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ABSTRACT OF THE DISSERTATION

Topics in Supersymmetric Gauge Theories

by

Jason Daniel Wright

Doctor of Philosophy in Physics

University of California, San Diego, 2007

Professor Kenneth A. Intriligator, Chair

This dissertation consists of two parts, each of which improves our understand-
ing of supersymmetric field theories. In the first part I use the technique of “a-
maximization” to study the RG flows of these theories. In doing so I find evidence
for the strongest form of Cardy’s a-theorem. In doing so we move closer to a
proof of Cardy’s a-theorem by the removal of a loophole in the argument for the
theorem. I also examine the remaining loopholes in the argument. I then apply
a-maximization in the case where the superconformal field theory has a product

gauge group. In these situations I find that the dynamics of one of the gauge



groups can dramatically alter the behavior of the other. I give a detailed analysis
of the possible RG flows and fixed points.

The focus of the second part of the dissertation is on extending and
furthering our understanding of a-maximization. I construct an alternative to
a-maximization, called Trr-minimization, which also determines the anomalous
dimensions of chiral operators. This technique is not as powerful as a-maximization
because Trg receives quantum corrections. This method is extendable beyond four
dimensions. I find the the geometrical analog of a-maximization, Z-minimization,
gives the same results as Tgg-minimization, and show how the two techniques
are related. This allows for the computation of exact anomalous dimensions, in

theories with known AdS/CFT duals, outside of four dimensions.
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Introduction

In this chapter I will attempt to introduce the ideas discussed in this
dissertation to the non-expert. This chapter should be accessible to anyone who
has taken an introductory physics sequence. Those with a strong background in the
ideas discussed are encouraged to skip this chapter. This introduction covers many
topics and is necessarily incomplete. Those who are interested are encouraged to
investigate further.

Quantum mechanics is a consistent and successful theory. It explained
many phenomena, not describable by classical physics. There are, however, reasons
why we know quantum mechanics is incomplete. One problem is that quantum
mechanics is a one particle theory. By this I mean that the probability of finding
a particle somewhere is 100% at all times. Because of this, quantum mechanics
cannot describe, for example, the radioactive decay or certain nuclei. In the decay,
the nucleus in question will shoot out a particle or some sort, leaving a different
nucleus behind. Clearly, after the decay the probability of finding the original
nucleus is no longer 100%. Similarly, quantum mechanics provides no mechanism
to describe the creation of the emitted particle. Quantum mechanics is also not
compatible with Einstein’s theory of relativity, which a full description of our world
should be.

The solution to these problems is Quantum Field Theory. Fields are



nothing new in physics. Anybody who has taken an introductory course on physics
has encountered the electric field. The electric field was a vector function of position
and time introduced to describe the interaction of two particles. We describe the
motion of one particle by considering its interaction with the electric field created
by the other. The basic idea of quantum field theory is that we associate a field
with every particle.

We describe the field as an infinite number of interacting harmonic oscil-
lators, or springs for those not familiar with the physics jargon. The excitations
of these oscillators are interpreted as particles of definite properties such as mass,
spin and charge. In addition to the excitations corresponding to the particles that
we can see, there will be random excitations. These random excitations will be
interpreted as what are called “virtual” particles. These are particles which we
do not observe directly, but we can infer there existence indirectly. These are
responsible for the nebulous “quantum effects” of which one often hears.

In this framework one is able to describe the creation and annihilation of
particles and hence problems like radioactive decay and the spontaneous emission
of a photon from an atom. It is compatible with special relativity. The list of
successes of quantum field theory is long. By accepting relativistic quantum field
theory we have had some rules forced on us. First, for any particle, there must
exist an antiparticle with opposite charge, but with all other properties the same.
Note that for an uncharged particle, it can be its own antiparticle. Also, particles
come in two types fermions, which have half integer spin, and bosons, which have
integer spin.

If we look at the various discovered particles we find that nature is nat-
urally divided into these two types. Fermions make up matter. Electrons are
fermions, as are quarks which make up protons and neutrons. Bosons are asso-
ciated with forces between particles; two particles will exchange a boson, which
will manifest itself as the corresponding force. The photon, the particle associated

with the electromagnetic force, is an example of the boson. Imagine two electrons



moving along. One emits a photon, which the other absorbs. We see this as two
electrons moving along, and repelling each other. The photon in this case was
one of the previously mentioned “virtual” particles. We do not directly see it, but
we see its effects in the repulsion of the two electrons. There is one boson not
associated with a force, the Higgs boson. The Higgs boson is responsible for giving
all other particles there mass.

Fermions and bosons clearly have very different properties, but are both
necessary to the operation of our universe. Supersymmetry is a proposed symmetry
between these two very different types of particles. If we require our quantum field
theory to be supersymmetric then the particles will come in groups, generally
called multiplets. The simplest multiplets contain one boson and one fermion,
which have equal mass and charge. More complicated multiplets will have several
of each, but the idea is the same. This may seem an odd symmetry to propose.
As mentioned above, bosons and fermions play very different roles. We also know
that the universe does not appear to be supersymmetric. That is we do not see
any particles with the same mass and charge, but different spin, which is what
would be required for them to form a multiplet. Despite these facts, there are
many reasons to study supersymmetric theories.

There are two approaches one can take when studying supersymmetric
theories. The first is that supersymmetry is a real symmetry of nature. Despite
the fact that we do not see supersymmetry, this is not completely crazy. Since
it is not observed, it must be a “broken” symmetry. That is, at the energies
which we look at the universe, there is no supersymmetry, but the universe may
be supersymmetric at higher energies. Once we understand that supersymmetry is
possible, the question now becomes: what benefits does supersymmetry provide?
There are many nice features of supersymmetric theories. One exciting feature
is unification. If one modifies the current standard model of particle physics by
adding a partner for each particle we see, making it supersymmetric, then at some

energy scale the strong, weak and electromagnetic force will be equal in strength.



There is also a problem in the standard model. Above it was mentioned that
the Higgs particle gives mass to other particles, but the higgs can have any mass.
The problem is that when you take quantum effects into account the higgs mass
becomes infinite. Supersymmetry fixes this because the quantum effects due the
supersymmetric partners to the standard model particles are equal in magnitude,
but with the opposite sign. The mass would no longer be driven to infinity. This
type of cancellation is a generic feature of supersymmetric theories.

The second approach one can take to supersymmetric theories is that
maybe supersymmetry is not a symmetry of nature, but it introduces many sim-
plifications which enables us to extract a lot more information than we can from
a non-supersymmetric theory. We can then think of supersymmetric theories as a
“warm-up” to attacking the real world. By introducing this extra symmetry into
the problem we dramatically restrict the answers to many questions that we might
ask. This allows us to extract much more information than we would be able to
had we not introduced supersymmetry. One particularly intriguing simplification
provided by supersymmetric models is that there are many quantities that we can
calculate exactly, where as in a non-supersymmetric theory we would only be able
to calculate the same quantity to a certain precision and in some limit. When tak-
ing this approach, we expect some of the details to be different in the real world
theory and the supersymmetric theory, but we also expect that a lot of the “big
picture” will be similar. In this way we learn something about the real world, by
studying theory which does not describe our world.

In chapters II and III of this dissertation we use sypersymmetry to study
renormalization group (RG) flows. Renormalization is a procedure which allows
us to determine what interactions and processes are important at different length
scales and what the appropriate fields that describe the system are. The idea
behind renormalization is fairly simple to understand. Consider the air in the room
you are in. If we are interested in describing the motion of the electrons in the

molecules of air, then we are looking at a length scale which is the size of the atoms,



since the electrons are confined within the atom. This length scale is much larger
than the size of the nucleus. The equations describing the motion of the electrons
will contain parameters depending on the details of what happens at scales the
size of the nucleus. However, most of the information about what happens at the
nuclear scale is unimportant. The exact details of how the protons and neutrons,
which make up the nucleus, move and interact within the nucleus is not terribly
important. What is relevant is a few parameters, such as the total charge of the
nucleus and a few other “over-all” features. We could also ask about the speed of
sound in the air. Here we are still studying the same system, but it seems very
different. Now the important length scale is going to be larger than the distances
we expect individual molecules to travel. At this scale the motion of the electrons
is no longer important. The appropriate fields to describe the system are now the
familiar thermodynamic fields of pressure and temperature. The equation for the
speed of sound depends on a couple of parameters which encompass the details,
which are important at the larger scale, of what happens on the smaller scales. As
we varied the length scale at which we looked, the parameters, equations, and even
the fields we use to describe it change dramatically. The idea of the renormalization
group is to continuously change the length scale of the problem and see how the
equations and parameters morph from those describing the protons and neutrons
all the way to those describing the speed of sound in air.

As we change the length scale at which we are interested in studying a
quantum field theory, the field theory can change drastically. The strengths and
types of interactions will change, as will the fields which are present. We call this
the RG flow. One can imagine that this process becomes very complicated, and
in general we cannot determine the exact behavior of a quantum field theory as
we change the length scale. The complexity of the problem will prevent us from
changing the length scale too much. In general we refer to smaller length scales as
UV and the larger scales as IR.

It can happen that as we vary the length scale along the the RG flow that



we find that the theory ceases changing as we continue to vary the length scale.
This is what is called a RG fixed point. Once we reach a fixed point the flow stops.
We often refer to a fixed point as UV (or IR) attractive. By this we mean that as
we go to shorter (longer) length scales we approach the fixed point.

Note that in performing the renormalization procedure we have not solved
any problems. We have just replaced an old problem with a new one. This can be
useful, however. The quantum field theories studied in this dissertation are what
are called non-Abelian gauge theories. These theories have the property that as
you decrease the length scale, the interactions in the theory become weaker. We
have tools available to study very weakly interacting field theories. We do not have
as many tools to study strongly interacting theories. Renormalization allows us to
start with a weakly coupled theory in the UV and flow to the IR, in the process
extracting information we would otherwise be unable to access.

In these theories, it is possible that we encounter an IR fixed point as we
flow. The quantum field theories at these fixed points can be either strongly and
weakly coupled. In chapters II and III of this dissertation we examine the former.
Specifically we obtain information about a strongly interacting field theory at the
IR fixed point, using information about the weakly interacting theory in the UV.
In particular we obtain what is called the scaling dimension of various fields in the
theory, which tells us how the fields and interactions behave as we alter the length
scale.

In order to extract this information we use a powerful tool known as “a-
maximization.” [14] We can use this tool in four dimensional supersymmetric field
theories. The quantity “a” is called a central charge and is defined for any con-
formal quantum field theory. Loosely speaking, conformal means that the theory
is scale invariant, it lives at a RG fixed point. For supersymmetric conformal field
theories, the central charge “a” is a cubic function of the scaling dimensions of the
fields in the theory[13]. In the days before a-maximization one could not always

exactly determine the scaling dimensions of the various fields, but one could iden-



tify a set of possibilities. There was no way to determine which possibility was
the correct one. It was shown that the correct scaling dimensions are those which
give the maximum value of the central charge “a.” a-maximization completely de-
termines all of the scaling dimensions in the problem. The reason a-maximization
is so powerful is that we can relate the quantity “a” to what are called 't Hooft
anomalies. These have the feature that they do not change along RG flows. This
means we can calculate at whatever energy scale is easiest, and the answer will
still be true everywhere along the RG flow.

a-maximization also plays a role in what is called the “a-theorem.” The
a-theorem states that the central charge “a” should always decrease when flowing
from the UV to the IR. The reason that this is expected to be true is that the
quantity “a” should characterize the degrees of freedom of the system. The number
of degrees of freedom is roughly the number of fields needed to characterize it. We
expect that as we flow to larger length scales, we lose some of the details of the
short length scale theory. In the example of air in the room, when we describe the
large scale properties of the gas, we lost a lot of the details about the behavior of
the protons, neutrons and electrons. We reduce all of that information to a few
numbers and constants like pressure and viscosity. There is a similar statement,
that has been proven, in two dimensions that the central charge, called “c” always
decreases when flowing from the UV to the IR. a-maximization comes very close to
proving the a-theorem. The a-theorem can be stated in several ways with differing
levels of strength. In chapter II of this thesis, we provide evidence of the strongest
form of the a-theorem.

In chapter V of this dissertation we make use of a certain aspect of string
theory called AdS/CFEFT. When discussing field theories above, the starting point
was that particles were point like. We then described the point particle as an
excitation of a field. In string theory we instead postulate that particles are one
dimensional objects called strings. This simple change has lead to many exciting

results. String theory naturally contains gravity and, as it turns out, contains all



of the structure of quantum field theory. By considering one dimensional objects
instead of point particles string theory forces us to accept other objects as well.
String theory contains membrane like objects of many dimensions called Dp-branes.
These objects have D space directions; for example a D2-brane would be a sheet
and a D3-brane would have 3 spatial directions like the universe that we see. We
often say that a quantum field theory is living on a brane. By this we mean that the
physics an observer confined to the brane observes is described by that quantum
field theory.

The AdS/CFT [66] correspondence states that a supersymmetric quan-
tum field theory living on the brane is exactly equivalent to string theory in ten
dimensions. The geometry, loosely the shape and the size, of the ten dimensions
determine what field theory lives on the brane. Any quantities that we can calcu-
late in the supersymmetric field theory can also, in principle, be calculated in the
string theory and both will give the same result. The most well studied example
relates a superconformal field theory in four dimensions to string theory with five
of the ten dimensions taking the form of what is called Anti-deSitter space (AdS).
The other 5 dimensions are very small and called compact. The details of the
shape and size of these small dimensions determine many of the properties of the
field theory living on the brane.

According to the AdS/CFT correspondence any computation done in the
superconformal field theory should have a corresponding calculation in the string
theory. One could ask what the calculation corresponding to a-maximization is. It
has been shown that the central charge “a” is proportional to one divided by the
volume of the compact dimensions. So one would expect the volume of that space
to be minimized, since “a” is maximized. The quantity “a” is a function of the
scaling dimensions of the fields. In order to carry out the string theory calculation
we need to know what quantities, corresponding to the scaling dimensions, the
volume of the compact space depends on. For a certain group of models the

answer to this was found, and the dual calculation to a-maximization goes by the



name of “Z-minimization.” [58] The “Z” which is minimized is proportional to the
volume of the compact space, and is a function of what is called the Reeb vector.
Using Z-minimization one can determine “a” and all of the scaling dimensions
of the fields in corresponding quantum field theory and the answers match those
calculated with a-maximization.

The discovery of Z-minimization brought another puzzle. One can use
Z-minimization for different geometries than the type listed above, and for these
geometries the corresponding field theory is no longer four dimensional. The cor-
responding field theories can be two or three dimensional, but a-maximization
only works for four dimensional theories. In chapters IV and V we show why
Z-minimization gives the correct values for the scaling dimensions in these theo-
ries. To do this we introduce another method of obtaining the scaling dimensions,
which goes by the name of Tzrz-minimization. The quantity 7pr does change
along RG flows making it very difficult to compute, so this is not as powerful a
a-maximization. In cases where we know the corresponding geometry problem,
however, the string theory calculation is easier. Trr-minimization does work in
superconformal field theories of dimension other than four and allows us to show

why Z-minimization gives the proper scaling dimensions of the fields.



I1

Evidence for the Strongest
Version of the 4d a-Theorem via

a-Maximization Along RG Flows

II.A Introduction

There is an intuition that RG flows are a one-way process, with infor-
mation about the UV modes lost as one coarse-grains. More precisely (since even
an RG fixed point conformal field theory (CFT) has UV modes going above the
cutoff), the intuition is that non-trivial RG flows should always decrease the num-
ber of massless degrees of freedom: relevant deformations will lift some massless
degrees of freedom, and RG flow to the IR coarse-grains away these lifted modes,
with no new modes becoming massless.

Let us distinguish several possibilities:

1. One can define a quantity, ¢, that properly counts the massless degrees of
freedom of a CFT (e.g. ¢ > 0 for all unitarity CFTs, and ¢ = ¢; + ¢, for two
decoupled CFTs) such that the endpoints of all (unitarity) RG flows satisfy

Cir < Cyvy.

2. A stronger claim is that ¢ can be extended to a monotonically decreasing
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11

“c-function” ¢(g(t)) along the entire RG flow to the IR:

Oc

c(g) = —ﬁf(g)a—gl <0, (IL.1)

d

with ¢ = 0 iff the theory is conformal. Here = £,

with t = —logpu the
RG “time”, increasing towards the IR, and ¢'(t) = —p7(g), with ¢’(¢) the

running couplings.

3. The strongest possibility is that RG flow is gradient flow of the c-function,

o), lg)

dg7 B = Gr(9)67(9), (11.2)

3'(g) = G"(g)

(here G = (G;;)™") with G'/(g) > 0 a positive definite metric (all eigen-
values positive) on the space of coupling constants. Eqn. (II.2) then implies

¢ <0,

. oc
¢(g(t) = —ﬂla—gj = -G p'p’ <0, (I1.3)
with ¢ = 0 iff the theory is conformal.

The possibility that RG flow is gradient flow with positive definite metric
was proposed (and verified to 3-loop order in 4d multi-component A¢? theory)
by Wallace and Zia [1]. In 2d, Zamolodchikov [2] defined a function c¢(g), equal
to the central charge of the Virasoro algebra for CFTs, which he proved satisfies
(I1.3) with G1,(g) > 0 (for unitary theories). Gy is determined from the two-point
functions (O;(x)O;(y)) of the operators that g’ and g’ source. This proves version
(2) above in 2d, and suggests the strongest version (3) (if the dot product with
B! could be eliminated from both sides of (I1.3)). It was also demonstrated [2]
that the strongest version (II.2) is indeed true, at least in conformal perturbation
theory, in the vicinity of any 2d RG fixed point.

The apparent generality of these intuitions suggest that analogous state-
ments should apply for RG flows in any spacetime dimension. Cardy [3] conjec-

tured that an' appropriate quantity for counting the number of massless degrees

This candidate doesn’t have an analog for odd spacetime dimensions, unfortunately.



12

of freedom of 4d CFTs is the conformal anomaly a on a curved spacetime?:

an~ | (1M, (IL.4)

et M

The weakest version of the 4d a-theorem conjecture is then that the conformal
anomaly a satisfies a > 0 for every (unitary) 4d RG fixed point, and ayy > arg
for the endpoints of all (unitary) 4d RG flows. Every known computable example
(both non-supersymmetric and using SUSY exact results) is strikingly, and often
highly non-trivially, compatible with this conjecture. It would be very interesting
and powerful if this a-theorem conjecture is indeed a completely general property
of all (unitary) 4d RG flows. At present, however, there is not yet a general, and
generally accepted, proof of the conjectured 4d a-theorem. See e.g. [4], [6] , [7],
8], [9] for further discussion of the a-theorem conjecture.

Given the striking successes of the weaker version of the 4d a-theorem,
it is natural to consider the 4d analogs of the stronger possibilities (2) and (3)
above: perhaps a can be extended to a monotonically decreasing “a-function”
a(g’) along the entire RG flow, and perhaps the beta functions are gradients of
this a-function, with positive definite metric, as in (I1.2). Osborn and collaborators
[10], [11] investigated this in perturbation theory for 4d QFTs (by considering
renormalization with spatially dependent couplings) and indeed found a candidate

a-function a(g) which satisfies a relation similar to (II.2):

8;—;‘? = (Gry+0W; —0,Wp)B7,  where a(g) = aeony.(9) + Wi(g)B (9)(IL5)

The candidate a-function a(g;) coincides with the conformal anomaly® acons(9)
at the endpoints of the RG flow. The possible term J;;W;; in (IL.5), a possible

difference from gradient flow (I1.2), was found to vanish in every example, to all

2A general curved 4d spacetime background has two independent anomaly coefficients, (Th) =
a(Buler) + ¢(Weyl)?, but (Weyl)?> = 0 vanishes on a conformally flat background such as S*. This
is just as well, since its coefficient ¢ (so named because it also appears in (T, ()T, (0)) in flat space) is
known to not have definite monotonicity under RG flow [4], [5]. So we won’t discuss ¢ further, and will
replace “c” with “a” in the conjectured 4d analogs of the above statements.

3To avoid repeatedly writing 3/32, we rescale a relative to other references, anere = (32/3)ausuar, and
write our a-function as anere(g9) = (32/3)a@o0svorn(g). To avoid a factor of 4/3 which would then show up
in (IL.5), we also rescale our G, relative to [10], [11]: G757 = 3G,
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orders checked. Also, it’s not manifest in this approach that G;(g) > 0 (Grs(9)
is defined via beta functions 3,, ~ Gr;(9)0,9'9,g” upon taking the couplings to
be spatially dependent), but G;; > 0 was verified to be true in every example, to
all orders checked [10], [11].

Here we’ll explore these ideas in supersymmetric theories, where it’s possi-
ble to obtain exact results. Supersymmetry relates the stress tensor to a particular
R-symmetry, which we’ll refer to as the superconformal R-symmetry (even when
the theory isn’t conformal). The matter chiral superfields @); have superconformal
U(1)g charge

1

R(Qi) = ;A(Q:) = (1 + 2%) (IL.6)

related to ();’s anomalous dimension. The exact beta functions are related to the
violations of the superconformal R-symmetry. For example, the NSVZ exact beta
function [12] for the gauge coupling of gauge group G, with matter fields @; in

representations r;, is

ﬁNSVZ@:(f’“"_?’/—ifZ;) BelB), fa() =~ |T(0) + S T()(A - 1)| (117)

with T'(G) the quadratic Casimir of the adjoint and 7'(r;) that of representation 7;.
Likewise, the exact beta function for the coupling A of a superpotential term W =
KL QM"Y can be written as (using A(h) = 3—A(W) to write h ~ pB/2EW)=2)).
B () = ~h = ShBw(R),  Bw(R) = ROV) —2 = Y n(W):R(Q) — 2. (IL3)
Bg(R) and BW(R) are simply linear combinations of the R-charges, independent
of the coupling constants. They are defined to have the same sign as the full
beta functions, and represent the violation of the R-symmetry by the interactions:
Ba(R) is the coefficient TrRG? of the U(1)g current’s ABJ anomaly, and By (R)

gives the violation of the R-symmetry by the superpotential.
At the superconformal endpoints of RG flow, the superconformal R-

current evolves to a conserved U(1)g, C SU(2,2|1), as the interactions flow to
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a zero of their beta functions. The superconformal R-charges of the fields deter-
mine the exact operator dimensions of gauge invariant chiral primary operators via
A(O) = 2R,(0) (computable in terms of R,(Q;) since R-charges are simply addi-
tive). Moreover, as shown in [5], [13], the 't Hooft anomalies of U(1)g, determine

the exact central charge of the SCFT:
asSCFT — 3T1"Ri - Tl"‘Rﬂ< (119)

It was shown in [14] how to uniquely pick out the special U(1)g, C
SU(2,2[1), from among all possible conserved R-symmetries (satisfying 5} (R) =0):

it is that which mazimizes the combination of 't Hooft anomalies
airial(R) = 3TrR? — TrR. (11.10)

At the unique local maximum, the function (II.10) coincides with the conformal
anomaly ascpr (11.9), hence the name “a-maximization.” E.g. for a free chiral
superfield a0 (R) = 3(R —1)3 — (R — 1), as plotted in fig. II.1, with local maxi-
mum at point (A). The same qualitative picture of fig. II.1 applies for interacting
theories. The function a4 (R), and its local maximum R, and value a,, can be
exactly computed, even for strongly interacting RG fixed points, via the power of
't Hooft anomaly matching. See e.g. [15] , [16], [17], [18], [19], [20], [21] for some
extensions and applications of a-maximization.

a-maximization has several immediate general corollaries. E.g. it implies
[14] in complete generality, for any 4d N' = 1 SCFT*, that the superconformal
R, charges, and hence the exact scaling dimension of chiral primary operators
and the central charges a, and c,, are necessarily very special numbers: quadratic

irrationals, of the general form

+
R., a, € {% | nEZ, M E T, PE Lpo} (I1.11)

4Theories with accidental symmetries could be exceptions to these general statements, though all
known such examples, for example those associated with singular points of N/ = 2 Seiberg-Witten curves
[22], [23], still satisfy the above general statements.
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Figure I1.1: The trial central charge au.(R) (with R, values indicated for free
field case).

Quadratic irrational numbers are a measure zero subset of the reals®, with special
properties (e.g. precisely they have continued fraction form that’s periodic). The
result (I1.11) implies that the superconformal U(1)g charges and central charge a.
cannot vary continuously; therefore, for any SCFT, they cannot depend on any
continuous moduli.

As also discussed in [14], a-maximization gives a two line “almost proof”
of the a-theorem for supersymmetric RG flows: relevant deformations will break
some of the flavor symmetries, placing additional constraints on the IR R-symmetry
as compared with the UV one, F;gr C Fyy, and maximizing a function over a
subspace leads to smaller maximal value, hence a;gr < ayy—QED! However, as
also pointed out in [14], each of these two lines has possible exceptions. First
of all, the IR SCFT can have additional accidental symmetries not present in
the UV theory, in which case Fjgp ¢ Fyy; the result of [14] implies that a;.q

should be maximized over all flavor symmetries, including all accidental ones, so

®Rational numbers are a subset of the quadratic irrationals. SCFTs with string dual descriptions are
typically limited to this subset, though recently string geometry examples were obtained for which the
R-charges are not rational [24], though they’re indeed quadratic irrational, compatible with (II.11) (and
the general prediction from (II.11) is that any (generally singular) Hs, such that AdSs x H® is dual to
a N =1 SCFT, must have quadratic irrational volumes). There are many SUSY gauge theory examples
with R-charges that are quadratic irrational but not rational.
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it’s crucial that accidental symmetries be properly included. The two-line proof
needs to be supplemented with additional physical information to apply to cases
with accidental symmetries. The caveat for the second line of the proof is the fact
that the maximum is only a local one. E.g. in fig. II.1, suppose that the UV theory
is at local maximum (A): perturbing away from there will reduce a, but we need
to rule out the possibility that the deformation might eventually drive the value
of a up to a point such as (D) in the IR, with a(p) > a(a), violating a;r < ayy.
In [20] Kutasov made a very interesting proposal, which helps close the
second loophole by extending a-maximization away from the RG fixed points. As-
suming that F;r C Fyy (in sect. IL.D, we’ll discuss an extension for certain acci-
dental symmetries), the idea is to implement the additional constraints associated

with F;r C Fyy via Lagrange multipliers. We'll write this generally as

a(R, A1) = 3TrR® — TR+ > MG (R), (I1.12)
I

with 3/(R) the linear constraints on the R-charges mentioned above, and 3; = 0
at the IR SCFT. Extremizing (II.12) w.r.t. R, holding the Lagrange multipliers
Ar fixed, yields R()\;), and plugging back into (I1.12) gives

da(N)

D B (R(N)), (IL.13)

a(Ar)

a(R(Ar),Ar) such that

using the fact that R(A;) solves da/OR = 0. The observation now is that the
function a(A;) interpolates between ayy and arg, and (I1.13) suggests that a(A;)
is monotonic, using the physical intuition that beta functions are expected to have
a definite sign along the entire RG flow: once a coupling hits a zero of the beta
function, it just stops running (e.g. it doesn’t overshoot a zero).

It was conjectured in [20] that the Lagrange multipliers A; are to be
identified with the running coupling constants g7 in some scheme. The extremizing
solution R(A) of (II.12) is interpreted as the RG flow of the superconformal R-
charges, and a(A) (I1.13) is interpreted as a monotonically decreasing a-function

along the RG flow to the IR. For relevant interactions, A\; > 0, so (I1.13) with



17

BT < 0 implies that @ < 0. Likewise, for irrelevant interactions, A\; < 0 and (I1.13),
with 37 > 0, again leads to @ < 0.

We will expand upon and further check the interpretation of (I1.13) as
defining a monotonically decreasing a-function along the RG flow. Our main point
is that this proposal suggests the strongest version (3) of the a-theorem conjecture:
that the exact RG flows are indeed gradient flows of the a-function (I1.13), as in

(I1.2), with metric on the space of coupling constants given by

Ok (9)
g’

Gri(g9) = 5 (9) . where B5(R) = f(9)8”(9). (I1.14)

A sufficient condition for this metric to be positive definite is that the fX(g)
are positive, e.g. g doesn’t flow beyond the apparent pole in the denominator of
Bnsvz(g) in (IL7), and the relation (scheme change) between the g and the g7
1s monotonic.

In section II.B.1 and II.B.2, we review the RG flow of the R-symmetry
in the stress tensor supermultiplet, and the a-maximization method [14] for deter-
mining the superconformal R-charge at RG fixed points, as well as the extension
of [16] for cases with accidental symmetries. In section I1.B.3 we review Kutasov’s
proposal for a-maximization with Lagrange multipliers [20], first for the case of
gauge interactions only. In sect. I1.B.4, we use (II.6) and the R-charges R(\)

obtained by extremizing (I1.12) to compute the anomalous dimensions

comparing with perturbative computations of +;(g). This provides both a non-
trivial check of a-maximization and its extensions, and also a means to determine
the relation, A;(g), of A; to the coupling constant g in a given scheme, e.g. that
of the NSVZ beta function. In sect. I1.B.4, we will check (II.15) to three loops,
comparing with the computations of [25] (the one-loop check was already verified
in [14], and the two-loop check was discussed and verified in [20]). In sect. I1.B.5

we will discuss a-maximization along the RG flow for superpotential interactions,
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obtaining the one-loop (scheme independent part) relation between the Lagrange
multiplier and the superpotential Yukawa coupling. In sect. I1.B.6, after reviewing
a-maximization with Lagrange multipliers for SU(N,) SQCD (which was discussed
in [20]), we apply this method to its magnetic SU(N; — N.) Seiberg [26] dual.
Analyzing the magnetic theory, we point out that the R(A;) which extremizes
(I1.12) is a solution of a quadratic equation and that, in the RG flow of R()\;)
to the IR, A can flow from increasing on one branch to decreasing A on the other
branch.

In section I1.C, we point out that (II.13), with the Lagrange multipliers
interpreted as the running coupling constants, demonstrates that RG flow is indeed
gradient flow, with metric (II.14). We compute this metric for gauge (this case
already appears in [20]) and Yukawa interactions. In the perturbative limit, we
compare these metrics with those computed by Freedman and Osborn [11], and find
perfect agreement for the leading, scheme independent coefficients. In other words,
the a-function (I1.13), computed by a-maximization with Lagrange multipliers,
agrees with that proposed and computed perturbatively in [10], [11] (at least to
leading perturbative order).

In section II.D, we propose an extension of the Lagrange multiplier
method of [20] to apply for RG flows with accidental symmetries associated with
gauge invariant operators hitting their unitarity bound and becoming free. This
extension leads to a monotonically decreasing a-function for such RG flows, show-
ing in particular that a-maximization indeed ensures that a;r < ayy for these RG
flows too. We also comment in sect. II.D on the challenge of finding a natural,
monotonically decreasing a-function for RG flows associated with the Higgs mech-
anism: there are contributions (the eaten matter fields) whose effect is to reduce
a in the IR, as well as contributions (the uneaten matter fields) whose effect is to
increase a in the IR, and the challenge is to find an interpolating function which
makes it manifest that the former always outweighs the latter.

Finally, in section IL.E, we illustrate some of these ideas with a new
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class of 4d SCFTs, which are simply a deformation of SQCD, where some general
fraction of the flavors are coupled to added singlets. These theories generalize and
interpolate between SQCD and its magnetic Seiberg dual [26], which are the special
cases of none or all flavors coupled to singlets. As we discuss, these new SCFTs
have a dual description, obtained as a deformation of Seiberg duality [26]. Though
these new SCFTs are simply related to SQCD, they could not have been analyzed
before the introduction of the a-maximization method [14]. In ordinary SQCD,
mesons hitting their unitarity bound coincides with the entire magnetic dual being
IR free [26]. In our “SSQCD” (for singlets + SQCD) generalizations, on the other
hand, mesons can decouple with the rest of the SCFT remaining interacting. In
the magnetic dual description, this happens when only the superpotential term
involving that meson becomes irrelevant, with the rest of the dual theory remaining
interacting.

Note added: The results of our section I1.B.4 (including, in particular, the scheme
change with d1n F;/dg ~ C(r;)*¢® + O(g®)) were subsequently independently ob-
tained in [27].

II.B The superconformal R-symmetry, a-maximization,

and Lagrange multipliers

II.B.1 The flowing R-charges

N = 1 supersymmetry puts the stress-energy tensor T,, into a current
supermultiplet, T,4(z,0,0), whose first component is a U(1)g current (and other
components include the supercharge currents). For superconformal theories, this
R-current is conserved, and is the U(1)gr C SU(2,2|1) in the superconformal al-
gebra. For non-conformal theories, supersymmetry relates the dilatation current

divergence T to that of this R-current, via

VT = Vaolr, (I1.16)
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with Ly the chiral superfield trace anomaly, e.g.

~ R ~ .
gé(hr?) (WQWQ)HGUSJE - - (WIWQJ)flcwor + W2 - =, (II 17)

Ly = —
T 9672 24 2 2472

with the first term the gauge beta function, the second the contribution associated
with background fields coupled to flavor currents, and the last two terms the
contributions associated with a background metric and gauge field coupled to the
superconformal R-current. See [13] for a discussion of the latter terms. We’ll
refer to the U(1)g current in 7,4 as the superconformal R-current, whether or
not the theory is conformal, keeping in mind that in the non-conformal case this
R-symmetry is violated.

Whether or not the theory is conformal, supersymmetry relates the su-

perconformal R-charges to the scaling dimensions of the fields:

RQ) = 3A(Q) = 2(1+ 7%), (IL18)

with v; the anomalous dimension of field @);. Consider a RG flow, e.g. with
asymptotically free gauge fields and matter in the UV, to an interacting RG fixed

point in the IR. Along this RG flow we can write the superconformal R-current as
R = Rgons + X}Llow? (1119)

with R*

w u
tons @ conserved current, and X}, not conserved. The current X}, gets

an anomalous dimension, and becomes irrelevant, flowing to zero in the IR, so the
R-symmetry in the stress tensor supermultiplet flows as R — R.,,s in the IR.

