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We show that sums of the SL(3,7Z) long element Kloosterman sum against a smooth weight
function have cancellation due to the variation in argument of the Kloosterman sums, when
each modulus is at least the square root of the other. Our main tool is Li’s generalization of
the Kuznetsov formula on SL(3,R), which has to date been prohibitively difficult to apply.
We first obtain analytic expressions for the weight functions on the Kloosterman sum side
by converting them to Mellin-Barnes integral form. This allows us to relax the conditions
on the test function and to produce a partial inversion formula suitable for studying sums

of the long-element SL(3,7Z) Kloosterman sums.
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CHAPTER 1

Introduction

The classical Kloosterman sums originated in 1926 in the context of applying the circle
method to counting representations of integers by the four-term quadratic form ax? + by? +

cz? + dt? [18]; they are defined by

S(a,b,c) = Z e(am+bx>7 e (z) = ¥
)

z (mod ¢
(z,0)=1
zZ=1 (mod c)

and they enjoy a multiplicativity relation: If (¢, ) = 1, then
S(a,b,cc’) = S(ca, b, c)S(ca,cb, ),

where ¢ = 1 (mod ¢), ¢¢ = 1 (mod ¢). In 1927, Kloosterman [17] used these sums
to estimate Fourier coefficients of modular forms, as did Rademacher in 1937 [30]. Opti-
mal estimates for individual Kloosterman sums were obtained in 1948 by André Weil [41]:
1S(a, b, c)| < d(c)\/(a,b,c)\/c, where d(c) is the number of positive divisors of ¢ and (a, b, c)
is the greatest common divisor. In 1963, Linnik published a paper outlining methods for
problems in additive number theory |22 in which he noted the importance of sums of Kloost-
erman sums and made the conjecture that such sums should have good cancellation between

terms:

Conjecture 1 (Linnik). Let N be large and C' > N2~¢, then

> S(1,N,e) < CMF

c<C



One should compare this to Weil’s estimate which gives C' 3te,

On a parallel track, between 1932 and 1940, Petersson [29], Rankin [31] and Selberg [35]
connected Fourier coefficients of modular forms to sums of Kloosterman sums by studying
Poincaré series. This led to Kuznetsov’s trace formulas [19] which relate sums of Kloosterman
sums to sums of Fourier coefficients of SL(2,7Z) automorphic forms, and using these formulas

in 1980, Kuznetsov was able to make progress towards Linnik’s conjecture:

Theorem 2 (Kuznetsov).

W=

1 1
E =S(n,m,c) <pm T8 (InT)
c<T ¢

. . . 1 . .
As Weil’s estimate here gives T3¢, we must be seeing cancellation between terms as

Linnik predicted.

This second track has been quite fruitful for the followers of Iwaniec — sums of arithmetic
functions, usually related to quadratic forms in some sense, can sometimes be decomposed
into sums of Kloosterman sums, e.g. [5], and similarly, exponential sums related to quadratic
forms can often be decomposed into Poincaré series, e.g. [8]. The Kuznetsov trace formulas
then play the role of Poisson summation, allowing one to substitute a sum of Fourier co-
efficients of automorphic forms for a sum of Kloosterman sums and visa versa. Iwaniec in
particular has made good use of a sort of double application of Kuznetsov’s formulas; using
positivity to study averages of Fourier coefficients of automorphic forms via the Kuznetsov
formula and then applying these estimates to sums of Kloosterman sums via the second form

of the Kuznetsov formula, e.g. [5].

Finally, we note that the Fourier coefficients of automorphic forms which are also eigen-
functions of the Hecke operators give rise to L-functions. By applying the Kuznetsov formulas
in this situation we may obtain results on averages of L-functions and all of the problems to

which such things apply, e.g. [7].

Now having noted the strong connection between analysis on SL(2,R) and quadratic
forms, it is hoped that analysis on SL(3,R) will play a similar role in the study of cubic
2



forms, and the analysis of Hecke operators on SL(3,R) automorphic forms is also known to
give rise to L-functions. A paper of Jacquet, Piatetski-Shapiro and Shilika [14] and a book
of Bump [2] (which is essentially his dissertation), form the foundations of the L-function
approach; and a paper of Bump, Friedberg and Goldfeld [3] initiates the study of Poincaré

series and Kloosterman sums on SL(3,Z).

The BFG paper notes that the Fourier coefficients of Poincaré series are given by sums of
two new types of exponential sums in addition to the classical sums of Kloosterman himself;
we will primarily be concerned with the long-element sum which we denote S, (¥, ¥n, ¢),

for reasons which will be made clear later, and is given by the sum

Swl (¢m17m27 wnl,nzv (A17 AQ)) -
* ( ZyBy — Yo A4 Y1As — Z1 By B, —Bz)
Z elmeg—mmmmm +my—— )

+ Ng— + Ny
A A A
B1,C1  (mod Ap) 2 1 1 A2
B3,C>  (mod A»)

here the sum Y * is restricted to those quadruples of By, Cy, By, Cy satisfying
(A1, B1,Ch) = (A9, By, Cs) =1, A1Cy+ BBy + C1A; =0 (mod A1 Ay),
and the numbers Y7, Z1, Y5, Z5 are defined by

HBl + Z101 =1 (mod A1), }/QBQ + ZQCQ =1 (mod AQ)

In BFG, the authors list a number of basic properties of this new Kloosterman sum, which
generally relate to its well-definedness and interchanging indices of characters or moduli, but

the most important is a type of multiplicativity:

Lemma 3 (BFG). If (cicq,¢icy) =1 and

- — = — /) /= o —
e =Gy =1 (mod dcy), didi=dey =1 (mod ¢ea),



then
Swl (wma wna (CIC/1> 626/2)) = Swz<wm’> wna (Cla 62))Swz (djm"v wnv (CID CIQ))v

—2 —2
where m' = (c’l chmy, ¢\ch m2>, and m" = (ci’camy, c163°ms).
Similarly, we have Weil-quality estimates for these sums, courtesy of Stevens [38]:

Theorem 4 (Stevens).

\Swl Wm? Yn, (Ah Az))fz < d(Al)Qd(Az)Q (!mmz! :D) (’msz >D) (Al, A2)A1A2,

A1 Ao
(A1,A2) "

where D =

Dabrowski and Fisher [4] have improved these estimates in most cases, but we expect
that the exponents (AlAg)% are sharp in the general case, though the author is unaware of
any such proof.

The hope that these generalized Kloosterman sums will play a similar role to their clas-
sical counterparts leads us to make Linnik-type conjectures for cancellation between terms
in a sum of SL(3,Z) Kloosterman sums, and the main result of this paper confirms this for

a smooth weight function when the moduli are roughly the same size:

Theorem 5. Let f € C3((RT)?), and take X and Y to be large parameters, with v, and

¥, non-degenerate characters, then

2 2
1 &

Z Z Swl (@/Jm, 77[}5”7 C)f <X47T202 |m1n2| Y47T201 |m2n1|>
C1Co ’

ee{+1}? c1,c221

Lfmme (XY ((Xy)% e +Y%) |

If we instead apply Stevens’ estimate for the individual Kloosterman sums, we are led to
the bound (X Y)%Jre, so we are seeing cancellation between terms in the sum. The (X Y)T54
comes from the Kim-Sarnak bound on the (real part of the) Langlands parameters of SL(3,R)
cusp forms, and the X 2 and Y2 terms come from some second-term asymptotics which

present a difficulty in our partial inversion of a two-dimensional integral transform. If the
4



generalized Ramanujan-Selberg conjecture (a.k.a. generalized Selberg eigenvalue conjecture)
holds, then our bound becomes (XY)* (X 3+ Y%), but we expect that the optimal bound

would be (XY) if one had a full inversion formula.

We expect that the most interesting examples should have ¢; < ¢g, i.e. when X =Y,
and in this case the dominant term becomes X %J“E, which is entirely controlled by the Kim-
Sarnak bound. Again, under the generalized Ramanujan-Selberg conjecture, this becomes

X3%¢ and the optimal bound should be X°¢.

We have not chosen to track the dependence on the indices m and n here, but it is
simple to do so. The resulting bound is not close to optimal; essentially, we are multiplying
the bound by powers of m and n. For comparison, Sarnak and Tsimerman [32] have made

Theorem [2] explicit in m and n with the bound
1 1 1 7
(8 + (mn)? + (m -+ n)3 (mn) 5 ) (mna),

and the third term may be removed if we assume the Ramanujan-Selberg Conjecture. Similar
bounds for the long-element Kloosterman sums on SL(3) would require a great deal more
work, and optimal bounds are not possible with the current method, again because of the

error terms.

Finally, there is another new type of Kloosterman sum on SL(3) which arises in the
same manner, but is much smaller in summation. There is some contention over whether
this second type also has good cancellation in sums: If it behaves as the examples we have
studied so far, the answer should be yes, but Bump, Friedberg and Goldfeld have put forth
a competing theory in [3, Conjecture 1.2 to the effect that the Kloosterman zeta function
of this sum should have poles on the boundary of its region of absolute convergence; in
particular, this region would coincide with the region of conditional convergence, and there

would be no significant cancellation between terms.

The methods here come from harmonic analysis on symmetric spaces. Specifically, these
results are obtained by studying a generalization of the Kuznetsov formula to SL(3,R):
Starting from a proof of Kuznetsov’s trace formula on SL(2,R) by Zagier, and using the

5



Fourier coefficient decomposition of automorphic forms on SL(n, R) by Friedberg (generalizes
that of BFG on SL(3,R)), Li has given a generalization of the first of Kuznetsov’s trace
formulas to SL(n,R) and this appears in Goldfeld’s book on automorphic forms on SL(n, R)
[11]. So far, only the most basic of estimates have come out of the SL(n) Kuznetsov formula
and only for SL(3), these may be found in a paper of Li herself [21], but in general, the
integral transforms appearing in her formula are too complex to use effectively. Blomer has
been able to push somewhat farther by developing his own generalization of Kuznetsov’s

first formula [1].

Using the Kuznetsov formula, we are able to express the integral transforms as an in-
tegral of the original test function against a function in Mellin-Barnes integral form. With
this representation, we can produce a sort of first-term inversion for the integral transform
attached to the sum of long-element Kloosterman sums, which gives us a sort of incom-
plete generalization of Kuznetsov’s second trace formula, and the proof of Theorem [5 then

proceeds much as in Kuznetsov’s original paper.

The central idea is that the spectral parameters of the SL(3,R) automorphic forms occur
in a strip which is positive distance from the region of absolute convergence of the long-
element Kloosterman zeta function. The aforementioned difficulties with the second-term
asymptotics prevent us from obtaining the analytic continuation of the Kloosterman zeta
function, but a similar path of shifting contours outside the region of absolute convergence

yields the above results.

The BFG paper contains an alternate approach; they state, but do not prove, the mero-
morphic continuation of the unweighted Kloosterman zeta function (the main object of study
in the paper is weighted by a type of generalized Bessel function, much as the sum appearing
in the spectral Kuznetsov formula), which would in principle give the above results without
the error terms X'/2 and Y'/2, if one could control the growth of the Kloosterman zeta
function on vertical lines in the complex plane. On SL(2), this method was started by Sel-
berg [34] (see [33] as well as the Gottingen lecture in the second volume) and completed by
Goldfeld and Sarnak [10].



Similarly, Yangbo Ye [42] has given a third approach starting directly with sums of the
long-element Kloosterman sums. He provides a spectral interpretation which could be used
to provide bounds in much the same manner as the current paper. The difficulty with his
Kuznetsov formula, as with Li’s, lies in the complexity of the generalized Bessel functions,
hence an analysis of the functions occurring in his formula, as we are about to provide for
Li’s, should produce similar results. It would be an interesting problem for future research

to compare the two.



CHAPTER 2

Background

To do harmonic analysis, we require a space with two properties:

1. A measure on the space.

2. A commutative group of differential operators which act on smooth functions on the

space.

The first allows us to discuss the L? space, and the second allows us to decompose the L?

space into eigenfunctions, a.k.a. harmonics.

More specifically, we are interested in harmonic analysis on symmetric spaces: Originally,
a symmetric space referred to a Riemannian manifold with a geodesic-reversing isometry, but
in Lie group theory, we define a symmetric space as having a continuous, transitive group
action, where the stabilizer of any point is an open subgroup of the fixed point set of an
involution of the group. We will not be concerned with the exact definition of a symmetric
space, except to say that the groups we study are Lie groups, and the spaces are symmetric
spaces under both definitions, so we may borrow theorems from these areas as necessary.

In summary, we require:

3. A smooth, transitive group action on the space; the measure and differential operators

should be invariant under this action.
Lastly, as we are studying number theory on these groups, we need:

4. A discrete subgroup.



Goldfeld’s v Parameters Terras’ s Parameters

—puo+1 1 — 2512
vy, =W ,u32 e =20 + vy — 1 s; = -Hg £2 o= —1 813 52
— 1 M1 2#2 — — 2/'1/1 M2 . 4s +25
14+pu1+ 25144
,US — ] 1 21/2 S3 — #; 12 (L3 — ] 513 52

Terras’ 1a Parameters = Jorgensen and Lang’s i\ Parameters
Al = ap = =23 pr o =5

Aoy = ag = —2ily M2 =
A3 = az = —2iu M3 =

Qo

N
¥)

<.
NES
=

Table 2.1: Conversion of Spectral Parameters.

We will then study the L? space of functions on the quotient space of our symmetric space

modulo this discrete subgroup.

The setting that we are most concerned with is SL(3,R) and its symmetric space at
full level, i.e. the discrete subgroup is SL(3,Z). We will first review SL(2,R) and discuss
the above four properties in a setting which is hopefully most natural to the reader, before
generalizing to SL(n,R) and then specializing back to SL(3,R). A good reference here is
Goldfeld’s book [11] for the automorphic forms side. For the harmonic analysis on symmetric
spaces, the author learned from Terras’ book [39], but would like to recommend Jorgensen

and Lang [15].

Before we begin, we have two notes on notation: First, we are considering SL(n,R)
embedded as the matrices of positive determinant in GL(n,R)/R*, so when we discuss
matrices of (positive) determinant other than one, we simply mean to divide by the n-th
root of the determinant. Second, we are expressing everything in terms of the Langlands
parameters p = (g1, .., p,) with gy + ... + pu, = 0, which are the analytic parameters of
Whittaker functions and Eisenstein series . This differs from all of the referenced texts, but
it is difficult to give a coherent presentation using the v parameters of Goldfeld’s book, which
are the analytic parameters of L functions, and the extra factor of % in the harmonic analysis
books becomes annoying to deal with (clearly, the ia and i\ parameters are best suited
for harmonic analysis). Regardless, the reader must convert between multiple parameter

definitions when referencing the texts, so we give the conversions for SL(3,R) in Table .



2.1 A Review of SL(2,R)

For classical automorphic forms on G = SL(2,R), the symmetric space is the upper half-

plane H = {z =z + iy € C: y > 0}, the measure is dﬂ;;ly, the group action is by fractional

linear transformation

a b az +c
2=—,
c d bz + d
the group is differential operators is C[A], where A = —y? <a‘9—; + g—;) is the hyperbolic

Laplacian, and we are operating at full level, so the discrete subgroup is I' = SL(2,Z). A

calculation shows that the measure and A are invariant under the action of SL(2,R).

To connect with the general case, we take a moment to rephrase this: Given a matrix
g € SL(2,R), we may apply the Gram-Schmidt procedure on the rows, starting at the
bottom, to obtain ¢ = uk where u is upper-triangular, and £ € K = SO(2,R) is orthogonal.
We can further decompose v = rzy where r € RT, x is upper unipotent and y is positive

diagonal with a one in the bottom right:

g= (mod K),

where € R and y € R™, this is called the Iwasawa decomposition. (Recall that we ignore

the determinant, so the y matrix need not have determinant 1.) This space G/K may then

be identified with H by g — z + iy, and if we allow G to act on G/K by left translation, we

see that
a b 1 (az+b)(cx+d)+acy? y 0
g= (cz+d)2+c?y? (cx+d)2+c?y? (mod K)
c d 0 1 0 1

(by Gram-Schmidt), and

az+b (ax+0b)(cx+d)+acy* | Yy
= i
cz+d (cx 4 d)? + ?y? (cx + d)? + 2y?’

so the G actions agree.

10



2.1.1 Selberg Spectral Decomposition

We mentioned above that our first goal is a decomposition of the space L*(T\H) by eigen-

functions of the Laplacian; a theorem of Selberg gives
LQ(F\H) =Co Lcusp D LEisensteim

where Leusp is spanned by the Maass cusp forms, and Lgisenstein 15 spanned by integrals of
the Eisenstein series. Before we go into more detail, we need to give the definitions of these

functions.

We start with the simplest function on H: the power function. Let
p%w(x +iy) = y%ﬂ‘, then Piiy is a function on H, but it is not I' invariant. It is, however,
1

an eigenfunction of A, with Ap%w = (Z — /ﬁ) Pl

Maass forms are defined by three conditions: A non-zero function ¢ : H — C, which is

square-integrable on T'\H, is called a Maass form of type p if it is
(a) Automorphic, ¢(vz) = ¢(z) for all y € T,
(b) Harmonic, A¢ = (1 — %) ¢, and
(c) Cuspidal, fol o(x + 1y)dx = 0.

The SL(2,7Z) Eisenstein series is initially defined by

N | —

1
E(Znu’) = 5 Z p%+y(f}/z)7 e = nel,, Re(ﬂ) >
YETo\T 01

Its completion is E*(z, u) = 7 (@t (3 + 1) C(1+2u) E(z, u), which has analytic contin-

uation to C\ {i%}, simple poles at 1 = +3, and functional equation E* (z, ) = E* (2, —p).

Theorem 6 (Selberg). Let {¢;} be an orthonormal basis of SL(2,R) cusp forms with ¢

11



constant. Then for any ® € L*(T\G/K), we have

B(2) =Y (D, 0;) ¢(2) + %/ (@, E(-;p)) E(z; p)dp-

=0 v JRe(p)=0
2.1.2 Location of the cusp forms & The Weyl Law

The eigenvalues of the Laplacian A are of the form }l— 1% where p1 is the Langlands parameter
of an eigenfunction. Now cusp forms are square-integrable and integration by parts shows

that A is a positive operator:

(Aff) = /F\H (

so the eigenvalues of cusp forms must be non-negative. An actual calculation can show that

of
ox

2
af
+‘_(9y

)dxdy: (LAf),

these eigenvalues are larger than %1 (due to Roelcke and Selberg, but see [11, Thm 3.7.2] for

an easy proof), so we have y = iy for some y € R.

Now that we know the (general) location of the Langlands parameters of cusp forms, we

also want to be able to count the cusp forms; this was also done by Selberg:

Theorem 7 (Selberg). Let {¢} be a basis of SL(2,R) cusp forms with eigenvalues Ay =

i- 115, and let N(T') be the counting function
N(T)=#{d: 2y < T},

then
vol(I"\H)

T.
47

N(T) ~

This sort of theorem is called a Weyl Law.

12



2.1.3 Bruhat decomposition, Pliicker coordinates & Kloosterman sums

a b
Notice that a matrix v = € I' with ¢ # 0, can be written uniquely as

v (N N [
= )
1 c/] \1 1

so we define the Kloosterman sums for ¢ € N by

a d
S(m,n,c) = Z e(mz+ng>;

’YEFOO\F/FUJ
=(2a)

by ad—bc = dety = 1, we have (a,c¢) = 1 and ad = 1 (mod c¢), and the Bruhat decomposition

tells us that this is really a sum over a,d (mod c), so

Stmon,e)= 3 e(m“T”“)

a (mod c)
(a,0)=1

where aa = 1 (mod ¢). This is the classical Kloosterman sum.

Notice that the bottom row of a matrix is invariant under left translation by a matrix in

Is.

2.1.4 Fourier coefficients & Whittaker functions

For any Maass cusp form ¢, we have

¢z+1)=¢ 2| =¢(2),

13



so ¢ has a Fourier expansion in x, but the zeroth term is zero by the cuspidality condition,

SO

o(x + 1y) Z A e(x) = ™.
0#£neZ

If we define the Whittaker function by

W(z, pu,n) = /_OO p%w(w(z + u))e (—nu) du, w = : Re(p) > 0,

we can show that

Viry
(m [nl) =T (5 + 1)

W(z,p,n) = e(nz) K, (2n|n|y),

and that actually the A,(y) above is some constant multiple of the Whittaker function

W (y, p,n). Thus if ¢ is of type u, we have the Fourier-Whittaker expansion

6(z) = 3 almW(z,pmn)

0#n€eZ

Here K, denotes the K-Bessel function.

There is some question of normalization of Fourier coefficents, and we now choose a
particular normalization: For any Maass cusp form ¢, we define the normalized Fourier
coeffcients py by

B%?WWW%MD=A¢@+MNﬂMM%

where W*(y, u,1) = 2y'/2K,, (27y) is the normalized Whittaker function.

One may show by direct computation that the Eisenstein series has a Fourier-Whittaker

14



expansion

I (1) ¢(2p)
+u)C(1+2

E<Z7:u’) :p%+,u( ) + \/_ (
=> .

din
d>0

o_ QM
+ > 3 1+2u W(z, p,n),

0£n€eZ

We let n(m, p) be the Fourier coefficients of the Eisenstein series with the same normalization

as above.

2.1.5 The Kuznetsov formula

The formula most central to this thesis will be the Kuznetsov formula on SL(3,R), so
in preparation to discuss that generalization, we give the original Kuznetsov formula for
SL(2,R), a good reference here is Iwaniec and Kowalski ch. 16 [13]. Let {¢} be an o.n.b.
of cusp forms with Langlands parameters p4 and normalized Fourier coefficients pg; simi-
larly, let n be the normalized Fourier coefficents of the Fisenstein series, then the form of

Kuznetsov’s formula having an arbitrary test function on the spectral side is:

Theorem 8 (Kuznetsov Trace Formula, Spectral Form). Let h be holomorphic on —% -0 <

Re(p) < 146, h(p) = h(—p), and h(p) < (L+|p])=27°, for some 6 > 0, then for m,n > 0,

h(pg) Y5 (m 1 h(u) e
D cosrg PR+ / o )

= OmnHr(h,m) + Z S(m,n,c)Hy,(h,m,n,c),

c=1

where
Im| i

Hl(h7m>: 473 / h(#)”ﬂtanﬂﬂd/ﬁ,
i (1)=0

and

_o COS T

1/2 Ao ST
Hy(h,m,n,c) = |mn| / hl) Jop < T mn) T dp.
Re(y) ¢

Here J, denotes the J-Bessel function. A quick construction of this formula may be
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found in [12], but beware the different normalizations:

2T

Vaj(n) = pg(n) WCTW.

