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ABSTRACT OF THE THESIS

Low-Energy Transfer to Transport Swarms of CubeSats to Lunar Orbit

By

Ivan Martinez I Cano

Master of Science in Mechanical and Aerospace Engineering

University of California, Irvine, 2019

Professor Kenneth D. Mease, Chair

The use of CubeSats as space observation missions is now a reality. CubeSats are satellites

in the category of small satellites (around 10 cm x 10 cm x 10 cm) that started as simply

educational projects for students. But they soon spread out to scientific investigation and

exploration.

In this work, a low-energy transfer is designed and studied to transport these small satellites

from low Earth orbit to orbit about the Moon. The theory behind low-energy transfers, as

well as the computational methods, are described. A low-energy transfer is a transfer that

exploits natural pathways in position-velocity space created by the forces of the Sun, Earth,

and Moon acting on the CubeSat to reach the final target. The three-body problem in a

rotating frame shows equilibrium points. Periodic orbits exist in the neighborhood of these

equilibrium points. The low-energy transfer takes advantage of these periodic orbits and

their stability properties using them as staging orbits. With precise maneuvers, a vehicle

can be placed on a stable manifold of target periodic orbit such that it naturally travels to

the target periodic orbits with little use of propellant. The transfers reduce the CubeSat

propulsion requirements at the expense of transfer time. These transfers normally take 4 to

6 months to travel from a low orbit at the Earth to an orbit about the Moon.

viii



Following the procedures to design the transfer, this work develops, analyzes and compares

a low-energy transfer with other transfer options. A case study is also shown to discuss the

values obtained. The low-energy transfer is shown to reduce the propulsion requirements

significantly in comparison to conventional direct transfers.
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Chapter 1

Introduction

Space-based observation has always been a point of interest when talking about space mis-

sions. Space-based observation has helped to understand the Earth and its environment as

well as the solar system and the universe. However, to observe space bodies that are far

away, there is a need for space-based telescopes. Detection of exoplanets requires measuring

truly low frequencies, even frequencies below 10 MHz.

When talking about space-based telescopes, a constellation of CubeSats serves as a space-

based radio telescope capable of detecting frequencies below the mentioned 10 MHz. Cube-

Sats are small satellites, ranging in mass between 500 kg to 0.1 kg. They were originally

developed as training projects to expose students to the challenges of engineering practices

and system design. But their use has soon spread to the international industry. There is a

need for a constellation of these small satellites to detect low frequencies (big amplitudes). A

swarm of CubeSats, working together, will act as a bigger antenna with an effective diameter

equal to the distance between the satellites.

The reduced size of these CubeSats leads to a limited propulsive capability. It creates a need

for efficient transfers from near-Earth orbit to lunar or libration point orbit. Using phase
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space manifolds converging to the target orbit provides the most fuel-efficient transfers in

terms of fuel consumption at the cost of longer transfer times as will be explained in chapters

3 and 4.

Dr. Michael Freilich, Director of Earth Science at NASA Headquarters said: ”Earth-

observing mission portfolio will benefit greatly from the ability to launch small satellites

into optimal orbits, when and where we want them”. But what is the deal with these small

satellites? Let’s put some numbers on the table. The Cassini Mission, for example, is the

mission that gathered the most information about Saturn to date. The cost of it raised to

$3 billion. It cannot take the risk of coming too close to Saturn’s rings because particles

can damage it. CubeSats cost several orders of magnitude less than that. Around $50,000.

Their reduced size implies more versatility in missions. They could be sent to Saturn’s rings

because they can orbit with the particles that could damage Cassini. CubeSats are small

enough to avoid impacts. But their reduced size is not the main benefit. The real benefit is

cost.

CubeSats are small payloads in a space mission. Due to their size and mass, there is no

need to spend millions of dollars to place them in orbit. A single launch vehicle can deploy

a constellation of these small satellites as explained before, to serve as a bigger receiver

antenna. At the cost of transfer time, a mission following a low-energy transfer can place

swarms of CubeSats in orbit with a very little economic cost.

The reduced economic cost decreases the pressure of failure of the mission. For the same

reason, if an individual CubeSat is lost, the rest of the constellation can keep working

together.

The low-energy transfer is constructed by using the gravity of massive bodies in the system

considered. Periodic orbits are used as staging orbits. The periodic orbits that are used

have stable and unstable manifolds. Stable manifolds can be viewed as sets of potential
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trajectories that a spacecraft could follow to reach the periodic orbit without the need for

propulsive force. Similarly, unstable manifolds can serve as trajectories to departure the

periodic orbit. A low-energy transfer exploits these natural dynamics to reduce propulsion

requirements, usually at the expense of longer transfer time.

This work describes the process to create a low-energy transfer from the Earth to the Moon.

The transfer is designed to transport a vehicle with little economic cost and it is later

compared to other transfer options. Details are provided to shape the low-energy transfer

from a low Earth orbit to a libration orbit around the Moon.

This work summarizes and reproduces the work by Parker and Anderson.2 Later, the values

obtained are compared with Parker and Anderson’s results. In their book, they develop

a method to design low-energy transfers from the Earth to the Moon using manifolds of

periodic orbits. This work uses the same strategy to compute the low-energy transfer and it

later compares the values of energy needed in the transfer with other transfer options found

in Ref. [2].

Chapter 2 of this work describes the process to model low-energy transfers and also includes

the model to reproduce the motion of the bodies and the assumptions made. In chapter 3,

the method described in chapter 2 is applied to compute a low-energy transfer. The same

chapter briefly describes what a low-energy transfer is and highlights the differences between

the low-energy transfer and the conventional direct transfer. In chapter 4, a case study is

evaluated. The results are presented and discussed in chapter 5.
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Chapter 2

Modeling for Low-Energy Transfers

This chapter describes the procedure to construct a low-energy transfer from a low Earth

orbit to a libration orbit around the Moon. The method to describe the motion of the system

is explained and it is later used to develop the staging orbits and the trajectories in between

them.

