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Handlebody phases and the polyhedrality of

the holographic entropy cone

Donald Marolf, Massimiliano Rota, and Jason Wien

Department of Physics, University of California, Santa Barbara, CA 93106, USA

E-mail: marolf@physics.ucsb.edu, mrota@physics.ucsb.edu,

jswien@physics.ucsb.edu

Abstract: The notion of a holographic entropy cone has recently been introduced and

it has been proven that this cone is polyhedral. However, the original definition was

fully geometric and did not strictly require a holographic duality. We introduce a new

definition of the cone, insisting that the geometries used for its construction should be

dual to states of a CFT. As a result, the polyhedrality of this holographic cone does not

immediately follow. A numerical evaluation of the Euclidean action for the geometries

that realize extremal rays of the original cone indicates that these are subdominant

bulk phases of natural path integrals. The result challenges the expectation that such

geometries are in fact dual to CFT states.
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1 Introduction

Since the original proposal by Ryu and Takayanagi [1] for the calculation of entangle-

ment entropy in holographic field theories, the inequalities implied by the “RT formula”

have been a subject of active investigations. It was already noted in [2] that subad-

ditivity (SA) of the von Neumann entropy is satisfied by the prescription, while the

celebrated proof [3] of the more restrictive strong subadditivity (SSA) served as a fur-

ther important check. The saturation of SA was later associated to a phase transition

of mutual information in [4] and the saturation of the Araki-Lieb inequality (AL) to

the entanglement plateaux phenomenon [5].

While all the previous inequalities were already known from quantum mechanics

(they are in fact satisfied by any quantum state), the first purely “holographic” in-

equality was found in [6] and dubbed monogamy of mutual information (MMI).1

This inequality is not satisfied by all quantum states and provides a new constraint on

the family of states which admit a classical geometric dual. It is then interesting to

ask whether the RT formula implies additional constraints for a fixed (but arbitrary)

1See [7–9] for more details.
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number of regions in a holographic CFT. The systematic study of this problem was

initiated in [10], which proved that no new inequalities exist for three or four regions

and found new ones for five.2

In principle, for a fixed number of regions in the dual field theory, the set of entropy

inequalities which are satisfied by holographic states could be rather complicated. For

example, there could be an infinite number of them or they could be nonlinear. Instead,

an important result of [10] was the proof that not only the number of inequalities implied

by the RT prescription is finite for any number of regions, but all inequalities are in

fact linear and with integer coefficients.

For an arbitrary system of inequalities it is useful to consider a geometric represen-

tation where the set of solutions is a region bounded by the corresponding hypersurfaces.

For the inequalities implied by RT this is then a rational polyhedron in the space of

entropies, in fact a cone, which has an equivalent description in terms of its extremal

rays. Any ray inside the cone (or on its boundary) can be obtained from a (conical)

linear combination of them.

Motivated by holography one then tries to construct geometries that realize the

extremal rays and to show that such geometries are in fact dual to some field theory

state. This would prove that the region of entropy space corresponding to states of

holographic CFTs with classical bulk duals is a rational polyhedron. The present work

focuses on this last statement and argues that the proof of [10] was not conclusive. This

naturally raises the question of whether there are any additional entropic constraints

on holographic states not implied by Ryu-Takayanagi in the manner of [10].

We will focus on three dimensional bulk geometries with a moment of time sym-

metry, such that the time slice is in general a disjoint union of Riemann surfaces with

boundaries. This can be obtained by slicing the full three dimensional Euclidean so-

lution, which is a handlebody obtained by filling in the boundary Riemann surface

[11, 12]. Different fillings will correspond to different phases of the bulk geometry [13].

One can then evaluate the Euclidean action for the different phases to determine which

one is the dominant saddle. Via the AdS/CFT dictionary this will give an approxi-

mation to the corresponding state in the dual field theory. On the other hand, if the

bulk solution is not the dominant saddle, one cannot immediately conclude that this

geometry is dual to a field theory state.

This is the argument which we will employ in the following to challenge the con-

clusion that the entropy cone of holographic CFTs is polyhedral. We will evaluate

numerically the Euclidean action for the particular geometries corresponding to some

2In addition, [10] also proved a new family of inequalities for any odd number of regions. The

inequality for 3 regions coincides with MMI.
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of the extremal rays of the cone in the N = 3 and N = 4 cases and provide evidence

suggesting that these are never dominant. While it remains possible that such geome-

tries may nevertheless be related to CFT states by more complicated constructions,

such an analysis is beyond the scope of this work.

