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Abstract 

Targeted Learning for Adaptive Experimentation and Data-Driven Decision-Making 

By 

Wenxin Zhang 

Doctor of Philosophy in Biostatistics 

University of California, Berkeley 

Professor Mark van der Laan, Chair 

Human decision-making often unfolds as a feedback loop: actions generate observations, ob-
servations refine insight, and insight guides the next action. As data collection and decision-
making have become more continuous and dynamic, this loop has increasingly been op-
erationalized through sequential adaptive experiments that continuously update treatment 
allocation or other aspects of the experimental design as data accumulate. These designs 
can improve participant outcomes and enhance the efficiency of statistical estimation, with 
applications ranging from adaptive clinical trials that update randomization probabilities 
based on interim analyses, to digital health platforms that personalize recommendations from 
streaming data, to online experiments that adapt product features based on continuously 
accumulating user responses. However, their adaptive nature creates complex statistical 
challenges in learning from accumulating data, adapting experimental strategies to different 
objectives, and conducting valid statistical inference under adaptive data collection. 

This dissertation brings together three lines of my doctoral work that develop general frame-
works for formulating research questions and addressing statistical challenges in adaptive 
experimental design and estimation, building upon the literature on targeted maximum 
likelihood estimation (TMLE) for adaptive designs. Chapter 1 introduces a general TMLE-
based Online Super Learner framework for the real-time evaluation and selection among 
multiple candidate adaptive designs under a benefit-driven objective, with an application to 
evaluating and utilizing surrogate outcomes in sequential adaptive experiments. Chapter 2 
establishes a semiparametric efficient TMLE framework for estimating a broad class of target 
estimands under diverse adaptive designs, with additional implications for constructing 
efficiency-oriented designs. Chapter 3 further develops a general design-and-estimation 
framework for longitudinal adaptive experiments with time-varying treatments to optimize 
estimation efficiency while enabling valid and efficient estimation and inference. Together, 
these complementary frameworks provide a coherent methodological foundation for advanc-
ing adaptive experimentation and data-driven decision-making in real-world settings. 
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Chapter 1 

An Online Meta-Level Adaptive 
Design Framework with Targeted 
Learning Inference: Applications to 
Evaluating and Utilizing Surrogate 
Outcomes in Adaptive Designs 

1.1 Introduction 

1.1.1 Overview 

Adaptive experimental designs are gaining popularity in clinical trials and online experiments 
[72, 54]. Unlike traditional static experimental designs, adaptive designs allow continuous 
updates to treatment randomization probabilities and/or other experimental features based 
on accumulated data during the experiment, supporting a range of experimental objectives. 
A key advantage of adaptive designs is their ability to increase the probability of providing 
participants with their optimal treatment, particularly when this optimal treatment varies 
between individuals, thereby improving their outcomes. 

However, in practice, experimenters often face the challenge of choosing among multiple 
candidate adaptive design configurations, each with its own trade-offs. A common and com-
pelling example is an adaptive experiment with a longitudinal data structure, in which new 
participants are continuously enrolled and existing participants generate multiple short-term 
outcomes that unfold progressively over different follow-up times, while the primary outcome 
requires long-term follow-up. In such settings, surrogate outcomes, either the early proxies 
of the primary outcome or other relevant metrics requiring shorter follow-ups, have the po-
tential to quickly identify more effective personalized treatments, inform timely adaptations 
of treatment randomization probabilities with sufficient data, and thereby enhance partici-
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pants’ welfare. However, when multiple candidate surrogates are available, selecting among 
them involves complex trade-offs. Early surrogates provide more abundant and timely data 
for rapid adaptation, but may be less accurate in detecting treatment effects relevant to 
the primary outcome. Later surrogates may offer more accurate guidance for optimal treat-
ment, but their delayed availability and limited sample size reduce their impact on early 
adaptation and participant benefit. In addition, the sensitivity with which a candidate sur-
rogate captures heterogeneous treatment effects is a key driver of its utility: a surrogate that 
provides stronger signals for distinguishing which individuals benefit from which treatments 
enables more timely and targeted adaptation toward personalized treatment. Despite all 
these important factors, in practice, only one candidate adaptation can be implemented at 
each time point of the experiment, which inevitably leaves the gains and losses of unchosen 
designs unobserved and unquantified, and further complicates the challenge of navigating 
these trade-offs in a real-time experiment, underscoring the need for a rigorous statistical 
framework to overcome these difficulties. 

To address these challenges, we propose an online meta-level adaptive design framework 
with targeted learning inference: a general and data-driven adaptive design system that 
continuously evaluates and dynamically updates its choice among different candidate designs 
in real time during ongoing adaptive experiments. We refer to this unified framework as 
TMLE-OSLAD, a Targeted Maximum Likelihood Estimation-based Online Super Learner 
Adaptive Design, which itself constitutes a meta-level adaptive design. This framework 
comprises three key components, each making a distinct methodological contribution. 

First, the proposed framework introduces a novel counterfactual perspective for adaptive 
experiments by asking: How might participants’ outcomes have differed under alternative 
adaptive designs? To formalize this question, we define a new class of target estimands: 
the mean counterfactual primary outcome that would have been observed had each par-
ticipant’s treatment, beginning at their enrollment, been assigned according to treatment 
randomization functions specified by the candidate adaptive design. 

Second, to enable valid inference from the non-i.i.d. data generated by adaptive exper-
iments, we establish a Targeted Maximum Likelihood Estimation (TMLE) approach that 
yields a consistent and asymptotically normal estimator without parametric assumptions, 
building upon martingale central limit theorems and equicontinuity results via maximal 
inequalities for martingale processes. These developments enable robust inference on the 
proposed causal estimand—the expected outcome under a candidate counterfactual adap-
tive design. At the end of the experiment, we also provide TMLEs for estimating other causal 
estimands of interest, such as the average treatment effect (ATE) and the mean outcome 
under optimal dynamic treatment regimes (rules) [66, 74, 45]. 

Third, we develop a TMLE-based Online Super Learner Adaptive Design, which con-
tinuously updates estimates of the proposed estimand to evaluate and compare a library of 
candidate adaptive designs in real time, selects the data-driven best-performing design based 
on TMLE estimation and inference, dynamically adapts treatment randomization probabil-
ities according to the chosen design, and continuously monitors and reevaluates the set of 
candidate designs throughout the experiment. 
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Returning to the motivating example of adaptive experiments involving surrogates, 
TMLE-OSLAD demonstrates an additional methodological advantage: it provides an 
adaptive design perspective for rigorously quantifying the value of information flow as 
it unfolds over time and is continually leveraged to guide sequential decision-making. 
Specifically, TMLE-OSLAD introduces, to the best of our knowledge, for the first time, a 
comprehensive causal estimand to evaluate the evolving surrogate utility in such dynamic 
settings with statistical inference. In this context, the target estimand is defined as the 
mean counterfactual primary outcome under a candidate surrogate-guided adaptive design, 
where each participant’s treatment randomization probability at enrollment is determined 
by the estimated conditional average treatment effect function of the surrogate outcome and 
adaptively tilted toward the estimated optimal personalized treatment with the objective of 
optimizing the surrogate outcome. This metric reflects all critical factors of the utility of a 
surrogate in accelerating participant benefit through sequential adaptive design, including 
the timeliness of surrogate availability for enabling early adaptation, its sensitivity to signal 
heterogeneous treatment effects, and its predictive accuracy for identifying the optimal 
personalized treatments for the primary outcome. This is distinct from existing methods 
that focus on evaluating static statistical associations or causal relationships between sur-
rogate and primary outcomes rather than adopting a dynamic, sequential decision-making 
perspective. 

Furthermore, TMLE-OSLAD enables a principled, data-driven implementation of adap-
tive experiments that facilitates real-time evaluation and selection among different surrogate-
guided adaptive designs to improve the primary outcome. 

In summary, TMLE-OSLAD provides a comprehensive meta-level adaptive design frame-
work for monitoring and quantifying opportunities and costs across a library of candidate 
adaptive experimental strategies. These strategies may differ in the quantities that guide 
adaptation, the statistical methods used to estimate them, or the rules governing design 
updates. The framework dynamically selects among these strategies as data accumulate, 
empowering data-driven, statistical-inference-based decision-making in diverse adaptive 
experimental settings. 

1.1.2 Related Work 

Adaptive experimental designs. Adaptive design is an active research area in statistics. 
In clinical trials, adaptive design methods are useful due to their flexibility and efficiency 
[16]. These designs enable adaptive modifications to key aspects such as eligibility criteria, 
randomization probabilities, and other design features based on sequentially accrued data. 
Among these, Response-Adaptive Randomization (RAR) updates treatment probabilities 
using treatment and outcome data of previously enrolled subjects to achieve estimation 
efficiency or enhance participant welfare by reducing assignment to inferior treatments [32, 
72]. Covariate-Adjusted Response-Adaptive (CARA) designs extend RAR by incorporating 
baseline covariates into randomization, enabling more personalized allocation and improved 
efficiency [77, 32, 94, 53, 76, 1, 15]. One can also guide CARA for multiple objectives, 
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e.g., by integrating both efficiency and ethics considerations in adaptation procedures [34], 
and by both balancing prognostic covariates and facilitating adaptation procedures using 
predictive covariates in CARA designs [96]. The origins of RAR and CARA designs also 
trace back to [81] and [71] and connect to multi-armed and contextual bandit literature [10, 
55, 79]. Our work differs by considering settings where multiple candidate adaptive designs 
are available to choose from and providing a principled way to navigate their trade-offs and 
select from these designs by TMLE-OSLAD framework, with applications to CARA designs 
with surrogate outcomes. 

Surrogate outcomes. Surrogate outcomes are often considered as a substitute for the 
primary outcome when the latter requires a long follow-up time or is expensive to measure. 
In clinical trials, using surrogate outcomes can result in earlier detection of treatment ef-
fects, accelerated drug approvals, and reduced costs [11]. Examples include vaccine-induced 
immune responses as endpoints for HIV protection [26] and predictive short-term metrics to 
facilitate digital experiments [19, 70]. The use of surrogates when primary outcomes are de-
layed has also been discussed in the adaptive design literature [72]. Examples include using 
short-term responses to guide treatment allocation for outpatients with depressive disorder 
[80] and for participants in stroke trials [67], Bayesian modeling of surrogate–primary rela-
tionships to support RAR designs [38], and contextual bandits that handle delayed rewards 
by running pre-trained Bayesian reward models [63] or imputing delayed outcomes using 
surrogates constructed from external data under surrogacy assumptions [88]. Relatedly, [22] 
analyzes RAR designs driven by an informative surrogate and provides consistent, asymptot-
ically normal statistical inference for the primary outcome under exponential-family models. 
While these approaches implement RAR or CARA procedures under a specific surrogate-
guided design, a unified framework is lacking to dynamically re-evaluate and select among 
multiple surrogates to guide adaptive experiments. 

Another related research area is surrogate evaluation. Many statistical frameworks have 
been developed to evaluate surrogates [69, 21, 75, 18, 58, 26] and reviewed comprehensively 
[11, 83, 87, 20]. However, most do not account for the potential benefits and risks of using 
surrogate outcomes in adaptive experiments that aim to learn and respond to treatment effect 
heterogeneity. Navigating these trade-offs requires both new approaches for quantifying the 
benefit of candidate surrogates, and novel designs and estimators that make possible online 
evaluation of these benefits and dynamic surrogate selection in response during the course 
of a study, which is addressed by our general TMLE-OSLAD framework. 

Inference based on adaptive design data. The statistical inference procedure in 
TMLE-OSLAD is related to the problem of how to provide valid inference for adaptively 
collected data in the adaptive design literature. For example, asymptotic inference under 
specified parametric models has been established for data generated by CARA designs 
[94, 98]. Within the Targeted Maximum Likelihood Estimation framework [51, 50, 49], 
[53] developed TMLE tailored to adaptive designs without relying on specific parametric 
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assumptions; subsequent work employed TMLE to estimate risk difference and log-relative 
risk [12] and the mean outcome under optimal dynamic treatment rules [14] in CARA de-
signs. Another line of work develops inference methods for adaptively collected data based 
on variance-stabilizing weighting techniques introduced by [59] in non-adaptive settings and 
extended to treatment effect estimation or policy evaluation in multi-armed and contextual 
bandits [28, 4, 89], as well as to M-estimation of parametric models using adaptively collected 
data [91]. Our proposed target estimand, the mean outcome under counterfactual adaptive 
designs, is distinct from these methods and related to causal inference for time series [46, 
61, 62]. We develop a TMLE for this estimand, and establish asymptotic normality by 
martingale theories and equicontinuity results. 

The rest of this chapter is organized as follows. Section 1.2 presents the statistical 
setup and the general TMLE-OSLAD framework. Section 1.3 specializes the framework for 
CARA designs involving multiple surrogates. Section 1.4 provides theoretical results. Sec-
tion 1.5 presents simulation studies, followed by a real-data-based simulation in Section 1.6. 
Section 1.7 concludes. 

1.2 TMLE-Based Online Super Learner Adaptive 
Design 

This section outlines the data structure, notation, and methods for the proposed TMLE-
OSLAD framework. Suppose we have baseline covariates W ∈ W and a treatment 
A ∈ A = {0, 1}. Let YK denote the primary outcome, observed K follow-up periods after 
treatment assignment, with larger values indicating better outcomes. We also consider K −1 
intermediate surrogate outcomes Yk, each observed at k = 1, . . . , K − 1. We assume all 
outcomes Yk lie in [0, 1]. Let T denote the total duration of enrollment in the experiment. At 
each time point, the experimenter uses historical data from previously enrolled participants 
to update the treatment assignment mechanism for new participants. These updates can 
aim to increase the chance that participants receive optimal personalized treatment by 
learning heterogeneous treatment effects, which are detailed in Section 1.3 and Section 1.8.4. 

1.2.1 Statistical Setup 

Sequential data structure. We use t = 1, . . . , T to index the sequential enrollment 
times when participants enter the study and are randomized to one of the treatment 
arms. Let E(t) denote the number of subjects enrolled at time t, and define the cumu-
lative enrollment by N(t) = 

t
t ′ =1 E(t 

′ ). For each participant i, we sequentially observe 
Oi = (ti, Wi, Ai, Yi,1, . . . , Yi,K ), where ti is the enrollment time, Wi are baseline covariates 
observed at ti, and Ai is the treatment assigned at ti. Surrogate outcomes Yi,1, . . . , Yi,K−1 

are observed at times ti + k for k = 1, . . . , K − 1. The final outcome of interest, Yi,K , is 
observed at ti + K. To emphasize the timeline when each variable becomes available, define 
˜ Wi(ti) ≡ Wi, ˜ Ai(ti) ≡ Ai, and ˜ Yi(ti + k) ≡ Yi,k for k = 1, . . . , K. We use these notations 
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interchangeably. At each time t, the experimenter has access to all information accrued 
up to t − 1, denoted by Ō(t − 1) := { ˜ Wi(t ′ ), ˜ Ai(t ′ ), Ỹi(t ′ ) : i ∈ [N(t − 1)], t ′ ≤ t − 1}. 
This represents all covariates, treatments, and outcomes of previous participants that have 
become observable before time t. From t − 1 to t, new data are collected from two sets: 
I1(t) := {i : t − K ≤ ti ≤ t − 1} and I2(t) := {i : ti = t}. I1(t) contains previously enrolled 
participants whose outcomes are still arriving, and I2(t) contains participants newly enrolled 
at time t. The experimenter first observes the outcomes revealed at time t for I1(t), then 
updates the history H(t) := Ō(t − 1) ∪ {Ỹi(t) : i ∈ I1(t)}, where Ỹi(t) is the outcome 
for participant i that becomes observable at time t. Next, the experimenter enrolls I2(t), 
observes their baseline covariates, and assigns treatments. 

Adaptive treatment randomization. When a new participant i is enrolled at time ti, 
a treatment Ai can be randomized based on the information available up to that point 
and the baseline covariates Wi. We denote the participant-specific pre-treatment history 
as H(i) := 

 
H(ti), Wi 

 
, where H(ti) is the observed data of previous participants enrolled 

before time ti. We assume that treatment randomization depends on a fixed-dimensional 
summary context of the pre-treatment history, defined as Ci := fC 

 
H(i) 

 
∈ C. The treatment 

randomization probability is generated by a mapping gi : C → G, where G is a class of 
probability distributions of treatment assignment, and gi(a|Ci) is the probability of assigning 
a ∈ A given context Ci. 

Likelihood. Let QW denote the distribution of baseline covariates W and QYk denote 
the distribution of Yk given W, A, Y1, . . . , Yk−1 for outcome Yk (k = 1, . . . , K). We assume 
for every i, ti ⊥⊥ (Wi, Ai, Yi,1, . . . , Yi,K ), Wi ∼ QW , and Yi,k ∼ QYk (·|Wi, Ai, Yi,1, . . . , Yi,k−1). 
Specifically, let qW denote the marginal density of the baseline covariates W , and qYk denote 
the conditional density of the k-th outcome Yk given W, A, Y1, . . . , Yk−1. The likelihood of the 
observed data of n subjects is given by pn(o1, . . . , on) = 

 n
i=1 qW (wi) gi(ai|Ci) 

K
k=1 qYk 

 
yi,k | 

wi, ai, yi,1, . . . , yi,k−1 

 
. 

Structural Causal Model. We formalize the data generating process through a Struc-
tural Causal Model (SCM) [68] over the experiment, which also underpins estimation and 
inference in our setting. At each time t, we first observe the history data H(t), which in-
cludes, for previously enrolled participants with ti = t − k (k = 1, . . . , K), the outcomes 
given by Yi,k = fYk (Wi, Ai, Yi,1, . . . , Yi,k−1, UYi,k ). Second, for each new unit i enrolled at 
time t, we observe ti = t; Wi = fW (UWi ); Ci = fC (H(i)); and Ai = fA (Ci, UAi ). Here, 
Ui = (UWi , UAi , UYi,1 , . . . , UYi,K ) are exogenous variables independent across participants. The 
actual adaptive design for n subjects is represented by the sequence of applied treatment-
randomization functions, denoted by g1:n := {gi : i = 1, . . . , n}. 
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1.2.2 Evaluation of Counterfactual CARA Designs 

Here we define a target estimand within a modified SCM under a counterfactual adaptive 
design. Specifically, we replace every Ai = fA(Ci, UAi ) in the original SCM with A∗

i ∼ 
g∗,i(·|Ci) for every i, which is a treatment randomization function under a counterfactual 
adaptive design, based on the observed summary measure Ci for each unit i at their entry 
time. The outcomes then follow Y ∗ 

i,k = fYk (Wi, A ∗ 
i , Y ∗i,1, . . . , Y ∗ 

i,k−1, UYi,k ) for k = 1, . . . , K. 
Let C̄(n) := (C1, · · · , Cn). Under this modified SCM, the proposed estimand is: 

Ψ g∗,1:n( ̄C(n)) = 
1

n 

n 

i=1 

E g∗,i(·|Ci) 

 
Y ∗ 
i,K 

 
, 

the mean counterfactual primary outcome had all participants, at their entry, been treated 
according to the treatment randomization mechanism g∗,i that could have been applied under 
an alternative adaptive design g∗,1:n = (g∗,1, . . . , g∗,n). 

This target estimand naturally supports the counterfactual evaluation of multiple candi-
date adaptive designs of interest. Suppose we have J different candidate adaptive designs, 
where each design is defined by a series of counterfactual treatment randomization functions 
{g∗ 

j,i : i = 1, . . . , n} for j ∈ [J ], and depends on the j-specific design configuration aiming 
to increase the probability that new participants receive personalized optimal treatment as-
signments to maximize their outcomes. The corresponding counterfactual estimand for the 
j-th candidate design is defined as: Ψj := 1 

n

 n
i=1 Eg ∗ 

j,i(·|Ci) 

 
Y ∗ 
i,K 

 
, reflecting the expected 

final outcome had the population been treated under that adaptive design. This enables a 
principled comparison of all candidate designs by comparing the values of {Ψj}Jj=1. 

Let Q0 := (Q0,W , Q0,K ) ∈ QW × QK , where Q0,W is the true distribution of W , and 
Q0,K is the conditional distribution of YK given A and W , with the associated ¯ Q0,K denoting 
the true conditional mean function of the final outcome YK given A and W . We also use 
g0,i to denote the actual treatment randomization function applied to each participant i in 
the experiment, which is known to the experimenter. One can identify the proposed causal 
estimand based on the observed data under the following assumptions. 

Assumption 1.1 (Sequential Exchangeability). For any i ∈ [n], Yi,K (a) ⊥⊥ Ai | Ci. 

Assumption 1.2 (Positivity). For any i ∈ [n] and a ∈ A, g0,i(a|Ci) > 0. 

Theorem 1.1 (Identification). With assumptions 1.1 and 1.2, one can identify Ψj under 
Q0 by 

Ψ j(Q0) = Ψ g∗ 
j,1:n 

(Q0) = 
1

n 

n 

i=1 

EQ0,g∗ 
j,i 

 
Y ∗ 
i,K 

 
= 

1 
n 

n
i=1 

1 

a=0 

Q̄0,K (a, Wi)g 
∗ 
j,i(a|Ci). 

We note that this estimand provides a fast and robust approximation to an ideal estimand: 
the expected outcome obtained by integrating the entire distribution of data that would 
sequentially arise from the candidate adaptive design of interest. However, the latter’s 
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estimation is considerably more complex and computationally intensive. In contrast, our 
proposed context-specific estimand substantially simplifies the estimation procedure, enables 
doubly-robust estimation, and closely approximates the ideal estimand when the observed 
contexts are reflective of those that would be observed in the candidate design, especially 
when the adaptation procedure is based on learning from a stationary target (e.g. Q0) 
that dominates over the experiments. This yields an efficient and effective approach to 
distinguishing high-performing from low-performing designs and facilitating online selection 
among candidate designs. We refer readers to Section 1.8.1 for further discussions and 
empirical results showing minimal difference between the two estimands in our simulations. 

1.2.3 Targeted Maximum Likelihood Estimation 

At each time point t, let nt := N(t − K) denote the total number of participants for 
whom the final outcome YK has been observed at that time. We define the target esti-
mand for the j-th counterfactual adaptive design at time t as Ψt,j := 1 

nt 

 nt 
i=1 EQ0,g∗ 

j,i 

 
Y ∗ 
i,K 

 
= 

1
nt 

 nt 
i=1 

1 
a=0 Q̄0,K(a, Wi)g ∗ 

j,i(a|Ci). To estimate Ψt,j, we provide a Targeted Maximum Like-
lihood Estimation (TMLE) approach. Let Q̄n,K,t be an initial estimate of Q̄0,K based on the 
historical data H(t) observed up to time t. We apply a TMLE procedure to update Q̄n,K,t 

by fitting the logistic model [51, 53, 50, 62]: logit Q̄n,K,t,ϵ (A, W ) = logit Q̄n,K,t (A, W ) + ϵ, 

with weights 
g∗ 
j,i(Ai|Ci)

g0,i(Ai|Ci) 
. The estimate of ϵ is denoted by ϵ̂t, and an updated estimator of the 

conditional mean function Q̄ ∗n,K,t := Q̄n,K,t,ϵ̂t is obtained, which solves: 

1 
nt 

nt 

i=1 

g ∗ 
j,i(Ai|Ci) 

g0,i(Ai|Ci) 

 
Yi,K − Q̄∗ 

n,K,t(Ai, Wi) 
 
= 0. 

The TMLE estimate of Ψt,j is: 

Ψ̂ t,j := 
1 
nt 

nt
i=1 

1 

a=0 

Q̄∗ 
n,K,t(a, Wi)g

∗ 
j,i(a|Ci). 

The estimated standard error is 
 
σ̂2 
t,j/nt, where 

σ̂ 2 
t,j := 

1 
nt 

nt 

i=1 

 
g ∗ 
j,i(Ai|Ci) 

g0,i(Ai|Ci) 

 
Yi,K − Q̄∗ 

n,K,t(Ai, Wi) 
 2 

. 

The 100(1 − α)% Wald confidence interval is 
 
Ψ̂t,j − z1−α/2 

 
1 
nt 
σ̂2 
t,j, Ψ̂t,j + z1−α/2 

 
1 
nt 
σ̂2 
t,j 

 
, 

where z1−α/2 is the 1 − α/2 quantile of the standard normal distribution (e.g. α = 0.05). 
Under the conditions in Section 1.4, TMLE is consistent, asymptotically normal and 

doubly robust, meaning that consistency holds if the outcome regression or the treatment 
assignment mechanism is correctly specified. In adaptive designs, the treatment assignment 
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mechanism is known, so TMLE remains consistent even if the outcome regression is mis-
specified. That said, more accurate estimation of ¯ Q0,K can reduce the variance of TMLE. 
When multiple estimators are available, a Super Learner [47] can be used to select the 
best-performing estimator by cross-validation. 

1.2.4 Online Super Learner Adaptive Design 

As the experiment progresses to a new time point t, there are up to J candidate treatment 
randomization functions g∗1,i, . . . , g

∗ 
J,i for assigning treatment randomization probabilities for

a new participant i enrolled at t. For each j ∈ [J ], g∗ 
j,i is generated based on historical data us-

ing the j-specific adaptive design configurations. The proposed Online Super Learner Adap-
tive Design begins by estimating Ψt,j for each j ∈ [J ] and obtaining confidence intervals for 

these estimates. Then, it selects the design indexed by j∗ 
t := argmaxj∈[J ] Ψ̂t,j −z1−α/2 

 
1
nt 
σ̂2 
t,j, 

the candidate design with the highest lower confidence interval bound among all ˆ Ψt,j for 
j ∈ [J ], prioritizing designs with high performance with low uncertainty to mitigate the risk 
of selecting a suboptimal design due to unstable estimates. Finally, for all participants i 
enrolled at time t, we assign treatment randomization probabilities using g∗j∗t ,i

. 

1.2.5 Statistical Inference at the End of Adaptive Experiments 

We denote by Tend := T + K the time when the experiment concludes, i.e., when all final 
outcomes YK have been observed after the last enrollment at time T . The corresponding 
sample size is nend := N(T ) = 

 T
t=1 E(t). At time Tend, the TMLE procedure in Section 1.2.3 

applies to estimate ΨTend,j, the expected final outcome under the jth counterfactual adaptive 
design. We also provide TMLEs for other causal estimands commonly studied in random-
ized trials, including the average treatment effect and the mean outcome under dynamic 
treatment rules. Their statistical inference is based on Wald confidence intervals using the 
corresponding TMLE estimates and their estimated standard errors. 

Average treatment effect. We define the following average treatment effect (ATE) on 
the primary outcome YK across all participants within the experiment: 

ψ ATE 
Tend 

:= 
1 
nend 

nend 

i=1 

 
Q̄0,K (1, Wi) − Q̄0,K (0, Wi) 

 
. 

For estimation, we first obtain an initial estimate ¯ Qn,K,Tend of ¯ Q0,K and then perform the 
TMLE update with weights 2Ai−1 

g0,i(Ai|Ci) 
, yielding Q̄ ∗n,K,Tend 

that solves 

1 
nend 

nend 

i=1 

2Ai − 1 
g0,i(Ai|Ci) 

 
Yi,K − Q̄∗ 

n,K,Tend 
(Ai, Wi) 

 
= 0. 
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The TMLE estimate of ψATE 
Tend 

is ψ̂ATE 
Tend 

:= 1 
nend 

 nend 
i=1 

 
Q̄ ∗ 

n,K,Tend 
(1, Wi) − Q̄ ∗ 

n,K,Tend 
(0, Wi) 

 
. The 

standard error estimate is 
 
σ̂ 2,ATE 
Tend 

/nend, where 

σ̂ 2,ATE 
Tend 

= 
1 
nend 

nend 

i=1 

 
2Ai − 1 

g0,i(Ai | Ci) 

 
Yi,K − Q̄ ∗ 

n,K,Tend 
(Ai, Wi) 

  2 

. 

Mean outcome under a dynamic treatment rule. Let d : W → A denote a fixed 
dynamic treatment rule mapping baseline covariates to a treatment arm. We define a target 
estimand ψd 

Tend 
:= 1 

nend 

nend 
i=1 Q̄0,K 

 
d(Wi), Wi 

 
as the mean final outcome YK under rule d. 

We apply TMLE with weights I(Ai=d(Wi)) 
g0,i(Ai|Ci)

to solve 

1 
nend 

nend 

i=1 

I(Ai = d(Wi)) 
g0,i(Ai|Ci) 

(Yi,K − Q̄∗ 
n,K,Tend 

(Ai, Wi)) = 0, 

and yield ψ̂d 
Tend 

:= 1 
nend 

nend 
i=1 Q̄ ∗n,K,Tend 

(d(Wi), Wi). The standard error estimate is given by  
σ̂2,d 
Tend 

/nend, where 

σ̂ 2,d 
Tend 

:= 
1 
nend 

nend 

i=1 

 
I(Ai = d(Wi)) 
g0,i(Ai|Ci) 

(Yi,K − Q̄ ∗ 
n,K,Tend 

(Ai, Wi)) 

 2 

. 

We also note their marginal versions ψATE := E 
 
Q̄0,K (1, W ) − Q̄0,K (0, W ) 

 
and ψd := 

E 
 
Q̄0,K 

 
d(W ), W 

 
. The TMLE estimates are the same as above, while the standard er-

ror estimates differ, with 
 
σ̂2,ATE/nend for ψATE and 

 
σ̂2,d/nend for ψd , where σ̂2,ATE := 

1 
nend 

 nend 
i=1 

 
2Ai−1 

g0,i(Ai|Ci) 

 
Yi,K − Q̄ ∗ 

n,K,Tend 
(Ai, Wi) 

 
+ Q̄ ∗ 

n,K,Tend 
(1, Wi) − Q̄ ∗ 

n,K,Tend 
(0, Wi) − ψ̂ATE 

 2 

and σ̂2,d := 1 
nend 

 nend 
i=1 

 
I(Ai=d(Wi)) 
g0,i(Ai|Ci) 

(Yi,K − Q̄ ∗ 
n,K,Tend 

(Ai, Wi)) + Q̄ ∗ 
n,K,Tend 

(d(Wi), Wi) − ψ̂d 
 2 
. 

1.3 Evaluating and Utilizing Surrogates in CARA 
Designs 

In this section, we apply the TMLE-OSLAD framework to the motivating example of adap-
tive experiments involving multiple surrogate outcomes before the final outcome. Recall that 
there are K − 1 candidate surrogate outcomes, Y1, . . . , YK−1 measured before the primary 
outcome YK at follow-up times k = 1, . . . , K − 1. Each surrogate Yk defines a distinct candi-
date adaptive design, which leverages accumulating information from short-term surrogate 
outcomes to increase the probability for assigning the estimated personalized treatment 
associated with that surrogate over time. TMLE-OSLAD is implemented to continuously 
evaluate and dynamically select among different surrogate-specific adaptive designs over the 
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experiment. We first introduce a CARA procedure that adapts treatment randomization 
probabilities based on the estimated conditional average treatment effect (CATE) to improve 
participant outcomes. Building on Section 1.2, we define our target estimand that evaluates 
each candidate surrogate within a counterfactual adaptive design that utilizes the surrogate 
to adapt treatment randomization probabilities. We then demonstrate TMLE-OSLAD 
that uses TMLE to estimate these target estimands to evaluate surrogate-guided adaptive 
designs, and utilizes the most useful one to guide the ongoing adaptive experiment. Finally, 
we conduct post-experiment inference for other causal estimands such as ATE and the 
mean primary outcome under optimal dynamic treatment rules that optimize primary or 
surrogate outcomes. 

1.3.1 CARA Designs Using Surrogate Outcomes 

In our CARA designs, at each time point, we update the model to estimate the CATE for 
the outcome of interest and its associated uncertainty, and use these estimates to assign 
randomization probabilities to newly enrolled participants. This design aims to maximize 
participant outcomes by increasing the chance to allocate the estimated optimal treatment, 
with a principled exploration–exploitation balance ensuring sufficient exploration when the 
superiority of a treatment arm is uncertain and maintaining the ability to continue learning 
heterogeneous treatment effect from data collected at later time points. Specifically, when 
the estimated CATE is small relative to its uncertainty, indicating that the superiority of one 
treatment arm is uncertain, the treatment randomization probabilities remain close to 0.5. 
This avoids overcommitting to a noisy and potentially suboptimal rule and ensures sufficient 
exploration across treatment arms. As the estimated CATE suggests a stronger signal for 
the superior treatment arm, the probability of assigning that treatment increases up to a 
maximum exploitation probability. Meanwhile, a positive lower bound on the probability of 
assigning the alternative arm is maintained to ensure sufficient support for valid estimation 
and inference of other estimands at the end of the experiment (see Sections 1.2.5 and 1.3.3). 