The circular restricted three-body problem (CRTBP) is the simplest model to describe the

motion of a considered massless spacecraft under the effect of two massive bodies. The model

reveals the manifold structure used in low-energy transfers. This work considers either the

Earth and the Moon or the Earth and the Sun as the two primary bodies. The system

composed by the Earth and the Moon is used when the sphere of influence of it dominates

over the system composed by the Earth and the Sun. The two primaries are in 2-body

motion unaffected by the spacecraft.

The CRTBP uses a rotating frame centered in the barycenter of the system composed by

2 massive bodies and the space vehicle, considered massless. The x-axis points towards the

smaller of the bodies and the z-axis points towards the normal of the plane defined by the
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orbit of the bodies. Finally, the y-axis completes the frame. In this frame 5 equilibrium

points appear, named Lagrange points due to the discovery of Joseph-Louis Lagrange.

2.1 Equations of Motion

The CRTBP model uses the rotating reference frame centered at the barycenter of the two

massive bodies. The normalized equations of motion in this reference frame are given by:

Ẋ =



ẋ

ẏ

ż

ẍ

ÿ

z̈


=



u

v

w

2ẏ + x− (1− µ)x+µ
r31
− µx−1+µ

r32

−2ẋ+ y − (1− µ) y
r31
− µ y

r32

−(1− µ) z
r31
− µ z

r32


(2.1)

Where µ is defined as the three-body constant and it is simply the ratio between the smaller

mass and the total mass of the system. For the system composed by the Moon and the

Earth, µ = 0.01215 and for the system with the Earth and the Sun µ = 3 · 10−6. The

parameters r1 and r2 are computed as follows.

r21 = (x+ µ)2 + y2 + z2 (2.2)

r22 = (x− 1 + µ)2 + y2 + z2 (2.3)
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2.2 Lagrange Points

A mechanical system with three objects: 2 massive ones and one considered massless, consti-

tutes a restricted three-body problem. It was discovered that there were five special points

in this frame where a gravitational equilibrium could be maintained. In other words, an ob-

ject placed at any one of these five points would stay there, when viewed from the rotating

frame, with the effective forces with respect to this frame canceling. These five points were

named Lagrange points and were numbered from L1 to L5. While L1, L2, and L3 constitute

unstable equilibrium points, L4 and L5 constitute stable equilibrium points.

Figure 2.1: Lagrange points in the Earth-Moon system3

For this work, two different three-body systems need to be considered. The first one uses

the L2 point of the Sun-Earth-spacecraft system named EL2. The second one uses either

the L1 or the L2 points of the Earth-Moon-spacecraft system named LLi. Lagrange points

are important because in their neighborhoods there are families of periodic orbits. These

periodic orbits are used as staging orbits during the low-energy transfer.
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2.3 Periodic Orbits

The existence of the Lagrange points introduces indeed a set of solutions in the system of

simple periodic symmetric orbits. Periodic orbits are closed-orbits that a spacecraft would

follow from an initial point on it to the same point repeatedly in a fixed amount of time, the

orbit period.

Figure 2.2: Example of a periodic orbit in the Earth-Moon system.2

Lyapunov and halo orbits are good examples of such orbits. The main idea of the low-energy

transfer is taking advantage of the existence of periodic orbits and their associated manifolds.

Once the vehicle is placed in one of the stable manifolds with the right state, it is going to

follow a natural path towards the periodic orbit. The process has two main benefits – if

the vehicle approaches the orbit on a tangential trajectory, it will not require any force to

set it in place, which means no impulse is needed. The other benefit is the fact of using

the periodic orbit as a parking orbit. It provides the full transfer a longer time frame for

executing the launch.
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2.3.1 Modeling the Periodic Orbits

The motion of a spacecraft in the Solar System can be modeled using different analysis. For

this work, the Circular Restricted Three-Body Problem (CRTBP) has been used. This model

is a remarkably good approximation of the motion of a considered massless object in the

presence of two massive bodies whose relative motion is known. For example, a spacecraft

in the Sun-Earth and Earth-Moon systems.

After determining how the spacecraft will move in the region dominated by the two massive

bodies it is necessary to describe the motion when captured in the periodic orbits of interest.

The Lagrange points have been mentioned before. These periodic orbits around them (in

particular the L1, L2, and L3) are easy to characterize by first replacing the origin of the

frame at the particular Lagrange point.

x′ = x− (1− µ+ γ)

y′ = y

z′ = z

(2.4)

And linearizing the equations of motion after applying the previous displacement yields

ẍ′ − 2ẏ′ − (1 + 2c)x′ = 0

ÿ′ + 2ẋ′ + (c− 1)y′ = 0

z̈′ + cz′ = 0

(2.5)

2.3.2 Jacobi Constant

The Jacobi constant or Jacobi energy is a useful parameter to characterize orbits. All

trajectories happening under the gravitational attraction of the two massive bodies in the
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CRTBP have a constant Jacobi energy. As long as no other perturbation occurs, the value

of C will remain constant and it is defined as

C = (x2 + y2) +
2− 2µ

r1
+

2µ

r2
− ẋ2 − ẏ2 − ż2 (2.6)

2.4 Invariant Manifolds

As mentioned in section 2.3, periodic orbits have associated manifolds. Many of the periodic

orbits in the Earth-Moon system are unstable meaning that their monodromy matrix has at

least one unstable eigenvalue. A vehicle traveling on an unstable orbit will escape from it after

experiencing a small perturbation. The escaping direction is defined by the eigenvectors of

the unstable eigenvalues. These eigenvectors are tangent to the unstable manifold. Similarly,

the periodic orbit has a stable manifold. If a spacecraft is precisely transferred onto the stable

manifold, it will proceed to the periodic orbit under gravitational forces1.

