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ABSTRACT OF THE DISSERTATION

Statistical Challenges in Incidence Estimation using Cross-Sectional Data and Multi-

Biomarker Assay Algorithms

by

Douglas Ezra Morrison
Doctor of Philosophy in Biostatistics
University of California, Los Angeles, 2021

Professor Ron Brookmeyer, Chair

Accurate estimates of incidence rates of infectious diseases are important for monitoring
trends and for designing and evaluating disease prevention and control programs.
Traditionally, incidence has been estimated using cohort studies, which are costly, slow, and
vulnerable to selection biases in both recruitment and attrition. Cross-sectional incidence
estimation is an alternative approach that can avoid some of these problems. This approach
involves collecting blood samples from a single representative cross-sectional survey of a
target population, and analyzing the samples using multi-biomarker assay algorithms
(MAAs) to detect recent infections. Under some assumptions about the dynamics of the
epidemic, incidence is estimated from the prevalence of MAA-positive individuals, where
MAA positive refers to a state defined by levels of biomarkers that is associated with recent

acquisition of infection. A training data set is required to define and evaluate characteristics

ii



of the MAA positive state. In order to achieve accurate estimates, cross-sectional incidence
estimation analyses should be tailored to the population of scientific interest and to the data-
generating process. This dissertation develops approaches for three challenges encountered
in cross-sectional incidence estimation: analyzing incomplete or missing biomarker data;
calibrating the cross-sectional estimation procedure for a specific target population; and

accounting for interval-censored infection dates in longitudinal biomarker data.

The training data sets are used to operationally define the MAA positive state and to
estimate the probabilities of being in the MAA positive state as a function of duration of time
since acquisition of infection. The training data sets include longitudinal biomarker
measurements on a sample of individuals. We first consider the challenge of missing
biomarker data in the training data sets. We examine two naive approaches, one using all
samples that can be classified by the MAA and another using all samples with complete
biomarker data, and we show that each of these approaches can lead to biased estimators of
the mean window period. We propose a conditional approach for handling the missing data.
We show that this method performs well in simulation studies. We then consider missing
data in the context of cross-sectional surveys of biomarker prevalence. Again, we show that
naive approaches produce biased estimates, and we propose a conditional approach that
performs well in simulation studies. We apply these methods to a training data set of
biomarkers in HIV Subtype C infections collected from over two thousand individuals from

multiple countries.

The target population refers to the population in which we wish to estimate incidence of

infection. In order for a training data set to be useful for model calibration, any systematic

iii



differences between the training data set and the target population must be addressed. We
consider a scenario in which there is one covariate whose distribution differs between the
training data set and the target population, and we propose a range of methods for correcting
such a difference. Using simulation studies, we examine the performance characteristics of
these methods under a range of analysis conditions and determine their sensitivity to model

misspecifications.

Since infection status is usually only tested periodically in longitudinal studies, infection
dates and durations of infection are typically interval-censored in MAA calibration data sets.
We present a joint model of infection dates and subsequent biomarker values and an
estimation procedure for this model, and we compare this approach with naive methods
assuming a uniform or symmetric distribution over the censoring intervals for the infection
dates. We show that the joint modelling approach performs well in many situations

compared to midpoint imputation and uniform imputation.

The methods presented in this dissertation were developed for the purpose of calibrating
and performing HIV incidence estimation using cross-sectional surveys of biomarker
prevalence. However, the cross-sectional survey-based approach to incidence estimation has
applicability to infectious diseases other than HIV. This approach may be especially useful
when it is crucial to rapidly detect changes in infection incidence to inform public health
policies including epidemic control programs. We hope that the methods presented in this
dissertation will encourage the use of the cross-sectional approach to incidence estimation
in a variety of contexts and will help address the inevitable real-world complications in the

data collection process.
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CHAPTER 1
Introduction

1.1 Background

Disease and epidemic surveillance provides important information to help reduce the spread
of infectious diseases. (Gordis 2014) Accurate measures of disease incidence rates are
crucial to this objective: incidence estimates help public health workers to efficiently allocate
resources to populations experiencing high rates of transmission and to measure the effects

of interventions. (Mastro 2013)

Traditionally, incidence has been estimated using cohort studies, in which a sample is
recruited from the disease-free, at-risk portion of a population of interest; members of the
cohort are then monitored periodically for signs of infection, and the incidence rate is
estimated as the ratio of the number of participants who became infected to the amount of

time the participants spent at-risk and under observation.

Cohort studies have several limitations. They are expensive to conduct, because of the
need to follow large numbers of subjects for an extended time, and follow-up rates may be
low especially in marginalized populations. They can take years to complete, and thus may
not provide timely information for assessing the current growth rate of an epidemic. They
are also vulnerable to selection biases in both recruitment and attrition. Selective attrition
would arise, for example, if participants who are more likely to become infected over the

course of follow-up are also more likely to be lost to follow-up.

Cross-sectional estimation is an alternative approach that can avoid some of the

problems of cohort studies. This approach is based on a single representative cross-sectional



survey of the target population whose incidence rate we aim to measure. (Busch et al. 2010)
Incidence is inferred from the prevalence of biomarker values associated with recent
infection. This inference is based on assumptions about the dynamics of the epidemic under
study, as described in Section 2.1. Cross-sectional studies require only a single in-person
interaction with study staff per participant, which makes these studies faster to complete,
avoids drop-out bias completely, and can reduce recruitment disparities, especially in
marginalized subpopulations whose members might not want to be tracked longitudinally.
Cross-sectional incidence estimation has been applied successfully in numerous settings,
especially for measuring HIV incidence. (Brookmeyer and Quinn 1995; Brookmeyer,
Laeyendecker, et al. 2013; Brookmeyer, Konikoff, et al. 2013; Laeyendecker et al. 2012;

Konikoff et al. 2013; Laeyendecker et al. 2018)

In order to achieve accurate estimates, cross-sectional incidence estimation must be
implemented carefully. Several common statistical challenges should be considered,
including model specification, calibration to specific populations and time periods, and
adjustments for nonuniform sampling, non-ignorable missingness, censoring, and
measurement error. In short, cross-sectional incidence estimation analyses should be

tailored to the population of scientific interest and to the data-generating process.

1.2 Overview of Dissertation

This dissertation examines three statistical complications that have arisen in a recent series
of cross-sectional studies and presents methods to address these issues. Chapter 2 reviews
the established cross-sectional estimation framework. Chapter 3 presents methods for

handling incomplete data. (D. Morrison et al. 2018) Chapter 4 presents methods for



transporting results from training data sets to target populations. (D. Morrison et al. 2019)
Chapter 5 presents methods for handling interval-censored event times. (D. Morrison et al.
2021) Chapter 6 summarizes the results and discusses themes connecting the work
throughout this dissertation as well as future extensions. A consolidated list of notation is

included before the references.



CHAPTER 2
The Cross-Sectional Incidence Estimation Framework

The cross-sectional incidence estimation framework, in simplest form, has the following
structure. First, a “target” population is identified for which disease incidence will be
estimated. A single representative cross-sectional survey of N participants is recruited from
this target population. The survey participants provide biological specimens which are
tested for infection status; specimens that test positive for infection are additionally assayed
for a prespecified series of biomarkers that have some ability to help distinguish persons
who were recently infected from those who have been infected for a long time. The cross-

sectional incidence rate estimator is:

[« (2.1)

where V is the number of infected individuals in the survey whose biomarker measurements
indicate the infection occurred recently, N, is the number of individuals in the survey who
are uninfected, and y, the “mean window period,” denotes the expected duration of time
during which an infected person’s biomarkers would indicate a recent infection.
(Brookmeyer and Quinn 1995) The mean window period u depends on the specific set of
biomarkers assayed, as well as the operational definition for classifying an individual as a

“recent infection” based on the biomarker values.

2.1 Approximate consistency of the cross-sectional incidence estimator

In this section, we show that { is an approximately consistent estimator of the target
population’s incidence rate, given some assumptions about the underlying data-generating

distributions.



For an individual in the cross-sectional survey, let S denote the calendar time of infection.

We define the incidence rate as the hazard function of S:

_p(§=5s)

h(S)défp(S:SLS'ZS)—m

(2.2)

Here, we use lowercase p(-) to denote probability density functions, and uppercase P(+) to
denote probability mass functions. Let t, denote the calendar time of the cross-sectional
survey; then h(t,), the hazard rate in the target population at the time of the cross-sectional
survey, is the estimand of primary interest. We assume that S has a continuous distribution;

therefore, P(S = s) = P(S > s) and thus:

_pS=ys)
h(S) = m (2 3)

Now, let T & t, — S; i.e, T = t means that the individual was infected t time units prior
to the cross-sectional survey. Note that T is positive if the individual was infected before the
survey, and T is negative if the individual was not infected until after the survey. Let g(t)
denote the probability density of T; i.e., g(t) & p(T =t). Note that p(S =s) =p(T =t;, —

s) = g(ty, — s); we can thus rewrite Eq. 2.3 as:

_ gt —s)
h(s) = PS> 5) (2.4)
Specifically, for s = t;, we have:
. g9(0)

Next, let Y denote a binary classification of the individual’s biomarker assay values at the

time of the cross-sectional survey, where Y = 1 denotes a “positive” classification, associated



with recent infection, and Y = 0 denotes a “negative” classification, indicating a longstanding
infection. The specifics of these classifications will be discussed in Section 2.2.2. Let ¢p(t) &
P(Y = 1|T = t) be the conditional probability of a positive classification, given infection t
units prior to t,. Then by the law of total probability, P(Y = 1) = f::o P(Y =1|T = t)p(T =

t)dt = ftozogb(t)g(t)dt. We assume that there is some point t,,,, beyond which ¢(t) = 0;

then P(Y = 1) = [ ¢(£) g(t)dt.

t=0
2.1.1 Scenario 1: g(t) approximately constant
We might further assume that g(t) is approximately a constant g for t € [0, t.x]; this
assumption could be reasonable if the biomarker classification, Y, is defined such that ¢, 4«

is short. Then we have:

tmax

pOgdc=g [ " poat 2.6)

t=0

tmax

P(Yzl)zf

t=0

The quantity ftozo ¢(t)dt = f;:;ax ¢ (t)dt is the mean duration of time during which a person

has a positive biomarker classification. We call this duration the “mean window period” and

denote it by y; i.e.,

tmax

TR ¢(t)dt = ¢(t)dt (2.7)

t=0 t=0

Thus from Eq. 2.6, we have P(Y = 1) = g - u, and therefore:

g0 ~g=PY¥ =1 -p* (2.8)

Substituting 2.8 into 2.5, we find that:

P(Y =1)

h(to) = —P(S > ty) U

-1 (2.9)



In other words, if g(t) is approximately constant for t € [0, t,.x], then the incidence rate at
the time of the cross-sectional study is approximately equal to the probability of having a
positive biomarker classification divided by the probability of being uninfected at the time
of the survey, divided by the mean window period. We will denote this population-level

quantity by ¢:

o PY =1

L

By the law of large numbers and the continuous mapping theorem, we can consistently
estimate ¢ by plugging in the sample analog estimates P(Y = 1) = V/N and P(S > t,) =
N, /N, where N is the number of survey participants, N, is the number of uninfected survey
participants, and V = ¥V | ¥; is the number of biomarker-positive survey participants. Then

we have:

., V/N %
- @@ . l’l' — . ‘u
(S >tp) N, /N UNy,

which is Eq. 2.1. Thus, if g(t) is approximately constant over t € [0, t;,.x], then { is an
approximately consistent estimator for h(t,), the incidence rate at the time of the cross-

sectional survey; i.e.,, I =p t = h(t,), where “—,” denotes convergence in probability.

2.1.2 Scenario 2: g(t) approximately linear

Now suppose that g(t) is not constant over t € [0, t,.<] but is approximately linear in ¢t; i.e.,
g(t) = g(0) + Bt for some B. Since g(t) =p(T=t) =p(S=ty—t) =h(ty,—t) -P(S=
to — t), this assumption is valid if the hazard function h(s) is approximately linear in s for
s € (to — tmaw to) and P(S = s) = exp{— qu:_OO h(w)du} is approximately constant in s for

s € (tg — tmax to)- Under this assumption, (2.6), (2.8), and (2.9) no longer hold; instead, we

7



have:

tmax
P(Y=1) = ¢()g(t)dt
t=0
tmax
~ ¢()[g(0) + ptldt
t=0
tmax tmax
=g(0) ¢(t)dt + B t-¢(t)dt
t=0 t=0
tmax

=g(Ou+p t-¢()dt

t=0

Lety & p~t [™™ ¢ . ¢(¢)dt, so that uyp = [t - ¢(¢)dt. Then:

P(Y=1) = g(0)u+ Buy
=[g(0) + pyY] -
=gQ@)-u (2.11)

Dividing both sides of Eq. 2.11 by u, we have:

gW) =PY =1)-pu* (2.12)

Further, suppose that the hazard rate h(t) is not very large, such that P(§ > t, — ) =

P(S > ty); then by evaluating Eq. 2.4 at s = t, — i and applying Eq. 2.12, we have:

g@)  P¥=1

h(to_l’b):P(5>t0—zp)NP(S>t0)'“ — ! (2.13)

Thus, if g(t) is approximately linear in t over t € [0, t.], then { is an approximately
consistent estimator for h(t, — ), the incidence rate i time units prior to the date of the

cross-sectional survey; i.e.,

{—=pt=h(ty—y) (2.14)



We refer to ¢ as the “shadow” of i. If i is not too large and h(s) does not change too quickly,
then h(t, — ¥) = h(ty), and [ is still approximately consistent for h(t,), as in the case where
g(t) was approximately constant. Note that v, like g, is a function of ¢(t) and thus depends

on the biomarker classification rules used to define Y.

More generally, if g(t) is a nonlinear function of t, then by a Taylor series approximation

it can be shown that:

1 9w,
P(S > ty) 2

t—h(ty—Y) = (2.15)

where 02 = u71 ::gax(t —)2¢(t)dt. (E. H. Kaplan and Brookmeyer 1999; Konikoff 2015)

Note that if g(t) is approximately linear in ¢, i.e,, if g" (1)) = 0, then Eq. 2.15 entails that ¢ =
h(t, — ) as in Eq. 2.13. Alternatively, if 6 is sufficiently small relative to g” (1), we again

have ¢ = h(t, — V).

Additionally, consider the special case when the epidemic is not advanced, and
specifically we mean the case when most individuals in the population are uninfected; i.e.,

P(S > ty) = 1. Then:

P(Y=1)

P(S—>t0) . M_l =~ P(Y = 1) . [1_1 (2 16)

h(to —¢) =1 =

This expression can be recognized as an algebraic rearrangement of the relationship
“Prevalence = Incidence X Mean Duration of Disease", where the disease in this case is the
condition of a positive biomarker classification; i.e., Y = 1. This relationship has been
previously derived in the epidemiological literature under steady state conditions. (Freeman

and Hutchison 1980)



2.1.3 Effects of migration and mortality on cross-sectional incidence estimation

The participants in the cross-sectional survey may not have always been in the target
population for which we are trying to estimate inference; this possibility affects the
interpretation of cross-sectional incidence estimates. For example, consider the first time
when someone with coronavirus disease 2019 (COVID-19) entered the United States; at that
moment, the prevalence of COVID-19 in the United States was a consequence of past
incidence in the population where that person contracted COVID-19; the past incidence of
COVID-19 in the U.S. population was precisely 0. Similarly, if the target population is defined
partly based on age, some of the individuals who were in the target population at the time of
the cross-sectional survey might not yet have been in the target population when they
became infected. Thus, if the shadow parameter is substantially larger than 0, then { may be
estimating a hazard function representing a mixture distribution across multiple

populations.

To model this possibility, let us assume that every participant in the cross-sectional
survey has been a member of a particular population at each calendar time s prior to t,. Let
W (s) be a categorical stochastic process representing a given participant’s population
affiliation status at calendar time s. Let W denote the support of W(s); i.e., the set of
populations of which the survey participants could have been members. W can include
populations in other geographic areas, younger age groups or other subpopulations in the
same geographic area from which individuals can enter the target population, and a default
category representing individuals who were not alive yet at time s. Let T be the element of

W denoting the target population, in which the cross-sectional survey is performed.

10



At the start of this chapter, we defined the variables S, T, and Y as characteristics of
participants in the cross-sectional survey of the target population at calendar time t,. Thus,
all of the preceding probability expressions have been implicitly conditional on W (t,) = 1;
for example, letting h(s|A) = p(S = s|S = s,A) where A is any stochastic event, we could
have more explicitly written h(s) ¥ p(S=s5|S>s) as h(s | W(ty) = T) dof
p(S = s|S = s,W(ty) = 7). In the rest of this chapter, we will continue to use the less-explicit
notation, in order to make the expressions more concise and readable, but the condition

W (t,) = 7 should always be understood to be present.

In the consistency result? —p t = h(t, — y) derived in the previous subsection (Eq. 2.14),
h(t, — ¥) is not necessarily equal to the hazard experienced at t, — 1 by the individuals who
were in T at both t, and t, —1; i.e, it is not necessarily true that h(t, —vy) =
h(t, — Y|W(t, — ) = 7). Instead, for calendar time s < t,, h(s) is a mixture of the incidence
rates that the target population’s eventual members experienced at s, in the populations

which they were members of at time s:
h(s) =p(S =s|S = 5)

= > p(S =515 2 5,W(s) = WPW(s) = wiS = 5)

weWwW

_ Z h(s|W(s) = w)P(W(s) = w|S > s) (2.17)

weWwW

If we assume that nearly all of the members of the target population at ¢, who had not yet
been infected at t, — Y were already in the target population at t, — 1, i.e., if we assume that
P(W(ty —¢) =1|S =ty —Y) = 1, then from Eq. 2.17, we have:

h(to =) = h(to —P|W(ty — ) = 1)

11



Then from Eq. 2.14 we have:

[op 1= h(ty —YpIW(to —9P) =1)
The assumption that P(W(t, — ) =1|S = t; — ) = 1 is most plausible if ¢ is short,
limiting the plausibility that a substantial portion of the target population immigrated or

aged into the target population during the interval (t, — ¥, t,).

Likewise, recall that the estimand of primary interest is the current incidence rate in the
target population, h(t,), rather than the past incidence rate h(t, — Y|W(t, — ) = 7). It is
more plausible that these rates are similar if ¢ is short. Additionally, in order to derive the
approximationt ~ h(t, — ¥) in Eq. 2.14, we assumed that g(t) = h(t, — t) - P(S = t, — t) is
approximately linear for t € (0, ty.¢)- Eq. 2.17 shows that for s < t,, h(s) is a mixture of
hazards in different populations with mixing weights P(W (s) = w|S > s) that can vary with
s. Even if the component hazard functions h(s|W(s) = w) are changing linearly and
P(S = s) is approximately constant, nonlinearity in the mixing weights P(W (s) = w|S > s)
could induce nonlinearity in h(s). Thus, it is highly desirable that the biomarker classification

Y be defined so as to minimize 1.

Note that death, emigration, and other forms of exit from the target population prior to
the cross-sectional survey have not played a role in these calculations, because all of the
expressions are conditional on being alive and in the target population at the time of the

cross-sectional survey.

2.1.4 Summary of preceding results

In summary, the chain of approximations underlying the cross-sectional incidence

estimation approach is:
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[—pt=~h(to—¥) = h(ty — YIW(ty —¢) = 1) = h(to)

We have justified these approximations using the following four assumptions:

1. The probability of a positive biomarker classification is approximately 0 for infections

lasting longer than t,,,, time units: P(Y = 1|T =t) = 0,t > tax-

2. The density of infection duration for individuals in the target population at the time
of the cross-sectional survey is approximately linear for ¢, .4 units prior to the survey:

g(t) = a+ Bt, t €[0,t].

3. Nearly all of the current members of the target population who had not yet been
infected ¥ time units prior to the survey were living in the target population at that

time: PW(t, —y) =t|S=>t, —¢) = 1.

4. The current incidence rate in the target population is approximately equal to the
incidence rate for individuals who were in the target population both currently and

Y time units ago: h(ty) = h(ty, — Y|W (t, — ) = 1).

2.2 Calibration of cross-sectional incidence estimators

A requirement of the cross-sectional method before it can be applied in practice is: (1) a set
of biomarkers to assay has been identified; (2) it has been established how to combine those
biomarkers to create an operational definition of “recent infection”; and (3) an estimate of u
based on that biomarker definition of a recent infection is available. These three critical
pieces of information are typically determined from an initial “calibration” data set of
infected individuals. This data set must include biomarker measurements on biological

specimens from the participants and, in contrast with the cross-sectional survey, must

13



include the duration of infection for each specimen, at least in interval-censored form.
Information on infection duration is typically available when the data come from
longitudinal studies of initially-uninfected participants who are tested for infection
periodically. Between study visits, some of the participants will become infected; these
participants then contribute additional blood samples at various time points after infection,
which can be used to model the evolution of biomarker distributions as a function of

infection duration.

The dates of the last negative and first positive diagnostic tests can be interpreted as
endpoints of a censoring interval [L, R], referred to as the “seroconversion window”, and the
exact seroconversion date (i.e., the moment at which the individual would first be infection-
positive if tested) can be imputed within this interval (details in Section 2.2.3 and Chapter
5). Given an imputed seroconversion date, the imputed duration of infection for each of the
participant’s subsequent biomarker measurements is calculated as the difference between
the imputed seroconversion date and the biomarker measurement date. We define duration
of infection starting from the seroconversion date, rather than the date of exposure, because
without detailed contact tracing of each participant’s points of possible exposure, it can be
difficult to identify a lower bound for the exact date of exposure; for some infections,
including HIV, there can be a substantial delay between exposure and the development of
detectable levels of infection biomarkers such as antigens or antibodies. A participant may

have been infected even before the last visit in which they appeared to be uninfected.

The need for a longitudinally collected calibration data set does not invalidate the use of

cross-sectional incidence estimation approach to avoid the problems of cohort-based

14



incidence estimation. A single longitudinal data set can be used to calibrate multiple
subsequent cross-sectional studies, thus providing efficiency gains compared to conducting
multiple cohort studies. Furthermore, the requirements for validity of the calibration data
setare less stringent than the requirements for a cohort study for incidence estimation; since
only the data of infected participants will be used, selective attrition may be less of a concern,
if attrition depends on factors that affect infection probability but not subsequent biomarker

distributions.

If a calibration data set is assumed to have been sampled from a population with the same
biomarker distributions (conditional on time since infection) as the target population, then

the calibration procedure can proceed as follows.

