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ABSTRACT OF THE DISSERTATION

Generalization of Wide Neural Networks from the

Perspective of Linearization and Kernel Learning
by

Hui Jin
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2022

Professor Guido Francisco Monttafar Cuartas, Chair

Recently people showed that wide neural networks can be approximated by linear models
under gradient descent [JGH18a,L.XS19a|. In this dissertation we study generalization of wide
neural networks by the linearization of the network, thus some result from kernel learning can
directly apply [SHO2,CDO7|. In Chapter , we investigate gradient descent training of wide
neural networks and the corresponding implicit bias in function space. We approximate the
wide neural networks by corresponding linearized models and show that the implicit bias can
be characterized by certain interpolating splines, thus we can use the approximation theory
of splines to study the generalization of wide neural networks. In Chapter [3, we show that
the decay rate of generalization error of Gaussian Process Regression is determined by the
decay rate of the eigenspectrum of the prior and the eigenexpansion coefficients of the target
function. This result can be applied to study the generalization error of infinitely wide neural
networks with ReLLU activations. Since the asymptotic generalization error is closely related
to the asymptotic spectrum of the kernel, in Chapter [4] we study the asymptotic spectrum of
the Neural Tangent Kernel (NTK) by its power series expansion. We first show that under
certain assumptions, the NTK of deep feedforward networks in the infinite width limit can
be expressed as a power series. Later on we show that the eigenvalues of the NTK can be
expressed the coefficients of the power series. From this expression we show that the decay

rate of the eigenvalues is determined by the decay rate of the power series coefficients.
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CHAPTER 1

Introduction

Deep learning and neural networks have achieved significant success in artificial intelligence and
have been widely applied to many areas, such computer vision, natural language processing,
recommendation system and reinforcement learning. The deep neural networks used in
practice are highly overparameterized, which means that the number of trainable parameters
are way larger than the number of training samples. Overparametrized networks are highly
expressive [Bar93,MPC14/|PLR16a| and easy to optimize [NH17,[KHK19]. Moreover, in many

applications overparameterized networks could achieve small generalization error.

However, traditional statistical learning theory such as Probably Approximately Correct
(PAC) learning theory [Val84] fails to explain why overparameterized networks could generalize
well. This is because overparameterized networks could even fit random training data easily
[ZBH21|, which means that the hypothesis class of overparameterized networks cannot satisfies
uniform convergence. [ZBH21| also shows that explicit regularization is not enough to explain
the small generalization error and implicit bias of the optimization method such as stochastic

gradient descent (SGD) is important to generalization.

Recently |JGH18a| showed that gradient descent on a wide neural network can be
characterized by kernel gradient descent in function space with respect to the Neural Tangent
Kernel (NTK). The NTK is fixed during training in the infinite-width limit. [LXS19a] showed
that the training dynamics of wide neural networks is approximated by the linearization of the
networks at initialization. These results allow us to use linearized models and kernel learning
|[CD07,[CBP21]| to analyze the generalization of overparametrized networks. It is noted that

similar to overparametrized networks, kernel learning can also easily fit random labels while



performs well on test data in certain tasks [BMM18|. By adopting the tool of linearized models
and kernel learning with respect to the NTK, a bunch of optimization and generalization results
of overparametrized networks can be obtained [DLL19,DZP19,|ADH19a;, ALS19a, ZCZ20|. In
this dissertation, we are going to follow the approach of linearized models and kernel learning

and analyze several problems regarding the generalization of wide neural networks.

In Chapter [2| we study the implicit bias of gradient descent on wide neural networks, which
is important to explaining the generalization of overparametrized networks. We approximate
the wide neural networks by corresponding linearized models and compute the implicit bias
in function space. For univariate regression, we show that the solution of training a width-n

1/2 of the function which fits the training data and whose

shallow ReLU network is within n~
difference from the initial function has the smallest 2-norm of the second derivative weighted
by a curvature penalty that depends on the probability distribution that is used to initialize
the network parameters. We compute the curvature penalty function explicitly for various
common initialization procedures. For instance, asymmetric initialization with a uniform
distribution yields a constant curvature penalty, and thence the solution function is the natural
cubic spline interpolation of the training data. For stochastic gradient descent we obtain
the same implicit bias result. We obtain a similar result for different activation functions.
For multivariate regression we show an analogous result, whereby the second derivative is
replaced by the Radon transform of a fractional Laplacian. For initialization schemes that
yield a constant penalty function, the solutions are polyharmonic splines. Moreover, we

show that the training trajectories are captured by trajectories of smoothing splines with

decreasing regularization strength.

In Chapter [3, we study the generalization error of kernel learning such as Gaussian Process
Regression (GPR) and Kernel Ridge Regression (KRR), which are closely related to infinitely
wide neural networks. We characterize the power-law asymptotics of learning curves for
Gaussian process regression (GPR) under the assumption that the eigenspectrum of the prior
and the eigenexpansion coefficients of the target function follow a power law. Under similar

assumptions, we leverage the equivalence between GPR and kernel ridge regression (KRR) to



show the generalization error of KRR. Gaussian process kernel and the neural tangent kernel
(NTK) in several cases (e.g. with ReLU activations) is known to have a power-law spectrum.
Hence our methods can be applied to study the generalization error of infinitely wide neural

networks with ReLU activations.

In Chapter , we study the asymptotic spectrum of the Neural Tangent Kernel (NTK)
via a power series expansion of the NTK. The asymptotic spectrum of the NTK can be used
to study the asymptotics of learning curves as we show in Chapter [3] Under mild conditions
on the network initialization we show that the NTK of arbitrarily deep feedforward networks
in the infinite width limit can be expressed in the form of a power series. The power series
expansion of the NTK facilitate us to study the spectrum of the NTK. For data drawn
uniformly on the sphere we derive an explicit formula for the eigenvalues of the NTK, given
the coefficient of the NTK power series. This result shows that faster decay in the NTK
coefficients implies a faster decay in its spectrum. From this we recover existing results on

eigenvalue asymptotics for ReLU networks and comment on how the activation function

influences the RKHS.



CHAPTER 2

Implicit Bias of Gradient Descent for Mean Squared Error

Regression with Two-Layer Wide Neural Network ﬂ

2.1 Introduction

Understanding why artificial neural networks trained in the overparametrized regime and
without explicit regularization generalize well in practice is one of the key challenges in
contemporary deep learning [ZBH17|. A series of works have observed that this phenomenon
must involve some form of capacity control beyond the network size [NTS15| and, specifi-
cally, an implicit bias resulting from the parameter optimization procedures [NTS17|. By
implicit bias we mean that among the many candidate hypotheses that fit the training data,
the optimization procedure selects one which satisfies additional properties benefitting its
performance on new data. In this chapter we investigate the implicit bias of gradient descent
parameter optimization for mean squared error regression with wide shallow ReLLU networks.
Our theory shows that gradient descent is biased towards smooth functions. More precisely,
the trained functions are well captured by interpolating splines depending on the initial

function and the probability distribution that is used to initialize the network parameters.

Under appropriate conditions, we intuitively expect that gradient descent will be biased
towards solutions close to the initial parameter. Indeed, considering overparametrized neural
networks, [OS19] showed that gradient descent finds a global minimizer of the training objective
which is close to the initialization. This intuition is spot-on for least squares regression with

linearized models. In this case, [ZXL20| showed that gradient flow optimization converges

*This chapter is adapted from [JM20].



to the global minimum which is closest to the initialization in parameter space. Although
neural networks have a non-linear parametrization, [JGH18a| and [LXS19b| showed that
the training dynamics of wide neural networks is well approximated by the dynamics of the
linearization at a suitable initialization. This is referred to as the kernel regime, in contrast to
the adaptive regime where the models are not well approximated by their linearization. Also,
[COB19| showed that, under appropriate scaling of the output weights, a model can converge
to zero training loss while hardly varying its parameters. This phenomenon is referred to as
“lazy training”. On the other hand, it is also possible to relate properties of the parameters to
properties of the represented functions. [SES19] studied infinite-width univariate (single input)
neural networks and showed that, under a standard parametrization, the complexity of the
represented functions, as measured by the 1-norm of the second derivative, can be controlled
by the 2-norm of the parameters. [OWS20] extended these results to the multivariate setting.
Using these results, one can show that gradient descent with ¢, weight penalty leads to simple
functions. We will pursue an approach following these ideas, where we first approximate the
gradient dynamics of a wide network in terms of a linear model and then establish a function

space description of the implicit bias in parameter space.

The implicit bias of parameter optimization has also been investigated in terms of
the properties of the loss function at the points reached by different optimization proce-
dures [KMN17,WZW17,DPB17|. |GLS18a] analyze the implicit bias of different optimization
methods (natural gradient, steepest and mirror descent) for linear regression and separable
linear classification problems, and obtain characterizations in terms of minimum norm or
max-margin solutions. Several works have studied the implicit bias of optimization for
classification tasks in terms of margins. [SHN18| showed that in classification problems with
separable data, gradient descent with linear networks converges to a max-margin solution.
|GLS18b| presented a result on implicit bias for deep linear convolutional networks, and
[JT19] studied non-separable data. [CB20| showed that gradient flow for logistic regression
with infinitely wide two-layer networks yields a max-margin classifier in a certain space. In the

adaptive regime, [MBG18| showed that gradient flow for shallow ReLU networks initialized



close to zero quantizes features depending on the training data but not on the network size.
[BGL21| showed the evolution of the tangent features during training which can be interpreted
as feature selection and compression. [WTP19| obtained results for univariate regression
contrasting the kernel regime and the adaptive regime. We will obtain a related result for
univariate regression in the kernel regime and a corresponding result for the multivariate

case.

This chapter is organized as follows. In Section we provide settings and notation.
We present our main results in Section [2.3] along with a discussion. The main techniques
pertaining wide networks and the infinite width limit are presented in Sections [2.4] and 2.5
In Sections [2.6] and 2.7, we present the main derivations for the implicit bias in function
space for univariate and multivariate regression. In the interest of a concise presentation,

technical proofs and extended discussions are deferred to appendices.

2.2 Notations and Problem Setup

Consider a fully connected network with d inputs, one hidden layer of width n, and a single

output. For any given input x € R?, the output of the network is
. 0) =D WPo((W;V, x) +0) + b, (2.1)
i=1

where ¢ is an entry-wise activation function, W = (WM WT ¢ rrxd, ng) =
W, Wi e RYE WO = W wi)T e R bO = @Y, 0)T € RT
and b® € R are the weights and biases of the first and second layer. We write § =
vec(WM bM)W b)) for the vector of all network parameters. These parameters are

initialized by independent samples of pre-specified random variables WW and B as follows:

(1) 4 (1) 4
WL ijdw, oML \/1]d B,
I/Vi(z) < V1w, @ < V1/n B.

(2.2)



In the analysis of [JGH18a, LXS19b], W and B are Gaussian N'(0,0%). In the default

initialization of PyTorch [PGM19|, W and B have uniform distribution Unif(—o, o). More
M) 0

()

generally, we will also allow weight-bias pairs (W ) of units in the hidden layer to be
sampled from the joint distribution of a sub-Gaussian (W, B), where W is a d-dimensional
random vector and B is a random variable. The parameters of the second layer are still
sampled from random variables W® and B®. Then the parameters of the network are
initialized as follows:

W o)y £ (W, B)

VVZ@) < V1i/nw® o p@ < V1/n B,

The setting (2.1]) is known as the standard parametrization. Some works |[JGH18a,LXS19b]

(2.3)

use the so-called NTK parametrization, where the factor \/1/n is carried outside of the
trainable parameter (for details see Appendix [2.B.3]). If we fix the learning rate for all
parameters, gradient descent leads to different trajectories under these two parametrizations

(for details see Appendix [2.B.3)). Our results are presented for the standard parametrization.

We consider a regression problem for data {(x;,y;)}}Z, with inputs X = {x;}}Z, and
outputs Y = {y;}}Z,. For a loss function £: R x R — R, the empirical risk (also called
training error) is L(0) = +; Z]Nil 0(f(x4,6),y;). We will mainly focus on the square loss
((y,9) = 3|ly — 9]|?, in which case L is the mean squared error. We use full batch gradient
descent with a fixed learning rate 1 to minimize L(#). Writing 0, for the parameter at time ¢,

and 6 for the initialization, this defines an iteration
Ori1 =0, —nV L) =0, —nVof(X, Ht)va(X,é)t)La (2.4)

where f(X,0;) = [f(x1,0;), ..., f(Xar, 0:)]" is the vector of network outputs for all training
inputs, and V(x ¢, L is the gradient of L as a function of the network outputs f(X,0;). We
will use subscript ¢ to index neurons and subscript ¢ to index time. Furthermore, we denote
by ©,, the empirical neural tangent kernel (NTK) of the standard parametrization (2.1)) at
time 0, which is the matrix ©,, = %ng(.)(, 00)Vof(X,0)T. We write C* for the space of



real valued functions with continuous kth derivatives and Lip for the space of Lipschitz
continuous functions. We use the notations O, to denote the standard mathematical orders

in probability.ﬂ

2.3 Main Results

In this section we describe our main results for univariate and multivariate regression, followed

by an interpretation and overview of the proof steps developed in the next sections.

2.3.1 Univariate Regression

We have the following description of the implicit bias in function space when applying gradient

descent to univariate least squares regression with wide ReLLU neural networks.

Theorem 1 (Implicit bias of gradient descent for univariate regression). Consider a feed-
forward network with a single input unit, a hidden layer of n rectified linear units, and a
single linear output unit. Assume standard parametrization and parameter initialization
, which means for each hidden unit the input weight and bias are initialized from a
sub-Gaussian (W, B) with joint density py . Then, for any finite data set {(xj,yj)}jj‘/il and
sufficiently large n there exist constants u,v € R so that optimization of the mean squared
error on the adjusted training data {(z;,y; — uxr; — v)}j]\il by full-batch gradient descent
with sufficiently small step size converges to a parameter 6% for which the output function
f(x,0%) attains zero training error. Furthermore, letting ((x) = [, [W|*pw g(W, —Wz) dW
and S = supp(¢) N [min; x;, max; r;], we have sup,cq || f(z,0*) — g*(x)|]2 = Op(n_%)over the

random initialization 6y, where g* solves following variational problem:

: 1 " . ”QZ 2 T
min [ @) = ) .

subject to ¢g(x;) =y; —ux; —v, j=1,..., M.

1X,, = Op(an) as n — oo means that for any € > 0, there exists a finite M. > 0 and a finite N, > 0 such
that P(|X,,/a,| > M.) < €,¥n > N..



The proof is provided in Appendix [2.C] Our main theorem also holds when the network
parameters are trained by stochastic gradient descent. For details, see Theorem [24] and
Remark 25 in Appendix [2.D] We will give an interpretation of the result in Section [2.3.3] We

first give the explicit form of { for several common parameter initialization procedures.

Theorem 2 (Explicit form of the curvature penalty for common initializations).

(a) Gaussian initialization. Assume that W and B are independent, W ~ N(0,02) and

3

203 0

B NN(O,O‘%) Then C(ZE) = W.

(b) Binary-uniform initialization. Assume that W and B are independent, W € {—1,1}
and B ~ Unif(—ay, ap) with a, > 1. Then ¢ is constant on [—1,I].

(¢) Uniform initialization. Assume that W and B are independent, VW ~ Unif(—ay,, a,,) and

B ~ Unif(—ay, a,) with Z—Z > I. Then ( is constant on [—I,1].

The proof is provided in Appendix [2.H.3]

Remark 3. Theorem @ and show that for certain parameter initialization distributions,
the function ( is constant on an interval. In this case, the solution (g(x) — f(x,0y)) to
the variational problem in Theorem |1| corresponds to cubic spline interpolation with
natural boundary conditions (see, e.g., [ANWG67]). For general ¢, the solution corresponds

to a spatially adaptive natural cubic spline, which can be computed numerically by solving a

linear system and theoretically in an RKHS formalism (see Appendixfor details).

For different activation functions, we have the following corollary, proved in Appendix

Corollary 4 (Different activation functions). Use the same settings as in Theorem |1] except
with activation function ¢ instead of ReLU. Suppose that ¢ is a Green’s function of a linear
operator L, i.e., L = 0, where § denotes the Dirac delta function. Assume that ¢ is
homogeneous of degree k, i.e., ¢(ax) = ak¢(x) for all a > 0. Then we can find a function

p satisfying Lp = 0 and adjust the training data {(x;,y;) 1, to {(z;,y; — p(x;) 1L, After



that, the statement in Theorem |1 holds with the variational problem (2.5) changed to

. 1 2
min [ slLlale) = £ B0 e oo

subject to  g(x;) =y; —p(z;), j=1,..., M,
where ((x) = pe(x)EW?*|C = ) and S = supp(¢) N [min, z;, max; z;].

Based on Theorem [T, we can also give an approximate description of the optimization
trajectory in function space. If we substitute the constraints g(x;) = y; in by a quadratic
penalty 147 ij\il(g(xj) —y;)?, then we obtain the variational problem for a so-called spatially
adaptive smoothing spline (see [AS96a, PSH06|). This problem can be solved explicitly and
can be shown to approximate early stopping. In Appendix [2.N] we provide details for the

following observation.

Remark 5 (Training trajectory). The output function of the network after gradient descent
training for t steps with learning rate 1/n is approximated by the solution to following

optimization problem.:

. - 2 1 1 " " 2
iy Dolola) =+ 5 @) ) 1)

2.3.2 Multivariate Regression

For multivariate regression, we have the following generalization of Theorem [}

Theorem 6 (Implicit bias of gradient descent for multivariate regression). Consider the same
network settings as in Theorem (1| except with d input units instead of a single input unit.
Assume that W is a random vector with P(||W| = 0) =0 and B is a random variable; the
distribution of (W, B) is symmetric, i.e., (W, B) and (=W, —B) have the same distribution,
and |W|l2 and B are both sub-Gaussian. Then, for any finite data set {(x;,y;)}M, and

sufficiently large n there exist a constant vector u and a constant v so that optimization of

10
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Figure 2.1: Tllustration of Theorem . Left: Uniform error between the solution g* to the
variational problem and the functions f(-,0*) obtained by gradient descent training with
uniform initialization W ~ Unif(—1,1), B ~ Unif(—2,2), against the number of neurons n.
The inset shows the training data (dots), g* (orange), and f(-,6*) (blue) for two values of n.
Right: Effect of the curvature penalty function on the shape of the solution function. The
bottom shows ¢g* for various ¢ shown at the top. The green curve is for { constant on [—2,2],
derived from W ~ Unif(—1,1), B ~ Unif(—2,2); blue is for {(z) = 1/(1 + 2?)?, derived from
W ~ N(0,1), B~ N(0,1); and orange for ((z) = 1/(0.1 + 2%)?, derived from W ~ N(0, 1),
B ~ N(0,0.1). Theorem [2 shows how to compute ¢ for these distributions.

the mean squared error on the adjusted training data {(x;,y; — (w,x;) —v)}3L, by full-batch
gradient descent with sufficiently small step size converges to a parameter 0* for which f(x,0%)
attains zero training error. Furthermore, let U = [[W|2, ¥V = W/|W||2, C = —=B/||W]|2
and ((V,¢) = pyc(V,c)E(U?|V = V,C = ¢), where pyc is the joint density of (V,C). Then,
for any compact set D C R?, we have supycp || f(x,0%) — g*(x) ]2 = Op(n_%) over the random

initialization 0y, where g* solves following variational problem:

CA)ED/2(0 . 2
g€Lip(RY) supp(¢) C(V7 C)
subject to  g(x;)=y;, j=1,....M (2.8)

R{(=A) D2 (g — f(-,60)}(V,¢) =0, (V,c) & supp(()
(—A) 2 (g — f(-,00)) € LP(RT), 1< p<df(d—1).

11



Here R is the Radon transform defined by R{f}(w,b) = f<w x>:bf(x)ds(x), the fractional
power of the negative Laplacian (—A)\ @Y% js defined in Fourier domain by (—AY‘”\l)/Qf(E) =
HfHd“f(E), and Lip(R?Y) is the space of Lipschitz continuous functions on R%.

The proof is given in Appendix [2.C] In Proposition [17 we will show that for specific
distributions of (W, B), the function {(V,¢) is constant on supp(¢), which greatly simplifies
the variational problem (2.8). We prove the following theorem in Appendix [2.1.2,

Theorem 7 (Variational problem for constant (). Suppose W is uniformly distributed on
St and B is uniformly distributed on [—ay, ap). Assume that ap > max; ||x;|[o. Then the

variational problem (2.8)) is equivalent to

min [ A0 — o 00)”

heLip(R4)NC(R4)
subject to  h(x;)=vy;, j=1,...,M (2.9)

(—2) D2 (h(x) - f(x,00)) € L'(RY), 1 <p <d/(d—1).

We can solve the simplified variational problem ([2.9) explicitly. We prove the following
theorem in Appendix 2.1.3]

Theorem 8 (Closed form solution). Suppose h(x) solves the variational problem (2.9). Then

h(x) is given by

h(x) — f(x,00) = ZAHX X [2 4 (u,x;) 4 v, (2.10)

where the coefficients \j, u and v are determined by

(

Zj]\il Nllxi — %52+ (u,x) +v =19y, — f(xi,6p), i=1,....,M

SM A =0 (2.11)

M
\24 )\ijZO.

J=1

Remark 9. A function of the form (2.10)—(2.11) is referred to as a polyharmonic spline

(see [Pot81]), which is a special type of radial basis function interpolation [Du 08]. When

12



d =1 (i.e., the univariate case), this corresponds to the natural cubic spline interpolation
described in Remark[3. Finally, we observe that the training trajectory of gradient descent for
multivariate regression can be approximately described by a sequence of so-called polyharmonic

smoothing splines [Segl19] with decreasing regularization parameter, similar to the description

(2.7)) for the univariate case.

2.3.3 Discussion of the Main Results

Interpretation An intuitive interpretation of Theorem (1] is that gradient descent opti-
mization is biased towards smooth functions. At those regions of the input space where
¢ is smaller, we can expect the difference between the functions after and before training
to have a small curvature. We call p = 1/( a curvature penalty function. The theorem
gives an explicit description of the bias in function space depending on the initialization.
In Theorem [2| we obtain the explicit form of  for various common parameter initialization
procedures. In particular, when the parameters are initialized independently from a uniform
distribution on a finite interval, { is constant and the problem is solved by the natural cubic

spline interpolation of the data.

We illustrate Theorem [I] numerically in Figure 2.1 and more extensively in Appendix
In close agreement with the theory, the solution to the variational problem captures the
solution of gradient descent training uniformly with error of order n='/2. To illustrate the
effect of the curvature penalty function, Figure also shows the solutions to the variational
problem for different values of ( corresponding to different initialization distributions. We
see that indeed at input points where ( is small resp. peaks strongly, the solution function
tends to have a lower curvature resp. use a higher curvature in order to fit the training data.
This description could be used to formulate heuristics for parameter initialization either to
ease optimization or to induce specific smoothness priors on the solutions. In particular,
in Proposition [15| we will show that any curvature penalty 1/¢ can be implemented by an

appropriate choice of the parameter initialization distribution.

13



Similar to the univariate case, in the multivariate case gradient descent implicitly controls
the complexity of the solution functions obtained upon training. In this case the complexity
is measured by the weighted 2-norm of the Radon transform of the (d + 1)/2 power of the
negative Laplacian. The weight function ( is again determined by the distribution used
to initialize the parameters. Although the precise interpretation of these expressions is no
longer as straightforward, intuitively the implicit bias corresponds to penalizing a global
notion of overall curvature across hyperplanes in the input space. For certain parameter
initialization distributions, Theorem [§| shows that the network output after training is a
polyharmonic spline. We illustrate Theorem [6| numerically in Figure and more extensively
in Appendix [2.A] Again in close agreement with the theory, the solution to the variational
problem captures the solution returned by gradient descent training with a uniform error of

order n~Y/2,

These results show that the effective capacity of the network, understood as the set
of possible output functions after training, is well captured by a space of cubic splines
(polyharmonic splines for multivariate regression) relative to the initial function. This is a
space with dimension of order M (the number of training examples) independently of the

number of parameters of the network.

We note that under suitable asymmetric parameter initialization (see Appendix [2.B.2)), it
is possible to achieve f(-,6y) = 0. Then in Theorem [1]and Theorem [} the regularization is on
the curvature of the output function itself (rather than its difference to the initial function).
Further, we note that although Theorem [I] and Theorem [6] describe gradient descent training
with linearly adjusted data, they also approximately describe training with the original
training data (see Appendix for more details). The adjustment of the training data
simply accounts for the fact that the second derivative and the Laplace operator are invariant
to addition of linear terms. In practice we can use the coefficients u and v of linear regression
y;j = (u,x;) +v+e¢,j=1,...,M, and set the adjusted data as {(x;, ej)}j]‘/il. Furthermore,
if we change the network architecture by adding skip connections from the inputs to the

outputs, our result holds for the original training data without any adjustments. Details are

14



provided in Appendix [2.T]

Generalization results Theorem [1| allows us to show how gradient descent on wide
neural networks learns a target function. In following paragraphs, we show how the solution

of variational problem (2.5)), (2.7) and (2.8) converges to a target function as the amount of

data increases.

In the so-called univariate noiseless model, the training outputs are given by y; = go(z;),
where go: [a,b] — R is the target function. Let a = zg < 27 < -+ < xpr < xpr41 = b and
h = max; x;41 — ;. If { is constant on [a, b], the solution g* of is the cubic interpolation
spline of training data. [HM76| showed in the context of splines that for a target function

go € C4([a,b]) one has [|g* — gollee < C|lgs|lsch?, where gi" is the fourth derivative of go.

For univariate noisy models, the training outputs are given by y; = go(x;) + €;, where ¢;
are zero-mean independent random variables with a common variance ¢2. In this case we
use early stopping to smooth out the noise and the training result is characterized by the
solution of ([2.7). If ¢ is constant on [a,b], the solution g* of is the cubic smoothing
spline of training data. [Rag83, Theorem 5.8] showed that if go € C*([a,b]) and {z;}}L, are
the uniform partition of [a, b], then E|lg* — gol|3 < C((1/t + (1/M)*)||gg||* + t*/*/M ), where
t is the number of training steps. If we choose ¢ to be ©(M*/%), then E||g* — go||2 = O(M~/?).
This gives us some hints about how to choose the stopping time depending on the number of
training samples. Similar observations can be obtained for more general settings. [Rag83)|
also gives out the error bound of ¢* for non-uniform training inputs. |[EL06| shows a similar

result if {x;}}Z, are sampled independently from a distribution.

If ¢ is non-constant on [a,b], the solution g* of is called the spatially adaptive
smoothing spline of the training data. [WDS13, Corollary 1] showed that if gy € C*([a, D)),
¢ € C¥([a,b]), t = ©(M*?) and {x;}}, are sampled from a distribution on [a, b] with bounded
positive density function ¢ € C3([a,b]), |g*(z) — go(x)| = O,(M~*/?). If the curvature of
the target function changes a lot on its domain, spatially adaptive smoothing splines with
properly chosen ¢ perform better than cubic smoothing splines. [WDS13, Corollary 1] showed

that optimal ( is the solution of a variational problem if the target function is known. They

15



approximate the optimal ¢ by a piecewise constant function and estimate the target function
from training data by interpolating splines. Then they numerically solve the variational
problem and get the suitable ¢ for the training data. |[AS96b| and [SBR10| proposed to choose
¢ based on an estimation of the second derivative of gy. [LG10| used a piecewise constant ¢
and proposed a search algorithm to find such (. Proposition [L5| showed the way to choose
the joint distribution of weight and bias parameters in order that ( is proportional to a given
function. Once we find out a proper ( according to the training data using the methods
in above literature, we can initialize the weight and bias parameters by the corresponding
joint distribution and train the wide neural network by gradient descent. According to the
theory, such special parameter initialization should perform better than uniform or Gaussian
initialization.

For multivariate noiseless models, if { is constant over its support, the solution ¢g* of
variational problem is the polyharmonic spline. Then the error bound between g* and

target function gy is shown in [Pot81, Theorem 3.2].

Strategy of the proof In Section we observe that for a linearized model, gradient
descent with sufficiently small step size finds the minimizer of the training objective which is
closest to the initial parameter (similar to a result by |ZXL20]). Then Theorem [10| shows
that the training dynamics of a linearized wide network is well approximated in parameter
and in function space by that of a lower dimensional linear model which trains only the
output weights. This property has appeared in different contexts [Danl7] and is sometimes
taken for granted in the literature. We show that it holds for the standard parametrization,
although it does not hold for the NTK parametrization, which leads to the adaptive regime.
Under these settings, the implicit bias of gradient descent amounts to minimizing distance
from the initial parameter, subject to fitting the training data. In Section [2.5] we relate this
description of the implicit bias in parameter space to an alternative optimization problem. In
Theorem [12| we show that the solution to this alternative problem has a well defined limit as
the width of the network tends to infinity, which allows us to obtain a variational description.

In Section [2.6] we focus on the case of univariate regression. In Theorem [I3] we translate the
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description of the bias from parameter space to function space. In Section 2.7, we turn to the
case of multivariate regression and use the inversion formula of the dual Radon transform
to analyze the optimization objective. Finally, we exploit recent results (Theorem H.1 in
|[LXS19b|) bounding the difference in function space of the solutions obtained from training a

wide network and its linearization to conclude the proof.

Related works [ZXL20| described the implicit bias of gradient descent in the kernel
regime as minimizing a kernel norm from initialization, subject to fitting the training data.
Our result can be regarded as making the kernel norm explicit, thus providing an interpretable
description of the bias in function space and further illuminating the role of the parameter
initialization procedure. We prove the equivalence in Appendix 2.M] [CG19] derived the
generalization bounds for overparametrized deep neural networks under stochastic gradient
descent training. They also approximated the neural network by a linearized model, which is

called a neural tangent random feature (NTRF') model in their work.

[SES19| showed that infinitely wide networks with 2-norm weight regularization represent
functions with smallest 1-norm of the second derivative, an example of which are linear
splines (see Appendix for more details). A recent work by [PN19| further develops this
direction for two-layer networks with certain activation functions that interpolate data while
minimizing a weight norm. In contrast, our result characterizes the solutions of training from
a given initialization without explicit regularization, which turn out to minimize a weighted
2-norm of the second derivative and hence correspond to cubic splines. Another recent work
[HTW19| discusses ridge weight penalty, adaptive splines, and early stopping for one-input
ReLU networks training only the output layer. The spline perspective for univariate shallow
ReLU networks has recently been also discussed by [SPD20|. [WTP19] showed a similar result
in the kernel regime for shallow ReLLU networks training only the output layer from zero
initialization. In contrast, we consider the initialization of the second layer and show that
the difference from the initial output function is implicitly regularized by gradient descent.
We show the result of training both layers can be approximated by training only the second

layer in Theorem [10] In addition, we give the explicit form of ¢ in Theorem [2| while the
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Figure 2.2: Tllustration of Theorem |§| Left: Uniform error between the solution g* to the
variational problem and the functions f(-,6*) obtained by gradient descent training of a
neural network (in this case with initialization W ~ Unif(S'), B ~ Unif(—2,2)), against
the number of neurons. Right: The input training data (dots), the contour plots of trained
network functions with 10, 160, 2560 neurons, and the exact solution to the variational
problem.

description given by [WTP19| has a minor error because of a typo in their computation.
Significantly, our results also cover multivariate regression, different activation functions, and

training trajectories.

In the multivariate case, [OWS20| studied infinite-width neural networks with parameters
having bounded norm. They showed that the complexity of the functions represented by
the network, as measured by the 1-norm of the Radon transform of the (d + 1)/2-power of
the negative Laplacian of the function, can be controlled by the 2-norm of the parameters.
Rather than bounding the 2-norm of the parameters, our result describes the implicit bias
of gradient descent and in turn we obtain a weighted 2-norm. A recent work by
considers adding an explicit regularization of 1-norm of the Radon tranform in function space
for multivariate regression, and uses the representer theorem to obtain the solution to the
variational problem. In contrast, we consider gradient descent without explicit regularization

and the implicit bias turns out to be a weighted 2-norm.
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2.4 Wide Networks and Parameter Space

In this section, we characterize the implicit bias in parameter space and show that, under
our initialization and parametrization scheme, training only the output layer approximates

training all parameters.

2.4.1 Implicit Bias in Parameter Space for a Linearized Model

In this section we describe how training a linearized network or a wide network by gradient
descent leads to solutions having parameter values close to the initial parameter values. First,

we consider the following linearized model:
f(x,w) = f(x,600) + Vo f(x,00)(w — bp). (2.12)

We write w for the parameter of the linearized model, in order to distinguish it from the
parameter 6 of the nonlinearized model. The empirical loss of the linearized model is defined

by
M

L' (w) =Y ("™ (xj,w), y5)- (2.13)

J=1

The gradient descent iteration for the linearized model is given by

Wy — 90, W41 = Wy — T]VQf(X, QO)Tann(X’wt)Lh“. (214)

Next, we consider wide neural networks. According to Theorem H.1 in [LXS19b],

sup |77 (¢, ) = (.01} l2 = Op(n ™)

This means that gradient descent training of a wide network or of the linearization of the
network results in similar trajectories and solutions in function space. Both solution functions

fit the training data perfectly, meaning fi"(X,ws) = f(X,0s) = Y, and they are also
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approximately equal outside of the training data.

Under the assumption that rank(Vyf(X,6y)) = M, the gradient descent iterations (2.14)
of the linearized network converge to the unique global minimum that is closest to initialization

|GLS18alZXT.20]. More precisely, ws, is the solution to following constrained optimization
problem (further details are provided in Appendix [2.D)):

min |lw — 6plla s.t. X, w) = V. (2.15)

2.4.2 Training Only the Output Layer Approximates Training All Parameters

In the following we consider networks with a single hidden layer of n ReLLUs and a linear
output, f(x,0) = Y I, WZ-(2)[(W£1),X> + bV + b®. We show that the functions and
parameter vectors obtained by training the linearized model are close to those obtained by
training only the output layer. In view of the previous subsection, this implies that training

all parameters of a wide network or training only the output layer results in similar functions.

Let 0y = vec(W(l)

,B(l),W(2),5(2)) be the parameter at initialization so that f1i2(-,6) =
f(-,00). Denote the trained parameter of the linearized network by ws, = Vec(w(l), b1, W@,
b®). Using initialization (2.3), given 1 < i < n, we have that ||W§1)||,l_)l(»l) = 0,(1) and

W(2) 5(2)

]

= Op(n_%) Therefore, writing H for the Heaviside function, we have

2) 1

Vo /(5. 60) =W H(W %) +8) - x, WPH(W, %) +57)| = 0,(n7%),
(1 (1
Voo F(%,00) = |[(W, %) +8 14 1] = 0, ().

(2.16)

This implies that when n is large, if we use gradient descent with a constant learning rate for
all parameters, then the changes of W), b(), () are negligible compared with the changes

of W In turn, approximately we can train just the output weights, I/Vi@),i =1,...,n,

2More precisely, given 1 < i < n, 3C, for any § > 0, s.t. with prob. 1 —§, |WZ(-2)|7 |B(2)| < COn~1/? log%

and ||W51)H, |5§1)| < C4/log 5 since the random variables are sub-Gaussian.
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and fix all other parameters, which corresponds to training a smaller linear model. Let
Wy = Vec(W(l),E(l),W?),Bm) be the parameter at time ¢t under the update rule where

W(l),g(l), 5% are kept fixed at their initial values, and

W =W W = W — Ve L7(@). (2.17)

Let @y = limy_,o ;. By the above discussion, we expect that f1%(x, @) will be close to

f(x, we ). We have the following formal result for mean squared error regression.

Theorem 10 (Training only output weights vs linearized network). Consider a finite data

set {(xi, y;)}2,. Assume that we use the square loss ((3,y) = |7 — yl|3; inf, Amin (©) > 0.

Let w; denote the parameters of the linearized model at time t when we train all parameters

using (2.14), and let W, denote the parameters at time t when we only train weights of the

output layer using . If we use the same learning rate n in these two training processes
2

and n < —2—~— then for any x € RY,

n)\max( n)

sup [ /1, @) — [1 (%, we)| = Op(n7"), asn — 0.
t

Moreover, in terms of the parameter trajectories we have sup, HW(U — W§1)|]2 = 0,(n71h),

—(1) 1 _ (2 (2 _ =(2) 72 _
sup, [ —by"[|ls = Op(n 1), sup, [W =Wl = 0,(n3/2), sup, b =07 || = O,(n).

The proof is provided in Appendix 2.E] By combining Theorem [10] and the fact that
training a linearized model approximates training a wide network (Theorem H.1 in [LXS19b]),

we obtain the following.

Corollary 11 (Training only output weights vs training all weights). Consider the settings
of Theorem and assume that the joint distribution of (W, B) is sub-Gaussian. Given any
compact set D C R%, for every x € D, sup, || f"(x, @) — f(x,04)]]2 = Op(n’%).

The proof is given in Appendix 2.F] In view of the arguments in this section, in the
next sections we will focus on training only the output weights and understanding the

corresponding solution functions.
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2.5 Infinite Width Limit of Shallow Networks

According to (2.15]), gradient descent training of the output weights (2.17)) achieves zero
in ~ in n 117 (2 STVl (1)
loss, f17(x;, B) = f(;,00) = Y, (WP = WIW ) + 574 = w5 = F(x,600),

j=1,..., M, with minimum |[W® — W@)H%. Hence gradient descent is actually solving

min [W-WIE st S W)W 5048 e = 5= f (5. 60), 5 =L, M.

(2.18)
To simplify the presentation, in the following we let f"(x,6;) = 0 by using the Anti-
Symmetrical Initialization (ASI) trick (see Appendix [2.B.2). The analysis still goes through

without this simplification (see Appendix 2.HJ).

We reformulate problem (2.18)) in a way that allows us to consider the limit of infinitely wide
networks, with n — oo, and obtain a deterministic counterpart, analogous to the convergence

of the NTK. Let u, denote the empirical distribution of the samples (W(l) l_)(l))” ie.,

i 07 Ji=D

fn(A) = 2570 14 ((ng) 71—)1(1)>)7 where 1,4 denotes the indicator function for measurable
subsets A in R2. We further consider a function «,: R> — R whose value encodes the
difference of the output weight from its initialization for a hidden unit with input weight and

bias given by the argument, i.e., an(W(-l) Z_)(-l)) = n(Wi@) — W(2)). Then (2.18]) with ASI can

i 07 7

be rewritten as

min / 2(WWD by dp, (WD ) st / (WO D) (WD x3) + 0]y dp, (W b) = g5,
R2

an€C(R?) " R2

(2.19)
where j ranges from 1 to M. Here we minimize over functions «,, in C(R?), but since only
the values on (ng),l_)gl))?zl are taken into account, we can take any continuous interpolation
of an(W(l) 5(1)), i=1,...,n.

R

Now we can consider the infinite width limit. Let p be the probability measure of (W, B).
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By substituting p for p,, we obtain a continuous version of problem ([2.19) as follows:
i 2w (1
m a* (W b) du(WH b
aECl(EQ) /RQ ( ’ ) ( ’ )

(2.20)
subject to / a(WS D)WW x) + b, du(WWD b)) =y, j=1,...,M.
R2

Using that u,, weakly converges to p, the following theorem shows that in fact the solution of

problem (2.19) converges to the solution of (2.20)). The proof is given in Appendix .

Theorem 12 (Infinite width limit). Let (WE”,BE”)L be i.i.d. samples from a pair (W, B)
with finite fourth moment. Suppose p, s the empirical distribution of (ng),l_)gl))?zl and
@, (WW . b) is the solution of ([2.19). Let a(W W, b) be the solution of (2.20). Then, for any
compact set D C R, we have sup,.p |gn (%, @) — 9(x,@)| = O,(n"Y?) | where g,(x, ) =
Jeo (WO B (WD x) +b], dpp, (WD, b) is the function represented by a network with n
hidden neurons after training, and g(x, @) = [p a(WW, 0)[(WW x) + b, du(WW, b) is the

function represented by the infinite-width network.

2.6 Implicit Bias for Univariate Regression

In this section we solve the optimization problem in the univariate case, which provides
a function space characterization of the implicit bias previously described in parameter space.
First we rewrite the problem in terms of breakpoints. Consider the breakpoint ¢ = —b/W® of
a ReLU with weight W) and bias b. We define a corresponding random variable C = —B/W
and let v denote the distribution of (W,C)f] Then, writing v(W®, ¢) = a(W®, —cW M),

the optimization problem ([2.20]) is equivalently given as

min VAW o) db(WW, ) s.t./ YWD WO (z; — )]y dv(WW e) =y;, (2.21)

~€C(R2) JRr2 R2

3Here we assume that P(W = 0) = 0 so that the random variable C is well defined. This is not an
important restriction, since neurons with weight W (1) = 0 have a constant output value that can be absorbed
in the bias of the output layer.
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where j ranges from 1 to M. Let v¢ denote the distribution of C = —B/W, and vyyjc=¢
the conditional distribution of W given C = ¢. Suppose ¢ has support supp(rvc) and a
density function pe(c). Let g(z,7) = [ YWD, o)W (z — ¢)]4 dv(WWM, ¢), which again
corresponds to the output function of the network. Then, the second derivative ¢” with
respect to x satisfies g”(z,7) = pe(x) [ y (WD, 2)|WO| diyye—p (WD) (for details on this
see Appendix . This shows that y(W M, ¢) is closely related to g”(x, 7). In the following
we seek to express in terms of ¢”(z,~). Since ¢”(x,~) determines g(z,7) only up to
linear functions, we consider the following problem:
veC(Rgl)l,HéR,veR /]Rz WQ(W(I)’C) dI/(W(l)7C)
subject to wux; +v + / YWD WD (z; — )y de(WW ) =9, 5=1,..., M.
© (2.22)
Here u, v are not included in the cost. They add a linear function to the output of the neural
network. If w and v in the solution of are small, then the solution is close to the
solution of (2.21). [OWS20] also use this trick to simplify the characterization of neural
networks in function space. Next we study the solution of in function space. This is

our main technical result for univariate regression.

Theorem 13 (Implicit bias in function space for univariate regression). Assume VYW and
B are random wvariables with P(WW = 0) = 0, and let C = —B/W. Let v denote the
probability distribution of (W,C). Suppose (7,7,0) is the solution of (2.22)), and consider

the corresponding output function
g(z, 7, w,0)) =ur+7v +/ FWO WO (x - )]y dv(WD ). (2.23)

Let ve denote the marginal distribution of C and assume it has a density function pe. Assume
that W has finite second moment. Let E(W?|C) denote the conditional expectation of W?
giwen C. Consider the function ((x) = pe(z)E(W?|C = z), assume its support contains the

input samples, x; € supp(C), i = 1,...,m, and let S = supp(¢) N [min; x;, max; z;|. Then
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following problem:

- (h"(x))* :
——d Ao h(x;) =y, =1,...,m. 2.24
henggr(ls)/s (x) M (%) Yi, ] ) TN ( )
The proof is provided in Appendix where we also present the corresponding

statement without ASI.

Finally, we discuss the curvature penalty function. We provide the proof of following

propositions in Appendix [2.H.2]

Proposition 14 (Curvature penalty function). Let pyy g denote the joint density function
of (W, B) and let C = —B/W so that pc is the breakpoint density. Then ((x) = E(W?|C =
z)pe(x) = [ W Ppws(W, =Wz) dW.

We note that if we sample the initial weight and biases from a suitable joint distribution,

we can make the curvature penalty p = 1/ arbitrary:

Proposition 15 (Constructing any curvature penalty). Given any function o: R — Ry,
%ﬁ and make VV independent

of C with non-vanishing second moment, then (E(W?|C = z)pc(z))~" = (E(W?)pe(x)) !

satisfying Z = fR% < 00, if we set the density of C as pe(r) =

o(z), z € R.

2.7 Implicit Bias for Multivariate Regression

In this section we solve the optimization problem ([2.20)) in the multivariate case. Similar to
Section [2.6] we can relax the optimization problem to
min / 2(WW ) du(WW, b)
R4 xR

acC(R4xR),
ueR? veR

subject to / (WO D)[(WO x) +0] du(WD b)) + (u,x;) +v=1y;, j=1,..., M.
RAxR
(2.25)
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Let U = |[W|2, ¥V = W/|[W|2 and C = —B/|W]||2. Let v denote the distribution of
(U, V,C) and y(u, V', c) = a(uV, —cu). Then, after the change of variables, the optimization
problem ([2.25]) is equivalently expressed as
min / v (u, V,c) dv(u, V)
Rt xS4-1xR

a€C(RT xS 1xR),
ueR? veR

subject to / Y(u,V,e) -u-[(V,x;) — s+ dv(u, V,c) + (u,x;) + v =y,
R+xSd—1xR

j=1,..., M.
(2.26)
Define the output of the infinite-width network by
s (o) = [ Ve e (Vix) - du(w Vo) + (ux) 4
R+ xSd-1xR

Then the Laplacian Ag(x, (7, u,v)) = Zfil 92 g(x, (v,u,v)) is given by

Ag(x, (v, u,v)) = /R+ s Rv(u, V.e)-u- 6((V,x)—c)dv(u,V,c)

= / (/ Y(u, V,c)-u dl/uv:V,C:c(u)) I(V,x) —c) dryc(V,¢),
Sd—1xR \JR+
(2.27)
where 1y, ¢ denotes the joint distribution of (V,C), and vy y—v c—. the conditional distribution
of U given YV = V and C = c. Let vgjy—y denote the conditional distribution of C given

V = V. Suppose vgjy—y has a density function pejy—v(c). Define

k(V,c) = /R+ Y(u, V,e) - u dvypy—v c=c(u). (2.28)
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Then ([2.27)) becomes

Ag(x, (a,u,v)) = /Sd—l IRli(V,c) I(V,x) —c) dvye(V,0)
= [ (v s - dpopeviciae) vy 220
= [ KV by (V.3) don(V)

where 1y, denotes the distribution of V. Assume that vy, has a density function py,(V') with

respect to the spherical measure o¢~!. Then (2.29) becomes

Ag(x, (o, u,0)) = / KV, (V%)) ey (V.3))pu(V) do® (V). (2.30)

Sd-1

Now, defining

/B(V7 C) - I{<Va C) pC\V:V(C) pV(V)v (231)
we observe that
Ag(x, (a,u,v)) = BV, (V,x)) dV
Sd-t (2.32)
= R{B}Hx).

The right-hand side of ([2.32)) is precisely the dual Radon transform of 8. Let 8 = 51 4 5~ be
the even—odd decomposition of §, where f7 is even and S~ is odd, i.e., 57 (V' ,¢) = 7 (=V,—c¢)
and 37(V,c) = = (=V,—c¢) for all (V,c) € S*! x R. Since the dual Radon transform

annihilates odd functions, we have Ag(x, (a,u,v)) = [, fT(V,(V,x)) dV. [OWS20]

S
observed that 7 can be recovered from Ag by using the inversion formula of the dual Radon

transform. According to [OWS20, Lemma 3|,

g+ = —WR{(—AW“W(-, o)}, (2.33)

where R is the Radon transform which is defined by

R{f}w,b) = / f(x)ds(x), (w,b) € ST xR,

(w,x)=b
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where ds(x) represents integration with respect to the (d — 1)-dimensional surface measure
on the hyperplane (w,x) = b. The fractional power of the negative Laplacian (—A)@+1)/2 in

(2.33) is the operator defined in Fourier domain by

— ~

(—A) D2 f(E) = (1€ f(€)-

When d + 1 is a even number, (—A)@+1D/2 is the same as applying the negative Laplacian
(d+1)/2 times. When d + 1 is odd, it is a pseudo-differential operator given by convolution
with a singular kernel (see [Kwal7]). Then according to (2.33) and the definition of /3, we
have
R{(=A) V()}V, ¢) = 2(2m) "1 5~
= —202m) " K(V, e)pepv=v ()pv(V) (2.34)

= — 2(2W)d_1pc|v:V(c)pv(V)/ Y(u, V', e) - u dvypy—v c=c(u).

R+
From the above equation, we show how ~(u, V', ¢) is characterized by the network output

function, which allows us to study the solution of (2.26) in function space. The following

theorem generalizes Theorem [L3| to the multivariate case.

Theorem 16 (Implicit bias in function space for multivariate regression). Assume that (1)
W is a random vector with P(||[W|| = 0) = 0 and B is a random variable; (2) the distribution
of (W, B) is symmetric, i.e., (W, B) and (=W, —B) have the same distribution; (3) ||[W]|2
and B both have finite second moments. LetU = ||W|2, ¥V = W/|W||2 and C = —=B/||W||2.
Let v denote the distribution of (U, V,C). Suppose (7,1,0) is the solution of (2.26), and
assume that 18 feasible, which means

/ ¥ (u, V,e) dv(u, V,c) < +o0.
R* xS4—1xR

Consider the corresponding output function

g(x, (7,1,7)) = /]R+ . Rﬁ(u, Vo) -u-[(V,x)—c|]y dv(u,V,e)+ (U,x) + 7. (2.35)
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Let vy denote the marginal distribution of C and assume it has a density function py (V).
Let vopy—v denote the conditional distribution of C given V =V and assume it has a density
function pejy—v(c). Let E(U?*|V =V ,C = ¢) denote the conditional expectation of U? given
V and C. Consider the following function : S™! x R — R,

¢(V,¢) = pev=v(c) pu(V)EU |V = V,C =c). (2.36)

Then g(x, (7,1,v)) is the solution of the following problem:

R{(—=A) V2RV )
min / (RA(=4) V<)) do® 1 (V)de
heLip(RY)NC(RY) supp(¢) C(V7 C)
subject to  h(x;) =y;, j=1,...,M, (2.37)

R{(=A) Y20}V, ¢) = 0, Y(V,¢) & supp(C),
(=AY D2h e LP(RY), 1 <p<d/(d—1),

d—1

where Lip(R?) is the space of Lipschitz continuous function on R and o 15 the spherical

measure.

The proof of Theorem [16|is provided in Appendix m The optimization problem ([2.37))
characterizes the implicit bias of the gradient descent in function space for the multivariate
setting. |ZXL20| obtained a characterization in terms of the minimization of a kernel norm in
function space, which is also valid for multi-dimensional inputs. In Appendix we prove
the equivalence between the kernel norm minimization and our result in the one-dimensional
setting. In future work it will be interesting to show that in the multivariate setting, the

kernel norm is equivalent to the objective in (2.37)) under appropriate conditions.

To conclude this section, we discuss the function ¢ in the variational problem ([2.37]). The
proofs of the following statements are presented in Appendix 2.I.4] First we propose an

initialization scheme such that ( is constant over a bounded region.

Proposition 17 (Constant ¢ over a bounded region). If W is sampled uniformly from the

unit sphere and B from a symmetric interval, i.e., YW ~ Unif(S¥1) and B ~ Unif(—a,a),
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then ((V',c) is constant over {(V,c) : |c| < a} and ((V,c) =0 for |c| > a.

Now we discuss the form of ¢ under certain conditions.

Proposition 18 (Penalty function (). Let pywp denote the joint density function of
W,B) and let U = |[Wl]a, V = W/|W|2 and C = —B/||W|l2. Then ((V,c) =
pepv=v(c) py(V)EUY =V ,C =c¢) = [ upywp(uV, —uc) du.

Using the above result we compute the explicit form of ( for Gaussian initialization.

