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Resource allocation in heterogeneous environment where machines provide 

different computational capabilities to different task types is a classic problem, which still 

attracts significant attention. The performance of a system is highly related to the approach 

used to assign its resources to the tasks. Current development in the fields of hardware and 

software encourages using parallelism to fully exploit the computational potential of the 

system. With current applications, consisting of hundreds of tasks to be executed on large-

scale interconnected computing units, the heuristic approach is the only practical solution. 

Selecting an effective scheduling algorithm that is compatible with the system characteristics 

is crucial for maximizing the performance. There are numerous resource allocation 

algorithms reported in works in literature, each designed for a problem space with specific 

properties. Randomly generated Directed Acyclic Graphs (DAGs) are widely used for 

comparing scheduling algorithm performance. For a fair comparison, the DAG set should be 

uniformly distributed over all possible DAG types. Moreover, to select a suitable heuristic for 
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a problem one must be familiar with the system properties. Therefore, knowing and being 

able to quantify the characteristics of a system will be helpful in several ways: to select fitting 

scheduling, to generate a DAG set that contains all task types, and to examine the effect of 

different properties on the efficiency of the algorithm. 

  This dissertation work introduces two scheduling algorithms, Parallel Heterogeneous 

Earliest Finish Time (PHEFT), whose objective is to share resources between two tasks with 

the same priority, and Optimize All Path (OAP), which is designed based on a concept of 

improving the critical path execution time. Experimental results show PHEFT performs 

significantly better than other popular greedy algorithms in a consistent environment. OAP 

test results show the same performance as some leading heuristics, while having high time 

complexity.  

A major part if this research work focuses on developing and implementing a Random 

DAG Generator with a wider range of input parameters, compared to other available 

generating tools. This DAG generator offers advantages in characterizing the workload and 

ETC matrix, as well as generating a non-biased almost uniformly distributed DAG set, and 

easy tuning of the parameters to generate any workload/ETC matrix with desired 

characteristics. The generated DAGs by this tool, are used to study the correlation between 

each of the environment properties, or task types and the operation of heuristics. The 

number of levels in a DAG, variation on the number of nodes in each level, machine 

heterogeneity, and computation to communication cost ratio are some of the properties, 

which show a higher correlation to the performance of a scheduling algorithm. This 

information can be used by the system manager to assess the efficiency of a scheduling 

algorithm for a specific workload/environment pair.
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INTRODUCTION 

With the increasing need for smaller, faster, more reliable, energy efficient computing 

systems, groundbreaking research work has pushed the frontiers of both hardware and 

software to meet these growing demands. At present the use of multicore processors in 

multiprocessing systems, which are connected through high-speed links to create large-scale 

grid infrastructures, servers, or data centers is the norm. The computational units, making 

up these systems, could consist of different processors on an individual computer, different 

interconnected computer machines in a server room, or many machines distributed over a 

network. Such type of system can be used to run applications in parallel, whose execution 

time on a single processor, in a sequential manner, would be significantly longer.  

While multiprocessing systems are undergoing continuous improvements in both 

hardware and software, the complexity of the applications running on these systems is also 

increasing. There is a high demand for data and computationally intensive applications in 

diverse areas such as Bioinformatics, High Energy Physics, Climate prediction, etc. [1]. Many 

of these applications are composed of several tasks, some of which may require meeting 

deadlines due to either real-time nature, or dependencies between the tasks that need them 
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to be finished in a timely manner. To satisfy variety of quality of service, applications are 

more frequently designed to run in parallel. Using parallel processing to handle separate 

tasks of an application on multiple processors, helps reduce the overall execution time of the 

program and meet the quality of service required by the system manager.  

The quality of service targets a great range of evaluation metrics from meeting the 

deadline to energy consumption budget, and other factors like robustness, resiliency to 

errors, and utilization. One of the most important factors to evaluate the efficiency of a 

system is the execution time of the applications on that system. With shorter execution time 

it is more likely to meet the deadline for real time system, there is a higher confidence radius 

in case an error occurs, and shorter execution time leads to lower total energy consumption. 

With applications designed to run in parallel and distributed systems made up of 

various machines, the problem of assigning each task to a processor falls in resource 

allocation and scheduling categories. Scheduling algorithms take a group of tasks, which 

could be dependent or independent, and the specification of available resources, and 

determine assignment of each task to a processor while meeting all dependencies between 

tasks and aiming to improve the optimization goal. The final execution time of a scheduling 

scenario is called makespan [2].   

A task graph is a model representing an application (a set of tasks with possible 

dependencies, which require an order of execution). Directed Acyclic Graph (DAG), 𝐺 =

(𝑉, 𝐸) is a type of task graph where each node (𝑣 𝜖 𝑉) is a task or group of sequential 

instructions, which must be executed on one processor, and edges between nodes (𝑒 𝜖 𝐸) 

correspond to the dependencies between tasks [3].  Task scheduling can be defined as the 

process of allocating different tasks of an application, to different computational units in the 
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system. For a group of tasks {𝑡1, 𝑡2, . . . , 𝑡𝑛} and a set of machines {𝑚1, 𝑚2, . . . , 𝑚𝑚} a possible 

scheduling is defined as: 

{𝑡1: [𝑚𝑗𝜖[1,𝑚], 𝑠1,𝑗], . . . , 𝑡𝑖: [𝑚𝑗𝜖[1,𝑚], 𝑠𝑖,𝑗], . . . , 𝑡𝑛: [𝑚𝑗𝜖[1,𝑚], 𝑠𝑛,𝑗]} 

For each task there is an assignment to a machine and the start time of the task on 

that machine. Usually alongside the set of tasks and machines there is another piece of 

information provided to the scheduling algorithm: the Estimated Time to Compute (ETC) 

matrix. ETC is a 𝑛 × 𝑚 matrix, where the value of 𝐸𝑇𝐶(𝑖, 𝑗) is the estimated execution time 

of task 𝑖 on machine 𝑗. Based on the assignment each task will have an estimated finish time 

{𝑓1, 𝑓2, . . . , 𝑓𝑛}, where 𝑓𝑖  is: 

𝑓𝑖 = 𝑠𝑖,𝑗 + 𝐸𝐶𝑇(𝑖, 𝑗) 

Makespan, the final execution time of a set of tasks, is 𝑀𝑎𝑥(𝑓1, 𝑓2, . . . , 𝑓𝑛), and the 

assignment which results in lower makespan is more desirable. 

𝐺𝑜𝑎𝑙 →   𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 ( 𝑀𝑎𝑥(𝑓1, 𝑓2, . . . , 𝑓𝑛)) 

This problem in general is a NP (nondeterministic polynomial time)-complete [4], in 

which heterogeneity of the computing units and communication cost between the tasks adds 

to its complexity. Therefore, the solutions to the scheduling problem are heuristics, whose 

objective is to find near optimal solutions in an acceptable time. 

There are great number of proposed heuristics for the scheduling problem which may 

have different approaches based on different (1) task type, (2) processing units, (3) provided 

data, and (4) optimization goal. With numerous different algorithms to choose from, it is 

important to have means of measuring and comparing their performance. There are some 

important aspects to focus on with regards to scheduling algorithms, when comparing them: 

- Definition of performance. There are several different metrics used to define the 
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performance of a scheduling algorithm on a system. The most popular one is the 

makespan. Thus to say that algorithm A is better than algorithm B, the former should 

outperform the later on average over several test cases. Therefore, it is important to 

have a performance measurement metric, which is fair and independent of the inputs 

(task, and machine sets). 

- Characterizing tasks and computing environment. To select an algorithm, which 

addresses the specific requirements of a problem, one approach is to categorize 

systems based on the task/machine characteristics and use the algorithms that work 

better for the selected special category. Properties of a system are important to know 

and quantify, because they can be used to design tests that are unbiased and consider 

all possible types of task/machines. 

 

Multiple published studies [5]–[8] show that different task/machine types affect the 

performance of the scheduling algorithm. Therefore, quantifying the characteristics of tasks 

and machines, and knowing the strength and limitation of scheduling algorithms can help 

the system manager to select the best algorithm for each circumstance. 

The rest of this dissertation is organized as follows. Chapter 2 presents a literature 

review of different leading scheduling algorithm in the field. This work aims to categorize 

them from different aspects and summarize their performance analysis, which are reported 

in other research works. Chapter 3 introduces two new scheduling algorithms, Parallel 

Heterogeneous Earliest Finish Time (PHEFT), and Optimize All Path (OAP), and compares 

them with some of the classical algorithms. Chapter 3 presents a detailed discussion on 

characterizing and quantifying the inputs of the scheduling algorithm (tasks and computing 
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units), and describes strategies of using them to establish a fair framework to compare the 

performance of different heuristics. Different approaches to generating an ETC matrix and a 

random task graph, and how these different approaches affect the performance of the 

scheduling algorithm are also discussed in Chapter 4. In addition, a new random DAG 

generator is introduced in this work, which makes it easier to tune the DAG properties and 

generate a wider range of task graphs. Then using the randomly generated DAGs, the effects 

of system characteristics on the performance of the scheduling algorithms were explored.  

Finally, Chapter 5 presents conclusions and future work.  
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Scheduling a group of tasks in a heterogeneous environment in a manner resulting in 

acceptable total execution time is a crucial task, due the constant demand to increase the 

system performance, decrease the energy consumption, reduce errors, and design robust 

systems. With different optimization goals, the main question is always how to assign tasks 

to different resources to improve the final goal. This is a NP-complete problem, in which 

increasing the number of tasks and number of processors makes the possible outcomes too 

large count. To this end, numerous published research studies propose a solution through 

heuristics. Exploring all scheduling algorithms proposed in the literature is beyond the 

purpose of this dissertation. Therefore, this work will focus of some of the more popular 

ones, which have been studied more extensively because of their novelty or their 

performance.  

Scheduling algorithms can be static or dynamic. In static scheduling there is no 

change in the task/processor assignment during the execution of the application. While in 

dynamic, the scheduler keeps receiving feedback from the system and uses this new 

information to make better decision, thus the scheduling can change during the execution. 

Since there are many cases in which the computation network has historical data about the 

execution cost of the applications, it is safe to assume that in majority of cases the static 

CHAPTER 2 



 

7 
 

scheduling would be enough. A concise review of the large body of published works related 

to static scheduling, resource management, and resource allocation algorithms, will follow 

in this chapter. 

Static heuristics can be classified based on their approach in two main groups of 

Greedy heuristics and Global Search heuristics. Some published works use Metaheuristics as 

another group in their classification [9], but since that specifically refers to some 

modifications on Global Search heuristic algorithms, it will not be considered as a separate 

group in this dissertation work. Greedy Heuristics can further be classified as List-scheduling 

heuristics, Clustering heuristics, and Task duplication heuristics. Figure 2.1 shows the 

classification of static task scheduling algorithms. 

Figure 2.1: Static Task Scheduling Algorithms Classification 

 

GREEDY HEURISTICS 

Greedy heuristics performs well and find solutions relatively fast. They sacrifice 

finding the optimal solution to get faster results. Opportunistic Load Balancing (OLB), 



 

8 
 

Minimum Execution Time (MET), Minimum Completion Time (MCT), Contention Resolution 

(CR), Min-min, Max-min, and Duplex are some of the more general examples of Greedy 

Heuristics. 

1. Opportunistic Load Balancing Algorithm 

The Opportunistic Load Balancing (OLB) algorithm assigns each task, in arbitrary 

order, to the first available processor regardless of the task's execution time. The idea behind 

OLB is to keep all processors as busy as possible. This algorithm is very easy to implement 

and has a low time complexity but since it is not considering the execution cost of the tasks 

on the processors the result scheduling could be very poor [10]. 

2. Minimum Execution Time Algorithm 

The Minimum Execution Time (MET) algorithm assigns each task in arbitrary order 

to the machine which gives the best execution time. This algorithm does not take into 

consideration the availability of the processors. Its goal is to assign each task to its first 

choice. Therefore, in heterogeneous consistent systems, in which one machine is the best 

choice for all tasks, the MET would result in load imbalance across resources [10]. 

3. Minimum Completion Time Algorithm  

The Minimum Completion Time (MCT) algorithm takes tasks in arbitrary order and 

assigns them to a processor with the minimum expected completion time. The expected 

completion time of a task on a machine is the execution time plus the start time, 

𝑚𝑎𝑥(𝑡𝑎𝑠𝑘_𝑟𝑒𝑎𝑑𝑦_𝑡𝑖𝑚𝑒, 𝑚𝑎𝑐ℎ𝑖𝑛𝑒_𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒_𝑡𝑖𝑚𝑒) of the task on that machine. MCT 

combines OLB and MET and tries to prevent the situations in which each of them performs 

poorly [10].  
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4. Contention Resolution Algorithm 

The Contention Resolution (CR) algorithm [11], first determines the best assignment 

for each unscheduled task at each iteration and assigns those tasks with no rival for their 

best options. Then among the remaining tasks, which compete for the same resource, the 

one with the largest difference between the best and the second-best execution time gets 

scheduled. In other words, the task which suffer more from not getting its best choice is the 

most critical task and needs to get assigned first. The concept of suffrage was introduced by 

Kim et al. [12] and Maheswaran et al. [13]. 

5. Min-Min Algorithm 

Min-Min algorithm [14]–[16] is another member from the two-phase heuristics class. 

This algorithm keeps track of all unmapped tasks which are ready (i.e. all their predecessors 

are done and the data from them are received). Min-Min algorithm finds the minimum 

completion time for each task in the ready list. Then the task with the minimum completion 

time among all tasks is selected an assigned to the corresponding machine (the one which 

results in minimum completion time). This process repeats until there is no unmapped task 

[17]. Min-Min maps the tasks in the order that makes least change in the availability of the 

processors. Therefore, the percentage of tasks which get assigned to their first choice would 

be high [16]. This is exactly the opposite of the Max-Min algorithm, which is discussed next. 

The pseudocode for Min-Min algorithm is listed below. 

Algorithm 1: Pseudocode for Min-Min Algorithms 

      Generate the ready list 
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      While there is an unmapped task in the ready list 

- For each task in the list find the machine which minimizes the execution cost 

- Among all task/machine pairs select the one with the least execution cost 

- Schedule the task, and update the ready list 

6. Max-Min Algorithm 

The first phase in the Max-Min algorithm [14]–[16], like the Min-Min, is to make a list 

of ready tasks and find the machine which gives the lowest completion time for each task in 

the list. Then, the Max-Min algorithm selects the task/machine pair that have the maximum 

completion time among all tasks in the list. This process repeats until all tasks are mapped. 

The key concept of the Max-Min algorithm is mapping the task with the longer execution 

time to its first choice, results in reduced overall penalty of assigning next tasks to their 

second or other choices. Max-Min and Min-Min algorithms may each result in better quality 

solutions under different circumstances [8]. 

Algorithm 2: Pseudocode for Max-Min Algorithm 

      Generate the ready list 

      While there is an unmapped task in the ready list 

- For each task in the list find the machine which minimizes the execution cost 

- Among all task/machine pairs select the one with the highest execution cost 

- Schedule the task, and update the ready list 

7. Duplex Algorithm 

Duplex algorithm [10], [14], [15] performs both Min-Min and Max-Min, and uses the 
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better solution. Since Min-Min and Max-Min both have low time complexity, this algorithm 

can find the best of these two with a negligible overhead. 

LIST SCHEDULING ALGORITHMS 

List scheduling algorithms or sorting algorithms are a group of Greedy heuristics, 

which follow two steps to assign resources to tasks. The first step is to find an order for the 

tasks based on their priorities and the second step is to take a task from the list and assign 

each selected task to an available resource, thus resulting in minimizing the predefined cost 

function. The main problem with this group of scheduling algorithms is that the static 

priority assignment, which takes place in the first step, may not always be a good indicator 

of the relative importance of the tasks. Some of the examples of this group are Heterogeneous 

Earliest Finish Time (HEFT), Critical Path on a Processor (CPOP), Levelized Min-Time (LMT), 

Dynamic Level Scheduling (DLS), and Mapping Heuristic (MH) algorithms. 

1. Heterogeneous Earliest Finish Time Algorithm 

The Heterogeneous Earliest Finish Time (HEFT) algorithm [18] is classified under list 

scheduling group. This algorithm first determines an order for the tasks in the DAG using the 

upward rank algorithm. The upward rank of each task is the average execution time of the 

task over all processors plus the maximum rank of its children added by the average 

communication time between the two tasks. Eq. 1 gives the formula for upward rank of task 

𝑖, where 𝑤𝑖̅̅ ̅ is the average execution cost of task 𝑖, and 𝑐𝑖, 𝑗̅̅ ̅̅  is the average communication cost 

between task 𝑖 and 𝑗 (one of the successors of task 𝑖). 

𝑟𝑎𝑛𝑘𝑢(𝑖) =  𝑤𝑖̅̅ ̅ + (𝑐𝑖, 𝑗̅̅ ̅̅ + 𝑟𝑎𝑛𝑘𝑢(𝑗)) 𝑗∈succ(i)
𝑚𝑎𝑥                                    Eq. 1 
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Upward rank for the end task which has no children is given in Eq. 2 by the average 

execution cost of it on all available machines.  