The structure of the paper is as follows. In §2 we review the definition of [10] and

introduce a new one to make a clear distinction between a notion of the cone which is

purely geometric, and one that is instead more specific to holographic states dual to

classical geometries. In §3 we evaluate the Euclidean actions for the geometries that

realize some of the extremal rays of the N = 3, 4 cones. We summarize our conclusions

in §4 and comment on some open questions.

2 Entropy cones

In this section we first review the definition of the quantum entropy cone for arbitrary

quantum systems, and the definition given in [10] for the holographic context. We

warn the reader that we will change terminology from the one used in [10]. What

we will call the metric entropy cone is precisely the construction of [10], instead we

reserve the name RT (or HRT) cone for a different object that we will define in §2.3.

The conceptual distinction between the two constructions, and the question of whether

they do or do not coincide, is the main motivation for the calculation that we will

present in §3.

2.1 The Quantum Entropy Cone (QCN)

Consider a multipartite quantum system associated to a Hilbert space H1⊗ ...⊗HN+1.

For a given pure state we trace out the degrees of freedom in HN+1 to obtain an

N−partite mixed state ρN . Then we compute the entropy of each of the N individual

subsystems of ρN , all the pairs, triplets and so on, up to the entropy of the union of

all parties (the entropy of ρN) and we arrange these numbers into a vector in “entropy

space” R2N−1. Consider now the set of all such vectors obtained from all possible initial

pure states in all possible Hilbert spaces with the previously mentioned tensor product

structure. The subset of etntropy space so obtained has the structure of a convex cone

and is known as the quantum entropy cone (QCN).

For N = 2, 3 the cones are known to be polyhedral and they are then specified by a

finite number of linear inequalities. Any polyhedral cone can equivalently be described

by the list of its extremal rays since any vector inside the cone or on its boundary can

be obtained from a conical combination of them.3

3A conical combination is a linear combination with non-negative coefficients.
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To clarify the construction, and for the purpose of the later discussion, let us

review the examples of the cones QC2 and QC3. In the N = 2 case the inequalities that

determine the quantum cone are simply subadditivity (SA) and Araki-Lieb (AL)

SA : SA + SB ≥ SAB ,

AL : SA + SAB ≥ SB . (2.1)

Note that even if the two inequalities are physically equivalent, in the sense that one

implies the other, both are necessary for the construction of the cone because they

correspond to different facets. For the same reason one should also include both versions

of AL obtained by swapping A and B. The extremal rays are

(SA, SB, SAB) ∈ {(1, 0, 1), (0, 1, 1), (1, 1, 0)} , (2.2)

corresponding to obvious quantum states. These rays are actually equivalent since they

are mapped to each other by permutations of the subsystems. Here we list all of them

just for clarity, in the following we will only focus on inequivalent rays.

To obtain the N = 3 cone we can imagine that we first build a “candidate cone” ob-

tained from all possible versions of the N = 2 inequalities for three subsystems A,B,C.

We then cut away parts of this cone by slicing along the hyperplanes corresponding to

all new, genuinely 3−partite, inequalities.4 These are strong subadditivity (SSA) and

weak monotonicity (WM)5

SSA : SAB + SBC ≥ SB + SABC ,

WM : SAB + SBC ≥ SA + SC . (2.3)

The extremal rays are then, up to permutations

(SA, SB, SC , SAB, SAC , SBC , SABC) ∈
{(1, 1, 0, 0, 1, 1, 0), (1, 1, 1, 2, 2, 2, 1), (1, 1, 1, 1, 1, 1, 1)} . (2.4)

The first ray simply corresponds to a Bell pair for AB, the second is a four-qutrit

stabilizer state and the last one is a GHZ state of four qubits.6

For N ≥ 4 new inequalities are known, but the full structure of the cones is not

known. However, they are conjectured to be non-polyhedral [14].

4For example for SA one also has SA + SC ≥ SAC , SA + SBC ≥ SABC and various permutations.