2.2.1 Direction of biomarker association

First, the direction of association between each biomarker and time must be determined.
This can be done based on domain knowledge about the underlying biological processes or
by graphing or regressing each biomarker against infection duration, as imputed (for
example) by the midpoint of the censoring interval (Figure 2.1). Biomarkers useful for cross-
sectional incidence estimation will have a monotonic relationship (in expectation) with

infection duration, either increasing or decreasing.

2.2.2 Construction of multi-assay algorithms for recency classification

For biomarkers that appear to have such a relationship, a grid of possible dichotomization
cutoff values is selected. Multi-assay algorithms (MAAs) for classifying samples as “recent”
(MAA-positive) or “non-recent” are then defined by selecting one dichotomization value for

each biomarker. (Brookmeyer, Konikoff, et al. 2013) For example, suppose there are two
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continuous-valued biomarkers, B; and B,, with cutoff options {a, b, c} and {d, e} respectively;
further suppose that E[B;|T = t] increases with infection duration T = t, whereas E[B,|T =
t] decreases with t. Then a possible MAA would be Y = 1(5 <4 g p,>a}, Where B = (B4, By)' is
the vector of biomarker values; that is, classify a serum sample as MAA-positive (Y = 1) if
B; < a and B; > d, and MAA-negative (Y = 0) otherwise. Another MAA would be Y =
1B, <c & B,>¢}- A biomarker increasing with time can be effectively ignored by setting its cutoff
to +o0, and a biomarker decreasing with time can be ignored by setting its cutoff to —co. Note
that MAAs are defined by intersections of acceptance regions, and thus can be evaluated
sequentially for efficiency; the more expensive, labor-intensive, or time-consuming
biomarkers only need to be assayed for a particular specimen if the other biomarkers allow

the possibility of a “recent” classification.

Figure 2.1: Measured values of the LAg Avidity, BioRad Avidity, CD4 cell count, and viral load biomarkers versus midpoint-
imputed infection duration, in a data set of Clade B HIV infections. (Brookmeyer, Konikoff, et al. 2013)
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2.2.3 Estimation of the mean window period

For each MAA, we can estimate the mean window period p, using the fact that u =
ftmaxd)(t)dt where ¢(t) € P(Y =1|T =t) (Eq. 2.7). We can estimate ¢(t) from the

0

calibration data set by regression modeling. (Brookmeyer, Laeyendecker, et al. 2013) Then
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~ tmax 7

=) ¢ (t)dt. To account for uncertainty in the imputation of t, multiple imputation can

be performed by repeated random draws from the uniform distribution on the censoring
interval [L, R]. (Alternative procedures will be considered in Chapter 5). For each randomly
imputed data set, a regression model for P(Y = 1|T =t) can be estimated, and the
coefficients of this model can be averaged across the imputed data sets to generate a

consensus model ¢ (t). (Brookmeyer, Konikoff, et al. 2013)

The regression model used is typically logistic regression; that is, a generalized linear
model with a Bernoulli distribution and logit (log-odds) link function. (Dobson and Barnett
2008) The linear predictor’s functional form is determined based on regression diagnostics,

and can include flexible forms such as polynomial splines. (Konikoff 2015)

Bootstrapping can be used to quantify the uncertainty in the estimate /. (Efron 1979)
Considering the observed sample distribution as a nonparametric estimate of the population
distribution, the calibration data set can be resampled to create bootstrapped data sets, and
the entire u estimation procedure is repeated for each bootstrapped data set. The a/2 and
1 — a/2 quantiles of the resulting distribution of /i values are then used as the limits of a

(1 — a) x 100% confidence interval.

2.2.4 Optimal MAA selection

Next, an optimal MAA (i.e., an optimal set of cutoff values) is selected to be used for cross-
sectional estimation. As discussed in Section 2.1, it is helpful for ¥ to be small in order to
make the approximation ¢ = h(t,) more plausible. Then since i is consistent for , it follows
that E[{] = ¢ = h(ty); thatis, [ is asymptotically approximately unbiased for h(t;), as long as

Y is sufficiently small. Hence, our main objectives in selecting an optimal MAA are to
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minimize Var(?) and .

By the Conditionality Principle (Birnbaum 1962; Royall 1986) we consider the

conditional variance:

. _ 14 1
Var(i|N,) = Var (m |Nu) - WVar(VlNu) (2.18)

Typically, V is much smaller than N,; then Var(V|N,) = Var(V|N, + V). Let X denote HIV

seroconversion status (1 = seropositive, 0 = seronegative); then V|N, + V ~ Binom(N,, +
V,m), where m & P(Y =1 | Y=1uX= O). Since m is typically small:

Var(VIN, + V) = (N, + V)(r — %) = (N, + V) =~ N,
Further, using U to denote union and N to denote intersection, we have:

TEP(Y=1Y=1UX=0)

B P(Y=1)
T P(Y=1UX=0)

~ P(Y =1) [assuming P(Y =1UX =0) = 1]

~ g(p) u [by Eq.2.11]

Returning to Eq. 2.18, we now have:

Nyg@W)p  g@)

Var(i|N,) = N2 - Non
u u

(2.19)

Thus, the approximate conditional variance of { is inversely related to u. Assuming that g (i)
does not change too substantially with ¥, we would minimize Var(?) by choosing an MAA

that maximizes u.

Unfortunately, 4 and i are positively correlated; as the mean window period becomes

longer, so too does the shadow. Thus, we are faced with a tradeoff between precision and lag
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time, analogous to a classical bias-variance tradeoff. Typically, the optimal MAA is defined as
the one that maximizes y, subject to the constraint that the upper 95% bootstrap confidence
interval for vy is less than 365 days. (Brookmeyer, Konikoff, et al. 2013) This constraint
increases the likelihood that the resulting cross-sectional incidence estimate will correspond

to recent incidence in the population of interest.

Note that selecting an MAA to maximize g will induce some bias, analogous to model
selection bias and the phenomenon of regression to the mean; thus, the i estimate for the
chosen MAA generated from the data set that was used to select that MAA can no longer be
assumed to be a consistent estimate of y. However, the induced bias might not be very large.
A simulation study estimated a bias of approximately 3 days when selecting an optimal MAA

out of a set of 31,680 MAAs involving up to four biomarkers. (Konikoff 2015)

2.3 Uncertainty quantification for cross-sectional incidence estimation

Confidence intervals for cross-sectional incidence estimates should account for the
uncertainty both in estimating the prevalence of MAA-positive infection and in relating that
prevalence to incidence via the y parameter. Parametric methods have been developed for

this purpose. (Brookmeyer 1997; Cole et al. 2007)

2.4 HIV Biomarker Data Sets

The calibration data set that we will consider in this dissertation consists of 2,442 samples
of HIV Clade C infections from 278 participants with interval-censored durations of infection
(approximately 0.1 to 9.9 years after seroconversion; see Table 2.1). These samples were
obtained from three cohort studies which recruited individuals who had acquired HIV

infections while enrolled in clinical trials evaluating interventions for HIV prevention.
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2.4.1 The CAPRISA 004 and 002 studies

The CAPRISA 004 study, conducted by the Centre for the AIDS Programme of Research in
South Africa (CAPRISA), was a randomized controlled trial of a vaginal antiretroviral
microbicide to prevent HIV infection. (Abdool Karim et al. 2010) 1085 initially HIV-negative
women living in KwaZulu-Natal, South Africa, were recruited between 2007 and 2009 and
randomly assigned into treatment and placebo study arms. Each participant was scheduled
to return monthly for HIV testing for 30 months. 98 participants acquired HIV during the
trial; these participants were offered enrollment into the CAPRISA 002 Acute Infection
cohort study, which included blood sample collection biweekly for the first three months
after enrollment, then monthly until 12 months, then every three months or as medically
indicated, until antiretroviral therapy initiation or at least two years from seroconversion.
(Garrett etal. 2015). 518 of these blood samples from 90 participants, collected between one
month and four years after detection of seroconversion, were subsequently assayed for

several biomarkers of recent infection. (Laeyendecker et al. 2018)

2.4.2 The FHI 360 HC-HIV and GS studies

The Hormonal Contraception and Risk of HIV Acquisition (HC-HIV) study, conducted by
Family Health International (FHI) 360, evaluated hormonal contraception and HIV infection.
(C.S.Morrison et al. 2007) 4439 initially HIV-uninfected women seeking healthcare services
from family planning clinics in Uganda and Zimbabwe were recruited for the study between
November 1999 and January 2004. Follow-up HIV tests were conducted every 12 weeks for
15-24 months; 213 of those 4439 participants tested positive at some point after enrollment.
188 of these 213 participants were then enrolled in the Hormonal Contraception and HIV

Genital Shedding and Disease Progression (GS) Study, which included blood sample
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collection at 4, 8, and 12 weeks following enrollment in the GS study and then at 12-week
intervals for up to 9.3 years (C. S. Morrison et al. 2011) 1,839 blood samples from 162
participants were subsequently assayed for several biomarkers of recent infection; all but

three of these samples came from the participants in Zimbabwe. (Laeyendecker et al. 2018)

2.4.3 The HPTN 039 and 039-01 studies

The HIV Prevention Trials Network (HPTN) 039 study evaluated the effects of herpes
simplex virus type 2 treatment on HIV acquisition risk. (Reid et al. 2010) 602 participants
were recruited from a study site in Lusaka, Zambia between October 2003 and November
2007. HIV testing was performed quarterly, for up to 18 months. Participants who acquired
HIV infections during the course of the study were invited to join the HPTN-039-01-Ancillary
study. (Celum and Wald 2004) These participants had blood samples collected at enrollment
in the ancillary study and at 1, 5, and 6 months after enrollment. 85 of these blood samples,
from 25 individuals, were subsequently assayed for several biomarkers of recent infection.

(Laeyendecker et al. 2018)

2.4.4 The HPTN-068 study

An additional sample set was obtained from an independent, longitudinal cohort study that
evaluated the impact of conditional cash transfer on HIV acquisition by young women in
South Africa (HPTN 068). The study was conducted from 2012 to 2015. Samples collected in
2014 were used for cross-sectional incidence estimation; these results can be compared to
the observed longitudinal incidence in the cohort. This analysis included 1,360 participants
(1,269 HIV-uninfected and 91 HIV-infected participants; 61 participants were infected in

2013 or earlier). The observed longitudinal incidence in HPTN 068 in the 2014 survey was
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1.9% (95% CI: 1.3, 2.7).

Table 2.1: Demographics of several study cohorts of HIV Subtype C infected individuals

Cohort
Characteristic CAPRISA 002 FHI-360 GS HPTN 039-01
Country of origin South Africa Zimbabwe* Zambia
Number of samples 518 1,839 85
Number of unique subjects 90 162 25
Range of duration of infection in years 0.06 to 3.7 0.04t0 9.9 0.15t0 0.8
Mean samples per subject (range) 6(1-7) 12 (1-20) 4(1-4)
Female sex, % of subjects 100% 100% 100%
Number samples from subjects on ART (%) 12 (2.2%) 220 (11.3%) 0 (0%)
Duration of infection in years
0.0to 0.5 159 306 42
0.5t0 1.0 173 262 43
1.0to 2.0 88 448 0
2.0t0 3.0 76 105 0
3.0t0 5.0 22 347 0
=25.0 0 371 0
CD4 cell count
>500 228 685 54
500-200 271 822 26
<200 14 104 0
missing 5 228 5
Viral load (copies/mL)
>10,000 260 560 37
10,000 to 1,000 161 278 26
<1,000 92 227 19
missing 5 774 3

*All participants from South Africa, Zimbabwe and Zambia were assumed to have subtype C infection based on the prevalence
of subtype C in those countries. The FHI-360 cohort included one individual from Uganda with three samples. That individual
was infected with HIV subtype C based on subtype assessment of the pol region.
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CHAPTER 3
Missing Biomarker Data

One key advantage of MAAs is that they can significantly reduce assay costs compared to
testing all biological samples with all biomarkers. The cost savings results because only
samples provisionally classified as MAA positive need to be tested in the next step of the
algorithm with another biomarker in order to determine the MAA classification.
Furthermore, the order of the steps of the algorithm can be arranged to help minimize costs:
the less expensive or less labor-intensive assays can be performed in the initial steps, and
the most expensive assays performed in the final step. By so doing, the number of biological
samples that need to be tested in the final step is relatively small. For example, in HIV

incidence estimation, viral load testing is often placed at the final step of MAAs.

However, exploiting this opportunity for cost-savings leads to incomplete data sets,
which can become a problem when attempting to apply MAAs different from those for which
the data set was originally intended. Biomarker measurements could also be missing from a
data set because there was insufficient biological sample material to adequately perform
some of the assays, because biological samples have been lost, or because of other logistical

and administrative reasons.

The objective of this chapter is to consider some of the statistical challenges for
addressing missing biomarker data for cross-sectional incidence estimation. In Section 3.1
we consider several methods for handling missing biomarkers when estimating the mean
window period of an MAA based on biological samples with approximately known durations
of infection. In Section 3.1.3 we evaluate the performance of these various methods by

simulation. We examine two naive approaches, one using all samples that can be classified
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by the MAA and another using all samples with complete biomarker data, and we show that
each of these approaches can lead to biased estimators of the mean window period. We
propose a conditional approach for handling the missing data. The main idea of the
conditional approach with two biomarkers is to decompose the likelihood into a product of
two factors. The first factor corresponds to the first biomarker result and the second factor
corresponds to the second biomarker result conditional on the first biomarker result. This
approach accounts for the possibility that the missingness mechanism for a given biomarker
may depend on the values of the other biomarkers in the MAA. We show that this method
performs well. In Section 3.1.5, we apply these methods in practice to calibration data set of

biomarker data collected longitudinally from individuals with HIV Subtype C infections.

Once an MAA has been developed and its mean window period has been estimated, it is
ready to be used in a cross-sectional survey to estimate incidence. However, missing
biomarker data can also occur in the survey for any of the reasons mentioned previously. In
Section 3.2 we consider approaches for handling missing biomarkers in a cross-sectional
survey for estimating incidence, and in Section 3.2.1 we evaluate these approaches by
simulation. We again show that several naive estimators can lead to biased results, whereas

a conditional approach performs well. The results are discussed in Section 3.3.

3.1 Estimating the mean window period with incomplete calibration data

In this section we consider approaches for handling missing biomarker data when
estimating the mean window period of an MAA from a calibration data set. Here we consider
algorithms consisting of two biomarkers assayed sequentially, where missing biomarker

data is only possible for the second biomarker in the algorithm. One example of a two
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biomarker MAA for HIV incidence estimation is a widely used algorithm based on LAg-
Avidity assay and viral load, for which MAA positivity requires LAg-Avidity < 1.5 normalized
optical density units (OD-n) and viral load > 1000 copies/mL. (Rehle et al. 2015) We label
the two biomarkers B, and B, where biomarker B, is the one with potentially missing values.
We use the notation m; to indicate whether the value of the biomarker Bz is missing for the
it" serum sample, that is, m; = 1 if the B, measurement is missing and m; = 0 if the
measurement is known. We define the indicator random variables b;; and b,; to indicate
whether the biomarkers meet the criteria for MAA positivity for biomarkers B; and B,
respectively. The random variable b,; is only observed if m; = 0. For example, in the two-
assay MAA mentioned above (LAg and viral load), by; is set to 1 if LAg-Avidity < 1.5 and 0
otherwise, and b; is set to 1 if viral load > 1000, to 0 if viral load < 1000 and is not observed
ifm; = 1. LetY; indicate the MAA classification for the i®" sample based on the observed data,
where Y; = +1 if the MAA is positive (which occurs if by; = b,; = 1), Y; = —1 if the MAA is

negative (which occurs if either b;; = 0 or b,; = 0), and Y; = 0 if the MAA classification is

indeterminate (which occurs if b;; = 1 and m; = 1).

Figure 3.1 shows the classification of biological samples according to MAA status (MAA
positive, negative and indeterminate) and biomarker B, missing status (m = 0 or 1). As
shown in the figure, some biological samples (the red squares) can be classified as MAA
negative (Y = —1) even though biomarker B, is missing. The blue squares correspond to
samples with m; = 0, that is, samples for which both biomarkers have been measured. The
green square corresponds to samples where the MAA status could not be determined (that

is, where b; = 1and m = 1).
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Figure 3.1: Flow-chart of the sample classification process for a two-biomarker MAA with missing data on the second
biomarker.

3 <
[l
_ O

MAA positive, negative, and indeterminate are indicated by Y = +1, —1, 0 respectively. Methods WP1 and CS1 use all samples
whereY is determined (red and blue squares); methods WP2 and CS2 use samples only if Bz is observed (blue squares);
methods WP3 and CS3 use all samples (red; blue; and green squares where MAA is indeterminate).

As discussed in Chapter 2, the calibration data used for window period estimation
typically consist of biological samples from seropositive individuals along with interval-
censored durations of infection. Thus, let us denote the data from the i** biological sample
as (Lj, R;, m;, byj, by;), where L; and R; are the left and right bounds respectively for the
duration of infection at the time of biological sample collection. Our analysis task is to
accurately estimate a model for ¢(t) = P(by; = by; = 1|T; = t), from which we will derive

an estimate of p.

3.1.1 Assumptions

We will evaluate several methods for estimating the mean window period under a class of

missingness mechanisms applicable to MAAs. We suppose that the probability that
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biomarker B, is missing is independent of b,;, given b,;; i.e.,, P(m; = 1|by; = 0,by;) =
P(m; = 1|by; = 0) = A4, and similarly P(m; = 1|by; = 1,b,;) = P(m; = 1|b;; = 1) = A,. In
the practical application of MAAs we would typically expect 1; > A,, because biological
samples that meet the MAA criterion for the first biomarker are more likely to be assayed for
the second biomarker. If the biomarker tests were run strictly sequentially, then 4; = 1.
However, in practice some biological specimens may have been evaluated for biomarker B,
even if b;; = 1, because of other research or clinical requirements. In that case 1, may be less
than 1. In the following analyses, while we are considering primarily sequentially-run
evaluations of the biomarkers, we also allow for the possibility that some measurements may

be available on B, even if b;; = 0.

[t is important to note that even if the probability that B, is missing does not depend on
B; (i.e., A4; = A, = 1), the probability that the MAA classification is indeterminate still
depends on the values of the biomarkers. To see why, note that P(Y; = 0|b;; = 1) =
P(m; = 1|by; = 1) = A,, but on the other hand, we have P(Y; = 0|b;; = 0) = 0. It is also
worth noting that although ¥; = —1 whenever b;; = 0, regardless of whether b,; is observed,
the value of 1; = P(m; = 1|b;; = 0) still affects the simulation results below, because the
second approach considered removes all observations with b,; missing, even when the MAA
classification is already determined by b,; = 0; we will find that this approach leads to biased

results specifically when 4; # 4,.

3.1.2 Analysis approaches

The first approach that we consider for window period estimation (Method WP1) uses all

samples whose MAA classification has been determined (i.e., where Y; takes the values of +1
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or -1) and ignores those samples whose MAA status is undetermined. We thus refer to this
approach as the “MAA determined analysis”. The data that would go into the analysis are the
red and blue squares in Figure 3.1. We could fit a flexible logistic regression model for P(Y; =
1), such as a cubic spline as a function of the time since seroconversion to the data (Y;, T;)
whereY; is either -1 or +1. The resulting fitted predicted probability curve, denoted ¢ (t), is

integrated from 0 to oo to estimate the mean window period; i.e, i = ftozoo @(t)dt. Method

WP1 has the appeal of seeming to be simple and straightforward, because it uses all the data
where the MAA classification can be determined, but it is a naive analysis that can lead to
unwanted selection effects and biased estimates if A, > 0. We quantify this bias by

simulation in Section 3.1.3.

The second approach we consider (Method WP2) uses all samples where both
biomarkers have been measured; that is, sample i will be excluded from the analysis
whenever m; = 1, even if b;; = 0, in which case the sample can be classified as MAA-
negative. Thus, the data that would go into this analysis are only the blue squares in Figure
3.1. We refer to this approach as the “complete biomarker analysis” as it uses only samples
where both biomarkers have been measured. The intuition for this approach is that we
should remove all samples with incomplete data, rather than only samples with B, missing
and b; = 1, because the subset of samples with b; = 1 has a higher proportion of MAA-
positives than the overall population; therefore, removing incomplete observations from
only this subset induces bias. In contrast, if the probability of missingness is not associated
with the underlying biomarker values (implying 1; = 1,), then removing all incomplete

samples leaves us with an unbiased sample of biomarker values. However, method WP2 is
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still biased whenever 1; # 4,. In particular, as we show in Section 3.1.3, even if 1, = 0, the

method will lead to biased results when 4; > 0.

The third approach we consider (Method WP3) uses all the biological samples illustrated
in Figure 3.1 (blue, red, and green squares). We call this approach a conditional likelihood

analysis. The factor that is contributed to the likelihood function for the i*" individual is:

P(by; =1|T; =t;) A, iftb;; =1,m; =1
P(by; = 1T; = t)(1 — A)P(by; = 11by; = LTy = ;) iftb; =1,m; =0,by;; =1
L = P(by; = 1T; = t)(1 — 2)[1 = P(by; = 1]by; = 1, T; = t)] ifby; =1,m; = 0,by; =0 (3.1)
[1—-P(by; =1T; =t 14 ifb;; =0,m; =1
[1—P(by = 1T; = t)] (1 — A) P(by; = 1]by; = 0, T; = t;) ifby; =0,m; =0,by; =1

[1—P(by = UT; =¢)] (1 — A1) [1 = P(by = 1|by; = 0,T; = t;)] ifby; =0,m; =0,by; =0
We use two different logistic regression models ¢, (t;|a) and ¢, (¢t;|B) for P(by; = 1|T; = t;)
and P(b,; = 1|by; = 1,T; =t;) respectively, where a = (ay aq,a3 a3 04) and B =

(B1, B2, B3, Ba, Bs), are the regression parameters:

¢1(tila) = P(by; = 1|T; = t;)

= logit™1 (ao + gty + apt? + ast] + ag(lso(t — 2)3))

¢2(tilB) = P(byy = 1|by; = L,T; = t;)
= logit™ (Bo + Bt + Bat? + Bat? + Balles2(ti — 2)))
We further assume that P(b,; = 1|b;; = 0, T; = t;), A4, and 1, do not involve the parameters
a or (. Then it follows, after rearranging and collecting terms, that the likelihood
contribution, up to a proportionality constant K(44,A,, m;, by, by;), is the product of two

components:

(3.2)

1_b2i] (1-mpby;

. 1-by; .
£; o [y (i) (1 — s (i)' ] - 2 (8:1B)P2i(1 = 2 (8:1))
Thus, the first component of the likelihood corresponds to the likelihood for the binary
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outcome b,;. The second component of the likelihood corresponds to the binary outcome b,;
conditional on b;; = 1 among biological samples where b,; is not missing, thatis where m; =
0. Thus, in practice, to find the maximum likelihood estimates of @ and f we (1) fit a logistic
regression model for the outcome b; using all the data, and (2) fit a separate logistic
regression model for the outcome b, conditional on b; = 1, using the data where b, is
observed and b; = 1. Then, we estimate P(b; = b, = 1|T = t) by ¢(t) = ¢,(t|a)P,(t|B).