Theorem 19 (Explicit form of ¢ for Gaussian initialization). Assume that W and B are

independent, W ~ N (0,02 I,) and B ~ N(0,02). Then C is given by

o3 ot d+3

7T<d+1)/2(02+c203))(d+3)/2 ( 2

((V,e) = )-

2.8 Conclusion

We obtained explicit descriptions in function space for the implicit bias of gradient descent in
mean squared error regression with wide shallow ReLLU networks covering the univariate and
multivariate cases. We also presented a generalization to networks with different activation
functions and discussed a relaxation related to early stopping and training trajectories in

function space.

In the case of univariate regression, our main result shows that the trained network function
interpolates the training data while minimizing a weighted 2-norm of the second derivative
with respect to the input. Such functions correspond to spatially adaptive interpolating
splines. In the case of multivariate regression, our results also characterize the trained network
functions. Under specific parameter initialization schemes, these functions correspond to
polyharmonic interpolating splines. The spaces of interpolating splines are linear of dimension
in the order of the number of data points. Hence, our results imply that, even if the network
has many parameters, the complexity of the trained functions will be adjusted to the number

of training data points. This can be used to explain why overparametrized networks do not
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overfit in practice, as the generalization error can be regarded as the precision of the spline

interpolation (see, e.g., [Wen04]).

|[ZXL20| described the implicit bias of gradient descent as minimizing a RKHS norm from
initialization. Our result can be regarded as making the RKHS norm explicit, providing an
interpretable description of the bias in function space. Compared with |[ZX1.20|, our results
describe the role of the parameter initialization scheme, which determines the curvature
penalty function 1/{. This gives us a clearer picture of how the initialization affects the
implicit bias of gradient descent. This could be used in order to select a good initialization
scheme. For instance, one could conduct a pre-assessment of the data to estimate the locations
of the input space where the solution should have a high curvature, and choose the parameter
initialization accordingly. This is an interesting possibility to experiment with based on our

theoretical results.

Our results can also be interpreted in combination with early stopping. The training
trajectory is approximated by a smoothing spline, meaning that the network will filter out
high frequencies which are usually associated to noise in the training data. This behaviour is
sometimes referred to as a spectral bias [RBA19a]. |[CFW21]| studied spectral bias theoretically
and showed that spherical harmonics of low frequency are easier to be learned by over-
parameterized neural networks if the input data is uniformly distributed over the unit

hypersphere.

Appendix
The appendix is organized as follows.

e In Appendix we illustrate our theoretical results numerically, and provide details on

the numerical implementation.

e In Appendix we briefly discuss definitions and settings around the parametrization

and initialization of neural networks, as well as on the limiting NTK and the linearization
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of a neural network.

In Appendices 2.C|, 2.D] R.E|, R.F], 2.G], we provide proofs and supporting results for the
results presented in Sections [2.3] 2.4.1] 2.4.2] and 2.5

In Appendices and [2.I) we provide the proofs of the results in Sections [2.6] and [2.7] for

univariate and multivariate regression respectively.
In Appendix we prove a corresponding result for activation functions other than ReLU.

In Appendix we discuss the linear adjustment of the training data and why our
result still gives a good description of training with the original data for non-linear target

functions.

In Appendix [2.M] we show the equivalence between our variational characterization of the
implicit bias of gradient descent in function space and the description in terms of a kernel

norm minimization problem.

In Appendix we discuss the relation between the gradient descent optimization trajec-
tory and a trajectory of spatially adaptive smoothing splines with decreasing smoothness

regularization coefficient which converges to the spatially adaptive interpolating spline.

In Appendix we give the explicit form of the solution to our variational problem, i.e.,
the spatially adaptive interpolating spline, which corresponds to the output function after

gradient descent training in the infinite width limit.

In Appendix [2.P] we comment on possible extensions and generalizations of the analysis.

2.A  Numerical Illustration of the Theoretical Results

Implementation of gradient descent Training is implemented as full-batch gradient

descent. In practice we choose the learning rate as follows. We start with a large learning

rate and keep decreasing it by half until we observe that the loss function decreases. After
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that, we start training with the fixed learning rate we found. We observe that the learning
rate we found is inversely proportional to the width n of the neural network. This observation
is in accord with Theorem [20] with respect to the upper bound of the learning rate in order

to converge.

We note that the implicit bias in parameter space shown in Theorem [2(] is independent
of the specific step size that is used in the optimization, so long as it is small enough
(see Appendix . The stopping criterion for training of the neural network is that the
change in the training loss in consecutive iterations is less than a pre-specified threshold:

|L(6;) — L(0;—1)| < 1078.

We use ASI (see Appendix [2.B.2)) at initialization. Then the initial output function of the
network is f(-,09) = 0. Hence in the figures the network output function is actually equal to

the difference from initialization.

For the comparison of the functions f(-,0*) and g¢*, the infinity norm || f(-,0*) — ¢*|| is

computed over a discretization of [— max; ||x;||2, max; ||x;]|2]¢.

Implementation of numerical solutions to the variational problem For univariate
regression, the variational problem for cubic splines can be solved explicitly as described in
Appendix . For a general non-constant curvature penalty function 1/, we can obtain
a numerical solution to problem as follows. First we discretize the interval [—1I, I]
evenly with points x; = —I +2jI/N, j =0,..., N. For simplicity we suppose that the M
input training data points are among these grid points, and we denote them by z;,,...,z;,,.
Then we initialize f(x;) = 0 for z; not in the training data (to be optimized) and f(z;,) = y;

(fixed values during optimization). We use the central difference to approximate the second
fje1)=2f (@) +f(zj-1)
h2

derivative, f"(x;) =

2
in ([2.24)) is approximated by Zﬁ\;l C(ii_) (f (wy41) =27 ,5326’ ARICH ’1)> . This is a quadratic problem

in f(x;), 5 €{Ll,....,N}\ {,...,jm} If we equate the gradient to zero, we obtain a linear

, where h = |x;11 — x;|. Then the objective function

system. The solution can be written in closed form in terms of the inverse of a design matrix.

As with any linear regression problem, in practice we may still prefer to use an iterative
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approach to obtain a numerical solution. In our experiment, we discretize the interval [—2, 2]

into 200 pieces and use conjugate gradient descent for solving the linear system.

For multivariate regression, it is not straightforward to numerically solve (2.8)). Hence we
numerically solve instead. We discretize the interval [—1,, I,,] evenly with points w; =
—I,+2j1,/ny, j =0,...,n, and the interval [—1Iy, I] evenly with points b; = —I, + 251, /n,
J=0,...,np Let oy, gy = a((wiy, ... wi,),05), ik = 0,...,n4, j =0,...,m. We use
numerical integration to approximate the objective and constraints of and then get
an optimization problem with search variables o, . ;, ). This is a quadratic programming

problem which can be solved using an internal point method.

Gradient descent training and variational problem To illustrate Theorem |1} across
different initialization procedures, in Figures [2.3| and we show analogous experiments to
those in the left panel of Figure but using two types of Gaussian initialization instead of
the uniform initialization. As we already observed in the right panel of Figure 2.1] here the
effect of the curvature penalty function is also visible. In portions of the input space where (
is peaked, the solution function can have a high curvature, and, conversely, in portions of the
input space where ( takes small values, the solution function has a small second derivative

and is more linear.

To verify that the results are stable over different data sets, in Figure [2.5| we show an

experiment similar to that of Figure 2.1} but for a larger data set.

Training all layers versus training only the output layer To illustrate Theorem [I0]
we conduct the following experiment. We use the same training set as in Figure [2.1| and use
uniform initialization. Starting from the same initial weights, we train the network in two
ways. One way is only training the output layer and another way is training all layers of the
network. The result is shown in Figure 2.6/ The left panel plots the error between two trained
network functions against the number of neurons n. In this experiment the error is of order

n~3/2 which is even smaller than the upper bound n~! given in Theorem [10] Potentially the
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Gaussian initialization 0% = 1

i I
¥ =0.6021x"0490
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Error
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10° 10°% o8
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20 -15 -10 -05 00 05 10 15 20 20 -15 -10 -05 00 05 10 15 20

Figure 2.3: Illustration of Theorem . Shown is the error between the output function f(-, 6*)
of the trained neural network and the solution g* to the variational problem against
the number of neurons, n. Shown is the average over 5 repetitions, with error bars indicating
the standard deviation. Here the training data is fixed, and the parameters were initialized
with W ~ N(0,1) and B ~ N(0,1). The right panel shows the data (dots), trained network
functions (blue) with 20, 80, 320, 1280 neurons, and the solution (orange) to the variational
problem.

Gaussian initialization 0'% =0.1

y=0.6080x" — 04646 12
—— FError 1o

10—1 B

Error

20 -5 -lo -85 oo 05 10 15 20

ID—Z B

T
17 10¢ 10*
Number of neurons

20 -15 -10 -05 00 05 10 15 20 -20 -15 -10 -05 00 @05 10 15 20

Figure 2.4: Illustration of Theorem |1} Similar to Figure , but with a different initialization
W ~ N(0,1) and B ~ N(0,0.1), which gives rise to a curvature penalty function ¢ that
is more strongly peaked around z = 0 (see Figure . We observe in particular that the
solutions are more curvy around x = 0.
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Uniform initialization s 3
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Figure 2.5: Illustration of Theorem [1] Similar to Figure with uniform initialization, but
with a larger data set and larger networks.

bound can be improved. The right panel plots two trained network functions with 20, 80,

320, 1280 neurons.

Effect of linear function on implicit bias In Theorem [I} since the variational problem
defines functions only up to addition of linear functions, we need to adjust training data by
subtracting a specific linear function ux+v. However, in our previous experiments, we observed
that even if we do not adjust the training data, the statement of Theorem [I|still approximately
holds. We attribute this to the fact that the linear function can be easily fit by the neural
network. We provide details about this in Appendix In order evaluate the effect of this
linear function on the implicit bias, we conduct the following experiment. Similar to Figure [2.1],
we use uniform initialization. We add a linear function 10x 4+ 10 to the training data in
Figure[2.1] So the training data we use are {(—2, —8.5), (—=1,0.5), (0, 11.5), (1,20.5), (2, 31.5)}.
In Figure we show analogous experiments to those in the left panel of Figure 2.1} In
order to clearly show the difference between the trained network function and the solution to
the variational problem, we subtract 10z + 10 from these two functions in the right panel of
Figure [2.7] From the right panel of Figure[2.7] we see that the difference between plotted two
functions is relatively larger than that in Figure 2.1} From the left panel of Figure [2.7] we

see that the error between these two functions stops to decrease when number of neurons n
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Only output layer vs all parameters
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Figure 2.6: Hlustration of Theorem . Training only output layer vs training all parameters
of the network. We use uniform initialization and the same training set as in Figure 2.1]
The left panel plots the error between two trained network functions against the number of
neurons n. For one network, we only train the output layer while for the another one, we
train all layers. The right panel shows the data (dots) and two trained network functions
with 20, 80, 320, 1280 neurons.

is larger than 1280. It means that the limit of trained network function as n — oo is slightly
different from the solution to the variational problem. If we choose bigger u and v, we expect

that the difference will become larger.

Experiments for two-dimensional regression problems We illustrate Theorem [0]
numerically in Figure 2.2l We conduct experiments similar to Figure and Figure for
the bivariate case. The initialization used in Figure is W~ U(S') and B ~ U(-2,2),
thus we can use Theorem [§] to exactly compute the solution to the variational problem .
In close agreement with the theory, the solution to the variational problem captures the

solution of gradient descent training uniformly with error of order n='/2,

To verify that the results are stable over different data sets, in Figure [2.8] we show an

experiment similar to that of Figure [2.2] but for a larger data set.

To illustrate Theorem [0] across different initialization procedures, in Figures and
we show analogous experiments to Figure 2.2 but using Gaussian initialization instead. The

initialization used in Figure [2.9)is W ~ N(0, I;) and B ~ N(0, 1), and the initialization used
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Figure 2.7: Effect of not adjusting the data. We use uniform initialization and add a linear
function 10z 4 10 to the training data of Figure In order to clearly show the difference
between trained network function and the solution to the variational problem, we subtract
10z + 10 from these two functions in the right panel. In the right panel we see that if we
ignore u and v in the variational problem , the solution is slightly different from ([2.24]).

n=10 n=160
15 3 W"r 15 ~0.500° LO‘SON\\‘J
% g
y=11.4822x 0410 10 AN e > 9
. (BS5%50 S
—4— Error 5 @ e & 20
001 o 250 & 0o @A 4 0.50¢
/ ;gg SHS /1500
-05 3.500 -05
N 2,500 o —
-10 -10 3.500 \ Q@“
[E_ -15 -15 \I l:
= 103 7 -15 -10 -05 00 05 10 15 -15 -10 -05 0o 05 10 15
w .
n=2560 Exact Solution
23 AN
1o PN 10 P W
0 DO\ 23
* \ Q

T
17 10#
Number of neurans

Figure 2.8: Tllustration of Theorem [6} Similar to Figure 2.2 with the same initialization, but
with a larger data set.
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Figure 2.9: Illustration of Theorem [} Similar to Figure but with the Gaussian initializa-
tion W ~ N (0, ;) and B ~ N(0,1).
in Figure is W ~ N(0,1;) and B ~ N(0,0.1). So we can use Theorem [19] to exactly

compute the curvature penalty function and solve the variational problem ([2.8) numerically.

2.B Additional Background on the NTK, Initialization, and Parametriza-

tion

In this appendix we provide a few additional details on the NTK, ASI initialization, standard
vs NTK parametrization, and discuss the difference between our results and weight norm

minimization.

2.B.1 NTK Convergence and Positive-definiteness

The convergence of the empirical NTK to a deterministic limiting NTK as the width of
the network tends to infinity and the positive-definiteness of this limiting kernel can be
ensured whenever the neural network converges to a Gaussian process. The arguments
from to prove convergence and positive definiteness hold in this case. As they
mention, the limiting NTK only depends on the choice of the network activation function,
the depth of the network, and the variance of the parameters at initialization. They prove

positive definiteness when the input data is supported on a sphere. More generally, positive
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Figure 2.10: Illustration of Theorem [6| Similar to Figure but with the Gaussian
initialization W ~ N (0, I;) and B ~ N(0,0.1). Because of the linear adjustment, the exact
solution of the variational problem ({2.8) is slightly different from the network output with a

large number of hidden neurons.

definiteness can be proved based on the structure of the NTK as a covariance matrix. Let

| £1IZ2 = Ex~p[f(x)" f(x)], where p denotes the distribution of inputs. The NTK is positive

definite when the span of the partial derivatives 0y, f(-,0), i = 1,...,d, becomes dense in

function space with respect to || - ||, as the width of the network tends to infinity [JGH18a].

For a finite data set x4, ..

., X7, positive definiteness of the corresponding Gram matrix is

equivalent to Oy, f(x;, -) being linearly independent [DZP19, Theorem 3.1|. This condition for

positive definiteness does not depend on the specific distribution of the parameters, but if

anything it only depends on the support of the distribution of parameters and on the input

data. The precise value of the least eigenvalue may be affected by changes in the distribution

however. The convergence of the network function to a Gaussian process in the limit of

infinite width and independent parameter initialization is a classic result [Nea96¢|. To verify

this Gaussian process assumption it is sufficient that ) . Wi@)a((WEl), x) + b;) is a sum of

independent random variables with finite variance.

40



2.B.2 Anti-Symmetrical Initialization (ASI)

The AntiSymmetrical Initialization (ASI) trick as proposed by |ZXL20| creates duplicate
hidden units with opposite output weights, ensuring that f(-,6y) = 0. More precisely, ASI
defines fasi(x,9) = ‘ff(x V) — %if(x, 9"). Here ¥ = (¥',9") is initialized with 9, = 9§, so
that

fasi(x,90) = Z £V(Q [(V i + + Z —QV X)) + Egl)]Jr =0.

i=1

The parameter vector at initialization is thus 9y = Vec(v(l) vV ! ,a
\/755(2)7 _\/755(2))_

The basic statistics on the size of the parameters remains like , even if now there are
perfectly correlated pairs of parameters. Hence the analysis and results on limits when the
number of hidden units tends to infinity remain valid under ASI. The ASI is not needed for
our analysis, which can be used to compare different types of initialization procedures, but it
simplifies some of the presentation. One motivation for using ASI in practical applications
is that it provides a simple way to implement a simple output function at initialization.
Since the output function at initialization directly influences the bias of the gradient descent
solution, this is a particular way to control the bias. Manipulating the bias from initialization

is also the motivation presented by |ZXL20|. A related discussion also appears in [SDP20).

2.B.3 Standard vs NTK Parametrization

We have focused on the standard parametrization of the neural network. |[JGH18a| use a
non-standard parametrization which is now known as the NTK parametrization. We briefly

discuss the difference. A network with NTK parametrization is described as

RO+ \/>W (1)l 1 pU+1) WY ~ N(0,1)
and K
U+ = ¢(h l+1)> b§_l) ~ N(0,1)
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In contrast to the standard parametrization, in the NTK parametrization the factor \/m
is carried outside of the trainable parameter. In this case, the scaling of the derivatives is
VWZ‘(;)f(a:, fy) = O(n~2) and VW§2>f(:C’ fo) = O(n"2). In turn, during training the changes
of WZ(;) and Wi@) are comparable in magnitude. This implies that we can not ignore the
changes of Wz(;) and approximate the dynamics by that of the linearized model that trains
only the output weights as we did in the case of the standard parametrization. In particular,

we can not use problem (22.20]) to describe the result of gradient descent as n — oc.

2.B.4 Weight Norm Minimization

[SES19] studied networks of the form f(z,0) =3, Wi@) [I/Vi(l)az + bgl)]+ + 5@ allowing the
width to tend to infinity. They showed that the minimum weight norm for approximating a
given function g is related to a measure of the smoothness of g by lim,_,¢(infy C'(0) s.t. || f(-,0)—
9lloe <€) = max{ [ |g" ()] dz, [g'(~00)+g'(00)[}, where C(6) = § 2L, (W) +(W{V)?).
Here the derivatives are understood in the weak sense. This implies that infinite width shallow
networks trained with weight norm regularization (sparing biases) represent functions with
smallest 1-norm of the second derivative, an example of which are linear splines. (Note that
C(#) is not strictly convex in the space of all parameters and also the 1-norm of the second

derivative is not strictly convex, hence the solution is not unique).

The result of [SES19| is illuminating in that it connects properties of the parameters
and properties of the represented functions. However, the result does not necessarily inform
us about the functions represented by the network upon gradient descent training without
explicit weight norm regularization. Indeed, if we initialize the parameters by with
sub-Gaussian distribution, the neural network can be approximated by the linearized model.
Then by Theorem |lw — 6p]|2 is minimized rather than ||wl|s. But in this case ||6p]|2 is
bounded away from zero with high probability and the 2-norm of all parameters (or also of
the weights only) is not minimized. On the other hand, if we initialize the parameters with
16o]|2 close to 0, then the neural network might not be well approximated by the linearized

model. This has been observed experimentally by [COB19| and we further illustrate it in
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Appendix

Even if we assume that the linearization of a network at the origin is valid, in order for
the network to approximate certain complex functions, the weights necessarily have to be
bounded away from zero. This means that reaching zero training error requires to move
far from the basis point, where the difference between linearized and non-linearized model
could become significant. In turn, the implicit bias description derived from a linearization
at the origin may not accurately reflect the implicit bias of gradient descent in the original

non-linearized model.

The above paragraphs discuss why the result of [SES19| does not apply to gradient descent
training without weight norm regularization. It is also interesting to discuss the difference
between our result and the result of [SES19]. In our result, the implicit bias of gradient
descent without weight norm regularization is characterized by 2-norm of the second derivative
weighted by 1/, which is a RKHS-norm. In the result of [SES19], they showed that training
with weight norm regularization (sparing biases) leads to functions with smallest 1-norm of
the second derivative, which is not a RKHS norm. The reason why training without weight
decay gives RKHS norm is because the training trajectory can be approximated by that of
a linear model, which corresponds to a certain RKHS. And for training with weight norm
regularization, the weight in the first layer is regularized, so it changes the feature space and
we can no longer regard that as a linear model. Some works give empirical evidence that
minimizing a non-RKHS norm can have better generalization than minimizing an RKHS
norm because of the limitation of linear models and the kernel regime. However, as far
as we know, there is no theory which shows that a non-RKHS-norm could result in better

generalization than a RKHS norm.

The paper by [PN19] follows the approach of [SES19| and generalizes the result of [SES19]
to different types of activation functions o. Then they show that minimizing the weight
“norm” of two-layer neural networks with activation function ¢ is actually minimizing 1-norm
of Lf in place of the second derivative, where f is the output function of the neural network.

Here L and o satisfy Lo = 9, i.e., o is a Green’s function of L. Such activation functions can
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be used in combination with our analysis. We comment further on such generalizations in

Appendix 2.J]

2.B.5 Basis Parameter for Linearization of the Model

We discuss how the quality of the approximation of a neural network by a linearized model
depends on the basis point. For a feedforward ReLLU network and a list X' = (z;)", of input
data points, the mapping 6 — f(X,0) = [f(x1,6),..., f(xnm,0)] is piecewise multilinear. Each
of the pieces is smooth and we can assume that it is approximated reasonably well by its Taylor
expansion. However, the quality of the approximation can drop when we cross the boundary
between smooth pieces. Consider a single-input network with a layer of n ReLLUs and a
single output unit. At an input x the prediction is f(z;0) = Y 7_, Wj@) [I/Vj(l)x + bg'l)]_l,_ + b3,
where 6 = vec(W® bM)W p2) The Jacobian is non-smooth whenever 6 € H,; =
{I/Vj(l)x + b§1) =0} for some j =1,...,n. Hence for m input data points x;, i = 1,...,m, the
locus of non-smoothness is given by m central hyperplanes H;;, ¢ = 1, ..., m in the parameter
space of each hidden unit j = 1,...,n. For an individual ReLU, if the parameter 6, is
drawn from a centrally symmetric probability distribution, the probability p that an € ball
around cfy intersects one of the non-linearity hyperplanes H;, ¢ = 1, ..., m, behaves roughly
as p = O(mc™!) as ¢ goes to infinity. Hence we can expect that the prediction function will
be better approximated by its linearization fi"(x,0) = f(z,cf) + Vof(z,c)(0 — cby) at
a point cfy if ¢ is larger. This is well reflected numerically in Figure 2.11] As we see, for
larger initialization the model looks more linear. We observed that this qualitative behavior

remains same if we try to adjust the size of the window around the initial value.

2.C Proof of Theorem [1I] and Theorem

The proof of Theorem [I] and Theorem [f] is the compilation of results from Sections [2.4], [2.5]
and 2.7, Next we give the proof of Theorem [6] Theorem [I] can be similarly proved.
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Parameter space of a ReLU

Hy

Network predictions over 2D parameter slices

o LT 90
Y 1 0 1 1
L 0.5 02 05 “© 05
- Co 0 -g-g 0 92 o \
- 0.5 s 05— -0.6 -0.5
Rd H—IERI——JERY

-1-050051 -1-050051 -1-050051

EELECL
oo N

H. 1 i 1
2 n 05 Zg 0.5 240
c 0 \/ ’ 0 230
Predictions of a_BgLU. on 3 data points s N2 I8, g os 220
1.2 et oL o 1-050 05 1 1-05005 1 41-050 05 1
1 - o
508 o ! 12 1
2 £ o5 | 14 05
iyl & 1 os 15 o5 \
=04 Aﬁe \ 7 — 2 D
% -1 1 1
0.2 Ef0§ -1-050051 -1-050051 -1-050051
A
0 %’1& 1z \ 0.1 1 2.8 1
A§(A§ K : 26 975
X7 0.5 0.5 0.5 [iatmisspsssevsi
KIS 0.05 —— % 24 ——— ||
Y, 0 [ ——— 0
0 05 0 s 22 s e
R 005 1 18 4 960
05 41050 0.5 1 -1:0.50 0.5 1 1050 0.5 1
f(-1;w,b) 1 0sl larger initialization —
04067

0.2

f(O;w,b)

Figure 2.11: Left: For a single ReLU, the map 6 — f(X,0) from parameters to prediction
vectors over a set X = {x1,...,2,} of m input data points is piecewise linear, with pieces
separated by m central hyperplanes. Right: Shown is the prediction f(x,#) of a shallow ReLLU
network on a fixed input point x, over a 2D slice of parameters 0 = cy + v1&; + v2&5 spanned
by two random orthogonal unit norm vectors vy, vo and parametrized by (&;,&) € [—1, 1)%
From top to bottom, the number of hidden units is n = 1, 5,25, 125 and in each row the initial
parameter 0y is drawn i.i.d. from a standard Gaussian. In each column we use a different
scaling constant ¢ = 0,0.5,10. As we see, for larger scaling c of the initialization the model
looks more linear.
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Proof of Theorem[f. The convergence to zero training error for ReLU networks is by now a

well known result [DZP19,|ALS19b]. We proceed with the implicit bias result.

For simplicity, we give out the proof under ASI (see Appendix [2.B.2)). In Section we
relax the optimization problem (2.20)) to (2.25)). Suppose (@, w,v) is the solution of ([2.25).

The we can adjust the training samples {(x;, v;)}2, to {(x;,y; — (W, x;) — 0)}X,. It’s easy
to see that on the adjusted training samples, (@, 0,0) is the solution of . Then @ is
the solution of on the adjusted data. Furthermore, the solution of in function
space, g(x,@), equals to the solution of in function space, g(x, (@,0,0)), i.e.,

9(x,a@) = g(x, (@,0,0)). (2.38)
It we change the variable a to v as in Section we get

g9(x, (@,0,0)) = g(x,(7,0,0)), (2.39)
On any compact set D C R%, according to Theorem ,

sup |9, (X, @) — g(x,@)| = Op(n~"7%), (2.40)

xeD

where g, (x,@,) is the solution of problem (2.19) in function space. Since problem ({2.19))
is equivalent to problem ({2.18)), g,(x,@,) is also the solution of (2.18]) in function space.
According to discussion in Section , (%, @) is the solution of (2.18)). Then we have

(%, @) = [ (X, Too)- (2.41)

According to Corollary [11], we get

sup | f™(x, Goo) — f(x,0%)] = O,(n" 7). (2.42)

xeD

Finally, according to Theorem 16| (to prove Theorem , apply Theorem (13| and Proposition
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14)), g(x,(7,0,0)) is the solution of (2.8)), which is ¢*(x). It means that

9(x,(7,0,0)) = g"(x). (2.43)

Combining (2.38)), (2.39), (2.40), (2.41)), (2.42)), (2.43]), we prove the theorem. O

2.D Implicit Bias in Parameter Space for a Linearized Model

|ZXL20| show that gradient flow converges to the solution with zero empirical loss which is
closest to the initial weights. We show a similar result for the case of gradient descent with

small enough learning rate.

Theorem 20 (Bias of the linearized model in parameter space). Consider a convex loss
function ¢ with a unique finite minimum and its derivative s K-Lipschitz continuous, i.e.,
]f—yﬁ(yl,g) - diyﬁ(yg,gj)\ < Kly1 — ya|. If rank(Vyf(X,00)) = M, then the gradient descent
iteration (2.14) with learning rate n < #}((én) converges to the unique solution of following

constrained optimization problem:
min |jw — Oplla s.t. (X, w) = (2.44)

Remark 21 (Remark on Theorem step size). Note that this statement is valid for the
linearization of any set of functions, not only neural networks. The proof remains valid for a

changing step size as long as this satisfies the required inequality.

Remark 22 (Remark on Theorem , rank assumption). The assumption Vof(X,00) = M
is satisfied in most cases when n > M (here n refers to the number of parameters in 0 since
we use the linearized model). This is because Vo f(X,0y) is a M x n matriz. The M rows

corresponds to M training samples and they are almost always linearly independent.

Here we give out the proof of Theorem . We note that [ZXL20] prove a similar result

for gradient flow. Our proof is for finite step size and different from theirs.
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Proof of Theorem [20. We use gradient descent to minimize L' (w) = 5 Zi‘il 0( 1 (x4, w), yi)-

First we prove that VL™ (w) is Lipschitz continuous as follows:

VL™ (wi) = Vo L™ (w2)]|2
1
:MHV@]"(?{, eo)vaun(XM)L —Vof(X, eo)vann(X,wz)L||2

1
SMHVQJ[(X, GO)THQva““(X,wl)L - Vf““(X,wg)LHQ

M

1 d . d . ?
ZMHVQJC(QCQO)TM Z(d—yl(fhn(xi,wl),?/i) - d—yl(fhn(xi,w),?/i))

i=1

K . )

§M||ng(?(, 00)T||2||fhn(X,w1) — fhn(.)(,wg)HQ (K-Lipschitz continuity of ¢)
K

:MHng(X, 00) " 121 Vo f (X, 00) (w1 — ws) |2

K
SMHV@]’(?{,00)T||2||V9f(é\f,00)||2||(w1 — wy)||2

Kn A
SﬁAmaX<@n)”wl — wal|2.

So L'™(w) is Lipschitz continuous with Lipschitz constant £2),,..(6,,). Since L™ is convex

over w, gradient descent with learning rate n = ﬁ(é) converges to a global minimium
of L™(w). By assumption that rank(Vyf(X,6)) = M, the model can perfectly fit all data.

Then the minimium of L'™(w) is zero and gradient descent converges to zero loss.
Let weo = limy_, oo wy. Then fi(X wy) = V. According to gradient descent iteration,

Weoo = (90 - Z ﬁng(X, go)TVflin(XMt)Llin

t=0

=0 — Uvef(X, 90)T Z Vflin(XWJt)Lhn.

t=0

Since fU" is linear over weights w and |lw — 6|2 is strongly convex, the constrained

optimization problem ([2.44) is a strongly convex optimization problem. The first order

48



optimality condition of the problem is

W — 60 + V@flin(X, eo)T)\ = O,
(2.45)

fhn(X, w) — y

Let A=),V sin(x,0) L, we can easily check that w,, satisfies condition (2.45)). So w is
the solution of problem ([2.44)). O]

Remark 23 (Remark on Theorem . Making an analogous statement to Theorem |2() to
describe the bias in parameter space when training wide networks rather than the linearized
model is interesting, but harder, because the gradient direction is no longer constant. [0S19]
obtain bounds on the trajectory length in parameter space, putting the final solution within
a factor 45 /a of ming ||6y — 0||, where 5 and o are upper and lower bounds on the singular
values of the Jacobian over the relevant region. However, currently it is unclear whether the

solution upon gradient optimization is indeed the distance minimizer from initialization.

Next we discuss the implicit bias of SGD (stochastic gradient descent) in parameter space.

Consider the following stochastic gradient descent iteration for the linearized model:

d .
wo =0y, w1 = wr— ntd—yf(flln(xw(t), wt)a yr(t))VOf(Xr(t)a (90>7 (2-46)

where 7(t) is evenly chosen from the set {1,2,..., M} and n; is the learning rate at the step t.
Typically, n; needs to decay in order for SGD to converge. However, for overparametrized
linearized model, we can show that SGD converges for constant learning rate and the implicit
bias of SGD is the same as gradient descent under certain conditions. This is shown in the

following theorem.

Theorem 24 (Bias of the linearized model in parameter space, SGD). Consider a convex
loss function £ with a unique finite minimum and its derivative is K -Lipschitz continuous,
i.e., |%€(y1, J) — diyf(yg,g)ﬂ < Klyy — yo|. If rank(Vof(X,00)) = M, the stochastic gradient
descent iteration with constant learning rate n;

—n< 1 converges to
nx K max; ||V9f(xj790)||§ g
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the unique solution of following constrained optimization problem with probability 1:
min ||w — Oplla s.t. (X, w) =D (2.47)

Proof of Theorem[2] Let w* be the solution to the optimization problem (2.47). Let z; =

* zj>zj

T Tl is the projection of w; onto the
J J

Vof(x;,00). It is easy to see that w; — (w; —w

hyperplane {(w,z;)} = {(w*,z;)}. So for any 7 < 1, we have

2 2
~ Zj Zj * *1(12 ~\2 * Zj
wy — M{wy — W, T ) T — = flwr —wllz = (1= (1 = 7)) [{we — ", )
12ill2" [l 2 ’ 125113
(2.48)
< Jlwe — w*|I2. (2.49)
The length of the stochastic gradient in (2.46|) can be bounded as follows:
d lin
Utd—yﬁ(f (Xr()> We), Yre) [1Zr1) | 2 (2.50)
< 0B | 7 (%) o) = Yoy |12 2 (2.51)
1 .
K (%), wi) — Y . 2.52
< Ko, HVef(xj,Ho)H%U (%7t we) = Yry | 12y |2 (2.52)
1
= —————(w — W, Ze ) | Zr o) || 2 (2.53)
max; [z, Wi
1 Zr(1)
< ———s[1Ze 3w — W, T (2.54)
max; [|z;]13 ’ 1212
Z'I‘
< (wp — w*, 0y (2.55)
120112
Then according to (2.49)), we have
d 1 *
nt_g(f (XT(t)7wt) yr(t))HZT(t)HQHZ N || < Hwt w ||2 (256)
r( 2
The above equation means that
[wirr = w2 < Jloy — w2 (2.57)
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Then |jw||2 is bounded and lim; o ||w; — w*||2 — ||wir1 — w*||2 = 0. Next we show that for

any convergent subsequence {wy, }r>1 of {wih>1, we have limg oo wy, = w*.

Let limy_,oo wy, = w. Asuume that @ # w*. According to the first order optimality (2.45)),
we have that w* = 6y + Z]Ail Ajz;. From the stochastic gradient descent iterations, we have
wi =0y—n Zi 11 (fyé(f“n(xr(s), Ws), Yr(s))Zr(s)- Then wy —w* is a linear combination of {w; }Jj\il

It means that i — w* is a linear combination of {zj} . Since w — w* is not zero, the set

A= {j“@_ Tl

infinitely many times. So for any given k, we can find ) > ¢, such that r(¢},) € A and

> O} is not empty. With probability 1, we have that r(t) € A

r(t) & Afor t, <t <t.

When we prove (2.57), we only use the property that f'(x.u),w*) = vy When
tr <t < t), we have r(t) € A, so (©, ﬁ) = (w*, ”ZZ”(%)HQ). It means that fi(x,@),w) =

S (%, 4), w*) = Yp)- Using the same argument as (2.57)), we have |Jwys1 — @z < [lw; — @2

when ¢, <t < t;. Then ||wt;€ — 0|2 < ||lwt, — @|l2. Then limy_,o wy = limg oo Wy, = .

According to ([2.48)), we have

* * ~ * Zyp(t
lwers — w13 = lwe — w13 = (1 = (1 = 7)?) [{wr — w*, 2 (2.58)
12 1) |2
n< g fhn X (1) Zo(t)
7, T, 90 v ol -
% r(t)
‘<“’t “h ||zr<t)u2>
Since limy, wy = w, for sufficiently large k£ we have
z 1 2
r(t) Zip (i
(wy, — W, ) > —min|{® — w", @) (2.60)
1Zr () I|2 2 jea 1Zr ()2

=Q(1), (2.61)
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and

1 nminge 4 diyg(fhn@(j’ w), yj) minje A sz I2

Ny > — — 2.62

LES G —olhs (2:62)
d .

= 001 mip L 05,) ) (2.63)

— (1), (2.64)

where holds because f1"(x;, @) —y; = (0 — w*,z;) # 0 for all j € A and %E(y,g)) =0
if and only if y = ¢ according to the fact that loss function ¢ has a unique finite minimum.
From and we have [lwy — w*||3 — [Jwy 41 — w*[|3 = Q(1). This contradicts the
fact that lim; o [|w; — w*||2 — ||wir1 — w*||2 = 0. Then the assumption w # w* is not true. So
for any convergent subsequence {wy, }x>1 of {w;}i>1, we have limy_,o wy, = w*. Combining

the above statement with the fact that ||w||2 is bounded, we have lim; o w; = w* O

Remark 25 (Remark on Theorem [24)). Theorem [24] shows that SGD and gradient descent
has the same implicit bias in parameter space. Then our main theorem also holds for SGD

training.

2.E Proof of Theorem [10!

~

We note that assumption liminf,, ., Anin(©,) > 0 is satisfied if the empirical NTK converges

and the limit NTK is positive definite. For details see Appendix [2.B.1]

Proof of Theorem [10. According to ([2.14]),
W41 = Wy — nVef(X, QO)TVflin(X7wt)Llin.
Since we use the MSE loss, we have

Wip1 = wy — Vo f(X, 90>T<flin(X=Wt) =)
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Using ([2.12)), we get

flin(‘)(v wt—H) = flin(X7 wt) - erf(/v7 QO)VGf(Xa QO)T(flin(Xv wt) - y)
= (X, @) — O (fM(X,w) = V).

Then we have

X wien) = Y = (I =m0, (f™ (X, wi) — V),

and

FX @) =Y = (I —nn6,) (f™(X,600) = V)
= (I —m©,) (f(X,60) = V).
According to the update rule of w;, we know that w; = Vy f(X,05)T€ + 6y, where £ is a column

vector. Then we have

X ) =Y = (X w) = f(X,00) + f(X,00) =Y
= Vo f(X,00)(we — o) + f(X,00) =Y
= Vof(X,00)Vof(X,00)7€6+ f(X,0,) - Y
= nO, &+ f(X,00) — Y
= (I —mm®©,)"(f(X,00) = V).

From above equation we can solve for &:
§=—n"16,"[I = (I = mO,)'|(£(X,60) = V).
Therefore

e = 0"V f (X, 6070, 1 — (I —n@,)'](f(X,60) — V) + bo. (2.65)
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For any x € R?,

fhn<xawt) = f(x,60) + Vo f(x,00)(w; — o)

= f(x,00) — 'V f(x,00) Vo f (X,00) O, I — (I —nn©,)"|(f(X,00) — V).
(2.66)

For the training process (2.17), we can define the corresponding empirical neural tangent

kernel in the following way:

1
O, = EVW(Q)f(Xa 00)Vwe f(X,600)".
Using the same argument, we have

W = —n 'y (X, 600)7 6, [T — (1 —n©,)/(F(X,00) = V) + W, (267)

n

and

i (x, @) = f(x,00) —n" 'Vwe f(x,00) Ve f(X,00)70 T — (I - nn(:)n)t](f(éf, 6o) — ).

(2.68)
According to and (2.68)), we have
|fhn(X, &t> o fhn(X, wt>|
=n"" ]Vef (x,00) Vo f (X, 0070 [ — (I —nn©,)|(f(X,0) — ) (2.69)

—Vw f(x,00) Ve f(X,00)70, I — (I —nn6,)"](f(X,00) — V)|.

The next step is to compute the difference between ©,, and O,. Let A® =6, — ©,,, then

the ij-th entry of the matrix A© is

n

(A©)y :% [Z(<le(cl)f(xia 00), Vo (x5, 90)> + Vo f(xi,60) Vo f(x5, 90))
b1
(2.70)

+ Vo f(xi,00) Vo f(x5, 90)] :
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Given x € R?, we have

[V £, 60) | =W H((WR, )+ 87) - x| < (W21 (2.71)
V00 £, 00)| =W H(W ) + 5] < (W) (2.72)
IV £ (¢, 00)| (W %) + 5] < (W[l + By (2.73)
Vi f(x,00) =1. (2.74)

Therefore,

1
(20)y] < — [Z(rw,é%uxiuuxju +IWPR) +1

k=1

(2.75)

Ixllllill + 1§~ @, 1
= RN W -
p ;\ e P

According to initialization , W,EQ) < \/1/_71 W® . Then according to the law of large
numbers, limy, . 37, [W |2 = E)WV®|2 almost surely as n — oo. Then S0, [WP[2 =
0,(1) and [(20),] = 0,(n~").

Since the size of A© is M x M, which does not change as n goes up. So ||AB||; = O,(n™1),
which means [|©,, — O, |, = O,(n™").

Now we measure the difference of each part in . According to the assumption

~

inf,, Amin(0,,) > 0, we have

R 1
Amin(©,1) > ————— = 0,(1 2.76
(Ch) nf, hon (0) (1) (2.76)
Amin(O71) > - = 0,(1). 2.77
(©,7) it o (On) — O (n ) (1) (2.77)
Therefore
16,' — 0,2 = 16,1 (6n — 6,)0, |2
<116, " 1211202[|6; |2 (2.78)
= Op(n7").
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The assumption 1 < ~ 2 implies

Amax(én)

1= nmua < 1, (2.79)

and
11 —nnOnlla < I —nnOyll2 +nn||©, — O

)\max @ A _
2( )7 L — n9Amin(On) } + Op(n 1)'

< max{nn

For any 0 > 0, as n is large enough, we also have ||[I — nn©, |, < 1 with probability at least

1 — 6. Then as n is large enough,

1[I = (I = nn©,)"] = [I = (I = nn6©,)"]l2
= [[(1 = n©,)" = (I = n©,,)"||
< (T = nn©,) = (I = nn©,)1(I = nn®©,) "Iz
+ (1 = nn©,)[(I = n©y) — (I — nn©,)|(I — nn©,,)" ||
.
+ (1 = nn©,)' M [(1 = nn©,) — (I = nn®©,)] 2
< )|©n = Onlla|lI = nn©, )15
+ 01 = nn©,12]0n — O4lla|lI — nnO, 1572
.
+llL = O, )15 160 — Oall2

<104 = Oullz - t - (max{||I — nnOullz, |11 —1yOnll2})" ",

Since max{||1 — nnOullz, |1 —n1Onll2} < 1, suppg t - (max{||I — nnOullz, |1 —nnOnll2})""!

is a finite number. Then we have

Il = (1 =1100)] = [I = (I = 1m0©,)"]l2 < O(]|On — Oull2)
(2.80)
= Oy(n7).
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Let AO(x,X) = n " (Vof(x,00)Vof(X,00)T — Vwe f(X,00)Vwe f(X,00)7), then the i-th
entry of the vector AG(x, X) is

n

S (T £ 80) Vg f (i 60) + 0 (%, 60) V0. £ (s, 60)

k=1

+ Vb<2)f(x, Qo)vb(z)f(xi, 80)] .

(A0, X)) =

Similar to (2.75]), we have

(AO(x, X))l = Op(n7"). (2.81)

Since the size of AG(x, X') is M, which does not change as n goes up. So
[AO(x, X) |2 = Op(n71). (2.82)

Let ©,,(x, X) = n~ (Ve f(X, 00) Ve f(X,00)7)), then the i-th entry of the vector ©,(x, X)
is )
|(én(x7 X))Z‘ S % Z |VW]£2)f(X7 QO)VWISQ)f(Xi) 90>|
1 - (2.83)
= STIAWI N + b)) AW il + b57))-
k=1

According to initialization ([2.3]), (W,(Cl), bg)) 2 (W, B). Then according to the law of large
numbers,

(O (x, X))l = Op(1). (2.84)

Since the size of ©,(x, X) is M, which does not change as n goes up. So
18n(x, X)[l2 = Op(1).

[Nea96¢|, |[LSP18| show that as n goes to infinity, the output function at initialization f(-,6)
converges to a Gaussian process in distribution, which means that f(X,6y) ~ N (0, (X, X)).

Here K(X, X) can be computed recursively. Then f(X,6p) is bounded in probability and we
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get
/(X 60) = V2 = Op(1). (2.85)

Then following (2.69) and (2.85)), we get

(%, @) — f(x,6,)]
="V f(x,00)Vaf(X,00)" O, I — (I = nnO,)](f(X,00) = V)

— Ve f(x,00) Ve [(X,00) 7O, [T — (1 —n1©,)](f (X, 60) — V)]
=" Vo f(x,00) Vo f(X,00)7 O, I — (I —nnO,)]

— Ve (%, 00) Ve [ (X, 00) 7O T — (I —1n©,) ][5 f(X,60) — Vll2
=" Vo f(x,00)Vof(X,00)7 O, I — (I —nnO,)]

— Ve f(%,00) Ve f(X,00)70,1 [T = (I = 11©,) ]2 - Op(1).

According to (2.78)), (2.79), (2.80), (2.82) and (2.84)), we have that

n Y|V (x,00)Vof (X, 00)" 0, I = (I = nn©,,)']
— Vwe f(%,00) Ve f(X,00)" 0, [T = (I = 11©,)']5
<n [V f(x,00) Vi f(X,00)" = Ve f(x,00) Vwe £ (X, 00) (1110, o[l 1 = (I = n0©,)"]|
+ 07|V £ (%, 00) Ve £(X, 00) " [2110," = O, |2l 1 = (I — nn©,)" |5
+ 07|V f(x,00) Ve F(X,00)" 1216, oIl = (1 = nn©,)] = [T = (I = nn©,)1]]l
<O,(n71)0,(1)0y(1) + O0p(1)0p(n™ )0y (1) + Oy (1) 0y (1) O, ()
=0p(n"").

So we have | fi"(x,@;) — f(x,0;)] = Op(n~!), and the constants in O,(n~') do not depend on
t. Then we get

sup |flin(x>¢~dt) - flin(X,Wtﬂ = Op(n_l), as n — oo.
t
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For the difference of parameters, we have

~

By — wp = vec(W(l) _ \/7\\7151),5(1) _ Bgl)’ W?) . W?)’B(?) _ b,@).

According to (2.65) and (2.67)),

WY = WOy = [0 Va F(X, 00701 T — (I —nn©,)](F(X,00) — V)|la

n

< 0™ Vwar f(X,60) 112105 2|1 = (1 = 19O, |2 (X, 60) — V3
<0 [V f(X,00)" |2 - Op(1).

Here Vo f(X,00)T is a n x M matrix, the ij-th entry of the matrix is Vo f(x5,00).
According to (2.71)), we have V o f(x;,00) = Op(n~'/2). Then we get ||V f(X, 00)7 2 =
O,(1) by the law of large numbers. So we have HW(D ~ WY, = 0,(n71), and O,(n™?)

does not contain any constant factor which is related to t. Then we get
sup ||W1 — \/7\\7tl||2 = 0,(n"), as n — oo.
t
Similarly we can prove

sup|[b' — bl s = O,(n1), as n — oo, (2.86)
t

sup ||l;2 — 0| = O,(n™1), as n — oo. (2.87)
¢
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For W?) — \/7\\7§2), we have

W = Wi = [0 Vwen (X, 00)" (6,11 = (1 = n©,)'] -
6,111 = (1 = m0,)]) (F(X,60) = V)]l
< [l Ve £, 00)7 (107" = 6, [allT = (T = nn,)! -+
10 a2 = (1 = nn@)] = [ = (I = nn®)][12 ) 1/ (X, 6) = Vo
< 17 Ve (X, 60) " l2(Op(n1)0,(1) + Oy (1)0,(n ") - O,(1)
= 0,(n"?)[[Vwe f(X,00)" -
Here Ve f(X,600)" is a n x M matrix, the ij-th entry of the matrix is Vo f(x;,60).
According to (2.73)), we have VWi<2)f(xj, o) = O,(1). Then ||[Vwe f(X,600)7]2 Z: O, (n*/?)

by the law of large numbers. So we have ||W§2) - V/\\7£2)||2 = 0,(n™*?), and O,(n~%/?) does

not contain any constant factor which is related to t. Then we get

sup ||\A7\7't2 - WfHQ = 0,(n%?), as n — oo.
¢

2.F Training Only the Output Layer Approximates Training a Wide
Shallow Network

Corollary[I1]is obtained by combining Theorem [10]and the fact that training a linearized model
approximates training a wide network |[LXS19b| Theorem H.1]. Although |[LXS19b, Theorem

H.1] consider Gaussian initialization, the arguments extend to sub-Gaussian initialization.

Proof of Corollary[1]. Using Theorem [10] we have that

sup | £ (x, @) — f(x,w)| = Op(n™1), as n — oo. (2.88)
t
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According to |[LXS19b, Theorem H.1], in the case of Gaussian initialization, we have
sup | ™ (x, wp) — f(x,0)] = Op(nfé), as n — oo.
t

Under our neural network setting, which is a one-input network with a single hidden layer of n
ReLUs and a linear output, we can generalize the above result to sub-Gaussian initialization.
In the remark of Theorem we illustrate that the empirical NTK converges to analytic
NTK for initialization with finite variance distribution. Then for sub-Gaussian initialization
the empirical NTK still converges to analytic NTK. Then the only part we need to adapt in
the proof of [LXS19b, Theorem H.1] is the following theorem [LXS19b, Theorem G.3]:

Theorem 26. Let A be an N x n random matriz whose entries are independent standard
normal random variables. Then for every t > 0, with probability at least 1 — 2 exp(—t*/2) one

has

[Allop < VN + v+ t.

Then |[LXS19b| applies the above theorem to weight matrices in the neural network. In our
case, we use sub-Gaussian initialization and next we derive the similar bound for ||[W®||,,
and ||[W®]|,,. Since Wi(jl) is sub-Gaussian, IP’(|I/I/i(j»1)| > t) < 2exp(—t?/20?) for some positive
o. Then (I/Vz-(jl))2 is sub-exponential. Using the property of sub-Gaussian exponential, we

have Eexp(\Wigl)P/)\) < 2 for some positive A. Using [Verl8, Theorem 1.4.1|, we have

P(&i(% EZZ Wiy !Zt>§2eXp{—cmin(%,§)},

i=1 j=1 =1 j=1

where ¢ is a constant. Let ¢ = nd\, then we have

(i Zd: 2> EZ Z (1) i nd)\> < 2exp(—cnd).

i=1 j=1
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The above equation means that with probability at least 1 — 2 exp(—cnd),

n d
1
WO =33 (Wi
i=1 j=1
n d

<EY S (W2 + ndA

i=1 j=1

= ndBE(WM)? + ndA

[

= O(n).

