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Abstract. In this article, we study infinite friezes arising from cluster categories of affine
type D and determine the growth coefficients for these friezes. We prove that for each affine
type D, the friezes given by the non-homogeneous tubes all have the same growth behavior.
Keywords. Friezes, cluster algebras, cluster character map, tame algebras

Mathematics Subject Classifications. 05E10, 16G20, 16G70, 13F60

1. Introduction

We are interested in frieze patterns of integers (first studied by Conway and Coxeter in the 1970s)
which arise from tubes in a cluster category of affine type D. In general, tubes in a cluster cate-
gory give rise to infinite friezes. In affine type A, there are exactly two non-homogeneous tubes,
and it was shown in [BFPT19] that infinite friezes corresponding to these tubes have the same
growth coefficient. In general, this is not the case — examples with tubes of different growth
behavior arise from triangulations of a sphere with three boundary components or from Grass-
mannian cluster categories. Note that these examples are not of finite or affine type. However,
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we will show that in affine type D (where there are exactly three non-homogeneous tubes), their
growth behavior is uniform.

Theorem (Theorem 5.4). The three infinite frieze patterns arising from a given affine type D
have the same growth coefficient.

Friezes reside at the nexus of various mathematical structures, ranging from cluster variables
in cluster algebras to representations of certain path algebras. A cluster algebra [FZ02] is a
commutative algebra with distinguished generators called cluster variables. A surface cluster
algebra [FSTOS8] can be defined from a tagged triangulation; an affine type A cluster algebra
comes from a triangulation of an annulus (a sphere with two boundary components), and an
affine type D cluster algebra comes from a triangulation of a twice-punctured disk. The cluster
variables correspond to (tagged) arcs in the corresponding surface. On the other hand, cluster
categories [BMR06] were introduced to categorify the combinatorics of cluster algebras. The
construction uses representations of path algebras. Throughout the paper we will be using the
terms “modules” and “representations’ interchangeably, depending on the context. Objects in
a cluster category correspond to cluster variables under the cluster character map (also called
Caldero—Chapoton map), or CC-map for short.

Friezes can be obtained from cluster categories by specializing the cluster character
map. The fact is that the specialized CC-map counts submodules with multiplicities (arguing as
in [BCJ 23, Section 3.4]), so we will focus on computing the numbers of submodules of the
tubes. In order to do that we use the fact that the cluster category of affine type D arises from a
triangulation of a twice-punctured disk and that objects of the cluster category of affine type D
correspond to (tagged) arcs in this surface [CL12, BQ15, QZ17, AP21].

The methods we use depend on the tubes: for the tube of rank n — 2 in affine type D,,
we lift the setup to an affine type A where the cluster category corresponds to a triangulation
of an annulus (a sphere with two boundary components). We use the method of rank matrices
from [Kan25] to compute the number of submodules.

The two rank 2 tubes in affine type D arise from arcs ending at the punctures. For these two
tubes, we use results from [MSW13] about cluster variables corresponding to the quasi-simple
objects at the mouth of these tubes.

2. Tagged triangulations and infinite friezes

2.1. Tagged triangulations

In this section, we recall the notions of tagged arcs and triangulations, following [FSTO0S8, Sec-
tion 2]. Let S be a connected, oriented Riemann surface with boundary. We also fix a finite
set M of marked points on the boundary and in the interior of S. The marked points in the
interior are called punctures. The pair (S, M) is called a marked surface. In this article, we
always assume that (S, M) is a disk with two punctures and the boundary contains at least two
marked points.
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Definition 2.1. Anarcyin (S, M) isacurvein S with endpoints in M, considered up to isotopy
fixing its endpoints. We require that

(i) ~ does not cross itself (however, its endpoints may coincide);
(ii) the interior of -y is disjoint from the boundary of .S;

(iii) v does not cut out an unpunctured monogon or an unpunctured digon.

Two arcs are called compatible if there exist representatives in their isotopy classes which do
not cross.

A triangulation of (S, M) is a maximal collection of distinct, pairwise compatible arcs
in (S, M). Any triangulation of (S, M) divides S up into a collection of triangles. Note that
since we work with punctured surfaces, some of the triangles may be self-folded. We call the arc
inside a self-folded triangle its radius and the arc that encircles the puncture in the self-folded
triangle its loop. An example of a triangulation of a disk with two punctures and four marked
points on the boundary is on the left hand side in Figure 2.1; it contains two self-folded triangles.

A way to avoid self-folded triangles is to use tagged arcs as in [FSTO8, Section 7]: every
loop arc of a self-folded triangle gets replaced by a tagged arc parallel to the radius, with a notch
at the puncture.

Let us formally define a tagged arc as follows. First, let v be an arc in (S, M). This arc ~y
has two ends. We mark each of its ends either as unnotched (plain) or as notched. This is called
atagging. A tagged arc is an arc vy with a choice of a tagging of its ends such that any endpoint
at the boundary is unnotched. Also, if v is a loop which is not part of a self-folded triangle, both
ends are tagged the same way. Two tagged arcs are shown on the right in Figure 2.1.

Two different tagged arcs 1, 2 are said to be compatible if their underlying arcs are com-
patible and if the following holds: If the untagged versions of v; and ~; coincide then they must
have the same tagging at least at one of their common endpoints, if they do not coincide but have
a common endpoint, then they are tagged the same way at that endpoint.

In certain situations it will be more convenient to use self-folded triangles (with loops and radii).

Definition 2.2. Let (.S, M) be a marked surface. A tagged triangulation of (S, M) is a maximal
collection of distinct pairwise compatible tagged arcs in (.S, M).

Example 2.3. An example of a tagged triangulation is on the right hand side in Figure 2.1.

Figure 2.1: Twice-punctured disk with triangulation and tagged triangulation.

Remark 2.4. Any triangulation of a twice-punctured disk with n —2 marked points on the bound-
ary has n + 1 arcs. To see this, one can use [FSTOS8, Proposition 2.10].
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2.2. Quivers from tagged triangulations and from arcs

Given a triangulation 7', we can write a quiver ()7 corresponding to 7', called the quiver of T'.
We draw a vertex of ()7 for each arc of 7', and the arrows of ()7 are defined as follows:

* Step 1 (draw an arrow for each angle in a non self-folded triangle): For each of the three
distinct “ideal angles” of every non self-folded A in the triangulation 7', we do the follow-
ing: Let Z denote this angle, and let o;;, a; denote the distinct sides of A which form Z.

If «v; is clockwise from a; when going around Z, then we draw an arrow from i to j; and
if «; is clockwise from a; when going around £, we draw an arrow from j to 7. Let o/
denote the arrow of () corresponding to this angle.

* Step 2 (draw arrows from or to the radius of a self-folded triangle): For every self-folded
triangle A, we do the following: Let c; be the loop and ¢ the radius of A. We draw an
arrow j — k (from the radius to a third arc o) whenever there is already an arrow ¢ — k
(from the loop to arc ay); similarly, we draw an arrow & — j whenever there is already
an arrow k — 1.

» Step 3: We remove all two-cycles which may have been created during Step 1.

As an example, the quiver Q) for triangulation 7" in Figure 2.1 is the following.

7& ;(2
%6+5+4+3N
8 1

As we see, the quiver (Q7 in this case is an affine type D quiver: 57.

Given a triangulation 7" and an arc +y in the surface which is not in 7", we can write a quiver (),
corresponding to -y, called the quiver of -y. First, we choose representatives in the isotopy classes
so that ~y crosses each arc of 7" a minimum number times. The vertices ¢ of (), correspond to
the arcs o; of T" which are crossed by «. The arrows of ()., are defined as follows:

» Step 1 (take an arrow for each angle of a non self-folded triangle crossed by «): For each
angle £ crossed by 7 such that Z belongs to a non self-folded triangle, we do the following.

(a) If Q7 contains the arrow o, then take o, to also be an arrow in Q5.
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(b) If Q1 contains no arrow a,, we do nothing in this step. (The reason we might be in
this situation is that a two-cycle between the vertices was removed in Step 3 of the
construction of the quiver Q)7.)

 Step 2 (take arrows from or to the radius of a self-folded triangle): For each pair ¢, j of
distinct vertices of (), such that «; and «; are the arcs of a self-folded triangle c, say o;
the loop and «; the radius, this means that -y crosses A at least once in such a way that
crosses the loop «;, then the radius «;, then the loop again. In this case, as in Step 2 of
the previous definition, we take the arrow j — k (from the radius to a third arc ay) to be
an arrow in (), whenever there is already an arrow ¢ — k (from the loop to arc o) in Q;
similarly, we take the arrow k — j whenever there is already an arrow k£ — ¢ in @),.