Finally, the mean window period is estimated by ji = ftozo @(t)dt provided ¢(t) converges.

The intuition for this approach is that we have a complete dataset for estimating ¢, (t|a),
since this model does not involve b,. We can also estimate ¢, (t|f) without bias, using the
samples where b, is observed (and b; = 1), assuming that conditional on b; = 1, the
probability that b, is missing is a constant, i.e. P(m; = 1|b;; = 1) = A,. Therefore, the
resulting estimator fi will be consistent in scenarios where WP1 and WP2 produce biased
estimates. Approach WP3 does not require the estimation of parameters for 4; or 4,; it only

requires the assumption that these parameters are constant with respect to b,.

3.1.3 Simulation study of window period estimation with missing biomarkers

We assessed the abilities of window period methods WP1-WP3 to estimate u using the
following simulation framework. We first selected a dataset which had complete biomarker
data for LAg-Avidity and viral load (Konikoff et al. 2013). This dataset contained 1780
observations from 709 participants of 3 longitudinal cohort studies in the US; participants
contributed between 1 and 16 observations, at estimated times since seroconversion
ranging between 1 month and >8 years. We then generated 1000 simulated datasets,

sampling observations with replacement from the original dataset, clustering by subject ID
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and stratifying by study cohort, so that each simulated dataset had the same number of
sampled subjects in each cohort as the original dataset had. We assigned subjects a new ID
number each time they were sampled. We then imputed the infection duration T; for each ID
number by a draw from a uniform distribution over the interval [L;, R;], where L; and R; are
the left and right bounds for the duration of infection corresponding to that biological sample

(Brookmeyer, Konikoff, et al. 2013).

We then performed the following analysis on each simulated dataset. First, we produced
recency classifications (¥; = +1 or ¥; = —1) using the MAA consisting of LAg-Avidity < 1.5
and viral load > 1000. We used these recency classifications, along with the imputed times
since seroconversion, to produce estimates of the mean window period ({;r), using the
procedure for completely observed data described in Section 2.2.3. Thus, in the simulation
study, the estimated mean window period of each simulated dataset is used as the “gold
standard.” We considered these estimates to be the “gold standards” for each simulated
dataset because they were the estimates which would be achieved with completely observed

data, and which methods WP1-3 should attempt to reproduce.

We randomly assigned the biomarker B, to be missing by simulating Bernoulli trials for
each serum sample in the dataset. The probability that B, was assigned to be missing
depended solely on whether B;’s value met its criterion for MAA positivity, i.e.,, whether b; =
1. We set P(m; = 1|b;; = 0) = A4, and P(m; = 1|b,;; = 1) = A,, and varied the values of 4,

and 4, across six different simulation scenarios (Table 3.1).

After determining which observations were missing, we recalculated the MAA

classifications Y;, updating the value to Y; = 0 when b;; = 1 and m; = 1, and then applied
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methods WP1, WPZ2, and WP3 to the resulting incomplete datasets, producing estimates /i .

for the j¢ simulated dataset using the k" method (wherej = 1, ...,1000 and k = 1, 2, 3). We

computed error scores ej, = 1, — fljr comparing each gold standard estimate with the
corresponding incomplete-data estimates. We defined the bias of estimator f[i; as the

expectation of the error score for the k" method, E[ej‘k], and we estimated this bias using

the sample mean ¢, = %Z;‘zl ej k- Similarly, we defined the root mean squared error (RMSE)

as /E [(ej,k)z], which we estimated by ’%Z’;:l(ej,k)z. We also calculated sample standard

L 1 _\2
deviations of the error scores, s, = \/:Z}‘zl(ej‘k - ek) , as well as the sample standard

2
error of each estimator fl, SE (f1;,) = \/i )y (ﬂj‘k — %Z;’l:l ﬁj,k) .

3.1.4 Simulation results

The simulation results are shown in Table 3.1. As A, increased across the simulation
scenarios, Method WP1 produced increasingly negatively biased estimates of u, and
correspondingly positively biased incidence estimates. The value of ; = P(m; = 1|b;; = 0)
did not affect this method’s results, because all of the samples with b;; = 0 could be classified
as W; = —1, regardless of whether B, was missing; hence, rows 3 and 9 of Table 3.1 are
identical. (In contrast, note that rows 15 and 18 are only identical due to rounding; there

were differences between these two simulations for WP3 at the 0.1 level of precision.)

Method WP2 had substantial positive bias for u in scenarios with 4, < 4;. In scenarios
where A, approximately equaled A,, this method had less bias. Method WP3 had relatively

small biases across all the scenarios studied, but did have a consistent, modestly negative
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bias for p.

Relative to the naive methods, the conditional likelihood approach reduced bias in the
mean window period estimates by over 80% in several scenarios considered; for example,
in the scenario with 4; = 0.5 and 1, = 0, method WP3 had 89% smaller magnitude of bias
than WP2. The standard errors were similar between the methods in most scenarios; in the
cases with 4; = 0.5, WP2 had larger standard errors than WP1 and WP3. RMSE was
comparable among the methods in some scenarios, but substantially larger for WP1 and

WP2 than for WP3 in the scenarios in which these methods had large biases.

Table 3.1: Performance of 3 methods for handling missing biomarkers for estimation of the Mean Window Period

Estimated ¢, 1 0ry  SE(a,) RMSE(d)
Y A, Method bias

(days) (days) (days) (days)
MAA determined (WP1) -24 8 17 25
0.25 0.25 Complete biomarker (WP2) 0 9 20 9
Conditional likelihood (WP3) -8 8 18 12
MAA determined (WP1) -53 12 16 54
0.50 0.50 Complete biomarker (WP2) -1 17 25 17
Conditional likelihood (WP3) -9 13 20 15
MAA determined (WP1) -24 8 17 25
0.50 0.25 Complete biomarker (WP2) 40 15 27 43
Conditional likelihood (WP3) -8 8 18 12
MAA determined (WP1) 0 0 18 0
050 O Complete biomarker (WP2) 74 13 28 75
Conditional likelihood (WP3) -8 5 17 9
MAA determined (WP1) -9 5 17 10
0.20 0.10 Complete biomarker (WP2) 11 6 20 13
Conditional likelihood (WP3) -8 6 17 10
MAA determined (WP1) -4 3 18 6
0.10 0.05 Complete biomarker (WP2) 5 4 19 6
Conditional likelihood (WP3) -8 6 17 10

The simulation results indicate that Method WP1 produced biased estimates of u in the

scenarios in which a substantial fraction of the samples could not be classified, even in the
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idealized scenarios in which the probability that B, was missing did not depend on B, (i.e.,
A1 = 4,). Method WP2 was approximately unbiased only if A; = A,. The bias was small with

Method WP3 for all scenarios considered.

3.1.5 Application to HIV Clade C dataset

In this section, we apply each of our calibration analyses (WP1, WP2, WP3) to the MAA “LAg
avidity < 1.5, Viral load > 1000” using the Clade C calibration data set described in Section
2.4. In this data set, all 2442 samples were assayed for the LAg avidity assay but only 1657
were assayed for viral load; in particular, 97% of samples with LAg avidity < 1.5 OD-n were
assayed for viral load, but only 62% of samples with LAg avidity > 1.5 OD-n were assayed for
viral load (Table 3.2). We estimated the mean window period with each missing-data
calibration analysis approach using this data set, and we then applied the resulting f
estimates to the cross-sectional data from the HPTN-068 study described in Chapter 2.4.4.
All of the observations in this data set were classifiable for this MAA; there were 12 MAA-
positive observations (¥; = 1) and 79 MAA-negatives (Y; = 0). The resulting incidence
estimates were compared with the longitudinal incidence estimate from the HPTN-068

study (1.9%) to compute relative error, treating the longitudinal estimate as a gold standard.

Table 3.2: Number of samples assayed for viral load in Clade C data set, by LAg assay result

Number of samples Number of samples with
with viral load viral load not assayed
assayed (missing)
LAg=1.5 1271 (62%) 775 (38%)
LAg<15 386 (97%) 10 (3%)
Total 1657 (68%) 785 (32%)

In this example analysis, methods WP1 and WP3 produced similar results, while WP2

produced substantially different results (Table 3.3). Very few of the observations in the
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calibration data set were unclassifiable for the MAA being considered (i.e., only 10
observations had LAg < 1.5 and viral load missing); hence WP1 and WP3 produced similar
results, as in the corresponding simulation scenarios above. There was a substantial
discrepancy in viral load missingness rates between LAg = 1.5 and LAg < 1.5, and WP2
produced a substantially different fi from WP1 and WP3, as in the simulations. Interestingly,
WP2 produced the estimate with the smallest discrepancy from the longitudinal estimate
(1.9%); however, the confidence intervals for the cross-sectional estimates all cover the
longitudinal point estimate, and likewise the longitudinal confidence interval (1.3%, 2.7%)

covers all of the cross-sectional point estimates.

The preceding analysis does not allow us to assess accuracy, for two reasons. First, there
is no guarantee that the longitudinal estimate represents the true incidence rate, since it is
derived from a cohort which was sampled stochastically from a larger population. Second,
this comparison constitutes a single observation from the distribution of errors for each
method; we cannot draw reliable inferences about that distribution of errors from a single

observation.

Table 3.3: Mean window period and incidence estimates using the MAA “LAg avidity < 1.5, Viral load > 1000, calibrated
using the HC-HIV data set and estimated using the HPTN-068 data set, by calibration set missing data analysis method

Estimated . Relative

mean window Cross-sectionally error vs

Analysis Method A estimated incidence o
period in HPTN-068 longitudinal

£ (95% CI) estimate
WP1 (all classifiable samples) 132 (112, 155) 2.6% (1.3,4.7) 38%
WP2 (all completely assayed samples) 179 (144, 219) 1.9% (1.0, 3.5) 2%
WP3 (two-step procedure) 134 (113, 160) 2.6% (1.3, 4.6) 35%

3.2 Cross-sectional incidence estimation with missing biomarkers

The previous section demonstrated that if missing biomarkers are not handled
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appropriately, estimates of the mean window period can be biased. In this section, we
consider incidence estimation using an MAA applied to a cross-sectional sample with missing
biomarker values. In this section, it is assumed that the mean window period has already

been estimated accurately.

As in Section 3.1, we consider the situation in which an MAA uses two biomarkers, B; and
B,, and only B, has missing values. If both biomarkers were observed for all persons, the
incidence estimate would be { = V /(uN,,), where V = Z?’z"l 1(y,=1) is the number of persons
in the cross-sectional survey who are classified as MAA positive, 1(y,-1) is an indicator
function with value 1 if ¥; = 1 and 0 otherwise, N,, is the number of seronegative persons in
the survey, N, is the number of seropositive persons in the survey, and u is the (previously
estimated) mean window period. We evaluate several methods for estimating the incidence

rate under the same class of missingness mechanisms as in Section 3.1.

The first cross-sectional incidence approach (Method CS1), which we call the “MAA
determined analysis”, uses all samples whose MAA status can be determined (i.e. for which
Y; = £1, the red and blue squares in Figure 3.1) and ignores those samples whose MAA
status is indeterminate (¥; = 0, green square in Figure 3.1). Method CS1 uses this subset to
estimate the proportion of seropositive samples that would have been classified as MAA
positive if there were no missing values, using the estimator p; = V/n, wheren, = ZévlelYl-I
is the number of seropositive samples determined as MAA positive or MAA negative. Then

the incidence is estimated by:

5N, (V[ N
A1=p1x=< )(Nx ) (3.3)
ANy ANy A\ 1Y

36



As before, Method CS1 appears straightforward, because it uses all the samples for which the
MAA classification can be determined. However, it turns out to be a naive analysis that can
lead to severely biased estimates if A, > 0, and we quantify the bias by simulation in Section

3.2.1.

The second approach (Method CS2) which we call the complete biomarker analysis, uses

all samples where both biomarkers have been measured (blue squares in Figure 3.1).
Method CS2 estimates P(b,; = b,; = 1) by p, =V /n,, where n, = Zévle(l —m;) is the

number of samples with no missing biomarker values. Then, the incidence rate estimate is:

A pAZNx _ 4 Nx
25N, T (uNu) <Zf’=x1(1 — mi)> G4

This method is also biased whenever 4, # 4,, as we will show in Section 3.2.1.

The third approach (Method CS3), which we call the conditional likelihood analysis, uses
all of the biological samples in Figure 3.1 (blue, red, and green squares). The idea of the
approach is to estimate P(b,; = b,; = 1) as a product of P(b;; = 1) and the conditional
probability
P(by; = 1| by; = 1). First, we estimate P(b,; = 1) by p3, = V;/N,, where V; = Z?’z"l by; is
the number of samples with biomarker 1 indicating recent infection. Second, we estimate
P(by; =11by; =1) by p3, =V/n3, where ng = Z?’z"l b;;i(1 —m;) is the number of
seropositive samples where b; = 1 and the second biomarker B, is observed. Then the
estimator of P(by; = b,; = 1) is P35 = P3.P3p- It follows that the estimator of incidence is:

PNy [V Yoy by
ol _ (3.5)
,UNu MNu Zl’:xl bli(]‘ - mi)
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3.2.1 Simulation study

We assessed the abilities of the three methods to estimate incidence using the following
simulation framework. We used the same source dataset of N, seropositive samples as in the
previous simulation. We then generated 1000 simulated datasets, by sampling N,

observations from this original dataset, with replacement for each simulation.

We then performed the following analysis on each simulated dataset j. First, we produced

recency classifications (¥; = +1 or ¥; = —1) using the same MAA as in the previous section.

We determined the (true) count of MAA-positive samples, denoted V; r = Z?’z"l bi;by;.

As above, we introduced missing values in B, by generating a Bernoulli trial for each
serum sample in the dataset. We considered the same six missingness scenarios as in Table

1.

After determining which observations were missing, we recalculated the MAA
classifications Y;, updating the value to ¥; = 0 when b;; = 1 and m; = 1, and then we applied

the three methods to the resulting incomplete dataset to produce estimates p;  for the jth

simulated dataset using the k" method (wherej =1,...,1000 and k = 1, 2, 3).

We computed relative error scores 7j, = ({jx — Ijr) /1 for the jt" simulation using the
k*" method using the fact that ik = DjxNy/(uN,) and ijr = V;r/(uN,) share the term
1/(uN,); thus the relative error reduces to7j , = (ﬁj,kNx - V]T)/V}T We defined the relative

bias of estimator t;, as the expectation of the relative error score for the k** method, E[7 k],

. s . _ 1
and we estimated this bias using the sample mean 73, = ;Z;Llrj,k. We also calculated the

2
. |1 wn 1on
sample standard deviations of these error scores, s, = \/E Xi=1 (rj,k - ;ijl rj,k) ,and the
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square root of the mean squared relative errors (RMSRE), /% ?:1(7”;',1()2'

3.2.2 Simulation results

We found that as A, increased across the simulation scenarios, Method CS1 produced
increasingly negatively biased incidence estimates (Table 3.4). The value of 4, did not affect
this method’s results, because all the samples with b; = 0 can be classified as W = —1,
regardless of whether B, is missing. Method CS2 estimated incidence with substantial
positive bias in scenarios with 1, < 4;. In scenarios where 4; = A1,, this method showed less

bias. Method CS3 had minimal biases across all the scenarios simulated.

Table 3.4: Performance of 3 methods for handling missing biomarker data for estimation of incidence from cross-sectional

surveys
Estimated
by 2, Method E(la?;ti[\r/l;ean irDr(gre)la(E}o")e RMSRE (%)
error, %)
CS1 -22 5 23
0.25 0.25 CS2 0.4 6 6
CS3 0.1 5 5
CS1 -47 6 47
0.50 0.50 CS2 0.007 11 11
CS3 -0.3 9 9
CS1 -22 5 23
0.50 0.25 CS2 42 9 43
CS3 0.1 5 5
CS1 0 0 0
0.50 0 CS2 78 4 78
CS3 0 0 0
CS1 -9 3 9
0.20 0.10 CS2 11 4 12
CS3 -0.001 3 3
CS1 -4 2 5
0.10 0.05 CS2 5 3 6
CS3 -0.05 2 2

In summary, Method CS1 was substantially biased for incidence estimation in the
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scenarios in which a substantial fraction of the samples could not be classified, even under
the optimistic assumption that B,’s missingness probability did not depend on B; (4; = 4,).
Method CS2 was approximately unbiased only if 1; = 1,. Method CS3 was nearly unbiased

in all scenarios considered.

The standard deviations of the relative errors were comparable among the methods, and
substantially smaller than the largest biases; hence RMSRE was dominated by the

contributions from bias.

3.3 Discussion

The objective of this chapter was to consider some of the statistical challenges posed by
incomplete biomarker data for cross-sectional incidence estimation. We examined this
problem both in the context of estimating the mean window period of an MAA and in the
context of estimating incidence from a cross-sectional survey using an MAA with a
previously estimated mean window period. We evaluated three methods for handling
missing data in each of these contexts, simulating the methods’ performance across a range

of six missingness mechanism scenarios.

Our main findings were that the “MAA determined” and “complete biomarker” methods
(WP1/CS1 and WP2/CS2, respectively) produced substantially biased results in a range of
plausible missingness conditions. The “MAA determined” methods had bias magnitudes
associated with the fraction of samples that could not be classified by the MAA, whereas the
“complete biomarker” methods had more bias when the probability of missing B, values
depended strongly on the value of B;. In contrast, the conditional methods which we

proposed (WP3 and CS3) produced accurate results in all the scenarios that we considered.

40



However, we do note that while the conditional WP3 approach had small bias, it was
consistently negative. Further study to identify any situations when the bias would be

positive would be useful.

The results in this work highlight the perhaps surprising fact that even if the probability
of missing biomarkers is a constant, simply ignoring unclassifiable samples can lead to bias.
This result is due to the asymmetry between the positive (recent) and negative
classifications; one requires the joint occurrence (intersection) of several events, while the
other requires only that at least one event occur (union). Thus, the MAA classification can
only be missing if all observed biomarkers indicate a positive result. Our proposed
conditional likelihood analysis accounts for this asymmetry by modeling each biomarker

separately. It thus avoids the biases that affect the other two methods.

There are several important extensions to this work worth considering in future
research. First, we only assessed the performances of these methods for estimating the mean
window period and incidence rate. We could also consider the shadow parameter discussed
in Section 2.2.4 (E. H. Kaplan and Brookmeyer 1999; Brookmeyer 2010). Since the shadow
is also a function of the probability curve ¢(t), we expect that “MAA determined” and
“complete biomarker” analyses would produce biased estimates of the shadow as well. We
expect that our proposed conditional approach would produce approximately unbiased

estimates of the shadow, since it estimates ¢ (t) without bias.

Another complication to consider is that the probability that B, is missing may depend
on a different dichotomization of B; from the one used by the MAA. For example, in the HC-

HIV data set, viral load was assayed with probability = 1 if LAg-Avidity was below 3.0 OD-n,
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and was assayed with a smaller probability otherwise. With such a dataset, when using
Method WP3 and the LAg-Avidity < 1.5, viral load > 1000 MAA to estimate u or incidence, we
could condition on B; < ¢, where c is any value between the missingness cutoff (3.0) and the
MAA cutoff (1.5), rather than conditioning on b;; = 1. It seems that the optimal choice of ¢
would be the largest value, in order to maximize the number of observations used to estimate
the conditional model P(b, = 1| B; < c¢); smaller cutoffs might lead to instability in the

estimation of the conditional model.

Finally, more complex scenarios, including MAAs using more than two biomarkers and
MAAs with missing data in more than one biomarker, may require more sophisticated
analyses. We only considered missingness in viral load, which is a relatively expensive
biomarker. As new generations of potentially expensive assays for detecting incident
infections are developed, it can be anticipated that situations will arise in which multiple
biomarkers have missing values, due to scientific or resource constraints. It will be important

to further develop and refine methods for addressing these challenges.
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CHAPTER 4
Transporting MAA Calibration Results

In order to be useful for calibrating the cross-sectional incidence estimate, it is usually
assumed that the calibration data set comes from a population in which the relationship
between duration of infection and biomarker distributions matches the relationship in the
target population. This assumption is most plausible when the calibration data set is
collected from a source resembling the target population, such as the same demographic
area at an earlier time point. Even in such cases, there may be differences between the
calibration data set and the target population due to evolution of the epidemic. (Hallett et al.
2009) Over time, the pathogen might mutate, or the relative prevalence of different strains
might change. Similarly, the distribution of innate biological responses to the pathogen in the
population might change. Moreover, patterns of clinical treatment might change. Any such
differences could alter the relationship between infection duration and biomarker values
and would need to be accounted for in order to achieve accurate calibration for the target

population.

In the HIV incidence setting, discrepancies between the target population and the
calibration data set could occur for several reasons. First, there has been and continues to be
increasing use of anti-retroviral therapy (ART) for HIV infected persons throughout most
parts of the world. (Piot and Quinn 2013) Initiation of ART therapy is occurring earlier in the
course of infection. ART induces viral suppression, and viral suppression may modify some
biomarker levels because antibody titers would tend to decrease, thereby making
longstanding infections resemble recent infections. (Laeyendecker et al. 2015) An initial data

set collected years before widespread ART use may no longer be applicable to the current
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target population. Second, the subtypes of HIV that are circulating in a population may evolve
over time. (Hemelaar et al. 2011) HIV subtype may affect biomarker levels and their
relationship to duration of infection. (Longosz et al. 2015; Kassanjee et al. 2014) The
changing mix of subtypes can create discrepancies between the initial data set and the target

populations.

If p(t) & Pr(Y = 1|T = t) differs between the target population and the source of the
calibration data set, then estimates of u and ¥ based on straightforwardly estimating ¢ (t)
from the calibration data set as described in Chapter 2 will not be consistent for the target
population. One simple solution is to collect a new calibration data set that is representative
of the current target population for the statistical analyses. However, that approach is
expensive and could take considerable time, negating the advantages of the cross-sectional
approach to incidence estimation. The objective of this chapter is to develop methods that
address the discrepancy between the initial training data set and the target population for

cross-sectional incidence estimation.