So [WW]|op < WDz = O,(y/n). For a similar reason, |[W®||,, = O,(1). Then following

similar arguments as |LXS19b| we can show that
sup | " (x, wy) — f(x,0)] = Op(n_%), as n — 0o.
t

Combining the above equation with (2.88) concludes the proof. O

2.G Proof of Theorem

Proof of Theorem[12 The Lagrangian of problem ({2.19) is

j=1
The optimal condition is VL = 0, which means
M
Vo, L = 20, (WD 0)+ > AW, x;) 4], = 0 when (WD, b) = (W b)), i =1, k.
j=1

Then we get

7 )

M
1
@ (WW by = -5 STAYUWD x;) + b, when (WD, b) = (W b)), i=1,... k.
j=1
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Since only function values on (W(l) b; )M, are taken into account in problem (2.19), we can

let
a, (W p) = —

M
Z A§")[(W(1),Xj> +0l, V(WO p) € R (2.89)

Jj=1

DO | —

without changing [, @%(W®,b) du, (W, b) and g,,(x, @)
Here )\gn) j=1,..., M are chosen to make g,(x;,@,) = vy;, ¢ = 1,..., M. This means
that

M
1
_§Z>\§n)/ [(H(1)7Xj>+b]+[<“(1)7XZ>+Z)}+ dun(“(l)ub):y’m Z:177M (290)
R2

j=1

Similarly, the Lagrangian of problem ([2.20)) is

M

Z(Oé, )‘) = / QQ(W(l)’ b) dH(W(l)a b) + Z )‘j(g(xjv Oé) - y])
R2 ,
7=1
The optimality condition is vaZ = 0, which means
N M
VoL =20(WD 0) + > N[(WW x5) + b, =0 V(WD b) € R
j=1
Then we get
LM
a(WW p) = -3 S ONIWD xp) + 0] V(W ) € R (2.91)
j=1

Here \;, j =1,..., M are chosen to make g(x,a) =y;, ¢ =1,..., M. This means that
| M
_52)\3 /RQ[<W(1)7XJ> +b]+[<W(1)7XZ> +b]+ d:U“(W(l)ab) = Yi, L= 177M (292)
j=1

Compare (2.90)) and (2.92)). Since the number of samples is finite, x; is also bounded. Then
by the assumption that W and B have finite fourth moments, we have that [(W® x;) +
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bl [((W® x;) + b], has finite variance. According to central limit theorem, as n — oo,
Jeo WD x5y + bl (WD %) + b, dp, (WD, b) tends to a Gaussian distribution with
variance O(n~'). This implies that Vi =1,..., M, Vj=1,..., M,

[ OW ) 4 B LW ) + b (WO,
- / WO, 5) B [OW ) 8, du(W,b)

=0y (n_1/2)

Since (2.90) and (2.92)) are systems of linear equations and coefficients of (2.90)) converge to
coefficients of (2.92)) at the rate of O,(n"1/2), then we get

AT =N =0y, j=1,... M. (2.93)
Compare (2.89)) and (| . Given (WM, b), we have
@ (WO, b) —a(W,b)| = 0, (n~"72). (2.94)

Next we want to prove that sup,cp, [g.(X, @) — g(x,@)| = O,(n"1/2). Firstly, we prove that
SUPxep |gn (X, @) — g(x,@)| = O,(n~'/%). Note that
nlx.a) = [ a(WOLBWD. )+ 8 dp, (W,
R2
9%, 0) = / AW B)[(WD,x) + 0], du(W,b).
R2
Therefore,

E(gn(x, @) = g(x,@)

Var(g (x,) = - [ [@WOBIWD. 50+, = gl @) (W)

(2.95)

Here the expectation and the variance are with respect to (WZO), b;)_,. According to (2.91))
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and the assumption that YW and B have finite fourth moments, the integral in is
bounded on D. So supy.p Var g,(x,@) = O(n™!). According to central limit theorem, as
n — 00, gn(x,@) tends to Gaussian distribution of variance O(n=1) for any x € D. Then
|gn(x,@) — g(x,@)| = O,(n~/2) pointwise on D.Then we only need to prove that the sequence

of functions {g,(x,@)}52, is uniformly equicontinuous. Actually, Vx;,x5 € D

|gn<X17 a) - gn(XQa a>|
< [ [@WD ) [(WY x;) + 8], — (WD 0) (WD, x5) + 0] | dpe (WD, D)
R2

< [ [@WO.0)|| W lx = xaf dpen (W)
R2

<[ |[aw, b)”wg”‘ djin (WO ) [x; — -
RQ

(WO, 0) — [ [a(WO,0)[[ WP | du(WD,b) with

At (WO, b)

Notice that fi[a(W,p)|| W'
probability 1 according to the law of large numbers. Hence fR2 |6(W(1), b)! )WZQ)

is bounded and the bound is independent of n. So {g,(x, @)}, is uniformly equicontinuous.

Then by similar arguments to the Arzela-Ascoli theorem,

sup |9 (x,@) — g(x,@)| = Op(n~'12). (2.96)

xeD
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Finally, we prove that sup,.p, [g.(X, @) — gn(x,@)| = O,(n"1/?). Since Vx € D

|gn(xv an) - gn(xa a)|

< | @ (WD, )W x) + b —a(WD, )W x) + b, | dp (WD, 1)
R2

< [ [@ (W, b) —a(W,0)[(WY,x) + 5] dpu, (W, )
R2

(W, %) + 0] dun (W, 0)

5 S = AW, x) + ],

Because D is compact and [, [(W® x;) + 0] (WM x) + b1 dp, (WD, b) converges ac-
cording to the law of large numbers, we have that maxxep [, (WM, x;) + b (W) x) +
bl dun,(WW | b) is bounded by a finite number independent of n. Then according to (2.93)),

Sup g5, 5) g0, = Oyl /)
p4S

Combined with (2.96)), we have
— —\ ~1/2
sup |gn(x, an) — g(x, @)| = Op(n~"/7).

xeD

This concludes the proof. O
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2.H Proofs of Results for Univariate Regression
2.H.1 Proof of Theorem 13l
The second derivative ¢” is given by
g"(x,7) = pe(x) /R YWD, )| WO drgyye— (WD), (2.97)
The detailed calculation of is as follows:

9" (x.7) = / yWW )W |s(z — ¢) dv(WD, ¢)
RQ

F (W, )W) dz/W|c:c(W(1))) §(z — ¢) due(c)
(2.98)

I
—
=
=8
S
7~ N N

I
AL dena1) ) — el
R
=pe(x) [ v(W (1) ‘W(l | dvyy|e— x(w(l))'
Proof of Theorem[13. First, if ¢ supp(¢), similar to (2.97), we have

gz, (7,4,v)) = pe(x) /R YW, 2) WO digyie—n (W)

=0.

Next, we prove that g(zx,(7,w,7)) restricted on supp(¢) is the solution of the following

blem:
problem ()
min / — 4 dx
heC2(supp(¢)) supp(¢) () (2.99)
subject to  h(z;)=vy;, j=1,...,m.
Let L(f) = [, wpp(©) %dx Then the functional L(f) is strictly convex on space

{f € C*(R})|f(z;) = yi, i = 1,...,m} when m > 2. This means that the minimizer of

problem (2.99) is unique.
Suppose h(z) is the minimizer of problem (2.99) and h(z) is different from ¢(z, (7,4, 7))
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restricted on supp(¢). Then by uniqueness of the solution,
L(h) < L(g(-, (7, u,))). (2.100)

Now our goal is to find a different (7, u, v) with smaller cost in problem (2.22)). Then (7, %, v)
is not the solution of ([2.22)), which is a contradiction. We set

R (c)|W )|
R@EWVAE =) ©€swPP(C):

YW, e) =
Then according to (2.97)),

¢"(2,7) = plx) / AW, ) WO dipgies (WD)
R

_ R (z) W) o .
=400 | o=l eV
hl/

h//(x)

= Ewic =) x)E(W2|C =)

= h"(z), = € supp(().

This means that we can find u, v € R such that uz+v+ g(z,~v) = h(z). Then we find (v, u, v)

such that g(z, (v,u,v)) = uz+v+g(z,v) = h(x) on supp(C). So g(x;, (v, u,v)) = h(z;) = y;.
[t means that (v, u,v) satisfies the condition in problem ([2.22)). Next we compute the cost of

68



(v, u,v):

/ ¢) de(WW ¢)

_ RO N
‘/( w2\c—c>) e

h// |W(1)| >2
dvyyie—e (WD) | dre(e)
Supp(C W2|C =¢) |

(

h//

- (pc W2|c ) ( / WP dvW|czc(W<1>))pc(c)dc (2.101)

su ©) R

pp h// 2
( (c)E W2|C ) (/R]W(l)F dVWIC:e(W(l)))pc(C)dc

- C
supp(¢) p(,’( )E(W2’C = C)
_L(h).

upp(C

On the other hand, the cost of (7,%,7) is

[ 7. v,
RQ

:/ </ 72(W(1),c) dVW|CC(W(1)))pC(c)dc
supp(¢) \/R

— 2
>/ (e 7D, )| WD dryyie—) pe(c)de
supp(¢) fR ’W(l)P dVW\Czc

(9"(c,7)/pe(€)))’ -
= pe(c)de  (according to (2.97)
/supp ) fR W2 dvwic=c c(e) ( 297)

[ wewr
supp(¢) Pe(¢)E(W?|C = ¢)
=L(g(-,7))
=L(g(-,(7,w,0))) (9(, (7,u,v)) has the same second derivative as g(-,7)).

(Cauchy-Schwarz inequality)

(2.102)
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From this we have

/ FVWW o) dv(WW, ) = L(h) (according to (2.101))
R2
< L(g(-,(®,u,v))) (according to (2.100))

S/ FWW ¢) dv(WW ¢)  (according to (2.102)).
R2

It means that the cost of (v, u,v) is smaller than the cost of (7,%,7). So (7,%,?) is not
the solution of (2.99), which is a contradiction. So our assumption is wrong. So h(z) =
9(z, (7, %, 7)) on supp(¢), and g(z, (7,, 7)) is the solution of problem (2.99). In the last step
we prove that ¢"(z, (7,u,7)) = 0 when x ¢ [min; x;, max; x;] and g(z, (7,%, 7)) restricted on
supp(¢) N [min; ;, max; ;] is the solution of (2.99). We only need to prove these statements
for h(z), which is the solution of (2.99).

Since |z;| € [min; x;, max; x;], the function values on (—oo, min; x;) and (max; x;, c0) are
not related to constraints of problem (2.99), so h(z) can be replaced by following h(x) which

also satisfies the constraints of problem ([2.99)):

h(x) r € [min; z;, max; ;]

h(w) = B (min; x;)(z — min; ;) + h(min; ;) = € (—oo, min; x;)

R (max; z;)(z — max; z;) + h(max; z;) x € (max; x;, 00).
\

Then we get

4
h'(z) x € [min; x;, max; ;]

Bﬂ(z) =40 x € (—o0, min; z;)

0 x € (max; z;, 00).

\
So the cost of h(x) is less than that of h(z). Then the fact h(z) is the minimizer of (2.99)
tell us that h(z) = h(z). So h(x) should be linear on (—oo, min; z;) and (max; z;, c0). Then
h"(x) = 0 when x ¢ [min; x;, max; z;]. Let h(z)|s denote the function h(x) restricted on

S = supp(¢) N [min; z;, max; x;]. Since h(x) is the solution to problem (2.99)), we get h(z)|s
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is the solution to problem ([2.99)). This concludes the proof. H

In the case of not using ASI, problem (12.22)) becomes
; 217D 1
min W e) dv(WH ¢
~veC(R?),ueR,veR /RQ v ( ) ( )

subject to wux; + v —i—/ FWWD WD (z; — )] dv(WWD e) =y; — f(x,60),

R2
j=1,...,M.
(2.103)

Then Theorem [13] without ASI is stated as follows.

Theorem 27 (Theorem |13| without ASI). Suppose (7,w, ) is the solution of (2.103)), and

consider the corresponding output function
g(x,(7,u,0)) =ur +70+ / FWD WD (z — )]y dv(WW, e) + f(x,6,). (2.104)

Then g(x,(7,w,v)) satisfies ¢"(z, (7,w,v)) = f"(x,00) for v & S and for x € S it is the

solution of the following problem:

min
heC?(S)

(1" (z) = f"(x,60))°
d
/s ¢(x) ! (2.105)
subject to  h(z;)=y;, j=1,....,M.

2.H.2 Proof of Proposition and Remarks to Proposition

Proof of Proposition |14 Let pyy ¢ and pyw s denote the joint density functions of (W, C) and
(W, B), respectively. We have

oW, —We)

W,—We) = |W w,-W
8(W, C) pW,B( ) C) ’ |pW,B( ) C)a

PV, ¢) — ]
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and

= | W?pwe(W,z) dW (2.106)

O

Proof of Proposition[I5. The construction is given in the statement of the proposition. [

Remark 28 (Remark to Proposition sampling the initial parameters). The variables
(W, B) can be sampled by first sampling C' from pe(x) = %ﬁ, then independently sampling
W from a standard Gaussian distribution and setting B = —W C'. In this construction, in

general W and B are not independent.

Intuitively, if we want the output function to be smooth at a certain point xg, we can let
the conditional distribution of W given C be concentrated around zero for C = xy, or we can
let the probability density function of C to be small at C = xy. Note that p¢ is the breakpoint
density at initialization. The form of this has been studied for uniform initialization by
[SDP20]|. We provide the explicit form of the smoothness penalty function for several types
of initialization in Appendix 2.1.3|

Remark 29 (Remark to Proposition , independent initialization). Note that constructing
an arbitrary curvature penalty function will necessitate in general a non-independent joint
distribution of W and B. If W and B are required to be independent random variables,
gives

¢(z) =E(W?|C = z)pe(z) = /R (W Ppw (W)ps(—Wa) dW.

Given a desired function for the left hand side, we can still try to solve for the parameter
densities. This type of integral equation problem has been studied [Nas73] and one can write

a formal solution, although it is not always clear whether it will be a density.

72



2.H.3 Proof of Theorem [2|
We prove the statement for the three considered types of initialization distributions in turn.

Proof of Theorem |9 for Gaussian initialization. Using (2.106]), we have

E(W2|C = o)pe(r) = / W (W )pis(—~ W)W

, 1 w2
= %% e 2% e % dW
/R W \V 2moy, \ 2oy

(L oy 2?2
= / e e a,
R

210, 0%

Let 02 =1/ <Ui2 + ﬁ—i), then we get
w b

1
E(W2|C = :L/W3
(W= r)pe () Sronon ]RI | N

o 3 2

=~ 53.9.4/Z

\2mo,0p ™
204

TOwOp

w2
e 222dW

3.3
20,0}

m(of + 2202)%

Then we have
((z) = E(W?|C = x)pe(x)

3 3
20,0}

m(of + x%02)?

O

Proof of Theorem [ for binary-uniform initialization. Since W is either —1 or 1, E(W?|C =
x) = 1 for any = € supp(re). Since B ~ Unif(—ap, ap), it is easy to check —B/W ~
Unif(—ap, ap). So ((z) = 1/2ap, = € [—ap, ap]. O

Proof of Theorem[3 for uniform initialization. According to Theorem 1 in [SDP20], the den-
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sity function pe(c) of v is

1 2
pelc) = m(min{%,aw}) , ¢ €supp(ve).

When |c] < 2, then pe(c) = —(a,)”. Tt means that pe(c) is constant when |¢| < s

T dawayp
Let py (WM b) denote the density function of 1, pwe(W®, c) denote the density

function of v, so

ob
pw.e(WW,¢) = pw (W, —cW(l))a_
C
1
= Tana, WOel-avan] - L-avOel-ana) (—w).

Here 1, is the indicator function which equals to 1 when condition a is true, and 0 otherwise.

Then density function pyyc(W|c) of the conditional distribution vyjc—, is

(1)
W) pwe(W ,C)
pwic(WHe) = ——————
=
ml%lw(l)e[faw,aw] ' I]-ch(l)E[fab,ab] ' (_W(l))
pe(c)
When [¢] < 22, | — W] < ay, = ap. So —cWW € [—ay, ap) is true and 1) ef .0y = 1-

Combined with the fact that pc(c) is constant when [c| < 22 we have pwe(WW|e) is
independent of ¢ when |c| < 2. So E(W?|C = ¢) is constant when |c| < 2. Since 2 > 1,
E(W?|C = ¢) and pc(c) are constant when ¢ € [—1,I]. Then ((z) = E(W?|C = z)pc(z) is

constant when ¢ € [, I]. O

2.1 Proofs of Results for Multivariate Regression

2.1.1 Proof of Theorem [16l

In this section, we prove Theorem [I6] We will need the following lemmas:

Lemma 30. Let f € Lip(R?) be considered as a tempered distribution and (—A)*f = 0,
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s> 0. Then f is linear, i.e., f = (u,x) + v.

Proof of Lemma[30. In the following proof we regard f as a tempered distribution, thus
the fractional Laplacian and Fourier transform of f can be defined. We first give a brief

introduction of tempered distribution.

The space of tempered distributions S’(R?) is the space of continuous linear functionals
on the space of Schwartz test functions S(R?). The space of Schwartz test functions on R? is

the rapidly decreasing function space

S(RY) := {1/1 € C*(RY) | Va, B € N4, sup |x’ D (x)| < oo}. (2.107)

x€R4

The details of defining norms and the topology on S(R?) is shown in [MUO8, Chapter 1].

For any f € Lip(R?), we can define a corresponding tempered distribution 7 by
Ty : S(RY) — R, Ty(yp) = [ frbdx. (2.108)
Rd

So any f € Lip(R?) can be naturally regarded as a tempered distribution T7.

Let F be the Fourier transform. Since F and its adjoint maps a Schwartz function to a

Schwartz function, we can define the Fourier transform of a tempered distribution by
F:S'(RY = S'RY, (FTH) () = [ f-Gudx, (2.109)
R4

where G is the adjoint of F. Details of Fourier transform on tempered distributions can be

found in [MUO8|, Chapter 1.7].

Similarly the fractional Laplacian of a tempered distribution is defined by
(-2 S®Y = SR, (AT = [ f-(-Arvdx,  (2110)
R

Since (—A)*f = 0, in Fourier domain we have [|£]|**Ff = 0. It means that the support
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of Ff is {0}. From [Fol99b, Chapter 9], we know that f is the lincar combinations of &
(Dirac’s Delta) and its derivatives. Then f is a polynomial. Since f is Lipschitz continuous,

we conclude that f is linear. O

Lemma 31. Let a € L2(S* ! x R). Suppose that o = a™ + o~ where a™ is even and o~ is

odd. Then ||l > ||at]le and [|a|lz > [ja™ |2
Proof of Lemma[31]. Since

ledz = llo* + a7 12
= [la"[5+ lla” |3 + 2{a", ")

= [la™||3 + |[a" |3 + 2/ at - a” dad_l(V)dc
Sd-1xR

= [la* [l + llo~ 13,

where the last equality holds true since a™ - @~ is odd. Then we have |alls > ||a™|]; and

lell2 = fla 2. O

The next lemma shows that the output of the infinite-width network is Lipschitz continuous.

This is also observed in [OWS20,, Proposition §|.

Lemma 32. Assume that (1) the norm of the random vector |W|| has the finite second
moment; (2) [or car, gV (W, V,c) dv(u,V,e) < +oo; (8) u € R and v € R. Then

g(x, (v, u,v)) is Lipschitz continuous.
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Proof of Lemma[33. Let a(uV, —cu) = v(u, V,¢). For all x;,x, € R we have

|g(x1, (77 u, U)) - g(XQa (’77 u, U))l

<

/Rd " |Oz(w(1),b)|H<W(l),X1> + b]+ - [<W(1)7X2> + b]-&-{ d:u(W(l)v b)' + |<11, X1 — X2>|

<

/ a(WM b H ) %) — X2>| dp(WO, b)‘ + [(u,x; — X2)]
RIxR

s( [ Wl w | auw )+ Huu) 1 — %ol

RIXR

s( [ WO auWO by [ WO auw ) + Huu) [
RIXR RIXR

<([, W0 autw - EQWI) + ful ) i - xal.
R4 xR

According to the assumptions, [y, > (W, b) dp(W®,b), E(|[W]?) and ||u|| are all finite.
Then g(x, (7, u,v)) is Lipschitz continuous. O
Lemma 33. Given a function h € Lip(RY) N C(R?). Define v : ST x R — R by ¢ =
—WR{( A)ld+D) /2h} Assume that (1) fsupp W(V,e)?/C(V,¢) do? (V)de < 400,
where ((V, ¢) is define in (2.36), and (V,c) =0, V(V,c) & supp(C); (2) |[W||2 and B both
have finite second moments; (3) (—A)(d+1)/2h € LP(RY), 1 <p<d/(d—1). Then there exist
u e R? and v € R such that h(x) = [qu 1,z ¥(V,0)[(V,x) — 4 do™H(V)de + (u,x) + v.

Proof of Lemma[33. Since ||W]|2 and B both have finite second moments, we have

/ C(V,e) de™(V)de

supp(¢)

= / pepv=v(c) py(V)EU?|V = V,C =¢) do 1 (V)dc
supp(¢)

=E(EU*V,C))
= EU?)
= E(|lW]3)

< 400,
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and

/ C(V,e)-c do?H(V)de

supp(¢)
= / pejv=v(c) w(VIEU| YV =V,C=¢c) - do? 1 (V)de
supp(¢)
=E(EWU*C*V,C))
= E(U’C?)
= E(B?)

< +00.

Let h(x) = [y 1,5 ¥(V,0)[(V,x) — c|+ do?1(V)de. For any x € R?, we have

/Sd—l R|¢(V’C)|[<V’X> — 4 dgd_l(v)dc
S/ WV, )|V ||2|1x]2 + |¢]) do®™H(V)de
supp(¢

S/ (V. )l(lIx]l2 + [e]) do?~H(V)de

(©)
(¢<V’C))2 d—1 . d—1
<Ix[ /supp(g)—C(V,c) dod1(V)de /supp(og(v,c) dod-1(V)de

M ot ¢ c)-c? dod1 c
+\//supp(<> (Vo) doti(V)d /supP(C)C(V7) do®H(V)d

< + 00.

So h(x) is well-defined. The above inequality also implies that the Lipschitz constant of

h(x) is bounded by |

(O]w(V, |V |l do®*(V)de, which is finite. So h(x) is Lipschitz

supp

continuous. Then we have

(=A)@+D/2] — —(—A)<d—1>/2/ V(V,e)0((V,x) — ¢) do? 1 (V)de

Sd-1xR

= (=) [V (V.x) do"H (V) (2111)

Sd-1

= —(—A)VER ).
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Since (—A)@D/2p € [P(RY), 1 < p < d/(d— 1), we can apply the inversion formula of the
Radon transform [Sol87]:

1
BT

= —(=2) ARy}
= (—A)@FD2p,

(_A)(d+1)/2h _ A)(dfl)/QR*{R{(_A)(dJrl)/Qh}}

According to Lemma , we have that h — h is linear, which gives the claim. ]

Lemma [33| immediately gives the following corollary:

Corollary 34. If R{(—A)@D/2g} = R{(—=A)HD2h}  and (—A)@HD/2g (—A)@+D/2p ¢
LP(RY, 1 <p<d/(d—1), then g — h is linear.

Next lemma shows that the minimizer h(x) of problem (2.37)) satisfies that R{(—A)@+1)/2p}

is compactly supported.

Lemma 35. Consider the training data {(x;,v;)}}2,. Let R be the mazimum 2-norm of

training inputs, i.e., R = max; ||x;||2. Suppose h(x) is the solution of the optimization problem

2.37). Then R{(—A) V2RV c) =0, V(V,c) € S*! x [-R, R].

Proof of Lemma[38. Define ¢ : S x R — R by 1 == —x L

27T)d—1

R{(—A)*TD/2p}. Then we

construct the function ¢ : S¥~' x R — R as follows:

_ »(V,e), forc] <R
W(V,c) =
0. for |c| > R.

Since the Radon transform is even, we have that ¢ and 1) are both even. Since h is the solution
of , 1 satisfies all assumptions of Lemma . Then according to Lemma , h(x) =
Joiora BV UV 5 — cly do®(V)de + (u,%) +v. Lot F(x) = foumr, g BV O[(V.5) -
|4 do"1(V)de. Then h(x)—h(x) = [y 1, 50 —0)(V,0)(V,x)—c]; do? (V)de+(u, x) 4.
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When |¢] < R, ¢ —¢ = 0. When |¢|] > R, [(V,x) — ¢]; is linear with respect to = on
{x:||x||2 £ R}. It means that h(x) — h(x) is linear on {x : ||x||; < R}. Then we can find out
7 and ¥ such that h(x) = h(x) + (W, x) + 0 on {x : |[x||2 < R}. Let h(x) = h(x) + (U, x) + .
Since all training inputs satisfy ||x;|| < R, we have that h(x) fits all training data. Similar to
, we have that Ah = R* {3)}. Since ¢ has compact support, the inversion formula of
the Radon transform [Sol87| gives that 1) = 2(% T — L R{(—A)@D/2h} . Since the support
of 1 is contained in the support of ¥, we have R{(=A)D/2R}(V ¢) = 0, Y(V,c) &
supp(¢). Since (—A)@HD/2p = —(—A)d-D/2R*{4} and ¥ is compactly supported, we have
(—=A)d=D2R ) € LP(RY), 1 < p < d/(d— 1) according to [Sol87, Lemma 4.1]. The above
argument shows that 1 satisfies all constrains of the problem . Since h is the solution
of (2.37), we have fsupp(c) (V0" do?=1(V)de < fsupp(c) @(V—CC))Q do?=1(V)de. Tt means that

(Vo) (Vi)
¥(V,c¢) = 0 when |¢| > R, which gives the claim. O

The proof of Lemma 35| also applies to the optimization problem without the constraint

R{(—A) V2RV ) =0, V(V,c) € supp(¢). Then we have the following corollary.

Corollary 36. Consider the training data {(x;,v;)},. Let R be the maximum 2-norm
of training inputs, i.e., R = max; ||X;||2. Suppose h(x) is the solution of the following

optimization problem:

do® 1 (V)de

min
heLip(RY)NC(R4)

/ (R{(—A)HV/2h}(V )
supp(() C(V,c)

2.112
subject to  h(x;) =vy;, j=1,..., M, ( )

(=AY e LP(RY), 1 <p<d/(d—1).

Then R{(—A)D2RNV ) =0, V(V,¢) & S¥1 x [0, R]. It means that if S™' x [0, R] C
supp((), h(x) is also the solution of (2.37)).

Now we are ready to prove Theorem We use the proof technique of Theorem [13| and
(12.34)).
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Proof of Theorem[16. First, according to (2.28) and (2.34), if (V/,¢) & supp((), we have

[R{(=2)2g(, (7,u,0) }(V, )]

=[2(2m)*! / Y(u, V', ¢) - u dvypy=v,c=c(u) - perv=v(c) pv(V)|
R (2.113)

§|2(27T)d_1 / 72(% Vv, C) qu\v:wczc(U) -]E(Z/l2|v =V.,C= C)pcwzv(c) pv(V)|
R

=0.

By Lemma [32] we have that g(x, (7,@,v)) is Lipschitz continuous, thus g(x, (7, U, 7)) satisfies
all constraints of (2.37)). Next, we prove that g(x, (7, @, v)) is the solution of (2.37)).

(R{(=2)@D/2g}(V ¢))*

Let L(f) = fsupp(() (Vi)

do?=1(V)de. We first show that when m > d + 1,

the functional L(f) is strictly convex on the feasible set, which means that the minimizer of

problem is unique.

Suppose f1, fo are two different functions in the feasible set of ([2.37). So R{(—A)@+D/2 £}
and R{(—A)4*V/2 £} should be different. Otherwise, according to Corollary , fi— fo
is a linear function. We know that (f; — f2)(x;) = 0,7 =1,...,m. So fi = f2 on at least
d + 1 points. Then f; — f, = 0 and this is a contradiction. Since R{(—A)“@+)/2(f})} and
R{(—=A)HD/2(£,)} are different, by strict convexity of the square function, we have that

L(f) is strictly convex on the feasible set.

Suppose h(x) is the minimizer of problem (2.37) and h(x) is different from g(x, (7,1, 7)).

Then by uniqueness of the solution,
L(h) < L(g(x, (7,19,0))). (2.114)

Now our goal is to find a different (v, u,v) with smaller cost in problem (2.26). Then
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(7,7, ) is not the solution of ([2.26]), which is a contradiction. We set

R{(=A)“"V2h}(V,¢) - u
A, V,¢) = —2(2m)=1{(V , ¢) ’
0, (V,¢) ¢ supp(¢).

(V,¢) € supp((),

According to (2.32)), we have Ag(-,(7,0,0)) = R*{S} where [ is defined in and
([2.31). Using Lemma , we know that R{(—A)@*V/2p} is compactly supported. Then
we can easily verify that (3 is also compactly supported. According to [Sol87, Lemma 4.1],
(—=A)-D2RAB} € LP(RY), 1 < p < d/(d — 1), which means that g(-, (7,0,0)) satisfies the

third constraint of the optimization problem ([2.37)).

Since the Radon transform is an even function, we have y(u, V', ¢) = v(u, =V, —c). Since
the distribution of (W, B) is symmetric, we have that vy_v c—. is the same probability
measure as Vyjy——v,c——c and pejy=v(¢)p—v (V) = pepy=v (—c)py(—V). From the definition
of and [ , we have that x and 3 are even. Then the odd part 5~ of £ is 0.
According to ([2.34)),

R{(=2)D2g(,(4,0,0))} (V)

= 2(27)d1p0|vv(0)pv(v)/ Y(u, V,e) - u dvypy—v c—c(u)

_ AN(d+1)/2 c) - u?
R+ = —A2227r)d—1f2}($/:’c)) dvgv=v c=c(u)  (2.115)
R{(=A)FD2RYV ¢) - EUV = V,C = ¢)
—2(2m) 1V, ¢)

=R{(=A) VNV e), (V,c) € supp(().

= —202m)" 'pepy—v (c)py(V)

= —202m)" " pepy_v (c)py(V)

It is not difficult to show that if (V' ¢) & supp(C), then R{(—A)@*+D/2g(. (7,0,0)))}(V,c) =0
as in (2.113). Then, according to (2.117), R{(—A)“/2g(-,(7,0,0)))} = R{(—A)@1/2p}.
According to Corollary [34] we have that g(-, (7,0,0))) — h is a linear function. This means
that we can find u € R% v € R such that (u,x) + v + g(x,(7,0,0))) = h(x). Then we
find (v, u,v) such that g(x, (v,u,v)) = (u,x) + v+ g(x,(7,0,0))) = h(x) on supp(¢). So
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9(xj, (7,u,v)) = h(x;) = y;. This means that (v, u,v) satisfies the condition in problem

(2.26]). Next we compute the cost of (v, u,v):

v (u, V,c) dv(u, V,c)

—

R+ xSd—1 ><R

R{(=A)@I2RYV 0) -\’
( —2(2m) =1V, 0) >d”<“’v’c)

R{U=L) D20V, )\ [ Jar v Ay e—c(w)
S XR( ((V,e) ) < A(2)2d1) )dVv,C(V,c)
R{(=2) DR}V, o)\ *EQY = V.C = pey—v(©) v(V) | oy
XR( ¢(V,e) ) A(2m)2@-1) do®(V)de

1 (R{(=A) 2R}V )
T42mHe /Sd IxR (Vo) do®(V)de
1
~ 4221 L(

I
.

I
TR

I
T

gd—1

h).
(2.116)

According to (2.34)), the cost of (7,1, ) is

/ 72(% V,c) dv(u,V,c)
R+ xS9-1xR

—/ (/ ¥ (u, V, c) duun;zv,czc(u)) dvye(V, c)
Sd-1xR R+

(Jor Y(w, V) - u duggy—v c=c(u ))2
EU?|Y =V ,C =c¢)

( )(d+1)/29('a (77070))}(‘/70) - 2(27T)d_1ﬁ_>2 dVV,C(V>C>
2(2m)pepy=v (c) pv(V) EU?Y =V.,C=c¢)

—A)HD2g( (7,0,0) 1V, )\ pep-v(c) pu(V) o
Sd~ ( 27‘(‘)01 1pC\V V( ) pv(v) ) E(u2|v _ V,C — C) do (V)dc

R{(—A)*D2g(, (7,0,0)}(V, ¢))’
/Sd lxR4 d Ypepv=v () pu(V)EU?|V = V,C =) Ao (V)de
WL( 9(-,(7,0,0)))
1

4(2W)%d—m

dV\;’c (V, C)

v

\u\%

v

Lig(-, (F,u,v))) (since (—=A)“D/2 is invariant up to a linear function),

(2.117)

where the first inequality is by the Cauchy-Schwarz inequality and the second inequality
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1 R{(_A)(d+1)/29('7(77070))}(‘/70) o 3
is by the Lemma and the fact that 2T Ty (o) py(V) 1S ail even function and

—2(2m)?7 A~ is an odd function. Then we have

2(2m)?=1pey=v (c) pyv(V)

/ 72(u, V.c) dv(u,V,c)
R+ xS4-1xR

1 .
:WL(h) (according to (2.116]))
1 ~ .
<WI’(9('; (7,u,v))) (according to (2.114))
1

§/+ y 4(27r)—2(d_1)72(u,V,c) dv(u,V,c) (according to (2.117))).
R+ xS4-1xR

This means that the cost of (v, u,v) is smaller than the cost of (7,W@,v). This implies that
(7,@,v) is not the solution of (2.26)), which is a contradiction and hence the assumption
cannot be true. In turn, h(x) = g(x, (7,1, 7)), and g(z, (7,0, ) is the solution of problem

(2.26)). This concludes the proof. O

2.1.2 Proof of Theorem

Proof of Theorem[7. To simplify the analysis, we let f(x,6y) = 0. The analysis still holds
without this simplification. It is easy to verify that supp(¢) = S* ! x [—ap, a3] and ¢(V,¢) is
constant over supp(() according to Proposition . According to Corollary , we have that
the variational problem is equivalent to the following variational problem:

min / Ry, &) do® (V)de

heLip(R4)NC(RA)
subject to  h(x;) =vy;, j=1,..., M, (2.118)

(=A)HD2h e LP(RY), 1 <p<d/(d—1).

The solution h(x) of (2.118) satisfies that R{(—A)@+Y/2h}(V c) = 0, ¥(V,c) ¢ S¥ ! x
[0, max; ||x;]|2]. The assumption a; > max; ||x;||2 means that S*! x [0, max; ||x;||2] C supp(C).

So R{(—A)H+D2pN(V ) =0, ¥(V, ¢) € supp(¢), which means that h(x) is also the solution
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of the following variational problem:

min / C(R{-A) SRV, 0)” do" (V)de

heLip(R4)NC(RE)

subject to  h(x;) =vy;, j=1,..., M. (2.119)

(=A)D2h e [PRY), 1< p<d/f(d—1).

So it is sufficient to prove that if A € Lip(R?) and (—A)@*FV/2p € LP(RY), 1 <p < d/(d—1),

we have

/sdl R(R{(_A)(d+l)/2h}<v’c))2 dadl(V)dc:/ ((—A)(d+3)/4h(X))2 dx.

Rd

Given f: S ! xR — R, let fbe the Fourier transform over affine parameter:

f(V,T) :/ f(V,c)e ™ dc.

o0

According to [Sol87, Lemma 4.5], we have

R{(=A)HDh) (V. 7) = (~A)ED/2h(rV)

= 7% h(z V) ae.,
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where /fz is the Fourier transform of A. Then we have
/ (RU-A) 2RV, 6) do® (V) de
Sd-1xR
- 2
= / (R{(—A)(d+1)/2h}(v, T)) do"H(V))dr
Sd-1xR

~ 2
/ (I R V) do® (V)
S4-1xR

~ 2
(I71@+972h(x))” ax

2

((—A)(d+3)/4h(x)) dx.

J.
_ /Rd ((_WV%(X))? dx
J.

2.1.3 Proof of Theorem

In order to prove Theorem [§, we need following lemmas:

Lemma 37. For any d > 2 and x;, %3 € RY, we have (—A)HD2(||x — x| — [|x — x2||?) =

Cy(T(x —x1) — I'(x — x2)), where Cy is a constant.

Proof of Lemma[37. In order to prove the lemma, we need the following simple fact that
(=A) ]| = Cylx|P2, (2.120)

where C, is a constant depends on p.

For d > 3, we can actually prove that (—A)@/2||x||3 = Cy4(I'(x)). We discuss the cases
of odd d and even d separately. If d is odd, we apply (2.120)) for (d + 1)/2 times and get

(=A) 2 x|? = Of|x|*~

= Ca(I'(x)),
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where Cy and C' are some constant.

If d is even, we apply (2.120)) for d/2 times and get
(=) I[P = C(=A)2 x|~

Then we only need to prove that (—A)Y?||x||>~¢ = C||x||*~¢ for some constant C. Let
g(x) = (=A)Y2||x||*>~%. Since the fraction Laplacian can be written a singular integral, we

have

Il — Jly [+
=C dy,
90 / Iyl Y

where C is some constant. It is easy to see that g(x) is radially symmetric. For any positive

number k > 0, we have

k 3—d __ 3—d
st . | o]~ = iyl
R4

|kx — y||d+t
kx|]3 — k>~
—oy f we] d
/ lkx — ky[a
_ Cl/ ]{32_d . ||XH3_d - “yH3_d
Rd [x — y|/4+!
= k*"g(x)

Combining the above equation with the fact that g(x) is radially symmetric, we show that

g(x) = C||z||* ¢ for some constant C.

Now we have proved the lemma for d > 3. Next we consider the case when d = 2. Since
(=AP2(|lx — x1|P — ||x — x2||?) = (=A)Y2(||x — x1|| — |[|x — x2||), we only need to prove

that (—A)Y2(]|x — x1|| — [lx — x2|) = C(log ||x — x| — log ||x — x»]|), where C'is a constant.
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Using the singular integral definition of fractional Laplacian, we get

(=2)2(Jlx = x| = f}x = xal])
201/ [x — x| =[x = %o — [ly —xu| + [ly —X2H dy
R4

[x—yl?
0 m I = %l = lx = xall = lly = 1l + ly = %l
R—00 JB(x;,R)UB(x2,R) [x—yl?*
0 m el =y =l o, =l = Iy =l
R0 | pix, R) [x — vl R0 [ p(xy.R) [x =yl
o tim Ix =il =y =l
R—00 JB(xy,R)\B(x1,R) [x -yl
o e e
R—00 JB(x;,R)\B(x2,R) [x =yl

Since for y € B(xa, R)\B(x1, R), we have ||y|| > R—||x1||. And the area of B(x2, R)\B(x1, R)

is at most 2R||x; — xa|. So

Ix = x| = [ly = x|
Ix —yl?
I = x| + B+ x| + [l

(B = [Jx[| =[x )?

lim
R—=00 JB(xy,R)\B(x1,R)

dy

< lim 2R||x; — xaf| -
R—o0
=0.

l[x=xa|=[ly=x2|

\BooR) xyF 4y = 0. Then we get

Similarly we have limp_,o [ B(x1,R)

(=A)2(|lx = x| = IIx = x2||)

I = x| = [ly = x| 1% = 5| = [ly = %o

=C} lim dy — €} lim dy
R0 B(x1,R) ||X - Y||3 R—o0 B(x2,R) ||X — y||3
B B P Y 7
oo Jpom X =% =l 00 Jpom X — %2 — vl

Let f(%, R) = [p0 g Ta¥ldy. Then (—=A)Y2(||lx—x1 ]| =[x —%a|)) = limp o0 f(x—%1, R)—

) lx=ylP?
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f(x —x2, R). Next we show that f(Ax, AR) = f(x, R) for any A > 0. Actually

FOX,AR) = / 1A = iyl

B(0,\R) [Ax —y?

[ A,
B(0,R) [Ax — Ay|?

:/ x| - H.Vde: F(x. R).

B(0,R) Ix—yl?

Also it is easy to see that f(x, R) is radially symmetric over x. So f(x, R) = f(||x|lu, R) for

any unit vector u € R%. Then we get

R R
li —%x1.R) — f(x —x5.R) = i L S —
Rgr;of(x X1, ) f(X X2, ) Rl_{I(;lof(u’ HX_XlH) .f(u7 HX_XQH
o lull = 1,
R—o0 B(O, i \B(O, i) u—yll
x—x1] [[x—xof
o Il
e L= |
2
= — lim Tar
R—o0 R R T
Ir=m B r==yi
R
= —27 lim log —log ——
Roo  ||Ix — x| % — Xa|

= 27 (log [|x — x[| = log [|lx — x2l}).
So we proved the lemma for case d = 2. O

The problem (2.37)) is over the Lipschitz continuous function space, which is hard to
analyse. The following Lemma shows that we can consider the optimization problem over

—Abh.

Lemma 38. Suppose h(x) is the solution of the variational problem (2.37). Then there exist
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u € RY v € R such that (—Ah(x),u,v) is the solution of the following variational problem:

de®Y(V)de
FEC(RY), ¢(V,c) V)

ucR? veR

subject to f)(x; —s) —T'(—s) — (x;, VI'(=s))]ds + (u,x;) +v=vy;, j=1,..., M,
R4

win, [ (R{=A) D21}V )’
supp(¢)

R{(=A) DR}V, ) = 0, V(V, ) & supp(C),
(—A)D2fe P(RY, 1<p<d/(d—1),
sup x| - |f(x)] < oo,
x€ERd
(2.121)
where T'(x) is the fundamental solution of the Laplace equation —AT'(x) = d(x). The closed
form of T'(x) is

—%lOgHXH, d:27

I(x) =
T 423
where Vy is the volume of the unit ball in R?.
Proof of Lemma[38 First we prove that supycpa [|X]| - | — Ah| < 0o0. According to Lemma
and Lemma [33] we have —Ah = R*{1¢)}, where ¢ is tightly supported. Then [Sol87),
Corollary 3.6] shows that R*{1} = O(||x||™"), which gives that supycga ||%] - | — Ah| < co.

Now it is sufficient to prove that for any h € Lip(R?) satisfying that —Ah € C(R?) and

SUp,cga ||X|| - | — AR(x)| < 0o, there exist u € R v € R such that
/ —AT(s)][N(x — 5) — T(—s) — (x, VI(=s))]ds + (u, x) + v = f(x).
R4

Let g(x) = [pa[—AR(s)][['(x —s) — [(—s) — (x, VI'(—s))]ds. First we show that g(x) is
well-defined. Since [, |s||~+Yds < oo, we only need to prove that I'(x —s) — I'(—s) —

(x, VI'(=s)) = O(]|s||=?) as ||s|| — oo for any given x. Using Taylor’s expansion, we have

I'(x —s) — I'(—=s) — (x, VI'(=s)) = x" Hp(cx — s)x for some c € [0, 1], (2.122)
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where Hr is the Hessian matrix of I'. Since

or . _5@‘”5”2 — dSZ‘Sj

_ —d
asiasj(s)— dV,||s|[*+2 = O([Is[[™), (2.123)

where 0;; = 1 when ¢ = j, and J;; = 0 otherwise. According to (2.122)) we have I'(x — s) —

[(—s) — (x, VI'(=s)) = O(||s|| =) as ||s|| = oo. Then we proved that g(x) is well-defined.

Next we prove that || Vg(x)|| = O(log ||x||). We only need to consider the large enough x.

Suppose ||x|| > 2. The partial derivative of 7 is given by

8? 1 - Ty — 8§ S;
= ———|—Ah ds. 2.124
700 = [~ STO .
Since Supyega |[X|| - | — Ah(x)| < 0o, we have || — Ah(x)|| < C'- min{1, 1)} for some constant

C. It is easy to see that the integrand of (2.124) is O(||s[|**!). So |£L(x)| < co. Next we
estimate the integral (2.124) on R*\ B(0, ||x||/2):

T Li— S Si
[—Ah(s)] [ + } ds‘
/s||>||x/2 [x —s[[4 " [s]|
1 i — Si i
S/ —{ * Sd + i d}ds‘
Isll>1xl/2 [s[| LI[x — sl| B
1| x/||x|| — s S;
:/ _{ /1l y d]dS
isii>1/2 Isll LI/ lIx[] = sl|¢ [|s]]
]. |: L/L’\Z — S; S; :| ‘
X — | —= + ds|.
/s|>1/2 sl LlIx —s[[* " [Is[[

S
[Ix[I=1

(2.125)

is well-defined and continuous function over X. Then

: 1 ZTi—s; i
Since Ms||>1/2 [ [nﬁfsud T d]ds

is a finite number.

. 1| Zi—ss i
max|g|=1| f)sys1/2 To | Toosl? + Hsnd]ds
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Next we estimate the integral (2.124)) on B(0, ||x||/2):

[—Ah(s)][ 4+ — }ds‘
/|s||snx||/2 [x —sf|<=t ||s[|?
1 1 C 1 1
C’[ + }ds / —{ + }ds
/|s||§1 |x — s[4 [s]|e? 1<iisli<fxl/2 sl LIk = sfld=t |ls]|d-

2d 1 C 2d 1
S/ C[ at d1:|ds / _{ 1T d1:|ds
Isl<1 x| s]] 1<|lslI<Ixll/2 Is[| LIl s]]

24C

_|_

IN

+

(2.126)

1 1
SCI + ﬁ / —dS + C / —ddS
[bd] 1<|IslI<lIxll/2 ||| 1<|ls|I<|Ix]|/2 s]]
24, _
SCI + ||X||d_1 HXHd ! + C3 10g HXH

<Cy + Cslog |||,

where C1, Cy, C3 and C, are some constants. Combining (2.125)) and (2.126)) we proved that
IVg(x)]| = O(log [|x]]).

In our last step, we prove that § — h is linear. Because of the property of the fundamental
solution, we have —A(g — h) = 0. Since A is Lipschitz continuous and ||Vg(x)|| = O(log ||x|),
we have V(g —h) = O(log||x||). So we can regard g — h as a tempered distribution. Using the
proof technique of Lemma , we have that g—h is a polynomial. Since V(g—h) = O(log ||x|),

G — h must be a linear function, which gives the claim. O

Proof of Theorem[§ To simplify the proof, we let f(x,60) = 0. The analysis still holds
without this simplification. Let h(x) be the solution of (2.9). Then Lemma (38| tell us that

there exist u € R% v € R such that (—Ah(x), u, v) is the solution of the following variational
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problem:

min / ((—A)(d_l)/4f(x))2 dx
feCRY),  Jga
ueR? veR

subject to , f(e)[I(x; —s) —I'(—s) — (x;, VI'(=s))]ds + (u,x;) +v=vy;, j=1,.... M
(~A)V2f e PRY), 1< p<df(d—1)

sup [[x|| - [f(x)| < o0,
x€R4

(2.127)
Suppose that f(x) is the solution of (2.127). Let J(f,u,v) = fRd((—A)(d_l)/4f(x))2 dx and
Gj(f,u,v) = [pa f(s)[D(x; —s) — [(—s) — (x;, VI'(—s))]ds + (u,x;) +v. For any function ¢

in Schwartz space S( Rd I u € R? and © € R, we consider the perturbation (e, eq, €0) to the
solution (—Ah, u, v). It is easy to verify that —Ah+ep satisfies that (—A)@D/2(—Ah+ep) €
LP(RY), 1 <p<d/(d—1) and supycga [|X|| - [(—Ah + €p)(x)| < co. Next we have
d
5 —J(—Ah+ ep,u+ €lt, v + €b) = 2/ ((=A)“=DA(—AR)) ((—A) D/ 4p)) dx
€ Rd

=2 [ o ((CA)IR-Am) dx,

The last equality holds because ¢ € S(RY). Also we have

d
de
_ /R o(8)[T(x; — 8) — T(—s) — (x;, VT(—8))]ds + (it, x;) + .

Gi(—Ah+ep,u+en,v + €d)

Then according to the first-order optimality condition, there are scalars Aq, ..., Ay such that

.

(=2)@ D2 (=AR(x)) = 33 D) — %) = D(=x) = (x;, VI (=x))]

SN =0 )

J=1

M o~
\E:- AijiZ 0

Jj=1

4The Schwartz functions on R? is the function space S(RY) = {f € C®(RY) : Va,B €
N4, sup, e X*(DP f)(x) < 00}, where o and /3 are multi-indices.
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which can be simplified to

(

(=8)402h(x) = 1, A[T(x = x;) = D)

J=1

SM N =0 : (2.128)

J=1

M o~
\Z~_ )\ij =0

7=1

According to Lemma 37| and Lemma , we can find out u € R?% v € R such that

M
Z [l = 3[1* = [I=[I*] + (w,x) + o

M
25\ Ix — x;1* + (u,x) + v,

which gives after substituting é—; by A;. Since h(x) should fit all training data and A,
should satisfy (2.128)), the coefficients \;, u and v satisfy (2.11)). Now h(x) satisfies the first-
order optimality condition and fits all training data. Since the variational problem is
convex, we only need to check that i € Lip(R%) and (—A)@D/2h € [P(RY), 1 < p < d/(d—1)
then we can conclude that h(x) is the solution of (2.119)). Using (2.122), we have

(—A) D 2h(x = I(=%) = (x;, VI'(=x))]

r(cx; — x)x; for some ¢ € [0, 1].

i

According to (2.123)), we get that (—A)@FD/2h(x) = O(||x||=?). We set p = (d + 1)/d which
satisfies 1 < p < d/(d —1). It is easy to verify that fB(x, 9 I'’(x; — x)dx is integrable for
small enough € and [pu g1y |x||774dx is integrable. Then (—A){@+V/2h ¢ LP(RY).
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Similarly we have

>
%
]
NE
b

il = %7 = 1 =1 = (x5, V(I - 1) (=x))]
M
= Z /_\jx]THH.”s(cxj — x)x; for some ¢ € [0, 1],

where Hj.s is the Hessian matrix of ||x||>. As ||x|| = oo, we have

ol - II°
8$iaZL’j

XTiZj

(x) = 30i;Ix| = 37—~ = O(lIxl]), (2.129)

=]l

where §;; = 1 when i = j, and §;; = 0 otherwise. Then we have h € Lip(R?). H

2.1.4 Explicit Form of the Curvature Penalty Function

Proof of Proposition[I7. Since W ~ U(S?7!), we have that py(V) is constant over S¢~! and
E(U?*V = V,C = ¢) = 1 because U = |W)|| = 1. Since B ~ U(—a,a) and W and B are

independent, we have pejy—v (¢) = 3=1[_q4q(c). Then we get
((V,¢) = pepp=v(c) pp(V)EU |V =V ,C =)
= Clﬂ[_a@}(c),

where (] is a constant. O

Proof of Proposition[18. Let py g and pyy ¢ denote the joint density functions of (W, B)
and (U, V,C), respectively. We have

I(uV, —uc)

8(u’ ‘/7 C) pW,B(UV, _UC> = T,Ldpy\;’3<u‘/'7 —UC),

puve(u,V,c) = '
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and
pC|v:V(C) pv(V)E(u2|V =V.C=¢

=pejv=v (¢) py(V) / W pypv=vc=c(u) du

R+

(2.130)
:/ quM’v’C(u, V, C) du
R+
:/ u 2 pyy p(uV, —uc) du.
R+
O
Proof of Theorem[19. Using (22.130)), we have
((V,e)= / w2 pyy p(uV, —uc) du
R+
w 2 u262
= ud+2—1 67% ! e % du
R+ \/ng) \/%O'b
1 d+2 _(ﬁ+af2)“2d
= w b
(2m) @D 2gd o, R+u € u.
Let 02 =1/ <Ui2 + g—i), then we have
w b
o 1 u?
V.ie)=—r udt? e 22du
(Vo) (2m)420d 0y Jp+ V2o
d+3
T A2 g9d/2, F(%)
(27)4/204 o, NS
B od+3 d+3
B 7T(d+1)/205,0b 2 )
B 1 <d + 3)
- d+3)/2
7T(d+1)/2‘7$0b<(%2 n 2_22>( )/ 2
w b
B o3 ot F(d + 3)
m@+)/2(g2 4 0203))(‘“3)/2 2 7
O
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2.J Other Activation Functions for Univariate Regression

We have focused on networks with ReLLUs. The ReLU is special in that the second derivative
of ReLLU is a delta function. For other activation functions the variational problem on function

space will look different.

The paper by [PN19| considers different types of activation functions o. These are then
related to different types of linear operators L in the definition of the smoothness regularizer.
Here L and o satisfy Lo = ¢, i.e., o is a Green’s function of L. Suppose ¢ is homogeneous.
Then [PN19| show that minimizing the weight “norm’f’| of two-layer neural networks with
activation function ¢ is actually minimizing 1-norm of Lf where f is the output function of

the neural network.

The approach in [PN19| can be combined with our analysis. So if for example we replace
the ReLU by another homogeneous activation, we can replace the operator accordingly and

get an analogous result.