The spectral form will be our starting point here, but our goal will be the arithmetic
(a.k.a. geometric) form. Let 1);, be the Fourier coefficients of the jth element of an o.n.b. of
Sor, the space of holomorphic cusp forms of weight 2k, then the form of Kuznetsov’s formula

having an arbitrary test function on the Kloosterman sum side is:

Theorem 9 (Kuznetsov Trace Formula, Arithmetic Form). Let f be twice continuously
differentiable on [0,00) with f(0) = 0 and f9(z) < (1 + 2)~® for a = 0,1,2, and some

a > 2, then for m,n > 0,

47r\/ﬁ§: S(m,cn,c)f (Miﬁ)

1 F(p) _
B Z cos MW polm) + 1 /Re( o cos g1 s ) ds
16 2k’ . 1 00 dim S, L
* (47m7T2"c (mn) k 1 ZG Zl Ujp(n)¥je(m),
=

where

7 Joau(®) — () dz

Flu) = /0 N2 sin7r,uu f(x)?,

and

G(k) :/0 J2k1<37>f<1'>%.

This formula is produced from the first by inverting the integral transform H, and

applying a formula of Peterson. Similar formulas apply for mn < 0 and m,n < 0.

2.1.6 Spherical Inversion

The Selberg transform is something that arises in spectral analysis on SL(n,R) and we will
need it and its inversion formula for Li’s construction of the generalized Kuznetsov formula.
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For a function k : H — C of sufficient decay, we define the Selberg transform

) = [ K

and it has the following inversion due to Selberg :

Theorem 10 (Selberg Inversion Formula for SO(2, R) Invariant Functions). If k(gz) = k(z)
for all g € SO(2,R), the Selberg transform k — k has the inversion

472y

1 .
M) = g | kb (mtan e,
Re(u)=0

where h,(z) is the spherical function

1—|—:1:2—|—y2>

hu(eryi) :P_%_,u ( 2y

Here P,(y) is the Legendre P function. This is also called Helgason-Fourier or spherical

inversion. The inversion extends to any nice k on Re(y) = 0 satisfying k(u) = k(—p).

2.2 The General Case: SL(n,R)

For the higher-rank automorphic forms on G = SL(n,R), we have alluded to the fact that
the symmetric space is G/K with K = SO(n,R). Clearly, G acts by left translation on this
space, and the discrete subgroup of interest is I' = SL(n,Z), i.e. we are interested in “full
level”. Applying the Gram-Schmidt procedure, we may compute the Iwasawa decomposition:

If z € G, then z = rayk with r € RT, k € K, and

1 @ .0 o0 @iy Y1 Yn-1

L : Y1 Yn-2

1 Tn—1,n A1

17



y; € R, z;; € R. Again ignoring the determinant, we have z = zy (mod K). We denote

n(n—1)

the space of such z as U(R) = R~ 2 and such y as Y(R) = Y(R*) = (RT)"~L.

The G-invariant measure, a.k.a Haar measure on a quotient space, has the form dz =

dx dy where
n—1
dy
dz = H dy,j, dy = H k(n—k)+1°
1<i<j<n k=1 Yk

For the differential operators, we start with the space of G-invariant differential operators
acting on smooth functions G/K — C and take its center, call it ©. It can be shown that
D = C|Ay,...,A,_1] where A; is given by an explicit formula, called a Casimir operator,
and A; in particular generalizes the Laplacian, which we will discuss when we talk about

the geometric location of the Maass cusp forms on SL(3,R).

2.2.1 Langlands Spectral Decomposition

After Selberg, Langlands was able to show a very general spectral decomposition:

Theorem 11 (Langlands).

Lz(F\G/K) = C > Lcusp % Lresidual % LEisenste'ma

where Leysy 15 spanned by Maass cusp forms, Lgisenstein 15 spanned by Eisenstein series, and
Lesiqual 18 spanned by residues of the Fisenstein series at points in the complex plane, all of

which are eigenfunctions of all of ©.

The constant function, Maass cusp forms, and residues of Eisenstein series form the
discrete spectrum of ©, while the Eisenstein series cover the continuous spectrum. Actually,
Langlands spectral decomposition applies in much greater generality than we are using here,

see [27].

It is easiest to define the power function in the p parameters by looking at diagonal

18



matrices

ai

an
For p= (p1, ..., fpn) with > u; = 0, we set
pp+;t(a) = H afﬁ_m’

=1

and choose p so that

polafi = [ “opo DGl

a; 2 2
1<i<j<n 7

The conditions on p and p give p,y,(rI) = 1 for r € RT, so it is unaffected by the determi-
nant, and we can explicitly write it as a function of y and extend to G/K by the Iwasawa

decomposition, as before:

n—1
Ppen(zy) = ppealy) = [] w5,
=1

— i(n—i

)
8¢=Z(Pj+#j): 5 tH At e

j=1
We say a non-zero function ¢ : G/K — C is a Maass cusp form if it is

(a) Automorphic: ¢(vz) = ¢(z) for all y € T,

(b) Harmonic: Dy = Apyp for some Ap € C for each D € ©,

(c) Cuspidal:

/ f(uz)du =0,
U*(Z)\U*(R)
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for all upper-triangular groups

1, *

1

U*

r
) E n; =mn,
=1

I

T

and square-integrable, i.e. ¢ € L*(I'\G/K). We parameterize cusp forms by the Langlands
parameters: A Maass cusp form is of type p if it shares the eigenvalues under ® of the
power function at i, i.e. if Dp,i, = Appptp, then also Dy = Apy. It can be shown that the
eigenvalues of p,,, form a basis for the symmetric polynomials in y, hence they are sufficient

to describe the eigenvalues of the cusp forms, which are also symmetric in .

The power function is harmonic and, for certain values of p, it is square-integrable, but not
automorphic (and not cuspidal). Tt is, however, a character of the group of upper-triangular

matrices: If z = xy and 2’ = 2y are upper triangular, then
Pon(22") = Do (@ W2y )Y) = Ppru(WY) = Ppes )Pt (y) = Ppru(2)Ppen(2)-

Langlands Eisenstein series are much more complicated. In general, they split into two
types: Parabolic Eisenstein series, and Eisenstein series twisted by Maass cusp forms of lower
rank. The Eisenstein series are constructed by summing the power function and possibly a
Maass cusp form over quotients of I', so they are harmonic, and the quotients are chosen
so the resulting function is automorphic. Since we are only interested in these series to the
extent that they appear in the spectral decomposition, we will defer their construction to

the section on SL(3,R).

For ease of notation, we will denote the combined spectral basis BB, and write the spectral

expansion of ® € L*(T'\G/K) as

B(z) = /B £(2) (@, €) de.

The fB d¢ is a place-holder for the sum over cusp forms and residual spectrum, integrals of
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parabolic Eisenstein series, and sums of integrals of Eisenstein series twisted by Maass forms

of lower rank.

2.2.2 Location of the cusp forms & The Weyl law

The operators A; can be taken to be symmetric or antisymmetric, and A, the generalized
Laplacian, is distinguished as a negative operator — in particular, for SL(2,R), A; = —A.
As with SL(2,R), we believe that the Langlands parameters of cusp forms should be purely

imaginary — called the Strong Ramanujan-Selberg Conjecture, but this is not known for

n3-n Bt Fpd
24 2

n > 2. Following the same track, the eigenvalues of —A, which turn out to be

n3—n
24

are at least by a theorem of Miller [26]. This shows that the Langlands parameters are
not all real, but is no longer sufficient to imply that they are purely imaginary (on SL(2,R)
this works because there is essentially only one parameter). We do have results on the size of
the real part of the Langlands parameters, the current best is due to Luo, Rudnik, and Sarnak
(23, [24]: |Re(pi)| < %— n%ﬂ for the Langlands parameters of a Maass cusp form. This can be
improved in special cases, in particular, a result of Kim and Sarnak is |Re(u;)| < % — ﬁl)“
for n = 3,4 [16]. Taking these results and the symmetry of the operators, we can solxje for
constraints on the possible location of the Langlands parameters of cusp forms. This is best

done on a case-by-case basis, which we defer to the section on SL(3,R).

Sarnak conjectured a form for the Weyl Law on SL(n,R) which was recently proven by

Miiller |28]:

Theorem 12 (Miiller). Let {¢} be a basis of SL(n,R) cusp forms with eigenvalues —Ayp =

Ao, and let N(T') be the counting function
N(T) =#{p: A, < T},

then
vol(I'\G/K) i/2

N(T)N (47T)d/2F (d_'_g) y

where d = dimg G/ K.
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This is actually not the most general theorem that we would like: The Maass cusp forms
on SL(n,R) are parameterized by n — 1 variables — the Langlands Parameters u, but the
above theorem counts points in a one-dimensional space — A € RT. Lapid and Miiller [20]
have a much more general Weyl law which essentially counts Langlands parameters in a
region as the size of the region becomes large, but their proof is currently only for level at

least 3.

2.2.3 Bruhat decomposition, Pliicker coordinates & Kloosterman sums

Let W be the group of permutation matrices in GG, we call this the Weyl group. The Bruhat

decomposition of G tells us that

G=|J G,  G,=BuB,
wew
where B C G is the group of (all) upper triangular matrices, a.k.a. the Borel subgroup.
We are more interested in the following consequence, which we also call the Bruhat decom-
position: Let U(R) be the set of real upper unipotent matrices, and for each w € W, let
Uy = (wUw)NU, U, = (w*Uw)NU and T, = U,(Z) (forces zeros in some of the

coordinates), then

Theorem 13 (Bruhat Decomposition). A matriz in I' NG, can be represented by a product
of the form bicvwby where by, by € U(Q), v in the group of diagonal orthogonal matrices V,

and

C = ,CiEN.

The decomposition is unique if we require by € U, (Q).
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The characters of U(R) are exactly the functions

1 Tp—1 *
U _ =e(mz1+ ...+ My_1Tn_1)
S

1

(note the order of indices!), m; € R. If all m; € Z, then v, is a function on U(Z)\U(R) and
U(R)/U(Z), and by abuse of terminology, we call 1, a character on these quotient spaces.
It is vital to note that for n > 2, these are not groups! If all m; # 0, then we call 1,

non-degenerate.

The v matrix contains the sign information which would otherwise be part of the ¢ matrix;
we want to give a definition of the Kloosterman sum ¢ matrices with 0 # ¢; € Z which handles

this in a convenient, but algebraically nice manner: then we define the Kloosterman sums

for G by
Sw <wm7 ¢n> CU) = Z 7w/}m<bl)7ybn(bZ)

YEL o \I'NGy /V T
y=b1cvwba

when the sum does not depend on the choice of Bruhat decompositions — where we allow
bi,by € U(R), and 0 otherwise. If we let v = w™vw, and conjugate v'byv’ > by, we see
that Sy (Y, Un, cv) = Su(Um, VY, c), where ¥ (b) = b, (v'byv’) (note that v is its own

inverse). Comparing this to our previous definition of the Kloosterman sums, we find the

two definitions match on SL(2,R) when w = (|, 7).

The condition that S, (1m,¥n, cv) not depend on the choice of Bruhat decompositions
is called the compatibility condition, and it can be given explicitly from two facts: First,
for any u € U,(R) and any Bruhat decomposition 7 = bjcvwb,, we also have the Bruhat
decomposition vy = b cowbl, with b} = by (cow)u(cvw) ™! and b, = u by gives us the necessary
condition ¥y, ((cvw)u(cow) ), (u™t) = 1 for all u € U,(R). Second, the fact that the

Bruhat decomposition is unique if by € U,(Q) tells us that any b, differs from by by an

element u € U,(R) so setting bjcowby = bjcvwuby gives by = by (cow)u(cow)™! and the

23



condition is sufficient.

These Kloosterman sums first arose in the Fourier coefficients of SL(n,R) Poincaré series,
and they will appear in the Kuznetsov formula as one side is essentially the Fourier coefficient

of a Poincaré series. We will list the specific types which occur on SL(3,R) in that section.

In expressing the Kloosterman sums, we will need something called Pliicker coordinates;
these are invariants of U(R)\G (and so also of U(Z)\I'), and they are defined as the set of
all j x 7 minors taken from the bottom j rows for j = 1...n — 1. For SL(2,7Z), these are
just the coordinates of the bottom row of the matrix and there are no linear relations among
the variables. In general, the 5 X 7 minors of a matrix in I will not have any common factor,

and there will be linear relations between the minors for different values of j.

2.2.4 Fourier coefficients & Whittaker functions

Shalika [36] has shown that an automorphic, harmonic function satisfying certain growth

properties has Fourier coefficients of the form

[ etummtudu= L) el )
U(Z)\U(R) m

|m1... n|

for non-degenerate characters v, where p,(m) is some constant depending on ¢ and m,

+1

W(zaﬂv¢m) = / pp-i-u(wluz)d]m(u)dua wy . ’

U(R)

is the Jacquet-Whittaker function, and W* is its completion — this particular normalization
of p, is chosen to simplify later formulae. Maass forms meet these three conditions. Notice

also that if any m; = 0, then p,(m) = 0 for Maass cusp forms by the cuspidality condition
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because we are integrating over the upper-triangular group

There is an accompanying Fourier-Whittaker expansion for automorphic functions, but it is

not relevant to our purposes.

The Langlands Eisenstein series are automorphic and harmonic and meet the growth
properties, so their non-degenerate Fourier coefficients have the form given above. In the
case of the parabolic Eisenstein series, one may compute the Fourier-Whittaker coefficients
directly, and both types of Eisenstein series may be handled by the use of Hecke operators,

but again, we defer this discussion to the section on SL(3,R).

2.2.5 The Kuznetsov Formula

We collect the disparate pieces in Li’s construction of the Kuznetsov formula on SL(n,R)
here, because its solitary appearance is in Goldfeld [11] mostly as an outline. Let k €

C>*(K\G/K), and let 1y, 1, be non-degenerate characters, then set

K(z,2') = Z k(2 1y2),

yerl

and we evaluate

Pk, y,y , m,n) = / / K (xy, 2'y') Y (2)thy (2 da’ da
U®)/U(z) JUR)/UZ)

in two ways: first analytically, then algebraically.

Lemma 14 (Pre-Kuznetsov Formula Spectral Decomposition). P has a spectral decomposi-

tion of the form

P=[k 'y (2} da’ E(wy)thm(x)da de,
/B (1) / g ST / g EC )
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where k is the generalized Selberg transform

) = [ Kl

Proof. Use the Langlands spectral decomposition for K in the 2’ variable, giving

K(z,2) = /B £(2") /F o K(z,u)é(u)dudé = /B £(2") /G . k(27 )€ (w)du dE.

Examining the inner integral, we may substitute u — zu, integrate over K on the right of

u, and separate the K integral on the left of G so

/G/K k(= u)E(w)du = /K o k(u) /K &(zku)dk du.

Taking f(u) to be the inner integral, we have that f is an eigenfunction of all of D with
eigenvalues matching p,, ,, by left-translation invariance, and f(k1gks) = f(g) for all ky, ks €

K, g € G, but these two properties uniquely define the spherical function

u(e) = [ ool

up to a constant multiple [39, Ch 4, eq. 2.27 and Theorem 3 (4)], and taking v = I with the
fact h,(I) =1 gives f(u) = £(2)hpyp (1), s0

/G/K E(z7 uw)é(u)du = £(z) /K\G k(u)hp (u)du = £(2) /G k(u)pptpe (u)du,

by applying the above integral representation of h,,. O]

Lemma 15 (Pre-Kuznetsov Formula Arithmetic Decomposition). For each w € W, let

R, CU(Q) x CV x Uy(Q) be a complete set of representatives for U(Z)\I' N G /U (Z),
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that is

U(Z)\I' N Gw/Uw(Z) = {U(Z)brcowbsU ,(Z) : (b, cv,bs) € Ry},

(by, cv,by) # (b), V' b) € Ry = U(Z)bycvwbyU ,(Z) # U(Z)b,dv'w'byU (Z),

then

Yy >/ g ((cwputeu)™) vzl

wEW veV ¢1,c0€N

Do alb)da(b)

(b1,cwvw=1,b2)ERy,

/ / y Tl cwxy)¢m( )@DZ(!E')dl’/dm.
UR) JUw(R)

Note that P is an integral of a Poincaré series, and though we are not presenting it in
that manner, we are essentially following a construction first given on SL(3,R) by Bump,

Friedberg and Goldfeld [3] and later extended to SL(n,R) by Friedberg [9].

Proof. Apply the Bruhat decomposition and unfold:

P = Z Z / / (y 'z brcvwbaa'y') U (2) 1y, () da’ da.
w,c,v (by,cv,b2) € Ry
First, we substitute o + byz and 2’ + b, '2’; then conjugating by any element w € W leaves
w™Vw = V intact, so we may move w one step to the left and conjugate v completely to

the right, sending vz'v — 2’

P=>" D Ualb)va(b)

w,v,c \ (by,cwvw=1,b2)ERy,

/ /U<R/U k(v ewa'y') b (0) 05 (@) de! do,

where (') = 1, (v2'v). Next substitute 2’ — uz’ where now 2’ € U, (R) and u is in some

fixed fundamental domain of U, (R)/U,(Z), so that (cw)u(cw)™! € U(R), and we substitute
27



on x to remove this from the main integral. O]

Lemma 16 (Friedberg). Independent of the choice of Bruhat decompositions R,,, the product

([ e (e sian) (5 byt

(b1,cwvw=1,b2)ERy,
i8 S (Vm, V2, C).

Proof. We denote the sum and integral above by S.,, and I.,,, respectively. From the
definition and the remarks on the compatibility condition, Sey, = Su(¢¥m, VY, c) exactly
when ¥*(u) = ¥, ((cw)u(cw)™1) ¥ (u) is the trivial character on U, (R), and in that case,
the integral is one, so the main point here is that if ¢*(u) is non-trivial on U, (R), then
the product is zero. Friedberg [9] gives two arguments that the sum is zero unless ¥ (u) =
Py ((cw)u(cw) ™) is trivial on U, (Z); if that is the case, and ¢*(u) is non-trivial, then the
integral must be 0: If ©)*(a) # 1, then we translate by u — awu in the integral (which requires
¥* to be well-defined on the quotient space and not just a fundamental domain), giving

Loy = ¥*(a) Iy SO that I, = 0.

Friedberg’s first proof that 1 (u) is trivial on U, (Z) is the easiest, but least informative:

For each w € W, ¢ € C, and v € V, the integral P,,, given by

/ / E ((29) " brcwob(2'y) Y (2)n () da
U(R)/U(Z) JUR)/U(Z

(b1 ,cwvw— 1 ,b2)ERy

S / / (" cwa'y') ()08 (@)de da
UR) JUy

is independent of the choice of fundamental domains in I.,,. As before, we translate by an

element a € U,(Z) giving Py = ¥1(a) Py

For his second proof, he finds a sum of 1! over a subgroup inside the sum S.,,,, which is

much more constructive, but also more difficult. We will not give that argument here. [

To move from the Pre-Kuznetsov formula to the Kuznetsov formula, we need to integrate

away some extra variables on the spectral side, which leads us to the following theorem of
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Stade [37]:

Theorem 17 (Stade). For Re(s) > 1,

Jj=1k=1
where
n—1 . dy n—1 ( )
n-— n—yj)s
dvs(y) = H (773/1')( s W = H (my;)" %) dy.
Jj=1 J Jj=1

The spectral side of the Pre-Kuznetsov formula has products of two Fourier coefficients
of automorphic forms, which we know are multiples of Whittaker functions, so we choose
values y = |m|™" ¢ and 4/ = |n|”"t, and integrate the formula against the measure duy(t),

then Stade’s formula will replace the Whittaker functions with a product of gamma functions:

T 1+/~LJ+/% L+ 15 — fe L+ pig —
HHF( =T Hr : r 5
j=1k=1 J<k

n2/2

[T, c05 5 (e — 113)

when —Ji is some permutation of .

Corollary 18. Suppose —p is some permutation of u, then

n—1
Wiy, 1 U )W (Y B Y,t) (H(Wyj)n_]) dy
Y (R) o
,Kn2/2

Putting everything together gives

Theorem 19 (Kuznetsov Formula).

[ o e = 2 5 5 5 Sl i )

weW veV ceC
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where C(p) = [, cos 5 (px—p;) if =11 is a permutation of w and H,, is given by the integral

n—1
/ / / E(Im|t e cwa't |n| ™) b (2)y2 (') da’ da H Imjng| 777 | dt.
Y(R) JU(R) J Uy (R) j=1
We will write out the formula completely for SL(3,R) below. The condition that —f be
a permutation of 4 is met for the spectral decomposition on GL(2) (—iy = iy) and GL(3)
[40] and seems to be a general symmetry statement for all GL(n), but the author is unware

of the proof of this fact.

Li also notes that one may apply spherical inversion to allow k in some larger space of

analytic functions, provided both sides converge absolutely.

2.2.6 Spherical Inversion

The generalization of the Selberg transform which occurs in the generalized Kuznetsov for-
mula has the following inversion due to Helgason, Harish-Chandra, and Bhanu-Murthy (see
Sect 4.3 Theorem 1 of [39] and equation 3.23 in particular for the K-invariant form on

SL(n,R)):

Theorem 20 (Spherical Inversion). For k as above, the Selberg transform k k has the

INVErsion

k(z) = 2m'wn/ shy(2)dp,
Re(u)=(0.....0) [Cn(10)]

.....

where

)

- J(2mi)wi/2’

-2

s ™
= H 5(%’ — i) tan E(Mj = i)

i<j

By
50

i<j 2

[en(p)] =

for Re(u) = 0. k may be taken to be any Schwartz-class function on Re(p) = 0 which is

mwvariant under permutations of the p variables.

To discuss the action of the Weyl group, we need to remove p from our definition of
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the power function: p,;, = p,p,, where ps, a character of the group of positive diagonal

matrices, has the form

3]
n
Ds . = H afi .
i=1
Qn
It is trivial to see that conjugating by an element of the Weyl group permutes the entries of

a, so the action of the Weyl group is given by

p.(a) = pu(w ™ aw) =: pyu(a),

where now p" is some permutation of the coordinates of u. That is, the Weyl group acts
by permutation on the coordinates of pu. The reason why this is necessary is that one may

show the Selberg transform is invariant under the action of the Weyl group, k(u®) = k().

The first theorem of Harish-Chandra [15, Ch VIII, Sect 6, Thm 6.1] is that the Selberg

transform (a.k.a. spherical transform) is an isomorphism
CE(E\G/K) = PWY (),

where the second space is the Paley-Wiener space of entire functions of finite order in the
real part and rapid decay in the imaginary part which are invariant under the action of the

Weyl group: o)
eclRe(p

1+ [Im () )™

f () <<N(

for all N € N, where c¢ is some fixed constant.

The second theorem of Harish-Chandra |15, Ch X, Sect 5, Thm 5.6] is that the Selberg

transform extends to an isomorphism
HCS(K\G/K) = SCHY ().