In this chapter, we show how an initial calibration data set which is not representative of
the target population because of differences in the characteristics of the epidemic can be
adjusted and still utilized for calibrating methods to perform cross-sectional incidence
estimation in the target population. We consider a scenario in which there is one covariate
whose distribution differs between the calibration data set and the target population. In
Section 4.1, we define notation and assumptions for this scenario. We then propose several
approaches for addressing this discrepancy: a curve averaging approach (Section 4.2), a

sample weighting approach (Section 4.3), a resampling approach (Section 4.3.10), and a
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multivariate biomarker modeling approach with curve averaging and potential outcomes
modeling variations (Sections 4.4 and 4.5). We construct a simulation study to evaluate the

methods in Section 4.6.

4.1 Scenario and notation

A calibration data set D consists of data on biological specimens from infected individuals.
On the i*" biological sample, we have measurements on k biomarkers, which we denote by
the k-dimensional vector B;. Without loss of generality, we consider the case of a single MAA
for which p and ¥ will be estimated for the target population; if multiple MAAs need to be
calibrated, the following procedures can be applied separately to each MAA under
consideration in the calibration process. Let Y; denote the MAA classification of the it"
biological sample; for this chapter, we assume no missing values, and let Y; = 1 indicate MAA
positive, and Y; = 0 indicate MAA negative. We have a censoring interval for duration of
infection associated with the i*" biological sample, which we denote as [L;, R;]. In addition,
we have a binary variable X whose distribution we are concerned may have changed over
time. For example, in HIV applications X can indicate if persons are virally suppressed.
Alternatively, X could indicate if persons are infected with a particular HIV subtype. Changes
in the distribution of X create a discrepancy between the initial data set and the target
population. The probability that X = 1 may depend on other variables which are also
recorded in D. We assume each of these variables takes discrete values and that a discrete-
valued variable Z defines these strata. For example, one value of Z might correspond to
females who have been infected for less than 2 years. Let P.(X|Z) and P.(X|Z) represent the

probabilities in stratum Z that X = 1 in the target population (subscript t) and calibration
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data set (subscript k), respectively, and let ¢.(t) =P(Y =1|T =t) and ¢, (t) =
P.(Y = 1|T = t) represent the corresponding probabilities of a positive (“recent”) MAA
classification. The issues we are addressing in this chapter arise when P.(X|Z) in the target

population and B.(X|Z) in the calibration data set differ for one or more values of Z.

4.1.1 Assumptions

We make several assumptions. First, we assume that P, (X|Z) is known. In practice, P.(X|Z)
could sometimes be estimated, e.g., from simple surveys of antiretroviral use in the target
population. Such surveys would not need the detailed information on biomarkers as
required for the initial training data set. If surveys are not available, it is still useful to
perform sensitivity analyses to examine how results would change under various assumed
scenarios about P.(X|Z) in the target population. In this article, we will examine the

consequences of error in the assumed values of P, (X|Z) for our methods.

Second, we assume that the initial calibration data set covers the entire domain of values
in the target population. This assumption is analogous to the positivity assumption in causal
inference settings. (Hernan 2012) For example, if the calibration data set included only
samples collected within the first six months after infection, or did not include any virally
suppressed samples, but the target population did, then it would not be possible to obtain

reliable estimates from either of our adjustment procedures.

Third, we assume that the distribution of biomarker values, conditional on time since
seroconversion and viral suppression status, does not change between the calibration data
set and the target population; that is, we assume that p.(B|X,Z,T) = p(B|X,Z,T) for all

values of X, Z, T, where T is the infection duration. This assumption implies that all the
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variables that describe the relevant differences between the initial and target population are
identified. It is analogous to the conditional exchangeability and consistency assumptions in

causal inference settings. (Greenland and Robins 1986; Cole and Frangakis 2009)

Fourth, we assume that P.(X|Z,T) = P.(X|Z), i.e, that X 1L T|Z. This assumption implies

that the stratifying variable Z completely captures the dependence of X on T.

Fifth, we assume that the distribution of stratifying variable Z, conditional on infection
duration t, does not change between the calibration data set and the target population; that
is, we assume that P.(Z|T) = B.(Z|T); this is trivially true when Z is a function of time, such

as an indicator variable for duration of infection less than two years.

A sixth assumption is made for the multivariate modeling approaches in Sections 4.4 and
4.5. For those approaches we assume that the form of p.(B|X, Z, T) is known, including any
necessary transformations of the biomarker scales and the functional form of the linear

predictor model. The parametric assumptions are not required for the other approaches.

4.2 Curve averaging approach

We want to estimate p,, the mean window period for the target population, whose definition
we can decompose as follows:

PT(Y=1|T=t)dt=J 2 P(Y=1,X=x7=2|T =t)dt
t20 ,eR(2) x€{0,1}

pett [ o= |

t=0 t=0

= z PY=1X=xZ=2T=PLX=x|Z=2T=t)RL(Z =z|T =t)dt
t20 ,€R(2) x€{0,1}

= z PBY=1X=x,Z=2T=tRLX=x|Z=2)PR(Z=2z|T =t)dt
t20 ,€R(2) x€{0,1}

The third equality follows from the law of total probability, the fourth from the definition of
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conditional probability, and the fifth from the assumption that the stratum variable Z
captures the dependence of X on t. If the calibration data set were collected from the
population of interest, we could model the marginal probability P.(Y = 1|T =t) directly
from the data and use that model to estimate u. However, if we only have calibration data
collected from a different population, with a different nuisance covariate distribution P, (X =
x|Z = z), the marginal model we estimate from the calibration data set may yield biased

estimates of target population parameters.

To overcome this problem, we can instead estimate the conditional model B.(Y|X, Z, T).
Assumption 3 entails that B.(Y|X,Z,T)=P.(Y|X,Z,T) since Y (the binary MAA
classification) is a deterministic function of B (the vector of biomarker assay values). We
have directly assumed that P,(Z|T) = P.(Z|T). Thus, we can derive an estimate of ¢ (t) from
P.(W|X,Z,T), using the distribution P.(X = x|Z = z) corresponding to the target
population:

¢.(t) =P (Y =1T=¢) = B.(Y = 1lx,2,t)P(x|2)P(z0) (4.1)
ZEZ(Z)xEZ(X)

Then we can use this adjusted marginal model to estimate u, as usual:

=] ¢(Ddt (4.2)
t20
This procedure is analogous to the causal inference technique known as g-computation, the

g-formula, or standardization. (Robins 1986; Pearl 1995, 2010; Vansteelandt and Keiding

2011; Hernan and Robins 2019).
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4.3 Sample weighting approach

Another approach to this problem is to treat the calibration data set as an imbalanced sample
from the target population. We can use weighted maximum likelihood techniques to correct

for this imbalance.

Specifically, let n;(z) = Xi’; 1x,=1,7,=z be the number of observations with X =1 in
stratum z of the calibration data set, let ny(z) = Y-, 1¢x,=0,z,=z) be the number of

observations with X = 0, and let n(z) = n,(z) + ny(z) be the total for that stratum. For each

observation (B, X, Z, t), we can construct weights

P(X|Z)
R(X1Z)

wx(Z) = (4.3)

where B.(X|Z) = ny(Z)/n(Z). Then if £; is the marginal likelihood P, (Y; = y;|T = t;) of the

i*" observation, the total weighted likelihood of the data set would be:

Ly = | | o=
iEl:n

Equivalently, if #; = log L; is the log-likelihood of the i** observation, then the weighted log-

likelihood of the data set would be:

We would then find ¢ by maximizing this weighted log-likelihood.

These weights effectively remove the calibration data set’s association between Z and X
(the denominator) and replace it with the target population’s association (the numerator);

thus the weighted count of observations with X = 1 in stratum z is:
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n
Z WXL-(Zi) lix,=12,=20 = ny(2) wy(2)
i=1

P.(X = 1|Z = 2)
P(X =1Z = 2)

=n(2)

P.(X = x|Z = 2)
ny(2)/n(2)

=P X =x|Z =2)n(2)

=n,(2)

which is the expected count for a simple random sample from the target population,

conditional on n(z).

For another perspective, consider the calibration data set as if it were a selection-biased
sample from the target population. Let S = 1 denote the event that an observation is selected
and let S = 0 denote non-selection; then we can rewrite B(X = x|Z =z) = P.(X = x|Z =

z,S = 1). Then:

P.(X =x|Z = 2)
P.(X =x|Z =2z)

Wx(Z) =

_ P(X=x|Z=2)
CP(X=x|Z=2S5=1)

P(S=1|Z =2)

= P(X=x|Z=
X=Xl =2 s=1z=2

P.(X = x|Z = 2)

=P(S=1|Z=
== Y —xs=1z=2
—P(S=1|Z= !
=RE=U=2 s Iy =x2=2
P(S =1|Z =2)

T PRS=1X=x7=2)

Within each stratum Z =z, P,(S = 1|Z = z) is a constant; thus w,(z) is approximately
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proportional to the inverse probability of selection given X = x. These weights seem
analogous to those used for inverse probability weighting (IPW) in causal inference and to
those used for poststratification in finite-population survey sampling. (Hernan and Robins

2019; Lumley 2010; Westreich et al. 2017; Gelman 2007)

4.3.1 Resampling approach

As an alternative to using weights as factors in the log-likelihood, we can sample with
replacement P.(X = x|Z = z)n(z) observations from the stratum {X; = x, Z; = z}; thatis, we
resample the number of observations we would expect from a sample of the target
population, conditional on n(z). After resampling observations for each combination of (x, z)
values, we can compile the resampled observations into a new resampled data set, D, with
distribution P (X, Z) matching the target population. We can treat this resampled data set as

if it came from the target population and use it to estimate ¢ (t) and p.

A connection between the weighting approach and the resampling approach can be seen
in the weights. In the resampling approach, 1/n,(z) is the probability that a given
observation in category {X = x,Z = z} will be selected, each time that we sample an
observation from that category with replacement; thus, since there will be n(z)P.(x|z)
resampled observations in that category in each resampling data set, w,(z) =
n(z)P.(x|z)/n,(z) represents the expected number of times that each observation in

{X = x,Z = z} will be selected in a resampling data set.

The notable difference between the resampling approach and the weighting approach is
the stochastic nature of the resampling approach. The resampling approach creates new data

sets with predetermined proportions of suppressed specimens for each time stratum, so that
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the resulting data sets will have a distribution similar to the target population. Thus the
(unweighted) likelihood of each resampled data set should be close to the weighted
likelihood of the original calibration data set. However, because the resampling process is
stochastic, it introduces an extra source of variability into the resulting estimates of ¢p and p.
This variability can be reduced by generating multiple resampled data sets and merging the
results, for example by using the median of the resulting i distribution as the final estimate.
In contrast, the weighting approach is not stochastic; like the unadjusted approach, it
produces a single weighted data set and corresponding ¢, /i, for a given calibration data set

and target population.

Simulations using this resampling approach are considered in our published work (D.
Morrison et al. 2019); this method is not included in the simulation study below. It produces
similar results to the sample weighting approach but requires more computation due to the

need to repeatedly resample the data set.

4.4 Multivariate modeling and marginalization (MMM) approach

A third strategy for addressing discrepancies between the calibration data set and target
populations is similar to the curve averaging approach, in that we will fit a model that
conditions on viral suppression status X; however, instead of directly modeling the
distribution of MAA classifications, P(Y|X,Z,T), we will instead initially model the
multivariate distribution of the individual biomarker values, p(B|X,Z,T). We can

numerically integrate this model to derive P(Y|X, Z, T):

P(Y = 1|X,Z,T) = j Y.(b) p(b|X, Z,T)db (4.4)
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We can then apply equations 4.1 and 4.2 to compute pu,, as we did in the curve averaging
approach. Here, Y.(b) denotes the MAA classification variable, Y, expressed as a function of
the vector of biomarker values, b, and the vector of MAA cutoffs, c; i.e., Y.(b) = l{Vj: b; < c]-}.

We will refer to this approach as multivariate modeling and marginalization (MMM).

More specifically, we can use a multivariate Gaussian model for the biomarker assay
values, with mean function E(B) = f,(X, Z, T) and multivariate normal residual errors € =
B — E(B) ~ MVN(0,X); here a is the vector of mean function parameters (e.g., regression
coefficients) and X is the covariance matrix of the residual errors. As an example, we applied
this approach to the MAA “LAg < 2.8, BioRad < 40” using the calibration data set of biomarker
data for subtype C infections combining the CAPRISA, FHI, and HPTN 039 cohorts described
in Chapter 2. (Laeyendecker et al. 2018) In exploratory analysis, we determined that to
achieve a good model fit with approximately Gaussian errors, it was best to transform the
BioRad avidity biomarker from its original scale into a logit scale and to transform infection

duration t onto a logarithmic scale. We thus fit a model the following mean function:

E[(Bl, lOglth)’] = ao + (11 10g10 t+ (sz (4’. 5)
where t is the duration of infection and x is viral suppression status (1 = suppressed, 0 =
not). The maximum likelihood estimates were as follows:

3.00 1.13
a=| 154 2.55

—1.08 —0.68

2= (ja1s 1040)

Applying equations 4.4, 4.1, and 4.2 for a target population with the viral suppression
distribution P(X = x|Z = z) = {30%,t < 1 year; 60%,t > 1 year}, we would compute /i =
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143.1 days. For a population with P(X = x|Z = z) = {15%,t < 1 year; 30%, t > 1 year}, we

would instead compute g = 121.8 days.

4.5 Potential outcomes weighting approaches

As an alternative to the marginalization step in the MMM approach (i.e., the application of
equations 4.4, 4.1, and 4.2 to derive fi;), we could instead adopt a potential outcomes
perspective and consider, for each observation in the calibration data set, what biomarker
values we would have observed, if person had the value of X that they did not experience in
reality. (Neyman 1990; Rubin 1974) If we can estimate these counterfactual biomarker
values, we can use them to create counterfactual data sets that might have been observed if

the calibration data were drawn from the target population.

Let B;(x) be the predicted value of B; with X; = x holding t; and Z; fixed at their values
as given in the observed calibration data set D. We can use these predictions to impute the
potential biomarker values (B;(1),B;(0)) as follows. First, we assume that the observed
value B; equals the potential outcome with the observed X value; thatis B;(X;) = B;.Second,
assuming multivariate normal residual errors independent of the covariates, we can

estimate the counterfactual potential outcome:

Bi(x) = B + (x — X)) (B:(1) — By(0)) (4.6)
That is,

B,(1) = B, + (B,(1) — B,(0))if X, = 0

B,(0) = B; — (B:(1) — By(0)) if X; = 1
For example, consider a simple multivariate normal linear regression model of the form
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E[Bl] = (XO + alti + ale'

Then, the estimated counterfactual biomarker values B;(1 — X;) are:
El(l) = Bi + a, lel =0

EL(O) = Bi — 0y lel =1
The counterfactual imputation process produces two data sets, D(1) and D(0), each of which
is a modified copy of the observed calibration data set D with the observed B; replaced with

B;(1) or B;(0), respectively.

Given these potential outcomes, we want to construct data sets matching the target

population’s distribution P, (X|Z). We can accomplish this goal in several ways.

4.5.1 Complete potential outcomes weighting (CPOW) approach

First, we can assign weights w;(1) = P.(X = 1]|Z;) to D(1) and w;(0) = B.(X = 0]Z;) to D(0),
and concatenate these data sets. Given such an augmented data set, we have two options for
analysis. First, we could perform weighted maximum likelihood estimation of ¢, (t) &
P.(Y = 1|T =t), as in Section 4.3. We call this procedure Complete Potential Outcomes

Weighting (CPOW).

4.5.2 Complete potential outcomes sampling (CPOS) approach

Second, we can stochastically create a single data set D by selecting one of B;(1) or B;(0),
with probabilities P.(X = 1|Z;) and P.(X = 0|Z;) respectively, identical to the weights used
in CPOW. We call this procedure Complete Potential Outcomes Sampling (CPOS). As in the
resampling method in Section 4.3.1, we can repeat this procedure multiple times, creating
data sets Dy, ..., Dg, and merge the results (for example by taking the median of the fis) to

reduce the variability introduced by stochastic sampling. This approach is considered in (D.
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Morrison et al. 2019); it is not included in the simulation study below. It produces similar
results to CPOW but requires more computation due to the need to repeatedly sample from

the potential outcomes.

4.5.3 Partial potential outcomes weighting (PPOW) approach

Both methods above consider both potential outcomes for every observation - hence the
nomenclature “Complete”. An alternative is to consider the counterfactual outcome only for
a subset of the observations. Specifically, we propose the following weights/probabilities.

For observations with X; = 1 in the calibration data set D, assign to B;(0) the weight

P(X =0]Z) - R(X = 0|Zz)}

Z) = 0,
wio(Z;) maX{ PX=11Z)

and assign to B;(1) = B; the weight 1 — w,,(Z;). Analogously, for observations with X; = 0

in the observed calibration data set D, assign to B;(1) the weight

P(X =1|Z;) — R(X = 1|Z)
P(X = 0]Z;) }

wo1(Z) = max{O,
and assign to B;(0) = B; the weight 1 — wy;(Z;). Thatis,if X; =1and P,(X = 1|Z = Z;) >
P (X =1|Z =Z;), only use the observed B; (with weight 1). Likewise, if X; =0 and
PX=11Z=2)<P(X=1|Z=1Z;), only use the observed B;. For the remaining
observations, we use both the observed value and the counterfactual value, with weights
determined by the discrepancy between the calibration and target populations. In other
words, assign weight v;(1) = X;(1 — w14(Z))) + (1 — X;)wy1(Z)) to potential outcome B;(1)

and weightv;(0) = X; w1o(Z) + (1 — Xi)(l - WOl(Zi)) to potential outcome B;(0). Then the

expected weight assigned to B;(1), conditional on Z;, is:
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E[v;DIZi] = wo1(Z) (X = 01Z) + (1 — w1o(Z) R(X = 1]Z))
and after substituting the expressions for wy; (z) and w,((z) in the above equation, it can be
seen thatE[v;(1)|Z;] = P.(X = 1|Z;), the distribution in the target population. These weights
can then be used either as likelihood weights or as sampling probabilities; we will call these
two options Partial Potential Outcomes Weighting (PPOW) and Partial Potential Outcomes
Sampling (PPOS), respectively. Here we will only consider PPOW, which is less

computationally intensive.

Note that when the target population and calibration data set have the same
distributions, i.e.,, when P.(X|Z) = P.(X|Z), the weights w;, and wy; both become 0, and only
the observed outcomes are used. Hence in this case, PPOW and PPOS are equivalent to the
unadjusted analysis. In contrast, CPOW and CPOS do not reduce to the unadjusted analysis

in this case.

4.6 Simulation study

To compare the bias and precision of the proposed methods, we performed a simulation
study. We used the multivariate biomarker model that we fit in Section 4.4 to define the

following data-generating process:
t ~ Uniform(0,12)
Z= 1{ts1}
P =p1Z+p(1-2)
X ~ Bernoulli(p)

V= (1) loglo(t) )X)’
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3.00 1.13
a=| 1.54 2.55

—1.08 -0.68

2= (g413 1ot0)

(By,logit(Bz))" ~ N:((V'a)',X)

Y = 1{Bl<c1,32<c2}
The parameters p, and p, specify P(X|Z), and thus these parameters define the differences
between the target population and the population from which the calibration data set is
sampled. We can also consider ranges of values of these parameters for each population.
Note that in this specific scenario, P(X|Z) reduces to a step function on infection duration,
P(X|t) = p11t<1y + D211y This simplification occurs because we defined Z|t = 1(<q43. In
other scenarios, Z might have a more complex definition; for example, Z might represent
combinations of gender and a discretization of infection duration. The parameters cy, ¢,
specify the MAA; for the following analyses, they are held fixed at ¢; = 2.8, ¢, = 40, which
are the values determined as optimal for this pair of biomarkers in a previous study.
(Brookmeyer, Konikoff, et al. 2013) Given this generating model, the true target estimand p,

can be calculated numerically using the marginalization method described in Section 4.4.

For each of several scenarios for B.(X|Z) - that is, for each of several pairs of (py,p,)
values - and for each of several sample sizes, we generated 2000 simulated calibration data
sets. For each simulated data set, we applied each of the proposed analyses, as well as a naive
unadjusted analysis treating the calibration data as a representative sample of the target
population, and we collected the resulting estimates of u. We compared these estimates to
the true value computed as described above, to estimate the bias, standard error, and mean
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squared error of each approach.

In order to implement these analyses, functional forms needed to be chosen for the
regression models. In our main simulations, we implemented the potential outcomes
modeling approaches using the correct functional form for the multivariate biomarker
model that matched the data-generating process - i.e., the infection duration t enters the
model on the logarithmic scale and biomarker B, is Gaussian on the logit scale. The
unadjusted analysis, curve averaging approach, sample weighting approach, and potential
outcomes weighting approaches were all implemented with infection duration t entering the
models P(Y = 1|T =t) and P(Y = 1|x,z,t) on a logarithmic scale. It is unclear what the
“correct” functional form should be for these two models; given the data-generating model
that we have assumed for this simulation, these functions are transformations of the

underlying biomarker model which do not seem to have simple algebraic expressions:
PO = 115,70 = [ Y.(8) p(blx,2,0) db

P(Y=1|T =1t) = Z Z P(Y = 1|x,2,t) P(x|z) P(z|0)
Z€ER(Z) xER(X)

As a sensitivity analysis, we also simulated all of the approaches with linear functional forms

for T, and we simulated the multivariate modeling approaches (MMM, CPOW, and PPOW)

with B, on its original, untransformed scale.

4.7 Results

Table 4.1 shows simulation results comparing the performances of the unadjusted analysis,
curve averaging approach, sample weighting approach, and multivariate modeling and

marginalization (MMM) approach for estimating the mean window period in the target
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population, under several data-generating scenarios with varying assumptions about
P.(X|Z). In scenarios A and B, the calibration data set had lower levels of viral suppression
than the target population, and the unadjusted analysis produced estimates with biases of
approximately 22 days and 12 days, respectively. In contrast, all three adjustment
approaches produced estimates with biases of less than 3 days in these scenarios. In scenario
C, the calibration data set had the same levels of viral suppression as the target population,
and all of the methods, including the unadjusted analysis, produced estimates with minimal

bias.

The MMM approach produced estimates with standard errors that substantially smaller
than those of the other analyses in all three scenarios. The curve averaging and sample
weighting approaches resulted in substantially larger standard errors than the unadjusted
analysis in scenarios A and B; in scenario C, these two approaches had standard errors on

par with the unadjusted analysis.