𝑟𝑎𝑛𝑘𝑢(𝑛𝑒𝑥𝑖𝑡) =  𝑤𝑒𝑥𝑖𝑡̅̅ ̅̅ ̅̅ ̅                                                        Eq. 2 

Then one can start from the end tasks and move upwards to find the rank of every 

task in the graph. In the second phase of the algorithm tasks are taken from the list in 

decreasing order of their rank and assigned to a processor which results in minimum 

execution time. If two tasks have same upward rank, one gets selected randomly, or another 

strategy is used to select the task that its immediate successor has the higher rank. For most 

of the task scheduling algorithms the earliest available time for a processor is the time when 

the last assigned task on it is completed. However, HEFT algorithm considers the idle periods 

on the processor for the assignment. To find the best time slot for a task the algorithm needs 

to consider the ready time of the task, which is the time when all its predecessors are done 

and if they were assigned to another processor the time needed for sending data to current 

processor has passed. The ready time of the task (𝑡𝑎𝑠𝑘𝑟𝑒𝑎𝑑𝑦_𝑡𝑖𝑚𝑒) must be greater or equal 

to the start of the time slot (𝑡𝑖𝑚𝑒_𝑠𝑙𝑜𝑡𝑠𝑡𝑎𝑟𝑡) and the difference between end of the time slot 

and max (𝑡𝑎𝑠𝑘𝑟𝑒𝑎𝑑𝑦_𝑡𝑖𝑚𝑒 , 𝑡𝑖𝑚𝑒_𝑠𝑙𝑜𝑡𝑠𝑡𝑎𝑟𝑡) must be greater or equal to the task execution time 

on that processor. The time complexity of the HEFT algorithm is 𝑂(𝑒 × 𝑞) where 𝑒 is the 

number of edges in the DAG, and 𝑞 is the number of processors. Results published by 

Topcuoglu et al. [18], show that on average HEFT performance is better compared to some 

older scheduling algorithms. The pseudocode for HEFT algorithm is listed below. 

Algorithm 3: Pseudocode for HEFT 
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      Task prioritizing phase 

- Set the computation cost of tasks and communication cost of edges with mean 

values 

- Compute 𝑟𝑎𝑛𝑘𝑢 for all tasks by traversing graph upwards, starting from the 

exit task 

𝑟𝑎𝑛𝑘𝑢(𝑖) =  𝑤𝑖̅̅ ̅ + (𝑐𝑖, 𝑗̅̅ ̅̅ + 𝑟𝑎𝑛𝑘𝑢(𝑗)) 𝑗∈succ(i)
𝑚𝑎𝑥   

𝑟𝑎𝑛𝑘𝑢(𝑛𝑒𝑥𝑖𝑡) =  𝑤𝑒𝑥𝑖𝑡̅̅ ̅̅ ̅̅ ̅  

- Sort the tasks in a scheduling list by non-increasing order of 𝑟𝑎𝑛𝑘𝑢 values. 

Processor selection phase 

while there are unscheduled tasks in the list do 

- Select the first task in the list and find the best machine for it that 

minimizes the execution cost 

2. Critical Path on a Processor Algorithm  

The Critical Path on a Processor (CPOP) algorithm proposed by Topcuoglu et al. [18], 

has the same two phases; task prioritizing and processor selection phase like HEFT. 

However, CPOP uses different strategies for both raking tasks and assigning processors to 

each task.  Here the algorithm calculates both upward rank and downward rank for the tasks. 

Upward rank is same as the one defined by HEFT. Downward ranking of each task is the 

maximum downward rank of its predecessors plus the average computation cost of the 

predecessors plus the average communication cost between the current task and its 

predecessors. The formula for downward rank of task 𝑖 is given by Eq. 3, where the 𝑤𝑗̅̅ ̅ is the 
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average execution cost of task 𝑗, and 𝑐𝑖, 𝑗̅̅ ̅̅  is the average communication cost between task 𝑖 

and 𝑗 (one of the predecessors of task 𝑖). 

𝑟𝑎𝑛𝑘𝑑(𝑖) = (𝑟𝑎𝑛𝑘𝑑(𝑗) + 𝑤𝑗̅̅ ̅ + 𝑐𝑖, 𝑗̅̅ ̅̅ ) 𝑗∈pred(i)
𝑚𝑎𝑥                                          Eq. 3 

Downward rank for the entry task, which has no parent is set to zero. Then the 

priority of each task is the summation of its upward rank and downward rank. The CPOP 

algorithm aims to dedicate the fastest machine to the tasks in the critical path and then use 

other resources to schedule other tasks. The length of the critical path |𝐶𝑃| is the sum of the 

execution cost of the tasks on the path and the communication cost between them. This is 

the lower bound on the makespan of the scheduling algorithm. The critical path length is 

equal to the priority of the entry task. Next task on the critical path is the immediate 

successor of the entry task, which has the highest priority value. This process continues until 

all tasks on the critical path are found. In the processor selection phase, the algorithm first 

decides to assign the fastest processor to the critical path. Then at each iteration if the highest 

priority task is on the critical path, it will be scheduled on the critical path processor, 

otherwise it will be scheduled on a processor which gives the earliest finish time. The time 

complexity of the CPOP algorithm is 𝑂(𝑒 × 𝑞), where 𝑒 is the number of edges in the DAG and 

𝑞 is the number of processors. However, results show that CPOP performance is not as good 

as HEFT algorithm. The pseudocode for the CPOP algorithm is listed below. 

Algorithm 4: Pseudocode for CPOP Algorithm 

      Task prioritizing phase 
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- Set the computation cost of tasks and communication cost of edges with mean 

values 

- Compute 𝑟𝑎𝑛𝑘𝑢 and 𝑟𝑎𝑛𝑘𝑑 for all tasks  

𝑃𝑟𝑖𝑜𝑟𝑖𝑡𝑦(𝑖) =  𝑟𝑎𝑛𝑘𝑢(𝑖) + 𝑟𝑎𝑛𝑘𝑑(𝑖)  

- Sort the tasks in a scheduling list by non-increasing order of 𝑝𝑟𝑖𝑜𝑟𝑖𝑡𝑦 values. 

Processor selection phase 

- Find the critical path and critical path processor 

while there are unscheduled tasks in the list do 

            if the task is in the critical path 

                        schedule it on the critical path processor 

            else 

                        schedule it on the best machine which minimizes EFT  

3. Levelized Min-Time Algorithm  

Levelized Min-Time (LMT) algorithm [19] consists of two phases. In the first phase, 

the algorithm groups those task that can be executed in parallel on the same level. Thus, tasks 

in the lower levels would be ready for execution before higher levels and have higher 

priorities. At each level the task with higher execution cost gets assigned first. Each task is 

assigned to a processor, which results in minimum completion time (communication costs 

are considered). The time complexity is  𝑂(𝑣2 × 𝑝2) , where 𝑣 is the number of tasks and 𝑝 

is the number of processors [11]. 
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4. Dynamic Level Scheduling Algorithm  

Dynamic Level Scheduling (DLS) algorithm [20] selects the available task and 

processor pair at each level, which maximize the dynamic level value. The dynamic level 

value for task 𝑖 on processor 𝑝 is the upward rank value for task 𝑖 minus the earliest start 

time of the task 𝑖 on processor 𝑝 (𝐷𝐿(𝑖, 𝑝) = 𝑟𝑎𝑛𝑘𝑢(𝑖) − 𝐸𝑆𝑇(𝑖, 𝑝)). In order to find the 

upward rank with DLS algorithm, researches have demonstrated using the median execution 

cost of a task on the processors, without considering the communication costs. The general 

form of this algorithm has an 𝑂(𝑣3 × 𝑝) time complexity, where 𝑣 is the number of tasks in 

the DAG and 𝑝 is the number of processors [11]. 

5. Mapping Heuristic Algorithm 

The mapping heuristic (MH) algorithm uses the static upward rank to set the 

priorities of the tasks. This upward rank does not contain the communication cost, while the 

computation cost of a task on a processor is calculated by the number of instructions in the 

task divided by the speed of the processor. The MH algorithm does not assign tasks to an idle 

time slot between two tasks already scheduled. The time complexity is equal to  𝑂(𝑣2 × 𝑝3), 

where 𝑣 is the number of tasks and 𝑝 is the number of processors [11]. 

CLUSTERING HEURISTICS 

The objective of Clustering Heuristics algorithms is to map the tasks in each graph to 

some clusters. Tasks in each cluster are then assigned to a processor. The common goal is to 

minimize the communication cost and hence increase the performance. Clustering 

algorithms have high time complexity and require additional steps before generating the 
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final scheduling. They usually start with unlimited number of clusters and then try to merge 

some of the clusters by moving tasks around to fit the limited number of processors. The 

final step consists of scheduling the tasks in a cluster and finding an order for their execution. 

Some examples of this group of algorithms are Mobility Directed (MD) [21], Dominant 

Sequence Clustering (DSC) [22] and Linear Clustering (LC) algorithm [23].      

1. Mobility Directed Algorithm 

Mobility directed (MD) algorithm [21] has two phases. In the first phase the algorithm 

assigns some mobility values to each task and schedules them on virtual processing elements 

(PEs) based on their mobility values. Then in the second phase it maps these virtual PEs to 

actual processors. This algorithm, which was defined on a homogenous system, first finds 

the earliest start time (𝑇𝑠(𝑖)) and the latest start time (𝑇𝑙(𝑖)) for each task, based on ASAP 

(as-soon-as-possible) and ALAP (as-late-as-possible) bindings respectively. The relative 

mobility of each task 𝑖 is defined by 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑚𝑜𝑏𝑖𝑙𝑖𝑡𝑦 =  (𝑇𝑙(𝑖) − 𝑇𝑠(𝑖)) 𝑤(𝑖)⁄ , where 𝑤(𝑖) is 

the execution time of the task. Then among tasks with the least relative mobility, the 

algorithm selects the one all of whose predecessors are already scheduled (if there is more 

than one, selection occurs in arbitrary order) and assigns it to the first available PE. The 

number of PEs are unlimited, therefore if the first one is not available, the task is assigned to 

the second one, and so on. The communication cost between this task and all other tasks, 

which are scheduled on the same PE is changed to zero. Followed by updating relative 

mobility and repeating this until there is no task left in the list.  

The second phase of the algorithm consists of assigning the virtual PEs to the real 

processors in a way to minimize the total communication traffic between them. If the number 



 

18 
 

of PEs is same as the number of processors the task is trivial, otherwise the algorithm needs 

to reassign some tasks to other PEs. To do so, the algorithm usually starts with an initial 

assignment and then improves it iteratively. The time complexity of this algorithm is 𝑂(𝑣3) 

where 𝑣 is the number of tasks. The pseudocode for DM is given by Algorithm 5. 

Algorithm 5: Pseudocode for DM Algorithm 

Phase 1: Scheduling 

      Calculate relative mobility for all tasks 

      While there is an unassigned task  

                Make a list of all tasks with the least relative mobility values (𝑙) 

               For all tasks in 𝑙 which all have no unscheduled parent 

- Assign it to the first available PE 

- Update communication cost between this task and all other tasks on 

the same PE 

- Update relative mobility values 

Phase 2: Mapping 

      Create an initial assignment 

      While there is a PE to assign  

                    Change the scheduling of a random task 

                    If the new scheduling improves the performance 

                             Replace the old scheduling 
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2. Dominant Sequence Clustering Algorithm  

The Dominant Sequence Clustering (DSC) algorithm [22] is based on a dominant 

sequence of a graph which is the critical path of a partially scheduled DAG. The algorithm 

starts with calculating 𝑏_𝑙𝑒𝑣𝑒𝑙 and 𝑡_𝑙𝑒𝑣𝑒𝑙 for all tasks. The 𝑏_𝑙𝑒𝑣𝑒𝑙 of a node is the length of 

the longest path from it to an exit node, and 𝑡_𝑙𝑒𝑣𝑒𝑙 of node 𝑖 is the length of the longest path 

from an entry node to 𝑖. The priority of each task is the summation of its 𝑏_𝑙𝑒𝑣𝑒𝑙 and 𝑡_𝑙𝑒𝑣𝑒𝑙. 

At any given time, there are two groups of tasks; examined group (EG) and unexamined 

group (UEG). DSC selects a free task (a task whose predecessors are all already examined) 

and a partially free task with highest priority from the unexamined group. A task is partially 

free if it is unexamined but at least one of its predecessors (not all of them) has been 

examined. At each iteration the algorithm tries to minimize the 𝑡_𝑙𝑒𝑣𝑒𝑙 of the free task by 

zeroing multiple incoming edges to the free task. This process continues until all tasks are 

examined. A distinctive feature of DSC is that the 𝑡_𝑙𝑒𝑣𝑒𝑙 of a node is computed incrementally 

and the 𝑏_𝑙𝑒𝑣𝑒𝑙 does not change until the node is scheduled [24]. These decisions are taken 

in order to lower the time complexity which is 𝑂((𝑣 + 𝑒) log 𝑣), where 𝑣 is the number of 

nodes and 𝑒 is the number of edges. The pseudocode for DSC is shown by Algorithm 6. 

Algorithm 6: Pseudocode for DSC Algorithm 

Phase 1: Scheduling 

       𝐸𝐺 = ∅,   𝑈𝐸𝐺 = 𝑉 

      Compute 𝑏_𝑙𝑒𝑣𝑒𝑙 for each node and set 𝑡𝑙𝑒𝑣𝑒𝑙 = 0 for all free nodes 

      While  𝐸𝐺 ≠ ∅ 
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                𝑛𝑥 = 𝑓𝑟𝑒𝑒 𝑡𝑎𝑠𝑘 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑝𝑟𝑖𝑜𝑟𝑖𝑡𝑦 

                𝑛𝑦 = 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑓𝑟𝑒𝑒 𝑡𝑎𝑠𝑘 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑝𝑟𝑖𝑜𝑟𝑖𝑡𝑦 

                If 𝑝𝑟𝑖𝑜(𝑛𝑥) > 𝑝𝑟𝑖𝑜(𝑛𝑦) 

- Call minimization procedure 

                Else 

- Call minimization procedure while guaranteeing effective reduction of 

𝑡_𝑙𝑒𝑣𝑒𝑙  of 𝑛𝑦 in future steps 

               Update the priorities 

Phase 2: Mapping 

      Create an initial assignment 

      While there is a cluster to assign  

                    Change the scheduling of a random task 

                    If the new scheduling improves the performance 

                             Replace the old scheduling 

3. Linear Clustering Algorithm  

The Linear Clustering algorithm [25] is a critical path based clustering method. In the 

scheduling phase, the algorithm identifies the tasks on the critical path, assigns all of them 

to a cluster and removes them from the DAG. This process repeats until there is no task in 

the DAG. Subsequently, in the mapping phase each cluster is assigned to a processor [26].  

TASK DUPLICATION HEURISTICS 

Task Duplication Heuristic algorithms duplicate some of the tasks in several 

processors to reduce the communication cost between them. The main difference between 

the algorithms in this group is their strategy to select the tasks to duplicate. Just as clustering 
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heuristics, most of the algorithm in this group also target unlimited number of processing 

units and have high time complexity, which makes them impractical under most scenarios. 

Some of the examples of this group are Critical Path Fast Duplication (CPFD), Duplication 

Scheduling Heuristic (DSH), and Bottom-up Top-down Duplication Heuristic (BTDH). 

1. Critical Path Fast Duplication Algorithm  

The Critical Path Fast Duplication (CPFD) algorithm [27] classifies the tasks in the 

graph to three categories. CPN are the tasks on the critical path, IBN are tasks that have an 

edge to a task on CPN group, and OBN are tasks that are neither CPN nor IBN. The CPFD 

algorithm aims to optimize the execution cost of the critical path, because the critical path 

execution time defines the makespan of the scheduling. CPFD starts tasks on the CPN as early 

as possible, and keeps duplicating tasks in the IBN and CPN group, which leads to other tasks 

on the CPN group. This algorithm was designed for a set of homogeneous processors and its 

time complexity is equal to 𝑂(𝑣2 × 𝑒) for scheduling a DAG with 𝑣 tasks connected with 𝑒 

edges [11]. 

2. Duplication Scheduling Heuristic  

The Duplication Scheduling Heuristic (DSH) algorithm [28] combines list scheduling 

with task duplication. This algorithm first assigns each task a priority value based on their 

𝑏_𝑙𝑒𝑣𝑒𝑙  (𝑏_𝑙𝑒𝑣𝑒𝑙 of a node is the length of the longest path from it to an exit node). It then 

takes in consideration tasks on descending order of their priority and determines if the task 

needs its predecessors (one or all of them) duplicated or not. The parent tasks selected for 

duplication are assigned to the idle time slots of available processors. This algorithm also 

was designed for a homogeneous set of processors, therefore it does not have any processor 
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selection phase [27]. The time complexity of DSH is 𝑂(𝑣4), where 𝑣 is the number of tasks to 

schedule [17]. 

3. Bottom-up Top-down Duplication Heuristic 

The Bottom-up Top-down Duplication Heuristic (BTDH) algorithm [29] is very 

similar to the DSH algorithm. DSH duplicates ancestors of a task even if there is no free time 

slot to fill up, resulting in increase of the start time of the task [24], [30]. BTDH, on the other 

hand, only duplicates tasks when it leads to earlier start time for the child task. The time 

complexity of BTDH is 𝑂(𝑣4), where 𝑣 is the number of tasks to schedule [11]. 