More details of the CARA design are provided in the Supplementary Material (Section 
1.8). Specifically, CATE is estimated using a doubly robust approach based on pseudo-
outcomes [43, 60] (Section 1.8.3), with point estimates and confidence intervals constructed 
based on higher-order Highly Adaptive Lasso (HAL) [52] (Section 1.8.2). Details of the 
treatment randomization function can be found in Section 1.8.4. 

1.3.2 Surrogate-Guided Online Super Learner Adaptive Design 

To enable data-adaptive selection of the most effective surrogate to guide treatment allo-
cation, we leverage the general TMLE-OSLAD framework in Section 1.2 to both evaluate 
and dynamically utilize candidate surrogate outcomes within real-time CARA experiments. 
At each interim time t, we use all observed historical data to assess the utility of each 
surrogate-driven adaptive design and to select the most promising surrogate for adaptation. 
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First, at time t, we define the target estimand Ψ t,g∗ 
k,1:nt 

:= 1 
nt 

 nt 
i=1 E g∗ 

k,i 

 
Y ∗ 
i,K 

 
for each 

candidate surrogate Yk, which represents the mean final outcome that would be achieved for 
the nt fully-followed participants if each had been assigned with the treatment randomization 
function g∗ 

k,i, at their enrollment, determined by the adaptive design using surrogate Yk. We 
refer to this estimand as “the utility of a surrogate” in the CARA design (see Section 1.8.1 
for further discussion of this estimand). 

To construct g∗ 
k,i from the CATE for Yk, we impose the following identification assump-

tion. 

Assumption 1.3 (Sequential Exchangeability for Surrogate Outcomes). For any k ∈ 
{1, . . . , K − 1} and any subject i ∈ {1, . . . , nt}, Yi,k(a) ⊥⊥ Ai | Ci. 

Under Assumptions 1.1 and 1.2, Ψt,g ∗ 
k,1:nt 

can be identified as 

Ψt,k := 
1 
nt 

nt
i=1 

1 

a=0 

Q̄0,K (a, Wi)g
∗ 
k,i(a|Ci). 

Then, we estimate Ψ t,k for each surrogate Yk using TMLE, which is given by Ψ̂t,k =
1
nt 

 nt 
i=1 

 1 
a=0 Q̄ ∗ 

n,K,t(a, Wi)g ∗ 
k,i(a|Ci). The estimated standard error is 

 
σ̂2 
t,k/nt, where σ̂2 

t,k = 

1
nt 

nt 
i=1 

 
g∗ 
k,i(Ai|Ci) 

g0,i(Ai|Ci)

 
Yi,K − Q̄ ∗n,K,t(Ai, Wi) 

2 
. Next, we compare all candidate surrogates and 

the final outcome by constructing confidence intervals for Ψt,k (k = 1, . . . , K) and identify 
the outcome Yk∗ 

t
with the highest lower confidence bound, where k∗ 

t := argmaxk∈[K] Ψ̂t,k − 

z1−α/2 

 
σ̂2 
t,k/nt. For example, if two surrogates have similar point estimates but one yields a 

much narrower confidence interval, the surrogate with the higher lower bound is prioritized, 
as it reflects more evidence in its utility relative to uncertainty. Accordingly, we select Yk∗ 

t
as 

the outcome to guide the next-stage treatment assignment for newly enrolled participants at 
time t, utilizing the treatment randomization function g ∗ 

k∗t ,i
. This procedure is repeated at 

each subsequent time point, allowing adaptive surrogate selection and treatment allocation 
as new data accrue. 

1.3.3 Inference after Adaptive Experiments Involving Surrogates 

At the end of the adaptive experiment, one can follow Section 1.2.5 to conduct statistical 
inference for causal estimands such as the average treatment effect or the mean outcome 
under dynamic treatment rules. Here, we consider the mean primary outcome under optimal 
dynamic treatment rules (ODTR) that maximize the primary outcome [66, 74, 45] or a 
surrogate outcome [31, 88]. 

For a primary or surrogate outcome Yk (k ∈ {1, . . . , K}), define the optimal dynamic 
treatment rule d∗ 

0,k : W → A by d∗ 
0,k(W ) = I(E[Yk(1) − Yk(0) | W ] > 0). We estimate this 
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rule using all observed data and obtain d∗ 
n,k,Tend 

(for brevity, we also write d∗ 
n,k ). The target 

estimand is the mean primary outcome YK under this rule 

ψ 
d ∗ 
n,k 

Tend 
:= 

1 
nend 

nend 

i=1 

Q̄0,K (d ∗ 
n,k(Wi), Wi), 

or its marginal version ψ d ∗ 
n,k := E[ Q̄0,K (d ∗ 

n,k(W ), W )]. We estimate them by TMLE solving 
1 

nend 

 nend 
i=1 

I(Ai=d ∗ 
n,k (Wi)) 

g0,i(Ai|Ci) 
(Yi,K − Q̄ ∗ 

n,K,Tend 
(Ai, Wi)) = 0, yielding a point estimate ψ̂ 

d ∗ 
n,k 

Tend 
:= 

1 
nend 

nend 
i=1 Q̄ ∗ 

n,K,Tend 
(d ∗ 

n,k(Wi), Wi), with standard error estimates given by Section 1.2.5. 
We note that this approach provides an additional treatment-rule-based perspective 

on evaluating surrogate utility by the mean primary outcome YK achieved under ODTRs 
maximizing a surrogate outcome Yk (k ̸= K), which can be compared with the value 
achieved under the ODTR maximizing YK itself. Moreover, for d∗ 

n,K , the estimated ODTR 
maximizing the primary outcome YK , the standard TMLE for its evaluation may exhibit 
upward bias as the same data are used to both learn the rule and evaluate its value. We 
recommend applying cross-validated TMLE (CV-TMLE) [97, 45, 64], which uses sample 
splitting to avoid finite sample bias. 

1.4 Theoretical Analysis of TMLE 

This section derives consistency and asymptotic normality of the proposed TMLE. For no-
tational continuity with the surrogate-guided adaptive design setup introduced above, we 
continue to index candidate designs by k ∈ [K] in the TMLE analysis, and the target esti-
mand of interest is Ψt,k. This indexing is notationally equivalent to the general index j ∈ [J ] 
used in Section 1.2 for estimating Ψt,j; the theoretical results and proofs apply identically 
under either notation. We first study the difference between TMLE Ψ̂t,k and the truth Ψt,k. 

For any Q̄K ∈ Q̄K , define Dk( Q̄K ) (Oi, Ci) := 
g∗ 
k,i (Ai|Ci) 

g0,i(Ai|Ci)

 
Yi,K − Q̄K (Ai, Wi) 

 
. 

Theorem 1.2. For any Q̄∗
n,K,t ∈ ¯ QK and ¯ Q1,K ∈ ¯ QK , the difference between ˆ Ψt,k and Ψt,k 

can be decomposed as Ψ̂t,k − Ψt,k = M1,nt ( Q̄1,K ) + M2,nt ( Q̄ ∗n,K,t, Q̄1,K ), where 

M1,nt 

 
Q̄1,K 

 
= 

1 
nt 

nt
i=1 

 
Dk 

 
Q̄1,K 

 
(Oi, Ci) − E 

 
Dk 

 
Q̄1,K 

 
(Oi, Ci) |H(i) 

  
, 

M2,nt 

 
Q̄ ∗ 

n,K,t, Q̄1,K 

 
= 

1 
nt 

nt 

i=1 

 

Dk 

 
Q̄ ∗ 

n,K,t 

 
(Oi, Ci) − E 

 
Dk 

 
Q̄ ∗ 

n,K,t 

 
(Oi, Ci) |H(i) 

  

− 

 

Dk 

 
Q̄1,K 

 
(Oi, Ci) − E 

 
Dk 

 
Q̄1,K 

 
(Oi, Ci) |H(i) 

  

. 

The difference of TMLE ˆ Ψt,k and the true Ψt,k is decomposed into M1,nt , an average 
of a martingale difference sequence, and a martingale process M2,nt . Under the strong 
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positivity and stabilized conditional variance conditions below, the asymptotic normality of 
M1,nt follows directly from the martingale central limit theorem (e.g., Theorem 2 in [9]). 

Assumption 1.4 (Strong positivity). For any i, there exists ζ > 0 such that g0,i > ζ and 
g∗ 
k,i > ζ. 

Assumption 1.5 (Stabilization of the average of conditional variances). There exists σ2 
t,k ∈ 

R+ such that 1
nt 

 nt 
i=1 V ar 

 
Dk(Q̄1,K )(Oi, Ci) | H(i) 

 p → σ2 
t,k. 

Theorem 1.3 (Asymptotic normality of the first term). Suppose that assumptions 1.4 and 

1.5 hold, then 
√ 
ntM1,nt 

 
Q̄1,K 

 d → N(0, σ2 
t,k). 

We note that M1,nt depends only on a fixed function ¯ Q1,K ∈ ¯ QK . For asymptotic 
normality of the TMLE, ¯ Q1,K need not equal the true conditional mean ¯ Q0,K as long as 
Q̄ ∗n,K,t converges to Q̄1,K satisfying the equicontinuity condition for the second term, M2,nt , 
as formalized below. 

Assumption 1.6 (Entropy integral of Q̄K ). Let N∞(ϵ, Q̄K ) denote the ϵ-covering number in 

supremum norm of Q̄K. Define J∞(ϵ, Q̄K ) := 
 ϵ 
0

 
log
 
1 + N∞(u, Q̄K ) 

 
du as the ϵ-entropy 

integral in supremum norm of Q̄K. Assume that J∞ 

 
ϵ, Q̄K 

 
is finite and J∞ 

 
ϵ, Q̄K 

 
→ 0 

as ϵ → 0. 

Assumption 1.7 (Convergence of Q̄∗
n,K,t). For any ¯ QK ∈ ¯ QK , define 

snt 

 
Q̄K , Q̄1,K 

 
:= 

    1 
nt 

nt 

i=1 

E 

 

ϕ 

 
|Dk 

 
Q̄K 

 
(Oi, Ci) − Dk 

 
Q̄1,K 

 
(Oi, Ci)| 

υ 

   H(i) 

 

, 

where ϕ(x) := e x − x − 1, υ := 8(1 − ζ)/ζ. Assume that snt 

 
Q̄ ∗ 

n,K,t, Q̄1,K 

 
= OP (δnt ) for 

some δnt → 0. 

Theorem 1.4 (Equicontinuity). Under Assumptions 1.4, 1.6, and 1.7, M2,nt ( Q̄ ∗ 
n,K,t, Q̄1,K ) = 

oP 

 
n 
− 1

2 
t

 
. 

Theorem 1.5 (Asymptotic normality of TMLE). Suppose Assumptions 1.4, 1.5, 1.6, and 

1.7 hold, then 
√
nt(Ψ̂t,k − Ψt,k) 

d → N(0, σ2 
t,k). 

The asymptotic normality of TMLE is obtained directly from Theorems 1.3 and 1.4. We 

estimate the standard error by σ̂2 
t,k := 1 

nt 

 nt 
i=1 

 
g∗ 
k,i (Ai|Ci) 

g0,i(Ai|Ci) 

 
Yi,K − Q̄ ∗ 

n,K,t (Ai, Wi) 
2 

(which 

converges in probability to σ2 
t,k), with the confidence interval given by Ψ̂t,k ± z1−α/2 

 
σ̂2 
t,k/nt. 
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1.5 Simulation Studies 

Simulation setup. We present simulation studies to evaluate the performance of our 
proposed adaptive design and estimation methods. 1 We consider a binary treatment 
A ∈ {0, 1}, a univariate baseline covariate W following a uniform distribution U(−4, 4), 
four surrogate outcomes Yk measured at follow-up times k = 1, 2, 3, 4, respectively, and 
a final outcome Y5. Each participant’s outcome Yk is generated by its conditional mean 
E(Yk|A, W ) plus a random error following the normal distribution (∼ N(0, 1)). For detailed 
information on the simulations, we refer readers to Section 1.8.3 for CATE estimation, 
Section 1.8.4 for treatment randomization mechanism and Section 1.8.7 for data generating 
distributions. We evaluate the performance of various designs in two scenarios. In Scenario 
1 (Figure 1.1a), the optimal dynamic treatment rule based on the final outcome is more 
aligned with that defined in terms of later versus earlier surrogates. This implies that, 
despite requiring some time to measure and thus delaying adaptation in randomization 
probabilities, later surrogates are more useful in guiding treatment assignment probabilities. 
In Scenario 2 (Figure 1.1b), all surrogate outcomes have the same ODTR as that of the 
final outcome. Notably, early surrogates have larger absolute CATE compared to later 
surrogates, suggesting that early surrogates are more sensitive to different treatments and 
potentially serve as superior indicators of the most beneficial treatment compared to the 
final outcome. In other words, in this scenario, earlier surrogates have the joint advantage 
of both timeliness and improved sensitivity for detecting treatment effect heterogeneity. 
We compare seven distinct designs with varying treatment randomization mechanisms 

over 500 Monte Carlo runs: (a) a simple non-adaptive randomized controlled trial (RCT) 
design, which allocates two treatments with equal probability at each time point; (b) five 
adaptive designs with randomization probabilities updated in response to an a priori fixed 
choice of either a surrogate outcome Yk (k = 1, ..., 4) or the final outcome YK (K = 5); (c) 
the proposed TMLE-OSLAD adaptive design that dynamically evaluates and selects which 
outcome (among Y1, . . . , Y5) is used to update treatment randomization probabilities at each 
time point. For each design, we run experiments for T = 50 time points with 50 subjects 
enrolled per time point. The maximal treatment assignment probability is capped at 90%. 

Surrogate evaluation and TMLE performance. We first evaluate if TMLE-OSLAD 
can consistently identify the oracle surrogate, which we define as the candidate with the 
highest true Ψt,k at time t among all Yk (in other words, the surrogate that if used would 
result in the largest expected primary outcomes for all enrolled participants in the experi-
ment). In particular, if Ψt,K is the largest, then the primary outcome YK itself is the oracle. 
Table 1.1 presents the average of true Ψt,k values at illustrative time points 11, 21, 31, 41, 
and 50 for both scenarios across Monte Carlo runs. The expected outcome of Y5 under the 
non-adaptive randomization is also reported, denoted by Ψt,RCT . In Scenario 1, the oracle 
surrogate gradually shifts towards later surrogates as time elapses and more data from these 

1The code can be found at https://github.com/WenxinZhang25/TMLE-OSLAD. 

https://github.com/WenxinZhang25/TMLE-OSLAD
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Figure 1.1: Conditional Average Treatment Effect (CATE) functions for the simulation scenarios: 
(a) Scenario 1, where later surrogates have higher utility; (b) Scenario 2, where earlier surrogates 
have higher utility. Each curve depicts the CATE function for a candidate outcome, Y1 through Y5. 

surrogates become available to guide the adaptation of treatment randomization probabil-
ities. Initially, surrogates Y3 and Y4 have the highest value at times 11 and 21, reflecting 
the balance they achieve between earlier availability and degree to which they reflect the 
true optimal individualized treatment assignment. While these surrogates provide benefit 
in the short term, they do not consistently predict the correct optimal treatment for the 
primary outcome for all individuals, leading them to be eventually outperformed by designs 
that utilize the true primary outcome Y5 as additional follow-up time is accrued. This is 
expected, as the ultimate assessment of a surrogate’s effectiveness as follow-up time extends 
hinges on its ability to predict the optimal personalized treatment for the primary outcome. 
In Scenario 2, as expected, surrogate Y1 remains the most useful (i.e. is the oracle surrogate) 
throughout, due to its early availability, and the fact that it correctly identifies the true 
optimal individualized treatment for the long-term primary outcome. In contrast, later sur-
rogates Y4 and Y5 have lower scores. This disparity can be attributed to the fact that while 
Y4 and Y5 will eventually serve equally well to identify the optimal personalized treatment as 
time since trial initiation goes to infinity, their utility is limited under finite trial durations 
because they have been observed for fewer participants. Across both scenarios, the TMLE 
estimates for these estimands exhibit low bias and variance, and their confidence intervals 
obtain nominal coverage (see Tables 1.3, 1.4, 1.5 in Section 1.8.7). 

Figures 1.2a–1.2b show the frequency with which each candidate design is selected by 
TMLE-OSLAD over time in Scenarios 1 and 2, respectively, while Figures 1.2c–1.2d present 
a single-run example illustrating the selection mechanism. Without prior knowledge of 
relationships between surrogate and primary outcomes, the TMLE-OSLAD procedure is 
able to identify the oracle surrogate in each setting. In Scenario 1, where later surrogate out-
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Table 1.1: True values of the target estimand Ψt,k under candidate designs in Scenarios 1 and 
2 (t = 11, 21, 31, 41, 50), where participants enrolled from 1, . . . , t − K were adaptively treated 
according to candidate surrogate Yk. Values under the oracle design are shown in bold. 

(a) Scenario 1 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 0.000 -0.016 0.053 0.078 0.066 0.033 
21 0.000 -0.008 0.083 0.145 0.177 0.173 
31 0.000 -0.005 0.091 0.161 0.203 0.208 
41 0.000 -0.002 0.094 0.169 0.215 0.225 
50 0.000 -0.001 0.096 0.173 0.222 0.234 

(b) Scenario 2 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 0.000 0.073 0.057 0.039 0.019 0.004 
21 0.000 0.087 0.081 0.073 0.061 0.038 
31 0.000 0.090 0.086 0.081 0.073 0.052 
41 0.000 0.091 0.089 0.085 0.078 0.060 
50 0.000 0.092 0.090 0.087 0.081 0.065 

comes serve as better proxies for the final outcome when determining optimal individualized 
treatments, TMLE-OSLAD progressively shifts its selections toward these later surrogates, 
ultimately favoring Y4 and Y5 most frequently. In contrast, in Scenario 2 where the earliest 
surrogate Y1 remains the oracle surrogate throughout, TMLE-OSLAD predominantly selects 
early surrogates, with Y1 most frequently selected, followed by Y2 and Y3, while Y4 and Y5 

are rarely chosen. 

Performance of benefiting participants. We use d0,K : W → A to denote the 
true optimal individualized treatment rule for YK , which is defined as d0,K (W ) := 
I( Q̄0,K (1, W ) − Q̄0,K (0, W ) > 0). This rule assigns to each individual the treatment 
that would maximize their expected final outcome, given their covariates. To evaluate 
the extent to which each design assigns treatments that match the underlying oracle 
optimal rule, we define probability of not assigning optimal individualized treatments as 
pnon-opt t := 1

E(t) 

 
i:ti=t I (Ai ̸= d0,K (Wi)), where E(t) is the number of participants enrolled 

at time t. Similarly, pnon-opt t,RCT and pnon-opt t,SL denote this probability for the non-adaptive RCT
and the proposed TMLE-OSLAD adaptive design, respectively. Table 1.6 in Section 1.8.7 
compares these suboptimal treatment assignment probabilities across different designs. We 
also define the average regret for participants enrolled at time t within an adaptive design 
as Rt := 1

E(t) 

 
i:ti=t I (Ai ̸= d0,K (Wi)) × | Q̄0,K (1, Wi) − Q̄0,K (0, Wi)|. Here, each participant 

i contributes the absolute difference in expected final outcomes between the optimal and 
actual treatments. A lower Rt indicates a better design that brings benefit in YK for 
participants enrolled at time t. We use Rt,k to denote the average regret within an adaptive 
design responsive to Yk at time t, while Rt,RCT and Rt,SL represent the average regret for 
the RCT design and TMLE-OSLAD design, respectively. Table 1.7 reports average regret 
across simulations at t = 11, 21, 31, 41, and 50, with full trajectories shown in Figure 1.4. 

In Scenario 1, where later surrogates are superior at identifying the optimal individualized 
treatment, the adaptive design responsive to Y5, as expected, consistently demonstrates the 
lowest regret across the experiment. In contrast, in Scenario 2, the regret within the adaptive 
design that responds to Y1 remains consistently the lowest. There is a noticeable trend that 
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Figure 1.2: Frequency of design selection by TMLE-OSLAD at each time point. Panels (a) and (b) 
correspond to Scenario 1 and Scenario 2, respectively. Each color represents one candidate design, 
including adaptive designs based on outcomes Yk (k ∈ {1, . . . , 5}) and the non-adaptive design. 
The height of each bar indicates the proportion of simulation runs in which that design attains the 
highest lower bound of the 95% confidence interval for ˆ Ψt,k among all candidate designs at time t, 
reflecting the selection mechanism of TMLE-OSLAD. Panels (c) and (d) display the selection mech-
anism at illustrative time points (t = 11, 21, 31, 41, 50) in a single simulation run under Scenarios 1 
and 2, respectively. Colored points show the TMLE point estimates of Ψt,k (y-axis) for evaluating 
each candidate design at each time point (x-axis). Vertical bars indicate the corresponding 95% 
Wald confidence intervals. At each time point, the selected design (defined as the one with the 
largest lower confidence bound among all candidate designs) is highlighted by a circular outline. 
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the adaptive design in response to the final outcome Y5 exhibits a slower convergence toward 
the regret of the oracle surrogate Y1, with a substantial discrepancy in regret that persists 
even at t = 50. Of course, in practice, the oracle surrogate is not known a priori, motivating 
the use of the TMLE-OSLAD procedure to evaluate and select among candidate surrogates 
in adaptive design. Across both scenarios, the proposed adaptive design demonstrates stable 
efficacy in approximating the minimal achievable regret compared to other designs. Its regret 
ranks second lowest starting at t = 23 in Scenario 1, and matches the lowest regret trajectory 
of Y1 following t = 21 in Scenario 2. This robust performance reflects the advantage of the 
real-time evaluation and selection mechanism in TMLE-OSLAD, which continuously assesses 
each candidate surrogate-guided adaptive design, selects the most advantageous one to guide 
treatment randomization in subsequent stages. 

Post-experiment inference for other causal estimands. Table 1.2 reports TMLE 
performance in estimating the additional causal estimands introduced in Section 1.3.3, in-
cluding the average treatment effect and the mean final outcome under the estimated optimal 
dynamic treatment rules that maximize surrogate outcomes and the primary outcome. The 
mean final outcome Y5 under the estimated optimal dynamic treatment rule for Y5 is esti-
mated using five-fold CV-TMLE. Overall, the TMLE-based estimators exhibit low bias and 
variance, with coverage near the nominal level across different estimands and scenarios. 

Table 1.2: Performance of TMLEs for other causal estimands at the end of experiments in Scenarios 
1 and 2 across Monte Carlo simulations. 

(a) Scenario 1 

Estimand Notation Truth Bias (×10−3) Var (×10−3) Coverage (%) 

Average treatment effect on the final outcome Y5 ψATE 
Tend 

0.468 3.94 3.92 95.8 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y1 ψ 
d ∗ 
n,1 

Tend 
0.011 -1.01 2.85 94.4 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y2 ψ 
d ∗ 
n,2 

Tend 
0.130 -0.87 2.02 93.8 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y3 ψ 
d ∗ 
n,3 

Tend 
0.235 -0.08 1.62 93.6 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y4 ψ 
d ∗ 
n,4 

Tend 
0.312 -1.01 0.89 94.6 

Expected final outcome Y5 under the estimated ODTR based on Y5 ψ 
d ∗ 
n,5 

Tend 
0.340 0.12 0.73 95.4 

(b) Scenario 2 

Estimand Notation Truth Bias (×10−3) Var (×10−3) Coverage (%) 

Average treatment effect on the final outcome Y5 ψATE 
Tend 

0.000 -1.17 3.99 94.8 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y1 ψ 
d ∗ 
n,1 

Tend 
0.120 -0.25 0.57 93.8 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y2 ψ 
d ∗ 
n,2 

Tend 
0.120 -0.32 0.59 94.2 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y3 ψ 
d ∗ 
n,3 

Tend 
0.120 -0.57 0.61 93.6 

Expected final outcome Y5 under the estimated ODTR based on surrogate Y4 ψ 
d ∗ 
n,4 

Tend 
0.119 -0.38 0.60 94.6 

Expected final outcome Y5 under the estimated ODTR based on Y5 ψ 
d ∗ 
n,5 

Tend 
0.114 -1.37 0.85 93.0 
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1.6 Application 

We conduct an extended simulation study inspired by the Adaptive Strategies for Preventing 
and Treating Lapses of Retention in HIV Care (ADAPT-R) trial [24], a sequential multiple 
assignment randomized (SMART) trial designed to evaluate adaptive strategies for improving 
retention in care among individuals initiating HIV treatment. We demonstrate our proposed 
TMLE-OSLAD framework in this context, showing how it utilizes effective surrogates to 
benefit participants and evaluating TMLE performance in this setup. 

Simulation setup. We focus on Phase 2 of the ADAPT-R trial, where participants who 
had a lapse in care in Phase 1 (defined as missing a clinic visit by 14 or more days) were 
re-randomized to a re-engagement strategy: either a peer navigation strategy (Navigator) or 
a combined Short Message Service reminder of appointments and conditional cash transfer 
(SMS+CCT). We discretize the study timeline into 50-day stages and define outcomes as the 
proportion of time in care during which a participant is engaged in across five windows, from 
the first day of receiving the re-engagement strategy to five specific time points: 50, 100, 
150, 200, and 250 days. These outcomes are labeled as Y1, Y2, Y3, Y4, and Y5, respectively, 
with Y5 (proportion of time in care in 250 days) the primary outcome, and Y1 through Y4 

the surrogate outcomes. We consider two covariates in the conditioning set of heterogeneous 
treatment effect: (a) initial Phase 1 treatment arm: SMS, CCT, or standard of care (SOC) 
and (b) time from Phase 1 enrollment to initial lapse in care. We used data from 215 
participants who were assigned either Navigator or SMS+CCT in Phase 2 after a lapse in 
care in Phase 1 and fit a generalized linear model to obtain the counterfactual outcomes 
for simulation. The CATE functions for the surrogate outcomes and the final outcome are 
presented in Figure 1.13 (see Section 1.8.9 with more details). We implement a series of 
CARA designs as outlined in Section 1.5, including a simple sequential RCT, five adaptive 
designs that use a fixed choice from Y1 through Y5, and the proposed TMLE-OSLAD adaptive 
design that evaluates and selects the best surrogate in real time. We also compared their 
performance with a naive policy that employs the latest available outcome at each time point 
to adapt treatment randomization probabilities. In each simulation, participants arrive 
following the enrollment schedule in the original trial with their observed covariates, and 
treatment assignments are generated sequentially according to the type of the simulated 
design and the covariate, treatment and outcome data of previously enrolled participants, 
then the outcomes are generated in response to the assigned treatment. This construction 
ensures that each observation is conditionally independent given the past. We simulate each 
design 500 times to assess the performance of TMLEs and different adaptive designs. 

Results. We compare regret over time obtained from implementing different design 
strategies (Figure 1.14 in Section 1.8.9). The adaptive design using the earliest outcome 
Y1 outperforms those based on later outcomes or the naive policy from t = 2 through 
t = 11. After t = 12, adaptive designs using later outcomes start achieving smaller regret 
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for new subjects than the earliest outcome, as the underlying true CATE functions of later 
surrogates are closer to that for the final outcome and are estimated more precisely as 
data accumulate. However, this delayed improvement does not compensate the overarching 
benefit provided by the earliest surrogate, which delivers prompt benefits to participants by 
adopting surrogate-guided optimal personalized treatments learned from earlier and more 
abundant data. For the naive policy, although it initially matches the best performing 
adaptive design based on Y1, its aggressive shift to the most recent outcomes leads it to 
behave similarly to the suboptimal later-outcome designs, resulting in higher regret. In 
contrast, TMLE-OSLAD predominantly selects the earliest surrogates (Y1 and Y2) over time 
(Figure 1.3a). It yields a higher expected final outcome (Figure 1.3b) than designs that 
adhere to later outcomes without ongoing evaluation and approaches the performance of 
the oracle design using the earliest surrogate. TMLE results for the proposed estimands 
during the experiment and for additional estimands after the experiment are reported in 
Section 1.8.9, showing low bias and variance across all estimands. Confidence-interval 
coverage is close to nominal for most estimands, with finite-sample undercoverage observed 
for some estimands under estimated optimal treatment rules. 
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Figure 1.3: Panel (a) shows the frequency of candidate adaptive design selections by TMLE-
OSLAD at each time point in the ADAPT-R trial simulation. Panel (b) shows the cumulative 
average expected final outcome over time obtained from implementing different designs. 

1.7 Conclusions 

In summary, this work provides a general TMLE-based Online Super Learner Adaptive De-
sign Framework (TMLE-OSLAD) for constructing a real-time, data-driven ensemble system 
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for adaptive experimental designs and shows how this framework contributes to the sta-
tistical theory and application of surrogate outcomes in adaptive designs. We propose a 
novel causal estimand for surrogate utility in sequential adaptive designs: the mean pri-
mary outcome under a counterfactual CARA design where, at enrollment, each participant’s 
randomization is shifted toward the optimal individualized rule learned from a candidate 
surrogate. It captures both how well the surrogate guides optimal treatment assignment and 
the extent to which it enables earlier benefit for more participants, with the goal of improv-
ing participants’ primary outcomes. Building on this, we define an Online Super Learner 
adaptive design that incorporates the proposed estimand to evaluate a library of candidate 
surrogates, selects the most useful surrogate based on TMLE inference, and dynamically 
adapts randomization probabilities by the selected surrogate-guided design. 

This work on surrogate outcomes is a concrete application of our highly general TMLE-
OSLAD framework, which provides statistical inference on the mean counterfactual outcome 
under each candidate adaptive design in a user-supplied set, and adaptively evaluates and 
updates the best-performing design over time to adapt treatment randomization for new 
participants. This unified framework enables principled evaluation of the opportunities and 
costs of diverse adaptive designs varying in their design choices, quantifies how accumulating 
information benefits participants over time, and supports dynamic navigation of trade-offs 
among multiple designs during an ongoing experiment. 

Methodologically, this framework advances non-parametric statistical inference for adap-
tive experiments: the proposed TMLE approach yields consistent, asymptotically normal 
estimators for the proposed estimand and other classical causal estimands, leveraging martin-
gale theories and equicontinuity results. It broadly applies to estimation of various estimands 
in sequentially dependent settings like adaptive designs and time series. 

Beyond the proposed context-specific estimand, further study of the computationally 
intensive “ideal estimand”, the expected outcome under the full data distribution induced 
by a candidate design (as is discussed in Section 1.8.1), could provide more insight into 
the strengths and limitations of different estimands, as well as trade-offs between statistical 
properties and computational efficiency. We leave this to future work. 

1.8 Supplementary Material 

1.8.1 Additional Remarks on the Target Estimand 

Surrogate Evaluation with Adaptive Design Perspective 

Our approach adopts an adaptive design perspective to evaluate surrogates in sequential 
decision-making contexts. The proposed target estimand evaluates the utility of surrogates 
by their early availability, predictability, and sensitivity in indicating effective treatments 
in the following sense. We define a trajectory of treatment rules ˜ g∗ 

k,1:t := (g̃ ∗ 
k,1, . . . , ̃g

∗ 
k,t), 

with each rule ˜ g∗ 
k,t ′ generating a personalized treatment randomization function g ∗ 

k,i for each 
participant i enrolled at time t ′ . Every g ∗ 

k,i is specifically tailored to maximize the surrogate 
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outcome Yk based on their baseline covariates Wi and context. We note that at each time 
point t ′ , g̃∗ 

k,t ′ depends only on historical data H(t ′ ). Therefore, g̃∗ 
k,t ′ can not deviate from 

a static design with equal randomization probabilities during the initial k time points, as 
observation of Yk is not yet available. Once Yk is available at t ′ = k + 1, g̃∗ 

k,t ′ starts mov-

ing towards its optimal dynamic treatment rule d0,k(W ) := I 
 
Q̄0,k(1, W ) − Q̄0,k(0, W ) > 0 

 
over time. If d0,k closely aligns with the true optimal rule for the primary outcome d0,K , 
then the surrogate Yk demonstrates the advantage of its early availability in informing which 
treatment is better in the context of sequential decision making, compared to later outcomes. 
The progression of g̃∗ 

k,t ′ from a static design with equal randomization probabilities towards 
the optimal dynamic treatment rule d0,k depends on the magnitude of treatment superiority 
(as measured by the point estimate of CATE) and its uncertainty (as reflected by estimated 
standard error of CATE). Therefore, if a surrogate Yk exhibits good alignment with the pri-
mary outcome in terms of optimal dynamic treatment rule and presents a strong signal of 
individualized optimal treatment over other surrogates, this surrogate will be preferred and 
given a higher Ψt,k. Of course, even if a surrogate demonstrates early availability and sensi-
tivity, it will present a lower Ψt,k value if it fails to predict optimal personalized treatments of 
the primary outcome. This is because the ultimate evaluation of a surrogate’s performance 
is based on the expected final outcome, underscoring the critical role of predictability in 
evaluating surrogate outcomes in adaptive designs. 