As an example, consider SQCD: SU(N.) gauge theory with N fun-
damental flavors @)y and Q 7 (taking Ny in the superconformal window [26]
%NG < Ny < 3N.). There is a unique conserved R-symmetry that commutes with
all the flavor symmetries and charge conjugation, Reos(Qf) = Reons(Q ;=1- Ff
This R-symmetry is conserved along the entire RG flow, but it is only the R-
symmetry in the stress tensor supermultiplet at the IR SCFT fixed point. Along

the RG flow, the R-symmetry in the stress tensor supermultiplet is the sum of terms
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(IL.19), with X%, — 0 in the IR (see e.g. [28]). The superconformal R-charges
evolve along the RG flow, from Ry (Qf) = RUV(@];) = Ryfree = 2/3 (asymptotic
freedom), to those of the IR SCFT, Rr(Qf) = RIR(C?];) = Repns = 1 — %

Using the result of [5], [13], the conformal anomaly at the UV and IR
endpoints of the RG flow are given by apy = 3TrRY, —TrRyv and ajp = 3Tr R, —
TrR;r. 't Hooft anomaly matching does not equate ayy and arg, because the R-
charges themselves are different in the UV and the IR, with the R-current in 7, not
even conserved along the RG flow. E.g. for SQCD (with Ny in the superconformal
window)

N 1 2
apy = 2(N? — 1) + 2N.N; (3 (—g) + §> =2(N?—1) + §(2chvf), (11.20)

the free-field contribution expected by asymptotic freedom (af/*® = 2 and agee =

2/9 in our normalizations). At the IR endpoint of the RG flow, the conformal

anomaly is

arn = 2(N2 = 1)+ 2N,N; (3 (~2)"+ ﬁ—f) —aNz-2-% (1121
= asqcp(Ne, Ny),

where we used Rrr = Reons. 't Hooft anomaly matching is used to evaluate these
Rrr 't Hooft anomalies using the weakly coupled degrees of freedom of the UV
endpoint of the flow (since R;g, unlike the R-symmetry in T, is here conserved
along the entire RG flow). As predicted by the a-theorem conjecture, ayy > asg.
In the UV, the matter fields are at point (A) in fig. 1.1, and in the IR they’re at
a lower point such as (C) in fig. 1I.1.

It’s non-trivial that ascpr > 0, even at strongly coupled RG fixed
points, as desired for a count of massless d.o.f.. E.g. expression (II.21) satisfies
asoep(Ne, Ny) > asgep(Ne, Ny — 1), as expected by the a-theorem conjecture,
since we can RG flow from the theory with Ny flavors in the UV to one with
Ny — 1 flavors in the IR by giving a mass to a flavor. If continued to sufficiently

small Ny, (I1.21) would give negative a. But Ny never gets sufficiently small to
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violate a > 0, because for Ny < %NC something different happens, as can be seen
from the fact that the mesons M = QQ hit the unitarity bound R(M) > 2/3; in

fact, the entire magnetic dual then becomes free [26].

I1.B.2 a-maximization at RG fixed points

Let us briefly recall the argument of [14], that the exact superconformal
R-symmetry maximizes as.q = 3TrR} — TrR;. We write the general trial U(1)x
symmetry as R; = Ry + >.;s;F, where Ry is an arbitrary R-symmetry, the F}
are non-R flavor symmetries, and s; are real coefficients. The superconformal R-
symmetry U(1)g, C SU(2,2|1) corresponds to some particular values of the s,,
that we’d like to determine. The result of [14] is that they’re uniquely determined
by the 't Hooft anomaly relations

ITrR?F; = TrF;  for all Fy, (I1.22)

1
TrR.F7Fy = _gTIJ < 0. (1123)

Relation (II.22) is equivalent to the statement that the exact superconformal R-
symmetry extremizes agp.jqp = 3TrR§’ — TrR;; because aq 18 a cubic function,
(I1.22) is a quadratic equation for R in each variable s;. The inequality (I1.23)
then implies that the correct extremum is the unique one which locally maximizes
Qrial -

Relation (I1.22) was obtained in [14] by using supersymmetry to relate
the two corresponding anomaly triangle diagrams, (F;yRR) and (F;TT). A non-R
flavor supercurrent .J; is at one vertex and the super-stress tensor 7,4, containing
both the superconformal U(1)g current and the stress tensor, is at the other two
vertices. Using a result of [29], the (Jr(21)Taa(22)T}5(23)) three-point function, and
hence its anomaly, is uniquely determined by the superconformal Ward identities
up to an overall normalization coefficient; this implies that the anomalies on the two

sides of (I1.22) have fixed ratio, and the factor of 9 can then be fixed by considering
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the free-field case, where the fermions have R = —1/3. Another way to obtain
(I1.22) is to consider the anomalous violation of the flavor supercurrent .J; upon
turning on a background coupled to 7,4, i.e. a background metric and background
gauge fields coupled to the superconformal R-current: (I1.22) is obtained upon
arguing that ﬁZJI = kW?, with no contribution proportional to the chirally
projected super Euler density = [14].

The equality in (I1.23), obtained in [5], relates the 't Hooft anomaly
for (RFF;) to the coefficients 77, of the flavor current two-point functions
(JI(z)JY(y)). The inequality in (I1.23) then follows upon using unitarity to ar-
gue that the current-current two-point function coefficients are a positive definite
matrix, 77; > 0. The extremum condition (I1.22) is a quadratic equation, and
inequality (I1.23) determines that the correct solution is uniquely determined to
be that which locally maximizes ay.iq-

For a general N' = 1 SUSY gauge theory, with gauge group G and matter
chiral superfields @; in representations r; of G, (I1.22) constrains the superconfor-

mal R-charges R(Q;) = R; to satisfy

> Il (Fr)i (9(R: = 1) = 1) = 0. (11.24)

(F7); = F;(Q;) are any flavor charges of the matter fields, which must be G-
anomaly free:
TeFrG? = (Fp)T(r;) = 0, (I1.25)

with T'(r;) the quadratic Casimir of representation r;. Superpotential interactions
further constrain the charges (F7);; for now, consider the case of gauge interactions
only. The general solution for R;, satisfying (11.22) for any flavor charges (F7);
satisfying (I1.25), is

(I1.26)
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A« is a parameter that is fixed by the constraint that U(1)g be anomaly free:

TrRG? = T(G) + ZT(Ti)(Ri —1)=T(G) — %Z 14 AT (1)

=0. (I1.27)
i |74l
The branch of the square-roots are determined by (I1.23), which for gauge interac-
tions has sign corresponding to negative anomalous dimensions, since (I1.26) and

(I1.6) yield for the RG fixed point anomalous dimensions:

AT (g AC (7
vi(g«) =3R; —2=1— |1+ |T(|T) =1—,|1+ |G(|T) (I1.28)
As standard, we define group theory factors as
|G| T(r:
T (TT%) = T(0%, 3 TATS! = CO g 30 () = 210 (1120)
A=1 Ti

normalizing quadratic Casimirs so that T(G) = N, and T'(Fund) = 5 for SU(N,).
As discussed in [14], a non-trivial check of a-maximization is that (I1.28)

indeed reproduces the correct anomalous dimensions for perturbatively accessible

RG fixed points:
2

i(g) = ——4120(72-) +O(g"). (11.30)
Expanding the exact result (II.28) for small A and comparing with (I1.30) yields
2
g*|G‘ 4
M= : 11.31
oz T Og) (I1.31)

with both A, and ¢, determined at the RG fixed point in terms of the group
theory factors [14] by the condition that U(1)gr, be anomaly free (equivalently,
Bnsvz = 0).

The above results are valid as long as there are no accidental symmetries
in the IR. They require modification when IR accidental symmetries are present
[16], because we must a-maximize over all flavor symmetries, including all acciden-
tal symmetries. Restricting the landscape of allowed R-charges, by not accounting
for the possibility of mixing with all accidental symmetries, would lead to incor-
rect results. A crucial issue then becomes how one can determine what accidental

symmetries might be present.
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One particular type of accidental symmetry, which is under control, is that
associated with gauge invariant composite operators hitting a unitarity bound,
and becoming free. To be concrete, suppose that dim(M) operators M = QQ
become free, with an accidental U(1),; symmetry, under which only the composite
operators M are charged; the U(1)y charge is Fyy, with Fy (M) = 1 and all
other fields neutral. a-maximization must include mixing with U(1)y: Ryriar =

RO

it F S Evre Qi = 3Tr R} . —Tr Ry can be computed using 't Hooft anomaly

trial

matching. Maximizing over sy, yields R.(M) = 2/3, as appropriate for a free
field, with R,(M) # R.(Q) + R.(Q) because of the mixing with U(1)y;. There
is an important residual effect on the quantity to be maximized for determining

y = R(Q) and § = R(Q) [16] (see [17] for a derivation along the lines sketched
here):

~ _ . 2 _ _
aYy,7,...)=ad4,7,...)+dim(M) (§ B3y +y—1+y+y— 1) (11.32)

The additional term in (I1.32) vanishes when Ro(M) =y + gy = 2/3, as
does its first derivative. This ensures that a-maximization yields R, charges and
central charge acpr that are continuous and smooth (first derivative continuous,
though higher derivatives are generally discontinuous) across a transition where

the operators M become free (say as a function of parameters that can be varied,

such as N./Ny).

I1.B.3 a-maximization with Lagrange multipliers

We first review Kutasov’s proposal [20] for the case of gauge interactions
only. The idea is to implement the constraint that the superconformal U(1)g be

anomaly free at the IR fixed point via a Lagrange multiplier A\, maximizing (11.12)

a(R;, A) = 2|G|+ 3 [ril[3(Ri — 1)° — (R — 1)]
“MNT(G)+ >, T(ri)(R; — 1)). (I11.33)
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Extremizing (I1.33) w.r.t. R; yields

; =1——=,|1 =1——=,1
R;()\) TR i T Gl

(I1.34)

Plugging back into (I1.33) yields

S\ 32
au)Eami(x),m:m_AT<G>+§Z|H|<1+”‘;<i‘2>> (13s)

Because R;()) solves da/OR; = 0, we have

90 = FralRe ) = <T(6) = ST, ~1) = falR). (130
Extremizing now in A has solution A., where (I1.36) vanishes, and R;(\.) are
the same as in (I1.26). Also, evaluating (I1.33) with both R; and X\ extremized
yields a(R(A4), As) = ascrr, since the additional term proportional to A in (I1.33)
vanishes at A = \,.

The proposal of [20] is to interpret (I1.34) and (I1.35) as the running R-
charges and a-function, along the entire RG flow, from the UV to the IR, with
the Lagrange multiplier A interpreted as the running gauge coupling ¢* in some
scheme. The RG flow from UV to IR corresponds to A : 0 — \,. Since \ is
increasing along the RG flow to the IR, A > 0, and the beta function along the RG
flow is negative, (I1.36) implies that this a-function is monotonically decreasing
along the RG flow, @ < 0, with @ = 0 at precisely the IR SCFT, where the beta
function vanishes.

The RG flow can be pictured using fig. II.1. In the UV, A = 0 and the
matter chiral superfields all have R; = 2/3, at point (A). Extremizing (I1.33) w.r.t.
R; implies that R; should sit at a point where the slope of the function in fig.
II1.1 equals AT'(r;), giving (I1.34). Increasing A thus takes R; to where the slope
is positive, i.e. down the hill to the left of point (A), reducing a. Eventually the
flow hits a zero of the beta function and stops, with R(Q;) at some point (C) in
fig. 11.1.
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II.B.4 Comparing with the explicit perturbative computations of Jack,
Jones, and North [25].

The proposal is that (I1.34) gives the exact R-charges along the entire
RG flow. Hence the exact anomalous dimensions, along the entire RG flow, are
given by

7i(A) =2(A(Qi) — 1) =3R; —2=1— |1+ el

(11.37)

In this subsection, we will compare this with explicit perturbative computations,
extending the higher-loop check made in [20]. Note that the expression (I11.37) is ob-
viously compatible with the a-maximization result (II.28) for the exact anomalous
dimension at RG fixed points. The check here is thus also a higher-loop extension
of the check in [14] between the exact a-maximization results and explicit pertur-
bative computations, for those RG fixed point theories which are perturbatively
accessible.

Expanding (I1.37) in A = A/2|G]| yields (for uniform notation, we take

()1 =1)

50 = 32 B APl = <30() + OO

33 N4
—%C(n) +i0(m) (IL.38)

Comparing with the 1-loop anomalous dimensions (11.30) then yields

~ A B g ©
3= 5= i z_: (I1.39)

the analog of (I1.31), now interpreted as applying along the entire RG flow; (I11.39)
is indeed compatible with the interpretation of A\ as corresponding to the running
coupling. The undetermined coefficients A,>5 in (I1.39) reflect the standard renor-
malization scheme freedom to reparametrize the coupling constant. In general, if
one scheme has coupling g and wavefunction renormalization factors Z;(g), another

could have coupling ¢'(¢g) and wavefunction renormalization Z!(¢") = Z;(g)Fi(g).
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The anomalous dimensions and beta function of the two schemes are then related
by

)=o)+ 530 D ana ) = 2 s o)

We will compare the prediction (I1.38) with the explicit higher loop computations

of [25], assuming initially that the only scheme difference is a change of coupling

constant A = A(g), as in (I1.39), assuming initially that F;(g) = constant in (11.40).
Keeping arbitrary A, in (I11.39), (I1.38) yields

e’} 1 2 p
2 3)“( C” ZACT’, ) (I1.41)

Expanding yields predicted expressions for the p-loop anomalous dimensions:

-G o = (SR - actn) o

,}/i - 4 2 }
@ _ (_C)* O 6
Yi _< 19287 6 2 4 30(7"» g,

(4) _ _ <5 C(Tz) 3 C(,,,.Z)3 1 Ag

8 (4m2)t 27 (4m2)? 2( I 5 +A)C(r)? _A4C(Ti)> g°, et

(11.42)
The prediction, for general p-loops, is that the highest power of C'(r;) is C'(r;)?. The

coefficient of this highest power term is hence scheme independent, and predicted

to be:
2 I A\P  opl
P (g) = (( pp' 3)! <—C;(7:2Z)> + Y (scheme dependent coeffs.)C(r;)" | g*.
: =1

(I1.43)
Moreover, for each p, the scheme dependent coefficients of C(r;) in (I1.43) are
fixed in terms of those of lower orders of perturbation theory for 2 < ¢ < p (only
the coefficient of the £ = 1 term isn’t already determined by the results from lower
orders in perturbation theory). The structure of the scheme dependent coefficients
is predicted to be such that there exists a particular scheme, corresponding to

setting all A,~o = 0, in (I1.39) in which the p-loop anomalous dimension has only

the C'(r;)P term in (I1.43).
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As discussed in [20], the predicted 4 in (I1.42) indeed agrees with that
obtained from explicit computation of the Feynman diagrams: the scheme inde-
pendent C(r;)? term indeed has the same coefficient®, and matching the coefficient
of the C(r;) term fixes the coefficient A in the expression (I1.39) for A in the

particular scheme adopted in [25]:

Ay = b with by = 3T(G) — X, T(r;), in the particular scheme of [25].

647’
(IT.44)
We can now go to three loops, comparing the prediction (11.42) with the
perturbative results of [25]. We indeed find precise agreement for the scheme in-
dependent coefficient of the ¢°C/(r;)? term! However, using (I1.44) in (I1.42), our
prediction for the (scheme dependent) coefficient of the g%C/(7;)? term in ~&

s
twice that obtained in [25]. Fortunately, this difference (as in (I1.44)) is propor-
tional to (the leading term of) 3(g). Thus (I1.42) can be salvaged by including a
further scheme difference (I11.40), between that of the Lagrange multiplier method
and that of [25], coming from a non-trivial difference in the wavefunction renor-

malization starting at two loops: dIn F;/dg ~ C(r;)?g>.

II.B.5 Including superpotential interactions

Let’s now consider the case of both gauge interactions and those asso-
ciated with a superpotential term W = h[J, Q?(W)i. If this W is relevant, the
IR SCFT has the added constraint that the superpotential” has total R-charge 2,
which can again be implemented with a Lagrange multiplier. The prescription is
then to modify (I1.33) by adding a term Ay (R(W)—2), with R(W) = >, Rin(W);.
Extremizing a(R;, Ag, Aw) w.r.t. the R;, holding A\g and Ay fixed, then modifies

%In comparing with [25], note that we define anomalous dimensions as A(Qi) = 1+ 1v;, whereas the
definition in [25] wouldn’t have the %, SO Vhere = 2Vthere-

"We use the fact that the form of the superpotential is not renormalized along the RG flow: the
only renormalization is that of the overall coupling h (coming from the renormalization of the kinetic
terms). Non-perturbative corrections to the superpotential are avoided if there is sufficient matter, so
that Y. T(r:) > T(G).
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(I1.34) to

w 1+ AG|T(|”) ”(M()"'AW. (11.45)
r; r;

Plugging R;(Ag, A\w) back into a(R;, Ag, Aw) yields the a-function

a(Ac, Aw) = 2|G| = AeT(G) + Aw (n(W) — 2)

/2
2 AT (ry) n(W)Z-AW>3
+= ‘7"2‘ (1 + - 5

52 ml Tl
with ny = >, n(W); the degree of the superpotential. This a-function satisfies

8& ~ aa ~

% = ﬁGa and a)\W = /GWa (1147)

proportional to the exact gauge and Yukawa beta functions, as defined in (I1.7)

and (IL.8).

(I1.46)

The conjecture is again that Ay, can be interpreted as the running super-
potential Yukawa coupling h?, in some appropriate scheme. Using (I1.34) for the

exact R-charges yields exact anomalous dimensions

AgT(’f’i) _ )\Wn(W), ‘

7] 7]

We can again write this exact expression for the anomalous dimensions as

vi=1—1/1—2yY, (11.49)

1 _ _)‘GT(W) n(W)idw I

to be identified with the one-loop anomalous dimension. Comparing with explicit

with

perturbative computations allows us to check this result, e.g. verifying the 1/|r;|
dependence in (I1.48) and (I1.50), and to find the leading relation between Ay, and
h?.

To fix the normalization, let’s first compare (I1.50) with perturbation
theory for a single chiral superfield (), with cubic superpotential W = %hQ?’ (so
n(W) =3 in (IL50)):

hl|? A hl|?
(1)——| | —3 W hence )\W——| |

DAW _ 4
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With many chiral superfields @; and superpotential W = £h"7*Q;Q;Qy, the one-
loop anomalous dimension matrix is

ikl 1, *
7(1)2“ _ h hjkl
J 1672

(I1.52)

Suppose that the matter fields form distinct irreps of a group, with h¥* = RTTii"
with T""i"r an invariant tensor to contract the group indices of those irreps. Schur’s
lemma then ensures that the anomalous dimension matrix (I1.52) is diagonal and
proportional to the identity matrix for each irrep, and taking the trace fixes the
coefficient to be

(1i _ (52 (hklthlm) (Wlth hklmh* _ |h|2T”TjrkT* — |h|2|T|2)
7 i Y5 1671'2‘7"2“ klm — TiTiTE )
(I1.53)

giving v ~ 1/|r;|, as predicted from (I1.48). Comparing (I1.48) and (I1.53) yields,

h|?|T)?
Aw = |2|47|2| + higher loop (scheme dependent) corrections. (I1.54)
s

As in the previous subsection, one can do higher-loop comparisons with the results
of [25], where the anomalous dimensions were computed to three loops, including
the contributions from Yukawa couplings. But there is significant scheme freedom
in redefining the Yukawa couplings, including their tensor structure, so we will
not here explicitly discuss the higher order dictionary (I1.54) between Ay and the

Yukawa couplings in the scheme of [25].

II.B.6 An example: electric and magnetic SQCD

For SU(N.) SQCD, with N; fundamental flavors Qy, @f, (I1.34) gives
[20]

(1L.55)

and thus the a-function along the flow is [20]

4 Ae \*?
a(A) = 2(Ng = 1) = AgNe + g NeN; (1 + 2; ) . (I1.56)
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The asymptotically free UV theory corresponds to A = 0, and the RG flow to the

IR corresponds to A : 0 — A*, where

)\G* o 3Nc 2
N <Nf> —1 (1L.57)

is where the R-charges (I1.55) are anomaly free, and hence (I1.56) is critical and

Bnsvz = 0.
The magnetic dual [26] is G = SU(N,) = SU(N; — N,) SCQD, with N;
dual quarks ¢/, ¢/, and N]% added singlets My, with superpotential

W = hMy;q:¢°. (I1.58)
The quantity to maximize for the RG flow of the dual theory is

a =2(N?—1)+2N.N; (3(R, — 1)* — (R, — 1)) + N7 (3(Ry — 1)* — (Ry — 1))
~Ag (Ne+ Np(Ry = 1)) + M (2R, + Ras — 2). (11.59)

Extremizing in R, and Ry, holding A5 and Ay fixed yields

~ 1 A~ >\h 1 )‘h
R)=R@=1—-|1+26 -2 RM)=1—e-|1— 2L (1160
(q) = R(q) 3 $ N, NN, (M) 3 N2 (I1.60)

Increasing A5z, and hence the magnetic gauge group coupling g%, lowers R(q),

whereas increasing \;, increases R(q) and R(M). Plugging back into (I1.59) yields

a-function

—, __ 4 — A~ 3/2 9 A\ 3/2
(IL61)

[

whose A gradients give B@ and Gy .

The € = + in (I1.60) corresponds to the choice of branch sign in the square
root, and is a main point of this subsection. Taking Ny > %NC, the magnetic theory
is asymptotically free, and the UV limit has the free-field R-charges R(q) — 2/3
and R(M) — 2/3, and hence A\5 — 0 and A\, — 0, with ¢ = +1 in (I1.60). As
the magnetic theory RG flows to the IR, A, increases, and hence R(M) moves to
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R(M) > 2/3 (unitarity requires R(M) > 2/3, with equality iff it’s a free field). In
fig. 1.1, R(M) flows from point (A) towards point (B). If the IR fixed point is
sufficiently strong coupling, R(M) can increase past R(M) = 1, in which case A\,
must first increase to NJ% on the € = 41 branch of (I1.60), and then we must switch
to the e = —1 branch, after which )\, must decrease as we flow farther in the IR.
As an extreme example, for Ny ~ 3N, (just below) the electric theory
is barely asymptotically free and hence weakly coupled in the IR, whereas the
magnetic dual is very strongly coupled in the IR. At the RG fixed point, we know
from the electric side that Rir(Q) ~ 2/3, and thus Rr(M) ~ 4/3, i.e. R(M) in
the magnetic theory flows from Ryy (M) = 2/3 to Ryr(M) =~ 4/3. Using (11.60),
the flow starts in the UV with € = +1 and \j, increasing from zero to its maximal
value A\, = NJ%, after which the continued flow to the IR is on the e = —1 branch,
with A\, decreasing, with A\, — 0 at the IR fixed point. Though A\, =~ 0 at the IR
fixed point, the magnetic dual is certainly strongly coupled, and we expect that h?
isn’t small. As we’ll discuss in the next section, in order to have positive definite

metric G7; and monotonically decreasing a-function, we expect that the jacobian

Ok
agt

should be positive (positive eigenvalues); assuming the off-diagonal terms to
be negligible, this requires d\,/dh? > 0, suggesting the “shark fin” shape of fig.
I1.2.

The slope of the beta function at a RG fixed point, (o), is a scheme
independent quantity, which gives the anomalous dimension of the leading irrele-
vant operator along which we flow into a RG fixed point (i.e. F,, " for gauge
interactions). For SUSY gauge theories, §'(cw.) was argued to be related to the
anomalous dimension of the Konishi current at the RG fixed point [30]. Using
a claimed map of this current to that of the magnetic dual it was argued that

B'(92)etce = Bhin(92, h2)mag [30]. For Ny/N. = 3 + 6, with 6 < 1, the mag-
netic RG fixed point is weakly coupled and [/

! in (92, h2)mag can be perturbatively

computed; doing so, the claim of [30] leads to a prediction for ['(c.) in the
corresponding, strongly coupled electric theory [30], #'(a.) = (28/3)d%. We do
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hZ

Figure I1.2: Hypothetical plot of \;(h?), with e = +1 on the top part and ¢ = —1

on the bottom.

not, however, find this qualitative behavior, of having #'(a,) — 0 as § — 0, in
(dB/dN)y, = (N;/6N,)?, as computed using (I1.56) and (I1.57). The factor from
ﬁNSVZ/B in (I1.7) doesn’t help (if anything, it’s large in this limit); the only ap-
parent way to get 3 — 0 would be if (d\/da)

o, — 0 as 0 — 0. We do not know

whether or not this is the case.

II.C RG flow = gradient flow: evidence for the strongest

version of the a-theorem
Writing the general a-function again as a(\) = a(R(\), \) with
a(R,\;) = 3TrR® — TrR+ " MG (R), (11.62)
I

and R()\) obtained by extremizing in R, the Ax gradients of this function give

da(N)
O

= BE(R(\)). (11.63)

The EK (R) are are proportional to the exact beta functions, which we’ll write as

BE(R) = ¥ (9)8(9). (IL.64)
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Thus (I1.63) demonstrates that the exact RG flow is indeed gradient flow! Writing

the \; as functions of the couplings ¢’ in a general scheme, we have

da da 8)\K 8)\K

g1~ Org 09T = I5(9)5758"(9) = Gri(9)8”(9). (11.65)

This gives the beta-functions as gradients of the a-function, as in (I1.2), with metric

for the space of ¢/ coupling constants

Ok

Gri(g) = ff (g)a—gf- (11.66)

A sufficient condition for Gj;(g) > 0 and the strongest version of the a-theorem
is fX(g) > 0 (e.g. we don’t continue past the apparent pole associated with
the denominator of Sysyz) and the coupling constant reparametrization Ag(g) is
monotonic, %)"f > 0.

Using (I1.66) and (I1.7), the exact metric for gauge couplings is (this case

appears already in [20])

_ BdAa _ l6n? . 2T (G)\ dAg
9B dg 33 82 dg’

with Ag(g) that for the NSVZ g scheme. As long as ¢?T(G) < 872 and A\g(g) is
monotonic, (I1.67) satisfies G,, > 0. Using (I1.39) and (I1.44), for weak coupling

(IL67)

we approximate:

2 2 3
g, _ Lor (1 L T<G>> (g\G| . [Glg* +>

393 82 72 8t

~ 1§LG| <1 + 8—;@1 T(G))) | (T1.68)

Likewise, for Yukawa couplings, using (I1.66) and (I1.8), the exact metric
is R
Bdxy, 4 dx,
3dh ~ 3d(h?)’

which satisfies G, > 0 as long as Ap(h) is monotonic. Using (I1.54), we can

G = (I1.69)

approximate for weak coupling

4 dA 4
Ghn = 57 rm %§<

3 d0) + (’)(h2)> : (I1.70)

24712
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Consider e.g. the magnetic dual of SQCD, with gauge group SU(N.,),
with gauge coupling g, and superpotential (I1.58), with Yukawa coupling h. The
a-function (I1.59) gives the beta functions as gradient flow:

a O\ 5 _ PT(G ~

(g—g) _%(aig %) (47T29 3(1—%@) 0 ) (ﬂNSVZ(Q)) (II71)
o | g _ : :
o) S\GE G 0 (207 ) \ Bw(h)

A sufficient condition for positive metric in (II1.71) is positivity of the jacobian

A
dg!

and §°T(G) < 87%. Assuming that the off-diagonal components of the metric
aren’t appreciable (they’re zero in perturbation theory), positivity of the jacobian
requires d\,/dh* > 0, which motivated the shark-fin shape of fig. 1.2, for the case
of Ny~ 3N..

As we discussed in the introduction, we can compare metrics Gy, as
computed above, with those computed by Osborn and collaborators in the context
of 4d field theories on curved spacetime, with spatially dependent couplings. The
supersymmetric case was considered by Freedman and Osborn in [11]. To com-
pare expressions, we need to account for our rescalings mentioned in footnote 3,
here(9) = (32/3)atnere(9), and G5(g) = 3GY¥(g). We then find that the lead-
ing, scheme independent, term in both the metric Gy, (I1.68), and also the Yukawa
coupling metric (I1.70), agree precisely with those found by Freedman and Osborn
[11]! (The coefficient of the subleading, scheme dependent term in (I1.68), how-
ever, does not agree with that obtained in [11]: rather than b, — T'(G) of (I1.68),
the coefficient obtained in [11] was 2b; — T(G). The apparent difference, ~ by,
could be completed at higher orders into a difference ~ 3(g), which would at least
vanish at the endpoints of the RG flow. More work is needed to verify if this is a
real difference in the metric and a-function, or perhaps associated with a scheme
discrepancy.)

The method of Osborn was to consider renormalization for spatially de-
pendent coupling constants, e.g. with G; coming from beta functions 3, ~
G1(9)0,9'0,g”. This is very reminiscent of the AdS/CFT correspondence, where

coupling constants correspond to fields in the bulk, with G;; naturally associated
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with the sigma model metric G4%* of these bulk fields. Indeed, in [31] it was
argued that the AdS holographic RG flow leads to ¢ = —G;3'37, with metric
Gry = 2cG%k. This again suggests that RG flow is gradient flow, with positive
definite metric, though it’s important to emphasize that the AdS/CFT correspon-
dence seems limited to a very restricted subset of all possible CFTs. In any case,
Gy = 2c¢GY* gives a nice insight into the result for the leading perturbative
metric, G,y ~ |G|/g* (I1.68): it matches with the (SL(2,Z) invariant) dilaton
kinetic terms in the bulk: Ly = —%(7'2)_2@78”? (here 7 = % + 4mig=2, so

1(d(log7))* = (d(log 9))?).

II.D a-maximization along RG flows with accidental sym-

metries, and comments about Higgsing

The Lagrange multiplier method needs to be extended in order to apply
to RG flows with accidental symmetries, or those associated with Higgsing [20].
In this section, we’ll discuss an extension of the proposal of [20] for the case of
accidental symmetries associated with gauge invariant operators hitting the uni-
tarity bound and becoming free. This extension defines a monotonically decreasing
a-function along such RG flows. This shows, in particular, that a-maximization
indeed ensures that ayy > ajg is automatically satisfied for such RG flows. We'll
next discuss Higgsing RG flows, where we do not yet have a good candidate a-

function, or general argument for ayy > arg.

II.D.1 Accidental symmetries

Accidental symmetries, present in the IR but not in the UV, challenge the
a-theorem conjecture. Additional symmetries broaden the landscape over which
we're maximizing @i, increasing the value of a;z. To avoid violating ajr < ayy
thus requires that the IR theory must not have too much accidental symmetry;

at present, however, we do not know of a general way to prove that the possible



38

accidental symmetries are always sufficiently bounded so as to be compatible with
arr < ayy. Here we will limit our discussion to a particular type of accidental sym-
metry, that of a gauge invariant operator hitting its unitarity bound and becoming
free (without additional free fields, such as free magnetic quarks and gluons, whose
existence would have been hard to predict from the spectrum of gauge invariant
operators of the UV theory).
Near the UV start of the RG flow, we’ll use for the a-function, following
[20],
a®(R,\;) = 3TrR® — TrR + > A B1(R). (I1.72)
I

Extremizing this in the R; has solution REO)(AI), and plugging back in gives a-
function a¥(\;) = a® (R;(\;), \;). We propose that these R ()\;) and a@()\;)
give the R-charges and the a-function initially along the RG flow, up until the point
where the accidental symmetry arises: until the flow hits a value of the Lagrange
multiplier /coupling constants )\30) where a gauge invariant composite operator M
hits R(M) = 2/3. At that point on the RG flow, including the effect of the
accidental U(1)); means patching onto another a-function, with the correction

term of [16] added to (I1.72):
aW(Ri, A1) = a (R, \;) + dim(M) (g —3(Ry — 1)+ Ry — 1> . (IL73)

with Ry, = Y, Rymy for M =TT, Q;". Now (I1.73) is extremized to find Rgl)()q),
and plugging these back into (I1.73) gives a-function a™(X;) = a® (R (A;), A).
If other operators M’ hit R(M') = 2/3 further down the RG flow, we’d similarly
patch onto the a-function a® obtained by adding the analogous correction term
to (IL.73).

So the running R-charges R;(A;) and a-function a()\;) along the entire
RG flow are proposed to be given by this patching procedure, with the patches oc-
curring at every place along the RG flow where some gauge invariant operator hits
the unitarity bound. The important point is that, despite the patching together,

the R;(A;) and a(A;) thus obtained are continuous along the entire RG flow, as
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presumably are R;(\;) and a();), because the added term in (I1.73) vanishes at
the patching location, where Ry, = 2/3, as does its first derivative w.r.t. Ryy.

Moreover, the patched-together a-function still satisfies

0&()\1)
01

= Bi(R),

with 3;(R) the same linear combinations of the (patched together) R-charge R;,
proportional to the exact beta functions, as in (I1.7) and (II.8). Thus the patched-
together a-function continues to satisfy a(A\;) < 0. In particular, for the endpoints
of the RG flow, this demonstrates that a-maximization automatically ensures that
the accidental symmetries of the above type never violate a;g < apy .

Here is a suggestive way to obtain this same patching-together prescrip-
tion. Consider coupling the NJ% composite, gauge invariant meson operators () f@g
to the same number of added sources, L/9, and also introduce into the theory the

same number of added gauge invariant fields My, with added superpotental
W = Lf9Q;Qy + hL9M;;. (I1.74)

We think of the second term, with coupling h, as a perturbation. Starting at
h = 0, we have R(M) = 2/3 and R(L) = 2 — R(QQ), so the h perturbation is
relevant if R(QQ) > 2/3. In this case, the effect of the two terms in (I1.74) is that
L and M are both massive, and hence should be integrated out. The L e.o.m. sets
My = Qf()g, the M e.o.m. sets L/9 = 0, and the upshot is that we're back to
were we would have been had we not included the 2N} additional fields L/9 and
M. In particular, these massive fields make cancelling contributions to 't Hooft
anomalies and hence to the a-function a = 3TrR* — TrR.