GLOBAL SEARCH HEURISTICS 

Another group of scheduling algorithms are global search heuristics. These 

algorithms usually start with a set of solution (or just one solution in case of simulated 

annealing), then use some random based operators to modify and evaluate them at each 

iteration. The search continues until some predefined criterion is reached. The most popular 

ones in this group are those which are based on Genetic Algorithm. Simulated Annealing, A 

star, and Tabu Search are some other less common examples of this groups. The global 

heuristic algorithms in general result in better solutions but they take more time to find the 

solution. 

1. Genetic Algorithm 

Genetic Algorithm (GA) is a bio-inspired algorithm which is based on the idea that the 

fittest survive. This algorithm was first introduced by Goldberg [31] and Whitley [32], 

however, since then numerous adaptations of it have been used to solve various problems. 
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This algorithm starts with a set of solutions. Generally, this initial population is generated 

randomly, however there are some published works, which have added solutions from 

greedy heuristic to the initial set [11], [33]. Each solution in the population, called 

chromosome, is a complete scheduling and each element in a scheduling, called gene, 

specifies the resource allocation for each task. For example, in a vector of length 𝑁, the 𝑖th 

element is the processor id that is assigned to the 𝑖th task. The quality of the population and 

each solution is defined by a fitness function, which is based on computation cost, reliability, 

execution time, robustness, etc. Usually, the two fittest chromosomes at each iteration are 

selected for the crossover and mutation process to generate new offspring. The new 

generated solutions are also analyzed and added to the population if their fitness value is 

higher than a threshold.  There are different approaches to keep the population size same. 

Some just delete the least fit chromosome, and some keep the extra chromosomes separately 

in a place called graveyard to possibly use them later. This process of generating new 

offspring continue and at each step the whole population improves until the algorithm 

reaches the stop point. The stop point could be the number of iterations [34], the 

improvement percentage between two iterations, or not adding new offspring (because their 

fitness is low) for several iterations. 

The crossover operation also has several variations. In general, there are two scheme, 

one-point, or two-points crossover. In one-point crossover one gene is randomly selected 

and the value of that gene (the assigned processor) are exchanged between the two parents 

to generate the offspring [34]. One form of two-points crossover is so-called reduced 

surrogate procedure [11], [32]. This procedure first finds all different genes in the two 

parents, then randomly selects two of them and exchanges the value of the first gene from 
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first chromosome with the second gene from the second chromosome, and doing the same 

for the other pair. In the work by Khajemohammadi et al. [35], the genes are sorted based on 

their level and crossover, and then mutation is performed at each level.  

The mutation process can be done on the new offspring or some random 

chromosome. Then the gene for mutation is chosen randomly or using some mutation rate 

probability [11]. Once the mutation gene is selected its value will change randomly to 

another processor, or the one which is not overloaded or has better execution time.  Some 

other published works have employed their own unique design for crossover and mutations 

[34], [36], [37]. 

Some also use a form of post-mutation operator [17], [38]. For example, after each 

mutation the algorithm first finds the machine that has the lowest probability to meet the 

optimization goal, then an application is selected on this machine which if removed and 

assigned to another machine improves the performance. The application machine pair that 

results in greater improvement is selected and the assignment changes. 

Nasonov et al. [39] combined HEFT with genetic algorithm, using GA to find the near 

optimal schedule and HEFT for rescheduling in case of some failure in the system. Several 

reports have demonstrated using multi-objective genetic algorithm to optimize performance 

and energy consumption [40]–[43]. 

Genetic algorithm-based scheduling usually gives better results compared to other 

forms of scheduling algorithms, but they take relatively long time to generate the result. 

Furthermore, finding the optimal values for the parameters used in this algorithm is usually 

based on the experiment and varies for each workload. Some of these parameters are the 

population size, cross over rates, and mutation rates.  
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The pseudo code for general form of Genetic Algorithm is listed below. 

Algorithm 7: Pseudocode for GA 

      Generate the initial population and calculate their fitness 

      While the stopping criteria not met 

- Select parents 

- Do cross over 

- Do mutation 

- Add new offspring to the population and remove the less fit ones 

 

2. Simulated Annealing 

Simulated Annealing (SA) algorithm, also known as Monte Carlo annealing or 

probabilistic hill-climbing, is inspired by annealing in metallurgy [44]–[46]. Simulated 

annealing algorithm starts with a random solution and aims to improve it through several 

iterations. At each iteration, mutation process is applied to the current solution (𝑆) to 

generate a new solution (𝑆𝑛𝑒𝑤). After checking that the new solution is unique and never 

appeared before in the process, the algorithm determines to discard this new solution or 

keep it. If 𝑆𝑛𝑒𝑤 has higher quality, it replaces the old solution, otherwise the new solution 

may be accepted with some probability. This probability is based on the system temperature 

(𝑇) which decrease with each iteration. Higher system temperature means it is more 

probable to accept a poorer solution.  The condition of accepting or denying the new solution 

are given in Eq. 4. 

𝑟𝑎𝑛𝑑𝑜𝑚[0,1) >
1

1+𝑒𝑥𝑝
(
𝑞𝑛𝑒𝑤−𝑞𝑜𝑙𝑑

𝑇
)
                                                          Eq. 4 
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The algorithm selects a random value from a uniform distribution, if this value is 

greater than 
1

1+𝑒𝑥𝑝
(
𝑞𝑛𝑒𝑤−𝑞𝑜𝑙𝑑

𝑇
)
 the new solution with poorer quality is accepted. 𝑞𝑜𝑙𝑑 is the 

quality of the current solution and  𝑞𝑛𝑒𝑤 is the quality of the new solution. At the end of each 

iteration there is the cooling procedure, in which the system temperature is reduced. The 

amount of this reduction is defined by the cooling rate which is usually in the range of 

 (0.9,1). The process continues until some stop criteria such as system temperature, or 

number of iterations are met. The initial system temperature and the cooling rate are 

determined through experiment and have different optimal values for different problems 

and workloads. There are different forms of using simulated annealing in the literature. Two 

studies [10], [47] have used SA in combination with GA and their results show improvements 

over both GA and SA. The pseudo code for the SA algorithm is shown below.  

Algorithm 8: Pseudocode for SA 

      Generate a random initial solution (𝑆𝑜𝑙𝑑)population and calculate their fitness 

      While the stopping criteria not met 

                 𝑆𝑛𝑒𝑤  ← 𝑟𝑒𝑠𝑢𝑙𝑡 𝑜𝑓 𝑎 𝑠𝑢𝑐𝑐𝑒𝑠𝑓𝑢𝑙 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 

                 If 𝑞
𝑛𝑒𝑤

> 𝑞
𝑜𝑙𝑑

 

                            𝑆𝑜𝑙𝑑  ←  𝑆𝑛𝑒𝑤 

                 Else if  𝑟𝑎𝑛𝑑𝑜𝑚[0,1) >
1

1+𝑒𝑥𝑝
(
𝑞𝑛𝑒𝑤−𝑞𝑜𝑙𝑑

𝑇
)
 

                            𝑆𝑜𝑙𝑑  ←  𝑆𝑛𝑒𝑤 

                Update system temperature 
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3. Tabu Search 

Tabu Search algorithm looks the solution space both locally and globally to find a near 

optimal solution [10], [47]. It keeps track of visited areas in a “Tabu list”, preventing the 

search procedure from exploring those parts again. The algorithm starts with an initial 

solution, which is sometimes generated randomly and sometimes it is totally or partially 

constructed from the result of a greedy algorithm. Wong et al. [48] used the result from HEFT 

as initial solution. There are two main steps in Tabu search; Short Hop, which searches the 

solution area locally, and Long-Hop, which explores globally and aims to prevent the 

algorithm from being trapped in local minimum. Short-Hops explore around the current 

solution by considering assigning every possible pair of processors to every possible pair of 

tasks and evaluating the quality of new solution. If the quality is higher than the current 

solution’s quality, it is a successful hop and new solution replaces the current one [49], [50]. 

This process continues until there is no improvement, or the algorithm reaches the limit 

number of successful hops. When the short-hop ends, the final solution is added to the Tabu 

list, and the algorithm starts the long-hop process. To have a successful long-hop a random 

generated solution is needed, with at least half of tits assignments being different from all 

members of the Tabu list. Each successful long-hop leads to another short-hop. This process 

continues until the number of successful short-hops plus the number of successful long-hops 

reach the 𝑙𝑖𝑚𝑖𝑡ℎ𝑜𝑝𝑠. Like the GA and SA, some parameters like the length of the Tabu list, and 

𝑙𝑖𝑚𝑖𝑡ℎ𝑜𝑝𝑠 are set through experiments and could vary from one problem to another. The 

pseudo code for Tabu Search algorithm is listed below. 

Algorithm 9: Pseudocode for Tabu Search 
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Generate initial schedule 

While the stopping criteria are not met 

             While 𝑙𝑖𝑚𝑖𝑡𝑠ℎ𝑜𝑟𝑡_ℎ𝑜𝑝𝑠 > 0 

                            Explore locally through short-hops 

                            If  𝑆𝑛𝑒𝑤 is better than the current one 

                                     Accept 𝑆𝑛𝑒𝑤 and decrease the 𝑙𝑖𝑚𝑖𝑡𝑠ℎ𝑜𝑟𝑡_ℎ𝑜𝑝𝑠 

             Add the final result to the Tabu_list 

             Perform long-hop Until finding a solution which is different enough from all other       

             results in the Tabu_list 

4. A star 

A* algorithm also explores the solution space to find the near optimal solution [10]. This 

algorithm uses a 𝜇-ary tree where the root node is an empty solution and 𝜇 is the number of 

processors. As the tree grows, each node represents a partial mapping of the tasks. Each child 

node has one more task mapped compared to the parent node. The first level assigns the first 

task, the second level assigns the second task and so on. To keep the time complexity of the 

algorithm acceptable, the algorithm limits the maximum number of active nodes in the tree 

at any time. Whenever the number of active nodes is more than the limit, the algorithm uses 

pruning process to remove nodes with the worst fitness value. The fitness value for each 

node is the makespan of the partial mapping they present added to the maximum value of 

the execution time of the rest of the tasks, if all of them were assigned to the best processor 

of their choice. 

Algorithm 10: Pseudocode for A* 
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While leaf nodes are not reached 

              Calculate the fitness of each node 

              Generate 𝜇 children for each node 

              If  𝑎𝑐𝑡𝑖𝑣𝑒𝑛𝑜𝑑𝑒𝑠 >  𝑙𝑖𝑚𝑖𝑡𝑎𝑐𝑡𝑖𝑣𝑒_𝑛𝑜𝑑𝑒𝑠 

                       Remove the nodes with worse fitness 

 

5. Memetic algorithm 

Memes are the ideas or an element of a culture or system of behavior that can be 

passed by non-genetic means. R. Dawkins in “The Selfish Gene” introduced meme as a unit 

of imitation in cultural transmission, which is analogous to the gene in biology. Memetic 

algorithm [51] is very similar to GA and based on the definition of metaheuristics, i.e. finding 

better solution by modifying and improving local search in heuristics, could be classified as 

a metaheuristic. Essentially, MA works with an initial population in which the local search is 

performed by every chromosome.  Solution to the problem (chromosomes) are presented by 

memes based coded strings, where the encoding scheme greatly affects the performance of 

the algorithm. The initial population is generated randomly. The best chromosomes are 

selected for the evolutionary process (the crossover and mutation). Then local search on the 

generated offspring is executed, which can be performed using Tabu search, SA, or hill-

climbing algorithm. MA results show improvements over GA. The pseudocode for the MA is 

shown below. 

Algorithm 11: Pseudocode for MA 
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      Generate the initial population 

      While the stopping criteria are not met 

              Do local search on each member of the population 

Select parents, do cross over, do mutation 

If the new offspring are better than other member of the population 

            Add the offspring to the population and remove the less fit ones 

 

6. Ant Colony  

Ant Colony Optimization (ACO) algorithm was introduced by Dorigo et al. [52] based 

on the behavior of a group of ants. Any kinds of blind insects use a substance called 

pheromone, which helps others to choose the best way. The path with higher pheromone 

means it was selected by majority of the group therefore it is a good direction. In ACO 

algorithms artificial ants act as agents and search the solution space while recording the 

chosen path in a pheromone table. Initially all cells of the pheromone table are set to 1, then 

in each iteration each ant selects a task to map to its best machine. At the end of each 

iteration, the fitness of the solution and the performance of each ant is evaluated, and the 

pheromone table is updated [11]. Different versions of ACO use different strategy for 

selecting next task for each ant, fitness function, and implementation of the pheromone table. 

The pseudocode for ACO algorithm is listed below.  

Algorithm 12: Pseudocode for ACO 

      Initialize pheromone table 
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      While the stopping criteria are not met 

              For each ant 

                        While there are unmapped tasks 

                                      Select a task and map it to its best computing node 

Compute fitness of the ants 

Update pheromone table 

 

ACO belongs to the class of swarm optimization algorithms, which is inspired from 

the collective intelligence of animals. Various optimization and search problems have been 

solved using Swarm Intelligence (SI) techniques. The artificial bee colony (ABC), particle 

swarm optimization (PSO), cat swarm optimization (CSO) and bat algorithm (BA) are some 

other members of this class [52]. 

OTHER CLASSIFICATION METHODOLOGIES 

Scheduling algorithms can be classified in different categories based on specific 

properties or parameters.  Some of these categories are listed below. 

 Type of task to schedule, which can be categorized as dependent or independent 

tasks. Independent tasks are referred to as a bag of tasks (there is no order on the 

execution of them). On the other hand, dependent tasks need to follow a specific order 

in the execution time. They are usually represented as a Directed Acyclic Graph. 

 Type of mapping, which can be static or dynamic. 
 

 Data type, which can be deterministic or stochastic. Scheduling algorithms need 
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some data about the execution time of the tasks, or the communication cost between 

two computing units. These data are usually provided through some previous 

experiments. This estimated information is not very accurate, and some algorithms 

are using a range of values to produce a more resilient and robust scheduling. 

Dealing with deterministic data reduces the complexity of the algorithm, while 

results from using stochastic data are more realistic. 

 Target environment, which can consist of homogeneous or heterogeneous computing 

units. A homogeneous system is an environment in which all the computation units 

have the same characteristics. On the other hand, machines in a heterogeneous 

environment have different computational strength.  

 Consistency of the computing units, which can be consistent or inconsistent. In a 

consistent system if machine A is faster than machine B for one task, then machine A 

is faster than machine B for all other tasks. 

 Optimization goal, which can be categorized to goal oriented or constrain oriented. 

Scheduling algorithm always aim to optimize some cost functions. The cost function 

could be comprised of performance, or as referred to in literature the makespan, 

power consumption, robustness, algorithm speed, resiliency, etc. Some scheduling 

problems must reach a solution while meeting a specific deadline or specific energy 

budget. In general, they need to maintain some level of quality of service, thus these 

group of scheduling algorithms are called constrained ones. 
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In this chapter, two new scheduling algorithms are introduced; the Parallel 

Heterogeneous Earliest Finish Time (PHEFT) and the Optimize All Paths (OAP), which are 

designed for a heterogeneous environment and a set of dependent tasks. Two algorithms are 

explained through some examples, and then compared with some of the heuristics listed in 

the Chapter 2. For this comparison, a set of DAGs generated with a Random DAG Generator 

are used. Details about the Random DAG Generator, which can be used cover a wide range of 

applications and environment characteristics, are provided in Chapter 4. The PHEFT 

algorithm shows substantial improvement over other greedy heuristics in a consistent 

computing system, and the same performance in the case of inconsistent environment. Due 

to OAP algorithm’s higher time complexity, another set of random DAGs with a fewer number 

of nodes is used for the comparison purpose. OAP algorithm’s results do not show any 

improvement. In fact, it shows same performance as some very simple and fast greedy 

heuristics. 

 

 

  

CHAPTER 3 
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PHEFT ALGORITHM 

The Heterogeneous Earliest Finish Time (HEFT) algorithm was discussed in the 

previous the previous chapter. Here in this section, a new algorithm is introduced, Parallel 

Heterogeneous Earliest Finish Time (PHEFT). PHEFT is very similar to HEFT. Like HEFT, this 

new algorithm consists of two phases. In the first phase, priorities are assigned to the tasks. 

Then in the second phase, the algorithm schedules tasks in order of their priority.  

The same upward ranking algorithm to find the priorities is employed here. The rank 

for each task is the average execution cost of the task over all available machines plus the 

maximum average communication cost between the task and all its children, plus the rank 

of the children. The formula for upward rank [HEFT] is given by Eq. 5.  

𝑟𝑎𝑛𝑘𝑢(𝑖) =  𝑤𝑖̅̅ ̅ + (𝑐𝑖, 𝑗̅̅ ̅̅ + 𝑟𝑎𝑛𝑘𝑢(𝑗)) 𝑗∈succ(i)
𝑚𝑎𝑥                                  Eq. 5 

Upward rank for the end task, which has no children, is its average execution cost on all 

available machines, given by Eq. 6. Thus, one can start from the end tasks and move upwards 

to determine the rank of every task in the graph. 