In summary, our proposed target estimand provides a comprehensive measure of a can-
didate surrogate’s utility to accelerate participant benefit in sequential adaptive designs. It 
captures not only the timeliness with which the surrogate becomes available for early adap-
tation, but also its sensitivity to heterogeneous treatment effects and its predictive accuracy 
in identifying optimal personalized treatments for the primary outcome. This approach con-
trasts with existing surrogate evaluation methods, which are generally developed for static 
settings rather than from a dynamic adaptive design perspective. 

Approximation of an Ideal Estimand 

Ideally, one could fully evaluate a candidate adaptive design by defining an ideal estimand 
as the expected final outcome when the entire experiment is conducted under that design, 
averaged across all participants. Formally, this requires integrating over the joint distribu-
tion of entry-time histories, contexts, treatments, and outcomes that would be sequentially 
induced if the candidate adaptive design were implemented from the start of the experi-
ment. In practice, however, targeting this estimand is computationally intensive and entails 
a substantially more involved estimation procedure. 

Instead, our context-specific estimand provides a fast and robust approximation to the 
ideal estimand by evaluating the expected outcome under the candidate design using contexts 
of the observed histories under the actual experiment. This estimand avoids modeling the 
full induced distribution under the candidate design and admits doubly robust estimation via 
TMLE (see Section 1.4). The approximation is most accurate when the observed contexts 
from the actual experiment are representative of those the candidate design would induce 
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- especially when the candidate design’s adaptation is based on learning from a stationary 
target such as Q0 or CATE that dominates over the experiments. This provides an effective 
approach to distinguishing low-utility from high-utility adaptive designs, thereby facilitating 
online selection among candidate designs with robust statistical support. 

In simulation studies, we also compute the expected counterfactual final outcome ob-
tained by implementing each candidate adaptive design (see Table 1.9 in Section 1.8.7), 
which corresponds to the ideal estimand. The results show that our context-specific esti-
mand (Table 1.1) closely matches this ideal target with minimal differences. 

1.8.2 The Highly Adaptive Lasso Estimator 

Highly Adaptive Lasso (HAL) [42, 3] is a flexible non-parametric regression estimator that 
minimizes empirical risk over the class of càdlàg (right-continuous with left limits) func-
tions with bounded sectional variation norms [27]. Instead of relying on local smoothness 
assumptions, HAL imposes a global smoothness constraint through the sectional variation 
norm and achieves a convergence rate of order n−1/3 up to logarithmic factors when using 
zero-order splines [5]. Recent work by [52] studies higher-order smoothness classes of càdlàg 
functions and develops higher-order spline HAL, showing that the m-th order HAL is asymp-

totically normal and attains a uniform convergence rate of order n− m+1 
2m+3 up to a logarithmic 

factor (m = 1, 2, . . .). In this work, we use first-order HAL to estimate conditional average 
treatment effect (CATE) functions (Section 1.8.3). 

We first introduce a class of d-variate càdlàg functions defined on a unit cube [0, 1]d 

with bounded sectional variation norm [27]. For any x ∈ [0, 1]d , denote x(j) as its j-th 
coordinate. For a given subset s ⊂ {1, . . . , d}, denote xs = (x(j) : j ∈ s). Let Q̄ be a 
real-valued d-variate càdlàg function on a unit cube [0, 1]d . Define Q̄s : (0s, 1s] → R as 
Q̄s(us) = Q̄(us, 0−s), i.e., the s-specific section of Q̄ that sets coordinates in the complement 
of subset s equal to 0. The sectional variation norm of ¯ Q is defined by ∥ Q̄∥∗v := | Q̄(0)| + 

s⊂{1,...,d},s̸=∅ 

 
(0s,1s] 

|d Q̄(us, 0−s)|. Suppose ∥ Q̄∥∗ 
v is finite, then Q̄ can be represented as [27]: 

Q̄(x) = 
 

[0,x] 
dQ̄(u) = Q̄(0) + 

 

s⊂{1,...,d},s̸=∅ 

 

(0s,1s] 
ϕ(0) 
us 
(xs)d Q̄(us, 0−s), 

where ϕ(0) 
us (xs) := I(xs ≥ us) is a zero-order basis function. 

One can use discrete measure with observed support points to approximate the presen-
tation of ¯ Q [42, 3]. Given n i.i.d samples (xi, yi) (i = 1, . . . , n) with xi ∈ [0, 1]d , yi ∈ R, 
one can use the s-specific support points xs,i := (xi(j) : j ∈ s) observed for each unit i 
across different subsets s to approximate Q̄. Specifically, the approximation is given by 
Q̄β(x) = β0 + 


s⊂{1,...,d} 

n 
i=1 βs,i ϕ

(0) 
xs,i (x(s)). 

We define P f := 
 
f(o)dP (o) for a function f with a data generating distribution P that 

generates data O ∼ P . Let Pnf := 
 
f(o)dPn(o) under empirical distribution Pn. Define the 

class Q̄(0) 
n,C = 

 
Q̄β(x) : |β0| + 

 
s⊂{1,...,d} 

n
i=1 |βs,i| < C 

 
for some constant C, and let L( Q̄) 
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be a loss function. A zero-order HAL-MLE is constructed by solving the following loss-based 
minimization problem: Q̄n = argmin ̄

Qβ ∈ Q̄(0) 
n,Cu 

n

PnL( Q̄β), where Cu 
n is a data-adaptive cross-

validation or undersmoothed selector of bounded sectional variation norm for the working 
model constructed on the basis functions ϕ(0) 

xs,i ’s. [5] establishes the L2 convergence rate of 
n− 1 

3 up to logarithmic factors for the zero-order HAL-MLE. 
[52] extends the HAL construction to higher-order smoothness classes. For integer m ≥ 1, 

define the m-th order smoothness class D(m)([0, 1]d) (m = 1, 2, . . .) on [0, 1]d as the class 
with functions whose m-th-order Lebesgue-Radon-Nikodym derivatives are càdlàg functions 
with bounded sectional variation norm. Like the zero-order HAL-MLE, one can construct 
a higher-order HAL-MLE that uses m-th order splines to estimate the target function in 
D(m)([0, 1]d). For the first-order (m = 1), the approximation of Q̄(1) ∈ D(1)([0, 1]d) can be 
written by Q̄(1) 

β (x) = β0 + 
 

s⊂{1,...,d} 

n
i=1 βs,iϕ

(1) 
xs,i (x(s)), where ϕ

(1) 
u (x) = (x − u)I(x ≥ u). 

Define Q̄(1) 
n,C = {Q̄(1) 

β ∈ D(1)([0, 1]d) : |β0| + 
 

s⊂{1,...,d} 

 n 
i=1 |βs,i| < C}. The first-order HAL-

MLE is constructed by Q̄(1) 
n = argmin ̄

Q
(1) 
β ∈ Q̄(1) 

n,Cu 
n

PnL( Q̄ (1) β ). One can also consider the second-

order spline function ϕ(2) 
u (x) = 1

2 (x − u)2I(x ≥ u) or higher-order spline basis functions 
to fit higher-order HAL-MLEs. Moreover, [52] establishes uniform covering number and 
entropy bounds for these higher-order HAL estimators, and shows that the m-th order spline 
HAL-MLE achieves asymptotic normality and a uniform convergence rate of n− m+1 

2m+3 up to 
logarithmic factors. 

1.8.3 Estimation of Conditional Average Treatment Effect 

A key procedure in our adaptive design is estimating the conditional average treatment ef-
fect (CATE). By estimating the CATE function, the experimenter can identify the optimal 
dynamic treatment rule that maximizes the expected outcome conditional on baseline covari-
ates, and update treatment randomization probabilities accordingly to increase the chance 
of allocating the estimated optimal personalized treatment in adaptive design. 

In this work, we use the Highly Adaptive Lasso (HAL) estimator to estimate the CATE 
function, with its advantages introduced in Section 1.8.2. Furthermore, we apply the delta-
method to obtain a Wald-type confidence interval for the CATE. This confidence interval 
guides the exploration-exploitation trade-off in adaptive designs by adjusting treatment ran-
domization probabilities based on the uncertainty in CATE estimates, which will be discussed 
in Section 1.8.4. 

Recall that ¯ Q0,k(A, W ) = E[Yk|A, W ] is the true conditional expectation of the k-th surro-
gate outcome, given the treatment A and baseline covariates W . For every new participant i 
enrolled at time t, we use Bn,k,t(Wi) to denote an estimate of B0,k(Wi) := E[Yk(1)−Yk(0)|Wi], 
the true CATE of Yk given Wi, the baseline covariates of participant i. We use τn,k,t(Wi) 
to denote the estimated standard error of CATE. Both estimates are based on H(i), the 
historical data observed before participant i is enrolled. 
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For each surrogate outcome Yk, we estimate CATE functions by two steps. First, we 
transform Yk into the pseudo-outcome [43, 60]: 

ηk(Q̄k, g)(O) = 
2A − 1 
g(A | W )

[Yk − Q̄k(A, W )] + Q̄k(1, W ) − Q̄k(0, W ). 

Note that the pseudo-outcome has the doubly-robust property that E[ηk( ¯ Qk, g)(O) | W ] = 
B0,k(W ) if ¯ Qk = ¯ Q0,k or g = g0. Since g0 is known in adaptive design, we only need to esti-
mate ¯ Q0,k with ¯ Qn,k, then impute ¯ Qn,k,t and g0 to generate the pseudo-outcome ηk( ¯ Qn,k,t, g0).

Second, we estimate the CATE function by regressing the pseudo-outcome ηk 


¯ Qn,k,t, g0 

 
on baseline covariates W by first-order spline HAL-MLE, which minimizes the empirical risk 
over D(1)([0, 1]d), the first-order smoothness class with its first-order derivative being càdlàg 
function with bounded sectional variation norm. That is, at time t, we estimate the CATE 
function by solving the following minimization problem: 

Bn,k,t = argmin 
Bk ∈Q̄ (1) 

Cu 
n,k,t 

Pnt,k Lk(Bk) 

where Lk(Bk)(O) := (Bk(W )−ηk(O))2 , and Pnt,k denotes the empirical distribution over the 
nt,k := N(t − k) observations with observed Yk at time t; Cu 

n,k,t is an upper bound for the 
first-order sectional variation norm that is data-adaptively selected by cross-validation. 

As introduced in Section 1.8.2, Bn,k,t(·) can be written as a linear combination of first-
order spline basis functions with non-zero coefficients. To quantify the uncertainty of the 
CATE, we use the delta method under this HAL working model to obtain pointwise infer-
ence for the conditional mean of the pseudo-outcome, which corresponds to the CATE. Let 
τn,k,t(Wi) denote the estimate of the standard error of Bn,k,t(Wi); a Wald-type 100(1 − α)% 
confidence interval for the CATE at Wi is Bn,k,t(Wi) ± z1−α/2τn,k,t(Wi) (α = 0.05). Both 
Bn,k,t(Wi) and τn,k,t(Wi) are then incorporated into the treatment randomization function 
introduced in Section 1.8.4 to construct g∗ 

k,i for each participant i in the adaptive design 
guided by surrogate Yk. 

1.8.4 Details of CARA Procedures 

We define a treatment randomization function ˜ hν : [−1, 1] × R+ → [0, 1] as follows: 

h̃ν(x, b) = νI(x ≤ −b) + (1 − ν)I(x ≥ b) + 

 

− 
1/2 − ν 
2b3 

x 3 + 
1/2 − ν 
2b/3 

x+ 
1 
2 

 

I(−b < x < b), 

where ν ∈ (0, 0.5) is a user-specified constant ensuring that ν ≤ ˜ hν ≤ 1 − ν. 
This mapping, adapted from [14], is extended here to explicitly incorporate both the 

magnitude and uncertainty of the estimated CATE. In our setup, x is the point estimate 
of CATE for each subject, while b is the estimated standard error of CATE, scaled by the 
z1−α/2 quantile of the standard normal distribution. 
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For interpretation, it is helpful to re-express this function in terms of the standardized 
CATE z = x/b, which is the CATE divided by half the width of its confidence interval. The 
function then becomes 

hν (z) = 

   

ν, z ≤ −1 

ν + (1 − 2ν) 

 

− 
1 
4 
z 3 + 

3 
4 
z + 

1 
2 

 

, −1 < z < 1 

1 − ν, z ≥ 1 

This function smoothly interpolates between balanced randomization and deterministic 
allocation of optimal personalized treatment based on the standardized CATE signal rela-
tive to uncertainty. When the signal is modest, a near-balanced allocation is maintained 
between treatment and control, avoiding over-commitment to a noisy or unstable estimated 
rule and ensuring continued learning of CATE by preserving exploration in both arms. As 
evidence accumulates and the magnitude of the CATE signal increases, the treatment ran-
domization probability shifts further toward the estimated optimal treatment. Meanwhile, a 
minimal exploration probability is retained, which is necessary for estimating CATE during 
the experiment and a range of other causal estimands at the end of the adaptive experiment. 

In our surrogate-guided adaptive designs, the treatment randomization probabilities are 
generated as follows. For each candidate surrogate outcome Yk and each subject i with base-
line covariates Wi, we estimate CATE Bn,k(Wi) and its standard error τn,k(Wi) as detailed 
in Section 1.8.3. Consequently, the treatment randomization probability for a = 1 is given 
by hν( 

Bn,k (Wi)

z1−α/2·τn,k(Wi) 
), and for a = 0 it is 1 − hν( 

Bn,k(Wi)

z1−α/2·τn,k(Wi)) 
), where ν = 0.1. If the surro-

gate outcome Yk has not yet been observed, the assignment defaults to equal randomization 
probability of 0.5. 

1.8.5 Equicontinuity Condition for a General Martingale Process 

In this section, we provide a theorem about the equicontinuity condition of martingale pro-
cesses in a general setup that includes but is not limited to adaptive design settings. 

Statistical Setup 

We consider a filtered probability space (Ω, F , {Fi}i≥1, P), where {Oi}i≥1 is a sequence of 
random variables taking values in O, and Fi := σ(O1, . . . , Oi). Let Ō(i) := (O1, . . . , Oi). We 
assume that the data are generated sequentially with each Oi depending on Ō(i−1) through 
a fixed-dimensional summary Ci = fC (Ō(i − 1)) ∈ C. Let Θ be a class of functions, and 
{fθ : θ ∈ Θ} be measurable functions from O × C → R. Define 

MN (θ) = 
1 
N 

N
i=1 

 
fθ(Oi, Ci) − E 

 
fθ(Oi, Ci) | Ō(i − 1) 

 
. 
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Given a fixed θ∗ ∈ Θ and a θN ∈ Θ constructed from data Ō(N), we provide a general 
theorem for the equicontinuity condition with respect to the martingale process as follows: 

M2,N (θN , θ 
∗) := MN (θN ) − MN (θ 

∗) = oP (N
− 1

2 ). 

Proof of Equicontinuity Condition 

We first define a bracketing entropy following Definition A.1 in [30] (see also Definition 8.1 
in [23]). 

Definition 1.1. (Bracketing entropy) Consider a stochastic process 
 
(ξθ,i)

N
i=1 : θ ∈ Θ 

 
, 

where Θ is an index set such that, for every θ ∈ Θ, i ∈ [N ], ξθ,i is an Ō(i)-measurable 
random variable for all i and θ. We say that a collection of random variables of the form 

B := 
 

Λj 
i , Υ

j
i 

N 

i=1 
: j ∈ [J ] 

 
is an (N, Θ, Z, ϵ)-bracketing if 

1. for every i ∈ [N ], and j ∈ [J ], 
 
Λj 

i , Υ
j
i 

 
is Ō(i)-measurable, 

2. for every θ ∈ Θ, there exists j ∈ [J ], such that, for every i ∈ [N ], Λj
i ≤ ξθ,i ≤ Υj 

i , 

3. for every j ∈ [J ], 

2Z2 

N 

N 

i=1 

E 

 

ϕ 

 
Υj 

i − Λj 
i 

Z 

 

| Ō(i − 1) 

 

≤ ϵ 2 , 

where ϕ(x) = ex − x − 1. We denote N[] (N, Θ, Z, ϵ) the minimal cardinality of an 
(N, Θ, Z, ϵ)-bracketing. We define the bracketing entropy integral as J[] (N, Θ, Z, ϵ) := ϵ 
0


log(1 + N[] (N, Θ, Z, u))du. 

Theorem 1.6 (Theorem A.4 in [30]). Given Z > 0, for all i ≥ 0, define 

Mθ,i = 
1

N 

i 

l=1 

(ξθ,l − E [ξθ,l | Fl−1]) , 

Rθ,i = 
1 
N 
2Z 2 

i 

l=1 

E 

 

ϕ 

 
|ξθ,l| 
Z 

    Fl−1 

 

. 

Then, for any N ∈ N, x > 0, and 0 < R < ∞, 

P 

 

sup 
θ∈Θ 

I (R θ,N ≤ R) max 
i∈[N ] 

√ 
NMθ,i ≥ 16Γ + 32 

√ 
Rx + 

16 √ 
N 
Zx 

 

≤ 2e−x , 

where Γ := Z √ 
N 
log N [] 

 
N, Θ, Z, 

√ 
R 
 
+ 4J [] 

 
N, Θ, Z, 

√ 
R 
 
. 
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We focus on the process ξθ,i = fθ(Oi, Ci) − fθ∗ (Oi, Ci) for i = 1, . . . , N , and θ, θ∗ ∈ Θ. 
Since the bracketing entropy condition may be difficult to verify, we relate it to the supremum 
norm covering entropy, following [23] (Section 8.2) and [13] (Lemma 7). In our setting, this 
is done by working with the covering entropy of Θ. 

Assumption 1.8 (Entropy Integral). Let N∞ (ϵ, Θ) denote the ϵ-covering number in supre-
mum norm of Θ and let J∞ (ϵ, Θ) := 

 ϵ

0 

 
log (1 + N∞ (u, Θ))du denote the ϵ-entropy integral 

in supremum norm of Θ. Assume that J∞ (ϵ, Θ) is finite and J∞ (ϵ, Θ) → 0 as ϵ → 0. 

Assumption 1.9 (Uniform Boundedness). supθ∈Θ ∥θ∥∞ < ∞, supθ∈Θ ∥fθ∥∞ < ∞. 

Assumption 1.10. supθ1∈Θ,θ2∈Θ,θ1 ̸=θ2 

∥fθ1−fθ2∥∞ 
∥θ1−θ2∥∞ 

< ∞. 

Lemma 1.1. Suppose that Assumptions 1.8, 1.9 and 1.10 hold, such that ∥θ∥∞ < M for 

some finite constant M > 0 and supθ1∈Θ,θ2∈Θ,θ1 ̸=θ2 

∥fθ1−fθ2∥∞ 
∥θ1−θ2∥ ∞

≤ L for some finite constant 
L > 0. Then the following holds: 

N [] 
 
N, Θ, 8LM, 2 

√ 
2Lϵ 
 
≤ N∞(ϵ, Θ), 

and 
J [] 
 
N, Θ, 8LM, 2 

√ 
2Lϵ 
 
≤ 2 

√ 
2LJ∞ (ϵ, Θ) . 

Proof. Suppose {θj : j ∈ [J ]} ⊂ Θ is an ϵ-covering of Θ in supremum norm such that 
∀θ ∈ Θ, there exists j ∈ [J ] such that θj ∈ Θ and ∥θj − θ∥∞ ≤ ϵ. By Assumption 1.9, the 
diameter of Θ in supremum norm is at most 2M , so it suffices to consider 0 < ϵ ≤ 2M . Under 
Assumption 1.10, 

 fθj − fθ 

 
∞ 

≤ L ∥θj − θ∥∞ ≤ Lϵ. Define Λj
i = fθj (Oi, Ci)−fθ∗ (Oi, Ci)−Lϵ 

and Υj 
i = fθj (Oi, Ci) − fθ∗ (Oi, Ci) + Lϵ. Then, we have that 

2Z2 

N 

N 

i=1 

E 

 

ϕ 

 
|Υj 

i − Λj 
i | 

Z 

 

| Ō(i − 1) 

 

≤ 2Z 2 ϕ 

 
2Lϵ 
Z 

 

≤ 2Z 2 
 

p≥2 

1 
p! 
p! 
2 

 
2Lϵ 
Z 

 p 

= 
2Lϵ 

1 
2Lϵ −

1 
Z 

. 

Let Z = 8LM . We have that 

1 
N 
2Z 2 

N 

i=1 

E 

 

ϕ 

 
|Υj 

i − Λj 
i | 

Z 

 

| Ō(i − 1) 

 

≤ (2 
√ 
2Lϵ)2 . 

Therefore, 

N [] 
 
N, Θ, 8LM, 2 

√ 
2Lϵ 
 
≤ N∞(ϵ, Θ), 
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and 
J [] 
 
N, Θ, 8LM, 2 

√ 
2Lϵ 
 
≤ 2 

√ 
2LJ∞ (ϵ, Θ) . 

For any θ, θ∗ ∈ Θ, define 

sN (θ, θ 
∗) := 

    1 
N 

N 

i=1 

E 

 

ϕ 

 
|fθ (Oi, Ci) − fθ∗ (Oi, Ci) | 

Z 

 

| Ō(i − 1) 

 

, 

where Z = 8LM . Let s̃N (θ, θ∗) := 
√ 
2Z sN (θ, θ∗). 

Theorem 1.7 (Maximal Inequality of a Martingale Process). For any x > 0, N ∈ N, and 

0 < r < ∞, define aN (r, x) := 16Z √ 
N 
log N∞ 

 
r 

2 
√ 
2L 
,Θ 
 
+ 128 

√ 
2LJ∞ 

 
r 

2 
√ 
2L 
,Θ 
 
+ 32r 

√ 
x + 

16 √ 
N 
Zx. Suppose that Assumptions 1.8, 1.9, and 1.10 hold. Then, 

P 

 

sup 
θ∈Θ 

I (s̃N (θ, θ 
∗) ≤ r) 

√ 
NM2,N (θ, θ 

∗) ≥ aN (r, x) 

 

≤ 2e−x . 

Proof. Recall that 

M2,N (θ, θ 
∗) = 

1 
N 

N
i=1 

 
fθ (Oi, Ci) − fθ∗ (Oi, Ci) − E 

 
fθ(Oi, Ci) − fθ∗ (Oi, Ci) | Ō(i − 1) 

 
. 

Let Z = 8LM and bN (r, x) = 16Z √ 
N 
log N [] (N, Θ, Z, r)+64J [] (N, Θ, Z, r)+32r 

√ 
x+ 16 √ 

N 
Zx. 

We have that 

P 

 

sup 
θ∈Θ 

I (s̃N (θ, θ 
∗) ≤ r) 

√ 
NM2,N (θ, θ 

∗) ≥ aN (r, x) 

 

≤ P 


sup 
θ∈Θ 

I (s̃N (θ, θ 
∗) ≤ r) 

√ 
NM2,N (θ, θ 

∗) ≥ bN (r, x) 

 

≤ 2e−x , 

where the first inequality is given by Lemma 1.1 and the second inequality is based on the 
maximal inequality in Theorem 1.6 with Rθ,N = s̃2 

N (θ, θ
∗) and R = r2 . 

Assumption 1.11 (Convergence of θN ). Assume that sN (θN , θ∗) = OP (δN ) for some δN → 
0. 

Corollary 1.1. Suppose Assumptions 1.8, 1.9, 1.10 and 1.11 hold, then M2,N (θN , θ∗) = 
oP (N

− 1
2 ). 
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Proof. Since sN (θN , θ
∗) = OP (δN ), and s̃N (θ, θ

∗) = 
√ 
2ZsN (θ, θ

∗), we also have s̃N (θN , θ
∗) = 

OP (δN ). Hence, one can find a deterministic sequence rN → 0 such that δN = o(rN ) and √ 
Nr2 

N → ∞. Then, for any x > 0, we have 

aN (rN , x) = 
16Z √ 
N 

log N∞ 

 
rN 

2 
√ 
2L 
,Θ 

 

+ 128 
√ 
2LJ∞ 

 
rN 

2 
√ 
2L 
,Θ 

 

+ 32rN 
√ 
x+ 

16 √ 
N 
Zx 

≤ 16Z √ 
N 

 
2 
√ 
2L 

rN 
J∞ 

 
rN 

2 
√ 
2L 
,Θ 

2 

+ 128 
√ 
2LJ∞ 

 
rN 

2 
√ 
2L 
,Θ 

 

+ 32rN 
√ 
x+ 

16 √ 
N 
Zx 

≤ 

 
128L2Z √ 
Nr2 

N 

J∞ 

 
rN 

2 
√ 
2L 
,Θ 

 

+ 128 
√ 
2L 

 

J∞ 

 
rN 

2 
√ 
2L 
,Θ 

 

+ 32rN 
√ 
x+ 

16 √ 
N 
Zx 

→ 0. 

Therefore, for any y > 0, there exists a N1 > 0 such that for N > N1, aN (rN , x) < y. 
Hence, 

P (I (s̃N (θN , θ 
∗) ≤ rN ) 

√ 
NM2,N (θN , θ 

∗) > y) 

≤ P 

 

sup 
θ∈Θ 

I (s̃N (θ, θ 
∗) ≤ rN ) 

√ 
NM2,N (θ, θ 

∗) ≥ aN (rN , x) 

 

≤ 2e−x , 

where the last inequality is implied by Theorem 1.7. Similarly, for any y > 0 and the chosen 
x > 0, there exists a N2 > 0, such that for every N > N2, 

P (− 
√ 
NM2,N (θN , θ 

∗)I (s̃N (θN , θ 
∗) ≤ rN ) > y) ≤ 2e−x . 

Since the bound can be made arbitrarily close to zero by choosing x sufficiently large, and 
P (s̃N (θN , θ

∗) ≤ rN ) → 1, it follows that 
√
NM2,N (θN , θ

∗) = oP (1). 

1.8.6 Proof of Equicontinuity Result in Adaptive Designs 

Recall that in Section 1.4 

M2,nt 

 
Q̄ ∗ 

n,K,t, Q̄1,K 

 
= 

1 
nt 

nt 

i=1 

 

Dk 

 
Q̄ ∗ 

n,K,t 

 
(Oi, Ci) − E 

 
Dk 

 
Q̄ ∗ 

n,K,t 

 
(Oi, Ci) |H(i) 

  

− 

 

Dk 

 
Q̄1,K 

 
(Oi, Ci) − E 

 
Dk 

 
Q̄1,K 

 
(Oi, Ci) |H(i) 

  

, 

where Dk( Q̄K ) (Oi, Ci) := 
g∗ 
k,i(Ai|Ci) 

g0,i(Ai|Ci)

 
Yi,K − Q̄K (Ai,Wi) 


. We apply the general results in 

Section 1.8.5 to prove the equicontinuity condition M2,nt ( Q̄ ∗n,K,t, Q̄1,K ) = oP (n 
− 1 

2
t ) in Theorem 

1.4 in the context of adaptive designs. 
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Proof of Theorem 1.4 . Let Θ = Q̄K , fθ = Dk(Q̄K ), N = nt, θN = Q̄∗ 
n,K,t in the general setup 

in Section 1.8.5. Under Assumption 1.4, ζ < g0,i < 1 − ζ and ζ < g∗ 
k,i < 1 − ζ. Since YK 

and QK take values in the interval [0, 1], we have that sup ̄QK ∈Q̄K 

Dk( Q̄K) 
 
∞ 

≤ 2(1−ζ) 
ζ < ∞, 

sup ̄QK,1∈Q̄K ,Q̄K,2∈Q̄K ,Q̄K,1 ̸=Q̄K,2 

∥Dk (Q̄K,1)−Dk (Q̄K,2)∥ ∞ 

∥Q̄K,1−Q̄K,2∥ ∞ 

≤ 1−ζ 
ζ < ∞. Therefore, Assumptions 1.9 

and 1.10 are satisfied. Since Assumption 1.7 corresponds to Assumption 1.11 in the general 

framework, we can utilize Corollary 1.1 to demonstrate that M2,nt 


Q̄ ∗ 

n,K,t, Q̄1,K 

 
= oP 

 
n 
− 1 

2 
t 

 
. 

1.8.7 Additional Results for Section 1.5 

The data generating distributions of the two simulation scenarios in Section 1.5 are as 
follows. The baseline covariate W follows a uniform distribution U(−4, 4). In Scenario 
1, the conditional mean functions of Yk given A and W are E[Yk|A,W ] = (2A − 1) × 
[0.5 − (1 + exp(−(3 − k) − W ))−1]. In Scenario 2, the conditional mean functions of Yk are 
E[Yk|A,W ] = (2A − 1) × [0.5 − (1 + exp(−γkW ))−1], where γ1 = 3,γ2 = 2,γ3 = 1,γ4 = 0.5 
and γ5 = 0.25. The treatment randomization probability of binary treatment A ∈ {0, 1} 
depends on the configuration of each design. 

In simulation studies, we estimate these conditional mean functions using Super Learner 
[47], which includes ordinary least squares, Random Forest [8], the first-order Highly Adap-
tive Lasso (HAL) estimator [52] and an intercept model in the library. The CATE functions 
and their pointwise confidence intervals are estimated using the first-order HAL, as described 
in Section 1.8.3. 

Table 1.3: Bias (×10−3) of TMLE estimators for Ψt,k in Scenarios 1 and 2 (t = 11, 21, 31, 41, 50). 

(a) Scenario 1 

t Ψt,RCT Ψ t,1 Ψ t,2 Ψ t,3 Ψ t,4 Ψ t,5 

11 3.90 3.22 4.20 5.02 5.09 4.70 
21 -0.83 -0.55 -0.32 -0.78 1.06 0.98 
31 0.03 -0.07 -0.16 1.09 0.18 1.13 
41 0.61 -0.02 1.27 0.25 0.72 -0.51 
50 -0.51 -0.48 -0.91 0.11 -0.94 -0.01 

(b) Scenario 2 

t Ψt,RCT Ψ t,1 Ψ t,2 Ψ t,3 Ψ t,4 Ψ t,5 

11 1.96 2.94 1.42 2.57 2.91 2.96 
21 -2.73 0.23 -0.35 -0.59 0.43 0.97 
31 -1.34 -0.61 -1.17 -1.24 -0.92 -0.72 
41 -1.18 0.14 -0.17 -0.36 -0.22 -0.58 
50 -1.84 -0.23 -0.42 -0.74 -0.42 -0.86 



CHAPTER 1. AN ONLINE META-LEVEL ADAPTIVE DESIGN FRAMEWORK 
WITH TARGETED LEARNING INFERENCE 33 

Table 1.4: Variance (×10−3) of TMLE estimators for Ψt,k in Scenarios 1 and 2 (t = 11, 21, 31, 41, 50). 

(a) Scenario 1 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 3.16 7.34 6.59 5.35 4.07 3.51 
21 2.11 4.10 3.25 2.55 1.91 2.11 
31 1.50 3.26 2.29 1.65 1.16 1.17 
41 1.14 2.57 1.71 1.26 0.82 0.79 
50 1.04 2.34 1.61 1.15 0.72 0.65 

(b) Scenario 2 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 3.40 4.74 4.64 4.24 3.81 3.76 
21 2.46 1.63 1.62 1.60 1.64 1.82 
31 1.59 0.96 0.98 0.97 1.00 1.13 
41 1.30 0.66 0.67 0.67 0.71 0.82 
50 1.07 0.54 0.55 0.54 0.58 0.68 

Table 1.5: Coverage probability (%) of confidence intervals for Ψt,k in Scenarios 1 and 2 (t = 
11, 21, 31, 41, 50). 