To compute the invariant manifolds of the periodic orbits, it necessary to evaluate the Ja-

cobian of their states. Applying the CRTBP equations to the Jacobian of the states one

obtains

J =
∂Ẋ

∂X
=



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

∂ẍ
∂x

∂ẍ
∂y

∂ẍ
∂z

0 2 0

∂ÿ
∂x

∂ÿ
∂y

∂ÿ
∂z
−2 0 0

∂z̈
∂x

∂z̈
∂y

∂z̈
∂z

0 0 0


(2.7)

1Small trajectory corrections will be required along the trajectory since the stable manifold is itself
unstable

9



Figure 2.3: Representation of stable and unstable invariant manifolds in the Earth-Moon-
spacecraft system with unstable periodic orbits.2

The eigenvalues of the Jacobian illustrate the unstable and stable directions to leave or

approach the unstable periodic orbits respectively. The eigenvector associated with the

larger real eigenvalue indicates the unstable direction vU . With such direction, the unstable

manifold can be produced by integrating the state forward in time XU = X±ε vU . Similarly,

the eigenvector associated with the other real eigenvalue indicates the stable direction vS.

With this direction, the stable manifold can be produced by integrating the state backward

in time XS = X ± ε vS.

Tables 2.1 and 2.2 next summarize the eigenvalues of interest with the corresponding eigen-

vectors of the Lagrange points of interest.
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Table 2.1: Summary of the eigenvalues of the Lagrange Points of interest

Lagrange Point EL1 EL2 LL1 LL2 LL3

λ1 2.5179807 2.4696698 2.9320561 2.1586744 0.1778754

λ2 -2.5179807 -2.4696698 -2.9320561 -2.1586744 -0.1778754

Table 2.2: Summary of the eigenvectors of the Lagrange Points of interest

Lagrange Point EL1 EL2 LL1 LL2 LL3

x -0.7384946 -0.7380995 -0.7412247 -0.7350305 -0.6689538

y 0.3971436 0.4049124 -0.3410576 0.4632473 5.6219138

z 0 0 0 0 0

u -1.8595151 -1.822862 -2.1733124 -1.5866915 -0.1189904

v 1 1 1 1 1

w 0 0 0 0 0

x -0.7384946 -0.7380995 -0.7412247 -0.7350305 -0.6689538

y -0.3971436 -0.4049124 -0.3410576 -0.4632473 -5.6219138

z 0 0 0 0 0

u 1.8595151 1.822862 2.1733124 1.5866915 0.1189904

v 1 1 1 1 1

w 0 0 0 0 0

Summarizing the above, each Lagrange point can be treated as a saddle point. After a

perturbation, the space vehicle will obtain the unstable manifold direction when propagating

forward in time. Similarly, it will follow the stable manifold when propagating backward in

time.
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2.4.1 Invariant Manifolds of Periodic Orbits

The previous section describes the invariant manifolds of the Lagrange points of the sys-

tems. But the Lagrange points are simply points. In other words, they are zero-dimensional

structures. The objective of this work is to place the spacecraft into invariant manifolds

that will lead it towards periodic orbits, or one-dimensional structures. Therefore, invariant

manifolds are two-dimensional structures.

Ideally, to evaluate the stability of the trajectory, it would be necessary to consider each point

along the orbit as an initial point. But the computation of the eigenvalues and eigenvectors

of the Jacobian of all the states along the orbit is infeasible. A solution is to use the state

transition matrix around the orbit. The state transition matrix is used to propagate the

stable and unstable directions along the orbit from t0 to t0 + T producing what is called

the monodromy matrix. Consequently, the unstable and stable directions at the time ti are

given by vi = Φ(ti, t0)v.

At the point on the orbit where the perturbation is applied, the necessary equations are

XS
i = Xi ± ε

vSi
|vSi |

(2.8)

XU
i = Xi ± ε

vUi
|vUi |

(2.9)
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Where ε is described as the perturbation applied as mentioned before. The magnitude of

the perturbation is an important value to consider. A small perturbation gives a close

approximation when drawing the manifold that follows. However, the spacecraft will require

more time to depart from the orbit.
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Chapter 3

Low-Energy Transfer Computational

Method

This chapter summarizes the computational method to shape a low-energy transfer. The

chapter also describes some other transfer options that will later be compared to the low-

energy transfer designed.

3.1 Low-Energy Transfer Strategy

Putting the theory about periodic orbits and invariant manifolds together one may construct

the low-energy transfer by following the recipe step by step. First of all, a periodic orbit in

the Sun-Earth system is needed. This orbit, named as Earth Staging Orbit, is going to serve

as the intermediate staging orbit after the departure from the Earth and before traveling

towards the Moon. This orbit must fulfill some requirements – it must be unstable, its stable

manifold has to intersect the Low Earth Orbit (LEO) where the spacecraft is parked and

its unstable manifold has to intersect the final target orbit. By meeting these requirements

14



two main points can be observed. Since the stable manifold intersects the LEO there is no

need of an additional maneuver to transport the vehicle from the LEO to the manifold. This

reduces to 0 any potential impulse required between the maneuver insertion and the LEO.

Another major benefit is that the target orbit is reached at a much lower relative velocity

than the direct transfer. This implies a notorious reduction in the ∆v and in most cases a

total elimination of it since the vehicle is naturally captured by the target orbit.

Second, a target orbit is needed. This orbit is going to be named Lunar Staging Orbit. And

for this work, it is going to be a periodic orbit around the L1 or L2 Lagrange points in the

Earth-Moon system. If the mission requires it, it is possible to transport the spacecraft from

this orbit to a low Moon orbit or even the lunar surface. For the same reason as with the

Earth Staging Orbit, this orbit must be unstable and its stable manifold has to intersect the

unstable manifold of the ESO.

Lastly, the starting parking orbit is needed. The starting parking orbit is a LEO that will

serve as the starting point from where the spacecraft will perform the maneuver insertion.

The ESO is defined, so the state there is known. By backward integration, one can repro-

duce the stable manifold until the LEO is intersected. Similarly, from the ESO again but

with forward integration, one can compute the unstable manifold until the LSO is targeted.