See the right hand of Figure 3.6 for two quivers of arcs. We have one vertex in ()., for
each arc crossed by . This means that if v crosses an arc multiple times, we still have one
representative vertex in the quiver (.. These multiple crossings will be encoded by dimensions
of the representations over (), at the corresponding vertex.

We will not associate vertices to the boundary segments of the triangulation. Such vertices
are called frozen vertices in the literature and we will not consider quivers with frozen vertices.
We note that any triangulation of a twice-punctured disk will give rise to a quiver which is
mutation equivalent to an affine type D quiver [FST08, Example 6.10].

2.3. Friezes

In this subsection, we recall the definition and some important statements about friezes. In the
next subsection (Subsection 2.4) we talk about an invariant for friezes called growth coefficient.

Definition 2.5. A frieze (or frieze pattern) is a staggered array of possibly infinitely many rows
of integers, starting with a row of Os and a row of 1s, followed by either a finite number of rows
of positive integers, and end with a row of 1s followed by a row of 0s, or by infinitely many rows
of positive integers, satisfying the so-called diamond rule (or SLy-rule): ad — be = 1 is satisfied
for any four entries

c

If the frieze contains only finitely many rows it is called finite (or closed) frieze. The rows
of Os and of 1s are called the trivial rows. By the diamond rule, any three neighboring entries
determine the fourth. In particular, starting from the top, the first non-trivial row determines the
whole frieze.

Friezes, or sometimes called Conway—Coxeter friezes, were introduced by Coxeter
in [Cox71] and were studied by Conway and Coxeter in the celebrated work [CC73] where they
showed that any finite frieze has a translational symmetry. If the translational symmetry has
order m (i.e. if m is the smallest positive integer such that the frieze is invariant under hori-
zontal translation by m), then any m consecutive entries in the first non-trivial row can be used
to determine the frieze. This motivated the definition of a quiddity sequence of a frieze: as any
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n-tuple formed by n consecutive entries in the first non-trivial row which can be used to generate
the entire frieze (“quiddity” for essence of the frieze). Note that n can be a multiple of m (since
m is minimal).

In particular, Conway and Coxeter established a link between finite friezes and triangulations
of convex polygons through the following construction. By an n-gon we mean a convex polygon
with n vertices, labeled counterclockwise by 1, 2, ..., n around the boundary.

Theorem 2.6 ((CC73]). The following is a bijection between friezes with n — 3 non-trivial rows
and triangulations of n-gons: Let T' be a triangulation of the n-gon and let a; be the number
of triangles of T which are incident to vertex i, fori = 1,...,n. Then (a1,as,...,a,) is the
quiddity sequence of a frieze with n — 3 non-trivial rows, and every such frieze arises from a
triangulated n-gon.

Various generalizations of friezes have been studied. The above finite friezes can be asso-
ciated to cluster algebras in Dynkin type A [CCO06, Section 5]. Friezes for other (extended)
Dynkin types have been studied for example in [BMO09], [ARS10], [AD11], [KS11], [GM22]
and [BCJ*23].

In this paper, we work with infinite periodic friezes — friezes which contain infinitely many
rows of positive integers and which have a translational symmetry. We refer to them as infinite
friezes for short. Infinite friezes also arise from triangulations of surfaces, for example from
punctured disks [Tsc15] and pairs of pants [CFGT22]. More generally, every infinite (periodic)
frieze can be obtained from a triangulation of an annulus:

Theorem 2.7 (Theorems 3.7 and 4.6, [BPT16)).

1. Every triangulation of an annulus with n marked points on the outer boundary and m
marked points on the inner boundary gives two infinite friezes by taking as quiddity se-
quences the number of triangles locally incident with vertices on the outer boundary:
Q, = (ay, ..., a,) and the number of triangles locally incident with vertices on the inner
boundary: Qs = (by,...,by).

2. Let Q = (ay,...,ay,) be the quiddity sequence of an infinite frieze. Then there exists a
triangulation of an annulus with n marked points on the outer boundary such that the a;
are the number of triangles at the vertices of the outer boundary.

In part (1) of Theorem 2.7 we wrote “locally incident” to emphasize that we have to consider
the triangles seen in a small neighborhood of any vertex. See Section 3.3 and in particular
Remark 3.10 for more details.

When writing out a frieze, we often omit the row of Os at the top. We label the rows starting
with the constant row of 1s (as row 0), and the quiddity sequence is in row 1.
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Example 2.8. Here is an example of an infinite frieze with quiddity sequence (4,2,2) of
length n = 3. We omit the trivial row of Os.

Row 0 e 1 1 1 1 1 1
Row 1 e 4 2 2 4 2 2
Row 2 e 7 7 3 7 7 3
Row 3 s 12 10 10 12 10 10
Row 4 e 17 17 33 17 17 33
Row 5 e 24 56 56 24 56 56

A triangulation for this frieze is shown in the following figure: the number of triangles meeting
the vertices of the outer boundary are Q; = (4, 2,2).

a]:4

(12:2 a3:2

The inner boundary component yields the quiddity sequence Qs = (2,5) of length n = 2 for
the following infinite frieze:

Row 0 1 1 1 1 1
Row 1 5 2 5 2
Row 2 9 9 9 9 9
Row 3 16 40 16 40
Row 4 71 71 71 71 71

2.4. Growth coefficients

It is proven in [BFPT19, Section 2] that in any m-periodic frieze, the difference between any
entry in row m and the entry right above it in row m — 2 is constant. Therefore, the following
notion is well-defined.

Definition 2.9. Let Q = (a4, ...,a,,) be a quiddity sequence of a frieze F'. The growth coef-
ficient s(Q) of F is the difference between any entry in row m and the entry right above it in
row m — 2. If m = 1, we consider the trivial row of Os as the row —1.
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We note that such constant differences occur repeatedly throughout the frieze in the following
sense: For any k£ > 0, the differences between any entry in row km and the entry above it, in
row km — 2, are always constant. In fact, these constant differences are given as a Chebyshev
polynomial in s(Q), by [BFPT19, Proposition 2.10]. Let s;(Q) denote the constant difference
between entries in row km and km — 2, for £ > 1. (In particular, s;(Q) = s(Q).) Then if we
set so(Q) = 2, we have

5£42(Q) = 51(Q)s11(Q) — 5x(Q) for k > 0. @.1)

For example, s5(Q) = 51(Q)s1(Q) — 2 = s(Q)? — 2.

Furthermore, if the quiddity sequence has a translational symmetry (i.e. if there is a smaller
translational period in the frieze, say by mg, with m = dmy), there are already constant differ-
ences in earlier rows, e.g. between the entries in row mg and the entries just above.

This is illustrated in Example 2.10.

Example 2.10. Consider the following infinite frieze:

This can be viewed as a frieze with quiddity sequence @ = (2,3). Since n = 2, the growth
coefficientis s(Q) = 5—1 = 4. If we view it as a frieze with quiddity sequence Q' = (2,3, 2, 3),
then n = 4 and the growth coefficient is s(Q’) = 19 —5 = 14. We note that s(Q') = s(Q)* — 2,
cf. Remark 2.11(i): the growth coeflicient s(Q’) is equal to s5(Q) arising from s(Q) as in
equation (2.1).

Remark 2.11.
(i) If k& - Q denotes k repetitions of the quiddity sequence Q, then s(k - Q) = sx(Q).

(ii) In [BFPT19, Theorem 3.4], the authors show that the two growth coefficients of the pair
of friezes arising from the two boundary components of a triangulated annulus coincide.
See Example 2.8: the growth coefficient of the frieze with quiddity sequence (4, 2,2) is 8,
since the difference between entries in row 3 and the row above is 12 — 4 =8 = 10 — 2.
The second frieze has quiddity sequence (5, 2), and its growth coefficient is 9 — 1 = 8.

We note that this phenomenon is very special. In general for triples of friezes various con-
figurations of growth coeflicients might occur. Consider the three friezes arising from a trian-
gulation of a sphere with three boundary components (a pair of pants). The growth coefficients
of these friezes can vary; see Example 2.12 below.
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Example 2.12. The following triangulation of a pair of pants gives three 1-periodic friezes with
quiddity sequences (4), (5) and (6), respectively. Their growth coefficients are 4 — 0 = 4,
5 — 0 =>5and 6 — 0 = 6 respectively, which are all different.

a=2~6

However, there are cases of triples of friezes, coming from a different surface, with the same
growth coefficient. In this paper, we prove that the growth coefficients of the triple of friezes
arising in affine type D (stemming from a disk with two punctures) are the same (Theorem 5.4).

When studying the growth coeflicients of a frieze coming from a triangulation of a twice
punctured disk (or of an annulus) we can assume that the triangulation does not contain any
peripheral arcs:

Lemma 2.13. Let T be a triangulation of a twice-punctured disk S, and let T be the trian gulation
of a twice-punctured disk (possibly with fewer marked points) S which is obtained by removing
all triangles of T' which contain peripheral arcs. (In particular, the new triangulationI’ does not
contain any “ear triangles” — triangles with two boundary segments at the boundary.) Then
the growth coefficient of the frieze from the boundary of S corresponding to T' is equal to that
of the frieze from the boundary of the triangulation T’ of the new surface S.