Proof of Corollary[{ Use the same notation as in Section and let o be the activation
function, where we assume that o is a Green’s function of a linear operator L. Then

optimization problem (2.19) becomes:

i 2w b)Y du, (WD, b
min, [ atVOL8) a7

(2.131)
subject to / (W D)o(WWa; +b) du, W b) =y, j=1,..., M.
R2
The limit of the problem (2.131)) as width n — oo is
' 27 1)
min a“ (WY, b) du(WH . b
i, [ 8O auv ) -

subject to / a(WW D)o(WWaz; +b) du(WP b)) =y, j=1,..., M.
R2

5Here the form of “norm” depends on the degree of homogeneity of the activation o. We use quotation
marks because it is a generalized notion of norm which may not satisfy the property of a norm.
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As in Section we can change the variables and relax the optimization problem (2.132)) to

min / YWD ) dv(WD ¢)
R2

v7EC(R?),
peC(R)
subject to  p(x;) +/ AW, C)U(W(l)(a:j —¢c)) dv(WW o) =vy;, j=1,....,.M
R2
Lp=0.
(2.133)

If the activation function ¢ is ReLU, p is a linear function. Then (2.133) becomes the

optimization problem ([2.22)). Define the output function g of the neural network by

o, (.p) = p(o) + [ AV, O =)y dv(W,0),

Assume that the activation function o is homogeneous of degree k, i.e., o(ax) = a*o(x) for

all @ > 0. Similar to ([2.98]), we have

(o) (o) = L [ 0700 o (s ) - (o - ) a7, o))
:/ ’y(W(l),c)|W(1)‘k5(:c—c) dv(WW ¢)
= / ( )( /R W, oWt ] dVWCZC(W(l)))é(x—c) dve(c)  (2.134)

:/ (/ (WO e ‘W ’ dVWC:C(W(l))>(5($—C)pc(c)dc
supp(ve) \J/R
= pela) [ AV, 2) WO doppe—s (WD),

R

Then similar to Theorem , we show that the solution of (2.133)) in function space actually

solves the following optimization problem:

(@)’ o
herg%)/sw de st. h(z;)=vy;, j=1,...,m, (2.135)

where ((x) = pe(x)E(W?*|C = x) and S = supp(¢) N [min; z;, max; x;]. Then Corollary can
be shown by using (2.135)) and the technique used in proof of Theorem O]
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2.K Effect of Linear Adjustment of the Training Data

In this section, we show that the solution of the variational problem with linearly adjusted
training data is close to the solution of training with the original training data .
This means that our characterization of the implicit bias in Theorem [I| gives a close description
of the solution of gradient descent training with the original data set. The high level intuition
is that fitting a linear function only requires a very small adjustment of the parameters of the

network in comparison with the parameter adjustment needed to fit a non-linear function.

For the reader’s convenience, we restate the continuous version of the problem ([2.20)):

min / 2(WD b) du(WD b)
RIxR

aeC(RIXR)

(2.136)
subject to / a(WS D)WW x)) + 0], du(WWD b)) =y, j=1,..., M,
RAxR
and the linearly adjusted variational problem:
min / 22(WO b du(WO, p)
ozeC(Rdx]R)7 RIxR
ueR? veR
subject to / (WO D) [(WO x) +0] du(WWD b) + (u,x;) +v=1y;, j=1,..., M.
RAxR
(2.137)

In this chapter, our main focus is on the variational problem ([2.137]), thus we derive our main
result Theorem [I] and Theorem [6] which are statements on linearly adjusted training data.

In this section, we try to analyze the difference between solutions of variational problems

(2.136]) and (2.137), and thus show that to what extent the variational problem ({2.5) and
(2.8) in Theorem (1] and Theorem @ describes the implicit bias of gradient descent on original

training data.

Suppose the solution of problem (2.136]) is &, and the corresponding output function is

g(x, 1) = / (WO, BWO %) + 8], du(W,b).
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The solution of problem (2.137)) is (a2, u,v) and the corresponding output function is:

g(x, (ag,1,7)) = (W, x) + 0 +/ (WO o) [(WWY x) + bl du(WD b).

R2

Our goal is to show that g(x,a;) and g(x, (g, 1, v)) are close to each other.

Suppose that the linear function (u,x) 4+ o can be fitted by an infinite width network

with parameters oy, i.e.,
/ %s (W(1)7 b)[<w(1)7 X> + b]-l— d,LL(W(l)7 b) = <ﬁ7 X> + 0. (2138)
R2

Then as+ay is a feasible solution of the problem (2.136]). It is easy to show that g(x, as+ay) =
g(x, (2,1, 0)). So we only need to measure the difference between g(x, &) and g(x, as + as).

The next theorem characterizes the relative difference between &; and a9 + as.

Theorem 39. Suppose that the solution of the optimization problem (2.136)) is & and the
solution of the optimization problem (2.137)) is (G, 1, v). Suppose that o satisfies (2.138)).

Then we have

Jz (@1 — @2 — as)? dp(W.b) [ [ 0 dp(W,0) - [ af du(W), )
Jre 07 dp(W,b) =V [ a? dp(WMLh) o, a du(W,b)

Proof of Theorem[39. Since (@, u,v) is the minimizer of (2.137)), we have that (ay,0,0) is a
feasible solution of ([2.136|) but not optimal, which means

/ aj(W,b) dp(W,b) > / a2(WM b) du(WO, b). (2.139)
R2

RZ

From the optimality of «y, we have

/Oﬁ(W(”yb) dM(W(”,b)S/ (a2 + as) (W, b) du(WH, ).
R2

RZ

Using the first order optimality condition on the problem ([2.136)), we have that there exist
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A; € R such that

o (W b) = i W x) 4-0] .

=1

Since both a; and as + a4 are the feasible solutions of the problem ([2.132),

/ (G — G — o) - (WD, x,) + 8], da(WD B) =0, j=1,... M
RQ

Using ([2.140) and (2.141)), we have
/ (@1 — dg — Ots)dl d,u(W(l), b)
RQ

_ /2(@1 — iy — ag) SONWO, %)+ 5. du(WD, b)

Jj=1

M
=370 [ (= a0 (W) 4 (W)
j=1 R

=0.
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Then we measure the difference between @, and ag + ay:

[ @ = e =) duw,p)

(G 4 a)? — (209 + 20, — @y)ay du(WW D)

(G 4 a)? — @ + (209 + 20, — 2ay)a; du(WW | b)
(A + a,)? — a2 du(WW b)  (use [2.142))

(a2 4 250, 4+ %) — @2 du(WW b)

(a3 + 2asa, + a?) — af du(WW b)) (use (2:139))

2aas + o du(WW | b)

22\/ [ a3 duwor) [ azauwon+ [ a2 duwoy
R?2 R2 R2

gz\/ / a2 dp(W ) - / a2 dp(WM b) + / o dp(WW b)Y (use (2.139)).
R2 R2 R2

Then we bound the relative difference between @; and as + ay:

Jaz (G — @ — a)® dp(W, b)
fR2 o d W(1)7 b)
2\/ Jow @2 dp(W D, 0) « [y 02 du(W D b) + [, 02 du(WD, b)
fR2 a? du(WM, b)
Jgz 3 dﬂ(W(l Jeo @7 du(WH, b)
Jge O du(WO, Jee @ du(W®, )’

=2

]

The above theorem means that if [, o du(W®, b) is much smaller than [, &5 du(W ™, b),
the relative difference between @; and as + « is quite small. Here oy fits a linear function
and a; fits the original training data. Since it is much easier for a neural network to fit a

linear function than a non-linear function, in practice we observe that [5, a2 du(WW,b) is

102



dimension training input set X | training output ) | distribution of
of in- (W, B)
puts
Setting 1 | 1 -2, -1.6,0.3,0.6,2 | 1.5, 0.5, 1.5, 0.5, | W ~ U(-1,1)
1.5 B~ U(-2,2)
Setting 2 | 2 (—1,-1), (1,1), (0,0)] 1.5, 1.5, 0.5, —=0.5, | W ~ U(S!)
(—=1,1), (1,-1) —0.5 B~ U(-2,2)
Setting 3 | 2 (—1,1), (1,1), (0.5,0.9)1.5, 1.5, 0.5, —=0.5, | W ~ U(S!)
(—1,-1), (1,-1), (0,0)50.5, —=1.5, —1.5, | B~ U(-2,2)
(—1.3,—-0.7), (—0.8,0.8%0.5, 0.5, 0.5
(—0.4,1.6), (1.6,—0.4)

Table 2.1: Experimental settings.

indeed much smaller than fRQ a2 dp(WW, b) when the training data is not highly linearly
correlated. This is shown in the right panel of Figure 2.12]

Generally speaking, the relative difference between g(x,a;) and g(x, (a2, @, v)) can be

related to the relative difference between & and as 4+ «, which can be bounded by using D; =

2 (1)
%. In experiments, the relative difference between g(x,@;) and g(x, (a2, @, v)) is
R 1 )
Ji_ o (9(x,61)—g(x,(a2,0,9))) dx

— , where R is the minimal positive number such
f[_RyR]d(g(x:al)) dx

measured by D =
that [—R, R]* includes all training samples. In order to compute [, @} dp(WM, b) we only
need to solve the optimization problem and get . To compute fR2 o dp(WW b)),
we first need to solve the optimization problem and get (g, w,0). Then we need to
find out ay which satisfies . We can give out an easy form of «a; if we assume that
the distribution of (W, B) is symmetric over each component, i.e., Wi, ..., W;, ..., Wy, B)
and Wy, ..., =W, ..., Wy, B) have the same distribution for i = 1,...,d. In this case we

can choose a,(WW b)) = CL{WW a) + Cyt where C, Cy are constants which is determined
by (2.139).

Next, we conduct some experiments to verify the above argument. We try three different
settings and they are summarized in Table 2.1} For each setting, we add different linear
functions to training data and compute corresponding D; and D. In order to verify the
idea that Dy is small if training data is not highly correlated, we compute the coefficient of

determination R? of the training data and then compare it with D;. In Figure we plot
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D against D, D; against R?
e Setting 1 ' IR e Setting 1 .
Sett!n-; 2 o® 100 Setting 2 !
@ Setting 3 » @ Setting 3
-3
10 . . o
. o
. . .
.
o -
10-* 2 . :
‘ L ] e ® op . [ ] [ ] L]
.
F ] ° ® ** - .
10°% [ ] [ ] »
.
[ ] ° L ] 10-2
102 101 100 0.0 0z D4 06 08 10

RZ

Figure 2.12: Scatter plots of Dy, D and R?. The left panel is the scatter plot of D against
Dy, which shows that D; is a very loose upper bound of D. Even when D; is around 1, D is
still around 1073, The right panel is the scatter plot of D, against R?, which shows that D;
is small when training data are not highly linearly correlated and D, is large when training
data are highly linearly correlated.

D against D, and D; against R?. We observe that D, is small when R? is small and D; is a
loose upper bound of D. Actually, D is very small even if D, is relatively large, which implies

that the relative difference between solutions of (2.136)) and (2.137)) is small in practice.

2., Neural Networks with Skip Connections

For any given input x € R?, the output of the network with skip connections from the inputs

to the outputs is

Fx.0) =Y W2o((WP x) + ) + (u,x) + 0. (2.143)

The initializations of W, b, W(® are the same as (2.3). The parameters of skip connections

[ A )

are initialized by zero. We also train this network by gradient descent. The learning rate

of parameters Wz(l), bgl), VVi(Q) is 1, and the learning rate of parameters of skip connections

u,v is n,. Let g = vec(W(l),E(l),W(z), 0,0) be the parameters at initialization and 6; =

Vec(ng),bgl),Wt(z), u;, v;) be the parameters after ¢ steps of gradient descent. Then the
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gradient descent iterations are

w =W, W =W — . Vo L6,
b’ =", by = b =1, Vi L™ (6))
w2 =W, W =W o, Ve L™ (6,) (2.144)
uy =0, Uy =uy — 1,V Lhn(@t)
v9 =0, Vg1 = U — 15V Lhn(et)

(1)

Let @; = vec(W ,E(l), \7\7152), u,v) be the parameters at time ¢ under the update rule where

W(l),B(D are kept fixed at their initial values, and

W =W W =W — 5, Ve L™ (@)
i = 0, iyp1 = T — 7, Val™(@) (2.145)
vy =0, Upy1 = 0y — 0 Vo L™ (@)
Let U = ij‘il(xj, 1)T(x;,1). Using the similar argument in Section H, we can show
that training all parameters can be approximated by training only output weights and skip
connections parameters, which is actually a linearized model. Then we can apply Theorem [2.44]

with some modifications and show that gradient descent training of the output weights (|2.145))

M

<M < M i
S e @) s = Do (@) achieves zero loss and solves the

on mean squared loss with 7,

following optimization problem:

. 1 — 1
min - —[W® - W2 4 = (Ju]2 +?)

w@ o, Ns
- —(2 —(1 —(1 .

st S (W —WIWH ) + 505+ (wxg) + 0 =y; — f(x5.00), j=1,..., M.
=1

(2.146)
Similar to Section , we let fli"(x,6y) = 0 by using the Anti-Symmetrical Initialization
(ASI) trick. Let p, denote the empirical distribution of the samples (WE”,EE”);;I, ie.,

fn(A) =250 14 ((W(l) B )), where 1,4 denotes the indicator function for measurable

[
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subsets A in R%. We further consider a function a,: R? — R, a, (WE

Then (2.146)) with ASI can be rewritten as

i [ QEOWOLE) dp (WD) + 2 (o)
s.t. / (WD DWW ) 4+ 0]y dp, (WD) + (w,x,) +o=uy;, j=1,..., M.

© (2.147)

Now we can consider the infinite width limit. Let p be the probability measure of (W, B).

Assume that 7, < n~'n,. Then % = 0(1) as n — oo, thus it can be ignored in the infinite

width limit. By substituting p for u,, we obtain a continuous version of problem ([2.147]) as

follows:

i 2(W® b)) dp(WW b
Juin, /Rzoz( ,0) du(WH,b)
s.t. / a(WS D)WW x) + 0], dp(WWD b))+ (u,x;) +v =y, j=1,..., M.
R2
(2.148)

Using that pu, weakly converges to p, we show that in fact the solution of problem ([2.147))
converges to the solution of (2.148)) in Theorem .

Theorem 40 (Infinite width limit for network with skip connections). Let (Wﬁ”,BE”);;l be
i.i.d. samples from a pair (W, B) with finite fourth moment. Suppose p, is the empirical
distribution of (ng),ggl))?zl and (@, Wy, Ty,) is the solution of (2.147). Let (a,w,v) be the
solution of . Assume that n, < n~'®n,. Then, for any compact set D C R?, we
have supycp |gn (X, (@n, Ws, U,)) — 9(x%, (@,0,0))] = O,(n~Y?) , where g,(x, (@, p,Vp)) =
Jgo (WO D) (W x) + b]4 dpn (WD, b) + (u,,X) + v, is the function represented by a
network with n hidden neurons and skip connections after training, and g(x, (@, q,7)) =

Jeo WO D) (WO x) + 0] dp(WW,b) + (u,x) + v is the function represented by the

infinite-width network with skip connections.

The proof of Theorem [0] is provided at the end of the section. In Section [2.6 and
Section , we show that the optimization problem ([2.148]) is equivalent to (2.24)) in univariate
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case and equivalent to (2.37)) in multivariate case. Then we can prove our main theorems for

networks with skip connections without adjusting the training data.

Theorem 41 (Implicit bias of networks with skip connections, univariate). Consider a two-
layer feedforward network with skip connections . Assume parameter initialization ,
which means for each hidden unit the input weight and bias are initialized from a sub-Gaussian
(W, B) with joint density py . Then, for any finite data set {(x;,y;)}iL, and sufficiently
large n, the optimization of the mean squared error on the training data {(x;,y;)}3L, by

gradient descent iterations (2.144) with learning rate ny < . < n~ B, converges to

()
a parameter 0* for which the output function f(x,6*) attains zero training error. Furthermore,
letting ((x) = [ IWPpws(W,—=Wz) dW and S = supp(¢) N [min; x;, max; z;], we have
sup,cg ||f(@,0%) — g*(2)|la = O,(n~2)over the random initialization 6y, where g* solves
following variational problem.:

win [ o (6"@) - S 0)? do

sec*(®) Js C() (2.149)
subject to  g(z;) =y; —uxr; —v, j=1,..., M.

Theorem 42 (Implicit bias of networks with skip connections, multivariate). Consider
the same network settings as in Theorem except with d input units instead of a single
input unit. Assume that W is a random vector with P(|W)|| = 0) = 0 and B is a random
variable; the distribution of (W, B) is symmetric, i.e., (W,B) and (=W, —B) have the
same distribution; and ||W||s and B are both sub-Gaussian. Then, for any finite data set
{(x;,9;)}, and sufficiently large n, the optimization of the mean squared error on the training
data {(x;,y;)}}L, by gradient descent iterations with learning rate ng < %, N, <

n~15n, converges to a parameter 0* for which f (x, 0%) attains zero training error. Furthermore,
let = W2, ¥V =W/[WI2, C = =B/|[Wll2 and {(V,¢) = pyc(V,c)EU[V =V .C =
c), where pyc is the joint density of (V,C). Then, for any compact set D C R?, we have

sup,p || f(x,0%) — g*(X)||2 = Op(n~2) over the random initialization 0, where g* solves

107



following variational problem:

/ (RUCA) 2 — [0} (V. 0)°
supp(()

min
g€Lip(R4) C(V7 C)
subject to  g(x;) =y;, j=1,...,M (2.150)

R{(=A)D2(g — f(.00))HV.,c) =0, (V,¢) & supp(¢)

(—A) V(g — f(-,00)) € LP(RY), 1 < p < d/(d—1).

Proof of Theorem[{(. The Lagrangian of problem (2.147)) is

L((ana Uy, vn)a )‘(n)>

M
nn'f n
= [ RO i, (WO 0)+ 2 o [+ 02) 30 (000 = )
s =1
The optimal condition is V,, L = 0, which means

M

20, (WO, b) + > AP WO x;) + 8], = 0 when (WD, b) = (W by), i =1,k
j=1

2n M
i u, + Z )\gn)xj =0
Ms =

2n M
ern + Z )\En) =0.
s —

Since only function values on (W(l) b )M, are taken into account in problem (2.147)), we can

7

let o
SOATUWD, ) 45, VWD) e R (2151)

J=1

N | —

a,(WW ) = —

without changing [, @2(W® . b) du, (WM, b) and g, (x, @y,).

Here )\g-n), j=1,..., M are chosen to make g,(x;,a,) =y;, i = 1,..., M. So we get a
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system of linear equations in variables {)\5-") jj‘il, u, and v,:

M
1 n
=5 A [ IOW )+ B (W) L (W) + () + 0, = 3
j=1
M
n 2 T
Z)\E )Xj + ﬂun = O,
j=1 § (2.152)
2n1,
Z/\;n) + el v, = 0.
- Ns
7=1
for any ¢+ = 1,..., M. Similarly, the Lagrangian of problem ([2.148]) is
N M
L{a,\) = / AW b) dp(WD b) + > Nj(g(xj, @) — yy).
R2 :
7j=1
The optimality condition is VoL = 0, which means
M
20(WD, ) + SN (WD x)) +0] =0 V(WD p) € RH!
j=1
M
O-u+2)\§")xj =0
j=1
M
0.0+ AV =0
j=1
Then we get
M
a(WW ) = =3 N [(WW x) + 8], V(WD b) e R% (2.153)
j=1
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Here )\, j =1,..., M are chosen to make g(x,a) =y;, i = 1,..., M. This means that

M
1

2
j=1 /R

M
Z)\jX]’—FO'u:O

Jj=1

M
D> A+0v=0
j=1

(2.154)

Compare and . Since the number of samples is finite, x; is also bounded.
Then by the assumption that W and B have finite fourth moments, we have that [(W®) x;) +
bl [((W® x;) + ], has finite variance. According to central limit theorem, as n — oo,
Je2 (WO x5 + bl (WD x;) + 0], dp,, (WD, b) tends to a Gaussian distribution with
variance O(n~!). This implies that Vi =1,..., M, Vj=1,..., M,

[<W(1)7 Xj) + b]+[<w(1)7 Xi> + b]+ d/Ln(W(l)a b)

|
R2

= [ OV 4 B LW ) + 8 du( WD)

=0y (nil/Q)

Also according to the assumption 7, < n~'%n,, we have m;i = O(n™"?). So coefficients of

s

[2:152)) converge to coefficients of (2.154) at the rate of O,(n~'/2), then we get

AP =N =0,(n7?), j=1,...,M. (2.155)

Compare (2.151) and (2.153). Given (WM b), we have

@, (WD b) —a(WW b)| = 0,(n"'?). (2.156)

Next we want to prove that sup,cp |gn (X, (@, 0, 0,)) — g(x, (@, T, 0))| = O,(n~1/2). Firstly,



we prove that sup,.p |g.(x, (@, W, 7)) —g(x, (@, 1, v))| = O,(n~*/2). Note that |g,(x, (@, W, V))—
g9(x, (@,a,7))| = |gn(x, (@,0,0)) — g(x, (@, 0,0))|. According to in the proof of Theo-
rem (12|in Appendix , we have sup,.p |g.(x, (@,0,0)) — g(x, (@,0,0))| = O,(n~Y/?). Then
we have

sup |gn (x, (@, 9,7)) — g(x, (@, 1, 7))| = Op(n~'72). (2.157)

Finally, we prove that supycp |gn(X, (@, Un, Tn)) — gn(xX, (@, 1@, 0))| = O,(n~'/?). Since
vxeD
|gn(X7 (anaﬁna En)) - gn(Xa (a, ﬁ, E>)|
< / @ (WD) (W, x) + b, —a(W )W, x) + bl | dpnn(WH, b)
R2
+ [Ixll2/[w —ally + [0, — 7|

< | Jan (W) —a(W,b)[ (W, x) + b dp (WY, 5) + [[x]a]fa, — |z + [0, - 7]

RQ

<)
R2

+ [Ixll2/[w@, —allz + o, — 7|

M

—3 20 = AW, x5 + 1

=1

[<W(1)7 X> + b]—l— d:un(w(l)v b)

M
1
<5 Do =] IWO )+ 8 (WO, )+ b (WO, )
j=1
+ el — s+ 5 — 7

M
1
=3 (m [ LW 4 8 [OWD ) 48 (WO, b)) 27— A
R2 =1

xeD

+ max [ [8, — s + 5, — 7.

Because D is compact and [, [(W® x;) + 0] (WO x) + b]; dp, (W, b) converges ac-
cording to the law of large numbers, we have that maxxep [, (W, x;) + b (W) x) +

bl dp, (W b) and maxyep ||x||2 is bounded by a finite number independent of n. Then
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according to (2.155)),

xeD

Combined with (2.157]), we have

SUP [ (%, (@, T, T)) = 906, (@, 1,7)| = Op(n ™).
XeE

This concludes the proof. O

2.M Equivalence of Our Characterization and NTK Norm Mini-

mization for Univariate Regression

In this section we demonstrate that NTK norm minimization |[ZXL20|, which characterizes
the implicit bias of training a linearized model by gradient descent, is equivalent to our
characterization in Section and Section [2.6] For simplicity, we only consider univariate
regression in this section. Following [JGH18a|, [ZXL20| show that gradient descent can be
regarded as a kernel gradient descent in function space, whereby the kernel is given by the
NTK. Then for a linearized model, gradient descent finds the global minimum that is closest
to the initial output function in the corresponding reproducing kernel Hilbert space (RKHS).

Let ©,, be the empirical neural tangent kernel of training only the output layer, i.e.,

1
@n<x17 952) = vam)f(xl, Qo)vww)f(%, 90)T

1 n
= Z Vipe [(21,600) Vi e f(22,60)
=1

1 n
= Z[Wz‘(l)xl + bgl)]+[Wi(1)x2 + bgl)h-
=1
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As n — 00, O, — O, where

O(xy,x5) = / Wz + oW WDz, + 6], du(WD | b). (2.158)
R2

Equivalently, using the notation in Section [2.6] we have

O(x1,22) = /R2 WOz — ) WD (zy — )] dv(WWD ). (2.159)

Next, [ZXL20] construct a RKHS Hg(S) by kernel ©, and the inner product of the RKHS
is denoted by (-, -)g. Then Hg(S) satisfies:

(i) Vae€S,0(,z) e Hg(S); (2.160)
(i) Vo €S VfeHs (f(),0(,2))g = fla); (2.161)
(ili)  Va,y € S,(0(-,2),0(,,9))g = O(z,y). (2.162)

Here the domain is S = supp(¢) N [min; z;, max; x;], which is the same as in Theorem || and
Theorem [13] Using the reproducing kernel Hilbert space, [ZXL20| prove that fi%(x, @)
(defined in Section [2.4.2)) is the solution of the following optimization problem:

i - st.og(z) =y, j=1..... M.
geggg(ls)llgﬂen st.oglx;)=y;, j=1,...,

As the width n tends to infinity, the above optimization problem becomes

min 5 st.oglx)=vy;, j=1,..., M. 2.163
,omin llglle 9(xj) = yj, J (2.163)

In Section we show that fi"(x, @) is the solution of the optimization problem (2.19) in
function space. As width n tends to infinity, the optimization problem (2.19) becomes ([2.20)),
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which we repeat below:
i (WM by du(w® b
Lol /Rza( ,b) du(WH,b)

(2.164)
subject to /a(W(I),b)[W(I)xj+b]+ du(WW o) =y;, j=1,...,M.
RQ

Since optimization problems (2.163]) and (2.164)) both characterize the implicit bias of training

a linearized model by gradient descent, they must have the same solution in function space.

We express this formally in the following theorem:

Theorem 43 (Equivalence of our variational problem and NTK norm minimization). Assume

that optimization problems (2.163) and (2.164|) are both feasible. Suppose @ is the solution of
(2.164), and consider the corresponding output function:

g(z) = /RQ aWw® o)Wz + o), du(WW,b). (2.165)

Then G(z) restricted on S is the solution of the optimization problem (2.163)).

Next, we give a standalone proof of this theorem using the property of kernel norm. The

proof gives us an idea of what the kernel norm actually looks like.

Proof of Theorem [{3. Since (WM b) is the solution of (2.164)), according to (2.91)) in the
proof of Theorem [12]

M
1
a(WwW p) = -3 > N0z + b YWD b) € R
j=1
for some constants \;,j = 1,..., M. Then we write @(W W b) in the following form:
a(wW p) = / h(z)[WWz 4 b, dz, (2.166)
S

where h(x) can be a combination of Dirac delta functions. Then substitute (2.166)) into the
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expression of g(x) (2.165) to obtain

g(x) = / E) WDz 4+ 0] WDz + b, dp(WD b)dz
RZxs (2.167)

- / h(#)O(x, #)dz,
S
where we use the expression of the NTK in equation (2.158). Then we get

(9(2), 9())s = {9(a), / h(#)6(x, 1)d7) g

h(i‘)(g(l’), é(ZL‘, CZ’)>édj

= [ h(z)g(Z)dz (here we use the property of RKHS norm (2.161)))

——

n

_ /S _h@h@O, D)z (e EI6).

(2.168)
On the other hand, using ([2.166), the objective of (2.164])) becomes
/ EQ(W(I),b) dM(W(l),b)
5'2
= / h(@) WDz + b, h(z) Wz + b, didzdu(WD, b)
SxSxR?2 (2.169)

= / h(E)h(Z) / WDz 4 0], WDz 4 0] dp(WD ) didz
SxS

RQ

_ /S _H@(ROE. ) didz  (use TF).

Comparing (2.168) and (2.169|), we have that optimization problems (2.163|) and (2.164) are
equivalent if o(W 1) b) has the form (2.166)) and g(x) has the form (2.167)). Moreover, if every
function g € Hg(S) can be approximated by the shallow network, we can find a(W®b) in

form of (2.166)) such that g(z) is expressed in the form of (2.167)). In this sense we show that
optimization problems (2.163]) and (2.164]) are equivalent. m

In Section [2.6] we relax the optimization problem (2.21]) to (2.22)) in order to characterize

the implicit bias in function space. This relaxation can also be done in the NTK norm
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minimization setting. It means that we can equivalently relax the problem (2.163) to the

following problem:

i —ur —vjg st Li) = Yy, :17,M 2.170
gEH@(S),ueR,veRHg o 9(x;) = yj, J ( )

Then the optimization problems (2.22)) and (2.170)) are equivalent. Theorem |13| shows that
(2.22)) and (2.24) have the same solution on the set S = supp(¢) N [min; z;, max; ;). Then
we have that optimization problems (2.170)) and ([2.24) are equivalent, which means that

" 2
Jin g —uz —vllg = /5 % dz, Vg€ Hg(S). (2.171)

Next, we directly prove the above equation (2.171)). Given function g € Hg(5), let h =
argming ey, (s) [|2llg, s-t. h = g — uz — v for some u € R, v € R. Then according to optimality
of h, we have (h,z)g = 0 and (h,1)g = 0. Consider the space G = {h € Hg(5) : (h,x)g =
0, (h,1)g = 0}, which is the orthogonal complement of span{l,z}. Then h is the projection
of gon G. Since h = g —ux — v, h”" = ¢”. So we can reformulate the equation which

we want to prove in the following theorem:

Theorem 44 (Explicit form of the kernel norm). The kernel norm on the space G = {h €
He(S) : (h,x)g =0, (h,1)g = 0} is given as follows:

h//( I))2
RlI2 = / ()" dz, VheQG. 2.172
Inl = [ S (2172)
This theorem gives the explicit form of the kernel norm in a subspace of Hg(5). Next we

prove the above theorem using the property of kernel norm.

Proof of Theorem[{]]. Let 0.(-) = O(-,x). We can find the orthogonal projection of ©,

on space (&, which is denoted by (:);Ug. Then we only need to prove that (h, (:)gcvg)é =

i n' ()0 5 (y)
S ¢(y)

First, ©,¢ = O, — ur — v for some constant u,v € R. Since h € G, (h,1)g = 0 and

dy for any h € G and =z € S.
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(h,z)g = 0. Then we have

(2.173)

= h(x) (use the reproducing property of the kernel (2.161))).

Next, using the notation from Section [2.6] we have

0 o(y) = (O4(y) —uy —v)" = O,(y)" = ?é(:cy y)
= O [ WO = W= . W, (e T
= [V PV ) = o) g ) — ) dawi (W)
- [E®OVAY 2 0 = Ol d.ly— s
FEVLOV < 0)1C = e — ol e — gl Jpele) de
- [ (Bov1om 2 0 = s — gl -l

32

FEVLOV < 0)IC = e — a5l - y]+)PC(C) de
— /R(]E(W2II(W >0)|C =c)[zr— |l d(y —c)

+FEW?1(W < 0)|C = ¢)[c — 2]+:6(y — ¢))pe(c) de
= (EOV’L(W 2 0)[C = y)[z — yl+ +EW* LW < 0)|C = y)[y — 2]+ ) pe(y)-
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Then we have

/h”< YOLeW) |
s
:/ W' () EW W > 0)|C = y)[z -yl + EOV*IW < 0)|C = y)ly — =l )pe(v)

Y

()
_ [ FOELOY 2 01C ol + EOVIOV <O =y sl
' EOV2IC=y)
_ E(W21<W > 0)‘0 = Z/) 1" E<W21<W < O)‘C = y) "
- [ el Wl =l + =g s = Iyl i, dy

Now, if we regard f p y)G(y dy as a function of x, then we get
0* [ h'(1)Ocv)
Y Al
| e Y = e o+ BV S D=y
L= Js = =
e I UR R
s = =
EW*1(W >0)|C=1x) , EW* 1W< 0)|C=12) ,
EWic—a @ gmEe=, W
=h"(z).

From the definition of the space GG, we see that the second derivative uniquely determines the

" (y d = h(x), we only need to

—zc(y) dy 33>(;) = 0.

¢(y)

element in G. Since h € @G, in order to show that f s

show fS%dyeG ie., fs C(?;;G dy 1>@—0and (fs
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Then we get

92 &

W' ()04 () (M W)gEO (. y) N
</S O dy, 1)g _</s dy, 1)g

B (y) limy, g Q) =26(r)+6(y—h)
< dy,1)g
s ()

h O(z,y+h)—20(z,y)+6(z,y—h)

= lim ( () h? dy, g
h=0"Jg C(y)

h// <@(:E,y+h),1>é—2<@($,y),1>é+<@($,y—h),l>é

= lim ) h2 dy
h=0Jg C(y)

h y+h—2y+y—h

= lim ) h2 dy
h=0 Jg C(y)

=0.

W' ()0 o

Similarly we can show that (g ) v) dy, x)g = 0. This concludes the proof. O]

2.N Gradient Descent Trajectory and Trajectory of Smoothing

Splines for Univariate Regression

In the following we discuss the relation between the trajectory of functions obtained by
gradient descent training of a neural network and a trajectory of solutions to the variational
problem with the data fitting constraints replaced by a MSE for decreasing smoothness
regularization strength. This Lagrange version of the variational problem is solved by so-
called smoothing splines. Smoothing splines have been studied intensively in the literature
and in particular they can be written explicitly. We give the explicit form of the solution for

the trajectory in the context of our discussion.

2.N.1 Regularized Regression and Early Stopping

[Bis95| shows that for linear regression with quadratic loss, early stopping and L, regularization

lead to similar solutions. Let us recall some details of his analysis, before proceeding
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with our particular setting. He considers the loss function F(w) = || Xw — y||3, where
X = [x1,...,xp]7 is the matrix of training inputs, y = [y1,...,yun]|? is the vector of training
outputs, and w is the weight vector of the linear model. Next the loss function can be written

in the form of a quadratic function:

E(W) = |Xw-yl3
=w/ XTXw—-2yT Xw+yly
=w XTXw—-2y"Xw+yly

1
— §(W —w)TH(w — w*) + E,

where H = 2X7 X, Ej is the minimum of the loss function, and w* is the minimizer. The

eigenvalues and eigenvectors of H are as follows:
Hllj = )\jllj.

Then expand w and w* in terms of the eigenvectors of H:
W= w;uy, w' = wiuy.
J J

For the L, regularized regression problem, consider the regularized loss function E(w) =
E(w) + c||w||3. Denote the minimizer by w = w and consider its expansion as w = > Wiy

[Bis95| shows that

Aj

W wy. 2.174
TN+ ( )

For early stopping, consider the gradient descent on F(w) with zero initial weight vector:

w = w9 VE
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Writing w(™) = > w](»T)uj, we have

wi™ = (1= (1—n\y)")ws.

Note that 1 — (1 —nX;)™ — 1 — e~ as n — 0. Hence choosing a sufficiently small learning
rate, approximately we have

wi™ = (1 —e ™)k, (2.175)

From (2.174)) and (2.175)), [Bis95| observes that if ¢ is much larger than A;, then the regularized

solution has coordinate w; close to 0, and similarly if 1/(n7) is much larger than A;, then

the early-stopping solution has coordinate wj(-T) close to the initial value 0. We note that
analogous observations apply when the regularization term has a reference point different
from zero, c||w — W||3, and the gradient descent iteration is initialized at a point different

from zero, w(® = Ww.

Now we want to take a closer look at the trajectories. Consider the following two functions:

hi(z) = ——, ho(z) =1 — e N/7,

Actually we can verify that hq(0) = he(0) = 1 and lim, Z;Eg = 1. It implies that these

two functions are close to each other on [0, 00). Figure shows the plot of functions hy(z)
and hao(x).

Now we choose the coefficient of regularization ¢ = n% Comparing (2.174]) and (2.175)),

and using the fact that hy(z) and he(z) are close to each other on [0, 00), we show that early

stopping and L, regularization lead to similar solutions across different values of ¢ = an

Back to our problem, we repeat the gradient descent procedures (2.17)) here:

w w? w i~
Wo(z) = )v Wt(i)l = Wt(Q) — Ve LM (@)
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Figure 2.13: Plot of functions hy(z) and hy(x). The left panel plots the two function when
Aj = 1. The right panel plots the two function when A; = 5.

It is actually minimizing the following loss function of W® — W

BEW® -W) =3 (f(WP — W)Wy + bl — (y; — flay, 00>>> -

j=1 \i=1

Here we change the variable from W® to W® — W. Then W,? — W = 0 when t = 0, so
that gradient descent starts from the zero initial weight vector. Since the above model is
linear with respect to W — W, we can apply the above argument about early stopping
and Lo regularization. Suppose that we use learning rate p, for the neural network of width
n. We show that the solution Wt@) at iteration ¢ is close to the minimizer of the following

regularized optimization problem:

M n 2

. —(2 -

e (E W =W W+ bl — (y; —f(xj,eo») +c|W® — T3, (2.176)
j=1 \i=1

where ¢ = # Using the same approach and notation as in Section , the optimization
problem ([2.176f) is equivalent to

M 2
min Z(/ (WD 0y WM + 0], d,un(W(l),b)—yj)
an€CEY) I 2 (2.177)
! / o2(WW by dp, (WL b)
nnpt Jrz " ’ " Y
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where we use the ASI trick (see Appendix|2.B.2). Here (2.177)) has an extra factor % compared
to (2.176). This is because we define Ozn(WZ-(l), b;) = n(Wi@) - WZ(-Z)). According to Theorem
7 M < ﬁ(é) is sufficient in order to ensure convergence. Then we suppose that

N, = 7/n, where 7 is a constant so that the requirement on the learning rate in Theorem

is satisfied. The limit of the optimization problem (2.177)) as the width n tends to infinity is:

M 2
min2 Z (/ a(W(1)7 b) [W(l)xj +b]+ d,u(W(l), b) — yj)
aeC®?) = \Jp2 (2.178)
1
+ = CYQ(W(l)a b) dN(W(1)> b)
nt Jre

Following the same reasoning of Section , we relax the optimization problem (2.178|) to

the following one:

M 2
. , WO W Dr: bl du(WD b — .
0 CC(E2) ueR v ;(wﬁH/Rza( PNV e 0 = (2.179)
1
4= oﬂ(W(l),b) d,u(W(l),b).
nt Jrz

Using the same technique and notation as in Theorem [13] we can prove that the solution of

(2.179) actually solves the following optimization problem:

M

min [h(z;) — ;] + ! /SM dz. (2.180)

heC(s) S it Js ((x)

Then in order to study the trajectory of gradient descent, we can study the optimization
problem ([2.180)) with varying ¢. Figure illustrates smoothing spline and gradient descent
trajectories. The solution of is called spatially adaptive smoothing spline. Here the
curvature penalty function is %ﬁ, with time dependent smoothness regularization coefficient
%. Next, we give out the solution of in the following two cases: (1) uniform case (¢

is constant over domain S); (2) spatially adaptive case (¢ is not constant over domain ).

Remark 45 (Spectral bias). We have thus that the gradient descent optimization trajectory
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Figure 2.14: Trajectories of functions obtained by gradient descent training a neural network
and by smoothing splines of the training data with decreasing regularization strength (from
dark to bright). The left panel plots 20 functions along each trajectory. The right panel shows
the same functions in a two dimensional PCA representation. With asymmetric initialization
of the network parameters and adjusting the training data by ordinary linear regression, both
trajectories start at the zero function. The trajectories are not equivalent, but are close,
and both converge to the same (spatially adaptive) cubic spline interpolation of the training
data (in the limit of infinite wide networks). Here we used a large network with n = 2000
hidden units and Gaussian initialization W ~ N(0,1), B ~ N(0,1). The results are similar
for smaller networks and different initializations.
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can be described approximately by a trajectory of smoothing splines which gradually relaxes the
smoothness reqularization (relative to initialization) until perfectly fitting the training data. If
the function at initialization is at the zero function, e.g., by ASI, then the regqularization is
on the function itself. Hence the result provides a theoretical explanation for the spectral bias
phenomenon that has been observed by ([RBA19b]. The spectral bias is that lower frequencies

are learned first.

2.N.2 Trajectory of Smoothing Splines with Uniform Curvature Penalty

Suppose the reciprocal curvature penalty is constant ((z) = z on the domain S. Let A = ﬁ%

Then ([2.180)) becomes the following optimization problem:

M

min h(z;) — -2+)\/h” 2 da. 2.181
2y D () =l 4 [ 00 do (2151)
|Ger01] gives the explicit form of the minimizer h of (2.181)), which is called a smoothing
spline. The minimizer h is a natural cubic spline with knots at the sample points 1, ...,z .
The smoothing spline does not fit the training data exactly, but rather it balances fitting
and smoothness. The smoothing parameter A > 0 controls the trade off between fitting and

roughness. The values of the smoothing spline at the knots can be obtained as
(h(z1),... . hzy))" = (I +AA)Y. (2.182)

The matrix A has entries A;; = [ hf(z )1 (x) dx, where h; are spline basis functions which
satisfy h;(x;) = 0 for j # i and h;(z;) = 1 for j = i. |Ger01] gives out a rather explicit form
of matrix A, which is an M x M matrix given by A = ATW=A. Here A is an (M —2) x M

matrix of second differences with elements:
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And W is an (M — 2) x (M — 2) symmetric tri-diagonal matrix with elements:

hi + hi1

h;
Wisi; = Wi :—Z, Wii=
1’ ’ 1 6 ) 3

, here h; = x;11 — x;.

As A — 0, the smoothing spline converges to the interpolating spline, and as A — oo, it

converges to the linear least squares estimate.

2.N.3 Trajectory of Spatially Adaptive Smoothing Splines

Let the curvature penalty p(x) = _i L Then (2.180) can be written as
P it ¢(z) M~

heWa(s Mz (2)) = wil /S p(z)(h"(x))* d, (2.183)

where W5(S) = {f: f, ' absolutely continuous and f” € L?(S)}, with L?(S) the square
integrable functions over the domain S. [AS96a,[PSHO6| give out the solution of ([2.183])

explicitly, which is called a spatially adaptive smoothing spline.

According to [PSHO6|, the solution can be derived in terms of an appropriate RKHS
representation of W3 with inner product (f,¢), = [ f"(x )p(x) dz. Here WE(S) =
W5(S) N By(S), where W5(S) is defined above, and By(S) = {f : f(0) = f(0) = 0}. Notice
that when defining By(S) we need 0 € S. Actually we can choose any point in S. [PSHOG|

define By(S) in this way just for simplicity. Then the kernel of the space WE(S) is given by

K,(z1,29) = /Sp(u)_l[xl — u|y[r2 — uldu. (2.184)

Then the minimizer h of (2.183) is given by

Z ¢;K,(z;,2) +a+ bx. (2.185)
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Now define the M x M matrix

Xy = {EKp(wi xj) i =10, (2.186)
and the M x 2 matrix i i
1 Ty
1 T9
=1 | (2.187)
Denote the vector of coefficients ¢ = (cy,...,cy)? and the vector of output values y =

(y1,...,ym)T. Then the coefficients in (2.185)) satisfy the following conditions:

a a
Sp (B, + M+ T =Y,y and T'|Z,c+T =T"y. (2.188)
b b

After solving for (2.188)), we get the values of ¢, a and b. Plug them into ([2.185]), then we get
the exact form of the minimizer of (2.183)).

2.0 Solution to the Variational Problems for Univariate Regression

after Training

2.0.1 Interpolating Splines with Uniform Curvature Penalty

Theorem P2J(b)] and [(c)| show that for certain distributions of (W, B), ¢ is constant. In this
case problem ([2.5) with ASI is solved by the cubic spline interpolation of the data with
natural boundary conditions [ANWG67].

Theorem 46 (|JANWG67|). For training samples {(z;,y;)}M,, suppose z; € S, j=1,..., M.

Then cubic spline interpolation of data {(zs,y;)}M, with natural boundary condition is the
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solution of
min / (W (z))2de
S

heC2(8S)

subject to  h(z;) =y;, j=1,...,m.

As already mentioned in Appendix 2.N] cubic spline interpolation is a finite dimensional
linear problem and can be solved exactly. A cubic spline is a piecewise polynomial of
order 3 with (M — 1) pieces. The j-th piece has the form S;(z) = a; + b;z + c;2* + d;z?,
j=1,...,M —1. These (M — 1) pieces satisfy equations S;(z;) = vi, Si(Tit1) = Yis1,
i=1,...,M —1and Sj(xit1) = S, 1 (2i41), S/ (xip1) = Si (i), i =1,...,M — 2, and
ST (z1) = SY;,_1(zar) = 0. Hence computing the spline amounts to solving a linear system in

4(M — 1) indeterminates.

2.0.2 Spatially Adaptive Interpolating Splines

In the case that ( is not constant, we can still give out the form of the solution to the variational

problem ([2.5)) with ASI by using the result in Appendix . We multiply by a coefficient A

the regularization term in the optimization problem ([2.183]) and choose p(z) = ﬁ Then we
get
1 & ) 1 )
in — h(x;) — vy, A — (B dx. 2.189
0y 2w~ [ ) e (2.18)

As XA — 0, the minimizer of (2.189)) converges to the solution of the following optimization

problem:

. (h”(az:))2 .
AR SV t. ) = . =1,...
h€m12r(15)/s C( ) der s.t h(ac]) Yis J , ,m,

which is the variational problem (12.5)) with ASI. According to Appendix , the solution of
(2.189)) is given by:

W (@) =>" cg.A)K% (z;,2) + a® + bV, (2.190)
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And the vector ¢ = (cgk), e ,cg\}\))T, a™ and b satisfy the following conditions:

) ()

a a

(Br 4+ MW +T =%,y and TT|[ZacW+T =Ty, (2.191)
3 p(N) ¢ ¢ pN)

Dy

2
<

where K%, Z% and T are defined in (2.184)), (2.186f and (2.187]). Next we show that K% is

inversely proportional to A:

— A /S (%)1[:E1—u]+[x2—u]+du (2.192)

Also E% = )\_12%. Then we let E§->‘) = /\_1057\) and ¢ = A"1c™. So we can rewrite ([2.190))
and (2.191]) as

(z;,2) +a™ + Vg, (2.193)

where €™, ¢ and b™ satisfy the following conditions:

a T A T
1 (21+)\M])é N =%y and TT|Z:eMV 4T =Ty,
¢ pN) < < pN)
(2.194)
Now, as A — 0, (2.193)) and (2.194) become:
M
WO () =3 >K1 )+ a®") 4 pO" (2.195)
7j=1
where €7, ¢ and b©") satisfy the following conditions:
X 2(0%) 20"
I DIFTCAR A A =Yy and T |%:cW 47T =T"y.  (2.196)
“f p0") ¢ ¢ p(0")
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The expressions (2.195)) and (|2.196]) give the solution of (2.189) as A — 0, which is also the

solution to the variational problem ([2.24])).

2.P Possible Generalizations

2.P.1 Deep Networks and Other Architectures

For deep networks with L layers, if we only train the output layer, then we actually train a
linear model. We can actually write down the exact form of the NTK. However it is unclear

whether we can write the explicit form of implicit bias in this case.

In the case of shallow networks, we show that training only the output layer is similar
to training all parameters. Our analysis of shallow networks is based on this. However, in
the case of a deep network, training only the output layer is no longer similar to training all
parameters. If we train all model parameters, the results from |LXS19b| show that the model
still is approximated by a linearized model. The result on kernel norm minimization |ZXL20|
holds in this case. It will be interesting to study the explicit form of the kernel norm, and

extensions of our analysis to the case of training all parameters of deep networks.

2.P.2 Other Loss Functions

We have focused on the implicit bias of gradient descent for regression. For this type of
problems, one often considers a loss function (per example) which has a single finite minimum.
Roughly speaking, our description of the bias is in terms of smoothness properties of the
solution functions. There are various works on the implicit bias of gradient descent for
classification problems, e.g., [SHN18§|. In this case, the implicit bias is often formulated in

terms of maximum margins.

In our analysis, some theorems require that the loss function is mean square error (MSE).
In Theorem [10] the gradient flow is a linear differential equation if we use MSE. If we use

a different loss, this will be more complicated. However, we think that the results can be
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generalized. We are also using the result from [LSP18|, which is based on MSE. According to
them it is not clear whether their result will still apply for other loss functions. Theorems
and [I3] are about a variational problem that is derived from Theorem [20] in relation to the
minimization of ||§ — s||2. Theorem [20[ remains valid for other loss functions beside MSE. To
sum up, if we can generalize the Theorem [10|and the result of [LSP18| to other loss functions,

then we can generalize our main result in Theorem [1| to other loss functions as well.

2.P.3 Other Optimization Procedures

It would be interesting to extend the analysis to modifications of the basic gradient descent
optimization procedure. The implicit bias of different optimization methods has been studied
by [GLS18a] covering some instances of mirror descent, natural gradient descent, Adam, and
steepest descent with respect to different potentials and norms. In particular, they show that
the implicit bias of coordinate descent corresponds to the minimization of the 1-norm of the
weights. It will be interesting to work out the explicit form of these descriptions in function

space.
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CHAPTER 3

Learning Curves for Gaussian Process Regression with

Power-law Priors and Targets []

3.1 Introduction

Gaussian processes (GPs) provide a flexible and interpretable framework for learning and
adaptive inference, and are widely used for constructing prior distributions in non-parametric
Bayesian learning. From an application perspective, one crucial question is how fast do
GPs learn, i.e., how much training data is needed to achieve a certain level of generalization
performance. Theoretically, this is addressed by analyzing so-called “learning curves”, which
describe the generalization error as a function of the training set size n. The rate at which
the curve approaches zero determines the difficulty of learning tasks and conveys important
information about the asymptotic performance of GP learning algorithms. In this chapter,
we study the learning curves for Gaussian process regression. Our main result characterizes
the asymptotics of the generalization error in cases where the eigenvalues of the GP kernel
and the coefficients of the eigenexpansion of the target function have a power-law decay. In
the remainder of this introductory section, we review related work and outline our main

contributions.

Gaussian processes A GP model is a probabilistic model on an infinite-dimensional
parameter space [WR06,|/OT10]. In GP regression (GPR), for example, this space can be the

set of all continuous functions. Assumptions about the learning problem are encoded by way

*This chapter is adapted from [JBM22|, with the permission from coauthors.
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of a prior distribution over functions, which gets transformed into a posterior distribution
given some observed data. The mean of the posterior is then used for prediction. The model
uses only a finite subset of the available parameters to explain the data and this subset can
grow arbitrarily large as more data are observed. In this sense, GPs are “non-parametric”
and contrast with parametric models, where there is a fixed number of parameters. For
regression with Gaussian noise, a major appeal of the GP formalism is that the posterior
is analytically tractable. GPs are also one important part in learning with kernel machines
|[KHS18| and modeling using GPs has recently gained considerable traction in the neural

network community.

Neural networks and kernel learning From a GP viewpoint, there exists a well known
correspondence between kernel methods and infinite neural networks (NNs) first studied by
[Nea96a]. Neal showed that the outputs of a randomly initialized one-hidden layer neural
network (with appropriate scaling of the variance of the initialization distribution) converges to
a GP over functions in the limit of an infinite number of hidden units. Follow-up work extended
this correspondence with analytical expressions for the kernel covariance for shallow NNs
by [Wil97], and more recently for deep fully-connected NNs [LSP18|GHR18|, convolutional
NNs with many channels [NXB19,|GRA19|, and more general architectures [Yan19|. The
correspondence enables exact Bayesian inference in the associated GP model for infinite-width
NNs on regression tasks and has led to some recent breakthroughs in our understanding of
overparameterized NNs [JGH18b,[L.XS19a, ADH19b, BMM18| DFS16a)YS19a, BM19|. The
most prominent kernels associated with infinite-width NNs are the Neural Network Gaussian
Process (NNGP) kernel [LSP18,|GHR18|, and the Neural Tangent Kernel (NTK) |[JGH18b|.
Empirical studies have shown that inference with such infinite network kernels is competitive

with standard gradient descent-based optimization for fully-connected architectures [LSP20].