On the other hand, if R(QQ) < 2/3, the second term in (I1.74) is irrele-
vant, and the N7 fields Mj; are then decoupled free fields, with R(M) = 2/3. This
gives the 2/9 term in (II.73), and the remaining additional terms in (I1.73) are the
contribution of the fields L/9 (whose R-charge is fixed by the first term in (I1.74) to
be R(L) = 2 — R(QQ)). The a-function computed with these added fields and su-

perpotential interactions involves additional Lagrange multipliers, associated with
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the added superpotential terms, but should be equivalent to the patched-together

prescription described above.

II.D.2 Higgsing

Giving a chiral superfield an expectation value breaks the gauge group
G — H. There is then a Higgsing RG flow, from the unbroken G theory in the UV
(as the vev’s then negligible), to the H theory in the IR, with the massive G/H
fields decoupled. We do not have a candidate a-function, or a general argument
that ayg < ayy, for Higgsing RG flows. We'll simply illustrate the challenge here,
taking W;,... = 0 for simplicity.

When G — H, the G matter fields (); decompose into H representations
as Q; — X, Qiy, some of which are eaten. As with other RG flows, we can compute
Aa = ajgr — ayy from the IR vs UV R-charges of the chiral superfields, with the
gauge field contribution unchanged and canceling in Aa. The fact that the low
energy group does change, from G to H, is accounted for by the contribution to
Aa of the |G| — |H| matter fields eaten by the Higgs mechanism. At the IR fixed
point, these eaten matter fields will have R;g(Qeaten) = 0, as seen by the fact that
their fermionic components pair up to get a mass with the G/H gauginos; their
contribution to Aa then correctly accounts for G — H. We'll write the total Aa as
Aa = Adegten + Abyneaten- The a-theorem conjecture predicts Aa < 0. The eaten
contribution satisfies Adegren, < 0 if Ryv (Qeaten) > 0, €.g. at point (C) in fig. 11.3,
which is the case for RG fixed points with W;,... = 0 and sufficient matter to avoid
generating Wy,,. (Theories with Wj,... can have matter with negative R-charge,
as seen e.g. in [16] for the theory with W, = TrX*+1)

Very generally, however, Adypeqaten > 0, because Higgsing leads to an IR
theory that is less asymptotically free than the UV theory. The uneaten matter
fields move up the hill of fig. I1.3 (which is a blown-up portion of fig. II.1), from
point (C) in the UV, to a larger value in the IR. Those that are H-charged move
partially up the hill, and those that are H-singlets are IR free, and hence move all
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Figure I1.3: Eaten and uneaten matter fields contribute oppositely to Aa.

the way up to point (A) in the IR. The a-theorem prediction that Aa < 0 thus
requires that Adcqen be sufficiently negative, to compensate for Adaypeaten > 0.
To illustrate all this, consider SU(N.) SQCD with N; flavors in the su-

perconformal window range %Nc < Ny < 3N.. As reviewed in sect. II.B, this

theory has
2 Ne N7
aAsCFT = aSQC’D(Nc> Nf) = Q(NC — 1) + 2NCNf ﬁ — 3N3 . (1175)
f f

Giving an expectation value to one of the flavors yields a SU(N.) — SU(N. — 1)
Higgsing RG flow, with Ny — Ny — 1, and a-theorem prediction

2
aSQCD(Nc, Nf) > aSQCD(NC — 1, Nf — 1) + §(2Nf — 1), (1176)

with the last term from the 2Ny — 1 uneaten singlets (decomposing (N.) — (N —
1)+(1)). This inequality can be thought of as a statement about the contributions
of the 2N.N; matter fields to Aa = a;g — ayy. In the UV limit of the Higgsing
flow, all of these fields start at point (C) in fig. I1.3, with Ryy =1 — (N./Ny). In
the IR limit, the 2(N, —1)(N; — 1) uneaten charged matter fields move slightly up
the hill of fig. 11.3 (to Rjg = 1 —(N.—1/N;—1)), contributing to an increase in a.
The 2Ny —1 uneaten singlets also contribute positively to Aa, moving up the hill in

fig. I1.3 from point (C) to point (A), with R = 2/3. Only the |G| — |H| = 2N.—1
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eaten matter fields contribute to a decreased value of a;g, moving down the hill of
fig. I1.3 from point (C) to Rrr(Qeaten) = 0.

Since Adypeaten > 0, it’s non-trivial to prove that the eaten matter field
contribution is sufficient to ensure that Aa < 0. Indeed, (I1.76) would be violated
for Ny sufficiently small, if we didn’t account for the effect of accidental symmetries
for Ny < %Nc. Upon taking into account these accidental symmetries, Aa < 0 is
satisfied. Proving that Higgsing RG flows always satisfy Aa < 0 thus generally
requires accounting for accidental symmetries. Perhaps it’s possible to prove that
arg < ayy is satisfied whenever the unitarity bound condition is satisfied by all
gauge invariant operators, with accidental symmetries giving R = 2/3 for any
gauge invariant operators appearing to violate the unitarity bound, but we have
not found an effective way to implement this.

An attempt to generalize the proposal of [20] for defining a flowing a-
function for Higgsing RG flows would be to introduce several Lagrange multipliers,
to interpolate along each of the three flows depicted in fig. I1.3, A\, for the eaten
matter fields, \,. for the uneaten charged matter, and )\, for uneaten singlet
matter fields. The Higgsing RG flow would then correspond to some path A.(t),
Ave (t), Aus. (1), along which we’d like to find a monotonically decreasing a-function.
Some clever choice of path would be required, since only the flow associated with

Ae has the needed sign of decreasing a.

ILE New SCFTs from SQCD with singlets: SSQCD

In this section, we illustrate some of the points discussed in the previous
sections with a new set of examples. Consider SU(N,) SQCD with N; fundamental
flavors Q; and Qg (with ¢ = 1... Ny), and N} additional flavors Q;, and @;, (with
i’ = 1...N}), with the N} flavors coupled to N]’c2 singlets S by a superpotential
term

W = hS"7' Q4 Q. (11.77)



43

For h = 0, the theory is just SQCD, with Ny + N} flavors, which flows to an
interacting SCFT in the superconformal window %NC < Ny + N]’c < 3N.. The
superpotential (I1.77) is a relevant deformation of these SCFTs, h : 0 — h, # 0,
driving a RG flow to a new family of SCFTs in the IR, labeled by (N, Ny, N}).
The usual SQCD RG fixed points are the special case N; =0 (electric description)
or Ny = 0 (dual, magnetic description).

The SU(Ny + Nj — N.) Seiberg dual [26] of the theory with A = 0 can
be deformed by the superpotential (I1.77), whose effect in the dual is simply a
mass term that pairs up the N }2 added singlets S with the N }2 mesons M’ (which
Q'Q' map to). The dual description of the new RG fixed points associated with
(IL.77) is thus simply a deformation of Seiberg duality, where we integrate out
the massive gauge singlets S’ and M’. What’s left is an SU (NC) gauge theory,
with N, = Ny + N; — N, with Ny flavors of dual quarks, ¢/, and ¢’ (if @ € N¢
of SU(Ny)z, then ¢ € Ng), and N} flavors ¢, and q (if Q" € Ng of SU(Ny),
and 2NN} singlets P,

ij’

then ¢ € Ng), and N} gauge singlets M;;

, .
i and P;j,, with

superpotential (suppressing flavor and color indices)
W = Mqq + Pqdq+ P'qq. (I1.78)

The first term in (I1.78) is similar to the superpotential (II.77) of the electric
theory, with an exchange Ny < N} in the number of flavors coupled to singlets.
But the additional P and P’ terms in (I1.78) distinguish the magnetic duals from
the original electric theory (I1.77, so the duality does not simply equate the SCFT,
obtained from the electric theory with (N, Ny, N}), to that obtained from the
electric theory with (Ny+ N — N, N, Ny). Duality equates these two SCFTs only
for the special case of SQCD, NyN} = 0; for NyN} # 0, the electric (N, Ny, N})
and (Ny + Nj — N, N}, Ny) theories are distinct (each with their own, distinct,

magnetic dual). The duality map for mesons, singlets, and baryonic operators is

QQ— M, S——qf QU —P QQ—F, Q@M Vgt
(I1.79)
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(with r an arbitrary integer).

Both the electric and magnetic theories have an SU(Ny)r x SU(Ny)pg X
SU(Nt)L x SUNy)r x U(1)p x U(1)p x U(1)r x U(1)g, flavor symmetry. E.g.
taking h # 0 in (I1.77) breaks the axial SU(Ny+N}) to SU(Ny) x SU(N}) xU(1)p,
so the U(1)p charges are F(Q) = F(Q) = N§/(Ny+ Nj) and F(Q') = F(Q) =
—Ny/(Ny+ Nj). It is straightforward to list all of the flavor charges in the electric
and magnetic duals, and to verify that they are compatible with the mappings
(I1.79), and also to verify that all of their 't Hooft anomalies match. All of these
checks are guaranteed to work, because they worked for the original Seiberg duality
[26], and the above new SCFTs and duality are obtained from those via a relevant
deformation and its map to the dual description.

Despite the fact that these new SCFTs are such a simple deformation
of those associated with SQCD, they could not have been quantitatively analyzed
prior to the introduction [14] of the a-maximization method for determining the su-
perconformal R-charges. The reason is that there are three independent R-charges,
R(Q)=R(Q) =y, R(Q) = R(Q) =y, and R(S) = z, but only two constraints
among them, anomaly freedom and the constraint that the superpotential (I1.77)

respect the R-symmetry:
Ne+Ny(R(Q)—1)+ Ny(R(Q')—1) =0, and R(S)+2R(Q") = 2. (I1.80)

This is because the R-symmetry can mix with the U(1)r flavor symmetry, whose
effect is to allow R(Q) and R(Q') to differ. We'll first discuss a-maximization at
the RG fixed points, imposing (I1.80) at the outset, and then next a-maximization
along the RG flow, with (I1.80) imposed along the lines of [20], with Lagrange

multipliers.

II.LE.1 a-maximization at the RG fixed point

Before getting started, it’s worth noting that the superconformal R-

charges, obtained via a-maximization in the above electric and magnetic dual
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theories, will be compatible with the duality maps (I1.79, which require
2R.(Q) = R.(M), R.(S) =2R.(q), R.(Q) + R.(Q") = R.(P). (IL.81)

The two duals have the same flavor symmetries and 't Hooft anomalies, so we're
maximizing the same function a;.4;(s) in both descriptions. The result is that the

superconformal R-charges of the electric and magnetic theories are related by

R(¢)=1-R(Q),  Rg)=1-Ru(Q), (I1.82)

which imply (I1.81).

In the electric theory we have R(Q) = R(Q) =y, R(Q') = R(Q) = v/,
and R(S) = z, which are subject to the constraints (I1.80) at the RG fixed point.
We use these to eliminate ¥’ and z in favor of y, and we then obtain y at the RG
fixed point by maximizing a4 = 3TrR® — TrR, which we write as (taking N,
N¢, and N; all large, to simplify the expressions, holding fixed z = N./N; and
n = N} /Ny):

a
2NN}

()= [ - 1) =y 1] ”[3 (1—?;7—53_1_1]7%]

n n

-1 3 -1 2
+ 2 l?, (2 (%) - 1) - (2 (%> - 1)] +Z (11.83)

2 n n n
Maximizing this with respect to y determines the superconformal R-charge to be

1
32— 3n(4 + nx)

y (— 3(2n(2 4 n) + (n(n — 4) — D + 22)

+y/n2(922(z — 2n)2 + Sn(1 — n?)z + 4n2)>. (I1.84)

The result (I1.84) is only valid over a range of z and n for which no
gauge invariant operator violates the unitarity bound. The first operator to hit
the unitarity bound is the meson M = QQ, which hits the unitarity bound when
R(Q) = 1/3; solving (I1.84) for the value z/(n) such that y(xy(n)) = 1/3, the
unitarity bound is hit at zp(n) = (14 5n — 1 —14n+ 13n2). So (I1.84) is




46

R N Wb~ OO N

Figure 11.4: Phases of SSQCD.

valid for x < xp/(n), and needs correction to account for the accidental symmetry
associated with the free-fields M when z > x),(n).

We also know that, when Ny+ N} < 3N, ie. when z > zpy(n) = 2(1+
n), the theory is in a free magnetic phase, with IR free quarks, SU(N; + N} — N,)
gluons, and singlets M, P, P'. The phases are as in fig. 1L.4: for n = N} /N; < 2,
(e.g. for the usual SQCD, where n = 0) the theory goes directly from having no
accidental symmetries to free magnetic phase, where the entire magnetic theory is
IR free. On the other hand, for n > 2, there is a wedge in the (z, n) parameter space
where the field QQ hits its unitarity bound, while the dual is still asymptotically
free. In this wedge, the IR theory remains an interacting SCF'T, with only the
field M becoming free and decoupled.

In the wedge =) < < xpp, Where M = Q@ hits the unitarity bound,
but the theory is not in the free magnetic phase, the effect of the accidental U(1),,
symmetry is, as in [16], simply to replace the M field contributions with those of

free fields: we instead maximize the quantity

2
o = 1 (2 -3y~ 17 + (20— 1) 2 (11.85)

The maximizing solution for the superconformal R-charges, and the maximal value

a for the central charge, are pasted-together with the solution (I1.84) at = = p(n).
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Because the added quantity in (II1.85) has a second order zero at y = 2/3, these
pasted together quantities are continuous and smooth (first derivatives match) at
x = xp(n).

The magnetic description of the decoupling of M in the wedge z;(n) <
x < xpp(n) is very simple, the term M¢'q in the dual superpotential (I1.78) is
then irrelevant: when its coefficient is small, R(M¢q'q’) > 2, because R(M) =~ 2/3
and R(q') > 2/3 for x > xp;(n). In the IR, this irrelevant term goes away, and the

dual superpotential becomes
Wmag = Pq/a_'_ P/Efq (1186>

When we now compute @i in the magnetic theory, with superpotential (I1.86),

we obtain the same result as on the electric side, reproducing the correction term
in (I1.85).
II.E.2 a-function, via e-maximization with Lagrange multipliers

For the electric theory, a-maximization along the RG flow, imposing

(I1.80) with Lagrange multipliers, yields

o 1 )\G N 1 )\G )\S
R@Q) =1-g\1+55, RQ)= 3J1+2NC A
1
R(S)=1— ¢ 1—A—52, (I1.87)
N7

with both branches ¢ = 41 generally needed, as we discussed in sect. II.B.6.
Plugging these back into a(R;, Ar) yields a(Ag, As),

4 e VP4 e s )2 As )2
= —N.Ns (1 —N.NG (14 =5 — Y\ [ —
‘79 f( - 2NC> Tote TN, T Navy) Tt et T

+2N2 — AgN. + As. (11.88)

It would be interesting to determine the RG flow path of the gauge coupling and
superpotential coupling Lagrange multipliers, Ag(t) and Ag(t) to their eventual IR
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values, where (I1.88) is critical. It’s gradient flow, as discussed in sect. II.C, but
to actually determine the full trajectory requires knowing the full A;(g).
Similarly, a-maximization along the RG flow, with Lagrange multipliers,

in the magnetic dual yields

1 S\G ;\p 1 ;\M
R(q):1——J1+T— =L RM)=1- ey 1-
3 N. 2N.N} 3 N}
1 Ao A Ap 1 Ap
Rid)=1- |1+ -2 - = R(P) =1~ —epy|1— .
0 34 N. N.N; 2N.N; (P) 37\ 2N/

(11.89)

In the wedge zp(n) < x < xppr(n), where M decouples but the theory is otherwise
interacting, the RG fixed point has 5\}}4 = 0. This happens when R(q") > 2/3, hence
Ap/2N; > A in (I1.89).

II.E.3 Predictions and Checks of the a-theorem

Having obtained the superconformal R-charge R, via a-maximization,
as discussed above, we can compute a(N, Ny, Nj) = 3TrR? — TrR, for our new
SCFTs. There are many RG flows associated with these theories, and in this
subsection we’ll discuss and check some of the a;y > arg predictions.

First, there is the RG flow associated with superpotential (I1.77). In
the UV limit of this flow, h — 0, and the theory is the SCFT associated with
ordinary SQCD with Ny + N} flavors plus the N }2 decoupled singlets, so ayy =
asoep(Ne, N+ N}) + %NJ’?. The IR limit is our new SSQCD superconformal field
theory, with arg = a(N,, Ny, N}), so ayy > ajp means

Ne

2N? + 2N, (N; + N _

N, 2
S (———— ~N7? N., N¢, N%).
= ) g > e N
(IL.90)

For simplicity, we again consider the limit of large N., Nf, and N J’c, holding fixed
x = N./Ny and n = N;/Ny. Defining a(z,n) = a(Ne, N, N3)/2N¢ Ny, (11.90)

becomes

x? 1 T 4 T n
z—i—x(lJrg) <_3<1+n) + 1—i—n> +3 > a(z,n). (I1.91)
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We have verified numerically that this prediction is indeed satisfied.
Another RG flow is to start at our SSQCD fixed point and deform by
giving a @) flavor a mass. The IR theory is again SSQCD, but with Ny — Ny —1,

and agy > argp becomes
a(Ne, Ny, N;) > a(Ne, Ny — 1, N§). (I1.92)
In the limit discussed above, this becomes
a(x,n) > (1 —ea(z(l+e),n(l+e)), (I1.93)

with e = 1/N; > 0. The order € term then gives

0 0 .
0> (:Ea—x + ngs 1) a(x,n), (I1.94)

which must hold for all  and n in the conformal window, 3x > 1+ n > %:)j In
fig. 11.5, we have plotted the function on the right hand side of (I11.94). The plane
at the top of the graph indicates both the conformal window as well as where the
right hand side of (I1.94) would equal 0, so a;r < apy is indeed always satisfied in
the conformal window.

Now consider giving a mass to one of the ¢’ flavors, which is equivalent
to giving, say S NN & TOD-ZEero expectation value. This drives the theory in the
IR to a similar RG fixed point, with N. — N, Ny — Ny, and N} — Ny — 1. In
addition, the IR fixed point has 2N} — 1 decoupled free singlets, coming from the

Sin.. The a-theorem thus requires
f
2
a(N., Ny, N}) > a(N., Ny, N} —-1)+ §(2N} —1). (I1.95)

As above, we divide both sides by 2N;N} and take the term proportional to € =
1/N; > 0 to write this inequality as

a+— > -n. (I1.96)

Once again, we find numerically that (I1.96) is satisfied.
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Figure I1.5: ) mass RG flow, checking a;r < apy, i.e. 0 > (xa% + n% —1)a in

the conformal window.
Now consider giving Qx, @ N, a non-zero expectation value. This leads to
2
a(N,, Nf,N}) > a(N.—1,Ny —1, N}) + §(2Nf + 2NJQ - 1), (I1.97)

with the last term from the uneaten SU(N, — 1) singlets, which are IR free. We

can write (I1.97) as

d(z.n) > (1— a((z — )1+ &), n(1 +€) + 3(1 + %)e, (11.98)
so, taking the € term,
o o 2 1
0> (141 —2) 2 —nalyit D14 ) (11.99)

This inequality is shown in fig. 1.6, where there appears to be a region where
it’s violated. But within the conformal window, the inequality is indeed satisfied.
(Outside of the conformal window, additional contributions of free fields come to
the rescue.)

There is a similar Higgsing RG flow upon giving @) fQQV , an expectation

value (i.e. P in the dual), and ayy > arg is

2
a(Ne, Ny, Np) > a(Ne = 1, Ny, Ny = 1) + 5 (2N)). (I1.100)
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Figure I11.6: @ vev Higgsing satisfies ajg < ayy in the conformal window.

where there are fewer singlets than in (I1.97) because some pair up with the S; N

to get a mass. We write (I1.100) as

1 2
a 1——e)a(x — — — I1.101
a(x,n) > ( ne) a(r —e,n—e) + 0n & (I1.101)
and hence
10 0 2
—+—+—)a>—. I1.102
(n+0x+8n)a>9n (IL.102)

Once again, we numerically verified that this inequality is true.

This chapter is a reprint of the material as it appears in E. Barnes, K. In-
triligator, B. Wecht and J. Wright, “Evidence for the strongest version of the 4d
a-theorem, via a-maximization along RG flows,” Nucl. Phys. B 702, 131 (2004),
and on the preprint archive, http://www.arxiv.org/hep-th/0408156.
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N=1 RG flows, Product Groups,

and a-Maximization

ITII.A Introduction

Asymptotically free gauge theories have various possible IR phases, one
being the “non-Abelian Coulomb phase,” which is an interacting conformal field
theory RG fixed point, where all beta functions vanish. A classic example is N =1
SU(N.) SQCD with Ny massless flavors, which flows to a SCEFT in the IR for Ny
within the Seiberg superconformal window [26] %NC < Ny < 3N,. For Ny < %NC,
the theory is instead in a free magnetic SU(N. — Ny) phase in the IR. (See e.g.
[32] for a review and references.) Our prejudice is that the interacting SCFT
phase is rather generic for asymptotically free SUSY gauge theories with enough
massless matter to avoid dynamical superpotentials, i.e. with massless matter
representation R such that T'(G) < T'(R) < 3T(G), with T(R) the quadratic
Casimir of R and T'(G) that of the adjoint. The theory at the origin is then either a
non-trivial free field solution of 't Hooft anomaly matching (as in the free magnetic
phase) or an interacting SCFT. Unfortunately, unless one has a conjectured dual

description®, there is no simple test for directly determining if the IR phase is a

'Even with a non-trivial free field solution of *t Hooft anomaly matching, e.g. as in the example
of [42], there’s the possibility that the matching is a fluke, and that the theory actually flows to an

52
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SCFT or (fully or partially) IR free magnetic.
There is an essentially endless landscape of possible RG fixed point SCFT's
to explore, coming from various gauge groups, including product groups, and mat-

ter representations. Here we’ll consider examples with product gauge groups, e.g.

the theory
gauge group: SU(N,.) x SU(N!)
matter: XX (0,0 6 [O,0), (11.1)

Qp®Q:,  (1LD®1D  (f.f=1...N}.
We'll be interested in when this theory flows to an (either fully or partially) in-

teracting SCF'T and when various dualities apply, e.g. dualizing one gauge group
with the other treated as a spectator. We'll also be interested in the supercon-
formal window for a duality proposed in [36], for the above theory deformed by
superpotential Wa,, ,, = Tr(XX)*1.

With multiple couplings, e.g. the two gauge couplings of (II1.1), the RG
running of one coupling can radically affect that of the other, possibly driving it
into another basin of attraction. For example, as depicted in fig. III.1, there can
be saddle point IR fixed points (A) and (B) when one or the other coupling is
tuned to precisely zero, but which are unstable to any perturbation in the other
coupling: the generic RG flows then end up at point (C) in the IR, with both g,
and ¢/ nonzero. Another possibility, shown in fig. II1.2, is that ¢ is interacting in
the IR only if ¢ = 0, but that any arbitrarily small, nonzero, g would eventually
overwhelm ¢, and drive ¢’ to be IR irrelevant, ¢’ — 0 in the IR; generic RG flows
then end up at point (A), with ¢/ = 0. Fig. IIL.3 depicts an opposite situation,
where an otherwise IR free coupling ¢’ is driven to be interacting in the IR by the
coupling g. Fig. II1.4 depicts two separately IR free couplings, which can cure
each other and lead to an interacting RG fixed point (this happens for e.g. the
gauge and Yukawa couplings of the A’ = 4 theory, when we break to N’ = 1 by
taking them to be unequal).

interacting SCFT after all, as was argued to be the case for another example in [43].
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Figure III.1: A and B are saddle-

points.

o C

°

A g
Figure III.3:
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point.
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Figure I11.4: Two separately irrele-
vant couplings combine to be interact-

ing. N'=4 SYM is such an example.
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The theory (I11.1) realizes the RG flows depicted in fig. III.1 or fig. 111.2,
depending on the values of the parameters (N, N/, N;, N }) With an additional
superpotential, as is present if we dualize one of the factors in (III.1), the phe-
nomenon of fig. I11.3 is also realized.

We'll focus here on supersymmetric theories, such as (ITI1.1) with N' =1
supersymmetry, where some exact results can be obtained. However, we expect
the phenomena of figs. I11.1 and II1.2 to occur even in non-supersymmetric G x G’
gauge theories, with matter in mixed G x G’ representations, at least when the
matter content is chosen such that each group is just barely asymptotically free.
There can then be RG fixed points in the perturbative regime, as can be seen by
considering the beta functions to two loops:

2 12
ﬂa = a—(—bl + bgOé -+ CQO/> + O(Oé4>, and ﬂa’ = g_ﬂ_(_bll + b/20/ + Céa) + O(a4)7

27

(I11.2)
(writing @ = ¢g?/4n and o = ¢'?/4w, and O(a?) refers to powers of either a or
a'), where the ¢y and ¢, terms come from the matter in mixed representations;
see e.g. [44]. Choosing the matter content to be such that the groups are barely
asymptotically free, i.e. such that b; and b} are small positive numbers, it is then
found that the two-loop coefficients (b, ca, b, ;) in (II1.2) are positive and not
especially small (e.g. in large N,); this allows for RG fixed points to exist at
relatively small values of the fixed point coupling, so that this argument for the

RG fixed point’s existence could be qualitatively reliable.
In particular, to two loops, we find zeros of the beta functions (II1.2) at

three points: point (A) at (au, )4 = (b1 /bs, 0), point (B) at (au, o) g =~ (0, b} /b)),

Oty 1 blg —C2 by
v ) o 203 = C2C \ —c, by b}

For point (C) to actually exist, the values of a, and «/, in (II1.3) must be positive.

and point (C), at

It is found that the determinant denominator in (II1.3) is generally positive, so the
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positivity condition for RG fixed point (C) to exist is thus
bty > bica and biby > bic,  to have g. # 0 and g, # 0. (I11.4)

These inequalities may or may not hold, depending on the choice of matter content.
The intuition for these inequalities is that each gauge coupling makes the other
less interacting in the IR (via the ¢; or ¢ terms), so there can only be a RG fixed
point (C), with both interacting, if the couplings flow in balance: if either flows
too much faster than the other, it can drive the other to be IR free. For example,
if the matter content is such that b;c}, > b)by, then ¢’ — 0 in the IR, as in fig.
I11.2, with the G dynamics overwhelming the G’ dynamics in the IR. Likewise, if
bica > by, then G’ wins, and drives ¢ — 0 in the IR. The inequality byb, > cac),
implies that both inequalities in (II1.4) could not be reversed.

The criteria (II1.4) for RG fixed point (C) to exist are equivalent to the
condition that RG fixed points (A) and (B) be IR unstable to perturbations in
the other coupling, as depicted in fig. II1.5. For example, near (A), where o/ =0
and a, & by /by, (IIL.2) gives By = o/*(=b) + cyb1/by) /27 + O(a’®). The second
inequality in (II1.4) is thus equivalent to having (A) be IR repulsive to o/ pertur-
bations, as in fig. IIL.1. If (A) and (B) are both IR repulsive to perturbations,
generic couplings flow to having both interacting, and can end up at a fixed point
(C), as in fig. IIL.1. If either inequality of (III.4) is violated, then either (A) or (B)
is IR attractive, and then RG fixed point (C) does not exist (at least it does not
exist within the basin of attraction of zero couplings). In that case, as depicted
in fig. II1.2, generic RG flows attract to the IR stable point (A) or (B). Because
bobly, > cochy, both inequalities in (II1.4) could not be reversed, i.e. we can not have
(A) and (B) both be IR attractive. As depicted in fig. IIL.6, such a hypotheti-
cal flow would have required an unstable separatrix ridge, depicted as a dashed
line, dividing the RG flows into two different domains of attraction. In neither
the perturbative analysis, nor the supersymmetric examples to follow, do we find

examples of such flows.
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: :

Figure II1.5: If A and B are both IR Figure II1.6: We don’t find examples

unstable to perturbations, the theory of A and B both IR stable to perturba-

flows to C, with both couplings inter- tions. Would’ve required a separatrix
acting. between domains of attraction.
We can go beyond the above perturbative analysis in N' = 1 super-

symmetric theories, where exact results can be obtained via the NSVZ [12] beta
functions. For a general N'= 1 G x G’ gauge theory, with matter chiral superfield

in representations @;(r;,r}), these are

ﬂg(gvg/) = - g3f2 (3T(G> — ZT(TZ)‘T;‘(l — %(g,g/))> = —393fT1” GGR

167 1672
! glgf, / 39’3f’ )~
ﬂg’(Q,Q) :_167'(2 <3T G ZT |T2 1_%(9 g))) = - 1672 Tr G'G'R.
(IIL.5)
In the NSVZ scheme, f = (1 — 2 ;}f )ytand f/ = (1-— %)_1, while in other

schemes these factors are replaced with other functions of the coupling [27], such
that f = 1+ O(g?); these scheme-dependent prefactors are unimportant for our
discussion, except for the fact that they should be strictly positive in our range of
coupling constants.

The last equality in each line of (IIL.5) involves Tr GG R, which is the
coefficient of the U(1)r ABJ triangle anomaly, with two external G gluons. This

uses the fact that supersymmetry relates the dilatation current to a U(1)g current,
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with the exact scaling dimensions of chiral fields related to their U(1)g charges:

3 13

When the theory is conformally invariant, this U(1)g is conserved, and part of the
superconformal group SU(2,2[1). When the theory is not conformally invariant,
e.g. along the RG flow from the UV to the IR, supersymmetry still relates the
stress tensor to an R-current, whose charges run with the anomalous dimensions
according to (II1.6), and whose anomaly is related to the beta function according
to (II1.5). Among all possible R-symmetries, the superconformal R-symmetry is
that which locally maximizes a.;q(R) = 3TrR? —Tr R [14]. This method for deter-
mining the superconformal R-charges is referred to as “a-maximization,” because
the value of a4 at its unique local maximum equals the conformal anomaly coef-
ficient a of the SCFT [13], [5] (we rescale a by a conventional factor of 3/32). An
extension of a-maximization [20], further explored in [27], [45], has been proposed
for determining the running R-charges, along the RG flow from the UV to the IR.
See e.g. [15],[16],[18],[17],[19],[21],[46],[47] for further applications and extensions
of a-maximization.

For our particular example (III.1), the exact beta functions (III.5) are

3g°f 9f

69(gvg,>:_16ﬂ_2Tr SU(NC)2R__167T2 (bl—i_foYQ—i_NéfyX)v
3 13 £1 13 £1
@@yUZ—ééﬂﬁUwsz—%;@}HWW+Nng, (I11.7)

where by = 3N, — Ny — N; and by = 3N, — N} — N, are the one-loop beta functions.
We'll take both groups to be asymptotically free, i.e. take ¢ = ¢’ = 0 to be UV

attractive:

3N, — N —N!>0, and 3N.— N}— N, >0, (I11.8)

so that g = ¢’ = 0is IR repulsive, as in figs. I11.1 and II1.2. To have the theory flow
to a SCF'T in the IR, rather than dynamically generating a vev, from a dynamically

generated superpotential or quantum moduli space constraint, we also require

N+ N.>N, and Nj+N.>N.  (stability). (I11.9)
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Assuming that (II1.8) and (II1.9) hold, much as in the above perturbative

analysis, we identify three possible RG fixed points:

b
(A) g. #0, g, =0: where Yo =Tx = —m, and o = 0.
(II1.10)
by
(B) 9. =0, g. #0: where ’YQ’:’YX:—ma and o =0.
(IT1.11)

(C) g #0, g, #0:  where b+Npyo+Niyx = 0= bj+Npyg+Noyx. (IIL12)

For point (A), we used the fact that there is an enhanced flavor symmetry which
ensures that yx = 79 when ¢’ = 0, and that @)’ is a free field for ¢’ = 0, so yo = 0.
Analogous considerations apply for RG fixed point (B). Seiberg duality [26] shows
that (A) and (B) are actually interacting SCFTs only if

3 3

respectively; otherwise (A) or (B) should be replaced with its free magnetic Seiberg
dual.

Our interest here is in the possible RG fixed point (C). We’ll discuss when
it exists as an interacting SCEFT. We'll find, for example, that (I11.13) is modified,
once the RG flow of both couplings is taken into account: the otherwise free
magnetic dual can be driven interacting by the other gauge coupling, as depicted
in fig. I11.3.

Let us first discuss some simple necessary, though not sufficient, condi-
tions for (C) to exist — at least within the domain of attraction of flows to the IR
from the asymptotically free UV fixed point at zero couplings — by determining
when the RG flow is as in fig. III.1, or as in fig. II1.2, with one of the couplings
driven IR free. (Our discussion here is essentially identical to one that already ap-
peared in [48] for a chiral example similar to (IT1.1), having the field X but not X.)
As in fig. IIL.5, (C) exists within the domain of attraction of the UV fixed point
only if (A) and (B) are both IR unstable to perturbations in the other coupling.
Using (II1.7), (A) is IR stable to ¢’ perturbations if TrSU(N})*R[4 < 0, i.e. we
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get By ~ —g"3(ty — N.bi/(Ny+ N.)) + O(g’®), with the second contribution from
vx at (A), so ¢’ is an IR irrelevant perturbation of (A) if ] < N.by/(Ny+ N)), i.e.