Figures 3.1 and 3.2 summarize the process.

To leave the starting parking orbit, impulsive thrust is assumed. That is, the position of

the spacecraft remains the same before and after the maneuver is applied and the velocity

changes instantaneously. This is a good approximation when carrying high-thrust engine.

The thrust time in this type of engine will be short enough that the position will not change

much.
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Figure 3.1: Stable manifold about the EL2 Lagrange point in the Sun-Earth-Moon system.
One can observe how the LEO orbit is intersected near the Earth.2

Figure 3.2: Unstable manifold about the EL2 Lagrange point in the Sun-Earth-Moon sys-
tem.2
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3.2 Summary of Low-Energy Transfers and Other Trans-

fer Options

There are many ways to transport a spacecraft through space. This chapter compares one

of the most used trajectories in the past, the direct transfer, with a low-energy transfer.

3.2.1 Direct Transfer

When traveling from the Earth to the Moon everyone can think about the Apollo missions.

The Apollo missions are quick, direct transfers. They reached the Moon 3 days after leaving

the Earth.

Figure 3.3: Example of a direct transfer from the Earth to the Moon.2

This trajectory requires only the gravitational force of the Earth and the Moon. The vehicle

starts from a low altitude orbit at the Earth. After a maneuver, the vehicle is placed in

a cruise orbit that targets some orbit about the Moon after a second maneuver. Direct

transfers have durations between hours and weeks depending on the amount of propellant

willing to spend. Typically, an efficient direct transfer sends the spacecraft in about 4 days.

But they can be used either to send the vehicle to the surface of the Moon or to orbit around

it.
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3.2.2 Low-Energy Transfer

In comparison to the direct transfers, the low-energy transfers use gravity to reduce the

amount of fuel consumption. The Sun’s gravity takes the vehicle beyond the orbit of the

Moon by slowly increasing the periapse altitude of the orbit. When the vehicle returns

toward the Earth, it encounters the Moon on a nearly-asymptotical trajectory. As a result,

the Moon naturally captures the vehicle saving the necessary propellant to reduce the energy

at that point of the trajectory.

Figure 3.4: Example of a low-energy transfer from the Earth to a halo orbit at the L1 or L2

points at the Moon.2

As mentioned before, low-energy transfers save propellant at the cost of longer transfer

times. These trajectories need around 3 months to reach their final destination. As seen in

Figure 3.4, the orbit crosses the orbit of the Moon, implying that a lunar flyby is possible

to reduce even more the required energy to complete the trajectory. Similarly to the direct

transfers, low-energy transfers can be used to either land the spacecraft on the surface of the

Moon or place it in an orbit around it – lunar libration orbits or lunar orbits.

The main benefits of the low-energy transfer are the following. First of all, the increased

savings in energy, something that can be translated into economic savings. The gravity does

18



most of the work in shaping the trajectory so that the spacecraft does not need to apply

force.

A second major benefit is the flexibility of the launch. One of the problems of direct transfers

is the reduced window of time to perform the launch. It is a quick trajectory so the relative

position between the Earth and the Moon has to be precise. On the other hand, the low-

energy transfer provides a larger window of time. Its long duration allows for adjustments

and small corrections to reach the desired target.

Implicitly from the second benefit above, the flexibility of the low-energy transfers provides

a wider range of potential target orbits on a given date.

Direct transfers have short periods of time when they require a maneuver. Low-energy

transfers, however, can wait some days before performing a maneuver. This provides the

operations team more time to prepare the spacecraft before needing a maneuver.

Another benefit is that low-energy transfers can be used to place several vehicles into dif-

ferent orbits with a single launch vehicle. That is an important benefit when talking about

CubeSats. As mentioned before, the telescope consists of swarms of small CubeSats inter-

acting together at different locations. Using direct transfers, placing the CubeSats one by

one would require an extensive amount of propellant.

Lastly, low-energy transfers can be used to target any location on the Earth while returning

from the Moon. This goes back to the flexibility of these transfers. When doing the reverse

route, from the Moon to the Earth, using relatively short quantities of propellant the space-

craft can travel directly to any location on the Earth due to the large duration of low-energy

transfers.
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3.2.3 Low-Energy Transfer vs. Direct Transfers

There are other ways to transport a spacecraft from the Earth to the Moon other than just

the direct transfer and the low-energy transfer. For example, the direct transfer can extend

its launch window if staging is performed in between the trajectory. Another example is

known as the low-thrust trajectory. This trajectory is similar to the low-energy transfer but

requires a longer time. An example of the low-thrust transfer is the SMART-1, it reached the

Moon after a 2-year trajectory. But let’s compare numbers between the low-energy transfer

and the conventional direct transfer.

The direct transfer typically takes between 3 to 6 days to reach the final destination. In some

cases, it is possible to perform the trajectory in hours, but the transfer is far from optimal.

On the other hand, a low-energy transfer takes between 2.5 and 4 months. The difference

between taking 2 or 4 months is mainly the parking time at the periodic orbits.

The previous statement is what makes low-energy transfers more flexible in terms of launch

periods. The fact of being able to park in intermediate periodic orbits provides the spacecraft

with a large window of time to wait for the desired relative position between the Earth and

the Moon.

But the main purpose of the low-energy transfers is what gives them their name, the reduced

energy that they take. In comparison to an optimized direct transfer, a low-energy transfer

can save more than 400 m/s of ∆v in transfers to lunar-libration orbits. And more than 120

m/s of ∆v in transfers to low-altitude lunar orbits. All these savings are in comparison to

optimized direct transfers. When the direct transfer has not been optimized the difference

in ∆v is even more remarkable.

20



3.2.4 Other Transfer Options

A variation of the direct transfers are the fast direct transfers. These types of transfers are

direct transfers via interior manifolds. They follow the same procedure as direct transfers

but using manifolds within the plane that describes the Moon around the Earth.