𝑟𝑎𝑛𝑘𝑢(𝑛𝑒𝑥𝑖𝑡) =  𝑤𝑒𝑥𝑖𝑡̅̅ ̅̅ ̅̅ ̅                                                          Eq. 6 

In PHEFT, this dissertation work explored a number of different ways to rank the 

tasks in a graph, however none of them produced better result than the original upward 

ranking. For example, using the rank and communication cost of all the children of a task 

compared to just using the maximum value was attempted. This given by Eq. 7.  

𝑟𝑎𝑛𝑘𝑢(𝑖) =  𝑤𝑖̅̅ ̅ + ∑(𝑐𝑖, 𝑗̅̅ ̅̅ + 𝑟𝑎𝑛𝑘𝑢(𝑗))                                                   Eq. 7 



 

35 
 

The reasoning behind it was that since a task with more children would have a greater 

effect on the final execution time, it should have higher priority. This did not turn out as 

expected, because only one of the children (the one with the maximum communication cost 

plus rank) would be on the critical path of the graph. Therefore, it was decided to use the 

original upward rank algorithm. Moreover, not only the order of the tasks in the ranking was 

used, but also their actual ranking values. How similar or different the priorities of the tasks 

are, was considered. If given two tasks with relatively close numbers for their priority, then 

sharing the best available machine between these two tasks is preferred. However, if their 

ranks differ too much, even if sharing resources resulted in faster execution of the two tasks 

combined, it would slow down the higher priority task. This will result in overall slower 

execution. 

After finding the priorities, the second phase is to assign a machine to each task. This 

is done using a list of available resources, and a list of tasks ready to be executed. If there is 

only one task in the ready list, that task is taken and assigned to the best machine available 

and the ready list is updated with the successors of that task. If there is more than one task 

in the ready list, then the two tasks with the highest priorities are taken. If the priority level 

of these two tasks is relatively close, sharing resources between these two tasks is given a 

consideration. For this reason, first all priority levels, found in the first step, are divided by 

the highest level (the root). Thus, all priority levels would be some values between 0 and 1. 

Two tasks are considered to have a close priority level, if the difference between their 

priority levels is less than 0.2.  If the difference between priority levels of two tasks is greater 

than this, then resources between them are not shared. Different values in the range of 0.09 
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to 0.5 for this threshold were tested in the experiment, and it was found that this threshold 

worked better for most of the DAGs. 

Before sharing resources, it is confirmed that the two tasks are competing for the 

same resource at the same time. If the best option for these two tasks are two different 

machines, or they need to use the same machine, but in two different period with no time 

overlap, then the first task can be assigned, while decision about the second one can be done 

in the next round of scheduling. However, if both tasks require the same machine, during the 

same period, the best of the two options listed below is chosen. 

1. Run T1 and then run T2 

2. Run T1 and T2 in parallel 

Where T1 is the fastest finish time for the first task and T2 is the fastest finish time for the 

second task. The first option is same as the one used by the HEFT algorithm. First, the 

algorithm schedules the task with higher priority, updates the available resources and then 

schedules the second task. The second option finds the finish time, if half of the cores on the 

fastest machine were assigned to the first task and the other half were assigned to the second 

task. One of these two options is selected, based on which gives the best finish time. 

Subsequently tasks are assigned to the machines, and the ready list and available resources 

are updated. This process is repeated until there are no tasks on the ready list. The pseudo 

code for the PHEFT algorithm is given below.  

Algorithm 13: Pseudocode for PHEFT Algorithm 
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 Task prioritizing phase 

o Set the computation cost of tasks and communication cost of edges with 

mean values. 

o Compute 𝑟𝑎𝑛𝑘𝑢 for all tasks by traversing graph upwards, starting from 

the exit task. 

𝑟𝑎𝑛𝑘𝑢(𝑖) =  𝑤𝑖̅̅ ̅ + (𝑐𝑖, 𝑗̅̅ ̅̅ + 𝑟𝑎𝑛𝑘𝑢(𝑗)) 𝑗∈succ(i)
𝑚𝑎𝑥   

𝑟𝑎𝑛𝑘𝑢(𝑛𝑒𝑥𝑖𝑡) =  𝑤𝑒𝑥𝑖𝑡̅̅ ̅̅ ̅̅ ̅  

o Sort the tasks in a scheduling list by non-increasing order of 𝑟𝑎𝑛𝑘𝑢 values. 

 Processor selection phase 

while there are unscheduled tasks in the list do 

 Select the first two tasks in the list 𝑖, 𝑗 and find the best machine for 

them 

 If the best machine for these two tasks is different, assign the first 

task to its best machine  

 Else if both tasks require same machine (𝑘) at the same period find 

these 2 values: 

 𝐸𝐹𝑇(𝑖, 𝑘) + 𝐸𝐹𝑇(𝑗, 𝑘) 

 𝐸𝐹𝑇(𝑖, 𝑘(ℎ𝑎𝑙𝑓 𝑐𝑜𝑟𝑒)) + 𝐸𝐹𝑇(𝑗, 𝑘(ℎ𝑎𝑙𝑓 𝑐𝑜𝑟𝑒)) 

 If the first option is faster, assign task 𝑖 to machine 𝑘, otherwise 

assign both tasks 𝑖, 𝑗 to machine 𝑘 (parallel assignment) 

End while 
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As an illustration, Figure 3.2 and Figure 3.3 present the schedules obtained by PHEFT 

and HEFT algorithms, respectively, for the sample DAG in Figure 3.1. The computation cost 

is presented in Table 3.1, while Table 3.2 gives the upward rank values for the given graph. 

The scheduling order of the tasks based on their upward rank is {𝑛1, 𝑛3, 𝑛2, 𝑛5, 𝑛4, 𝑛8, 𝑛6,

𝑛7, 𝑛10, 𝑛9}.  

Figure 3.1: Sample DAG 

 

Table 3.1: Computation Cost  

  P1 P2 P3 

1 24 10 16 

2 33 32 22 

3 15 26 17 

4 19 16 9 

5 14 33 7 

6 36 40 35 

7 11 20 32 

8 29 17 39 

9 25 27 15 

10 34 12 35 

  

Table 3.2: Upward Rank   

ni 1 2 3 4 5 6 7 8 9 10 

rank (ni) 193 160 161.33 118 124 80 57.33 80.33 22.33 27 

The schedule length for PHEFT is 131, which is shorter than the schedule length of 

the HEFT algorithm, which is 151. The only difference is that in PHEFT the algorithm selects 

to run tasks 𝑛5, 𝑛4 in parallel. This decision changed the possible options for tasks 𝑛8, 𝑛6, 

which results in a faster scheduling for the task graph 
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Figure 3.2: Time Diagram for PHEFT 

 

Figure 3.3: Time Diagram for HEFT 

 

 

The following assumptions for PHEFT algorithm have been employed by this work: 

- Machines have separate parts to deal with communication. Thus, computation and 

communication can take place at the same time. 

- Machines can divide their resources and manage this division.  
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The execution time of the algorithm is an important overhead, which needs to be as 

low as possible. To keep this algorithm relatively fast some key parameters need to be 

determined. One of these is the number of tasks considered for parallel assignment. As 

mentioned earlier, at any point only the first two tasks in the ready list are compared. One 

can perhaps argue that the number could be three or any arbitrary number. One reason to 

limit the selection to only two tasks, is it to maintain a relatively lower algorithm complexity. 

For example, in case of two tasks there would be two options, but with three tasks there 

would be five options, which are listed below.   

1. Run T1, then T2, and then T3 

2. Run T1, then run T2 and T3 in parallel 

3. Run T1 and T2 in parallel, then run T3 

4. Run T1, and T3 in parallel, then run T2 

5. Run T1, T2, and T3 in parallel 

Increasing the number of tasks considered for parallel assignment increases the 

complexity of the algorithm. Therefore, only two consecutive tasks in the ready list are 

considered for the parallel assignment. 

The next decision deals with dividing resources between two tasks, when it is 

necessary to run them in parallel. Here only consideration is given to sharing the resources 

equally between the two tasks. For example, if a machine has eight cores, then four cores are 

assigned to task1 and four cores to task2. Other option is to consider their execution cost and 

share resources between them based on their computational needs. For example, if the 

execution time of task1 is half the execution time of task2 then assigning 1/3 of cores to task1 
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and 2/3 to task2 would be appropriate. This also adds to the complexity of the algorithm, 

therefore only the simple version is used here, which dictates dividing the resources equally 

between the two tasks. 

Time Complexity of PHEFT Algorithm  

The PHEFT algorithm has two phases, task prioritizing which assigns a rank to each 

task, and processor selection, which selects the best available resource for the task. For the 

first phase the average computation time and communication time are obtained for each task 

and then sorted in descending order of their rank. This process takes 𝑂(𝑣 log 𝑣), where 𝑣 is 

the number of tasks. The second phase consists of  a search for an idle time slot on a 

processor, with start time earlier than or equal to the time the task is ready to run (all the 

predecessors finish their execution and sent their data to the current task), while its length 

is greater or equal to the execution time of the task on the selected processor. For each 

processor two options are obtained, one is the time slot with the full number of available 

cores and the other with half of that number. This second option is used for the parallel 

assignment. Then the algorithm selects the time slot that results in the best finish time for 

the two consecutive tasks in the ready list. This process is 𝑂(𝑒 × 𝑞), where 𝑒 is the number 

of edges and 𝑞 is the number of processors. For a dense graph which is closer to a complete 

graph with 𝑒 = 𝑣2 the time complexity will be 𝑂(𝑣2 × 𝑞). Hence the complexity of PHEFT is 

𝑂(𝑣2 × 𝑞). 
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OAP ALGORITHM 

The Optimize All Paths (OAP) algorithm is another scheduling algorithm, which is 

proposed by this dissertation work, for scheduling DAGs in a heterogeneous environment. 

The key concept of this algorithm is scheduling a task at each step, which in turn results in 

making the longest path faster. With other scheduling algorithms the critical path can often 

change during the scheduling process. Assigning the fastest resources to the critical path 

leads to assigning other tasks to slower machines and possibly adding to the communication 

cost of those paths, which may result in generating another critical path. In this OAP 

algorithm all the paths at every step are examined and an attempt is made to reduce the cost 

of the longest path at each step. 

The first step consists of finding all paths from all start tasks (tasks with no 

predecessor) to all end tasks. This step is the most time-consuming part. The complexity of 

this part is 𝑂(2𝑣) where 𝑣 is the number of nodes. Thus, it is evident that this algorithm can 

only be considered for small DAGs with small number of nodes.  

The second step consists of calculating the critical value for each path and finding the path 

with the highest critical value. The critical value of each path is the sum of average execution 

cost of tasks in the path and communication cost between them, as given by Eq. 8.  

𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙_𝑉𝑎𝑙𝑢𝑒𝑝 = ∑  𝑤𝑖̅̅ ̅𝑓𝑜𝑟 𝑖 𝑖𝑛 𝑝 + ∑ 𝑐𝑖, 𝑗𝑓𝑜𝑟 𝑗 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔
 𝑖 𝑖𝑛 𝑝

                            Eq. 8 

The algorithm then selects the path with the highest critical value. If the first 

unscheduled task in this path is in the ready list, it schedules it to its best option. If not, it 

finds the next path with the highest critical value and tries to schedule a task on that path. 
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The critical value of paths is then updated, and this process repeats until all tasks are 

scheduled. The pseudo code for the OAP algorithm is given below. 

Algorithm 14: Pseudocode for OAP Algorithm 

 Path prioritizing phase 

1. Set the computation costs of tasks and communication costs of edges with 

mean values. 

2. Find all paths from all start nodes to all end nodes. 

3. Compute 𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙_𝑉𝑎𝑙𝑢𝑒 for all paths. 

𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙_𝑉𝑎𝑙𝑢𝑒𝑝 = ∑  𝑤𝑖̅̅ ̅𝑓𝑜𝑟 𝑖 𝑖𝑛 𝑝 + ∑ 𝑐𝑖, 𝑗𝑓𝑜𝑟 𝑗 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔
 𝑖 𝑖𝑛 𝑝

  

 Path selection phase 

while there are unscheduled tasks do 

    while a task to assign has not been found do 

o Select the next path with the highest 𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙_𝑉𝑎𝑙𝑢𝑒 

o Find the first unscheduled task in the path which is ready to run  

    End while 

1. Assign selected task to its best option 

2. Update all paths with the selected task 

       End while 
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Table 3.3: Updated Weights of Paths with Each Iteration  

  Paths Step 
1 

Step 
2 

Step 
3 

Step 
4 

Step 
5 

Step 
6 

Step 
7 

Step 
8 

Step 
9 

Step 
10 

P1 n1, n2, 
n4,  n8, 
n9 

167.0 160.3 160.3 153.3 134.7 134.7 134.7 123.3 123.3 123.3 

P2 n1, n2, 
n4, n9 

126.7 120.0 120.0 113.0 94.3 94.3 94.3 94.3 94.3 94.3 

P3 n1, n3, 
n4,  n8, 
n9 

152.3 145.7 137.3 137.3 134.7 134.7 134.7 123.3 123.3 123.3 

P4 n1, n3, 
n4, n9 

112.0 105.3 97.0 97.0 94.3 94.3 94.3 94.3 94.3 94.3 

P5 n1, n3, 
n8, n9 

117.7 111.0 102.7 120.7 102.7 102.7 102.7 123.3 123.3 123.3 

P6 n1, n4,  
n8, n9 

124.0 117.3 117.3 117.3 134.7 134.7 134.7 123.3 123.3 123.3 

P7 n1, n4, 
n9 

83.7 77.0 77.0 77.0 94.3 94.3 94.3 94.3 94.3 94.3 

P8 n1, n7, 
n9 

103.0 96.3 96.3 96.3 96.3 96.3 96.3 96.3 96.3 86.3 

P9 n1, n2, 
n4, n6, 
n10 

180.0 173.7 173.7 166.7 148.0 148.0 141.0 141.0 
  

P10 n1, n2, 
n4, n8, 
n10 

191.7 185.0 185.0 178.0 159.3 159.3 159.3 148.0 
  

P11 n1, n2, 
n6, n10 

165.7 159.0 159.0 152.0 152.0 152.0 141.0 141.0 
  

P12 n1, n3, 
n4, n6, 
n10 

165.7 159.0 150.7 150.7 148.0 148.0 141.0 141.0 
  

P13 n1, n3, 
n4, n8, 
n10 

177.0 170.3 162.0 162.0 159.3 159.3 159.3 148.0 
  

P14 n1, n3, 
n5, n6, 
n10 

193.0 186.3 178.0 178.0 178.0 169.0 141.0 141.0 
  

P15 n1, n3, 
n5, n10 

139.0 132.3 124.0 124.0 124.0 115.0 115.0 115.0 
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P16 n1, n3, 
n8, n10 

142.3 135.7 127.3 127.3 127.3 127.3 127.3 148.0 
  

P17 n1, n4, 
n6, n10 

137.3 130.7 130.7 130.7 148.0 148.0 141.0 141.0 
  

P18 n1, n4, 
n8, n10 

148.7 142.0 142.0 142.0 159.3 159.3 1a.3 148.0 
  

To demonstrate an application of the OAP algorithm in action, the same task graph 

from Figure 3.1 is employed with OAP. Table 3.3 shows all paths from 𝑛1(start task) to 𝑛9 

and 𝑛10 (end tasks), and how their critical value changes in each step of the algorithm. The 

time diagram chart in Figure 3.4 shows the final execution time with OAP is 126, which is 

better than both PHEFT and HEFT, whose execution times are 131 and 151, respectively.  

Figure 3.4: Time Diagram for OAP 
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Time Complexity of OAP Algorithm  

The time complexity of the first part of the algorithm is 𝑂(2𝑣), where 𝑣 is the number 

of tasks. To find all paths from the source task to all end tasks, each task has two options 

either be in the path or not. So, the number of all paths are in the order of two to the power 

of number of tasks. The second part of the algorithm has a time complexity of 𝑂(𝑛 log 𝑛 × 𝑞), 

where 𝑛 is the number of paths found in the previous step, and 𝑞 is the number of the 

processors. Thus, the overall complexity of this algorithm is 𝑂(2𝑣). 

EXPERIMENTAL RRESULTS AND DISCUSSION 

To evaluate the performance of PHEFT and OAP, they are compared to some of the 

algorithms published by others. The workload used to test all these algorithms is based on 

some randomly generated DAGs. The performance of PHEFT and OAP algorithms introduced 

by this dissertation work are compared with eight others, which were discussed in detail in 

Chapter 2, hence a very short description for each of them follows. 

The Heterogeneous Earliest Finish Time (HEFT) algorithm [18] determines an order 

for the tasks in the DAG using the upward rank algorithm. Then takes tasks from the list in 

order of their ranks and assigns them to a processor resulting in minimum execution time.  

The Critical Path on a Processor (CPOP) algorithm [18], uses both upward and 

downward rank to prioritize tasks. Then the algorithm selects a processor for the critical 

path, which gives the minimum execution time among all processors. Taking the highest 

priority task at each step, the algorithm assigns tasks on the critical path to the critical 

processor and other tasks to their best available processor.  
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The Contention Resolution (CR) algorithm [11], determines the best assignment for 

each unscheduled task at each iteration. Those tasks with no rival for their best option get 

assigned, then among remaining tasks, which compete for the same resource, the one with 

the largest difference between the two smallest execution times gets scheduled.  