(A) is IR attractive, with ¢" — 0, if (BN/ = Np)(N/+ Ny) —3N2 < 0.
(I11.14)
Similarly, g will be an irrelevant perturbation of (B) if Tr SU(N.)?R|z < 0, which

gives

(B) is IR attractive, with g — 0, if (BNe — Ng)(Ne + Nj) = 3N?? < 0.
(I11.15)
The two inequalities in (III.14) and (III.15) are mutually incompatible, so we do
not find the situation of fig. II1.6. The condition for RG fixed point (C) to exist
(within the domain of attraction of the UV fixed point) is that neither (II1.14) nor
(II1.15) holds, i.e. we have a flow as in fig. III.1 only if

(BN.— Ny)(N.+ N;) =3N2>0  and (3N, — Nj)(N.+ Ny) —3N2 > 0.
(I11.16)
The inequalities (II1.16) generally differ from the asymptotic freedom conditions
(II1.8) needed to have g = ¢’ = 0 not be IR attractive. For the special case N, = N/
and Ny = N}, (IIL.16) do reduce to the asymptotic freedom conditions (IIL.8).
When RG fixed point (C) does exist, the three independent anomalous di-
mensions, 7o, V¢, and yx are under-constrained by the two constraints of (I11.12),
so a-maximization [14] is required to determine the exact anomalous dimensions
of chiral operators at (C). When the RG fixed point is not at sufficiently strong
coupling for there to be accidental symmetries, the a-maximization result can be

written as

=114+ =11+ — =1—4/1 — (III.1

with Ag and Ag’ determined by the two conditions in (I11.12), for the two beta func-

tions (II1.7) to vanish. This way of writing the a-maximization result is motivated
by the extension of a-maximization due to Kutasov [20], [27], [45], where the inter-

action constraints on the superconformal R-charges, e.g. that the ABJ anomalies
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should vanish, are imposed with Lagrange multipliers. The conjecture is that the
Lagrange multipliers can be interpreted as the running coupling constants along
the flow to the RG fixed point. In particular, the claim is that (II[.17) gives the
running anomalous dimensions along the entire RG flow, from ¢ = ¢’ = 0 in the UV
to the RG fixed point (C) in the IR, with A\g = ¢?|G|/27% and \¢ = ¢*|G’| /27>
the running couplings in some scheme.

This analysis needs to be supplemented when there are accidental symme-
tries [16], and we’ll find that many accidental symmetries do arise in these theories
for general (N, Ni, Ny, N). a-maximization with many accidental symmetries is
best left to a computer (we used Mathematica), and then it’s simpler to do the a-
maximization at the RG fixed point, imposing the constraints at the outset rather
than with Lagrange multipliers. We simplify the analysis by considering the limit
of large numbers of flavors and colors, for arbitrary fixed values of the ratios, which

for the example (III1.1) are

N’ N’
__ tVe 1tV _'f
Nf’ Nf’ " Nf ( )

In this limit, the operator scaling dimensions then only depend on these ratios.
Depending on (x,z’,n), a variety of accidental symmetries associated with gauge
invariant operators hitting the unitarity bound are found to occur, and their effect
on the a-maximization analysis [16] is accounted for in our numerical algorithm.
As a function of the parameters (z,z’,n), the theory either flows in the
IR to a fully interacting RG fixed point, or can be partially or fully free. Our
motivation for considering the examples (III.1) is that they have various possible
dualities, and the a-maximization results can give insight into when they’re ap-
plicable. For example, we could Seiberg dualize [26] one of the groups in (IIL.1),
treating the other as a weakly gauged spectator. As we’ll discuss, there is a range of
(x,2',n) for which this dual theory realizes the RG flow possibility of fig. II1.3: an
arbitrarily small non-zero coupling of the “spectator” group can drive an otherwise
free magnetic group to be interacting in the IR. This also occurs in an example

discussed in [21], which appeared during the course of the present work.



62

Knowing the exact dimensions of chiral operators, we can classify the
relevant superpotential deformations of (C). In particular, we can now determine
the “superconformal window” range of validity of a duality proposed in [36] for
the theory (IIL.1) with added superpotential interaction Wy, , = Tr(X X)F+,
The dual [36] has gauge group SU((k + 1)(Ny + Nj) — Ny — N;) x SU((k +
1)(Ny + Nj) — Nj — N,) with similar matter content and additional gauge singlets
(corresponding to the mesons), and a dual analog of the Wy, ., superpotential.
The superconformal window, where both dual descriptions are useful, is the range
of (Ne, Ni, Ny, N;) within which both the electric Wa,,,,, as well as its analog
in the magnetic dual, are both relevant. The a-maximization results allow us to
determine this subspace of (z, 2z, n) parameter space, as a function of k. For large
k, we find that this subspace is necessarily close to the x ~ 2’ slice, i.e. N, ~ N_.

The outline of this paper is as follows. In sect. III.B we briefly review
a-maximization, and apply it to determine the superconformal R-charges for the
SU(N.) x SU(N!) example (III.1). We find that there are accidental symmetries
arising from gauge invariant operators hitting the unitarity bound A > 1, and
use the procedure of [16] to take these into account during a-maximization. We
especially consider the parameter slice z = 2’ (i.e. N, = N/) for large = (i.e.
N, > Ny), and general n. In this slice and limit, R(X) — 0. We account for
the many accidental symmetries, associated with generalized mesons hitting their
unitarity bound, in this limit (and numerically check that no baryon operators hit
the unitarity bound.) As we discuss, if we set n = N}/Ny = 1, our results should
— and indeed do — coincide with those of [16].

In sect. III.C we consider the theory (III.1) deformed by the superpo-
tential Wa,, ., = Tr(X X)*1 and the dual description of [36] of that theory. We
use a-maximization to determine the exact chiral operator dimensions in the dual
of [36]. Combining these results with those of sect. III.B, we can determine the
superconformal window region of (z,z’,n) parameter space, for any given value of

k, within which the Wy, ., superpotential of both the electric theory (III.1) and
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its dual are both relevant. For large k, the superconformal window is necessarily
close to the parameter slice x ~ x’. We check numerically that, for all k&, there is
always a non-empty superconformal window region of parameter space in which
the duality of [36] is applicable.

In sect. III.D we consider Seiberg dualizing [26] one of the groups in
(IT1.1), treating the other gauge group as a spectator. We'll discuss analogs A, B,
and C of the possible RG fixed points in fig. IIL.1, when they exist, and when
they’re IR stable to perturbations. We find that there is a range of the parameters
(III.18) (x, ', n) where an otherwise IR free magnetic gauge group is driven to be
interacting for any non-zero gauge coupling of the “spectator” group. This is the
phenomenon depicted in fig. 111.3. As seen from the exact beta functions (IIL.5),
positive anomalous dimensions are needed to turn a 1-loop IR irrelevant coupling
into an IR relevant one. The superpotential of the Seiberg dual theory plays a
crucial role here, together with the spectator gauge coupling, to get the positive
anomalous dimensions needed for the effect of fig. I11.3. The condition that the
RG fixed point (C') of the original electric theory (III.1) be interacting, rather than
flowing to a free magnetic dual, is that the fully interacting RG fixed point (C)
exists in the dual theory; this issue is analyzed by the dual analog of fig. IIL.5.
When (C) does exist, we expect that it’s equivalent to the RG fixed point (C) of
the electric description. We verify that their superconformal R-charges and central
charges indeed agree.

In Sect. III.E we briefly conclude, and present a topic for further research.

In the Appendix, we note that all of the many duality examples of [36]
have a non-zero superconformal window. The theories in [36] with a single gauge
group (either SU(N,), SO(N,.), or Sp(N.)) and matter in a two-index representa-
tion (e.g. adjoint, symmetric, or antisymmetric) are shown in the large N, limit to
all have the same superconformal R-charges, and superconformal window, as that
of SU(N.) with an adjoint; we can directly borrow the results obtained in [16],
with the central charge differing from that of [16] by just a fixed overall multiplica-
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tive factor. We also note that all of the other examples in [36], involving product
groups, all also have superconformal R-charges and superconformal window that
reduce to those obtained in [16] for a 1d slice of their parameter space, when we
take all of the group ranks equal and all numbers of flavors equal (e.g. taking
x =a and n = 1 in (II1.18)). This suffices to show that all of the duality examples

of [36] indeed have a non-empty superconformal window.

ITI.B a-maximization analysis for the SU(N,) x SU(N) the-
ory (III.1)

The superconformal U(1)z symmetry is uniquely determined by the con-
dition that it maximizes as.iq(R) = 3TrR® — TrR among all possible R-symmetries
[14]. The constraints on the superconformal R-symmetry, e.g. that it’'s ABJ
anomaly free, can either be implemented at the outset, before maximizing a(R)
w.r.t. R, or via Lagrange multipliers A [20]. a-maximization with the Lagrange
multipliers yields simple general expressions for the R-charges of the fields R;()\),
with the conjectured interpretation of giving the running R-charges along the RG
flow to the RG fixed point [20], [27], [45].

For example, for a general N’ = 1 supersymmetric G x G’ gauge theory,
with zero superpotential, we determine the running R-charges by maximizing with

respect to the R;

a(\, R) = 3Tt R*—~TrR—\gTr G*R— Ao Tr G R = 2|G|+2|G' |- T (G) = A\aT(G)

- AG,T(TQ)] (R — 1), (I11.19)

] ]

+ > |ril|xf] [S(RZ- —1)?—1- )¢
holding fixed the Lagrange multipliers A\¢ and Ag/, which enforce the constraints

that U(1)g not have ABJ anomalies, TrGGR = TrG'G'R = 0. This yields:

T(x';)
x|
(I11.20)

Ri()\)zl—§$1+>\c |E“|)+)\G |(1"|) ie. %:1_$1+)\G |( |)+)\G,
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where we used v; = 3R; — 2 for the anomalous dimensions. The conjecture is that
these expressions can be interpreted as giving the anomalous dimensions along
the entire RG flow, with A\¢ = ¢?|G|/27? and \e = ¢’*|G’|/27* in some scheme.
For the example (III.1) this gives the result (III.17). As in [20], using (III.20) in
(II1.19) yields a monotonically decreasing a-function a(A) = a(A, R(\)) along the
RG flow. The values of A\f; and \f, at the IR fixed point are the extremal values of
a(A); since a(A)’s gradients are proportional to the exact beta functions [20], [27],
[45], this is equivalent to the conditions that the anomalous dimensions (I11.17)
yield zeros of the beta functions (I11.5).

Whenever a gauge invariant operator M hits or appears to violate the
unitarity bound R(M) > 2/3, M becomes a decoupled free field. This affects
the a-maximization analysis by introducing an additive correction to the quantity
a(R) to be maximized [16] (this can be derived from the presence of an accidental

U(1)p symmetry, acting only on M [17]):
1
ariat(R) — agriar(R) + §dz'm(M) (2 —3R(M))* (5 — 3R(M)). (I11.21)

This correction can also be included in the a-maximization analysis with Lagrange
multipliers [45], but it becomes unwieldy to do so when there are many such
contributions from operators that hit the unitarity bound, as is the case in our
examples for general values of the numbers of flavors and colors. For this reason, we
will here do the a-maximization analysis at the RG fixed point, numerically, with
the constraints implemented at the outset rather than via Lagrange multipliers.
We consider the example (III.1) in the range of the parameters (III.18)
where it’s possible to have the RG fixed point like (C) in fig. III.1, with both
groups interacting. For asymptotic freedom of ¢ = ¢’ = 0 in the UV, and to avoid

having it be attractive in the IR, we take
3z—2'—1>0, and 32’ —z—n>0. (I11.22)
We also impose the condition (II1.9), which is

—n<z—a2 <1 (stability), (I11.23)
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to have the origin of the moduli space of vacua not be dynamically disallowed.
Finally, to have the points (A) and (B) not be IR attractive, as in fig. II1.2, we
impose (I11.16),

Bz —1)(x4+n)—32?>0 and (32 —n)(@’ +1)—32>> 0. (I11.24)

If either inequality of (II1.24) is not satisfied, one or the other group is driven IR
free, to RG fixed point (A) or (B), with anomalous dimensions and R-charges given
by (I11.10) or (II1.11). When both (II1.24) are satisfied, RG flows generally end
up with both couplings interacting, which can end up being a RG fixed point (C),
where (II1.12) is satisfied. As mentioned in the introduction, we do not impose
the naive conditions (II1.13) to avoid IR free magnetic dual groups: as we’ll see
in sect. IIL.D, the conditions (II1.13) are generally dramatically modified by the
dynamics of the other gauge group.

As always, the conditions in (II1.12) for the exact beta functions to vanish
are equivalent to requiring that the superconformal U(1)g have vanishing ABJ
anomalies with respect to all of the interacting gauge groups. So at (C) we have

the two anomaly free conditions

Ne+ N(R(X) = 1)+ Ny(R(Q) — 1) =0
N/ 4+ NAR(X) — 1) + NHR(Q') — 1) =0 (I11.25)

to have TrSU(N.)*U(1)g = TrSU(N!)?U(1)g = 0. Enforcing (II1.25) at the RG
fixed point, we can solve for R(X) and R(Q’) in terms of y = R(Q)

2 /

xr x xr
-1)+——-—+1 I1I.2
=D+, 5-+1  (1L26)

:1—y T _ T
nx'

R(X)=-—=+1-—=  R@Q)

where the parameters (z,z’,n) of the theory are the ratios (II1.18). We determine
the superconformal R-charge y(z,2’,n) by a-maximization (in the single variable
Y).

Imposing (I11.26), we compute asiq(R) = 3Tr R*—Tr R from the spectrum
(IT1.1) to be

X
a” /N7 = 227 + 22" + 6a(y — 1)° — 2z(y — 1) + 6na’ W(y — 1)+ = -=
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2 /

1 3 1
—ona! |- (y —1) + — — 51 +6xa’ [ v 3] —2ua’ { Y 3/} . (111.27)
n nxT n

x! x! T T T

We then compute the superconformal R-charges by locally maximizing (I11.27)
w.r.t. y, for general fixed values of the parameters (x,z’,n); we’ll denote the
solution as 3 (x,2’,n). The superscript (%) is a reminder that these results are
valid only in the range of (z,2’,n) in which no gauge invariant operators have
hit the unitarity bound; otherwise (II1.27) will require corrections as in (III.21).
Within this range of (z,2’,n), we can also use the Lagrange multiplier approach.
Imposing (I11.25) with Lagrange multipliers yields the simple expressions (I11.17),
which can be interpreted as the running R-charges along the RG flow, coinciding
with the R-charges obtained above from y®(z, 2/,n) at the RG fixed point.

The first gauge invariant, chiral, composite operators O to hit the uni-
tarity bound R(O) > 2/3 are the mesons M = QQ or M' = Q'Q'. M hits the
unitarity bound when y(z,z’,n) < 1/3; using (I11.6), this happens when @ has
the large, negative anomalous dimension, yg(z,2’,n) < —1, which can only hap-
pen if (x,2,n) are such that the RG fixed point values of the gauge couplings are
large. The above result 3 (z, 2/, n) is valid within the range of (z,2’,n) where
neither M or M’ have hit their unitarity bound, i.e. the range of (z,2’,n) where
y©(z,2',n) > 1/3 and where R(Q') > 1/3, with R(Q’) computed from 3 (z, 2/, n)
via (II1.26). Outside of this range, the above a-maximization analysis has to be
supplemented, as in (I11.21), to account for the accidental symmetries associated
with operators hitting the unitarity bound and becoming free fields.

For general (x,2’,n) the gauge operators that will hit the unitarity bound
are:

M;=QXXY™'Q, Mj=Q(XX)'Q,
P =Q(XX)'XQ, Pj=QX(XX) Q. (I11.28)

For every integer j > 1, there are NyN} mesons P; and J5j, NJ? mesons M;, and
N }2 mesons M;. We verified that it’s self-consistent to assume that the baryon

operators do not hit the unitarity bound; also, gauge invariants without fundamen-
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tals, such as Tr(X X )7, contribute negligibly in the large N limit. The quantity to
maximize in general is then

271 pp

al?[Nj = aO/Nf + 33 [2 = 3R(E)I'[5 ~ 3R(E)
%pz 2 — 3R(M,)[5 — BR(M,)] + %ij 2= 3r(M)|’ [5 - 3ROMY)]

(I11.29)
where p denotes {pp, par, par}, With pp = pz the number of P (and also P type)
mesons which have hit the unitarity bound. The quantities such as R(1/;) in
(II1.29) are given by e.g. R(M,) = R[Q(XX)''Q] = 2y + 2(j — 1)R(X), with
R(X) given by (II1.26); so the corrections in (II1.29) are complicated functions of
the variable y that we're maximizing with respect to, along with the parameters
(z,7',n). Maximizing (I11.29) yields y® (z,2’,n), and y(z,2’,n) is obtained by
pasting these together, with the appropriate values of p depending on (x,z’,n),
increasing e.g. py every time another value of j is obtained such that R(M;)
hits 2/3. We numerically implemented this process to obtain y(z,z’,n), but it’s
difficult to produce an illuminating plot of a function of three variables.

Let us discuss some qualitative aspects of our results. From y(x,z’,n) we
can compute the anomalous dimensions 7g, vx, and 7¢, using (I11.6), and we find
that all are negative within the range (III.24) where the RG fixed point (C) can
exist. This is to be expected, since our theory (III.1) has only gauge interactions,
and no superpotential (gauge interactions yield negative anomalous dimension, and
superpotentials yield positive contributions to the anomalous dimensions). When
either inequality (II1.24) is violated, the theory flows not to (C), but rather to RG
fixed points (A) or (B), as in fig. III.2 and the above a-maximization analysis,
which assumed in (II1.25) that both groups are interacting, is inapplicable. At the
boundaries of (II1.24), where either inequality is saturated, our a-maximization
results properly reduce to (II1.10) or (III.11).

It is interesting to note that there is a 1d slice of the (z, 2, n) parameter

space, given by z = 2’/ and n = 1, for which the a-maximization analysis of this
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theory coincides with that of [16] for SU(N.) SQCD with Ny fundamentals and
an added adjoint. In this slice, for every contribution to the quantity ;. to
maximize in [16], we have here two analogous matter fields in the spectrum of
our theory, with the same R-charges: twice as many gauge fields, twice as many
fundamentals (@ and @’ and conjugate), the X and X fields contribute as two
adjoints (using (II11.26) for x = 2’ and n = 1), and all the mesons (II1.28) hitting
the unitarity bound map to two copies of the mesons hitting the unitarity bound
n [16]. Thus, for x = 2’ and n = 1, (II1.29) is exactly twice the expression
obtained in [16] for the theory considered there. Since ay.;q is the same function
of y, up to a factor of 2, it is maximized by the same solution yx ps(x) obtained by
the analysis of [16]. So the superconformal R-charges of our theory (III.1) satisfy
y(@, 2, n)|s= n=1 = yxps(x).

For z ~ ' taken to be very large, i.e. N. &~ N/ > Ny, the superconformal
R-charge of the field X goes to zero, R(X) — 0, for arbitrary fixed values of n =
N% /Ny, as seen from (II1.26), and the fact that y remains finite in this limit. The
asymptotic value yqs(n) in this z = 2’ — oo limit is determined by our numerical
a-maximization analysis, but it can also be approximated analytically. Because
many mesons contribute to the sums (I11.29), the sums can be approximated as

integrals (following [16]):

122 3R,?[5—3R,] /2 M (B4 u)du = ——(2—3a)}(1—2a), (ITL.30)
— u a)’(1—= :

9 = ~ 373 185 2%

where o and [ are defined by R; = a+ (j — 1) (and v = 2 — 3R;). The upper
limit p in the sum is solved for by setting R, = a+ (p—1)3 equal to 2/3. Applying
(II1.30) to the sums in (I11.29), 3 = R(XX) = 2R(X) for all three, and for the
first sum in (I11.29) o = R(QXQ') = y + R(Q") + R(X), while for the second and
third o = 2y and o = 2R(Q)") respectively; here, R(X) and R(Q') are to be written
in terms of the variable y and the parameters (z,2,n) using (I11.26).

Setting * = 2’ and taking both large, (I11.29) then becomes

a/N} ~ 6z [1 + %] (y — 1) = 202(y — 1)
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F -6y [g(l—y)—zlrJr%( +%> [3(1—y) (1+%) —4}3.

(II1.31)
The first line of (II1.31) is the large x = 2’ limit of (II1.27), and the second line
contains the meson sums of (I11.29), evaluated using (I11.30). Note that every term
in (I11.31) is linear® in x in this limit, so maximizing (I1[.31) w.r.t. y yields an
asymptotic value, y,s(n), that’s independent of x in this limit of large x = 2/. This
asymptotic value depends on n = N}/Ny, and the conditions (II1.24) needed for
neither gauge coupling to drive the other to be IR free here require n to lie in the
range

1
3>n> 3 for v = 2/ — oc. (I11.32)

As expected from the discussion above, for n = 1 (III.31) reduces to twice the
expression obtained in the large = analysis of [16], and for n = 1 our expression for
Yas(n) coincides with the asymptotic large = value of y obtained there: yus(n)|n=1 =
(v3—1)/3.

The asymptotic value y,s(n) will be used in the next section to find the
minimal value of  ~ 2’ needed for the superpotential AWy, , = Tr(X X)kt!
to be a relevant deformation of RG fixed point (C) in the limit of large k. This
gives one side of the superconformal window for the duality of [36] (see fig. II1.7).
We have also checked, including away from the strict x = 2’ limit, that R(X)
is nowhere negative, i.e. using (II1.26) that the a-maximizing solution y(x,z’, n)
satisfies 1 — y(x,2',n) + 2’ — x > 0. This is important for the self-consistency of
our analysis since, if R(X) were negative, baryonic operators, formed by dressing

the quarks with many powers of X X, would hit the unitarity bound and lead to

additional contributions analogous to (II1.21).

2The fact that the expression in (II1.31) grows for large = only linearly is a check of the conjectured
a-theorem. Any greater exponent would’ve led to a-theorem violations, e.g. along a Higgs flat direction
where X X gets an expectation value, Higgsing each SU(N.) gauge group factor to products of similar
factors. This flat direction is analogous to that considered in a non-trivial check of the a-theorem in [16]
(where it’s also pointed out that the sub-leading constant term must be — and indeed is — negative for
the a-theorem to hold for this Higgs RG flow).



71

III.C The theory with Wy, , = Tr(XX)*! and its dual

In [36] it was proposed that our theory (III.1), together with a superpo-
tential Wy, ,, = Tr(X X)*1 has a dual given by a similar theory:

gauge group: SU( ) X SU(]V/)
matter: YaY (O,0 & (T,0),
B N (IT1.33)
qf@qf (571)69(571) (f,leN}),
Q}’@qvf”/ (1aD)@(1ai) (f/aflzl"'Nf)>

where N, = (k+ 1)(N; + N}) — Ny — N and N/ = (k + 1)(N; + N}) — N} — N..
There are also singlets P;, for j = 1...k, and M; and M; for j =1...k+ 1, with
superpotential
W =Tr(YY)F! + Z [PigY (YY)¥9g + Pyg (YY)FY ]
7j=1
k+1 o
+Z[ iq (VY )75+ MiG(YY )F=+1q|. (111.34)
The first term is the dual analog of the Wy,  , superpotential, and the remaining
terms are analogs of the M¢q superpotential in Seiberg duality [26].
The duality is useful within a superconformal window, which is the range
of the parameters (z,2’,n), where the superpotential Wy, ,, and its dual analog in
(IT1.34) are both relevant in controlling the IR dynamics, i.e. when the following

conditions are satisfied:

1=y, 2',n) x 1
. 1 —y(z,7',n) :Z 1
Y)=—F7—+1—-= III.
(i) REY) S -2 < (111.36)
(i17) (k+1)(Ny+N;)—N;—N. >0, and (k:+1)(Nf+Nf) —N;—N.>0.

(IT1.37)
If (i) is not satisfied, Wiee = Tr(X X)**! is an irrelevant deformation of RG fixed
point (C), and thus Wee. — 0 in the IR; this fact is obscured in the magnetic

dual description. Likewise, if (ii) is not satisfied, one should use the magnetic
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description, with the coefficient of the Tr(Yf/)k*l superpotential term flowing to
zero in the IR; the electric description then doesn’t readily describe the true RG
fixed point. Finally, condition (7i7) is the “stability bound,” needed for the RG
fixed point to exist (and for the dual groups (III.33) to have positive ranks): if
(IIL.37) are not satisfied, the electric theory (IIL.1) with W, superpotential
dynamically generates a superpotential, spoiling conformal invariance.

Using the results of the previous subsection, we can now determine the
range of (x,2/,n) in which condition (II1.35) is satisfied, for Tr(XX)**! to be
relevant. The k& = 0 case is a mass term and (II1.35) is then always satisfied
(starting with W = 0 at (C), all fields have R < 2/3). For all & > 1, (II1.35) is
only satisfied in subspaces of the (z, ', n) parameter space for which the RG fixed
point is at sufficiently strong enough coupling to give X a sufficiently negative
anomalous dimension. The larger k is, the more strongly coupled the RG fixed
point must be in order to have (II11.35) be satisfied. For arbitrarily large k, there’s a
non-empty range of (x, 2’, n) in which (I11.35) is satisfied: as we saw in the previous
subsection, R(X) — 0 in parts of the parameter space. Let’s consider, for example,
the parameter slice z = 2’ and ask when (I11.35) is satisfied for large values of k.
Since satisfying (II1.35) for large k requires large x, we can replace y(x,z’',n) in
(II1.35) with the asymptotic value y,s(n) obtained by maximizing (I11.31). Then

the condition (III.35) for the superpotential to be relevant becomes
T > Tpin(n) = k(1 — yas(n)) for k> 1. (IT1.38)

The above analysis of the electric theory gives one edge of the supercon-
formal window of the parameters (z,2’,n) for the duality of [36]. The other edge
of the window is obtained by determining the range of these parameters in which
(IIL.36) is satisfied, for the Wy, ,, superpotential to be relevant in the magnetic
theory. Again, we simplify the analysis by taking the numbers of flavors and col-
ors in the electric theory to be large, so the same is true in the magnetic theory.

The ratios on the magnetic side are defined to be T = ]VC/N}, ¥ = NQ/N}, and
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i = Ny /N, which are related to the electric ones (II1.18) as

T=(k+DA+n Y —nt—ant, F=k+D)A+n ) —1—an', Aa=n"l

(I11.39)
In the magnetic theory (I11.33), we assume that both magnetic gauge groups re-
main interacting. The superconformal R-charge is constrained by the magnetic
analog of (II1.25), that it be anomaly free w.r.t. both gauge groups. As in (I11.26),
we can use this to solve for R(Y) = R(Y) and R(¢) = R(7) = ¢ in terms of
R(q) = R(q) = y:

~ = F =2

V) = -2 V= (- D+ — L 4. 1114

n

The contribution to the magnetic ay.q from the fields in (I11.33) is

. - - o . U A ? T

a(o)/N}z:2552—|—2x'2+6:£(y—1)3—2x(y—1)—|—6m§' l—ﬁj/(y_1)+—ﬁj,_%‘|
]z 2 7 L l=g 1 . 11—7g

—2n /m@—m%—ﬂ s | - 5] e | - S ()

To this we must add the contributions from the singlets P;, J5j, M;, M;. Each of
these fields couples only via a superpotential term in (II1.34) and, initially taking
that singlet’s R-charge to be 2/3, that superpotential term may be relevant or
irrelevant in the IR. If it’s relevant, then the singlet’s R-charge is determined by
the requirement that the superpotential term have R = 2 total in the IR. If it’s
irrelevant, the singlet is a free field, with R = 2/3. If we assume that the last pp
P;’s (and ﬁj’s), the last py, Mj’s, and the last pyy M’s are interacting, then the

quantity to maximize is

a®?) IN? = a® /N2 + 20§ 2 —3a8)%(5 - 3aF ﬁ—”MQ—s My2(5 — 3aM
/f /f 92( Oé])( aj)_l_gZ( aj)( Oé])
Jj=1 j=1

1 Py ~ ~2

4 2
4 Z2—3a 2(5 — 3aM )+§n(k—2pp)+%(k+l—2pM) (I11.42)

2
+§(]€ + 1-— QpM/),
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where we define

P . T . T T , [l—y T
= —v-))+—=-——=+1+27-1)|—+1—-—=
M =9 j(~ 1)+§72 T +2(j 1)[1—g+1 $] (I11.43)
af =2 | —(y— — — = — - = .
J ﬁi’/y na' n J Vo :i,/’
/ 1—y9 z
M _ A~ .
aff =25+2(5 - 1) p7 —i—l—?}.

The additional terms in (II1.42) are the contributions from the singlets (see sect.
6 of [17] for a detailed discussion of an analogous example). The full solution
g(Z,%',n) is obtained by patching together the maximizing solutions of (I11.42)
with the appropriate values of pys, pyr, and pp, depending on (Z, %', 1), given by
the largest integer j’s such that the oy in (II1.43) satisfy a; < 4/3 (where the
corresponding superpotential term becomes irrelevant).

For any given value of k, we can use the numerical a-maximization anal-
ysis to determine the range of (Z,7’,7), and thus the range of electric parameters
(z,2',n), in which the condition (IIL36) for AW = Tr(YY)¥! to be relevant
is satisfied. Using (I11.39), we’ll express this in terms of the electric parameters
(x,2',n). To be concrete, let us consider the limit of large k. The condition (II1.35)
on the electric side gave the inequality (I11.38), which shows that = ~ 2’ must get
large, linearly in &, in the large k limit, while n is restricted to the range (I11.32).
Then (I11.39) gives & ~ ¥’ ~ k(1 +n') —an~!, and the condition (II1.36) will

require T to also be large. In this limit of large & ~ 7', (I11.43) becomes

a/NP ~ 67 {1+%] (g—1)3—205g(g—1)+% (1+%> [3(1-@) <1+%) —4}3

13 [ g Fap6, 1P 2mal @
o 1+ 22—y -4 + 2 —2 111.44
5 [1—@ ]+36 [fz( 2 ]+ 9 [1—@ ] (11.44)
7 o 2(25—1) 2%,
—2—-6 — 7 4 1)~
T2 gy Tt

The first two terms are the large & ~ 7’ limit of (I11.41), and the rest are the
remaining terms in (I11.42), with sums evaluated using (III.30) (modifying the
lower limit of the integral (I11.30) to be 2—3R = —2, rather than 0, since a;; = 4/3
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is the limit where the superpotential term becomes irrelevant). Maximizing (I11.44)
with respect to § gives Jus(n).
The condition (II1.36) for Tr(Y'Y)**! to be relevant can then be written
for k> 1 as
(1= Yas)n 1

- 1114
Kntl) -z & (I11.45)

Rearranging and combining with (II1.38), the electric and magnetic conditions
(II1.35) and (II1.36) can be written together for k > 1 as

1 — yas(n) < % <14 nfas(n)  forazaa and k> 1. (I11.46)

For the duality (II1.33) of [36] to be useful, and the superconformal window be
non-empty, the inequalities at the two ends of (I11.46) had better be compatible
with each other. This is verified to indeed be the case, as seen in the plots in fig.
II1.7, for the entire allowed range (II1.32) of n. The vertical axis of fig. I11.7 gives
the allowed values of x/k, for a given value of n, and the superconformal window
is the region between the lower two curves on fig. II1.7. There is also the stability
bound conditions (II1.37), which in our & > 1 limit, with x ~ 2’ scaling linearly in
k, can both be written as /k < 1+n. In the plot of fig. I111.7, the upper line is the
stability bound, and the values of z/k in the superconformal window, between the
lower two curves, is indeed always safely below the stability bound for the entire
allowed range of n. All of these successes can be viewed as reassuring checks of
the duality of [36].

For the case x = 2/, n = 1, the conformal window plotted in fig. IIL.7
coincides with that obtained in [16] for SQCD with an adjoint, for the reason

discussed above.

III.D Dualizing one gauge group

With product gauge groups, such as (II1.1), we can consider dualizing one

of the gauge groups, treating the other gauge group as a spectator. The validity



76
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n

Figure II1.7: The x/k conformal window: the upper line is the stability bound
1+ n, the middle line is 1 + ng,s(n) and the lower line is 1 — y,5(n).

of doing this deserves scrutiny, because duality is only exact at the IR fixed point.
Dualizing away from the extreme IR can be potentially justified if the dualized
group’s dynamical scale is far above that of the other “spectator” group, Ay > Aq
(and then holomorphic quantities can be analytically continued in Ayz/Ag) or if one
group gets strong while the other gets weak in the IR (as in string theory examples,
see e.g. [49], [50]).

Let’s consider the SU(N,) x SU(N!) theory (III.1), and consider dualizing
SU(N.), supposing that it’s valid to treat SU(IV.) as a weakly gauged flavor sym-
metry spectator. We’ll suppose that the original electric theory satisfies (I111.24), so
that both electric couplings RG flow to non-zero values. (If the second inequality
(II1.24) is violated, SU(N!) is IR free, and thus reasonably treated as a spectator.
But if the first inequality in (II1.24) is violated then SU(N,.) is actually IR free,
and the validity of dualizing it with SU(N!) treated as a spectator is question-
able.) The SU(N,) group has Ny + N/ flavors and its Seiberg [26] dual has SU(N,)
gauge group, with N, = Ny + N/ — N, with Ny + N/ flavors of dual quarks and
(N; + N')? singlet mesons. The stability condition (II1.23) ensures that N, > 0.

Gauging SU(N!)mag, with the subscript as a reminder that its spectrum now differs
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from that of (III.1), the dual is

gauge group:  SU(N.) x SU(N!)mag

matter: Yov (0,0 @ [@,0),

a5 ® Gy O, e 1) (f. f=1...Ny),

Qp & Q' (1,0)& (1,0) (S, f= Ng),

Fl,~XQ@cec. (1,0) @ (1,0) (n/,7/ =1...Ny),

My~ QQ (1,1) (f,g=1...Ny),

d~ XX (1,Adj) @ (1,1),
(I11.47)
with the superpotential of [26] yielding

W=MqG+YF§+YqF +®YY. (I11.48)

The one loop beta function coefficients of the electric theory (III.1) were
by =3N.— N.— Ny, and ¥} =3N,— N.— N} (I11.49)

(writing by > 0 if asymptotically free), and those of the dual (II11.47) are
b, = 2Ny + 2N, — 3N, and V™" = N/ + N.—2N; — N. (I11.50)

Note that b, differs from 0}, because the SU(N/)mq, flelds in (I11.47) differ
from those of the original SU(N.) x SU(N.) theory (IIL.1); in fact, b} — ;"% =
2(Ny+ N!— N,) = 2N, > 0, 50 SU(N!)nag is always less asymptotically free than
the electric SU(N/) in the UV. Ignoring the SU(N.);qy dynamics, we'd conclude
that the magnetic SU(N,) is IR free if Ny + N! < 2N,; we'll discuss here how the
SU(N!)mag dynamics can dramatically affect when the magnetic group is actually
IR free.