Proof. This follows from repeatedly applying [BFPT19, Theorem 3.1]. [

3. Cluster and module categories of affine type D

In this section, we recall the structure of the non-homogeneous tubes in the cluster category of
affine type D and then explain how we obtain three different friezes which we call affine type D
friezes.

Let k be an algebraically closed field. Consider an algebra A of affine type ). We can assume
that A = kQ where the quiver () is any orientation of the following extended Dynkin diagram
with n + 1 vertices with n > 4:

2 n+1



10 Karin Bauret al.

Recall that throughout the paper we will be using both terms: modules and representations;
sometimes we need module-theoretic properties and sometimes it is convenient to construct
representations. It is known that in our situation, we have an equivalence of categories be-
tween rep () and the module category mod k(), where rep () is the category of finite dimensional
k-representations of () (with k algebraically closed), and mod k@) is the category of finitely
generated modules over the associated path algebra k() (see for example [ASS06, Chapter 11,
Cor.1.7]).

3.1. Tubes in the cluster category of affine type D

Module categories and cluster categories of affine type D are of infinite type but still well-
studied. These categories are determined by their indecomposable objects and the morphisms
between them. Most of the information we need for these categories is encoded in the so-
called Auslander—Reiten quiver (AR-quiver for short) of the category which has vertices for
isomorphism classes of indecomposable objects and arrows for irreducible morphisms. Alge-
bras of affine type D are tame and the AR-quivers of their module categories have three non-
homogeneous tubes: one of rank n — 2, which we call 77, and two tubes of rank 2, which we
call 75 and 73 [DR76], see also [SS07, Section XIII, 2.2 Corollary(b)].
The same is true for the associated cluster category

Cq = Ca = D’(mod A)/77*[1],

first defined in [BMR06]. Here 7 is the Auslander-Reiten translate on D’(mod A), i.e. it is
equal to 7 on nonprojective objects in mod A and for P projective, 7P = I[—1] where [ is the
injective envelope of the top of P, and [—] is the shift functor in D®(mod A).

We keep the notations 77, 75 and T for the three tubes in D°(mod A).

We recall the definition of a standard category as a category which is equivalent to the
mesh category of its AR-quiver. When an algebra is of infinite representation type, neither the
module category nor the cluster category is standard. However when considering only the full
subcategory of a tube, there is a difference: a tube in a module category is standard, but the
same tube in a cluster category is not standard since there are homomorphisms in the infinite
radical. While our geometric model is for the tubes in cluster categories, we only consider
compositions of irreducible maps (these are not in the infinite radical). With this condition on
homomorphisms, these tube categories are standard, see [BM12].

3.2. Arcs in a twice-punctured disk and quasi-simple modules

Geometric models have been fruitfully used in the study of cluster categories. One of the im-
portant ingredients of the proof of our main result is the surface model for affine type D. The
surface which gives cluster algebras and cluster categories of affine type D, is a twice-punctured
disk, with n — 2 marked points on the boundary, see e.g. [FSTO8, Example 6.10] and [QZ17,
Section 6]. In particular, we use the characterization of indecomposable objects of the three
non-homogeneous tubes in terms of arcs in a surface, see also [BM12] and [AP21].



COMBINATORIAL THEORY 6 (2) (2026), #12 11

Recall that a module at the mouth of a tube is called a quasi-simple module. The quasi-
simple modules give rise to the quiddity sequences of the friezes if we take their CC-map and
specialize to integers (see Section 3.3 below).

As in the affine type A setting (see Theorem 2.7 above), these integers correspond to the
number of triangles (locally) incident with the marked points on the boundary, see Figure 3.6.
We recall in this subsection the geometric descriptions of the arcs for the quasi-simple modules,
see Proposition 3.5 and Lemma 3.7.

Let (.S, M) denote a twice-punctured disk with n — 2 marked points on the boundary, labeled
counterclockwise along the boundary as {1,2,...,n—2}, and let P and Q denote the two punc-
tures in the disk. The indecomposable objects of the cluster category (or the module category)
of affine type D can be described by generalized arcs in (S, M): A generalized arc is an isotopy
class of curves satisfying only conditions (ii) and (iii) of Definition 2.1: a generalized arc is al-
lowed to cross itself. Indecomposable modules correspond to generalized arcs, see e.g. [BZ11]
in the unpunctured case and [BQ15, AP21] for punctured surfaces.

Example 3.1. We distinguish four types of (generalized) arcs in a twice-punctured disk (.S, M):

(i) arcs with both endpoints on the boundary and which are homotopic to a concatenation of
boundary segments as in the first picture of Figure 3.1,

(ii) arcs with both endpoints on the boundary but which are not homotopic to a concatenation
of boundary segments (second picture),

(iii) arcs with one end on the boundary and one end at a puncture (third picture),
(iv) arcs with both endpoints at punctures (fourth picture).

The arcs of type (i) are called peripheral.

@GICOICOICS)

Figure 3.1: Four different types of (generalized) arcs in a twice-punctured disk.

The description of the Auslander—Reiten translate in terms of arcs depends on the endpoints
of the arcs.

We will concentrate on the effect of the Auslander—Reiten translate on (generalized) arcs of
type (i) and (iv) since these arcs give rise to indecomposable objects in the three non-homoge-
neous tubes as we will see below (Corollary 3.4).
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We first introduce notation for peripheral arcs: Such an arc ~ starts at a vertex
vs € {1,...,n — 2}, follows the boundary counterclockwise, homotopic to a concatenation of at
least 2 boundary segments and then ends at another vertex of the boundary, v; € {1,...,n—2}.
The notation fyisM is for the generalized arc which indicates the starting and ending points and
the number [ of full turns around the boundary the arc does.

It may go around the two punctures more than once and cross itself. Important examples
of peripheral arcs are: the arc 7877} 4o (With v < n — 4) which connects v with v + 2 and forms
a triangle with the two boundary segments (v,v + 1) and (v + 1,v + 2) adjacent to v + 1.
Similarly, 79 5,1 forms a triangle with the two boundary segments incident with n—2, and 727272
forms a triangle with the two boundary segments incident with 1. Forevery v € {1,...,n—2},
the arc 7;,11 is a loop starting and ending at v, going around the two punctures once.

The following two lemmas describe the effect of 7 on (generalized) arcs in the surface:

Lemma 3.2 ([BZ11, Proposition 1.4], [BQ15, Lemma 3.5] ). Let v be a generalized arc
in (S, M) with both endpoints on the boundary. Let M = M ) be the corresponding indecom-
posable object in the cluster category. Then the arc of the Auslander—Reiten translate (M (y))
is obtained by moving both endpoints of vy clockwise to the next marked points on the boundary.
In particular, if v = ’yf}S,Ut is a peripheral generalized arc, the arc of the Auslander—Reiten
translate T(M (7)) is %3717%71 (decreasing the labels of endpoints by 1 modulo n — 2).

In order to use the following lemma, we point out that 7 is the same as the shift [—] in the
cluster category (which is used in the paper [BQ15]).

Lemma 3.3 ([BQ15, Section 3.2]).

1. Let v be an arc with endpoints at the two punctures. Let M () be the corresponding
indecomposable object. Then the arc of T(M (7)) is obtained by changing tags at both
ends.

2. Let 6 be an arc with one endpoint © on the boundary and one endpoint at a puncture.
Let M(0) be the corresponding indecomposable object. Then the arc of T(M(J)) is ob-
tained by changing the tag at the puncture and by moving the endpoint on the boundary
toi — 1.

Corollary 3.4. Let M = M (7) be an indecomposable object. If M is T-periodic then v cannot
be of type (ii) or (iii).

Proof. Applying 7 repeatedly to (generalized) arcs of type (ii) or (iii) introduces higher and
higher winding around the punctures and hence such modules cannot be 7-periodic. [

Recall that we write 7; for the tube of rank n — 2 and 75, 73 for the two rank 2 tubes of
the cluster category of affine type D. Let Ind(7;) denote the set of indecomposable objects
of T; (up to isomorphism). For the purpose of friezes we only need to consider compositions of
irreducible maps between such objects.
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Proposition 3.5. Let (S, M) be the twice-punctured disk with n—2 marked points on the bound-
ary. Then there is a bijection:

Ind(T1) «— {peripheral generalized arcs %lm,vt}7

i.e. with the set v, with 0 < vs,v, < n—2, 1 >0, and where v, ¢ {v,,vs + 1} if | = 0.
Furthermore:

1. The indecomposable quasi-simple objects of the tube T, correspond to the arcs vgm 42
(reducing modulon — 2), forv=1,...,.n—2;

2. The irreducible maps in T; correspond to the lengthening and shortening of generalized
arcs (reducing endpoints modulo n — 2):

Vopwerr U Fvit1

(right) lengthening %ljsyvt — 3.1

1+1
Vorwrt1 else.