The first space is the Harish-Chandra Schwartz space defined by the property that f belongs
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to the space whenever f : G — C is bi- K-invariant, smooth in the coordinates of G, and for

each bi-K-invariant differential operator D on G and any N € N, we have

ho(a)
(1 + [log x1(a) )™

|f(a)] <p.n

for all positive diagonal a. The second space is the Schwartz space of real-analytic functions

on Re(p) = 0 which are invariant under the action of the Weyl group.

2.3 SL(3,R) in Particular

As G = SL(3,R) is the particular case which this thesis is about, we wish to carefully spell
out the above concepts for it here: The symmetric space is G/K with K = SO(3,R), and
G acts by left translation on this space — the action is sufficiently complex that we have
no desire to write it out. We are interested strictly in I' = SL(3,Z), i.e. “full level”. The

Iwasawa decomposition for z € G is z = zy (mod K), where

1 zo x5 Y1Y2
T = I x| Y= n )
1 1

y; € RT and z; € R — we will not often write out the form of the  and y matrices, so please

note the ordering of the indices here. The G-invariant measure has the form

dyy dys
(yl y2)3

dz = dx dy, dx = dxq dxy dxs, dy =

The center of the space of G-invariant differential operators is ©® = C[Ay, Ay] where

0? 0? 0? 0?
Ay = P g e () s
1 Y aylg Ya ang Y1Ya 8y13y2 yl( 2 yQ) 81‘32

2 2 2

2 2 2
+ h 0m12 + £ 82522 + 2y1x2 8.7318133
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is the generalized Laplacian, and

o? o o? 9 o?

Ay = — 20y —a + 2 2_ 9 9.2 v
2 Y1Y2 ay%ay2 NYs7 575 aylayg yl Y2555 837 8 yl Yo ax%ayl Y1Y222 81}18I38y2
+ (—23 +y2)y? . 2 i + 2u2y2 i + 2 >
—x _— = _— _— x
2 T Yo y1y28 gayQ Y192 ax%ayZ Y1Ys 021015015 y13/2 28 3
0? 0? 0? 0? 0? 0?

+yfay1 _y2a + 2y1s o +(x§+y§)yfax32+yfax12—yiaxf-

2.3.1 Langlands Spectral Decomposition

We have p = (1,0), so the power function has the form p,,,(zy) = y 724, ™. The

power function can also be realized as

+u1 ) u1+u2 _1 1+py+pg

Ppru(2) = Y1 Ya|™ Va7 7,

where |Y;| is the determinant of the upper-left j X j minor of Y = 27127}

; clearly this is
right-invariant by SO(3,R) and independent of det(z), block multiplication shows that it
does not depend on x, and a simple calculation shows that has the appropriate dependence

on y; and yo. We mention this here as it is the definition used by Terras [39].

The definition of Maass cusp forms on SL(3,R) becomes: ¢ : G/K — C is a Maass cusp
form if p(yz) = p(z) for all y € T, ¢ € L*(I'\G/K),

/ o(uz)du =0,
Ui(Z)\Ui(R)

for the upper-triangular groups

1 0 = 1 x %
Ul - 1 = 3 UQZ 1 0 5
1 1

and ¢ is an eigenvalue of all the differential operators in ©. A Maass form is of type

= (p1, p2, pi3) (where pq + po + puz = 0) if it shares the eigenvalues under ® of the power
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function at u:

2 2 2
13+ 13+ p
—Aippiy = <1 — %) Dotps  DoPpip = —H1flal3Dpip-

For the Langlands Eisenstein series, we have two types:

Bz, p) = Z pP-Ht(’yz)v E¢(Z,LL1)= Z pltl,(i’(’yz)?

YET oo \T YEP2 1\I'
where
1 % x x k%
[ = 01 «|el,, Py = x x x| €l p,
0 0 1 0 01

and p,, ¢(9) = (yfyg)%+“1¢($2 + iy2) with ¢ any SL(2,R) cusp form. The Eisenstein series
are smooth functions on I'\G /K which are eigenvalues of all of ©, but not square-integrable.

They have meromorphic continuation to all of C in each ;.

The residual spectrum is literally the residues of Eisenstein series at points in the p

parameters, and a basis for the residual spectrum is Ey,.

Theorem 21 (Langlands). Let {¢;} be an orthonormal basis of the SL(3,R) cusp forms
with o constant, and {¢;} an orthonormal basis of SL(2,R) cusp forms with ¢ constant.
Then for any ® € L*(I'\G/K), we have

o0

+ —— / D, By, (- 111)) By, (2, ) dpn
47”; Re(m>:o< )
7,
+ o (D, E(; 1)) E(2; p)dp.
(278)% JRe(u)=(0,0)
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2.3.2 Location of the cusp forms & The Weyl Law

The operator —A; (the generalized Laplacian) is homogeneous of degree 2 and symmetric
with respect to Haar measure, and integration by parts shows its eigenvalues on L? are
non-negative. Again, one can show that these eigenvalues are greater than 1. The second
operator has no homogeneity properties and is anti-symmetric, so its eigenvalues on L? are
purely imaginary. These three constraints imply that the Langlands parameters of a GL(3)
cusp form are (some permutation of) either (iy, iy, —iy; — iy2) (“tempered at infinity” =
good) or (x + 1y, —x + 1y, —2iy) (not “tempered at infinity” = bad) for some yy, v, z,y € R,
see [40]. The Kim-Sarnak result shows that the real part of the Langland’s parameters is at

5
most 7,

so we have |z] < & as well (expect z = 0, i.e. the second case never happens).
Even though we don’t have the results we want for the location of the Langlands param-

eters of the cusp forms, we do have a counting function for the eigenvalues of the generalized

Laplacian. This was first proved by Miller in his thesis (using upper bounds of Donnelly)

(see |25] for an article version).

Theorem 22 (Weyl Law for SL(3,R)). Let {¢;} be a basis of SL(3,R) cusp forms with

eigenvalues —Ayp; = \jp;, and let N(T') be the counting function
N(T)=#{j: N\ <T},

then
VOl(N\G/K) g0

N(T> ~ (47T)5/2F (%)

A simple consequence of the SL(3,R) Kuznetsov formula are some mean value estimates
for Fourier-Whittaker coefficients of SL(3,7Z) automorphic forms, which will help us evaluate

convergence of the spectral side of the Kuznetsov formula:

Theorem 23 (Blomer). For u' and T > 1 fized, the quantities

}p%(l, 1)‘2
; Cluy)

Jos s <7

35



> (. D),

J— /' P
=1 P A (1 = 1, —2p1)

a2t <7

and
1,1); )|
[ bLuer,
C(u)
Re(1)=(0,0)
-] <7
are all bounded by
3
(T + K"

This is essentially a theorem of Blomer, but one can obtain these by applying Theorem
with a test function k which is non-negative on the spectrum and decays rapidly away from
the desired regions then applying bounds for the J,, , functions. Such test functions are
constructed in [6] — see [21], and we will prove bounds of similar nature in the final section of
this paper. Blomer demonstrates results of this type by applying a Kuznetsov formula of his
own, the purpose of which is the same; that is, to make a sufficiently simplified version of the
Kuznetsov formula on SL(3,R). One can extend this to the m # (1,1) Fourier coefficents

by applying the second half of the Kim-Sarnak result, /f ;((lml)) < (myms) it ¢, or by applying

the Kuznetsov formula directly, which results in a slightly different bound.

2.3.3 Bruhat decomposition, Pliicker coordinates & Kloosterman sums

The ¢ matrix takes the form

c= e aclacZGNa

1
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the Weyl group has 6 elements

1 1 1
I = 1 ,  We = -1 , Wz = 11,
1 1 1
1 1 1
Wy = 11, ws = 1 ) wy = —1 5
1 1 1
and V has four
—1 -1 1
I, —1 ) 1 ; —1
1 —1 -1

We define characters of U(R) by

1 To T3
Ym |0 1 x| =e(mizy +maexs),
0 0 1

and before we define the Kloosterman sums, we return to the discussion of Pliicker coordi-

nates. Coset representatives

Xk K
d e f|eU@N\T
a b c

are characterized by six invariants: The bottom row A; = a,B; = b,C; = c¢ having

(A1, B1,Ch) = 1, and the first set of minors Ay = bd — ae, By = af — cd, Cy = ce — bf
having (Asg, B2, C3) = 1 and subject to A;Cy + By By + C1 A = 0. In [3], the Bruhat decom-
position for each element of the Weyl group were computed using these invariants — note

that membership in a particular Bruhat cell imposes certain requirements on the Pliicker
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Bruhat Compatibility Sy (Vm, ¥n, (c1,c2))

I |cit=c=1 m=n 1
Wo | C1 = 1 my = ny = 0 S(-mg, —MNgo, Cg)
w3 02:1 m2:n2:0 S(ml,n1,61>

Table 2.2: Degenerate SL(3,Z) Kloosterman Sums

coordinates, giving explicit forms to the SL(3, Z) Kloosterman sums. The three degenerate

sums are listed in Table 2.2

The w, Kloosterman sum is a new exponential sum. Its Bruhat condition is ¢;|c; and

the compatibility condition is moc; = nyc2. Explicitly,

G50y C1B; C,
Sur(ms s (A1, B)) = e<_m2 GG ‘”252)'
C2 (mod B2)
C1 (mod Aj)

(A1/B2,C1)=(B2,C2)=1

The ws Kloosterman sum is essentially the same as for wy. Its Bruhat condition is ¢|co

and the compatibility condition is micy = nQC%, and we have
Sws (1/Jma ¢nv (Clv 02)) = Sw4 (¢—m27M1’ ¢n2,_n17 (027 Cl))'

The second new exponential sum is the long-element Kloosterman sum. Its Bruhat and

compatibility conditions are vacuously true, and it is given by

Swl (wma wTh (A17 AZ)) =
* ZyBy — Yo A4 Y14y — Z1 By By —B;
S o (mBB YA Ve A |

m No— + Ny
Ay Ay Ay Ay
B1,C1 (mod A1)
BQ,CQ (mod AQ)

here the sum Y * is restricted to those quadruples of By, Cy, By, Cy satisfying

(Al, Bl, Cl) = (AQ, Bg, 02) = 1, A102 + BlBQ + ClAQ = O (HlOd A1A2),
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and the numbers Y7, Z1, Ys, Z5 are defined by

}/131 -+ ZlCl =1 (mod A1)7 }/QBQ -+ ZQCQ =1 (mod AQ)

There are Weil-quality bounds for these Kloosterman sums due to Larsen (in the BFG

paper) and Stevens (after some work):

Theorem 24 (Larsen).
@) 1S (Vs s )| < min {d(c2)” (Jm] 2 G dler)(mal  nal ,ex)er }.
b) Sus (s Y, )| < min {d(er)* (Ima] ,2) &.d(es) (jmal  Ima] s ex)es

where »x =

As Stevens is completely unconcerned with the dependence of his estimate on the indices

m and n, we take a moment to go through his proof and keep closer track of this:

Proof of Theorem[{]. In the proof of Theorem (5.9), on page 49, use instead the estimates

(el ot ) < (sl o0 ()

s—a+r—>b

—1 s—a+4+r—>0
SOm%u,pﬂp 2z,
and similarly

2r—s—b+r—a
2

r—s—b| 1 r—a|—1 T -1 T s w—
(PwQ "l v u,p>§0w%@,p>p ‘
so that (5.13) becomes

B 1/2 B 12 . an
Sw() ((92\13; ’I") S 4 <|I/1yé|p 1 ’pr> <|V2]/i|p1 7p7"> p27‘ 2 .

Since this section of the proof assumes r > s, we now replace his Theorem (5.9) with the
statement
-1 1/2 -1 12 Laxb
Sastn, )] < (sl op) (ol op') 7 F
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where [ = max {r, s}.

Then the C in the statement and proof of his Theorem (5.1) becomes

B 1/2 B 1/2
C:<|V1V§|pl7pl> <|V2V1|1 l> )

where again [ = max {r, s}. Multiplicativity then gives Theorem 4| as stated. O

To apply the Kuznetsov formula, we will also need to know when the various sums
and integrals converge. From the Weil-quality bounds on the Kloosterman sums, we may

investigate the absolute convergence of the corresponding Kloosterman zeta functions:

Proposition 25.

a) Z w4 wma¢na ))| Cg ’nll ¢
c1Co |mym3ns|

c1,c2€N
(Il o) =22 (| ol , s ) .
< |m1n2|u—e ‘m2|1—u—e |n1|—u—5 fOT u <V,
b) Z 'ws wmawna ))| ( Czi) ’n2| )“
it C1Co ’m%anl‘
(Inaf , ma )10 (|m2| Il —unmw)
< |m2n1|u7€ |m1|17u76 |n2|7u76 fOT u < 07

5 ) ()
C1Co Co ]m1n2| C1 |m2n1|

c1,c2€N

—ug+e€

< |m1ng|_“1+6 |many | for 2uy — ug, —uy + 2uy < —3

(These normalizations are unusual, but will make more sense once we start evaluating

the integral transforms.) The proof of this proposition is given in appendix .
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2.3.4 Whittaker functions

As before, we define the Jacquet-Whittaker function as

W) = [ Pl )

(Note that the location of the —1 in the w; matrix does not affect p,;, (wuz).) Its completion

is given by W*(2; p, ¥m) = A()W (2 g, ), where

1 — 1 — 1 —
A(M)Zﬁ_gﬂ‘?’_’”F( +HJ; #2>F< +H; M%)F( +M; M3)'

We will need a number of basic facts about the Whittaker function, so we collect them
here: The Whittaker function is harmonic, square-integrable, cuspidal exactly when 1, is

non-degenerate, shares the eigenvalues of p,;, (but isn’t automorphic), and

W (25, om) = V(@)W (y; 1, ¥m), @ € u(R).

It is also easy to check that if 0 # ¢1,t5 € R,

W (y; 1 ity) = D—2p(8)Dps (it 0w, YW (tvy; i, 1)

= D—p—p (t)W(ty; Ly @Z)ll)a
by sending u +— t~lvutv, where

[t1] [t2] sign(t1)
t= |t1] , v = sign(t1tz) ;

1 sign(tz)

and ™ = (ps3, fi2, p1). This means that we need only analyze the behavior of the function

W (y, p, 11)-
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We have the double Mellin transform pair |11}, p155 6.1.4 and 6.1.5]

1

1674 JRe(t)=(2,2)

4 *
G(t,p) = ;/( )W (y, 1) (1) T (o) 2y,
Y (R

W*(y7/1’7 2bll) = G(t,lu)(ﬂ'yl)litl (Tyg)limdt,

where

2 2

G(t7ﬂ) = F(M)

r (t1—#1) T (tl—ﬂ2) r (tl—zﬂs) r (tz-gm) T (tz-;uz) r (t2-;/13) |

The inverse Mellin form of the Whittaker function also gives the following asymptotics:
By shifting the ¢; integral to the right (as we may by the exponential decay of G(t,s)), we
see that the Whittaker function decays faster than any power of y; as y; — oco; by shifting to
the left past the first pole of the G function, we see that the Whittaker function is bounded
by y;~“ where ¢; = max {Re(—u), Re(—ps), Re(—pus3)} as y1 — 0. The same reasoning
applies for yo with co = max {Re(p1), Re(p2), Re(us)}. In particular, the Mellin transform

of the Whittaker function converges absolutely for Re(t;) > ¢1,Re(t2) > co.

Aside: Given the number of different parameterizations of the Whittaker function, the

author has found it useful to verify the A function as follows:

?lJig% P—ppr (Y)W (5 g, 111)

=lim P (wi)y (u)du
y—0 U(R)

—l4po—pq —1tpz—p2

:/ (1+2f + (mze —a3)?) 2 (1423423 °  du

U(R)

_ / (1+a2) 2 (1+ad)” 2 2 (14ad) * du
U(R)

T (M1;M2) T (Mz;us) T (Mlgm)

[ (TR T (M) T (1 4 )

3/2

=T

for Re(us) < Re(pz) < Re(p1) using the substitutions z) +— \/%, Ty xhy/1+ 2% and
L)

then o} — zhal + 2f\/1+ 2. We now compute lim, o p_,— i (y)W*(y; i, 111) from the

inverse Mellin transform representation using the G function: Shifting the ¢ contours to the
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left, we pick up the first poles at ¢t; = py and t = —pu3 and computing the residue there

gives

lim (rryy) = (yo) T W (y; ) =
y—0

4(27Ti)2r o p2\ (B2 s\ p (= s
—1674 2 2 2

so A(u) is the ratio of W* over W.

A related product which will occur frequently is

1 T T T

m = COS E(Nl - ,u2) cos 5(/11 - ,uz) COS 5(#2 — Ms)-

2.3.5 Fourier coefficients

Again, a Maass cusp form has Fourier coefficients of the form

[ etummtudu = Pyl ).
U(Z)\U(R)

|m1m2|

where p,(m) is some constant depending on ¢.

It is interesting to write out the Fourier-Whittaker expansion of the minimal parabolic

Eisenstein series: Let n(y, m, u) = fU(Z)\U(R) E(zy; 1), Ym(x)dx, then |11, pp303-306],

77(,% m, M) = Z Z 5m,wWw(y7 s Q:D;}m)Cw(d)()Oa @Z}fnv ,u),

weW veV

where d,,,, = 1 if 1y, is trivial on U, (R) and zero otherwise,

WMMWM—/mﬁWWM%MW

is the Whittaker function associated to the w Bruhat cell (note W,, = W; the other cases
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are termed “degenerate” Whittaker functions), and

C wnuwﬂlu prJr,u wnawrrn )

ceN2

is the SL(3,R) Kloosterman zeta function for the w Bruhat cell. This is computed by
applying the Bruhat decomposition in a manner similar to that of the Kuznetsov formula

that we give in the next section.

If 1,,, is non-degenerate, then it is non-trivial on U, (R) for all w except the long element so
n(y,m, 1) = W(y, i, ¥m)Cuw, (Y00, Ym, 1t), and we normalize the Fourier-Whittaker coefficients
| SR o that n(z,m, 1) = LW (2, 1, ).

as ﬁ(m, /J,) = |m1m2 \m1m2\

The Fourier-Whittaker coefficients of Eisenstein series twisted by cusp forms are more
difficult, but they may be computed by considering the Hecke operators. We choose not to

do so here.

2.3.6 The Kuznetsov formula

Bringing the pieces together, we have Li’s Kuznetsov formula for SL(3,R), which we will

discuss in detail section [B

Theorem 26 (Li). Let {¢} be an orthonormal basis of the SL(3,R) cusp forms with Lang-

lands parameters pi,, and {¢} an orthonormal basis of SL(2,R) cusp forms with Langlands

44



parameters pg. Let k € CX(K\G/K), and m,n pairs of non-zero integers. Then

Cu )P, (m) o)
L ]%(,Ul ey —21) N
+ E%/Re (11)=0 C (g — MZ_2M1)n¢<n,ﬂl)n¢(m,ul)dul
.. LI S
+ (27m')2 /Re(“ (Iu)n( ) ﬂ)ﬁ( ; M)d,u

= 5mnHI(k:7 ¢m7 77/}717 C)

+ Z Z Z Sw(djm; Zac)Hw(k7wm’ Z’C)’

we{wy,ws,w; } vEV c1,c2€EN

where

s T n
C(p) = cos §(u1 — [l2) COS 5(,&1 — ji3) cos 5(#2 — 13),

Pyos Mg, and n are the Fourier-Whittaker coefficients of ¢, Ey4, and E, respectively, and H,

18 given by the integral
2
’m1m2”1”2| / / k (Im] ()™ cw(@'t) |n]™Y) ¢ (2)0n () da’ dar 2ty dt. (2.2)
Y(R) JU(R) JUw(

Note that C'(p) is real, since i is some permutation of —u and C'(u) is invariant under

both operations.

2.3.7 Spherical Inversion

The spherical inversion formula for SL(3,R) has the form:

Theorem 27 (Spherical Inversion). For k € HCS(K\G/K), the Selberg transform k — k

has the inversion

1 (1)
k(z) = ——— h(2)dpt,
(2) 4814 Jre(uy=(0,0) es(1)]? )

where

es)| 2 =TT 50 = o) tam 3 (s = py).

1<i<j<3
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k may be taken to be any Schwartz-class function on Re(n) = 0 which is invariant under

permutations of the coordinates of .
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CHAPTER 3

The Method on SL(2,R)

Before diving into the process on SL(3,R), we demonstrate the method in the more familiar
setting of SL(2,R). This appears to be a novel approach — though there are similarities with

[10] — to proving the following theorem, originally due to Kuznetsov:

Theorem 28 (Kuznetsov). Suppose g : RT — C is smooth and compactly supported, and
T >0, then

= S(m,n,c 72 |mn
> 2y (1T ) S T
c c

c=1

Starting with Zagier’s form of the SL(2,Z) Kuznetsov formula, before the simplification

of the weight functions on the arithmetic side:

Theorem 29 (Kuznetsov Trace Formula, Spectral Form). Suppose k : H — C is sufficiently
nice with k(gz) = k(2) for all g € SO(2,R), then

~

k() _ 1 / (p) _
\Fe) m) + — d
> Com%w(n)%( )+ 7 Jrego Coswn(n,u)n(m,u) I

= OmnHr (k) + Z S(m,n,c)Hy, (k,m,n,c),

c=1

where

~ 1 d:ﬂd
() = / B2y
H )

HI:4|mn|/ /k(—mx—f—i)e(mx) dxtﬂ,
R+ JR t t?
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and

Inl '
+ dt
H,, :4|mn|/ //k —Mx—l— mn| ~ ! e (mx)e(—na')da’ drt —.
v+ Jr JR t c? t2—|—n2x’2 12

Note that the action of V is trivial.

We want to express the H; and H,, functions as integrals of k against a function in

Mellin-Barnes integral form. In both integrals, we send x —ﬁx and in the second,

dt
HI:4W/ /k(x+i)e(—v1tx) det* <,
R+ JR t
_UQOKI + a1 3dt
/R+// ( 2(1 + z72) >e(—v1m) (—ta') da’ dut 3

where v; = sign(m), v, = sign(n) and o = VZ_;L‘

= Lyl
n

voax’

For H,,, interchange the x and 2’ integrals, and send x — x + Bt

(6%
H, =4 k + — i
l /IR+/R/R (x t2(1+x'2)z)
dt

e (—vitz)e <—U1U2 1T 2 > e (—ta') dx da' t* =

SO

Now we apply Selberg inversion (Theorem and interchange the = and p integrals; we

see both H; and H,, involve an integral of the form

X:/Rhu (x + yi) e (ax) dz,

so we take the integral formula for the spherical function

™ cosf sind do
b= [ by, 2k
0 —sinf cos6
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and for reasons which will become clear momentarily, make the substitution u = — cot 0:

cos@zL sinﬁz; df = du

V1+u? V1t a2 uz+1’

1 00 y %"‘M —l—i—u

T u—x)

Though the combined v and x integral does not converge absolutely, we can justify the
interchange of integrals through integration by parts in z, so we send x — = + u and the

integrals separate leaving us (formally) with

X:l/ . %Jrue(ax) dx/oo (1+u2)_%+ue(au)du
T Jr \y* + 2 —o .