The Levelized Min Time (LMT) algorithm [19], first groups those tasks that can be 

executed in parallel at the same level, and starting from the lowest level it assigns the task 

with the highest computation time to the best available processor for that task. 

The Dynamic Level Scheduling (DLS) algorithm [20], select the available task and 

processor pair, at each level, which maximize the dynamic level value. The dynamic level 

value for task 𝑖 on processor 𝑝 is the 𝑟𝑎𝑛𝑘𝑢(𝑖) minus the earliest start time of the task 𝑖 on 

processor 𝑝, 𝐸𝑆𝑇(𝑖, 𝑝). 

The two-phase heuristics, Min-Min and Max-Min algorithms [15], find the best 

processor for each ready task, which is the one resulting in the minimum execution time, at 

each step.  Then, in the second phase, the Min-Min algorithm selects the pair with the 

shortest execution time, while the Max-Min algorithm selects the pair with the maximum 

execution time. This process repeats until there is no task left to schedule. 

The Opportunistic Load Balancing (OLB) algorithm [10] assigns each task in arbitrary 

order, to the first available processor regardless of the task's execution time. 

Comparison Metrics 

This works adopts the performance metrics presented by Topcuoglu et al. [18], to 

evaluate the new proposed task scheduling algorithms against the existing algorithms. The 

paragraphs to follow describe these performance metrics in detail.  
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The most important factor, which defines the performance of a scheduling algorithm, 

is its length, which is called makespan. The makespan of different scheduling algorithms for 

a DAG can be compared, however, when dealing with several random DAGs with different 

properties, it is necessary to employ means of normalizing the results for comparison 

purpose.  The schedule length ratio (SLR) of an algorithm on a task graph is defined by 

dividing the makespan by the sum of the execution cost of the tasks on the critical path, if 

they all used the fastest machine to run, it is given by Eq. 9.  

𝑆𝐿𝑅 =
𝑚𝑎𝑘𝑒𝑠𝑝𝑎𝑛

∑  𝑚𝑖𝑛𝑝𝑗𝜖𝑄{𝑤𝑖,𝑗}𝑛𝑖 𝜖 𝐶𝑃
                                                             Eq. 9  

The denominator in Eq. 9 consists of finding the critical path cost, if all tasks on that 

path were executed on the fastest processor. Which could result in different processors for 

different tasks, if the processors are inconsistent. The communication is not considered here. 

The minimum value for the critical path is always less than the makespan; therefore, SLR 

value is always greater than 1. The scheduling algorithm with smaller SLR value is more 

favorable in terms of performance, compared to one with higher SLR value. 

Speedup, also referred to in the literature as parallelism factor of a DAG, is another 

metric used in this work to compare the scheduling algorithms’ performance. It is defined as 

the ratio of the parallel execution time to the sequential execution time. The parallel 

execution time is the makespan obtained from the scheduling algorithm. The sequential 

execution time is the sum of the execution time of all tasks in the graph, if they were to all 

run on one processor. The processor that gives the minimum final execution time is selected. 

Speedup depends on the number of processors provided. Increasing the number of 

processors decreases the makespan, which in turn increases the speedup. Hence, it is 
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important to consider the number of processors and use the ratio of speedup to the number 

of processors as an evaluation metric. The formula for the speedup is given in Eq. 10. 

𝑠𝑝𝑒𝑒𝑑𝑢𝑝 =  
𝑚𝑖𝑛𝑝𝑗 𝜖 𝑄{∑ 𝑤𝑖,𝑗𝑖 𝜖 𝑉 }

𝑚𝑎𝑘𝑒𝑠𝑝𝑎𝑛
                                                  Eq. 10 

It is possible that, at times, an algorithm can perform better, worse, or equal 

compared to other algorithm, depending on the DAG parameters. Since this work reports an 

average value over several results for each DAG it is important to also consider the number 

of times an algorithm produces better, worse, or equal results to another algorithm.  

Another important metric to consider is the cost of the algorithm, i.e. how long it 

takes for the algorithm to produce the desired result. If an algorithm generates near optimal 

scheduling but take considerably high amount of time to produce the solution, it is not 

practical to use that algorithm. 

Task Graphs to Evaluate Scheduling Algorithms 

There are accounts [53] demonstrating scheduling algorithms performance varies 

based on the random DAG generator algorithm used to generate sample random DAGs for 

test purpose. The work presented in this dissertation uses two sets of random DAGs. The 

first group are generated with a random DAG generator, implemented by the author. The 

second group are generated from another random DAG generator adopted from the work of 

Topcuoglu et al. [18]. Since, one of the proposed algorithms in this dissertation was inspired 

by the HEFT algorithm, it is appropriate to employ the random DAG generator used by the 

authors of the HEFT algorithm, for a fair comparison.  
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Random DAG Generator Implementation  

The algorithm developed by this work, generates random DAGs with various 

characteristics that are defined by the following input parameters.  

 Number of tasks, (𝑣). 

 Number of levels, (𝑙). 

 Standard deviation of the number of tasks in each level, (𝑙𝑒𝑣𝑒𝑙𝑠𝑡𝑑). Each level has at 

least one task. The remaining tasks (𝑣 − 𝑙) are assigned to different levels using a 

normal distribution with average value of   (𝑣 − 𝑙) (𝑙 − 1)⁄  and standard deviation of 

𝑙𝑒𝑣𝑒𝑙𝑠𝑡𝑑. 

 Connection probability (𝐶𝑜𝑛_𝑝𝑟𝑜𝑏), defines the number of connections in the DAG. A 

DAG with 𝑣 nodes can have [(𝑣 − 1), (
𝑣(𝑣−1)

2
)] edges. Higher connection probability 

means higher number of edges (Connection probability of 1 means a complete DAG). 

A task in a level should be connected to at least one task from the previous level. 

Starting with the minimum number of 𝑣 − 1 edges, the connection ratio would be 

(𝑣 − 1) (
𝑣(𝑣−1)

2
)⁄ =

2

𝑣
 . The algorithm keeps adding edges to the DAG until the 

connection ratio is close to the connection probability. 

 Jump level (𝑗𝑙), indicates the maximum number of levels an edge can jump. The upper 

bound for the jump level is the level number. A task in level 𝑎 can have a connection 

to any tasks in any level from 𝑎 + 1 to 𝑙 (the last level). The destination level for an 

edge in the DAG is a random number between 𝑐𝑢𝑟𝑟𝑒𝑛𝑡𝑙𝑒𝑣𝑒𝑙 + 1 and the 

min (𝑙, 𝑐𝑢𝑟𝑟𝑒𝑛𝑡𝑙𝑒𝑣𝑒𝑙 + 𝑗𝑢𝑚𝑝_𝑙𝑒𝑣𝑒𝑙). 

 Average communication cost (𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢), is the average weight of the 
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connections (edges) in the DAG.  

 Standard deviation of the communication cost (𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑠𝑡𝑑), defines how 

different the weights of the connections in the DAG are. Weights of the connections 

are obtained from a normal distribution with mean value of 𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢, and 

𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑠𝑡𝑑, as the standard deviation.  

 Computation to communication ratio (𝐶𝐶𝑅), shows the relationship between 

computation cost and communication cost. Using 𝐶𝐶𝑅 and 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢, the 

algorithm finds the average value for the computation cost. Then, the computation 

cost for each task on each machine is obtained from a normal distribution with mean 

value of 𝑐𝑜𝑚𝑝_𝑐𝑜𝑠𝑡_𝑚𝑢, and standard deviation of 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑠𝑡𝑑 (same as standard 

deviation for communication cost). Computation cost of the processors in a consistent 

system follows the rule of consistency (if a processor is the fastest processor for one 

task, it is the fastest processor for all other tasks).  

 The processor distribution and number of cores (𝑚𝑎𝑐ℎ𝑖𝑛𝑒_𝑐𝑜𝑟𝑒_𝑑𝑖𝑠), is list of 

processors with the number of cores for each one. An algorithm shows different 

behavior on different system. Therefore, to test the algorithms in different scenarios, 

the algorithm takes the system distribution as an input. Computation cost values and 

processor distribution data are used to make the execution time matrix.  

 Task heterogeneity degree, which shows variation on computational needs of the 

tasks in a DAG. 

 Machine heterogeneity, which shows the variation of computational power of the 

machines in the system. 
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In each experiment the values of these input parameters are assigned from the sets 

below. For different number of nodes, different sets for levels are considered. For example, 

a DAG with 20 nodes cannot have 30 levels. The 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢 is set to 20, because 

previous experiments have shown the important factors are the standard deviation of the 

communication cost, and the computation to communication cost ratio.  

 𝑣 = {20, 40, 60, 80, 100} 

 𝑙 = {20: [5,10,15], 40: [10, 20, 30], 60: [15, 30, 45], 80: [15, 40, 65],

100: [20, 50, 80]} 

 𝑙𝑒𝑣𝑒𝑙𝑠𝑡𝑑 = {0, 3, 5} 

 𝐶𝑜𝑛_𝑝𝑟𝑜𝑏 = {0.5, 0.8, 0.9} 

 𝑗𝑙 = {5, 10, 20} 

 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢 = 20 

 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑠𝑡𝑑 = {0, 4, 8} 

 𝐶𝐶𝑅 = {0.5, 1, 2, 5} 

 𝑚𝑎𝑐ℎ𝑖𝑛𝑒_𝑐𝑜𝑟𝑒_𝑑𝑖𝑠 = {3: [1, 2, 4], 4: [1, 2, 4, 8], 5: [1, 2, 4, 8, 16], 6: [1, 2, 4, 8, 16, 32]} 

 𝑇𝑎𝑠𝑘_ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 = 0.1 𝑓𝑜𝑟 𝑙𝑜𝑤 ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦,     

0.6  𝑓𝑜𝑟 ℎ𝑖𝑔ℎ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 

 𝑀𝑎𝑐ℎ𝑖𝑛𝑒_ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 = 0.1 𝑓𝑜𝑟 𝑙𝑜𝑤 ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦, 

               0.6  𝑓𝑜𝑟 ℎ𝑖𝑔ℎ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 

To add task and machine heterogeneity to the test, the CVB method (described in 

detail in Chapter 4) is used with gamma distribution. Four different systems are considered: 

1) Low task Low machine heterogeneity (LL), 2) Low task High machine heterogeneity (LH), 
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3) High task Low machine heterogeneity (HL), 4) High task High machine heterogeneity 

(HH).  

All the generated ETC (estimated time to compute) matrices are inconsistent and to 

obtain the consistent ETC, they are sorted once along rows and then along the columns.  The 

combination of these parameters results in 155,520 different DAGs.  Since 15 random DAGs 

are generated for each DAG type, there are 2,332,800 DAGs available for the performance 

comparison tests. This large set of DAGs with diverse characteristics prevents biasing toward 

any specific type of DAG.  

Results Using Consistent DAGs 

The test platform used in this work generates the random DAG and the ETC matrix, 

then schedules it using the nine different heuristics listed in Chapter 2, and finally reports 

the average results. Figures 3.5 to 3.8 represent the results of mean makespan versus 

number of nodes, for a consistent system on LL, LH, HL, and HH ETC matrices, respectively. 

PHEFT outperforms other algorithms with all four heterogeneity degree matrices. 

Increasing the number of nodes increase the improvement of PHEFT over other algorithms. 

For LL and HL all other algorithms except PHEFT shows almost same performance. For LH 

and HH, all algorithms except the two with lower performance (OLB and DLS) show 

improvements over the same algorithms compared to LL and HL ETCs. Thus, except for OLB 

and DLS, all other algorithms show better performance when the machine heterogeneity is 

high. 
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Figure 3.5: Makespan vs Nodes for LL 

 

Figure 3.6: Makespan vs Nodes for LH 

 

Figure 3.7: Makespan vs Nodes for HL 

 

Figure 3.8: Makespan vs Nodes for HH 

 

 

Figures 3.9 to 3.12 compare the mean SLR for four classes of LL, LH, HL, and HH ETC 

matrices. SLR is defined by the makespan divided by the minimum critical path cost.  The 

normalization takes away the effect of the size of the DAG to the great extent. An algorithm 

with lower SLR values is considered to have higher performance. In all four categories 

PHEFT exhibits better performance compared to the other algorithms. With increasing 
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number of nodes, the difference between PHEFT and the other algorithms increases. Higher 

machine heterogeneity results in worse SLR, likewise, higher task heterogeneity also has the 

same effect. In case of high machine heterogeneity, the SLR values of the algorithms are 

divided in three distinct groups, the same was observed for the makespan. 

Figure 3.9: SLR vs Nodes for LL 

 

Figure 3.10: SLR vs Nodes for LH 

 

  

Figure 3.11: SLR vs Nodes for HL 

 

Figure 3.12: SLR vs Nodes for HH 

 

Another metric used to compare the performance of algorithms is the speedup, the 

results of which are shown in Figures 3.13 to 3.16. Speedup or parallelism shows how much 
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improvement an algorithm provides over the sequential execution. PHEFT shows higher 

speedup than all other algorithms. Furthermore, with increasing number of nodes the 

speedup for PHEFT increases. 

Figure 3.13: Speedup vs Nodes for LL 

 

Figure 3.14: Speedup vs Nodes for LH 

 

  

Figure 3.15: Speedup vs Nodes for HL 

 

Figure 3.16: Speedup vs Nodes for HH 
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Results Using Inconsistent DAGs 

Figures 3.17 to 3.28 show the results for an inconsistent system. PHEFT performance is same 

as HEFT and close to the other algorithms. These results show that the consistent system 

makes better use of parallelism provided by PHEFT algorithm, while the inconsistent does 

not. 

Figure 3.17: Makespan vs Nodes for LL 

 

Figure 3.18: Makespan vs Nodes for LH 

 

 

Figure 3.19: Makespan vs Nodes for HL 

 

Figure 3.20: Makespan vs Nodes for HH 
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Figure 3.21: SLR vs Nodes for LL 

 

Figure 3.22: SLR vs Nodes for LH 

 

 

Figure 3.23: SLR vs Nodes for HL 

 

Figure 3.24: SLR vs Nodes for HH 
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Figure 3.25: Speedup vs Nodes for LL 

 

Figure 3.26: Speedup vs Nodes for LH 

 
 

 

Figure 3.27: Speedup vs Nodes for HL 

 

Figure 3.28: Speedup vs Nodes for HH 

 
 

 

Comparison of Performance of OAP Algorithm 

The time complexity of the OAP algorithm is much higher, which makes it impractical 

choice for problems with number of nodes higher than 20. Hence, a different workload was 

designed to compare the performance of the OAP algorithm with other algorithms. The input 

values to the DAG generator algorithm are listed below: 

 𝑣 = {5, 8, 10, 12} 
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 𝑙 = {5: [2, 3], 8: [2, 5], 10: [3, 6], 12: [4, 8]} 

 𝑙𝑒𝑣𝑒𝑙𝑠𝑡𝑑 = {0, 1, 3} 

 𝐶𝑜𝑛_𝑝𝑟𝑜𝑏 = {0.5, 0.8, 0.9} 

 𝑗𝑙 = {2, 5, 8} 

 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢 = 20 

 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑠𝑡𝑑 = {0, 4, 8} 

 𝐶𝐶𝑅 = {0.5, 1, 2, 5} 

 𝑚𝑎𝑐ℎ𝑖𝑛𝑒_𝑐𝑜𝑟𝑒_𝑑𝑖𝑠 = {3: [1, 2, 4], 4: [1, 2, 4, 8]} 

 𝑇𝑎𝑠𝑘_ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 = 0.1 𝑓𝑜𝑟 𝑙𝑜𝑤 ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦,     

0.6  𝑓𝑜𝑟 ℎ𝑖𝑔ℎ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 

 𝑀𝑎𝑐ℎ𝑖𝑛𝑒_ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 = 0.1 𝑓𝑜𝑟 𝑙𝑜𝑤 ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦, 

               0.6  𝑓𝑜𝑟 ℎ𝑖𝑔ℎ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 

Using these values 41,472 random DAGs were generated and used to test the nine 

different heuristics, to compare the performance of the OAP to the others. Results are shown 

in Figures 3.29 to 3.30. Figures 3.29 to 3.40 display results for makespan, SLR, and speedup, 

with LL, LH, HL, and HH ETC matrices, for the consistent system. While Figures 3.41 to 3.52 

show the same for an inconsistent system. 
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Figure 3.29: Makespan vs Nodes for LL 

 

Figure 3.30: Makespan vs Nodes for LH 

 

 

Figure 3.31: Makespan vs Nodes for HL 

 

Figure 3.32: Makespan vs Nodes for HH 

 

 

In LL and HL system, the performance of the algorithms measured by the makespan 

are very similar. As the machine heterogeneity increases, the difference in performance 

starts to increase.  