%l;sﬂ,vt if l > 0 and v; # v,
(left) shortening %l)sﬂ}t — 75;:_:1,1,5 { > 0and vy = v, (3.2)
Wi ifl=0and v, # vy + 2.

Proof. We show that the set of generalized arcs in the statement defines a translation quiver
which is a tube of rank n — 2, hence isomorphic to the Auslander—Reiten quiver of 77.
We define a quiver I',,_, whose vertices are the generalized arcs ’Vis,ut’ as illustrated here
(where for [ = 0, vy & {vs,vs + 1,05 + 2}):
AD)
,}/Usyvt‘i’l

l
P)/fus,vt """"""""""""""" 7115—&-1,1),5—&—1

o(l)
’yvs‘i’l»vt

with A(1) € {l,l + 1}, see (3.1) and o(l) € {l — 1,1}, see (3.2). We always reduce endpoints
modulo n — 2. The arrows of I',,_5 are defined as in (3.1) and (3.2) above. Furthermore, we have
a translation map on the vertices (as in Lemma 3.2) which we also denote by 7:

A0 l
T ’yvs,vt = ,yvs—l,vt—l‘

So locally, we have a configuration as above (unless [ = 0 and v; = v, + 2) or as illustrated here
(when [ = 0 and v; = vg + 2):

0
7v,v+2 ’YU+1,’U+3

(if n — 2 = 2, the arc in the middle is 7, ).
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Then one can check that (I',_5,7) is a stable translation quiver in the sense of
Riedtmann, [Rie80]. Furthermore, it is isomorphic to the Auslander—Reiten quiver of 7;. For
details, we refer to [BM12, Sections 2.3, 2.4]. This proves parts (1) and (2). ]

Proposition 3.5 is illustrated in Figure 3.2.

4 _— 1 ’YO
. -“'; (n—2,4
-‘*\\ o2 ,},(0“,3/ “ sy
0 7 - \,ﬂ /f; \\0
Vin-2,2) Ta,3) Y(z0)

T(Yi)) = Yi-1,j-1)

Figure 3.2: Part of the AR-quiver corresponding of the tube of rank n — 2.

Remark 3.6. In case n = 4, there are three tubes of rank two as 7; is also of rank two, with the
quasi-simples in tube 7; given by the arcs v, 3 = 7?,3 and 7,4 = 787 4 (Figure 3.3, right picture).

To describe the arcs for the quasi-simples in the rank two tubes 75 and 73, we can use the fact
that the quasi-simples are the only rigid modules in these tubes. And rigid modules correspond
to arcs in the sense of Definition 2.1, i.e. without self-crossings. We show in Lemma 3.7 that the
corresponding arcs are the four possible tagged arcs starting at one puncture and ending at the
other puncture. We denote them by ~, v(P), v(?) and v(P Q) (see Figure 3.3, left two pictures).

2

Figure 3.3: Arcs corresponding to quasi-simples in rank 2 tubes: the tubes 75 and 73 for arbi-
trary n (left and center), the tube 7; for n = 4 (right).

Lemma 3.7. The arcs corresponding to the quasi-simple modules of the tubes Ty and T
are {y®) 4Q ~ POV Fyrthermore, we have

Proof. Arcs corresponding to modules in a rank 2 tube have to be 7-periodic of period 2. By
Corollary 3.4, the only candidates for 2-periodic arcs are V(P), W(Q), v, 7('3 Q from Figure 3.3 or,
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in case n = 4, the two arcs, each starting and ending at the same boundary point and forming a
loop around the two punctures, see Figure 3.3. The modules of the latter are in 7;. These two
arcs correspond to 7?73 and 787 4 in the notation of Proposition 3.5 and 7 interchanges them. See
also Remark 3.6.

By Lemma 3.3, 7 interchanges v and 7" ® and it interchanges (") and (?). [

3.3. Friezes of affine type D

This section is devoted to showing that the non-homogeneous tubes give rise to a triple of in-
finite friezes. Recall from [CC06, Pal08] that the CC-map associates to any indecomposable
module M the following rational function:

1 i €525 (dj—e;
COM) = ———— >° x(Gre(M)) [T a7 >4 33

- dl d2 .« ..
Ly Ty Ly ecN@o i€Qo
where

i. (dl,dg, cee ,dn) = dlmM,
ii. Gr.(M) is the quiver Grassmannian and x the Euler—Poincaré characteristic.

In that sense we think of friezes as functions on the AR-quiver. For details, we refer to the
last section of the lecture notes [Mor17], survey [Mor15] and [ARS10, ADI11]; see [CKLP13]
especially for a more general setting.

For any indecomposable object M, the value of the specialized (generalized) CC-map
is exactly the number of submodules of M (taking multiplicities into account), arguing as
in [BCJT23]. So, to get frieze patterns in affine type D, we will compute the number of sub-
modules of the modules in the non-homogeneous tubes.

In these tubes, the numbers of submodules of quasi-simple modules (i.e. modules in row 1)
give us the quiddity sequence of the associated frieze. All other entries are determined by the
diamond rule. For M a module, let us write p() ) for the number of submodules of M.

In the remaining part of this section, we compute the numbers p(M ) for quasi-simple mod-
ules in the tube 77: let @ = (ay, ..., a,_2) be the associated quiddity sequence. By the above
and using Proposition 3.5 (1), the entry a; is the number of submodules of the module corre-
sponding to the arcs 7;_1;+1. We note that the coefficients x(Gr.(M)) in (3.3) are explicitly
computed in [Cer11] for M corresponding to these types of arcs.

Remark 3.8. Here we describe the representation M (7y) corresponding to a peripheral
arc y = Y141 = fy?_u 41 (reducing endpoints modulo n — 2). Let r; be the number of
arcs of T" ending at ¢ (counting every appearing loop arc as one arc).

If 7 is an arc of the triangulation then r; = 0. In this case, we consider M () to be a zero
module and p(M(y)) =1=1r; + 1.

So assume that v is not an arc of the triangulation. The quiver associated to v is a sub-
quiver ), of the quiver Qr of the triangulation 7'.
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()

t—1

i 2+ 1
T = Yi-1i+1 T = Yi-1i+1

L DI - = . :=-<>- = . :“-<>©l =

Figure 3.4: Arcs 7 and associated quiver ()., for quasi-simple modules in 7.

i i+ 1
Y= Yi-1i4+1 .

Figure 3.5: Arcs v and quiver (), for quasi-simple modules in 77, case (d).

We distinguish four situations (see Figure 3.4 and Figure 3.5):
(a) there is no loop at 7,
(b) there is exactly one loop at ¢,
(c) there are exactly two loops at i,
(d) there are exactly three loops at 7.

Note that in all cases (), has r; vertices. In case (a), (), is a linear orientation of a quiver of
type A,.. In cases (b) and (c) the figure shows one or two rhombi formed by the arrows, with two
vertically aligned and two horizontally aligned vertices. These rhombi are not always present.
In case (b), the quiver may end with the two vertices vertically aligned (i.e. the quiver does
not contain the vertices to the right of these two vertices), or it may start with the two vertices
vertically aligned (i.e. the quiver does not contain the vertices to the left of these two vertices).
Similarly, in case (c), the quiver may end with the two vertically aligned vertices on the right or it
may start at the two vertically aligned vertices on the left. Furthermore, in (c), it may happen that
the two rhombi share the vertex in the middle. See Figure 3.6 for two examples of the quivers (),
for cases (a) and (b).

In each of the three cases (a), (b) and (c), the indecomposable representation M () is one-
dimensional at every vertex of ()., and has identity maps on the arrows. This describes M () as
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a representation of (), and also of (). In case (d), the representation M (vy) is two-dimensional
at the vertex corresponding to the enclosing loop ;. However, we will assume that the trian-
gulation 7" does not contain any peripheral arcs, using Lemma 2.13: we are interested in the
quiddity sequence arising from the outer boundary, and this is invariant under adding or remov-
ing peripheral arcs. Under this assumption, cases (b) and (c¢) simplify, and (d) does not occur.

Lemma 3.9. Let v;_1 ;41 = vf_u 11 be a peripheral arc (reducing endpoints modulo n — 2)
and let r; be the number of arcs incident with i as above. Then the number of submodules of the
quasi-simple module M (vy;_1 ;11) is the following:

r; +1 incase (a),
p(M(vi—1,41)) = § 7i+2 incase (b),
r; +3 incase (c).