These integrals are both the Whittaker function

3 th K_, (2
R

7 C(3en)

so we have

Fhw (s

Applying this gives

4 2rt) K, (2
]n]/ / — (27t) “1< ) mutan T dpdt,
R+ JRe(u 5T (5—n)

4a1/2 o ,
/+ // wK_, <2wm) K, (2nt) psinmpdp
R Re(p
dx’
(—Ulvgz T x’Q) e (—tx,) _<1 n m—/2)1/2 dt

Where we have applied I" ( ,u) r (% u) = msecm to the long-element term.
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We may now finish our computation of H; using the integral formula

T
K_, 2nt) K, (2nt) dt =
R+ n (2mt) (2rt) 8cosmu’
which is Stade’s formula at s = 1, giving
|mn’1/2 B
Hy=—— k(p)mptan wp dp.
212y Re(p)=0

For the long-element term, we apply

1 u+ U— i\
K, (2t r r t™d R
TG ol G I

=I(p) " + T (=)t

1 _
2mi Re(u):7%f4e 2 2

for [Re(u)| < % + 4e, € > 0, and using the symmetry g — —p of the remaining terms in the

integrand, we have

1
H, =——
: 2mi Re(u):—i—i%e

Pkl

(1) Juy (v, v) tan T dp,

Junu(@,0) =T (=1) X'(a, v, p)pcos mp

+—MCOS,7W/ F<U+M)F(u_u> X' (e, v,u) du,
2m Re(u)——f—4e 2 2

16
X’(Q’U,M’ 042 /RJr / (—1)12;2 1+ ) (_tCE/)

(1+2)" 2 do K, (2mt) t" dt,

which converges absolutely. One could use a similar idea to |[10] and replace

o :1:’ L+ o x' |
el —vv = el —vv —
1+ 22 I ) ’
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with the main term coming from the 1, and the second term being an error term, but we

will instead explicitly compute a Mellin-Barnes expansion of X’ as this will generalize more

effectively.

We will eventually want a first-term asymptotic for X’ as o — 0:

16
lim a2 X (a, v, i, p) = / / e (—ta') (14 &)= da’ K, (2nt) t* dt,
a—0 7'(#_1 R+ JR

32
= K, (2nt) K, (2nt) dt
AT (5 ) Jee
4

23] (2 —u) cos o

by dominated convergence and Stade’s formula. Note that our main term also derives from
replacing that particular complex exponential with 1.

us
2

Now we inverse-Mellin expand the exponentials in X’ by taking the limit as 6§ —

(outside H,, by dominated convergence) of

1 -
e (x exp <z (g - 9) sign(:c))) =5 /Re(u)u 27z eSO (1) du,

forz #0,0 <0 < 7 and u> 0. Now we have X'(a, v,u) = limg_,z X/ (v, v, u, ), where

X(a, v, pyu, ) =

/ (2m)* 52071 T (s1) T (s2)
Re(s)=(d,e)

et
it (2mi)?
K, (2mt) t"+ors2 dt
R+
_1
[ (1 a2y exp (it sign(e! (vivass + 59) ' ds
R

We split the z’ integral by sign and apply the Mellin transform

& 1 t+1 —2u—t—1
1+ 2*)"a'de = SB
/0 (1+ z*)"z'dx 5 ( 5 5 ),
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for —1 < Re(t) < —1 — 2Re(u), where B(u,v) = F("JFS’) is the beta function, so

1

20274
Xi(a, v, phyu, ) =———— / 2511527525207 cog (0 (V1098 + 52))
g 7T2+2u(27m)2 Re(s)=(6.¢)
1 _ | sy
F(sl)F(sz)F( —i—u—l—s; 32—|—u> F( +u—|—s; S9 u)
B (—51 —252 + 17 —2u —251 + 52> ds.

which should converge absolutely at # = Z on Re(u) + 2Re(s1) < —1 provided the contours

miss the poles of the gamma functions, so dominated convergence gives
X' (e, v, pyu) = X (o, v, pi,u) + X’f%%(a, ONTRND

where Xj(a, v, u,u) == Xj (a,v,,u,u, %) and X/ (a, v, g1, u) indicates taking the residue at
s1 = 0. Absolute convergence of the remaining integral in X, i.e. the s, integral, is obvious

from the exponential decay factors.

Having already computed the primary asymptotic of X'(«, v, pu, u) as a — 0, the sec-
ondary asymptotics, which will become error terms in our partial inversion formula, can be
obtained by shifting the s; contour to the left as we have already done — the integral over u
in Jy, , is small compared to a2 . The pole at s; = 0 gives the primary asymptotic, and

the next pole is at s = —1 + s9 — 2u which has real part —% + Te:

4(m2a)b " D (1 - p)
T T(3—n)
Ery(a,0) =D(—) X", (a,v,p0 ) sinmp,

_sinmp U+ [ uU— [ ,
By (a,v) = 5 /Re(u):—é—4er < 5 )F ( 5 >X (o, v,y u) du.

(The exponential growth of sin7p in E,, may look daunting, but the gamma factors

r (%) r (%) and I’ (H““é_sﬁu) r (H““é_”_“) have enough exponential decay to com-

le,u(a,v) == + Elu «@ U) + by N(Oé U)

pensate.)

With the integrals evaluated and the primary asymptotics found, we take our test function
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k(1) = ki(p) so that the integral in p becomes, to a first-term approximation, a Mellin

inversion:
~ 1 - 2q L (3 —q)
Foli) = — 5 fa
o) 270 JRe(g)=—s ( )(q —u)(g+p) 4L (1 — g) tan g
; D) :
= + k ,
P o Fol)
where

= /OOO f)rtat

is the Mellin transform of some sufficiently nice function f : RT — C. For such a test

function, we have

3
H,, =f(r*a)Vr2a + Z Fi(a,v),
j=1

1 .
Fi(a,v) —/R() ko(p) Jwy,pu(cv, v) tan mp dye,

27T'l w)=— %—36

1 — 1)

FQ(a U) _/Re(“): f(#) M) Elﬂ @ U) dp,
-1
)

211

Fifo,v) =5 / R

o= =N
1:

,.;;21 o
’1’1’1’1

| |

— 1 EQ# @ U)dl%

so the partial inversion formula becomes (after shifting ki — k. on the spectral side):

Theorem 30 (Partial Kuznetsov Inversion Formula on SL(2,R)). Suppose f : Rt — C is

sufficiently nice (which we can quantify, but choose not to), then

=, S(m,n w2 |lmn
ey 2 g ()

c2

= G Hi(k iis (m,n,c)F. ( 2|Cmn| (sign(m), sign(n))) ,

j=1 c=1

+Z—k€(“¢> ps(n)pg(m )+L /R ( el n(n, p)(m, p)dp,

— COSTHL 4mi )=0 COS T L

using the functions constructed above.
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Spectral Parameters of

Cusp Forms and
Absolute Convergence of the

Gap Eisenstein Series
Kloosterman Zeta Function
ﬁ
, O ) : Re(u)
-1 - 0 L
2 2

Figure 3.1: Location of the SL(2) Spectral Parameters

One should compare this to the full arithmetic Kuznetsov formula on GL(2), i.e. The-
orem [9} First, our formula here applies regardless of the signs of m and n. Second, the
full inversion formula requires the use of Petersson’s trace formulas and Fourier coefficents
of holomorphic modular forms; as these are zeros of the Laplacian, in some sense they lie
on the line Re(x) = 0 with the other automorphic forms and our result confirms that the
continuous part of the inversion formula should be large compared to this discrete series.
Third, our error terms limit the study of the Kloosterman zeta function to Re(u) < —¢; in
other words, the full Kuznetsov formula can be used to give the meromorphic continuation
of the Kloosterman zeta function with poles at © = i, on the line Re(p) = 0, but our error

terms prevent us from reaching this line.

Now suppose f(t) = ¢ (tT) for some smooth, compactly supported g : Rt — C, T > 0,

then
. T—Re(q)
f(t)<<A ||A 5 A>07
q

and applying this bound to the absolutely convergent integrals and sums above gives

= S(m,n,c 2 mn
I ] G B
c c

c=1

We visualize the relevant parameters in figure
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CHAPTER 4
The Method on SL(3,R)

We start with Li’s generalization of the Kuznetsov formula, whose complexity leads us to

our first technical theorem; in chapter [5| we prove:

Theorem 31. Let /%(u) be symmetric in p, holomorphic in each variable on Re(u) = n €

[—% — €, % + 6]2, of sufficient decay that the integral

~ 13 c
| Jit] T = st ¥
Re(p)=n

1<j

converges, then we have the formula (2.1), where now

1 — [
Hi (b, s (1, 1)) = — / i) i
2 3 Re(u) ]<k \/9— —

8m3mymans
Hyy (ks Yy Py € w —— | du,
(B, Ym, ¥ 2m )2c109 /Re 4“( cing H

8m3m2maony
H’u} ka ms Pn, C w. —_— d )
5 (R Ym0 27r7, )2c10o /RC 5”( 3y ) H

1 A Am2comyng 4Amlcymany
Hw k, my Pn; = T8 _ N0 k Jw s d )
l( w w C) (277'2)261C2 /f‘{e(u) (:u) 1K ( C% CQ ,LL

2

with Jy, ,, given by the Mellin-Barnes integrals (5.7), (5.8)), and (5.6), and C(u) replaced with

T ]

]<k %(luk_lu])

This should be regarded as a theorem on the higher-rank hypergeometric functions, in the
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style of Stade; it assigns to the weight functions H,, good complex analytic expressions, in
the form of Mellin-Barnes integral representations, though we strongly suspect that we have
not achieved the optimal such representations. We are being quite wasteful in the exponent
% +100€ for our assumptions on /Af; it should properly be 1, but here we only prove the larger
exponent is sufficient. Lastly, we needed to replace C'(u) because the pole at pg — g = —1
also shows up on the arithmetic side and interfers with the absolute convergence of the
sum of the long-element Kloosterman sums; we accomplish this change by applying Stade’s
formula at s = 2 instead of s = 1, and renormalizing to obtain the proper asymptotics
(Cp) = C* ().

Having the Mellin-Barnes representation of Theorem [31] in section we compute a

type of first-term asymptotic for J,, ,:

PI‘OpOSitiOH 32. sz,,u(y) = |y1|7'u1 |y2lﬂ2 ( )+ Z] 1 sz,](:u y) where

W%"_?"“ F(Ml;MZ)F(H12H3)F(,U«3 #2) #k_uj)

sz(:u) :25—2M1+2M2 T (1"!‘,11«;_,“1) T (1+M3 Ml) I (1+N2 Ms . \/9 5’
J< -

2

and the E., ; are given explicitly by equations 1' and satisy

Euj(11,y) = 0 (Iy | TRl [y e “2) (4.1)
as y — 0 with Re(u1) < Re(ps) < Re(uz).

The asymptotics (A.1)) are actually power-saving bounds over |y;| %% |yo|*¥2) which
are vital to our purposes, but their dependence on Re(u1) and Re(pus) is unfortunately quite
complicated. Note that the only zeros of K,,(n) in [Re(y;)] < 3 + € occur when one of

Lo — 3, ft3 — M1, p2 — 1 are 0 or —1, and it has no poles on this region.

With this asymptotic of J,, , and the accompanying explicit error terms, in section

we produce a type of partial inversion to the H,, transform:
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Theorem 33. Let f: (RT)? — C such that

R 1 Zdy dy
f(q) = / Flyyiyp L2
(RF)2 Y1Y2

is holomorphic on —3 — e < Re(q;) < 0 and satisfies f(q) < |quqa|™® there. Then we again
have the formula (2.1)), where now

le (k, %m % C) =

B) , B)
1 &)

10
1 ~ (AT coming Am2cimang
+ E Fj f7 2 ) 2 )
]:

1 f<47r262m1n2 47201m2n1>

using

k() = kq(p) 12% /R R o prypren) <fq (f)_qQ)kwm(m q) (4.2)

(1 + @2)° a1 — 2) (202 — q1)
(1 — 1) (@1 — p2) (@1 — ) (@2 + per) (g2 + p2) (g2 + p3)

dq,

where keony(t,q) is chosen in (B.3|) to be holomorphic on Re(u;),Re(q;) € (—2,2) with
eonu(ft, (11, —p2)) = 1, and the F; are given explicitly by equations ((6.10)-(6.13)) and satisy

F; (f; y) = o (| ™™ [y ™) (4.3)
as y — 0 with Re(p1) < Re(us) < Re(uz).

Again, (4.3) does not quite do justice to the actual bounds we obtain. The construction

of l;;q(,u) is such that the double pole at ¢; = p1 and ¢ = —ps gives the residue

ffq(#) = —f([/é: (;/;2)

+ error terms,

and paired with our first-term asymptotic for J, ,, H,, looks like the inverse Mellin trans-
form of f . The motivation for the existence of k.o, is to control the convergence of the

integral and for ease of proof in the section on bounds; again, the exponent —8 is certainly

o7



not best possible — optimal is likely —2 — ¢, but it is convenient.

One should note that this is an incomplete generalization to SL(3,R) of the second
form of Kuznetsov’s formula on SL(2,R); it allows us to study sums of Kloosterman sums
by applying knowledge of the Fourier-Whittaker coefficients of automorphic forms. As the

asymptotic in Proposition |32]is for y;, y2 — 0, this partial inversion formula is effective when

log c1

0 < 2, i.e. when each of the moduli is at
og c2

studying sums of Kloosterman sums with % <
least the square-root of the other. One would expect that in practice, the remaining sums,
i.e. those over ¢; < /¢y or ¢ < y/ci, will be small. Similarly, we expect that the sums
of Kloosterman sums for the intermediate Weyl elements w, and ws; will tend to be small

compared to the long-element sum and the trivial term Hj;.

Lastly, by comparison with the method on SL(2), one might wonder if the two error
terms at (—%,O) and (0, %) indicate the need for some form of discrete series in the full
inversion formula. This is a somewhat tenuous connection, however.

The formulae used above and in Theorem [5|depend strictly on the location of the contours
in the Mellin-Barnes integrals for each J, ,, so we include as appendix @ some bounds to
demonstrate their absolute convergence at the relevant locations, which are unfortunately

not entirely trivial. The bounds we obtain are most likely not optimal in their dependence

on u, but they are sufficient for our purposes here:
Proposition 34. For the contours given in Table we have absolute convergence of all

of the weight functions with

1 € 1 €
| i) < |2 o] 2T

34100 34100 —14100
Dl = O sy — s |0 |y — a2

weW
13 13 s
) S S V7 R e 17t A 1] K Ty T E
weW
13 13 s
B ) S S V7 B 17t B ] T T E
weW
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1. 1.,
| By (15 9)| < |y |?" |Z/2|2Jr

11
D 17 G e Y T R R
weW

l € l €
| B2 (1, y)| < Jyn |27 [y 2™

111100 11100 ~3.1100
Dl — 5y — gy |y — gm0
weWw

1. 1.,
| By 3 (1, )| <<’3J1|2Jr |?/2|2Jr

_1
Z g — |2+1006 |ns — s |2+1006 g — iy 3t
weWw

1o, i lae
| B, y)| < Jyn |27 Jyal2™

1 100 14100 —14100
> = Oy — sy OOy — T
weWw

l € l €
| By s (1, )| < |y |27 |yo| 2T

Sl — g — g iy — g 20,

weW
1 1
| B (1t y)| < [y 27 Jya] 27
Dl — Oy — T g —
weW

l € l €
| By 7 (1, y)| < Jyn |27 |yo| 2T

STy — 0 — g | O g — ]
weW

Finally, in section we obtain the results of the introduction. These results follow
essentially immediately from the locations of the spectral parameters of the objects in the
partial inversion formula Theorem and the absolute convergence of the weight functions

in the desired locations using Proposition [34, We visualize the spectral parameters in figure

4.1l
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Figure 4.1: Location of the SL(3) Spectral Parameters
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CHAPTER 5

Evaluation of the Integral Transforms

We will need a number of elementary results to obtain the Kuznetsov formula above, so we

collect them here.

5.1 Mellin Transforms

Define
e (x exp (z (g — 9) Sign(x))) if © 20,

1 otherwise.

ep (v) =

Note that ey is no longer a character of R.

We have the Mellin transform

/0 " e (ay) gy = (—2wia) T (1),

for Re(t) > 0 and Im(a) > 0 (since it holds for —2mia € RT by substitution in the Euler
integral representation of the gamma function and extends by analytic continuation), and

Mellin inversion gives

1 . »
e(ay) = — —2mia) T dt,
(ay) '/@( YT (1) y e

27

for ¢ > 0 and Im(a) > 0.
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As we are dealing with the principal value of the power function, we have

(—27?2’95 exp (2 (g - 9) sign(m)>>_t = (2 |x| exp (—16 Sign(:c)))_t

_ 6—t(log|2ﬂ'x\ —1i6 sign(z))
b i
_ |27T$| ezt@mgn(m)'

The construction of eg(x) is such that the argument of the exponential always has a

negative real part, so applying the previous two formulae gives

1

= — 2|~ ST (1) dt 5.1
o) =gy [l T ) o (5.1

for x # 0 and ¢ > 0.

We also have the Mellin transform

0 1 t+1 —2u—t—1
1+ 22)'de = =B 5.2
[ e = gn (), (5.2

for —1 < Re(t) < —1 — 2Re(u). Here B(u,v) = % is the beta function.

5.2 The G Function

We start with G*(u, p) == G/EQ(LM’;) The G function has poles at u; = p; and —uy = p;, so up

to permutations, we may assume a pole is at u; = p, then the residue of G*(u, ) there is

given by

r (,“1;/1«2) r (#1;#3) r (U272L/12) r (UQJQFHS)

F(EEo) T (Tae) T (Tm)

Gy (1, ug, p) :== Qi
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For the other poles, we let G| (j, ug, pt) be the residue at uy = p;, and G:(j, uy, i) the residue

at —ug = ;. In particular,

F(#l;#2)r(#3;#2) F(ulgﬂl)r(ulgﬂs)
T (1+u1—u2) r (1+u2—u3) I (1+M1—M3)

2 2 2

Gr(2,uy, p) == o atii—hs

The residue at u; = p; again has poles at —uy = o, pt3, and we assume —us = fig, giving
the residue
r (#1;#2) r (m;m) r (Ma;/@)

r (1+u;*u2) r (1+M§*u3) I (1+H;*u3> :

Gy (1,2, p) = Azt s

In general, let G} (7, k, i) be the residue at (u1, —u2) = (1, ) for j # k.

5.3 The General Term

In Li’s construction of the Kuznetsov formula, the final step involved integrating away some
extra variables on the spectral side, using Stade’s formula (Theorem at s = 1, but this
will make it impossible to obtain a function which is nicely holomorphic in the region we
require. Instead we will apply Stade’s formula at s = 2, which results in a weight function

on the spectral side which is actually too large. So we replace k with

324k (1)

e /9 = (s — m)”

taking the branch cuts of the square root to be outside the strip |Re(u;)| < 3 + ¢, and the

;?0

spectral side is now of the correct magnitude as a function of k.
Before we truly start the simplification process, we must engage in a series of transforma-
tions: Since ¥y, (x) = ¥y (mam™!), and [m|m~' € V (up to a multiple of —1), conjugating

by m~! and by tn~! we have

P
H, — Imlmzmml / / / (" 2 qwta’) vy, (2) (@) da’ da O (E)E2 dt,

7(myms)2C
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where

(6518
a=mecwn w = ay (mod RT),
1
and C,(y) is the Jacobian of the change of variables u — yuy~! for u € U, (R). Note that

a1 and s may be negative! Now interchange the x and 2’ integrals. Then if wa’ = z*y*

(mod K) and t* = wtw™', we may translate and invert z—!(at”)z*(at”)™! — .

- 2]m1m2n1n2] w, ok
H, - / N . / (£ ") s (2 b ()i (@) e d’

(m1m2 20

Cp(t)t3t? dt.

Since k is a function on K\G/K (essentially the space of diagonal matrices by the sin-
gular value decomposition), it is invariant under transposition of its argument, so send

(at®y*)tx(at¥y*) — x and transpose, giving

2 |m1m2n1n2| / / / N
H, = xatw *t otwyr ()T
ﬂ-(mlmQ 20 R+)2 w(R y )¢ t ) ( )

Yo (2 Bu(a Ypap ")’ Co(D)ELE d.

We wish to apply spherical inversion, which will require some care with respect to con-
vergence of the integrals, but the integral in x can be evaluated explicitly as in the following

lemma.

Lemma 35 (Fourier Transform of the Spherical Function). For Re(u1),Re(p2) € (—3,0),
let

X (s 1y ) = /U s

where the integrals over x1 and x4 are taken in the limit sense f_oooo = limpg_ o0 f_RR, then

X(y, p.p) = 6W (y™ !, —p, )W (I, 1)),
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where

Lj—i\ _ »
H B<2, 2>—27T.

1<i<j<3
Note: We expect this formula to hold on SL(n,R) for arbitrary n, but the interchange

of integrals might be difficult to justify.

Applying spherical inversion, we may shift the integrals in p; and ps slightly to the left of
the 0 line and apply the above lemma. Note that, despite appearances, we have an expression

for |es(p)|* which is analytic in . After moving p back to the 0 lines, we have

H - |mamangng| / / / N)
Y 487r7(m1m2 20 R+)2 w( Re()=(0,0) |Cg 12 |

W ((at“y*) ™, =ty Yaguy )W (I, 1y Yoguy- )dp

. <x*>%<x’>p2p<atw*>dw' Cut)48}

We then return at®y* to the argument of the Whittaker function:

0 lmlQO;Q\ / / / u>2 (5.3)
4877 (mymi)2Cy ( ®+)? JTw(R) JRe(u)=(0,0) |c3(1t)]

W (t, —p, 1) W (at™y*, o, Y11) dpt ag (w*)wt(l")dm’ Cl(t)t5t] dt.