Figures 3.33 to 3.36 show the SLR results for the nine algorithms, including OAP. In 

an LL system, with the exception of PHEFT, all algorithms perform similarly. With a LH, HL, 

and HH, distinctive differences in performance are observed.   
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Figure 3.33: SLR vs Nodes for LL 

 

Figure 3.34: SLR vs Nodes for LH 

 

 

 

Figure 3.35: SLR vs Nodes for HL 

 

Figure 3.36: SLR vs Nodes for HH 

 
 

 

Speedup results for the nine algorithms are shown in Figures 3.37 to 3.40. OAP 

algorithm shows similar performance to other algorithms. 
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Figure 3.37: Speedup vs Nodes for LL 

 

Figure 3.38: Speedup vs Nodes for LH 

 
  

 
Figure 3.39: Speedup vs Nodes for HL 

 

Figure 3.40: Speedup vs Nodes for HH 

 
 

 

 

The results comparing nine algorithms, including OAP, for the inconsistent system 

are shown in Figures 3.41 to 3.52, which show same trend as the consistent system. 

Makespan values are shown by the plots in Figures 3.41 to 3.44.  
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Figure 3.41: Makespan vs Nodes for LL 

 

Figure 3.42: Makespan vs Nodes for LH 

 
 

 

 

Figure 3.43: Makespan vs Nodes for HL 

 

Figure 3.44: Makespan vs Nodes for HH 

 
 

 

 

SLR values for the nine algorithms are shown by Figures 3.45 to 3.48, for LL, LH, HL, 

and HH ETC matrices, respectively.  

 
 
 



 

65 
 

 
 
 
 
 

 
Figure 3.45: SLR vs Nodes for LL 

 

Figure 3.46: SLR vs Nodes for LH 

 
 

Figure 3.47: SLR vs Nodes for HL 

 

Figure 3.48: SLR vs Nodes for HH 

 
 

Speedup results for the nine algorithms are shown by Figures 3.49 to 3.52, for LL, 

LH, HL, and HH ETC matrices, respectively. 
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Figure 3.49: Speedup vs Nodes for LL 

 

Figure 3.50: Speedup vs Nodes for LH 

 
 

Figure 3.51: Speedup vs Nodes for HL 

 

Figure 3.52: Speedup vs Nodes for HH 
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SCHEDULING ALGORITHM PERFORMANCE DPENDENCIES 

Many of the supercomputers today are heterogeneous, and the homogeneous ones 

may easily become heterogeneous by adding new processors with different architecture. 

These systems are used to execute a set of heterogeneous workloads, which have different 

levels of complexity and computational requirements. Practical solutions to the problem of 

mapping dependent tasks to a heterogeneous computing system are available through 

heuristics. 

The previous chapters examined some new and existing scheduling algorithms 

proposed to solve this problem. As noted earlier, each of these algorithms was designed for 

a specific workload/computational environment, with different optimization goals, and 

under different assumptions to reduce the computational complexity of the problem. 

Different assumptions in the design phase make the comparison task difficult, therefore most 

of the previous works have used a set of randomly generated DAGs to ensure they are not 

biased to a particular type of application/system. However, research by Canon et al. [53] 

shows the task graphs generated by different random DAG generators are not totally 

CHAPTER 4 
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random. This means the generated population does not represent a normal distribution over 

all possible types of DAGs.  

To be able to design a fair random DAG generator one needs to be able to first quantify 

characteristics of both the workflow and the system, and then use these characteristics as 

inputs to the DAG generator. Using these inputs one can tune the DAG generator algorithm 

and design different types of DAGs, thus generation a set of DAGs, which are less biased 

toward a specific type.   

Knowing the different characteristics of the workflow and the processing 

environment is also important for another reason. Previous research works [5]–[8] have 

shown workload and computing environment’s characteristics can affect the performance of 

the scheduling algorithm. For instance, considering the width of a DAG (the maximum 

number of tasks processed in parallel), and the number of processing units provided, if width 

of the DAG is less than the number of processors, then this DAG can have maximum 

parallelism and the complexity of the problem would be reduced to polynomial time. In some 

cases, a simple greedy algorithm produces the same results as a more complex global search 

algorithm, which takes much longer time to find the solution. In these cases, the system 

manager with access to information about the workload and the computing environment 

would be able to choose the most appropriate heuristic, which meets the user’s and system’s 

requirements with minimum cost and maximum performance. 

In the first part of this chapter, different properties of a DAG and a heterogeneous 

computing system are reviewed. Some of these properties are straight forward and others 

are more complex to define. This work examines and aims to determine which of these 

properties have greater impact on the performance of the scheduling algorithms.  
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In the second part of this chapter, some different approaches used for generating 

random DAGs are reviewed. The random DAG generator developed by this author, which is 

used for the algorithm performance tests presented in Chapter 3, is discussed in detail. It is 

demonstrated how the DAG generator algorithm, using a greater number of inputs, can be 

effortlessly used to design a DAG with specific properties.    

TASK AND MACHINE CHARACTERISTICS 

DAG Characteristics  

A directed graph is a pair (𝑉, 𝐸), where 𝑉 is a set of nodes and 𝐸 ∈ 𝑉 × 𝑉 is a set of 

edges between nodes which represent precedence. A directed graph is acyclic or DAG if there 

is no path with positive length such that 𝑣𝑠𝑜𝑢𝑟𝑐𝑒 = 𝑣𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛. The output degree of a node 𝑣 

is equal to the number of edges which start at 𝑣. Similarly, the input degree of 𝑣 is the number 

of edges which end at 𝑣. The output (resp. input) degree of a DAG is the maximum output 

(resp. input) degree of its vertices. Length of a DAG (also called level) is the maximum length 

of a path in it, which in a DAG with 𝑛 nodes is always less than or equal to 𝑛 − 1.  

The shape decomposition of a DAG is the tuple (𝑆1, 𝑆2, … , 𝑆𝑘) where 𝑆𝑖 is the set of 

nodes in level 𝑖, and 𝑘 is the length of the DAG. The shape of a DAG is the tuple 

(|𝑆1|, |𝑆2|, … , |𝑆𝑘|). Maximum shape (resp. minimum shape) of a DAG is the maximum (resp. 

minimum) number of nodes in a level (𝑚𝑎𝑥𝑓𝑜𝑟 𝑖 𝑖𝑛 𝑙𝑒𝑣𝑒𝑙 (|𝑆𝑖|)). If |𝑆𝑖| = 1 then the only node 

in level 𝑖 is called bottleneck node. A bottleneck node divides the DAG to two blocks and 

reduce the complexity of the scheduling procedure. If a DAG with 𝑛 nodes consist of 𝑚 < 𝑛 

blocks, then the complexity of any algorithm will be divided by 𝑚. The mass of a block is the 
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maximum number of nodes in one level in the block. The absolute mass of a DAG is the sum 

of the mass values of its block (𝑚𝑎𝑠𝑠𝑎𝑏𝑠 = ∑ 𝑚𝑎𝑠𝑠(𝐵)𝑏𝑙𝑜𝑐𝑘𝑠 ). The relative mass, or in general 

the mass of a DAG is 𝑚𝑎𝑠𝑠 =
𝑚𝑎𝑠𝑠𝑎𝑏𝑠

𝑛
, where 𝑛 is the number of nodes in the DAG. For example, 

the shape decomposition of the DAG shown in Figure 4.1 is ({0}, {1,2}, {3,4}, {5,6}, {7}, {8}), 

the shape is (1,2,2,2,1,1), and the maximum shape is 2. There are 3 bottlenecks 0, 7, 8, and 

its absolute mass is 2 + 2 + 2 + 1 = 7, while the relative mass is 
7

9
. 

Figure 4.1: Sample DAG 

 

Two nodes are incomparable if there is no path between them. In some texts [53] the 

width of a DAG is defined as the maximum number of incomparable nodes. With this 

definition the width of the DAG is greater or equal to the maximum shape of the DAG. In this 

work, an alternative definition for the width of the DAG is used, which is same as the 

maximum shape.  

The transitive reduction of a DAG 𝐷 is a 𝐷𝑇 which has the least number of edges and 

still has an equivalent path for every path in 𝐷.  The transitive reduction of a DAG is the same 

DAG without the redundant edges.  Table 4.1 summarize all of the DAG properties that may 

have an impact on the performance of a heuristic. Some of these properties are related, for 

example 𝑛 × 𝑑𝑒𝑔𝑚𝑒𝑎𝑛 =
𝑚

2
 where 𝑚 is the number of edges, and 𝑙𝑒𝑛𝑔ℎ𝑡 × 𝑠ℎ𝑎𝑝𝑒𝑚𝑒𝑎𝑛 = 𝑛. 
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Table 4.1: DAG Properties 

Symbol Definition 

𝑛 Number of nodes 

𝑚 Number of edges 

𝑑𝑒𝑔𝑚𝑎𝑥(𝑑𝑒𝑔𝑖𝑛
𝑚𝑎𝑥, 𝑑𝑒𝑔𝑜𝑢𝑡

𝑚𝑎𝑥) Maximum (input, output) degree 

𝑑𝑒𝑔𝑚𝑖𝑛 Minimum degree 

𝑑𝑒𝑔𝑚𝑒𝑎𝑛 Mean (input, output) degree 

𝑑𝑒𝑔𝑠𝑡𝑑(𝑑𝑒𝑔𝑖𝑛
𝑠𝑡𝑑, 𝑑𝑒𝑔𝑜𝑢𝑡

𝑠𝑡𝑑) Standard deviation of the (input, output) degree 

𝑙𝑒𝑛 

 

Length (also called height, number of levels, longest path, 

or critical path length) 

𝑤𝑖𝑑𝑡ℎ width 

𝑠ℎ𝑚𝑎𝑥  Maximum shape 

𝑠ℎ𝑚𝑖𝑛 Minimum shape 

𝑠ℎ𝑚𝑒𝑎𝑛 Mean shape 

𝑠ℎ𝑠𝑑  Standard deviation of the shape 

𝑠ℎ𝑠𝑜𝑢𝑟𝑐𝑒  Number of source nodes (nodes with zero input degree) 

𝑠ℎ𝑒𝑛𝑑 Number of last nodes (nodes with zero out degree) 

𝑚𝑎𝑠𝑠 Relative mass 

𝐶𝑜𝑛𝑝𝑟𝑜𝑏 Connection probability 

 

Machine Characteristics 

 The number of machines and the number of cores in each processor, the 

computational power of the processors, and the network topology (connectivity between the 

processors) are some of the machine characteristics that almost always are known to the 

system manager. The computation power of a machine for a task defines the execution time 

of the task on that machine. This information is usually provided through a matrix of data 

called Estimated Time to Compute matrix which is discussed in the next section.  

 Depending on the workload type and the optimization goal, the scheduling algorithm 

may need some additional information about the computational resources [6]. Here are 

some examples of extra data related to the computing environment: 
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- The suitability or limitations of each machine for each task type (for example for 

security reasons). 

- The energy consumption of each machine, usually provided through the average 

power consumption matrix [54] (obtained from previous executions, machine 

profiling, or provided by the user). 

- The ability to overlap computation and communication. 

- Resource failure.  

- System control. If there is a central system control or it is distributed over all 

machines and if the scheduling algorithm is running on one machine or it is divided 

between different machines. 

ETC matrix 

A common assumption between all static scheduling algorithms is that they have an 

estimation of the execution time (or energy cost if the algorithm considers energy 

optimization) of each task on each processing unit. This data is contained in a 𝑛 × 𝑚 matrix, 

which is called Estimated Time to Compute (ETC) matrix (𝑛 is the number of tasks and 𝑚 is 

the number of machines). 𝐸𝑇𝐶(𝑖, 𝑗) is the estimated execution time of task 𝑖 on machine 𝑗 

when executed alone. Knowing the exact execution time may not be possible due to 

unexpected failure of the system or different input types for one task.  An ETC matrix can be 

obtained from previous executions, task profiling, or from the user.  

A row in an ETC matrix gives the estimated execution time of a task over different 

machines. A column in an ETC matrix indicates the estimated execution time of different 

tasks on one machine. To have complete and not biased test cases for the purpose of studying 
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scheduling algorithms, the characteristics of the ETC matrices need to be considered. Three 

properties can be defined for an ETC matrix: 

 Task Heterogeneity. The variation of execution times on a machine (a column of an 

ETC matrix) is called the task heterogeneity over that machine and it shows how 

much the computation length of the tasks in an application on one machine are 

different from each other. High task heterogeneity occurs when the tasks in a 

workload are very different in terms of their computational requirements. The degree 

of heterogeneity for each machine (each column of the ETC matrix) could be different 

and the task heterogeneity of a system should be defined in a way to consider the 

combination of all the variations on all machines (all columns). 

 Machine Heterogeneity. The variation of execution times of a task on different 

machines (a row of an ETC matrix) in a computing environment is called the machine 

heterogeneity of a task. It shows how much the computation cost of a task could vary 

if it executed on different machines. High machine heterogeneity indicates a great 

discrepancy between the computational power of the machines in the system. The 

degree of heterogeneity for each task (each row of the ETC matrix) could be different 

and the machine heterogeneity of a system should be defined in a way to consider the 

combination of all the variations on all tasks (all rows).  

 Consistency. Consistency in an ETC matrix could be defined as how much all the tasks 

have the same preference order for the machines in the system. In a machine 

consistent ETC matrix, if the execution time of a task on machine 𝑚𝑖 is lower than 

machine 𝑚𝑗 , then machine 𝑚𝑖 is faster than 𝑚𝑗  for all other tasks in the ETC matrix. 

Similarly in a task consistent ETC matrix, if task 𝑎 takes less time than task 𝑏 to run on 
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a machine, then 𝑎 should be faster than 𝑏 on all other machines. In an inconsistent 

system there is no noticeable pattern on the task/machine pair preference along the 

ETC matrix. Thus, the order of best machines for each task could be different. A more 

realistic condition between the two extremes (consistent or inconsistent) is the 

partial consistent ETC which is an inconsistent matrix with some consistent parts. The 

consistent parts could consist of any subset of tasks and any subset of machines. 

It is important to note that since there is no rule to enforce the inconsistency on ETC 

matrix, the result could be partially consistent. In conclusion, partially consistent 

matrices are a special case in the bigger group of fully inconsistent matrices.  

Based on these three characteristics four different categories were proposed for ETC 

matrices [10]: (a) high task heterogeneity and high machine heterogeneity, (b) 

high task heterogeneity and low machine heterogeneity, (c) low task heterogeneity and high 

machine heterogeneity, and (d) low task heterogeneity and low machine heterogeneity. 

Considering the consistency, the number of categories increases to twelve (four categories 

multiplied by three possibilities: consistent, inconsistent, partial consistent). 

Different ETC matrices define different parameters for the problem of scheduling in 

a heterogeneous computing environment and have effect on the performance of the selected 

algorithm. For example, if the machine heterogeneity is much higher than task heterogeneity 

(low task heterogeneity, high machine heterogeneity system), then the different 

computational requirements of a task will not have great impact on determining the order 

of the tasks selected for execution on the machines. 

With the definition of some characteristics of an ETC matrix it is important to quantify 

these characteristics. This is used both for generating ETC matrices with specific required 
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properties and to evaluate ETC matrices in an existing workload/environment pair to assign 

the fittest scheduling algorithm to them. In the next section, different methods to define 

heterogeneity in a system, and limitations of each of those schemes are discussed. 

DEFINING MACHINE HETEROGENEITY 

One of the important subjects in the field of heterogeneous computing is to quantify 

the heterogeneity degree of a system. This is useful in predicting the performance of a 

heuristic for a given mapping problem (scheduling of a workload/processing units pair). 

Machine and task heterogeneity are represented through different statistical metrics 

to evaluate ETC matrices. At the same time, different approaches are used to add machine 

and task heterogeneity to the process of generating ETC matrices. Here in this section, some 

of these different metrics and ETC generating procedures are reviewed. 

Range Based Heterogeneity 

In this method the task and machine heterogeneities of a system are identifies with 

two integer values which define the range of execution times on the ETC matrix [7], [10], 

[13], [55]. 𝑅𝑡𝑎𝑠𝑘  is the task heterogeneity degree and 𝑅𝑚𝑎𝑐ℎ𝑖𝑛𝑒 is the machine heterogeneity 

degree. Higher values represent higher heterogeneity.  These two values are used to 

generate some coefficient from a uniform distribution with a range [1, 𝑅𝑡𝑎𝑠𝑘], and 

[1, 𝑅𝑚𝑎𝑐ℎ𝑖𝑛𝑒].   

To generate an ETC matrix for a system with 𝑛 tasks and 𝑚 machine, the execution 

time of task 𝑖 on machine 𝑗, is generated randomly from a uniform distribution. The 

pseudocode for this method is presented below, in Algorithm 15.  



 

76 
 

Algorithm 15: Range Based ETC Generator 

      For  𝑖  from  0  to  (𝑛 − 1) 

              𝜏[𝑖] = 𝑈(1, 𝑅𝑡𝑎𝑠𝑘) 

              For  𝑗  from  0  to  (𝑚 − 1) 

                        𝑒[𝑖, 𝑗] = 𝜏[𝑖] × 𝑈(1, 𝑅𝑚𝑎𝑐ℎ𝑖𝑛𝑒) 

 

This procedure constructs the ETC matrix one column at a time. At each iteration a 

sample from a uniform distribution of range [1, 𝑅𝑡𝑎𝑠𝑘] is selected to be the coefficient to 

another sample which is driven from another uniform distribution of range [1, 𝑅𝑚𝑎𝑐ℎ𝑖𝑛𝑒], to 

generate an entry 𝑒(𝑖, 𝑗) of the matrix. In real system the variation on computational needs 

of different tasks is more than the variation on computation costs on different machines 

(𝑅𝑡𝑎𝑠𝑘 ≫ 𝑅𝑚𝑎𝑐ℎ𝑖𝑛𝑒). 