(a) Scenario 1 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 96.4 96.2 95.8 95.6 95.6 96.2 
21 95.0 93.8 93.4 94.6 94.2 95.2 
31 96.2 95.2 94.8 94.2 95.2 95.0 
41 95.6 95.6 97.2 94.4 94.6 95.8 
50 94.4 94.2 95.0 93.6 94.0 94.8 

(b) Scenario 2 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 96.2 95.2 94.8 95.0 95.4 94.6 
21 94.0 95.2 95.2 94.4 94.4 95.0 
31 94.4 94.2 94.2 94.8 94.0 95.4 
41 94.8 95.0 94.4 94.0 95.4 95.4 
50 94.6 94.2 94.8 94.2 94.6 94.8 

Table 1.6: Probability (%) of not assigning optimal personalized treatments in Scenarios 1 and 2 
(t = 11, 21, 31, 41, 50). pnon-opt t := 1 

E(t) 

 
i:ti=t I (Ai ̸= d0,K (Wi)), where d0,K (W ) := I( ¯ Q0,K (1, W )−

Q̄0,K (0, W ) > 0) 

(a) Scenario 1 
t pnon-opt t,SL pnon-opt t,1 pnon-opt t,2 pnon-opt t,3 pnon-opt t,4 pnon-opt t,5 pnon-opt t,RCT 

11 28.1 51.7 40.4 29.9 20.2 15.9 50.2 
21 20.0 51.2 39.9 29.7 19.7 14.4 49.7 
31 17.8 51.0 40.9 30.3 19.6 13.5 50.5 
41 15.8 50.4 40.1 30.3 19.9 13.3 49.9 
50 15.0 50.8 40.2 30.1 19.7 12.4 50.0 

(b) Scenario 2 
t pnon-opt t,SL pnon-opt t,1 pnon-opt t,2 pnon-opt t,3 pnon-opt t,4 pnon-opt t,5 pnon-opt t,RCT 

11 15.5 13.9 14.3 15.7 18.7 29.8 49.8 
21 13.4 13.1 13.2 13.9 16.3 22.7 49.7 
31 13.2 12.3 12.4 12.7 14.8 19.7 49.5 
41 12.5 11.8 11.8 12.7 13.9 17.9 49.5 
50 12.4 12.0 12.1 12.5 14.2 16.9 50.1 
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Table 1.7: Average regret of not selecting optimal personalized treatments in Scenarios 1 and 2 
(t = 11, 21, 31, 41, 50). 

(a) Scenario 1 
t Rt,SL Rt,1 Rt,2 Rt,3 Rt,4 Rt,5 Rt,RCT 

11 0.153 0.350 0.245 0.159 0.100 0.083 0.343 
21 0.102 0.344 0.239 0.154 0.095 0.076 0.342 
31 0.089 0.341 0.247 0.158 0.094 0.074 0.346 
41 0.083 0.337 0.240 0.158 0.094 0.074 0.341 
50 0.080 0.341 0.241 0.157 0.093 0.071 0.345 

(b) Scenario 2 
t Rt,SL Rt,1 Rt,2 Rt,3 Rt,4 Rt,5 Rt,RCT 

11 0.030 0.026 0.026 0.028 0.033 0.062 0.120 
21 0.026 0.026 0.026 0.026 0.030 0.043 0.120 
31 0.025 0.024 0.025 0.025 0.027 0.035 0.119 
41 0.024 0.023 0.023 0.024 0.025 0.031 0.118 
50 0.025 0.024 0.024 0.024 0.025 0.029 0.120 
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Figure 1.4: Regret at time t for different design strategies in Scenario 1 (left) and Scenario 2 
(right). This figure includes seven curves: five curves correspond to regrets from adaptive designs 
using outcomes from Y1 to Y5, respectively; one curve illustrates the regret for an adaptive design 
employing a TMLE-OSLAD to evaluate and utilize surrogates; and the last curve represents the 
regret of a fixed design, which assigns equal probabilities to each treatment group. The shaded 
regions represent twice the standard error of the regret across simulations. 

Table 1.9 reports the true expected final outcome Y5 obtained from implementing different 
adaptive designs at illustrative time points t = 11, 21, 31, 41, and 50, respectively. These 
values represent the ideal estimand as discussed in Section 1.8.1. We use ˜ Ψt,k to denote the 
ideal estimand under the adaptive design guided by surrogate Yk. We further use ˜ Ψt,RCT 

and ˜ Ψt,SL to denote the true expected final outcomes obtained from implementing the non-
adaptive RCT and our proposed TMLE-OSLAD design, respectively. Comparing with the 
proposed context-specific estimands Ψt,k in Table 1.1, the two estimands show minimal 
discrepancy, and the relative superiority between different surrogate-guided designs remains 
unchanged. 
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Table 1.8: Performance of TMLE estimators for the proposed adaptive design estimands at the end 
of experiments in Scenarios 1 and 2 across Monte Carlo simulations. 

(a) Scenario 1 
Estimand Notation Truth Bias (×10−3) Var (×10−3) Coverage (%) 

Expected final outcome Y5 under the adaptive design using Y1 ΨTend,1 0.000 -0.88 2.20 94.0 
Expected final outcome Y5 under the adaptive design using Y2 ΨTend,2 0.097 -1.03 1.49 94.4 
Expected final outcome Y5 under the adaptive design using Y3 ΨTend,3 0.175 0.01 1.06 93.6 
Expected final outcome Y5 under the adaptive design using Y4 ΨTend,4 0.225 0.92 0.67 94.2 
Expected final outcome Y5 under the adaptive design using Y5 ΨTend,5 0.238 0.06 0.59 94.6 

(b) Scenario 2 
Estimand Notation Truth Bias (×10−3) Var (×10−3) Coverage (%) 

Expected Final Outcome Y5 under the adaptive design using Y1 ΨTend,1 0.093 -0.46 0.48 94.6 
Expected Final Outcome Y5 under the adaptive design using Y2 ΨTend,2 0.091 -0.70 0.50 94.4 
Expected Final Outcome Y5 under the adaptive design using Y3 ΨTend,3 0.088 -1.01 0.49 94.2 
Expected Final Outcome Y5 under the adaptive design using Y4 ΨTend,4 0.083 -0.62 0.52 94.6 
Expected Final Outcome Y5 under the adaptive design using Y5 ΨTend,5 0.068 -0.88 0.60 94.4 

Table 1.9: True expected final outcome ˜ Ψt,k of implementing different adaptive designs in Scenarios 
1 and 2 (t = 11, 21, 31, 41, 50, Tend). 

(a) Scenario 1 
t Ψ̃t,RCT Ψ̃ t,1 Ψ̃ t,2 Ψ̃ t,3 Ψ̃ t,4 Ψ̃ t,5 Ψ̃t,SL 

11 0.000 -0.019 0.050 0.078 0.066 0.033 0.000 
21 0.000 -0.012 0.079 0.144 0.176 0.172 0.101 
31 0.000 -0.007 0.088 0.161 0.203 0.208 0.155 
41 0.000 -0.004 0.092 0.168 0.216 0.225 0.183 
50 0.000 -0.002 0.095 0.172 0.222 0.234 0.199 
Tend 0.000 -0.001 0.096 0.174 0.225 0.238 0.205 

(b) Scenario 2 
t Ψ̃t,RCT Ψ̃t,1 Ψ̃t,2 Ψ̃t,3 Ψ̃t,4 Ψ̃t,5 Ψ̃t,SL 

11 0.000 0.070 0.057 0.039 0.019 0.004 0.000 
21 0.000 0.085 0.079 0.072 0.060 0.038 0.054 
31 0.000 0.089 0.085 0.081 0.072 0.053 0.069 
41 0.000 0.090 0.088 0.085 0.078 0.062 0.076 
50 0.000 0.091 0.090 0.087 0.081 0.067 0.080 
Tend 0.000 0.092 0.090 0.088 0.082 0.069 0.082 

1.8.8 Sensitivity Analyses 

We further conduct a series of sensitivity analyses to compare the performance of TMLE-
OSLAD across different design configurations. 

First, we perform sensitivity analyses to assess how TMLE-OSLAD’s surrogate selection 
pattern changes with different α’s used in (i) the 100(1 − α)% TMLE-based Wald-type con-
fidence interval for evaluating and choosing from candidate designs, and (ii) the 100(1 −α)% 
CATE confidence intervals for generating treatment randomization probabilities. Figures 
1.5 and 1.6 report the selection frequency of each surrogate-guided design at each time point 
when the TMLE-based selection criterion, originally based on 95% CIs, is re-evaluated using 
90% and 99% confidence intervals. The selection patterns remain consistent across these 
choices. 

Figures 1.7 and 1.8 report the selection frequency of each candidate surrogate-driven 
design obtained by implementing adaptive designs where treatment-randomization proba-
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Figure 1.5: Frequency of candidate designs selected by TMLE-OSLAD using different TMLE con-
fidence interval levels in Scenario 1. 
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Figure 1.6: Frequency of candidate designs selected by TMLE-OSLAD using different TMLE con-
fidence interval levels in Scenario 2. 
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bilities are based upon 100(1 − α)% CATE confidence intervals with α ∈ {0.01, 0.05, 0.10} 
for Scenarios 1 and 2, respectively. The selection patterns are consistent across different CI 
levels. 
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Figure 1.7: Frequency of candidate designs selected by TMLE-OSLAD using different levels of 
CATE confidence interval to adapt treatment randomization probabilities in Scenario 1. 

Second, we conduct a sensitivity analysis on our proposed TMLE-OSLAD design with a 
different choice of hν . As noted in Section 1.8.4, the treatment randomization probabilities 
we use are 

hν (z) = 

   

ν, z ≤ −1 

ν + (1 − 2ν) 

 

− 
1 
4 
z 3 + 

3 
4 
z + 

1 
2 

 

, −1 < z < 1 

1 − ν, z ≥ 1 

, (1.1) 

where the input z is the ratio of the CATE estimate to half the width of its 100(1 − α)% 
confidence interval. Let f (0) denote the function used in the second term of hν for −1 < z < 1, 
defined as f (0)(z) = −1 

4
z3 + 3 

4
z + 1 

2
. To examine the sensitivity of our proposed methods 

to different treatment randomization schemes, we consider three additional functions that 
vary in how aggressively the estimated CATE signal is transformed into a skewed treatment 
randomization probability favoring the estimated optimal personalized treatment. These 
functions are defined as follows: (i) f (1)(z) = 1/(1 + exp(−8z)), (ii) f (2)(z) = 1

4 z
3 + 1

4 z + 1
2 , 

and (iii) f (3)(z) = −1 
4 z 

5 + 3 
4 z 

3 + 1 
2 . To facilitate comparison, we use h(0) ν to denote the 

baseline mapping function hν in the main text. We then define h(1) ν (z), h
(2) 
ν (z), and h(3) ν (z) 
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Figure 1.8: Frequency of candidate designs selected by TMLE-OSLAD using different levels of 
CATE confidence interval to adapt treatment randomization probabilities in Scenario 2. 

as alternative mapping functions that replace f (0)(z) with f (1)(z), f (2)(z), and f (3)(z) for 
−1 < z < 1, respectively. Figure 1.9 compares the four functions. Relative to h(0) ν , h

(1) 
ν 

shifts the treatment randomization probability toward the estimated optimal treatment more 
rapidly as CATE increases, while h(2) ν adjusts more gradually, and h(3) ν exhibits the slowest 
transition. 

Tables 1.10 and 1.11 report the true target estimand Ψt,k for each surrogate-specific 
adaptive design under the different mapping functions h(0) ν through h(3) ν . The oracle surrogate 
that yields the highest target estimand is consistent across different mapping functions. 
Figures 1.10 and 1.11 further show the selection frequency for each candidate design by 
TMLE-OSLAD across different mapping functions used for treatment randomization. The 
surrogate selection pattern is robust to the choice of the function, with TMLE-OSLAD 
consistently identifying and increasingly favoring the oracle surrogate as the experiment 
progresses. Moreover, TMLE provides robust inference for these target estimands, with 
confidence intervals achieving nominal coverage across simulations using different mapping 
functions (Tables 1.12 and 1.13). 

Lastly, we extend the simulation scenarios to include three covariates to further evaluate 
the performance of our proposed methods. In Scenario 1, the conditional mean functions of 
Yk given A and W are 

E[Yk|A, W1, W2, W3] = (2A − 1) × 
 
0.5 − (1 + exp(−(3 − k) − 0.4W1 − 0.4W2 − 0.2W3))

−1 
 
. 

In Scenario 2, the conditional mean functions of Yk are E[Yk|A, W1, W2, W3] = (2A − 1) × 
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Figure 1.9: Comparison of the baseline mapping h(0) ν and three alternatives h(1) ν , h
(2) 
ν , and h(3) ν 

(ν = 0.1) for sensitivity analysis. The x-axis shows the standardized CATE (z), and the y-axis 
shows the probability of assigning treatment a = 1 according to each mapping function (shown as 
curves). 

[0.5 − (1 + exp(−γk × (0.4W1 + 0.4W2 + 0.2W3)))
−1], where γ1 = 3,γ2 = 2,γ3 = 1,γ4 = 0.5 

and γ5 = 0.25. W1, W2, and W3 are independent and all follow a uniform distribution 
U(−4, 4). Let V := 0.4W1 +0.4W2 +0.2W3. The CATE functions for the candidate outcomes 
Y1, . . . , Y5 as functions of V follow the same patterns shown in Figure 1.1. 

Table 1.14 reports the true target estimand Ψt,k. Table 1.15 shows the coverage prob-
abilities of TMLE-based confidence intervals for these estimands. Figure 1.12 plots the 
probability of each surrogate-driven design being selected over time by TMLE-OSLAD in 
the two scenarios. Similar to the simulation results in the main paper, TMLE-OSLAD con-
sistently provides valid statistical inference with confidence intervals that achieve nominal 
coverage and selects the oracle surrogate with high frequency in both scenarios. 
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Figure 1.10: Frequency of candidate designs selected by TMLE-OSLAD under different treatment 
randomization functions applied in Scenario 1. 
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Figure 1.11: Frequency of candidate designs selected by TMLE-OSLAD under different treatment 
randomization functions applied in Scenario 2. 
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Table 1.14: True target estimand Ψt,k if participants enrolled from 1, · · · , t−K had been adaptively 
treated by a candidate surrogate Yk in Scenarios 1 and 2 (t = 11, 21, 31, 41, 50) with three covariates. 
Expected outcomes under the adaptive design using the oracle surrogate are shown in bold. 

(a) Scenario 1 
t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 0.000 -0.174 -0.066 0.035 0.060 0.036 
21 0.000 -0.207 -0.078 0.088 0.162 0.170 
31 0.000 -0.214 -0.080 0.103 0.189 0.204 
41 0.000 -0.217 -0.081 0.109 0.202 0.219 
50 0.000 -0.218 -0.080 0.112 0.209 0.228 

(b) Scenario 2 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 0.000 0.034 0.025 0.014 0.005 0.001 
21 0.000 0.044 0.040 0.033 0.021 0.008 
31 0.000 0.047 0.044 0.039 0.028 0.013 
41 0.000 0.048 0.046 0.042 0.033 0.016 
50 0.000 0.049 0.047 0.044 0.035 0.018 

Table 1.15: Coverage probability (%) of confidence intervals for Ψt,k in Scenarios 1 and 2 (t = 
11, 21, 31, 41, 50) with three covariates. 

(a) Scenario 1 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 93.4 95.0 93.6 93.6 94.0 94.0 
21 92.4 93.4 92.8 94.0 93.0 93.6 
31 94.6 93.2 94.0 95.0 95.4 94.0 
41 94.2 95.2 94.8 94.4 94.2 94.6 
50 94.2 93.6 94.0 93.0 94.0 94.4 

(b) Scenario 2 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 93.2 93.4 93.2 93.4 93.4 94.0 
21 93.6 91.8 94.2 94.4 93.6 93.6 
31 94.4 91.8 92.4 93.0 93.8 94.0 
41 95.0 94.4 94.2 93.4 95.0 95.0 
50 93.8 93.6 93.0 93.0 94.0 95.2 

1.8.9 Additional Results for Section 1.6 

In this section, we present additional results in ADAPT-R simulation. Figure 1.13 shows the 
true CATE functions of Navigator vs. SMS+CCT in ADAPT-R simulation. For participants 
initially assigned to SMS, the optimal personalized treatment varies with time-to-lapse after 
initial treatment and shows different patterns across outcomes. For earlier outcomes (Y1 

through Y3), the CATE suggests that Navigator is preferable with shorter time-to-lapse, but 
the benefit wanes over time, shifting the optimal treatment to SMS+CCT. In contrast, for 
later outcomes (Y4 and Y5), SMS+CCT is preferred for short time-to-lapse, with their effec-
tiveness decreasing over time, making Navigator the optimal choice for longer time-to-lapse. 
For participants whose initial treatment was SOC, the treatment effects are minimal: CATE 
remains close to zero over the entire range of time-to-lapse periods, indicating small differ-
ences between Navigator and SMS+CCT. For participants with CCT as their initial strategy, 
Navigator is preferred for participants with short time-to-lapse periods, showing a positive 
CATE. However, as time-to-lapse increases, SMS+CCT becomes increasingly favored, with 
the CATE decreasing and turning negative. 
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Figure 1.12: Frequency of candidate adaptive design selected by TMLE-OSLAD at each time point. 
Panels (a) and (b) correspond to Scenario 1 and Scenario 2 with three covariates. 

Figure 1.14 illustrates regret over time obtained from implementing different design 
strategies. Table 1.16 shows the true values of the proposed adaptive design target esti-
mand Ψt,k at the illustrative time points 11, 13, 15, 17, and 19, along with the coverage 
probabilities of the confidence intervals based on TMLE. Table 1.17 reports the bias and 
variance of TMLE at these time points. Table 1.18 presents TMLE’s performance in esti-
mating the proposed adaptive design estimands at the end of the experiment. Table 1.19 
presents TMLE’s performance of estimating ATE on final outcome and mean final outcome 
of optimal dynamic treatment rules based on surrogate outcomes and final outcomes after 
the experiment ends. Table 1.20 shows the true expected final outcome ˜ Ψt,k of implementing 
different designs in ADAPT-R simulation. 
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Figure 1.13: Estimated Conditional Average Treatment Effect (CATE) functions of Navigator vs. 
SMS+CCT in Phase 2, plotted against initial retention strategy (grids) and time to lapse after 
initial strategy in Phase 1 (x-axis). Each curve corresponds to the CATE function of a candidate 
surrogate, ranging from Y1 to Y5. 

Table 1.16: (a) True target estimand Ψt,k if participants enrolled from 1, · · · , t − K had been 
adaptively treated by a candidate adaptive design using surrogate Yk in ADAPT-R trial simulations 
(t = 11, 13, 15, 17, 19). (b) Coverage probability (%) of confidence intervals for Ψt,k in ADAPT-R 
trial simulations (t = 11, 13, 15, 17, 19). 

(a) Ψt,k 

t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 0.538 0.542 0.540 0.538 0.538 0.538 
13 0.547 0.559 0.555 0.552 0.549 0.547 
15 0.557 0.572 0.569 0.566 0.563 0.560 
17 0.562 0.579 0.577 0.574 0.571 0.568 
19 0.564 0.580 0.578 0.576 0.573 0.570 

(b) Coverage probability (%) 
t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 94.8 95.6 95.8 95.0 94.6 94.8 
13 94.2 95.8 95.8 93.0 93.6 94.2 
15 92.2 96.2 95.4 95.4 92.4 93.2 
17 93.8 96.8 95.6 95.2 94.2 95.6 
19 93.2 96.8 95.2 95.4 95.2 95.6 
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Figure 1.14: Regret at each time point t obtained from implementing different design strategies in 
the ADAPT-R trial simulation. 

Table 1.17: Bias and variance of TMLE estimators for Ψt,k in ADAPT-R trial simulations (t = 
11, 13, 15, 17, 19). 

(a) Bias (×10−3) 
t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 -0.50 -0.40 -0.30 0.22 -0.54 -0.31 
13 0.45 -0.16 0.18 0.88 0.36 0.33 
15 0.56 -0.11 0.29 0.52 0.15 0.10 
17 0.29 -0.02 0.09 0.37 -0.16 -0.12 
19 0.16 -0.08 -0.04 0.23 -0.22 -0.12 

(b) Variance (×10−3) 
t Ψt,RCT Ψt,1 Ψt,2 Ψt,3 Ψt,4 Ψt,5 

11 0.16 0.22 0.22 0.20 0.20 0.17 
13 0.16 0.16 0.19 0.19 0.20 0.22 
15 0.14 0.13 0.15 0.16 0.18 0.19 
17 0.12 0.10 0.12 0.13 0.14 0.17 
19 0.11 0.10 0.11 0.12 0.13 0.16 

Table 1.18: Performance of TMLE estimators for adaptive-design estimands at the end of experi-
ments in ADAPT-R trial simulation. 

Estimand Notation Truth Bias (×10−3) Var (×10−3) Coverage (%) 

Expected final outcome Y5 under the adaptive design using Y1 ΨTend,1 0.581 -0.11 0.09 96.2 
Expected final outcome Y5 under the adaptive design using Y2 ΨTend,2 0.580 -0.05 0.10 95.8 
Expected final outcome Y5 under the adaptive design using Y3 ΨTend,3 0.578 0.29 0.11 95.0 
Expected final outcome Y5 under the adaptive design using Y4 ΨTend,4 0.576 -0.17 0.13 93.8 
Expected final outcome Y5 under the adaptive design using Y5 ΨTend,5 0.573 -0.15 0.15 95.0 
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Table 1.19: Performance of TMLE estimators for other causal estimands at the end of experiments 
in ADAPT-R trial simulation. 

Estimand Notation Truth Bias (×10−3) Var (×10−3) Coverage (%) 

Average treatment effect on the final outcome Y5 ψATE 
Tend 

-0.015 0.00 0.46 93.6 

Expected final outcome Y5 under the estimated ODTR of Y1 ψ 
d ∗ 
n,1 

Tend 
0.590 0.98 0.12 95.0 

Expected final outcome Y5 under the estimated ODTR of Y2 ψ 
d ∗ 
n,2 

Tend 
0.594 0.07 0.13 95.4 

Expected final outcome Y5 under the estimated ODTR of Y3 ψ 
d ∗ 
n,3 

Tend 
0.595 1.87 0.15 91.2 

Expected final outcome Y5 under the estimated ODTR of Y4 ψ 
d ∗ 
n,4 

Tend 
0.598 1.73 0.16 93.6 

Expected final outcome Y5 under the estimated ODTR of Y5 ψ 
d ∗ 
n,5 

Tend 
0.597 0.55 0.19 92.2 

Table 1.20: True expected final outcome ˜ Ψt,k of implementing different designs in ADAPT-R trial 
simulation (t = 11, 13, 15, 17, 19, Tend). 

t Ψ̃t,RCT Ψ̃t,1 Ψ̃t,2 Ψ̃t,3 Ψ̃t,4 Ψ̃t,5 Ψ̃t,naive Ψ̃t,SL 

11 0.538 0.541 0.540 0.538 0.538 0.538 0.538 0.538 
13 0.547 0.555 0.552 0.551 0.549 0.547 0.546 0.552 
15 0.557 0.569 0.566 0.564 0.562 0.560 0.559 0.565 
17 0.562 0.576 0.574 0.572 0.570 0.568 0.566 0.573 
19 0.564 0.577 0.576 0.574 0.572 0.570 0.568 0.574 
Tend 0.565 0.579 0.578 0.576 0.575 0.573 0.570 0.576 

1.8.10 An Extension of the Proposed CARA Design 

In some applications, when a plausible surrogate is available, experimenters may wish to 
adopt surrogate-guided adaptations before formally validating their utility for optimizing 
the final outcome. In such cases, a variant of TMLE-OSLAD can be used by designating a 
plausible surrogate (e.g., Yk) as a primary outcome. The design then treats Yk as the working 
primary outcome and updates treatment randomization probabilities as early as t = k + 1. 
As the experiment progresses, later surrogates can be promoted in sequence as primary 
outcomes until the true final outcome YK is observed. If prior knowledge or external data may 
indicate the relationship between surrogates and the primary outcome, one may also initiate 
an earlier adaptation based on that information. However, these approaches typically rely 
on generalizability assumptions or pre-specified models of surrogate and primary outcomes. 
Regardless of the strategy chosen, the TMLE-OSLAD framework can be invoked throughout 
the experiment to evaluate the opportunities and costs of each candidate adaptive design 
and dynamically select the best-performing one to support real-time decision making. 
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Chapter 2 

Efficient Statistical Estimation for 
Sequential Adaptive Experiments 
with Implications for Adaptive 
Designs 

2.1 Introduction 

Adaptive experimental designs are useful for clinical trials due to their flexibility and statisti-
cal efficiency [16]. Unlike traditional, fixed trial designs, adaptive designs allow investigators 
to sequentially modify treatment randomization probabilities and/or other key design fea-
tures based on accumulated data during the experiment. These adaptations can be targeted 
for a range of objectives: such as improving estimation efficiency for causal estimands and 
increasing participants’ chances of receiving superior treatments. 

Response-Adaptive Randomization (RAR), originating from the foundational work of 
[81], is an important adaptive design procedure in which treatment assignment probabili-
ties are updated based on prior participants’ treatments and outcomes [32, 72]. Covariate-
Adjusted Response-Adaptive (CARA) designs extend RAR designs by incorporating baseline 
covariates into treatment assignment probabilities, enabling personalized treatment alloca-
tion for improved participant welfare or statistical efficiency [77, 32, 94, 53, 76]. The adaptive 
design approaches are also closely related to the literature on multi-armed bandits and con-
textual bandits, with broad applications in real-life decision making [10, 55, 7]. 

While adaptive experiments have the advantage of improving estimation efficiency and/or 
bringing benefits to participants compared with those with fixed, non-adaptive designs, they 
also present challenges for statistical inference. At the end of an adaptive experiment, in-
vestigators often seek to estimate causal estimands based on the observed data, such as the 
average treatment effect or mean outcome under personalized treatment rules. However, 
the adaptivity of such experiments induces dependence among observations, violating the 



CHAPTER 2. EFFICIENT STATISTICAL ESTIMATION FOR SEQUENTIAL 
ADAPTIVE EXPERIMENTS WITH IMPLICATIONS FOR ADAPTIVE DESIGNS 49 

i.i.d. assumptions that standard statistical inference methods rely on. This has motivated 
substantial methodological work to provide statistical inference for data collected under 
adaptive designs. For example, [94] and [98] derived asymptotic results for inference under 
CARA designs within parametric modeling frameworks. [53] introduced a Targeted Maxi-
mum Likelihood Estimation (TMLE) framework which is tailored for adaptive design data 
and provides a non-parametric statistical inference method without relying on parametric 
assumptions. Subsequent developments include the development of statistical inference for 
causal estimands such as the risk difference and log-relative risk [12] as well as for estimat-
ing the mean outcome under optimal treatment rules [66, 60] in CARA experiments [14]. 
Another line of work employs variants of stabilized reweighting techniques [59] and develops 
asymptotically normal estimators for causal estimands in non-contextual [28] and contextual 
bandit settings [4, 89]. 

In contrast to these methods, we develop a unified framework that enables semipara-
metrically efficient estimation and inference for adaptive experiments and provides a new 
adaptive design that targets estimation efficiency. 

First, we introduce a novel Adaptive-Design-Likelihood-based TMLE (ADL-TMLE) 
framework that enables statistical estimation and inference for a wide class of causal 
estimands from adaptive experiments, including the average treatment effect as our primary 
example. This estimator is driven by the likelihood structure of adaptive experiment 
and solves the score equation for components that exclusively define the causal estimand 
of interest. We show that ADL-TMLE is doubly robust, asymptotically normal and 
semiparametrically efficient. 

A key insight from these results is that the minimal asymptotic variance of regular es-
timators under the adaptive experiment is inherently linked to that under a reference i.i.d. 
experiment in which treatments are assigned by the average of treatment randomization 
functions across the adaptive experiment (which we refer to as the “average design”). This 
highlights the advantage of ADL-TMLE in enabling statistical inference under relaxed as-
sumptions for adaptive experiments. Specifically, it suffices to require positivity only for the 
average design, rather than for every individual treatment assignment probability. This en-
ables greater flexibility in adaptive experiments, where local positivity violations are allowed 
during some segments of the experiment. The design stabilization conditions for estab-
lishing asymptotic normality and efficiency are also relaxed, as they are required only for 
the average design, which also leads to improved finite-sample performance of ADL-TMLE. 
Moreover, in scenarios where individual-level treatment randomization mechanisms are inac-
cessible due to operational or privacy constraints, our estimation framework remains feasible 
as long as the average design is accessible. These theoretical and practical advantages are 
further supported by simulation studies, which demonstrate the superior variance-reduction 
performance of ADL-TMLE across different adaptive experiments with varied objectives. 

Second, while our framework provides a semiparametrically efficient estimator for a given 
adaptive experiment, even greater efficiency can be attained by guiding the real-time adaptive 
design toward an oracle design that is itself optimized for estimation efficiency. Motivated 
by ADL-TMLE framework, we propose a novel adaptive design framework that dynamically 
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steers the average design toward the evolving estimate of the oracle design as data accumulate 
throughout the experiment. This adaptive procedure leads to a lower variance than the 
standard efficiency-oriented adaptive design as shown by simulations. 

Finally, our framework is directly applicable to settings with independent data structures, 
such as cases where certain factors induce heterogeneity in the treatment assignment mech-
anism but do not affect the primary outcome conditional on treatment and other baseline 
covariates. Furthermore, we generalize our framework to broader settings, including those 
with longitudinal data structures. 

The remainder of this chapter is organized as follows. Section 2.2 introduces the statis-
tical setup. Section 2.3 provides the estimation procedure of ADL-TMLE. Sections 2.4 and 
2.5 establish asymptotic normality and semiparametric efficiency. Section 2.6 describes the 
proposed adaptive design approach. Section 2.7 reports simulation studies evaluating the 
performance of the proposed estimation and design methods. Section 2.8 discusses applica-
tions and generalizations of our framework. Finally, Section 2.9 concludes. 

2.2 Data, Model and Statistical Setup 

We define the full data as X = (W, Y (1), Y (0)) ∼ P F ∈ MF , where W ∈ W are baseline 
covariates, Y (a) ∈ Y is the counterfactual outcome under treatment level a ∈ A. Without 
loss of generality, we consider binary treatment space A = {0, 1} and set Y = [0, 1]. Here 
P F is the true distribution that generates full data X, living in a general model MF without 
model prespecification. We use EP F to denote the expectation under P F . While our frame-
work is generally applicable for estimating a wide class of causal estimands (see Section 2.8), 
here we use ATE Ψ(P F ) := EP F [Y (1) − Y (0)] as the main example for illustration. 

Consider an adaptive experiment that enrolls n units sequentially, where i is an index of 
each unit reflecting their enrollment order and Oi := (Wi, Ai, Yi) are the data to be observed 
for this unit. Upon the enrollment, the experimenter first observes baseline covariates Wi, 
then assigns treatment Ai following a treatment randomization function gi : W × A → [0, 1] 
within a function class G. Then, the unit’s outcome Yi is observed. The adaptivity of 
the experiment is reflected in that treatment Ai is determined by a function gi that is 
itself generated based on the observed data of previously enrolled units before i, which we 
denote by Ō(i − 1) := (O1, · · · , Oi−1). We use g1:n := (g1, · · · , gi, · · · , gn) to refer to an 
adaptive design that includes a collection of treatment randomization functions gi ∈ G from 
i = 1, · · · , n, which are known and controlled by the experimenter. 

Define Q := QW ⊗ QY , where QW is the set of possible distributions of W and QY is the 
set of possible conditional distributions of Y given A and W . For any Q = (QW , QY ) ∈ Q, 
we denote Q̄(A, W ) as a shorthand of E[Y |A, W ], the conditional mean of Y given A and 
W . For every i ∈ [n], we assume that Wi ∼ QW and Yi ∼ QY (·|Ai, Wi). We use P n 

Q ∈ Mn 

to denote the distribution that generates the adaptive experiment data Ō(n) in the adaptive 
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design model Mn . The model specifies the likelihood of ō(n) = (o1, · · · , oi, · · · , on) as 

p n 
q,g1,··· ,gn 

(ō(n)) = 
n 

i=1 

qw(wi) × 
n 

i=1 

gi(ai|wi) × 
n 

i=1 

qy(yi|ai, wi), 

where we denote qw and qy as the probability density (or mass) functions corresponding to 
the distributions of QW and QY , and use gi(a|w) is a shorthand of gi(A = a|W = w). 

One can identify the causal estimand Ψ(P F ) with the following assumptions: 

Assumption 2.1 (Sequential Exchangeability). ∀i ∈ [n], Yi(a) ⊥⊥ Ai | Wi, Ō(i − 1). 

Assumption 2.2 (Theoretical Positivity). ∀w ∈ W , a ∈ A, ∃i ∈ [n] such that gi(a|w) > 0. 