The important quantities for the IR dynamics are the exact beta functions

for the theory (I11.47), which are

3gmag.f
1672

g mag.f/

/897nag = 167T

Tr SU(N')?,. R, (IIL51)

mag

Tr SU(N,)?R, Bty = —
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where again f and f’ are unimportant, positive, scheme dependent factors. The

beta functions (II1.51) can be written in the usual NSVZ form using (II1.6), which

gives
3Tr SU(N,)?R = b + N'yy + Ny,
3Tr SU(Né)%ng = bllmag + Nc”)/y + NJ/:’)/QI + Nf’}/pl + Né”}&p. (11152)
As with the electric theory, the dual (II1.47) has three possible RG fixed
points,

(A) Gmags # 0, Gage =0, 1.6 SU(N/)mag free and Tr SU(N.)*R|; = 0,
(I11.53)
(B) Gmage = 0, Ghage # 0, L. SU(N,) free and Tr SU(N.)2,, R|5 = 0, (IIL54)

mag

(C) Gmagr # 0, Grnage 7 0 50 Tr SU(N,)*R|5 = Tr SU(N)?,,,Rlz =0, (IIL55)

mag

which are depicted in fig. II1.8. RG fixed point (ﬁ) is simply the Seiberg dual
description of RG fixed point (A) of the original electric theory (with SU(N)
part of the global flavor symmetry). We expect that RG fixed point (C'), when it
exists, is an equivalent, dual description of the SCFT at RG fixed point (C') of the
original electric theory (III.1). The qualifier “when it exists” is because, as in the
electric description, the RG flow may look like that of fig. III.2 rather than that
of fig. III.1. In the electric description, the condition for the RG fixed point (C)
to exist is (I11.16). We will determine its analog in the magnetic theory (II1.47),
for (C) to exist, by analyzing the IR stability of the RG fixed points (A) and (B)
to small non-zero perturbations in the couplings that are set to zero in (II1.53)
and (I11.54), in analogy with fig. II1.5. We will find that, for a particular range
of flavors and colors, the theory (II1.47) with superpotential (II1.48) realizes the
RG flow depicted in fig. II1.3: even if the one-loop beta function might suggest
that SU(N,) is IR free, it can be driven to be interacting by the interactions of
the other gauge group and the superpotential.

Finally, we note that RG fixed point (B ) is not the dual of RG fixed point

(B): as duality exchanges strong and weak coupling, the RG fixed point (B), where
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Figure II1.8: The process of dualizing one group.

the magnetic SU (]VC) is free, corresponds to strongly coupled electric SU(N,). In

cases where RG fixed point (B) is IR stable, our interpretation is that the electric
side appears to flow to interacting RG fixed point (C), but the magnetic dual
reveals that the theory actually flows instead to having a free magnetic SU (]VC),

at the RG fixed point (B).

III.D.1 The RG fixed point (4) and its IR stability to g, perturba-

tions.

RG fixed point (A) is the Seiberg dual description of RG fixed point

(A) of the original electric theory. All of the superconformal R-charges at (A) are
immediately computable from the dual matter content (II1.47) and superpotential,
or from the Seiberg duality map [26] and the superconformal R-charges at RG fixed
point (A) in the electric description. Either way, the result is: R(Y) = R(q) =
NJ(N; + N, R(OM) = R(F') = R(®) = 2 — 2N./(N; + NY), and R(Q) =
2/3. Using (II1.51), we see that g, is an IR relevant perturbation of (A) if
Tr SU(NY)?,.4R| 5 is positive, or an IR irrelevant perturbation if it’s negative. This
't Hooft anomaly is easily directly computed, or we can use the fact that 't Hooft
anomalies match in Seiberg duality [26] (since SU(NY) is a subgroup of the flavor
group), so Tr SU(N.)%,,, Rz = Tr SU(N!)?R|4. The RG fixed point (A) of the

dual theory is thus IR stable if precisely the same inequality (II1.14) found in the
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electric description holds. So our first necessary condition for RG fixed point (C)
to exist, at least within the domain of attraction of the UV fixed point at zero

couplings, is that the opposite inequality of (I11.14) should hold,

(BN, — N7)(N.+ Ny) —3N? >0, (I11.56)

to have (A) be IR repulsive. It is satisfying to see that the magnetic (A) RG fixed
point is IR repulsive precisely when the electric RG fixed point (A) is. It is hard
to imagine how it could have been otherwise, given that the RG fixed points (A)

and (A) are identified.

II1.D.2 The RG fixed point (B) and its IR stability to g,,,, perturba-

tions.

This case is considerably more difficult than that of the previous sub-
section, as a-maximization is needed to determine the superconformal R-charges
at RG fixed point (B). Notice that, with the SU(N,) gauge coupling set to zero
at (B), the SU(N!)mag spectrum in (I11.47) is the same as that analyzed in [16]:
SQCD with an additional adjoint. But here the a-maximization analysis is further
complicated by the presence of the superpotential in (I11.47), which couples some
of the SU(N!)maqy fundamentals Y to the adjoint @, and also to fundamentals F’
and SU(N.)may singlets ¢. Rather than maximizing a;.u as a function of one
variable, y, depending on one parameter, x, as in [16], we’ll have here to maximize
ayriar @s function of two variables, R(Q') = u and R(®) = v, depending on the
three parameters (z,2’,n) of (II1.18).

Let’s consider the constraints on the superconformal U(1)g at (B). Hav-
ing B, = 0 requires Tr SU(N;)?,,, Rl5 = 0 (IT1.54):
N+ N(R(Y) = 1)+ NH(R(Q) = 1)+ Np(R(F') = 1) + N(R(®) — 1) = 0. (IIL57)
The superpotential terms (II1.48) further impose

R(Y)+ R(F)+ R(q) =2, and R(®)+2R(Y)=2. (111.58)
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Note that the first term in the superpotential (II1.48) is irrelevant for g,,, = 0,
since none of its fields are charged under SU(N.), so M is a free field, with R(M) =
2/3. The constraints (II1.57) and (II1.58) are three constraints on five R-charges;

they can be solved for

R(Y)=1-go, R()= glataotn(u=1), R(F)=1tn(l—u)ts (1),

(I11.59)
with R(Q') = u, R(®) = v, and (x,2',n) defined as in (II1.18). a-maximization
w.r.t. u and v is needed to determine the values of u(x,z’,n) and v(z, 2’ n).

Once we've determined the superconformal R-charges at (B), we can
determine whether or not (B) is stable to non-zero Omag Derturbations. We see from

Bgmag i (IIL51) that gmgg is a relevant perturbation of (B) if Tr SU(N.)*R|5 > 0,

ie. if
BNC—Nf—Né+Nf7q+Néfyy >0, ie if —N.+N;R(q)+N.R(Y)> 0. (IIL.60)

This condition, together with (III.56), are the necessary conditions for RG fixed
point (C) to exist (at least within the domain of attraction of zero couplings). If
the inequality in (II1.60) is not satisfied, RG fixed point (B) is IR attractive, and
then we expect RG flows from generic values of the couplings to end up there in
the IR. So if (II1.60) is not satisfied, the original electric theory (III.1) flows to
having a free magnetic SU(N,) in the IR.

The condition (II1.60), for SU(N,) to not be free magnetic in the IR, is
generally very different from the naive criterion, Ny + N, > %Nc, based on when
SU (]VC) is asymptotically free in the UV. The difference is that (II1.60) accounts
for the SU(N!)mag dynamics. If the numbers of flavors and colors are chosen such
that the SU(N.)mq, matter spectrum is just barely asymptotically free (i.e. b,
in (IT1.50) is small and positive), then the RG fixed point coupling g;,,,, at (B) is
small. In this case, the the SU(N!),, dynamics doesn’t much affect the running
of the SU (NC) coupling ¢qg. In particular, when (E) is at weak coupling, the

a-maximization results properly give R(q) ~ 2/3 and R(Y) ~ 2/3, since these
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fields are approximately free. We then find that (II1.60) gives approximately the

standard condition from Seiberg duality [26] for the magnetic dual SU(N,) to be
interacting rather than IR free, Ny + N/ > %Nc, which is the condition that g

be an IR relevant perturbation of free theory at gmag = g0y = 0-

On the other hand, when the number of flavors and colors are such that

SU(N/)mag is very much asymptotically free, i.e. ;™% in (II1.50) is positive and

large, the RG fixed point (B) is at strong SU(N!)mae, coupling. In this case, the
SU(N!)mag dynamics can radically affect whether or not the SU(N,) coupling gmag
is relevant. Indeed, depending on the values of (z, z',n), this theory can realize the
flow of fig. I11.3: even if Ny+N. < 2N, so SU(N,) is IR free around Gmag = Jrag

0, the condition (IT1.60) for SU(N,) to be an IR interacting deformation of (B)

can nevertheless be satisfied. In short, the SU(N.),,q, has driven an otherwise IR
free SU (Nc) theory to instead be IR interacting. We’'ll focus on this phenomenon
of fig. II1.3 in the rest of this subsection.

To have (II1.60) be satisfied when " < 0 requires that ¢ and/or Y have
positive anomalous dimension, i.e. R-charge greater than 2/3, at the RG fixed
point (B). Positive anomalous dimensions are possible provided that there is a
Wiree sSuperpotential, as in the case here (I11.48): gauge interactions make negative
contributions to the anomalous dimensions, and superpotential interactions make
positive contributions. As we’ll now discuss, there is indeed a range of parameter
space of flavors and colors for the magnetic theory (II1.47) where the anomalous
dimensions are sufficiently positive so as to have (II1.60) satisfied, despite having
b"" < 0, realizing the effect of fig. II1.3. (See also the example [21].)

Though the a-maximization analysis at RG fixed point (B) is standard,
it’s computationally intensive. Using the spectrum (II1.47) and (II1.59), we com-
pute the combination of 't Hooft anomalies a(® = 3TrR? — TrR, as a function of
the two variables, (u,v), and the parameters (x,z’,n). Depending on (x, 2, n), we

have to also add the additional contributions (II1.21) for any gauge invariant op-

erators with R < 2/3. (The operators hitting the unitarity bound are found to be
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QI1Q, QI F’, and F'®I~LF' for values of j = 1... increasing with z and a/,
as the RG fixed point (B) becomes more and more strongly coupled.) Again, we
implemented this a-maximization analysis numerically, using Mathematica. While
the numerics are similar in spirit to our previous cases, the fact that here we're
maximizing a function of two, rather than one, variables, as a function of the three
parameters, greatly prolongs the required computational timescale.

Let’s focus on an interesting range of parameter space, where we take the
parameters x and 2’ to be large. This is an interesting region of parameter space
because then RC fixed point (B) is at very strong SU(N’)mag gauge coupling (as
seen from the fact that the one-loop beta function is very large). For large x and
', there are terms quartic in z in a(®) = 3TrR3 — TrR, coming from the O(z) terms
in R(q) and R(F') in (II1.59). Note, however, that the O(x) terms in (II1.59) all
appear multiplied by v, so the leading terms for large x transform homogeneously,
with degree one, under  — Az and v — Ao, e.g. the quartic term in a© is
~ z*v3. When we include the contributions from the meson hitting the unitarity
bound, we find that they also have a leading large = term which is degree one under
this scaling. Because of this homogeneity, when we maximize w.r.t. v for large =z,
we find v ~ 1/z, and the value of a at its maximum is linear in z, since it’s degree
one in the above rescaling. (The fact that the central charge of the SCFT grows
linearly in z is a check of the a-theorem conjecture, since there’s a Higgsing RG
flow analogous to that of [16] which would violate the a-theorem with any higher
degree.) To study the limit of large x, we can thus scale A\ — 0o, keeping only the
terms of degree one in \.

In this scaling limit, R(®) = v — A"'v — 0 for A — oco. Then (II1.59)
gives R(Y) — 1, while R(Q') = u, R(q), and R(F') asymptote to some finite
values that are determined by a-maximization. The a-maximization answer for
these quantities, in our limit of large x and z’, can also be obtained by borrowing
the a-maximization results of [16]. The idea is that the SU(N!),q, gauge coupling

at (B) is very strong for large x and 2/, and the SU(N/)nq, matter content that it
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couples to coincides with that of [16], and adjoint and fundamentals. The theory at
(B) differs from that of [16] only because of the superpotential interactions (I11.48).
If not for the superpotential interactions, the a-maximization result of [16] would
tell us that R(Y), R(Q') and R(F") all asymptote to (v/3 — 1)/3 ~ 0.244 for x —
oo. The superpotential non-negligibly affects R(Y"): the ®YY term requires that
R(Y) — 1, since R(®) — 0 for large x. But the superpotential negligibly affects
R(Q') and R(F") in the strong SU(N{)mag coupling, large x limit. For example,
though there is a term Y F’q in the superpotential, its effect is to determine the
R-charge of the otherwise free field ¢, leaving R(Y) — 1 and R(F') — (v/3 —
1)/3 ~ 0.244 unaffected. So in this large x limit we obtain (and the detailed

a-maximization analysis bears this out):

V3-1
3

R(Y)—1, and R(q) —1-— ( ) ~ 0.756, for large x and /. (II1.61)

The condition (IT1.60) for gme, to be relevant at B is then (recalling
(IIL.18))

N!— N+ N(0.756) > 0, ie. 2'—x+40.756 >0, for large z and 2’. (II1.62)

This is very different from the condition that g,,., be asymptotically free for g;,,,, =
0,07 >0,ie 1+a2" — %x > 0, and II1.62) can be satisfied even when 07" < 0,

i.e. we can have
1+ — gx < 0 but nevertheless 2’ —x + 0.756 > 0; (I1.63)

for example, we can take r ~ 2’ — oo. For values of (z,2',n) such that the

inequalities in (II1.63) both hold, the RG flow is as in fig. IIL.3: if SU(N!)mae’s

coupling were set to exactly zero, then SU (Nc) would be IR free, but any non-zero

SU(N!)mag coupling would eventually drive SU(NN,) to be instead interacting in
the IR.
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ITI1.D.3 The RG fixed point (C)

RG fixed point (C) exists if (A) and (B) are both IR unstable to pertur-
bations in the other coupling; we found this to be the case if (II1.56) holds, and
if, say for large = and 2/, (II1.62) holds, respectively. When (6’) exists, we expect
that it’s an equivalent, dual description of the RG fixed point (C') of the original
electric theory. We'll here check that the superconformal R-charges are compatible
with this identification.

At (5’), the six independent superconformal R-charges, on the six lines
of (IIL47), are subject to five constraints: for vanishing f,,,, and By, , we re-

quire (IT1.55), Tr SU(N.)*R|5 = Tr SU(N}):., Rl = 0, along with three more
constraints from requiring that the superpotential terms (II11.48) all have total
R(W) = 2. (All terms in (II1.48) are relevant deformations of the W = 0 theory
when gpmag« and g;,,,. are both non-zero.) There is thus a one-variable family of
R-charges, as for the electric RG fixed point (C'). These constraints are compati-
ble with the duality map identification of the fields F’, M, and ® in (II1.47): the
R-charges of the dual theory (I11.47) can be related to those of the original electric

theory (I11.1), with R(Q) = y as before, by

R(M) =2y, R(F') = R(X)+y, R(®) = 2R(X), R(q) = 1—y, R(Y) =1-R(X),

(I11.64)
with R(X) and R(Q') given by (II1.26) in terms of the variable y and parameters
(x,2',n).

0 _

We compute the same function a,,,,, = 3TrR* —TrR to maximize w.r.t. y

as in the electric theory (II1.27), as expected from the 't Hooft anomaly matching
for the global flavor symmetries in Seiberg duality [26]. Compatible with our claim

that the electric RG fixed point (C') is equivalent to the dual one (C'), there is a one-

to-one mapping of the operators that have hit the unitarity bound. Corresponding
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to the operators (I11.28) we have

Mi—y & M, Mjsy < FO2F, M} & Q¥ 7'Q P, = F'&7'Q', P; — F'&I7'Q)'.

(I11.65)
So, even including the contributions of the operators hitting their unitarity bound,
we find the same a4 function of y and (x, 2, n) to maximize w.r.t. y, and hence
the same superconformal R-charges are given by (I11.64) with y(z,2’,n) the same

superconformal R-charge as obtained by analyzing the electric theory (I11.1).

III.E Conclusions and Comments

A general potential pitfall in applying a-maximization is that one must
really have the full symmetry group under control, including all accidental symme-
tries, to obtain correct results. Overlooking some symmetries will lead to a value
of the central charge ascpr that is too low. Seiberg duality [26] shows that there
can be highly non-obvious accidental symmetries, such as those acting on the free
magnetic SU(Ny — N,) quarks and gluons when Ny < 2N,. More generally, with-
out knowing the dual, we do not presently have a way to look for such accidental
symmetries, which do not act on any of the “obvious” gauge invariant operators
of the theory.

Ignoring the interplay of the two gauge couplings, the superconformal

window of [26] for each gauge group in (III.1) separately is
3 !/ 3 / !/ !/
§NC < Ny + N, < 3N, §NC < N; + N. < 3N,. (I11.66)

These are the conditions for points (A) and (B) to be interacting SCFTs, respec-
tively. The upper limits are needed for the electric coupling to not be driven to
zero in the IR, and the lower limits are for the couplings of the dual [26] to not be
driven to zero in the IR.

Accounting for the g and ¢’ interplay, the conditions for point (C) to exist
as a fully interacting SCFT differ from (II1.66). The upper limits of (II1.66) should
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be replaced with the conditions (II1.16), for neither electric gauge coupling to be
driven to zero in the IR. Similarly, the duality of sect. II1.D (assuming its validity)
shows how the lower limits of (II1.66) are modified, in order for neither magnetic
gauge coupling to be driven to zero in the IR.

For example, taking x = N./Ny and 2/ = N//N; large, we found in sect.

III.D that (B), with g, — 0, is IR attractive if
N/ — N.+ (0.756)N; < 0, i.e. if 2’ —z+0.756 < 0. (LIL67)

In this case, rather than flowing to the fully interacting RG fixed point (C), the
theory flows to the free magnetic point (E) in the IR, where the original electric
SU(N,) is very strongly coupled, but its SU(Ny + N, — N.) magnetic dual is IR
free. There is then a large, non-obvious, accidental symmetry of the original electric
theory when (II1.67) holds. Likewise, dualizing the SU(N)) factor of (IIL.1), we
find for large = and 2’ that the apparent RG fixed point (C') of the electric theory

instead flows to having a free magnetic SU(N} + N, — N/) group when
N. = N4 (0.756)N} < 0, ie. if z—a/+ (0.756)n < 0. (IIL68)

So, for RG fixed point (C) to be fully interacting, rather than partially
free magnetic, the lower limits in (II1.66) are replaced, for large x and 2, with the
conditions

—(0.756)n < « — 2’ < 0.756. (111.69)

The range (I11.69) is a subset of the stability range (II1.23). Outside of the range
(II1.69), there are non-obvious accidental symmetries. Within the range (I11.69),
we have no evidence for non-obvious accidental symmetries. If there had been
any such non-obvious accidental symmetries, our a-maximization analysis of sects.
ITI.B and III.C would have to be appropriately modified. In particular, in our
parameter slice of special interest in sects. III.B and II1.C, x = 2/, i.e. N, = N/,
the magnetic duals remain fully interacting.

As we noted, for x = 2’ and n = 1, the a-maximization analysis of our

product group example (III.1) coincides with that in [16] for SU(N.) with an
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adjoint and Ny fundamentals. In the analysis of [16] of that latter theory, it was
assumed that the only accidental symmetries are the obvious ones, associated with
gauge invariant operators hitting the unitarity bound. But, as in the example of
[21], there’s a possibility of a non-obvious accidental symmetry, associated with
a free-magnetic gauge group in a deconfining dual. The idea of the deconfining
dual [51] is that the dual (II1.33) of our theory (III.1) would look quite a lot like
SU(N!) SQCD with an adjoint if we chose the flavors and colors such that N, =1
in (IT11.47). And a slight modification of the theory (III.1), with added fields and
superpotential terms (designed to eliminate the analog of (II1.48) in the dual), will
lead to precisely SQCD with an adjoint and fundamentals, with no superpotental,
see table 8 of [52] for the needed field content. It would be interesting to carry out
the a-maximization analysis of that theory, and its duals, to determine whether or
not any of the gauge groups of the deconfining duals can become IR free.

This chapter is a reprint of the material as it appears in E. Barnes,
K. Intriligator, B. Wecht and J. Wright, “N = 1 RG flows, product groups,
and a-maximization,” Nucl. Phys. B 716, 33 (2005), and on the preprint archive,
http://www.arxiv.org/hep-th/0502049.



IV

The Exact Superconformal

R-symmetry Minimizes 7pp

IV.A Introduction

Our interest here will be in the coefficients 77; of two-point functions
of globally conserved currents J}' (I labels the various currents) in d-dimensional
CFTs:

U@ T50) = G (00 = 00)

The general form (IV.1) of the correlator is completely fixed by conformal invari-

(IV.1)

ance, with the specific dynamics of the theory entering only in the coefficients 77 ;.
Unitarity restricts 77 to be a positive matrix (positive eigenvalues). For 4d CFTs,
717 give [54], [55] the violation of scale invariance, (T}) = g (F1)m (F7)™ | when
the global currents are coupled to background gauge fields.

We'll here consider field theories with four supercharges: N = 1 in 4d,
and N = 2 in 3d (one could also consider N' = (2,2) in 2d), and their renormal-
ization group fixed point SCFTs (where there are an additional four superconfor-
mal supercharges). The stress tensor of these theories lives in a supermultiplet

T,5(z,0, ) (in 4d Lorentz spinor notation; for d < 4 the dot on 3 is unnecessary),

which also contains a U(1)g current — this is “the superconformal U(1)g sym-

89
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metry”. Supersymmetry relates this current and its divergence to the dilitation
current and its divergence. The scaling dimension of chiral operators are related

to their superconformal U(1)g charge by

A:%;R (IV.2)

For a chiral superfield, writing A = %d -1+ %% with v the anomalous dimension,
(IV.2) yields
d—2 1

There are often additional non-R flavor currents, whose charges we’ll
write as Fj, with ¢ labeling the flavor symmetries. In superspace, these currents
reside in a different kind of supermultiplet, which we’ll write as J;(z,6,8). When
there are such additional flavor symmetries, the superconformal U(1)g of RG fixed
point SCFTs can not be determined by the symmetries alone, as the R-symmetry
can mix with the flavor symmetries. Some additional dynamical information is
then needed to determine precisely which, among all possible R-symmetries, is the
superconformal one, in the T, ; supermultiplet.

We will here present a new condition that, in principle, completely de-
termines which is the superconformal U(1)g. We write the most general possible

trial R-symmetry as

Ri=Ro+)_siF, (IV.4)

where Ry is any initial R-symmetry, and F; are the non-R flavor symmetries. The
subscript “t” is for “trial”, with the s; arbitrary real parameters. The supercon-
formal R-symmetry, which we’ll write as R without the subscript, corresponds to
some special values s} of the coefficients in (IV.4), that we’d like to determine,
R =Ry

As we’ll discuss, the fact that the superconformal R-symmetry and the
non-R flavor symmetries reside in different kinds of supermultiplets, implies that

their current-current two-point function necessarily vanishes, (Ji(x)Jg (y)) = 0,
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i.e.

Tri = 0 for all non-R symmetries Fj. (IV.5)

This condition uniquely characterizes the superconformal R-symmetry among all

possibilities (IV.4). To see this, use (IV.4) to write (IV.5) as
0= TRi = TRti|sj:s;f = TRyi + Z S;Tij fOl" all i. (IV6)
j

Here 7g; is the coefficient of the (Jg (x)J% (y)) current-current two-point function
of the currents for Ry and Fj, and 7;; is the coefficient of the (Jp,(z)J% (y)) of
the current-current two-point function for the non-R flavor symmetries F; and Fj.
The conditions (IV.6) is a set of linear equations which uniquely determines the
s;, if the coefficients 7g,; and 7;; are known. Unitarity implies that the matrix 7;;
is necessarily positive, with non-zero eigenvalues, so it can be inverted, and the

solution of (IV.6) is
S; = — Z(T_1>ijTRoi- (IV?)

The conditions (IV.6) can be phrased as a minimization principle: the
exact superconformal R-symmetry is that which minimizes the coefficient Tg,g,
of its two-point function among all trial possibilities (1V.4). Using (IV.4), the
coefficient of the trial R-current R; two-point function is a quadratic function of
the parameters s;:

TRk (S) = TRoro + 2D SiTRei + Y _ 5i8;Tij.- (IV.8)
i ij
Our result (IV.5) implies that the exact superconformal R-symmetry extremizes

this function,

0

a—&TRth(sﬂsj:S; =27 = 0. (IV.9)
The unique solution of (IV.9) is a global minimum of the function (IV.8) since
52
8Siasz(s) =271;; > 0, (IV.10)

with the last inequality following from unitarity.
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The value of 7g,g, at its unique minimum is the coefficient 7zr of the
superconformal R-current two-point function. As is well known, supersymmetry
relates this to the coefficient, “c”, of the stress tensor two-point function, 7gg  ¢;

as we’ll discuss, the proportionality factor is

B (27r)d B 16
TRR = AE-1[d=2) Cr or, ford =4, Trg= 5 ¢ (IV.11)

Trr Minimization immediately implies some expected results. For non-

Abelian flavor symmetry, (IV.5) is automatically satisfied for all flavor currents
with traceless generators, if the superconformal R-symmetry is taken to com-
mute with these generators. This shows, as expected, that the superconformal
R-symmetry does not mix with such non-Abelian flavor symmetries. Similarly,
(IV.5) is automatically satisfied by any baryonic flavor currents which are odd un-
der a charge conjugation symmetry, taking the superconformal U(1)g to be even
under charge conjugation. So, as expected, the superconformal U(1)g does not mix
with baryonic symmetries which are odd under a charge conjugation symmetry.
As a simple example of Tgr minimization, consider a single, free, chiral
superfield ® in d spacetime dimensions. The R-symmetry can mix with a non-R
U(1)p flavor current, under which ® has charge 1 (the “Konishi current”). Write
the general trial R-charges for the scalar and fermion components as R(¢) = Ry,
R(¢) = Ry — 1. As we'll review, the free field two-point function of this R-current

18

I(4)220-2 1, )
TRth:(d—l)(d—2) (d—QRt+<Rt_1)> (IV12)

with the two terms the scalar and fermion contributions. Taking the derivative

w.r.t. Ry,

1 d I(£)227-2 ( R,
T = ——T —
BE = 0 dR, M T (d=1)(d—2) \d—2

Requiring 7rr = 0 then gives the correct result (IV.3), with anomalous dimension

R — 1) . (IV.13)

~v = 0, for a free chiral superfield in d spacetime dimensions.
The above considerations all apply independent of space-time dimension;

they are equally applicable for 4d A/ = 1 SCFTs as with 3d A/ = 2 SCFTs.
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For 4d NV = 1 SCFTs, there is already a known method for determining the
superconformal R-symmetry: a-maximization [14]. It was shown in [14] that the
st can be determined by a-maximization, maximizing w.r.t. the s; in (IV.4) the

combination of 't Hooft anomalies

ra(R) = (3R~ ToF), (IV.14)

(where we decided here to include the conventional normalization prefactor). For

example, for a free 4d chiral superfield we locally maximize the function

prial(Ry) = 3—32(3(& —1)* — (R, — 1)). (IV.15)

The local maximum of (IV.15) is at R = 2/3, which indeed coincides with the global
minimum of (IV.12), but it’s illustrative to see how the functions themselves differ.

a-maximization in 4d is much more powerful than 7g,z, minimization,
because one can use the power of 't Hooft anomaly matching to exactly compute
arial(Re) (IV.14), whereas the current two-point functions 7z, and 7;; needed for
Tr,r, Minimization receive quantum corrections. Actually, once the exact super-
conformal R-symmetry is known, there is a nice way to evaluate 7;; in terms of 't
Hooft anomalies [13]:

as we'll review in what follows. (The result (IV.16) generally can not be turned
around, and used as a way to determine the superconformal U(1)g, because plug-
ging (IV.4) in (IV.16) can not always be inverted to solve for the s*.)

In the context of the AdS/CFT correspondence, the criterion (IV.6) for
determining the superconformal R-symmetry becomes more useful and tractable,
because the AdS duality gives a weakly coupled dual description of 7g,; and 7;;:
these quantities become the coefficients of gauge field kinetic terms in the AdS bulk
[56]. As we’ll discuss in a separate paper [57], these coefficients are computable
by reducing SUGRA on the corresponding Sasaki-Einstein space. We'll show in
[57] that the conditions (IV.6) are in fact equivalent to the “geometric dual of

a-maximization” of Martelli, Sparks, and Yau [58].
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There is no known analog of a-maximization for 3d N' = 1 SCFTs, and
in 3d there is no useful analog of 't Hooft anomalies and matching (aside from
a Zy parity anomaly matching [59]). 7Tg,g, minimization gives an alternative to
a-maximization in 4d, which applies equally well to 3d N = 2 SCFTs.

a-maximization in 4d ties the problem of finding the superconformal
U(1)g together with Cardy’s conjecture [3], that the conformal anomaly a counts
the degrees of freedom of a quantum field theory, with ayy > arg and acpr > 0.
The result that a is maximized over its possibilities implies that relevant defor-
mations decrease a [14], in agreement with Cardy’s conjecture. Unfortunately, we
have not gained any new insights here into general RG inequalities from our 7zg
minimization result. Indeed, Trr is related to the conformal anomaly c¢ in 4d,
which is known to not have any general behavior, neither generally increasing nor
generally decreasing, in RG flows to the IR. And there is no analogous argument
to that of [14], to conclude that Tgr generally increases in RG flows in the IR, from
the fact that 7gg is minimized among all possibilities: the quantum corrections to
Trr, coming from the relevant interactions, can generally have either sign. (The
difference is that the argument of [14] was based on 't Hooft anomalies, which do
not get any quantum corrections for conserved currents).

Our Trgr minimization result applies for SCFTs at their RG fixed point.
It would be interesting to extend 7rr minimization to study RG flows away from
the RG fixed point. Perhaps this can be done by using Lagrange multipliers, as
in [20], to impose the constraint that one minimize only over currents that are

conserved by the relevant interactions.

IV.B Current two point functions; free fields and normal-

ization conventions

Two point functions of currents and stress tensors for free bosons and

fermions in d-spacetime dimensions were worked out, e.g. in [60]. To compare
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with [60], rewrite (IV.1) as

2(d—-1)(d—=2) I,(x—y)
rT (o g

(J7 (@) 5 (y)) =71y (IV.17)

with I,,,(z) = 6,, — 22,2, (2*)~!. The normalization conventions of [60] is

C C
(Tu@)1,(0)) = =y lun(@), (Tuw(@)Tp0(0) = —Zhugpla),  (IV.18)
with 1, ,,(x) = %(IM(:);)IVP(:E) + Lip(x)Lo(z)) — d716,,05,. Thus Cy = 27(d —
1)(d — 2)/(27)%. With these normalizations, the coefficients (IV.18) for a single

complex scalar are

2 1 2d 1
Cv=""—3 Cr !

eyt e (IV.19)

where S; = omrad / F(%d) and the current was normalized to give ¢ and ¢* charges
+1. The coefficients for a free fermion having the same number of components as a
4d complex chiral fermion (half the components of a Dirac fermion) the coefficients

are

1 1
— 92— Cr = d—
52 s

(we don’t have the factors of 24/2 of [60], because we're here considering a fermion

Oy (IV.20)

with the same number of components as the dimensional reduction of a 4d chiral
fermion for all d).
More generally, let current J;(z) give charges g, to the complex bosons

and charges gy ¢ to the chiral fermions. Using (IV.19) and (IV.20), we have

T d 22d—2 1
TIfgee field _ (2) Z qrpqis + Z qr,145f | -
(d=1)(d-2) \d—-2 bosons » fermions f

(Iv.21)
In particular, for a U(1l)g symmetry, this gives (IV.12). For d = 4,
['(d/2)?2%72/(d — 1)(d — 2) = 2/3, so e.g. a 4d U(1)r non-R symmetry which

assigns charge ¢ to a single chiral superfield has 725/ = ¢2.
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IV.C Supersymmetric field theories

Supersymmetry relates the superconformal R-symmetry to the stress ten-

sor: both reside in the supercurrent supermultiplet
Toi(7,0,0) ~ Jgaa(T) + Saas(x)0” + ?adg(x)gﬁ + Tadﬁﬁ-(x)é’ﬁgﬁ +..., (IV.22)

whose first component is the superconforal U(1)g current and whose #6 compo-
nent is the stress energy tensor (we're omitting numerical coefficients here). Our
notation is for the 4d case; similar results hold for 3d N = 2 theories, with g
replaced with a second flavor of 8%. For superconformal theories, the stress tensor
is traceless, and the superconformal R-current is conserved. As discussed in [29],
the supercurrent two-point function is then of a completely determined form, with

the only dependence on the theory contained in a single overall coefficient C"

<Tad(21>TﬁB(Z2>> - C%; (IVQ?))

see [29] for an explanation of the superspace notation in (IV.23).