This process is not very accurate, and it is possible to get a high task, low machine 

heterogeneous ETC with the same values, that targeted low task, high machine heterogeneity 

(if 𝑅𝑡𝑎𝑠𝑘  and 𝑅𝑚𝑎𝑐ℎ𝑖𝑛𝑒 are close). Another example of low accuracy is the tendency of low 

task, high machine heterogeneity ETCs to show high task, high machine heterogeneity 

properties due to the method, which multiplies the task heterogeneity by machine 

heterogeneity. Furthermore, this technique first produces an inconsistent ETC and to 

generate the consistent or partially consistent ETCs some extra steps are required.  

Coefficient-of-Variation Based Heterogeneity 

Some published works [7], [8], [56] have used the coefficient of variation of the values 

in an ETC matrix as a measure of heterogeneity. These works claim that the coefficient of 
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variation compared to the standard deviation (which used in the range-based model) is 

better measure of dispersion in the execution times. 

To measure the task or machine heterogeneity on an ETC matrix and not to generate 

one, Al-qawasmeh et al. [8] defines the Average Task Covariance (ATC) and Average Machine 

Covariance (AMC). ATC is the average of task covariance on all tasks and AMC is the average 

of machine covariance on all machines. But these values alone cannot completely define the 

dispersion of data on an ETC matrix.   

Coefficient-of-Variation Based (CVB) ETC Generator  

The CVB ETC Generator algorithm takes three inputs; 𝜇𝑡𝑎𝑠𝑘  average execution time, 

𝑉𝑡𝑎𝑠𝑘 coefficient of variation on tasks complexity (task heterogeneity), and 𝑉𝑚𝑎𝑐ℎ𝑖𝑛𝑒 

coefficient of variation on machine computational capability (machine heterogeneity). In a 

system with 𝑛 tasks, the algorithm first generates a random vector 𝑞 of length 𝑛 using 𝜇𝑡𝑎𝑠𝑘  

and 𝑉𝑡𝑎𝑠𝑘, where 𝑞[𝑖] is an estimation of exertion of task 𝑖 on an average machine. Then the 

values in each row of the ETC matrix are generated using 𝑞[𝑖] (for row 𝑖) and 𝑉𝑚𝑎𝑐ℎ𝑖𝑛𝑒. 

Gamma distribution to generate the execution times was used, because of its flexibility to 

approximate other distributions, which makes the result closer to real life heterogeneous 

environment. The parameters of the gamma distribution are defined as follows: 𝛼𝑡𝑎𝑠𝑘 =

1 𝑉𝑡𝑎𝑠𝑘
2⁄ ,  𝛽𝑡𝑎𝑠𝑘 = 𝜇𝑡𝑎𝑠𝑘 𝛼𝑡𝑎𝑠𝑘⁄  , 𝛼𝑚𝑎𝑐ℎ𝑖𝑛𝑒 = 1 𝑉𝑚𝑎𝑐ℎ𝑖𝑛𝑒

2⁄ , and for task 𝑖 𝛽𝑚𝑎𝑐ℎ𝑖𝑛𝑒 =

𝑞[𝑖] 𝛼𝑚𝑎𝑐ℎ𝑖𝑛𝑒⁄ . The pseudocode for the CVB ETC generator algorithm is shown below. 

 

 

 



 

78 
 

Algorithm 16: CVB ETC Generator 

      𝛼𝑡𝑎𝑠𝑘 = 1 𝑉𝑡𝑎𝑠𝑘
2⁄ ;       𝛽𝑡𝑎𝑠𝑘 = 𝜇𝑡𝑎𝑠𝑘 𝛼𝑡𝑎𝑠𝑘⁄  ;        𝛼𝑚𝑎𝑐ℎ𝑖𝑛𝑒 = 1 𝑉𝑚𝑎𝑐ℎ𝑖𝑛𝑒

2⁄  

     For  𝑖  from  0  to  (𝑛 − 1) 

              𝑞[𝑖] = 𝐺𝑎𝑚𝑚𝑎(𝛼𝑡𝑎𝑠𝑘, 𝛽𝑡𝑎𝑠𝑘) 

              𝛽𝑚𝑎𝑐ℎ𝑖𝑛𝑒 = 𝑞[𝑖] 𝛼𝑚𝑎𝑐ℎ𝑖𝑛𝑒⁄  

              For  𝑗  from  0  to  (𝑚 − 1) 

                        𝑒[𝑖, 𝑗] = 𝐺𝑎𝑚𝑚𝑎(𝛼𝑚𝑎𝑐ℎ𝑖𝑛𝑒 , 𝛽𝑚𝑎𝑐ℎ𝑖𝑛𝑒) 

 

 

This algorithm successfully generates all task/machine heterogeneity pair, except 

the high task low machine heterogeneity. That can be solved by generating the transposed 

ETC matrix (first generate the columns then the rows). 

Heterogeneity Based on other Statistical Properties (Skewness and Kurtosis) 

The parameters discussed so far, might not precisely represent the heterogeneity of 

a system. For example, ETC matrices with same coefficient of variation, or same standard 

deviation could be very different based on other statistical properties.  Because of that, some 

studies [8], [56] have proposed using skewness (third central moment) and Kurtosis (fourth 

central moment), to define task and machine heterogeneity. Skewness shows if most of the 

values are greater (negative skewness) or less (positive skewness) than the average. The 

formula for the machine skewness for task 𝑖, is given by Eq. 11.  

𝑆𝑖 =
[

1

𝑚
∑ (𝐸𝑇𝐶(𝑖,𝑗)−𝜇𝑖)3𝑚

𝑗=1 ]

(𝜎𝑖)3                                                         Eq. 11 
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Where 𝑚 is the number of machines, 𝜇𝑖 is the average execution time of task 𝑖, and 𝜎𝑖 

is the standard deviation of task 𝑖. Results from the above mentioned studies [8], [56] show 

that skewness combined with covariance can predict the performance of some heuristics 

(Min-Min and Max-Min). 

Kurtosis shows if the variation from the mean is the result of many values or a small 

number of values. Greater kurtosis indicates that there are small number of values which are 

very distant from the mean. Kurtosis for task 𝑖, is given by Eq. 12. 

𝐾𝑖 =
[

1

𝑚
∑ (𝐸𝑇𝐶(𝑖,𝑗)−𝜇𝑖)4𝑚

𝑗=1 ]

(𝜎𝑖)4 − 3                                                  Eq. 12 

It has been demonstrated that kurtosis value also could have effect on the 

performance of the heuristics [8], [56]. But This effect could be different for different 

heuristic and happen on different thresholds. Using a regression tree to predict the 

performance of the scheduling algorithms has been proposed [56].  

Machine Performance Homogeneity and Task-Machine Affinity to define 

Heterogeneity 

The heterogeneity measures described till now have two issues. First, the machine 

heterogeneity is affected by task heterogeneity. For example, machine A, which executes first 

task twice faster than second task, and machine B, which runs second task twice faster than 

the first task. The coefficient of variation, the range based, and the skewness or kurtosis 

based measures indicate a heterogeneous system. But these two machines have same 

performance in relation to the two tasks. The second issue is related to the definition of 

consistency, which is a binary parameter. An ETC either is consistent or inconsistent 

(partially consistent is a subset of inconsistent) there is no way to show the percentage of 
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inconsistency in an ETC. One published study [5] introduced two other measures to address 

the two problems mentioned above.  

The Machine Performance Homogeneity (MHP) [5] is a measure of how the 

performance of machines differ over all task types. To calculate MHP, ECS matrix is 

introduced, in which every entry is the inverse of the entry in the ECT matrix. Higher values 

in ECS matrix indicate a better choice for task assignment. The columns in the ECS matrix 

need to be sorted in a way that the sum of the values in the columns are in the descending 

order. Eq. 13 gives the general formula for MPH. 

𝑀𝑃𝐻 =
∑ (𝑤𝑚𝑗 ∑ 𝑤𝑡𝑖 .𝑎(𝑖,𝑗)𝑛

𝑖=1 𝑤𝑚𝑗+1 ∑ 𝑤𝑡𝑖 .𝑎(𝑖,𝑗+1)𝑛
𝑖=1⁄ )𝑚−1

𝑗=1

𝑚−1
                   Eq. 13 

Here 𝑛 is the number of tasks, 𝑚 is the number of machines, 𝑤𝑚𝑗  is the weight assigned to 

machine 𝑗 (some machines may be more preferable, for example due to security reasons), 

𝑤𝑡𝑖 is the weight of task 𝑖, and 𝑎(𝑖, 𝑗) is the ECS entry on row 𝑖 and column 𝑗.  

The Task-Machine-Affinity (TMA) [5] is a degree which shows how much a group of 

tasks are suitable to be assigned to a group of machines. TMA is define using singular value 

decomposition [57], which can be performed on any matrix to determine its rank. The idea is 

to use the ratio of the minimum singular value to the maximum one. If the performance of 

two machines with respect to one task type is similar, then the ratio will be smaller. The first 

step to find the TMA is to normalize the columns of ECS to have sum of 1 (this is to make 

TMA as independent as possible from MPH) and compute the singular value decomposition 

of it. Eq. 14 gives the formula for TMA. 

𝑇𝑀𝐴 =
(

∑ 𝜎𝑖
𝑚
𝑖=2
𝑚−1

)

𝜎1
                                                                     Eq. 14 
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Here 𝑚 is the number of machines, and 𝜎𝑖 is the 𝑖th singular value. The higher 𝜎1, the 

maximum singular value, the more the columns are correlated. 

TMA and MPH are also losing some information by presenting one value for the 

heterogeneity to make the comparison process easier in return. Results have demonstrated 

successful classification of ECS matrices to four classes of low task low machine 

heterogeneity, low task high machine heterogeneity, high task low machine heterogeneity, 

high task high machine heterogeneity [5]. 

DAG GENERATOR ALGORITHMS  

To produce a fair comparison of the scheduling heuristics, the Random DAG generator 

needs to generate test cases that are uniformly distributed over all possible DAG types. There 

are several research studies, which evaluate the DAG generating tools in terms of their effect 

on the performance of the scheduling algorithms. One study [58] explored generation 

methods based on the number of edges, length of the task graph, and output degrees. 

Martinez et al. [59] did the same thing using different properties, such as number of nodes 

on the critical path, the width of the DAG, and the number of edges. Kwok et al. [60] compared 

some scheduling algorithms using random and non-random generated DAGs. Some of the 

DAG generation tools, which have been proposed in the literature, are discussed in the next 

section.  

Generation Tools and Data Sets 

The Task Graphs For Free (TGFF) [61] takes the number of nodes and the maximum 

input and output degrees and generates a random graph by iteratively adding a node to the 
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initial single-vertex graph. The process continues until it reaches the number of required 

nodes. 

DAGGEN is another tool which was proposed by Dutot et al. [62]. This algorithm uses 

the layer-by-layer method and takes five inputs; the number of nodes, the width, the 

regularity parameter, the density, which determine the number of nodes in each layer, and 

the jump parameter. The regularity degree defines the average number of nodes in each level 

and the jump parameter define the number of levels the edges jump to connect nodes.  

GGen [58] used both layer-by-layer method and degree-based method to generate 

random DAGs, as well as some DAGs representing famous applications like the Strassen 

multiplication algorithm, the Cholesky factorization, and the recursive Fibonacci function 

[55]. The Pegasus workflow generator [63], the XL-STaGe [64], and the Random Workflow 

Generator [65] are some of the other generation tools. 

In addition to DAG generation tools, there are some data sets available for testing 

purpose. The Standard Task Graph (STG) set [66] used in some research works to compare 

scheduling algorithms, has DAG samples with 50 to 5000 nodes. STG uses four different 

methods to generate DAGs. two of them are based on the Erdős-Rényi algorithm [67] and the 

other two are layer-by-layer approaches. In the layer-by-layer method the nodes are 

distributed in layer with the average number of 10, with three possible connectivity values. 

None of these methods guarantee that the actual values of the parameters are same as what 

they claimed to be (the value of input parameters like number of layers, or fan-in/fan-out). 

Therefore, to find the true characteristics of the DAGs there needs to be another step to 

examine the DAGs separately. The STG set contains some real application DAGs, like robot 

control, sparse matrix solver and SPEC fpppp program in addition to the random ones [55].  
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Some of the other random DAG data sets, proposed and used in the literature are 

designed for the other research fields like project management, and some others are no 

longer available [55]. 

PROPOSED DAG GENERATING ALGORITHM 

The random DAG generators mentioned in the previous section use a small number 

of input parameters; hence, the results they produce are not completely distributed over all 

possible DAGs and ETC characteristics. For this reason, this research work developed and 

implemented a novel DAG generator tool with more input parameters to define DAG and ETC 

matrix characteristics. In addition, each DAG after being generated is examined to check if 

there is any difference between the actual properties and the input parameters (defined 

characteristics). The algorithm reports the former one, which makes the classification more 

accurate. 

The Random DAG Generator is based on the layer-by-layer technique and takes some 

parameters as input, generates the random DAG and the ETC matrix, then examines the DAG 

to find its exact characteristics. Table 4.2 lists the inputs and derivative parameters used by 

the algorithm. 

Table 4.2: List of Inputs and Derivative Parameters 

Input parameters 

Symbol Definition 

𝑣 Number of nodes 

𝑙 Number of levels 

𝑙𝑠𝑡𝑑  Standard deviation of the number of tasks in each level 

𝑗𝑙 
Jump level (number of levels an edge jump to connect two 

nodes 
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𝐶𝑜𝑛_𝑝𝑟𝑜𝑏 Connection probability 

𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢 Average Communication Cost 

𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑠𝑡𝑑 Standard Deviation of Communication Cost 

𝐶𝐶𝑅 Computation to Communication Ratio 

𝑚𝑎𝑐ℎ𝑖𝑛𝑒𝑐𝑜𝑟𝑒𝑑𝑖𝑠
 Processor distribution and number of cores 

𝑇𝑎𝑠𝑘_ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 Task heterogeneity 

𝑀𝑎𝑐ℎ𝑖𝑛𝑒_ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦 Machine heterogeneity 

𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦 If the machines are consistent or not 

Derivative parameters 

Symbol Definition 

𝑙𝑒𝑣𝑒𝑙 Number of levels (if it is different from 𝑙) 

𝑤𝑖𝑑𝑡ℎ Width 

𝑒𝑑𝑔𝑒_𝑛𝑢𝑚 Number of edges 

𝑒𝑛𝑑_𝑛𝑜𝑑𝑒𝑠 Number of end nodes (nodes with zero out degree)  

𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛_𝑟𝑎𝑡𝑖𝑜 Connection ratio (if it is different from 𝐶𝑜𝑛_𝑝𝑟𝑜𝑏) 

𝑚𝑎𝑥_𝑑𝑒𝑔_𝑜𝑢𝑡 Maximum output degree 

 𝑎𝑣𝑔_𝑑𝑒𝑔_𝑜𝑢𝑡 Average output degree 

𝑚𝑎𝑥_𝑑𝑒𝑔_𝑖𝑛 Maximum input degree 

 𝑎𝑣𝑔_𝑑𝑒𝑔_𝑖𝑛 Average input degree 

𝑆𝑒𝑞_𝑒𝑥𝑒_𝑡𝑖𝑚𝑒 Sequential execution time 

𝐶𝑃_𝑚𝑖𝑛 Minimum length of the critical path 

𝑃_𝑑𝑒𝑔𝑟𝑒𝑒 Parallelism degree of the DAG 

 

This algorithm always generates a DAG with one start node (a node without any 

predecessors). Those DAGs with more than one start node can easily change to a DAG which 

starts with one dummy node and some zero weight edges to the initial start nodes. Another 

assumption is that the number of edges is always greater than or equal 𝑣 − 1, so the 

generated DAG is always at least a tree (there is no node without connection). Therefore, this 

algorithm would never generate some types of DAGs, like empty DAG. The next assumption 

is that the level of a node is always same as the depth of it. 

Algorithm start with assigning one node to each level, then using normal distribution 

it assigns the remaining nodes to other levels (except first level). The mean of the normal 
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distribution is by 𝑙𝑒𝑣𝑒𝑙𝑚𝑒𝑎𝑛 =
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔𝑡𝑎𝑠𝑘𝑠

𝑙−1
, where 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔𝑡𝑎𝑠𝑘𝑠 = 𝑣 − 𝑙 , and the 

standard deviation is 𝑙𝑒𝑣𝑒𝑙𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 =  𝐿𝑠𝑡𝑑 .  

The generated result is checked to remove the possible negative values (those levels 

with negative additional nodes remain with one node). Next, the algorithm forms the 

connections between the node in different levels. A task in a level 𝑖 should at least be 

connected to one task from level 𝑖 − 1 (because level and depth are same). After adding one 

edge for each node, the remaining number of edges is defined by the connection probability. 