However this description is redundant and some of the inequalities can be removed.
5Again the two inequalities are equivalent but both should be considered.
6The expressions of the states realizing the second and third extremal rays are∑2
i,j=0 |i, j, i+ j, i+ 2j〉 and |0000〉+ |1111〉 respectively (up to a normalization factor).
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2.2 The Metric Entropy Cone (MCN)

Having introduced the general concept of the quantum entropy cone we can now define,

following [10], an analogous object for areas of minimal surfaces in a geometric set-

up inspired by holography. Consider an arbitrary d + 1 dimensional manifold with

(N + 1) boundariesMN+1, with a metric which is asymptotically AdSd+1 approaching

the boundaries. Since we are restricting to the RT prescription, rather than the more

general HRT [15], we will also assume that the metric has a time reflection symmetry

at t = 0 and consider the d dimensional manifold M̃N+1 corresponding to the t =

0 slice of MN+1. We are interested in the area of minimal surfaces homologous to

regions specified on the boundaries of M̃N+1. In this set-up it is natural to think that

such a geometry is dual to a pure state of a tensor product of N + 1 CFTs living

on the boundaries, but for the moment we do not make this assumption. The metric

entropy cone(MCN) is then defined as the region in the space of “area vectors” R2N−1

spanned by varying the topology and the metric ofMd+1, as well as the choice of the N

subregions. This is precisely the definition of [10] for the “holographic entropy cone”.

For the case N = 2, it follows from the “RT proof” of SA, and from the fact

that one can construct a geometry that realizes the extremal rays (a two boundary

wormhole), that QC2 ≡ MC2. We will focus on the more interesting cases N = 3, 4.

To construct the metric entropy cone for N = 3 one should include monogamy of

mutual information (MMI) to the list of inequalities7

MMI : SAB + SAC + SBC ≥ SA + SB + SC + SABC . (2.5)

The list of extremal rays is then updated to

(SA, SB, SC , SAB, SAC , SBC , SABC) ∈ {(1, 1, 0, 0, 1, 1, 0), (1, 1, 1, 2, 2, 2, 1)} . (2.6)

Comparing (2.6) with (2.4) one sees that the net effect of includingMMI simply is the

removal of the ray corresponding to the GHZ state. Geometrically, the first extremal

ray in (2.4) is realized by the disjoint union of a two boundary wormhole and two copies

of empty AdS. The second ray is instead a 4-boundary wormhole which we will study

in §3.3.

In the N = 4 case it has already been shown in [10] that there are no new in-

equalities implied by the RT formula. To see that this is the case one starts again with

all the previous inequalities for fewer parties and consider all possible versions for the

4−partite case. From this list of inequalities one can then construct a cone, which is a

7Interestingly SSA can be removed from the list. The reason is that it is redundant as it can be

obtained from MMI and SA.
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“candidate” for MC4, and can extract its extremal rays. The result is

(SA, SB, SC , SD, SAB, SAC , SAD, SBC , SBD, SCD, SABC , SABD, SACD, SBCD, SABCD)

∈ {(0, 0, 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 1), (0, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 1, 1),

(1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 2)} . (2.7)

The first two rays are again inheritated from those of the previous cones. The last one

instead is again a multiboundary geometry which we will investigate in §3.2. Since any

extremal ray of this candidate cone can in fact be realized by some geometry, it follows

from convexity that any other ray inside the cone can also be realized geometrically.

This proves that for four regions there cannot be new RT inequalities and that the

candidate previously constructed is in fact MC4. For N > 4 the metric entropy cones

are not known, but it was proved in [10] that they are all polyhedral. Furthermore, it

was proved in [16] that MCN ⊆ QCN for all N , also justifying the usage of the word

“entropy”.

2.3 The Ryu-Takayanagi Cone (RT CN)

The construction presented in the previous section was completely geometric and al-

though it was motivated by holography it did not really require it. However, since

we are interested in the set of constraints imposed by the RT formula on the space

of CFT states with classical bulk duals, we want to be able to interpret the “areas”

which appeared in the metric entropy cone as von Neumann entropies of regions in field

theory.8 For this to be true one needs to further constraint the allowed geometries for

which one computes areas and impose that such geometries are in fact dual to some

CFT state. We then define the Ryu-Takayanagi cone (RT CN) as the cone spanned

by all holographic states, for an arbitrary number of CFTs and all possible choices of

the N regions. This is a convex cone, since given any two rays it contains any conical

combination of them, obtained by rescaling the metric and taking the tensor product

of the corresponding two states.9

From the previous definitions, and the result of [16], it follows that for any N

RT CN ⊆MCN ⊆ QCN . (2.8)

The case N = 2 is trivial since all the cones coincide, while for N ≥ 3 the second

inclusion in (2.8) is strict as a consequence ofMMI. On the other hand the question

of whether the first inclusion in (2.8) is strict is the focus of the next section (for

N = 3, 4).