Theorem 2.1 (Identification of ATE). With Assumptions 2.1 and 2.2, Ψ(P F ) is identified 
by 

Ψ(P F ) = E[Q̄(1, W ) − Q̄(0, W )]. 

We denote this target estimand by ψ(Q) := E[Q̄(1, W ) − Q̄(0, W )]. 

2.3 Targeted Maximum Likelihood Estimation 

At the end of an adaptive experiment, one observes a single series of dependent data Ō(n) = 
(O1, · · · , On). Let ¯ Qn denote an initial estimate of the true conditional mean function ¯ Q0, 
estimated by a user-specified model or an ensemble learner such as Super Learner [47]. For 
any adaptive design g1:n, we define its average design ḡn := 1 

n 

 n
i=1 gi. 

Our proposed ADL-TMLE is 

ψ(Q ∗ 
n) := 

1 
n 

n
i=1 

 
Q̄ ∗ 

n(1, Wi) − Q̄ ∗ 
n(0, Wi) 

 
, 

where Q∗
n = (Qn,W , Q∗ 

n,Y ) with Qn,W denotes the empirical distribution of baseline covariates, 
and Q∗ 

n,Y an updated outcome distribution associated with a TMLE update Q̄∗ 
n of the initial 

estimate ¯ Qn. Specifically, Q̄∗
n is obtained by solving 

1

n 

n 

i=1 

2Ai − 1 
ḡn(Ai|Wi) 

 
Yi − Q̄ ∗ 

n(Ai, Wi) 
 
= 0, 

via the following regression: 

logit Q̄n,ϵ (A, W ) = logit Q̄n (A, W ) + ϵHn(A, W ), 

where Hn is defined by Hn(A, W ) := 2A−1 
ḡn(A|W ) based on the average design ḡn. The TMLE 

update is Q̄ ∗n = Q̄n,ϵn , where ϵn is the solution of that regression. 
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We note that our proposed ADL-TMLE is driven by the likelihood structure of adaptive 
experiment and solves the score equation for the Q-components that exclusively define the 
target parameter ψ(Q). For any Q = (QW , QY ) ∈ Q and treatment randomization function 
g ∈ G, we denote D(Q, g) as the efficient influence curve (EIC) of the target estimand in an 
i.i.d. experiment where W ∼ QW , A ∼ g(·|W ), and Y ∼ QY (·|A, W ). For ATE, the EIC is 
D(Q, g)(O) = D1(Q, g)(O) + D2(Q)(O), where D1(Q, g)(O) := 2A−1 

g(A|W ) 

 
Y − Q̄(A, W ) 

 
and 

D2(Q)(O) := Q̄(1, W ) − Q̄(0, W ) − ψ(Q). The core procedure of ADL-TMLE is to solve 
1 
n 

 n 
i=1 D(Q, ̄gn)(Oi) = 0, which is equivalent to solving the score equation as if in the i.i.d. 

experiment where the treatment distribution follows A ∼ ḡn(·|W ), even though the data is 
collected from the adaptive experiment. 

For comparison, we also introduce the original TMLE tailored for adaptive design data 
proposed by [53], which we denote by ψ(Q†

n) and refer to as “AD-TMLE” (adaptive-design 
TMLE). In AD-TMLE, Q† 

n = (Qn,W , Q
† 
n,Y ), and Q̄† 

n is the TMLE update of the estimated 
conditional mean function Q̄n, which solves 1 

n

n
i=1 

2Ai−1
gi(Ai|Wi) 

[Yi − Q̄† 
n(Ai, Wi)] = 0 using every 

i-specific treatment randomization function gi from the adaptive design g1:n. While next 
sections focus on properties of TMLEs, they also apply to the corresponding One-Step/AIPW 
estimators ψ̂n( Q̄n) := 1 

n 

 n 
i=1 

2Ai−1 
ḡn(Ai|Wi) 

 
Yi − Q̄n(Ai, Wi) 

 
+ 1 

n 

 n 
i=1 

 
Q̄n(1, Wi) − Q̄n(0, Wi) 

 
, 

and ψ̂† 
n( Q̄n) := 1 

n 

 n 
i=1 

2Ai−1 
gi(Ai|Wi) 

 
Yi − Q̄n(Ai, Wi) 

 
+ 1 

n 

 n 
i=1 

 
Q̄n(1, Wi) − Q̄n(0, Wi) 

 
. 

2.4 Asymptotic Normality 

In this section we analyze the asymptotic normality of ADL-TMLE. We define PQ,gf := 
f(o)q(o)g(o)dµ(o) for any Q and g, and PQ,gi f := 

 
f(o)q(o)gi(o)dµ(o) for every gi in 

adaptive design, where µ is a measure on O equipped with the product of the σ-fields of W , 
A and Y . Note that PQ,ḡn f = 1 

n 

n 
i=1 PQ,gi f . 

To establish the asymptotic normality of ψ(Q∗ 
n), we first decompose the difference be-

tween ψ(Q∗ 
n) and ψ(Q0) as follows. 

Theorem 2.2 (Difference between ψ(Q∗ 
n) and ψ(Q0)). The difference of ψ(Q∗ 

n) and the true 
parameter ψ(Q0) can be decomposed as 

ψ(Q ∗ 
n) − ψ(Q0) = M1,n(Q∞, ̄g∞) + M2,n(Q ∗ 

n, Q∞, ̄gn) + M3,n(Q∞, ̄gn, ̄g∞), 

where 

M1,n(Q∞, ̄g∞) := 
1

n 

n 

i=1 

[D(Q∞, ̄g∞)(Oi) − PQ0,gi D(Q∞, ̄g∞)] , 

M2,n(Q ∗ 
n, Q∞, ̄gn) := 

1 
n 

n
i=1 

 
[D(Q ∗ 

n, ̄gn)(Oi) − PQ0,gi D(Q ∗ 
n, ̄gn)] 

− [D(Q∞, ̄gn )(Oi ) − P Q0,gi D(Q∞, ̄gn)] 
 
, 
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M3,n(Q∞, ̄gn, ̄g∞) := 
1

n 

n 

i=1 

 

[D(Q∞, ̄gn)(Oi) − PQ0,gi D(Q∞, ̄gn)] 

− [D(Q∞, ̄g∞)(Oi) − PQ0,gi D(Q∞, ̄g∞)] 

 

, 

with any fixed ḡ∞ ∈ G and Q∞ := (Q∞,W , Q∞,Y ) ∈ Q, where Q∞,W = Q0,W ∈ QW and 
Q∞,Y ∈ QY with its conditional mean function of the outcome ¯ Q∞ ∈ ¯ Q. 

The proof of this decomposition is given in Section 2.10.1. 
Suppose there exist fixed Q∞ and ḡ∞ such that Q̄∗

n and ¯ gn converge to them, respectively, 
under the assumptions stated below. We then establish the asymptotic normality of M1,n, 
which is the average of a martingale difference sequence indexed by Q∞ and ḡ∞. 

Assumption 2.3 (Boundedness of the Average of Adaptive Design). There exists ζ > 0 
such that infa∈A, w∈W ḡn(a|w) ≥ ζ. 

Assumption 2.4 (Stabilized Average of Conditional Variance). There exists σ2 
0 ∈ R+ such 

that 
1

n 

n 

i=1 

V arPQ0,gi 
[D(Q∞, ̄g∞)] 

p → σ 2 
0. 

Theorem 2.3 (Asymptotic Normality of M1,n). Suppose assumptions 2.3 and 2.4 hold, then 

√ 
nM1,n(Q∞, ̄g∞) 

d → N(0, σ 2 
0). 

This asymptotic normality directly follows the martingale central limit theorems (e.g. 
Theorem 2 in [9]). 

For the remaining martingale process terms M2,n and M3,n, we establish their equiconti-
nuity conditions following the equicontinuity results of the general setup in Chapter 1. 

Assumption 2.5 (Covering Number of Q̄). Q̄ is a class of functions with finite sup-norm 

covering number N∞(ϵ, Q̄), with J∞ 

 
ϵ, ¯ Q 

 
:= 
 ϵ 
0 


log 
 
1 + N∞ 

 
u, ¯ Q 

 
du the ϵ-entropy in-

tegral in supremum norm of Q̄. Assume that J∞ 

 
ϵ, ¯ Q 


is finite and J∞ 

 
ϵ, ¯ Q 

 
→ 0 as 

ϵ → 0. 

Assumption 2.6 (Convergence of Q̄∗
n). Define 

sn 

 
Q̄, Q̄∞, ̄gn 

 
:= 

    1 
n 

n 

i=1 

E 

 

ρ 

 
|D1 

 
Q̄, ̄gn 

 
(Oi) − D1 

 
Q̄∞, ̄gn 

 
(Oi)| 

c1 

    Ō(i − 1) 

 

, 

where ρ(x) = ex − x − 1 and c1 = 8(1 + ζ)/ζ2 with ζ as assumed in Assumption 2.3. Assume 
that sn(Q̄∗

n, ¯ Q∞, ̄gn) = oP (1). 
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Theorem 2.4 (Equicontinuity of M2,n). Suppose Assumptions 2.3, 2.5, 2.6 hold. Then, 
M2,n(Q

∗ 
n, Q∞, ̄gn) = oP (n

− 1
2 ).

Assumption 2.7 (Covering Number of G). G is a class of functions with finite sup-norm 
covering number N∞ (ϵ, G), with J∞ (ϵ, G) := 

 ϵ

0 

 
log (1 + N∞ (u, G))du the ϵ-entropy inte-

gral in supremum norm of G. Assume that J∞ (ϵ, G) is finite and J∞ (ϵ, G) → 0 as ϵ → 0. 

Assumption 2.8 (Convergence of Average Design). Suppose infa∈A,w∈W ḡ∞(a|w) ≥ η for 
some η > 0. Define 

vn 

 
Q̄∞, ̄gn, ̄g∞ 

 
:= 

    1 
n 

n 

i=1 

E 

 

ρ 

 
|D1 

 
Q̄∞, ̄gn 

 
(Oi) − D1 

 
Q̄∞, ̄g∞ 

 
(Oi)| 

c2 

    Ō(i − 1) 

 

, 

where ρ(x) = ex − x − 1 and c2 = 8/η2 . Assume that vn( ¯ Q∞, ̄gn, ̄g∞) = oP (1). 

Theorem 2.5 (Equicontinuity of M3,n). Suppose Assumptions 2.3, 2.7, 2.8 hold. Then, 
M3,n(Q∞, ̄gn, ̄g∞) = oP (n

− 1
2 ). 

Combining the asymptotic normality and equicontinuity conditions, we establish the 
asymptotic normality of the proposed ADL-TMLE ψ(Q∗ 

n). 

Theorem 2.6 (Asymptotic Normality of ADL-TMLE). Suppose Assumptions 2.3,2.4, 2.5, 
2.6, 2.7, and 2.8 hold, then ψ(Q∗ 

n) is asymptotically normal: 

√ 
n [ψ(Q ∗ 

n) − ψ(Q0)] 
d → N(0, σ 2 

0). 

Note that our assumptions do not require that Q̄∗ 
n converges to a ¯ Q∞ that equals the 

true conditional mean function ¯ Q0. Thus ADL-TMLE has the double robustness property 
despite using a misspecified estimate of ¯ Q0, since the average design ḡn is known. 

Let σ2 
n be a consistent estimator of σ2 

0. Then the standard error of ψ(Q∗ 
n) can be given by 

σn/ 
√ 
n. The 100(1−α)% confidence interval is [ψ(Q∗

n)−z1−α/2σn/ 
√ 
n, ψ(Q∗

n)+z1−α/2σn/ 
√ 
n], 

where z1−α/2 is the 1 − α/2 quantile of standard normal distribution (e.g. α = 0.05). 

2.5 Semiparametric Efficiency 

In this section, we provide semiparametric efficiency results of ADL-TMLE for adaptive ex-
periments. We start by defining a Hilbert space: H(Q, g) := {h ∈ L0

2(PQ,g) : h(o) = hw(w) + 
hy(w, a, y), 


hw(w)dQw(w) = 0, 


hy(w, a, y)dQy(y|a, w) = 0} for any Q = (QW , QY ) ∈ Q, 

with a reference treatment randomization distribution g ∈ G and the corresponding density 
pQ,g(o) = qw(w)g(a|w)qy(y|a, w) under PQ,g. For any h1, h2 ∈ H(Q, g), define their inner 
product as < h1, h2 >H(Q,g):= 


h1(o)h2(o)dPQ,g(o). Define a class of paths: 

{Qh 
ϵ = (Qh 

w,ϵ, Q
h 
y,ϵ) : dQ

h 
w,ϵ = (1 + ϵhw)dQw, dQ

h 
y,ϵ = (1 + ϵh y)dQy, h ∈ H(Q, ̄g∞)} 
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for any Q ∈ Q. We denote by P n 
Qh 

ϵn 
the fluctuated distribution of P n 

Q with density p n 
Qh 

ϵn ,g1,··· ,gn 
, 

where ϵn = 1/ 
√ 
n. 

In the following, we establish the semiparametric efficiency of ADL-TMLE in adaptive 
design settings by showing that it achieves the minimal asymptotic variance among regular 
estimators in the associated asymptotically normal experiment, as implied by the convolution 
theorem (Theorem 3.11.2 in [82]). The proofs are in Section 2.10.1. 

2.5.1 Asymptotically Normal Experiment 

We first analyze the sequence of statistical experiments ( Ō(n), Fn, P n 
Qh 

ϵn 
: h ∈ H(Q, ̄g∞)) and 

show that it is asymptotically normal. Let ∆n,h = 1√
n 

n
i=1 h(Oi)+oP n 

Q
(1), and ∥h∥2 

H(Q,ḡ∞) =  
h2(o)dPQ,ḡ∞ (o). Let {∆h : h ∈ H(Q, ̄g∞)} be an iso-Gaussian process with zero mean and 

covariance PQ,ḡ∞ ∆h1 ∆h2 =< h1, h2 >H(Q,ḡ∞). 

Assumption 2.9 (Hilbert Space Norm Stability under Adaptive Design). For any h ∈ 
H(Q, ̄g∞), ∥h∥2 

H(Q,ḡn) 
= ∥h∥2 

H(Q,ḡ∞) + oPn 
Q
(1). 

Theorem 2.7 (Asymptotically Normal Experiment). Suppose Assumption 2.9 holds. Then, 
the experiment is asymptotically (shift) normal, i.e., for each h ∈ H(Q, ̄g∞), 

log 
dP n 

Qh 
ϵn 
(O1, · · · , On) 

dP n 
Q(O1, · · · , On) 

= ∆n,h − 
1 
2 
∥h∥ 2 

H(Q,ḡ∞) 

such that ∆n,h 
d → ∆h under P n 

Q, and ∆h ∼ N(0, ∥h∥2 
H(Q,ḡ∞)). 

2.5.2 Regularity and Efficiency 

Now we introduce the definition of regular estimator and present the limit distribution for 
regular estimators of regular parameters based on the convolution theorem. Define a sequence 
of parameters ψ(Qh

ϵn 
) := EQh 

w,ϵn 
[ Q̄h 

y,ϵn 
(1, W ) − Q̄h 

y,ϵn 
(0, W )] for every h ∈ H(Q, ̄g∞), where 

Qh 
w,ϵn 

denotes the perturbed distribution of QW and Q̄h 
y,ϵn 

is the conditional mean function 
of the outcome under the perturbed distribution of QY . 

For every h ∈ H(Q, ̄g∞), the sequence of parameters ψ(Qh 
ϵn 
) is regular in that 

√ 
n 
 
ψ(Qh 

ϵn 
) − ψ(Q) 

 
→ ψ̇(Q)(h), 

for a continuous, linear map ψ̇ : H(Q, ̄g∞) → R and a certain norming operator 
√ 
n. Here, 

ψ̇(Q)(h) is the pathwise derivative of ψ(Qh
ϵ ) at ϵ = 0 and equals < D(Q, ̄g∞), h >H(Q,ḡ∞) by 

Riesz representation. 

Definition 2.1 (Regular Estimator). If a sequence of estimators Tn(O1, · · · , On) satisfies 

√ 
n 
 
Tn − ψ(Qh 

ϵn 
) 
 d → L 
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under P n 
Qh 

ϵn 
for every h ∈ H(Q, ̄g∞) for a fixed, tight Borel probability measure L on R, then 

Tn is regular with respect to the norming operators 
√ 
n. 

Theorem 2.8 (Limit Distribution of Regular Estimators via the Convolution Theo-
rem). Suppose Assumption 2.9 holds such that the sequence of statistical experiments 
( Ō(n), Fn, P n 

Qh 
ϵn 

: h ∈ H(Q, ̄g∞)) is asymptotically normal. Then, for regular estimators Tn 

of ψ(Q), the limit distribution of 
√ 
n(Tn − ψ(Q)) equals the distribution of a sum Z + B of 

independent and tight random variables such that 

Z ∼ N(0, ∥ ψ̇ ∗(Q)∥ 2 
H(Q,ḡ∞)), 

where ψ̇∗(Q) is the adjoint of ψ̇(Q) such that < ψ̇∗(Q), h >H(Q,ḡ∞)= ψ̇(Q)(h). 

We establish the regularity and efficiency of ADL-TMLE as follows. 

Theorem 2.9 (Regularity and Efficiency). Suppose Assumptions 2.3 -2.9 hold with Q∞ = 
Q0, then ψ(Q∗ 

n) is regular and efficient, i.e., the asymptotic variance of 
√ 
n(ψ(Q∗

n) − ψ(Q0)) 
achieves the minimal asymptotic variance ∥ ψ̇∗(Q0)∥2 

H(Q0,ḡ∞) among all regular estimators. 

Remark 2.1 (Comparison of two TMLEs). We compare ADL-TMLE ψ(Q∗ 
n) with 

AD-TMLE ψ(Q† 
n) based on the results of Sections 2.4 and 2.5. First, AD-TMLE gen-

erally requires infa∈A,w∈W gi(a | w) ≥ ζ for every i, whereas ADL-TMLE only requires 
positivity of the average design ḡn. Thus, ADL-TMLE accommodates greater variation 
in treatment randomization probabilities over the course of the experiment, including lo-
cal violations of positivity, provided that the average design remains bounded away from 
zero. Second, the asymptotic normality of both estimators requires stabilization of the 
average conditional variance of their respective martingale differences. For AD-TMLE, 
the relevant variance is 1 

n 

n 
i=1 VarPQ0,gi 

{D(Q∞, gi)(Oi)}, whereas for ADL-TMLE it is 
1 
n 

n 
i=1 VarPQ0,gi 

{D(Q∞, ̄g∞)(Oi)}. Suppose that both martingale variances stabilize and 
that the two estimators have the same limiting Q∞. For the finite-sample reference design 
ḡn, comparison of the corresponding variances and application of Jensen’s inequality yields 
1 
n 

 n 
i=1 VarPQ0,gi 

{D(Q∞, ̄gn)(Oi)} ≤ 1 
n 

 n 
i=1 VarPQ0,gi 

{D(Q∞, gi)(Oi)}. The inequality is 
strict unless the designs g1, . . . , gn are identical across subjects. If both variance sequences 
converge and replacing ḡn by ḡ∞ is asymptotically negligible, then the limiting variance of 
ADL-TMLE is no larger than that of AD-TMLE. 

2.6 Adaptive Designs Motivated by Efficiency Results 

Beyond efficient estimation after the completion of a given adaptive experiment, we investi-
gate how to design real-time adaptive experiments to further reduce the variance of the esti-
mator for a specific causal estimand of interest. Ideally, one can characterize an oracle exper-
imental design that minimizes semiparametric efficiency bound for estimating that estimand 
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using the data collected through that oracle design, which we denote by π∗ : W × A → [0, 1]. 
Using ATE as an example, it is known that the oracle design π∗ follows the conditional 
Neyman allocation: π∗(a|w) := σ(a,w) 

σ(1,w)+σ(0,w) , where σ
2(a, w) := V ar[Y |A = a, W = w]. 

However, the oracle design is unknown a priori in practice. This necessitates adaptive 
experimental designs that sequentially learn the oracle design from the accumulated data 
and determine treatment randomization probabilities for newly enrolled units according to 
the evolving estimate of the oracle design, with the aim of improving estimation efficiency. 
Motivated by efficiency results of ADL-TMLE, in this section we propose a novel adaptive 
design that guides the average of adaptive design toward the oracle design, which we refer 
to “ḡ-driven adaptive design”. 

This design is constructed as follows. At the beginning of the experiment, we enroll n0 

units and randomly assign treatments with a baseline probability (e.g. 0.5). Here, n0 is 
a user-specified “burn-in” sample size to estimate the oracle design for adapting treatment 
randomization probabilities. After that, suppose we have enrolled i units and define ḡi = 
1
i 

 i 
j=1 gj as the current average of adaptive design. Upon the enrollment of each new unit 

i + 1, we use the accumulated data Ō(i) = (O1, . . . , Oi) to construct π̂∗
i+1 as an estimate 

of the oracle design π∗ for the causal estimand of interest. In the example of ATE, π̂∗
i+1 

is constructed by first estimating the unknown conditional variance σ2(a, w) by σ̂2 
1:i(a, w) 

based on Ō(i), and then plugging that into the Neyman allocation formula: π̂∗
i+1(a|w) = 

σ̂1:i(a,w)
σ̂1:i(1,w)+σ̂1:i(0,w) . We then integrate this estimate into π̂

∗ 
i+1 := 1

i−n0+1 

i+1 
j=n0+1 π̂

∗ 
j as the target 

for the next-step average design, which mitigates the variability inherent in adapting solely to 
the latest estimate and produces a smoother, more stable design trajectory in finite samples. 
Finally, by solving ḡi+1 = π̂ 

∗
i+1 for the next average design, the treatment randomization 

function gi+1 is given by 
gi+1 := (i + 1)π̂ 

∗ 
i+1 − i ḡi, 

clipped to [0, 1]. This adaptation procedure is repeated upon enrollment of the new unit. 

Remark 2.2 (Comparison with standard Neyman-allocation adaptation). Compared with 
the adaptive designs with standard Neyman allocation that directly sets gi+1 = π̂∗

i+1, our 
ḡ-driven adaptive design adopts a “self-calibrating” approach: if the average design in ear-
lier stages presents higher probability to assign treatment (control) relative to the estimated 
optimal design, the ḡ-driven adaptive design compensates in subsequent stages by reducing 
the randomization probability for treatment (control) accordingly. This design strategy offers 
global control over the adaptive design as a whole, steering the overall average design toward 
the oracle design in a stable manner, rather than optimizing gi+1 alone in isolation without 
considering previous treatment randomization in the adaptive experiment. Together, the ḡ-
driven design framework and efficient estimation framework of ADL-TMLE work jointly to 
improve estimation efficiency in answering various causal questions of interest. 
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2.7 Simulation Studies 

2.7.1 Setup 

This section presents simulation studies to evaluate the performance of the proposed es-
timator and adaptive design to minimize variance in estimating ATE as a representative 
example. Specifically, we examine the following aspects: (A) Estimation: We evaluate the 
performance of ADL-TMLE in their efficiency in estimating ATE and compared that with 
AD-TMLE across adaptive designs that either aim to improve estimation efficiency for the 
causal estimand or target a different objective. (B) Design: With the goal of minimizing 
variance in ATE estimation, we evaluate the performance of the proposed ḡ-driven design 
and compare that with other alternative designs. 

To answer these questions, we consider five types of experimental designs that span 10 
time points, starting with n0 = 1000 units enrolled initially, and 250 units added at each 
subsequent time point. Each design differs in its mechanism to determine treatment ran-
domization probabilities given the accumulated data at each time point. One design is 
non-adaptive, assigning treatments and controls with equal probability (gi ≡ 0.5 for every i) 
throughout the experiment. Another three designs are based on Neyman allocation: one is 
a standard adaptive design that directly applies the current estimate of Neyman allocation 
for treatment randomization for the new enrollee that sets gi = π̂∗

i ; another is our proposed 
ḡ-driven Neyman allocation design; and the third is an ideal oracle design, which applies 
the oracle Neyman allocation from the outset (gi = π∗ for every i), as if it were known. 
We also implement a “benefit-driven” design that estimates conditional average treatment 
effect (CATE) function E[Y (1) − Y (0)|W ] from the accumulated data and tilts the treat-
ment randomization probabilities toward the estimate of optimal personalized treatment 
I(E[Y (1) − Y (0)|W ] > 0), thereby increasing the expected outcome of new enrollees com-
pared with that in the fixed non-adaptive design. Each design is repeated across 5000 Monte 
Carlo runs. For each run, the TMLE approach is implemented after rescaling the outcome to 
[0, 1] using the sample minimum and maximum. More details are deferred to Section 2.10.2. 

Figure 2.1 displays the oracle Neyman allocation and CATE functions across baseline 
covariates. The oracle Neyman allocation function varies across covariates, resulting in 
heterogeneous treatment randomization probabilities, while CATE function is also heteroge-
neous and follows a different pattern. Consequently, the benefit-driven design is expected to 
yield higher variance in ATE estimation than the adaptive designs using Neyman allocation. 

2.7.2 Results 

Estimation. Table 2.1 presents the bias, variance, and MSE of the proposed ADL-TMLE 
in adaptive experiments with benefit-driven design and standard Neyman-allocation design, 
respectively. We also evaluate the coverage rate of the 95% Wald-type confidence interval 
using the empirical EIC variance σ2 

n := 1 
n

n
i=1 D(Q∗

n, ̄gn)(Oi)
2 . It also reports the coverage of 

the 95% Wald-type “oracle confidence interval” based on the estimator’s Monte Carlo stan-
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Figure 2.1: Left: Probability of assigning treatment assignment a = 1 (y-axis) under the oracle 
Neyman allocation across baseline covariates (x-axis). Right: Conditional average treatment effect 
(CATE) (y-axis) across baseline covariates (x-axis). 

dard deviation of the point estimates, with its nominal coverage supporting the estimator’s 
asymptotic normality. 

Design Time Bias (10−2) Var. (10−2) MSE (10−2) Cov. (%) Oracle Cov. (%) 

Benefit Driven 2 −0.55 6.22 6.23 93.7 94.6 
Benefit Driven 4 −1.56 5.37 5.40 94.4 94.5 
Benefit Driven 6 −2.40 5.00 5.05 95.0 94.6 
Benefit Driven 8 −3.27 4.82 4.93 94.6 94.4 
Benefit Driven 10 −2.94 4.91 5.00 94.2 94.4 

Standard Neyman 2 1.90 5.49 5.53 92.9 94.9 
Standard Neyman 4 2.93 3.72 3.81 92.3 94.4 
Standard Neyman 6 1.16 2.94 2.95 92.0 94.7 
Standard Neyman 8 1.65 2.30 2.33 92.6 94.7 
Standard Neyman 10 1.09 2.03 2.04 92.6 95.1 

Table 2.1: Performance of ADL-TMLE in adaptive experiments with benefit-driven design and 
standard Neyman-allocation design at time points 2, 4, 6, 8, and 10. The table includes bias, 
variance, mean squared error (MSE), coverage probability of 95% Wald-type confidence intervals 
based on estimated standard errors, along with coverage probability of the 95% Wald-type “oracle 
confidence intervals” constructed by the Monte Carlo standard deviation of the point estimates. 

Figure 2.2 compares the relative variance of the proposed TMLE estimator ADL-TMLE 
ψ(Q∗

n) with that of AD-TMLE ψ(Q† 
n). The results show that ADL-TMLE ψ(Q∗

n) signif-
icantly reduces variance compared with AD-TMLE in adaptive experiments, under both 
benefit-driven design and standard Neyman allocation, demonstrating ADL-TMLE’s effi-
ciency across different adaptive experiments with varying design objectives. 
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Figure 2.2: Relative variance of ADL-TMLE ψ(Q∗ 
n) versus AD-TMLE ψ(Q† 

n) over the course of 
adaptive experiments with benefit-driven design (left) and with standard Neyman allocation (right). 
In each plot, the x-axis is the time point of the adaptive experiment, and the y-axis is the relative 
variance of the two TMLEs, each constructed by the cumulative data up to that time point. 

Design. Figure 2.3 presents the relative variance of ADL-TMLE under different designs 
compared with that in the non-adaptive design with fixed treatment randomization proba-
bility 0.5. The results show that both adaptive designs with standard Neyman allocation 
and the proposed ḡ-driven Neyman allocation yield lower variance than the non-adaptive 
design. Moreover, the ḡ-driven adaptive design consistently results in a smaller variance 
than the adaptive design with standard Neyman allocation and approaches the oracle design 
more closely. 

Additionally, we evaluate the effects of different designs on semiparametric efficiency 
for ATE estimation. Specifically, we construct oracle versions of Neyman-allocation-based 
adaptive designs, in which the treatment randomization probabilities are based on the oracle 
Neyman allocation functions using the true conditional variances rather than the estimated 
ones for units i ≥ n0. Figure 2.4 plots the trajectory of the relative value of D(Q0, ̄gn)2 

over time for these designs (including the non-adaptive one) against the ideal oracle design 
that applies the oracle Neyman allocation from the outset. This illustrates how quickly the 
variance of ADL-TMLE under an adaptive design approaches the semiparametric efficiency 
bound minimized by the oracle Neyman allocation. The results show that this quantity under 
the ḡ-driven adaptive design converges to the oracle one more rapidly than the standard 
Neyman allocation, highlighting the advantage of guiding the global average design toward 
the optimal target. 
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Figure 2.3: Relative variance of ADL-TMLE in experiments with different designs versus that in 
the non-adaptive design with a fixed treatment probability of 0.5. Each estimate is constructed 
using cumulative data up to each time point. The x-axis is the time point of the experiment, and 
the y-axis is the relative variance. 

1.0 

1.1 

1.2 

1.3 

2 4 6 8 10 

Time 

R
el

at
iv

e 
S

qu
ar

ed
 E

IC

Design 

non−adaptive design 
standard Neyman 
g−driven Neyman 
ideal oracle design 

Figure 2.4: Relative value of D(Q0, ̄gn)2 under various designs versus that under the ideal design 
with oracle Neyman allocation (y-axis) across different time points (x-axis). Different lines show the 
trajectories of this quantity over time under non-adaptive design, the oracle version of the adaptive 
design using standard Neyman allocation and the oracle version of ḡ-driven Neyman allocation, 
respectively. 
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2.8 Application and Generalization 

2.8.1 Application 

Our proposed framework is directly applicable for cases with independent data structure. 
For example, consider estimating causal estimands from data collected across multiple sites 
where the site index does not affect the primary outcome but introduces heterogeneity in 
treatment distribution across sites. Specifically, define the full data of interest as X = 
(W, Y (a)) ∼ P F ∈ MF , where W denotes the baseline covariates; Y (a) is the counterfactual 
outcome with treatment level a ∈ A. Let the average treatment effect ΨF (P F ) = EP F [Y (1)− 
Y (0)] be the causal estimand of interest. Suppose one observes n independent observations 
O1, · · · , On with Oi = (Si, Wi, Ai, Yi), where Wi ∼ QW and Yi ∼ QY (·|Ai, Wi) for QW ∈ QW 

and QY ∈ QY . For every unit i, Si ∈ {1, . . . , J} is the site index that determines the 
treatment distribution of Ai ∼ gi(·|Wi) with gi = gsi . Each site j ∈ [J ] has its own treatment 
assignment mechanism gj : W × A → [0, 1]. Note that each site does not impact the 
outcome given treatment and baseline covariates, and ΨF (P F ) can be identified by the target 
estimand ψ(Q) = E[Q̄(1, W )−Q̄(0, W )] under ignorability and positivity assumptions, where 
Q̄(A, W ) := E[Y |A, W ].

Define ḡn := 1 
n

 n
i=1 gi. With the convergence of ḡn to a fixed ḡ∞ (e.g. ḡ∞ = 

 
j∈J ps(j)gj 

for a probability mass function ps of the site index), one can construct an ADL-TMLE by 
solving the score equation 1 

n

 n
i=1 

2Ai−1 
ḡn(Ai|Wi) 

[Yi − Q̄ ∗ 
n(Ai, Wi)] = 0. This yields an asymptoti-

cally normal and efficient estimator that inherits the advantages of ADL-TMLE established 
for adaptive design settings. This approach also applies to other settings where the site index 
S is replaced by other variables that do not directly affect the outcome given treatment and 
other baseline covariates, but only influence the treatment assignment probabilities. 

2.8.2 The General Framework 

We present the general estimation and design framework for various causal estimands in 
broader settings, including those with longitudinal data structure. 