Direct transfers with bridge are another variation of the conventional direct transfers. They

are simply direct transfers in which a third maneuver is required to intersect the manifold.

The manifold used does not intersect the original parking orbit so there is need of a transfer

from the LEO to the manifold.

Another group of transfers to consider is the named complex transfers group. They are

characterized by high initial altitude and relatively low ∆v budget.

Transfers in the efficient transfers group are characterized by low initial altitude and low

∆v budget. Trajectories belonging to this group have a low ∆v budget without paying too

much transfer time.

The last group of transfers to consider is the group of long duration transfers. These transfers

momentarily travel away from the Earth-Moon system without escaping from it. They may

include a lunar flyby.
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Chapter 4

Case Study: CubeSat Transfer from

Earth Orbit to Lunar Orbit

In this section, a low energy transfer is computed using Matlab following the procedure

described in the previous chapters. The values of the energy obtained after computing the

transfer are analyzed and compared to those for other transfer options found in Ref. [2].

For this work, a 185 km altitude LEO has been used as the initial parking orbit. Secondly,

one must define a Lunar Staging Orbit. The LSO is described in the previous chapter as

the final target orbit that may be used to transport the spacecraft to lunar orbits or to the

lunar surface later on. For this work, a halo orbit about the Earth-Moon L2 point has been

selected with a Jacobi constant value of 3.05.

The intermediate parking orbit defined as the Earth Staging Orbit is also a required input.

A halo orbit about the Sun-Earth L2 point with a Jacobi constant value of 3.00077207 has

been used. Figure 4.1 next shows the top view of the Earth Staging Orbit. For simplicity, it

is assumed that the plane of rotation of the Moon around the Earth is in the ecliptic plane.
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Figure 4.1: Planar view of the Earth Staging Orbit in the Earth-Moon plane of rotation.

The following step is to pick a point on the ESO of where the trajectory is desired to intersect

it. The point chosen at the ESO determines the magnitude of the required perturbation.

How much does this affect the final value? The state of the vehicle at the intersection with

the ESO is different at each fiber of the stable manifold. This means that the larger the

required velocity is at Earth departure, the larger the required impulse at departure.

The Matlab code developed in this work plots fibers of the stable manifold shown in Fig-

ure 4.2. Fibers are families of 1-dimensional smooth submanifolds (curves) inside the mani-

fold itself.11 From high to low in the intersection with the ESO, in Figure 4.2 the velocities

at the LEO departure in normalized units are 19.6, 15.4, 14.9, 17, and 18.6. This shows a

minimum in the third trajectory when the chosen point is at the south of the ESO.
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Figure 4.3 shows the plot of the first segment of the trajectory considering the previously

mentioned minimum. However, taking a look into the transfer time in normalized units the

same trajectories show values of 0.2785, 0.3785, 0.4185, 0.3445, and 0.2745. Exchanging

again transfer time for cost the trajectory considered, although having the minimum energy,

it has the largest transfer time.

What is necessary next is to perturb the state at the chosen point to leave the periodic orbit.

As explained in the previous chapter the magnitude of the perturbation is an important

factor to consider. Here the initial value is set as the formula in Eq. 4.1 and it is then

adjusted to reach the final destination.

ε =
100√

u2 + v2 + w2
(4.1)

The first integration results in the first part of the trajectory, after leaving the low Earth

orbit and until arriving at the ESO. Figure 4.2 shows fibers of the stable manifold.
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Figure 4.2: View of fibers of the stable manifold.

Figure 4.3: View of the first segment of the trajectory. 3D view (left) and planar view
(right).
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Second, perturbing the state of the vehicle at the point where it arrives at the ESO, the

unstable manifold is integrated. Figure 4.4 shows the plot of one component of the unstable

manifold of the trajectory. Also, Figure 4.5 shows the plot of the completed trajectory.

Figure 4.4: View of the second segment of the trajectory. 3D view (left) and planar view
(right).

Once the trajectory is computed, the two main values of interest are known – the time

and the total impulse. The total impulse is divided into two different applied forces. The

first one occurs when the spacecraft leaves the LEO parking orbit, and it is inserted onto

the stable manifold towards the ESO. The stable manifold intersects the LEO. The LEO

departure state is known and the state at the beginning of the manifold is also known so the

difference in velocity is the required external energy to apply. The second impulse occurs

at the arrival into the ESO, the spacecraft needs to leave the stable manifold and join the

path of the unstable manifold. Again, both states are known so the difference in velocities

is the required impulse to be given. It is necessary to remember the unstable manifold

reaches the final destination asymptotically so that no impulse is required – the spacecraft is

naturally attracted by the periodic orbit at the Moon. Table 4.1 shows the values obtained

and Table 4.2 compares them with other trajectories.
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Figure 4.5: View of the completed trajectory. 3D view (top) and planar view (bottom).

Table 4.1: Computed values for the low energy transfer.

∆vMI1 (m/s) ∆vMI2 (m/s) ∆vTOTAL (m/s) Transfer time (days)

2765 711 3476 139.6
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4.1 Comparison of Low Energy Transfer with Other

Transfer Options

In this section, the low-energy transfer is compared with other transfer options for the

example transfer considered in the previous section.

Table 4.2: Comparison of low-energy transfer with other transfer options.a

Transfer ∆vTOTAL (m/s) Transfer time (days)

Low-Energy 3476 139.6

Direct Transfer 4068 8.8

Fast Direct Transfer 4015 6.2

Direct Transfer with bridge 4014 48.8

Complex Transfer 3599 25.7

Efficient Transfer 3590 38.3

Long Duration Transfer 3948 33.2

Long Duration Transfer with Lunar Flyby 3776 50.9

aThe values of ∆ v compared do not account for the impulse required to place the vehicle into the LEO.
The values of the transfers aside from the low-energy transfer are obtained from [2].

As one can see, the low-energy transfer has the lowest ∆v budget at the cost of transfer

time. It might not be the most efficient transfer in terms of a ratio between transfer time

and propellant mass required. For example, one of the trajectories in the group of efficient

transfers saves 100 days in the mission at the cost of only 100 m/s more (see Table 4.2).