Expanding out (IV.23) in superspace, the LHS includes both the R-
current two-point function and the stress-tensor two-point function. So (IV.23)
shows that the coefficient C' o< Tggr, and also C' «x C7p, and so it follows that
Trr X Cr. We could determine the precise coefficients in these relations by be-
ing careful with the coefficients in (IV.22) and in expanding both sides of (IV.23);
instead we will fix these universal proportionality factors by considering the partic-
ular example of a free chiral superfield. Using (IV.19) and (IV.20) to get C'r, and
comparing with the free-field value of 7gr computed from (IV.21), gives the general
proportionality factor that we quoted in (IV.11; e.g. for d = 3 it’s Tpr = m3Cp/3.
In 4d, C7 ¢, one of the conformal anomaly coefficients, and the proportionality
can again be fixed by considering the case of a free 4d N = 1 chiral superfield, for
which ¢ = 1/24 and (IV.21) gives Tpr = 2/9 (or a free 4d N' = 1 vector superfield,
for which ¢ = 1/8 and (IV.21) gives 7grr = 2/3); this gives the relation quoted in
(IV.11).
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The non-R global flavor currents J!*(z) are the 69" components of super-
fields J;(z, 0, 0), whose first component is a scalar. We can write their two-point
functions in superspace [29], with the coefficients given by that of the flavor current

correlators, 7;;:
Tz’j 1

2 2 \(d-2)/2"
(2m)d (22 a2,)(d-2)/2

In general d dimensional CFTs, two-point functions of primary operators

(Ji(z1)Jj(22)) =

(IV.24)

vanish unless the operators have conjugate Lorentz spin and the same operator
dimension. Noting that the first component of the supermultiplet (IV.22) has
dimension A(T,3) = d—1, and the first component of the current J; has dimension
A(J;) = d—2 (since the 60" component is the current, with dimension d — 1), the
two-point function of the first components of these two different supermultiplets
must vanish. Because there is no non-trivial nilpotent invariant for two-point
functions [29] , this implies that two-point function of the entire supermultiplets
must vanish:

(Toa(21)Ji(22)) = 0. (IV.25)

L.e. the two-point function of any operator in the T, supermultiplet and any
operator in the J; supermultiplet vanishes; in particular, this implies that the two-
point function of the superconformal U(1)g current and all non-R flavor currents
necessarily vanish, 7gr = 0. We thus have the general result (IV.5), and this same
argument applies equally for d = 4 N = 1 as well as lower dimensional SCFTs

with the same number of supersymmetries.

IV.C.1 4d N = 1 SCFTs: relating current correlators to ’t Hooft
anomalies
The superspace version of an anomaly in the dilatation current is

o'

V' T = Vaolr, (IV.26)

with Ly the trace anomaly, which is the variation of the effective action with

respect to the chiral compensator chiral superfield [61].
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On a curved spacetime, there is the conformal anomaly

_ 1
120 (47)2

a

(T (c(Weyl)2 : (Euler)) , (IV.27)

(there can also be an a’0°R term, whose coefficient @’ is ambiguous, which was
discussed in detail in [62]). The coefficient “c” is that of the stress tensor two-
point function in flat space, whereas the coefficient “a” can be related to a stress
tensor 3-point function in flat space. The superspace version of this anomaly,
including also background gauge fields coupled to the superconformal R-current,
is as in (IV.26), with Ly = (eW? — aZ,)/247* [13]. Taking components of this
superspace anomaly equation relates the conformal anomaly coefficients a and ¢

to the 't Hooft anomalies of the superconformal U(1)g symmetry [13]:
3 3 1 3
a= 5(3TrR —TrR) c= 5(9TrR — 5TrR). (IV.28)

An alternate derivation [29] of these relations follows from the fact that,
in flat space, the 3-point function (T,s(21)7T}5(22)T54(23)) is of a form that’s com-
pletely determined by the symmetries and Ward identities, up to two overall nor-
malization coefficients, with one linear combination of these coefficients propor-
tional to the coefficient (IV.23) of the 7,5 two-point function. In components,
this relates the stress tensor three-point functions, and hence a and ¢, and to the
R-current 3-point functions, and hence the TrU(1)g and TrU(1)% 't Hooft anoma-
lies, to these two coefficients. It follows that a and ¢ can be expressed as linear
combinations of TrU(1)g and TrU(1)%, and the coefficients in (IV.28) can easily
be determined by considering the special cases of free chiral and vector superfields.

Combining (IV.11) and (IV.28), we have

3 5
Tﬁziﬂm—gﬁR (IV.29)

It was also argued in [13] that the two-point functions 7;; of non-R flavor

currents are related to 't Hooft anomalies, as
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Again, this can be argued for either by turning on background fields, or by
considering correlation functions in flat space. In the former method, one uses
the fact that coupling background field strengths to the non-R currents leads to
ALy = CijWo,W§, in (IV.26), for some coefficients Cj;. In components, (IV.26)
then gives §(T}) ~ CijFu,iFi" and 0(0,Jp) ~ C’Z-jFWZ-Fj“". The former gives
Cyj ~ m;; and the latter gives C;; ~ TrRF;Fj, so 7;; o< TrRF;F;. The coefficient
in (IV.30) is again easily determined by considering the special case of free field
theory.

The alternate derivation would be to consider the flat space 3-point func-
tion of the stress tensor and two flavor currents, (T4 (21)J;(22)Jj(23)). It was shown
in [54] that such 3-point functions are completely determined by the symmetries
and Ward identities, up to two overall coefficients, and that one linear combination
of these coefficients is proportional to the current-current two point functions, and
hence 7;;. In our supersymmetric context, that same linear combination should be
related by supersymmetry to (0, Jk(z1)Jf, (22) JF, (73)), and hence to the TrRE; F}
't Hooft anomaly.

The a-maximization [14] constraint on the superconformal R-symmetry
follows from the fact that supersymmetry relates the TrR*F; and TrF; 't Hooft
anomalies:

ITrR*F; — TrF; = 0, (IV.31)

which again can be argued for either by considering again an anomaly with back-
ground fields, or by considering current correlation functions in flat space [14]. In
the former method, one considers the anomaly of the flavor current coming from
a curved background metric and background gauge field coupled to the supercon-
formal R-current, V°J o« W2 With the latter method, one uses the result of
[29] that the flat space 3-point function (Tys(21)T}4(22)Ji(23)) is completely de-
termined by the symmetries and superconformal Ward identities, up to a single
overall normalization constant.

We note that supersymmetry does not relate 7g; to the 't Hooft anomaly
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TrR?F;. Naively, one might have expected some such relation, in analogy with the
above arguments, for example by trying to use (IV.26) to relate a term 0(T}) ~
TriFrwF}” to a term 6(0,Jp) ~ (TrRzF,-)FR,WEW, when background fields are
coupled to both U(1)g and U(1)g, currents. But there is actually no way to write
such combined contributions of the U(1)r and U(1)p, background fields to (IV.26),
because the former resides in the spin 3/2 chiral super field strength W,3,, and
the latter resides in the spin 1/2 chiral super field strength W,;, and there is no
way to combine the two of them into the spin zero chiral object Ly. Likewise, in
flat space, a relation between 7g; and TrR?F; would occur if the 3-point function
(Tac(21)Ty5(22) Ji(23)), which includes a term proportional to TrR*F;, were related
to the two-point function (T,;(22)Ji(23)), which is proportional to 7x; (and, as we
have argued above, vanishes). It sometimes happens that 3-point functions with
a stress tensor are simply proportional to the 2-point function without the stress
tensor, e.g. this is the case when the other two operators are chiral and anti-chiral
primary [29]. But the the (Toa(21)T5(22)Ji(23)) 3-point function in [29] is not
related to the (T;3(22)Ji(23)) two-point function. Indeed, the free field example
discussed in the introduction illustrates that TrR?F, and 7r; are not related by

supersymmetry, as TrR?F; # 0 for this example but, as always, 7z; = 0.

IV.C.2 Using 75; = 0 to determine the superconformal R-symmetry

As discussed in the introduction, using (IV.4), we have for a general trial
R-symmetry

TRi = TRoi + Y, SiTij- (IV.32)
J

Imposing 7,; = 0 gives a set of linear equations, which determines the particular
values s of the parameters for which the trial R-symmetry is the superconformal R-
symmetry. As discussed in the introduction, this can equivalently be expressed as
“the exact superconformal R-symmetry minimizes its two-point function coefficient

Tr,r, (), which is given by (IV.8), and which we can re-write using 7x; = 0 for the
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superconformal R-symmetry as
TrRor,(8) = Trr + ) _(si — 57)(s5 — 87)7ij, (IV.33)
ij

making it manifest that 7z, g, has a unique global minimum, when the s; are set to
the particular value s;. At s; = s7, the general R-symmetry R; in (IV.4) becomes
the superconformal R-symmetry, in the supermultiplet stress tensor T,4.

The function 7g,g,(s) to minimize and the function ay.q(s) to locally
maximize in 4d are different. Let us compare the values of them and their deriva-

tives at the extremal point s; = sf. For (IV.32), we have:

16 3 5
TR.R, |s* = TRR = ?c = §TrR3 — BTrR,
0
?TRth o =0, (IV.34)
82

Y — 97,5,
882'88]' TR Ry 7ii
whereas for 2 aiu(Re) = 5(3TrR} — TrR,) we have:

16 16 3 1
?atrial(Rt> s* — ?CL = 5TI'R3 — §TI'R,

0 16 9 1
a—&gatrial(RtHS* = §TI"R2FZ' — 5 Ik =0, (IV.35)

2
9*> 16
A A o Ytria R
0s;0s; 3 aeriat( )
The derivatives of both functions of s vanish at the same values s*. The values
of the two functions in (IV.34) and (IV.35) differ, except for SCFTs with a = ¢,

i.e. TrR =0, as is the case for SCFTs with AdS duals ! The second derivatives of

s* — 9TI'RF;FJ = _37-2]

the functions in (IV.34) and (IV.35) are proportional, though with opposite sign,
reflecting the fact that the exact superconformal R-symmetry minimizes 7, z, and

maximizes ayiq(Ry)-

1Quite generally, quiver gauge theories with only bi-fundamental matter have TrR = 0, and hence
a=c[15], [63].
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For the sake of comparison, let’s also consider the function ?Ctmz(Rt) =

s; = s}, are
16 16 3 5
?Ctrial(Rt) s* — ?C = §TI'R3 — BTI'R,
0 16 9 5 1
a—&gctrml(Rt) o = §TTRQFi — b= =3k, (IV.36)
9% 16

ME%M(&)‘S* =9TrREF; = —37;.
The value of 7p,gr, and ¢y (R;) coincide at R, = R. The value of their first
derivatives differ for any flavor symmetries with TrF; # 0. General SCFTs can have
flavor symmetries with TrF; = 0, but SCFTs with AdS duals always have TrF; = 0,
and TrF; = 0 for general superconformal quivers with only bifundamental matter
[15], [63]. The second derivatives in (IV.36) differ from those of (IV.34) by a factor
of —3/2, coinciding with those of (IV.35).

As a further comparison of a-maximization in 4d with 7z minimization,
let’s consider the equations for the case where the superconformal U(1)g can mix

with a single non-R flavor symmetry, R; = Ry + sF. a-maximization gives the

value s* for the superconformal U(1)g as a solution of the quadratic equation
s*TrF? + 2sTr Ry F? + TrR3F — %TrF =0. (IV.37)
Trr Minimization gives s* as (IV.7)
" = —Tryr/TFF. (IV.38)
If TrF3 is non-zero, s* can also be obtained from (IV.16), which here gives
§F=— [TrROF2 + %TFF JTrF?, (IV.39)

For any given choice of Ry and F', the value of s* obtained in these three dif-
ferent ways must agree. It would be nice to have a direct proof of the rela-
tions that this implies. E.g. comparing (IV.39) with (IV.38) gives the identity
Tror TTEF® = Tpp (%TFF + TrRyF 2) which, evidently, must hold for any choice of
the R-symmetry Ry (taking Ry to equal the superconformal U(1)g, both sides

vanish).
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IV.D SQCD Example

4d N =1 SCQD, with gauge group SU(N,) and N; fundamental and
anti-fundmantal flavors, Q and @, has been argued to flow to a SCF'T in the IR
for the flavor range 3N, < N, < 3N, [26]. Taking the superconformal U(1)g
to be the anomaly free R-symmetry, the superconformal R-charges are R(Q) =

R(Q) = 1 — (N./Ny). Let’s also consider the baryonic U(1)p symmetry, with
B(Q) = —B(Q) = 1/N,. Using the 't Hooft anomaly relations,

3. s 5o 3[., N4 5,
mhr = ;TR — TR = QlNC 1-2 ¥ +6[NC+1}, (IV.40)

755 = —3TrRBB = 6. (IV.41)

For Ny ~ 3N,, where the RG fixed point is at weak coupling as in [33], [38], these
expressions reduce to the free field values.

There is a unique, anomaly free U(1)g symmetry that commutes with
charge conjugation and the SU(Ny) global symmetries. Our 7p,z, minimization
condition immediately leads to the same conclusion. 7g,p, is minimized by having
Trp = 0 and 7gp, = 0 for the U(1)p and SU(Ny) global symmetries. Taking
the U(1)g to be even under charge conjugation ensures that 7gp = 0, because
the U(1)p current is odd, so charge conjugation symmetry gives Tk = —Trp.
Likewise 7pp, = 0 for the SU(Ny) flavor currents, simply by the tracelessness of

the generators, if U(1)g is taken to commute with SU(Ny).

IV.E Perturbative analysis

Consider a general 4d N' = 1 SCFT with gauge group G and matter
chiral superfields @); in representations r; (of dimension |r¢|) of G, with no super-
potential, W = 0. If the theory is just barely asymptotically free, there can be a
RG fixed point at weak gauge coupling, where perturbative results can be valid.

We will verify that the leading order pertubative expression for the anomalous
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dimension for fields,

2 A ) 2 g2
v¢(g) = —4—7r26'(7“f) +O(g), ie Ry = 3 1o

C(ry) +O(g"). (IV.42)

agrees with 7z minimization. As standard, we define group theory factors as

ArB AB &l ArpA |GIT(ry)
Trrf(T T ) = T(’r‘f)(s y Z TT,fTTf Tf)1|rf\><|rf\7 S0 C(Tf) 7|7’f‘ .
(IV.43)

The RG fixed point value g, of the coupling is determined by the constraint that
the R-symmetry be anomaly free, T'(G) + >, T(ry)(Ry — 1) = 0.

For the free UV theory, we minimize 7rg over all possible R charges R of
the matter chiral superfields, which are unconstrained for ¢ = 0. As we discussed
in the introduction, this gives the free-field term R;O) = 2/3. For g # 0, we write
Ry = R}O) + R}l) + ..., with R}l) the O(g?) term that we’d like to find via Tgrg
minimization. For g # 0, 7grg should be minimized subject to the constraint that
the symmetries be anomaly free, i.e. we impose 7z; = 0 over all anomaly free
U(l)g and U(1)p, symmetries, with R charges Ry, and flavor F; charges ¢;(ry)
constrained to satisfy

G) + zij(rf)(Rf —-1)=0, and zij(rf)qi(rf) =0. (IV.44)

The U(1)g current assigns charges Ry to the squark and Ry — 1 to the
quarks components of Q)y. The U(1)p, non-R current assigns charges ¢;(ry) to
both the quark and squark components of Q¢. To compute Tzp,, we consider the
diagrams for the two point function (J5(z1).J7, (22)). Because we take the currents
to be conserved, they have vanishing anomalous dimension, so we anticipate that
the various diagrams sum such that all apparent divergences cancel, and we’re left

with only finite contributions to 7gr,. The O(g?) contributions can be written as

9
7 = Zqz ry) { ~RY +31~z Nrsl + RPAY + ) + (RY —1)(BY + )]

(IV.45)

The first two terms come from the leading diagrams, without interactions, exactly

as in the free-field result (IV.13), but weighted by the O(g?) R-charges R;l). The
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first term is from connecting the currents at z; and z,, with squark ¢; propa-
gators, and the second from connecting them with quark 1)y propagators. The
remaining contributions in (IV.45) are O(g?) because they involve O(g?) inter-
action diagrams, and the R-charge weighting is thus taken as R = 2/3. Here
Agcl) is the contribution of all O(g?) 1PI diagrams connecting squark ¢, at 1,
to squark ¢; at xs. B](cl) is similarly the contribution from all O(g?) diagrams
connecting quark vy at x; to quark ¢y at z,. C'J(cl) is the contributions of dia-
grams connecting squark ¢; at z; to quark ¢y at z (or vice-versa). We note
that the group theory factors in all of these diagrams with O(g?) interactions is
the same: Tr,, sl Tf;T;j = |r¢|C(ry) = |G|T(ry), ie. Agfl) = |G|T(r;) AW,
B](cl) = |G|T(r;)BY, and Cj(cl) = |G|T(r;)CY, where AV, BY and CY are in-
dependent of the gauge group and representation, e.g. they could be computed in
U(1) SQED.

Using the second constraint in (IV.44), >, T(ry)q;(ry) = 0, it immedi-
ately follows, without even having to compute A, B and C™M)| that their contri-
butions to rﬁ} in (IV.45) all vanish, for all anomaly free flavor symmetries F;. The
only contributions remaining in (IV.45) are the RE}) ones, T}(zli) =3y qi(rf)R}l) |7 ¢].
Our 7rr minimization result implies that this must vanish, for any ¢;(r) satisfying
the anomaly free constraint in (IV.44). This implies that R;l) = aC(ry) for some
constant o that’s independent of the rep. 7.

We have thus used 7g,z, minimization to re-derive the group theory de-
pendence of the O(g?) term in the anomalous dimension (IV.42). The coefficient
is also fixed to agree with (IV.42), at the fixed point g, by using the condition in
(IV.44) that the R-symmetry be anomaly free to solve for o (which is appropri-
ately small when the matter content is such that the theory is barely asymptotically
free). This reproduces the O(g?) contribution to the R-charges in (IV.42) at the
RG fixed point.

In principle, one could extend this analysis, and use Tgr minimization

to compute the anomalous dimensions to all orders. Using a-maximization [14]
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(assuming that the RG fixed point has no accidental symmetries), the general

result can be written as [20]

2 1 1 AT (r 1 AC(r
Ry =204 o) =1 - g1+ 200 1 21 A avag)

where A, is a Lagrange multiplier [20], which is determined by the constraint that
the R-symmetry be anomaly free, T'(G)+>>; T'(ry)(R;—1) = 0. The result (IV.46)
was successfully compared [27], [45] with the results for the anomalous dimensions
to 3-loops of [25]. But, because current two-point functions get quantum cor-
rections, Tgr minimization does not seem to be a very efficient way to compute
anomalous dimensions. Indeed, the higher order quantum corrections to 7g; in-
clude diagrams where the currents at x; and xo are connected by renormalized
propagators, with all quantum corrections from the interactions, and computing
such 7g; contributions is already tantamount to directly computing the anomalous
dimensions v¢(g).

This chapter is a reprint of the material as it appears in E. Barnes, E. Gor-
batov, K. Intriligator, M. Sudano and J. Wright, “The exact superconformal R-
symmetry minimizes tau(RR),” Nucl. Phys. B 730, 210 (2005), and on the preprint
archive, http://www.arxiv.org/hep-th/0507137.



vV

Current Correlators and

AdS/CFT Geometry

V.A Introduction

This work is devoted to the geometry / gauge theory interrelations of
the AdS/CFT correspondence [66], [67], [68], which has been much developed and
checked over the past year (a sample of recent references is [24], [69], [46], [47],
[70], [58], [71], [72]).

In the AdS/CFT correspondence [66], [67], [68], global currents J} (I
labels the various currents) of the d-dimensional CET couple to gauge fields in the
AdSg4yq bulk. The current two-point functions of the CFT are of fixed form,

UF@T50) = G500 = 0,0) -z

with only the coefficients 7;; depending on the theory and its dynamics. Unitarity

(V.1)

restricts 777 to be a positive matrix (positive eigenvalues). The coefficients 7;; map
to the coupling constants of the corresponding gauge fields in AdS;,1: writing their

kinetic terms as

1
Spdsys, = / d*2dz0r/G {—Zg;}FL{VF“”J+... , (V.2)

107
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the relation is [56]:

24-275T[d]
= ———— L} V.3
TIJ (d— I)F[g] 917> (V.3)

where L is the AdS;.1 length scale. Our main interest here will be in the quantities
717, and comparing field theory results with the AdS relation (V.3).

We will here consider 4d N' = 1 superconformal field theories, 3d N =
2 SCF'Ts, and their AdS duals, coming, respectively, from IIB string theory on
AdSs x Y5, 11d SUGRA or M-theory on AdSy X Y7. Supersymmetry requires Yj
and Y7 to be Sasaki-Einstein. In general, a Sasaki-Einstein space Y5,_; is the
horizon of a non-compact local Calabi-Yau n-fold X,, = C(Ys,_1), with conical
metric

ds*(C(Yan_1)) = dr® 4+ r*ds*(Ya,_1). (V.4)

The gauge theories come from N D3 or M2 branes at the tip of the cone. In the
large N dual, the radial r becomes that of AdSz,;. The dual to 4d N =1 SCFTs
is IIB on

7,2 L2
AdSs x Ys ds?, = 73wl de” + ﬁdﬁ + L*ds*(Ys), (V.5)
and the dual to 3d A/ = 2 SCFTs is 11d SUGRA or M-theory with metric back-

ground

2

r L?
AdSy x Y; : ds?, = ﬁnw,dg;ﬂdx” + ﬁdﬂ + (2L0)%ds*(Y7). (V.6)

The SCFTSs have a conserved, superconformal U(1)g current, in the same
supermultiplet as the stress tensor. The scaling dimensions of chiral operators are

related to their superconformal U(1)g charges by

A= %R. (V.7)

There are also typically various non-R flavor currents, whose charges we’ll write as
F;, with ¢ labeling the flavor symmetries. The superconformal U(1)g of RG fixed
point SCFTs is then not determined by the symmetries alone, as the R-symmetry

can mix with the flavor symmetries. Some additional dynamical information is
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then needed to determine precisely which, among all possible R-symmetries, is the
superconformal one, in the stress tensor supermultiplet.

On the field theory side, we presented a new condition in [73], which, in
principle, uniquely determines the superconformal U(1)g: among all possible trial
R-symmetries,

Rt = RO + Z SZ'F;', (V8)

the superconformal one is that which minimizes the coefficient 7z, g, of its two point
function (V.1). An equivalent way to state this is that the two-point function of the

superconformal R-current with all non-R flavor symmetries necessarily vanishes:
Tri =0 for all non-R symmetries F;. (V.9)

(Our notation will always be that capital I runs over all symmetries, including the
superconformal U(1)g, and lower case i runs over the non-R flavor symmetries.)
We refer to the field theory condition of [73] as “Trr minimization”. The minimal
value of 7g,g, is then the coefficient, Tgg, of the superconformal U(1)g current
two-point function, which is related by supersymmetry to the coefficient of the

stress-tensor two-point function,
Trr X Cr. (V.10)

For the case of 4d N/ = 1 SCFTs, a-maximization [14] gives another
way, besides Tgr minimization, to determine the superconformal U(1)g: the exact
superconformal R-symmetry is that which (locally) maximizes the combination of

't Hooft anomalies

prial (Ry) = 33—2(3TrR3 — TrR). (V.11)

Equivalently, the superconformal U(1)g satisfies the 't Hooft anomaly identity [14]

9TrR*F; = TrF, for all flavor symmetries Fj. (V.12)

a-maximization does not apply for 3d SCFTs, as there are there no 't Hooft anoma-

lies.
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The global symmetries of the SCFT; map to the following gauge sym-
metries in the AdSyy; bulk:

1. The graviphoton, which maps to the superconformal U(1)g, is a Kaluza-Klein
gauge field, associated with the “Reeb” Killing vector isometry of Sasaki-
Einstein Y5, ;. The R-charge is normalized so that superpotential terms,

which are related to the holomorphic n form of X5, have charge R = 2.

2. Any other Kaluza-Klein gauge fields, from any additional isometries of Y3, 1.
These can be taken to be non-R symmetries, by taking the holomorphic n-
form to be neutral. We refer to these as “mesonic, non-R, flavor symmetries,”
because mesonic operators (gauge invariants not requiring an epsilon tensor)
of the dual gauge theory can be charged under them. When Y5, ; is toric,
there is always (at least) a U(1)"~! group of mesonic, non-R flavor symme-

tries.

3. Baryonic U(1)> gauge fields, from reducing Ramond-Ramond gauge fields
on non-trivial cycles of Y5,_;. In particular, for IIB on AdSs x Y5, there are
U(1)% baryonic gauge fields come from reducing Cy on the by =dim(Hs(Y3))
non-trivial 3-cycles of Ys. These are also non-R symmetries. Baryonic U(1)
symmetries have the distinguishing property in the gauge theory that only
baryonic operators, formed with an epsilon tensor, are charged under them.
It was pointed out in [15] that 4d baryonic symmetries have another distin-
guishing property: their cubic 't Hooft anomalies all vanish, TrU(1)% = 0,

as seen from the fact that it’s not possible to get the needed Chern-Simons

term [68] Ap A dAp A dAp from reducing 10d string theory on Y;.

In field theory, the superconformal U(1)g can, and generally does mix

with the mesonic and baryonic ! flavor symmetries. The correct superconformal

' A point of possible confusion: as pointed out in [14], the superconformal U(1)r does not mix with
those baryonic symmetries which transform under charge conjugation symmetry. But the superconformal
gauge theories associated with general Y2, 1 are chiral, with no charge conjugation symmetries. So the
superconformal U(1)g can mix with these baryonic U(1)’s.
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U(1)g can, in principle, be determined by Trg minimization [73]. Tpr minimization
is not especially practical to implement in field theory, because the coefficients
(V.9) get quantum corrections. But, on the AdS dual side, Tgr minimization
becomes more useful and tractable, because the AdS duality gives a weakly coupled
dual description of 75,; and 7;;, via (V.3).

The problem of determining the superconformal U(1)g in the field theory
maps to a corresponding problem in the geometry: determining which U(1), out
of the U(1)™ geometric isometries of toric Sasaki-Einstein spaces, is that of the
Reeb vector. A solution of this mathematical problem was recently found by
Martelli, Sparks, and Yau [58]: the correct Reeb vector is that which minimizes
the Einstein-Hilbert action on Y, _; — this is referred to as “Z-minimization,” [58].
The mathematical result of [58] was shown, on a case-by-case basis, to always
lead to the same superconformal R-charges as found from a-maximization [14]
in the corresponding field theory, but there was no general proof as to why Z-
minimization in geometry implements a-maximization in field theory. In addition,
Z-minimization applies to general Y5, 1, whereas a-maximization is limited to 4d
SCFTs, and hence the case of AdS5 x Y5.

Our main result will be to show that the Z-minimization of Martelli,
Sparks, and Yau [58] is precisely equivalent to ensuring that the 7z minimization
conditions (V.9) of [73] are satisifed, i.e. Z-minimization = Tpr minimization.
This demonstrates that Z-minimization in the geometry indeed determines the
correct superconformal R-symmetry of the dual SCFT, not only for 4d SCFTs, but
also for 3d SCFTs with dual (V.6). We will also explain why it’s OK that the U(1)b
baryonic U(1) symmetries did not enter into the geometric Z-minimization of [58]:
the condition (V.9) is automatically satisfied in the string theory constructions for
all baryonic symmetries.

The outline of this paper is as follows. In sect. V.B, we review relations
in 4d N' = 1 field theory for the current two-point functions, and the 't Hooft

anomalies of the superconformal U(1)g. We then show that these relations are



112

satisfied by the effective AdSs bulk SUGRA theory, thanks to the structure of real
special geometry. In particular, the kinetic terms in the AdS5 bulk are related to
the Chern-Simons terms, which yield the 't Hooft anomalies of the dual SCFT. In
the following sections, we discuss how these kinetic terms are obtained from the
geometry of Y; it would be interesting to also directly obtain the Chern-Simons
terms from the geometry of Y, but that will not be done here. In sect. V.C, we
discuss the contributions to the kinetic terms in the AdS bulk. As usual, Kaluza-
Klein gauge fields get a contribution, with coefficient (gif)K K from reducing the
Einstein term in the action on Y. Because of the background flux in Y, there is also
a contribution (g;7)¢“ from reducing the Ramond-Ramond C field kinetic terms
on Y. We point out (closely following [74]) that these two contributions always
have the fixed ratio: (g;7)““ = 1(D. —1)(g;;)*¥, for any Einstein manifold Y of
dimension D.. This relation will be used, and checked, in following sections. For
the baryonic gauge fields, there is only the contribution (g;7)¢“, from reducing
the Ramond-Ramond kinetic term on Y.

In sect. V.D, we discuss generally how the gauge fields A; alter Ramond-
Ramond flux background, and thereby alter the Ramond-Ramond field at lin-
earized level, as 6C' = " ;w; A Ay, for some particular 2n — 3 forms w; on Y. We
discuss how the A; charges of branes wrapped on supersymmetric cycles can be
obtained by integrating w; over the cycle, and how the Ramond-Ramond contri-
bution to the gauge kinetic terms is written as ~ [, w; A *xw;. In sect. V.E, we
review some aspects of Sasaki-Einstein geometry, and the analysis of [75] for how
to determine the form wg for the U(1)g gauge field. In sect. V.F, we generalize
this to determine the forms w; for the non-R isometry and baryonic gauge fields.
In sect. V.G, we give expressions for the gauge kinetic terms g;7, and thereby
the current-current two-point function coefficients 7;; that we are interested in, in
terms of integrals ~ [, wy A *w;y of these forms. We note that this immediately

implies that there is never any mixing in the kinetic terms between Kaluza-Klein
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isometry gauge fields and the baryonic gauge fields, i.e. that
717 =0 automatically, for I = Kaluza-Klein and J = baryonic. (V.13)

This shows that our condition (V.9) for the U(1)g is automatically satisfied, for
all baryonic symmetries, by taking U(1)g to be purely a Kaluza-Klein isometry
gauge field, without any mixing with the baryonic symmetries. For the mesonic,

non-R isometry gauge fields, the condition (V.9) becomes
/ g K KPvol(Y) = 0, (V.14)
Y

which give conditions to determine the U(1)g isometry Killing vector K. The
condition (V.14) must hold for every non-R isometry Killing vector of Y, i.e. for
every Killing vector K¢ under which the the holomorphic n form of C(Ya,_1) is
neutral.

In sect. V.H, we summarize the results of Martelli, Sparks, and Yau [58]
for toric C'(Y'). Then Ys,_; always has at least U(1)" isometry, associated with
shifts of toric coordinates ¢;, and the U(1) g Killing Reeb vector K* is given by some
components b;, © = 1...n, in this basis. The volume of ¥ and its supersymmetric
cycles are completely determined by the b;, without needing to know the metric
on Y. And the b; are themselves determined by Z-minimization [58], which is
minimization of the Einstein-Hilbert action on Y. In sect. V.I, we point out that
Z-minimization is precisely equivalent to 7gg minimization. We also discuss the
flavor charges of wrapped branes. In sect. V.J, we illustrate our results for the Y7
examples of [24], [69]. We find the forms w;, and thereby use the flavor charges of
wrapped branes. We also compute from the geometry of Y the gauge kinetic term
coefficients, and thus the current-current two-point function coefficients 77;. These
quantities, computed from the geometry of Y, match with those computed in the
dual field theory of [47]; this gives new checks of the AdS/CFT correspondence for
these theories.

In the final stages of writing up this paper, the very interesting work [76]

appeared, in which it was mathematically shown that the Z-function [58] of 5d toric
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Sasaki-Einstein Y5 and the a;.;; function [14] of the dual quiver 4d gauge theory
are related by Z(z,y) = 1/a(x,y) (even before extremizing). The approach and
results of our paper are orthogonal and complementary to those of [76]. Also in the
final stages of writing up this paper, the work [77] appeared, which significantly
overlaps with the approach of section V.B of our paper, and indeed goes further

along those lines than we did here.

V.B 4d N =1 SCFTs and real special geometry

This section is somewhat orthogonal to the rest of the paper. The rest
of this paper is devoted to deriving the AdS bulk gauge field kinetic terms g;7 in
(V.2) and (V.3) directly from the geometry of Y. In the present section, without
explicitly considering Y, we will discuss how the various identities of 4d N/ = 1
SCFTs are guaranteed to also show up in the effective AdS5; SUGRA theory, thanks
to the structure of real, special geometry.

Because the superconformal R-current is in the same supermultiplet as
the stress tensor, their two-point function coefficients are proportional, 7rr o< Crp.

Also, in 4d Cr ¢, with ¢ the conformal anomaly coefficient in

1 a
T = ——— 1)? — —(Eul ) 1
(T = T35 772 (Ve = (Bulen (V.15)
So Trr X ¢; more precisely,
16
TRR = 576, (V.16)

with ¢ normalized such that ¢ = 1/24 for a free N' = 1 chiral superfield. Supersym-
metry also relates a and ¢ in (V.15) to the 't Hooft anomalies of the superconformal

1
a= 3—32(3TrR3 —TrR) c= §(9TrR3 — 5TrR). (V.17)

Combining (V.16) and (V.17), we have

3 5
TRR = §TrR3 — 6TrR, (V.18)
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The flavor current two-point functions are also given by 't Hooft anomalies [5]:

There are precise analogs to the above relations in the effective? 5d N = 2
bulk gauged U(1) supergravity; this is not surprising given that, on both sides of the

duality, these relations come from the same SU(2,2|1) superconformal symmetry

group.