Learning curves A large-scale empirical characterization of the generalization performance
of state-of-the-art deep NNs showed that the associated learning curves often follow a power

law of the form n~? with the exponent 3 ranging between 0.07 and 0.35 depending on the data
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and the algorithm [HNA17,SGW20|. Power-law asymptotics of learning curves have been
theoretically studied in early works for the Gibbs learning algorithm |[AFS92,|AM93, HKS96|
that showed a generalization error scaling with exponent § = 0.5, 1 or 2 under certain
assumptions. More recent results from statistical learning theory characterize the shape of
learning curves depending on the properties of the hypothesis class [BHM21|. In the context
of GPs, approximations and bounds on learning curves have been investigated in several works
[So199,SHO02,S0l01,0V99, OMO02,WV00,MOO01b, MOO01a, SKF08,[VV11,LG15|, with recent
extensions to kernel regression from a spectral bias perspective [BCP20,CBP21|. For a review
on learning curves in relation to its shape and monotonicity, see [LVM19, VML19,VL21]. A
related but complementary line of work studies the convergence rates and posterior consistency

properties of Bayesian non-parametric models [Bar98,SKF08,VV11].

Power-law decay of the GP kernel eigenspectrum The rate of decay of the eigenvalues
of the GP kernel conveys important information about its smoothness. Intuitively, if a process
is “rough” with more power at high frequencies, then the eigenspectrum decays more slowly.
On the other hand, kernels that define smooth processes have a fast-decaying eigenspectrum
[Stel2,|WRO06|. The precise eigenvalues (\,),>1 of the operators associated to many kernels
and input distributions are not known explicitly, except for a few special cases [WRO06].
Often, however, the asymptotic properties are known. The asymptotic rate of decay of
the eigenvalues of stationary kernels for input distributions with bounded support is well
understood [Wid63, RWW95|. [RJK19| showed that for inputs distributed uniformly on a
hypersphere, the eigenfunctions of the arc-cosine kernel are spherical harmonics and the
eigenvalues follow a power-law decay. The spectral properties of the NTK are integral to
the analysis of training convergence and generalization of NNs, and several recent works
empirically justify and rely on a power law assumption for the NTK spectrum [BDK21,
CBP21}|LSP20,|NS21|. [VY21b| showed that the asymptotics of the NTK of infinitely wide
shallow ReLLU networks follows a power-law that is determined primarily by the singularities

of the kernel and has the form A\, oc p™ with oo =1 + é, where d is the input dimension.
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Asymptotics of the generalization error of kernel ridge regression (KRR) There is
a well known equivalence between GPR and KRR with the additive noise in GPR playing the
role of regularization in KRR [KHS18|. Analysis of the decay rates of the excess generalization
error of KRR has appeared in several works, e.g, in the noiseless case with constant regulariza-
tion |[BCP20,SGW20,lJCO19|, and the noisy optimally regularized case |[CDO07,[SHS09, FS20]
under the assumption that the kernel eigenspectrum, and the eigenexpansion coefficients of
the target function follow a power law. These assumptions, which are often called resp. the
capacity and source conditions are related to the effective dimension of the problem and the
difficulty of learning the target function |[CD07,BM18|. |CLK21| present a unifying picture of
the excess error decay rates under the capacity and source conditions in terms of the interplay

between noise and regularization illustrating their results with real datasets.

Contributions In this chapter, we characterize the asymptotics of the generalization error
of GPR and KRR under the capacity and source conditions. Our main contributions are as

follows:

e When the eigenspectrum of the prior decays with rate o and the eigenexpansion coefficients

of the target function decay with rate 5, we show that with high probability over the

draw of n input samples, the negative log-marginal likelihood behaves as @(nmax{%’l_am“})

(Theorem and the generalization error behaves as @(nma"{é_l’%}) (Theorem .

In the special case that the model is correctly specified, i.e., the GP prior is the true
one from which the target functions are actually generated, our result implies that the

generalization error behaves as O(né_l) recovering as a special case a result due to [SHO2|

(vide Remark [56]).

e Under similar assumptions as in the previous item, we leverage the equivalence between GPR
and KRR to show that the excess generalization error of KRR behaves as @(nmax{é_l’% )

(Theorem . In the noiseless case with constant regularization, our result implies that

N 1-25 . :
the generalization error behaves as ©(n"« ) recovering as a special case a result due to

135



IBCP20]. Specializing to the case of KRR with Gaussian design, we recover as a special

case a result due to [CLK21| (vide Remark [60).

For the unrealizable case, i.e., when the target function is outside the span of the eigen-
functions with positive eigenvalues, we show that the generalization error converges to a

constant.

e We present a few toy experiments demonstrating the theory for GPR with arc-cosine
kernel without biases (resp. with biases) which is the conjugate kernel of an infinitely wide
shallow network with two inputs and one hidden layer without biases (resp. with biases)

[CS09,RIK19).

3.2 Bayesian Learning and Generalization Error for GPs

In GP regression, our goal is to learn a target function f: Q2 — R between an input x € Q and
output y € R based on training samples D,, = {(z;,v;)}I~,. We consider an additive noise
model y; = f(x;) +€;, where ¢; N (0,02 ) If p denotes the marginal density of the inputs
x;, then the pairs (x;,y;) are generated according to the density q(x,y) = p(x)q(y|x), where
q(ylr) = N(y|f(z),02,.). We assume that there is a prior distribution ITy on f which is
defined as a zero-mean GP with continuous and bounded covariance function & : 2 x  — R,

e., f ~ GP(0,k). This means that for any finite set x = (zy,...,z,)?, the random
vector f(x) = (f(z1),..., f(z,))T follows the multivariate normal distribution N (0, K,,) with
covariance matrix K, = (k(v;,7;))i;=; € R™". By Bayes’ rule, the posterior distribution

over f given the training data is given by

3

dH (f|D y2|f model)dHO(f)

where IIj is the prior distribution, Z(D,) = [T\, N (vl f(2:), 02 qe) Ao (f) is the marginal
likelthood or model evidence and 0,040 is the sample variance used in GPR. In practice, we

do not know the exact value of oy and so our choice of o041 can be different from oye.
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The GP prior and the Gaussian noise assumption allows for exact Bayesian inference and the
posterior distribution over functions is again a GP with mean and covariance function given

by

m(r) = KL (K, + 02 oqaln) 'y, 7€Q (3.1)

model

k(z,2") = k(z,2') — KL (K, + 02 qqln) Ky, 1,2 € Q, (3.2)

where Ky, = (k(z1,), ..., k(zn,2))" and y = (y1,...,y.)T € R" [WR06, Eqs. 2.23-24].

The performance of GPR depends on how well the posterior approximates f as the number
of training samples n tends to infinity. The distance of the posterior to the ground truth can be
measured in various ways. We consider two such measures, namely the Bayesian generalization

error [SKF08,HO97,|0V99| and the excess mean squared error [SHO2,LG15, BCP20, CLK21].

Definition 47 (Bayesian generalization error). The Bayesian generalization error is defined

as the Kullback-Leibler divergence between the true density q(y|z) and the Bayesian predictive
denSity pn(y|x7D fN y’f 7 model)dH (f|D )

q(y|z)
G(D,) = /q x,y)log ——————dzdy. 3.3
(Dn) = Jate)loe e D) 52

A related quantity of interest is the stochastic complezity (SC), also known as the free
energy, which is just the negative log-marginal likelihood. We shall primarily be concerned

with a normalized version of the stochastic complexity which is defined as follows:

Z(Dy) -] IHZ 1N il f(2:), 0 model)dHO(f)'

O = =8 I ey~ [T a(vile)

(3.4)

The generalization error (3.3)) can be expressed in terms of the normalized SC as follows

[Wat09, Theorem 1.2|:

G(Dn) = E VF(Dyia) = FO(Dy), (3.5)

Tn+1yYn+1

137



where Dy, 11 = D, U{(%p11, Yny1)} is obtained by augmenting D,, with a test point (2,41, Yni1)-

If we only wish to measure the performance of the mean of the Bayesian posterior, then

we can use the excess mean Squared error:

Definition 48 (Excess mean squared error). The excess mean squared error is defined as

M<Dn) = E(xn+1,yn+1)(m($n+1> - ?/n+1)2 - Utzrue = Ezn+1(m(xn+1) - f($n+1))2' (3'6)

Proposition 49 (Normalized stochastic complexity for GPR). Assume that 02 ., = 02, =

o?. The normalized SC F°(D,,) (3.4) for GPR with prior GP(0,k) is given as

F(Dy) = glogdet(l, + 53) + 52y (In+ 53) 7'y — 52(y = f(x) (y — f(x)),  (3.7)

o2

T

where € = (€1,...,€,)" . The expectation of the normalized SC w.r.t. the noise € is given as

EFO(D,) = Hlogdet(L, + %) — 1T (1 — (Lo + %)) + 2 £ (1 + %) 7' £ ).

This is a basic result and has applications in relation to model selection in GPR [WRO06].
For completeness, we give a proof of Proposition |49|in Appendix . [SKF08, Theorem 1]
gave an upper bound on the normalized stochastic complexity for the case when f lies in the
reproducing kernel Hilbert space (RKHS) of the GP prior. It is well known, however, that
sample paths of GP almost surely fall outside the corresponding RKHS [VV11] limiting the

applicability of the result.
We next derive the asymptotics of EcFY(D,,), the expected generalization error E.G(D,,) =

E.E F%(D, + 1) —EF°(D,,), and the excess mean squared error E.M(D,,).

Tn+1 7yn+l)
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3.3 Asymptotic Analysis of GP Regression with Power-law Priors

3.3.1 Notations and Assumptions

We assume that f € L*(Q, p). By the generalization of Mercer’s theorem [SS12, Corollary 3.2],
the covariance function of the GP prior can be decomposed as k(z1, 72) = % \p@p(21)¢p(72)
p-almost surely, where (¢p(x))p>1 are the eigenfunctions of the operator Ly: L*(Q,p)
L*(Q, p); (Lif)(x) = [o k( (s)dp(s), and (A,),>1 are the corresponding positive eigenval-
ues. We index the sequence of eigenvalues in decreasing order, that is Ay > Ay > --- > 0. The
target function f(z) is decomposed into the orthonormal set (¢,(z)),>1 and its orthogonal

complement {¢,(z) : p > 1}t as
Z/Wp ) + podo(x) € L*(, p), (3.9)

where p = (pio, ft, - - -, fp, - . .)7 are the coefficients of the decomposition, and ¢o(z) satisfies
|po(z)]]2 = 1 and ¢o(z) € {¢p(x) : p > 1}*+. For given sample inputs x, let ¢,(x) =
(Dp(21), ..o, Pp(xn))T, ® = (¢o(x),P1(X),...,Pp(x),...) and A = diag{0, \1,..., N\, ...}
Then the covariance matrix K,, can be written as K,, = PA®”, and the function values on

the sample inputs can be written as f(x) = ®pu.
We shall make the following assumptions in order to derive the power-law asymptotics of

the normalized stochastic complexity and the generalization error of GPR:

Assumption 50 (Power law decay of eigenvalues). The eigenvalues (\,),>1 follow the power
law

Cap™ @ <A <Chp®, Vp>1 (3.10)
where Cy, Cy and « are three positive constants which satisfy 0 < C, < Cy and a > 1.

As mentioned in the introduction, this assumption, called the capacity condition, is fairly
standard in kernel learning and is adopted in many recent works |[BCP20,/CBP21}JCO19,
BVB21,CLK21|. [VY21b| derived the exact value of the exponent a when the kernel function
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has a homogeneous singularity on its diagonal, which is the case for instance for the arc-cosine

kernel.

Assumption 51 (Power law decay of coefficients of decomposition). Let C\,,C, > 0 and

B > 1/2 be positive constants and let {p;};>1 be an increasing integer sequence such that

sup;>; (pit1 — pi) < oo. The coefficients (u,)p>1 of the decomposition (3.9)) of the target

function follow the power law

| < Cup™, Vp =1 and  |p,| > Cupi™”, Vi > 1. (3.11)

Since f € L*(Q, p), we have > u> < oo. The condition 8 > 1/2 in Assumption
ensures that the sum ) % 42 does not diverge. When the orthonormal basis (¢,(x)), is the
Fourier basis or the spherical harmonics basis, the coefficients (p,), decay at least as fast
as a power law so long as the target function f(z) satisfies certain smoothness conditions
[BM19]. [VY21b| gave examples of some natural classes of functions for which Assumption
is satisfied, such as functions that have a bounded support with smooth boundary and are

smooth on the interior of this support, and derived the corresponding exponents f3.

Assumption 52 (Boundedness of eigenfunctions). The eigenfunctions (¢,(x)),>0 satisfy
[olloc <Cy  and |[|@plloc < Cyp™, p 21, (3.12)

where Cy and T are two positive constants which satisfy 7 < O‘T_l

The second condition in ([3.12]) appears, for example, in [Vall8, Hypothesis H;| and is less
restrictive than the assumption of uniformly bounded eigenfunctions that has appeared in

several other works in the GP literature, see, e.g., |[Bra06,CPB19,[VKP21|.
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Define

Ty(Dy) = $logdet (I, + ®28°) — 1Ty <In (I + %—?T)_l>, (3.13)
Ty(D,) = g/ (00" (Lo 227) 7 f(x), (3.14)
G1<Dn) = E(In+1,yn+1)(T1(Dn+1) - Tl(Dn))a (3'15)
G2(Dn) = E(xn+1,yn+1)<T2(Dn+1) - TZ(DH))' (3'16)

Using and (3.5), we have E.F°(D,) = T1(D,,) + T»(D,) and E.G(D,) = G1(D,,) +
Go(D,,). Intuitively, Gy corresponds to the effect of the noise on the generalization error
irrespective of the target function f, whereas Gy corresponds to the ability of the model to fit
the target function. As we will see next in Theorems [55 and [57] if « is large, then the error
associated with the noise is smaller. When f is contained in the span of the eigenfunctions
{¢p}p>1, G2 decreases with increasing n, but if f contains an orthogonal component, then

the error remains constant and GP regression is not able to learn the target function.

3.3.2 Asymptotics of the Normalized Stochastic Complexity

We derive the asymptotics of the normalized SC (3.8]) for the following two cases: po = 0 and
to > 0. When oy = 0, the target function f(z) lies in the span of all eigenfunctions with

positive eigenvalues.

Theorem 53 (Asymptotics of the normalized SC, py = 0). Assume that pg = 0 and
02 4ol = Oite = 02 = O(1). Under Assumptions and [53, with probability of at least
1 —n~9 over sample inputs (x;)!,, where 0 < g < min{(w*l)ig;k%), a7210727}7 the expected

normalized SC (3.8) has the asymptotic behavior:

E FO(D,) = [$logdet(] + %A) — $Tr(I — (I + ZA)") + p” (I + ZA) " p] (14 0(1))

1 1-28
— O(n>a"a T, (3.17)
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The complete proof of Theorem [53]is given in Appendix [3.D.I We give a sketch of the
proof below. In the sequel, we use the notations O and © to denote the standard mathematical

orders and the notation O to suppress logarithmic factors.

Proof sketch of Theorem[53. By (3.8), (3.13) and (3.14) we have E.F°(D,) = Ti(D,) +
T5(D,,). In order to analyze the terms T(D,,) and T5(D,), we will consider truncated

versions of these quantities and bound the corresponding residual errors. Given a truncation
parameter R € N, let O = (¢o(x), $1(x),...,dr(x)) € R™E be the truncated matrix of
eigenfunctions evaluated at the data points, Agr = diag(0, Ay, ..., Ag) € REFDX(E+) and
wr = (tto, ft1, - - -, pr) € RETL We define the truncated version of T3 (D,,) as follows:

Ty 1(D,) = L log det (In + ‘I’Rﬁ,—”‘ﬂ Ty <1n — (I, + %)—1) (3.18)

o2

Similarly, define ®-r = (Pp11(X), Pri2(X), ..., Op(X),...), Asp = diag(Ar+1,.. -, Aps--.),
Tr(@) = 32,0, tbp(@), fr(x) = (frlr)s- - fr(@a)Ts for(@) = f(2) = fr(z), and fop(x) =
(fsr(z1), ..., fsr(zs))T. The truncated version of Ty(D,) is then defined as

Tor(Dn) = 5t (%) (I, + 252820 )1 £, ()7, (3.19)

The proof consists of three steps:

e Approximation step: In this step, we show that the asymptotics of T r resp. T5 rp domi-

nates that of the residuals, |1} g(D,) — T1(Dy)| resp. |Tor(Dy) — To(D,)| (see Lemma [78)).
)

when we have

This builds upon first showing that ||®szAsz®Lls = O(max{nR~*

a—1-2T1
202

(see Lemma D and then choosing R = natt where 0 < K <
@~ rASRPL ]l = o(1). Intuitively, the choice of the truncation parameter R is governed

by the fact that A\p = O(R™®) = n~ 17" = o(n~1).

e Decomposition step: In this step, we decompose T} r into a term independent of ®p

and a series involving CIDECD r — nlg, and likewise for T p (see Lemma . This builds
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upon first showing using the Woodbury matrix identity [WR06|, §A.3]| that

Tir(Dn) = Llogdet(Ip + HARPLEPR) — STxPR(0% g + ArPLPR) "Ar®h,  (3.20)

T2,R(Dn) = #N%QECDR(UQIR + AR(I)ECI)R)_IIJJR, (321)

and then Taylor expanding the matrix inverse (021 + Ag®%L®x)~! in ([3.20)) and (3.21)) to

show that the ®p-independent terms in the decomposition of 7} p and 75 g are, respectively,

3logdet(Ir + 5An) = 3 Tr (I — (In + AR) ™), and shuk(In + 5AR) ™ Hi.

e Concentration step: Finally, we use concentration inequalities to show that these ® -
independent terms dominate the series involving CIDE(ID r — nlg (see Lemma when we

have

1

Tyr(Dy) = (3logdet(Ip + ZAgr) — 2 Tr(Ir — (In + ZAg) ™)) (1 + o(1)) = O(n=),

1-28

O (02241 o £ 95 1,

To,r(Dy) = (s=pp(r + 5AR) " r) (1 +0(1)) =
O(logn), a=20—1.

The key idea is to consider the matrix A}*(I + 2 AR)TV2OROR(T + %AR)_VQA}{Q and
show that it concentrates around nAg(I 4+ %)~ (see Corollary . Note that an ordinary
application of the matrix Bernstein inequality to ®LPr — niy yields ||9LPr — nl||y =
O(R+/n), which is not sufficient for our purposes, since this would give O(Ry/n) = o(n)
only when o > 2. In contrast, our results are valid for o > 1 and cover cases of practical
interest, e.g., the NTK of infinitely wide shallow ReLU network [VY21b| and the arc-cosine
kernels over high-dimensional hyperspheres |[RJK19| that have o =1 + O(é), where d is

the input dimension. O

For pp > 0, we note the following result:

2 _
model T

o2 . =0?=0(1). Under Assumptions and (52, with probability of at least 1 —n™4

Theorem 54 (Asymptotics of the normalized SC, o > 0). Assume py > 0 and o
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over sample inputs (x;)I,, where 0 < g < min{wT_l,oz} - min{ 4557, 2[;;1}. the expected

normalized SC (3.8) has the asymptotic behavior: E.F°(D,) = 55 udn + o(n).

The proof of Theorem [54] is given in Appendix and follows from showing that when

o > 0, Tor(Dy) = (5% ph(Ir+ %AR) " ur) (1 + 0(1)) = 55 pudn + o(n) (see Lemma ,
which dominates T1(D,,) and the residual |1y r(D,) — To(D,,)|.

3.3.3 Asymptotics of the Bayesian Generalization Error

In this section, we derive the asymptotics of the expected generalization error E.G(D,,) by
analyzing the asymptotics of the components G(D,,) and Ga(D,,) in resp. (3.15) and (3.16])

for the following two cases: py = 0 and pg > 0. First, we consider the case pg = 0.

Theorem 55 (Asymptotics of the Bayesian generalization error, jg = 0). Let Assumptions

and [59 hold. Assume that py = 0 and o2 = 02, = 02 = O(n') where 1 —

model

«
1427

0 < ¢ < lo=x2na-yjEs-1

402

<t < 1. Then with probability of at least 1 — n=? over sample inputs (z;)"_, where

), the expectation of the Bayesian generalization error (3.3)) w.r.t.

the noise € has the asymptotic behavior:

E.G(D,) = 5280 (Tr(1 + ZA) A — [AYVA(I + ZA) 72+ (1 + 2A) l?)

202

(A=o)(=t) (1=2B)(1=t)
— L(pma T ), (3.22)

The proof of Theorem [55] is given in Appendix [3.D.2] Intuitively, for a given ¢, the
exponent (=)= 4 (3.22)) captures the rate at which the model suppresses the noise, while

(0%
the exponent (1=25)01-t) captures the rate at which the model learns the target function. A

(1-28)(1-t)

(1—a)(1—t)

larger § implies that the exponent is smaller and it is easier to learn the target.

is smaller and the error associated with the
(1-28)1-1) ;¢

larger (recall that @ > 1 and 8 > 1/2 by Assumptions 50| and resp.), which means that it

A larger a implies that the exponent

noise is smaller as well. A larger «, however, also implies that the exponent

is harder to learn the target.
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Remark 56. If f ~ GP(0,k), then using the Karhunen-Loéve expansion we have f(x) =
P VApwpdy (), where (w,)32, are i.i.d. standard Gaussian variables. We can bound w,
almost surely as |w,| < C'logp, where C' = sup,5, l‘og”]l? is a ﬁm’te constant. Comparing with
the expansion of f(x) in (3.9), we find that p, = \/_wp p~*?log p) = O(p~/?*¢) where
e > 0 is arbitrarily small. Choosing 6 = a/2 — ¢ in , we have BE.G(D,) = O(na=17%).
This rate matches that of an earlier result due to [SHOZ/, where it is shown that the asymptotic
learning curve (as measured by the expectation of the excess mean squared error, E¢M(D,,))
scales as na~' when the model is correctly specified, i.e., f is a sample from the same Gaussian

process GP(0, k), and the eigenvalues decay as a power law for large 1, \; ~ i®.

For pg > 0, we note the following result:

Theorem 57 (Asymptotics of the Bayesian generalization error, ug > 0). Let Assumptions

0, |51, and |54 hold. Assume that uy > 0 and o> = o2 . = 02 = O(n') where 1 —
model

true

5; <t < 1. Then with probability of at least 1 —n~7 over sample inputs (z;);_;, where

la—(1+27)(1-t)](26—1)
0< q< 40

, the expectation of the Bayesian generalization error (3.3|) w.r.t.
the noise € has the asymptotic behavior: E.G(D,) = 55 ug + o(1).

In general, if ug > 0, then the generalization error remains constant when n — oo. This
means that if the target function contains a component in the kernel of the operator Ly, then

GP regression is not able to learn the target function. The proof of Theorem [57]is given in

Appendix 3.D.2

3.3.4 Asymptotics of the Excess Mean Squared Error

In this section we derive the asymptotics of the excess mean squared error in Definition 48|

Theorem 58 (Asymptotics of excess mean squared error). Let Assumptions and

= O(n') where 1 — =%~ < t < 1. Then with probability of at least 1 —n~1

hold. Assume o2 1+2

model

1+27)(1-1)](26—1)
4a?

over sample inputs (x;)"_,, where 0 < ¢ < [o=( , the excess mean squared error
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(3.6) has the asymptotic:

EM(D,) = (1+o(1)) { Gl (Te(1 + 72— A) A = |AY2(1 + 2= A) 7|17

2
model 9 model

i 9 9 l—a—t (1-28)(1-t)
+ ||(I + %A)i I"l’||2 =0 max{atruen a N a }
model

when py = 0, and E.M(D,) = p3 + o(1), when py > 0.

The proof of Theorem [58] uses similar techniques as Theorem [55] and is given in Ap-
pendix [3.D.3
Remark 59 (Correspondence with kernel ridge regression). The kernel ridge regression

(KRR) estimator arises as a solution to the optimization problem

n

f = argmins 3 (F@) — 1) + Af1E, (3.23)

fer,

where the hypothesis space Hy is chosen to be an RKHS, and A > 0 is a reqularization
parameter. The solution to 1s unique as a function, and is given by f'(:z:) =K!I (K, +
nAlL,) "y, which coincides with the posterior mean function m(x) of the GPR if
02 41 = A [KHS18, Proposition 3.6]. Thus, the additive Gaussian noise in GPR plays the
role of reqularization in KRR. Leveraging this well known equivalence between GPR and KRR
we observe that Theorem [58 also describes the generalization error of KRR as measured by

the excess mean squared error.

Remark 60. [CLK21] derived the asymptotics of the expected excess mean-squared error for
different regularization strengths and different scales of noise. In particular, for KRR with
Gaussian design where A}{Q(@(:U), ..., 0r(x))) is assumed to follow a Gaussian distribution

N(0,AR), and regularization A\ = n*=' where 1 — a <t, [CLK21, Eq. 10] showed that

Efayr EeM(Dy) = O (max{afruenl_g_t e }> : (3.24)

Let § = n~9, where 0 < ¢ < L=WEADICI-Y By Markov’s inequality, this im-

402
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plies that with probability of at least 1 — &, E.M(D,) = O(3 max{o2, .n R )

1—a—t (1-28)(1-t) . . . .
O(nmax{c2, n o ,n & }). Theorem improves upon this by showing that with prob-
l1—a—t (1=28)(1=t)
«@

ability of at least 1—8, we have an optimal bound E.M (D,,) = ©(max{cZ .n N e ).

Furthermore, in contrast to the approach by ([CLK21|], we have no requirement on the distribu-
tion of ¢p(x), and hence our result is more generally applicable. For example, Theorem can
be applied to KRR with the arc-cosine kernel when the Gaussian design assumption is not valid.
In the noiseless setting (oyue = 0) with constant regularization (t = 0), Theorem |58 implies

that the mean squared error behaves as @(n%). This recovers a result in [BCP20, §2.2].

Our upper bound in Theorem[58 matches with the ones derived in [SHS09,FS520). [SHS09]
and [FS20] also derived algorithm independent minmaz lower bounds. In contrast to their

results, our Theorem (58 gives lower bounds for different regqularization strengths .

3.4 Experiments

We illustrate our theory on a few toy experiments. We let the input « be uniformly distributed
on a unit circle, i.e., 2 = S! and p = U(S'). The points on S* can be represented by
x = (cosf,sinf) where 6 € [—m,m). We use the first order arc-cosine kernel function without
bias, /{;V(Vl/)o bine (@1, T2) = E(sin ¢ + (m — 1) cosp), where ) = (x1,x5) is the angle between x4
and xs. Hence Assumption [50]is satisfied with o = 4. We consider the target functions in
Table |3.1] which satisfy Assumption [51| with the indicated §, and pg indicates whether the
function lies in the span of eigenfunctions of the kernel. For each target we conduct GPR 20
times and report the mean and standard deviation of the normalized SC and the Bayesian
generalization error in Figure |3.1, which agree with the asymptotics predicted in Theorems
and 55 The details of the experiments appear in Appendix where we also show more

experiments confirming our theory for zero- and second- order arc-cosine kernels, with and

without biases.
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function value 8 po | E<FO(Dy,) | EG(Dy)

fi cos 20 +oo | 0 Ot/ | ©(n=3/1)
fo 6? 2 [ >0 O(n) 0(1)

fs (16] — m/2) 2 | 0 | @) [ em*1)

71'/2 -0, NS [O’ﬂ-) 3/4 —1/4

WY a2 vecimoy | © | ° O™ | (™)

Table 3.1: Target functions used in the experiments for the first order arc-cosine kernel

without bias kgvl/)o biag their values of 5 and pp, and theoretical rates for the normalized SC

and the Bayesian generalization error from our theorems.

fi f fa fa
3 e 11.8262n019% Q 617350099 | Q 16.8976n0%1 7| Q104
T .| —t Experimentvalues | 5 j44| —— Experimentvalues | T —— Experiment values o
2 5 Hi02 5
© ae © © ©
£ £ £ £ 103 21.3794n075%
3 . S 10 S e 3 f/—+— Experiment values
102 102 102 10° 102 103 102 10°
Number of Samples Number of Samples Number of Samples Number of Samples
. f 5 . 3 5 fa
£ [N s £ 510° ~0.2308
g 2.0795n-0-7875 5 g 3.6454n—0.6900 c 13.6951n
‘% —— Experiment values Emw % 1071 —4— Experiment values § 100 | +— Experiment values
£10-2 s £ | § o |
g ) -0.0117 g EER
2 g s 6.3946n S <
i g —4— Experiment values i 10-2 | i’. 2x10° |
= 102 10° ® 102 10° = 107 10° ® 102 10°
Number of Samples Number of Samples Number of Samples Number of Samples

Figure 3.1: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with
the kernel kgvl/)o bias and the target functions in Table . The orange curves show the linear
regression fit for the experimental values (in blue) of the log Bayesian generalization error as

a function of log n.
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3.5 Conclusion

We described the learning curves for GPR for the case that the kernel and target function
follow a power law. This setting is frequently encountered in kernel learning and relates
to recent advances on neural networks. Our approach is based on a tight analysis of the
concentration of the inner product of empirical eigenfunctions ®7® around nl. This allowed
us to obtain more general results with more realistic assumptions than previous works.

In particular, we recovered some results on learning curves for GPR and KRR previously

obtained under more restricted settings (vide Remarks [56| and [60)).

We showed that when 8 > «/2, meaning that the target function has a compact rep-
resentation in terms of the eigenfunctions of the kernel, the learning rate is as good as in
the correctly specified case. In addition, our result allows us to interpret 8 from a spectral
bias perspective. When % < B < 5, the larger the value of 3, the faster the decay of the
generalization error. This implies that low-frequency functions are learned faster in terms of

the number of training data points.

By leveraging the equivalence between GPR and KRR, we obtained a result on the
generalization error of KRR. In the infinite-width limit, training fully-connected deep NNs
with gradient descent and infinitesimally small learning rate under least-squared loss is
equivalent to solving KRR with respect to the NTK [JGH18b,|LXS19a, Dom20|, which in
several cases is known to have a power-law spectrum |[VY21b|. Hence our methods can be
applied to study the generalization error of infinitely wide neural networks. In future work, it
would be interesting to estimate the values of o and 8 for the NTK and the NNGP kernel of
deep fully-connected or convolutional NNs and real data distributions and test our theory in

these cases. Similarly, it would be interesting to consider extensions to finite width kernels.
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Appendix

3.A Experiments for Arc-Cosine Kernels of Different Orders

In our experiment, the input space and input distribution are Q = S* and p = U(S?), and we
use the first order arc-cosine kernel function. [CS09| showed that this kernel is the conjugate
kernel of an infinitely wide shallow ReLLU network with two inputs and no biases in the hidden
layer. GP regression with prior GP(0, k) corresponds to Bayesian training of this network
|[LSP18|. Under this setting, the eigenvalues and eigenfunctions are A; = %, Ay = A3 = %L,
Agp = Agpp1 = W, p = 2 and ¢:1(0) = 1, ¢o(f) = \/75 cost, ¢3(0) = \/75 sin,
Gap(0) = \/75 cos(2p — 2)0,¢9p11(0) = ‘/75 sin(2p — 2)60, p > 2. Hence Assumption [50|is satisfied
with a = 4, and the second part of Assumption [52|is satisfied with [|¢,|| < \/75, p> 1

The training and test data are generated as follows: We independently sample training
inputs z1, ..., 7, and test input z,,; from U(S') and training outputs y;, i = 1,...,n from
N (f(z;),0?), where we choose ¢ = 0.1. The Bayesian predictive density conditioned on
the test point 2,41 N (M (2ps1), k(Zns1, Tni1)) is obtained by and . We compute
the normalized SC by and the Bayesian generalization error by the Kullback-Leibler

divergence between N (f(2,11),0%) and N (m(2,11), k(Tni1, Tny1)).

Next we present experiment results for arc-cosine kernels of different orders and arc-cosine
kernels with biases. Consider the first order arc-cosine kernel function with biases,

/{:(1)

w/ bias

(z1,22) = L(sin¢) + (7 — ¢) cos®p), where ¢ = arccos($((z1,22) +1)).  (3.25)

[RJIK19| showed that this kernel is the conjugate kernel of an infinitely wide shallow ReL.U
network with two inputs and one hidden layer with biases, whose eigenvalues satisfy Assump-
tion 0] with ov = 4. The eigenfunctions of this kernel are the same as that of the first-order
arc-cosine kernel without biases, k‘svl/)o bias 111 Section . We consider the target functions in

Table [3.3] which satisfy Assumption 5 with the indicated 8, and g indicates whether the

function lies in the span of eigenfunctions of the kernel. For each target we conduct GPR 20
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times and report the mean and standard deviation of the normalized SC and the Bayesian
generalization error in Figure [3.2] which agree with the asymptotics predicted in Theorems 53]

and Bl

Table summarizes all the different kernel functions that we consider in our experiments

with pointers to the corresponding tables and figures.

kernel function « activation bias pointer
kv(vl)o bias L(sing + (7 — ¥) cos ) 4 max{0, z} no | Table|3.1)/Figure (3.1
k‘(ﬂl) bias L(sing + (7 — ) cos ) 4 max{0, z} ves | Table|3.3/Figure (3.2
kv(vz)o bins | (3sineycost) + (7w —p)(1+2cos?)) | 6 | (max{0,z})*> | no | Table|3.4)/Figure|3.3
‘EVQ) bins | S(3sintpcost) + (m — ) (1 +2cos’¥)) | 6 | (max{0,z})*> | yes | Table[3.5/Figure|3.4
kv(f)o bias L(sing + (7 — ¥) cos ) 2 | 1(1+sign(z)) | no | Table3.6/Figure (3.5
k:‘(h?/) bias L(sing + (7 — ¥) cos ) 2 | 2(1+sign(z)) | yes | Table[3.7)/Figure 3.6

Table 3.2: The different kernel functions used in our experiments, their values of «, the
corresponding neural network activation function along with a pointer to the tables showing
the target functions used for the kernels and the corresponding figures.

Summarizing the observations from these experiments, we see that the smoothness of the
activation function (which is controlled by the order of the arc-cosine kernel) influences the
decay rate « of the eigenvalues. In general, when the activation function is smoother, the
decay rate « is larger. Theorem [55| then implies that smooth activation functions are more
capable in suppressing noise but slower in learning the target. We also observe that networks
with biases are more capable at learning functions compared to networks without bias. For
example, the function cos(26) cannot be learned by the zero order arc-cosine kernel without
biases (see Table and Figure , but it can be learned by the zero order arc-cosine kernel
with biases (see Table and Figure [3.6).
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function value B | po | E<FO(D,) | EG(D,)

fi cos 26 +oo | 0 | O | O(n=3/14)

fo 6? 2 0 | ©mYY) | en=3M1)

f (0] —m/2) 2 [ 0] e [em")
7/2—0, 60, _

1 0| Om* O(n~ /4

Tl Za2—6, 6e[omo) (") O™

Table 3.3: Target functions used in the experiments for the first order arc-cosine kernel with

. 1 . . .
bias ksv/) biag» their values of 3 and o, and theoretical rates for the normalized SC and the
Bayesian generalization error from our theorems.
f f f3 fa
9 12.5464n9-2029 - Qe 9 15.6332n0-3198 -~ Q
o & | —— Experiment values T sar - —— Experiment values kel
8 8 ¥ R 103
5 5 5 510
2x10% L © ©
E.w S 32.8235n0-3020 £ 10° S 5.8299n07717
S 2 +/—+— Experiment values | 2 2 ¢~ —t— Experiment values
102 103 102 10° 107 103 102 103
Number of Samples Number of Samples Number of Samples Number of Samples
5 f 5 f 5 £ £ L
S 10 17.9018n-06992 501 51074 5 e 0.7374p~01%01
2 —4— Experiment values 2 2 §3 o —f— Experiment values
8 g 8 = |
2 2102 £ 10-2 § s
21071 : 3.3806n 0714 : 3.0623n0752 :
Q ,,Z, 10-3 —4— Experiment values Q —4— Experiment values ;’
s 102 10° = 102 103 = 102 10° ® 107 10°

Number of Samples

Number of Samples

Number of Samples

Number of Samples

Figure 3.2: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with

kernel k)

w/ bias

and the target functions in Table . The orange curves show the linear

regression fit for the experimental values (in blue) of the log Bayesian generalization error as

a function of log n.
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function value B to | E<F°(D,) | E.G(D,)
fi cos 20 +oo | 0 O(n'/f) | 6(n=°/5)
fo sign(6) 1 0 O(n®/%) | 6(n=1/5)
f3 /2 — |0 2 | 0 | ©nr'/?) |em?)

t/2—60, 6el0,n)
—n/2—-0, 0¢€[-m0)

Table 3.4: Tarv%(;t fun
D)

without bias k

Normalized SC

Bayesian generalization error

w/o bias’

ctions used in the experiments for the second order arc-cosine kernel
their values of § and pg, and theoretical rates for the normalized SC
and the Bayesian generalization error from our theorems.

fi f fy fy
4 ax108 5
15.2503n01512 d Q 10 7.1798n0-8309 < R 9.6116n04141 -~ 2 10 14.2478n1.0148
sx10 )
—+— Experiment values o —— Experiment values T —+— Experiment values ° —— Experiment values
4x10* E 3 E E
10
£ £ 102 £
5] 5] 5]
2 = 2
10 ox10
102 103 102 103 102 103 102 10°
Number of Samples Number of Samples Number of Samples Number of Samples
fi 1 - f . fs 5
~ g 29335700548 5 5
2.9105n-0-8833 § o E' ; t val g 1.7114n-0-4728 5
—4— Experiment values g Xperiment values = —4— Experiment values s
= 3x10° N =
1072 5 | gl : |
5 2
= s ‘ | = 17.6592n-0.0363
g § g,\ cae] —t— Experiment values
102 10° ¢ 102 10° ® 102 10° ® 102 103

Number of Samples

Number of Samples

Number of Samples

Number of Samples

Figure 3.3: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with

kernel &

(2)

w/o bias
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function value B | po | EFO(D,) | EG(D,)
fi cos 26 +oo | 0 | O(n'% | ©(n=°")
fo 62 2 0| O®r'Y?) | em?)
f3 (1] — 7/2)* 2 | 0| ©m"?) | em?
7/2—0, €0,
fa 1 0] e®nt | emn'
—n/2 -0, 0¢€[-m0)

Table 3.5: Target functions used in the experiments for the second order arc-cosine kernel

with bias k?

w/ bias’

the Bayesian generalization error from our theorems.

Normalized SC

Bayesian generalization error

their values of 8 and g, and theoretical rates for the normalized SC and

fi f fy f
3
o 13.5420n°16%2 b 9 10 1053180056 7| Q)
—+— Experiment values 5 103 oS —— Experiment values o .4
] 0] o 10
N N N N

x10 N N N
© © ©
£ 16.2430n0->4% € g 18.7236n0-8731

sa10 2 4 —— Experiment values 2 , 2 103 ¥ —— Experiment values

10
102 103 102 103 102 103 102 10°
Number of Samples Number of Samples Number of Samples Number of Samples
fi 5 f 5 f3 5 fa
5 -0, £ 10° §
™~ 2.5265n 08563 g 7.0280n-03%% g 8.0765n70-5409 £ 10t |
—+— Experimentvalues | §10° +— Experiment values g —+— Experimentvalues | § | |

1072 § B | :
) S )
2 01 ©10° 14.1048n-01061
2 % 2 —— Experiment values
£ g £

102 10° ® 102 10° = 102 10° ® 102 10°

Number of Samples

Number of Samples

Number of Samples

Number of Samples

Figure 3.4: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with

kernel k(z)

w/ bias
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function value B | uo | EFD,) | E.G(D,)

J1 cos 20 4100 | >0 O(n) o(1)
f2 sign(0) 1 0 | 6m2) | em1?)
g /2 — |6 2 0 | Om’?) | om1?)

Ja e vl 1 | >0 O(n) O(1)

—n/2—-0, 0¢€[-m0)

Table 3.6: Target functions used in the experiments for the zero order arc-cosine kernel

. . 0 . . .
without bias kgv/)o bias their values of 5 and pp, and theoretical rates for the normalized SC
and the Bayesian generalization error from our theorems.

g 10° 7.2610n113%7 4 3 5.9727n%5174 3 6.2139n9-512% 3 10° 12.1081n11371 d
ko) —4— Experiment values ko] —4— Experiment values ©° —— Experiment values ko] —— Experiment values
¥ f i f
© 10 T 5 =
£ E_ E_ £ 10°
5 5 10 5 10 5
= z = z
103
102 10° 107 103 102 103 107 103
Number of Samples Number of Samples Number of Samples Number of Samples
: " : c g
g 8 oo N 5.8329-0.4600 8 e ~ 5.8360/-0-4601 £
E ) % ax107 —— Experiment values % Ax10 —4— Experiment values E“m
g § 3%10° § 3x100 g )
g § 2ei0s g 2w g
c 15.7295n0-0419 e ° p 21.0097n0-0807
3 —— Experiment values 3 g 8 —t— Experiment values
§10t gl07! $1071 S
102 10° “ 102 10° = 102 103 102 103
Number of Samples Number of Samples Number of Samples Number of Samples

Figure 3.5: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with
kernel £ and the target functions in Table .

w/o bias
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function value B | po | EFO(D,) | EG(D,)
fi cos 26 +oo | 0 | O(n'/?) | ©(n~Y?)
fo 62 2 0| O®r'Y?) | em?)
f3 (1] — 7/2)* 2 | 0| ©m"?) | em?
7/2—0, €0,
fa 1 0] en”? |emn'?
—n/2 -0, 0¢€[-m0)

Table 3.7: Target functions used in the experiments for the zero order arc-cosine kernel with

bias k

(0)

w/ bias’

Bayesian generalization error from our theorems.

their values of g and pg, and theoretical rates for the normalized SC and the

fi f f3 fa
8 8.1417n0-5033 8 x102 22.6158n0-3926 7 8 6x10° 9.5063n0-4864 8
o —— Experiment values kel —— Experiment values T e —— Experiment values o
8 T Q e 0 103
= E ar T e e
£ S € 3 19.1964n0.5749
S 102 2 2 102 2 +/—+— Experiment values

102 103 102 10° 102 103 10? 10°
Number of Samples Number of Samples Number of Samples Number of Samples
5 A 5 f 5 s £ fa
T ear ~ 5.7555n-0.4574 R N 5.9260n-0-4611 5 o ~ 5.8773n—0-4599 : 60.7174n-0:6314
5 5 5 g )
g oo —4— Experiment values B o —— Experiment values g oo —4— Experiment values g Experiment values
® e T e B 3k £100 |
g e g 2
g w10 [ZPTS g 210 )
5 H H =
Il w Il %
£1071 £1071 £1071 g
g |

® 102 103 “ 10? 103 ® 102 103 10? 103

Number of Samples

Number of Samples

Number of Samples

Number of Samples

Figure 3.6: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with

kernel

k‘(o)

w/ bias

and the target functions in Table

3.B Proofs Related to the Marginal Likelihood

Proof of Proposition[{9 Lety = (1, ...

,7n)T be the outputs of the GP regression model on

training inputs x. Under the GP prior, the prior distribution of y is N'(0, K,,). Then the
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evidence of the model is given as follows:

7 / ﬁ 1 7(172‘*%1')2 1 *%S’TK?IS/d—
n = e 20 e n
R \jy V270 (2m)n/2 det (K, )"/? Y

(3.26)
1 1-T(re—1, 1 N, 1 oT 1T
— e~ 2Y (En + 5Dy + 59 y—5.3¥ Ydy.
(2m)mom™ det( K, )'/? /n
Letting K;' = K1 + %I and p = %f(ny, we have
1 o NTE—lpe N 1 To. 1 Ti—1
= (2m)om det(K,)1/2 /ne L O R - TE T
1 n ~ 1 Ty 1, TRl
= (27T)n0_n det(Kn)l/Q (27T) /2 det(Kn)1/2€ 2(:2y y"l‘gll/ Kn H (327)
det(f(n)l/Q L1 Ty 1, TRl
= @)oo det(Kn)l/Qe 352y YTaHu "
The normalized evidence is
AR Zn
" 27)—n/25—m —%(y—f(x))T(y—f(x))
(2m) ™ /2g e (3.28)

- \1/2 ~
_ det(K,) ; 67%%yTy+%NTK;1#+ﬁ(yff(x))T(yff(x))
det(K, )12 '
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So the normalized stochastic complexity is

FO(Dn) = _long?
1

1 o~
?YTY - _:U’TKn l,u

1 ~ 1
=—— log det(K,)"? + 5 log det(K,,)"? + 5 5

2(1,2<y Py ~ F(x)
1 1

1 1 1
— -1 -1 T T(7-—1 -1
1

— 53— f)' (v = F(x))

1 K, 1 K, 1
= 5 logdet( + ;) + 53y (1 —2) - 2—(y FE) (y — f(x)).
1 K, 1 T K, 1 5 K, 1
zﬁlogdet([—l-?)—i—ﬁf(x) (I—I——2) ( )+ﬁe (I—FF) €—ﬁ€ €
L 7 K\ 4
(3.29)
After taking the expectation over noises €, we get
1 K 1 K, 1 K
0 . n T ny—1 ny—1
EeF"(Dn) = 5 logdet(l + —) + 55 f(x) (I + —) 7 f(x) = STl = (T + —)7)
(3.30)
This concludes the proof. O

3.C Helper Lemmas

Lemma 61. Assume that m — oo as n — oo. Given constants aq,as, S1,52 > 0, if s > 1

and sos3 > s1 — 1, we have that

S1 l—sl

:@(m 2 )

D

=1

R i—s
a (3.31)

+ aami~ 82
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If s1 > 1 and sys3 = s1 — 1, we have that

-

R
ail . s

AT agmi) O(m~*2logm). (3.32)

i=1

If s1 > 1 and s9s3 < s1 — 1, we have that
i api
1 _

=0 ). 3.33
iz:; (1 +a2mi,52)53 (m ) ( )

Qverall, if s > 1 and m — oo,

1—s
i ayi”"! @(mmax{fs:),,?l}), 5953 7é S1 — ]-7 ( )
— 3.34
1 ) —S2)S3 1—s
= ( + asma ) @(m 521 logm), S983 = S1 — 1.

Proof of Lemma |61 First, when s; > 1 and sss3 > s1 — 1, we have that

R

Z a1t~ < ay n / a, x5t d
, T
— (1+aymi=2)®s = (1+aym)® — Jjy joq (14 agma=s2)%

a1 1=sy al( 117/32 )_81 X
= t+m = o :
(1 + &2m)53 [1,400] (1 + ag(m)—sz)% ml/s2
a 1-s ajxr— 41
= .. tm / T o ees AL
(1 + (L2m)53 [1/m1/52 +o0] (1 + asx 82)53

1—s1

=0O(m =)

On the other hand, we have

R

Z a1 5t S / ayr ! d
xr
(1 + (lgmi—82>83 - [1,R+1] (1 —+ agmx—sz)ss

=1

e i B
n,re1) (14 ao( ) 792)5 ml/s2

1—sq a/lesl
=m = — dx
[ /mi/o2 Rty jmioz) (1 F @z
1—s71

=0O(m = ).
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Second, when s; > 1 and s,s3 = s; — 1, we have that

—81

R s .
Z < m / _wmrt
i=1 L+ a2m2 32) (1 + a2m)83 [1/m1/52,+00} (1 -+ a2$_32)s3

ay

1—s
S gy ©m = Ollogm/=)
2

1—s7

= 0O(m = logn).

On the other hand, we have

R . .,
Z ajr” 1 > / ar1x %t dor
— (L+agmi==2)= = Jjy gy (14 agma=s2)

=1
B a1 (7)™ 4
= m (1+ (L)—52)53 1/82
[1,R+1] A2\ 1753 m

1—s7 / allesl
=m =2 ——dx
[ /m1/52 (R1)m1/52] (14 agr=s2)ss
1—s1
=0O(m = logn).
Third, when s; > 1 and s9s3 < s; — 1, we have that
K a;t~ ai 1-sy a1z
> e = s Tmo / R
i=1 (]- + asmu 2) 3 (1 + a2m) 3 [1/m1/527+oo} (1 + asx 2) 3
< L + m15251 @( 1/52)(1—s1+5283))
- (1 + agm)
= O(m™*?).
On the other hand, we have
R s .
a 1=s arxr~ !
S e < s e
—1 1 + (Igml 2) (1 + agm) 3 [2/m1/52,(R+1)/m1/S2} (1 + asx 2) 3
a1 1—s1

< m +m =2 @(m(fl/sz)(l—sﬁSQsS))

= O(m™*).
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Overall, if s; > 1,

i i @(mmaX{_S&%}); Sas3 7 s1— 1, 3.35)
Z 1+ agmi—s2)ss (3.

i=1 (”)(T)’Lf‘93 10g n), 8983 = S1 — 1.

]

Lemma 62. Assume that R = m=+* for k > 0. Given constants ay,as,s1,52 >0, if s <1,

we have that
R .

apt A —s3 1—s1
Z P O(max{m~=%, R ~°}). (3.36)

=1

Proof of Lemma[63 First, when s; < 1 and sas3 > s; — 1, we have that

R .

> L M / LR
i1 (1 + a2mi—s2>83 - (1 + a2m)s3 i (1 + a2mx—32)33
= L_i_mlsgl/ a1(+52>781 d xT
(]. + agm)SB [1,R] (]_ + CLQ( e ) 52)83 m1/52
ay 1-s1 alx—sl
= ——+m 2 " dx
(1 + a2m)83 /[;/m1/327R/m1/52] (1 —'— a2x—82)83
ai ~ o lmsmon
P — O s S1
(14 agm)*s +0(m = (m1/52> )
= O(max{m’sS, R'™51}).
Second, when s; <1 and s3s3 < 51 — 1, we have that
R . By »
S A S m [ e
i—1 (1 4+ agmi—s2)ss (14 agm)ss [1/m1/52,R/m1/s2] (1 + agz—52)ss
. 1;51 ) -1 1- R \1—
S gy T O G
= O(max{m™ R"=1}).
Overall, if s; < 1,
R . i
=0 TR, 3.37
z:: 1+a2mz 5283 (maxgm==, b (3.37)

=1
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]

Lemma 63. Assume that f € L*(2,p). Consider the random vector f(x) = (f(z1),...,
fle )T, where z1, ..., x, are drawn i.i.d from p. Then with probability of at least 1 — 0y, we

have

£ ||2—Zf2 7i) = O((& + nll f13)
where |11 = [,eq f2(@)dp(2).

Proof of Lemma[63. Given a positive number C' > || f||3, applying Markov’s inequality we

have

P(F(X) > C) < Sl fI3

Let A be the event that for all sample inputs (x;)", f?(x;) < C. Then
1
P(4) 2 1 = nP(f*(X) > C) = 1= Znllf[5. (3.38)

Define f*(z) = min{f?(z), C}. Then Ef*(X) < Ef*(X) = [|f[3. So |f*(X) —Ef*(X)| <
max{C, || f||2} = C Since 0 < f?(z) < C, we have

E(f1(X)) < CE(f*(X)) < C|f]z- (3.39)

So we have

E[f*(X) - Eff(X)P <E(f1(X)) < Clf> (3.40)

Applying Bernstein’s inequality, we have

- 2 r2 t2
P Fi(@) > t+ B (X)) Sexp _2(nE|f2(X)—Ef2<X>P)+%))

t?
<e —
=P\ T2l fB %))

t2
<ex .
=P max(nCfI3. € )
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Hence, with probability of at least 1 — 4;/2 we have

> ) < yf1010g 21, g 2+ 00
4C

(3.41)

2
<maf /1010 2l 113, % 106 2 | + nl 1

When event A happens, f2(z;) = f?(x;) for all sample inputs. According to (3.38)) and (3.41)),
with probability at least 1 — &nl| f||3 — 61/2, we have

- —~ 2 AC 2
> ) = 3 o) < waxdyf100n 2l 2 vog 2+l
=1 =1

Choosing C' = %nH {13, with probability of at least 1 — §; we have

Zf (2 Zf () < max{ [ tog 21, Sl B 3+l 1
=O((g+1)n|!f\|z>-

Lemma 64. Assume that f € L*(2,p). Consider the random vector f(x) = (f(z1),...,
f(@)T, where x1,..., 3, are drawn i.i.d from p. Assume that || f||e = sup,eq f(z) < C.