However, the low-energy transfer does not focus on the best ∆v - transfer time ratio but on

minimizing ∆v.

Direct transfers are the ones that have the highest ∆v budget but the lowest transfer time.

This is ideal for manned missions. But CubeSat missions look for the lowest ∆v budget
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possible so direct transfers are not suitable. One can also observe how direct transfers with

bridge are far from ideal. The ∆v budget is high and the transfer time is relatively high

as well. This is mainly due to one of the problems of direct transfers – the reduced launch

windows. This problem sometimes makes direct transfers increase the transfer time if the

relative position of the Earth and the Moon (or other potential final targets) is not ideal.

Transfers in the group of complex transfers show similar values as transfers in the efficient

transfers group. However, the values presented in Table 4.2 do not account for the ∆v

budget required to park at the initial LEO. These transfers require a high initial altitude

which translates into a higher ∆v budget.

Lastly, long duration transfers reduce the ∆v budget in comparison to direct transfers but

the difference in transfer time is too large for such a small reduction of ∆v budget. They

can include lunar flybys, since they travel away from the Earth-Moon system. A flyby can

reduce even more the ∆v budget, but it is not comparable to a low-energy transfer.
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Chapter 5

Conclusions

This work has used a method to compute a low-energy transfer from an Earth orbit to a

lunar orbit. This is particularly important for CubeSats missions and other missions with

low-mass spacecrafts that lead to low propulsion capability.

During the computation, the values that most affect in the ∆v budget are the following.

First of all, the altitude of the initial parking orbit has been determined to be a variable to

consider when reducing the ∆v budget. A high altitude parking orbit at the Earth would

imply a higher ∆v budget during launch. Second, the point chosen at the Earth Staging

Orbit is critical. With an accurate location of the point, one can achieve the minimum

impulse required to target the ESO from the LEO. The neighborhoods of this point were

studied showing that this point was a local minimum. Lastly, reaching the final destination

asymptotically reduces the amount of energy required to zero. The final target orbit naturally

captures the CubeSat, ideally avoiding the need for a propulsive maneuver at the destination.

In the case study, this work has shown how a low-energy transfer can save over 500 m/s in

impulse. In comparison to the transfers to the Moon used in the Apollo missions or other

transfer options, the low-energy transfer achieves the minimum ∆v budget. The transfer
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time can be up to 6 months, while a direct transfer can do the job in 6 days. But the savings

in propellant mass required are an enabling capability for the use of CubeSats swarms as

space telescopes.
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Chapter 6

Appendix

6.1 Finding the Lagrange Points

Numerically solving the equilibrium points of the CRTBP equations (see Equation 2.1) 5

solutions are obtained. Those are the 5 Lagrange points of the system.

The following Matlab code8 solves the equilibrium points of any system of 2 massive bodies

using the CRTBP theory. The required input is the three-body constant µ and gives the

result normalized in the CRTBP – the more massive body is placed at x = −µ, y = 0, z = 0

and the less massive body is placed at x = 1− µ, y = 0, z = 0.

µ =
Mlower

Mlower +Mhigher

(6.1)
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1

2 c l e a r a l l ;

3

4 g l o b a l i l p mu

5

6 c l c ; home ;

7

8 f p r i n t f ( ’\n program crtbp1 \n ’ ) ;

9

10 f p r i n t f ( ’\n< equ i l i b r i um coo rd ina t e s and energy >\n\n ’ ) ;

11

12 whi le (1 )

13 f p r i n t f ( ’\ np lease input the value f o r the mass r a t i o \n ’ ) ;

14

15 mu = input ( ’ ? ’ ) ;

16

17 i f (mu > 0)

18 break ;

19 end

20 end

21

22 xm1 = mu;

23

24 xm2 = 1 mu;

25

26 % L1 l i b r a t i o n po int
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27

28 i l p = 1 ;

29

30 xr1 = 2 ;

31

32 xr2 = +2;

33

34 r t o l = 1 .0 e 8 ;

35

36 [ xl1 , f r o o t ] = brent ( ’ c lp func ’ , xr1 , xr2 , r t o l ) ;

37

38 y l1 = 0 ;

39

40 r 1 sq r = ( x l1 xm1) ˆ2 + yl1 ˆ2 ;

41

42 r 2 sq r = ( x l1 xm2) ˆ2 + yl1 ˆ2 ;

43

44 e1 = 0 . 5 ∗ ( x l1 ˆ2 + yl1 ˆ2) (1 mu) / s q r t ( r1 sq r ) mu / s q r t (

r2 sq r ) ;

45

46 % L2 l i b r a t i o n po int

47

48 i l p = 2 ;

49

50 xr1 = 2 ;

51

52 xr2 = +2;
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53

54 r t o l = 1 .0 e 8 ;

55

56 [ xl2 , f r o o t ] = brent ( ’ c lp func ’ , xr1 , xr2 , r t o l ) ;

57

58 y l2 = 0 ;

59

60 r 1 sq r = ( x l2 xm1) ˆ2 + yl2 ˆ2 ;

61

62 r 2 sq r = ( x l2 xm2) ˆ2 + yl2 ˆ2 ;

63

64 e2 = 0 . 5 ∗ ( x l2 ˆ2 + yl2 ˆ2) (1 mu) / s q r t ( r1 sq r ) mu / s q r t (

r2 sq r ) ;

65

66 % L3 l i b r a t i o n po int

67

68 i l p = 3 ;

69

70 xr1 = 2 ;

71

72 xr2 = +2;

73

74 r t o l = 1 .0 e 8 ;

75

76 [ xl3 , f r o o t ] = brent ( ’ c lp func ’ , xr1 , xr2 , r t o l ) ;

77

78 y l3 = 0 ;
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79

80 r 1 sq r = ( x l3 xm1) ˆ2 + yl3 ˆ2 ;