The bosonic part of the effective 5d Lagrangian is [78] (also see e.g. [79])
Ebosonic —

1 1 AV 1 211 ppvd 1 1 J K

(V.20)
where, to simplify expressions, we’ll set the 5d gravitational constant k5 = 1 in
this section. There are ny + 1 gauge fields, I = 1...ny + 1, one of them being
the graviphoton, which corresponds to the superconformal U(1)g in the 4d SCFT.
The ny gauge fields correspond to the non-R (i.e. the gravitino is neutral under
them) flavor symmetries, which reside in current supermultiplets J;, i = 1...ny;
the first component of this supermultiplet is a scalar, which couples to the scalars
¢" in (V.20). The scalars of the ny vector multiplets are constrained by real special

geometry to the space

1
N = ECUKXIXJXK =1 (V.21)

The kinetic terms are all determined by the Chern-Simons coefficients

Cryx. In particular, the gauge field kinetic term coefficients g; 7 are given by
1 1
917 = _5818J InNp=1 = _§(CIJKXK - X1X,), (V.22)

where X7 = %CI sk X7 X% In a given vacuum, where X'/ has expectation values
satisfying (V.21), the ny scalars in (V.20) are given by the tangents X/ to the
surface (V.21), which satisfy

Crie X/ X' X% =0, (V.23)

2The 5d SUGRA theory suffices for studying current two-point functions, and relations to 't Hooft
anomalies, even if there is no full, consistent truncation from 10d to an effective 5d theory.
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This can be written as X; X/ = 0. The vacuum expectation value X’ picks out
the direction of the graviphoton Ay, and the tangents X! pick out the direction
of the non-R flavor gauge fields:

Al = aXTAr + X1 A, (V.24)

with a a normalization factor, to ensure that the R-symmetry is properly normal-
ized, to give the gravitinos charges £1. The correct value is a = 2L /3, where L
is the AdSs length scale, related to the value of the potential at its minimum by
A= —6/L%

Using (V.24) and (V.22), we can compute the kinetic term coeffi-
cients for the graviphoton and non-R gauge fields. Using (V.3) to convert
these into the current-current 2-point function coefficients, we have for the R-

symmetry/graviphoton kinetic term
Trr = 8T Lgps = 872 La’gr i X X7 = 1272 La”. (V.25)
For the ny non-R gauge fields, we have
iy = 8m°Lg;;* = 87’ Ly X[ X = —an*LC, X] X] X ¥ (V.26)

It also follows from (V.22) and (V.23), X; X/ = 0, that there is no kinetic term

mixing between the graviphoton and the non-R gauge fields:
Tri = 872 Lgg? = 87°Lagi 7 Xi X' =0  foralli=1...ny. (V.27)

This matches with the general SCEFT field theory result (V.9) of [73].

The Chern-Simons terms for the graviphoton and flavor gauge fields are
similarly found from (V.24). We’'ll normalize them as C;x /48 = ki /9672, where
krsk is the properly normalized 5d Chern-Simons coefficients, which map [68] to

the 't Hooft anomalies of the gauge theory:
Tl"R3 = kRRR = 27T2043C[JKXIXJXK = 1271'20(3, (V28)

TrR?F; = kpgj = 2m°a?*Cryx X' X' X[ =0, (V.29)
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where we used (V.23), and also
TrREF; = kpyj = 27°aCyx X X)X (V.30)

The field theories with (weakly coupled) AdS duals generally have TrR =
0 and also TrF; = 0. The result (V.29) then reproduces the 't Hooft anomaly
identity (V.12) of [14]. For TrR = 0, (V.18) becomes 7gr = STrR*, which is
reproduced by (V.25) and (V.28) for « = 2L/3 in (V.24). Also the relation (V.17)
of [13], which for TrR = 0 is a = ¢ = 5TrR?, is also reproduced by (V.28) for
a = 2L/3, since the result of [80] is @ = ¢ = L37* in k5 = 1 units. The relation
(V.19) is also reproduced, for a = 2L/3, by (V.26) and (V.30).

In later sections, we will be interested in computing the AdSs gauge field
kinetic terms 77 directly from IIB string theory on AdSs x Y;. To connect with
the above expressions, we restore the factors of k5 via dimensional analysis, and

convert using
L3 B L3 B LBV ol(Y5) B N2 1
k¢ 8nGs  8tGiyy 4 Vol(Ys)

where Vol(Ys) is the dimensionless volume of Yj, with factors of its length scale,

(V.31)

which coincides with the AdSs5 length scale L, factored out. The last equality of
(V.31) uses the flux quantization / brane tensions relation (see [81] and references
therein)

L*Vol(Y3)

2\/7_T/€1_01L4V0l()/5) = W = N. (V32)
10

E.g. using (V.31) the result of [80] becomes [82]

L37? N2 g3

—c=—-—— =" V.33
T T T A Ve (V.33)
and (V.25) for a = 2L /3 becomes
1 2 L3 4N2 3
TRR — Om — = il (V34)

3 k¢ 3 Vol(Ys)
In the following sections, we will directly compute the 7;; kinetic terms
from reducing SUGRA on Y. One could also directly determine the Chern-Simons

coefficients C} i from reduction on Y, but doing so would require going beyond
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our linearized analysis, and we will not do that here. It would be nice to extend
our analysis to compute the Cr;x from Y, and explicitly verify that the special

geometry relations reviewed in the present section are indeed satisfied.

V.C Kaluza-Klein gauge couplings: a general relation for

Einstein spaces

Our starting point is the Einstein action in D; = D + D, spacetime

dimensions, along with the Ramond-Ramond gauge field kinetic terms:

1 1
1= ~FA%F). .
167rGDt/ <RDf* R > (V-35)

We’ll be interested in fluctuations of this action around a background solution of

the form Mp xY, with Mp non-compact and Y compact, of dimension D, = p+2,

with flux
Fgt = (p+ 1)m= " Dyol(Y), (V.36)
and metric
ds® = ds3; +m2dsy. (V.37)
Here m™! is the length scale of Y, which we’ll always factor out explicitly; vol(Y")

is the volume form of Y, with the length scale m~! again factored out. (We always
use lower case vol(Y') for a volume form, and upper case Vol(Y) for its integrated

volume.) Our units are such that the integrated flux is
o [ '~ pym™ IV oI(Y) ~ N, (V.38)

with p, the p-brane tension. Our particular cases of interest will be IIB on AdSs x
Y5 and 11d SUGRA on AdS, x Yz, but we’ll be more general in this section.
Metric fluctuations along directions of Killing vectors K¢ of Y lead to
Kaluza-Klein gauge fields A7 in M. Fluctuations of the Ramond-Ramond gauge
field background, reduced on non-trivial cycles of Y lead to additional, “baryonic”

gauge fields that we’ll also discuss. In general, Kaluza-Klein reduction involves
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a detailed, and highly non-trivial, ansatz for how the Kaluza-Klein gauge fields
affect the metric and background field strengths. But here we're simply interested
in the coefficients g;7 of the gauge field kinetic term, and for these it’s unnecessary
to employ the full Kaluza-Klein ansatz: a linearized analysis suffices.

The linearized analysis will be presented in the following section. In this
section, we’ll note some general aspects, and discuss a useful relation that can
be obtained by a generalization of an argument in [74], that was based on the
non-trivial Kaluza-Klein ansatz for how the Kaluza-Klein gauge fields modify the
backgrounds.

For Kaluza-Klein isometry gauge fields, both the Einstein term and the
C field kinetic terms in (V.35) contribute to their gauge kinetic terms:

917 = (917) "% + (91, (V.39)

where (g77)%% is the Kaluza-Klein contribution coming from the Einstein term
in (V.35) and (g;7)¢C is that coming from the Ramond-Ramond C field kinetic
terms in (V.35). On the other hand, if either I or J is a baryonic gauge field,
coming from C' reduced on a non-trivial cycle of Y| then only the dC kinetic terms

in (V.35) contribute

917 = (g77)°¢, if I or J is baryonic. (V.40)

Let’s review how the Kaluza-Klein contribution in (V.39) is obtained, see
e.g. [83]. Let y* be coordinates on Y, and K ¢(y) isometric Killing vectors (I labels
the isometry). The one-form d¢; dual to K7 is shifted by the 1-form gauge field
Aj(x) = Aldx*, with z# coordinates on M. This variation of the metric leads to
variation of the Ricci scalar
-2

R — R~ = g (y) K§ ()5 (4) (F1) s (F) ) (VA1)

where ds? = gudy®dy® is the metric on Y, with the length scale m™! factored

out. Since (V.41) is already quadratic in A7, we don’t need to vary 4/|g|. The
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contribution to the Kaluza-Klein gauge field kinetic terms coming from the Einstein
action is thus
m—(Det2

)
(gI—J2)KK _ m/}/gabK?ngol(Y). (V.42)

In [83], the Killing vectors are normalized so that the gauge fields have canonical
kinetic terms, and then what we're referring to as the “coupling” becomes the
“charge” unit; here we’ll normalize K} and gauge fields so that the charge unit
is unity, and then physical charges governing interactions are given by what we're
calling the couplings g;7.

As an example, it was shown [83] that reducing the Einstein action on a
D, dimensional sphere, Y = SP< of radius m~! leads to SO(D, + 1) Kaluza-Klein

gauge fields in the uncompactified directions, with coupling [83]

1
~ 87Gp(D, + 1)m?

(g 2)KE for Y = 5P, (V.43)

with Gp = Gp,mP:/Vol(Y) the effective Newton’s constant in the uncompactified
Mp.

In [74], it was pointed out that (V.43), applied to 11d SUGRA on ST,
with Freund-Rubin flux for the Ramond-Ramond gauge field, would be incompat-
ible with the 4d N' = 8 SO(8) SUGRA of [84], but that properly including the
additional contribution from the Ramond-Ramond fields fixes this problem. In
our notation above, it was shown in [74] that the full coupling of the SO(8) gauge
fields in the AdS, bulk is

1
167TG4m2 ’

-2

9= (9K + (97%)cc = 4955 = (V.44)

which is now perfectly compatible with the 4d N' = 8 theory of [84].

We here point out that, for general Freund-Rubin compactifications on
any Einstein space Y of dimension D,, there is always a fixed proportionality be-
tween the Einstein and Ramond-Ramond contributions to the Kaluza-Klein gauge

kinetic terms:

VR (V.45)
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of which (V.44) is a special case. Our relation (V.45) follows from a generalization
of the argument in [74]. In a KK ansatz like that of (V.44), the contribution to

g7 7 from the Ramond-Ramond kinetic term in (V.35) is
731 = B [ W VRl () = P (v
In the last step, there was an integration by parts, use of —V, V°K{ = RIKY,
use of Ry, = (D, — 1)m2gag7 since Y is taken to be Einstein, and comparison with
(V.42). We will check and verify the relation (V.45) more explicitly in the following
sections.
As a quick application, we find from (V.43) and (V.45) that reducing 10d
[IB SUGRA on S® leads to a theory in the AdSs bulk with SO(6) gauge fields

with coupling

_ L?
. 3(95(2)(6))KK = 167G, (V.47)

9sow = Gsoe) " + (955)
where m~! = L is the radius of the S° and also the length scale of the AdSs vac-
uum. The result (V.47) agrees with that found in [85] for 5d /' =8 SUGRA: the
SO(5) invariant vacuum in eqn. (5.43) of [85] has, in 47G5 = 1 units, R, = ¢*g,u;
thus g2 = L?/4 = L?/167G5, in agreement with (V.47). Using (V.31), with
Vol(S®) = 73, gives Tso) = 8n?Lg~? = nL?/2G5 = N?. On the other hand,
(V.34) here gives Tpr = 4N?/3. We can also verify 7pg = 4N?/3 by direct compu-
tation in the N’ = 4 theory (where the free field value is not renormalized). The
apparent difference with the above 750 is because of the different normalization
of the U(1)g vs. SO(6) generators.

The relation (V.45) will prove useful in what follows, because the
Ramond-Ramond contribution (g;7)¢ is sometimes, superficially, easier to com-
pute than the Kaluza-Klein contribution (V.42). Thanks to the general relation
(V.45), the full coefficient of the kinetic terms for Kaluza-Klein gauge fields can
be computed from (g;7)¢¢ as

_D.+1

917 = (9:7)"" + (91)7 = 5= (9:7)° (V.48)



122

V.D Gauge fields and associated p-forms on Y
The linearized fluctuations of the gauge fields modify the background as
F;_]i%d — (p+ Dm~ P yol(Y) 4 d (Z wr A AI> , (V.49)
1
and hence, writing F' = dC,
Cor1 — G + 3 wr A A, (V.50)
T

Here A; are all of the gauge fields, both Kaluza-Klein and the baryonic ones coming
from reducing C),1; on non-trivial p cycles of Y.

So every gauge field A; enters into C)4; at the linearized level, and we’ll
here be interested in determining the associated form wy in (V.50). The w; asso-
ciated with Kaluza-Klein gauge fields A; are found from the variation of vol(Y)
in (V.36) by the linearized shift of the 1-form, dual to the Killing vector isometry
Ky, by Ar:

vol(Y) — wvol(Y) + d <Z Or A AI> , with dor = ig,vol(Y).  (V.51)
T

Using this in (V.49) gives (V.50), with associated p-form w; = (p + 1)m~ "o,
onY.

Note that this definition of the w; is ambiguous under shifts of the w;
by any closed p form. Shifts of w; by any exact form will have no effect, so this
ambiguity in defining the w; associated with Kaluza-Klein gauge fields is associated
with the cohomology H,(Y") of closed, mod exact, p forms on Y.

The baryonic gauge fields A; enter into (V.50) with w; running over a
basis of the cohomology H,(Y) of closed, mod exact, p-forms on Y. The ambiguity
mentioned above in the Kaluza-Klein gauge fields corresponds to the freedom in
one’s choice of basis of the global symmetries, as any linear combination of a
“mesonic” flavor symmetry and any “baryonic” flavor symmetry is also a valid

“mesonic” flavor symmetry.
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Branes that are electrically charged under C,.; have worldvolume cou-
pling p, [ Cpiq, with g, the brane tension. Wrapping these branes on the non-
trivial cycles 3 of HP(Y') yield particles in the uncompactified dimensions, and

(V.50) implies that these wrapped branes carry electric charge

q(¥) = ,U/p/zwl (V.52)

under the gauge field A;.
Plugging (V.50) into F,,» kinetic terms in (V.35) gives what we called

the (g;7)¢C contribution to the gauge field kinetic terms to be

1 (p + 1)2m_(p+4) / N R
— A = A V.53
167G, /y WA 160Gy, N TN (V-33)

where w; = (p + 1)m~ P&, and *w; = (p + 1)m ™ x @

We will use (V.53), together with (V.48) for Kaluza-Klein gauge fields,

(9;7)°¢

or (V.40) for baryonic gauge fields, to compute the coefficients g;7 of the gauge
field kinetic terms in AdSy.1. These are then related to the coefficients, 77, of the

current-current two-point functions in the gauge theory according to (V.3).

V.E Sasaki-Einstein Y, and the form wp for the R-

symmetry.

The modification (V.50) for the U(1)g gauge field, coming from the U(1)g
isometry of Sasaki-Einstein spaces, was found in [75], which we’ll review in this
section.

The metric of Sasaki-Einstein Y5, _; can locally be written as
1
ds*(Y) = (=d¢/ + 0)* + dsg(n_l), (V.54)
n
with dsg(n_l) a local, Kahler-Einstein metric, and

do=2J  dQ=nioc A\Q, (V.55)
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with J the local Kahler form and € the local holomorphic (n — 1,0) form for
dsg(n_l). In [75] the coordinate 1) = v’/q was used, in order to have the range
0 < < 2m; q is given by ndo = 2mwqcy, with ¢; the first Chern class of the U(1)
bundle over the n — 1 complex dimensional Kahler-Einstein space with metric

ds3, _1)- The U(1)g isometry is associated with the Reeb Killing vector
K=n"" (V.56)

It is convenient to define the unit 1-form, dual to the Reeb vector, of the U(1)g
fiber
dy’ + o. (V.57)

Note that de¥ = do = 2.J. The volume form of Ys,,_; is

vol (Yo 1) = e NI (V.58)

(n—1)!
Following [75], the linearized effect of the U(1)g isometry (V.56) Kaluza-

Klein gauge field is found by shifting
¥ P 2
e’ — e’ + EAR’ ( \% 59)

where the coefficient of Ag is chosen so that the U(1)gr symmetry is properly
normalized: the holomorphic n-form on C(Y"), which leads to superpotential terms,

has R-charge 2. The shift (V.59) affects the volume form (V.58) as
vol (Yo 1) — vol(Yan_1) + %AR A %dAR AU AT (V.60)
where the last term in (V.60) was added to keep the form closed:
vol (Yan_1) — vol(Yap_1) +d <%e¢ A T2 AR) : (V.61)

The shift (V.61) alters the Ramond-Ramond flux background szfgci
(V.49), and thus alters Cs,_5 as in (V.50), 6Cy,_5 = wr A Ag, with the 2n — 3

form wg given by

~ WR 1 ¥ —2
= = —e"ANJ"" V.62
CRZ2n— 2ym-@n2) ~ pl¢ (V-62)
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In particular, for type IIB on AdSs x Y, the background flux is
FYF% — 4L (vol (Ys) + *vol(Ys)) (V.63)

and (V.61) alters the Cy on Y5 as in (V.50), with 3-form wg given by [75]:

N 1 1
WR = WR = gew A, for ;. (V.64)

For 11d SUGRA on AdS, x Y7, the effect of (V.61) on the Ramond-

Ramond flux

F; = 6(2L)%o0l(Y7) (V.65)

leads to a shift as in (V.50) of Cs, by wg A Ag, with 5-form wg given by [75]

1 1
O = — — P
wR_6(2L)6wR 516 ANJ N (V.66)

Wrapping a brane on a supersymmetric 2n — 3 cycle ¥ of Y yields a
baryonic particle By, in the AdSy,; bulk, dual to a baryonic chiral operator in the
gauge theory. It was verified in [75] that the R-charges assigned to such objects
by the forms (V.64) and (V.66) are compatible with the relation (V.7) in the dual
field theory. Using (V.62), the R-charge assigned to such an object is related to

the operator dimension A as

2
Yon-3 n b)) (n — 2)'
2 2m~!
== fian—sm~ DV ol(Sy, 3) = ——A[Bs]. (V.67)

In going from the first to the second line of (V.67), we used the fact that the
supersymmetric 2n— 3 cycles in Y are calibrated, with vol(X) = eV AJ"2/(n—2)!.
For both IIB on AdS; x Y5 and M theory on AdS, x Y7, (V.67) matches with the
relation (V.7) in the 4d and 3d dual, respectively [75]: in the former case, m™! = L
and n = 3 in (V.67), and in the latter case m™' = 2L and n = 4.

The pig,_3m~?"=2 factor in (V.67) is proportional to N/Vol(Y) by the
flux quantization condition. For AdSs x Y5, using (V.32) then gives [75]

2 7N Vol(%;)
Y) = s Lt )= —
(%) = 5l Vol(x:) 3 Vol(Ys)

. . (V.68)



126

For M theory on AdSy x Y7, the flux quantization condition (see e.g. the recent
work [86])
6(2L)%Vol(Y7) = (2m¢11)°N, (V.69)

where 167G, = (27)%),. Using the M5 tension us = 1/(2m)%$,, (V.67) then

gives

2N Vol (%)
di) = ——
R(%:) 3 Vol(Y7)

. (V.70)

V.F The forms w; for other symmetries

In this section, we find the forms entering in (V.50), for the non-R flavor
symmetries. Those associated with non-R isometries are found in direct analogy

with the discussion of [75], reviewed in the previous section, for wg. We re-write

(V.58) as
1

2n=1(n —1)!
Under a non-R isometry, the form e¥ (V.57) shifts by

vol(Ya_1) = eV A (de?)" L. (V.71)

eV — e’ +hi(Y)Ap, (V.72)

with the functions h;(Y") obtained by contracting the 1-form ¢ in (V.57) with the

Killing vector K; for the flavor symmetry,
hi(Y) =ig,0 = g K. (V.73)

The last equality follows from (V.54): ix,0 can be obtained by contracting the
Reeb vector K¢ and the general Killing vector K?, using the metric (V.54).

In the last section, for U(1)z, only the first e¥ factor in (V.71) was shifted,
as that e¥ factor is associated with the U(1)g fiber, where U(1)y acts. Conversely,
since non-R isometries do not act on the U(1)g fiber, but rather in the Kahler
Einstein base, we should not shift the first ¥ factor in (V.71), but instead shift
the n — 1 factors of de¥ in (V.71). Effecting this shift gives

Svol(Yan_1) = m (¢ A d(hi(Y)AR) A (de)™?
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—de? A hi(Y)Ap, A (de?)"?), (V.74)

where the last term was added to keep the form closed:

ovol(Yo,—1) = —d (2( L

Effecting this shift in F°*9¢ leads to 6Cy,_o = wr, A Ap,, with 2n — 3 form wg,:

~ WF, 1 B
“IZ on—2)m-Cnd ~  2(n—2)! (¥)e

n(n —1)
2

hi(Y)@g.
(V.76)
Aside from the factor of —in(n — 1)h;(Y), w, is the same as for wg, as given in
(V.62).
In particular, for IIB on AdSs; x Y5 we have

1
O = Z’; = —Shi(Ys)e A J = =3hi(Y5)0n, (V.77)

and for M theory on AdSy; x Y7 we have

. 1 1 .
Or = Grrpen = —Zhi(Yﬂew ANJAJ=—6hi(Y7)Dr. (V.78)

As reviewed in (V.67), the R-charge of branes wrapped on supersymmet-

ric cycles X is

2
RIBs] = jiza-gm™ ("~ /Z vol(%). (V.79)

Using (V.76), the flavor charges of these wrapped branes can similarly be written

as

FZ[BE] = ,ugn_g/ WE, = —(n — 1)u2n_3m_(2”_2)/ hZ’UOZ(E)
b b

n(n —1) Is hivol (%)
=————> . R[By| - =———. )
2 BBy Js vol (%) (V.80)
In particular, for IIB on AdSs x Y;5, we have
TN Js: hyvol (%)
F;|By| = — ; Y) = —3R|[By|——>. .81
i Bsl Vol(Y) Jss hivol(X) 3R|Bs] Js vol (%) (V:81)

The baryonic symmetries, coming from reducing C5,_5 on the non-trivial

(2n — 3)-cycles of Y3, 1, also alter Cy,_5 at linear order as in (V.50), 6Cy,_o =
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wp, N\ Ap,, where the 2n — 3 forms wp, are representatives of the cohomology

Hs,3(Y,Z). These can be locally written on Y5, ; as
wp, = ke A, (V.82)

where 7; are 2(n — 2) forms on the Kahler-Einstein base, satisfying dn; = 0, and
n;AJ = 0. The normalization constants k; in (V.82) are chosen so that jia,—3 [x wa,
is an integer for all (2n — 3)-cycles ¥ of Y5, 1.

As mentioned in sect. V.D, this construction of the forms wp, involves
integrating an expression for dwp,, so there’s an ambiguity of adding an arbitrary
closed form to wp,. Since addition of an exact form would not affect the charges of
branes wrapped on closed cycles, the interesting ambiguity corresponds precisely
to the same cohomology class of forms as the wp,. This is as it should be: there
is an ambiguity in our basis for the mesonic flavor symmetries, as one can always
re-define them by arbitrary additions of the baryonic flavor symmetries. The form
(V.76) for wp, corresponds to some particular choice of the basis for the mesonic
flavor symmetries. In the field theory dual, it may look more natural to call this a

linear combination of mesonic and baryonic flavor symmetries.

V.G Computing 77; from the geometry of Y

The expressions (V.53) for the Ramond-Ramond kinetic term contribu-

tion (g;7)¢¢ is
1 (27’L _ 2)2m—(2n+1)
—2\CC _ ~ .
= [ WAk, = / A * V.83
(977) 167G p, /Y wr e 167G p, y ( )

and the Einstein action contribution (V.42) is
e moCED \
@D = T | KGR vol(Ya ) (V.84)

1 is factored out of the metric and volume form. As

again, the length scale m~
discussed in sect. 3, for gauge fields associated with isometries of Y, and in par-

ticular the graviphoton, we add the two contributions, g;7 = (g9;7)¢ + (g;7)%%,



129

whereas for baryonic symmetries there is no contribution from the Einstein action,
-2 _ [ —2\CC
so g1 = (977)7°"

Our claimed general proportionality (V.45) here gives

(977)°" = (n = Dgr)"", (V.85)
which implies that

4(n—1) /Y G A5Gy = | guKiRvol(Yan) (V.86)
2n—1 2n—1

As we'll see, this relation can look non-trivial in the geometry.

To compute (g;7)¢¢ from (V.83), we first note that (V.62) gives

o *WR 1Ly oo n—2
*WOR = @2y nl xe" NJ"TE = — J, (V.87)
and then, using (V.58), gives
S —2)
WR A *WR = | UOZ(}/&n_1>. (V88)
nln

In particular, for the U(1)g graviphoton, we obtain

_ 2n — 2)2m~ ) (n — 2
(9rr) " =
RE 167Gp, nin

Vol(Yan_1). (V.89)

For the mixed kinetic term between U(1)z and non-R isometries U(1)g,,

n — 2)2m~ @t (p — n(n —
(9rr) = 2 12@, (nhf) (— ( 5 D) /Y hi(Y)vol(Y).  (V.90)

For the U(1)r, and U(1)F, kinetic terms, we similarly obtain

n — 2)2m~ @+ (n — n(n — 2
(977,) = 2 12% (n!n2)< ( 5 1)> /Y hi(Y)hi (Y )wol (Y).
t (V.91)

For U(1)p, symmetries, we have

P 1 / e (2n — 2)m—(2n—2
= wp. wp =
IRE: = 167Gy, Jy B R 167G p,

where we used (V.82) for wg,, (V.87), and we get zero immediately from n; AJ = 0.

Jn —2
" / kse ApiAT = 0, (V.92)
n: Y

Likewise,

9rs, =0, (V.93)
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for any isometry symmetry Fj, since (V.76) gives wr, &< wg, so *wp, o< J, and we
immediately get zero in (V.93) again from 7; A J = 0. As mentioned in the intro-
duction, there is thus never any kinetic term mixing between any of the isometry
Kaluza-Klein gauge fields and any of the gauge fields coming from reducing the C
fields on non-trivial homology cycles of Y. Finally, for the baryonic kinetic terms,

we have

-2 _
98B, = 167TGDt/kk6 A1 N *pnj, (V.94)

where *p5 acts on the 2n — 2 dimensional Kahler-Einstein base.

For the isometry (non-baryonic) gauge fields, we have to add the Kaluza-
Klein contributions, (¢g;7)%¥, from the Einstein action, to the kinetic terms. These
can either be explicitly computed, using (V.84), or one can just use our relation
(V.86) to the above Ramond-Ramond contributions. It’s interesting to check that

our relation (V.86) is indeed satisfied. For example, the Kaluza-Klein contribution

(gri) ™" is
m—(2n+1) m—(@n+1) 4
S K K00l (Yo —Vol(Yay_ V.95
167G, /anlg b UO( 2 1) 167rGDt n2 0( 2 1) ( )

where we used the local form of the metric (V.54), and U(1)g isometry Killing
vector (V.56), rescaled by the factor in (V.59) to have U(1)g properly normalized.
Comparing with (V.89), our relation (V.86) is indeed satisfied for both of our cases
of interest, n = 3 and n = 4, appropriate for IIB on AdS5 x Y5 and M theory on
AdS, x Y7, respectively.

Our main point will be that the 7g,z, minimization condition (V.9) of

[73] requires (V.90) to vanish, Tgrp,—o, SO we must have

/h Yvol(Y :/YZK ovol(Y /gabK“Kb—O (V.96)

for every non-R isometry Killing vector K. We know from the field theory argu-
ment of (V.9) that the conditions (V.96) must uniquely determine which, among
all possible R-symmetries, is the superconformal R-symmetry. Correspondingly,

(V.96) determines the isometry K, from among all possible mixing with the K.
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As we’ll discuss in the following sections, the Z-minimization of [58] precisely im-
plements (V.96) (in the context of toric C(Y)). Also, (V.92) implies that the
condition 7g; of [73] is automatically satisfied for baryonic U(1)p,. This is the
reason why the Z-minimization method of [58] did not need to include any mixing
of U(1)g with the baryonic U(1)p symmetries.

For future reference, we’ll now explicitly write out the above formulae for
our cases of interest. For IIB on AdSs x Y5, we have n = 3 and m™! = L, so (V.83)

18

88 16 N273
C — 2 cc ~ ~ ~ ~
=8r°L = / wr N\ *xwy = 7/ wr A s .
(917) G s 1 N\ KWy Vol(Ya)?2 Iy, 1 N\ *Wy (V.97)

where we used (V.32) to write the result in terms of N. For I or J baryonic, this

is the entire contribution:

1 N2 3
1 = % X /Y5 Or N *@y, for I or J baryonic. (V.98)

For isometry gauge fields, we add this to

Sm2 L8
KK = / vol(}%)gabK}’Kf} =

N / 1(Y3)gu KOKY,  (V.99)
TrJ ]_67TG10 v 5UO 5)9abdr 1 1A 7, .

Vol(Ys)? Jv:
or, using relation (V.45), we simply have

3 24 N?73
Ty = 57'[%0 = WYZ)? /Y5 Wy N\ *0y, for I and J Kaluza-Klein.  (V.100)

In particular, for the U(1)g kinetic term we compute

16 N?73 16 N?73 SN273
CC 1!1 _
= A ANINJ = V.101
TRE = Y701 (Ys)2 /y R AR (Y )2 / 36° IVol(Ys)’ ( )

d
(Vy) = - T
TRR = Vol Sy, 5008 = 9v01(Y5)

verifying (V.45). The total for the graviphoton kinetic term coefficient then gives

(V.102)

4 N2?m3
TRR — TRR -+ gé( Bm (V103>

This agrees perfectly with the relation (V.16) and (V.18), given (V.33).
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For the kinetic terms for two mesonic non-R symmetries, (V.100) gives

12N?%73
T = Vol T / hihjvol(Ys). (V.104)
The relation (V.45), 7/5% = 277, which was already used in (V.104) can be

written as

/Ys gabK??iK??jUOl(}%) = 4/Y5 hihjvol(Ys) = 4/)/5 gacgbchKdK%K%jvol(}g),

(V.105)
Likewise, using (V.98), the kinetic terms for two baryonic flavor symme-
tries are
16?73
B, k:k/ A A x(e? A V.106
o, = o [, € A A A, (V.106)

For M theory on AdS, x Y7, we set n = 4 for Y7, and m~! = 2L for its
length scale, in the above expressions. Then we obtain from (V.83), using also
(V.3) with d = 3,

1
167TG11

7€ = 4r(g72)CC = 4n(6)2(2L)° / Or A %3y, (V.107)

Using the flux quantization relation (V.69), (V.107) becomes

co _ 482 N3/
T B(Vol(v))P

/Y oI AGy. (V.108)

Using (V.42) we can also write the Kaluza-Klein contribution, as

47T2N3/2

-2 KK
Tl = (g )N = NGO / Jap IR w0l (V7). (V.100)
For tgr, (V.89) gives
2 \73/2
T S (V.110)
6V ol(Y7)

The Kaluza-Klein contribution is given by (V.84), with g, K% K% = (1/2)? from

(V.59), so
ok 2 N3/2

Thp = ——————.
B3 6Vl (Yy)

(V.111)
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Comparing (V.110) and (V.111), we verify that 755 = 375K, in agreement with
our general expression (V.46) (specializing Y7 = S7 gives the case analyzed in [74]).

The total is
A2 N3/2

TRR = —F———.
T3 J6Vel(Yr)

We can compare (V.112) with the 3d A/ = 2 gauge theory proportionality

(V.112)

relation

7T3

TRR — gCT ind= 3, (Vllg)

where C'r is the coefficient of the stress tensor two-point function. Along the lines
of [80], [82], the central charge Cr is determined in the dual, from the Einstein
term of M theory on AdSs x Y7, to be

R ) i (V.114)

m/3Vol(Ys)

so (V.112) indeed satisfies (V.113). As a special case, for Y7 = S7, Vol(S7) = 7*/3
and (V.112) gives 7rp = (2N)3/2/3.
For two non-R isometries , we have from (V.107) and (V.85), for AdS, x
Yo
4 o T (2N)3/2

== = hihjvol (V). 11
TR = 35S, = ety ey O HihsvelY) (V.115)

V.H Toric Sasaki-Einstein Geometry and Z-minimization

In this section, we’ll briefly summarize some of the results of [58]. Con-
sider a Sasaki-Einstein manifold Y5,_1, of real dimension 2n — 1, whose metric
cone X = C(Y) (V.4) is a local Calabi-Yau n-fold. The condition that (V.4) be
Kahler is equivalent to Y = X|,—; being Sasaki, which is needed for the associated
field theory to be supersymmetric. The complex structure of X pairs the Euler
vector 70/0r with the Reeb vector K, K = Z(r0d/dr). This is the AdS dual ver-
sion of the pairing, by supersymmetry, between the dilitation generator and the

superconformal R-symmetry, respectively. The physical problem of determining
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the superconformal R-symmetry among all possibilities (V.8) maps to the math-
ematical problem of determining the Reeb vector among all U(1) isometries of
Y.

When X = C(Y) is toric, it can be given local coordinates (y', ¢;),
i =1...n, and both C(Y) and Y have a U(1)" isometry group, associated with
the torus coordinates ¢; ~ ¢; + 2m. It is useful to introduce both symplectic co-
ordinates (y%, ¢;) and complex coordinates (x;, ¢;). In the symplectic coordinates,
the symplectic Kahler form is simply w = dy* A d¢;, and the metric with toric
U(1)" isometry takes the form

with G the inverse to G;;(y), and G;; = 0*°G/dy’dy’ for some convex symplectic

potential function G(y). In the complex coordinates, z; = x; + i¢;, the metric is

and F'9 = 9*F(x)/0x;0x;, with F(z) the Kahler potential. The two coordinates
are related by a Legendre transform, y' = 0F(x)/dx; and F¥(z) = GY(y =
OF/0x), with F(z) = (v;,0G/0y; — G)(y). The holomorphic n-form of the cone
X=C(Y)is

Q, = " (dyy +idgy) A ... A (dy, + idgy). (V.118)

The Reeb vector can be expanded as

0
K = b——, V.119
%, V-119)
and its symplectic pairing with r% implies that
b; = 2Gijyj, note: b; = constant. (V.120)

The problem of determining the superconformal R-symmetry maps to that of de-
termining the coefficients b;, ¢ = 1...n. The component b, is fixed to by = n by

the condition that L€, = inf,, which is the condition that U(1)g in the field
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theory is properly normalized to give the superpotential charge R(W) = 2. The
remaining n — 1 components b; are unconstrained by symmetry conditions, corre-
sponding to the field theory statement that U(1)g can mix with an U(1)"~! group
of non-R flavor symmetries.