Data, Model and Target Estimand. Consider a longitudinal data structure O = 
(L(0), A(0), L(1), A(1), · · · , L(K), A(K), L(K + 1) ≡ Y ). Let 

M(g) = {pq,g = (q, g) : q ∈ Q} 

be a model with a known g, where q(o) = 
K+1 

t=0 qt(o) and g(o) = 
K

t=0 gt(o), which corre-
sponds to an i.i.d. likelihood with each L(t) ∼ qt(·|P a(L(t))) and A(t) ∼ gt(·|P a(A(t))), 
where P a(L(t)) and P a(A(t)) denote the set of nodes that appear before L(t) and A(t) in 
the longitudinal structure of O, respectively. Let g ∗ ∈ G∗ denote a fixed function that defines 
the causal estimand of interest as ΨF (Q) = EYg∗ = 


o y q(o) g ∗(o) dµ(o). Suppose that we 
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have n observations Ō(n) = (Oi : i = 1, . . . , n) with likelihood 

p n 
q,g1:n 

(ō(n)) = 
n 

i=1 

q(oi) gi(oi) = 
n 

i=1 

K+1 

t=0 

qt(oi) 
K 

t=0 

gi,t(oi). 

This defines the model Mn = {pn 
q,g1:n 

: q}, where gi may be specified as known, externally 
controlled, or partly unknown but estimable from the data. Note that the statistical estimand 
of interest only depends on the Q-component of the likelihood. 

Semiparametrically Efficient Estimation. Define ḡn = 1 
n

n
i=1 gi as the average of the 

whole product gi = 
 

t gi,t. Let D(Q, g)(Oi) denote the efficient influence curve in the i.i.d. 
model M(g). To estimate EYg∗ from data generated by the model Mn , it is useful to consider 
a reference i.i.d. model M(ḡn) with the average design ḡn. In that i.i.d. model, the efficient 
influence curve for the parameter Ψ(Q) is given by D(Q, ̄gn)(O). Importantly, any TMLE 
constructed by solving n−1 

n 
i=1 D(Q, ̄gn)(Oi) = 0 under the i.i.d. model with ḡn is also 

an efficient estimator for the original model Mn for the observed data, with its asymptotic 
normality supported by Martingale theories and its semiparametric efficiency provided by the 
convolution theorem, as shown in Sections 2.4 and 2.5. This unified estimation framework 
applies not only to adaptive design settings discussed above, but also to other contexts with 
longitudinal data structure with dynamic interventions [73, 44] and time-series structures 
[46, 61]. For the design problem, the construction of the self-calibrating ḡ-driven adaptive 
design implied by this efficient estimation approach directly mirrors that in Section 2.6. 

2.9 Conclusions 

In this work, we propose a novel ADL-TMLE framework for estimating a wide class of causal 
estimands from sequential adaptive experiments. We establish both asymptotic normality 
and semiparametric efficiency of ADL-TMLE, and demonstrate superior variance-reduction 
performance in finite samples. Notably, our framework substantially relaxes the requirements 
for adaptive experiments that enable valid statistical inference, as it only requires positivity 
and stabilization for the average design. Motivated by these results, we further propose 
a novel ḡ-driven adaptive design that dynamically steers the average design toward the 
estimated optimal design in a stable self-calibrating manner. This adaptive design achieves 
faster convergence to the oracle design and yields improved estimation efficiency compared 
with standard approach. Finally, we provide a general estimation and design framework 
applicable to broader settings with longitudinal structures. Future research could explore 
extensions to other related settings and broader areas of applications. 
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2.10 Supplementary Material 

2.10.1 Proofs for Sections 2.4 and 2.5 

Proof of Theorem 2.2. By applying von Mises expansions with respect to PQ,ḡn and PQ0,gi 

across gi ∈ g1:n, we have that 

ψ(Q) − ψ(Q0) 

= 
1 
n 

n
i=1 

 
D(Q, ̄gn)(o)d (PQ,ḡn − PQ0,gi ) (o) 

+ 
1 
n 

n
i=1 

 1 

a=0 

(2a − 1) 

 
gi(a|w) − ḡn(a|w) 

ḡn(a|w) 

  
Q̄(a, w) − Q̄0(a, w) 

 
dQW (w) 

= − 
1

n 

n 

i=1 

PQ0,gi D(Q, ̄gn) 

= −PQ0,ḡn D(Q, ̄gn). 

Since ADL-TMLE solves 1 
n

n
i=1 D(Q∗ 

n, ̄gn)(Oi) = 0, we have 

ψ(Q ∗ 
n) − ψ(Q0) = 

1

n 

n 

i=1 

[D(Q ∗ 
n, ̄gn)(Oi) − PQ0,ḡn D(Q ∗ 

n, ̄gn)]. 

By adding and subtracting D(Q∞, ̄gn)(Oi), D(Q∞, ̄g∞)(Oi), and their conditional expecta-
tions given Ō(i − 1), we obtain the desired decomposition equation. 

Proof of Theorem 2.7. The log likelihood ratio of the perturbed distribution and the original 
distribution follows: 

log 
dP n 

Qh 
ϵn 
(O1, · · · , On) 

dP n 
Q(O1, · · · , On) 

= 
1 √ 
n 

n 

i=1 

h(Oi) − 
1 
2n 

n 

i=1 

h 2(Oi) + oP n 
Q 
(1) 

= 
1 √ 
n 

n 

i=1 

h(Oi) − 
1 
2n 

n 

i=1 

EP n 
Q 

 
h 2(Oi) | Ō(i − 1) 

 
+ oP n 

Q 
(1) 

= 
1 √ 
n 

n 

i=1 

h(Oi) − 
1 
2 
∥h∥ 2 

H(Q,ḡn) + oP n 
Q 
(1) 

= ∆n,h − 
1 
2 
∥h∥ 2 

H(Q,ḡ∞), 

where we denote ∆n,h := 1√
n 

n
i=1 h(Oi)+oP n 

Q
(1), with the first term a zero-mean martingale. 

The second equation is based on the convergence of conditional variance of the zero-mean 
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martingale according to Theorem 2.23 of [29], as E[h2(Oi)|Ō(i − 1)] is bounded. The third 
equation is based on the dependence of gi on the past Ō(i − 1) in our adaptive design 
setup and the definition of ∥h∥2 

H(Q,ḡn)
. The last equation relies on the convergence of the 

adaptive design described in Assumption 2.9 and results in ∆n,h 
d → ∆h ∼ N(0, ∥h∥2 

H(Q,ḡ∞)) 
by Martingale central limit theorem. 

Proof of Theorem 2.9. By Assumptions 2.3, 2.4, 2.5, 2.6, 2.7, and 2.8, one can apply Theo-
rem 2.6 to establish asymptotic normality of ψ(Q∗ 

n) under P n 
Q0 
: 

√ 
n[ψ(Q ∗ 

n) − ψ(Q0)] 
d → N 

 
0, PQ0,ḡ∞ D(Q0, ̄g∞)2 

 
. 

With Assumption 2.9, the log likelihood ratio for the perturbed distribution of P n 
Q0 

is ob-

tained by log 
dP n

Qh
ϵn

(O1,··· ,On) 

dPn
Q0 

(O1,··· ,On)
= ∆n,h − 1 

2
∥h∥2 

H(Q0,ḡ∞), where h ∈ H(Q0, ̄g∞) and ∆n,h 
d → ∆h ∼ 

N(0, ∥h∥2 
H(Q0,ḡ∞)) under P n 

Q0 
via Theorem 2.7. Then, by Le Cam’s third lemma (Theorem 

3.10.7 in [82]), we have that 

√ 
n[ψ(Q ∗ 

n) − ψ(Q0)] 
d → N(< D(Q0, ̄g∞), h >, PQ0,ḡ∞ D(Q0, ̄g∞)2) 

under P n 
Qh 

ϵn 
. Combining with the regularity of the parameter 

√ 
n 
 
ψ(Qh 

ϵn 
) − ψ(Q0) 

 
→ ψ̇(Q0)(h), 

where ψ̇(Q0)(h) =< D(Q0, ̄g∞), h >, we have that 

√ 
n 
 
ψ(Q ∗ 

n) − ψ(Q h 
ϵn 
) 
 d → N(0, PQ0,ḡ∞ D(Q0, ̄g∞)2) 

under P n 
Qh 

ϵn 
. Hence ψ(Q ∗ 

n) is regular. 

By the convolution theorem (Theorem 2.8), the asymptotic variance of 
√ 
n(Tn − ψ(Q0)) 

for regular estimators Tn is no less than ∥ ψ̇∗(Q0)∥2H(Q0,ḡ∞), which equals PQ0,ḡ∞ D(Q0, ̄g∞)2 

and is achieved by the asymptotic variance of ψ(Q∗ 
n). Therefore, ψ(Q

∗ 
n) is efficient. 

2.10.2 Simulation Details 

The data generating distribution is as follows: W ∼ U(0, 3); ¯ Q0(1, W ) = 25 + 
10/ [1 + exp(−(2W + 1))]; ¯ Q0(0, W ) = 20 + 17.5/ [1 + exp(−(W + 0.1))]; V arQ0 [Y |A = 
1, W ] = 1 + 3W 3; V arQ0 [Y |A = 0, W ] = 1 + 1.5 × (3 − W )3 . Figure 2.5 shows the true 
conditional expectation and variance of the outcome given different treatment levels and 
baseline covariates. 

For benefit-driven design, we guide treatment randomization probabilities toward optimal 
personalized treatment using baseline covariates through estimating the conditional average 
treatment effect (CATE). Define the true CATE function as B0 : W → R, with B0(W ) = 
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Figure 2.5: Summary plots of the data generating distribution. The first two plots show the 
conditional mean of the outcome (y-axis) for treatment (a = 1) and control (a = 0) against 
covariates W (x-axis). The last two plots present the corresponding conditional variances. 

¯ Q0(1, W ) − ¯ Q0(0, W ). For a newly enrolled unit i with baseline covariates wi, we use Bn(wi) 
to denote the estimate of B0(wi) based on the current data Ō(i − 1). We estimate CATE 
functions by first transforming the outcomes into doubly robust pseudo-outcomes [78, 43, 39], 
then regressing them on baseline covariates using Super Learner [47]. This estimated CATE 
guides the treatment randomization probabilities toward the estimated optimal personalized 
treatment I(Bn(wi) > 0) through a function Γν,b introduced by [14]: 

Γν,b(x) = νI(x ≤ −b) + (1 − ν)I(x ≥ b) + 

 

− 
1/2 − ν 
2b3 

x 3 + 
1/2 − ν 
2b/3 

x+ 
1 
2 

 

I (−b ≤ x ≤ b) . 

Here, Bn(wi) is used as input to Γν,b to determine the probability of assigning treatment 
a = 1; ν ∈ [0, 0.5] sets a lower bound on the treatment randomization probability, ensuring 
that each arm is chosen with probability at least ν; b > 0 controls the range within which 
these probabilities respond smoothly to the estimated CATE Bn(wi). When Bn(wi) > b, 
indicating a substantially higher expected outcome under treatment a = 1 compared with 
a = 0, the treatment allocation probability of a = 1 reaches the maximum 1 − ν; when 
Bn(wi) < −b, the treatment allocation probability of a = 1 drops to its minimum value 
ν. When Bn(wi) ∈ [−b, b], that probability varies smoothly with the value of CATE. As 
the estimated CATE approaches 0, the probability gets closer to 0.5, balancing exploration 
and exploitation. In simulation, we set b = 1 and νi = exp(−ti) for every unit i, where 
ti = 

 
i−n0 
250 

 
with n0 = 1000, thereby increasing the chance of assigning substantially better 

treatments as the experiment progresses. 
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Chapter 3 

Longitudinal Adaptive Experimental 
Design for Learning Multiple Target 
Estimands with Semiparametric 
Efficient Inference 

3.1 Introduction 

Adaptive designs are increasingly used in clinical trials and digital experiments [16, 72, 
54], allowing treatment randomization probabilities to adapt in response to accumulating 
data. Dating back to [81], a central class of such methods is Response-Adaptive Random-
ization (RAR), in which treatment assignment probabilities are updated using treatment 
and outcome information from previously enrolled participants, with objectives ranging 
from improving efficiency to reducing assignment to inferior treatments [86, 33, 32, 72]. 
Covariate-Adjusted Response-Adaptive (CARA) designs generalize RAR by incorporating 
baseline covariates into the randomization mechanism [77, 32, 94, 53, 76, 1, 34]. These 
adaptive designs are also related to developments in the multi-armed and contextual bandit 
literature, which studies sequential decision-making strategies with the objective of regret 
minimization [10, 55]. 

However, relatively few studies have investigated adaptive experimental designs in longi-
tudinal settings. Existing work in this area primarily considers settings with longitudinally 
observed responses or covariates but a single treatment decision, where intermediate infor-
mation is used to adapt the randomization for that decision [36, 37, 6, 38, 88, 93, 22]. 
Nevertheless, these approaches do not consider adaptive designs in more complex longitu-
dinal settings involving multi-stage, time-varying treatments. Such settings are canonical 
in the causal inference literature [73, 66, 2, 44, 49] and arise commonly in clinical decision-
making, precision medicine, and sequential multiple assignment randomized trials [56, 65, 
57, 40, 41]. In these scenarios, participants are followed over multiple stages, intermediate 
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covariates or responses are revealed sequentially, and treatment at each stage is assigned 
based on a participant’s evolving history until the final outcome is observed. This longi-
tudinal structure fundamentally differs from experiments with a single treatment stage and 
calls for adaptive randomization strategies that explicitly account for the sequential nature 
of treatment assignment and information accrual. While prior work has considered adap-
tive experiments or bandit algorithms with time-varying treatments to improve participants’ 
outcomes [53, 35, 84, 25], principled approaches to optimizing the estimation efficiency of 
statistical estimands remain relatively underdeveloped in these longitudinal settings. 

In this chapter, we develop a semiparametric efficiency framework for constructing lon-
gitudinal adaptive experiments with stage-wise treatment randomization mechanisms that 
efficiently learn one or multiple target estimands. We further propose a general framework 
for semiparametric efficient estimation of statistical estimands from dependent data collected 
under longitudinal adaptive experiments, which applies to both the efficiency-oriented de-
signs in this work and broader classes of adaptive experiments. 

The contributions of this work are as follows. (i) We propose a general efficiency-oriented 
design criterion for longitudinal experiments that targets the estimation efficiency of one 
or multiple estimands within a unified formulation. (ii) For a broad class of longitudinal 
target estimands, we characterize the oracle design that optimizes the proposed criterion 
and uncover its forward-looking structure: optimal randomization at earlier stages depends 
on optimal allocations at later stages. This structure yields a backward-recursive strategy 
for deriving explicit stage-specific oracle randomization probabilities. (iii) We develop a 
covariate-adjusted response-adaptive (CARA) design that sequentially updates stage-wise 
randomization probabilities by learning and targeting the oracle design using accumulating 
data. (iv) Finally, we propose an adaptive-design-likelihood longitudinal targeted maximum 
likelihood estimator (ADL-LTMLE) that enables asymptotically normal and efficient esti-
mation of target estimands in the multi-stage adaptive experiments with time-varying treat-
ments. Our approach builds on the literature on targeted maximum likelihood estimation 
(TMLE) for adaptively collected data [53, 13, 14, 61, 62, 93], and recent work that establishes 
semiparametric efficiency of the ADL-TMLE approach under adaptive experiments [92]. 

We illustrate the framework through longitudinal adaptive experiments for estimating 
multiple treatment-initiation effects. Simulations show that the proposed adaptive design 
yields substantial variance reduction relative to non-adaptive designs, especially when 
combined with the efficient ADL-LTMLE approach, with its performance close to that of 
the oracle design. 

Overall, this work contributes a general maximal-information-type framework for the de-
sign and analysis of adaptive experiments with longitudinal, time-varying treatments. The 
framework accommodates a wide range of target estimands and their joint collections, includ-
ing estimands of causal effects and mean outcomes under dynamic or stochastic treatment 
rules, and recovers single-stage adaptive designs as a special case. 

The remainder of this chapter is organized as follows. Section 3.2 describes the statistical 
setup. Section 3.3 introduces the proposed efficiency-oriented design criterion, and devel-
ops a backward-recursive strategy for characterizing oracle designs for either a single target 
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estimand or multiple target estimands and constructing the corresponding longitudinal adap-
tive designs. Section 3.4 develops semiparametric efficient adaptive-design-likelihood-based 
longitudinal TMLE methods for estimating target statistical estimands and providing infer-
ence based on data collected from longitudinal adaptive experiments. Section 3.5 presents 
treatment-initiation effects as an illustrative application of the general framework and de-
rives oracle and adaptive designs for their efficient joint estimation. Section 3.6 reports the 
simulation studies. Section 3.7 concludes with a discussion. 

3.2 Statistical Setup 

3.2.1 Data Structure 

Consider a longitudinal data structure O = (L1, A1, . . . , LK , AK , LK+1 ≡ Y ) over K + 1 
follow-up stages for each participant. At each stage k ∈ [K] := {1, . . . , K}, Lk ∈ Lk denotes 
covariates (which can also be intermediate responses for k > 1), Ak ∈ Ak denotes the cate-
gorical treatment assigned at stage k. The final outcome Y ∈ Y , also denoted by LK+1, is a 
bounded outcome observed at stage K + 1, which we assume without loss of generality that 
Y = [0, 1]. Let ¯ Ak := (A1, . . . , Ak) and ¯ Lk := (L1, . . . , Lk) denote the treatment and covari-
ate histories up to stage k, and define Hk := ( ¯ Ak−1, ¯ Lk) ∈ Hk as the participant’s observed 
history immediately before treatment Ak. Let Q1 denote the marginal distribution of baseline 
covariates L1, and for k = 1, . . . , K, let Qk+1 denote the conditional distribution of Lk+1 given 
(Ak, Hk). We collect these distributions into Q := (Q1, . . . , QK+1). Let g := (g1, . . . , gK ) 
denote a collection of stage-wise treatment randomization mechanisms, where each gk : Hk × 
Ak → [0, 1] maps a history-treatment pair (hk, ak) to the conditional probability of assigning 
treatment ak given history hk. We write gk(ak | hk) as shorthand for P (Ak = ak | Hk = hk) 
under the randomization mechanism gk. We consider the nonparametric statistical model 
M = {PQ,g : Q ∈ Q, g ∈ G}, where each PQ,g admits the following likelihood factorization: 

pQ,g(o) = q1(l1) 
K 

k=1 

gk(ak | hk) qk+1(lk+1 | ak, hk), (3.1) 

which defines the joint density of the longitudinal data O under PQ,g. Here, Q denotes 
the nonparametric model for Q = (Q1, . . . , QK+1), and G denotes the class of admissible 
treatment randomization functions. 

3.2.2 Longitudinal Adaptive Experiment 

Consider a sequential longitudinal adaptive experiment with participants indexed by i = 
1, . . . , n, where each participant is followed for K + 1 stages. For each participant i, we 
observe longitudinal data Oi = (L1,i, A1,i, . . . , LK,i, AK,i, Yi), where Lk,i denotes time-varying 
covariates at stage k, Ak,i ∈ Ak denotes the categorical treatment assigned at stage k, 
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and Yi ≡ LK+1,i is the final outcome. Define the accumulated data up to participant i by 
¯ Oi := {O1, . . . , Oi}, where ¯ O0 := ∅. Let Fi = σ(O1, . . . , Oi) denote the filtration generated 
by the sequentially observed data. 

Before participant i is enrolled, the experimenter uses the accumulated data ¯ Oi−1 to con-
struct a collection of stage-wise randomization mechanisms gi = (g1,i, . . . , gK,i). Conditional 
on ¯ Oi−1, treatment at stage k for participant i is assigned according to the known ran-
domization mechanism gk,i(· | Hk,i). These mechanisms govern the participant’s treatment 
assignments sequentially across stages throughout longitudinal follow-up. This formulation 
also includes cohort-wise adaptation as a special case. Specifically, if participants are en-
rolled in cohorts, the same collection of randomization mechanisms gi may be applied to all 
participants within a cohort and updated only between cohorts. 

Let g1:n := (g1, . . . , gn) denote the known adaptive design sequence applied to the n 
participants. For a given (Q, g1:n), we write PQ,g1:n for the joint distribution of (O1, . . . , On). 
The likelihood of (o1, . . . , on) is given by 

pQ,g1:n (o1, . . . , on) = 
n 

i=1 

 

q1(l1,i) 
K
k=1 

 
gk,i(ak,i | hk,i) qk+1(lk+1,i | ak,i, hk,i) 

 
 

. 

3.3 A General Framework for Efficiency-Oriented 
Longitudinal Adaptive Design 

3.3.1 Oracle Longitudinal Design for Estimation Efficiency 

Let ψ(Q) denote a pathwise differentiable target estimand of interest. We introduce a 
semiparametric efficiency framework for defining an efficiency-oriented design criterion. 
Specifically, for a fixed design g, define 

C(Q, g) := V arPQ,g {D(PQ,g)(O)} , (3.2) 

where D(PQ,g) denotes the efficient influence curve (EIC) of ψ(Q) under the observed-data 
distribution PQ,g. Under standard regularity conditions, the pathwise derivative of ψ(Q) 
along any regular parametric submodel can be represented as the inner product of its 
score with an influence function. By the Riesz representation theorem, the EIC is the 
unique element of the tangent space that represents this derivative and has the smallest 
L2(PQ,g) norm among all influence functions. Consequently, (3.2) is the semiparametric 
efficiency bound that characterizes the smallest asymptotic variance attainable by a regular 
asymptotically linear estimator of ψ(Q) [48]. 

While the collection of randomization mechanisms g = (g1, . . . , gK ) does not alter the 
definition of ψ(Q), it determines the induced observed-data distribution PQ,g and, conse-
quently, the statistical information available for estimating ψ(Q). This motivates the oracle 
maximal-information longitudinal design, defined as 

g ⋆(Q) := arg min 
g∈G 

C(Q, g). (3.3) 
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For many longitudinal target estimands, the EIC admits a stage-wise decomposition 
D(PQ,g) = 

K 
k=0 Dk(PQ,g), where D0(PQ,g) is the mean-zero baseline component associated 

with the marginal law of L1. For each k ∈ [K], Dk(PQ,g)(O) is the component associated with 
the conditional law of Lk+1 given (Hk, Ak); it is measurable with respect to (Hk, Ak, Lk+1) 
and satisfies EPQ,g {Dk(PQ,g)(O) | Hk, Ak} = 0. These stage-specific components form mar-
tingale increments and are mutually orthogonal in L2(PQ,g). Consequently, the variance of 
the EIC decomposes as V arPQ,g {D(PQ,g)(O)} = 

K 
k=0 EPQ,g 

 
{Dk(PQ,g)(O)}2  . Thus, the 

semiparametric efficiency bound separates into stage-specific contributions through which 
the longitudinal treatment mechanisms affect the total estimation variance. 

3.3.2 Backward-Recursive Structure of the Oracle Design 

We consider a broad class of longitudinal target estimands whose stage-specific EIC compo-
nents have the following representation: 

Dk(PQ,g)(O) = 
Φk(Q)(O) k 

s=1 gs(As | Hs) 
, k = 1, . . . , K, (3.4) 

where we require that each Φk(Q) is an estimand-specific function that does not depend on 
the experimental mechanism g. 

This representation characterizes a general class of statistical estimands supported by 
the proposed design optimization framework, including many classical causal estimands in 
longitudinal settings such as mean outcomes under static, dynamic, or stochastic treatment 
rules and their linear combinations (see, e.g., [73, 48, 66, 45, 85]). 

Importantly, for this class of estimands, the stage-wise EIC components exhibit a nested 
dependence on the longitudinal treatment mechanisms, as indicated by the following simpli-
fied indexing: 

D1(Φ1, g1), D2(Φ2, g1, g2), . . . , DK(ΦK , g1, . . . , gK ). 

Specifically, conditional on the realized history Hk available before treatment assignment at 
stage k, the randomization mechanism gk affects the variance contribution of Dk and all 
subsequent components Dk+1, . . . , DK , where the latter contributions further depend on the 
future treatment mechanisms gk+1, . . . , gK . 

This nested dependence gives rise to a forward-looking, backward-recursive optimization 
of the longitudinal design. The recursion starts by optimizing the terminal randomization 
mechanism gK and then proceeds backward through gK−1, . . . , g1, so that each earlier-stage 
randomization mechanism accounts for its downstream contribution to the variance through 
the subsequent data trajectories it induces. The procedure is as follows. 

First, at the final stage K, let σ2 
K (aK | hK ) = E 

 
{ΦK (Q)(O)}2 | HK = hK , AK = aK 

 
. 

Conditional on HK = hK , minimizing the final-stage variance contribution of DK yields the 
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allocation: 

g⋆ 
K (aK | hK ) = 

σK(aK | hK ) 

a ′ K ∈AK 

σK (a ′ K | hK ) 
. (3.5) 

Intuitively, the oracle design assigns greater probability to treatment arms associated with 
larger current and future uncertainty conditional on the current history. Collecting more 
observations under these arms reduces their contribution to the overall uncertainty and 
improves the efficiency of estimating the target estimand. 

Proceeding backward, for k = K − 1, . . . , 1, define 

σ 2 
k(ak | hk) = E 

 
{Φk(Q)(O)}2 | Hk = hk, Ak = ak 

 
+ E

  
 

ak+1∈Ak+1 

σ2 
k+1(ak+1 | Hk+1) 

g ⋆ 
k+1(ak+1 | Hk+1) 

     Hk = hk, Ak = ak 

  , (3.6) 

which aggregates the conditional variance contributions of Dk, . . . , DK under the future 
oracle mechanisms (g⋆ 

k+1, . . . , g
⋆ 
K ). 

The resulting stage-k oracle allocation is given by: 

g⋆ 
k(ak | hk) = 

σk(ak | hk) 

a ′ k ∈Ak 

σk(a ′ k | hk) 
, k = K, . . . , 1. (3.7) 

The final collection g ⋆ := (g⋆ 
1, . . . , g

⋆ 
K ) thus constitutes the oracle longitudinal design 

across all stages. 

3.3.3 Oracle Longitudinal Design for Multiple Target Estimands 

With rich data trajectories involving time-varying treatments and responses, longitudinal 
studies create opportunities to address a wide range of scientific questions through multiple 
target estimands of interest. However, they also give rise to complex trade-offs in experimen-
tal design, as a design optimized for one estimand may provide less favorable data support 
for estimating others. This challenge is particularly substantial in longitudinal experiments, 
where efficiency losses due to limited support may propagate multiplicatively through the 
stage-wise dependence of the longitudinal data. This motivates a joint design criterion that 
explicitly accounts for the trade-offs in estimation efficiency across multiple target estimands. 

Consider a collection of target estimands of interest {ψj(Q) : j ∈ [J ]}. We define the 
joint efficiency-oriented criterion 

Cw(Q, g) := 
 

j∈[J ] 

wjV arPQ,g 

 
Dj(PQ,g)(O) 

 
, (3.8) 
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where Dj(PQ,g) denotes the EIC corresponding to ψj(Q) under PQ,g, and the user-specified 
nonnegative weights {wj : j ∈ [J ]} satisfying 

J 
j=1 w

j = 1 determine the relative emphasis 
placed on the estimation efficiency of each target estimand. 

When the EIC of each target estimand admits the stage-wise representation in (3.4), 
the optimization for the joint criterion also preserves the same backward-recursive structure. 
Specifically, for each estimand ψj , let σ2,j 

k (ak | hk) denote the conditional second-moment 
contribution of its stage-k and subsequent EIC components under the common future oracle 
mechanisms. Define Σ2 

k(ak | hk) = 
 

j∈[J ] w
jσ2,j 

k (ak | hk). The oracle allocation conditional 

on the history of stage k is then g ⋆ 
k(ak | hk) = Σk(ak|hk)  

a′ k ∈Ak 

Σk(a ′k | hk) 
for k = K, . . . , 1. Thus, 

the joint criterion retains the same stage-wise allocation form, while aggregating uncertainty 
across the target estimands according to user-specified weights that reflect their relative 
estimation priorities. 

More generally, let D(PQ,g) =
 
D1(PQ,g), . . . , DJ (PQ,g) 

⊤ 
denote the vector-valued 

EIC, and consider CΩ(Q, g) = tr 
 
Ω V arPQ,g {D(PQ,g)(O)} 


as a design criterion, where 

V arPQ,g {D(PQ,g)(O)} is the covariance matrix of the EICs and Ω is a user-specified 
symmetric positive-semidefinite matrix. In particular, let Ω := B⊤ΛB, where B ∈ RR×J 

is a prespecified contrast matrix whose rows define R linear combinations of the J target 
estimands, and let Λ = diag(λ1 , . . . , λR) be a diagonal matrix of nonnegative weights. 
This criterion represents a weighted sum of the semiparametric efficiency bounds for the 
user-specified linear combinations of the estimands. The backward-recursive optimization 
procedure continues to apply. 

3.3.4 Efficiency-Oriented Longitudinal Adaptive Design 

However, oracle designs depend on unknown features of the data-generating distribution and 
therefore cannot be implemented a priori. This motivates a longitudinal adaptive design 
that estimates the relevant quantities sequentially from accumulating data and updates the 
stage-specific randomization mechanisms accordingly. 

Specifically, before enrolling participant i, we can use the accumulated observations ¯ Oi−1 

to estimate {σ2
k(ak | Hk) : k ∈ [K]} for a single target estimand, or {Σ2

k(ak | Hk) : k ∈ [K]} 
for multiple target estimands. Substituting these estimates into the backward-recursive 
solution yields the estimated oracle mechanisms {ĝ⋆ 

k,i(· | Hk) : k ∈ [K]}. The stage-specific
treatment mechanisms for participant i are then given by gk,i(· | Hk) = ĝ⋆ 

k,i(· | Hk) for k ∈ 
[K]. By doing so, the longitudinal adaptive design updates the randomization mechanisms 
as information accumulates, thereby steering the distribution of the accruing data toward 
that under the oracle design with the intended efficiency objective. 
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3.3.5 Inference After Longitudinal Adaptive Experiments 

While adaptive experiments are attractive because they can steer the randomization mech-
anisms toward the design objective, the resulting dependence across participants invalidates 
standard inferential procedures developed for i.i.d. data, particularly when inference is con-
ducted without parametric assumptions. In longitudinal experiments, statistical inference 
is further complicated by the sequential dependence among time-varying covariates, treat-
ments, and outcomes within each participant. In the next section, we provide a targeted 
maximum likelihood estimation (TMLE) framework to address these challenges. 

3.4 Adaptive-Design-Likelihood-Based Longitudinal 
TMLE 

We develop an adaptive-design-likelihood-based longitudinal TMLE (ADL-LTMLE) ap-
proach for semiparametric efficient inference under longitudinal adaptive experiments, 
building on recent advances in adaptive-design-likelihood-based TMLE (ADL-TMLE) 
framework [92]. This framework relates semiparametric efficiency bound under an adaptive 
experiment to the corresponding bound under an i.i.d. reference distribution induced by 
the average of the distributions generated under the adaptive design. It thereby yields an 
asymptotically normal and semiparametric efficient estimator for adaptively collected data 
without relying on parametric model assumptions. 

This framework applies to a broad class of longitudinal target estimands, including those 
defined under dynamic or stochastic treatment rules and other estimands that admit anal-
ogous TMLE procedures based on martingale and semiparametric efficiency theory. More 
generally, it applies to target estimands of the form ψ(Q) for data likelihoods factorizing as 
p(o1, . . . , on) = 

n 
i=1 q(oi)gi(oi), where q is the density of some Q ∈ Q that defines the target 

estimand. Thus, the framework is not restricted to a particular type of adaptive experiment 
or to the estimands used to guide the adaptive design, provided that the observed data offer 
sufficient support for the target estimand of interest. 

For the rest of this section, we use ψd(Q), the mean outcome under a dynamic treatment 
rule d, as a representative example of the proposed framework in longitudinal settings. We 
first formalize this estimand and introduce the proposed ADL-LTMLE procedure, and then 
establish its asymptotic normality and semiparametric efficiency, with proofs provided in the 
Supplementary Material (Section 3.8). 

3.4.1 Expected Outcome under a Dynamic Treatment Rule 

A dynamic treatment rule is a sequence of decision rules d = (d1, . . . , dK), where each 
dk : Hk → Ak maps the observed history Hk to a treatment at stage k. For each k ∈ [K], let 
Ld
k+1:K+1 = 


Ld

k+1, . . . , L
d 
K+1 

 
denote the counterfactual trajectory of covariates/outcomes 

from stage k + 1 onward under rule d, with Ld
K+1 = Y d . The causal estimand of interest 
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is Ψd := E 
 
Y d 
 
, the mean counterfactual outcome under rule d. Let P d 

Q0 
denote the 

intervention distribution induced by Q0 when treatment is assigned by rule d, and define 
Ḡd 

k,n(hk) = 1 
n

 n
i=1 

k 
s=1 gs,i{ds(hs) | hs} as the average cumulative probability of following 

d across participants in the adaptive experiment. 

