to α′-neighborhoods of either of [e1], [e2] with the probability at most s

and α′ > θn,n for sufficiently large n, providing (4.8.4) and thus completing the proof.

4.9 Examples

In this section, we discuss examples, showing that in the non-stationary setting, assuming

only second moments to be uniformly bounded does not suffice to obtain the convergence

to the Gaussian distribution. In particular, it shows that the moment assumption in Theo-

rem 1.2.6 is optimal.

We start with an example addressing the classical CLT setting on sums of independent

random variables. For every ε > 0, consider a random variable ξε, taking values

ξε =


1 with probability 1−ε

2

−1 with probability 1−ε
2

10√
ε

with probability ε.

(4.9.1)
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Now, the second moments of these random variables are uniformly bounded:

Eξ2ε < 1 + ε · 10
2

ε
= 101.

Example 4.9.1. Take a sequence nj, satisfying nj+1 > n6
j for all j, and let εj := 1

nj
. Consider

the sequence of independent random variables

ξ1,1, . . . , ξ1,n1 ; ξ2,1, . . . , ξ2,n2 ; . . . ; ξj,1 . . . , ξj,nj
; . . .

where all the random variables ξj,i, i = 1, . . . , nj have the distribution (4.9.1) with ε = εj.

Then, though this is a sequence of independent random variables with uniformly bounded

second moments, their sums are not asymptotically normal.

Proof. Consider the sums within the groups,

Sj := ξj,1 + · · ·+ ξj,nj
.

Note that 1√
nj
Sj converge in law to a law that is the sum of the Gaussian law N (0, 1) and

of the 10-scaled Poisson distribution with the parameter 1. Indeed, the Poisson component

comes from the variables taking values 10√
εj

, and conditionally to the places where these

“large” values occur, the part that is left satisfies the classical CLT.

Thus, the limit law is multi-modal (see Fig. 4.4), and hence the sums Sj are not asymptoti-

cally normal.

Finally, the growth condition nj > n6
j−1 shows that S1+···+Sj−1√

nj
converges to zero uniformly,

hence the same non-normal distribution is the limit of the sequence

ξ1,1 + · · ·+ ξj,nj√
nj

=
S1 + · · ·+ Sj√

nj

.
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Figure 4.4: Density for the limit law in Example 4.9.1

Now, for every ε ∈ [0, 1
2
] let µε be a measure on SL(2,R) that is the law of the random matrix

Bε = Rβ1

rε 0

0 r−1
ε

Rβ2 ,

where β1, β2 and rε are independent, β1 and β2 are uniformly distributed on [0, 2π], and

rε =


2 with probability 1− ε

e
10√
ε with probability ε.

(4.9.2)

These measures then form a compact set K of probability measures on SL(2,R), on which

the second logarithmic moment is uniformly bounded:

E(log ∥Bε∥)2 < (log 2)2 + ε · 10
2

ε
< 101.

Moreover, due to the presence of random rotations by α and β the measures condition (stated

in Sec. 1.2.2) is also satisfied.
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Now, denote by λ the Lyapunov exponent for the product of the matrices corresponding to µ0,

and by σ2 the corresponding variance in the CLT. We then have the following example.

Example 4.9.2. Take lengths nj and the associated values εj as in Example 4.9.1, and take

the sequence in which these measures are repeated by groups,

µε1 , . . . , µε1︸ ︷︷ ︸
n1 times

;µε2 , . . . , µε2︸ ︷︷ ︸
n2 times

; . . . ;µεj , . . . , µεj︸ ︷︷ ︸
nj times

; . . . .

Let Tn be the associated products of independent random matrices, and denote Nj := n1 +

· · ·+ nj the index at which the j-th group ends. Then the random variables

1
√
nj

(log ∥TNj
∥ − njλ)

converge in law to the sum of a Gaussian distribution N (0, σ2) and of the 10-scaled Poisson

distribution with parameter 1. In particular, this limit is non-normal, and thus Theorem 1.2.6

cannot hold for such a product.

Proof. Let us first instead of the log-norms of matrices log ∥Tn∥ fix an initial vector v0

and consider log-lengths log |Tnv0| of its images vn := Tnv0. Note that increments ηn :=

log |vn| − log |vn−1| of this sequence are then independent random variables. Indeed, due to

the pre-composition with the rotation Rβ2 , the distribution of the increment of the log-norm,

log |Bεv| − log |v| = log
|Bεv|
|v|

, (4.9.3)

does not depend on the choice of the initial nonzero vector v. Hence, each new (n-th) incre-

ment log |vn+1|
|vn| , conditioned to all the previous matrices (that determine the corresponding

image vn and all the preceding increments) has the same distribution, and thus these incre-

ments are independent.
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Now, the distribution of the increment (4.9.3) is very close to the one in Example 4.9.1:

it is a mix of a given non-degenerate bounded law (corresponding to the distribution µ0)

with the probability 1 − ε (the case if rε takes value 2), and of the law that is associated

to the application of the diagonal matrix associated to e
10√
ε . The latter law is concentrated

around 10√
ε
: as ε → 0, this law, rescaled by

√
ε, converges to the constant 10. Meanwhile,

to the former law the usual Central Limit Theorem is applicable, and the sum of nj such

independent random variables, from which njλ is subtracted, after division by √
nj converges

to N (0, σ2).

Also, note that in the same way as in Example 4.9.1, it suffices to study the product only

of matrices corresponding to the j-th group. Indeed, the log-norm of the product of the

previous ones does not exceed 2nj−1 · 10
√
nj−1 = 20n

3/2
j−1, while nj−1 < n

1/6
j , and thus this

upper bound is o(√nj).

Hence, we have the convergence in law of the rescaled log-laws

1
√
nj

(log |TNj
v0| − njλ) (4.9.4)

to the sum of N (0, σ2) and of the 10-scaled Poisson distribution with the parameter 1; we

denote this distribution D.

Finally, take the initial vector v0 to be chosen randomly uniformly on the unit circle (and

independently from the product TNj
). Conditionally to each choice of v0, the law of (4.9.4) is

the same and converges to D as j → ∞. At the same time, the log-norm log ∥Tn∥ is close to

log |Tnv0| for most (in the sense of the Lebesgue measure) vectors v0 on the circle. Namely,

due to Lemma 4.5.1,

|log |Tnv0| − log ∥Tn∥ | ≤ | log sin dist([v0], r(Tn))|, (4.9.5)
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and as v0 is independent from Tn and the distribution of its direction [v0] is uniform, the

distribution of the random variable in the right hand side of (4.9.5) does not depend on n.

In particular, for every R the probability that the right hand side exceeds R is at most e−R.

Hence, the convergence in law of the log-lengths (4.9.4) implies also the convergence of

1
√
nj

(log ∥TNj
∥ − njλ) (4.9.6)

to the same distribution D. Indeed, for v0 chosen independently from TNj
, taking Rj = 4

√
nj,

we see that the random variables (4.9.4) and (4.9.6) differ at most by Rj√
nj

= n
−1/4
j = o(1) on

the set of the probability 1 − e−Rj = 1 − o(1). In particular, this convergence implies that

the sequence of random variables log ∥Tn∥ is not asymptotically normal.
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