The space X = C(Y") is mapped by the moment map, i, where one forgets
the angular coordinates ¢;, to C = {y|(y,v,) > 0}, where v, € Z", fora = 1...d,
are the “toric data”. The supersymmetric divisors D, of X are mapped by u to
the subspaces (y,v,) = 0; here a = 1...d label the divisors (d here, of course, is
unrelated to the spacetime dimension d of our other sections). The Sasaki-Einstein
Y is given by X|,—1, and r = 1 gives 1 = b;;GY = 2(b,y). It is also useful to
define X; = Xl <1, with p(X;) = Ay = {y|(y,v.) > 0, and (y,b) < 1}. The
supersymmetric 2n — 3 dimensional cycles ¥, of Y, for @ = 1...d, have cone
D, = C(X,) which are the divisors of X, and u(33,) is the subspace F, of A, with
(y,v*) =0.

The volume of Y and its supersymmetric cycles ¥, are found from con-
sidering their cones in X, which are calibrated by the Kahler form w = dy* A d¢;.
This gives
!

|Val

As shown in [58], 3, ﬁVolb(fa)(va)i = 2nVol(Ap)b;, from which it follows that
these volumes satisfy 7>, Vol(X,) = n(n — 1)Vol(Y). (This ensures that super-

Volp(Y) = 2n(2m)"Vol(Ay), Voly(X.) = (2n —2)(2m)"~ Voly(F,). (V.121)

potential terms, associated in the geometry with the holomorphic n-form, have
R(W) =2.)

The key point [58] is that the full information of the Sasaki-Einstein met-
ric on Y is not needed to determine the volumes (V.121); the weaker information
of the Reeb vector b and the toric data v, suffice.

Moreover, the Reeb vector b; can be determined from the toric data [58].
This fits with the fact that the toric data determines the dual quiver gauge theory
(see e.g. [71] and references cited therein), from which the superconformal R-

charges can be determined. The Z-minimization method of [58] for determining
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the Reeb vector is to start with the 2n — 1 dimensional Einstein-Hilbert action for

the metric g on Y5, 1:
Slg] = /Y (R, +2(n — 1)(3 — 2n))vol(Y), (V.122)

including the needed cosmological constant term associated with the added flux.
Though (V.122) appears to be a functional of the metric, it was shown in [58] that

it’s actually only a function of only the Reeb vector:
Slg] = S[b] = 47> Voly(S,) — 4(n — 1)*Voly(Y). (V.123)

The full information of the metric is not needed, the weeker information of the
Reeb vector suffices to evaluate the action.

As shown in [58], the condition that b be the correct Reeb vector, as-
sociated with a Sasaki-Einstein metric, is precisely the condition that the action

(V.123) be extremal:
0
8—[%5[19] = 0. (V.124)
Defining
1
4(n — 1)(2#)”5[6]

the equation (V.124) for i = 1 gives by = n, which is just the condition that the

Zb] = = (b — (n—1))2nVol(Ay), (V.125)

holomorphic n-form transforms as appropriate for a U(1)g symmetry. Following
[58], define
Zby, .. .by] = Z|p,—p = 20V 0ly(A)]p,—n- (V.126)

The equations (V.124) for i # 1 give, upon setting b; = n,

0= g2l = ~2(n+1) /Ab yidyy ...dy,  fori# 1. (V.127)

These are the equations that determine the components b;, for i = 2...n, of the
Reeb vector, i.e. that pick out the superconformal U(1)g from the U(1)" isometry
group [58]. The correct Reeb vector minimizes Z, since the matrix of second
derivatives is positive [58]
0*Z
0b;0b;

o /H ysyydo > 0, (V.128)
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V.I Z-minimization = 7pp minimization.

Let’s write (V.126) and (V.121) as

1
(2m)"

Z[by, .. .by] = 2nVoly(A) = Voly(Y)|oy—n, (V.129)

so Z minimization corresponds to minimizing the volume of Y, over the choices
of by, ..., by, subject to by = n. This can be directly related to 7gr minimization
[73], i.e. minimization of the U(1)g graviphoton’s coupling, since

43— (2n+1)

The constant C), is obtained from adding the contributions (V.89) and (V.95)
and using the relation (V.3). Let us now consider the quantity (V.130), but with
Vol(Y') promoted to the function Vol,(Y'), depending on components by, ...b, of
the Reeb vector:

[,d=3y,—(2n+1) =3 —(2n+1)

g VoY) = Cu(2n) =

by, ... b
167G p, (B2, -+ bl

(V.131)

TRoR: (b2, - - -, bn]

For the superconformal U(1)g values of by, ...b,, Tr,r, = TRR-

If we hold L% 3m~C"+D /G, fixed, (V.131) suggests a direct relation
between Z and Tgrr minimization. Physically, we should hold the number of flux
units N fixed, i.e. use the flux quantization relation to eliminate L 3m~C"+1) /G,

in favor of N/Vol(Y). In particular, for IIB on AdSs; x Y; and M theory on
AdS4 X Y;l,

LAd=3p—(2n+1) A3 N 2
AdSs x Yy : Gt T ,
57 167G, 3 <v01(Y)>

Ld—3m—(2n+l) 472 N 3/2
167Gp, 36 (Vol(Y))

Using these in (V.130) shows that, for fixed N, Tgg is actually inversely related

AdS4 X Y}Z Cn

(V.132)

to Vol(Y'). From that perspective, it would seem that Z minimization instead
mazximizes Trr, which is opposite to the result of [73] that the exact superconformal

U(1)g minimizes 7pr. To avoid this, we do not promote the constant Vol(Y') in
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the flux relations (V.132) to the function Vol,(Y') of the Reeb vector, but instead
there hold it fixed to its true, physical value. Then the function 7g,g,[0] (V.131) is
simply a constant times the function Z[b] of [58].

To use the formulae of our earlier sections, consider the Killing vectors

0

for the U(1)™ isometries of toric Y5, 1. R-symmetries, and in particular the Reeb
vector, have x; = n, and non-R isometries have x; = 0. As we discussed in sections
V.E and V.F, the isometry d¢, — d¢, + A, has an associated 2n — 3 form, which
is found from the associated shift ¥ — e¥ + h,(Y)A,. For the R-symmetry,

this comes from the shift of di)’, and for non-R flavor symmetries the shift is via

h, = i,o. Using the second equality in (V.73), we have
ha(Y) = Fbix; = GYbix; = 2y'x; = 2(r°0, x), (V.134)

with the inner product with 20 as in [58]. For the Reeb vector, (V.134) gives
hi =1, since the cone r =1 has 1 = b;b;G" = 2(b,y) [58].
For the non-R isometries, we can take as our basis of Killing vectors e.g.

@ = a%i, so x\) = d;j, for i =2...n. Then (V.134) gives simply

J
hyo =2y (V.135)

In this basis, where U(1)p, is associated with Killing vector 8%1_, the F; charge of a

brane wrapped on cycle ¥ is

Fi[Bs] = —(n — 1)jign_gm—21=2 / 2y'v0l(%)
b

Js yivol(X)
=— — 1) R[Byg] - =————=. 1
n(n — 1) - R[By] ) (V.136)
In particular, for IIB background AdSs x Y5, we have
2r N
Fy[By] = ——1 yvol(X), (V.137)

CVol(Ys) Jss
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and for M theory background AdS, x Y7 we have

AT N
F)[Bs] = / Z 1
[By] “Vol(Y) yvol (X (V.138)

Using our formulae from sect. V.G, we can determine the kinetic terms

g7 7, and hence 77 in terms of the geometry of Y. In particular, using (V.90) and

(V.135), we have

=3 —(2n+1) '
Trr, = Ch——— (—n(n — 1))/ y'vol(Y), (V.139)
167G p, Y

with C,, the same constant appearing in (V.130). Note that
/ yvol(Y)=2(n+1) [ ywol(X;) = 2(n+1)(27)" /A yidy' ... dy", (V.140)
X1 b

(2(n 4 1) accounts for the extra r integral in X;). Moreover, eqn. (3.21) of [58]

gives
. 1 0
Ayt Ayt = ——— A). 141
5 VY dy St nan ) (V-141)
So (V.139) gives
Ld—3m—(2n+1) (n _ 1) a _
= _ (27" —= A L. byl 142
L T @)t gy, ALl bul (V.142)

As discussed, we take the factors in (V.132) to be b; independent constants, so
(V.142) can be written as

-1) 0 _
TRF, = (n 9 )a—biTRth[bg. . bn] (V143)

The relation (V.142) shows that the 7g, g, minimization equations, g = 0, are
indeed equivalent to the Z minimization equations (V.127) of [58].

We can similarly use our formula (V.90) and (V.134) to obtain the coef-
ficient 7x, 5, for two flavor currents:

Ld—3m—(2n+l)
167TGDt

(n(n — 1)) /Y yiyvol(Y), (V.144)

with C,, the same constant appearing in (V.130). Note now that

/ y'yvol(Y) =2(n+2) | y'yvol(X1) = 2(n +2)(27)" /A y'yldy' ... dy".
Y X1 b
(V.145)
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Moreover, in analogy with the derivation of (V.141), in eqn. (3.21) of [58], we find:

- 1 0?
i,.7 1 n__
/Aby ydy .. .dy 1n T 1)(n + 2) 3,05, Voly(A). (V.146)

We can then write (V.144) as

n(n—1)? 0 _—
A(n+1) db;ob; M

al (V.147)

TR F; =

where again we take (V.132) as b independent.

Since Tg, g, is proportional to Z, (V.147) provides a way to evaluate the
current two-point function coefficients 7r,p; entirely in terms of the Reeb vector
and the toric data, without needing to know the metric.

In [73], we discussed the trial function 7g, g, (s;), which is quadratic in the
parameters s;, and satisfies

82
8Si88j

TR;R:|s* — TRR, %TRth or = QTRi = 07 TRth(S) = 27-2-]-. (V148>

This can be compared with the function 7g, g, (b;) defined above, which coincides
with 7rp for the minimizing values b}, which are determined by setting the deriva-
tives to zero, (V.143), and the second derivatives (V.147) are proportional to 7;;, as
in (V.148). The relation between s; and b; can be chosen to convert the coefficients
in (V.147) to equal those of (V.148).

Let us now consider further the expression (V.136), or more explicitly
(V.137) and (V.138), for the flavor charges of branes wrapped on cycles. We

would like to evaluate these for the supersymmetric cycles ¥, C Y, i.e. to evaluate

/E Yol (X) (V.149)

in terms of the toric data and Reeb vector. Note that

7 o ) _ n—1 )
/E yvol(2) = 2n /C 5, VOO (52)) = 20(2) /F yfdo, (V.150)

where the 2n factor is from the extra r integral in going from ¥, to C'(¥,), and do,

1

is the measure on F,, from [d((y,v,))dy"...dy". In analogy with the derivation
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of eqn. (3.21) in [58], it seems likely that the y* in (V.149) and (V.150) can be
obtained from the volume Vol,(¥X,) in (V.121) by differentiating w.r.t. b;. But
completing this argument, accounting for all the potential new boundary terms,
seems potentially subtle (to us).

Let us, instead, note a different way to compute the charges from the
toric data. Consider the expression for Vol,(Y'), as a function of both b and the
toric data (v,);. In the integral leading to Vol,(Y) = 2n(27)"Vol(Ap) in (V.121),
the vectors (v,)" appear via the boundary of A, which has (y,v,) > 0. Thinking
of them as variables, taking the derivative w.r.t. v, then gives a contribution only

on the boundary (y,v,) = 0:

9
StV o) = / yido,. (V.151)

Using (V.150) and (V.121) then gives

/ yvol(X) = 217T > (fa)lvozb(y) (V.152)

In the above expressions for Tpr and Trr, and 75, F;, the Ramond-Ramond
and Kaluza-Klein contributions to g;7 were summed together, in the coefficient
C,. Using the relation (V.46), which here gives (¢;7)°C = (n — 1)(g;7)*X, those
two contributions have a fixed ratio. Let us now examine that relation in the
present context. For general Killing vectors x) and x(/), the contribution (V.53)

to their mixed kinetic term is

(977 o [ 4y 3\ wol(v), (V.153)
The contribution (V.42) of the Einstein term is similarly

(977 o [ G0N wol(x). (V.154)

Taking both I and J to be the R-symmetry, with x; and y; the Reeb vector, the

relation from (g;7)°C = (n — 1)(g;7) 5% is

/ Gbibdy, . .. dy, = 4 / (yb:)2dy . .. dy,: (V.155)
Y Y
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which is clearly satisfied, since 2b;y° = G¥b;b; = 1. For non-R flavor symmetries,

the identity is less trivial. For general Y5, ; it states that

/ Gvol(Y) = 4(n — 1)* / y'y vol(Y) i,7 # 1. (V.156)
Yon—1 Yon—1

The extra factor of (n — 1)?, as compared with (V.155), is as in (V.90), coming
from writing the volume form as ~ e¥ A (de?)"! and the fact that wg is found
from the shift of the first e¥ factor, whereas the non-R isometries are obtained by
shifting the n — 1 factors of d(e?). The relation (V.156) can indeed be verified to
hold in the various examples. It can also be written in terms of integrals over A,

by extending to X; and doing the extra r integrals, as

(n+1) /A Gidy' ... dy" = 4(n — 1)%(n + 2) /A Yyt .yt (V.157)
b b

V.J Examples and checks of AdS/CFT: Y1

The metric of [24], [69] is simply written in the basis of unit one-forms

(dw — cos0d¢ + y(df + cos 0do))

\/ d@ \/ Y sin 0do, (V.158)

e’ =

J_ g’” (dB + cos 0dg),

as ds3- = (€)% + (e?)? + (e¥)? + (€)% + (e¥)?. The coordinate y lives in the range

e¥

y1 <y < yo, where y; and ys are the two smaller roots of v(y) = 0 [69] :

1 1
n=1 <2p —3q —\/4p* — 3q2> k= <2p+ 3¢ —\/4p® — 3q2) :
(V.159)
The local Kahler form of the 4d base is

J=e"Ne? +ev neP. (V.160)

The gauge symmetries in AdSs of IIB on Y} ,, and the global symmetries
of the dual SCFTs [47], are U(1)g x SU(2) x U(1)r x U(1)p. The first three
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factors are associated with isometries of the metric, and U(1)p comes from the
single representative of H3(Y,,, Z) (topologically, all are 5% x S3). As usual, the
superconformal U(1)z symmetry is associated with the shift in e¥: %dw’ — %d@b’ +
2 A, and the associated 3-form is that of [75]:

~ 1 1
O = wr = ged’ A (V.161)

The SU(2) is symmetry is an non-R isometry, associated with rotations of the
spherical coordinates # and ¢. Finally, the U(1)r isometry is associated with
shifts df + cos 0dp — df + cosOdp + Ap. U(1)y, C SU(2) and U(1)p form a basis
for the U(1)? non-R isometries, expected from the fact that Y, is toric [69]. The
3-forms associated with these flavor U(1)? are found from (V.73) and (V.77) to be

. 1 N R 1
Dy = mc% = —cos g and Wp = mwp

= —yWg. (V.162)
The 3-form associated with the U(1)p baryonic symmetry was already
constructed in [70], restricting their form Oy, on C(Y,,) to Y, , by setting r = 1:

9 5 _ 1 0 3
H3Wp = Q(p —q )ew/\'f] n = m(e A€¢—€yA€ ), (V163>

where the normalization constant is to keep the periods of u3 [ Cy properly integral.
D3 branes wrapped on the various supersymmetric 3-cycles ¥, of Y map

to the di-baryons of the dual gauge theory [47] as:
Y o detY, T, det”, Ys o detlU,, ¥, detV,. (V.164)

The cycles X1 and Y5 are given by the coordinates at y = y; and y = y», respectively
[69]. The cycle X3 is given by fixing 6 and ¢ to constant values, which yields the
SU(2) collective coordinate of the di-baryon [70]. The cycle ¥, = ¥y + ¥5.

As in [75], the R-charges of the wrapped D-3 branes, computed from

3 fzi WR, are
TN N Vol(%;)

R(%) = 5707 /E wl(%) = "y (V.165)

It was verified in [69], [46], [47], [70] that the R-charges computed from the cycle

volumes as in (V.165) agree perfectly with the map (V.164) and the superconformal
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R-charges, computed in the field theory dual by using the a-maximization [14]
method.

We can similarly verify that integrating the U(1),, U(1)r and U(1)p 3-
forms (V.162) and (V.163) over the 3-cycles ¥, agree with the map (V.164) and
the corresponding charges of the dual field theory [47]. For U(1)p we have

9 (2 2 " Lo a0 5
B(Ei):/i:s/ u)B:@(p —q)/ e /\17)2(6 Ne? —e? Ne?), (V.166)

Ei Ei ( - y

and, as already computed in [70], this gives (reversing 3;’s orientation)
B(%1) = (p—q), B(¥2) = (p+q), B(%3) = p, (V.167)

in agreement with the U(1)p charges of [47] for Y, Z, and U,, respectively. One
minor difference is that we normalize the U(1)p charges for the bi-fundamentals
with a factor of 1/N, so that the charges of the baryons are O(1) rather than
O(N); this is natural when U(1)p is thought of as an overall U(1) factor of a
U(N) gauge group, and also natural in terms of having the charges be properly
quantized, so that [ u3Cy and [ B(Q;)Ap are gauge invariant mod 27 under large
gauge transformations.

We can compute the U(1)r charges of the wrapped D3 branes by using
(V.81), here with h = y/3:

Js yvol (%)

F(By) = —R(By) 2

(V.168)
This gives

FE)=pRE),  F(S)= —wRS),  F(S) = —5n+ m)R()
(V.169)
The ¥; and ¥ cases follow immediately from (V.168), since y = y; and y = ys is
constant (the 3; integral gets an extra minus sign from the orientation), and F'(X3)
in (V.169) simply comes from [ ydy/ [* dy. The charges (V.169) agree with the
U(1)p charges of [47], up to the ambiguity that we have mentioned for redefining
U(1)r by an arbitrary addition of U(1)p, i.e. U(1)kre = U(1)%here + aU(1)p.
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Using the metric [24], [69], we can explicitly compute the contributions
79 in (V.97) and the contributions 755 in (V.99), and verify that 7EF = 275K
as expected from (V.45), for the U(1)g and U(1)4 and U(1)r isometry gauge fields.
For U(1) g, there is only the 7¢° contribution to 77;. For the superconformal U(1)g,
we find, as expected 75X = 4AN?73/9Vol(Y,,) and 755 = 8N273/9V 0l(Y,,), with
[69]

¢*[2p + (4p° — 3¢*)'/?] 3
3p2 [3q2 _ 2]92 -0—]9(4]92 _ 3(]2)1/2] ’
For 7/, the metric [24], [69] gives g K3 K} = szwq + 5y* = s-w(y), so

(V.99) yields

Vol(Y,,) = (V.170)

N2 [dyw(y)(1 —1y) N2m3 /Ap? — 3¢2
KK — — 2p — /4p? — 2).
TPF T 36Vol(Xs) [dy(l—y)  18Vol(Xs)  p? ( P=vep ( 3 |

V.171

Using @p of (V.162) in (V.97) we can also compute

Sele) ccfdyy (1 —y) Wele) 1 [dyw(y)(1—y) _ 9 KK
TFF = TRR fdy(l— ) RR16 fdy(l— ) TFF »

(V.172)

satisfying the relation (V.45). Combining (V.171) and (V.172) gives

N273  JApE =32
TR = u b 5 a (Qp — \/4p? — 3q2> . (V.173)
6Vol(Yyq) p

This result for 7 can be compared with the field theory prediction. The U(1)p
charges of the bifundamentals are found from the U(1)p charges (V.169) of the
dibaryons, and the map (V.164) (so the factor of N from (V.165) is eliminated),
e.g. F(Z) = —yR(Z) = —yamVol(X2)/3V0l(Y5), which looks rather ugly when
written out in terms of p and ¢. From these charges and the U(1)g charges, we
can compute the 't Hooft anomalies, and thereby compute 7z on the field theory
side by using the relation 7pp = —3TrRFF. The result is found to agree perfectly
with (V.173).

Let us now consider 7gr. The Kaluza-Klein contribution is given as in
(V.99), with g4, K%K% = y/9, and the integral over y vanishes, so ThAL = 0.

Likewise, 755 = 0, because [y(1 — y) vanishes. So, as expected, Trr = 0.
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As we discussed in the previous section, the F;[3,] charges and 7;; can
also be computed entirely from the toric data and Z-function of [58]. In the toric

basis of [58],

U1 = (1a070)a Vg = (Lp_ q— ]->p_ q)v U3 = (1ap>p)a Vg = (]-7 1a0) (V174)

The Z-function is, with (b1, be, b3) = (x,y,t), [58]

(z —2)pp — )z +qlp— )y + 92 —p+ )

2t(pr —py + (- D) ((p—Qy+ (1 —p+g)t)(pr +qy — (¢ + 1)t)’
(V.175)

Zlx,y,t] =

which, imposing = = 1, is minimized for [58]:

1 1
by — <3, S(3p =3¢+ 07Y), S(3p = 3¢ + E‘l)> ,

!
= <3q2 — 2 + pyJap? — 3q2> . (V.176)

Our formula (V.147), for example, gives 7r,r,, for the F; associated with
the ~ 8%i Killing vectors, in terms of the Hessian of second derivatives of the
function (V.175), evaluated at (V.176). To connect the results in the toric basis
for the flavor symmetries to those discussed above, we note that the Killing vector
for shifting § can be related to those for shifting ¢; and ¢, as % = % (% + 6%3),
so U(1)p = 5-(U(1)2 + U(1)3).

This chapter is a reprint of the material as it appears in E. Barnes,
E. Gorbatov, K. Intriligator and J. Wright, “Current correlators and AdS/CFT
geometry,” Nucl. Phys. B 732, 89 (2006), and on the preprint archive,

http://www.arxiv.org/hep-th /0507146.



Appendix.

On the superconformal window of

the other duals of [36]

Appendix..A Reviewing SU(N.) SQCD, with N; funda-

mental flavors, and an adjoint X

Let us briefly review the a-maximization analysis of Kutasov, Parnachev,
and Sahakyan (KPS) [16] for this theory, with Wy,.. = 0. The anomaly free super-
conformal R-charges of the fields are R(Q) = R(Q) = y for the fundamentals and
R(X) = (1 — y)/z for the adjoint, where x = N./Ny. a-maximization determines

y(x) via maximizing

1— Po1—
a%)PS(y,x)/NJ%:2x2+x2 <3< y—l) —( y—l))

T T

p 9\ 2 1—
+2z (3(y —1)* = (y — 1)) + Z(Qy—i—j—y—g) (5—3[2y+j7y]),
- (Appendix..1)
w.r.t. g; this has solution 3@ (x). The sums account for the generalized
mesons QX?Q hitting their unitarity bound, with p the greatest integer such that
R(QX7Q) would naively violated the unitarity bound. The solution yx pg(z) is
obtained by patching together the functions y® (z), with the appropriate value of

p depending on x. The function yx pg(z) is monotonically decreasing, with asymp-

147
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totic value y(x — 00) — yas = (v/3—1)/3. R(X) = (1—y)/x is also monotonically
decreasing in = and, for © — oo, R(X) — (1 — yus) /.

The superpotential W4, = TrX*™! is a relevant deformation of the W = 0
SCFT if R(X*™) < 2 (since A(W) = 2R(W)), ie. if R(X) = (1—y)/z < 2/(k+1).
Since R(X') monotonically decreases with x, Wy, can always be made relevant, by

min

wn | where 27)"" is determined by the condition

taking x sufficiently large, z > «x

that (1 — y(z4™)) /23" = 2/(k + 1). Using the numerical solution for y(x), the

man min

can be obtained for arbitrary k. For large k, x')
and then R(X) ~ (1 yas)/xmm = 2/(k + 1) gives 27" — (—T) k ~ 0.3780k
[16].

numerical values of x'} is large,

The Ay theory has dual description [39], [40], [34] in terms of a mag-
netic SU(N,) gauge theory, with N, = kNg — N.. It has an adjoint field Y, Ny
fundamental flavors ¢, ¢, and N? 7 gauge singlet fields M;, for j = 1... k. The

superpotential is

k
Wi = TY* ™ 4+ 3" My jqY77'q . (Appendix..2)

j=1
The analysis of the dual theory is similar to that of the electric theory, with
r— T = ]VC/Nf = k — x, though the specifics are not identical, because of the ef-
fect of the additional gauge singlets M and superpotential terms in (Appendix..2).
We refer the reader to [16], for the details of the a-maximizing 7(Z) in the mag-
netic theory. The qualitative result is that y(Z) drops to zero a little faster on
the magnetic side than the electric y(x), so the TrY**! term in (Appendix..2) is
relevant for > ZP", with Z7{" < 2/}'*. In particular, for k > 1, Z{"" ~ 0.3578k
[16] .

The superconformal window, where both dual descriptions of the
Ap(N, Ny) SCFTs are useful, is o7 < z < k — 3™ for k > 1, it’s
0.3780k < z < 0.6422k. Within this range the electric and magnetic theories
have the same central charge a, as guaranteed by 't Hooft anomaly matching.

Outside of this range, there are accidental symmetries that are manifest in one of
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the dual descriptions but not in the other so, without accounting for these acciden-
tal symmetries, the central charge as computed by a-maximization for the electric
and magnetic theories can appear to differ [16]. The larger of acjec O gy is the
correct one — it’s larger because of maximizing ay.;,,; over R-symmetries that can

mix with the additional, accidental flavor symmetries.

Appendix..B Some immediate generalizations, with other

groups and matter content

Many analogs of the duality of [39], [40], [34] were soon given in [36],
[53], [41], all for theories with W, type LG superpotential. Without the LG
superpotential, those theories are expected to flow to other SCFTs, which can now
be analyzed via a-maximization. Doing so determines when the W, superpotential
is relevant. Doing a similar a-maximization analysis of the duals of [36], [53], [41]
determines when the dual A, LG superpotentials are relevant. Combining the
two bounds, as in the analysis of [16], reviewed in the last section, determines
the superconformal window for where the duals of [36], [53], [41] are useful. In
particular, we can verify that the superconformal window is non-empty for all k.

As in the analysis of [16], it is most convenient to consider the limit
N, > 1, Ny > 1, holding x = N./N; fixed. However, as we’ll now explain, the
a-maximization analysis of all of the examples of [36], [53], [41] involving a single
gauge group becomes simply identical to that of [16] in this limit, where we drop

terms O(1/N.) or O(1/Ny).
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The examples of [36], [53], [41] involving a single gauge group are:

group X Q # mesons QX’'Q  a/axps

SO(N) @ Ny-O s Ne(Ny +1) 3

Sp(N,) H 2N; -0 N¢(2N; — 1) 2
SO(N,) A Ns-O ING(Np+(=1)) 2
Sp(N,) N 2N -0 N;(2N; — (—1)9) 2
SUN.) HeH N; - (O®D0) N?or Ny(N;—1) 1
SU(N,) mMe Ny - (e D) N7 or Ny(Ny+1) 1
SUN,) HemD s8-oeoN; o0 ~ N? 1

(Appendix..3)
Our notation for Sp(N.) is that SU(2) = Sp(1).
Let us compare the theory on the first line of (Appendix..3) with the
SU(N,) with adjoint theory analyzed in [16]. The anomaly free R-symmetry is
constrained to satisfy 2(N, — 2) + 2N¢(R(Q) — 1) + 2(N, + 2)(R(X) — 1) = 0.
But in the N, > 1 and Ny > 1 limit, holding fixed z = N./Ny, this gives an
identical relation, R(X) = (1 — y)/x, with = N./Ny, as in the case reviewed
in the previous subsection. Computing the analog of (Appendix..1) for the theory
on the first line of (Appendix..3), we find that every term is now simply half of
that in (Appendix..1), coming from the fact that the only difference (to leading
order O(1/N,) and O(1/Ny)) is that there are half as many of each of the different
fields. For example, the 222 term in (Appendix..1) is the contribution of the
|SU(N.)| ~ N? gauge fields, which here becomes a similar contribution from the
|SO(N,)| = $N.(N.—1) = ;N2 gauge fields. Similarly, there are here half as many
X fields (§N.(N. + 1) &~ SN2 here, vs. N? — 1 ~ NZ there), half as many Q fields
(N.Ny here, vs 2N.N; there) and half as many of the meson fields (3 Nj(Ny+1) ~
57 here, vs N7 there). So the a-function to maximize for the theory in the first
line of (Appendix..3) is simply half ax ps (Appendix..1). Maximizing this obviously
leads to the same solution for the superconformal R-charges as obtained in [16],
y(z) = yrps().
Likewise, all of the other theories in (Appendix..3) similarly lead to the
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same results in the N, > 1, Ny > 1 limit, for arbitrary « = N./Ny. In this limit,
the anomaly free condition on the superconformal R-symmetry gives R(X) = (1 —
y)/x, with R(Q) =y, for all of them. For all of these theories, the analog of every
term in (Appendix..1) becomes approximately simply the same as in (Appendix..1),
up to an overall factor, which is given in the last column of (Appendix..3). For
example, for the theory in the last line of (Appendix..3), the generalized mesons
QX’Q which can hit the unitarity bound are given for even j by Q(X X )"Q) (which
are N;(Ny+8) ~ N? in number) and for odd j by Q(XX)>XQ (which are (N, +
8)(Ny+9) ~ {N7 in number) and QX(XX)"Q (which are LNy (N; —1) ~ sN7 in
number) so, whether j is even or odd, there are approximately the same number
NJ% of mesons, leading to the same contributions as in the last line of (Appendix..1).

There are several interrelations among the theories (Appendix..3) associ-
ated with giving X an expectation value (which we’re free to do, since we’re now
discussing the theories with Wy, = 0), and it can be verified that all of these Hig-
gsing RG flows satisfy a;r < ayy. These checks make use of the a/axpg factors in
the last column of (Appendix..3). For example, consider the SO(N,) theory with
adjoint X, on the third line of (Appendix..3). Giving X an expectation value,
there is a RG flow connecting this SO(V,) theory in the UV to an IR theory with
gauge group U(3N,), adjoint matter X,,, and Ny fundamental flavors (O & O).
Using the last column of (Appendix..3), the UV theory has ayy ~ %NJ%@KPS(a:).
The IR theory has arp ~ N?aKps(%l’), because the IR theory has N./2 colors. The
a-theorem conjecture thus requires 3axps(x) > dxps(32), which can be verified
to be satisfied.

Since all of the theories in (Appendix..3) have the same R-charge R(X),
given by R(X) = (1 —yxps(x))/x, the minimal values 2’{*" for the W, = TrX**!

! as was obtained

superpotential to be relevant is the same, for all of these theories

in [16] for the SU(N,) with adjoint theory. E.g. for k > 1, all have z7}'" —
4-v/3

(=2 k.

!The theories in the third through sixth line of (Appendix..3) must have k = odd, and that in the
last line of (Appendix..3) must have k + 1 =0 (mod) 4.
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We can similarly analyze the magnetic duals of the above theories [36],
[53], [41]. For example, the theory in the last line of (Appendix..3), upon deforming
by superpotential Wy, = Tr(X)A(J)%(’”l) (with £+ 1 = 0 mod 4 here), was argued
to be dual to a similar theory, with gauge group SU(N,), with N, = k(N;+4)—N,,
along with some additional gauge singlets and superpotential terms. We can use
a-maximization to analyze this dual SU (]VC) theory for Wi... = 0, and thereby
determine when the various terms in the superpotential appearing in the duality
of [36] are relevant. In particular, we can determine Z7;"", the lower bound on
=N, /Ny in order for the superpotential WAk to be relevant. As on the electric
side, in the limit of large N, and N, the a-maximization analysis becomes identical
to that of [16] for the magnetic dual of the adjoint theory with superpotential Wy, :
the above N, becomes N, ~ kN ¢ — N, as in the adjoint theory, and every term
in the a-maximization analysis here maps to a corresponding term there. In this
limit, the values here of the Z#* are the same as those obtained in [16] for the
adjoint theory.

Thus, at least in the N, > 1 and N; > 1 limit, all of the above theories
have exactly the same superconformal window as obtained in [16] for the SU(N..)
theory with adjoint.

We also note that all of the other theories in [36], with product gauge
groups, also have the same superconformal window range of z, as long as we take
all the groups to have the same (large) rank, and take all to have the same (large)
number of fundamental flavors. This generalizes our observation of Sect. III.B,
that the SU(N,) x SU(N) theory gives the superconformal window obtained in
[16] for the slice of parameter space N, = N/ and Ny = N}.

For example, consider the SU(M) x SO(N) x SO(N') duality discussed
in sect. 11 of [36]. In the parameter slice, M = N = N' = N, and m = n =
n’ = Ny, taking N, > 1 and N; > 1 large, holding fixed the ratio + = N./Ny,
we find that every term in the quantity as.q(y, ) = 3TrR® — TrR equals twice a

corresponding term in the corresponding function of [16], ay.ia(y, ) = 2axps(y, x)
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(even including the contributions of the gauge invariant operators that hit the
unitarity bound). This is because there is a correspondence in this limit between
every field, with the same R-charges and twice as many copies for the SU x SO x SO
theory of [36] as compared with that of [16]. Since a4 = 2akpg, it is maximized
by the same function, y = yxps(z). The anomalous dimensions are thus the same
of those in [16] for this parameter slice. There is an analogous equality, up to the
same factor of 2, between the function a;.;,; for the magnetic duals. It thus follows
that the duality of [36] for this product group has a non-empty superconformal
window, which reduces to the x interval of [16] in this 1d subspace of the full
parameter space of flavors and colors. Likewise, all the dualities of [36] have a
non-empty superconformal window, for any k, which reduces to the x interval of

[16] in a 1d subspace of the full parameter space of flavors and colors.
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