8In these work we only consider the leading contribution to the entropy in the large N limit.
9As for the metric entropy cone, we restrict attention to geometries with a moment of time sym-

metry, although one could similarly define a more general HRT cone.
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3 Constructing holographic geometries for the extremal rays

In this section we explore the relation between the previously defined metric entropy

and RT cones in the particular cases of N = 3 and N = 4. To prove that the RT

cone coincides with the metric entropy cone, one needs to find holographic CFT states

dual to the geometries that realize the extremal rays of the metric entropy cone. Since

the metric entropy cone was defined for the RT formula (instead of HRT) we restrict

to spacetimes with a time reflection symmetry. We focus on three dimensional gravity

such that all possible solutions of Einstein’s equations are locally AdS3 and can be

obtained by its quotients. The t = 0 slice of the full spacetime will then be a Riemann

surface ΣN+1 with N + 1 boundaries. Finally, following [10], we assume that the N

boundary regions for which we compute areas of RT surfaces are entire boundaries.

The solutions we are interested in are then multiboundary wormholes with N + 1

asymptotic boundaries with a set of constraints on the size of the horizons and all

internal cycles such that the geometries correspond to extremal rays of the metric

entropy cone. We seek to find states in the tensor product of N + 1 CFTs which are

dual to such wormholes and can be obtained from a bulk Euclidean path integral via

the Hartle-Hawking construction. For both the N = 3 and N = 4 cases we fail to find

CFT states that meet all the requirements.

3.1 Handlebody solutions

A particularly interesting class of Euclidean solutions of three dimensional Einstein

gravity with negative cosmological constant are the so-called handlebody solutions,

which can be thought as compact Riemann surfaces “filled in” with hyperbolic space.

While these are not the only solutions for a particular set of boundary conditions, it

has been conjectured that the non-handlebody solutions are always sub-dominant [17].

Our numerics confirm this explicitly in certain contexts (see §A for more details).

As first proposed in [11, 18] (see also [12]), one can interpret such a solution for

tE ∈ (−∞, 0) as a saddle point of the bulk Euclidean path integral. However, for a

given compact Riemann surface, different handlebodies can be obtained by different

fillings and correspond to different phases [13]. If this saddle is the one with least

action then by the Hartle-Hawking construction it provides the bulk state at t = 0

and via holography an approximation to the dual CFT state computed by the field

theory path integral. For our purposes we must then check that the correct phase

dominates in the region of moduli space where the entanglement entropies satisfy the

relations determined by the extremal ray. Recently developed techniques [19] allow

us to study these solutions numerically even in the case of three or more boundaries.

While evaluating the action for these geometries is involved, numerical evidence from
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our work and [19] suggests that a useful heuristic is that filling in the bulk along smaller

boundary cycles costs less action than filling along larger boundary cycles. A related

effect is that geometries with small internal bulk cycles tend to be subdominant in the

path integral. This provides a coarse way to understand which phase dominates at a

given point in moduli space.

An arbitrary handlebody solution can be obtained as a quotient of three dimen-

sional hyperbolic space H3 (i.e. Euclidean AdS3). A particular quotient can be specified

by its action on the boundary Riemann surface, with the action extended into the bulk

by geodesics. Explicitly, to construct a quotient of H3 with a genus g Riemann surface

its the boundary, one chooses g pairs of non-intersecting circles Ck, C
′
k which divide the

Riemann sphere into a region “inside” and “outside.” The set of Möbius transforma-

tions Lk mapping Ck 7→ C ′k are then used to define the particular quotient of H3, with

the action in the bulk defined by an extension along geodesics. The Riemann sphere

projected onto R2 with the specifications of a given set of circles is referred to as a

Schottky domain D (see [11, 12] for more details).

In practice, it is difficult to determine the handlebody corresponding to a particular

quotient of the Riemann sphere. Instead it is more convenient to construct a Schottky

domain for a particular Riemann surface by choosing g cycles on the boundary to be

made contractible in the bulk.10 Cutting the Riemann surface along these g cycles gives

a Riemann sphere with g sets of circles identified, which can then be projected into the

plane to define the Schottky domain. Determining the moduli of the Riemann surface

corresponding to a particular domain is done numerically for g > 1, and we must solve

this moduli matching problem to compare solutions with given boundary conditions.