Because it had minimal biases and the smallest standard errors, the MMM approach also
produced the smallest RMSEs in all three scenarios, for every sample size considered. In
contrast, the curve averaging and sample weighting approaches had larger RMSEs than the
unadjusted approach in scenarios A and B for sample sizes of 250 and were on par with the
unadjusted approach in RMSE for sample sizes of 500; the reductions in bias for these
methods relative to the unadjusted approach only outweighed the increases in variance for
the larger sample sizes. In scenario C, these approaches had RMSEs comparable to the

unadjusted analysis for all sample sizes considered.

Table 4.2 compares the MMM approach with the CPOW and PPOW approaches. The MMM
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approach had substantially better precision than CPOW and PPOW, but these variants still
produced unbiased estimates, with SEs and RMSEs that were as small or smaller than those
produced by the unadjusted analysis, the curve averaging approach, and the sample

weighting approach.

Table 4.3 shows simulation results evaluating the robustness of MMM to modeling
misspecifications. Bias increased substantially when infection duration was modeled on a
linear scale instead of a logarithmic scale, and bias was even worse when B, was not
correctly transformed to the logit scale. When both modeling errors were present, the
average estimated mean window period shrunk to nearly zero, creating a massive bias; the
standard errors shrunk in this case, but only because the estimated mean window periods

were consistently close to 0.

Table 4.4 shows simulation results evaluating the robustness of CPOW to the same
modeling misspecifications. Bias increased appreciably when B, was not correctly
transformed to the logit scale, especially for scenario A, but not by nearly as much as for
MMM. The bias also increased somewhat when infection duration was not correctly
transformed to a logarithmic scale. When both modeling errors were present, the bias
increased slightly further than when only B, was incorrectly transformed. Standard error
was not substantially affected by these misspecifications. Even with both modeling errors,
MMM had biases comparable to the unadjusted analysis in scenarios A and B, and RMSEs
comparable to the curve averaging and sample reweighting approaches for sample sizes of
250 and 500 in all three scenarios. The bias introduced by misspecification only had

substantial impact on RMSE for larger sample sizes.
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Table 4.5 shows simulation results evaluating the robustness of PPOW to the same
misspecifications. The biases found for CPOW in Scenarios A and B are still present, but they
are slightly smaller. However, the standard errors for PPOW are still larger than those for
CPOW, so that the RMSE is larger for PPOW than CPOW for sample sizes of 250 or 500. Note
that in Scenario C, PPOW is unbiased even when misspecified, because it reduces to the

unadjusted analysis in this case, as discussed previously.

Table 4.6 shows simulation results evaluating the results of a linear functional form for
infection duration, T, in the unadjusted analysis, curve averaging approach, and sample
weighting approach. As discussed in Section 4.6, it is unclear what the ideal functional form
should be for the model P(Y = 1|x, z,t) used in the curve averaging approach or for the
model P(Y = 1|T = t) used in the unadjusted analysis, sample weighting approach, and
potential outcomes weighting approaches. The results with a linear form are virtually
identical to the corresponding ones in Table 4.1, indicating that these methods are relatively

insensitive to functional form specification under the assumed data-generating model.

To further explore this issue, we graphed the three curves P(Y = 1|X =1,T = t),
P(Y=1|X=0,T =t), and P(Y = 1|T = t), using the biomarker model parameter values
listed above and the values p; = 0.3,p, = 0.6 for the target population’s viral suppression
distribution (Figure 4.1). We also included three additional curves, representing population-
level marginal logistic regression models for P(Y = 1|T). We estimated each of them using
10° simulated observations from the target distribution. The first model is linear in ¢, i.e.
logit(P(Y = 1|T =t)) = ay + a;t. The second model is quadratic in ¢t, ie.

logit(P(Y = 1|T = t)) = ay + a;t + ayt?. The third model is log-linear in t, ie,
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logit(P(Y = 1|T =t)) = ay + a; logo(t). We graphed all curves on both the response
(probability) and logit scales and provided the areas under the curve (integrated numerically
from 0 to 10 years) in the legend. From the graphs and corresponding u values, we can see
that linear and quadratic models (green and orange) are both adequate to accurately
estimate u, even though they are not particularly good approximations to the true marginal

curve (blue) on either scale.

Figure 4.1: MAA characteristics for transportability simulation model, on probability scale (left) and logit scale (right)
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4.8 Discussion

Infectious disease prevention and evaluation research rely on accurate incidence estimates.
Methodological challenges arise because of the difficulty in determining incidence from
longitudinal cohorts of initially-uninfected persons and documenting infection acquisition.
(Lagakos and Gable 2008) The cross-sectional approach addresses these challenges because
incidence can be estimated without requiring longitudinal follow-up of persons. However,
the cross-sectional approach does rely on an initial training data set to develop and calibrate

the statistical methods to be used in cross-sectional surveys. The problem addressed in this
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chapter is that the calibration data set may over time not reflect the current target
population. We developed methods to adjust the analysis of the calibration data set in order
to achieve unbiased estimation of the mean window period for the target population. These
adjustment procedures could help avoid the time and expense of collecting a completely new
training data set for each new target population. A critical assumption of the methods is that
the variables that describe the relevant differences between the calibration and target
population are identified. In our application the relevant variable was anti-retroviral

treatment which results in viral suppression.

We proposed a variety of approaches for adjusting the calibration analysis: a curve
averaging approach, a sample reweighting approach, and a multivariate modeling approach
with several variations. We found that each of these methods produced estimates with
negligible bias, as long as their underlying assumptions held true, whereas an unadjusted
analysis produced estimates with substantial bias when the calibration data set’s viral

suppression distribution differed from the target population.

The adjustment methods’ performances differed in precision: the multivariate modeling
and marginalization (MMM) approach produced the smallest standard errors. This approach
requires additional parametric assumptions not shared by the curve averaging and
reweighting approaches; these assumptions resulted in lower standard errors, at the cost of
vulnerability to bias when those assumptions are violated. Thus, this approach requires

careful model fitting procedures to be reliable.

The complete and partial potential outcomes weighting (CPOW and PPOW) approaches

offer a compromise between the strong modeling assumptions required by the MMM
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approach and the weaker assumptions of the curve averaging and resampling approaches.
They still make use of the assumptions of the MMM approach to gain precision but trade

some of that precision for less vulnerability to bias from violations of those assumptions.

Overall, these findings suggest that the curve averaging or sample weighting approaches
may be preferable in situations where the correct functional form for the multivariate
biomarker model is unclear. However, for calibration data sets with small sample sizes or
when the functional form for the multivariate model seems clear, the MMM approach with
sensible modeling assumptions may be worthwhile. The use of flexible nonparametric
methods such as splines or LOESS to fit the multivariate model may also improve the

reliability of this method.

The curve averaging and sample weighting approaches had similar performance
characteristics to each other; the choice between them may depend on whether the
conditional model P(Y|X, T) or the marginal model P(Y|T) is easier to fit well to a given data
set. The sample weighting approach also requires that there be at least one observation in
the calibration data set for every combination of X and Z values; otherwise, the denominator
of the weight wy(Z) [Eq. 4.1] for that combination is 0 and the weight itself is infinite. The
curve averaging approach and MMM approach could still be used in such cases, although
their reliability would be questionable since their predictions for those X and Z values would
be extrapolations. Ideally, several analysis approaches should be employed in parallel, and
the results should be compared to check for sensitivity to the specific assumptions of each

method.

We assumed that only the levels of viral suppression differed between the training data
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set and the target population. In reality, there may be several such relevant covariates, such
as infection subtype, calendar time, and demographic factors that differ between the training
and target populations. Further, the model for the biomarkers may involve interactions
among these covariates. Future work could include extending these methods to such
situations and would involve assuming or estimating a joint model for the covariates as a
function of time, that is, replacing Pr(X|Z) with Pr (X, ... X,|Z), and using this joint model to

either resample the training data set or generate counterfactually adjusted data sets.

Here, we considered an MAA that did not include viral suppression status as a biomarker.
However, it is possible to apply our methods to MAAs that do include viral suppression
status, even when viral suppression is also the covariate X whose distribution needs to be

adjusted.

A critical assumption of our methods for transporting results from the initial training
dataset to the target population is the exchangeability assumption, that is, P, (Y|X,Z,T) =
P.(Y|X,Z,T). An epidemic could evolve to violate this assumption. For example, if the virus
mutates, new strains with different biological signatures could be introduced that might
invalidate the assumption. Changes in clinical practice or in population characteristics could
also invalidate this assumption; for example, if the mixture of causes of viral suppression
(from anti-retroviral treatment versus innate resistance) evolves over time, then the
statistical relationship between suppression and biomarker values may also shift. It is
important to consider the validity of the exchangeability assumption using expert knowledge

and any additional data that may be available from the target population.

While we have discussed model transportation approaches in the context of cross-
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sectional incidence estimation, the proposed approaches are more general. They could be
applicable in other situations where complex statistical analyses are conducted using an
initial data set but those results may not be directly transportable to the new target

population of interest.

Cross-sectional incidence methods have been successfully applied in many settings
around the world. (Coates et al. 2014; Solomon et al. 2016) These methods require training
data sets to develop and calibrate the methods. The approach we have proposed could offer
a practical and cost-effective way to apply cross-sectional incidence methods to new target

populations as the epidemic continues to evolve.
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Table 4.1: Simulation results comparing the performance of adjustment procedures for estimating the mean window period in a target population. Bias, standard error (SE),
and root mean squared error (RMSE) are given in days. Infection duration T is modeled on a logarithmic scale.

. Multivariate
Scenario modeling and
Unadjusted marginalization
P.X=1Z2)P,(X=1|2) analysis Curve averaging Sample weighting (“MMM™)
Z=1Z=2Z=1Z=2 SaS‘i“z';Ie Bias SE RMSE | Bias SE RMSE | Bias SE RMSE | Bias SE RMSE

250 | -219 36.0 421 -3.7 493 49.5| -2.0 48.0 480 | -1.5 20.7 20.7
500 |-21.2 24.0 320| -09 323 323| -0.8 323 323| -0.6 14.4 14.4
2500 | -22.0 104 244 | -1.2 13.6 136 | -1.0 13.7 13.7 | -0.1 6.6 6.6
10000 | -21.7 5.3 223 | -0.8 6.9 69| -0.5 6.9 6.9 0.1 3.3 3.3
250 |-12.1 378 39.6 | -0.5 421 421 -1.2 43.2 432 | -1.7 19.6 19.6
500 |-11.6 254 27.9 0.1 279 279 | -0.8 294 294 | -0.6 14.0 14.0
2500 | -121 111 164 | -04 119 120 | -1.0 12.2 12.2| -0.1 6.4 6.4
10000 | -11.8 5.7 131 ] -0.2 6.1 61| -0.6 6.2 6.2 0.0 3.1 3.1
250 -0.8 382 382 | -13 385 385 | -1.2 382 382 | -1.7 194 19.4
500 -0.1 264 264 | -0.2 26.2 26.2| -03 261 26.1| -0.6 139 13.9
2500 -1.2 114 115 -09 11.2 11.3 | -1.1  11.2 11.3 | -0.1 6.3 6.3
10000 | -0.7 5.9 59| -05 5.8 58| -0.7 5.8 5.8 0.0 3.1 31

A|15% 30% | 30% 60%

B|15% 60% | 30% 60%

C|30% 60% |30% 60%
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Table 4.2: Simulation results comparing the performance of three variations of the multivariate modeling adjustment approach for estimating the mean window period in a
target population. Bias, standard error (SE), and root mean squared error (RMSE) are given in days.

Multivariate modeling Complete potential Partial potential

Scenario S e . s . .
and marginalization outcomes weighting outcomes weighting
P.(X=1Z2) P,(X=1|2) (MMM) (CPOW) (PPOW)
Z=1 Z=2| Z=1 Z =2 Samplesize| Bias SE RMSE Bias SE RMSE Bias SE RMSE
250 -1.5 20.7 20.7 -0.8 33.0 33.0 -0.9 35.4 35.4
500 -0.6 14.4 14.4 -0.4 22.6 22.6 -0.2 24.2 24.2
[ [ 0 [
Al 15%  30% | 30%  60% 2500 -0.1 6.6 6.6 -1.0 9.8 9.8 -0.9 10.4 10.5
10000 0.1 3.3 3.3 -0.5 5.0 5.0 -0.6 5.3 5.4
250 -1.7 19.6 19.6 -0.9 32.1 32.1 -0.9 36.3 36.3
500 -0.6 14.0 14.0 -0.8 22.0 22.1 -0.4 24.7 24.7
0, 0, 0, 0,
Bl 15% 60% | 30%  60% 2500 -0.1 6.4 6.4 -0.9 9.6 9.7 -0.9 10.8 10.8
10000 0.0 3.1 3.1 -0.6 5.0 5.0 -0.7 5.5 5.5
250 -1.7 19.4 19.4 -0.8 31.9 31.9 -0.8 38.2 38.2
500 -0.6 13.9 13.9 -0.7 22.0 22.0 -0.1 26.4 26.4
[ [ 0 [
C|30% 60% | 30% 60% 2500 -0.1 6.3 6.3 -1.0 9.6 9.6 -1.2 11.4 11.5
10000 0.0 3.1 3.1 -0.6 49 5.0 -0.7 5.9 5.9
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Table 4.3: Simulation results evaluating the robustness of the multivariate modeling and marginalization (MMM) approach for estimating mean window period
under various model misspecifications. Bias, standard error (SE), and root mean squared error (RMSE) are given in days.

Scenario Infection duration (T) scale Biomarker B, scale
P.(X=1|2) P.(X=1|2) misspecified misspecified Both misspecified

Z=1 Z=2 Z=1 Z = 2 | Sample size Bias SE RMSE Bias SE RMSE Bias SE RMSE
250 562 308 641| -932 147 943 | -1344 80 1347
500 564 214 603| -93.0 103 936 -1355 53 1356

0, 0, 0, 0,
15%  30% | 30%  60% 2500 -56.8 9.8 576 | -93.0 46 931 -1363 21 1364
10000 -56.6 48 568 | -92.9 23 929 -1364 1.0 1365
250 586 285 651| -865 153 879 -131.9 91 1323
500 586  19.8 61.8| -862 108 869 -1329 62 133

0, 0, 0, 0,
15%  60% | 30%  60% 2500 -58.8 9.2 595 | -86.2 49 863 -1337 26 1338
10000 -58.8 45 589 | -86.1 24 862 -1339 1.2 1339
250 553 295 627 | -839 155 853 ]| -1302 101 1306
500 553 205 5900| -835 11.0 842 -1312 69 1314

0, 0, 0, 0,
30%  60% | 30%  60% 2500 -55.6 9.5 564 | -83.5 49 837 -1322 29 1322
10000 -55.5 47 55.7 | -83.4 25  835| -1323 14 1323
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Table 4.4: Simulation results evaluating the robustness of the complete potential outcomes weighting (CPOW) approach for estimating mean window period under

various model misspecifications. Bias, standard error (SE), and root mean squared error (RMSE) are given in days.

Scenario Infection duration scale Biomarker B, scale
P.(X=1|2) P.(X=1|2) misspecified misspecified Both misspecified

Z=1 Z=2 Z=1 Z =2 | Sample size Bias SE RMSE Bias SE RMSE Bias SE RMSE
250 -4.6 34.7 35.0 -17.6 33.0 37.4 -189 345 39.3
500 -4.2 24.1 24.4 -17.0 22.3 28.0 -18.2 239 30.0

() () 0, ()
15%  30% | 30%  60% | 5500 43 105 114| -175 97  200| -183 105 211
10000 -3.6 5.4 6.5 -17.0 5.0 17.8 -17.7 5.4 18.5
250 -6.8 34.3 35.0 -12.2 34.2 36.3 -13.1 36.9 39.1
500 -6.4 23.8 24.7 -11.7 23.1 25.9 -12.6  25.2 28.2

[ [ 0, [
15%  60% | 30%  60% | 550 61 106 122 | -122 102 158 -127 112 169
10000 -5.7 5.4 7.9 -11.7 5.2 12.8 -12.0 5.8 13.3
250 -3.9 34.2 34.4 -7.3 34.3 35.1 -7.2 36.8 37.5
500 -3.2 23.9 24.1 -6.6 23.4 24.3 -6.2 254 26.2

() () 0, ()
30%  60% | 30%  60% | 5500 29 105 109 73 102  126| -65 112 129
10000 -2.4 5.5 6.0 -6.7 5.3 8.6 -5.7 5.8 8.2
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Table 4.5: Simulation results evaluating the robustness of the partial potential outcomes weighting (PPOW) approach for estimating mean window period under
various model misspecifications. Bias, standard error (SE), and root mean squared error (RMSE) are given in days.

Scenario Infection duration scale Biomarker B, scale
P.(X=1|2) P.(X=1|2) misspecified misspecified Both misspecified

Sample size Bias SE RMSE Bias SE RMSE Bias SE RMSE

250 -3.8 36.9 371 -14.4 35.2 38.0 -15.6 36.4 39.6

500 -3.2 25.8 26.0 -13.6 23.8 27.4 -14.9 25.2 29.3

2500 -3.5 11.3 11.8 -14.4 10.3 17.7 -15.3 111 18.8

10000 -2.9 5.8 6.5 -14 5.3 14.9 -14.7 5.7 15.8

250 -3.9 38.2 38.4 -7.4 37.0 37.7 -89 3838 39.8

500 -3.4 26.2 26.5 -6.7 25.1 26.0 -84 26.7 28.0

2500 -3.4 11.7 12.1 -7.3 11.0 13.2 -84 119 14.5

10000 -3.0 5.9 6.7 -7.0 5.6 9.0 -7.9 6.1 10.0

250 -0.9 39.7 39.7 -0.8 38.2 38.2 -09 39.7 39.7

500 -0.3 27.9 27.9 -0.1 26.4 26.4 -0.3 279 27.9

2500 -0.8 12.2 12.2 -1.2 11.4 11.5 -0.8 12.2 12.2

10000 -0.1 6.3 6.3 -0.7 5.9 5.9 -0.1 6.3 6.3
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Table 4.6: Simulation results evaluating the accuracy of the unadjusted, curve averaging, and sample weighting approaches for estimating mean window period,

with infection duration T modeled on a linear scale. Bias, standard error (SE), and root mean squared error (RMSE) are given in days.

Scenario Unadjusted analysis Curve averaging Sample weighting
P.(X=1|2) P,(X=1|2) (linear form) (linear form) (linear form)

Z=12=2|2=1 2=2 Si'i‘;‘:e Bias SE RMSE | Bias SE RMSE | Bias SE RMSE
250 |-221 369  430| -13 505 505| -22 491 492
500 |-214 252 331| -04 335 335| -08 339 339

0, 0, 0, 0,
15% 30% | 30% 60% | o500 | 219 112 246]| -1.0 141  141| -0.6 145 145
10000 |-213 57  221| -04 7.1 71| 01 73 73
250 | -122 393  411| 16 434  435]| -13 448 4438
500 | -11.7 269 294 | 14 290  290| -1.0 31.0 31.0

0, 0, 0, 0,
15% 60% | 30% 60% | o500 | 117 120 167| 08 127  127| -06 130 13.0
10000 |-11.2 61  128| 11 6.4 65| 00 66 66
250 09 397 397| -1.0 395 395| -1.5 398 39.8
500 03 279 279| -05 276 276| -04 277 277

0, 0, 0, 0,
30% 60% | 30% 60% | 550 | 08 122  122]| -07 120  120| -07 120 120
10000 | -0.1 63 63| -01 6.1 61| -01 62 62
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CHAPTER 5
Interval-censored seroconversion dates

Since seroconversion status is usually only tested periodically in longitudinal studies,
seroconversion dates and durations of infection are typically interval-censored in calibration
data sets, as discussed in Section 2.2. In the previous chapters and in the existing literature,
this issue has been handled by uniform imputation over the censoring intervals. In this
chapter, we present an alternative approach, using an incomplete-data perspective and the

EM algorithm.

Several options exist for regression analysis with interval-censored covariates. One
option is to treat the midpoints of the censoring intervals as if they were the observed values
of the censored variable and to regress the outcome on these midpoints. We will refer to this
approach as midpoint imputation. It has the appeal of simplicity, but we will demonstrate

that it can lead to substantial bias when censoring intervals are wide.

A second option, discussed above, is to assume that the interval-censored variable has a
uniform distribution over the censoring interval and to perform a multiple imputation
analysis. In such a case a series of imputed data sets are constructed by selecting a random
value from each censoring interval. Regression model coefficients are then estimated from
each imputed data set, and these estimates are averaged to produce final estimates.
(Konikoff et al. 2013) We will refer to this approach as uniform imputation. We will
demonstrate that it can also lead to substantial bias, potentially more severe than midpoint

imputation.

A third option is to simultaneously estimate the parameters of the regression model of
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interest and the parameters of a model for the nuisance distribution of the interval-censored
covariate (Hsiao 1983; Goggins et al. 1999; Gémez et al. 2003) We will refer to this approach

as joint modeling.

In some cases, an interval-censored covariate is defined as a function of other variables,
at least one of which is itself interval-censored. In the incidence estimation setting, the
interval-censored covariate of interest is the duration of infection, defined as the time
difference between the date of seroconversion, which is interval-censored, and the date of
biomarker sample collection, which is recorded precisely. In this example, we could model
the distribution of infection durations directly, ignoring the underlying seroconversion dates
and biomarker measurement dates. To do so, the approach of Gémez et al (2003), referred
to as the GEL approach, could be used. This approach aimed to model p(Y = y|Z = z) when
Z is censored in the interval [Z, Z]. The motivating example was a model of HIV viral load
(Y) at start of secondary treatment, as a function of the time difference (Z) from primary

treatment failure to start of secondary treatment. The following assumptions were made:

[.  The data consist of n independent and identically distributed realizations of

(Y, Z,Z,,Zg).
I. p(Y=ylZ=2Z =1,Zp=1)=pe(Y =y|Z = 2).
. pZ=zIZ,=LZr=1r)=Hz€[L,r]}p(Z =2) | p,(Z €[, T]).
IV.  Z has a finite sample space Z c R.