With probability of at least 1 — §1, we have

IFIE = <\/02n||f||2+02> FallfIE.

where |[f3 = [cq f2()dp(x).

Proof of Lemma[6 We have | f2(X)—Ef*(X)| < max{C? || f||3} = C? Since 0 < f*(z) < C,
we have

E(f4(X)) < C*E(f*(X)) < C*| f3- (3.42)
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So we have
E|f*(X) —Ef*(X)? <E(fY(X)) < C?||fl5. (3.43)

Applying Bernstein’s inequality, we have

~ ‘ 2 _
P(;f (z:) > t +nEf*(X)) <exp (nE|f2< 70X ))
=P (n02||f||2 e >
=P _4max{n02||f||%,%t})

Hence, with probability of at least 1 — §; we have

> (o) <ma{ 102108 Ll 15 25" 08 1} n 0
=1

§O<max{@/02n|!f||3702}) ST (3.44)
<0 (, [C2nl|f2 + 02) + |l f|3.

]

For the proofs in the reminder of this section, the definitions of the relevant quantities

are given in Section [3.3]

Corollary 65. With probability of at least 1 — 61, we have
|£-r ()13 = O(( + nR'2).

Proof of Corollary[68. The Ly norm of fsr(x) is given by || forll3 = 2202 5y 1 < 2?”1]%1 28,

Applying Lemma [63] we get the result. O
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Corollary 66. For any v € RE, with probability of at least 1 — 6, we have

[@nvll3 = O((& + Dnlvll).

Proof of Corollary[66, Let g(x) = 25_1 Vpdp(x). Then ®rv = g(x). The Ly norm of g(z) is

given by ||g||3 = 25 v = |Iv3. Applying Lemma we get the result. O

Next we consider the quantity, ®L®r — nI. The key tool that we use is the matrix
Bernstein inequality that describes the upper tail of a sum of independent zero-mean random

matrices.

Lemma 67. Let D = diag{dy,...,dr}, di,...,dr > 0 and dp.x = max{dy,...,dr}. Let

M = maX{Zf 0 N Opll2s doras} - Then with probability of at least 1 — &, we have

| D(®%Pr —nI)D|s < max{,/nd;aleog B Mlog %)}. (3.45)

Proof of Lemma[67. Let Y; = (¢1(x;),. .., ¢r(x;))" and Z; = DY;. It is easy to verify that
E(Z;Z]) = D?. Then the left hand side of (3.43)) is >="_,[Z;Z] —E(Z;Z])]. We note that

122} —B(Z; Z])l> < max{|| Z;Z ||z, ||E(Z; 25 )12} < max{||Z;]13, dyasc}-

For || Z;]3, we have
R
1213 = Zd%z ;) <Y d gyl (3.46)
p=0

we have

12,2] = E(Z;Z]) 2 < max{32," dplldp1%: diuas}-

p=0 ""p

On the other hand,

E[(Z;Z] —E(Z;Z]))") = Ell|Z;132,2] ] — (B(Z;Z]))*.
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Since

R
E(|Z,132,21 S BIY. @llol% 2,201, (by (BIT)

p=0
R
=Y 2|6, 1%E1Z;2]],
p=0

we have

IEN(Z;Z] —E(Z;2])))lle < max{32," &2l 6p 1% NEIZ;Z] 2, divasc}

p=0 ""p

S maX{ZR d2H¢PH2 d2 dfnax}

p=0 ""p o0 'max)

R
< dilax maX{Zp:O d127||¢17||io7 d?nax}'

Using the matrix Bernstein inequality [Trol2, Theorem 6.1], we have

P Y 12,2] ~ B(Z,Z])]l > 1

—¢2
<Rexp
= tmax; | Z; ZT —E(Z; Z7)|
2(nlE[(2;2] = B(Z:Z])lle + ——5———)
—¢2
<Rexp
- tmax{31%  d2l|bpll2 B}
2(nd2, e max {30, 2|6y 12, AR} + = )

—¢2
O(max{nd2,, max{d "o d2[ 0|12, A2}, t max{>""  d2[|bpl|2., d?nax}})> |

=Rexp
Then with probability of at least 1 — §, we have

1Y 12;2] - B(Z; 2]
j=1

< max {Wﬁm max{ S ) 2l|dyl1% s B} log 2, max { T 26,2, 2} log —}
O

Corollary 68. Suppose that the eigenvalues (\,)p>1 satisfy Assumptz’on and the eigen-

functions satisfy Assumption . Assume o = O(n!) where 1 — oy <t <1Letybea
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positive number such that Ha”;;((lljf;”a)t < v < 1. Then with probability of at least 1 — ¢,

we have
(0 + 26An) AR (@50 — nDAT (I + ZxAn) 2]

1+a+27—(1427+2a)t
<O <n 2 =D log %) .

Proof of Corollary[68. Use the same notation as in Lemma Let D = (I + %AR)_V/QAE/Q.

1—vya+271

Then d2,, < 22 and 327 d2||¢, /1% < Zp 0 Co iy . = O((&) = ), where the first

max— ny p=0 ""p 1+)\

(3.47)

inequality follows from Assumptions 50 and [52] and the last equality from Lemma Then
M = max{> " @||¢,||%, ..} = O((%) ). Applying Lemma , we have

p=0 ""p

1— ’ya+27

|51+ ZAR) A (@08 — n DAY (T + ZAR) |5
0% n 1—va+42T7 n 1— 'yoz+27'

< o {52 0((2) ) o §.0(2) ) og 4

1-2yat27 1 (1—2ya+27)(1-t) | 1 (348)
= O(%(%) 22 n2) = 0(y/log %n#Jra—t)
—0 \/@an:QT_(1+2;:2a>t—“f(1—t)>

5 .

]

Corollary 69. Suppose that the eigenvalues (\,)p>1 satisfy Assumption and the eigen-
functions satisfy Assumption . Let /~\1,R = diag{1, Ay, ..., A\g}. Assume 0? = O(n') where
t <1 Let v be a positive number such that % < v < 1. Then with probability of at least

1 =9, we have

- ~ n 1
I+ 200 2RT 2@ — nD)ATEL + L) < o(\/log gn) (3.49)

Proof of Corollary[69. Use the same notation as in Lemma Let D = (I + %A )*7/2/11/;.
Then d,,, < 1and 5 |6, 1% < C2+ 30 22 = C2+ 0™ ) = 0(1)

max p=0 "p 1+”)\

where the first inequality follows from Assumptions [50] and [52] and the second equality from
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Lemma . Then M = max{>" | @|¢,|%,d% ..} = O(1). Applying Lemma , we have

p=0 ""p

I+ ZA0) PN @0k — n DAY (1 + ZAR) 7|5
< max{ log £n0(1),log 20(1 )} (3.50)
1
= O(y/log %rﬁ).
[

Corollary 70. Suppose that the eigenvalues (\,)p>1 satisfy Assumption and the eigenfunc-
tions satisfy Assumption[52 Let Ppir.s = (Pri1(X), ..., ¢s(x)), and Agi1.s = Art1, - - -, As)-

Then with probability of at least 1 — 9, we have

1— 2a+27’

||A}2/—|2-1:S((I)£+1:SQ)R+1:S — nI)A}z/f_l;s||2 < O( log S%R max{n% R~ a”T}) (3.51)

Proof of Corollary[70. Use the same notation as in Lemma . Let D = A}%/il: g Then @2, <
C\R™® = O(R™®) and Z;LRH Codzp®™ < Zp ri1 C3Cp ™" = O(R'™*7), where the
first inequality follows from Assumptlons and Then M = max{zp a1 Cod2p™™ &2} =
O(R'=27) Applying Lemma @, we have

n n
I+ 5AR) AR (@ = nDAJ(T + 5 A0) 7

< max {\/log S=RpO(R-)O(R-*+27), log %0(31—%%)} (3.52)

1— 2o¢+2‘r

= O(log &£ max{nzR 2 R o2,

]

Lemma 71. Under the assumptions of Corollary[70, with probability of at least 1 — ¢, we

have

1— 2&+27

| @ g A DL ||y = O(max{nR niR 3, R,
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Proof of Lemma[71. For S € N, we have

1©55A55D25]l2 < Z 14565 (%) ()" |2

p=S+1

Z Aol ()13

p=S+1

:O(nslfoHrQ‘r)'

Let S = Ra=i-2r. Then we get ||®sgAss®L [y = O(nR™).

Let Pri1.s = (0p+1(X), ..., 0s(x)), Agi1.5s = (Ar+1,- .-, As). We then have

|05 rAS DL L2 <[[PssAssPLgll2 + ([ Prs1:5A R 1: S(I)R+1 sll2
o 1/2
<O(nR™) + ||AR/+1 S(I)gﬂ sPri1: SAR+1 5”2

<OMR™) + nl[Apsrslls + A 15 (PF i 1.sPrirts — n) AL gllo

«
Roa—1 — R =20+
max{nQR
)
1— 2a+27'

=O(max{nR* nzR = R'"*})

SO(TLR_Q) —+ O(TLR_Q) -+ O(log Rl a+27—})

where in the fourth inequality we use Corollary [70] [

Corollary 72. Assume that 0> = O(1). If R = na™™ where 0 < k < s then with

probability of at least 1 — §, we have

(7 + 23l =t SRy < | RO, = O(n ) = o(1).

o2
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Proof of Corollary[73 By Lemma [71] and the assumption R = niﬁ, we have

||(]+‘I’RAR‘1’ ) I‘I’>RA>R‘D>R|| <||‘I’>RA>R¢’>RH

o2

1— 2a+27'

<O(max{nR® nzR 3 R~}
=0(n""*).
[
Lemma 73. Assume that || 5 (I+ %AR)*VQAE/Q((I)%CI)R—nI)A%Q(I+ 2 AR)™?||2 < 1 where
% <~ <1. We then have
(I + 5ArPLPR)!

— (T + 2AR) " + 3 (1) (S + 2AR)  Ap(@h®r —nD))’ (I + HAz) "

J=1

Proof of Lemma[73. First note that

151+ 5 AR) V2N (@R0 R — nD)A (T + 2 AR) "2,

<[l BT+ BAR) PN (@F@r — nDAY (T + AR T < 1.

Let /~\E,R = diag{e, A\1,...,Ar}. Since Agp = diag{0, \1,..., Az}, we have that when € is
sufficiently small, || 2 (I + %/N\E’R)_l/QAi/é((I)ECDR — n[)]&i’/;(l + %A r) V2|2 < 1. Since all
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diagonal entries of A, p are positive, we have

(I+ LA gPRPR)!
= (I + ZAp+ 5A R(®hPR — nl))™?
-1

= AT+ ZAcp)™? [1 + 5T+ BA. ) TVPAY (@R — nD)ALR (I + %AE,R)*/Q]

(I + ZA.R) PR

7j=1
~ J ~ _
(I + 2R ™2) (1 + 2hem) A K2
~ o ~ J ~
— I+ 2h) "+ Y (-1y <U—12(I + 2R 5) A p(@hDg — nf)) (I+ Zhop)"
j=1

Letting € — 0, we get

(I + HARDLRPR)!

j
:(I+%AR Z ( (I+ 2%AR)" 1AR(<I>R<I>R—nI)) (1+%AR)_1

This concludes the proof. O

T
Lemma 74. If ||(I + (DRls?q)ﬁ)_l%RA;R%R |2 < 1, then we have

(I+ @/;;DT)fl (1 + 2eAr%h ‘1>RAR<I> Z ( <I>R/;12%4’§)71 q>>RAU>2R<I>>R) (I+ <I>R/;123‘I’§)—1
7j=1
(3.53)
In particular, assume that o> = ©(1). Let R = natt where 0 < K < 3(_13:22:) Then with
probability of at least 1 — 0, for sufficiently large n, we have ||(I + (I)RARCD )= 1¢’>RA;2R¢>R lo <1

and - holds.
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Proof of Lemma[7j]. Define ®»r = (dr11(xX), dr42(x),...), Asp = diag(Aps1, Arsa2, .- ).

Then we have

(I—i— <I>A<21>T) (I+‘I>RAR‘P )

(I—l— CI)RAR{) + ‘I:‘>RA>R<I) ) (I—l— (I)RAR© ) 1

-1
((1 (1 -+ 2ebpth)r 2ontontin ) 1) (I + 282y~

o2

T
By Corollary , for sufficiently large n, ||(I + q)Rqu)TR)_l 2ondon®on l2 < 1 with probability

[ea [oa

of at least 1 — §. Hence

(I + ®A2T)t (] 4 2ehety

:((I i L 1> (I + 2nbntiy 1

o2

:Z(—l)j<([ + ¢Rg§¢£)—1¢>RA;2R@£R>J'([ | Sndnthyo1
j=1
O
Lemma 75. Assume that jip = 0 and 0* = O(n') where 1 — %5~ <t < 1. Let R = n{a atm-b
where 0 < kK < %ﬁ%ﬁf)t Then when n s sufficiently large, with probability of at least
1 — 2 we have

H<I+$¢>RAR<I>£>1fR<x>n2=é( <§+1>n-nmax{<“>"”§l“”}). (3.54)

Proof of Lemma[73. Let Ai.p = diag{\1,..., g}, P1.r = (61(x),¢1(X),...,0r(x)) and
pi.r = (1, ..., 1g). Since pug = 0, we have

1 1
(I + 5 PrAR®R) ™ fr(x) = (I + —Prphin®rp) " Prrprin. (3.55)
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Using the Woodbury matrix identity, we have that

(I + J%®1:RA1:R¢){R)71‘I)1:RIL1;R = [[ — Oy.p(c’] + A1:R@£R©1:R)71A1:R®£R} Q1.rp1R
:q)lleJ'I:R - ®1:R(U2I + Al:Rq),{;Rq)lzR>_lAI:Rq),{;Rq)I:R/«LI:R

:(bl:R([ + %AlzR(I){R(I)l:R)_l“l:R'

(3.56)

Let A = (I + ZA1R) 2N p(®T 1 @10 — nI)AY2(I + % A1) "Y/2By Corollary 68 with
probability of at least 1 — 4, we have || 25 All; = 4/log & nl B i

large, || 2 All2 = o(1) is less than 1 because 1 — %~ <t < 1. By Lemmal we have

. When n is sufficiently

(I + 5ALRPT R P1R)
=(I+ 5Aup) "' + Z Y (& + 2 Ar)  Aur(@Lz @ — nd)) (1 + BA1R) ™
We then have

1 _
(1 + 7A1'R(I){R(I)1'R) Yyl

' ( u + AL ‘R) -1 Z 12 %AlzR)_lAlzR(q’{R‘I’lzR - ”I))](I + CZALR)l) e
7j=1

2

<IN+ ZAvr) gl + ZH (L + ZA1R) ' ALr(®TRP1R — )’ (I + C%AI:R)_INI:RHz-
j=1

(3.57)
By Lemma [61] and Assumption 51} assuming that sup;s; pi+1 — pi = h, we have

C’ﬁp—zﬁ
(1 +nCyp=>/0?)?

NE

_ @(nmax{—(l—t),%} logk/Z )
1

p

1 - 022‘72[3 {—(1—), 122000y o /2
I+ ZAp) " > :@nmax”’ 2o lo n

(I 4+ ZAvg) " prgll2 < \

=l

[
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0, 2a#2p-—1,

where k = . Overall we have

1, 2a=28-1.

1-28
I + ZAuR) " purlls = O™ 20 1ogh 2 ). (3.58)

Using the fact that |5 All; = 4/log %nl_gff_(lgim and [[(1 + ZA1r) " Avglls <07t we

have

(%(I + % A1g)” "ALr(®]PrRr — ]))j(f + %ALR)_INLR‘L

11 . 11
= (I + ZAur) 2A7 (A (I + 5ALR) 2A] ppiir (3.59)
2
1zt j 1 —%
O™ 2) | ZAIRII + ZAur) 2 A ipurl
By Lemma (62 and the assumption R = n(at®(1-1),
I+ a3l 2, S 22
I+ % Ar) 2 A ppir]2 <
2R 1.RN1R|2 o 1+nC>\p O‘/O'Q)
) (3.60)
:O(max{n_(l_t)/27 R1/2_B+a/2}>
=O(max{n~(1-0/2, PG+ 52 +(1/2-B+a/2)) (1-01)
We then have
| Ga 7+ Z008) M@ @i = nD) (T + B Avn) v
2 (3.61)

=|| % A[30 (max{n~~ n(%%(lﬂ—ﬂm/m)(l_t)})

By (3.57)), (3.58)) and (3.61]), we have

(I + HA1r®T.P1R) " Brkll2

—O(n (1—t) max{—1,1= 25}10gk/2 +Z” AHJO max{n (1-1) (1= )528 1 k(1— t)(1/2fﬁ+a/2)})

l-at2r (42t

:@(n(lft)max{fl,%}logk/2 )+O( )O(max{nf(lft)’n(lft)155/3+n(17t)(1/275+a/2)})'

(3.62)
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a—1-27+(1427)t

By assumption k < o200

, we have that

l—a+2r (1+27)t
1—t)(1/2 — 2 —

W= )(1/2~ B+ af2) + o =

1— 2 14+27)t
o+ 7'_( + 27) _o
20 2a

<ka(l—1t)/2+

Using (3.62)), we then get

1-28

11+ ZALRPT pP1R) " k]l = O (=) mLT2 10gH 2 )

1+o0(1)

(3.63)
n _
52 ||(I+;A1:R) gl

By Corollary [66] with probability of at least 1 — §, we have

11r(1 + AP ®rr) " prlls =O(\/ (G + Dnll(I + HA1rPT zP1r) " prkll2)
:O( (% + ].)TL . n(l_t) max{_l,lgjﬁ )

From (3.56)), we get ||(I + 0—12<I>1:RA1:R<I>{R)*1CI>1:RM1:R||2 = O( (% +1)n- n(l_t)max{_l’lgc%ﬁ}).

(3.64)

This concludes the proof. O

1
Lemma 76. Assume that jig > 0 and 0® = ©(n') where 1 — %5~ <t < 1. Let R = na™"

1-2r+(1427)¢
where 0 < K < 2=1=2r+(+20)t

1 — 26, we have

. Then when n is sufficiently large, with probability of at least

(T + LD pAR®%) " fr(x)]2 = O(, /(X + 1)n). (3.65)

Proof of Lemma[76 Using the Woodbury matrix identity, we have that

(I + L®rAR®E) " fr(x) =[I — Pr(0?] + Ap®LDR) ' ARPL] Prur
=Ppup — Pr(0l + AgPLPR) ' ArPLOruR (3.66)

:CI)R<I + %AR(I)ﬁq)R)ilp,R.
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Let MR1 = (:u07 07 s 70) and MR2 = (07 My .- JILLR)' Then MR = KR + MR2- Then we have

I(I + = ArPEPR) " prlla = (1 + HARPRPR) " prills + [|(1 + HARPEPR) ™ prollo

(3.67)
According to (3.63) in the proof of Lemma , we have [|(I + 5ARPLOR) ugs|. =
O(nmax{f(lft),7(17”2(;725)})

. Next we estimate [|(I + SAgPEPR) r1|2-

Let

A= (I+ 5 Ar) AV (@ g0 — nDAVR( + S5 A0) 2

14+2742a)t
where 1%t(lﬂwfzf _ (14+27420)

; 1+a+27 (14+27+2a)t
o ) < <1 Since 1 — 5= <t <1, {4 (520 — =0 <1

so the range for 7 is well-defined.By Corollary [68 with probability of at least 1 — §, we have
|5 Al, = O(y/log & Bn H?JQT*(1+2§§2a)t*’7(1*t)) = 0(1). When n is sufficiently large, || %Al is
less than 1 because 1 — 7%~ < ¢ < 1. By Lemma |73 l we have

(I + HARDRPR)!
—(I+ & Ap)"" Z I &I+ B AR) " Ap(Oh0, — nD)) (I + ZAg) "
We then have

(I + 5ArPLPR) ' ra:

:H (U i %AR Z L? I+ Z%AR)” "AR(®LPR — n]))j(f + %AR)J)”RJ
2
<||(I+ 2 AR)” uRll|2+ZH (L + 2AR) "Ap(@50k — D)) (I + ZAg)" ’”“H )
7=1
(3.68)
By Lemma [61],
R S
n . ) 2
i < ) | |
(I + O-QAR) Prille < |05+ Z (1 + nCap—=/o2)? O(1) (3.69)
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Let Az = diag{1,\i,..., g} and iz = (0,1,...,1). Then Ap = Ay rloz. Let B =
(I + %AR)_V/QAY’/;((I)TCDR — n[)/~\7/2(] + 2% Ag) ™2 According to Corollary . we have

|Bll2 = O(4/log %nz) Using the fact that || 5A|> = (\/log n I I -0y

we have

(%(I—F AR) IAR((I)E(I)R—HI)) <I+ AR) IMRJ )

_x
2

(I + 5Ag)” 1+2A (A(] + %AR)—H—WA}%—A/)J'—IB(I N %AR)_H%MRJ

2

1

o2

1 qiag IV (1—f) A _q)(ltat2r (142r42a)t g 1
ﬁ(n( I+3+(=14+9)G-1)(1 t)O( /log§n(3 D(T25 3a (1 t))) /10g§n2||uR,1||2

<
1+’y 1— t“r**t [1—a+27—(1427)t](j—1) R
< pCHDEO 2 )\/10g 5l krall2
_ (n-aH30-plimerigndil,
(3.70)
1 (l4at2r  (142742a)t . 1 (14ad2r _ (A+274+2a)t\ 1t
Since = (=52 o ) <7y <1and (o 5o )5 < 0, we can let

be a little bit larger than —L (Ltet2r  (H27H20)ty p g mpake —1 + 2(1 — ¢) < 0 holds. By
g 1 t 2« 2« 2 2
B68), B-69), B-70), we have

(I + HARPEPR) Rl

+ZO 1pg(a—p4 imat2r=r2ndG- 1)) (3.71)

< 0(1) +o(1) = O(1).

According to (3.67)), we have ||(I + 5ArPHFPR) g2 = O(nmax{*“*t)v7(1_”2(;_2&)}) +0(1) =
O(1). By Corollary [66] with probability of at least 1 — 4, we have

|Pr(I + HARDPEDR) g2 =O( V (3 + D0l + 5 ArPRPR) ™ prll2)
_O( (5 +Dn )

From (3.66), we get ||(I + HPrArPE) ! fr(x)]2 = O( (5 + 1)n> This concludes the
proof. O]
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Lemma 77. Assume that 0> = ©(1). Let R = na™* where 0 < r < a=L27 - Assume that

o = 0. Then when n s sufficiently large, with probability of at least 1 — 30 we have

1-28

2 ). (3.72)

(1 + 222571 fr(x) ]l = O(y/ (% + Lyn - pmext=1

Assume that pg > 0. Then when n is sufficiently large, with probability of at least 1 — 36 we

have

(7 + 2425) " fa(x) > = O(/ (5 + 1)n). (3.73)
Proof of Lemma[77. We have

(I~+-¢A® ) 1fR<X)

PrARPY T PrARPY (3.74)
(1 + 2880R) 7 o) + (1 + 2287) 70 — (14 222850) 1) (),

When 1o = 0, by Lemma with probability of at least 1 — 2§, we have

(I + H®pAR®E) " fr(x)]ls = O(/( + 1)n - =158,

Since O"Olé;% < 3(7114:22:)’ we apply Lemma [74] and Corollary [72| and get that with probability

of at least 1 — ¢, the second term in the right hand side of (3.74)) is estimated as follows:

(7 + 2287)7 = (14 222%8) 1) fr()

o . T \J
= | D1y (0 Py B )7 o RRR) (),
j=1
:ZEE:H<(['+ @Rﬁg@ ) 1@>Rf;ﬁ¢>R)“’| +’?E%§2£)_lfﬁ<x>u2
j=1
.. ) N 1-28
:ZOO"L_JHOC)O( (%—I—l)n max{ 1, %o })
j=1

1-28
(5+1)n- Tt Rt )
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Overall, from (3.74)), we have that with probability 1 — 34,

1-28

I(I + 2227) fo(x) o = O(y/ (2 + Dy - =173 ),

When g > 0, using the same approach and Lemma|76, we can prove that || ([—I—‘I”;—EDT)_lfR(X) l|l2 =
olt (5 + 1)n). This concludes the proof. O

3.D Proof of the Main Results

3.D.1 Proofs Related to the Asymptotics of the Normalized Stochastic Com-

plexity

Lemma 78. Under Assumptions and[54, with probability of at least 1 — 20 we have,

we have

Ty 1(Dy) — Th(Dy)| = O(L(nR™ 4+ n'/PRF 4 RI7oF27)) (3.75)

If R = na** where k > 0, we have Ty r(Dy) — Th(Dy)| = 0(%715). If we further assume
that 0 < kK < 2= 1 2T 1o = 0 and 0* = O(1), then for sufficiently large n with probability of

at least 1 — 46 we have
|T2,R(D ) TQ( >| O(( )nmax{(é-i-n)#,lﬂ-%-}(17§B)~7_1—na,1+%—na}>‘ (376)

Proof of Lemma[78 Define @~ p = (¢r41(X), dria(X), ..., ¢p(x),...), and Asr = diag(Ag1,
., Ap,-..). We then have

1 1 1 1

(3.77)

1 OADT O AR DT

+ S| Te(l + ——) ' = Tr(I +

).

O |

o o2
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As for the first term in the right hand side of (3.77]), we have

1 1 a1 1 ,
5 log det(/ + ;CIDACD ) — 5 log det (I + ;CDRARCI)R)

1 1 _ 1 1
|3 lesdet (U * —2<I>RAR<I>£> I+ 5 PrArPh + ;<I>>RA>R<I>£R>> ‘

(3.78)
1 1 Ty—1 T
= 2 logdet I—|— (I+ —(I)RAR(I) ) CI)>RA>R(I)>R
1 1 1 N
2 Tl”lOg I—f- (I+ (I)RARCI) ) (I)>RA>RCI)>R
Given a concave function h and a matrix B € R"*" whose eigenvalues (i,...,(, are all
positive, we have that
Trh(B) = Y, h(G) < nh(} S0, G) < nb(ETY B), (379)

where we used Jensen’s inequality. Using h(z) = log(1 + x) in (3.79)), with probability 1 — 4,
we have
12 logdet(I + LPAPT) — Llogdet(I + LPrARDT)|
< §log(1+ L Te(Z (7 + “2558) " @ phon®L )
< flog(1+ (7 + 2550) 7 |y Te(®@s Ao n L))
log(l+ .5 Zf,iml >\pH¢p(X)H§) < 557 2pe 1 Mol En (%) 13 (3.80)
2r S s Mo (C30 (VPGB +57) + il l13)

O(%” Z;iRH Ap + n'/? Z;;R—H App" + ZZO:R-H ApPQT)

~ 1
O(&H (R + n'2RITeHT 4 RO = 0(%715)7

IN

where in the second inequality we use the fact that Tr AB < ||A]|s Tr B when A and B are

symmetric positive definite matrices, and in the last inequality we use Lemma [64]

As for the second term in the right hand side of (3.77), let A = (I + %)_U 2. Then
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we have

LTr(7 4 2295) 1 Ty(7 4 2rhntay -1

B Ao g ®
HTrA [I— (I + A(—=E=R ok >R)A)1]A'

g2

IN

LTy [I (I+ A(%—”%)Ayl}

(1= (1+ 3 Tr AR A) ) < 21— (14 (B2

o2

(1= (14 Xt Mol op(®)13) ™) < 52 X0 r Mlldp(x)113

~ 1
O(L(nR'"™ + /2RI 4 RI7oT2T)) = 0(%n5> :

IA
|3

IA
V|3

where in the first inequality we use the fact that ||All; < 1 and Tr ABA < ||A||3Tr B
when A and B are symmetric positive definite matrices, in the second inequality we use

h(z) =1—1/(1+x) in (3.79) and in the last equality we use the last few steps of (3.80).

This concludes the proof of the first statement.

As for |Ty(D,,) — T g(D,,)], we have

ITo(Da) = Ton(Da)| = [ F(0T (I + A87) 71 (%) = fr(x)” (I + 487) " fr(x)

. (3.81)
| FrGOT (L + B 7 fa(o) — folx)" (1 + 25ER) ! ()|

For the first term on the right-hand side of (3.81)), we have

60T+ 25557 () = f(0)” (1 + 2425) 7! ()
2 fon(o0)" (1 + 2585) 7 2(3)| + | £ (0T (1 + 2285) 7 £ (x|
< 20| fo RGO+ 2485) 7" FaGll2 + | fonGO 212 + 2425 ol fo n(30)

< 2|| for (2| (1 + 2257) 7 fr(x) |2 + | f>r(x)13-
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Applying Corollary [65] and Lemma [77], with probability of at least 1 — 44, we have

G0 (1 4+ 2485) 7 f(x) - fR<x>T<I+¢é§T>*fR<x>\

125

<20 ¢<%+1>nR1—26)0< (1+n-m N+ O((h+ )

(% —|—1)n ( ok

~ ﬂ 1- Qﬁ
:20((%+1) +(5 )T max(—1, }),

B-ﬁ-max{ 1, 25}) O((% ) 1+(§+n)(1—2ﬂ))

where the last equality holds because ( +K) 57 1228 1228 when k> 0.

As for the second term on the right-hand side of (3.81]), according to Lemma , Corollary
[72] and Lemma [75] we have

| FROT (L + 2557 fr(x) — f()T (1 + 2EE2R) 1 (x|
S (1 o) (1 + 2l 2 Y g om0 g

= BpAgdT 111 1 PorASRPLp B pARdT |
SN+ ) T | R (4 ) T fR(x)13 (3.82)

o2

A 1-28 —KQ
= O((L + 1)ptrmal=2 75 ey,

By (3.81)), we have

- 5 25
Ty(Dy) — Ty n(Dy)| = o(@ T Dttt )

<< 1)l Hmex{= 21220, m)

+0
— O( max{ +n)122ﬁ 1+1 25 a gﬁ)ﬁ,—l—na,l-l—l_;ﬁ—na})

This concludes the proof of the second statement. n

182



1 + a—1-27

In Lemma |78 we gave a bound for [Ty z(D,) — T3(D,)| when ne < R < na*"%Z . For

R > n, we note the following lemma:

Lemma 79. Let R = n® and 0® = n'. Assume that C > 1 and C(1—a+27)—t < 0. Under
Assumptions and[53, for sufficiently large n and with probability of at least 1 — 30 we

have

Ton(Da) — To(D,)] = O((4 + 1) nRmesx(t/2-p1 a2y (3.83)

Proof of Lemma[79. Define @~ g = (¢r41(X), Pria(X), ..., ¢p(x),...), and Asg = diag(Ag1,

-y Ap,--.). Then we have

|T2<Dn>—T2,R<Dn>|:‘f<x>T<f+q’A§’ V) — Fa) (1 + A g
|00+ P ) — (1 4 %)Rﬁ@ .
(3.84)

For the first term on the right-hand side of (3.84)), with probability 1 — 3§ we have

16077+ P00 = )T+ ) e
2| o) (1 + 22201 0] + [ o0 (0 4+ 22 )
(PA(I)T Q)A@T

<2/ > r()2 (1 + )2l RGOl + 1> 20 + )Mzl for()]l2

<2|[f>r(x)l2]l fr(x )||2+||f>R )3
gzé(\/(5 + 1)nR1- 26) n- | fll2) + O(( +1)nR1 28)

=0 ((% + 1)an/2—ﬂ>,

where we used Corollary [65] and Lemma [63] for the last inequality.

Rl a+27—

The assumption C(1 — a + 27) —t < 0 means that = o(1). For the second term
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on the right-hand side of (3.84)), by Lemmas [74] and [71] we have

P (1 + 252001 ) — il (1 + 2L
>+ qDRﬁf@E)‘I%RA;QR@ZR)j(f PRALl) ()
SR LN (3.5
=300 + I
:g((% + 1)%71}%1—@“7).

Using ((3.84), we have
Ty(D,) — Ty n(D,)| = O —1 +1)nRY28) £+ 0O —1 +1 —1 Rl-at2r
T2(Dy) 27R( )| ((5 n ((5 )no_g )

A 1 1 max{1/2—p,1—a+271

Next we consider the asympototics of 11 r(D,,) and T g(D,,).

Lemma 80. Let A = (I + %AR)_V/QA%/Q(QJ%I)R —nl)AP(I + 2 AR)™2. Assume that

|All2 < 1 where H2T < v < 1. Then we have
Tor(Dn) = gapp(l + ZAR) " ur + 5 22 (1) E;,
where
Bj = phh (I + 2Ap) (050, — nl) (& (I + 2AR) "Ap(®h®r — nl))’ (I + ZAR) " ur.

Proof of Lemma[80. Let /L r = diag{e, A\1,..., Ag}. Since Ar = diag{0, A, ..., Ar}, we have
that when e is sufficiently small, || 4 (I+ %A, z)~ 1/2A1/2(<I>T<I>R n])Al/Q( I+2% A g) 7Yy < 1.

184



Since all diagonal entries of ./~\€7 R are positive, we have

[ _
S5 HR®R(] + pq’R/\e,Rqﬁ) 'Prpr
1 : ]
= 55 Hh®h | — Pr(o*T + A p®3@r) A n®| rpir
1 1 ) ]
= 5 aHR®hPrin — 55 HEPRPR(0%] + A p®®r) " A nPR PRI
v 2 (3.86)
= SHRPRPR(0®] + AL PR) pin
1 ]
= _NRAe RAe r® @R(sz + Ae,RCI)E(I)R)_luR
- 1 .
HRACRT + 5 Aar®h®r) " i

whAs
2 <R 3

Using Lemma [73], we have

1 _ 1 . 1 - B
2/"’%‘/\6 Il%l"l’R 2[L£AE’E(I =+ ;AE,Rq)gq)R) IIJ'R

1 1 . n -~ _

L Ae RHR — MEAG,}%(I + —QAE,R) "

1o j+1,,T A 1 1 T ’ Ry o\
t3 (1) ppA_ g (I +- Ae R) A p(PrPr—nl) | (I+ ;Ae,R) KR

j=1
_n o7 Ny -1
= T‘QNR([ + ;AE,R) R
+§;(_1) Rﬁ(["‘; r) " (PRPr —nl) 02([‘1‘; er) Ner(PRpPr —nl)
n < _
(I —|— ;AE,R) 1l,l,R
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Letting € — 0, we get

TQ,R(Dn)
1 TxT ]‘ T\—1

= F”R@R(I + Eq)RAR(I)R) Prpup
n n _

= ﬁﬂg(] + —AR) "pg

1 no, . =
+ = Z[ 1)+t (]+ AR) 1(¢£@R_n1)(§(1+§AR) lAR(th@R—nI))
(I+ EAR)_ll«LR}

This concludes the proof. O

1
Lemma 81. Assume that 0 = ©(1). Let R = na™ where 0 < rk < 25527, Under

Assumptions and[54, with probability of at least 1 — 6, we have
1 1 1 L
Ty r(Dy) = (3logdet(f + ZAR) — Tr (1 — (I + ZAg)""))(1+0(1)) = O(na). (3.88)
Furthermore, if we assume pg =0, we have

1-28
o . B @(nmax{(),l—i-T})’ o 7& 26 1,
Tyr(Dn) = (s=bp( + ZAR) ' g) (14 0(1)) = (3.89)
O©(logn), a=28-1.

Proof of Lemma[81] Let
n n
44:(I+;?haﬂ”AX%¢£®R—nDA¥%I+EEAQ‘W{ (3.90)

where % < v < 1. By Corollary , with probability of at least 1 — §, we have

1—2va+a+27

[Allz =0 = ). (3.91)

When n is sufficiently large, ||A||2 is less than 1. Let B = (I + %A 7) V2N (@TDy, —
A1+ 25 AR) 712, Then || B> = =[]l = O(n ™%

nl’Y

). Using the Woodbury matrix
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identity, we compute T} (D)) as follows:

Ty r(Dy)
= Llogdet(I + LArPLPR) — 1 Tr@p(0?] + ARPLPR) " ARD];
= 1logdet( + L Ap)
+ MNogdet[I + L(I + ZA) V2N (@505 — nl)AY> (1 + L Ag) "]
— 1T (0?] + ADLDR) AP} Dp

= 1logdet(I + ZAg) 4+  Trlog[l + 5B] — ITx(I — 0*(0”] + AD}PR) ™))

[e.9]

n _1\7—1 .
:%logdet([+§AR)+%TrZ( 13 (%B)]
7j=1
TI'([_(I—F "AR 1—|—Z [_|_ nAR) 1AR<®£(I)R_71[))](I+%AR)1>
7=1

= (Llogdet(I + ZAg) — 1Tr(l — (I + %Ag)™Y)) + 2 Trz( L

—1iTr <Z<—1) (I + ZAg)2BI(I + %AR)”Q),
j=1

(3.92)
where in the last equality we apply Lemma [73]

Let h(z) =log(1 4+ x) — (1 — 135)- It is easy to verify that (x) is increasing on [0, +00).
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As for the first term on the right hand side of (3.92)), we have

slogdet(I + ZAg) — s Tr(I — (I + ZAg)™")
R

=1 Z(log(l +5h) — (1 - 1+01%/\p>>

where in the last equality we use the fact that f[o o] h(xz=*)dz < oo. On the other hand, we

have

tlogdet(I + ZAg) — s Tr(I — (I + ZAg)™")
R

=3 Zhwp) > 1N h(ZCw )
p=1
2%/ h(ZChx™)dx
[1,R+1]

_Lptfe / h(LCya)da
I

=0 (n'/®).

Overall, we have {logdet(] + %Ag) — 1 Tr(I — (I + ZAg)™) = O(n'/*).

As for the second term on the right hand side of (3.92)), we have

[e.9]

TI“Z(

7j=1

< RZH 1 BHj _ RZUQJ ia- a+27))

188



As for the third term on the right hand side of (3.92)), we have

T <Z<—1>Jﬁu + B Ag) VPRI + (,—@ARM/?)

Jj=1

| N

Z (%5 (1 + ZAg) B/ + ZAR) ")

ZH (I + ZAR)Y2BI(I + L AR) Y2

[P

SR 0+ 2R B+ g

=1

I

1l—a+27

i , .1
<RY || B, = Ot 5

Then the asymptotics of T7 g(D,,) is given by

TI,R(Dn>
~ 1 1— a+2‘r ~ 1 1—a+27
zélog det(1 + lAR) -1 Tr(] — (I + %AR)_l) + O(na + + )+ O(na™ 2a
~ 1— a+2T
:(_)(nl/a) +O( +I€+
1
=0(na),
where in the last inequality we use the assumption that k < “——=" 1 27 Since O( %)

is lower order term compared to O(na), we further have
Ty r(Dy) = (3logdet(f + ZAR) — s Tr(1 — (I 4+ ZAr)"))(1+o(1)).

This concludes the proof of the first statement.

Let AI:R = diag{/\l, e )\R}, (I)I:R = (gbl(x), ¢1(X) Ce qu(X)) and Hi1:R = (Ml, Ce ,,U,R).
Since g = 0, we have Ty g(Dy) = 555 1.5 P15 (1 + 5 P1.rALRP].R) ' Prrpe1.R. According to
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Lemma [80, we have

n n _
To,r(Dy) = FIJER([ + —A1:R) "pig

1
+ = Z{ Yl s (I+ AlR) Y(®1 o ®1.r — nl)

j—1
(02 (I+ A1 R)” 1A1:R(<I>1T:R<I)1:R—nl)) ]

i1
+ = Z[ D7 il + 5 AvR)” 1*”/2AI;7%/2A<(1+%ALR}_MAEAY

(1 + ;AI: r)TRAL W2N1 R}
(3.93)
where in the second to last equality we used the definition of A . As for the first term
on the right hand side of , by Lemma , Assumption [50[ and Assumption , we have

1-28

2, —28 @(nmaX{O,H— =
n n _1 n Cyp

—pm.p(I + <AL r< — I o —

252 prr(d + 72 1:r)” PR < 552 pE_l T+ 20

})7 o 7é 25 - 17
O(logn), a=20-1.

On the other hand, by Assumption , assuming that sup;s; pi1 — pi = h, we have

R
7] 228
D;
I+ > Z o
9% 2N1R< :R) LR > 952 1+;C,\pi_a
n L%J Oii—w

> 55 —
20 i1 1+ %C’,\(hz)_a

@(nmax{o,u%})’ a#28 -1,

O(logn), a=208-—1.
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Overall, we have

_ 0, a#26—-1
n n _ 1-28 ) )
—QM{R([ + _2A1:R) ‘g = O(n a }logk n), where k =
2 ’ 1, a=25-1
By Lemma |62, we have

2,.—28 Cyp~)~7

n ~Lt3/2p /2 = Cop P (Cap™)
p= 1 o4 A
(3.94)

=O(max{n 2", RI=28+o7)

=0 (nma =247 72 rkw(1-261am)}y

Using (3.91)), the second term on the right hand side of (3.93)) is computed as follows:

j—1

[\Dlr—t

00 _ n -
Z[ Pl + 2 A AT + D) AL A)
(I + —2/\1: )2 v/2u1 R}

— 1 (—14+9)(-1) n 2
<32 5 Al (%) 10+ S5 A0m) ™20

l\DI»—

(3.95)

%Omw <£2> (_Hw(j_l)(j(nmax{—2+%%+v+n(l—2ﬂ+av)})
g

IN
N | —
'Mg I

1

J
maX{72+7+ 172’yo2¢jl~a+27' , 1;2,6’ +y+ 1*27(,;1»&4»27' +/€(172B+a'y)}>

=0(n
=0(n

masc{ =2 LI, 804 R (126 om)}
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Since 1*;‘;27 < }jfl‘ig: =1, we have —2 + HaHT < 0.Also we have

1-28 14a+27
+ +

1-2
- . k(1 =28+ ay)
1-2 1—a+27
@ @ (3.96)
1-24 1—a+271
< + 14—+ Kray
o' 2a
1-2
< 5—1—1,
alQT

where the last inequality holds because x < and v < 1. Hence we have

n n _ ~ max{ — 1+a+27‘ 1— 26 1+a+27 P a
T5,r(Dy) :ﬁ#ﬂ%(]%” —A1r) Y + O (=2t e =2l

:@( max{0,1+1=28 }log n)+0< max{— 2+1+a+2T 1— 23+1+a+27+ﬂ(1 264_0{”})

:@(nmax{ﬂ,l-i-l_azﬁ} logk‘ n)
O, (8% % 2/8 - 17 ~ o T — Lo T
where k = . Since O(pmax{-2+557 AR +r(1=28+a7}) is lower order
1, a=28-1.
max{0,1+1=28

term compared to ©(n =7} og" n), we further have

n n _
Ton(Da) =5zt a0 + Z5Aue) ™ i) (1+ o(1))

This concludes the proof of the second statement. O

Lemma 82. Under Assumptions and[53, with probability of at least 1 — 58, we have

T.(D,) = (% log det(I + 5 A) — %Tr([ 7+ %A)1)> (1+0(1) = O(n), (3.97)

Furthermore, let 6 = n~7 where 0 < ¢ < min{(%_l)(o‘_l_%)

e , = 2T} If we assume g = 0,
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we have

1-28

O(nm=01 ) o 295 1,
T,(D,) = (g (T4 M) ) (1 o) = { ) (3.98)
O(logn), a=208—-1.

Proof of Lemma[83 Let R = natt where 0 < k < M. By Lemmas and , with

probability of at least 1 — 56 we have
Ty k(D,) — Ti(D,)| = O(na+ri=0)), (3.99)

and

~ 1 1 1-2 1-2 — K 1-2
’T2,R(D ) T2( )’ O <(6 )nmax{(g-i‘ﬁ)Tﬂ,l—i-Tﬂ-‘ri(l 56) —1l—ka,1+ aﬁ—na}> (3100)
as well as

Ty r(D,) = (% log det(I + %AR) gy (1 —(I+ %AR)‘1>) (1+0(1)) = O(n?), (3.101)

2
and
O (nmax{0+221) o £ 923 — 1
n n _ ) ’
Ton(Dn) = (551" (1 + 250) ) (1+ 0(1)) = (3.102)
O(logn), a=28-1.
We then have
Ti(Dn) = Tip(Dy) + T1p(Dn) = Ti(Dy) = O(n) + O(n=072)) = @(n=),

Since O(nat*(1=2)) is lower order term compared to ©(n=), we further have

T(D,) = (% log det(I + %AR) - %Tr (1 — (I + %AR)‘1>) (1+0(1)) = O(n?)
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Besides, we have

log det(1 + %A) — log det (I + EAR)
o o?

- n N o
= Z log(1+;/\p)§; Z §—2 Z Cxp™® O(R )
p=R+1 p=R+1 p=R+1
= 2Ot )
zo(né).

Then we have logdet(] + %5Ag) = logdet(I + Z5A)(1 + o(1)). Similarly we can prove
Tr(I— (I 4+ %A)7") =Tr(I — (I + ZAg)™")(1+0(1)). This concludes the proof of the first

statement.

As for Ty(D,,), we have

ja(l)n)
=Tor(Dy) + Tor(Dy) — Ta(Dy)

_ 6<nmax{0,1+%} logk n) + O <(% + 1)nmax{(;+f$)l_225,l+1;2ﬁ+(1§£)“71na,l+l_a2ﬁna})

~ _ _ 1—2 _
_ @(nmaX{O 141=28 2/3} log n) O(nq—i—max{(é—}-n)%,l—}-%—i—%,—l—ﬁa,l—s—%—na})

0, a#20-—1,

where we use 6 =n"9, k = .
1, a=23-1.

alZT

Since 0 < k < and 0 < ¢ < min{ZZ=e-1221) o =27} we can choose k < 25527

402 ) 202

and r is arbitrarily close to 2552~ such that 0 < ¢ < mln{ 5 8-L)x ,ka}. Then we have

(a—l—/{)%+q<0, —1—ka+q <0, U=28x 26) + ¢ < 0and —ka + ¢ < 0. So we have

1-28

TQ,R(Dn) — G(Hmax{o,l-f- >

Yogh n).

. ~ 1 1—28 1-28 |, (1-28)k 1 1-28 .
Since O((% 4 1)pmaxd(GHe) =5 T kel ’w‘}> is lower order term compared
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to @(nma"{o’”%} log® n), we further have

To(Da) = Ton(Da)(1+0(1)) = (5T + 25 A0) g ) (1 + o(1).

Furthermore, we have

n _ n _
pt (1 + ;A) = pp(I+ FAR) ‘R

[e'e) 2 o) o)
! n _ _
=2 Gy S 2 mS s 2 G =0m)
p=R+1 o?"P/ p=R+1 p=R+1
= O(n1=20)G+)
zo(nlfﬁ)

Then we have p” (I + 5A) 'y = p(I + ZAg) ' r(1 4 o(1)). This concludes the proof of

the second statement. O

Proof of Theorem[53. Using Lemma |82 and noting that é > 0, with probability of at least

1-— 55, we have

E.F°(D,) = T1(D,) + To(D,,)
|1 n 1 n _1
= |Jlogdet(I + —Ap) - Tr([ —(I+ —5Ap) )
n p n _1

1-28

:@(nmax{é, ~ +1})

Letting 6 = 50, we get the result. O

In the case of 1y > 0, we have the following lemma:

Lemma 83. Assume that 02 = O(1). Let R = nat™ where 0 < r < 2127 Assume that

a2

to > 0. Under Assumptions and |59, for sufficiently large n with probability of at least
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1 — 40 we have

~ ]. 1 1-2
HERQ%)—TKDHI:(703—%Dnm“““aﬂ”26J”®)“ (3.103)

Proof of Lemma[83 As for |T5(D,,) — To r(Dy)|, we have

ADT ADT
74D = Tarn(Do)] = [ 0071+ 20370 = S (1 + 203 )
T T
0+ P o) = "1+ P .
(3.104)
For the first term on the right-hand side of , we have
s DADT s DAY |
007+ )0 fu0 (1 )
T T
<3| G0 (1 + Ty ) falo0) + | Fon) (1 o) ()
PADT PADT

)zl for ()12

) R+ 15 rE(+

PADT
) Rz + >R ()12

2| fsr(x)[l2lI( + o2

<2l for () a7 + =5

Applying Corollary [65] and Lemma [77], with probability of at least 1 — 44, we have

PADPT PAPT
2

107+ )0 (1 ) e

—20( (5 + putE ).

As for the second term on the right-hand side of (3.81)), according to Lemma , Corollary
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[72] and Lemma [76] we have

Fa) (1 + A g ) a1+ 2Ry
_ f;(_l)ij(X)T((] N ¢Rﬁ§@£)_1¢>RA;R®ZR)j(1 + %)—%(x)
R e G ity
j=1
:ié(nm)O((% +1)n)
=1
:é((% + 1)nt ).

By (3.81]), we have

1-28

+ Dptt IS ) + O((% + 1)nt~r9)

\nwm—nmam:OQ

+ 1)nmax{1+(;+n)l22ﬁ,1na}) )

]

Lemma 84. Assume that 02 = O(1). Let R = na™ where 0 < r < min{2=527 2971}

2a ’ a2

Assume that oy > 0. Under Assumptions and [59, with probability of at least 1 — §, we

have

Tyr(D,) = %ug + O 2 (3.106)
Proof of Lemma[8]. Let
A=(I+ %AR)*’V/QA]{ 2070, — nl)AY(I + %AR)*W, (3.107)
where % < v < 1. By Corollary , with probability of at least 1 — §, we have

1—2va+a+21

|All;=O0(n = ). (3.108)
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When n is sufficiently large, ||Al|2 is less than 1. Let pri = (1o,0,...,0) and pro =
(0,11, - .-, pig). Then pr = pri+pre. Let Ay g = diag{1,\,..., A\g}and Io z = (0,1,...,1).
Then A = Ay glor. Let B = (I + %Ag) V2N p(@%0r — nl)AYR(I + ZAg)2. By

Corollary [69, we have || B2 = O(4/log %n%). By Lemma , we have

TQ,R(Dn)

n no.. .
= ﬁ#ﬁ(l + —AR) 'pg

+= Z[ 1)+ pk (I+ 2 AR)" 1(<I>£<I>R—nl)(1

o2

7—1
(I + AR) "Ap(PLDR — n[))

(I + ;AR)_l,LLR:|
(3.109)

As for the first term on the right hand side of (3.109), by Lemma , we have

nor ™A Cin™> ymax{0,1+1522}
soah I+ A M_Q N0+Zl+ S o | = 5 "2+ O(n ).