For all but the trivial term, we will use the Mellin expansion of the second Whittaker
function. We will shift the lines of integration in this Mellin expansion Re(u) — —3 — 10,

picking up poles at u; = p; and —ug = ;. As /Ac, c3, and the product

W*(z, —p, 1) W* (2, py 111)
A(=p)A(p)

W(Z, — I, ¢11)W(zlv 2 ’QZ)H) =

are invariant under permutations of x, we may collect like terms, leaving us with four pieces:
The pole at u; = pa, ug = —pu9; the pole at u; = py with an integral along Re(uq) = —% —10¢;
the pole at uy = —po with an integral along Re(u;) = —% — 10¢; the double integral along
Re(u) = —1 — 10e. Then we shift Re(u, t12) — (—3 — 9¢, 3 + 9¢), which is possible since
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—AIEZ)(X)(I—_;) has no poles. Thus we are evaluating

1 ~
H, = —/ k(1) 3 () dps,
(27TZ)20162 Re(u):(f%79e,%+9e) *

Ty () = |m1m2n1n2|6102 (Htan = Mk)>/(+) W (t, —u, 1) (5.4)
R+)2

3(m1m2 20

-1
=1 G )X, 0,8, (Pt~ ()
167% JRe(u)y=—1 -10c

8 3(7T51tw)1 M/ Gl(1’u27/.1/)X7:}((/_1,1,u2)’v’5’t)(7-‘-/82t2)]- 2du
Re(ug)=—5—10€
—32
—— (mPaty) e / G (2, ur, ) X, (w1, —p2), v, B, 1) (wity) " du
8 Re(u1)=—%—106

+ %(Wﬁltiﬂ)l“1(7"ﬁ2t§u)1+“2GZ(1a2a,u>X{u((,U17 12),v, B3, )) Wt )t4t2 dt.

X:U(U,U,B,t) :/U ®) z/fvﬁtw@*)E(x/) i ulygl uzd,’]ﬁ‘

where 8 = |a|, v = sign(«), and we justify the interchange of integrals by explicitly
computing y*, which shows that, in general, X, converges absolutely for some region in
Re(uy), Re(ug) < 0. This will further show that the ¢ integral converges absolutely as well
as the sum of Kloosterman sums. This step was a technical necessity, as we did not know
it was safe to pull the ¢ integral inside the sum of Kloosterman sums until right now, but

having done so, we may forget about the sum of Kloosterman sums.

The function X is a type of generalized hypergeometric function. For fixed v, it is a
function of four variables (31, 52,%1,t2 with two parameters u; and us. The object of the
remainder of the analysis will be to obtain a Mellin-Barnes integral representation for this

function; this is accomplished by brute force: By judicious use of the ey function, and absolute
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convergence of the ¢, u, u, and 2’ integrals, we will write H,, as a limit over 6:

0—=5" J(R+)2

, 1 o T .
Jupl@) = 155 (]11 tan” o (1) — Mk)) lim W(t, —p, ¥11)

1 / w\—u w\ —us
i | G (1, 1) X (11,0, B, 0)(mBr )™ (mat) "l
(27TZ) Re(u)z—%—lOe

3 _ * w\—u
+ 2_<7T61t110) K / Gl(1,UQ,,U)X;U((,Ul,Ug),’U,B,t,Q)(Tfﬁth) *du
m Re(ug)=—12—10¢
2
3 —u
+ _-(WBQt;U)HQ / G:(27u17:u)X1/1)((u17 _M2>7U7ﬂat>9)(ﬂ-ﬁlt1lu> tdu
2mi Re(ul):—%—IOE

+ 6(7TB1#1U>7#1 (7T62t121})u2GZ<17 27 M)Xz,u((ﬂla _,u2)7 v, 57 t> 9)) (ﬂ-tl)S(ﬂ-tQ)g dta

since in every case, we have

|mymanyng| 1 B2 _ 1
(mymg)2Cy(n) c1cy’

Cu(t)(t715) 1587 = 1t5.
Suppose that we have

1
X! (u,v,B,t,0) :—,/ / T (u, s,7,0,0)(w01) " (7w Ba) %2 (mtq) "™ (wtz) 2 dr ds,
(270)" Jre(s)=n JRe(r)=r

where r = (ry,...,7) and 7, ' are chosen to maintain absolute convergence. Explicitly, the
absolute convergence of the ¢ integral requires Re(4 + 1) > % and Re(2 + ry) > % Then we

may again apply the Mellin transform of the Whittaker function, so

1
Ho= e [ H () di (5.5)
(2mi)%cico Re(p)=1 H

where

1
() = / g gal =% Ny (s, 1, sign(y)) ds,
* (27”)2 Re(s)=s
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1
N (s, p,0) = —— / G*(u, p)R. (s, u,v) du
(27]-2)2 Re(u)=u
3
+ 5= G;(17u2’M)R;,U(S7 (M17u2)7v) dusy
21 Re(uz)=u2
3
+ 2_ G:(27u17:u)R:vu<Sv (ula_:u2>7v) duy
™ Re(ul):ul

1 (pr — py) tan 5 (g —2 147)
i<k \/9— (5 — )

)

+ 6G§(17 2, :U’)Riu(‘% (Mla _:u2)7 U))

et

/ _ * W / _ z
R, (s,u,v) T —(27ri)2 /Re(r):tG ((4,2) +r —u®, —p)T,, <u,s u, T, 0, 2) dr.

with u® defined by ¢11 4% = (t7)"(ty)"2, assuming we have absolute convergence at ¢ = 7,
for which we have the contents of appendix . Note that the zero of ﬁ at gy — pp = —1
cancels the pole of tan 7 (s — p11) there, so the last term of N, contributes no poles on the

strip [Re(;)| < 2 + e

This will conclude the construction of the formula.

5.3.1 Fourier Transform of the Spherical Function

The proof of Lemma [35] has three parts: First we give an integral formula for the spherical
function; this is a slight extension of a formula in Terras [39, p. 3.30]. Then we justify
an interchange of integrals in the absence of absolute convergence; essentially, we find an
integral formula for the Jacquet-Whittaker function having a slightly larger region of absolute
convergence. Lastly, some translation is needed to show the integrals we find are actually

each the Jacquet-Whittaker function.

We define the K-part function on G as K(xyk) = k, then the power function identity
[39, p. 3.17]

Poiu(K('0)2) = ppip(‘w2)p—pp (')
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comes from the decomposition 'z = zyk1:

ppw(txz) = pp+u($1y1k12) = pp+,u(y1>pp+,u(klz)-

We also need the change of variables formula [39, Lemma 4.3.2]

K/V k)dk = /@/ F(K('z)V)pa,(‘x)dz,

where the measure on K/V is again normalized to [, v dk = 1 Then we expand

dk
hu(z) = /K/VZPPJFM kUZ)‘V|

veV

[ peulE)at
KV

=@/pwmmmmmm
U(R)

-w/ Do (Cuz)pp (‘)
U(R)

by substituting vkv — k in the first integral. Intuitively, if we could pull the z integral of X
inside the v integral of h, and send zu — z, then we would have a product of two Whittaker
functions; however, we have absolute convergence of the combined x and u integral for no

values of .

Applying this integral representation of h, to X, we have

X(y,p, ) = k lim / / Ppru ('t xy)p,— () dutp(x)de
~R,R12xR JU(R)

R—o0 [

and the integrals inside the limit converge absolutely. We may then interchange the integrals

and send zu + x, and for convenience, we also send ‘x s ytzy =1, giving

R—o0

X:wﬂulm/ / Dy () (@) d py () () s
UR) J X(u,y,R)xR

where X (u,y, R) is the result of applying these transforms to the box [—R, R]?, and ¢*(x) =
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Yy txy).

Now we need only to rearrange the x integral into an absolutely convergent form as the
u integral will then converge absolutely by our assumptions on p. To that end, we separate

the x5 integral

X3($1,$2,M> :/pp+u(t95)d$3
R

1+p1 4200 _ltpi—pg

:/ (I4+a2f+23) 2 (L4534 (33— 2132)°) *  das,
R

and for convenience, we write X3(s1,$2) = X3(x1, 29, u) where s; = —W and sy =

_ l4pmi—pe
— .

A quick and useful bound for X3 comes from applying Cauchy-Schwarz:

|X3 S1, 89 | <\// 1_{_$1 2Re(31)d \// 1—|—ZL"2 1'3 —1U1$2) )ZRE(SQ)d

B - (_‘ — QRG(Sl)) r (—— — 2R6(82)) - Re(s1)+1 o\ Re(s2)+ 1
_\/ I' (—2Re(s1)) I' (—2Re(s2)) (1 + 1) (1 +z )

<5 (1 + :L'%)Re(sl)""i (1 + xg)Re(w)—l-i 7

assuming Re(s1), Re(s2) < —1.

Substituting x3 — xyx3 gives

_2(s1+s2)+1 —2 2\ 51 1+ I’% 232 > d
X3 =1 (277 + 14 23) 5 + (13 — 23) T3,
R

7

SO
0X3  2(s1+s2)+1 51 1+ a3
P = Xg(Sl, 52) — 2—X3<81 — 1, 82) — 252 Xg(Sl, So — 1)
T I T T
Similarly,
0X 2 1 1
8 3 = <Sl i 52) * Xg(sl,Sg) — 281 * SC Xg(Sl —1 82) — 2 X3(81, S9 — 1)
i) T2 4]
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and

82X3 . (2(81 + 82) + 1)2

= X
8@(91;1 1T 3(817 82)
2 2 2 2
9, (s1+s2)(2+27) + xng(sl 1)
T172
2 2 2 2
9, (s1+52)(2+23) + x2X3(31,52 )
T1T2
1 1 H(1 2
+ 48182 + ( + xl)( + 1'2) Xg(Sl - ]., S9 — 1)
T1T2
1+ 22
+ 481(81 — 1) 1X3(81 — 2, 82)
1T
1+ a2
+482(82—1) 2X3(81,82—2).
T1T9

By comparing the powers of x; and z5 in each of the three partial derivatives of X3
against the given bound for the corresponding X3(s; — a, ss — b), we see that integration by
parts causes problems near zero, but will give us convergence on an integral which is bounded
away from zero, so we now split the plane into four regions (nine total components) as z; and
x9 have magnitude smaller or larger than 1. On the region |z1| < 1, |zs| < 1, we do nothing,
as this integral converges absolutely without our help. On the region |z;| < 1,|xs| > 1, we
integrate by parts in xz. On the region |z1] > 1,|z3] < 1, we integrate by parts in z;. On

the region |z1| > 1, |xo| > 1, we integrate by parts in both z; and .

Note that the only dependence on u in the x integral is to position the center of the box
X. The integrals over the regions, after the approriate integration by parts, now converge
absolutely (assuming e < i), hence the integral over the interior of the box is bounded and
converges pointwise in v as R — oco. We have two types of boundary coming from the
integration by parts: The first is the boundary of the box, whose integral is bounded and
tends to 0 for each fixed u as R — oo, after the appropriate integration by parts. The second
set are the boundaries of each of the above regions: For the lines 1 = £1, integrate by parts
in z; to obtain an absolutely convergent integral, and for zo = +1, integrate by parts in
To; again, the integral over the portion of these lines which falls in the box now converges

absolutely, hence is bounded and converges pointwise in u. Lastly, the value of X3 at the
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intersection of the box and these lines is bounded and tends to zero pointwise in u. Thus,
by dominated convergence, we may move the limit inside the s and u integrals to obtain an

absolutely convergent integral.

After pulling the limit as R — oo inside the u integral, the x and u integrals separate,
with the u integral converging absolutely. Now we undo the substitution ‘x ~ ylay=!.

To finish, we first note that a symmetry of the power function [39, Prop. 4.2.1 (4)]: With

:uwl - (/'L37 M2, :ul)a we have
— —1
Pu(y) = puy) = Py (wiy ™) = poy (wi* (zy) ),

so the Jacquet-Whittaker function may be written as

Wi =) = [ ppeallon)ila)de,
U(R)
by sending = + va~tv for v = <1 -1 1) and noticing that —p™ = p. Thus the rearranged
x integral (now consisting of integrals over nine regions, twelve lines, and four points in the
x1, T2 plane) is, by construction, an analytic continuation of the Whittaker function to the

double half-plane Re(u1), Re(pz) > —3.

Lastly, the product

W*(z, —p, 1) W* (2!, py 11)
A(=p)A(p)

W(Za — K, wll)W(zlv K, ¢11) ==

is permutation-invariant in p, so we may replace u*t — .

5.4 Trivial Element Term

Only occurs when m = n and only for the ¢ = I term; the integral over U, (R) is trivial as
well. C,(y) is just 1 since we didn’t actually do any substituting, a« = I, and 2* =1, y* =1
since 11 is already of the form z*y*, so pulling the ¢ integral inside in (5.3]) (justified by the
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absolute convergence of the interchanged form) gives

|m1m2n1n2|

k(1)

H,=—

4877 (mymsy)?

_— W*(t> — M, wll)

Re()—=(0,0) |€3(10)]° A(u) A(—p)
W*(t, p, 1) tita dt dp

k()

=1
2537 Jre(u—00) [es( )|2A(M)A<

) H S:l(ﬂj — fi) dy

(My ,uk)
— 115)°

du,

a,
283 Re(p)= OO)

by Stade’s formula.

5.5 Long Element Term

The computational data that is required is

Uw(R) = U(R)7 Cw(y) = (y1y2)27
Con1Mo

] = 5 3

551
* :UQ + xlxg *
E e
yy_vﬂ+x?+@wé—%ﬁ
1=

1+ 2 + 2 ’

so that we are evaluating

X{uz(u7v7ﬁvt) = / € (_Uléxi - 02&
U(R) to t1

We wish to separate the three z’ variables, so we start by noticing that (x}z} — x%)? +

and % — 254/1 + 2% the

o+ 1= (14 ag)a?

73

]<k\/9— —

/
— 2z xhrh + 22 + 1; sending 7} — —=L
23 3 g I \/@

= e E u = (-
ta

&)

_m) + ap(@ah — )
14 2 + (zhaly — 25)?’

. V14 + 2

v 1+ xl @1752 - x3)2’

o+t + ) ()1 0




expression becomes (¥ — zh5)? + 22 + 1 and lastly we send @) — zhah — 2)\/1 + %

A 1T Br  ah/1+a7

X/ :/ e vléx—éijl— + vg—=
o UR) ty 14 2% to (14 af)\/1+ 2 b (14 2?)\/1 4 2%
xhah /1 + 2 ,
elt + + 12
(1\/1+x’22 1+ 2% 2
—1—uq+2uy —1+4+2uy —ug —1+uy+ug ,

(1 + a;’f)f (1 + xf)f (1 + 3332) 2 da.

For each of the six terms in the exponential, we replace e (-) — eg(-) and apply its Mellin

expansion (b.1]) (interchange by absolute convergence):

X’lllil (u7 v) /87 t, 9)
1
) W/R ()= /U(]R) (47 3y) 7T (A 5) 7T (2t )OI (2t

] |—T2—Tr3—7T5 /|~ T1—T4—T6 /] |—T2—T4
|| |5 |3]

exp —i6 (ryvy sign(ah) + rovy sign(z)ah) + ravg sign(z}))

exp —i6 (ry sign(ahay) + r5sign(z]) + re sign(zh))

Zlougt2upIrg —142uy —upH2ry +2rg —rytratrs
2

(1+27) 2 (14 2%)

—1l4ujtug+ro+rg—rs 6
(1+x§2) R (Hf(rj)> dr.
j=1

Collecting by sign gives

4
X/ — 4 2 —r1—"ro 4 2 —r3 2 t r3—r4—7s 2 t r1+reo—re
0= o (T Ty o)

L (r) T (r2) T (r3) T (ry) T (r5) T (r6) A;Jl (r,v,0)

/—ro—r3— /—1r1—7T4— J—1ro—
/ T r9—1T3 T5x r1—"4 TGI ro—"ry (1 + x/2) P}
1 2 3 1
(RT)3

—1+4ujtugtrotrg—rs
2

—142uj —ug+2ry +2rg9—r34ry4+75
12 2 12 /
(1+ 2%) (14 %) dz’ dr,
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where

1

A, = Z exp —if (r1v1€g + Tav1€163 + T3UeE + T4E0Es + T'5E1 + T6E2)
€1,62,e3€{£1}
=cos0(ravy + 1309 + 15) cos O(rivy + 14 + 76)
+ cos O(—ravy + 1309 + 15) cos O(riv; — 14 + 76)
where vy, ...,15 = € are small compared to Re(u; — 2ug) > %, Re(—2uy + ug) > %, and

Re(—uy — ug) > % The inner integral may be evaluated by (5.2)), so we have

1
X/ = —/ (472 By) T2 (472 By) TR (2t )BT TR (2mty ) TR
: (QWZ)ﬁ Re(r)=v

A’wl(r,vﬁ)

B l—ry—rg—rsy U1 —2up+ry—r3+rs
2 ’ 2

B I—ri—ra—16 —2u1+up—11 —2r9+713 =175 + 7%
2 ’ 2

B (1 — r; —7"4’ —Uy — Uy —27"3 + 74 +r5) ar.

which converges absolutely for § < 7 because of the exponential decay of the A, function.

Sending (rq + ro,73,73 — 14 — 5,71 + To — e, T2, T4 — T2) > (81, S2,71, 72,11, 12), we may

read off

A(4m) oo

T =
w (2mi)?

/ 275D (51 — 1) T (1) T (s2)
Re(t)=mn4
F(t1 +t2)F(SQ —tl —tz —Tl)F(Sl —7”2)

A,/wl<(81 _t17t17827t1 +t2782 _tl _t2 — 71,81 — 7”2),1},6)
B (1—282+T1+t2 U1—2U2—T1—t2)

2 ’ 2
B1—281+T2—t2—2U1+U2+T1—7’2+t2
2 ’ 2
1—-2t1 —ty —u; —us — 1
B dt

() e
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and sending 1+ r — u" +— r and normalizing the powers of 7 in ([5.5)), we have

1 ~ 472 472
le = —2/ k(M>Jw17M ( T 27 Clm2n1) dua
(2mi)2%¢c1co Re(11)=n

where
1 —s —s .
o) = e [ 017 el N, st s, (56)
N, (8, p,v) =

1 *
((gm-)z /R w G (u~+ (p1, —p2), )T (s2 — ug + p2) Ty 1 (s, 0+ (p1, —pi2), v) du
el(u)=u

3 .
+5= Gl (17 (:uh U2 — :u2)7 IU’)F (82 —uz + MQ) Twhl(‘g? (:uh Uz — ,LLQ), U) dus
2mi Re(uz)=us
3 .
+— G2, (ur + pr, —p2), )T (82 + p2) Ty (5, (ur + pa, —piz), v) dug
2mi Re(u1)=u1

Y

— i) tan 5 —
+6G5(1,2, )T (52 4 pi2) Ty (s, (Mhﬂh),@) H ) 5 (e — 1)

9 ()

Twl,Q(T7 S, u,v, tl) =

2u1+u2+r1+r2 /

—_— Ay (rys,t,u,0)1 (81 + o) I (1452 — 11 — 1 — 1)
487T4(27Tl> Re(t2)=t2 l

B(U1—282+T1+t2 1+U1—U2—T1—t2>

2 ’ 2
B Uy — 281 +ry—1ty —up+r; —r2+t
2 ’ 2
1 -2t —ty 1 —u; —
B 1 2’ Uy —n dts,
2 2
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e
Awl = COS 5 (tlvl + UQ(SQ — Uz) + S9o — U9y — Zfl — t2 — 7“1)

s
cos 5 (vi(s1 —ur —t) +t1 +ta+ 81— uy — 1)

m
+COS§(—tﬂ)1 +U2(82 —Ug) + 59 — Uy —t1 — 1o —7’1)

v
COS§<U1(81—Ul—tl)—tl—tQ—l-Sl—Ul—T‘2>,

and

1 1 1 1
77:(—5—3€,§+36)7 u= —e, 5:—5—6,'(:(5—46,1006), t=e

are sufficient to maintain positivity of the arguments of all the gamma functions.

We should mention that this is the point where we run into difficulties using Stade’s
formula at s = 1: Doing so would replace the (3, 1) in the argument of the second G function
with (1,0), and the conflicting inequalities are Re(ra4p1) > 0, Re(14+s1—m2) > 0, Re(t;) > 0,
Re(s; — g —t1) > 0, Re(sy) < —3; the last three imply Re(p;) < —3 and so the first two
become Re(rg) > 3 and Re(rz) < 3. It may, however, be worthwhile using Stade’s formula
at say 1+ O (€) to reduce the variation between the minimum and average exponents in the

bounds of Proposition 34}

Additionally, the reader might be wondering how we are shifting contours around without
justification: Since our contours are vertical lines in the complex plane, the requirement that
the real part of the argument of every gamma function be greater than zero (or between
—1 and 0 in the case of G*(u + (p1, —p2), i), etc.) forms a set of linear inequalities on the
parameter space Re(u), Re(u), Re(r), Re(s), Re(t), hence defines an open, convex (therefore
connected) subset of the same. Thus we have some finite process of shifting integrals to get
between any two points in this region, and we need only know that both the start and end
points are contained in the region and that the integrals each converge to a holomorphic
function of the remaining variables on some compact set containing the two points and the
path between them. For § < 7, we have exponential decay in every variable, hence each

integral grows at most polynomially, to be compensated by the exponential decay in the next
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(and we are assuming for the moment that k is Schwartz-class), thus every integral converges
absolutely and uniformly on compact subsets of the above region, and we need only know

that both the start and end points are contained therein.

5.6 The wy; Term

The computational data that is required is

1 Ty I3
U,(R) = 1 0 |:z,x3€R ),
1
2 w 1 w
Cuy) = iy, t¥= Eytl ;o u = (up —ug, —up),
- CoMn 1M1 Mo o mlmgng o C1Mo 1
a = c?  Bny =2 T
1 271 SUa
T = >, Ty = — ,
I R 2 14 2%
. /14af VA o

so that we are evaluating

X, w50 = [ K (—%m gy + tzx;) (7)1 ()
w (R

Sending 25 — 25+/1 + 2% gives

X! (uv/Bt)—/ el —v b s +t i + tos
s Uy My - Rt 1 2
. Tu®) tity \/T+ 2f(1 + 2f) T+af 7
—1+4uqtug —1+2uy —ug

(L+a28) 2 (1+af) 2 dr'.
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As above, we send e () — ey(+) and apply the Mellin expansion ([5.1)):

X, (u,v,8,t,0)

1
- W /R (r) / (11%)(87T351)_m<27T1/L1)T1_r2<27T152)m_r3

exp —if (—ryvy sign(zy) + ro sign(zhay) + r3 sign(zy))

| —ro—T3 | 4 1—T1—T9 9 —ltuyfugtrytry P —1+2uy —ug+2ry ,
-2 -l 2 2
|75 |3] (1 +$2) (1+x3) dx

I'(r1) T (re) T (rs) dr.