Assumption 3.1 (Identification). For a treatment rule d = (d1, . . . , dK ), suppose that: 

(i) Consistency: if As,i = ds(Hs,i) for every s ≤ k, then Lk+1,i = Ld
k+1,i; 

(ii) Sequential randomization: for every k ∈ [K], Ld
k+1:K+1 ⊥⊥ Ak,i | Hk,i, ¯ Oi−1, where ¯ Oi−1 

denotes accumulated data before participant i is enrolled; 

(iii) Positivity: ∀k ∈ [K], Ḡd 
k,n(hk) > 0 for Pd 

Q0 
-almost every history hk. 

Here, consistency links the observed and counterfactual variables along the target treat-
ment rule, sequential randomization removes treatment confounding conditional on the ob-
served history and prior experimental data, and positivity ensures that the adaptive experi-
ment provides support for the treatment trajectory required to evaluate d. 

To state the identification formula, for notational convenience, we define dK+1(HK+1) ≡ ∅ 
and set md

K+1(∅, HK+1) ≡ Y throughout. Then, for k = K, . . . , 1, define 

m d 
k (ak, hk) = EQ 

 
m d 

k+1{dk+1(Hk+1), Hk+1} | Ak = ak, Hk = hk 

 
. 

Under the conditions above, the longitudinal g-computation formula [73] identifies Ψd 

through 
ψ d(Q) := EQ 

 
m d 

1 {d1(H1), H1} 
 
, 

which serves as the observed-data target estimand for statistical estimation. The EIC of 
ψd(Q) at PQ,g is 

D d(PQ,g)(O) 

= m d 
1 {d1(H1), H1} − ψ d(Q) 

+ 
K 

k=1 

 k 
s=1 I{As = ds(Hs)}k 
s=1 gs{ds(Hs) | Hs} 

 
m d 

k+1{dk+1(Hk+1), Hk+1} − m d 
k (Ak, Hk) 

 
. 

3.4.2 ADL-LTMLE Procedure 

The ADL-LTMLE is constructed recursively as follows. 
First, we initialize the final pseudo-outcome by m d,∗ 

n,K+1{dK+1(HK+1), HK+1} ≡ Y . Then, 
for each k = K, . . . , 1, we proceed as follows. 

At stage k, we use the targeted regression m d,∗ 
n,k+1 obtained at stage k + 1 to construct an 

estimate m d 
n,k(ak, hk) by regressing m d,∗ 

n,k+1{dk+1(Hk+1), Hk+1} on Ak and Hk. 
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We then perform a targeting step at stage k. Using the average-reference cumulative 

treatment probability ¯ Gd 
k,n defined above, let Hd 

k,n(O) = 
k

s=1 I{As=ds(Hs)} 
Ḡd 

k,n(Hk) 
. We fluctuate m d 

n,k

along a logistic model: 

logit m d 
n,k,ϵ(Ak, Hk) = logit m d 

n,k(Ak, Hk) + ϵH d 
k,n(O), (3.9) 

where we use m d,∗ 
n,k+1 {dk+1(Hk+1), Hk+1} as the outcome. Let ˆ ϵk,n denote the estimated 

fluctuation parameter and set md,∗ 
n,k = md 

n,k,ϵ̂k,n 
. The targeted prediction md,∗ 

n,k{dk(Hk), Hk} 
then becomes the pseudo-outcome for estimating the regression at stage k − 1. 

After completing the recursion, let md,∗ 
n = 

 
md,∗ 

n,1, . . . , m
d,∗ 
n,K 

 
denote the resulting collec-

tion of targeted sequential regressions, and let Q∗ 
1,n denote the empirical distribution of L1. 

We use Q∗ 
n = 

 
Q∗ 

1,n, Q
∗ 
2,n, . . . , Q

∗ 
K+1,n 

 
to denote the longitudinal distribution that induces 

the sequential regressions md,∗ 
n . The resulting ADL-LTMLE is 

ψ d(Q ∗ 
n) := 

1

n 

n 

i=1 

m d,∗ 
n,1{d1(H1,i), H1,i}. 

3.4.3 Asymptotic Normality 

We now state the asymptotic normality of the ADL-LTMLE. For any integrable func-
tion f , we use PQ0,gi f = E{f(Oi) | Fi−1} to denote the conditional expectation un-
der the participant-specific randomization mechanism gi, given the previously observed 
data. Define an i.i.d. reference law by the average of the participant-specific observed-
data laws across participants in the adaptive experiment, i.e., P̄Q,g1:n := 1 

n

n 
i=1 PQ,gi , 

which serves as the reference law for characterizing the semiparametric efficiency bound 
for regular estimators under adaptive experiments and for constructing the ADL-LTMLE. 
Moreover, we write P̄Q,g1:n = PQ,ḡn as shorthand, where ḡn = (ḡ1,n, . . . , ̄gK,n) denotes 
the longitudinal treatment mechanism induced by the average-reference law. In particu-
lar, ḡk,n(ak | hk) := 

¯ Gk,n(āk,¯ hk) 
Ḡk−1,n(āk−1,h̄k−1) 

, where Ḡk,n(āk, ̄hk) := 1 
n 

 n 
i=1 

 k 
s=1 gs,i(as | hs), and 

Ḡ0,n := 1. Further details are provided in Section 3.8.1. 
Let Q∞ and ḡ∞ denote fixed limits of Q∗ 

n and ḡn, respectively, and define G ḡ∞,d 
k (hk) :=  k 

s=1 ¯ gs,∞{ds(hs) | hs}. Beyond the positivity and variance stabilization assumptions below,
we additionally impose entropy and convergence conditions governing the relevant function 
classes and the asymptotic behavior of Q∗ 

n and ḡn; their formal statements are provided in 
Assumptions 3.5–3.7 of Section 3.8.1. 

Assumption 3.2 (Strong Positivity of Average Cumulative Treatment Probabilities). There 
exists ζ > 0 such that, for every n, mink∈[K] infhk∈Hk Ḡ

d 
k,n(hk) ≥ ζ, 

and mink∈[K] infhk∈Hk G
ḡ∞,d 
k (hk) ≥ ζ. 

Assumption 3.3 (Variance Stabilization). There exists a constant σ2 
d > 0 such that 

1 
n 

 n 
i=1 VarPQ0,gi 

 
Dd(PQ∞,ḡ∞ )(O) 

 p→ σ2 
d. 
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Theorem 3.1 (Asymptotic Normality of the ADL-LTMLE). Suppose Assumptions 3.2, 3.3, 
3.5, 3.6, and 3.7 hold. Then 

√ 
n 
 
ψ d(Q ∗ 

n) − ψ d(Q0) 
 d → N(0, σ 2 

d). 

Let σ̂2 
d,n be a consistent estimate of σ2 

d. The standard error of ψd(Q∗ 
n) is given by 

σ̂d,n/ 
√ 
n. The (1 − α) Wald confidence interval is ψd(Q∗ 

n) ± z1−α/2 ̂σd,n/ 
√ 
n, where z1−α/2 is 

the (1 − α/2)-quantile of the standard normal distribution. 

3.4.4 Semiparametric Efficiency 

We further establish the semiparametric efficiency of the ADL-LTMLE following the effi-
ciency result of [92], which relates the semiparametric efficiency notion for the adaptive 
experiment PQ,g1:n to that of a limiting i.i.d. reference experiment with law PQ,ḡ∞ . 

For any Q = (Q1, . . . , QK+1) ∈ Q, define the tangent space 

H(Q, ̄g∞) = 

 

h = 
K+1 

k=1 

hk ∈ L2(PQ,ḡ∞ ) : 
EQ{h1(L1)} = 0, 
EQ{hk+1(Lk+1, Ak, Hk) | Ak, Hk} = 0, k ∈ [K] 

 

, 

equipped with the inner product ⟨h, h⟩H(Q,ḡ∞) = PQ,ḡ∞ (hh). 
Assumption 3.4 (Reference-Law Norm Stability). For every h ∈ H(Q0, ̄g∞), PQ0,ḡn h

2 p → 
PQ0,ḡ∞ h

2 . 

Theorem 3.2 (Semiparametric Efficiency of the ADL-LTMLE). Suppose Assumptions 3.2, 
3.3, 3.4, 3.5, 3.6, and 3.7 hold, and Q∞ = Q0. Then the ADL-LTMLE is regular and 
efficient, √ 

n 
 
ψ d(Q ∗ 

n) − ψ d(Q0) 
 d → N 

 
0, PQ0,ḡ∞ 

 
D d(PQ0,ḡ∞ )

2 
 
, 

i.e., the asymptotic variance of 
√ 
n{ψd(Q∗ 

n)−ψd(Q0)} equals the minimum attainable asymp-
totic variance among all regular estimators. 

3.5 Application to Multiple 
Time-to-Treatment-Initiation Effects 

This section illustrates the general framework developed in Sections 3.3 using a class of 
time-to-treatment-initiation effects as a motivating example. These effects compare initi-
ating treatment at a given stage with delaying initiation until the subsequent stage. Such 
comparisons reflect clinically relevant decision problems in many settings, such as cancer and 
HIV treatments (see, e.g., [17, 95, 90]). 
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Time-to-treatment-initiation effects. Consider a class of treatment rules that vary in 
the timing of treatment initiation: 

d τ = (0, . . . , 0  
τ−1 

, 1, . . . , 1   
K−τ+1 

), d K+1 = (0, . . . , 0), 

and consider the τ -specific causal estimand Ψτ (Q) = E(Y d
τ 
) − E(Y d

τ+1 
), which compares 

initiating treatment at stage τ with delaying initiation until stage τ + 1. For τ = K, this 
compares initiating treatment at the final stage K with never initiating treatment. Under 
the identification conditions in Assumption 3.1, the target estimands of interest are 

ψ τ (Q) = E 
 
m d

τ 

1 {d τ 
1(H1), H1} − m d

τ+1 

1 {d τ+1 
1 (H1), H1} 

 
, τ ∈ [K]. 

Longitudinal adaptive design. For a treatment rule d, define the stage-k sequential-
regression residual ∆d

k (O) = md
k+1{dk+1(Hk+1), Hk+1} − md

k (Ak, Hk), where, for k = K, we 
set md

k+1{dk+1(Hk+1), Hk+1} ≡ Y . The EIC of ψτ admits the decomposition Dτ (PQ,g) = 
Dτ 

0(PQ,g) + 
K

k=1 D
τ 
k(PQ,g), where Dτ 

0 = mdτ 

1 {dτ1(H1), H1} − mdτ +1 

1 {dτ+1 
1 (H1), H1} − 

ψτ , Dτ 
k(PQ,g)(O) = Φτ 

k(Q)(O)k
s=1 gs(As|Hs) 

, and Φτ
k(Q)(O) = I(Āk = dτ

1:k)∆
dτ 

k (O) − I(Āk = 

dτ+1 
1:k )∆

dτ +1 

k (O). 
This illustrates that this class of estimands admits the general stage-wise representation 

required for applying the design optimization framework in Section 3.3.2. Specifically, for 
each stage k and action a, let {στ 

a,k(hk)}2 denote the conditional variance of the downstream
EIC components from Dτ 

k to Dτ 
K after separating out gk(a | hk)−1 . Conditional on Hk = hk, 

the component of the efficiency bound depending on gk is 
{στ

1,k(hk)}2 

gk(1|hk)
+ 

{στ
0,k(hk)}2 

gk(0|hk)
. Using the 

backward-recursive strategy to optimize the longitudinal design, the oracle randomization 
scheme at stage k = τ is 

g∗ 
k(1 | hk) = 

στ 
1,k(hk) 

στ 
0,k(hk) + στ 

1,k(hk)
, g∗ 

k(0 | hk) = 
στ 
0,k(hk) 

στ 
0,k(hk) + στ 

1,k(hk) 
. (3.10) 

By contrast, for stages k ̸= τ , the oracle design becomes degenerate: 

g∗ 
k(1 | Hk) ≡ 0 for k < τ, g∗ 

k(1 | Hk) ≡ 1 for k > τ. 

Intuitively, the oracle design keeps all participants on the treatment history shared by the 
two regimes before stage τ , randomizes at the stage where the regimes diverge according 
to the variance-minimizing allocation determined by the relative action-specific conditional 
variability, and assigns the common treatment prescribed by both regimes for later stages. 
As a result, it maximally preserves the longitudinal support needed to learn both treatment 
rules while randomizing treatment at the stage where they diverge according to the optimal 
allocation defined by the efficiency criterion for estimating their contrast. 
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However, when the goal is to learn multiple target estimands concurrently, such as the 
collection of treatment-initiation effects {ψτ : τ ∈ [K]}, an oracle design optimized for one 
estimand may substantially reduce the information available for others. These trade-offs 
are particularly substantial in longitudinal settings, where treatment is assigned sequen-
tially and each stage-specific randomization decision directly shapes the data trajectories 
at subsequent stages. Consequently, favoring the optimal design for one estimand can 
irreversibly restrict the trajectories needed to estimate estimands that rely on sufficient 
data support at other stages, leading to limited support, inflated variance, or even loss 
of identification. This tension is explicit in the treatment-initiation-effect example, where 
estimand-specific oracle designs concentrate randomization at different stages and thereby 
impose competing demands on longitudinal data support. The joint optimization and the 
corresponding adaptive design framework in Section 3.3.3 therefore provide a principled 
approach to navigating these trade-offs. 

3.6 Simulation Studies 

We conduct simulation studies to evaluate the proposed longitudinal designs and estimators 
in the illustrative example of learning multiple treatment-initiation effects (ψ1 , . . . , ψK ). 
Specifically, we assess the efficiency gains of the proposed adaptive designs developed in 
Section 3.3 relative to fixed non-adaptive randomization and the oracle design, as well as the 
finite-sample performance of the proposed estimators. 

Setup. In the primary simulations, n = 2000 participants are enrolled sequentially in T = 5 
equally sized cohorts of 400 participants. We consider longitudinal settings with either two or 
three treatment stages (K = 2 and K = 3), with discrete time-varying covariates and a con-
tinuous outcome. The complete data-generating mechanisms are provided in Section 3.8.2. 

For each setting, we consider three user-specified weight vectors w = (w1 , . . . , wK) in the 
joint efficiency criterion. For K = 2, we use (1/2, 1/2), (1/3, 2/3), and (2/3, 1/3); for K = 3, 
we use (1/3, 1/3, 1/3), (1/6, 1/3, 1/2) and (1/2, 1/3, 1/6). 

We compare the following three designs: (a) a fixed non-adaptive design that assigns 
treatment with probability 0.5 at every stage; (b) an oracle design defined by recursively com-
puting the optimal stage-specific randomization probabilities using the true data-generating 
mechanism; and (c) the proposed adaptive design, which starts from equal randomization 
and then estimates and tracks the oracle design using the accrued data. 

Estimation. For each Monte Carlo run, we estimate the collection of treatment-initiation 
effects {ψτ : τ ∈ [K]} by applying the ADL-LTMLE framework of Section 3.4 using the EIC 
corresponding to each contrast between two treatment-initiation rules, after rescaling the 
outcome to [0, 1] using the sample minimum and maximum. In the primary simulations, the 
initial sequential outcome regressions are estimated using empirical means within strata de-
fined by the observed covariate and treatment histories available before each treatment stage. 



CHAPTER 3. LONGITUDINAL ADAPTIVE EXPERIMENTAL DESIGN WITH 
SEMIPARAMETRIC EFFICIENT INFERENCE 80 

As a comparator, we also implement an adaptive-design LTMLE (AD-LTMLE) based on the 
participant-specific randomization mechanisms gi, which solves 1 

n

n 
i=1 D

τ 
 
PQ∗ 

n,gi 

 
(Oi) = 0. 

This estimator is asymptotically normal under standard conditions for adaptive experiments, 
but it may exhibit greater finite-sample variability and require stronger design-stability 
conditions than the ADL-LTMLE based on the design ḡn induced by the average-reference 
law P̄Q,g1:n [92]. The variance estimators for the ADL-LTMLE and AD-LTMLE are 
1 
n 

T 
t=1 

nt 
n 
Vari∈It D

τ 
 
PQ∗

n,ḡn 

 
and 1 

n 

T 
t=1 

nt 
n 
Vari∈It D

τ 
 
PQ∗

n,gi 

 
, respectively, where It de-

notes the set of participant indices in cohort t, and nt denotes the corresponding cohort 
size. Under the non-adaptive and oracle designs, where the randomization strategy is fixed, 
the two estimators coincide with the standard i.i.d. LTMLE [44]. We also evaluate two 
one-step estimators constructed using ḡn and gi, respectively, as analogues of ADL-LTMLE 
and AD-LTMLE, with more details provided in the Supplementary Material. 

Results. Tables 3.1 and 3.2 summarize the results over 500 Monte Carlo replicates for K = 
2 and K = 3, respectively. The columns Varj report the empirical variances of the estimators 
of ψj , whereas TarVar reports the corresponding weighted average of these variances using 
the weight vector specified in the same row. The columns Covj report the empirical coverage 
of 95% Wald confidence intervals, whereas OCovj report the coverage obtained by using the 
Monte Carlo standard deviation of the point estimates to construct the confidence intervals. 

For K = 2, the proposed adaptive design yields substantial efficiency gains relative to the 
fixed design under both estimators. For w = (1/2, 1/2), the values of TarVar under the fixed 
design, adaptive design with AD-LTMLE, adaptive design with ADL-LTMLE, and the oracle 
design are 0.029, 0.022, 0.019, and 0.017, respectively. For the other weights, the correspond-
ing values are 0.026, 0.019, 0.017, and 0.015 for w = (1/3, 2/3), and 0.033, 0.025, 0.021, and 
0.019 for w = (2/3, 1/3). Thus, even when paired with the AD-LTMLE, the adaptive design 
reduces TarVar by approximately 24%–26% relative to the fixed design. Under the same 
adaptive design, the ADL-LTMLE further reduces TarVar, resulting in overall reductions of 
approximately 34%–36% relative to the fixed design and bringing performance closer to that 
of the oracle design, which yields variance reduction by approximately 41%–42%. 

The efficiency gains of the proposed designs are more substantial for K = 3. For 
w = (1/3, 1/3, 1/3), the TarVar values under the fixed design, adaptive design with AD-
LTMLE, adaptive design with ADL-LTMLE, and oracle design are 0.056, 0.031, 0.026, 
and 0.022, respectively. The corresponding values are 0.062, 0.032, 0.024, and 0.021 for 
w = (1/6, 1/3, 1/2), and 0.050, 0.029, 0.024, and 0.021 for w = (1/2, 1/3, 1/6). Pairing the 
proposed adaptive design with the AD-LTMLE therefore reduces TarVar by approximately 
42%–48% relative to the fixed design. The ADL-LTMLE provides a further variance reduc-
tion under the same adaptive design, yielding overall reductions of approximately 52%–61%. 
The resulting performance is close to the corresponding oracle benchmark, which reduces 
TarVar by approximately 58%–66%. 

The results also show that changing the weight vector shifts estimation efficiency toward 
the estimands assigned larger weights. For K = 2, under the oracle design, increasing the 
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weight on ψ2 from w = (2/3, 1/3) to w = (1/3, 2/3) reduces Var2 from 0.012 to 0.010, while 
Var1 increases slightly from 0.023 to 0.024. The trade-offs are more pronounced for K = 3. 
Shifting from equal weights to w = (1/6, 1/3, 1/2) prioritizes ψ3 and reduces Var3 from 0.020 
to 0.017 in the oracle design, while Var1 increases from 0.020 to 0.026. Conversely, shifting 
from equal weights to w = (1/2, 1/3, 1/6) prioritizes ψ1 and reduces Var1 from 0.020 to 0.016, 
while Var3 increases from 0.020 to 0.025. The adaptive designs follow the same qualitative 
pattern and achieve performance close to that of the oracle design. 

Supplementary Tables 3.5–3.8 in Section 3.8 summarize sensitivity analyses with respect 
to the sample size and the model specification. For both K = 2 and K = 3, TarVar decreases 
substantially as the total sample size increases from 1,000 to 2,000 and then to 4,000. While 
misspecification of the outcome regressions increases variance, coverage remains near the 
nominal level across model specifications and sample sizes, supporting the robustness of 
ADL-LTMLE to outcome-regression misspecification. 

Table 3.1: Simulation results for different longitudinal designs and estimators for K = 2. We report 
the empirical variance of the estimates of ψ1 (Var1) and ψ2 (Var2), the weighted sum of variances 
using user-specified weight w (TarVar), the empirical 95% coverage probabilities (Cov1, Cov2), and 
the corresponding oracle coverage probabilities (OCov1, OCov2). 

w Design Estimator TarVar Var1 Var2 Cov1(%) Cov2(%) OCov1(%) OCov2(%) 

(1/2, 1/2) 

Non-adaptive LTMLE 0.029 0.040 0.018 95.0 97.0 95.4 95.6 
Adaptive AD-LTMLE 0.022 0.030 0.013 92.6 94.4 94.8 94.2 
Adaptive ADL-LTMLE 0.019 0.026 0.012 93.0 94.6 94.2 95.4 
Oracle LTMLE 0.017 0.024 0.011 94.2 94.6 95.0 95.0 

(1/3, 2/3) 

Non-adaptive LTMLE 0.026 0.040 0.018 95.0 97.0 95.4 95.6 
Adaptive AD-LTMLE 0.019 0.032 0.013 92.0 96.0 94.2 96.6 
Adaptive ADL-LTMLE 0.017 0.028 0.012 92.6 95.6 95.0 96.0 
Oracle LTMLE 0.015 0.024 0.010 94.8 95.6 95.4 95.6 

(2/3, 1/3) 

Non-adaptive LTMLE 0.033 0.040 0.018 95.0 97.0 95.4 95.6 
Adaptive AD-LTMLE 0.025 0.030 0.014 92.2 94.4 95.4 95.2 
Adaptive ADL-LTMLE 0.021 0.026 0.012 93.2 94.8 95.4 95.6 
Oracle LTMLE 0.019 0.023 0.012 94.6 94.6 95.2 94.8 

3.7 Conclusions 

In this work, we develop a general framework for constructing longitudinal adaptive exper-
iments aimed at learning one or more statistical estimands with semiparametric efficient 
inference. We characterize oracle longitudinal designs that minimize semiparametric effi-
ciency bounds using backward-recursive solutions of treatment randomization schemes across 
treatment stages, and propose an extended design optimization criterion that balances esti-
mation efficiency of multiple estimands and navigates their trade-offs. This approach applies 
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Table 3.2: Simulation results for different designs and estimators for K = 3. We report the 
empirical variance of the estimates of ψ1 (Var1), ψ2 (Var2), and ψ3 (Var3), the weighted sum of 
variances using user-specified weight w (TarVar), the empirical 95% coverage probabilities (Cov1, 
Cov2, Cov3), and the corresponding oracle coverage probabilities (OCov1, OCov2, OCov3). 

w Design Estimator TarVar Var1 Var2 Var3 Cov1(%) Cov2(%) Cov3(%) OCov1(%) OCov2(%) OCov3(%) 

(1/3, 1/3, 1/3) 

Non-adaptive LTMLE 0.056 0.026 0.079 0.063 94.2 94.6 96.2 94.0 94.2 95.4 

Adaptive AD-LTMLE 0.031 0.022 0.039 0.033 95.2 94.6 94.6 95.4 94.8 94.0 

Adaptive ADL-LTMLE 0.026 0.020 0.031 0.026 95.2 94.4 95.2 95.2 95.0 95.4 

Oracle LTMLE 0.022 0.020 0.025 0.020 95.0 94.8 96.4 94.8 94.0 94.6 

(1/6, 1/3, 1/2) 

Non-adaptive LTMLE 0.062 0.026 0.079 0.063 94.2 94.6 96.2 94.0 94.2 95.4 

Adaptive AD-LTMLE 0.032 0.027 0.038 0.030 94.4 95.4 94.2 94.4 95.4 94.8 

Adaptive ADL-LTMLE 0.024 0.024 0.028 0.022 94.4 95.6 95.2 94.8 95.0 94.8 

Oracle LTMLE 0.021 0.026 0.024 0.017 95.8 95.8 97.2 95.4 94.4 96.2 

(1/2, 1/3, 1/6) 

Non-adaptive LTMLE 0.050 0.026 0.079 0.063 94.2 94.6 96.2 94.0 94.2 95.4 

Adaptive AD-LTMLE 0.029 0.019 0.039 0.038 95.0 93.4 93.0 95.0 93.6 94.4 

Adaptive ADL-LTMLE 0.024 0.017 0.031 0.029 94.8 94.2 94.6 95.4 94.4 95.4 

Oracle LTMLE 0.021 0.016 0.026 0.025 96.2 95.6 95.2 95.0 95.0 94.4 

broadly to the identification of oracle designs and the construction of adaptive designs for 
a wide class of target estimands, including various timing-of-treatment-initiation effects, 
treatment-specific means at multiple time points, and mean outcomes under dynamic or 
stochastic treatment rules. We further establish an ADL-LTMLE framework for asymptoti-
cally normal and semiparametric efficient estimation of statistical estimands from dependent 
data collected from adaptive experiments, without relying on parametric model assumptions. 
Simulation studies show that the proposed longitudinal designs achieve substantial efficiency 
gains over non-adaptive designs with the performance close to that of the unknown oracle 
design, especially when combined with the efficient ADL-LTMLE. 

Overall, this work contributes a general efficiency-oriented framework for the design 
and estimation of adaptive experiments in longitudinal settings involving multi-stage, time-
varying treatments. Future work may explore applications of the proposed framework to 
other statistical learning objectives and extend it to a broader range of experimental set-
tings and application domains. 

3.8 Supplementary Material 

3.8.1 Theoretical Analyses of ADL-LTMLE 

This section provides theoretical analyses of ADL-LTMLE. We first characterize the treat-
ment randomization mechanisms induced by the reference distribution used to construct the 
estimator, then establish its asymptotic normality and semiparametric efficiency. 
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Stage-wise treatment distribution under the reference distribution. Recall 
that P̄Q,g1:n := 1 

n 

n 
i=1 PQ,gi , where gi = (g1,i, . . . , gK,i) denotes the collection of ran-

domization mechanisms used to generate participant i’s treatment sequence. Here, 
Q = (Q1, Q2, . . . , QK+1) collects the stage-wise nuisance components, with densities denoted 
by q1, . . . , qK+1. The density of P̄Q,g1:n is 

p̄Q,g1:n (o) = 
1

n 

n 

i=1 

 

q1(l1) 
K 

k=1 

gk,i(ak | hk)qk+1(lk+1 | ak, hk) 

 

. 

For any fixed longitudinal treatment mechanism g = (g1, . . . , gK ), define its cumulative 
treatment probability through stage k by Gg

k (āk | hk) := 
k 

s=1 gs(as | hs). For participant i, 
write 

Gk,i(āk | hk) := Ggi 
k (āk | hk) = 

k 

s=1 

gs,i(as | hs). 

For any 1 ≤ k ≤ K, the joint density of (¯ Lk, ¯ Ak) under P̄Q,g1:n , obtained by marginalizing 
over future variables, is 

p ̄P (l̄k, ̄ak) = 

 

q1(l1) 
k 

s=2 

qs(ls | as−1, hs−1) 

 
1

n 

n 

i=1 

Gk,i(āk | hk) 

 

. 

Similarly, 

p ̄P (l̄k, ̄ak−1) = 

 

q1(l1) 
k 

s=2 

qs(ls | as−1, hs−1) 

 
1

n 

n 

i=1 

Gk−1,i(āk−1 | hk−1) 

 

for 2 ≤ k ≤ K. For k = 1, pP̄ (l̄k, ̄ak−1) reduces to pP̄ (l̄k), which equals q1(l1). 
Define the cumulative treatment probability under the finite-sample average-reference 

distribution by Ḡk,n(āk | hk) := 1 
n 

n 
i=1 Gk,i(āk | hk). Therefore, the stage-wise treatment 

distribution induced by the average-reference law for every k ∈ [K] is 

ḡk,n(ak | hk) = 
p ̄P (l̄k, ̄ak) 

p ̄P (l̄k, ̄ak−1) 
= 

Ḡk,n(āk | hk) 
Ḡk−1,n(āk−1 | hk−1) 

. (3.11) 

In particular, ḡ1,n(a1 | h1) = 1 
n

 n
i=1 g1,i(a1 | h1). 

Let ¯ gn := (ḡ1,n, . . . , ̄gK,n). By construction, 

G ḡn 
k (āk | hk) = Ḡk,n(āk | hk) = 

1

n 

n 

i=1 

Ggi 
k (āk | hk). 

Thus, the cumulative treatment probability induced by the average-reference distribution 
P̄Q,g1:n is the average of the participant-specific cumulative treatment probabilities. For 
notational convenience in the following sections, we therefore write PQ,ḡn := P̄Q,g1:n , which 
defines a fixed reference experiment with independent observations drawn from PQ,ḡn where 
each participant has stage-wise treatments sequentially generated according to the fixed 
mechanism ḡn. 
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Asymptotic normality. We use the example of the mean outcome under a longitudinal 
dynamic treatment rule d = (d1, . . . , dK ) as the target estimand of interest, which falls within 
the broader ADL-TMLE framework of [92] that considers general target parameters of the 
form Ψ(Q) for data likelihoods factorizing as p(o1, . . . , on) = 

n
i=1 q(oi)gi(oi), where q is the 

density of some Q ∈ Q that defines the target estimand. 
Let ψd(PQ,g) = EPQ,g (Y d) denote the mean counterfactual outcome under d. Since the 

estimand is only defined on PQ,g through Q, we also express the estimand by ψd(Q). 

Theorem 3.3 (Decomposition of the ADL-LTMLE). 

ψ d(Q ∗ 
n) − ψ d(Q0) = M d 

1,n(Q∞, ̄g∞) + M d 
2,n(Q ∗ 

n,Q∞, ̄gn) + M d 
3,n(Q∞, ̄gn, ̄g∞), 

where 

M d 
1,n(Q∞, ̄g∞) := 

1 
n 

n
i=1 

 
D d(PQ∞,ḡ∞ )(Oi) − PQ0,gi D d(PQ∞,ḡ∞ ) 

 
, 

M d 
2,n(Q ∗ 

n,Q∞, ̄gn) := 
1

n 

n 

i=1 

  
D d(PQ∗ 

n,ḡn )(Oi) − PQ0,gi D d(PQ∗ 
n,ḡn) 

 
− 
 
D d(PQ∞,ḡn )(Oi) − PQ0,gi D d(PQ∞,ḡn) 

  

, 

and 

M d 
3,n(Q∞, ̄gn, ̄g∞) := 

1

n 

n 

i=1 

  
D d(PQ∞,ḡn )(Oi) − PQ0,gi D d(PQ∞,ḡn) 

 
− 
 
D d(PQ∞,ḡ∞ )(Oi) − PQ0,gi D d(PQ∞,ḡ∞ ) 

  

. 

Proof. Define the sequential regressions recursively by setting 

m d 
K+1{dK+1(HK+1), HK+1} = Y, 

and, for k = 1, . . . , K, 

m d 
k (ak, hk) = EQ 

 
m d 

k+1{dk+1(Hk+1), Hk+1} | Ak = ak, Hk = hk 

 
. 

For any longitudinal treatment mechanism g, define Gg,d 
k (Hk) := 

k 
s=1 gs{ds(Hs) | Hs}. 

For participant i, we write Gd 
k,i(Hk) := Ggi,d 

k (Hk). The corresponding cumulative prob-

ability under the finite-sample average-reference mechanism is Ḡd 
k,n(Hk) := Gḡn,d

k (Hk) = 
1 
n 

n 
i=1 G

d 
k,i(Hk). 
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The treatment-rule-specific EIC evaluated under any fixed PQ,g is 

D d(PQ,g)(O) = m d 
1{d1(H1), H1} − ψ d(Q) 

+ 
K 

k=1 

I{Āk = d̄k} 

Gg,d 
k (Hk) 

 
m d 

k+1{dk+1(Hk+1), Hk+1} − m d 
k (Ak, Hk) 

 
. 

Under the event I{ Āk = d̄k} = 1, the term md 
k (Ak, Hk) equals md 

k{dk(Hk), Hk}. 
For participant i, define the cumulative probability of following d through stage k under 

that participant’s randomization mechanism by Gd 
k,i(Hk) = 

k 
s=1 gs,i{ds(Hs) | Hs}. We also 

define the stage-k residual under Q by ∆d
k (Q) := md

k+1{dk+1(Hk+1), Hk+1}−md
k{dk(Hk), Hk}. 