The distribution of Z was modeled non-parametrically; that is, as a multinomial distribution

with no added assumptions. Let w = {w(z) = p(Z = z)},cz denote the parameters of this
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distribution. Then the likelihood of Y, conditional on (Z;, Zz) and marginalizing over Z, is:

n
1(@,0) = | [Pus0illem
i=1

n
= HZP(}’ilzi =27, =, Zg, = 1) p(Z; = 2|l;,17)

i=1 zeZ

- —[ Z Po(vilZi = 2) Uz € [1i,1i]} Po(Z; = 2)/pw(Z: € [l i)

i=1 zeZ

= -ﬁ{Pw(Zi € [li:ri])}_ll ﬁ Z pe(VilZ; = z) w(2)
i=1

i=1 zezn[l;ri]

This analysis focused on the partial likelihood
vwo =[] ) roilzi=n0@
i=1 zezn[l;ri]
omitting the term [ {po(Z; € [I;, ;DI = [T~ 1562 1{z € [l;,1;]} w(2)} 1. The analysis
sought to maximize L*((’I), @) by iterating between updates to & (“Step A”) and updates to 8

(“Step B”).
Step A in turn consisted of a further iteration between the following steps:

A[i]: For each z € Z, compute p;5(Z; = z|l;,1;,y;) using Bayes’ Theorem and the
assumptions:

Pap(VilZi = 2,21, = 1;, Zr, = 7)0op(Zi = 2|21, = i, Zp, = 17)
YoezPap(VilZi = 2,21, = 11, Zr, = 1) 0ap(Zi = 2|2, = 1;, Zp, = 1)

_ pe(ilz) Hz € [, pa(Z; = 2)/pa(Z € [I,7])
Y2ezPp(ilz) Hz € [, 1} pa(Z; = 2) /pa(Z € [L,T])

PapZi =zl y) =
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_ Hz € [l;, i1} pa(yil2) @(2)
Zzezn[li,ri] pe(vilz) &(z)

Alii]: For each z € Z, update:

n
1
6@ = Pap = 2lluT D)
i=1

Steps A[i] and A[ii] were iterated until the relative norm difference ||w("e‘”) — w("ld)” /

||w(°ld) || was less than a tolerance value.

Step B consisted of the update:

n
0 < arg max log L* (@, 0) = arg méaxz log Z PeVilZ; = 2) W(2)

i=1 zezn[l;,ril
The maximizing value has a closed-form solution if pg(y;|2z) is a linear model; otherwise, it
can be found by numerical methods, such as the Broyden-Fletcher-Goldfarb-Shannon
(BFGS) quasi-Newton method. (Langohr and Gémez Melis 2014; Bolker and R Core Team

2020)

Steps A and B were iterated until the sum of relative norm differences

”w(new) _ w(old)” ”0(new) _ e(old)”
[0C@] | [eem@]]

was less than a tolerance value.

A limitation of the GEL approach for our application is that it does not account for
calendar time, which is an important factor to consider in incidence estimation. The
probability that a given individual becomes infected at a particular point in time depends on

the contemporary population prevalence of infectious individuals with whom they might

77



interact.

In this chapter, we propose an alternative to the GEL approach: we can model the
distribution of seroconversion dates directly and then derive the distribution of infection
durations from this model. Using this approach, we derive a simpler estimation procedure
than the GEL approach’s procedure: we remove a second loop nested inside the main
iteration loop, and we replace a Quasi-Newton maximization step with a faster step using

Fisher scoring. (Lange 2010)

5.1 Notation

In this chapter, we use the following notation. A calibration data set D consists of the
following random variables observed for each of N participants: the date when participant i
enrolled in the study, E;; the date of participant i’s last seronegative test, L;; the date of
participant i’s first seropositive test, R;; the vector of participant i’s sample collection dates
after seroconversion, 0; = (0yq, ..., 0;,); and the vector of MAA classification outcomes for
participant i’s blood samples collected after seroconversion, ¥; = (Y, ..., Yiy,). Each Y;; is
binary; Y;; =1 indicates a positive classification, and Y;; = 0 indicates a negative
classification. In addition, we define an unobserved variable: the date when participant i first
seroconverted, S;. We also define the following variable transformations to represent the
time differences between a participant’s actual seroconversion date and their biomarker
sample collection dates: T;; = 0;; — S; and T; = (Tyy, ..., Tin,). The corresponding observed
values are e;, l;, 1, 0; = (0i1,,0in), ¥i = Wity ) Yin)s Siv tij =0i5—s;, and t; =

(i1, - tin,), TESpECtively.
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5.2 Assumptions

To enable our joint modeling analysis, we make nine modeling assumptions about the
relationships among these variables. These assumptions can be grouped in several ways.
Assumptions 1-3 are also used by the midpoint and uniform imputation approaches, while
Assumptions 4-9 are used only for joint modeling. Assumptions 1, 3, 4, 5, and 6 specify
independence relationships among the variables in our data set; they enable us to
decompose the joint likelihood into a hierarchical model structure amenable to estimation.
In this hierarchical model, the sub-model for Y;; (the binary MAA classification of the sample
collected on date 0;;) depends only on T;; (the elapsed time since seroconversion), and the
sub-model for S; (the seroconversion date) depends only on E; (the enrollment date).
Assumptions 2-4 characterize the distribution of the outcome, Y;, assumptions 5 and 6
characterize the distributions of the enrollment and follow-up observation dates
(E;, Li, R;, 0;), and assumptions 8 and 9 characterize the distribution of the interval-censored

covariate, S;. Assumption 7 distinguishes the parameter sets for the various sub-models.

First, we assume that the participants’ data are independently and identically

distributed; that is, (Ei, Li' Ri, Ol‘, YiJSi) ":i p(ei, li, 1,0, Y, Si)'
2%

Second, we assume that p(y;|t;) has a functional form which would be estimable if t;
were observed precisely; for example, a generalized additive model (Hastie and Tibshirani

1990)

Third, we assume that longitudinally repeated MAA classifications of the same individual
are mutually independent, conditional on the duration of infection at the time of sample

collection; i.e, p(¥;|t;) = Ilje1n, P(ijl tij). This assumption is unnecessary when the
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regression parameters are the only estimands of interest; in such cases, we can use any
regression model p(y;|t;) which we could fit with an uncensored covariate, including models
with random effects, autoregressive parameters, or other forms of autocorrelation. This
assumption is necessary for our particular motivating application because we want to
transform the estimated regression model p(y;;|t;;) into an estimated mean window period
{; if random effects or other forms of correlation are added to this model, there is no longer
a straightforward way to use the model to estimate u. This issue is further discussed in. Note
that this assumption and the preceding two are not specific to the joint modeling approach;
they are also relied upon for midpoint imputation and uniform imputation when we use

these approaches for our application.

If individuals never re-entered the MAA-positive state after exiting, then this assumption
would be clearly false, and a survival model for time-to-MAA-negativity should be used
instead of the Bernoulli model that we are proposing here. The survival model approach to
mean window period estimation has been considered elsewhere (Hanson et al. 2016)
However, depending on the MAA being used, it is possible for individuals to return to the
MAA-positive state long after exiting, especially as infections progress toward AIDS and the
immune response weakens (Brookmeyer 2010) In order to allow for this possibility, we

chose to consider the Bernoulli model.

Fourth, we assume that conditional on the vector of infection durations corresponding to
the dates of biomarker sample collection, the corresponding MAA classification is
independent of the participant’s enrollment date, seroconversion date, seroconversion

censoring interval endpoints, and biomarker sample collection dates; that is,
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p(yile, i1y, 04,50 = p(yilty).

Fifth, we assume that the follow-up dates through the first seropositive test are
independent of the actual seroconversion date, conditional on enrollment date; that is,
p(l;, rile;, s)) = c(l;, 15 €) 1{s; € [l;, 1]}, where c(l;, 1;; e;) is the probability, conditional on
E; = e;, that participant i’s pre-seroconversion follow-up schedule includes tests at [;
followed by r;. Given such a schedule, L; = [; and R; = r; if and only if s; € [[;,r;]. This

assumption entails that p(s;|e;, l;, ;) = p(s;|S; € [L;, 7], €)):

p(l;,riles, s)) p(sile;)
Ysieresp P riles, i) p(sile)

p(sile;, 1, 1) =

_ c(ly, ;) 1s; € [l;, i1} p(sile;)
c(ly,mi;e) ZsiER(Si) 1{s; € [l;, ]} p(sile;)

_ 1{s; € [l ]} p(sile)
Ysieresp 1si € [, mil} p(sile)

_ 1{s; € [l ]} p(sile)
p(S; € [li,mille;)

_ p(Si =53, S; € [li,rille;)

 p(Siellurlle)

(5.1)

=p(S; =silS;i € [lyml &)
Note that the right-hand side of this equality is determined by p(s;|e;), so both sides only
depend on the parameters of p(s;|e;). This relationship is referred to as non-informative
censoring, and it is frequently assumed in analyses of interval-censored data (Gémez et al.
2003; Sun 2006) It is plausible for study designs with prespecified follow-up testing
schedules, but it might be violated, for example, if study participants can request an earlier

test date when they feel sick or believe they may have been exposed; e.g., after high-risk
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behaviors.

Sixth, we assume that conditional on enrollment date and the censoring interval
endpoints, the post-seroconversion observation dates are independent from the actual
seroconversion date; that is, p(0;le;, l;,7;, s;) = p(o;le;, l;, ;). An equivalent but perhaps less
intuitive formulation of this assumption is p(s;|e;, [;, 13, 0;) = p(s;le;, 1, 1;); we will make use

of both formulations.

Seventh, we assume that the conditional distributions p(e;), p(s;le;), p(l;, rilei, si),
p(o;le;, 1, 1), and p(y;;|t;;) are characterized by disjoint parameter sets; we denote the

parameters of p(s;|e;) and p(y;;|t;;) by w and 6, respectively.

Eighth, we assume that the seroconversion date, S;, has a countable sample space, § =

{s; < s, < -} c R*, consisting of an evenly-spaced grid of dates starting with s; = rglnllv l;
l :

and including at least one date from every censoring interval in the data set; the spacing of
this grid, y = si41 — Sk, can be as small as computationally feasible, thus approximating a
continuous distribution. This assumption is a simplification of the true data-generating
process, but it greatly simplifies the subsequent analysis; it enables us to compute
expectations over the possible seroconversion dates as sums, rather than as integrals which
may not be analytically solvable. It should also be noted that in most cases, the exact clock
time of blood sample collection is not recorded; thus, the observed data are already

effectively discretized at the day level.

Ninth, we assume that p,(s;|e;) = 1{s; = e;} w(s)) [luesnie;spfl — w(W)}; that is,
conditional on enrollment date E;, the distribution of S; is analogous to a non-homogeneous

shifted geometric distribution, with parameter set w={w(s) =
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p(S; = s|S; = s,E; = ¢;);s € S}, indexed by calendar time s. Calendar time, rather than time
since enrollment or time until the first seropositive test date, is chosen as the basis for the
parametrization because the risk of infection is viewed as a function of the contemporary

population disease prevalence.

Using these assumptions, we will now decompose the joint likelihood of the observed
data into a hierarchical model. We will then maximize the decomposed joint likelihood using

the well-known EM algorithm (Dempster et al. 1977; McLachlan and Krishnan 2007)

5.3 Approach

If S; were observed, then the likelihood contribution from each participant's MAA
classification data would be £; = p(e;, [;, 11, 0;, ¥;, 5;). This expression is the “complete-data
likelihood” for individual i. Since S; is not observed, we apply the law of total probability to
marginalize £; over s; and obtain the “observed-data likelihood":
Ly =ple,lym,0,y) = Z p(e, 13,0,y 5) = Z L
S;€ES S;ES
The statistical objective is to model ¢(t) = p(Y;; = 1|T;; = t); in order to express £; ina form
involving p(y;;lt;;), we decompose L; into a hierarchical model reflecting the study design,

and we simplify this decomposition using our assumptions 2, 4, 5, and 6:
L =p(e) p(sile) p(li, miley, si) pogley, Uy iy s) p(yiley Ly i, 04, 50)

= p(e) po(sile) p;, riles, s;) p(o;le;, 1, 1i) 1_[ pe(yijltij)

JELn;

Correspondingly, the observed-data likelihood contribution for participant i is:
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L; = p(e;) p(o;le;, 1;,1i) Z Pw(sile)) p(l;, riles, s;) 1_[ po (ijlti;)

SiES JELn;
The observed-data likelihood for the data set is then £ = [];c;.x £;, and the observed-data

log-likelihood is:

t = Z logp(e;) + logp(o;le;, l;, ;) + log Z Pw(sile)) p(li, rile;, s;) 1_[ pe(yijltij)

iEL:N SiES JELM;

5.3.1 Estimation procedure

We would like to estimate pg(y;;|t;;) by maximizing the observed-data log-likelihood, £, but
the third term of ¢ is the logarithm of a sum and thus is challenging to maximize directly.
Fortunately, the theory of the EM algorithm proves that for a given parametrized complete-
data model py(e;, I;, 73, 0;, ¥;, 5;) and initial parameter estimate @, iterating the following two
steps will monotonically increase the observed-data likelihood £ toward a local maximum
or saddlepoint; the latter can be escaped by randomly perturbing the converged solution
(McLachlan and Krishnan 2007) In the E step, we calculate the expectation of the complete-
data log-likelihood, conditional on the observed data and assuming that the parameters of
the distribution of the unobserved variables, given the observed variables, are equal to the
current parameter estimates @:

(P, ?) = Z Egllog L; (W) le;, l;, 13,05, y:] = Z Z log{L; (W)} pe(sile;, i, 1,04, y:)
{ELN {EL:N 5;€8

In the M step, we maximize Q (W, ®) over the possible values of ¥ and update @ to this new
value; the function Q(W, (I)) is often easier to maximize than the observed-data log-

likelihood. We will now specify this algorithm for our data analysis problem.
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E step:
To complete the E step, we need to solve for pg(s;|e;, l;, 1;, 0;, ¥;). Applying Bayes’ Theorem

and our assumptions, we find:
peo(siles Lo 05, ) = pe(yile, i, 11, 04, 5:) pe(siles i, 1, 04)
PP TU A Ty es e (Yiles L, i, 04, 80) pe(siles, 1,1, 0;)

_ e (Vilt) pa(silS; € [l mil, e)
ZsiES pa(yilt)) pa(silS; € [, 1] e)

We can calculate pg(s;|S; € [I;, 7], e;) in that expression as follows:

Pw(Si = 5:,5; € [, i]|E; = ¢;)
S; =s;|S; € [l;,1;],E; = €;) =
pw( l ll L [l l] l l) pw(si E [li,rl']lEi — ei)

P8 €[, rilIS; = s, E; = ) po,(Si = silE; = ¢
P (Si € [l i]IE; =€)

~ Usi € [lynil} po(Si = silE; = e;)
P (S;i € [l ]IE =€)

S; =5,5 = L|E; = e
— l{sl E [ll,rl]} pw( L L L ll L — l)
Po(Si <1, S = LIE; = e;)

pw(si = Silsi = li;Ei = ei) pa,(Si = liin = ei)
=1{s; € [l;,;]} — —
Po(Si <1lSi 2 L, E; =€) pey(S; = I, E; = €;)

Si =si|S; = I, E; = e
— l{sl E [ll,rl]} pw( L l| l L l — l)
Pw(Si < 1ilS; = 1, E; = e;)

Y = py (S > nilS 2 L E =€)

= 1{s; € [I;,n;]} 1is; 2 e} w(s) [uesnimaxaen.spd — @)
i ir'i 1-— Huesn[max(li,ei),ri](l - w(u))

1{s; € [l 1], s = e-}w(si) [Muesnimaxqensp(t — @)
i pliliSi = Gy Huegn[maX(li,ei),ri](l —w(w)

Thus, to perform the E step we only need estimates for w and 8.

85



M step:
Expanding the term log £; (¥) in Q(¥, ®), we have:

log L; (W) = logp(e;) +logp,(sile;) +logp(l;,7ile;, s;) +logp(o;le;, I, 1i)

+ Z log pe(yijti;)

JELM;
By assumption 5, each of these terms involves a disjoint set of parameters; thus to maximize
Q(‘l’, ‘T’), we can maximize each term'’s expectation separately. Further, the terms log p(e;)
and logp(o;|e;, l;, ;) do not involve s;, so their expectations are merely the original terms.
They can be maximized immediately in the first M step and do not need to be revisited in
subsequent iterations. Since we are not interested in these distributions and the E step does
not require the parameters of these distributions, we can ignore the details of specifying and
maximizing them. For the same reason, we can also ignore the term log p(l;, ;|e;, s;). Thus,
maximizing Q(‘P, ‘T’) over W reduces to maximizing Q*(‘l’, lT’) = Qg (‘l’, lT’) + Q, (‘P, lT’) over

w and 0, respectively, where:

Qo(P, @) = Z Z Z log{pe(vij|tij)} pap(silen i1 01, ¥1)

i€E1:N s;ES jELin;

Qu(¥, P) = Z Z log{pe(sile)} pga(sile i1, 04, ¥:)

i€EL:N s;ES

That is, the M step can be subdivided into two parallel sub-steps, 8 « arg max Qo (‘P, ‘T’) and
® < argmaxQ,, (‘l’, ‘T’). Assuming a discrete distribution for the interval-censored covariate
w

ensures that these expressions are tractable to maximize.

We can maximize Q,, (‘l’, lT’) analytically. For s,u € 8§ N [e;, ), we have:
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logpa(sile) =logw(s) + > log(1 - w(®)

veSn(e;,s;)

d 1 1
do@) logp,(sile) = Hu = Si}m — L{u € [e; s} o)
0 ®) = ) Y (s loguCsiled ) pasCslen o 00,30
i€E1:N s;ES
As a temporary shorthand, let p = pg5(s;le;, l;, 77, 0, ¥;); then, setting e )Qw(‘l’ ll’) =0

and solving for w(u), we have:

> (d logPa(sile))» =

lElNSES
o l;}\/;(l{u — 1{u € e 50} 5 i)(u)>ga —0
= l;}\/;l{u ( )ga — 1{u € [¢;, 1)} (u)ga 0
@ZZl{u—sl} )49 Zzl{ue e, S 1)} ()
lElNS [ES lElNSES
w(u Z Z Wu=sip= w(u) Z Z Hu € lewsd}p
lElNSES lElNSES

e (1- a)(u))zz {u=s;}p= w(u)zz H{u€le,s)lp

= (Z Z 1{u=s;}p— a)(u)z z 1{u = s;} p) = w(u) ZZ Huele,s)}p
o 2 > 1 =sip = o) ZE(l{u € [en s} + 1{u =5,
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o Z Z 1u = s}p = () ZZ 1u € ey, 5.1}
o zz lu=s}p = ) ZZ e, <ull{s; = ulp
= ZZ 1= sl = 0@ ) 1{lei <u}) Usizu)p
o Z Z 1w = 51} pos(siles L m 00 y0)
| = o) Z 1{e; < u}z 1{s; = w} pgg(siles 1, 04, ¥)

< Z papule, 1,0,y = w(w) Z He; < ulpap(S; = ule,li, 1,0,y
B B

YietnDPogule, 1,04, y;)
Yiern ey S uppga(Si = ule, 113,04, ¥:)

o wu) =
Thus, we have the following closed-form update formula:

YietnDop(Si = uley 1, 13,04, 1)
Yienn 1{e; < ulpg (S = ule, 1,13, 04,y:)

o(u) «

In this update, we estimate the probability of seroconverting on day s, conditional on not

seroconverting prior to s, as the sum of the probabilities that each participant seroconverted

at day s, divided by the sum of the probabilities that each participant was at risk of

seroconverting on day s. These estimates resemble the factors of the Kaplan-Meier product-

limit estimate of a survival function (E. L. Kaplan and Meier 1958) To ensure computational

stability for the time points in the latest censoring interval of a data set, we can add a small

offset to the denominator of this update formula, such as 0.1. This offset results in a small

amount of regularization.
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The objective function for updating @ is equivalent to the log-likelihood of a weighted
regression model, where the data points are the possible completions of our observed data
and the weights are the probabilities of those completions, given the observed data and the
current parameter estimates. Thus, if we have assumed pg(y;;|t;;) is a generalized additive
model, we can find the maximizing value using optimization algorithms such as Fisher
scoring, implemented in standard software such as the “bigglm()” function in R (Lumley

2013; R Core Team 2019)

In summary, the M step reduces to two parallel sub-steps:

YietnDPoa(Si = sley 1,04, :)
Yieun 1{e; < s}pge(Si = sle, i, 13,04, y1)

w(s) « foreachs € § (5.2)

0 « arg max z z z log{pe vij1t:)} paa(siles i i 04 1) (5.3)

iE1:N s;ES je1n;
These sub-steps are computed separately from each other; the updated values of @ are not
used in the update to 8 in the same EM iteration, and vice versa. Each parameter is updated

only once per EM iteration.

5.3.2 Convergence criteria

We have now completely specified the E and M steps of an EM algorithm. To assess
convergence of the algorithm, we can monitor the relative change in the observed-data

likelihood between iterations k and k + 1:

L(k+1) _ L(k) L(k+1)
L ~ T r®

AP = -1

Alternatively, we can monitor the absolute change in the observed data log-likelihood:
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) L(k+1) K
AS, ) logL(k+1) — logL(k) = log< 700 ) = log(AE; ) + 1)

Since lin(l) (log{x + 1} — x) = 0, these metrics are asymptotically equivalent. We can calculate
X—

Afzk) as follows:

L k - TH 0 T r
£ Micrn £{° % W

11 pledp(oile;, l;,my) Zsies[p(;,(’Hl) (sile)) p(l, mile i) Hjel:nip’g‘(kﬂ) ()’ij|tij)] _
{ELN p(e)p(o;le;, ;1) Zsies[Pa,(k) (sile)) p(Li, 7iles, si) Hjel:nipé(k) (yijltij)]

1

[ ZsiES p(;,(k+1)(5i|ei) p(l;,7ile;, s;) Hjel:ni Pa(k+1)()’ij|tij) _

1
AL Tsespaw(sile) pUuiles s) Tjern, oo (vijtis)

TT Zsies Poksn (sile) el i e0) 1s; € [, 11} Tjerm, Pgesn (if|tis) B
i€1N Zsies p(;,(k)(silei) c(ly,7i; ep) 1{s; € [I;, 11} Hjel:nipé(k) (}’ij|tij)

1

171 cllimise) Zsies pa,(k+1)(5i|ei) 1{s; € [l;, i1} Hjel:nl- Pg(k+1)(yl'j|tij) _
i€1N c(ly,1i;€) Zsies pa,(k)(silei) 1{s; € [l;,n;]} Hjel:ni Pa (k)(}’ijltij)

1

3 Yses 1si € [1, 1il} pgoern (sile) Tljern, Py oern (vij|tif) _
€N Hiel:N(ZsiES 1{s; € [l;,n;]} Pat (sile;) Hjel:ni P 0 (}’ij |tij))

1

i el ~ S:le; . . Da .y t
1 Uil e}
s esn[i;ril pw(k+1)( ile:) H]eln pg(k+1)(yu| 11)
Ay Zsesnlyrg Patw (Siled) [jern, pg oo (is]ti7)

1

Correspondingly, the change in log-likelihood reduces to:

n
A — glerd) _ g0 — ZlogZSiESn[li,ﬁ] Pt (Sile)) T jern; Pgoesn (ijlti;)
£ Ysiesnliyr] Pato (Siler) [1jerm; Paco (vijlti;)

Note that we have canceled p(e;), p(o;le;, l;, 1;), and c(l;, r;; e;) out of this expression; hence

it is computable, even though we never actually parametrized or estimated those functions.
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In practice, we found it difficult to choose a tolerance level for A, that was sufficient for
small sample sizes and necessary for large sample sizes; for large sample sizes, the increase
in log-likelihood can still seem substantial for many iterations after 8 is no longer changing

appreciably. As a computational shortcut for the simulation study below, we used a relatively

lax convergence cutoff for the change in log-likelihood, Ag,k) < 0.1, and we added another

~

metric based on the relative change in 8: Agc) = max |9]-(k+1) — 9]-(’() I/Iéj(k)l < 0.0001.
JELD

Note that this metric does not include @. We had two reasons for only considering the
change in 8 and not in &. First, the purpose of our analysis is to estimate y, which is a function
of 8 and not w; we consider w to be a nuisance parameter which we only need in order to
account for the uncertainty about the precise value of our covariate due to interval-
censoring. For our particular motivating application, we might have even ignored 8 and
judged convergence based on the change in /i, which is the estimate we are ultimately most
interested in; our implementation of the algorithm includes this metric as an alternative
option. However, for the purposes of this chapter, we chose to present the criterion based on
0, since in other applications of this approach, the regression parameters may be the
estimands of primary interest. Second, the final few @(s) estimates (ordered by calendar
time) take many iterations to converge, because they are estimated using only the data from
the last participants to seroconvert. However, this instability also does not substantially

affect the overall likelihood, since these parameters only affect the likelihood contributions

from those last few participants.