Splitting by sign and applying the Mellin transform (5.2 gives

, 1

X, = 873 31) " (2t ) TR (2t T
v (2mi)3 /Re(r):u( ) et)

T (7“1) r (7"2) T (7‘3) A;}4<T,U,9)

1 — o — Ut — Uo —
B( T 7“37 Uur (%) 7”1—|"f‘3>

2 2
B 1—7“1—7“2’—2U1+’LL2—7’1+7’2 d?",
2 2
Al (7“1149)—1 Z exp —i0 (—riv1e3 + T9g2€3 + 1'362)
wi\1> V) = p 1V1€3 2€2€3 3E2

e2,e3€{£1}

= cos 6ry cos Ory cos Or3 — ivy sin Ory sin Orq sin Or;.

Sending r — s, 1o — s — ry and r3 — s — 9, we again read off

T, = (87357 (s) T (s — 1) [ (s — re) A, ((s,8 — 11,8 —12),0,0)
B(1—23+r1—|—r2 —ul—u2—r2)
2 ’ 2
B(1—23+r1 —2u1+uQ—r1)
2 ’ 2
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(here we have dropped the 5 fRe (s2)= dsz and we have

1 ~ 87T3m1m%n2
H, =——— k() Jwy | ——=—=— | dpu,
Y (2mi)2c1e /Re(u) (1) T < cing H
where
1 s .
Tuag®) =5z [ I Nyl sign(y)) s, (5.7
™ Re(s)=
1 .
N’w4(87 My U) =\ o2 G (u + (/*Lla _,u2)7 M)Rw4(37 u+ (,ula _M2>7 U) du
(271'2) Re(u)=
3 .
+ — Gl(17u27,u>Rw4(Sa(,u17U’2 _/1’2)7U) du2
27TZ Re(ug)* U
H (ftr — pg) tan 5 (pe — p15)
L r—
23r1+3u1 2r1+us
Ry (5,u,v) = Z@; T (s—u)
=

7o _N\9 2TI+T2F(S_U1 _Tl)r<8_u1 —7"2) Aw (T, S,U,’U)
(27TZ>2 Re(r) !

G*((4 + Up — Ug + 7“1,2 + Uy + 7’2), —,u)

B 14+2u; —25s+r1+r2 —up —us —ro

2 ’ 2
B 1—|—2u1—23+7"17—2u1+u2—r1 dT,
2 2
A, (1,8, u,v) =cos g (s — uq) cos g (s —up — 1) cosg (s —up —1rg)
—ivsing(s —ul)sing (s —wuy —rl)sing (s —uy —1m9),
and

1
n=(-2.0), wu=(-ce, s=-€¢ T=—0+3

are sufficient to maintain positivity of the arguments of the gamma functions. We have
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chosen to reabsorb the poles in us since they do not affect the asymptotics in y.

5.7 The ws; Term

The computational data that is required is

1 0 T3
U,R) = 1 2| rx,23 €R P,
1
2 w 1 w
Cw(y) = Y1Y2, = t27_ , U = (_u27u1 —Ug),
t1ta
Conq C1moniny m%mgnl
ciN2 & Cin2
\ Ty \ 4
Ty = —7—/5> Lo = T 9
YT 1+af 1t a4 af
y*:\/l—l—x’f—kxf y = V14
! L+a? 2t aR o
so that we are evaluating
/ o . * BQ * / *\1—uy (, *\1—u2 /
Xw5(U,U,6,t) - | € thl Vo—T9 +tll’1 (yl) (y2) dr’.
»(R) 32

This matches X, with x5 — 27, oy + a», and the coordinates of u and ¢ permuted, so
one may just propagate these changes, but we give the entire construction instead. Sending

/ / 12 53
Ty = T34/ 1 + 27 gives

X' (u,v,B,1) / s B e ¥ty

o (uyv, Bt) = e —v x

’ Uw(R) ’ 1+ 2 “thts V1+22(1+23) o
—14uqtug —1l—uj+2ugy

(14+27) 2 1+ 2 dr'.
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As above, we send e () — ey(+) and apply the Mellin expansion ([5.1)):

X/ (uvﬁt@

87T3ﬂ )R (27t )2 (2mty) T

Re(r)=

u)

exp —if (ry sign(xlxg) — vy sign(xy) + rysign(z)))

—1+uy+ug+ri+ro —1—uy+2ug+2r9

|$1|—7‘1 3 | |—T1—7"2 (1 _{_$/12) 3 (1 _‘_1,32> 2 dx'

I'(r1) T (re) T (rs) dr.

Splitting by sign and applying the Mellin transform (5.2 gives

, 1

Xow = T / (873 B2) ™ (2t )2 (2ty) T
Re(r)=

L (r) T (ro) T (r3) Ay, (1,0, 0)

11—y — Ut — Uo —
B( T1 ’1“37 Uy U9 7“2+T3)

2 2
B 1—T1—7’2,U1—2U2+T1—T2 dT,
2 2
Al (7“11(9)—1 Z exp —ib (116163 — TovaE3 + 1'367)
ws\1> U V) = p 1€1€3 2U28&3 381

e1,e3€{£1}

= cos 6ry cos Ory cos Or3 — ivy sin Ory sin Orq sin Ors.

Sending 1o — s, 1y — s — ry and r3 — s — 9, we again read off

T, = (87157 (8) T (s — 1) T' (s — 132) A ((s,8 = 11,8 —13),0,0)
B 1—2s4+7r1+r9 —u; —uy —1ry
2 ’ 2

1-2 — 2Uy —
B s+7“17u1 Uy — T 7
2 2
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and we have

1 ~ 8m3m2maong
Hw = — k’ J’LU — d )
° (2mi)%cico /Re(u) (1) T < ciny ) :
where
1 s .
) = g [l Moo, () . 5:5)

1 *
Nw5 (Sa , U) = (W /Re(u)—u G (u + (ﬂla _,uQ)a M)Rw5<87 U+ (:ub _,u2)7 U) du
3 .
+ 5= Gr(zauhM)Rws)(Sa (ul +M17_N2)7’U> dul
271 Re(u1)=1u;

( Uj)tan (,uk ,LLJ)
i<k \/ 9— (p; — i)’

237"1 +3us 7T2T1 “+u1
4874

/ 2H2 (5 —uy — 1) T (8 — ug — 1) Ay (1,8, u,v)
Re(r)

Ry (s,u,v) = —

[ (s —ug)
1
(2m1)?
G ((4+uz +71,2 —ug +ug +r2), —p)

B 1+2uy —25+71; +719 —Up — Uy — T3
2 ’ 2
B(1—|—2u2;23+7‘17u1—2;2—r1) ir.

AwS(T,S,U,U) :Cosg(s—UQ —Tl)COSg(S —U,Q) COS%(S — U2 —7“2)

—ivsing(s—m—rl)sing(s—m)sing(s—uz—rg),

and

1
7’]:(0,_26), u:(G,—E), 5§ = —¢€, t:—§+3€

are sufficient to maintain positivity of the arguments of the gamma functions. Here we have

reabsorbed the poles in u; as they do not affect the asymptotics in y.
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5.8

()

Notes

The above reasoning is sufficient to evaluate the trivial term of the Kuznetsov formula
on SL(n,R) for all n, provided one can justify the interchange of integrals in Lemma[35]
Though this line of attack works well for the trivial term, it gets more difficult for
the remaining terms. The author would like to point out a method of Zagier in his
infamous “unpublished notes” for the Kuznetsov formula on SL(2,R): He proceeded
from the original formula by substituting 2’ — 2’2 and then performing a substitution
on xt to put u = mlewna’ in block diagonal form. For the positive discriminant
case, one ends with an integral of essentially a Herz hypergeometric function. In the
negative discriminant case, the author encountered an unexpected interaction with an
off-diagonal term and was unable to complete the process. The purpose in mentioning
this here is that up to that point the method appeared quite promising and readily
generalizable; if one could overcome the technical difficulties, it should lead to formulas
for the long-element term for the Kuznetsov formula on SL(n,R) for general n. Also,
Zagier’s method does apply to the trivial term for all n. As the trivial and long-element

terms tend to be the most important for applications, that would be quite useful.

Again, assuming the interchange of integrals in Lemma can be justified on SL(n, R),

the long-element weight function is the SL(n,R) convolution

X'(a, p) = , W (z, —p, 1) W (awz, —p, Y11)pii (2) d.
G/K

It would be nice to think that this satisfies some differential equation in « having a
known solution. This would give X'(a, u) = g(u) f(«, 1) and later we will compute the
limit
lim oy (@) X' (0, ) = [ [ B (%,uj - uk) # 0,
j<k
for Re(u1), Re(pz) > 0, which would fix the value of g(u). The author did not have
much luck finding such a differential equation, but still believes it should be related

to the differential equations satisfied by the Whittaker function itself. (This would be
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obvious, except that we are right-translating o.)

While we have made use of the gamma function to convert exponentials to powers
(i.e. the Mellin expansion of the ey function), Stade was able to compute the Mellin
transforms of the Jacquet-Whittaker functions by converting powers to exponentials
(essentially the same trick in reverse), giving quadratics in the exponential terms, which
can then be evaluated using the known Fourier transform of exp(—2z?). Attempting to

do so here becomes complicated rather quickly.

Stade was also quite successful in applying the theory of Barnes integrals to reduce
the number of extraneous integrals in the Mellin transform of the Whittaker functions.

Again, we did not have any success with this method.

One may reduce the number of extra integrals in the long-element weight function by 2
by sending y — y|m| ™" and 3/ — o/ |n|”" and integrating over both y and ¢/ separately.
(As opposed to sending y — t|m|™" and i — t|n|”" and integrating over t.) This
then requires finding an exponential decay factor in the weight function to compensate,

which is somewhat difficult.

It may be possible to attack the X’ function as in [10] by writing

a1 Qo ar (5.
e (—gxl — E%) =1+ (e <_EI1> — 1) + <e (—Ex2> — 1)
(05] % (6) %
L) ) ) -)

and simply bounding the resulting error terms directly. This could lead to a much

cleaner derivation, if it is possible to use this method.
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CHAPTER 6

Applications

6.1 Asymptotics of the J,, , Function

We want to achieve the highest power of the [ variables possible — this gives the fastest
convergence of the Kloosterman zeta function, so we want to move the s variables as negative
as possible. As the s variables are indirectly bounded below by (p1, —p2), any terms which
allow us to cross below those lines will be considered small. Thus we only care about the
u = (0,0) residue in the N,, function. Then we shift the s integrals back, with poles at
s1 = p1 + t1 and sy = —pu9, and we shift the ¢; integral back, with a pole at t; = 0. So far,

we have

le,,u( ) ~6 |y1| " |y2’M2 Gb 1 2 IU’ (Htan Y /J“k - MJ)) Rwl((:ula _M2)7 (N17 _M2)7U70>7

i<k

(6.1)

as y — 0. This yields the error terms of Proposition [32}

By 1 (1, y) tan? — Mk — 1t5) / a7 Jyo] ™ (6.2)
: 27” (H ! Re(s)=s

/ GL(2, (w1 + pa, —p2), )T (81— wr — )
Re(u1)=uy

Twhl(sa (ul + M1, _#2)a U) dul dS’
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Eu2(1,y) (Htan 5 (e — u;)) / yal ™" 2|
j<k Re(s)=s
/ G?(17<M17U2_M2)7M)F (81 _lu’l)
Re(ug) U
Twl,1<87 (,uh Ug — ,UQ), U) dugy ds,
Eu, (1, y) (Htan = (e — u;)) / lya |~ [yl
j<k Re(s)=s

/ G (u + (a1, —pi2), f)T (51 — w1 — pur)
Re(u)=u

Twl,1(3> U+ (,ula _MZ)a U) du dS,

6
Ewl,4(ﬂay) :_G 1,2,/,6 <Htan — ,Uk /L]))

i<k

"

/ I s
Re(s1)=Re(u1)—e

Ty 1 ((51, p2), (pe1, —p2), sign(y)) dss,

6
sz75(l’[’7 y) _<27T Gb ]. 2 ,u (Htan — Mk _/1’])>

i<k

/ ly2| 72 T (52 +M2)/
Re(s2)=Re(—p2)—e¢ Re(t1)=t1
|ZJ1|_“1_t1 [ (t1) Ru, (1 + t1, S2), (11, —pt2), v, t1) dty dsq,

Eu, 611, y) :#GZ(L 2, 1) (H tan? g(,uk — Mj))

j<k

/ il 1
Re(s)=Re(p1,—pz)—€

I (51— p1) Ty 1 (s, (1, —p2), sign(y)) ds,

|
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By 7 (1, y) :iGb 1,2 (H tan® Mk - My)) (6.8)

i<k

| / L e (6.9)
e(t1)=—¢

Rwl((lul + tla _:U’2)7 (:uh _M2)7 v, tl) dtl

Returning to (5.4), we may compute the main term explicitly. We have ‘]sz,u(y) =
Juwpu(47%y), so for Re(p) = (=1 — 9¢, 1 + 9e),
lim |y1|u1 |y2|*,u2 le,u(47r2y)
y—0

W,

= lim [y1 " |y " T, . (y)
y—0

6 (e — pj) ban 5 (e — 1) | ..,
- 6 H - : Gy(1,2, 1) W (t, —p, ¥11)
127T 3 \/ (R+)2
i<k 9 — (p — ,Uk

(")~ (mty")™ limy X (11, —paa), sign(y), [yl , 1) (mt1)* (mt2)* dt,

by dominated convergence. The limit in X, is actually a Whittaker function,

lim Xful((ﬁbl, —2), sign(y), |y|,t) :/ J( /)yll uly;l+ﬂ2dl,
y—0 J®)

:W(I, (/J/27 3, Ml)? wt)

=t Rt TIMW(R, (s, s, 1), Uma),
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again, by dominated convergence. Applying this to the limit of .J,, , gives

: 151 —H2 2
o fy [ fyol ™™ Juyu(477Y)

7T2*M1+M2 — tan = Wi — [ .
ey s A PO

2 j<k \/9— —

/(]R+)2 W(t’ K wll)W(t7 (M?v s, Ml)) 7/’11)##% dt

ke 3 (e — 15)° . Ap
- LTI ) Gy, 2, ) )

167 i<k \/9 — (u; — Mk)2 A(pa, p3, p)
_ W%-HQ—,B r (m;uz) I (m;us) r (u3§u2) H %(Mk _ Mj)2

4 r (1+u§—u3) r (Hu;—m) r (Huz—m) o \/9 (- Mk)z

Y

2

thus Jy, . (y) ~ |y1] " |y2]** Ky, (1). This expression then agrees with right hand side of (6.1
over the entire range of holomorphy by analytic continuation and we have Proposition |32|
Note that we induced an asymmetry in the original definition of the J, , function, hence the

asymmetry here; this is a subtle but important point as it allows us to avoid some symmetry

requirements for the test functions of Theorem [33] and Theorem [3]

6.2 Partial Inversion Formula

If we take our test function to be (4.2)) then in H,,, we move Re(q) — Re(u1, —p2) + €, and
apply the asymptotics of J,, , at the double residue ¢ = (11, —pi2) gives Theorem [33| with

. 1 .
Afiy) =—— oo () du, 1
) =g L B ua0) (6.10)

L)
e Fpn, go) Lt (6.11)
27” Re(p)=n JRe(g2)=—n2+¢ le (Ma (_I2)

(g2 +p1) 21 — q2) (22 — 1)
(1 — p2) (1 — p3) (q2 + p2) (g2 + p13)

dqs dp,
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. 1 ; S (Y)
R | Flar, o) D (6.12)
’ (272)2 Re(p)=n Y Re(q1)=n1+¢ ' 2) le <Q17 MQ)

(1 — p2) (2q1 + p2) (2p2 — @)

dq; dp.
(@1 — 1) (@ — p3) (pa — p2) (p3 — pi2) QLap
olfi) =5 SR 91 V1)
F]+3(f’ y) - (27TZ)2 /Re(p,):n f(:ula :u2) le (,LL) d/,b (613)

It may be possible to study the Kloosterman zeta functions directly by simply not inte-
grating over ¢ in k; this would require a test function k which cancels the intermediate terms
in H,, and J,, (the terms with a residue at one of ¢; or g2, but not both, and the terms with

a residue at one of s; or sy, but not both, and the term with a residue in ¢;).

6.3 Sums of Kloosterman Sums

Let g(y) = f(Xy1,Yys), then the assumption that f have compact support is not strictly

necessary, we merely need holomorphy of § on Re(q1), Re(g2) € (—3 — ¢, —¢) and the bound

. X —Re(q1) y—Re(q2)
9(q) < 5 5
|1 |

|Q2

which follows by integration by parts eight times in each y variable. Theorem || follows from
Theorem by fixing the contours of the error terms and those of the cusp form terms,
Eisenstein series terms, and non-long-element Kloosterman sum terms and justifying their
absolute convergence in the new locations. Specifically, we want to shift the contours in ¢
as far to the right as possible.

For the cusp form terms in (2.1)), we may shift the ¢ contours of k up to q = —% — €
without encountering poles at any of the q; — p; or g2 + p1; terms, thanks to the Kim-Sarnak
result. The K, (¢1, —¢2) term has poles at —¢; — ¢2 = 0, —2¢1 + ¢2 = 0 and ¢; — 2¢> = 0,
but we need not encounter these and they are cancelled by the terms in the numerator as

well. Now the mean-value estimates of Theorem [23| show that the sum over the cusp forms
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J q 7 u v t

1 —€ (—% — 3e, % + 3e —c % — 4e, 1006) €

2 (- —e¢ (—% — 3e, % + 3¢ —€ % — 4e, 1006) €

3 (—6-) (=3 —3e5+3e) —€ (2 — 4e, 100¢) €

4 - (=3¢, 5 + 3¢) —1.9) (3 — 4€,100¢) €

5 - (=3 —36,3¢) (- —3) (35— 4€¢100¢) €

6 - (—3e€, 3¢) -3 (5 —4¢,100¢) €

7 - (—e, % + 36) - (—4e, 100¢) (e, % — e)
8 - (—% — 3¢, e) - (—3e€, 7e) (66, % — 66)
9 - (—€,€) - 0 €

10 - (—€ 5+ 3€) - (€, 4e) (=1 4 5€, 1 — 10¢)

Table 6.1: Contours for the Fj error terms.

converges absolutely so we have the bound (XY)7T¢ here.

The terms in (2.1) for both types of Eisenstein series have k evaluated at Re(u) = 0, as
does the trivial Weyl element term, and the sums of Kloosterman sums at the w, and ws
Weyl elements still converge absolutely at Re(u) = (—e¢, €) so for each of these terms we may

shift the ¢ contours to q = —2¢. Again, absolute convergence gives (XY)?.

In the section on bounds, we will show the F} error terms of Theorem [33|are all bounded

by (XY)0¢(Xz2 4+ Y2) by taking the contours as in Table with s = —1 — €. Lastly, we

keep
1
n=(-2¢0), u=(-ce, 5= —¢ t:_§+3e
for J, , and
1
7’,:(0,_2€>7 u:(€7—€)7 5 = —¢€, t:—§+3€

for Jys . Our choice of s maintains the absolute convergence of the Kloosterman zeta
functions and the exponent on the bounds come from q. The choice of contours for J,, ,

and J,, , are primarily driven by a desire for convenience in the bounds section.
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APPENDIX A

Absolute convergence of the Kloosterman zeta

functions

This appendix gives the proof of Proposition [25] For convenience, we set

Zw4(1/1m,1/)n,u): Z |Sw4(¢m,77bn,0)|< C§|TL1| )u

c1,c2€N €162 |m1m%n2|
S . I 03 n u
Zw5(1/}m7wn,U) = Z | ’wo(,lvz)maqvbna )| ( ; | 2| )
€1C2 [miman, |
c1,c2€N

bty = ¥ el (Y (8 )"

C1C2 Co |m1n2| C1 |m2n1|

c1,C2 eN

and assume u, uy, us € R.

A.1 The Intermediate Kloosterman Zeta Functions

We first prove Proposition part a; part b will follow by symmetry. Note that the wy

Kloosterman sum is defined to be zero unless cy|c; and nici = maycy, so applying Larsen’s

bound gives

[mamina|” [na| ™ Zu, (Yar, n, un, ug) < Z i (fmal, Ina| , e2),

caler
nici=macy

and the sum is empty unless sign(n;) = sign(ms).

We decompose the summation conditions as follows: Let d = (¢, c3), then cy|d, so let

ecy’ e

e = %. Then 1 = (Cl C—2> and 712 = ny 7t so let f = Il Im2l Note that e,

c1/(ec2) ca/e
92
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— [nileca _ nimae

f f?

¢ 2 and so also f = (|ny|, |ms|). Applying what we have so far gives

|m1n2|u ’mQ|1_u_6 ‘711|_u_E Zw4 (1/1M7 YN, U1, UQ)

_ _ _ m
< (\711! 7 ’mZD 3u+1 26263u 1+2¢ (|m1’ 7 ’TLQ‘ ’ ( ’ 2| 6) )

e [, [mal)

Let g = (|ma], |n2|, _Imal , then take e = hi where h = M, @,e , then we have
( ) g’ g

‘n1|7‘m2|

1—u—e )3u71+2€Z

|ming|" |ma| [na| " (Ina] , o wa (Ve YN, Ut U2)

<g Z j3ut2e Z i3u—1+2€7

()

which clearly requires u < 0, and in turn allows us to trivially estimate the divisor sum:

(Il a2 (s Inal gl )

l—u—e

L, (¢m7 U, U) <

|—’LL—E

U—e
[mny| |m2| In1

A.2 The Long Element Kloosterman Zeta Function

Applying Stevens’ bound to the partial long-element Kloosterman zeta function gives

|77”L17l2|u1 ’77”L27l1|u2 Zwl (¢m7wn7u)

—1/242u;—ui+e —1/242uz—ui+e 1/2
< g Cy Cy (01762)

c1,C2 eN

1/2 1/2
1Ma|, 77—~ 2N1|, 77—~
’(01702) 7(01,62)

Z —1/242u; —ug+e —1/242us—uy+e 1/2 C1C2
S Cq Co (Cl, CQ) / \m1m2n1n2| s m .
c1,c2€N 1, %2

Let ¢; = ab, ¢y = bd, with (a,d) = 1. Refining somewhat, we let a = ajas with as|D,

<a1,a—D2> — 1,d = dyds with da|D, (d1,£> — 1, and b = byby with by|-2 (b L) _1,

asds’ 15 agbads
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then

|77”L17”62|u1 ’77”L27”61|u2 Zwl (wm; wmu)

1/242u1 —ua+e; 1/24ur+ua+2e 71/2+4uz+e
< E a. b, d,

a2b2d2|D
—1/242u; —ug+e; —1/24urtuz+2€ ;—1/24+2us—ui+e
ay by dy )
a1,b1,d1€N
The series clearly converge exactly when max {2u; — ug, 2us —u1} < —% (which implies

uy,uy < —3), and the divisor sum is bounded by d4(D) and can be rolled into the D¢, giving

the bound in Proposition 25| part ¢, and the proposition is complete.