81

82 r 2 sq r = ( x l3 xm2) ˆ2 + yl3 ˆ2 ;

83

84 e3 = 0 . 5 ∗ ( x l3 ˆ2 + yl3 ˆ2) (1 mu) / s q r t ( r1 sq r ) mu / s q r t (

r2 sq r ) ;

85

86 % L4

87

88 x l4 = 0 .5 mu;

89

90 y l4 = 0 .5 ∗ s q r t (3 ) ;

91

92 r 1 sq r = ( x l4 xm1) ˆ2 + yl4 ˆ2 ;

93

94 r 2 sq r = ( x l4 xm2) ˆ2 + yl4 ˆ2 ;

95

96 e4 = 0 . 5 ∗ ( x l4 ˆ2 + yl4 ˆ2) (1 mu) / s q r t ( r1 sq r ) mu / s q r t (

r2 sq r ) ;

97

98 % L5

99

100 x l5 = 0 .5 mu;

101

102 y l5 = 0 .5 ∗ s q r t (3 ) ;

103
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104 r 1 sq r = ( x l5 xm1) ˆ2 + yl5 ˆ2 ;

105

106 r 2 sq r = ( x l5 xm2) ˆ2 + yl5 ˆ2 ;

107

108 e5 = 0 . 5 ∗ ( x l5 ˆ2 + yl5 ˆ2) (1 mu) / s q r t ( r1 sq r ) mu / s q r t (

r2 sq r ) ;

109

110 % pr in t r e s u l t s

111

112 f p r i n t f ( ’\n program crtbp1 \n ’ ) ;

113

114 f p r i n t f ( ’\n < equ i l i b r i um coo rd ina t e s and energy >\n\

n ’ ) ;

115

116 f p r i n t f ( ’\nmass r a t i o = %12.10 e\n ’ , mu) ;

117

118 f p r i n t f ( ’\ n l o c a t i o n x coord ina te y coord ina te

energy\n ’ ) ;

119

120 f p r i n t f ( ’\n L1 %10.6 f %10.6 f %12.10 e\n ’ ,

xl1 , yl1 , e1 ) ;

121

122 f p r i n t f ( ’\n L2 %10.6 f %10.6 f %12.10 e\n ’ ,

xl2 , yl2 , e2 ) ;

123

124 f p r i n t f ( ’\n L3 %10.6 f %10.6 f %12.10 e\n ’ ,

xl3 , yl3 , e3 ) ;
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125

126 f p r i n t f ( ’\n L4 %10.6 f %10.6 f %12.10 e\n ’ ,

xl4 , yl4 , e4 ) ;

127

128 f p r i n t f ( ’\n L5 %10.6 f %10.6 f %12.10 e\n\n ’

, xl5 , yl5 , e5 ) ;

6.2 Computation of Periodic Orbits

The present section shows the computation of trajectories in the CRTBP system. With

the precise initial conditions it plots periodic orbits between the two massive bodies. The

following table shows some examples of initial conditions to plot periodic orbits.

Table 6.1: Some examples of initial conditions to plot periodic orbits in the CRTBP.

Orbit x y z u v w
1 0.300 0 0 0 -2.536 0
2 2.841 0 0 0 -2.748 0
3 0 0 0 0 2.066 0
4 -2.500 0 0 0 2.100 0
5 0.952 0 0 0 -0.958 0
6 3.148 0 0 0 -3.077 0
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The following Matlab code8 plots some examples of periodic orbits as well as draws any orbit

in the CR3BP for given initial conditions.

1 c l e a r a l l ;

2

3 g l o b a l mu

4

5 c l c ; home ;

6

7 f p r i n t f ( ’\n program g3body\n ’ ) ;

8

9 f p r i n t f ( ’\n< graph i c s d i sp l ay o f three body motion >\n\n ’ ) ;

10

11 whi le (1 )

12

13 f p r i n t f ( ’\n <1> p e r i o d i c o r b i t about L1\n\n ’ ) ;

14

15 f p r i n t f ( ’ <2> p e r i o d i c o r b i t about L2\n\n ’ ) ;

16

17 f p r i n t f ( ’ <3> p e r i o d i c o r b i t about L3\n\n ’ ) ;

18

19 f p r i n t f ( ’ <4> user input o f i n i t i a l c o n d i t i o n s \n\n ’ ) ;

20

21 f p r i n t f ( ’ s e l e c t i o n (1 , 2 , 3 or 4)\n\n ’ ) ;

22

23 i c f l g = input ( ’ ? ’ ) ;

24

25 i f ( i c f l g >= 1 && i c f l g <= 4)
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26

27 break ;

28

29 end

30

31 end

32

33 switch i c f l g

34

35 case 1

36

37 % p e r i o d i c l 1 o r b i t ( t r 32 1168 , pp 25 ,29 ; 74)

38

39 y (1 ) = 0 .300000161 ;

40 y (3 ) = 0 ;

41 y (2 ) = 0 ;

42 y (4 ) = 2 . 5 3 6 1 4 5 4 9 7 ;

43

44 t i = 0 ;

45 t f = 5 .349501906 ;

46

47 mu = 0.012155092 ;

48

49 % s e t p l o t boundar ies

50

51 xmin = 1 . 5 ;

52 xmax = +1.5;
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53 ymin = 1 . 5 ;

54 ymax = +1.5;

55

56 case 2

57

58 % p e r i o d i c l 2 o r b i t ( t r 32 1168 , pp 31 ,34 ; 126)

59

60 y (1 ) = 2 .840829343 ;

61 y (3 ) = 0 ;

62 y (2 ) = 0 ;

63 y (4 ) = 2 . 7 4 7 6 4 0 0 7 4 ;

64

65 t i = 0 ;

66 t f = 2 ∗ 5 .966659294 ;

67

68 mu = 0.012155085 ;

69

70 % s e t p l o t boundar ies

71

72 xmin = 3 ;

73 xmax = +3;

74 ymin = 3 ;