Proof. Consider Figure 3.4. Let (), be the quiver of the peripheral arc v = %Q—u 41 as defined
in Section 2.2. In all three case, (), is equioriented. Label its vertices from sink to source as
follows

(a) ri——r;— 11— ... /22—
\ri—2—>...—>1
T
c r, — 1 2
(© ~ e
ri—2—...—3
N
T 1

In case (a), the non-zero submodules correspond exactly to the connected subquivers sup-
ported at vertices 1,2,...,s, for 1 < s < 7, so there are r; non-zero submodules. In to-
tal, p(M (7)) =r; + 1.

In cases (b) and (c), this is similar: the non-zero submodules correspond to one of the fol-
lowing:

* The submodule generated by a single vertex; there are r; such submodules since ()., has r;
vertices.

* We also have the submodule generated by the vertices r; — 1 and r; together.

* In addition, for case (c), we also have the submodule generated by the vertices 1 and 2
together.

Taking all these submodules together with the zero module, we get p(M (7)) = r; +2 in case (b)
and p(M(y)) = r; + 3 in case (c), as claimed. O

Remark 3.10. Determining the entries a; in the quiddity sequence amounts to counting regions
near boundary vertices. By regions, we mean the parts between two adjacent arcs. In the situ-
ation of Figure 3.4, in a small neighborhood of i, we see r; + 1 regions in the case (a) (where
there are no loops at 7), r; + 2 regions in case (b), and r; + 3 regions in case (c).
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So, by Lemma 3.9, in all three situations the number p(M(7;_1,+1)) of submodules
of M (7;_1,i+1) is equal to the number of regions incident with ¢ when restricting the triangulated
surface to a small neighborhood of 7. In Figure 3.6, these neighborhoods are indicated by the
blue curves near the vertices on the boundary, and the regions are indicated by the dots.

Example 3.11. Consider the triangulation in Figure 3.6. We see that the quiddity sequence of
the frieze from the tube 77 is Q = (7, 1,4, 2,2) (see Remark 3.10). The figure also shows two
peripheral arcs (middle picture) and the corresponding representations (on the right).

Figure 3.7 shows part of the AR-quiver of this tube and several rows of the frieze given by
this triangulation. Note that as is customary, the AR-quiver is drawn going up the page and the
frieze going down. We will see later (Lemma 5.2) that the quiddity sequences of the friezes of
the two rank two tubes are Qy = (3,12) and Q3 = (3,12).

Figure 3.6: Quiddity sequence Q = (7,1,4,2,2) from the boundary of a triangulated surface
and some quasi-simple modules of the corresponding tube 7;.

4. Growth coefficient of the tube 7; of rank (n — 2)

To compute the growth coeflicient for the tube 7; of rank n — 2, we determine the values of
rows n — 2 and n — 4 in the frieze associated to this tube (see Definition 2.9).

Our strategy is two-fold. First we translate the setup from affine type D to affine type A;
by Theorem 2.7 (2), every infinite frieze can be obtained from a triangulation of an annulus. In
a second step, we use a result of [GMV19] to compute the growth coefficient directly from a
closed loop in the annulus.

We note that once we have translated to affine type A, the quivers of the representations
corresponding to peripheral arcs we consider are of type A. This enables us to use the techniques
of the theory of order ideals of fence posets.

We first recall the necessary background on order ideals (Section 4.1) then explain how we
can go from a twice-punctured disk to an annulus (Section 4.2) and finally compute the growth
coefficient of the tube 7; (Section 4.5).
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Figure 3.7: Part of the AR-quiver of the tube 7; (top) and of the corresponding frieze (bottom)
for the triangulation from Figure 3.6. The row of 1s (highlighted with boxes) has no counterpart
in the AR-quiver.

4.1. Posets and order ideals

We will explain here the correspondence between quivers of type A and fence posets, and how
submodules then correspond to order ideals. This allows us to use the works [Kan25] (see also
subsequent work [KY25]) to compute the number of submodules of our type A modules, i.e. the
number of order ideals, via computation of 2 x 2 matrices.

We now recall the necessary notation and results.

A fence poset P is a poset which comes from a quiver () whose underlying graph is a type A
Dynkin diagram. The elements of P are the vertices of (), and the covering relation of P is
given by the arrows of (): we have ¢ is covered by j if and only if there is an arrow from vertex j
to vertex 7 in ().

Maximal chains of a fence poset are called segments. A fence poset P can therefore be

represented by a vector (|, |asl, -+, |am,|) where |o;| is the number of arrows in the i-th
segment «; of the poset, reading the poset from left to right.
The segment «; with vertices {vy,...,vs}, read from left to right, is a direct segment

if v; > v;4; for 1 < j < s;itis an inverse segment if v; < vj; for1 < j < s.
An order ideal I in P is a down-closed subset of P, i.e. for every x € [, ify € P
and y <p 7, then y is also in /.
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Example 4.1. In this example, we consider an orientation of a type As; Dynkin diagram as on
the left of Figure 4.1. The Hasse diagram of the poset P corresponding to it is shown on the
right.

1 2 3 4 5 1

2 4
3 5
Figure 4.1: A type As quiver seen on the right as the Hasse diagram of a poset.

The poset P has 11 order ideals:
2, {3}, {5}, {2,3},{3,5}, {1, 2,3}, {2,3,5}, {3,4,5},{1,2,3,5},{2,3,4,5}, {1, 2,3,4,5}.

The segments of Pare 1 — 2 — 3,3 < 4,and 4 — 5; the segments 1 — 2 — 3and4 — 5 are
direct, and 3 < 4 is inverse. The vector of this fence poset P is (2,1,1).

For the rest of this subsection, let () be a Dynkin quiver of type A and P its corresponding
fence poset.

In Section 2.2, we define the quiver (), of an arc y to be a certain subquiver of the quiver Q)7
of a triangulation. In similar spirit, we would like to define representations from subquivers.

Definition 4.2 (From subquivers to modules). In general, given a subquiver @)’ of @, let M (Q")
denote the representation of () which has one copy of the field at each vertex of ()’ and the
identity map for every arrow in (Q’; the rest of the vertices of () are assigned the zero vector
space, and the rest of the arrows the zero map.

When @' is @ itself, M (Q") = M(Q) is an example of a sincere representation (of Q) since
it is non-zero at every vertex of (). In fact, it is the only indecomposable sincere representation,
since () is of type A.

When (' is the empty subquiver, M (()’) is the zero representation.

Note that the map from each non-empty, connected subquiver @)’ of () to the module M (Q)")
gives a one-to-one correspondence between the non-empty connected subquivers of () and in-
decomposable representations of (). Given an indecomposable module M, we can draw and
identify the module M with the corresponding subquiver )’ of () which is equal to the support
of M, i.e. we only draw the part of () where M is non-zero; we refer to this subquiver )’ as the
quiver of M and denote it by ()5,. We will sometimes think of (), as an abstract directed graph.

Furthermore, there is a one-to-one correspondence between order ideals of P and submod-
ules of M (()) given by sending each order ideal I of P to the representation M (FullQuiv([/)),
where FullQuiv([/) is the full subquiver of () whose vertices are I. So counting the number of
submodules of M (()) is the same as counting order ideals of P.

To count these order ideals, we will apply the method of Kantarci Oguz, [Kan25], using a
procedure with 2 X 2 matrices arising recursively from smaller posets. We now describe her
results using the language of quiver representations.
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Definition 4.3. Let () be a quiver of type A,, with vertices 1 through n, drawn so that the vertices
are in increasing order from left to right (as in Figure 4.1). Let M be the indecomposable sincere
module M (()) described in Definition 4.2.

(1) Following [Kan25, Definition 3.1], the specialized rank matrix of M, denoted by V (M),
is defined as

(RO —R(M)
VM) = (UWM) —osm(M))

where
* JR(M) is the number of submodules of M,
* MR (M) is the number of submodules of M containing the rightmost vertex of @,
* 0R(M) is the number of submodules of M not containing the leftmost vertex of @,

* 01 (M) is the number of submodules of M containing the rightmost vertex but not
the leftmost vertex of ().

(2) We also recall the dual specialized rank matrix A(M) of M, [Kan25, Definition 4.1]:

_(Ru(M) Re(M)
AM) = (0%1<M) O%O(M)) ’

where

* Ry(M) is the number of submodules of M not containing the rightmost vertex of (),

* 0Ro(M) is the number of submodules of M containing neither the leftmost vertex
nor the rightmost vertex of Q).

Remark 4.4. In [Kan25], rank matrices are defined using indeterminates. However, for our
purposes it is enough to consider the specialized rank matrices as defined above.

Example 4.5. Consider the sincere indecomposable representation M ((Q) of the following
quiver of type As (as in Example 4.1).