94



APPENDIX B

Bounds for the Mellin-Barnes Integrals

We are left with two items to prove, which are essentially the same: First, completing
Theorem |31| requires justifying the growth hypothesis on l%, in other words, bounding J,, ,,
which is also desirable for Theorem 23] Second, the evaluation of the integral transforms,
the asymptotics of E,, ; and F; given in Proposition [32|and Theorem 33} and the completion

of Theorem [5] all require absolute convergence of the Mellin-Barnes integrals.

It is difficult to obtain a general bound for N,, and J,, that works for all ranges of the n
and s parameters, hence it is also difficult to show that these functions converge absolutely
over the entire range of holomorphy. Therefore, we will not actually show that these functions
are holomorphic over the given ranges. This leads one to question whether it is valid to shift
contours as we have freely done; for the skeptical reader, we have a simple justification: Do
the shifting before taking the limit in € back in the original construction. As we have the
bound A, < H§:1 |rj|R6(rj)_% exp ((# — %) [Im(r;)|), both convergence and the validity of
the shifts are obvious. Then we only require that the end product converges absolutely at

0 = %, and that is what we will show.

The fundamental asymptotic here is Stirling’s formula: For Re(z) in a compact subset of

R (not containing a pole of the gamma function),
[T(2)] ~ V|22 o3IO,
which leads us to integrals of products in the form

/ H la;1ur + ..o 4 @ity + b0 + o+ D] du, (B.1)
Re(u)=u

i
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where a; ;,u;,¢; € R are fixed, with v; € C having fixed real part. Note that for a and
¢ non-zero and fixed, b € R, we have |a + bi| < |c+ bi|. Provided the exponents are not
somehow accumulating on any subspace, we would expect such an integral to converge when
> ;¢ < —n—1, and we give a series of lemmas designed to show that these converge in our

situation.

Bounds for integrals of the above type are derived from Holder’s inequality and the

following lemma:

Lemma 36. Suppose a1 + as < —1 with a; and as fized, and s > 0, then

/ 11+i(s+ )™ |1 +i(s — 8)|"2 dt < |14 is|m>lenootartl)

—00

We will occasionally encounter positive exponents in the integrals of type (B.1)), but

thankfully these always occur in the terms coming from the beta functions, so we have

Lemma 37. Suppose Re(v) = v with v, +u, vy — u not non-positive integers, and u, v fized,

and p > 0, then

P
(/ ‘B@lﬂ’vz—u)\p\du\) < [oy + vy melion ey ma )
Re(u)=u

Note that this no longer requires Re(v; + vo — 1) < —1 as it would if we applied the

previous lemma; this is because we are using the exponential decay of the gamma functions.

Increasing in complexity, we have bounds for the G* function and its residues:

Lemma 38. (a)

Re(py—po)—1 Re(py—p3)—1 Re(ng—po)—1
e I S (1 N /0 S N
Re(py —p2) Re(pg—p3) Re(pg—p3) ’

| — po| 2 | — pg| 2 s — o]

Gy(1,2, 1) <
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(b) Suppose us + Re(uz),us + Re(us) > —1, then

[ 16w ldu
Re(uz)=us

Re(p1—po)—1 Re(pg—pg)—1 ot Re(puo+p3)
< [ — po| 2 [ — pa| 2 |12 — w3 :
Re(p1—p2) Re(p1—#3) Re(ng—p3) ’

| — po| 2 | — ps| 2 s — o]

(¢) Suppose uy — Re(u1),u; — Re(usg) > —1, then

/ 1G22, ur, )] ||
Re(U1)=u1

Re(pg—po)—1 ul_RE(u1+u3) Re(pg—po)—1
< i —po| 2 |11 — 3 2 e sl 2
Re(pu1—nm9) Re(puy—p3) Re(puo—p3) ’

| — po| 2 | — pa| 2 |ps — pol

(d) Suppose u; — Re(;), us + Re(p;) > —1 — €, then

t/q |G*(u, p)| |dul
Re(u)=u

w o+e
> wew 18 — ¥ Y — py| |y — p*"

Re(py—p2) Re(puy—p3) Re(puo—p3)

1 — pe) ™ T | —psl T s — e

K—0 K—0
=5 Te =5 te

<

where Kk = Uy + ug — %, and

0 = min
(2

3

{f 2u; + Re(pi) up — Re(u;) 2ug — Re(py) ug + Re(pi)}
’ 2 ’ 2 ’ 2 ’ 2 '

We have taken some care to separate the polynomial part of A(u) as it will cancel with

that of A(—p). The method of proof here is the same as the previous two lemmas.

The ordering of the integrals of J,, , and F,,, ; that we have been using is structured for
writing the residues and determining the asymptotics in y; this makes it somewhat more
difficult for bounding the result as the quadruple of integrals in s and ¢ do not have sufficient
exponential decay and hence need to be treated in the form (B.1]). That said, we want to

separate the integrals of G* and its residues, i.e. the u and r integrals for the long element
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functions, and compute bounds for the integrals of s and ¢ and the three relevent residues
in s and ¢ first, the integrals in u and r to be taken later. The contours have generally

been chosen so that the s and ¢ integrals are bounded by at most a constant multiple of

‘—Re(sl —Re(s2)

, so the u and r integrals can be evaluated by the results of the previous

|yl ) ’yz|

section. In actuality, most of terms have some extra decay in u and r, which we ignore for

convenience.

Bounding the s and t integrals is highly repetitive and simply involves applying Hélder’s

inequality many times; as mentioned above, the core of the difficulty lies in the integrals

My, 1(y,r,u,v) ==
/ / |?J1|_s1 |?J2|_S2 Awl(TaS;t7U,U)F(81 — U1 —t1)r(82 —uz)
Re(s)=s J Re(t)=t

F(1+81—7”2>F(1+82—T’1—t1—tg)r(t1>P(t1+t2)
B<U1—282+T1+t2 1+U1—U2—T1—t2>

2 ’ 2
B Uy — 281+ 19—ty —ur+11 —rat+ ity
2 ’ 2
1—2t —ty 1 —uy —
B( 1T o “) dt ds,
2 2
Mw,,2(y77’,u7v) =

] ) / N /R B A ), 0T 1 )
e(s1)=s.1 e(t)=t

F(1+51—TQ)F<1—|—UQ—T1—tl—tg)r<t1)r(t1+t2)
B(U1—2U2+T’1+t2 1+u1—u2—r1—t2)

2 ’ 2
B U1—251+T2—t2 —U1+T’1—T2+t2
2 ’ 2
1—2t1—t2 1—u1—7‘1
B dtd
( 9 ) 92 ) S1,
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Mwl,S (ya r,u, U) =
Jyp |7t / / |7 (o] ™ Auy (1, (1 + 1, 52), £, 0, 0)T (52 — 1)
Re(s2)=s2 J Re(t)=t

F<1+U1—7’2+t1)r<1+52—Tl—tl—tg)r(tl)r(t1+t2)
B(U1—252+7”1+t2 1+U1—U2—T1—t2)

2 ’ 2
B —U1+7’2—2t1—t2 —U1+7’1—T2+t2
2 ’ 2
1—2t1—t2 1—11,1—7”1
B dtd
( 2 9 9 ) S2,
My, 4(y, 7, u,v) ==

|?/1|7Re(ul) |?J2|7Re(u2) /R o |y1|7t1 A, (ry (uy + 1, us), t, u,v)
e(t)=t

F(1+u1—T2+t1)F(1+u2—T1—t1—tQ)F(tl)F(t1+t2)
B(U1—2U2+T1+t2 1+U1—U2—T1—t2)

2 ’ 2
B —U1—|-7"2—2t1—t2 —U1+T1—T2—|-t2
2 ’ 2
1—2t1 —ty 1 —up —
B 1 27 U —n dt,
2 2

My, (y,r,u,v) ==

/ ly| °T (s —u1) T (s —ug — 1) T (s — up — 1r9) Ay, (1, 8, u,v)
Re(s)=s

B 1+2u) —25+71; +79 —Up — Uy — 13
2 ’ 2
B(1+2u1;23+r17—2u1 +2uz—r1) ds.
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M’U}s (y7 T? u? U) =

/ ‘y’_s r (8 - u2> r (S — U — Tl) r (S — Uz — T2) Aw5<r7 S, U, U)
Re(s)=s

B(1+2u2—28+7"1—|—7“2 —u1—u2—7“2>

2 ’ 2
B(1+2u2;23+r1’u1—2;bz—7“1> ds.

We bound these quantities by taking the absolute value of the integrand, call the resulting

integral |M,, 1|, etc., and assume that the real part of each parameter is fixed.

Proposition 39. For the given parameters and §1,95 € {0,€}, each of the above functions

s bounded by a constant times the expected powers of y:

(CL) |sz,1| < |y1|_51 |y2|_52 fOT Re(u) = _% —de+ 67 Re(r) = (% o 467 1006)7 5= _% -6

t=c¢,

(b) | Myl < Jys|™ ly2| ™ for Re(u) = —€, Re(r) =0, s = =3 —¢, t=¢,

1
2
() | My, o] < [91] 7" |y %) for Re(u) = (—¢,—4 = 3e),

Re(r) = (—4¢,100¢), §1 = —% —€, t= (e, % — e),

(d) [ My, 3] < || [ya| 072 for Re(u) = (=5 — 3¢, —e),
Re(r) = (=3¢, 7€), 55 = —3 — €, t = (6¢, 1 — Ge),

(€) [ Myl < Jya| 707 [y 7R for Re(u) = (—e, —1 — 3e),
Re(r) = (e,4¢), t = (—3 + 5¢,1 — 10¢),

(f) |Mu,| < [y[™* for Re(u) = (=3¢ +d1,€), Re(r) = —3 + 3¢,
t=(—1+5¢1— 10¢),

(9) |Mu,| < |yl for Re(u) = (e, =3¢ + 62), Re(r) = —5 + 3¢, 5 = —¢.

As mentioned above, we could do better for most of the terms, but we ignore some decay

factors for convenience.
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Having these bounds, the two (double) integrals of the G* functions separate, so we may
apply Lemma [4] to obtain Proposition [34] keeping in mind that the worst-case bound comes

from having the smallest power on the smallest of |p; — p;|, this is done in section .

The content of Theorem [23]is essentially that the spectral side converges absolutely when

the trivial element term does; in other words, convergence of the integral

/ i)
Re(p)=n

for |m;| < Wlth q = —= — € gives absolute convergence of the spectral side as well as the

[ = ol s = s Lo — gl (B.2)

trivial term. By Proposition , increasing the exponent on the |p; — ;| terms to 1783 + 100€
gives a more than sufficient condition for convergence of the intermediate and long element
terms in Theorem hence justifies our use of (B.2)) as the convergence hypothesis on i

and completes that theorem.

To complete the proof of Theorem [33] we again need to demonstrate that the hypothesis
flq) < |quge|™® is sufficient for absolute convergence of all of the relevant terms. For the
spectral side and the trivial term, we start with (B.2)) and apply Stirling’s formula to K,

to obtain

Re( Re(u— 1. Re(ua—
[ K (1)) = [pty — o 2R gy g [ PR 0) |pyp|2 R n2)

for Re(u) constant, so we desire convergence of the integral

Ll =

_ _ 31 o, 6., 6.,
/() 5 1) 7 el 7 g + @ 201 — @0 T 2g0 — @] 7T
Re(q)=—2 —¢

+10(]e +100€ +1006
p1 — o ¥ — 13 ¥ — 13 ¥ Econv(it, q
Re(u) |

¢ — |l — M2| 1 — ps ’CI2 + pal g2 + pol g2 + psl

From Proposition [34] we note that this also implies absolute convergence of the F error
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term. To simplify the above integral, we choose

2+q)24+¢)2—a +Q2))£+3006‘ (B.3)

Keom (K, 0) = ( (2+ ) 2+ p2) (2+ pis)

We call this function k..,, because without it, the above integral would not converge — the

total power on p; and ps is not below —1.

Applying the same logic to the remaining error terms, it is sufficient to consider conver-

gence of the integrals

Lo = —8 —8
= [ [l e
Re()=(—3—4€,3+¢) JRe(q2)=—6¢

€ § € —€
|Q2+M1|1+4 ‘2,U1 —Q2|2+5 ’2(]2 _,U1| |kconv(/L7Q)‘
|2 + pal g2 + p3]
1 €
—M1|2HOO |

1
2100

3 €
|1 o Mo — #3’2“00 |dga| |dpl,

— — € T € z €
b ::/ (1) | ™% o ™% g — g g — pas 5T | — paa T (gl
Re(u)=(—¢,e

Here convergence of the L, integral is sufficient to show absolute convergence of F, and Fj
(by symmetry), and Ls gives the absolute convergence of the remaining error terms. The

exponents in this last are derived from

_ 1 1 1
| Ko (1)1 < |11 = o] |1 — paa|® |ps — o] *

24+100e | 34+100e | 24100e

B < i1 = pio p = s p3 = fia|
So we have our final technical requirement for Theorem

Proposition 40. The integrals Ly, Lo, and L3 converge.
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B.1 The Beta Function

We will make repeated use of the integrals

u 1 _a.
/ |1 + ’it|a dt — wo k) 20 20 u2 < umax{O,aJrl} ~ |1 + Z-u|max{0,a+1}
0

I

[\ 1N}

and

/]LHWﬁgwM/‘ﬂﬁ<H+M“H Re(a) < —1,
u 1

for u > 1.

We may obtain the above asymptotic of 5 F7 from the Barnes integral representation

a,b; [(c) /"Oo I'(a+ s)I'(b+ s)I'(—s) (—2)°ds

"2l (a)T(b) S T(c+s)

where the contour is taken to separate the poles of I'(—s) from those of T'(a+s) and T'(b+s).
For our first integral, the first poles of I'(a + s) and I'(b+ s) that we encounter while shifting

the contours to the left are at —% and g, respectively.

Proof of Lemma[30. The result is obvious if s < 1, so we assume s > 1, and split the integral
at —2s,0, and 2s, call the resulting integrals I, I, I3, and I4, say. For the first integral, we

substitute ¢t — —t — 2s, so it becomes I) = I, o + 1 3:

hﬂ:/ju+ds+ﬂWHﬂ%@+3QWdt
0
x|1+is]a1+a2/ dt
0
< ’1 + Z»S’a1+a2+1 ’
hﬁ:/ 1 (s + 0 |1+ (¢ + 3)| dt
x/ 11+ it|" T2 at
a1+az+1

< |1 +is] :
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ai1+az+1

similarly Iy < |1+ is| . For the second, we substitute ¢ — —t — s:

12:/ 14 0t |1+ it + 29)| dt
xy1+¢sy“2/ 14t dt

< |1 + Z»S’a2+max{0,a1+1}

similarly, [3 < ’1 + i8|a1+max{0,a2+1}. -

Using one of the first two terms in the maximum essentially incurs a loss, so we will tend

to enforce ap,ar, > —1.

For Re(u), Re(v1), Re(vq) fixed, applying the second form of Stirling’s formula shows

that B(u — vy, v — u) decays exponentially in u unless
max {Im(vy), Im(vy)} > Im(u) > min {Im(vy), Im(ve)},

and in that case, we have

Re(v1+u)7% |’U2 _ |Re(v27u)7%

Uu
Re(vi+v2)— % !

v +

B(vy + u,v9 — u) <
o1 + Vg

so the proof of Lemma is precisely the same as Lemma |36, without the equivalent of

requiring a; + ag < —1.

B.2 The G Function

The bound for the residue Gj(1,2, ) in Lemma 4] part a is simply from applying Stir-
ling’s formula. The residue Gj(1,us, ) has exponential decay in Im(us) unless Im(ug) >
Im(—ug) > Im(us) (up to permutation of (ue, u3), for fixed Re(us)), thus it integrates much
like a beta function, and the bound in Lemma [4] part b follows by the same logic, similarly

for part c.
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For Re(u), Re(p) fixed, applying Stirling’s formula gives exponential decay in u; or wug

for G* unless, up to permutation of p or (uy, —us),
Im(py) > Im(uy) > Im(pg) > Im(—ug) > Im(us),

in which case, we have

1—R0<151+U2) 3 Re(lq;m)*l Re(uzzui)*l
U1 + ug [Tim) v — il |uz + i
Re(pg —p2) Re(p1 —p3) Re(po—p3)

I N R O N PR

G*(u, p) <

For integrals of the G function, it is sufficient to prove the following lemma:

Lemma 41. Suppose a;,b; > —1 — ¢, as + by +¢c > =2 — ¢, and v; < vy < vz with

VU3 — Vg > Uy — V1, then

a;

1+ i(ug — Ui)‘bi dus duy

Vo v3 3
/ / 1+ i — )| T 11+ i — )
v 2 i=1

) € . K=0 € . €
< [T 4i(vs — o) = L4l — v2)| L0 — 07T,
where

/<a:a1+a2+a3+b1+bg+b3—|—c+2,

5:min{a1+a2—|—1,a1+a2—|—b1+c+1}.

Applying this to the G* function, we have

/'i:u1+u2—§,

K
5: 1 —
m1n{3,u1+

Re(uz) w — Re(uo) }
2 2

(including the & prevents a really good bound from being really bad after permuting 1), and
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the conditions become

a;, b; >—-1—ec<u — Re(,ui),ug + Re(ul) > —1— 26,

1
a2—|—bg+0:—§>—2—€.

Permuting p and interchanging (uq, i) > (ug, —p) as necessary, we obtain
Lemma {| part d. We do not give the proof that the integral over the region of exponential

decay satisfies the same bound, but if one conditions on vy — v; smaller or larger than
6 =10 (Jar| + [az| + |as| + [b1] + |b2] 4 |bs] 4 |c| + 3) log [1 + i(vs — v1)],

the proof in the first case is essentially identical to the case vy — v < 1 < v3 — vy below, and

in the second case we need only extend the region of integration by § < |1 + i(vz — v1)[".

Proof of Lemma[{1. We will repeatedly use the fact vg —v; = (v3— v2) + (vg — v1) X v3 — va.
If v3 — vy < 1, the result is obvious; if v — vy < 1 < v3 — vy, the integral reduces to

U3

11+ i(vg — v9)|™ / 11+ i(ug — v2)[ T2 1 + i (uy — vs)|™ duy

v2

. b1+b2,b3,c+b1+ba+b3+1
< |1 + Z(Ug _ U2)|a3+max{c+ 1+b2,b3,c+b1+ba+b3+1}

_ |1 + Z-(v?’ o UQ)|a3+maX{b3,C+b1+b2+b3+1}+e

)

since § < min{a; + as + 1,a1 + as + by + by + ¢ + 2}, we have
k—0>max{ag+ b +by+bs3+c+1,a3+ b3},

and the result follows.

Now assume v, —v; > 1. We split the integral into three parts: The first with uy > %,

v1+v2
2

the second with u; < , and the third over the remaining region. For the first integral,
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we send us —> ug + v3, then

0
/ 11+ i(uy — v3 — ug)| |1 + i(ug + vg — v)|"
_v3—vy
2

11+ i(ug + vy — ?Jz)|b2 11+ iu2|b3 dus
0
= L —03)| L4 i(os —vn) " 140 — U2)|b2/ vy 11+ dug|” dus

_v3—

< L+ i(ur — va)[* |1+ (v — 00) [P |1+ (v — wg)[PHFmOb

since v3 — uy > U3 — vy > vy — v1. Then

]1 < |1 + i(’Ug — Ul)|bl |1 —+ i(v3 _ 1}2)|b2+max{07b3+1}

v2
/ 1+ i(ur — o)™ 1L+ i = v2)|" [+ i — )| dun,

v1

v1+4v2
2

and splitting this integral at , we obtain

vy —v1

2
Iia = / 1+ dug [ |1+ i(ug + 01 — 02)|" |1+ i(ug 4+ v1 — v3) | duy
0

< |1+ i(vg — )| 4 i(vy — vg) |2 TxlOer L}
and similarly for

0
Iip = / ’1 + Z'(ul + vy — Ulﬂal |1 + iul‘% ’1 + ’i(ul + vy — U3)|a3+c du,y

vy —v]
2

< |1 +i(vg — U1)|a1+max{0’a2+l} |1+ i(vy — 113)|“3+C
giving
]1 < |1 + i(’l}g . U2)|a3+b1+bz+b3+c+1+e |1 + ’i(Ul o U2)|a1+a2+1+e

using vz — v; < v3 — vy and the hypotheses on a and b.
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Similarly, for the second integral, we send u; — u; + v; so

v2—v1

2
/ |1+i(u1—|—vl—u2)|c|1+iu1|a1
0

11+ i(uy +v; — )| |1+ i(uy + vy — v3)|* duy
v2—v1

2
< |]. + i(Ul — U2>|c |]. + i(Ul — Ug)’az |1 + i(Ul — ’U3)|a3/ ‘]. + iu1|a1 dU1
0

< 1 i(on = up) | |1+ vy — vg)| O] () — )|
since us — v1 > vy — v1. Then

L < |1+ i(vy — v) ]2 OmT 1 gy — )]

v3
/ 1+ i(uz — v1) | 14 (g — v2) [ |1+ i(uz — v3)|"™ dus,

v2

which we split at 223 so

0
Ioa :/ 114 i(uz + v3 — )] L+ i(ug + vg — vg|™ |1+ dug|™ dus

v3—v2
2

K |14 i(vg — v1)|TT |1+ v — |20l L

vg—vp
Irp —/ 114 i(ug + vo — Ul)’0+b1 11+ iuz‘bQ 1+ i(ug + vz — U3)|b3 dugy
0

v3—v2

2
< 1 +i(vy — v3)|™ / 11+ i(ug + vo — 01)|“T 1 + dus|™ dus,
0

and we split again at =5, so

v2—v1

2 . c+b1 . b2
IQBa:/ |1+ i(ug + ve — v1)| 1+ dus|™ dug
0

< |1 + Z‘(U2 . ,Ul)|c+b1+max{0,b2+1}
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v3—v2

_ 2 . c+b1 . bo
]QBa— |1+Z(UQ+U2—U1)| |1+’Lu2| du2

2—Y1
2

<< |1 + 7:(1)3 _ v2>’0+b1+max{0,b2+1} )

Altogether, this gives

]2 < |1 + i(UQ — vl)|a1+a2+l+e |1 —+ i(vg — U2>|a3+b1+b2+b3+6+1+6

i ‘1 + Z.<v2 . U1)|a1+a2+b1+b2+2+2e ‘1 4 ?:('Ug N U2>’a3+b3 )

Now the third integral becomes
v3—va U2
I; = / / 11+ i(up — u2)|“ |1 4 i(uy +vg — v1)|™ |1+ duq|*
’1)2 ’Ul
|1 + @(ul =+ vy — U3)|a3 |]_ + l(UQ + Uy — ’Ul)|b1
|1+ iuQ]b2 11+ i(ug + ve — Ug)\bS dus duy

=14 i(vy — v1)|™ |1 + i(vy — vg)|"* P

/ / |1+zu1+uQ)| 11+ g |

11+ i(ug + vy — 01)|™ 1 + duo|™ duy duy,

v2—v] .

and this we split into three pieces at uy = u; and uy = %5

v2—v1

Iy =< |1 +i(vy —vp)|™ /
0
U2—U1

2
<1+ (v — o) / L g g
0

u1
|]_ +’L.U1|a2+c\/ |1 +iU2|b2 dU,2 du1
0

I
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v2—v1 v2—v1

- . by 2 . as 2 . ba+c
Igb/\|1+Z(U2—U1)‘ |1+ZU1| ‘1+ZU2| du2du1
0 U1

vg—vy
2
<<|1+i<7’2_”1)\b1/ |1+ dug |
0
<|1 + iu1|b2+c+1 + |1 + i(Ug - U1)|b2+c+1+€> duy
K |1 4 i(vg — )| 0Pttt
by replacing the range of integration in u, with (0, 02;2@1) if by + ¢+ 1> —1 and (uq, 00)

otherwise,

v2—v1 v3—v2

2
|1+ iy | dul/ 11+ duy | T duy

v2—v1
2

[3CX/
0

<L+ i(vg — )|

(\1 +i(vy — v) " TT 1 di(0s — U2)|b1+bz+c+1+e) '

Then § is the minimum exponent of |1 + i(vy — v1)| and & is the sum of the two exponents,
which is the same in every case; we split the remaining x — ¢ evenly between |v3 — vy] =<

lvg — v1].