In order to compare the actions for different solutions, we must first choose a

conformal frame on the boundary. The standard choice is Rbndy = −2. As shown in

[11], if we write the boundary metric as

ds2 = e2φ(w,w̄)dwdw̄ . (3.1)

then this choice of conformal frame corresponds to the solution of the Liouville equation

with an additional non-trivial condition

∇2φ = e2φ , with φ(Li(w)) = φ(w)− 1

2
log |L′i(w)|2 . (3.2)

10One way to classify the possibilities is to first construct a basis of cycles {αi, βi} such that αi∩βj =

δij . Letting the cycles {αi} be contractible in the bulk defines a particular handlebody solution. One

can then act on this basis with an element of the mapping class group and choose the resulting α cycles

to be contractible. Acting with all elements of the mapping class group generates a set of handlebody

phases for a given boundary surface.
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We will use the numerical methods described in [19] to solve this differential equation

for a given domain.

Additionally, as shown in [11], the evaluation of the Einstein-Hilbert action for a

particular solution can be written in terms of the Takhtajan-Zograf action [20] for the

scalar field φ. As explained in [19], if we define Rk to be the radius of Ck and ∆k as the

distance between the center of Ck and the point w
(k)
∞ mapped to ∞ by Lk, this action

reduces to

ITZ [φ] =

∫
D

d2w
(
(∇φ)2 + e2φ

)
+
∑
k

(∫
Ck

4φ dθ(k)
∞ − 4π log

∣∣R2
k −∆2

k

∣∣) . (3.3)

where θ
(k)
∞ is the angle measured from the point w

(k)
∞ . More details on the numerical

evaluation of this action can be found in §A.

Finally, we will have to impose on a handlebody solution a set of constraints which

guarantee that the entanglement entropies of entire boundaries (and their unions)

match the values of a particular extremal ray of the metric entropy cone. Since the

RT formula relates such entropies to geodesic lengths, we need to relate these geodesics

lengths to the quotient which defines a particular handlebody. This can be done using

the results of [21], which showed that the length of a geodesic in the homology class

corresponding to the action of a Möbius transformation L is given by

`(L) = cosh−1

[
TrL

2

]
. (3.4)

In the next sections we will use all of this technology to evaluate the on-shell action for

the solutions corresponding to the desired extremal rays of the N = 3, 4 metric entropy

cones.

3.2 Four party extremal rays

The extremal rays of MC4 where listed in (3.5). The first two rays are inherited from

the three party cone MC3 and we will ignore them, we will briefly comment on the

three party case in the next section. Here instead we focus on the only new extremal

ray

(SA, SB, SC , SD, SAB, SAC , SAD, SBC , SBD, SCD, SABC , SABD, SACD, SBCD, SABCD)

= (1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 2) . (3.5)

As already shown in [10], this ray can be realized by the multiboundary wormhole

geometry drawn in Fig. 1, with the following conditions on the horizon lengths

l = |hA| = |hB| = |hC | = |hD| =
1

2
|hO| . (3.6)
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A B C D

O

hA

hB

hAB
hO

Figure 1: The geometry (at t = 0) corresponding to the four party extremal ray of interest. The sizes of

the horizons and the internal cycles are fixed in order to obtain the correct entropies, see the main text.

and with the additional constraint that for any internal cycle γ homologous to a union

of n of the four boundaries one has

|γ| ≥ nl . (3.7)

For example we should impose |hAB| ≥ 2l.

We wish to evaluate the Euclidean action for this solution, which we refer to as

the connected phase, and compare it to the action evaluated for a solution where the

surface of time-reflection symmetry in the bulk does not connect any pair of boundaries

(which we will simply call the disconnected phase).11 If the connected phase is the one

that minimizes the action then as explained earlier we can conclude that in the limit

of small bulk Newton constant G (and thus large CFT central charge c) it is in fact

dual to a field theory state. As anticipated, we will find evidence that this is not the

case. The constraints (3.7) require that the cycles homologous to single boundaries

are small compared to the other internal cycles. Intuitively then, the action favors

the disconnected phase, where the wormhole “pinches off” and these cycles become

contractible in the bulk.

The wormhole geometry of Fig. 1 can be obtained starting from a closed Riemann

surface of genus g = 4. Different handlebody solutions with the same boundary corre-

spond to different choices for the cycles which are contractible in the bulk. The choice

that gives the connected phase is shown in Fig. 2a and the corresponding Schottky

domain in Fig. 2b. In the case of the disconnected phase (see Fig. 2c and Fig. 2d),

the bulk time slice consists of five disconnected copies of H2; the mutual information

between boundaries vanishes and the constraints (3.6) are not satisfied.