For each i, applying von Mises expansion with respect to PQ,ḡn and PQ0,gi yields 

ψ d(PQ,ḡn ) − ψ d(PQ0,gi ) = 
 
D d(PQ,ḡn )(o) d{PQ,ḡn − PQ0,gi }(o) 

+R d 
i (Q,Q0; ̄gn,gi). 

For the mean outcome under a longitudinal dynamic treatment rule d, the remainder 
takes the form 

R d 
i (Q,Q0; ̄gn,gi) = 

K 

k=1 

E d 
Q0 

 
Gd 

k,i(Hk) − Ḡd 
k,n(Hk) 

Ḡd 
k,n(Hk) 

∆ d 
k (Q) 

 

, 

where Gd 
k,i(Hk) = 

 k 
s=1 gs,i{ds(Hs) | Hs}, Ḡd 

k,n(Hk) = 1 
n 

 n 
i=1 G

d 
k,i(Hk), and ∆d 

k (Q) = 
m d 

k+1{dk+1(Hk+1), Hk+1} − m d 
k {dk(Hk), Hk}. 

Here, Ed 
Q 0 

denotes expectation under the distribution that sets treatment according to 
d while keeping the longitudinal covariate and outcome law at Q0. By averaging over 
i = 1, . . . , n, we obtain 

ψ d(Q) − ψ d(Q0) = 
1 
n 

n
i=1 

 
D d(PQ,ḡn )(o) d{PQ,ḡn − PQ0,gi }(o) 

+ 
1 
n 

n
i=1 

K 

k=1 

E d 
Q0 

 
Gd 

k,i(Hk) − Ḡd 
k,n(Hk) 

Ḡd 
k,n(Hk) 

∆ d 
k (Q) 

 

= 
1 
n 

n
i=1 

 
D d(PQ,ḡn )(o) d{PQ,ḡn − PQ0,gi }(o) 

= −PQ0,ḡn D d(PQ,ḡn ), 

where the second equality holds since Ḡd 
k,n(Hk) = 1 

n 

n 
i=1 G

d 
k,i(Hk), and the last equality 

uses the fact that PQ,gD
d(PQ,g) = 0 for any PQ,g. 
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Since an ADL-LTMLE for estimating ψd(Q0) updates an initial estimate Qn to obtain a 
Q∗ 

n that solves 1 
n

 n
i=1 D

d(PQ∗ 
n,ḡn )(Oi) = 0, we have 

ψ d(Q ∗ 
n) − ψ d(Q0) = 

1

n 

n 

i=1 

D d(PQ∗ 
n,ḡn ) − PQ0,ḡn D d(PQ∗ 

n,ḡn ). 

The final decomposition follows from some algebra that adds and subtracts other corre-
sponding terms. 

Theorem 3.4 (Asymptotic Normality of Md
1,n). Suppose Assumptions 3.2 and 3.3 hold, then 

√
nMd

1,n(Q∞, ḡ∞) 
d → N(0, σ2 

d). 

Proof. Note that Md
1,n(Q∞, ḡ∞) is an average of martingale differences sequences. Under 

Assumption 3.2, Dd(PQ∞,ḡ∞ ) is uniformly bounded, therefore satisfying the conditional Lin-
deberg condition, i.e., for every ϵ > 0, 1 

n

n 
i=1 E 

 
Z2 

n,i I {|Zn,i| > ϵ 
√ 
n} | Ō(i− 1) 

 p → 0, where 
Zn,i = D(PQ∞,ḡ∞ )(Oi) − PQ0,gi D(PQ∞,ḡ∞ ). 

Combined with the variance stabilization assumption stated in Assumption 3.3, one can 
directly apply Martingale Central Limit Theorem (see, e.g., [29]) and obtain the asymptotic 
normality. 

Now we establish equicontinuity conditions for Md
2,n and Md

3,n. 
For Q = (Q1, . . . , QK+1) ∈ Q, define the collection of sequential regression functions as-

sociated with rule d by md(Q) = 
 
md

1 (Q), . . . ,md
K (Q)

 
, and let Md = 

 
md(Q) : Q ∈ Q 

 

equipped with the supremum norm defined by 
 md 

  
∞ 

= maxk∈[K] 

  md 
k

 
∞ 
. Let G de-

note the fixed class of treatment mechanisms satisfying Assumption 3.2, equipped with 
∥g∥∞ = maxk∈[K] supak ,hk 

|gk(ak | hk)|. For a class of functions H, let N∞(u,H) denote its 
u-covering number under the corresponding supremum norm, and define the entropy integral 
J∞(ϵ,H) := 

 ϵ 
0


log [1 + N∞(u,H)] du. 

Assumption 3.5 (Entropy Conditions). J∞(ϵ,Md) and J∞(ϵ,G) are finite and converge to 
zero as ϵ→ 0. 

Assumption 3.6 (Convergence of Q∗ 
n). Define ρ(x) = ex − x − 1 and Dd(PQ,ḡn )(Oi) = 

md
1 (Q)(Oi) + 

 K
k=1 D

d 
k (PQ,ḡn )(Oi) for any Q ∈ Q. Let 

s d 
2,n := 

 
1

n 

n 

i=1 

E

 

ρ 

 Dd(PQ∗ 
n,ḡn )(Oi) − Dd(PQ∞,ḡn )(Oi) 

 
c2 

    Fi−1 

 1/2 

, 

where c2 = 8K/ζ + 8K2/ζ2 . Assume that sd2,n = OP (δ2,n) for some δ2,n → 0. 

Assumption 3.7 (Convergence of ¯ gn). Define 

s d 
3,n := 

 
1

n 

n 

i=1 

E

 

ρ 

 Dd(PQ∞,ḡn )(Oi) − Dd(PQ∞,ḡ∞ )(Oi) 
 

c3 

    Fi−1 

 1/2 

, 

where c3 = 4K(K + 1)/ζ2 . Assume that s d 
3,n = OP (δ3,n) for some δ3,n → 0. 
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We also refer to the following lemma of a general martingale equicontinuity result of [93]. 

Lemma 3.1. Let Mnf = 1 
n

 n
i=1 [f(Oi) − E{f(Oi) | Fi−1}]. Let Θ be an index set and let 

{fθ : θ ∈ Θ} be a uniformly bounded class satisfying ∥fθ − fθ ′∥∞ ≤ L∥θ − θ ′ ∥∞. Define 
the entropy integral as J∞(ϵ, Θ) = 

 ϵ 
0

 
log {1 + N∞(u, Θ)} du. Suppose that J∞(ϵ, Θ) < ∞ 

is finite and that J∞(ϵ,Θ) → 0 as ϵ → 0. Let M = supθ∈Θ ∥θ∥∞, Z = 8LM , and define 

sn(fn) = 
 

1 
n 

 n 
i=1 E 


ρ 


|fn(Oi)| 
Z 

    Fi−1 

1/2 
, where ρ(x) = ex − x − 1. 

If sn(fn) = OP (δn) for some δn → 0, then Mnfn = oP (n
−1/2). 

Theorem 3.5 (Equicontinuity of Md
2,n and Md

3,n). Suppose Assumptions 3.2, 3.5, 3.6, and 
3.7 hold. Then Md

2,n = oP (n
−1/2), Md

3,n = oP (n
−1/2). 

Proof. For Md
2,n, define Θ d 

2 = Md × G, and, for θ2 = (md , ̄g) ∈ Θd
2 , define ∥θ2∥∞ = 

max 
 
∥md∥∞, ∥ḡ∥∞ 

 
. 

Let Dd(PQ,ḡ) = md 
1 (Q) + 

 K 
k=1 D

d 
k (PQ,ḡ) and fd

2,θ2 
(O) = Dd(PQ,ḡ)(O) − Dd(PQ∞,ḡ)(O). 

Thus, Md 
2,n = 1 

n 

n 
i=1 


fd 
2,θd 

2,n 
(Oi) − PQ0,gi f

d 
2,θd 

2,n 


, which is a martingale process indexed by 

θd 
2,n = 

 
m d(Q ∗ 

n), ̄gn 

 
. A direct calculation of the longitudinal EIC under Assumption 3.2 

yields 
fd 

2,θ2 
− fd 

2,θ′ 2 

 
∞ 

≤ L2 ∥θ2 − θ ′ 2 ∥ ∞, where L2 = K 
ζ + K

2 

ζ2 . 

For Md 
3,n, define Θ

d 
3 = G and fd 

3,ḡ(O) = Dd(PQ∞,ḡ)(O). We have that 

M d 
3,n = 

1 
n 

n 

i=1 

 
{f d 

3,ḡn 
− f d 

3,ḡ∞ 
}(Oi) − PQ0,gi {f d 

3,ḡn 
− f d 

3,ḡ∞ 
} 
 
, 

where 
fd 

3,ḡ − fd 
3,ḡ′ 

 
∞ 

≤ L3 ∥ḡ − ḡ ′ ∥ ∞, where L3 = K(K+1) 
2ζ2 . 

Moreover, since N∞(u, Θd
2 ) ≤ N∞(u, Md)N∞(u, G), and N∞(u, Θd

3 ) = N∞(u, G), As-
sumption 3.5 implies the required entropy conditions. Since both outcome regressions and 
treatment probabilities are bounded by 1, we have c2 = 8K 

ζ
+ 8K

2 

ζ2 and c3 = 4K(K+1) 
ζ2 .

Finally, Assumptions 3.6 and 3.7 provide the required convergence in Lemma 3.1. Ap-
plying the general martingale equicontinuity result separately to the two processes yields 
Md

2,n = oP (n
−1/2) and Md

3,n = oP (n
−1/2). 

Combining Theorems 3.3, 3.4, and 3.5 yields the asymptotic normality of ADL-LTMLE 

3.1: 
√
n 

ψd(Q∗

n) − ψd(Q0) 
 d → N(0, σ2 

d). 

Semiparametric efficiency. The semiparametric efficiency analysis of the ADL-LTMLE 
builds directly on the ADL-TMLE framework of [92], which establishes efficiency through 
local asymptotic normality and the convolution theorem [82]. 



CHAPTER 3. LONGITUDINAL ADAPTIVE EXPERIMENTAL DESIGN WITH 
SEMIPARAMETRIC EFFICIENT INFERENCE 88 

Write q(o) = q1(l1) 
K 

k=1 qk+1(lk+1 | ak, hk) and gi(o) = 
K 

k=1 gk,i(ak | hk). Then the longi-
tudinal adaptive likelihood has the general factorization pn 

Q,g1:n 
(o1, . . . , on) = 

n
i=1 q(oi)gi(oi). 

Define a submodel {Qh
ϵ : ϵ} through Q0 by 

dQh 
1,ϵ(l1) = {1 + ϵh1(l1)}dQ0,1(l1) 

and 
dQh 

k+1,ϵ(lk+1 | ak, hk) = {1 + ϵhk+1(lk+1, ak, hk)} dQ0,k+1(lk+1 | ak, hk) 

for k ∈ [K]. 
Let P n 

Qh 
ϵ ,g1:n 

denote the joint law of (O1, . . . , On) under Qh 
ϵ and g1:n. Its density is fac-

torized by 

p n 
Qh 

ϵ ,g1:n 
(o1, . . . , on) 

= 
n 

i=1 

 

qh 
1,ϵ(l1,i) 

K 

k=1 

gk,i(ak,i | hk,i, Fi−1)q
h 
k+1,ϵ(lk+1,i | ak,i, hk,i) 

 

. 

Proposition 3.1 (Local Asymptotic Normality). Under Assumption 3.4, for every bounded 
score direction h and fixed t ∈ R, 

log 
dP n 

Qh 
t/ 

√ 
n
,g1:n 

dP n 
Q0,g1:n 

= t∆n,h − 
t 2 

2 
PQ0,ḡ∞ h 2 + oP (1), 

where ∆ n,h =
1 √ 
n 

 n 
i=1 h(Oi) 

d → N (0, PQ0,ḡ∞ h
2). 

Proof of Proposition 3.1. For participant i, write h1,i = h1(L1,i) and, for k ∈ [K], hk+1,i = 
hk+1(Lk+1,i, Ak,i, Hk,i). Therefore, h(Oi) = 

K+1 
k=1 hk,i. 

The log-likelihood ratio can be written as 

log 
dP n 

Qh 
t/ 

√ 
n
,g1:n 

dP n 
Q0,g1:n 

= 
n 

i=1 

K+1 

k=1 

log 

 

1 + 
t √ 
n 
hk,i 

 

. 

Applying Taylor expansion, we have 

log 
dP n 

Qh 
t/ 

√ 
n
,g1:n 

dP n 
Q0,g1:n 

=
t √ 
n 

n 

i=1 

K+1 

k=1 

hk,i − 
t 2 

2n 

n 

i=1 

K+1 

k=1 

h 2 
k,i + o(1). 

Define PQ0,gi f = E{f(Oi) | Fi−1}. Since the longitudinal score components are conditionally 
orthogonal, we have PQ0,gi h = 0 and PQ0,gi (hkhs) = 0 for k ̸= s. Consequently, PQ0,gi h

2 =K+1 
k=1 PQ0,gi h

2 
k. 

Define Zi,h = 
 K+1 

k=1 h
2 
k,i − PQ0,gi 

 K+1 
k=1 h

2 
k 

 
. The variables Zi,h form a bounded 

martingale-difference sequence. Therefore, 1 
n 

n 
i=1 Zi,h = oP (1). 
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Under Assumption 3.4, 1 
n

n
i=1 

K+1 
k=1 h

2 
k,i = PQ0,ḡn h

2 + oP (1) 
p → PQ0,ḡ∞ h

2 . Since the 

conditional Lindeberg condition holds with h bounded, the martingale CLT gives ∆n,h 
d → 

N (0, PQ0,ḡ∞ h
2), which proves the proposition. 

For the submodel {Qh
ϵ : ϵ} defined above, let ψ̇d 

Q0 
(h) := d 

dϵ ψ
d(Qh 

ϵ )
  
ϵ=0 

denote the path-
wise derivative of ψd at Q0 in the score direction h. Under the fixed longitudinal ref-
erence law PQ0,ḡ∞ , the pathwise derivative satisfies ψ̇

d 
Q0 

(h) = PQ0,ḡ∞ 

 
Dd(PQ0,ḡ∞ )h 

 
, for 

any h ∈ H(Q0, ̄g∞). Thus, Dd(PQ0,ḡ∞ ) is the canonical gradient in the limiting refer-
ence experiment PQ0,ḡ∞ . The corresponding semiparametric efficiency bound is therefore 

PQ0,¯ g∞ 

 
Dd(PQ0,¯ g∞ ) 

2 
 
. 

When Q∞ = Q0, ψd(Q ∗ 
n) − ψd(Q0) has 1 

n 

 n 
i=1 

 
Dd(PQ0,ḡ∞ )(Oi) − PQ0,gi D

d(PQ0,ḡ∞ ) 
 
as 

the leading term. Since P Q0,gi D
d(PQ0,ḡ∞ ) = 0 and Assumption 3.4 hold, we have 

1

n 

n 

i=1 

V arPQ0,gi 
D d(PQ0,ḡ∞ ) = PQ0,ḡn 

 
D d(PQ0,ḡ∞ ) 

2 
 

p → PQ0,ḡ∞ 

 
D d(PQ0,ḡ∞ ) 

2 
 
. 

Thus, the limiting variance of ADL-LTMLE equals the squared norm of the canonical gra-
dient under the limiting reference law. 

The regularity arguments developed for the ADL-TMLE in [92] directly apply to the 
present longitudinal experiment using the corresponding longitudinal stage-wise score. By 
the convolution theorem [82], the asymptotic distribution of any regular estimator is the 

convolution of a normal distribution N 
 
0, PQ0,ḡ∞ 

 
Dd(PQ0,ḡ∞ ) 

 2 
 

with an independent 

noise distribution. Since the ADL-LTMLE is regular and attains this Gaussian limit without 
additional noise, it is semiparametric efficient. 

3.8.2 Data-Generating Mechanisms 

Two-stage setting (K = 2). For the two-stage setting, the observed data are O = 
(L1, A1, L2, A2, Y ), where L1, L2 ∈ {0, 1} and Y is continuous. The baseline covariate follows 
L1 ∼ Bernoulli(0.5). Conditional on (L1, A1), the intermediate covariate L2 satisfies P (L2 = 
1 | L1 = 0, A1 = 0) = 0.2, P (L2 = 1 | L1 = 0, A1 = 1) = 0.8, P (L2 = 1 | L1 = 1, A1 = 0) = 
0.7, and P (L2 = 1 | L1 = 1, A1 = 1) = 0.3. 

The outcome is generated as Y | (L1, A1, L2, A2) ∼ N (µ(L1, A1, L2, A2), σ2(L1, A1, A2)), 
with µ(L1, A1, L2, A2) = 8+2L1 +1.5L2 +(4+2(1−L1))A1 +(2+3L1)A2 −1.5A1A2 +1.5L2A2. 
The standard deviation σ(L1, A1, A2) is set to 0.5 when (L1, A1, A2) = (0, 0, 0), to 4 when 
(L1, A1, A2) = (0, 0, 1) or (1, 1, 1), to 1 when (L1, A1, A2) = (1, 0, 0), and to 1 otherwise. 

Three-stage setting (K = 3). For the three-stage setting, the observed data are 
O = (L1, A1, L2, A2, L3, A3, Y ), where L1, L2, L3 ∈ {0, 1} and Y is continuous. The 
baseline covariate follows L1 ∼ Bernoulli(0.5). Conditional on (L1, A1), P (L2 = 1 | 
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L1, A1) = min{0.9, max(0.1, 0.3 + 0.1L1 + 0.2A1)} . Given (L1, A1, L2, A2), P (L3 = 1 | 
L1, A1, L2, A2) = min {0.9, max (0.1, 0.3 + 0.1L2 + 0.1A2 + 0.05A1)} . 

The outcome is generated as Y | (L1, A1, L2, A2, L3, A3) ∼ N (µ, σ2), with µ = 10 + 2L1 + 
2L2 +2L3 +3A1 +2A2 +A3 −A1A2 −0.5A2A3, and the standard deviation σ equal to 4 when 
(A1, A2, A3) = (0, 0, 1), equal to 2 when (A1, A2, A3) = (0, 1, 1), and equal to 1 otherwise. 

3.8.3 Additional Simulation Results 

We also implemented one-step estimators under the simulation scenarios in Section 3.6, 
as analogues of the ADL-LTMLE and AD-LTMLE estimators. Specifically, they are de-
fined by: ψ̂τ 

n,one-step = ψτ 
n,init(Qn) + 1 

n

n 
i=1 D

τ (PQn,ḡn ) (Oi) and ψ̂τ,†
n,one-step = ψτ 

n,init(Qn) + 
1 
n

 n
i=1 D

τ (PQn,gi ) (Oi), respectively, where Qn denotes the initial estimate of Q. The two 
estimators coincide under a fixed design. The results are reported in Tables 3.3 and Ta-
bles 3.4 for K = 2 and K = 3, respectively, which show performance similar to that of the 
corresponding LTMLE-based estimators. 

Table 3.3: Simulation results for K = 2 using one-step estimators. Performance of one-step es-
timators under different longitudinal designs. We report the empirical variance of the estimates 
of ψ1 (Var1) and ψ2 (Var2), the weighted sum of variances using normalized user-specified weight 
w (TarVar), the empirical 95% coverage probabilities (Cov1, Cov2), and the corresponding oracle 
coverage probabilities (OCov1, OCov2) across 500 Monte Carlo runs. 

w Design Estimator TarVar Var1 Var2 Cov1(%) Cov2(%) OCov1(%) OCov2(%) 

(1/2, 1/2) 

Non-adaptive ˆ ψτ
n,one−step 0.029 0.040 0.018 95.0 97.0 95.4 95.6 

Adaptive ψ̂ τ,†n,one−step 0.022 0.030 0.013 92.8 94.4 94.8 94.4 
Adaptive ψ̂τ 

n,one−step 0.019 0.026 0.012 93.0 94.6 94.2 95.4 
Oracle ψ̂τ 

n,one−step 0.017 0.024 0.011 94.2 94.6 95.0 95.0 

(1/3, 2/3) 

Non-adaptive ˆ ψτ
n,one−step 0.026 0.040 0.018 95.0 97.0 95.4 95.6 

Adaptive ψ̂τ,† 
n,one−step 0.019 0.032 0.013 91.6 95.8 94.4 96.6 

Adaptive ψ̂τ 
n,one−step 0.017 0.028 0.012 92.6 95.6 95.0 96.0 

Oracle ψ̂τ 
n,one−step 0.015 0.024 0.010 94.8 95.6 95.4 95.6 

(2/3, 1/3) 

Non-adaptive ˆ ψτ
n,one−step 0.033 0.040 0.018 95.0 97.0 95.4 95.6 

Adaptive ψ̂ τ,†n,one−step 0.025 0.030 0.014 92.2 94.4 95.4 95.2 
Adaptive ψ̂τ 

n,one−step 0.021 0.026 0.012 93.2 94.8 95.4 95.6 
Oracle ψ̂τ 

n,one−step 0.019 0.023 0.012 94.6 94.6 95.2 94.8 

Next, we conduct sensitivity analyses for the ADL-LTMLE approach. We vary the total 
and cohort-wise sample size, and report results using both the correctly specified strata-
specific mean estimator and misspecified working outcome-regression models. Results across 
Tables 3.5-3.8 show that TarVar decreases substantially as the total sample size increases 
for both K = 2 and K = 3. While misspecified outcome regressions increase variance, 
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Table 3.4: Simulation results for K = 3 (one-step estimator). Performance of one-step estimators 
under different longitudinal designs. We report the weighted sum of variances using normalized 
user-specified weight w (TarVar), the empirical variance of the estimates of ψ1 (Var1), ψ2 (Var2), 
and ψ3 (Var3), the empirical 95% coverage probabilities (Cov1, Cov2, Cov3), and the corresponding 
oracle coverage probabilities (OCov1, OCov2, OCov3) across 500 Monte Carlo runs. 

w Design Estimator TarVar Var1 Var2 Var3 Cov1(%) Cov2(%) Cov3(%) OCov1(%) OCov2(%) OCov3(%) 

(1/3, 1/3, 1/3) 

Non-adaptive ˆ ψτ
n,one-step 0.056 0.026 0.079 0.063 94.2 94.6 96.2 94.0 94.2 95.4 

Adaptive ψ̂τ,† 
n,one-step 0.031 0.022 0.039 0.033 95.2 94.6 94.6 95.4 94.6 93.6 

Adaptive ψ̂τ 
n,one-step 0.026 0.020 0.031 0.026 95.2 94.4 95.2 95.2 95.0 95.4 

Oracle ψ̂τ 
n,one-step 0.022 0.020 0.025 0.020 95.0 94.8 96.4 94.8 94.0 94.6 

(1/6, 1/3, 1/2) 

Non-adaptive ˆ ψτ
n,one-step 0.062 0.026 0.079 0.063 94.2 94.6 96.2 94.0 94.2 95.4 

Adaptive ψ̂ τ,†n,one-step 0.032 0.027 0.038 0.029 94.6 95.2 94.4 94.6 95.0 94.6 

Adaptive ψ̂τ 
n,one-step 0.024 0.024 0.028 0.022 94.4 95.6 95.2 94.8 95.0 94.8 

Oracle ψ̂τ 
n,one-step 0.021 0.026 0.024 0.017 95.8 95.8 97.2 95.4 94.4 96.2 

(1/2, 1/3, 1/6) 

Non-adaptive ˆ ψτ
n,one-step 0.050 0.026 0.079 0.063 94.2 94.6 96.2 94.0 94.2 95.4 

Adaptive ψ̂τ,† 
n,one-step 0.029 0.019 0.039 0.038 95.0 93.4 93.2 95.0 93.2 93.8 

Adaptive ψ̂τ 
n,one-step 0.024 0.017 0.031 0.029 94.8 94.2 94.6 95.4 94.4 95.4 

Oracle ψ̂τ 
n,one-step 0.021 0.016 0.026 0.025 96.2 95.6 95.2 95.0 95.0 94.4 

coverage remains near nominal level across different sample sizes, supporting the robustness 
of ADL-LTMLE to model misspecification. 

Table 3.5: Complete results of ADL-LTMLE using the correct strata-specific mean estimates (K = 
2). The settings vary total sample size n and cohort size b. 

w Setting TarVar Var1 Var2 Cov1(%) Cov2(%) OCov1(%) OCov2(%) 

(1/2, 1/2) n = 1000, b = 200 0.036 0.049 0.024 94.6 95.4 95.4 96.0 
(1/2, 1/2) n = 2000, b = 200 0.017 0.022 0.011 94.8 95.8 94.4 95.8 
(1/2, 1/2) n = 2000, b = 400 0.019 0.026 0.012 93.0 94.6 94.2 95.4 
(1/2, 1/2) n = 4000, b = 800 0.008 0.011 0.006 95.8 96.4 95.0 96.0 

(1/3, 2/3) n = 1000, b = 200 0.033 0.051 0.023 93.6 94.8 94.2 95.2 
(1/3, 2/3) n = 2000, b = 200 0.015 0.023 0.011 95.2 95.0 94.2 95.0 
(1/3, 2/3) n = 2000, b = 400 0.017 0.028 0.012 92.6 95.6 95.0 96.0 
(1/3, 2/3) n = 4000, b = 800 0.007 0.012 0.005 96.6 94.2 96.0 94.0 

(2/3, 1/3) n = 1000, b = 200 0.039 0.046 0.025 94.6 94.8 95.4 95.2 
(2/3, 1/3) n = 2000, b = 200 0.018 0.021 0.012 95.0 95.6 94.6 95.8 
(2/3, 1/3) n = 2000, b = 400 0.021 0.026 0.012 93.2 94.8 95.4 95.6 
(2/3, 1/3) n = 4000, b = 800 0.009 0.011 0.006 96.6 97.2 95.6 97.4 
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Table 3.6: Complete results of ADL-LTMLE using the misspecified working outcome regression 
Y ∼ L1 + A1 + L2 + A2, instead of the correct outcome model (K = 2). The settings vary total 
sample size n and cohort size b. 

w Setting TarVar Var1 Var2 Cov1(%) Cov2(%) OCov1(%) OCov2(%) 

(1/2, 1/2) n = 1000, b = 200 0.041 0.049 0.033 94.4 93.4 95.0 94.2 
(1/2, 1/2) n = 2000, b = 200 0.019 0.022 0.017 94.8 95.6 94.6 95.4 
(1/2, 1/2) n = 2000, b = 400 0.021 0.026 0.017 92.8 95.0 94.6 95.6 
(1/2, 1/2) n = 4000, b = 800 0.010 0.011 0.008 95.2 95.0 95.0 96.0 

(1/3, 2/3) n = 1000, b = 200 0.038 0.052 0.031 93.8 93.6 95.0 94.2 
(1/3, 2/3) n = 2000, b = 200 0.018 0.023 0.015 94.6 94.6 94.4 94.8 
(1/3, 2/3) n = 2000, b = 400 0.019 0.028 0.014 92.8 95.0 95.4 95.0 
(1/3, 2/3) n = 4000, b = 800 0.009 0.012 0.007 96.0 94.8 95.6 95.6 

(2/3, 1/3) n = 1000, b = 200 0.043 0.047 0.037 94.6 94.0 94.8 94.6 
(2/3, 1/3) n = 2000, b = 200 0.020 0.021 0.019 94.4 94.8 94.2 95.8 
(2/3, 1/3) n = 2000, b = 400 0.024 0.026 0.018 94.0 94.2 95.4 95.2 
(2/3, 1/3) n = 4000, b = 800 0.010 0.011 0.009 96.4 95.4 95.2 96.2 

Table 3.7: Complete results of ADL-LTMLE using the correct strata-specific mean estimates (K = 
3). The settings vary total sample size n and cohort size b. 

w Setting TarVar Var1 Var2 Var3 Cov1(%) Cov2(%) Cov3(%) OCov1(%) OCov2(%) OCov3(%) 

(1/3, 1/3, 1/3) n = 1000, b = 200 0.052 0.042 0.061 0.055 93.4 94.8 92.4 95.0 95.8 95.2 

(1/3, 1/3, 1/3) n = 2000, b = 200 0.025 0.020 0.029 0.025 94.2 95.0 93.6 95.0 95.4 95.2 

(1/3, 1/3, 1/3) n = 2000, b = 400 0.026 0.020 0.031 0.026 95.2 94.4 95.2 95.2 95.0 95.4 

(1/3, 1/3, 1/3) n = 4000, b = 800 0.013 0.010 0.015 0.012 95.0 95.2 94.6 95.4 95.0 94.6 

(1/6, 1/3, 1/2) n = 1000, b = 200 0.052 0.049 0.060 0.048 93.4 92.8 92.2 94.6 93.2 93.8 

(1/6, 1/3, 1/2) n = 2000, b = 200 0.024 0.024 0.027 0.021 93.4 94.8 94.2 93.4 94.8 94.6 

(1/6, 1/3, 1/2) n = 2000, b = 400 0.024 0.024 0.028 0.022 94.4 95.6 95.2 94.8 95.0 94.8 

(1/6, 1/3, 1/2) n = 4000, b = 800 0.012 0.012 0.014 0.011 94.6 97.0 95.8 95.0 96.8 96.2 

(1/2, 1/3, 1/6) n = 1000, b = 200 0.048 0.035 0.062 0.059 95.8 96.4 93.4 95.8 96.4 94.8 

(1/2, 1/3, 1/6) n = 2000, b = 200 0.023 0.017 0.029 0.029 94.8 94.8 94.6 95.2 94.2 95.8 

(1/2, 1/3, 1/6) n = 2000, b = 400 0.024 0.017 0.031 0.029 94.8 94.2 94.6 95.4 94.4 95.4 

(1/2, 1/3, 1/6) n = 4000, b = 800 0.012 0.009 0.015 0.014 94.8 96.4 94.8 95.4 95.8 95.0 
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Table 3.8: Complete results of ADL-LTMLE using the misspecified working outcome regression 
Y ∼ L1 + A1 + A2 + A3, instead of the correct outcome model (K = 3). The settings vary total 
sample size n and cohort size b. 

w Setting TarVar Var1 Var2 Var3 Cov1(%) Cov2(%) Cov3(%) OCov1(%) OCov2(%) OCov3(%) 

(1/3, 1/3, 1/3) n = 1000, b = 200 0.065 0.048 0.069 0.078 94.0 95.6 94.6 94.8 96.0 95.8 

(1/3, 1/3, 1/3) n = 2000, b = 200 0.032 0.024 0.032 0.040 94.6 94.8 94.2 95.4 95.4 94.6 

(1/3, 1/3, 1/3) n = 2000, b = 400 0.034 0.025 0.036 0.041 94.2 94.8 93.0 94.4 95.4 94.0 

(1/3, 1/3, 1/3) n = 4000, b = 800 0.017 0.013 0.018 0.019 93.0 94.2 95.8 95.6 95.4 96.2 

(1/6, 1/3, 1/2) n = 1000, b = 200 0.066 0.057 0.068 0.067 95.6 95.2 95.0 95.6 95.6 94.6 

(1/6, 1/3, 1/2) n = 2000, b = 200 0.032 0.029 0.032 0.033 93.8 94.6 94.4 94.6 95.0 94.8 

(1/6, 1/3, 1/2) n = 2000, b = 400 0.034 0.031 0.035 0.034 93.0 94.8 93.6 94.2 95.4 94.0 

(1/6, 1/3, 1/2) n = 4000, b = 800 0.017 0.015 0.017 0.017 93.0 95.4 96.2 94.0 96.2 96.2 

(1/2, 1/3, 1/6) n = 1000, b = 200 0.056 0.039 0.068 0.084 96.0 96.8 94.6 96.0 96.2 95.0 

(1/2, 1/3, 1/6) n = 2000, b = 200 0.028 0.019 0.031 0.046 95.0 95.6 94.4 94.8 95.0 94.4 

(1/2, 1/3, 1/6) n = 2000, b = 400 0.031 0.021 0.037 0.047 94.4 93.8 93.6 95.2 94.2 93.8 

(1/2, 1/3, 1/6) n = 4000, b = 800 0.015 0.011 0.018 0.022 93.6 95.6 94.6 93.8 95.4 95.0 
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[4] Aurélien Bibaut et al. “Post-contextual-bandit inference”. In: Advances in Neural In-
formation Processing Systems 34 (2021), pp. 28548–28559. 
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