B.3 Proof of Proposition

For brevity, we introduce the shorthand

a, b u a b c ™
B 3| = Jul ol e+ o exp — o (Im(w)| + [Im(v)] — |Tm(u + v)]),
C v

and supress terms O (€2).

110



B.3.0.1 (a)

For Re(u) = —5 — 4e + 8, Re(r) = (% — 4e, 1006), s§=—1—¢€t=c¢,

’Mwul’ <
- — —149¢ —143¢
yi ™ [yal 52/ / 51— u1 — 1] 2+ |52 — g Al
Re(s)=s J Re(t)=t
—101e 1. S _ 1o
‘1"‘51 —7"2’ to1 ’1"‘82 — T —tl —t2’ 2t ‘tl‘ 2t |t1 +t2| 2 +2
B —€, —i+26 U1—282+T1+t2
—}l+e 1+u —ug—ry — 1o
_411+4967 —496. up — 281 + 1o —ty
—2+e —ur +71 =712+t
—€, 4e 1—-2t; -1t
B : P |at] |ds) .
—3—2 l—u—mn
First, apply Hoélder in s; with exponents 2 — 204e = +=— + O (€?) and 2 + 204e =

1
5+5le

%71516 + O (€%) giving

|—96€

bl

/ ‘81 — Uy — Zfll_l-HOGE |1 + 81 — 7"2|_2026 |d81| < |1 + Uy — 19 + tl
Re(51)=51

— 147
/ |U1—281+7”2—t2| g HaTe
Re(s1)=s1

L |ug — 11+ 19 — t2|_257

1
|—281 + 7“1|_§_49E |d81|
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SO

‘Mwhl‘ <

_ — — € —1 €
lya] " [y 52/ / 11+ uy —ro + 1] 48 |52 — s 23
Re(s2)=s2 J Re(t)=t

|1 + SS9 —T1 — tl — 752|_%+E |t1’_%+6 |t1 + 152|_%+26 |U1 — T + To — 752|_516

B —E€, —%14—26 U1—282—|—T1+t2

—%—FG 1+u —ug—1ry — 19

—€, 4de 1—-2¢—1
B : PO jat] |dss| .

—%—26 I—u—m

Now apply Holder in s, with exponents % — 4e and 4 + 36¢€ giving

/ 59— wa] 0L sy — 1y — by — to] 3T dso
Re(sg)iﬁz

< ’1 + Uy — T — tl — t2|7%+14€,

/ |U1—282+T1+t2|_46|1+2u1—u2—232|_1_56|d32|
Re(s2)=s2

<<|1+U1—UQ—T1—t2|_4€,

SO

|sz,1| <

_ _ _ 1
1" e 52/ |1+ uy —ro + 4] 48€|1+U2—7“1—751—752| itioe
Re(t)=t

|2§1|_%+6 |t1 + 152|_%+26 |U1 — T + To — 752|_51e |1 + U1 —Ug — 71 — 752|_%+E

—€, 4e 1—=2t; — 19

B dt] .

)
—%—26 1—U1—?"1
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Again, Hoélder in t, with exponents 2 4 48e, ﬁ, and 2 + 160e giving

/ |1 + U — 71 — tl — tQ‘_%+SE |1 + UL — U — 11 — t2‘—%—10€ ‘dtg’
Re(t2)=t2

& ug — 2ug 4 |7,

/ |u1—r1+r2—t2|7%|2—u1—7“1—2t1—t2|7% |dt2|
Re(tz):t

<K |2 —2U1 — 79 — 2t1|7%,

/ |t1 + tz‘_l_me ’2 — Uy — T — 2t1 - tg’_1+186 |dt2|
Re(tz):t

T T
SO
| My, 1| <
1]~ e 2 L — ug — r1|4€/ 1+ wy — 1o+ 11| 7wy — 2up + 8|
Re(t1)=t1
|2 — 2U1 — T9 — 2t1’_516 |1€1|_%+6 |2 — Uy —7r — t1|_%+49E |dt1’ .
Lastly, we apply Holder in ¢; with exponents 4%6, ﬁ, and 1 + 96¢ giving
/ |t1|_%_476 |2 — Uy —7r — tll_%—i—e |dt1| < |2 — Uy — 7"1|_466 s
Re(tl)ztl
SO

—46¢

‘Mwl,l‘ < |Z/1|_51 |Z/2|_52 |1 — U — 7’1’46 ’2 — U — 7“1| < ‘3/1’_51 ‘3/2’_52 .
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B.3.0.2 (b)

For Re(u) = —¢, Re(r) =0,s = —3 —¢, t =,

’Mwhl’ <

[ T / / 51— uy — 1] sy — ug|
Re(s)=s JRe(t)=t

11+ s1— 7o L4 8o — 11—t —ta| \151|_%+6 |t —i—tz’_%“e

e, 0 up—28+r+t
;
1+U1—U2—T1—t2

B

1
2
B 0, —%+€_U1—281+7’2—t2
—€ —U1+7’1—T2+t2
—€, € 1—=2t; —t
B : ' \dt| |ds] .
—s+e l—u—m

We apply Holder in t, with exponents i, 2, %, 2 + 16e, % giving

/ |1+82—7‘1—tl—t2|_1|—U1+T1—T2+t2|_1 ’dt2|
Re(t2)=t2

<<‘1—U1+52_7”2_t1|_17

/ |t1+t2|71+46]1—u1 — T —2t1 —t2’71+46‘dt2|
Re(t2)=t

< |1 — Uy — 7 —151|71+467

I, 0 w—2sp+mr+t 1
/ B : 2N N dts] < |1+ 2up — up — 28| 2
Re(t2)=t2 —2% 1+ Uy — Uy — 71 — o
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SO

0, —1 up —2s3+7ry—ts —2¢
/ B ; |dty| < | =251 4+ 1|7,
Re(t2)=t2 —2€ —Uup +1r1 — 19+t

—1, 1 1-2t; -ty
/ B ) ‘dt2| < 1,
Re(t2)=t -1 1-— Uy — 7

’szJ’ <
| |y2|_52/ / 51—y —t1] 7 sg — ug| !
Re(s)=s J Re(t1)=t1

11+ 81— ro| |t 7L — g — 7y — 1|2

_1 € —€ —9€
|1+ 2u; — ug — 259 2t? |—2s1 + 71| |1 —uy + 52 — o — t4] ’ |dty| |ds|

—51 —52 —1 —€ —l_‘_e
< Jyn] " [y / / 8o —ug| " |1 +up — 1o+t " [ta] 2
Re(s2)=s2 J Re(t1)=t1

11—y — 71— 4] 22|+ 20y — up — 289|272 | =20y + 1y — 24|
11—y + 59 — 19 — t1]7% |dts]| |dso]

< [y 7 L+ 2w — 3U2|_§+2€/ 14wy — 1y 0] ] 27

Re(t1)=t

1—uy —ry — tl|_%+26 | —2uy + 1y — 2t1| ¢
11—y + ug — 1o — t1]7% |dt4|

€ Pl g7 11+ 201 — Bua|ET

< Jyn 7 a7

The extra decay here comes from the two terms
\32—u2|_1 and ]1+2u1—u2—232|_%,

which essentially only contain sg; we cannot set the contours so that this decay is shifted

into the v and r integrals, so we are accepting a loss of % by ignoring the term for simplicity.
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B.3.0.3 (c)

For Re(u) = (—¢,—3 — 3¢), Re(r) = (—4¢,100¢), 51 = —5 — ¢, t = (€, 3 — €),

2 2

‘Mth‘ <

\yﬂ_ﬁl ‘y2’—Re(u2) /R( | /R() |81 —uy _tll_l_e ’1 s —1y —101e
e(s1)=s.1 e(t)=t

|1 + Uy — 11 — tl — tz’_%—i_e ‘tll_%—i_e
B }1, de  ur —2up + 1+ 1
=3 3¢ 1+u —ug—11—1

—%+51€, —%—526. Uy — 281 + 19 —to

€ —U1 + 11— 19 + 9

y 3€ 1-— 2t1 — t2
; |dt| |dsq] .

1
4
—%—26 1—U1—’l“1

Apply Hélder in t, with exponents 4, 4, %, 2 + 16¢, and é giving

/ 1+uy—ry —t — t2|_1 |1 —2t; — tz‘—1+125 |dts| < |ug — 11 + 151|_H'126
Re(t2)=t2

/ ‘]. + Uy — 11 — tl — t2|_1+46 |2 — Uy — 7 — 2t1 — 152|_H_46 ‘dt2|
Re(tz)zt

< ]ul + U9 + 751|_H_46

Y

1
= 4 uy — 2ug + 11+t -1
/ Bl % ; |dty| < |1+ 2uy — Buy| 272,
Re(t2)=t

—2 3 1+u—up =71 —ty
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’ |dts] < |—251+7”1‘_86,

/ o8 — 108 wi—2si+7 1
flelt2) =t 2e —uy + 7 — 7o+t

/ B : jdts| < 1,
Re(t2)=t: -1 1 — up — 1,

SO

’Mwl,2’ <
- —Re(u _lio¢ e
|y1| 51 |y2| R(2)|1+2u1_3u2| 5+2 / / ’81_u1_t1| 1
Re(sl)zﬁl Re(tl):tl

|]- + 51 — 7a2|_1016 |tl|_%+6 |U2 —r+ t1|_i+36 |U1 + us + t1|_i+e

=251 41| 7" |dta] |dsy|
< ]yl‘—m ]yQ\_Re(m) ’1 + 2u; — 3u2’—§+25/ ’1 g — 1y + Z51’—1015

Re(t1)=t1

—1+3e

L 1
‘t1|7§+6 |ug — r1 + t1| lug + ug + 151’7ZJre |—2uy + 11 — 2t1r46 |dt]

< |y |y2|_Re(u2) )
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B.3.0.4 (d)

For Re(u) = (—3 — 3¢, —¢), Re(r) = (=3¢, 7¢), 5o = —3 — ¢, t = (6¢, 5 — Ge),

2

|Mwl73| <

e [ el
Re(s2)=s2 J Re(t)=t

1o 1ige
’1+U1—7“2+t1\_4611+32—7”1—tl—t2’_2+2 |t1] 2to

—56, —%+4€ U1—282+T‘1—|—t2

B ;
2e 1+U1—U2—T1—t2
B —% + 26, —66' —U1 +T2 — 2t1 —tQ
5e —Uuy + 1] — 19+ ta
1 1
—2—3¢, ++3¢ 1—-2t; -1
Bl * e PO |dt] |ds) -

—% l—u —n
Apply Hélder in to with exponents 4 + 96¢, 2+ 32¢, &, £, and 4 — 48¢, and terms paired

) Be? Be?

as follows:

|1 + 89 — 11 — tl — 152|_%—"_26 with |1 — Uy —7r — 2t1 — t2|_i—"_3e
|1 + U — Uy —1r; — t2|7%+96 with |—U1 +1ry — 2t1 — 152|7%+86

B —5¢, —d€ Uy — 289 + 11 + 1o
2¢ 1+U1—U2—T1—t2

—66, —66. —Uy + T9 — 2t1 — tz

He —Uur+ 11— 712+ 1o

B

|—U1 + 719 — 2t1 - tg’_%_?)e with |]_ — Uy — 71— 2t1 — tgl_%_?’e,
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respectively, giving

’sz73| <

’y1|_tl |?/1|_Re(w_52 / / |S2 - U2|_1 |1 +ur —re+ 151|_46
Re(52)=52 Re(tl)ztl

|t1|_%+6E |U1 -+ S9o + 751|_%+36 |]. + 2U1 — Uy — T + T2 + 2751|_%+96

|1 + 2U1 — Uy — 2$2|736 |—2U1 —|—7"1 — 2t1|76 |dt1| |d82| .

Here we have lost % on the first pair; this is because the total exponent on t, is % and the

most we can accomodate on a single variable using only pairs is 2. Again, there is no choice

of contours which does not result in a final bound of positive exponent that is not wasteful.

Applying Holder in sy with exponents %, 4 4 48¢, and i gives

|Mwl73| <
0 [
Re(t1)=t1
27770 g+ g+ 4| TIL + 2y — g — 1y e + 2| T
14 2uy — 2up — us] > | —2uy 4+ 11 — 24| ° |dt4]

< ‘ylyitl ’y1|7Re(U1)752 ]
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B.3.0.5 (e)

For Re(u) = (—¢,—3 — 3¢), Re(r) = (¢, 4¢), t = (—5 + 5¢,1 — 10¢),

’sz74’<<
—he(ur)— - u —14e - € —o€
i 7 2>/ R e T A Y el PR S
Re(t)=t
B %—26, —i+6e; up — 2ug + 1+t
—%—36 1‘|‘U1—UQ—7"1—t2
B —%—l—?)e, —66.—u1+r2—2t1—t2

46 —U1+T1—T2+t2

0, 0 1—2t; —t
: ) qar.

—% 1-— Uy — 7
Apply Holder in ¢, with exponents 2 4 4¢, 4 + 96¢, =, and 4 + 144€ using the pairs

7 6e?

|1 +U2 — Ty — tl - 152|7%+E with |—U1 —|—’I"2 — 2t1 - t2|7%+96

B %—26, —%—1—66' Uy — 2ug + 11 + 1o
—%—36 1+U1—U2—T1—t2

—6e, —6e —uy+ry—2t —t

B : 1 2 1 2

4e —U1 +7r1 — 19+ 19

1
|2—U1—7’1—2t1—t2|_§7
respectively (ignoring the remaining term), which gives

|Mwl,4| <
1
[y | R4 [y | ROC2) / [t N ug ug — o — g 1] 2T
Re(t1)=t1
1
|]_ + 2u1 — 3U2|_1_56 |—2U1 +7r— 2t1’_26 ‘dt1|

—Re(u1 Re(us2) ‘

< |y )-u |ya| ™
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B.3.0.6 (f)

For Re(u) = (=3¢ + d1,€), Re(r) = —5 + 3¢, s = —¢,

| M, | <

W/ ) s — w5 — g — |5 — w — 7|
Re(s)=s

B —1+2, —i4e L+2u 2547+
i—l-lf —Up — Uy — T2
1 1
—z+e —2+3 14+2u—2s+r
Bl * i ' Y jas|.

0 —2uy +ugy — 1y

Applying Holder on s to separate the first beta function will compensate for the positive

exponent, and the remainder may be bounded trivially.

B.3.0.7 (g)

For Re(u) = (€, =3¢ + d3), Re(r) = —1 + 3¢, 5 = —¢,

| M| <
|y!_5/ |3—U2|_%+26|5—U2—7’1’_5’3—112—7“2\_6
Re(s)=s

—%+2€, —}l—l—e' 14 2uy —2s+1r; + 1y

%4‘6 —U] — Uz — T2

B

1 1
—3+e —3+3 1+2us—2s+r
Bl * i ? Y jas|.

0 U1—2U2—’f’1

Again, applying Holder on s to separate the first beta function will compensate for the

positive exponent, and the remainder may be bounded trivially.
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B.4 Proof of Proposition

Using the M functions above, the v and r integrals separate, so we may apply Lemma (4] in

w and in r separately: Since u; £ Re(y;),t; £ Re(p;) > —1 — €, the products

[ et [ 60 ],

Re(u)=u Re(r)=t

/ G (L, g, 1) |due G (r,— ) ]
Re(uz)=u2 Re(r)=t

Lo Gl [ el
Reu1 =ujp

Re(r)=t
Gi1.2.0) [ 1G]
Re(r)=t
are at most
w w £=4 € w w £=3 € w w|0+e€
oy =y — Ty —
weW

where now

5:min{g,5u+57~},
{2?1 — Re(ul) +1 2t2 -+ Re(ul) -+ 1}

0, =min
(2

2 ’ 2

and the k and 0, parameters are given in Table The bounds may be expressed in this
manner because the worst bound happens exactly when the least exponent ¢ is on the least
difference |p; — p1;]. We have sacrificed some efficiency for symmetry in the bounds for the

u residues, but it is unlikely that one could exploit what we lost in any case.

When we apply the above bounds we need to replace u and v with real part of the
arguments of the appropriate G function, which we have done in table Table . For Ju, u
the worst bound is ”T_‘S +e= % +24e, 0 +€ = —% + 44¢ and for J,, , and J,, ,, the worst

551

bounds are "“T_‘S +e= % +3cand § + €= % — 4e, so we have Proposition
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Form K 5,
- [ 2wi+Re(ui)+1 2uz—Re(py)+1
G'G* | up+up+ty+to—1 min; { ug+ Z(Mz)+ , o ;(uz)—&— }
: R — —1 R — —-1 R n

GiG* | +ug 1+ 1o — 3 min § Relp) L Relinops) =1y Relpztiis)

3 . Re(p1—p2)—1 Re(u1+us) Re(us—puz)—1
G:G* U1_N2+t1+tg—§ min Taul_ 5 ’ -

i Re(p1—p2)—1 Re(pi—p3)—1 Re(uz—p2)—1

GiG* | iy — pa+ 11+ 19— 2 min { e(m1 2#2) : e(pu 2Ma) ’ e(u3 2,u2) }

Table B.1: Parameters for bounding the u and r integrals.
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Vel

Uses i Contours u t Form “%5 +e€ 0+e
Juwpp | M1 (—% — e, % + 36) —% —4e (% —4e,1+ 1006) G*G* % + 24e —% + 44e
Jwip | M1 5— 36,5 +3€) —3—4e (2—4¢,1+100e) G;G* T +23¢ —3+4Tc
Juwrye | My 5 —3654+3) —3—4de (§—4¢,1+100¢) G;G* L +23¢ —+447¢
Joip | M1 (=3 —3€6,5+3¢) —3 —4de (f—4e,1+100e) G;G* % +24e  —2 44T
Jwsp | M, (—2¢,0) (=3¢, ¢) (4—7¢2) GG* 2+2 34
Jwap | My, (—2¢,0) (—3¢,€) (4 — 6e,3) GiG* 2+ 2 1
Jwsu | M (0, —2¢) (e, —3¢) (4—6e,3—¢) GG 2+3¢ 2—de
Jwsp | M, (0, —2¢) (€, —3¢) (4—5¢2) GiG* 2+ 3¢ 1 +e
Eug | My (=3 —36,5+3¢) —1—4e (I—4e,1+4100¢) G;G* L +23e —2+447¢
Buo | My (—3—3€6,5+3€¢) —12—4de (L—4e,1+100c) G;G* L +23¢ —%447¢
Bus | My (=3 —36,5+3€) —1—4e (5—4¢,1+100e) G*G* $+24e —1 + 48¢
Eua | My, 2 (—€, 3 + 3¢) - (3—4e,1+100e) G;G* 1+424e —3 +48¢
Eus | My, 3 (=2 —3e,¢) - (3—3e,1+7¢) G;G* 1+e —1+42€
Euy6 | My (—e,¢€) - (3,1) G;G*  1+e 0
Ewr | My, 4 (—€, 3 + 3¢) - (B+el+4e)  GiG* 1+ 3e -1

Table B.2: Parameters for Proposition



B.5 Proof of Proposition

After applying the definition of keopny, we have

23 _ 23 _ 23
Ll — / ’Ch‘ 75 +300e—8 |q2’ £5+300e—8 |q2 . q1‘ 75 +300€
Re(g)=q

310 6., 6.,
IQ1+C]2\14+2 \2(11—Q2\7+ \2(]2—611|7Jr

/ . |M1|—%—3006|M2‘—%—300e|ﬂg|—%—3006
Re(u)=n

M’%Hooe i — MS,%Hooe MS,%HOOe

|p1 — fi |pio —
lgr — pal lgn — pol lgn — w3l |2 + | |g2 + pal g2 + pes)

_2_ _2_ _2_
<</ |[1/1| 3 1006|Iu2| 3 100e |M3| 3 100e
Re(p)=n

|dp| |dq]

|M1—M2||M1—M3HM2—M3’ dal |d
\dq| |dp -
Re(g)=q |71 — k| lqr — pal | — 3| g2 + 1| g2 + ol lqo + p3)

using |¢1 + ¢2| < |q1] |g2|, etc. Applying Holder to the ¢ integrals, gives 6 integrals of the

form

1
_3 3 1
(/ (las = 115 1as — ) 2|dqz-|) <l — ] 7F
Re(q:)=q:

SO

2

2 2
Ll <</ |/JJ1|7571006 |Iu2|7571006 |“3|*§*1006 |d[1,| < 1.
Re(p)=n
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The second integral becomes

Ly :/ / |u1|—8 ‘q2|%+3005—8 |q2 . ,ul|%+3ooe
Re(u)=n J Re(g2)=q2

€ § € —€
g2 + 1|20 — @277 2¢0 — g
G2 + 12| |2 + 3]
_23_300e 1 (—23_300c
|| 12700 | T2 TR
l € l € § €
|ix — g 271 i — g [FT0 iy — s 2 |dge) |l
81106t 111001 —11_100c
<</ |,L61| 12-‘!-510 ’N2| 2 100 |,U/3| o 100
Re(p)=n
|M2—M3|
/ dgs | |dgl
Re(qo)=qo 192 + M2l g2 + p13]

<1,

and the third is

5.300¢ | —54300¢
L3<</ i | 7200 | T2 | < 1,
Re(u)=n
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