11While in principle there are multiple phases where the surface of time reflection symmetry in the

bulk is disconnected, for our analysis it is sufficient to focus only on this particular phase.

– 10 –



We want to compare the action for these two phases in various regions of the moduli

space for the associated genus-4 Riemann surface. We focus on a subspace defined by

imposing three Z2 symmetries corresponding (for Fig. 2a and Fig. 2c) to reflections in

the plane of the page and across both the horizontal and vertical axes. In both phases

considered, the contractible cycles are homotopic to curves that are fixed by a subset

of these symmetries. Combined with the constraints (3.6), these conditions reduce

the moduli space to two real dimensions. In Fig. 3a we plot the difference between

disconnected (Idis) and connected (Icon) actions and in Fig. 3b we show maxγ(1− |γ|n l );
i.e. the maximal violation of the constraints (3.7). As announced before, one can clearly

A

B

C

D

O

(a) The connected phase.

L1

L2

L3

(b) The associated Schottky domain, with two fur-

ther circles not drawn, but implied by requiring in-

version symmetry across the dashed circle

.

A

B

C

D

O

(c) The disconnected phase.

L1

L2

L3

L4

(d) The associated Schottky domain.

Figure 2: The choices of contractible cycles corresponding to the connected and disconnected phases and

the corresponding Schottky domains.
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see that the constraints are violated when the connected phase has smaller action (bluer

regions of Fig. 3b). Indeed, the region displayed in Fig. 3b contains no points where

the constraints are all satisfied.

Now the particular region of moduli space studied in Fig. 3 was chosen in an ad

hoc way for numerical convenience. To perform a more targeted analysis, we restrict

attention to the 1-dimensional subspace of moduli space where the connected and

disconnected actions are equal. We can then search along this curve for a point where

the constraints (3.7) are satisfied. Though we have no rigorous proof, it is natural to

presume that it is easier to satisfy the constraints along this line than in the region

where the connected phase dominates strongly. The plot shown in Fig. 4 suggests that

no such point exists. Toward the left, the hBD and hBCD cycles become too small,

while the hABC , hAB, and hAC cycles become too small toward the right.

Note that the minimal violation of the constraints happen at the point in moduli

space (dashed vertical line in Fig. 4) where there is an additional π/2 rotational sym-

0.62 0.64 0.66 0.68 0.70 0.72

0.02

0.04

0.06

0.08

0.10

-0.81

-0.54

-0.27

0

0.27

0.54

0.81

1.08

1.35

ρ

φ

(a) Icon − Idis

0.62 0.64 0.66 0.68 0.70 0.72

0.02

0.04

0.06

0.08

0.10

0.286

0.297

0.308

0.319

0.330

ρ

φ

(b) maxγ(1− |γ|
n l )

Figure 3: Comparison of the actions for the connected and disconnected phases in the symmetric configu-

ration. The parameters (φ, ρ) are the angular position and size of C1 on the Riemann sphere. The dashed

line corresponds to the particular configuration with an additional π/2 rotational symmetry about the axis

orthogonal to the plane of the page in Fig. 2a and Fig. 2c (see also Fig. 4).
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Figure 4: The constraints (3.7) in the subspace where the connected and disconnected actions are equal.

The dashed line indicates the point with the additional π/2 rotational symmetry discussed above.

metry in the Riemann surface. This observation suggests that even if we were to look

outside of the two dimensional subspace of moduli space that we have considered thus

far, i.e. even if we consider regions of moduli space with less symmetry, we will still be

unable to make the desired extremal ray dominate our path integral.

As a check we have also considered a different two dimensional subspace corre-

sponding to the Riemann surface drawn in Fig. 5a. As before, we can study the one

dimensional subspace where the connected and disconnected actions are equal. The

ABCD

O

(a) The alternative Riemann surface with the two

choices of contractible cycles.

L1

L2

L3

L4

(b) The Schottky domain for both sets of cycles.

Figure 5: In this case the two phases differ only in moduli and have the same Schottky domain.
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Figure 6: The constraints (3.7) for the alternative handlebody (Fig. 5a) in the subspace where the con-

nected and disconnected actions are equal.

results for the various constraints on the cycle lengths are shown in Fig. 6, one can see

that there is no region where they are all satisfied simultaneously.