We define Ql,ja QQ,j and Q37j by

o2

1 n 1 i1
1, = u%,lg(l + ;AR)*(@g@R —nl) ( (I + AR) "Ap(®LD R — n[))

n _
(I + —<Ar) ' pra
g
Q= pl (T A (@T — D) [ (7 + AR Ap(@T g — n) "
Q,j_l“l’R,lo,Q g2 R RPR— T 52 prRb R(PRPR — 1N
4 (3.110)
(I + ;AR)_IHRQ
Qs = pl oo (T + A1 (@T 0 — D) [ (7 + AR Ap(@T g — nl) "
3,g—ﬂR,202 G2 R RPR— N P PR R(PRrPr — 1N

n
(I + FAR)_IP"RQ

The quantity Q)3 ; actually shows up in the case of py = 0 in the proof of Lemma By
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(3.93), (3.95) and ((3.96[), we have that

o0
|Z(_1)j+1Q3,j’ _ |Z ]+10 M)O(nmax{o,l—&-%}ﬂ — O(nmax{(),l—i-%})'
Jj=1 =1

(3.111)

For @, ;, we have

1 n A n Ly
Q11 = ﬁ#’g,l(] + pAR) HgB(I + ;AR) 1+;NR,1

1 n L
< —leral3l(7+ —5Ax) 230 Bll2
= O(4/log ?né),

where in the last equality we use ||Blls = O(4/log %n%). For j > 2, we have

1 n a n B 3 j—2 n - B
Qv = E“’g,l(l + EAR) HQB((I + ;AR) "IA VA) (I + ;AR) Dl gl
n e
B(I + ;AR) 1+2l~‘»R,1
1 2 n —142 2 20 A2 n Ay A 1=y i1
< eI + 25 AR) 2 BIBIBIAIL I + 5 An) A5

= O(log ?n RO n—(l—v)(j—l))

— O(log ?m ‘ nw»

Then we have

= : R > R i—2)(1—a+2r R
| Z(—l)JHQLﬂ < O(4y/log gnﬁ) - Z O(log gnV T )) = O(log gn7) (3.112)
j=1 =2

For ()2 ;, we have

1 n 14 n - - -1 AV-1+2 A3
Quj = =L+ AR B+ A0 ALY (1 4+ 0T EA, B

1 i— n _ = n T e
< —lerallIBII AR + —5Am) ™ AR THIT + )72 A fpanal)

R (G=1)(1—a+27) ~_7
Snt - n (14 S0 TR Bl

= O(4/log 5
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Since ||(I + &A)™" +tIA] %z r2l|2 is actually the case of jg = 0, we can use (3.94) in the proof
of Lemma [81] and get

n +2 % X n _ —~/2
1+ 58738 Gnalls =1+ M) AL sl

:@(nmax{—2+v,%+v+~(1—26+ow)}

(3.113)
:O( max{—2+7, 2222 +y+r(1— 2B+av)})
=o(n"),
where in the last equality we use kK < 5 . Then we have
[e’e] +1 14y (j—l)(l;a+2‘r) . E 14y
|;(— Y Qa4 <Z log —n'z -n 2 ) =o(4/log 51 ) (3.114)

Choosing v = §(1 + H420) = W82 < 1 we have

n n _ > :
TZ,R(Dn) = @M%(I + ;AR) 1[J:R + Z(_l)]+1(Q1,j + QQ,]‘ + QS,j)

j=1
- - R R 1ty
= 1 4+ O™ O 4 o(n “1 + Oflog =) + o(y/log <n'+)
202 ) 0
= oakt + O )
g

n ~ 147427 1-28
2 max{TTLEEET 14 222
= —us+O(n 8ol o T,
202

O

Proof of Theorem[5] Let R = natt where 0 < k < min{ 25527 2671 Since 0 < ¢ <

) T a2

mm{—w o} - min{ 255 26°1% we can choose k < mm{u 26= 21} and & is arbitrarily
) T o )

close to £ < min{2552T, % 1Y such that 0 < ¢ < mln{( 515 ko). Then we have (£ +
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KJ)% +¢ <0, and —ka + ¢ < 0. As for Tx(D,,), we have

T5(Dy) < Ty g(Dy) + |T5,r(Dy) — To(Dy)|

= o+ O I L O((4 4 s S5

2n2,uo+0( max{ Lt7ed2r 14 1-25 zﬁ}) O(nq—i-max{l-k(é.y_,{)#’l_,m})

= 27‘2/10 + o(n).

By Lemma 82, we have Ty(D,) = O(n=). Hence E.FO(D,) = Ti(D,) + To(Dy) = 32 p3 +
o(n). O
3.D.2 Proofs Related to the Asymptotics of the Generalization Error

+2 <t<1l. Let R= n(a(a 1>+1)(17t). Under

Assumptions and[59, with probability of at least 1 — § over sample inputs (z;)7, we

Lemma 85. Assume 0® = O(n') where 1 — 5=

have

(1—a)(1—t)

G1(Dn) = 588 (Te(1 + ZA) " An — AP+ Z00) I3 )—#G’(” i )
(3.115)

Proof of Lemma 83 Let G1 r(Dy) = By (T1,8(Dpt1) — T1,r(Dy)), where R = n® for
some constant C. By Lemma [78] we have that

|G1(Dn) — G1r(Dn)| = [Eapirynin) 11 (Dns1) = T4 r(Dng)] — [T1(Dy) — Tyr(Dy)]|
= ‘E yO((n + 1)R17Q)} + ‘O(anfa)H

(In+l yYn+1

= O(5nR'™).
(3.116)

Define ng = (¢o(®n41), ¢1(Tns1), - - -, ¢R($n+1))T and EIV’R = ((I)£777R)T- As for Gl,R(Dn): we
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have

GLR(DH) - E(fﬂnﬂ,ynﬂ)(TLR(Dn-i-l) - Tl,R<Dn))

1 OpARPL 1 Bohpdl
= Epitgni) <§1Og det (1 + TR) — 5Tr(j — I+ > R)-1)
1 @RAR(I)£ 1 (I)RAR(I)£ .
! Ty Bt
9 E@i1.9011) 108 det(I + T) — logdet(I + T)
1 EIV)RAR(fI;% _1 q)RAR(bﬁ 1
B 5 ]E(ﬂﬁn+17yn+1)Tr(I - (I + T) ) — Tr([ — ([ + s ) )

As for the first term in the right hand side (3.117]), we have

1 5 A &)T [0)) A (I)T
5 <E(%+1vyn+1) log det(f + M) — log det([ + M))

o2

E

Tn+1,Yn+1

Ar®hP Ap®he
y log det(I + %) — log det(I + M))

E ylog det (I +

Tn+1,Yn+1

Ap®Ld Ap®Ld A L
R¥R R)_1(1+ R¥R R+ R77R77R)

(@a1.n41) 10 det ((I + 72

T A T
_1\RNRN
E(mn+17yn+l) log det (I + <I + o2 ) ' o2 R) )

1 T _
E i1 ,pn41) 108 (1 + an(j + 0—]2%) 1AR77R>)

NI~ NI~ N~ N~ N -

/\/\%\/\/\

Let
n n
A=(T+ EAR)*/?A}{?(@)@@R —nl) AP (I + AR

According to Corollary [68, with probability of at least 1 — §, we have

1 R 1—at2r (42
| 5All: = O(y/log =5~ 75) = o(1).

202

Ar®LP z Apr®LD
7R R2+anR)—logdet(I+—R R R)>
o

(3.118)



When n is sufficiently large, || 25 Al|s is less than 1. By Lemma (73 . we have

Ap®Ldp
2

ne(l+ ) ' ARrnr

no.o._ - 7 noo
<1+ AR A+ D () nR( 1+ 20 M@k —nD)) (T yAn) A
j—l

n n _ ; n _
—nh(I + —shR)” YArng + Z zj — k(I + Z5iAr) V2L 491 ¢ —3hn) Y2pL2,

n
<nh(l + 5AR)” ARnR+Z|| SAIRNT + 5 AR) AL *nell3

—Q

14+ nCyp=*/c? 1+ nCy\p=®/c?
Chp™*p*" Cap™*p*"
A J
Zl—i—nC)\p a/Q ZH o2 H Zl—i—nC)\p O‘/O’

(1—a+27)(1—t) 1 . (1—a+27)(1—t)
<O(n = )+Z||§AII%O(H a )

4 Chp™® 1 Chp
§Z¢;2;($n+1) - +Z||§A||%Z¢§(xn+1)
_ =1 p=1

(1— a+27’)(1 t)

=0(n ) =o(1),
(3.119)

where we use Lemma [61] in the last inequality. Next we have

1 AP O prApDL

5 (E(wnﬂ,ynﬂ) log det([ + TR) — log det([ + TR)
1 1 Ag®Tdp

- 5 (E(xn+17yn+1) log(l + ;ng(l + O'—I;) IARUR

1 1 ARPLdR
=3 (E(xn+1,yn+1) (;Ug(f + U—?) 1AR77R) (1+ 0(1))>

b (Tr([ 4 AR‘D—%VAR) (1+o(1)),

202 o2
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where in the last equality we use the fact that E,, ., 4...)nrnk = I. By Lemma , we have

Ap®Td
To(l + —EEy 1A,
ag
T+ A A S 1 Te( (74 A A (BB — j[ " AR)TA
= Tr( + R) R+;(—) r ;( + rR) Ar(PRPr —nl) (+; rR) Ar
= Te(] + —=Ap)"Ag + i(—nj Tr 2 (14 AR V2AY2 A9 (1 + LA ) 1/2A Y2,
o2 = o2 ) R o2 R
By Lemma |61, we have
n f Chp™©@ (1-a)1-t)
Te(l + = Ap)*Ag < A Y
r( + 0.2 R) R = p; 1 + ngp—a/O-Q (n )
To(I + S Ap) A > ER: Car® o)
r — — =0(n @ .
0-2 R R — o 1+ nC)\p—a/O-Q
Overall,
(I + %AR)*AR — (). (3.120)

Since ||(%A||J = o(1), we have that the absolute values of diagonal entries of - A7 are at

most o(1). Let (A7),, denote the (p, p)-th entry of the matrix A’. Then we have

1 n _ 1/2 44 n _ 1/2
Tr (I + —Ar) VA2 AI(T + —50n) 2N
_ i )\po%j(Aj)pyp i )\pHg-_]é]AH% o @(n(l—a)(l—t))é(nj(l—a+2'2r—(l+27)t) (10 R)j/Q)
B 1+ n\,/0? 1+n)\, /02 & ’
p=1 p=1

(3.121)
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where in the last step we used (3.120)). According to (3.120) and (3.121)), we have

®pARDT

o2

1

P (E(xrﬂrl»yrﬂrl) log det([ +

5 ) — log det(I +

o2

@RAR®§)>

_ b (Tr([ +

202

BRI AR ) 1+ of1)

(3.122)

(1—a)(1—-1) s (1—a)(1—%) & ~ j(1—a+27—(1427)t) .
= H0m =)+ LY em e )0m TR (leg RY)

j=1

)+ 520(n

(1—a)(1-1t) (1— a)(l t) (1-a)(1—t)
«a a

= 10(n Jo(1) = 50(n )

= s (Tl + B AR) ™ AR (14 0(1)).

Using the Woodbury matrix identity, the second term in the right hand side (3.117)) is given
by

(E(In+1,yn+1)Tr<] — (I +

N —

1 1~ 1, ~p~ ~ 1 1
::i(E@Mh%ﬁﬂTw—EQRur+—EAR¢§¢Ry4AR¢£-TN—E@Ru>+—5AR¢§¢Ry4AR®§>

1 1 1
= (EwM&Mwﬂi}( (14- AR®R®R)1AR®R®R TY( I+ AR¢R¢R)1AR¢R@R>

1
§<Exw4%w11w1-% AR¢R¢R) Iku-+—5AR¢§¢Ry4)
1 T 1 T -1
5 E (Tn+1,Ynt1) TI' I + AR(I) (I)R =+ AR’I’]RT]R) — TI'(I =+ ;AR(I)R@R)
L E (I + ﬁAR¢£‘I’R) 1AR77R773(I + S ARPRDR) !
952 \ " @nt1, Ynr1) 1 1+ %ngu + %AR(I)ﬁ(DR)*lARUR )
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where the last equality uses the Sherman—Morrison formula. According to (3.119)), we get

1 (E Tr (I + HARDEPR)™ 1AR77R77R(I + HARPLPR) )
952 \ "~ @nt1,ynt1) 1+ 2773(I + AR(I)T(I)R) "Arng
= %,2 (E(CﬂnJrlvynJrl) Tr(1 + %ARq)gq)R)_lARang(I + %AR‘pg@R)_l(l + 0(1))>
_1 2002(1) Tr(1 + %AR<I>£<I>R)‘1AR(I + %ARq)gch)‘l
_! ;:2“) Tr AY (I + iA}fq>gq>RA}f)—1A}f(1 + %AR%@R)*
! ;;2(1) Te(] + Al/Qq)T@RA}{Q)‘lA}f(I + %Achgch)‘lA}f
— Wy EA}{?@E@RA}:{?)*AR(J A afepl?)
_! ;Og(” A2+ gAY 0heaAl)
= LEAD AR + Bohn) 20+ )T+ Do) M,
where in the penultimate equality we use Tr(BBT) = || B||%, ||B]|r is the Frobenius norm of

A, and in the last equality we use the definition of A (3.118)). Then we have

14+ o(1 n _ 1 n _
202( )||A}%/2(I+;AR) 1/2(]+—A) 1(1+—AR) Y213
1 1
= oD+ I+Z LAY+ DA
14 0(1) = ; no,o_
= g IR+ A+ W A+ A A+ e
7j=1

(3.123)

By Lemma [61], we have

R JR—
C p~« (1—a)(1—t)
A1/2 I ﬁ/X -1 < A e 2a
AR+ A e <4 2 gy ez — O F )
IVSIEEIWRITE| g E————
R 0‘2 _\ o (1—{—”0)\1970‘/0—2)2
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Overall, we have

(1—a)(1—t)
2

1A (T + %AR)”HF = O(n ). (3.124)

Since || Al = O(y/log %n$’%) = 0(1), we have

||— A+ S5 AR)” 1/2Aj<f+ﬁAR>-1/2||F

< AR+ ARy el A + ZpAm) (3125)

(1—a)(1— t) j(l—a+427— (1+2T)t)
2a

)O(n 2 (log R)]/ Y,

=0(n

where in the first inequality we use the fact that |AB||r < ||A||r||B||2 when B is symmetric.

By Lemma [61], we have

1

n _ n _ . n _
BT+ S AR) AT+ S AR) AT AR

A H AH] (1—a)(1—1) J(l—a+2r—(1427)t

_ ZM <y TR g O (log RY?),

p
— (1+nA,/0%)? — (1+nA,/0%)?

(3.126)
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According to (3.124)), (3.125) and (3.126)), we have

1 DrARDE OrARDPL
92 (E(xn+1yyn+l)Tr(I — (I + —2R) t— Te(l — (I + —2R) !
g g
1+ 0(1) 1 B 1 -
=—— Tr([—i—;AR@T(I)R) 1AR(I+—ARcI>T<I>R) !
1+ o(1) n D
= 252 ”A}{Q([—O—ﬁf\ Z _A1/2 ]_|_ A ) 1/2A](I+;AR) 1/2H%
1+ o0(1) n 2
=5 (||A11q/2(1+§/\ )M AT+ AR) 1/2AJ(]+ D Ap)~V? )
1/2 n _ > 1 1/2 n _ . n _
PRI AR+ A 1;<—1>JEAR/ (I ARy 20+ o) 1/2)
]:
1"'_0(1) (A-)=t) = (1—a)1—t)  ~ , j(—at2r—(1427)t) i/
g O HZUQJO( = )0~ = (log R)’/?)
j=1
> 1 (1—a)(1-t) . ~ j(l—at2r—(1427)t) .
F2Y O 0 R g )
=1
-a)-1) 1+o0(1) n B
=50 o) = — S AP+ AR

(3.127)
Combining (3.122)) and (3.127) we get that Gy g(D,) = Jg W (Tr (1 + ZAr) AR+ ||A}{2(I—|—
2 AR)7Y2) = HO(n =5 "). From (B.116) we have that G1(D,) < Gy.z(D,) + |Gy(D,) —
G1r(Dy)| = ;ﬂ@(nw) + O(nR'"). Choosing R = n a0 e conclude the

proof. n

Lemma 86. Assume 0® = ©(n') where 1 — %= <t < 1. Let S =n". Assume that |||y = 1.

When n is sufficiently large, with probability of at least 1 — 20 we have

(I + £ PsAsPE) ' PsAslls = O(y/ (5 + )n-n~07Y). (3.128)
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Proof of Lemma[8¢. Using the Woodbury matrix identity, we have that

1
(1 + ;@SASq’E)_l@sAsS =[I — ®5(0?] + AP Ps) ' AsPL]| PsAsE
=PgAsé — Ps(0°] + AgPiPs) ' AgPEPgAsE (3.129)

=0g(I + HAsPEDs) AL

Let A= (I+ (%AS)_WQAg/Q(@ngS —71])./\;/2(17L 2 As)™/?, where v > Ha”;;éfjf;”“”. By

1+a427—(14274+2a)t —(1—t) ) .

Corollary (68, with probability of at least 1 — 4, we have || 5 A||, = O(n 2a

When n is sufficiently large, || 25 Al|s is less than 1. By Lemma , we have
1 _
(I + —5AsP50) "

([+ AS Z ( ]+ AS) 1AS(<I>S<I>5—n])>](]+%AS)—1

Then we have

(I + HAsPEDs) " Agé]ls

H ( (r+ -~ AS - Z ( I+ AS) "Ag(PLds — nI))J(I + %AS)-l)Asg

2

J
<||(]+ —As)” ( (I + As) 11\5(‘1’5@5—”])) (]4'%/\5)_1/\55 >
2
(3.130)
For the first term in the right hand side of the last equation, we have
n -1 n -1 o’ —(1—t)
I+ Z5As) " Astlls < (T + 5As) sl < & = O(m=00), (3.131)
Using the fact that || Alls = O(n 2 —100) and ||(I + ZAg)Agls < n', we
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have

1 n ~1 T ’ n —1
(I + ﬁAS) AS<(I)SCI)S — TLI) (I + ;AS) Asf

o2

2

1 n 142 1-2 n —1+ 1— J—1 n 142 -2
=3[+ A9 THEASE (AU + A9 TN AU+ A T EAG P A 2
Sn(l—t)<—1+g+(—1+v>(j—l))@(nﬂ”a“*gS”T“”” ==Y + % Ag) 13 A;% £lls

N (o) Azat2r—(A427))] n 142, 1-2
—O(n 30 (14 DA AL gl

(1—a+427—(1427)t)j
20

zé(n_%(l_t)Jr

:O(n_(l_t)+(1704+27'7(1+27')t)j )

2

)O(n{—1H7/20=)

(3.132)
Using (3.130)), (3.131]) and (3.132]), we have
I(I + 5 AsPgPs) ™~ Asé |l
_ <()(n—<l—t>> +) OJC - — )>
=1 (3.133)
:< I 070) 4 O(n 1+ )

=0(n~17Y),

By Corollary [66] with probability of at least 1 — d, we have

~ 1
[®s(1 + HAsPEPs) ' Agéla =O( (5 + D)nl(I + HAsPEPs) ' Asé]l2)

~ 1
=0( (5 + 1 -n~07Y),
From (3.129) we get [|( + & ®sAs®L) " fs(x)[2 = O(y/(3 + 1)n - n=(1=9). This concludes

the proof. n

Lemma 87. Assume 0 = O(n') where 1 — %= < t < 1. Let § = n~? where 0 <

q < [a7(1+27)4(;;m(2671). Under Assumptions and assume that po = 0. Let

R =nGt0=D yhere 0 < 5 < %ﬁ%)t Then with probability of at least 1 — 66 over
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sample inputs (x;)_,, we have

1+o - ad2(1_p), (1=28)1=1)
G2<Dn) — ( 202( ))H< R) 1“RH§ — #@(n {—2(1-1), - }logk/2 n),
0, 2a#20—1,
where k = ]
1, 2a=25-1.

Proof of Lemma (87 Let S = nP. Let Go5(Dyn) = Ew iy ynia)(To.5(Dnt1) — Tos(Dy)). By
Lemma , when S > n™*{b w77} with probability of at least 1 — 38 we have that

|G2(Dn) — Go,5(Dn)| = Bz, gy ) [12(Dns1) — T2,5(Dns1)] — [T2(Dn) — To5(Dy)]|
_ ‘E(xn+17yn+1)é((% i 1)0—12(71 i 1)Smax{1/2—ﬁ,1—a+2r}) O((% )%nsmax{l/Q—ﬂ,l—a—&—QT})’
= O((5 + 1) Fngmaxti/z=piatar) (3.134)

(3.135)

Let Ay.g = diag{A1,..., s}, P1r.s = (P1(X), $1(X), ..., Ps(x)) and p1.6 = (p1, ..., ps). Since
o = 0, we have Tp g(D,,) = #M{:SCD (I + <I>1 sA1.s®T ) 71D .gpy.5. Define 1.5 =
(D1 (Tns1)s - - G5(Tns1))T and Bp.g = (®T ¢ mi.5)T. In the proof of Lemma , we showed

that
1 1 _
Ty (D) = Wu{sfbis(f + ;q)l:SAl:Sq){;s> '0).5p1.5

1 _ 1 B 1 _
= 5#551\13’;#1:5 - 5/&51\1:15([ + ;ALS(I){:S(I)LS) "pys.
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We have

G2,S(Dn)

= ]E(xn+17yn+1)(T27S(Dn+1) - TQ,S(DH))

1 _ 1 _ 1 ~p~
= E(xn+17yn+1) (§M{SA1:}9N115 - 5“{5‘/\1:}?(1 + EAI:S(I)?S:@S) 1”1:5)
1 L r 1 T ~1
— oM P sAists — 2#1:5A1:s(1 + —2/\1:5‘1)1;5(1)1:8) Hi:s)
1 1
= ]E(:vn+1 Yn+1) (2H1 SA15([+ A1 Sq) 5P S) 1#1:5 2#1 SAls(I + Al S‘DS(I’S) Hl:s)
& (I + AP gPrs)™ A1 sMests (I + 2 A1 sPT ¢ Pr1.g) )
(Z‘n+1 yn+1 2 2 I""l S 1 S 1 + 2171 S(I + A]_ S(p @]_:S) A]_:S/I’]]_:S IJ’IIS
_E ( 1 plg(+ 51 S(I)l sA1.s) s 5(I+ ﬁAl:Sq){SCDl:S)lI-Ll:S))
(Fnsma) 1 + 2771 Tl + - LA s®L ¢ ®@1.5) 1 A1.sm1.s
1 1 )
Eeni1,mi1) ( s I+ — O gPrsMis) M usnts (1 + ;Alzs‘bfsq’rs) 1#1:5)
1+o 1 _
= 2—2<>M1 s + (I’1 ¢®rsAs) T (T + ;ALS@ZS@LS) Ypay.s
140
= D1 st sl

(3.136)
where in the fourth to last equality we used the Sherman—Morrison formula, in the third
inequality we used (3.119)) , and in the last equality we used the fact that E,,. ., ... )7.sMg =
I

Let fi1.r = (pt1, ..., g, 0,...,0) € R®. Then we have

1
I+ A5 Prs®ris) ™ paislo
1 ) 1 _ .
<1+ ;Ays‘ﬁs‘hs)_l#uﬂb +[I(1 + pALSq’{s‘Pl:S) Hpns — )2, (3137)
3.137
1 _
17+ AL PLgPrs) ™ ps|lo

1 R 1 _ .
> [[(I + ;ALS(I)F{;SCI)LS)_IIJJ:RHQ —|I(I + ;Al:SCD{S(Dl:S) Ypis — fuig)|lo-

Let R = n(at90-0) where 0 < < 2= 20HAE2D 1) [emma , (3.63), we showed that

202 (1—t)
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with probability of at least 1 — ¢,

1-28

(I + %Al:R(I){;Rq)l:R)ilul:R’h = O(pU-maxd{-153 Hogh/? n)

n (3.138)
= (1+o(1)||(I + ;ALR)—I;LLRHQ,

0, 2a#28-—1,

where k = . The same proof holds if we replace 1.z with ®1.q, A1.z with
1, 2a=25-1.

Ai.s, and 1.z with fi1.g. We have
-1 5 —1) maxq{— 1-28
(1 + 5 A1s@] g@1s) " frreplz = O(n ™15 ogh 2 )
(3.139)

n A~
= (14 o) + —5A1:s) ™ Bl

Next we bound [[(1 + & A1,5P1,¢P1.s) (1.5 — f1:1)]|2. By Assumption [51 we have that
|\t1.s — g2 = O(R%). For any ¢ € R and ||¢[|; = 1, using the Woodbury matrix

identity, with probability of at least 1 — 2§ we have

1 X
|€T<I + ;ALS(I){;S@I:S)il(H‘l:S - u‘l:R)‘

1 1 N
= ’fT (I - ;ALS@{S([ + ;(I)lzsAl:Sq)is)l(I)l:S) (1.5 — f1:R)|
R 1 1 _ N
= |7 (1.5 — fr1r) — ;fTALS(I){s(I + ;@1:51\1:5@55) Y0,.5(p1.5 — fu1.r)]
) 1 1 _ .
< |l€ll2llper.s — frarll2 + §|§TA1;S<I>£S(I + ;@1:51\1:5@{5) '®.5(p1.s — f1.R)|

1-28

1 1 .
<OR™2 )+ ;H(I + ;(I)I:SAI:S(I)%:5‘>_1CI)1:SA1:S€HQH(I)LS(MI:S — ft1:r)||2

1-2 1 1 1 1-28
— =) 4+ — - .10 - >
OR™=2 )+ 020( (5 +1n-n )O( (5 +1)nR =)
1 1-2
=O((; + DR ),

where in the second to last step we used Corollary to show || ®1.5(pt1.5 — fr1.r)|l2 =
O/(5+ 1)nR%) with probability of at least 1 — ¢, and Lemma [86| to show that ||( +

S 01.5A1.5PLg) ' PrsAs]l2 = O(y/ (5 + 1)n - n~t) with probability of at least 1 — 4. Since
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R =nlatW0-0 we have

1 _ R 1 (1-28)(1—t) , (1-28)(1-t)r
€7 (I + ;ALS‘D{s‘Dl:S) s — fup)| = O((g +1)n T -

Since £ is arbitrary, we have

1 (1-28)1-t) , (1-28)(1-t)
2a + 2

1 .
1T+ —5As@Ts®rs) ™ (s — fasen) |2 = O((5 + )

Since 0 < ¢ < [a7(1+27)4(a1;t)](2’371) and 0 < k < —a*;j;a(_lfﬂt, we can choose k < _aflgj;a(j;?f)t

and k is arbitrarily close to k < %W such that 0 < ¢ < w Then we have

(220000 4 ¢ < 0. From (3.137) and (3:139), we have

1 _
[T+ 5 ALsPLgPrs) ™ sl

(1—28)(1—¢) (1726>(17t>_~_(172B)(17t)H
2 2

1
=@ (pmax{=(1-9), Hogh? n) + O((E +1)n =

(1) A=28)(1—t) (1-28)(1—t) L (1-2B8)(1—t)x
:G(nmax{ (1-t), o }logk/Qn)+O(<nq+ oF + 5

)

(1-28)(1—t) (3.140)
:@(nmax{—(l—t),T} logk/2 n)
n _ A
=1+ o) + —5A1s) ™ tr:nll2
n _
=1+ o)+ —5Ar) " pall2:
Hence Gas(Dy) = 227 + B As®lsus) gl = HOUUm22) logh ),

Then by (3.134)), we have

g o

max{—2(1—¢),E=2800-1) 2 1 " omax —B,1—a+21
Ga(Dy) = L6 (mst-21-02 }1og’“/2n>+0(<g+1>—25 e })

— 14+q+min{2,28-1)

maxs 1, s - a +1)(1-t
Choosing S =n { (amt=2m) (mm{ﬂ_m’“_l_m )( )}, we get the result. O

Proof of Theorem[55 From Lemmas|85|and 87| and é— 1 > —2, we have that with probability
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of at least 1 — 76 ,

1+ (1) n _ 1/2 n _ n _
ELG(Dy) == 2 (Te(T + M) A = A3 + S5 A0 3+ (T + S5 Aw) par?)
(1-a)(1-t) (1-26)(1=t)
:%@< Q) + %@(nmax{—Q(l—t),%} logk/Q n)
(1—a)(1-t) (1-26)1-1)
:%@< max{ = , = })
(3.141)
0, 2a0#25—1 )
where k = ;and R = n(at00-t x> 0.
1, 2a=28-1
Furthermore, we have
(I + EA)-lA ~Te(l + %AR)*AR
DR =LY :
= Z Z TR e S Cip™ O(R “)
p= Lt T S Ll p=R+1
=0(n l—a)(l—t)(é-l-n))
_ 0(,,7/(1_&()1(1_7:) )
Then we have
n _ n _
Tr(I + ;AR) "N =Tr(I + ;A) 'A(1+o(1)). (3.142)
Similarly we can prove
AT+ AR) HE =AY+ A) HIE(L +o(1)) (3.143)
1L + ;AR)’ prllz = (1 + ;A)* pl3(1+ o(1)) (3.144)
Letting 6 = 70, the proof is complete. m

In the case of pg > 0, we have the following lemma:

Lemma 88. Let § = n~? where 0 < ¢ < 2=UF20U=0IC6=Y = 1 der Assumptions and

402

assume that po > 0. Then with probability of at least 1 — 60 over sample inputs (z;)";,

215



we have Go(Dy) = 5= + o(1).

Proof of Lemma[88 Let S = nP. Let Go5(Dn) = Ew iy ynia)(To.5(Dnt1) — Tos(Dy)). By
Lemma , when S > nmax{l’mfﬁm}, with probability of at least 1 — 35 we have that

|G2(Dn) = Go.5(Dn)| = Bz, y1 i) [T2(Dnga) = To,5(Dnga)] = [T2(Dn) = Tos(Dn)]]

_ ‘E(%H’ynﬂ)é((% 4 1)0—12(n X 1)Smax{1/2fﬁ,lfa+2’r}) _ é((% I 1)%nsmax{l/275,lfa+27}>’

= é((% + 1)%n5max{1/2_6’1_a+27})

Let Ag = diag{\1,..., s}, Ps = (¢1(x), d1(X), ..., ¢ds(x)) and ps = (u1,...,pus). Define
ns = (¢o(Tns1), d1(Tns1), -, s(2ns1))T and Og = (®% ns)T. By the same technique as in
the proof of Lemma we replace A by /~\€7R = diag{e, A\1,...,Ar}, let ¢ = 0 and show the
counterpart of the result in the proof of Lemma :

GZ,S(Dn> = E(mn+1,yn+1)(T2,S<Dn+l) - TZ,S(Dn))
& 1 pE(I+ 50LdsAs)nsnk (1 + ﬁAségcbs)*lus)
(In+l7yn+l) 20_2 1 ‘|‘ %ng(I + %Ag@ig@s)_l/\sﬁs

1+ o(1) 1 i 1 .
= E(acnﬂ,ynﬂ)( 552 (I + ;‘Pg%/\s) "nsng (I + ?AS@E%) 1Hs>

1+ o(1 1 B 1 _
— 202( ),L?;(J + ;q#;cps/\s) NI+ pAScp?;ch) Ypg

~ 1+o0(1)
202

1 _
(1 + EAS‘D?‘I’S) "psl)3,
(3.145)

where in the fourth to last equality we used the Sherman—Morrison formula, in the third
inequality we used (3.119)) , and in the last equality we used the fact that E,,, ., ... )7.s7g =
I.

Let fir = (po, i1, - - -, fig, 0, ...,0) € RS, Then we have

1 3 1 1. 1 _ .
I+ —5As®s®s) " pasllo < [I(1 + 5 As®sPs) ™ funll + [|(I+ 5 AsP5Ds) ™ (s — n)

1 3 1 i 1 _ R
(1 + ;Asq’g%) "pslla > |11+ ;Asq’g%) Yol — 11+ ;Asq’gq’s) "(ps — fr)2-
(3.146)
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Choose R = n(a ™00 where 0 < k < 2=2=2 020 1) Temma , (3-63), we showed that

a?(1-t)

with probability of at least 1 — ¢,

— —#)max{—1,1=28
(I + ZALR®] R P1r)  prkllz = O(nU9 02 ogh 2 )
n (3.147)
= (1+o(1)||(I+ ;AI:R)_IIJJI:RH%
0, 2a#28—1,
where k = . The same proof holds if we replace ®,.p with ®1.q, A1.x with
1, 2a=25-1.
Ai.s, and 1.z with fi1.g. We have
—1n —t) max{—1,128
(I + 5 A1sPTgP1.g)  fur.nlls = O (UM 152 6002 )
n (3.148)
= (1+o(1)||(+ ;AI:S)_IIAIII:RHQ-
So we have
H([ + JLzASq)gq)S)illlR”Q = Lo + @(n(lft)max{fl,%} logk/2 n)
(3.149)

= o + o(1).

Next we bound ||(I + 5 AsPEPs) " (s — fer)||2. By Assumption , we have that ||pus —
Bl = O(R%). For any £ € RS and [|{]|s = 1, using the Woodbury matrix identity, with
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probability of at least 1 — 20 we have

1 _ .
€71 + ;As@g(bS) (s — fug)|
1 1 N
= €7 (1 — ;Asdfg(l + ;%Ascbfg)—lcbs) (s — f1g)|
) 1 1 _ N
= ¢" (s — frr) — ngASq’g(f + E‘PSAS‘I%) "Os(ps — for)|

R 1 1 _ N
< [[€ll2llpes — ferll2 + ;\GTAS‘I)E(I + ;‘I’SAS@?) "Og(ps — fur)|

1-28 1 1 _ N
<OR™= )+ ST+ ;@SA@?) 'Sl Ps(pes — fer) 2

1—2 1 1 1 1—2
—O(R=") + SO0/ + 1m0 )0 /(5 + nR=")

1 1-28
— O((5 + DR,

where in the second to last step we used Corollaryto show || ®s(ps—fer)llo = O(1/ (5 + 1)n
R#) with probability of at least 1—4, and Lemmato show that [|(/+5PsAs®E) ' PsAs€])
= O(y/(+ + )n - n=(79) with probability of at least 1 — 4. Since R = n(a R0 we have

1 R 1 (1-28)(1-t) , 1-26)1A-t)x
€71 + —5As®E@s) (s — for)| = O((5 + D3+

).
Since £ is arbitrary, we have ||(I+5As®E®s) ™ (ms—fir)|l2 = O((3+1)n G200 L2 0ns

[a—(1427)(1-1)](28-1)
402

a—1-27+(1427)t
2a2(1-t)

a—1-27+(1427)t

, we can choose k < 52 (10

and 0 < Kk <

Since 0 < ¢ <
and k is arbitrarily close to k < %ﬁ%)t such that 0 < ¢ < M Then we have

020005 4 g < 0. From (3.146) and (3.149), we have

I(Z + zAs®gPs) ™" pas]l2

a=28)=t) , (1=28)A-t)r
2 + 2

1
_M0+6< (1—t) max{—1,% }logk/Qn)—i—O((——i—l)n
0 (3.150)

_M0+@( (1—t) max{—1, 1= ZB}Ing/QTL)

=0 + o(1).

Hence Gy s(D,,) = 1%2””(]%—0%/\5(1)5@5)*1”5”% = 55545+ 0(1). Then by (3.145), G5(D
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g+ o(1) + O((% + 1)pSmaxtl/2=f1=a}),

max —t 14+g+min{2, ﬁ 1 } 1

Choosing S =n { ety (m“’{ﬁ aai-arE T )( )}, we get the result. O
Proof of Theorem[57. According to Lemma, , G2(Dy) = 5513 + o(1). By Lemma , we
have Gy(D,,) = ©(n"="%="). Then E.G(D,)) = G1(D,) + Ga(Dy) = 512 + o(1). 0

3.D.3 Proofs Related to the Excess Mean Squared Generalization Error

Proof of Theorem [58 For py = 0, we can show that

EM(D,) = EcE,, ., [M(2n11) = [(@ni1)]?
=EE,,,, [Kxn+1X(Kn + Urzlodelln)_ly - f($n+l)]2

= EE,,., [n" AQT[PADT + 02y ln) (Pp + €) — 0" p]?

Tn+1
= EeEs,,, [ ADT (PADT + 07 g0 Tn) €]

+E T(ADT(BADT + 02 yuln) '@ — I) ]

Tn+1 |:

=02 Tr A®T (PADT + 02 1 ]n) 2PA

<1+ , (I)TcDA) (1+ , AcI)TcD)_lu

9 model T model

— true Tr(_[+ Aol (b) lA Tr(] + (PT(I)) 2A+ ||(I+ 2 A®T¢)> M“g

model model del

According to (3.140)) from the proof of Lemma , the truncation procedure (3.134]) and
(3.144]), with probability of at least 1 — ¢ we have

I 1 A@T@ -1 2 @ max{—Q(l—t),w}l k‘/2 . 1 1 ] n A -1 2
I+ 52— AB70) = O(n 0 log ) = (1+o(L)| I+ 52— ) sl
0, 204281,
where k = .
1, 2a=28-1.

According to (3.122)) and ([3.127)) from the proof of Lemma , the truncation procedure
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(13.116)), (3.142) and (3.143)), with probability of at least 1 — § we have

Tr(] + AP2) "I — Te( 4 A22)=27

T model T model
— (Te( + = A)A) (1 + 0(1)) = |AY2(I + 2= A) (1 + o(1))
(1-—)(1-t)
=0(n o ).

Combining the above two equations we get

E.M(D,,)

=(1+ o(1)) (= (Te(I + 72— A) A = 1AV + 2= W) ) + (T + =) wal3)

model 9 model
2 (I—)(1-t) (- 25)( t)

— 02-true @(HT) + @(nmax{fQ(lft)

T model
l—a—t (- 25)(1 t)

>+(_)(nmax{ 2(1-t),
t

—a— (1-28)(1-1)
a n « })

}log/ )

=01 O(n @ Mog"?n)

,_.

=0 ( max{oZ .1

When gy > 0, according to (3.150]) in the proof of Lemma |88 and the truncation procedure
(3.134]), with probability of at least 1 — § we have

(1—a)(1-1)
e

EcM(D,) =6(n ) + 1 + o(1)

=4 + o(1).
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CHAPTER 4

Asymptotic Spectrum of the NTK via a Power Series

Expansion ]

4.1 Introduction

The spectrum of the NTK is fundamental to both the optimization and generalization of
wide networks. In chapter [3| we show that the asymptotic generalization error of kernel ridge
regression is closely related to the asymptotic spectrum. Moreover, bounding the smallest
eigenvalue of the NTK Gram matrix is a staple technique for establishing convergence
guarantees for the optimization |[DLL19,DZP19,0S20]. Furthermore, the full spectrum of the
NTK Gram matrix governs the dynamics of the empirical risk [ADH19¢|, and the eigenvalues
of the associated integral operator characterize the dynamics of the generalization error

outside the training set [BM22b, BM22a].

The importance of the spectrum of the NTK has led to a variety of efforts to characterize
its structure via random matrix theory and other tools [YS19b, F'W20|. There is a broader
body of work studying the closely related Conjugate Kernel, Fisher Information Matrix,
and Hessian [PLR16b,PW17,[PW18|LLCI8, KAA20|. [VY21la| demonstrated that for ReLU
networks the spectrum of the NTK integral operator asymptotically follows a power law,
which is consistent with our results for the uniform data distribution. [BJK19| calculated

the NTK spectrum for shallow ReLLU networks under the uniform distribution, which was

*This chapter is adapted from [MJB23|, with the permission from coauthors. Michael Murray proposed
the idea of NTK power series and gave out the expression of power series coefficients. Benjamin Bowman
studied the effective rank of the NTK by its power series. I studied and computed the asymptotic spectrum
of the NTK by its power series.
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then expanded to the nonuniform case by [BGG20|. |[GYK20| and |[BB21| analyzed the
reproducing kernel Hilbert spaces of the NTK for ReLU networks and the Laplace kernel via
the decay rate of the spectrum of the kernel. |[MJB23| characterize a variety of attributes of

the spectrum for fixed input dimension using the power series expansion of NTK.

In this chapter, we analyze the asymptotic spectrum of dot-product kernel using the power
series. In Theorem (91| we derive coefficients for the power series expansion of the NTK under
unit variance initialization, see Assumption [90] Consequently we are able to derive insights
into the NTK spectrum, notably concerning the outlier eigenvalues as well as the asymptotic
decay. In Theorem [94] we characterize the asymptotic behavior of the NTK spectrum for
uniform data distributions on the sphere. Our result shows that faster decay in the NTK
power series coefficients implies a faster decay in its spectrum. Moreover, for NTK of shallow
ReLU networks, our result recover the result of [BJK19|. At the end, we comment on how
the activation function of the shallow networks influences the RKHS of the NTK. In the

remainder of this introductory section, we review some related work.

Analysis of NTK Spectrum: theoretical analysis of the NTK spectrum via random
matrix theory was investigated by [YS19b,FW20| in the high dimensional limit. [VY21a]
demonstrated that for ReLU networks the spectrum of the NTK integral operator asymp-
totically follows a power law, which is consistent with our results for the uniform data
distribution. [BJK19| calculated the NTK spectrum for shallow ReLU networks under the
uniform distribution, which was then expanded to the nonuniform case by |[BGG20]. |GYK20]
and [BB21] analyzed the reproducing kernel Hilbert spaces of the NTK for ReLU networks
and the Laplace kernel via the decay rate of the spectrum of the kernel. In contrast to
previous works, we are able to address the spectrum in the finite dimensional setting and

characterize the impact of different activation functions on it.

Hermite Expansion: [DFS16b| used Hermite expansion to the study the expressivity of
the Conjugate Kernel. [SAD22| used this technique to demonstrate that any dot product
kernel can be realized by the NTK or Conjugate Kernel of a shallow, zero bias network.

[OS20] use Hermite expansion to study the NTK and establish a quantitative bound on the
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smallest eigenvalue for shallow networks. This approach was incorporated by [NM20| to
handle convergence for deep networks, with sharp bounds on the smallest NTK eigenvalue for
deep ReLU networks provided by [NMM21|. The Hermite approach was utilized by [PSG20|
to analyze the smallest NTK eigenvalue of shallow networks under various activations. Finally,
in a concurrent work |[HZL22| use Hermite expansions to develop a principled and efficient
polynomial based approximation algorithm for the NTK and CNTK. In contrast to the
aforementioned works, here we employ the Hermite expansion to characterize both the outlier
and asymptotic portions of the spectrum for both shallow and deep networks under general

activations.

4.2 Notations and Preliminaries

For our notation, lower case letters, e.g., x,y, denote scalars, lower case bold characters,
e.g., X,y are for vectors, and upper case bold characters, e.g., X,Y, are for matrices. For
natural numbers ki, ks € N we let [k1] = {1,..., k1 } and [ko, k1] = {ko, ... k1 }. If ko > Ky
then [ko, k1] is the empty set. We use ||-||, to denote the p-norm of the matrix or vector in
question and as default use ||-|| as the operator or 2-norm respectively. We use 1,5, € R™*"
to denote the matrix with all entries equal to one. We define d,—. to take the value 1 if
p = ¢ and be zero otherwise. We will frequently overload scalar functions ¢ : R — R by
applying them elementwise to vectors and matrices. The entry in the ith row and jth column
of a matrix we access using the notation [X];;. The Hadamard or entrywise product of two
matrices X, Y € R"™*" we denote X ®Y as is standard. The pth Hadamard power we denote

X and define it as the Hadamard product of X with itself p times,

XP: =XoOX0--0X.
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Given a Hermitian or symmetric matrix X € R™*", we adopt the convention that \;(X)

denotes the ith largest eigenvalue,

Finally, for a square matrix X € R™" we let Tr(X) = Y " | [X];; denote the trace.

4.2.1 Hermite Expansion

We say that a function f: R — R is square integrable with respect to the standard Gaussian
measure y(z) = \/%6*22/2 if Exno.1)[f(X)?] < oo. We denote by L*(R, ) the space of all
such functions. The normalized probabilist’s Hermite polynomials are defined as

(_1)k6w2/2 d* —z2/2

N

and form a complete orthonormal basis in L*(R,v) [OD14, §11]. The Hermite expan-
sion of a function ¢ € L*(R,7) is given by ¢(x) = > po, pk(@)he(z), where pgp(¢) =
Exn01)[¢(X)hi(X)] is the kth normalized probabilist’s Hermite coefficient of ¢.

4.2.2 NTK Parametrization

In what follows, for n,d € N let X € R™*? denote a matrix which stores n points in R?
row-wise. Unless otherwise stated, we assume d < n and denote the ith row of X,, as x;.
In this chapter we consider fully-connected neural networks of the form f(F+D: R4 — R
with L € N hidden layers and a linear output layer. For a given input vector x € R?, the

activation f() and preactivation ¢\ at each layer [ € [L + 1] are defined via the following
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recurrence relations,

gV (x) = 1 WOx +,bW, fO(x) = ¢(¢V(x)),

gV60) = —ZWOS ) + b, 1000 = 0(9"(0). VI € L (4
g () = =W ), D () = g ().

E

The parameters W € R™>™-1 and b) € R™ are the weight matrix and bias vector at the
[th layer respectively, mg = d, mp+; = 1, and ¢: R — R is the activation function applied
elementwise. The variables 7,0, € R5o and 73,0, € R>g correspond to weight and bias
hyperparameters respectively. Let 6, € RP denote a vector storing the network parameters
(W® b™M)! _up to and including the Ith layer. The Neural Tangent Kernel [JGH18¢]
00 R? x R? — R associated with f at layer I € [L 4 1] is defined as

v (X> y) = <V91f(l) (X)7 V9zf(l)(Y)>' (4'2)

We will mostly study the NTK under the following standard assumptions.

Assumption 89. NTK initialization.

1. At initialization all network parameters are distributed as N(0,1) and are mutually

independent.

2. The activation function satisfies ¢ € L*(R,~), is differentiable almost everywhere and its

derivative, which we denote ¢, also satisfies ¢/ € L*(R, 7).

3. The widths are sent to infinity in sequence, m; — 00, my — 00, ..., my, — oo. We refer to

this regime as the sequential infinite width limit.

Under Assumption , for any | € [L + 1], ©¥(x,y) converges in probability to a
deterministic limit ©@: R? x RY — R |[JGH18¢c| and the network behaves like a kernelized

linear predictor during training; see, e.g., [ADH19¢,LXS19¢c, WGL20|. Given access to the
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rows (x;)f, of X the NTK matrix at layer [ € [L + 1], which we denote K, is the n x n

matrix with entries defined as

Ky = -0 (xi,%,), ¥ ) € [n] % [n]. (43)

4.3 Expressing the NTK as a Power Series

We derive a power series for the NTK under the following assumptions on the network

initialization hyperparameters.

Assumption 90. The hyperparameters of the network satisfy v2+v: = 1, 02Ezn0.1)[¢(Z)?]

<1ando; =1-02Eznon]¢(Z)?]. The data is normalized so that ||x;|| =1 for all i € [n].

Recall under Assumption [89] that the preactivations of the network are centered Gaussian
processes [Nea96b, LBN18|. Assumption (90| ensures the preactivation of each neuron has unit
variance and thus is reminiscent of the [LBO12|, [GB10] and [HZR15| initializations, which are
designed to avoid vanishing and exploding gradients. We refer the reader to Appendix
for a thorough discussion. Under Assumption [90| we will also show it is possible to write the
NTK not only as a dot-product kernel, but also as an analytic power series on [—1,1]. In order
to state this result recall, given a function f € L?(R,~), that we denote the pth normalized
probabilist’s Hermite coefficient of f as p,(f), we refer the reader to Appendix for an
overview of the Hermite polynomials and their properties. Furthermore, letting @ = (a;)52,

denote a sequence of real numbers, then for any p, k € Z>, we define

1, k=0 and p=0,

F(p,k,a) =10, k=0andp>1, (4.4)

k
\Z(ji)EJ(pJC) IIi-,aj,, k>1andp>0,
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where
k
=1

Here J (p, k) is the set of all k-tuples of nonnegative integers which sum to p and F(p, k,a)
is therefore the sum of all ordered products of k elements of a whose indices sum to p. We

are now ready to state the key result of this section, Theorem [91] whose proof is provided in
Appendix

Theorem 91. Under Assumptions |89 and[90, for alll € [L + 1]
nKy = hiyy (XXT)™ (4.5)
p=0

The series for each entry n|[K;|;; converges absolutely and the coefficients k,; are nonnegative

and can be evaluated using the recurrence relationships

513:071? + 5p:1%2ua [ =1,
Rpl = (46)

Qpi+ Do Fgia1Up—qi, L€ [2,L+1],

where
Tlin(®) + Oy, =2,
apy = P p=00} w)
S oan2F(p, k,ayy), 1>3,
and
0-12u/“L2(¢/>7 l — 2,
Upl = ' (4.8)

S o vkaF(p, kydi—r), 1>3,

are likewise nonnegative for allp € Z>o and l € [2, L + 1].

To compute the coefficients of the NTK as per Theorem [01], the Hermite coefficients of
both ¢ and ¢’ are required. Under Assumption (92 below, which has minimal impact on the

generality of our results, this calculation can be simplified. In short, under Assumption
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Upa = (p+ 1)ayi12 and therefore only the Hermite coefficients of ¢ are required. We refer

the reader to Lemma in Appendix for further details.

Assumption 92. The activation function ¢: R — R is absolutely continuous on [—a,a] for
all a > 0, differentiable almost everywhere, and is polynomially bounded, i.e., |p(z)| = O(|z|?)
for some 8 > 0. Further, the derivative ¢': R — R satisfies ¢’ € L*(R, 7).

We remark that ReLLU, Tanh, Sigmoid, Softplus and many other commonly used activation
functions satisfy Assumption[92] In order to understand the relationship between the Hermite
coefficients of the activation function and the coefficients of the NTK, we first consider the

simple two-layer case with I = 1 hidden layers. From Theorem

Fip2 = (1 +72p)1a(0) + 0ove (14 p)pioy 1 (0) + 000 - (4.9)

As per Table [4.1], a general trend we observe across all activation functions is that the first

few coefficients account for the large majority of the total NTK coefficient series.

Table 4.1: Percentage of Z;io Kp2 accounted for by the first 7'+ 1 NTK coefficients assuming
V2 =1,7%=0,02 =1and o} =1 —E[p(Z)?].

T = 0 1 2 3 4 5

ReLU 43.944 70277 93.192 93.192 95.403 95.403
Tanh 41.362 91.468 91.468 97.487 97.487 99.090
Sigmoid | 91.557 99.729 99.729 99.977 99.977 99.997
Gaussian| 95.834 95.834 98.729 98.729 99.634 99.634

However, the asymptotic rate of decay of the NTK coefficients varies significantly by
activation function, due to the varying behavior of their tails. In Lemma [93] we choose ReLU,
Tanh and Gaussian as prototypical examples of activations functions with growing, constant,
and decaying tails respectively, and analyze the corresponding NTK coefficients in the two

layer setting. For typographical ease we denote the zero mean Gaussian density function

with variance 02 as w,(2) := (1/v270?) exp(—2%/(20?)).
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Lemma 93. Under Assumptions[89 and[90,

1. if ¢(2) = ReLU(z), then Kpo = 6,500 cveny© @ /?),
¢ 0~ -l )

3. if ¢(2) = we(2), then Kps = 0+, >0)uEp even)@(p1/2(02 +1)7P).