1 2 3 4 )

Then the specialized and the dual specialized rank matrices are

11 -7 7 4
von- (4 ZD). aon- (1),
One of the remarkable tools of the paper [Kan25] is that one can compute a rank matrix for
a large poset by multiplying rank matrices of two smaller substructures, as we now explain.

Let  be a quiver of type A, let (1) and ((2) be subquivers such that () is obtained by linking
the two subquivers with an arrow as follows Q = Q1) “\, Q)(2). By this, we mean that there is an



22 Karin Bauret al.

arrow in () which goes from the right most vertex of )y to the left most vertex of ()2 so that
the resulting quiver is () itself. Similarly, let () 3y and Q(4) be subquivers such that () is obtained
by linking the two subquivers with an arrow as follows () = Q(3) " ((s). By this, we mean
that there is an arrow in ) which goes from the left most vertex of ()4 to the right most vertex
of ()(3) so that the resulting quiver is () itself. See Figure 4.2 for an example of both situations.

Proposition 4.6 (Propositions 3.2, 4.2 of [Kan25]). Let Q be a quiver of type A and
let M = M(Q) be the sincere indecomposable representation of ().

(1) Let QQ = Q) \ Q(2). Let My and M, be the sincere indecomposable representations of
Q) and Q) 2), respectively. Then there is an exact sequence 0 — My — M — M; — 0

and
V(M) = V(M;)V(My).

(2) Let Q = Q3) " Qa). Let M3 and M, be the sincere indecomposable representations
of Q 3y and Q4), respectively. Then there is an exact sequence 0 — Mz — M — My — 0

and
A(M) = A(M3z)A(My).

The matrices V(M) and A(M) contain the same information, as we can obtain one from the
other. The connection between the matrices V(M) and A(M) is as follows.

Lemma 4.7 (Lemma 4.5 of [Kan25]). Let QQ be a quiver of type A and let M be the sincere
indecomposable representation of (). Then one has:

A(M) = V(M) (_01 }) and V(M) = A(M) G _01)

Example 4.8. Let M be the indecomposable sincere representation of the quiver () from Fig-
ure 4.2.

In order to compute the number of submodules of M we compute the specialized rank matrix
of M. To do so, we consider Q = Q1) ¢ (2 as in Figure 4.2. Let M; and M, be the
indecomposable sincere modules for (1) and for (2) respectively.

Computing the specialized rank matrices for //; and M, and using Proposition 4.6(1), we

e (M) — (3 =2\ (5 -3\ _ (11 -7
(M)_V(Ml)V(MQ)_(Q —1) (2 —1)_(8 —5)‘

The entry in position (1,1) of each of the rank matrices is the number of submodules of the
corresponding indecomposable sincere modules. So we found that M has 11 submodules. This
number is confirmed by the list of 11 order ideals of the fence poset (corresponding to this quiver)
given in Example 4.1.

Alternatively, we use () = @3y ~ Q) as in Figure 4.2 (the firstis 1 — 2 — 3, and
the second is 4 — 5), M3 and M, the indecomposable sincere modules for these quivers, and
Proposition 4.6(2), to get:

A(M) = A(M3)A(My) = (g 1) G 1) - (; ;l) '
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One can check that indeed (as in Lemma 4.7)

A(M) = V(M) (_01 1) and V(M) = A(M) G _01)

1

1
2 4 \2 4 2 4
Q

Q) Q) Q) Q)

Figure 4.2: The quiver () is obtained from () (1) and Q)2 by linking them with an arrow (in red)
or from ()(3) and ()(4) with an arrow (in blue).

4.2. From a twice-punctured disk to an annulus

We will now associate a triangulation 7" of an annulus to any triangulation 7" of the twice-
punctured disk (.S, M) in such a way that a quiddity sequence of 7” is the same as the quiddity
sequence of the boundary of 7'.

The annulus we construct will have exactly the same vertices on the outer boundary (as the
boundary of (S, M)). The inner boundary will have marked points for P and Q, (Figures 4.3
and 4.4), or only for one of them (Figure 4.5), and possibly with additional marked points.

Informally speaking, we draw an arc connecting the two punctures P and Q and create an in-
ner boundary component by cutting along this arc. Recall that we can assume the triangulation T’
has no peripheral arcs (Lemma 2.13). So from now on we always assume that the triangulation
of the twice-punctured disk contains no peripheral arcs.

Notation 4.9. Let T' be a triangulation of a twice-punctured disk without any peripheral arcs.
We distinguish three main cases:

(I) there is no arc connecting the two punctures P and Q,

(Il) thereis an arc connecting P and Q, and both P and Q have arcs connected to the boundary

of the disk,

(Ill) there is an arc connecting P and Q, and only one of them has arcs connected to the
boundary.

We are now ready to introduce some notation, see Figures 4.3, 4.4 and 4.5.

(a) As before, we label the marked points by 1, . .., n—2 counterclockwise around the bound-
ary and denote the punctures by P and Q. Let p be the number of arcs incident to P in
a small neighborhood of P: if we cut the surface with a small disk centered at P, then p
is the number of arcs ending at P in that disk. Similarly, let ¢ be the number of arcs in a
small neighborhood of Q.
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(b) In Case (I), we denote the arcs starting at the boundary and ending at the puncture P
by di, ..., d, (where p > 1), counterclockwise around the boundary, with d, ending at the
vertex 1 on the boundary. Similarly, we denote the arcs starting at the boundary and ending
at Q by ey, ..., e, (Where ¢ > 1), counterclockwise around the boundary, with e; starting
at vertex w, where 1 < w < n — p. The remaining arcs all cross the line connecting P
and Q. We denote these arcs of T by ¢y, ..., ¢y, in the order they appear when going
from P to Q. Note that m + p + ¢ = n + 1, the total number of arcs (cf. Remark 2.4). See
left hand picture of Figure 4.3.

(c) For (II) and (IIT) we denote the arcs at P or at Q as indicated in Figures 4.4 and 4.5. Note
that in case (III) the loop arc around the radius connecting P and Q is counted twice by
definition.

In Case (I), we have p,q > 1. In Case (II), we have p,q > 3. In Case (III), we have p > 6
while ¢ = 1, or p = 1 while ¢ > 6 (as n > 4); we will always assume p > 6 and ¢ = 1 when
considering case (I1I).

Let us point out that, in Case (I), there may be multiple arcs among the c; starting at vertex 1
or vertex n — p.

We are now ready to describe the triangulated annulus 7" associated to 7. We detail this
process case by case:

Case (I) : In order to create an inner boundary component, we draw a curve [’ from P to Q
following the boundary segments along the vertices 1,2, ..., w, and 8" from Q to P following
the boundary segments along the vertices w-+q—1 to n—p. See the right hand side of Figure 4.3.
In order to achieve the same quiddity sequence on the outer boundary of 7" as that on the
boundary of 7', we do the following: Each arc ¢ starting at one of the points of {1,2,... w}
and ending at one of the points of {w + ¢ — 1,...,n — p} gets replaced by two arcs ¢’ and ¢’
by cutting out a middle segment and creating vertices on (3’ and 3" which are the endpoints of ¢
and ¢” respectively, i.e. the arc ¢ ends where ¢ would meet 5" and ¢’ where ¢ would meet 5”.
Every fan of arcs of 7" at a boundary point 4 in {1,2,... w} is of the form

(dy), CtyCtsty- -y Crys,, (€1)

for some ¢t € {1,...,m} and s; > 0 (with ¢t + 5, < m). We wrote d, and e; in parentheses
because d, only occurs for 7 = 1 and e; only occurs for 2 = w; if i = 1 = w, then both d, and e,
occur. On the annulus, we replace this fan by the fan (d,), ¢}, . . ., ¢, ,,, (1) at the corresponding
point on the outer boundary of the annulus.

Similarly, every fan of arcs of T" at one of the points {w + ¢ — 1,...,n — p} is of the form
(€q)s Ctr Ce—1, - - -, Ct—s,—1, (d1). It gets replaced by the fan of arcs (e,), ¢/, ¢i 1, ..., ci_,,_1,(d1)
at the corresponding point on the outer boundary of the annulus.

What we currently have is not a triangulation in general. Between any two fans at neighboring
vertices ¢ and 7 + 1 on the outer boundary, we have a quadrilateral formed by: the boundary
segment between 7 and ¢ + 1, the first arc in the fan at ¢ + 1, a segment on 3’ (or on 3”), and
the last arc of the fan at 7. For example, in the following figure (which is in an excerpt of the
triangulation of Figure 4.3), we see three quadrilaterals; between the fans at vertices 1 and 2
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Figure 4.5: Case (II): T has a self-folded triangle with radius connecting P and Q.