75 ymax = +3;

76

77 case 3

78

79 % p e r i o d i c l 3 o r b i t ( t r 32 1168 , pp 37 ,39 ; 63)
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80

81 y (1 ) = 1 . 6 0 0 0 0 0 3 1 2 ;

82 y (3 ) = 0 ;

83 y (2 ) = 0 ;

84 y (4 ) = 2 .066174572 ;

85

86 t i = 0 ;

87 t f = 2 ∗ 3 .151928156 ;

88

89 mu = 0.012155092 ;

90

91 % s e t p l o t boundar ies

92

93 xmin = 2 ;

94 xmax = +2;

95 ymin = 2 ;

96 ymax = +2;

97

98 case 4

99

100 % user input o f i n i t i a l c o n d i t i o n s

101

102 f p r i n t f ( ’\ np lease input the x component o f the rad iu s

vec to r \n ’ ) ;

103

104 y (1 ) = input ( ’ ? ’ ) ;

105
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106 f p r i n t f ( ’\ np lease input the y component o f the rad iu s

vec to r \n ’ ) ;

107

108 y (3 ) = input ( ’ ? ’ ) ;

109

110 f p r i n t f ( ’\ np lease input the x component o f the v e l o c i t y

vec to r \n ’ ) ;

111

112 y (2 ) = input ( ’ ? ’ ) ;

113

114 f p r i n t f ( ’\ np lease input the y component o f the v e l o c i t y

vec to r \n ’ ) ;

115

116 y (4 ) = input ( ’ ? ’ ) ;

117

118 whi le (1 )

119

120 f p r i n t f ( ’\ np lease input the value f o r the earth moon

mass r a t i o \n ’ ) ;

121

122 mu = input ( ’ ? ’ ) ;

123

124 i f (mu > 0)

125 break ;

126 end

127 end

128
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129 whi le (1 )

130

131 f p r i n t f ( ’\ np lease input the f i n a l time\n ’ ) ;

132

133 t f = input ( ’ ? ’ ) ;

134

135 i f ( abs ( t f ) > 0)

136 break ;

137 end

138 end

139

140 % d e f a u l t va lue s f o r p l o t boundar ies

141

142 xmin = 2 ;

143 xmax = +2;

144 ymin = 2 ;

145 ymax = +2;

146

147 end

148

149 % reques t the i n t e g r a t i o n step s i z e

150

151 whi le (1 )

152

153 f p r i n t f ( ’\n\ np lease input the i n t e g r a t i o n step s i z e \n ’ ) ;

154

155 f p r i n t f ( ’ ( a va lue o f 0 .01 i s recommended )\n ’ ) ;
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156

157 dt = input ( ’ ? ’ ) ;

158

159 i f ( abs ( dt ) > 0)

160

161 break ;

162

163 end

164

165 end

166

167 % s e t ode45 opt ions

168

169 opt ions = odeset ( ’ RelTol ’ , 1 . 0 e 1 0 , ’ AbsTol ’ , 1 . 0 e 1 0 ) ;

170

171 % i n i t i a l i z e

172

173 t2 = dt ;

174

175 npt = 0 ;

176

177 f p r i n t f ( ’\n\n working . . . \ n ’ ) ;

178

179 whi le (1 )

180

181 t1 = t2 ;

182

47



183 t2 = t1 + dt ;

184

185 [ twrk , y s o l ] = ode45 ( @crtbp eqm , [ t1 , t2 ] , y , opt ions ) ;

186

187 npt = npt + 1 ;

188

189 xp lot ( npt ) = y s o l ( l ength ( twrk ) , 1) ;

190

191 yp lot ( npt ) = y s o l ( l ength ( twrk ) , 3) ;

192

193 y = y s o l ( l ength ( twrk ) , 1 : 4 ) ;

194

195 % check f o r end o f s imu la t i on

196

197 i f ( t2 >= t f )

198

199 break ;

200

201 end

202

203 end

204

205 % plo t t r a j e c t o r y

206

207 p lo t ( xplot , yp lo t ) ;

208

209 a x i s ( [ xmin xmax ymin ymax ] ) ;
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210

211 a x i s square ;

212

213 y l a b e l ( ’ y coo rd ina te ’ ) ;

214

215 x l a b e l ( ’ x coo rd ina te ’ ) ;

216

217 % l a b e l l o c a t i o n s o f Earth and Moon

218

219 hold on ;

220

221 p lo t ( mu, 0 , ’∗g ’ ) ;

222

223 p lo t (1 mu, 0 , ’∗b ’ ) ;

224

225 % l a b e l l i b r a t i o n po in t s

226

227 switch i c f l g

228

229 case 1

230

231 p lo t (0 .836892919 , 0 , ’ . r ’ ) ;

232

233 t i t l e ( ’ Pe r i od i c Orbit about the L1 L ib ra t i on Point ’ , ’

FontSize ’ , 16) ;

234

235 case 2
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236

237 p lo t (1 .115699521 , 0 , ’ . r ’ ) ;

238

239 t i t l e ( ’ Pe r i od i c Orbit about the L2 L ib ra t i on Point ’ , ’

FontSize ’ , 16) ;

240

241 case 3

242

243 p lo t ( 1 . 0 0 5 0 6 4 5 2 7 , 0 , ’ . r ’ ) ;

244

245 t i t l e ( ’ Pe r i od i c Orbit about the L3 L ib ra t i on Point ’ , ’

FontSize ’ , 16) ;

246

247 case 4

248

249 t i t l e ( ’ User Def ined I n i t i a l Condit ions ’ , ’ FontSize ’ , 16) ;

250 end

251

252 % c r e a t e eps g raph i c s f i l e with t i f f preview

253

254 pr in t depsc t i f f r300 g3body . eps
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(a) Orbit 1 (b) Orbit 2

(c) Orbit 3 (d) Orbit 4

(e) Orbit 5 (f) Orbit 6

Figure 6.1: Plots of the orbits in Table 6.1
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