The trend we observe from Lemma [93] is that activation functions whose Hermite coeffi-
cients decay quickly, such as w,, result in a faster decay of the NTK coefficients. We remark
that analyzing the rates of decay in the deep setting is challenging due to the calculation of

F(p,k,a—1) (4.4) and therefore leave this study to future work.

4.4 Analyzing the Asymptotic Spectrum of the NTK via its Power

Series

We analyze the spectrum of kernel function K which is a dot-product kernel of the form
K(ry,m2) = 307 cp{w1,22)P. Assuming the training data is uniformly distributed on a
hypersphere it was shown by |[BJK19,BM19| that the eigenfunctions of K are the spherical

harmonics. The following theorem gives the eigenvalues of the kernel K in this setting.

Theorem 94. Suppose that the training data are uniformly sampled from the unit hypersphere

S?, d > 2. If the dot-product kernel function has the expansion K(x1,z2) = Y 02 cp{w1, 22)P

where ¢, > 0, then the eigenvalue of every spherical harmonic of frequency k is given by

T 3 D(p+ 1)D(E=5H)
)\k = 2]@71 Cp _ p—k‘-i—l )
Flp—Fk+ 1)1“(—2 +k+d/2)

p>k
p—k is even

where I' is the gamma function.

A proof of Theorem [94] is provided in Appendix [£.C.2] This theorem connects the

coefficients ¢, of the kernel power series with the eigenvalues A of the kernel. In particular,
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given a specific decay rate for the coefficients ¢, one may derive the decay rate of \; as

illustrated in the following Corollary.

Corollary 95. Under the same setting as in Theorem [9]),
1. if c, = O(p~®) where a > 1, then \y = O(k~4-2a+2),
2. 1f ¢y = 0(p cvenyO (D7), then Ny = Ok eveny O (k~472072),
3. if ¢, = (’)(exp(—a\/ﬁ)), then \j, = (’)(k_d+1/2 exp(—aﬂ)),
4. if ¢, = O(p?a7P), then Ny = O (k™ a™%) and Ay = Q(k=4*T127FqF).

A proof of Corollary [95]is provided in Appendix For the NTK of a two-layer ReLLU
network with v, > 0, then according to Lemma 3.2 of [MJB23|, we have ¢, = ,9 = O(p~%/2)
. Therefore using Corollary |95/ \;, = ©(k~9~1). Notice here that k refers to the frequency, and
the number of spherical harmonics of frequency at most k is ©(k?). Therefore, for the /th
largest eigenvalue \; we have \; = ©(I~(@*1)/4) This rate agrees with [BJK19] and [VY21a].
For the NTK of a two-layer ReLU network with 7, = 0, the eigenvalues corresponding to
the even frequencies are 0, which also agrees with [BJK19|. Corollary [95] and Lemma 3.2
of [MJB23| also shows the decay rates of eigenvalues for the NTK of two-layer networks
with Tanh activation and Gaussian activation. We observe that when the coefficients of the
kernel power series decay quickly then the eigenvalues of the kernel also decay quickly. As
faster decay of the eigenvalues of the kernel implies a smaller RKHS |[GYK20|, Corollary
demonstrates that using ReLLU results in a larger RKHS relative to using either Tanh or

Gaussian activations. We numerically illustrate Corollary 05| in Figure 4.1} Appendix {.C.1]

Appendix

The appendix is organized as follows.

e Appendix gives background material on Gaussan kernels, NTK, unit variance intitial-

ization, and Hermite polynomial expansions.
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e Appendix [4.B] provides details for Section [4.3]

e Appendix [4.C| provides details for Section [4.4]

4.A Background Material

4.A.1 Gaussian Kernel

Observe by construction that the flattened collection of preactivations at the first layer
(g (x;))7_, form a centered Gaussian process, with the covariance between the ath and Sth
neuron being described by

1
S0 (xi,%;) = Elg0(x:) g5 (x7)] = Gap (12X %; + 7).

Under the Assumption , the preactivations at each layer [ € [L + 1] converge also in
distribution to centered Gaussian processes [Nea96b, LBN18|. We remark that the sequential
width limit condition of Assumption [89]is not necessary for this behavior, for example the
same result can be derived in the setting where the widths of the network are sent to infinity
simultaneously under certain conditions on the activation function [dHR18|. However, as
our interests lie in analyzing the limit rather than the conditions for convergence to said
limit, for simplicity we consider only the sequential width limit. As per [LBN18, Eq. 4|, the
covariance between the preactivations of the ath and Sth neurons at layer [ > 2 for any input

pair x,y € R are described by the following kernel,

20 (x,y) == ElgP(x)gy (y)]

= buep (UiEgU—l)NgP(o,zl*l) [D(g! D (x)d(g5 " (¥)] + 0F ) :

We refer to this kernel as the Gaussian kernel. As each neuron is identically distributed
and the covariance between pairs of neurons is 0 unless a = 3, moving forward we drop the

subscript and discuss only the covariance between the preactivations of an arbitrary neuron
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given two inputs. As per the discussion by [LBN18, Section 2.3|, the expectations involved
in the computation of these Gaussian kernels can be computed with respect to a bivariate
Gaussian distribution, whose covariance matrix has three distinct entries: the variance of
a preactivation of x at the previous layer, Z(l_l)(x,x), the variance of a preactivation of
y at the previous layer, Z(l)(y, y), and the covariance between preactivations of x and y,
E(l_l)(x, y). Therefore the Gaussian kernel, or covariance function, and its derivative, which
we will require later for our analysis of the NTK, can be computed via the the following

recurrence relations, see for instance |[LBN18|JGH18¢, ADH19c,NMM21|,

S(x,y) = vix"x+ 7,

Yi-D(x, x) SED(x,

AO(xy) = (x, %) (x,y)
S0 (y,x) B0Y(x,x) (4.10)

SO, y) = 005, 5y (0,40 (xy)) [0 BL)d(B2)] + 07,

50 (x,y) = UizuE(Bl,Bg)NN(O,A(l)(x,y))[¢/(Bl)¢,(B2)]‘
4.A.2 Neural Tangent Kernel (NTK)

Under Assumption [89 ©® converges in probability to a deterministic limit, which we denote
©®. This deterministic limit kernel can be expressed in terms of the Gaussian kernels and their
derivatives from Section via the following recurrence relationships [JGH18c, Theorem
1],

oW (x,y) = xW(x,y),
00 (x,y) = 0! V(x,y)2"(x,y) + 5(x,y)

=20(x,y) + i > (x,y) ( H ) (x, y)) Vie[2,L+1].
h

h=1 '=h+1

(4.11)

A useful expression for the NTK matrix, which is a straightforward extension and

generalization of [NMM21, Lemma 3.1], is provided in Lemma 96| below.
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Lemma 96. (Based on Lemma 3.1 in [NMMZ21|]) Under Assumption a sequence of
positive semidefinite matrices (Gy)Et in R™™ and the related sequence (Gi)E4! also in

R"* ™ can be constructed via the following recurrence relationships,

Gy = 70 XX" + 9 Ly,

G = 05 Ewen (0.0 [0(XW)H(XW) ] + 07 L,

Gy = 05 Bwnon) [0 (Xw)e' (Xw)"], (4.12)
G = 02Ewno.1)[0(vV/ Gioaw)o(\/ Giaw) '] + 07 1, 1 € [3, L+ 1],

Gi = 2 Bweno1)[0 (v Gio1w)d (v Gioiw)T), 1 € [3, L +1).

The sequence of NTK matrices (K;)f:ﬁl can in turn be written using the following recurrence

relationship,

nKl = Gla

nK; = G, +nK;_, ©G, (4.13)

-1

— G+ Z(G ® <@§:i+1Gf>>'

=1

Proof. For the sequence (G;)! it suffices to prove for any 4,5 € [n] and [ € [L + 1] that
(Gl = 2" (xi, %))

and G is positive semi-definite. We proceed by induction, considering the base case [ = 1

and comparing (4.12)) with (4.10)) then it is evident that
[Giliy = 2 (xi, %)
In addition, G, is also clearly positive semi-definite as for any u € R"

u' Gru = 3, [ Xl + 451 u)* = 0.
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We now assume the induction hypothesis is true for G;_;. We will need to distinguish slightly
between two cases, | =2 and [ € [3, L + 1]. The proof of the induction step in either case is
identical. To this end, and for notational ease, let V.= X, w ~ N(0,1;) when [ = 2, and
=vG_1, w ~N(0,1,) for [ € [3, L+ 1]. In either case we let v; denote the ith row of V.
For any i,j € [n]
(Gilij = Uquw[qj(V?W)qﬁ(VfW)] + 01?-

Now let B; = VZTW, By = VjTW and observe for any aj,as € R that a1 B; + asBy =

> or(eqvig + agvjp)wy ~ N(0, || v; + aavy||?). Therefore the joint distribution of (By, Bs) is
a mean 0 bivariate normal distribution. Denoting the covariance matrix of this distribution

as A € R¥? then [Gy];; can be expressed as

Gilij = UzuE(Bl,B2)~A[¢(Bl>¢(Bz)] + 0}

To prove [Gy];; = XU it therefore suffices to show that A = A as per (£.10)). This follows

by the induction hypothesis as

E[BQ] —V v, = [Gi_1]i —Z(l_l)(xi,xi),
E[B]] = v]v; = [Gi_1];; = 2V (x5,%;),

E[B1Bsy] = VzTVj = [Gi_1)ij = Za_l)(xz‘axj)-

Finally, G is positive semi-definite as long as E, [¢(Vw)p(Vw)T] is positive semi-definite. Let
M(w) = ¢(Vw) € R and observe for any w that M (w)M(w)? is positive semi-definite.
Therefore By, [M (w)M(w)?] must also be positive semi-definite. Thus the inductive step is

complete and we may conclude for [ € [L + 1] that

For the proof of the expression for the sequence (G‘rl)LJrl it suffices to prove for any i,j € [n]

234



and [ € [L + 1] that
(Giliy = S0 (x;,%;).

By comparing (4.12)) with (4.10]) this follows immediately from (4.14)). Therefore with ({4.12])
proven (4.13)) follows from (4.11]). O

4.A.3 Unit Variance Initialization

The initialization scheme for a neural network, particularly a deep neural network, needs
to be designed with some care in order to avoid either vanishing or exploding gradients
during training [GB10,[HZR15, MM16,LBO12|. Some of the most popular initialization
strategies used in practice today, in particular [LBO12| and |GB10] initialization, first model
the preactivations of the network as Gaussian random variables and then select the network
hyperparameters in order that the variance of these idealized preactivations is fixed at one.
Under Assumption [89] this idealized model on the preactivations is actually realized and if we
additionally assume the conditions of Assumption [90]| hold then likewise the variance of the
preactivations at every layer will be fixed at one. To this end, and as in [PLR16c, MAT22],

consider the function V': R>y — R5( defined as

V(g) = 0Bz nou) [qﬁ(\/éZ)Q] + o2, (4.15)

Noting that V is another expression for £ (x,x), derived via a change of variables as per

[PLR16¢|, the sequence of variances (X()(x,x))%., can therefore be generated as follows,

»O(x,x) = V(Y (x,x)). (4.16)

The linear correlation p® : RY x RY — [~1, 1] between the preactivations of two inputs

x,y € R? we define as

(4.17)
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Assuming X (x,x) = W(y,y) =1 for all | € [L + 1], then p¥(x,y) = XO(x,y). Again
as in [MAT22| and analogous to (4.15), with Z;,Zy ~ N(0,1) independent, U; := Z,
Us(p) == (pZ1 + /1 — p*Zs) We define the correlation function R : [—1,1] — [—1,1] as

R(p) = o2 E[p(U)o(Un(p))] + o (4.18)

Noting under these assumptions that R is equivalent to ¥()(x, y), the sequence of correlations

(pW(x,y))E, can thus be generated as

PV (x,y) = R(p" D (x,y)).

As observed in [PLR16¢,SGG17|, R(1) = V(1) = 1, hence p = 1 is a fixed point of R.
We remark that as all preactivations are distributed as A(0,1), then a correlation of one
between preactivations implies they are equal. The stability of the fixed point p = 1 is of
particular significance in the context of initializing deep neural networks successfully. Under

mild conditions on the activation function one can compute the derivative of R, see e.g.,

[PLR16¢,[SGG17,MAT22|, as follows,

R (p) = 02E[8(U1)¢ (Ua(p))]. (4.19)

Observe that the expression for ¥ and R’ are equivalent via a change of variables [PLR16¢],

and therefore the sequence of correlation derivatives may be computed as
20, y) = R'(p"(x,y)).

With the relevant background material now in place we are in a position to prove

Lemma [07]

Lemma 97. Under Assumptions |89 and @ and defining x = 02Ez w010 (Z2)*] € Rxo,

We remark that Uy, U, are dependent and identically distributed as Uy, Uy ~ N(0, 1).
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then for alli,j € [n], | € [L + 1]

° [Gn,l]ij € [-1,1] and [Gnili = 1,

hd [Gnl]zy € [—x,x] and [Gn,l]ii = X.

Furthermore, the NTK is a dot product kernel, meaning O(x;,X;) can be written as a function

of the inner product between the two inputs, O(x! x;).

Proof. Recall from Lemma [96| and its proof that for any | € [L + 1], i,j € [n] (G =
Y0 (x;,%;) and [Gyyli; = XU (x;,%;). We first prove by induction ¥ (x;,x;) = 1 for all

[ € [L + 1]. The base case | = 1 follows as
20 (x,x) = vax"x + 97 =75+ = L.

Assume the induction hypothesis is true for layer [ — 1. With Z ~ AN(0,1), then from (4.15)

and (10)
»0(x,x) = V(Y (x,x))

=0o’E [gzﬁz( E(l—l)(X,X)Z>] + o}

= 0, E[¢*(2)] + o}
=1,

thus the inductive step is complete. As an immediate consequence it follows that [Gy]; = 1.

Also, for any i,j € [n] and [ € [L + 1],
20 (%) = 10 (xi, %) = R(pT (0, %,)) = R R(R(T,))).

Thus we can consider £ as a univariate function of the input correlation ¥ : [~1,1] — [—1, 1]

and also conclude that [Gy];; € [—1,1]. Furthermore,

2O, %)) = R(p" (xi,%;)) = R (R(..R(R(x[x;)))),
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which likewise implies ¥ is a dot product kernel. Recall now the random variables introduced
to define R: Zy,Zy ~ N(0,1) are independent and Uy = Z;, Us = (pZy + /1 — p*Zs).
Observe Uy, U, are dependent but identically distributed as Uy, Uy ~ N(0,1). For any

p € [—1,1] then applying the Cauchy-Schwarz inequality gives
R (p)|” = ol [E[¢/(U1)¢' ()] < o0 B¢ (U1)*|E[ (V)] = ouE[¢(U1)*)” = [R(1)].

As a result, under the assumptions of the lemma 2 : [—1,1] — [—y, x] and O (x;,x;) = x.
From this it immediately follows that [Gy];; € [, x] and [Gy]s; = x as claimed. Finally, as
Y :[=1,1] = [~1,1] and X : [-1,1] = [—x, x] are dot product kernels, then from ([@.11]) the

NTK must also be a dot product kernel and furthermore a univariate function of the pairwise

correlation of its input arguments. O

The following corollary, which follows immediately from Lemma @I and (4.13)), character-

izes the trace of the NTK matrix in terms of the trace of the input gram.

Corollary 98. Under the same conditions as Lemma@ suppose ¢ and o2, are chosen such
that x = 1. Then
Tr(K,) =1 (4.20)

4.A.4 Hermite Expansions

We say that a function f: R — R is square integrable w.r.t. the standard Gaussian measure
v = e @12)\2r if Bpoponlf(2)?] < co. We denote by L*(R,7) the space of all such

functions. The probabilist’s Hermite polynomials are given by

dk
Hy(r) = ()P e R k=01,

The first three Hermite polynomials are Hy(z) = 1, Hi(z) = x, Hy(x) = (2® — 1). Let

hi(x) = H\’;g) denote the normalized probabilist’s Hermite polynomials. The normalized

Hermite polynomials form a complete orthonormal basis in L*(R,~) [OD14, §11]: in all that
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follows, whenever we reference the Hermite polynomials, we will be referring to the normalized

Hermite polynomials. The Hermite expansion of a function ¢ € L*(R,~) is given by

d(x) =Y pr(d)hi(x), (4.21)
where
p(0) = Ex o [0(X) i (X)] (4.22)

is the kth normalized probabilist’s Hermite coefficient of ¢. In what follows we shall make

use of the following identities.

Vk > 1, by (2) = Vi (2), (4.23)
VEk > 1, ahy(x) = VE + Lhy (2) + VR (2). (4.24)
0, if £ is odd
hk(o) = & ’
(=12 (k= DI if k is even
1, k<0 (4.25)
where k' = ¢ k. (k—2)---5-3-1, k>0 odd
k-(k—2)---6-4-2, k>0 even.

We also remark that the more commonly encountered physicist’s Hermite polynomials,

which we denote Hy, are related to the normalized probablist’s polynomials as follows,

—k/2 17 P
() = 2 %/@_

The Hermite expansion of the activation function deployed will play a key role in deter-
mining the coefficients of the NTK power series. In particular, the Hermite coefficients of

ReLU are as follows.
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Lemma 99. [DFS16b] For ¢(z) = max{0, z} the Hermite coefficients are given by

1/ 27, k=0,

1/2, k=1,
1uk(9) = 9 (4.26)
(k= 3)/V2rk!, k even and k > 2,

0, k odd and k > 3.

\

4.B Expressing the NTK as a Power Series

4.B.1 Deriving a Power Series for the NTK

We will require the following minor adaptation of [NM20, Lemma D.2]. We remark this result

was first stated for ReLU and Softplus activations in the work of [OS20, Lemma H.2|.

Lemma 100. For arbitrary n,d € N, let A € R"™4. For i € [n], we denote the ith row of A
as a;, and further assume that ||a;|| = 1. Let ¢ : R — R satisfy ¢ € L*(R,v) and define

M = Eqw-vo.1,) [0(AwW)p(Aw)"] € R

Then the matriz series

converges uniformly to M as K — o0.

The proof of Lemma follows exactly as in [NM20, Lemma D.2], and is in fact slightly
simpler due to the fact we assume the rows of A are unit length and w ~ N(0,1;) instead of
Vdand w ~ N (0, éId) respectively. For the ease of the reader, we now recall the following

definitions, which are also stated in Section . Letting a; := ()52, denote a sequence of
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real coefficients, then

(

1 k=0 and p=0,

F(p,k,a;) == {0 k=0andp>1, (4.27)

k
\Z(ji)ej(p,k) [liey @0 k=>1andp>0,

where
k

T k) = {(iiew : Ji =0Vi€ k], > ji=p}

i=1
for all p € Zso, k € Z>,.

We are now ready to derive power series for elements of (G;))E4! and (G;))ES

Lemma 101. Under Assumptions[89 and [90, for alll € [2, L +1]
G =) (XXT)%k, (4.28)
k=0

where the series for each element [Gyl;; converges absolutely and the coefficients oy, are
nonnegative. The coefficients of the series (4.28) for all p € Zy can be expressed via the

following recurrence relationship,

o2 12(¢) + dp=o0i, [ =2,
apy = ’ e (4.29)

ZZO:O Oék’2F<p, ku dl—l); l > 3.

Furthermore,

G =) v (XXT)F, (4.30)
k=0

where likewise the series for each entry [Gy];; converges absolutely and the coefficients v, for
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all p € Z>( are nonnegative and can be expressed via the following recurrence relationship,

05M2(¢/)7 [=2,
Upy = P (4.31)

ZZOZO Uk,2F(p7 k? O_élfl)a l Z 3.
Proof. We start by proving (4.28)) and (4.29)). Proceeding by induction, consider the base
case [ = 2. From Lemma

Gy = U?U]EWNN(O,Id)[¢(XW)¢(XW)T] + 03 L.

By the assumptions of the lemma, the conditions of Lemma [100| are satisfied and therefore

Gy =023 j2(0)(XXT)™" + 0210

k=0

= ap2lyxn + Z Q2 (XXT)Qk-
k=1

Observe the coefficients (ay2)rez., are nonnegative. Therefore, for any 4,j € [n] using

Lemma [97) the series for [Gy];; satisfies

Zlak,2|}<xi,xj>k} < Zam(xi,x@)k =[G =1 (4.32)
k=0 k=0

and so must be absolutely convergent. With the base case proved we proceed to assume the

inductive hypothesis holds for arbitrary G; with [ € [2, L]. Observe

G = Ui)EWNN(O,In)[¢(AW)¢(AW)T] + Ul2;1n><m

where A is a matrix square root of G;, meaning G; = AA. Recall from Lemma [96| that G; is
also symmetric and positive semi-definite, therefore we may additionally assume, without loss
of generality, that A € R™ " is symmetric, which conveniently implies G,,; = AA”. Under

the assumptions of the lemma the conditions for Lemma [97] are satisfied and as a result
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(Gn.)ii = ||ai]] = 1 for all i € [n], where we recall a; denotes the ith row of A. Therefore we

may again apply Lemma [96]
Gy =02 Z wi (o AAT " 01

= (02415(0) + 1) Lo + 00y D i (0)(Gon) ™"

k=1

0 0 Ok
= (0213(0) + 00 Lo + 05 Y i (9) (Z Olm,z(XXT)@m> :

k=1 m=0

where the final equality follows from the inductive hypothesis. For any pair of indices i, j € [n]
[o.¢] oo k
Gl = oha0)+ o) 02 36 D i)
k=1 m=0

By the induction hypothesis, for any i,j € [n] the series Y °_ am (X, X;)™ is absolutely

convergent. Therefore, from the Cauchy product of power series and for any k& € Z>, we have

<Z Q1 (X, X;) ) ZF p, k, ) (x;, x;)?, (4.33)

p=0

where F(p, k, @) is defined in (4.4). By definition, F'(p, k, @;) is a sum of products of positive
coefficients, and therefore |F(p, k, &;)| = F(p, k,a;). In addition, recall again by Assumption
and Lemma [97] that [Gy]; = 1. As a result, for any k € Zs, as [(x;,x;)| < 1

Z!F(p, k, o) (x;,x;)P| < (Z am,l) =[Gl =1 (4.34)

p:O m=0

and therefore the series > ° F(p, k, &;)(x;,x;)? converges absolutely. Recalling from the

proof of the base case that the series z _, (0 is absolutely convergent and has only
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nonnegative elements, we may therefore interchange the order of summation in the following,
[ee] o
(Giiilij = (oop(0) + 0p) + 020 Y (o) (Z F(p, k, o) (xi, Xj>p>
k=1 p=0
= Qo2 t+ Z Q9 (
k=1

p=0

z(z aF i k>)<>
p=0 \k=1

F(p, k, Oéz)<Xz‘an>p>

Recalling the definition of F'(p, k,) in (4.4)), in particular F(0,0,q;) =1 and F(p,0,q;) =0
for p € Z>,, then

(Grialiy = (Oéo,Q +Y a2 F (0, k, az)) (xi,%;)° + (Z a2 F(p, k, 041)) (xi, x;)"

k=1 p=1 \k=1

= (ZamF(O,k,al ) X;, X, 0—1—2 Za“F p, k,q )(xi,xj)p
k=0

p:]_ k=0

-3 (Sowsrt o) e
p=0 \ k=0

= Z Qp14+1 <Xi7 Xj>p
p=0

As the indices i, j € [n] were arbitrary we conclude that

as claimed. In addition, by inspection and using the induction hypothesis it is clear that the
coefficients (ay111)72, are nonnegative. Therefore, by an argument identical to (4.32)), the

series for each entry of [Gyy1];; is absolutely convergent. This concludes the proof of (4.28)

and (£:29).

We now turn our attention to proving the (4.30) and (4.31). Under the assumptions of

the lemma the conditions for Lemmas [06] and are satisfied and therefore for the base case
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Gy = 0, Ewnior, )[¢'(XW)¢'(XW)T]

= wZuk (XX7)®

::2531”%2()()(T)®k
k=0

By inspection the coefficients (v,,2)52 are nonnegative and as a result by an argument again
identical to ([@.32) the series for each entry of [Gy);; is absolutely convergent. For [ € [2, L],
from (4.28) and its proof there is a matrix A € R™ " such that G; = AAT. Again applying

Lemma [100]
Gn,l—i-l = o’ IEw~/\/(0 I,) [¢,(AW>¢,(AW)T]

= o Z pi(¢) (AAT)S

= Z Uk,2<Gn,l)®k
k=0

= uis (Z i (XXT)®p>
k=0 p=0

Analyzing now an arbitrary entry [GIH]U, by substituting in the power series expression for

G, from (4.28]) and using (4.33) we have
oe] (o.9] k
[Giili; = Z Uk,2 (Z 0,1 (X, Xj>p)

k=0 p=0

- Z Uk,2 <Z F(p, ka O_q)<X¢, Xj>p>
k=0 p=0

= (Z Uk2F'(p, a,)) (xi,%;)"
p=0 \ k=0

=D Upara(xix;)
p=0

Note that exchanging the order of summation in the third equality above is justified as for
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any k € Zxo by (4.34) we have > = F(p, k, )|(xi,x;)[? < 1 and therefore
Z Z vk 2 F (. b, au)(xi, x;5)"
k=0 p=0

converges absolutely. As the indices i, j € [n] were arbitrary we conclude that
o0
: ®
G = Z Up,i4+1 (XXT) ?
p=0

as claimed. Finally, by inspection the coefficients (vp;41)52, are nonnegative, therefore, and

again by an argument identical to (4.32), the series for each entry of |Gy, ;41];; is absolutely

convergent. This concludes the proof. O]

We are now prove the key result of Section [£.3]

Theorem 91. Under Assumptions |89 and[90, for alll € [L + 1]
nKy = hipy (XXT) (4.5)
p=0

The series for each entry n|[K;|;; converges absolutely and the coefficients k,; are nonnegative

and can be evaluated using the recurrence relationships

Op=0%5 + Op=17a> l=1,
Fpr =4 g (4.6)

where ,
oo li2(}) + 6p=00t, =2,
=y T (4.7)
| h o F(p, kyduen), 123,
and (
oo a(@), [=2,
=y (4.8)

| X0 Uk (p,k Guy), 123,
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are likewise nonnegative for allp € Zso and l € [2, L + 1].

Proof. We proceed by induction. The base case [ = 1 follows trivially from Lemma [96, We
therefore assume the induction hypothesis holds for an arbitrary [ — 1 € [1, L]. From (4.13))
and Lemma [101]

nK, =G +nK,_1 0 G

_ (g o, (XXT)®p> (nzﬁq 1 (XXT) ) (va (XXT)® )

q=0

Therefore, for arbitrary i, j € [n]

nK)i; g api(x;, x;)P (ng Kgi—1(Xi, X;) )(E Uyt (X4, X;) )

Observe )2 kgi-1(Xi, X;)7 = 001 (x;,x;) and therefore the series must converge due
to the convergence of the NTK. Furthermore, Y "> vy, (x;, X;)" = [Gn,l]ij and therefore is
absolutely convergent by Lemma As a result, by Merten’s Theorem the product of these

two series is equal to their Cauchy product. Therefore

[e's) 00 p
Kl =Y apulxi, ;)" + ) (Z 'fq,llqu,l> (x5, %;)"

p=0 p=0 \¢q=0
o0 P

= Z (ap,z + Z qu,Z—wp—q,z) (%, %5)"
p=0 q=0

= kpa(xi, x;)",
p=0

from which the (4.5)) immediately follows. O

4.B.2 Analyzing the Coefficients of the NTK Power Series

In this section we study the coefficients of the NTK power series stated in Theorem [91]

Our first observation is that, under additional assumptions on the activation function ¢,
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the recurrence relationship (4.6 can be simplified in order to depend only on the Hermite

expansion of ¢.

Lemma 102. Under Assumption |92 the Hermite coefficients of ¢’ satisfy

pe(9) = VEk 4 11 (9)

for all k € Z>y.

Proof. Note for each n € N as ¢ is absolutely continuous on [—n, n] it is differentiable a.e. on
[—n,n]. It follows by the countable additivity of the Lebesgue measure that ¢ is differentiable
a.e. on R. Furthermore, as ¢ is polynomially bounded we have ¢ € L*(R, e~/ /\/2). Fix
a > 0. Since ¢ is absolutely continuous on [—a, a] it is of bounded variation on [—a, a]. Also
note that hy(x)e=""/2 is of bounded variation on [—a, a] due to having a bounded derivative.

Thus we have by Lebesgue-Stieltjes integration-by-parts (see e.g. Chapter 3 of |[Fol99al)
¢ () h(x)e " d
= S(@)hi(@)e " — $(—a)hi(~a)e 2+ [ o(a)[whi(x) — Hy(@))e2da

= ¢(a)hk(a)€_a2/2 _ ¢(_a)hk(_a)e_a2/z 4 /a gb(x) T 1_hk+1(x)€_x2/2dx,

where in the last line above we have used the fact that (4.23]) and (4.24]) imply that zhy(z) —
hi.(z) = Vk + 1hg1(z). Thus we have shown

' & (@) hy(z)e™* dx

= ¢(a)hi(a)e "/ — §(—a)hy(—a)e /> + /_a S(@)VEk + Thii (x)e™ 2 da.

We note that since |¢(z)h(z)] = O(|z|***) we have that as a — oo the first two terms above
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vanish. Thus by sending a — oo we have
/ & (2)hp(2)e " Pdx = / VE + 1o(2) hypsr (z)e* 2 da.

After dividing by v/27 we get the desired result. ]

In particular, under Assumption and as highlighted by Corollary [103], which follows
directly from Lemmas and [102] the NTK coefficients can be computed only using the

Hermite coefficients of ¢.

Corollary 103. Under Assumptions[89, [90 and[93, for all p € Zx

(p+ Dapii e, l=2,
Upy = : (4.35)

ZZO:O ,Uk,QF(p7k7@l71); l Z 3.

With these results in place we proceed to analyze the decay of the coeflicients of the
NTK for depth two networks. As stated in the main text, the decay of the NTK coefficients
depends on the decay of the Hermite coefficients of the activation function deployed. This in
turn is strongly influenced by the behavior of the tails of the activation function. To this end
we roughly group activation functions into three categories: growing tails, flat or constant
tails and finally decaying tails. Analyzing each of these groups in full generality is beyond the
scope of this chapter, we therefore instead study the behavior of ReLLU, Tanh and Gaussian
activation functions, being prototypical and practically used examples of each of these three
groups respectively. We remark that these three activation functions satisfy Assumption
For typographical ease we let w,(2) := (1/v2702) exp(—2%/(20?)) denote the Gaussian

activation function with variance o2.

Lemma 93. Under Assumptions[89 and[90,
1. if ¢(2) = ReLU(z), then kps = 6(y,>0)u(p even)@(p73/2)7
2

2. if ¢(z) = Tanh(z), then k,s = O(GXP(—@>>:
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3. Zf ¢(Z) = wO’(z)i then Rp2 = 5('Yb>0)u(p even)@(p1/2(02 + 1)*}))‘

Proof. Recall (4.9),
fipz = 0o (1 + 700 (0) + 007 (L + Pty (0) + 0p—o0y-

In order to bound &, 2 we proceed by using Lemma [99 to bound the square of the Hermite
coefficients. We start with ReLU. Note Lemma [99 actually provides precise expressions
for the Hermite coefficients of ReLLU, however, these are not immediately easy to interpret.
Observe from Lemma [99] that above index p = 2 all odd indexed Hermite coefficients are 0.

It therefore suffices to bound the even indexed terms, given by

pp(ReLU) = \/%(p——\/;)”

Observe from (|4.25)) that for p even

therefore
L (p=3)!' 1 [h(0)

pp(ReLU) = NN R

Analyzing now |h,(0)],

(p—l) _ HW( > _

Here, the expression inside the square root is referred to in the literature as the Wallis ratio,

for which the following lower and upper bounds are available |[Kaz56]|,

1 (p— 1) 1
< < : 4.36
7(p+0.5) p!! m(p+0.25) (4:36)
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As a result

[,(0)] = ©(p~1/")

and therefore

p(ReLU) =

0, p odd.

As (p+1)732 = O(p~3/?), then from (4.9)

tip2 = O((pps(ReLU) + 65,50(p + 1)1z (ReLU)))
= O((0p even? "> + 6(p 0dd)i(p>0) (P + 1) 7*?))

= O (0 evemu((p odd (300D %)

= 0(p evem (1500 (p7/?)

as claimed in item 1.

We now proceed to analyze ¢(z) = T'anh(z). From [PSG20, Corollary F.7.1]

e (W )

As Tanh satisfies the conditions of Lemma [102]

—1
tp(Tanh) = p~ 2, (Tanh') = O p~?exp _IVPT 2 )
P P 4

Therefore the result claimed in item 2. follows as

b = O((pp(Tank) + (p+ 1)y, (Tanh)))
o(exr(- 2= +enn(-TY7))

T

2

ofw(-257)

Finally, we now consider ¢(z) = w,(z) where w,(z) is the density function of N(0,?).
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Similar to ReLU, analytic expressions for the Hermite coefficients of w,(z) are known (see

e.g., Theorem 2.9 in [Dav21]),

p!
((p/2)22P2n (o2 fDpii> P EVel,
,ui(w(,) _ )
0 p odd.
For p even
(p/2)! = pl127?/2,
Therefore
LN B g D11
(p/2)!(p/2)!  ~ plipl! ol
As a result, for p even and using (4.36)), it follows that
o2 +1)~(F+D (5 — 1)
1io(ws) = ( ) (-0 _ O 2(0® + 1)),

2T p!!

Finally, since (p + 1)"/2(¢%? + 1)7?~! = O(p"/?(0? + 1)7?), then from (4.9)

Kp2 = @((P,Uf)(wa) + 5«,;,>0(P + 1),“;2;+1<Wa>))
= O (0(p evemu((p oda) (3,0 P (0% + 1) 77)

= 5(1) even)U(7b>0)®(pl/2(0-2 + 1)71))

as claimed in item 3. O

4.C Analyzing the Spectrum of the NTK via its power series

4.C.1 Experimental validation of results on the NTK spectrum

To test our theory in Section [4.4] we numerically plot the spectrum of NTK of two-layer
feedforward networks with ReLU, Tanh, and Gaussian activations in Figure [4.1 The

input data are uniformly drawn from S?. Notice that when d = 2, k = ©(¢'/?). Then
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Figure 4.1: NTK spectrum of two-layer fully connected networks with ReLLU, Tanh and
Gaussian activations under the NTK parameterization. The orange curve is the experimental
eigenvalue. The blue curves in the left shows the regression fit for the experimental eigenvalues
as a function of eigenvalue index ¢ in the form of A, = al~® where a and b are unknown
parameters determined by regression. The blue curves in the middle shows the regression
fit for the experimental eigenvalues in the form of A, = al=°7b="""*. The blue curves in the
right shows the regression fit for the experimental eigenvalues in the form of A\, = al=05p=1"%,

Corollary (95 shows that for the ReL.U activation A\, = ©(£/=3/2), for the Tanh activation
Ao = O(£73*exp(—Z¢"4)), and for the Gaussian activation A\, = O(¢-/227"%). These
theoretical decay rates for the NTK spectrum are verified by the experimental results in

Figure 4.1

4.C.2 Analysis of the Asymptotic Spectrum: Uniform Data

Theorem 94. Suppose that the training data are uniformly sampled from the unit hypersphere

S, d > 2. If the dot-product kernel function has the expansion K(x1,25) = Z;O:O e, T2)P

where ¢, > 0, then the eigenvalue of every spherical harmonic of frequency k is given by

—  wi? L(p+ DI (*=5)

/\k = — Cp — s
2k-1 ; I(p—k+ D2 + k +d/2)
p—Fk is even

where I is the gamma function.

Proof. Let 0(t) = >0, cpt?, then K(x1,x2) = 0({x1, 22)) According to Funk Hecke theorem

p=0
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[BJK19, Section 4.2], we have
— ! d—2
M = Vol(s41) / 0(t) Pea(t)(1 — £2) dt. (4.37)
1

where Vol(S%1) = lgzrd 737 is the volume of the hypersphere S¥1 and Py 4(t) is the Gegenbauer

polynomial, given by

(=1)% T'(d/2) 1 d" L1 gy

Pya(t) =
k) = 5 Tk + d/2) (1= 2)@ O i

Y

and I is the gamma function.

From (4.37) we have

A = Vol(S471) /1 O(t) Pr,a(t)(1 — t2> dt
ord/2 1 (=% T(d/2) d* 2\ k+(d—2)/2
= a7 L O Ty et~

_ 2/ (—1)k I'(d/2) = ' pdk 2\k+(d—2)/2
=T T TG tP—— (1 — t2)k+(d=2/2q¢, (4.38)

p=0

Using integration by parts, we have

bk 2\ k+(d—2)/2
tP 1—1 —2Edt
/ dtk( )

k—1 1

1 k-1
d
=) P =ity
b d! 2 k+(d—2)/2
— _p/l o (=) HA=2/2q¢, (4.39)

where the last line in (£.39) holds because 4 dtk S(1 — $2)kH=2)/2 — ) when t = 1 or t = —1.
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When p < k, repeat the above procedure (4.39) p times, we get

1 dk 1 dk—p
/ tp%(l _ t2)k+(d72)/2dt — (_1)pp!/ dtk_p<1 _ t2)k+(d72)/2dt
-1 _1

d*r! 2\ k+(d—2)/2
_ (_1)pp!W(1 —1?) +(d—2)/

1

-1

= 0. (4.40)

When p > k, repeat the above procedure (4.39)) k times, we get

1 k 1
/ tp%(l . t2)k+(d—2)/2dt — (_1)kp(p o 1) . (p —k + 1) / tp—k<1 . t2)k+(d_2)/2dt.
—1

-1

(4.41)
When p — k is odd, #?7%(1 — ¢?)+(4=2)/2 is an odd function, then
1
/ k(1 — 2)kHd=2/2q1 — 0 (4.42)
-1
When p — k is even,
1 1
—1 0
1
— / (t2)(p—k—1)/2(1 o t2>k+(d—2)/2dt2
0
— 1
_B (% k+ d/2)
(D (k + d/2

S (A g d)2)’

where B is the beta function.
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Plugging (4.43) , (4.40) and (4.42) into (4.41]), we get

1 dk
-1

IV B D(E=H) (k+d/2) AT
_ (=1)*p(p—1)...(p—k+1) T krdy2) 0 P 18 even and.p = £, (4.44)

0, otherwise.

Plugging (4.44) into (4.38), we get

D(E=D)D(k 4 d)2)

2

22 (=1)F T'(d/2)

M= TR o T+ d)) ; ARt R e (= <= oy ey
p—Fk is even
B /2 Z p(p—l)...(p—k—i—l)P(p_gH)
B~ B Y (== S )
p—k is even
T s~ T re)
2 TT(p— k4 OB 4k d)2)

p—k is even

Corollary 95. Under the same setting as in Theorem [9]),
1. if c, = O(p~) where a > 1, then \y = O(k~4-2a+2),
2. if Cp = O(p coenyO (D7), then Ng = Ok cveny©(k~072772),
3. if ¢, = O(exp(—ay/p)), then A, = O(k_d+1/2 exp(—aﬂ)),
4. if ¢y = O(p%a7?), then Ny = O (k™ a™*) and Xy = Q(k=4/*T127FqF).

Proof of Corollary[f.C.3, part 1. We first prove \, = O(k=%2¢2). Suppose that ¢, < Cp~@

for some constant C, then according to Theorem [94] we have

_ pd2 ~ T(p+ 1)1“(&)
Ak < ok—1 p* p—k+12 .
;k T(p—k+ )T(ZEE 4k + d/2)
p—Fk is even
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According to Stirling’s formula, we have

I(z) = @6)(1 +0(§>). (4.45)

Then for any z > %, we can find constants C and Cy such that

01@6) <T(z) < @@(2) (4.46)

Then

p—k+1
or (p+1\PT1 21 % 2
/2 02 p+1( e ) p=ki1 +1 e
—a

)\k—Qk 102 Z Cp pk+1
>k 2 (p—k+1)p_k+1 2 +k+d/2

p—k is even p—k+1 e #—Q—k—l—d/? e

1

d _ p—k+
d/2 02 Z e2 /zﬁ(p_i_ 1)p+1 (p l;-l-l) 2
p

p=btl | ktd/2

I 02 p=k+l 1 p—k+1 p=htl 4 kv d/2

p P PTRED) \/IW( EHL L k4 d)2)
/2 0220 —a 622 2 <p+1)

= okl 2 D .

2 i kp_Zk (p—k+ 1) (p LEa Ty d/2) Pkt ktd/2

p— 1S even

d d 1
22 5020 *a 1 pP+3
“ = (kDT g kt14d)”
p—Fk is even
We define 1
p(p+ 1)

(p k+) e (p+k+1+d)

By applying the chain rule to €'°¢/2(P) we have that the derivative of f, is

(p+1)*tap

folp) = = :
2p—k+ 1) (p+k+d+1)"2"
% k+d K —d(p—k+1) )
| -=- + log(1 + . (4.49
( p  (+lp+k+d+1) og( (p—k+1)(p+k+d+1)) (4.49)
Let g.(p) = —2?7“ — m + log(1 + (pi;g(é;iiiﬂ)). Then g¢,(p) and f(p) have the
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same sign. Next we will show that g,(p) > 0 for k < p < when £ is large enough.

d+24

k2 —d(p—k+1)
(p—k+1)(p+kh+d+1

First when p > k and ) > 1, we have

s 20 k+d
Il = " e+ Dk +k+d+ 1)

+log(2) > 0, (4.50)

when £ is sufficiently large.

Second when p > k and 0 < = ’24:1[;((I;+’1111d)+1) <1, since log(1 +z) > § for 0 <z < 1, we

have
2a k+d k2 —dlp—k+1
galp) = 22 ¥ ( )
p (+Dp+k+d+1) 2p—k+1)p+k+d+1)
2 k+d .
p (+)p+k+d+1) 2pp+k+d+1)
When p < & _ d+24 , we have k? — dp > 24ap. Then
2 _
k= —dp S 24ap S 6ap S k+d

dp(p+k+d+1) " dplp+k+d+1) = p+D)p+k+d+1) = (p+D)(p+k+d+1)
when £ is sufficiently large. Also we have

k? — dp S 24ap - 6a S 2a

drp+k+d+1) — dr(p+k+d+1) " p+k+d+1 " p

when k is sufficiently large.

Combining all the arguments above, we conclude that g,(p) > 0 and f/(p) > 0 when

k<p<d+24 Thenwhenk<p<d+24 , we have
]{Z2

«(p) < fa . 4.51

10 = 10 570 ) (451
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When p > we have

d+24 )

p*“(p+ 1)t
p—k+1)2 (prk+l+td)™
p(p+ 1)”“

falp) =

PRt 1 2ktd—1
(p+12—k2+dp—k+1) > (p+k+1+d) 2
d
ptp+1)>
| _ Bdp—kt1) e | 4 ked e
(1= =) * (14 3)
d
p T2
< .
| ki) T
(p+1)2

for sufficiently large k, we have

2
k2+dk—d
Eoddb—d _p4q

p—k+1
(1_k2—d(p—k+1)) S 1_k2 d<d+24a k+1) i
(p+1) - (d+24a +1)?

2

. <1 - 48a(d+24a)>§d

k-2

k2 48a(d+24a) _48a(d+24a)
> e 2 k2 —e 2d

?

which is a constant independent of k. Then for p > we have

d+24 )

48a(d+24a) d

falp) <e 2@ pTiTe. (4.52)
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Finally we have

— 25650 C
A = 2m G2 Z fa

p>k
p—k is even

<0 Z fa(p) + Z falp

k<p< i31a d+24a P2 431 d+24a
p—k is even p—k is even
k2 ]{,'2 48a(d+24a) d
<0 k1), e et
= (d+24a * )f (al+24a)+ Z ¢ P

k
PZ3321a
p—k is even

d
k2 48a(d+24a) k2 4T3
< —k+1 2
=0 (d—|—24a * )e ' (d—|—24a)

n 48a(d+24a) 1 k2 1 l-a—%
2d _
¢ a+ g —1\d+ 24a

— O(k7d72a+2) .

Next we prove \, = Q(k~%72¢2). Since c, are nonnegative and ¢, = O(p~®), we have

that ¢, > C'p™® for some constant C’. Then we have

Z C/ —a F(p + 1)11(1#)

> = — :
T(p—k+ 02 + &k +d/2)

= (4.53)
p>k
p—k is even

According to Stirling’s formula (4.45) and (4.46)), using the similar argument as (4.47) we
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have

d/2 02

p—k+1
27 (p+1)P+1 27 p_§+1 2
!/ —a p+1 ¢ p_IQH—l ¢
)\k - 2k 1 02 Z Cp Pkt 1
P>k 2 (p—k+1)p_k+1 2 P +h4d/2
p—k is even p—k+1 e %_ﬁ.]ﬁ_d/g e

_ 27Td/22g630120' Z pfa(P +1)7"z
_ 2
% Sop—k+DTT (k14
p—Fk is even
2% 2C C’
> 27Td/2 c Z fa

p>k2
p—k is even

+d

where f,(p) is defined in (4.48). When p > k2, we have

p—a<p+ D
(p—k+1)"2 (p+k+1+d)
p(p+ 1)’”2
(p+1)2—K2+d(p— k+ 1) (p+k+1+d)
p+1)™"
2k+d—1

K dp k) 2 2
—d(p—k+ k+d
(1 - ) (1+m)

For sufficiently large k, k* —d(p — k + 1) < 0. Then we have

fa(p) =

k+d 1

>

—(p+1)? k2 +d(p—k+1)

)7”2““+k+d/2

(4.54)

(4.55)

(4.56)
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2
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which is a constant independent of k. Also, for sufficiently large k, we have

2k
(1 k+ d)
p+1

p+1 k+4+d 2k+d—1

k+d\ et 2
- (1+359)
p+1

k4d 2k+d—1
< e+l 2

3k2 3
< € 2r — g2

Then for p > k%, we have fa(p) > e % 2(p+1)"""%.

Finally we have

— 2% ’C’ C’
T R D YL (4.57)
p>k‘2
p—Fk is even
d d
22¢202C"
> 27rd/26T€10 Sooeiipr1) s (4.58)
2 p>k?
p—k is even
2%6%020, d_3 1 d
d/2 1 —5—5 2 l—a—2
> 2 o 22<a+4_1)(k +2)tme2 (4.59)
2
= Q(k47%0F2), (4.60)
Overall, we have \, = ©(k~4"2e+2), O

Proof of Corollary[{-C-3, part 2. Tt is easy to verify that A\, = 0 when k is even because
¢, = 0 when p > k and p—k is even. When k is odd, the proof of Theorem [94]still applies. [J

Proof of Corollary[.C-2, part 3. Since ¢, = O(exp(—a,/p)), we have that ¢, < Ce VP for

some constant C'. Similar to (4.47), we have

p2ieicc wf@+n“%
2
G Sop—k+DTF (prk+l+ad)T

p—Fk is even

A < 27

(4.61)
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Use the definition in (4.48) and let a = 0, we have

(p+1)p+%
p—k+1) (prhkrl+d)”

fo(p) =

Then according to (4.51) and (4.52)), for sufficiently large k, we have fo(p) < fo ("’;) when
E<p< % and fo(p) < ng_g for some constant C's when p > %2. Then when k£ < p < %,
we have fo(p) < fo( ) < 03(k2) *. When p > %a we have fy(p) < Cap™? < Cy k??)_ :

Overall, for all p > k, we have

d
K2\ 2
fo(p)SCza(E) . (4.63)
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4 42 2\ % 9,—avk-1
< 27rd/22 e C’SC’gC (k_) 2e Yavk—141) (4.66)
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O

Proof of Corollary[f.C.3, part 4. Since ¢, = O(p*/?a™P), we have that ¢, < Cp'/?a™P for

some constant C'. Similar to (4.47)), we have

4p22e2C3C p1/2 P(p 1)t
CQ Ic+d
1 = p—k+1)72 (p+k+1+d)
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(4.68)
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Use the definition in (4.48) and let a = 0, we have

(p+1)p+%
p—k+1) (prhkrl+d)”

folp) = (4.69)

Then according to (4.51) and (4.52)), for sufficiently large k, we have fo(p) < fo ("’—2> when

k<p< % and fo(p) < C3p~? for some Con/stant C’;Z when p > k . Then when k < p < &,
1/2 _d
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I 22 2
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On the other hand, since ¢, = ©(p'/2a~?), we have that ¢, > C'p'/2aP for some constant C".
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Similar to (4.55]), we have
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CHAPTER 5

Conclusion

In previous chapters we analyze the generalization of wide neural networks through lineariza-
tion and kernel learning. This approach overcomes the drawback of the traditional statistical
learning theory and can be applied to overparametrized networks. Also the linearization and
kernel learning approach explains the phenomenon observed by [ZBH21| that deep networks
can fit randoms labels while still have good generalization performance. In Chapter 2] we
show that under gradient descent the wide neural networks would fit the training data by a
smooth function, thus the networks can fit random labels while also generalize well if the
target function is smooth. In Chapter [3| we show that the target function is learnable if it
lies in the span of the eigenfunctions with positive eigenvalues. Thus we answer the question

why wide neural networks learns a function and when a function is learnable.

Our results also have both theoretical and practical potential applications. In Chapter
we show that training a wide neural network by gradient descent is equivalent to fitting the
training data by some kind of splines. In reverse, if we want to fit some splines, for example,
fit a surface from a point cloud, we can use wide neural networks to do this task. This
method has already been explored in [WTB21|. In Chapter [3| we show that the decay rate of
the generalization error for kernel learning using the NTK can be characterized by the decay
rate of the NTK spectrum. This result could explain the spectral bias [RBA19b| to a certain

extent.

However, there is still a long way to go in understanding the generalization of deep
learning. We raise several issues about the liberalization and kernel learning approach and

discuss possible future works in the following.
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First, whether kernel learning can explain the performance of deep networks is still
unclear. In many practical tasks, the state-of-the-art kernel method cannot achieve the
same performance as the state-of-the-art deep learning method. [ADH19b| showed that
the performance of kernel learning with Convolutional NTK (CNTK) is 6% lower than the
performance of the corresponding finite deep net architecture. Many people believes that
kernel learning performs worse that deep learning because deep networks has the ability to
learn good feature representations while kernel learning uses fixed features. There are some
current works showing when and why the neural networks outperform the kernel method
[GMM20,|AL19|. Nevertheless, the kernel learning with NTK have comparable performance
to the deep networks and understanding why the NTK is better than traditional kernels is

still an important approach to understand deep learning.

Second, our method in Chapter [l only applies to shallow feedforward networks. Whether
we can generalize the result to more complicated architectures such as convolutional networks
remains an open question and requires future work. Our method in Chapter [3] applies to any
kernel, thus we can study convolutional networks by studying CNTK. However, the spectrum
of CNTK is not well studied and it would be interesting to show the spectrum of CNTK on

the natural image dataset in the future.

Third, it is well-known that the kernel spectrum is highly related to the data distribution,
but what is the exact relation remains an open question. In Chapter [ the NTK power
series gives a bit of hints of the relation between the data and the NTK, but a better
understanding of that requires more future works. [PZA21] shows that natural image data
has a low-dimensional structure despite the high ambient dimension. Neural networks are
able to use this low-dimensional structure to overcome the curse of dimensionality |[Bac17].
It would be interesting to explore how to use the low-dimensional structure to analyze the
spectrum of NTK and CNTK, which has a direct impact to generalization of deep networks
according to Chapter
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