25



26 Karin Bauret al.

of the lower boundary, between the fans at vertices 2 and 3, and between the fans at vertices 3
and w:

To produce a triangulation, in the final step we identify the endpoints of the leftmost arc of the
fan at ¢+ + 1 and of the rightmost arc of the fan at ¢, turning every quadrilateral into a triangle. In
our example, this final process removes three vertices from the upper boundary, as shown in the
figure below:

Case (II) : T contains the arc connecting P and Q and we have p, ¢ > 3. We replace the arc
connecting P and Q by two curves 3’ and 3" to form the inner boundary. See the right hand side
of Figure 4.4.

Case (III) : T contains a self-folded triangle such that its radius is the arc d, connecting P
and Q, and the loop of the self-folded triangle is at P (left hand picture in Figure 4.5). In this
case, we cut out the self-folded triangle from the surface; the puncture Q and the radius d; are
removed as a result. The loop arc becomes the boundary S of the newly created inner boundary.
See the right hand picture in Figure 4.5.

In all three cases, we have constructed an annulus A = A(.S), with triangulation 7", whose
outer boundary defines the same quiddity sequence as the boundary of the triangulation 7" of the
twice-punctured disk S. Note that the new triangulation 7" does not have any peripheral arcs.

We have the following analog of Lemma 3.9.

Lemma 4.10. Consider a peripheral arc of the formy;_; ;11 = 7;.1172.“ in the annulus A = A(S)
(reducing endpoints modulo n — 2) and let r; be the number of arcs of T" incident with i. Then
we have

p(M(Vie1i41)) =75 + 1.

In particular, if F is the infinite frieze from the tube T, corresponding to the boundary of T, and
if I is the frieze from the outer boundary of the triangulated annulus T, then the two friezes
have the same quiddity sequence.
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Proof. Since T" has no peripheral arcs, every arc in 7" has endpoints at both the outer and inner
boundary. As in case (a) in the proof of Lemma 3.9, the quiver corresponding to 7;_; ;41 is an
equioriented type A quiver with r vertices, and the result follows. [

4.3. From peripheral arcs to string modules

Let 7" denote the triangulation of the annulus A constructed in Section 4.2, and let ' = Q7+ de-
note the quiver of 7”. In this section we explain how to associate peripheral arcs in the annulus A
to string representations of ()’, following [ABCP10, BZ11].

Remark 4.11. Suppose our annulus has n marked points on a boundary component and m marked
points on the other. Since our triangulation 7" has no peripheral arc, the quiver ()’ of the trian-
gulated annulus 7" consists of a cyclic graph with n arrows pointing clockwise and m arrows
pointing counterclockwise.

Consider any non self-crossing peripheral arc . Since our triangulation 7" of the annulus
contains no peripheral arcs, y crosses each arc of 7" at most once. The quiver (), of v, defined
in Section 2.2, is a subquiver of ()" whose vertices correspond to the distinct arcs of 7" crossed
by 7 and whose arrows correspond to the distinct angles of 7" crossed by . Let vy, ..., apiq
denote these arcs and let uq, . . . , uy denote these angles of 77; let 1, . .., £+ 1 denote the vertices
in Q' which correspond to the ;. The fact that v does not cross itself and the fact that it does
not cross any arc of 7" twice tell us that ) is of type Apy;.

In Definition 4.2, we defined a module M using a subquiver of a type A quiver. We now
define the module M ((),) in similar manner: at each vertex of ()., we have one copy of the
field; and at each arrow of (), we have the identity map. The rest of the vertices and the arrows
of the quiver @)’ of the triangulated annulus are assigned the zero vector space and the zero map.

For each peripheral arc « which does not cross itself, we define M(v) to be the
module M (Q,).

Note that M (7y) is a type of nicely-behaved module called a string module [BR87, Page 160].
In general string modules are allowed to have simples appearing with multiplicity more than one,
but M () has simples appearing with multiplicity at most one.

A string module arises from a sequence, or word (called a string) whose letters are arrows or
formal inverses of arrows of ()'. In our case, our word corresponds to the angles of 7" crossed
by v: ujus - - - up. Weidentify this word with the corresponding arrows and inverse arrows of () ;
that is, we identify the string with the quiver @),.

The support of M(y) = M(Q,) is precisely @),. Since ). is a type A, quiver, we can
apply the formulas for computing the number of submodules of a type A sincere module to
compute the number of submodules of M (7).

4.4. From a band module to the growth coefficient for the annulus

We give an overview on how to associate a loop in the interior of our annulus to a certain quasi-
simple band module whose number of submodules gives us the growth coefficient of friezes
arising from 7".
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Let € denote a non-contractible closed curve in the annulus which has no self-crossings and
is disjoint from the boundary; note that ¢ is called a “bracelet” Brac; in [MSW13, GMV19].
The quiver (). of the closed curve ¢ is exactly the quiver Q) = Q)7 of our triangulated annulus
(cf. Remark 4.11). A cyclic string (called band) corresponding to ¢ is the sequence we get by
following ()., going counterclockwise around the annulus; because the sequence is cyclic, we
can start at any vertex of ()., and for convenience we will start at the vertex of (). associated to
the arc d;.

To e, we can associate a family of indecomposable modules called band modules, [ABCP10,
Proposition 4.3] (see also [BZ11, Theorem 1.1(2)]). From this family we pick a specific quasi-
simple module which we denote M (¢); it has one copy of the field at each vertex of (). and the
identity map for every arrow in ()..

Let p(M (e)) denote the number of submodules of M (c). The submodules of M () cor-
respond to the down-closed subsets of )., so p(M (¢)) is equal to the number of down-closed
subsets of ()..

In [MSW13, Definitions 3.14, 3.16], the authors associate to £ and 7" a Laurent polyno-
mial z(g) = z¢(g) with positive coefficients; let f(¢) denote the number of terms in the Laurent
polynomial z(¢). In[MSW13, Theorem 5.7], they show that f () is equal to the number of down-
closed subsets of .. Therefore, f(c) = p(M(c)). This connection between the terms in z(¢)
and the submodules of M (¢) is discussed in [MSW 13, Remark 5.8, Figure 17] and [GLS22, Re-
mark 11.7, Section 12]. (A much stronger result which connects z(¢) and M (¢) via the CC-map
is given in [GLS22, Section 11].)

It was shown in [GMV19, Proposition 6.1] that the growth coefficient of the two friezes
arising from 7" is given by f(¢), the number of terms in the Laurent polynomial (). Therefore,
we can conclude the following:

Proposition 4.12. Let T" be the triangulation of the annulus A constructed in Section 4.2. Let Q
be the quiddity sequence of the outer boundary. Then we have

that is, the growth coefficient of the frieze determined by Q is equal to the number of submodules

of M (e).

In the next section we will use the results of [Kan25] (on posets arising from quivers of affine
type A) to compute p(M (¢)).

4.5. Computing the growth coefficient for the annulus

In this section we compute the growth coefficient for the triangulation 7" of the annulus A con-
structed in Section 4.2.

In case (I), we define ' to be the peripheral arc from P to Q following the inner boundary
along ’. Similarly, let 4" be the peripheral arc from Q to P following the inner boundary
along . See Figure 4.6.

Asin Section 4.3 , we use 7 and 7" to define strings which give rise to representations M (v")
and M (v") for )’
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Recall that our triangulation 7" is constructed from a triangulation 7" of a twice-punctured
disk and that the arcs 7 and +" both come from a common arc ~ in the twice-punctured disk:
the arc connecting the two punctures (see section 3.2). Therefore by construction, the quivers
of 7/ and ~" are isomorphic as abstract directed graphs. Thus

p(M(Y)) = p(M(y")).
Notation 4.13. In case (1), let 7' and " be as defined above, and we set a = p(M (")) = p(M (v")).

Remark 4.14. In cases (II) and (III), there is an arc connecting the two punctures and so the
analog of 7' and " in the annulus is homotopic to a segment of the inner boundary (or to the
entire inner boundary). The curves therefore correspond to the 0 module and we set a = 1 in
cases (II) and (III).

For the proofs in this section, we will use the following:
Notation 4.15.

(1) Ifvisanarcor closed curve in the triangulated annulus, by abuse of notation we will write
v to denote a word (string or band) corresponding to v and also to denote the string or
band module M (vy) corresponding to ~. For example, we will simply write V() instead
of V(M (7)) when writing the specialized rank matrices defined in Definition 4.3. We will
also write vy for the quiver ()., of .

(2) Fort > 0, we write U, to denote an inverse segment of t arrows and D, to denote a direct
segment with t arrows:

U = t+1 Dy = 1

Lemma 4.16. Using Definition 4.3, for every t > 0, one has

- (17 2). o (7).

A(Ut):(é tT), A(Dt):(ttl 1)

Corollary 4.17. For any string module M, we have

det V(M) = 1 and det A(M) = 1.
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Proof. The determinant of each of the matrices V(U;), V(D;), A(U;) and A(D;) is 1 and by
Proposition 4.6 we get the desired result. ]

The inverse of a string 3, denoted 57!, is obtained by reading /3 from right to left; inverse
segments are turned into direct segments and vice versa. The inverse of a type A quiver is defined
in a similar manner.