Even if we considered the full set of parameters (w, 8), the theory of the EM algorithm

does not guarantee that the relative or absolute change in the parameters decreases
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monotonically. Thus, even if 0 has not changed much for several iterations, these estimates

may start changing substantially again in a later iteration. Therefore, we used both the

likelihood convergence criterion Ag,k) and the parameter convergence criterion A(k), and we

stopped our algorithm only when both criteria fall below pre-specified cutoffs.

5.3.3 Uncertainty quantification

As discussed in Chapter 2, the bootstrap approach has been used in combination with
uniform imputation to estimate standard errors and construct confidence intervals for f.
(Efron 1979; Konikoff et al. 2013) The bootstrap can also be used with joint modeling. To
preserve the longitudinal structure of the data set, bootstrap resampling is performed at the
participant level, with all observations from a resampled participant included in the
bootstrapped data set as many times as that individual is sampled, with a new synthetic ID
generated each time an individual is resampled. Once a bootstrap data set has been
generated, the analysis can be run on this data set, producing an estimate of u. This process
is repeated for e.g. 1000 bootstrap data sets, generating a corresponding number of
bootstrapped /i estimates. The standard error of i can then be estimated using the standard
deviation of the bootstrapped /i estimates, and a 95% confidence interval can be constructed
using the 2.5% and 97.5% quantiles of the distribution of bootstrapped [i estimates. We
demonstrate this approach in the simulation analyses below. The same process can also be
used to generate standard errors and confidence intervals for 8 when the regression
parameters are the estimands of interest. The bootstrap is computationally expensive,
especially when combined with an EM algorithm for each bootstrapped data set, but it is

feasible, especially since the bootstrapped data sets can be analyzed simultaneously in
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parallel, if sufficient computing resources are available.

5.4 Comparison of GEL approach and current approach

Our data structure (E,L,R,0,Y,S) is an extension of the GEL approach’s data structure
(Y,Z,Z,,Zg); note that Z is analogous to T = 0 — S, Z, is analogous to O — R, and Zj is
analogous to O — L. Accordingly, with minor modifications to account for repeated
measurements on each participant, the GEL approach could be performed on our data set.

Our approach allows a similar but simpler estimation procedure.

5.4.1 Similarities

Our approach borrows several key ideas from the GEL approach, including iteratively
maximizing the likelihood, the discrete approximation for the sample space of the interval-
censored covariate, and an adaptation of the assumptions to our setting; our assumptions 1,
2,3, and 6 are analogous to assumptions I-IV of the GEL approach, respectively. Our E step is
analogous to step A[i] in the GEL approach; both consist of calculating the distribution of the
censored covariate, conditional on the observed variables and the current parameter

estimates.

5.4.2 Differences in model specification

As discussed above, the GEL approach directly models the distribution of Z, whereas our
approach indirectly models the distribution of T as a function of the distributions of O and S.
We model S using a non-homogenous geometric distribution, conditional on study
enrollment date and with parameters indexed by calendar date; in contrast, the GEL
approach modeled Z using a multinomial distribution with parameters indexed by the time

difference between the date of the censored event and the outcome measurement date. Our
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modeling choice was motivated by the characteristics of our intended application: we view
the risk of infection at a given time point as a function of enrollment date and the time-
varying population prevalence starting from that date, interacting with individual risk

behaviors.

5.4.3 Differences in estimation procedure

The updates for @ and 8 in the M step are analogous to step 0 and B of the GEL approach,
respectively, but there are noteworthy differences. We perform the update for @ once per
update to 8, avoiding the inner loop of Steps A[i] and A[ii]. Furthermore, our update for 8
maximizes the expectation of the logarithm of the outcome distribution, whereas the GEL
approach maximizes the logarithm of the expectation. Consequently, the GEL approach for
generalized linear models cannot use Fisher scoring to find the MLEs; instead, a version of
the Broyden-Fletcher-Goldfarb-Shannon (BFGS) Quasi-Newton method is used. Using
Fisher scoring instead of BFGS resulted in a substantial speed increase for our analysis. Also,

in the GEL approach, the expectation in step A[ii] does not condition on y;.

5.5 Simulation study

To evaluate the performance characteristics of our joint modeling approach, as well as
midpoint imputation and uniform imputation, we developed a data-generating model, which
we used to produce simulated data sets. We designed the data-generating model based on

the FHI 360 HC-HIV and GS studies, described in Section 2.4.2.

5.5.1 Data-generating model

We began by specifying a cohort size, N,. We considered two sizes: N, = 4500 participants,

to resemble the HC-HIV study, and Ny, = 100,000 participants, to examine the methods’
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large-sample properties.

Next, for each participant, we simulated the enrollment date E; from a discrete uniform
distribution on the first 366 dates starting from the study start date. We assigned each
participant a corresponding study exit date, F; = E; + 3650 days, representing the end of

follow-up ten years after enrollment.

We assumed that only a small fraction of the population is at risk of infection; specifically,
we assumed that each cohort participant has a m = 0.05 probability of being at risk. We
assigned each simulated participant an at-risk status 4; as a Bernoulli random variable with
p(A; = 1) = m. Simulated individuals with A; =0 have no chance of contributing
observations to the calibration data set, since they will never seroconvert. For the
participants with A; = 1, we assumed a time-to-event model for the distribution of
seroconversion dates with a linearly changing instantaneous hazard rate A(t) = a + ft,
where t is time since the study start date (in years), « is the hazard of seroconversion at
study start (events per person-year), and £ is the change in hazard per calendar year (events
per person-year?). We considered the following seven pairs of a and g values: (0, 0.5), (0, 1),

(0,2), (1,0), (1, 0.5), (10, 0), and (10, 0.5).

From this hazard model, we calculated the inverse survival function G;*(u) as follows.
Letting t, denote the study start date and t(s) = (s — t,)/365 denote the elapsed time (in
years) from ¢, to s, this hazard model leads to the following participant-specific cumulative

hazard function:

t(s)

A(t(s)) = f (a + Bu)du = |at(s) + g{t(s)}z] _ [at(el-) + g{t(ei)}z

u=t(e;)
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The corresponding survival function is G;(s) = p(S; = s|E; = ¢;) = exp{—Ai(t(s))}. If B #

0, then by the quadratic formula:

—a +/a? - 2p{log(w) — [at(e;) + B{t(e)}?/2]}
B

G l(w) =ty + x 365 days/year

For § = 0.5, the positive square-root is the one of interest, since otherwise G; *(u) < t,. For
p = 0, the distribution reduces to a shifted exponential distribution with rate parameter «;
then the survival function is G;(s) = exp[—a{t(s) — t(e;)}], and the inverse survival function
is  G7'(w) =ty + [t(e;) — {log(u)/a}] X 365 days/year. We then simulated the

seroconversion date S; = G; *(U;), where U; has a standard continuous uniform distribution.

We considered two protocols for pre-seroconversion follow up: testing every 12 weeks
(84 days), as in the HC-HIV study, or testing every year (365 days). Let § € {84,365} denote
this parameter. For each design, we assumed that there would be a small amount of random
deviation from the protocol in scheduling each test; specifically, each test is scheduled § +
D;; days after the last test, where D;; is simulated from a discrete uniform distribution on the
integers {—7, ..., 7}. These offsets, combined with the variation in study enrollment dates,
entail that the resulting censoring intervals are not limited to a mutually exclusive set of
calendar-time intervals; instead, the participants’ censoring intervals can partially overlap
with each other. This modeling choice is realistic and helps avoid edge cases in which the EM
algorithm struggled to converge. The seroconversion interval is defined as [L;, R;], where L;
is the date of the last test before §;, and R; is the date of the first test after S;. Simulated
participants for whom seroconversion is not detected before the end of their follow-up

duration (i.e.,, R; > F;) do not contribute any observations to the calibration data set and
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were removed from the subsequent data-generation steps.

The first post-seroconversion blood sample collection date is the date when

seroconversion is detected; that is, 0;; = R;. The subsequent collection dates {0;;; j € 2:n;}
follow the GS Study protocol of visits at 4, 8, and 12 weeks after R; and then at 12-week
intervals, continuing until 10 years after enrollment in the pre-seroconversion phase of the
study (F;). For simplicity, scheduling offsets were not implemented for these dates; we did

not see any reason why such offsets would meaningfully alter the results.

For each observation date 0O;;, we calculated the corresponding time (in years) since

ij

seroconversion, T;; = (Oij - Si)/365. We then simulated an MAA classification, Y;;, from the

jr
Bernoulli  distribution with success probability ¢(t) =p(Y; =1|T;; =t) =1+
exp{—(8, + 6,t)}) "1, where 6, = 0.986 is the log-odds of MAA-positive biomarker assay
measurements on the date of seroconversion, and 8; = —3.88 is the change per year since
seroconversion in the log-odds of MAA-positive biomarkers; these parameters were
estimated using midpoint imputation (for convenience) from the Clade C data set described
in Section 2.4, consisting of 2,442 samples from the CAPRISA 002, FHI-360 GS, and HPTN
039-01 cohort studies (Laeyendecker et al. 2018) The corresponding mean window period
u is approximately 122.6 days:

p=| ¢@dt

t=0

- f " (1 + exp{—(0, + 6,0)})1dt

3 [log{exp(eo +6,t)+1}]7
= )

t=0
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_ log{exp(8,) + 1}
= 5

~ 122.6 days

We used this target parameter value to assess our data analysis methods’ accuracy.

For this simulation, the functional form of ¢(t) was specified as a generalized linear
model with a Bernoulli outcome distribution, a logistic link function, and with the log-odds
linear in t; this form was chosen for simplicity and because it permitted a closed-form
expression for u. In practice, we would typically use a logistic model with a higher-order
polynomial or spline function for the log odds, and we would integrate ¢(t) numerically to
calculate fi. Using polynomials or splines for the linear component of the model allows the
fitted curve ¢(t) to be flexible and data-adaptive. The use of a logistic link function is not
crucial; probit or identity link functions could also be used. With a sufficiently flexible form

for the linear component, any shape for ¢ (t) is possible for any of these link functions.

5.5.2 Simulation analysis

We implemented the data-generating model, as well as the midpoint imputation, uniform
imputation, and joint modeling analyses, in the R statistical computing environment, version
3.6.1, starting from code implementing the GEL approach (R Core Team 2019; Langohr and
Gomez Melis 2014) We generated 1000 simulated data sets for each combination of cohort
size N, € {4500, 10°} participants, mean follow-up interval § € {84,365} days, and hazard
function A(t) € {0+ 0.5¢,0+¢,0+ 2t,1+0t,1 + 0.5¢,10 + 0t,10 + 0.5t} events per
person-year. With each data set, we performed midpoint imputation, uniform imputation
with 100 imputed data sets, and our joint modeling analysis; all three analyses used the

correct logistic functional form to model ¢(t) = p(¥;; = 1|T;; = t). We stopped the EM
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algorithm when Ag,k) < 0.1and Ag() < 0.0001. Each analysis produced an estimate fi; for each

data set i € {1: 1000}. Accordingly, for each analysis we estimated bias and standard error

_

by E[i — u] = A — p and VE[(2 — E[2])?] = J(n — 1)71Y™ . (4; — A)?, respectively, where
f =n"1Y™ . ;. Results are listed in Tables 5.1 and 5.2.

To apply our joint modeling approach, we needed to choose a spacing width y for the grid
of possible seroconversion dates, §, in the seroconversion date model. The choice of y
determines the number of dates in §, and equivalently the number of parameters in w which
must be estimated; smaller values of y require more parameters. For the scenarios with
mean pre-seroconversion follow-up interval § = 84 days, we chose y = 1 day (Table 5.1).
For the scenarios with § = 365 days, the simulations took too long to run with y = 1 day,
given our computational resources and current software implementation, so we instead
performed the analysis with y = 7 days (Table 5.2). To determine whether different choices
of y affected bias and variance, we also performed the joint analysis with y values of 7, 28,
and 42 days for the scenarios with § = 84 days, and with y values of 28 and 42 days for the

scenarios with § = 365 days (Table 5.3).

Enrollment dates are routinely recorded in cohort studies. Unfortunately, in our
particular data sets, we did not have enrollment dates available. As a possible solution, we
considered assuming that all participants had enrolled prior to the start of the earliest
censoring interval. To test this strategy using our simulation framework, we generated a
modified version of each simulated data set, with the enrollment dates, e;, overwritten to

equal min [;. We then applied our joint modeling analysis to these modified data sets (Table
l
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5.4); note that midpoint and uniform imputation are unaffected by these data modifications.

To demonstrate our proposed bootstrap approach to uncertainty quantification, we
applied it to an example simulated data set from the scenario with Ny = 4500 cohort
participants, § = 365 days between pre-seroconversion follow-up visits, and hazard rate

A(t) = 1 + 0.5t events per person-year.

5.6 Simulation results

Table 5.1 shows simulation results for scenarios with cohorts of N, = 4500 participants. Our
joint modeling analysis consistently produced estimates with biases of less than 9 days off
from the target value, u = 122.6 days, across all combinations of follow-up interval widths
(8) and hazard functions (a + ft) that we tested. In contrast, midpoint imputation produced
estimates with biases of up to 76 days off from the target value, and uniform imputation
produced estimates with biases of up to 99 days off from the target value. Standard errors
were comparable for all three methods in most scenarios; they were substantially larger for
joint modeling in the scenarios with wide censoring intervals and fast hazard rates, but even
in these scenarios, the increase in standard error was less than the reduction in bias, relative

to the other methods.

The biases for midpoint imputation ranged from moderately positive (+12.0 days) to
very negative (-75.7 days), whereas the biases for uniform imputation ranged from
negligibly positive (+0.7 days) to very negative (-98.7 days). The cause of these biases is
explored in detail in Section 5.7. In short: the distribution of the seroconversion date
conditional on the enrollment date and censoring interval, p(s;|e;, [;, 1;), is right-skewed in

the scenarios with a € {1,10}; these methods incorrectly assume that this distribution is
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uniform or at least symmetric, and the violation of this assumption produces bias: these
methods tend to overestimate the seroconversion date and hence underestimate the elapsed
time from seroconversion until biomarker collection, resulting in an underestimate of u. In
contrast, for the scenarios with a = 0, p(s;le;, l;, ;) can be left-skewed, right-skewed, or
symmetric, depending on where the censoring interval, (I;, 1;), is located relative to the peak
of p(s;|e;). In these scenarios, the bias introduced by uniform or midpoint imputation can be
either positive or negative, depending on the hazard function’s slope, 8, and the mean follow-

up interval width, §.

Table 5.1: Simulation results: bias and standard error of estimates for u, by method, in scenarios with cohort size No = 4500.

Simulation parameters Bias of [i (days) Standard error of [i (days)
6:
mean pre- @+ Bt:
. hazard rate =~ Midpoint Uniform Joint Midpoint  Uniform Joint
seroconversion . . . . . . . . . :
follow-up interval (events / imputation imputation modeling imputation imputation modeling
p
person-year)
(days)
84 0+ 0.5¢t 0.2 0.7 -0.3 4.4 4.4 4.5
0+t -0.1 0.5 -0.1 4.3 4.3 4.3
0+ 2t -0.4 0.1 0.3 4.3 4.3 4.4
1+ 0t -0.5 0.1 0.2 4.3 4.3 4.4
1+ 0.5t -0.9 -0.4 0.1 4.4 4.4 4.4
10 + 0t -10.0 -9.5 -0.7 4.3 4.3 4.6
10 + 0.5t -10.2 -9.7 -0.6 4.3 4.3 4.6
365 0+ 0.5¢t 12.0 -19.3 -1.9 7.8 7.2 8.3
0+t 6.1 -25.4 -0.9 8.0 7.0 8.9
0+ 2t -5.7 -37.5 0.1 8.2 6.7 10.5
1+ 0t -2.4 -33.9 -0.7 8.1 6.9 9.7
1+ 0.5t -8.6 -40.0 -0.7 8.3 6.7 10.3
10 + 0t -75.1 -98.3 8.7 10.0 3.2 35.8
10 + 0.5t -75.7 -98.7 8.0 10.1 3.2 36.1

Table 5.2 shows simulation results for scenarios with cohorts of N, = 100,000
participants. The estimated biases in these scenarios are nearly identical to those in table 1,
except that joint modeling no longer results in any substantial bias, even for § = 365 and
a = 10; it appears that the bias we observed for joint modeling when N, = 4500 was only a

finite-sample phenomenon. The standard errors are mostly negligible at this cohort size for
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all three methods, except again for joint modeling in the scenarios with § = 365 and a = 10.

Table 5.2: Simulation results: bias and standard error of estimates for u, by method, in scenarios with cohort size No =

100,000.
Simulation parameters Bias of [i (days) Standard error of i (days)
S: a+ ft:
mean pre- hazard rate Midpoint Uniform Joint Midpoint  Uniform Joint
seroconversion . . . . . . . . . .
. (events / imputation imputation modeling imputation imputation modeling
follow-up interval
(days) person-year)
84 0+ 0.5t 0.3 0.9 0.0 0.9 0.9 1.0
0+t 0.0 0.6 0.0 0.9 0.9 0.9
0+ 2t -0.6 0.0 0.0 0.9 0.9 0.9
1+0t -0.6 0.0 0.0 0.9 0.9 0.9
1+ 0.5t -0.9 -0.3 0.0 0.9 0.9 0.9
10 + 0t -10.1 -9.6 0.0 0.8 0.8 0.9
10 + 0.5t -10.4 -9.9 0.0 0.8 0.8 0.9
365 0+ 0.5¢t 12.0 -19.3 -0.2 1.7 1.5 1.7
0+t 6.0 -25.3 -0.2 1.6 1.5 1.8
0+ 2t -6.1 -37.5 -0.1 1.7 1.4 2.1
1+ 0t -3.2 -34.3 -0.4 1.7 1.4 2.0
1+ 0.5t -8.9 -40.0 -0.3 1.7 1.4 2.0
10 + 0t -77.8 -98.5 0.0 2.0 0.7 7.9
10 + 0.5t -78.3 -98.9 -0.2 2.0 0.7 8.0

Table 5.3 examines the effects of changing the joint modeling approach’s seroconversion
model grid width tuning parameter, y, in the scenarios with cohort size N, = 4500 and
hazard rate slope f = 0.5. Scenarios with § = 0 produced nearly identical results (not
shown). We only observed substantial effects of y on bias or standard error for the scenario
with @ = 10 events per person year. In the scenario with § = 365 and a = 10, there was a
noticeable bias-variance trade-off: larger values of y produced larger biases but smaller

standard errors.

Table 5.4 examines the consequences of incorrectly assuming that all participants
enrolled prior to the start of the earliest censoring interval. This assumption led to biases
and standard errors approximately equal to those produced by uniform imputation in Table

1; clearly, it is an unsafe assumption.
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Table 5.3: Simulation results: bias and standard error of joint modeling approach estimate for p, by seroconversion model
grid width, in scenarios with cohort size No = 4500 and hazard rate slope 8 = 0.5.

4:
mean pre- @+ Bt y: . o Standard
seroconversion hazard rate Seroconversion Bias of error of i
follow-up interval (events / person- model grid width (days) (days)
(days) year)
84 0+ 0.5t 1 -0.3 4.5
7 -0.2 4.5
28 -0.1 4.5
42 0.0 4.5
1+ 0.5t 1 0.1 4.4
7 0.1 4.4
28 -0.1 4.4
42 -0.3 4.5
10 + 0.5¢ 1 -0.6 4.6
7 -0.9 4.6
28 -2.0 4.6
42 -3.3 4.6
365 0+ 0.5t 1 -1.9 8.3
7 -1.6 8.3
28 -1.0 8.3
42 -0.3 8.3
1+ 0.5t 1 -0.7 10.3
7 -0.8 10.3
28 -0.9 10.2
42 -0.9 10.2
10 + 0.5¢ 1 8.0 36.1
7 2.3 34.2
28 -10.2 29.9
42 -16.7 27.7
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Table 5.4: Simulation results: bias and standard error of joint modeling estimate for u with incorrect enrollment dates, in
scenarios with cohort size No = 4500

é: a+ ft:

. . R Standard error
mean pre-seroconversion hazard rate Bias of /i (days) £ (days)
follow-up interval (days) (events / person-year) o (aays

84 0+ 0.5t -0.8 4.5
0+t -1.0 4.3

0+ 2t -1.2 4.3

1+0t -1.5 4.4

1+0.5¢ -1.8 4.4

10 + Ot -10.7 4.3

10 + 0.5t -10.8 4.4

365 0+ 0.5t -10.2 8.0
0+t -18.0 8.2

0+ 2t -34.6 7.7

1+ 0t -26.6 9.4

1+0.5¢ -36.6 9.2

10 + 0t -98.2 3.3

10 + 0.5t -98.6 3.3

To illustrate the joint modeling approach, Figure 5.1 shows an example of an estimated
cumulative distribution function for seroconversion date, given enrollment on the first day
of the study (dotted line). We produced this estimate by applying our joint modeling analysis
to a data set which we simulated using the data-generating model described in Section 5.5.1,
for the following scenario: initial cohort study size N, = 100,000 participants, mean pre-
seroconversion follow-up interval § = 365 days, true hazard rate at study start @ = 1 event
per person-year, true hazard rate changing by f = 0.5 events per person-year?, and joint
model seroconversion grid spacing width y = 7 days. The random number generator was
initialized with seed = 1. We also show the true data-generating cumulative distribution
function (solid line). In this figure, the estimated survival curve is very close to the true
survival curve; due to the large sample size, there is very little variance left in the estimated

curve.
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Figure 5.1: Estimated cumulative distribution function and data-generating cumulative distribution function for
seroconversion date, given enrollment on the first day of the study, for a simulated data set.
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Figure 5.2 shows an example of ¢ and /i estimates produced by applying the midpoint
imputation, uniform imputation, and joint modeling approaches to the same simulated data
set used in Figure 5.1. There is very little sampling variance left at this sample size, so
discrepancies between the data-generating model and the three estimated models can be
attributed predominantly to bias. For this simulated data set, our joint modeling approach
produced a ¢ estimate nearly identical to the data-generating model’s; the corresponding
estimate i = 121.5 days is only 1.1 days below the target value derived from the data-
generating model, p = 122.6 days. In contrast, midpoint imputation moderately
underestimated ¢ (t) for the first 9 months after seroconversion and underestimated u by
11 days. Uniform imputation substantially underestimated ¢ (t) for the first 9 months, and

moderately overestimated ¢ (t) for the next two years; the resulting /i = 81.8 days
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underestimated y by more than 40 days.