Another parameter is defined here, the connection ratio, which is the ratio of the number of 

edges to the maximum possible number of edge (complete graph). A DAG with 𝑣 nodes can 

have [ (𝑣 − 1) ,
𝑣(𝑣−1)

2
 ] edges. Initially the connection ratio is given by the 

𝑙𝑒𝑎𝑠𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑑𝑔𝑒𝑠 = 𝑣 − 1, where the 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑑𝑔𝑒𝑠 𝑖𝑛 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑔𝑟𝑎𝑝ℎ =

 𝑣(𝑣 − 1) 2⁄ , and 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛_𝑟𝑎𝑡𝑖𝑜 =
𝑣−1

( 𝑣(𝑣−1) 2⁄  )
=

2

𝑣
 . 

The process of adding edges continues until the connection ratio is close enough to 

the connection probability value. Higher connection probability means higher number of 

edges (connection probability of one indicates a complete DAG).  

Jump level indicates the maximum number of levels an edge can jump. The level of 

the source node for each remaining edge is selected randomly from [1, 𝑙 − 1] (the last level 

does not have an output edge), while the destination level is selected from [𝑠𝑜𝑢𝑟𝑐𝑐𝑒𝑙𝑒𝑣𝑒𝑙 +

1 , max (𝑙, 𝑠𝑜𝑢𝑟𝑐𝑒𝑙𝑒𝑣𝑒𝑙 + 𝑗𝑙)]. After selecting the levels, the nodes in those levels are selected 

randomly for the source and destination node. Before they are added to it, they checked for 

the duplicity. 
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The weights of the connections are derived from a normal distribution, where the 

mean is 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢 and standard deviation is 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑠𝑡𝑑. The negative values are 

taken out.  

 The next step, the ETC matrix is generated. Here the coefficient of variation method 

with gamma distribution is used. At each iteration, first a random value from a gamma 

distribution with  𝛼𝑡 = 1 (𝑇𝑎𝑠𝑘_ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦)2⁄  and 𝛽𝑡 = 𝜇𝑡𝑎𝑠𝑘 𝛼𝑡⁄  is generated. The  

𝜇𝑡𝑎𝑠𝑘  is the average execution time for a task, which is calculated using the Computation to 

Communication Ratio (𝐶𝐶𝑅), 𝜇𝑡𝑎𝑠𝑘 = 𝐶𝐶𝑅 × 𝑐𝑜𝑚𝑚_𝑐𝑜𝑠𝑡_𝑚𝑢. Then, the execution time of 

each task on each machine is obtained using a random value from a  gamma distribution with 

𝛼𝑚 = 1 (𝑀𝑎𝑐ℎ𝑖𝑛𝑒_ ℎ𝑒𝑡𝑒𝑟𝑜𝑔𝑒𝑛𝑒𝑖𝑡𝑦)2⁄ , and 𝛽𝑚 = (𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑙𝑢𝑒 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑡𝑎𝑠𝑘) 𝛼𝑚⁄ . This 

generates an inconsistent ETC matrix. To generate a consistent matrix, the inconsistent one 

is sorted twice, once over the rows and one over the columns. 

After generating the random DAG and the ETC matrix, the DAG is examined to find the 

derivative parameters from Table 4.2. The level with the maximum assigned number of 

nodes defines the 𝑤𝑖𝑑𝑡ℎ of the graph. The 𝑆𝑒𝑞_𝑒𝑥𝑒_𝑡𝑖𝑚𝑒 is the final execution time 

(makespan) of the DAG if there is only one machine available (considering the fastest 

machine). The 𝐶𝑃_𝑚𝑖𝑛  is the minimum length of the critical path and is a lower bound on 

the makespan of the DAG. It is calculated by adding the execution time of the task on the 

critical path, assuming they all use the fastest machine. The parallelism degree of the DAG is 

the ratio of sequential execution time to the execution time of the DAG, if it is fully 

parallelized. It should be noted, this time is different from 𝐶𝑃_𝑚𝑖𝑛  because it considers not 

just the tasks on the critical path. 
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Braun et al. [55] defined the uniformity of a random DAG generator as the ability to 

generate each isomorphic class of DAGs with the same probability. For example, Figure 4.2 

shows all isomorphic DAGs that can be generated with three nodes. If the DAGs generated 

with a DAG generator tool are from each of these six classes with the probability of 1 6⁄  then 

that random DAG generator is uniform. 

Figure 4.2: Isomorphic DAGs with Three Nodes 

 

The random DAG generator introduced in this dissertation, only generates three 

classes out of these six classes (classes four to six).  Hence, the DAG generator is considered 

uniform, if it generates each of these classes with the same probability of 1 3⁄  (for the case of 

three nodes).  

The algorithm was tested with four and five nodes. Table 4.4 and Table 4.6 show all 

classes of trees, the DAG generator can generate with four and five nodes, respectively. Table 

4.3 and Table 4.5 list the input parameters for the tests. The number of isomorphic classes 

of DAGs with four nodes and five nodes is listed under each tree type. For a DAG with four 

nodes, there are 16 isomorphic classes of DAGs, thus for the proposed algorithm to be 

uniform, it needs to generate each of these classes with the probability of  1 16⁄ . Since the 

algorithm has more input parameters, the output percentage of each of these classes is more 
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manageable. For example, with three levels the probability of generating each of the two tree 

classes is close to 50%. With fair selections for the connection probability, the probability of 

generating a DAG from each of the three isomorphic classes in the first tree class is 16.66%, 

while the probability of generating a DAG for isomorphic classes of second tree type is 12.5%.  

The input values for generating DAGs with four nodes are listed below in Table 4.3. 

For each level, six different types of random DAGs are generated, and for each of them 25 

samples are generated. Thus 150 DAGs, in total, are generated for each level. In this scenario, 

only number of nodes, levels, connection probability, and jump level are used. Since, other 

inputs are not influencing the result of this test, they are assigned with some constant values. 

Table 4.3: Test Inputs for Four Nodes 

𝑁𝑜𝑑𝑒 # 𝑙𝑒𝑣𝑒𝑙𝑠 𝐶𝑜𝑛_𝑝𝑟𝑜𝑏 𝐽𝑢𝑚𝑝 𝑙𝑒𝑣𝑒𝑙 Other input parameters 

4 2, 3, 4 0.5, 0.7, 0.9 1, 2 NA 

 

 The results of the test demonstrate that the proposed algorithm is uniform over tree 

classes with specified level, but not uniform over isomorphic classes with same level. With 

three levels instead of the uniform probability of 20%, the observed results are 16.6% and 

25%. 

 

 

 

 

 

 



 

89 
 

Table 4.4: Trees Generated with Four Nodes 

4 levels 3 levels 2 levels 

 

 
 

 

 
 

 

 

 

100% 50.33%                49.66% 100% 

8 Isom. 3 Isom.               4 Isom. 1 Isom. 

~12% ~16.6%             ~12% 100% 

The input values used to generate DAGs with five nodes are listed in Table 4.5. For 

each level, nine different types of random DAGs are generated, and for each of them 25 

samples are generated, producing a total of 225 DAGs. 

Table 4.5: Test Inputs for Five Nodes 

𝑁𝑜𝑑𝑒 # 𝑙𝑒𝑣𝑒𝑙𝑠 𝐶𝑜𝑛_𝑝𝑟𝑜𝑏 𝐽𝑢𝑚𝑝 𝑙𝑒𝑣𝑒𝑙 Other input parameters 

5 2, 3, 4, 5 0.5, 0.7, 0.9 1, 2, 3 NA 

As the results for four nodes, the algorithm is uniform over tree classes with specified 

level, but not uniform over isomorphic classes with same level. To be uniform the probability 

of each isomorphic class of DAG should be 1 175⁄  or 0.57%. 
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Table 4.6: Trees Generated with Five Nodes 

5 levels 4 levels 3 levels 2 levels 

 

 

 
 

 
 

 

 

 

 

 

 

100% 32.87%    33.52%    33.6% 25%       26.3%       24.57%     24.1% 100% 

64 Isom. 20 Isom.    28 Isom.    32 Isom.   10 Isom.     6 Isom.      4 Isom.    10 Isom 1 Isom. 

~1.5% ~1.6%         ~1.2%        ~1.04% ~2.5%       ~4.1%      ~6.25%      ~2.5%  100% 

 

Those classes, not generated with the proposed algorithm in this work, belong to one of the 

three groups listed below.  

1. Empty DAGs, which are basically a bag of tasks, rather than DAGs. 

2. Some nodes with no connections and DAGs with fewer number of nodes. (Smaller 

DAGs are already covered with smaller values of v as input.) 

3. DAGs with more than one start node. (The equivalent version of this type of DAGs 

has a dummy task with zero execution time, and zero communication cost to the 

initial start node.) 

Therefore, DAGs from other classes are either already covered with different number 

of nodes, or are not related to the topic of scheduling a group of dependent tasks 

(represented as a DAG).  Consequently, the proposed Random DAG Generator covers a wide 

range of DAG types and is uniform over tree classes. With different parameters as input, it is 
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easier to generate the required DAG sets. This feature is helpful in studying the effect of 

system characteristics on the performance of the scheduling algorithms.  

INFLUENCE OF DAG CHARACTERISTICS ON PERFORMANCE 

Multiple studies have suggested that heuristics show inconsistent behavior in 

different environment [5], [8], [10], [53], [56]. Some of these demonstrated changes in the 

relational performance of Min-Min and Max-Min algorithms, under different values for task 

and machine heterogeneities [8], [56]. One study showed that different DAG types can lead 

to the same scheduling algorithm performing differently [53]. Previous studies have been 

based on small examples, or a group of few special types of DAGs. None of them has explored 

the influence of workload/computing environment characteristics on the performance of 

scheduling algorithms, for the whole set of randomly generated DAGs with broad range of 

characteristics. The following section explores this influence on performance of scheduling 

algorithms, on some of the greedy algorithms reviewed in Chapter 2. The same results from 

the experiments presented in Chapter 3 are used here, while the system properties are the 

inputs to the DAG Generator algorithm from Table 4.2. 

The results explore the correlation between each of the DAG input parameters, to the 

SLR measure of each of the nine scheduling algorithms discussed in Chapter 3. Correlation 

value of 1 indicates a perfect linear relationship between the two variables, while a 

correlation of 0 indicates no relationship at all. Correlation values greater than 0.7 indicate 

strong correlation, value of 0.5 is moderate, while values below 0.3 indicate weak 

correlation. The correlations for machine heterogeneity and task heterogeneity equal 0, 

since the is grouped by machine and task heterogeneity.    
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Figures 4.3 to 4.10 display the results for eight different classes of ETC matrices. 

Figure 4.3, which shows results for consistent system with low task low machine 

heterogeneity, indicates that computation to communication cost ratio, and average number 

of levels have a negative impact on SLR of all algorithms except PHEFT. The higher 

communication cost ratio and average number of levels, result in lower SLR values for the 

eight algorithms. In contrast, number of machines has a significant negative effect on the SLR 

of the PHEFT algorithm alone. Increasing number of machines results in lower SLR of PHEFT.  

Figure 4.3: Correlation of DAG Input Parameters for Consistent System with Low Task Low 
Machine Heterogeneity  

 

Figure 4.4 shows correlation results for consistent system with low task high machine 

heterogeneity. Data suggests that increasing the machine heterogeneity increases the 
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correlation between computation to communication cost ratio, and communication cost and 

SLR of PHEFT algorithm. While the correlation between these two DAG input parameters 

and the SLR of the other eight algorithms are reduced. The negative correlation between 

average number of levels and SLR of all algorithms except PHEFT remains significant.  

Figure 4.4: Correlation of DAG Input Parameters for Consistent System with Low Task High 
Machine Heterogeneity. 

 

Figure 4.5 shows correlation results for consistent system with high task low machine 

heterogeneity. Here the number of machines and the variation of the number of tasks in each 

level (level_std) have higher negative impact on the SLR of PHEFT algorithm, compared with 

the other eight algorithms. In contrast, the other eight algorithms show stronger negative 

correlation between number of levels and SLR, compared to PHEFT algorithm.   
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Figure 4.5: Correlation of DAG Input Parameters for Consistent System with High Task Low 
Machine Heterogeneity. 

 

Figure 4.6 shows correlation between DAG input parameters and SLR algorithm 

values for consistent system with high task high machine heterogeneity. The only DAG 

parameters showing moderate negative correlation with SLR are the average number of 

levels, which is similar for all algorithms, and the variation of the number of tasks in each 

level, which is only significant for the PHEFT algorithm. 
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Figure 4.6: Correlation of DAG Input Parameters for Consistent System with High Task high 
Machine Heterogeneity. 

 

Figures 4.7 to 4.10 display the correlation results for an inconsistent system. Figure 

4.7 shows correlation results for an inconsistent system with low task low machine 

heterogeneity. In general, larger number of DAG input parameters show correlation with SLR 

parameter, compared to the consistent system.  The number of levels and the variation of 

the number of tasks in each level show negative correlation with SLR for some of the 

algorithms, but not PHEFT. On the other hand, SLR of PHEFT shows significant negative 

correlation with computation to communication cost ratio and number of machines. SLR of 

CPOP algorithm also shows negative correlation with computation to communication cost 

ratio, while SLR for HEFT shows negative correlation with number of machines.    
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Figure 4.7: Correlation of DAG Input Parameters for Inconsistent System with Low Task Low 
Machine Heterogeneity  

 

Figure 4.8, shown below, represents correlation results for an inconsistent system 

with low task high machine heterogeneity. Here the SLR of PHEFT algorithm shows 

significant negative correlation with number of machines, number of nodes, and 

computation to communication cost ratio. While the SLR of HEFT algorithm shows 

significant negative correlation with computation to communication cost ratio and the 

number of levels.  
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Figure 4.8: Correlation of DAG Input Parameters for Inconsistent System with Low Task High 
Machine Heterogeneity  

 

Figure 4.9, shown below, represents correlation results for an inconsistent system 

with high task low machine heterogeneity. The SLR of PHEFT algorithm has a negative 

correlation with the number of machines, which is only stronger with the SLR of the DLS 

and OLB algorithms. The SLR of HEFT algorithm has a negative correlation with the 

computation to communication cost ratio, however the SLR of PHEFT algorithm has no 

correlation with this DAG parameter.  
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Figure 4.9: Correlation of DAG Input Parameters for Inconsistent System with High Task Low 
Machine Heterogeneity  

 

Figure 4.10 represents correlation results for an inconsistent system with high task 

high machine heterogeneity. Under this scenario, the SLR of PHEFT algorithm only shows 

correlation with the number of machines.  The greater number of machines is correlated 

with lower SLR values. Several other algorithms show negative correlation between their 

SLR and the number of level, the number of nodes, and the computation to communication 

cost ratio.  
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Figure 4.10: Correlation of DAG Input Parameters for Inconsistent System with High Task High 
Machine Heterogeneity  

 

 

 

In general, the correlation values found between the input parameters of the DAG 

generator and the SLR values, used to measure performance of the scheduling algorithms, 

are moderate, but they do show how these parameters could affect algorithm performance 

under various system environments. Using this information and a decision tree, the system 

manager would be able to select an algorithm which is more compatible to any special 

workload/environment pair. 
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CONCLUSION 

Two scheduling algorithms are introduced in this work. The first, Parallel 

Heterogeneous Earliest Finish Time (PHEFT), utilizes a single machine for more than one 

task. With high-performance computing infrastructures even when a task is assigned to a 

machine some of its resources are not fully utilized. The implementation complexity of this 

concept requires further examination, since it necessitates central control for sharing 

resources fairly between two tasks. PHEFFT shows substantial improvement of more than 

25%, over the classic HEFT algorithm in  consistent systems. The second algorithm, Optimize 

All Path (OAP), is based on the concept of improving the critical path execution time. 

Different assignments of tasks to machines can generate several potential critical paths. The 

initial located critical path might not be the final critical path that defines the system 

makespan. OAP’s main objective is to observe all paths in the DAG and change decisions to 

optimize the critical path at each instant. This algorithm has high time complexity because 

of the high number of different paths in a graph and has the same performance as some 

popular greedy heuristics. These results suggest that targeting to optimize all possible paths 

CHAPTER 5 
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has adverse outcomes and may lead to some poor decisions, which are not improving the 

algorithm performance overall.   

A major part of this research work focuses on developing and implementing a 

Random DAG Generator with a wider range of input parameters, with the aim to gain a better 

control and understanding of the characteristics of the workload and the computing 

environment. The proposed DAG generator offers advantages in characterizing the workload 

and ETC matrix, as well as generating an unbiased, almost uniformly distributed DAG set. It 

also offers the ability for tuning of the parameters to generate any workload/ETC matrix 

with desired characteristics. Using the extensive and unbiased workload generated with this 

DAG Generator, the correlation between each of the environment properties, or task types 

and the operation of heuristics was examined. Different scheduling algorithms show 

different behavior under different circumstances. The number of levels in a DAG, variation 

on the number of nodes in each level, number of machines, number of nodes, and 

computation to communication cost ratio are some of the properties, which show a higher 

correlation to the performance of a scheduling algorithm. This study also demonstrates that 

some other characteristics like connection probability, and the number of levels an edge 

passes to connect two tasks in a graph, have almost no effect on the response of a heuristic 

in different systems. This information can be used by the system manager to assess the 

efficiency of a scheduling algorithm for a specific workload/environment pair. 
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