Lemma 4.18. Let 3 be a peripheral arc such that M (f3) is a rigid indecomposable representation
(of the quiver @)’ of the triangulation T").
- R(B)  —RKu(B) > (a —b>
Letao= 7', andleta,b,c,d > 0b h that V(B) = = .
etov = 7, and let a, b, c e such that V (3) <0%(5) % (8) . —d

Then we have
a c—a
v(a):(a—b c+b—a—d>

Proof. By Definition 4.3,

R(a) 9 (a)
Vie) = (oﬂ%(a) —owa)) '
Now
R(a) = R(B) = a,
9{1 o) = 1%(5) = %(ﬁ) — 0%(5) =a—¢,

(@)
(@)
0R(a) = Ro(6) = R(B) — Ru(B) =a — b,
09%1(@) = 1%0(5) = 19%(5) - 19%1(5) = (9%(5) - om(ﬁ)) - (9%1(5) - 09%1(5))
=a—c—b+d. O

Recall the definitions of p and ¢ from Notation 4.9. In case (I), there are p arcs incident with
the puncture P and ¢ arcs incident with the puncture Q.

Proposition 4.19. Let T' be the triangulation of the annulus A constructed in Section 4.2. Let Q
be the quiddity sequence of the outer boundary. Then the growth coefficient of the frieze deter-
mined by the outer boundary of this triangulated annulus is

S(Q) = a2pq - 27
where a = p(M (")) = p(M(~")) as in Notation 4.13.

Proof. Due to Proposition 4.12, it suffices to show that p(M (g)) = a*pq — 2.

In case (I), the triangulation 7" and ¢ are as illustrated in Figure 4.6.

So reading ¢ as a string starting from d;, going counter clockwise and ending again at d; we
have the following quiver (). (* means that you glue the left to the right end):

*Up—1 N7 N Ug—1 7" N\
e
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Figure 4.6: The arcs +/, 7" and the loop ¢ in case (I).

In case (II) (recalling that p, g > 3), we have the following picture:
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with ¢ (reading counterclockwise, starting with d)

*Up—4 \ %
~—~—
B

Let 5 denote the (non-cyclic) string which is the subsequence of ¢ obtained by reading ¢ (that
is, the quiver ).) clockwise starting from d; (or from dy in case (III)), reading all the arrows and
inverse arrows of (). except the last arrow . The quivers for 3 and for € have the same vertices
but they differ by one arrow. Following the notation of [Kan25, Section 3], this means we can
write ¢ =0 [. The circular symbol O is used to take a type A quiver and connect the two degree-
one vertices using a new arrow to form a type affine A quiver; in our scenario, we take 5 and
form ¢ by adding a new arrow to 3. The number p(© (3) is equal to the trace of V(/3), by [Kan25,
Prop 3.2 (9)]. We compute this trace case by case. Recall that a = p(M (7)) = p(M(y")).

Case (I): LetV(Y) :<CCL :Z) witha, b, c,d > 0. As abstract directed graphs, the quiver ().~

" s : : / AN a c—a
of ~” is the inverse of the quiver ()., of 7/, so we have V(") = G—b ctb—a— d> by
Lemma 4.18. Then
p(OB) = tr(V(B)) =tr (V(Up-1 v N\ Vg1 7))
= tr(V(Up-1)V()V(Up1)V(H")) by Proposition 4.6(1)

_ e((TH ) )T DG )

by Lemma 4.16

a’*pq + a’*q — acq — be + ad *
* —a“q + acq — bc + ad

a’pq — 2(be — ad)
a’pq —2(1) by Corollary 4.17.

Case (II): We have a = 1 (see Remark 4.14) and

p(OB) = w(V(B)) = tr(V(Up-2 \ Uy-2))
= tr(V(Up—2)V(Ujs—2)) by Proposition 4.6(1)

(T s
()

= pq—2
Case (II): We again have a = 1, with ¢ = 1. We get

p(OB) = t(V(P)) = tr(V(Up—y))
_ m(pzz _01))
= p—2.
We remark that in case (II), p(O B) = p(U,—4) = p(B). O
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5. Tubes with the same growth coefficient

5.1. Growth coefficient of the two tubes 75 and 73

In this section, we compute the quiddity sequences of the friezes corresponding to the two rank 2
tubes arising from the triangulated twice-punctured disk. We refer to them as the two “small
tubes” in this section (note that, if n = 4, the tube associated to the boundary of the disk is also
of rank 2, so all three tubes have the same size).

As before, T" is the triangulation of the annulus constructed from the triangulation 7" of the
twice-punctured disk (Section 4.2), p is the number arcs in a small neighborhood of P and ¢ the
number of arcs in a small neighborhood of Q (Notation 4.9).

Let v be the tagged arc connecting P and Q which is unnotched at either end and let y(), ~(®)
and 7" be notched at P, at Q and at both ends, respectively (as in the first two pictures in
Figure 3.3).

As before, we let a = p(M (7)) = p(M(~")). Recall that if T' contains an arc connecting P
and Q, we have a = 1 (Remark 4.14).

To compute the values p(M (7)), p(M(v®™)), p(M (v Q) and p(M (7" ¥)) we use a result
about the cluster algebra corresponding to the triangulation 7.

Proposition 5.1. Let A(S,T') be the cluster algebra associated to (S, T) ([FST0S]). For i a
tagged arc on (S, T), let x(u) be the cluster variable associated to the arc y, and let f(j) be the
number of terms of x (1) in the cluster variable expansion of x(j1) with respect to T..

(a) Then we have
FO®)y=p-f(v) and f(*V)=pq- f(7).
(b) For 3 € {7,7P), 4 Q 1P e have
p(M(B)) = f(B)

Proof. Part (a) follows from [MSW11, Proposition 5.3]. For part (b) we note that all these tagged
arcs correspond to rigid indecomposable objects (Lemma 3.7). They are sent to cluster variables
by the CC-map, [Pal08]. [

Now we have everything together to compute the quiddity sequences of the small tubes:

Lemma 5.2. Let a, p, and q be as defined above. One of the small tubes has quiddity se-
quence (a, apq), and the other (ap, aq).

Proof. By Lemma 3.7, the mouth of one of the rank 2 tubes consists of the modules correspond-
ing to tagged arcs v and v(° @, while the other consists of the modules with arcs v() and (Q),
By Proposition 5.1(b), the two quiddity sequences are

(f(), fTY)) and  (F(4'P), F(H'Y)).

Noting that f(y) = a and using Proposition 5.1(a), these are equal to

(a,apq) and (ap,aq). O
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Corollary 5.3. With the above notation, the growth coefficient of each of the small tubes is equal
to
a’pq — 2.

Proof. The quiddity sequences of the two small tubes are Q@ = (a,apq) and Q@ = (ap,aq),
respectively (Lemma 5.2). In both cases, the corresponding frieze has entry a®pg — 1 in the row
below. We indicate this for both friezes here:

1 1 1 1 1 1 1 1
a apq a ap aq ap
a2pq -1 a2pq —1 azpq -1 azpq —1

The growth coefficient is equal to an entry in row 2 minus the entry above it in row 0:
5(Q) =a*pg—1—1=a’*pq— 2. ]

5.2. Main result

We are now ready to prove our main theorem. Let 7" be a triangulation of a twice-punctured
disk corresponding to a cluster category of affine type D, and let p and ¢ be the number of arcs
of T" incident with punctures P and Q respectively in a small neighborhood (Notation 4.9). Let v
denote the arc with endpoints at P and at Q. If -y is not in 7', let M () be the indecomposable
module associated to «y. If v is in 7', we set M () to be the zero module.

Theorem 5.4. The friezes of the non-homogeneous tubes of a cluster category of affine type D
have the same growth coefficient. More precisely, if F' is the frieze of a non-homogeneous tube
in this category, its growth coefficient is equal to

a’pq — 2
where a = p(M(7)).

Proof. The statement follows from our results of Sections 4.5 and 5.1:

(i) Let F' be the infinite frieze from the tube 7; corresponding to the boundary of 7', and
let Q be its quiddity sequence. In Section 4.2, we construct a triangulated annulus 7"
whose outer boundary corresponds to a frieze F’ with quiddity sequence Q; since a frieze
is uniquely determined by its quiddity sequence, the friezes F”’ and F' are equal. Propo-
sition 4.19 tells us that the growth coefficient s(Q) is a’*pq — 2 (noting that a = 1 if the
triangulation contains an arc connecting P and Q).

(ii) By Corollary 5.3, the friezes of the two rank two tubes also have this growth coefficient.
]
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