Figure 5.2: Estimated probability of MAA-positive biomarkers as a function of time since seroconversion, by method, for a
simulated data set.
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When we performed the bootstrap procedure from Section 5.3.3 on an example data set
from the scenario with N, = 4500 cohort participants, § = 365 days between pre-
seroconversion follow-up visits, and hazard rate A(t) = 1 + 0.5t events per person-year, the
resulting bootstrap confidence interval was (117.3, 164.0), and the corresponding estimated
standard error was 11.6, which is comparable to the estimate generated from the full set of

simulations for this scenario, 10.3 (Table 1).
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5.7 Distribution of seroconversion date, conditional on seroconversion
window

We can understand why uniform imputation and midpoint imputation suffer from biases in
some of our simulation scenarios by examining the distribution of the seroconversion date,

conditional on the seroconversion censoring interval and enrollment date, p(s;le;, ;, 7;).

In our simulation’s data-generating model, the follow-up dates through the first
seropositive test are independent of the actual seroconversion date, conditional on
enrollment date; that is, Assumption 5 holds, and thus Eq. 5.1, derived in Section 5.2, also

holds:

1{s; € [li, i1} p(sile)
p(S; € [I;,mille;)

p(sile;, ;1) = o 1{s; € [l;, ]} p(s;le;)

That is, the density of the seroconversion date, conditional on the seroconversion censoring
interval, is proportional to the original seroconversion date density, truncated to the
seroconversion censoring interval. This proportionality allows us to understand the

conditional density by examining the unconditional density.

Consider the case of a participant who enrolls at the start of the study, i.e., E; = t;,. We
can derive an analytic expression for the unconditional density of the seroconversion date,

using the relationships among the hazard, density, and survival functions:

p(S; = s|E; = ty) = A(t(s))P(Si > s|E; = to)

t(s)

= A(t(s)) exp {— A(u)du}

u=0

= (a + pt(s)) exp (— [at(s) + g{t(s)}z])
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This density is shown in Figure 5.3 for each seroconversion hazard function that we
considered. We can see that the four scenarios with @ > 0 all have monotonically decreasing
densities for seroconversion date, whereas the three scenarios with & = 0 have densities

which increase to a maximum and then decrease.

Figure 5.3: Simulation data-generating probability density functions for seroconversion date, by hazard function, given
enrollment at study start.
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We can determine whether and when such a maximum will occur, as a function of ¢ and

B, by taking the derivative of the density and setting that derivative equal to 0:

d d t(s)
F(S)P(Si =sS|E; =t,) = F(s) lﬂ(t(S)) exp {—f A(u)du}l

u=0

t(s) d d t(s)
= exp {—j_ A(w) du} ) A(t(s)) + A(s) ) exp {—f_ A(w) du}
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t(s) d
= exp {— f OA(u) du} o (S)A(t(s))

t(s) d t(s)
+ A(t(s)) exp {—j A(u)du} ) <—f A(u)du)

u= =

t(s) d t(s)
= exp {— f X A(uw) du} ar(s) A(t(s)) + A(t(s)) exp {— f L, A(u)du} (—A(t(s)))

u=

= exp {— t(S)A(u) du} [{%@A(t(s))} - {A(t(s))}z]

u=0
2
= p(S; = s|E; = to) |8 — (a + t(s))’]
=p(Si = s|E; = t0)(B — [a® + 2apt(s) + p*{t(s)}*])
= p(S; = s|E; = to)[-B>{t(s)}? — 2aBt(s) + (B — a?)]
The first factor is strictly positive and can be ignored. The second term is quadratic in s, so

by the quadratic formula, its roots are:

_2aB +4a?B? +4B2(B —a?) 2aB +2BJa?+(B—a?) —a +./B

‘© 2 2 7

We know that @ must be nonnegative (since it is the hazard rate at the start of the study).

Since we are considering a hazard that begins at t(s) = 0, we are only interested in positive

roots. So, the density will have a maximum at t(s) = (\/E —a)/Bifa< \/E; ie,if p > a?.

From Figure 5.3, we can see that with a linear hazard function, the conditional density of
S within a censoring interval can be left-skewed, right-skewed, or symmetric, depending on
a, B, and the position of the censoring interval. However, even for scenarios in which the
density is clearly right-skewed and monotonically decreasing, the conditional density may
be approximately uniform, if the width of the censoring interval is sufficiently narrow in

comparison with the slope of the density; for example, Figure 5.4 shows the same seven
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densities, zoomed in on the first 84 days after study start; as shown above, these curves are
proportional to the seroconversion densities conditional on a censoring interval [0, 84].
Given an interval of this width, the scenarios with & = 1 have essentially uniform densities
for the seroconversion date, conditional on the seroconversion censoring interval, whereas
the scenarios with & = 0 or a = 10 still have substantially non-symmetric densities (left-
skewed and right-skewed, respectively) for censoring intervals consisting of the first 84

days.

Figure 5.4: Simulation data-generating probability density functions for seroconversion date, by hazard function, given
enrollment at study start, for the first 84 days after study start.

4 A(t) =0+0.5t
A(t) =0+ 1t
A(t)=0+2t —-
A(t)=1+0t -
31 A(t)=1+0.5¢ --
P
° A(t) =10+0t
[l
I A(t) =10+0.5t
W
» 2]
I.I
5
)\ —
o
1_
0_ R
0.00 0.05 0.10 0.15 0.20

t(s)=(s—ty)/365 (Time since study start, in years)

Figure 5.5 shows the same seven densities, zoomed in on the first 365 days after study

start; we can see that given a censoring interval of this size and position, the scenarios with
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a = 1 now have slightly right-skewed densities for the seroconversion date, and the density

corresponding to A(t) = 0 + 2t is now nonmonotone but still left-skewed.

Figure 5.5: Simulation data-generating probability density functions for seroconversion date, by hazard function, given
enrollment at study start, for the first 365 days after study start.
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These results indicate why the midpoint and uniform imputation approaches had more
bias in the scenarios with @ = 10 or § = 365 (§ is the mean pre-seroconversion follow-up
interval length); these approaches assume a uniform or at least symmetric density for the
seroconversion date within the seroconversion censoring interval, which is approximately
correct if that interval is sufficiently narrow relative to the hazard rate but can be
substantially incorrect otherwise. When the distribution is heavily right-skewed, these

methods will tend to overestimate the seroconversion date and thus underestimate the
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duration of infection at the date of sample collection, resulting in a negative bias in the
resulting estimates of u. When the slope of the density is nonmonotone, the bias from these
methods could go in either direction, depending on the exact hazard function and the

censoring interval widths, as seen in our simulation results (Tables 5.1-5.2).

5.8 Difficulties in calculating u for outcome models with autocorrelation

The third assumption in our analysis is that longitudinally repeated MAA classifications of
the same individual are mutually independent, conditional on the duration of infection at the
time of sample collection; ie. p(¥;|t;) = [lje1n,P(yijl tij). In practice, longitudinal
biomarker observations may exhibit substantial within-individual correlation; however, it is
hoped that by using an appropriate functional form for the relationship between time and
MAA classification, any such autocorrelation can be removed. This assumption is not
necessary for the joint modeling approach in general; it is necessary for our motivating
application, regardless of whether joint modeling, midpoint imputation, or uniform
imputation is used, because it enables us to identify the marginal distribution ¢(t) =

p(Y = 1| T = t) with p(y;j| t;;), which is then used to compute u as described above.

To see how models with autocorrelation pose difficulties for our motivating application,
consider the example of adding a random effect on the regression intercept. Our joint
modeling approach can be straightforwardly extended to such a scenario, by replacing the
generalized additive model p(y;;| t;;) with p(y;;l t;;, w;) p(u;), where u; is the individual-
specific random effect. We could fit this model by maximum likelihood if seroconversion date
S; were directly observable; hence we can fit it using joint modeling and the EM algorithm:

in the M step, the estimates of the fixed effects and variance components are updated via
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maximum likelihood, and in the E step, the marginal likelihood based on these estimates,
P(i;l tij) = E[p(yijl tij, Up|ti;], is used to update pg(s;le;, 1;, 13, 0;, ¥;). We could also fit this
model using midpoint imputation or uniform imputation. Regardless of which estimation

approach we use, if p(y;j|t;, ;) has a nonlinear link function, then the marginal distribution

jr
o) = p(Y;; = 1|T;; = t) = E[p(Y;; = 1|T;; = t, Up)|T;; = t] is no longer equivalent with the
value predicted by the fixed effects. For example, given the logistic mixed-effects model
p(Yi; = 1|Ty;, U;) = expit{6, + 6,T;; + U;}, U; ~ N(O, 02),U; 1L T;, we find:
1%
E[p(YU = 1|TU =t, UL)ITU = t] = f eXpit{HO + Qlt + ui}p(Ui = ui) dul-
u;ER
+ expit{f, + 6,t}
Future work could involve solving this problem; generalized estimating equations may be

helpful.

5.9 Discussion

The simulation results for midpoint imputation and uniform imputation showed the
potential for substantially underestimating or overestimating u; the biases from these
methods were nearly identical between the smaller and larger sample sizes, indicating that
in some scenarios, these methods are asymptotically inconsistent. In contrast, joint modeling
produced asymptotically consistent estimates in all scenarios considered, as long as accurate
study enrollment dates were available for analysis. When participants were incorrectly
assumed to have all enrolled prior to the first censoring interval, our method no longer

produced accurate estimates and instead performed similarly to uniform imputation.

In the scenarios with mean pre-seroconversion follow-up interval § = 84 days, midpoint
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imputation and uniform imputation resulted in similar amounts of bias. In the scenarios with
6 = 365 days, uniform imputation resulted in substantially more severe biases than
midpoint imputation. It may seem surprising that uniform imputation led to more bias than
midpoint imputation, since the expected value of a uniform variable is the interval midpoint.
However, it should be noted that both the resulting model estimate ¢ (t) and mean window
period estimate i = ftozo @(t)dt are nonlinear functions of the imputed seroconversion
dates; furthermore, uniform imputation involves averaging the estimated parameters of
@ (t) across the multiply-imputed data sets, on the log-odds scale. Future work could include
further study of these biases. Additionally, midpoint imputation resulted in larger standard
error than uniform imputation in many scenarios; these differences could also be further

investigated.

In this analysis, we assumed that the follow-up dates through the first seropositive test
are independent of the actual seroconversion date, conditional on enrollment date. In
practice, depending on the study protocols, the follow-up dates might deviate from the
planned schedules if study participants can request an earlier test date when they feel sick
or believe they may have been recently exposed - for example, after high-risk behaviors. In
such cases, our assumption of independence between the follow-up dates and the actual
seroconversion date would be invalid, and the joint modeling analysis presented in this
chapter might produce biased estimates. To handle such a scenario, the model used in the
analysis would need to be changed accordingly; such an extension would be worthwhile for

future work.

In our simulation study, we assumed that the MAA classification model ¢ (t) used in the
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analysis was correctly specified to match the functional form of the data-generating model.
In practice, the correct functional form would be unknown and model fitting would be
required. The model fitting process would be complicated by the fact that the covariate t;; is
not known precisely, making graphical approaches to regression modeling diagnostics more
challenging to apply. Exploration of best practices for model fitting in this setting and
evaluation of the consequences of mis-specification would also be worthwhile for future

work.

Future work could also include combining the joint modeling approach for interval-
censored seroconversion dates with a survival analysis, mixed-effects modeling, or
functional data analysis approach for modeling MAA classifications, and the effects of model
mis-specification relative to the data-generating process could be quantified. For example, if
the onset date of the MAA-negative state were precisely observable, then the joint model and
EM estimation procedure proposed here could be straightforwardly combined with a time-
to-event model for onset of MAA-negativity by redefining Y; as the MAA-negative onset date;
then a time-to-event model for p(y;|s;) would be substituted in place of p(y;|t;) in the
likelihood decomposition, and the EM algorithm would otherwise remain the same.
However, in practice the MAA-negative onset dates would also be interval-censored, which
could further complicate the analysis. A Markov model approach allowing repeated

transitions between the MAA-positive and MAA-negative states might also be of interest.

In both the analysis model and the simulation data-generating model described in this
analysis, the seroconversion date hazard function was assumed not to vary within the subset

of individuals at any risk of infection. In our implementation, we have further extended the
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seroconversion date model to accommodate stratification by baseline characteristics. For
example, if participants were recruited from several clinics serving different populations, we
might estimate clinic-specific hazard functions. Furthermore, if data has been combined
from multiple cohort studies, we might stratify by cohort. Future work could include
modeling unobserved or time-varying risk factors. We also assumed that there was no
possibility of drop-out prior to the protocol-defined study exit date; unmodeled associations
between infection risk and drop-out risk could lead to bias. Future work could explore such

effects.

We may be able to improve precision for small samples if we can assume a simple
parametric model for the hazard function, such as a low-order polynomial with random
effects by participant. Such an assumption could substantially reduce the number of
parameters that need to be estimated for the seroconversion date model, relative to our

current non-parametric approach.

While our analysis was motivated by and tailored to a specific example, the joint
modeling approach is more general. The interval-censored covariate need not be a function
of a time-to-event variable; other forms of inexact measurement also result in interval-

censoring. Joint modeling could be useful in those contexts as well.
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CHAPTER 6
Conclusion

6.1 Challenges Addressed

In this dissertation, we addressed three statistical challenges which are frequently
encountered when using cross-sectional biomarker surveys to estimate infectious disease
incidence: analyzing data sets with incomplete biomarker data, transporting MAA
calibration estimates to new populations and epidemiological conditions, and accounting for
interval-censored seroconversion dates in calibration data sets. These challenges all

required inferences about indirectly-observed probability distributions.

In Chapter 3, we considered a data set in which one of two biomarkers used in an MAA
was incompletely assayed, resulting in missing MAA classifications. We needed to
extrapolate from the observed incomplete data distribution to the unobserved distribution
which would have been observed if every sample had all been assayed for both biomarkers.
We assumed that the incompletely-assayed biomarker’s missingness status was
independent of its underlying distribution, conditional on the other, completely assayed
biomarker indicating a recent infection. This assumption motivated a hierarchical model
which produced accurate estimates of the mean window period and incidence rate in
simulation scenarios. In contrast, a single model fit using all the observations that could be
classified produced biased estimates, whenever there was substantial missingness in
biomarker. Single models fit using the subset of samples for which all biomarkers were
assayed also produced biased results when the probability of assaying the second biomarker

depended on the value of the first biomarker.

In Chapter 4, we needed to extrapolate from an MAA calibration data set to a target
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population with different patterns of viral suppression conditional on duration of infection,
resulting in a different mean window period. Here, we presented several estimation
approaches borrowed from the causal inference literature. The “curve averaging” approach
modeled MAA classifications conditional on viral suppression and duration of infection using
the calibration data set, and then marginalized this model using the target population’s
distribution of viral suppression. The “sample weighting” approach constructed weights to
account for the differences in viral suppression between the calibration data set and target
population and then used these weights to analyze the calibration data, either by weighted
maximum likelihood analysis or by weighted resampling. The “multivariate modeling and
marginalization” and “potential outcomes modeling” approaches modeled the multivariate
distribution of the biomarker assay values conditional on viral suppression and duration of
infection, using the calibration data set; the MMM approach then marginalized this model,
whereas the potential outcomes approaches used this model to estimate the counterfactual
biomarker values that would have been observed for each observation under opposite viral
suppression conditions. The potential outcomes approaches then modeled the
corresponding MAA classifications conditional on duration of infection using either

weighted likelihood or weighted sampling.

The proposed approaches in Chapter 4 all relied on a number of assumptions - most
notably, that the distribution of viral suppression in the target population is known or
estimable, and that the distribution of biomarker values, conditional on viral suppression
and duration of infection, is equivalent between the calibration data set and the target
population. The MMM and potential outcomes modeling approaches additionally required

assuming a functional form for the conditional distribution of biomarker values, whereas the
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other two approaches only assumed a functional form for the conditional distribution of
MAA classifications. All of these approaches produced mean window period estimates with
minimal bias when their assumptions were valid, but the first two approaches resulted in
substantially larger standard errors than the multivariate modeling approaches. On the
other hand, when the additional assumptions of the multivariate modeling approaches were
violated, its performance suffered accordingly. Hence, the choice of analysis should depend
on whether the added assumptions of the multivariate modeling approaches are defensible

for a particular analysis.

In Chapter 5, we considered the question of how best to handle interval-censored
seroconversion dates in calibration data sets. Here, we needed to extrapolate from the
observed distribution of seroconversion censoring intervals to the unobserved distribution
of seroconversion dates. To do so, we made a number of assumptions, most notably that the
dates of follow-up visits prior to diagnosis are independent of the actual seroconversion
date. These assumptions led us to a joint modeling approach based on the EM algorithm
which produced accurate estimates of the mean window period in simulation scenarios. In
contrast, an analysis approach using the seroconversion censoring interval midpoint as an
estimate of the seroconversion date produced substantially biased estimates in scenarios
with wide censoring intervals. An approach using uniform imputation over the censoring
interval also performed poorly in these scenarios. However, in the scenarios with relatively
narrow censoring intervals and lower hazard rates, all three approaches performed
similarly; in such cases, the added computational requirements of the joint modeling

approach would be unnecessary.
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6.2 Future Work

These methods all have avenues for further development. As discussed in Chapter 4, the
missing data analysis could be extended to consider more complex missingness mechanisms,
possibly involving incomplete measurements in more than one biomarker. The
transportability analyses in Chapter 5 could be extended to accommodate more complex
differences between the calibration data set and the target population, possibly involving a
vector of mediating covariates whose relationships with infection duration have changed.
The joint modeling analysis of interval-censored seroconversion dates in Chapter 6 should
be extended to include additional covariates in the outcome sub-model, so that it can be
combined with the methods in Chapter 5. Furthermore, the EM algorithm for the joint
modeling approach is computationally intensive, especially when combined with
bootstrapping to produce uncertainty estimates. A more efficient implementation of the
algorithm, or an alternative approach to quantifying uncertainty, would be valuable.
Similarly, a non-saturated model for the distribution of seroconversion dates might reduce

computation time and improve precision.

6.3 Closing Thoughts

The methods presented in this dissertation were all motivated by the application of
calibrating and performing HIV incidence estimation using cross-sectional surveys of
biomarker prevalence; however, these methods are more generally applicable. Incomplete
data, extrapolation to new populations, and interval-censored covariates are frequently-

encountered challenges in statistical analysis.

Moreover, the cross-sectional survey-based approach to incidence estimation has
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applicability for other diseases than HIV. The key aspect of HIV infection that makes
incidence estimation particularly challenging is its frequently lengthy pre-symptomatic
period, which means that cases may be several years old by the time they are diagnosed;
hence the rate of new diagnoses in a population constitutes a lagged and temporally blurred
indicator of the incidence rate. Other diseases with long latent periods may also benefit from
this approach to incidence estimation. Even for diseases with shorter latent periods, this
approach may be useful when it is crucial to rapidly detect changes in incidence. For example,
during the coronavirus-19 (COVID-19) pandemic, this approach could be deployed by
identifying individuals who are COVID-positive according to PCR or antigen testing but not
yet symptomatic and using the prevalence of these individuals in weekly or daily cross-
sectional snapshots to estimate incidence. We hope that the methods presented in this
dissertation will encourage the use of the cross-sectional approach to incidence estimation
in a variety of contexts and will help address the inevitable real-world complications in the

data collection process.
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Appendix: Consolidated Notation List

Calibration population

Biomarker missingness probability

Mean duration of MAA-positive infection (“mean window period”)

Target population

Shadow of MAA

Probability of MAA-positive infection, conditional on time: P(Y = 1|T = t)
Biomarker variables

Indicator variable for a biomarker being inside its cutoff for recent

classification (1 = recent, 0 = not recent).

Biomarker cutoff values for “recent” status

Study enrollment date

Incidence rate at time s, p(S = s|S = s)

Left endpoint of censoring interval for seroconversion date S

Indicator of biomarker missingness (1: missing, 0: observed)

Number of uninfected individuals in a cross-sectional biomarker survey
Number of infected individuals in a cross-sectional biomarker survey
Number of individuals in a data set

Number of biomarker samples collected for individual i

Vector of post-seroconversion observation dates when biomarker samples
were collected
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P(4)

p(4)

tmax

W(s)

The probability mass of event A
The probability density of event A
Right endpoint of censoring interval for seroconversion date S

Seroconversion date (the date when an individual would first be diagnosed
with the condition of interest if tested).

Elapsed time since seroconversion (“duration of infection”)

The calendar date at which a cross-sectional survey is performed.

Time point after seroconversion beyond which we assume that ¢(t) = 0
Number of MAA-positive individuals in a cross-sectional biomarker survey
The population in which an individual is living at calendar time s.

In Chapter 2: Seroconversion status (1 = seropositive, 0 = seronegative)
In Chapter 4: Covariate(s) mediating the relationship between infection
duration and biomarker distribution, e.g., anti-retroviral usage

Multi-assay algorithm (MAA) recency classification: 1 = “recent”, 0 = “non-
recent”

Variables mediating the relationship between infection duration (T) and X
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