3.3 Three party extremal ray

We briefly comment on the case of RT C3. In this case the extremal ray of interest is

(SA, SB, SC , SAB, SAC , SBC , SABC) = (1, 1, 1, 2, 2, 2, 1) . (3.8)

For the one-dimensional subspace of moduli space where the Riemann surface has three

holes arranged in a circle, and an extra 2π/3 rotational symmetry, the results are shown

in Fig. 7. They suggest in this case as well that there might not be a CFT state dual

to the particular multiboundary geometry considered to realize the desired extremal

ray. Although our argument is far from conclusive in proving that the RT cone for

three parties is not polyhedral, it is interesting to contrast the result with the quantum

mechanical case, where for three parties the cone is known to be polyhedral.

4 Discussion

Our findings show that the argument of [10] for the polyhedrality of the RT cones

RT C3 and RT C4 was not conclusive. While [10] showed the polyhedrality of the metric

entropy cones MC3 and MC4, if one further requires that the geometries realizing the

extremal rays of the cones are dual to CFT states it is not clear whether these rays
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Figure 7: Results for the highly symmetric three genus Riemann surface. The black (solid) line is Icon−Idis,
the green (dashed) one 1− |hAB |

2l .

can be realized holographically. We have also noted that, the wormhole solutions

suggested in [10] may fail to satisfy this requirements since they do not correspond to

the dominant saddle points of the natural bulk Euclidean path integral in any region

of moduli space. We have not ruled out the possibility that they might dominate in

other more complicated path integrals, but this seems unlikely. For RT CN with larger

N the situation is even less clear. While [10] proved that the metric entropy cone is

polyhedral for any N , without the full list of RT inequalities it is obviously not possible

to construct the extremal rays and explore whether they have holographic duals.

Though our results are suggestive, they are not conclusive with regard to the poly-

hedrality of RT C3 and RT C4. For example, there could be other bulk solutions dual

to CFT states that realize the same extremal rays. As noticed in [10], restricting spin

structures can remove otherwise-dominant saddles and perhaps allow the desired saddle

to dominate. However, for theories with a fixed number F of bulk Fermion fields this

seems unlikely for large enough N . For example, for F = 1 there is no spin structure

that guarantees connectivity beyond N = 2. If there are holographic bulk theories with

arbitrarily large F , one could use them to show equality of the metric entropy and HRT

cones. However, it is currently unknown whether such theories exist.

Alternatively, it might be that one can in some sense subtract off the part of the

CFT state corresponding to the dominant phase to leave a CFT state dual to the

subdominant phase. Indeed, one naively expects that the state defined by our path

integral admits a semi-classical expansion of the form

|ψ〉 =
∑

saddles n
corrections m

e−Sn/2c−m/2|gn,m〉, (4.1)

in terms of the central charge c. Here |gn,m〉 is a state that includes perturbative quan-

tum corrections about the background geometry gn corresponding to the nth saddle.
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Since each geometry gn that appears in our sum is also associated with a more natural

path integral to which it should contribute, one expects that a suitable linear combina-

tion of these states (acted upon by appropriate CFT operators to bring into alignment

the states of the bulk quantum fields) will feature a leading term proportional to the

part |g̃, 0〉 associated with the desired geometry (e.g. Fig. 1).

However, there are many details to be analyzed in fleshing out this more compli-

cated approach to constructing CFT states dual to geometries like the one in Fig. 1.

One should thus be open to the possibility that it fails and that the RT cone is in fact

not polyhedral. While by construction it is certainly true that the RT cone is a subset

of the metric entropy cone, it could be that (at least for some N) it is in fact a proper

subset. This would mean that there should be other entropy inequalities, possibly non-

linear, that by the same argument of [10] could not be proved by usual “cutting and

pasting” procedures using the RT formula.

Finally, we remind the reader that all our discussion, as well as that in [10], was

based on the RT prescription and only applies to spacetimes with a moment of time

symmetry. In dynamical situations one should instead use the HRT prescription [15].

While SSA andMMI have been proved also in this more general situations [22], and

by construction the metric entropy cone based on RT has to be a subset of the one

based on HRT, it is not clear at present whether the polyhedrality proof of [10] extends

to the dynamical case, nor it is known if the new inequalities for N = 5 found by [10]

still hold. We see these as interesting open questions for future investigations.
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A Bulk action computation

In this appendix we present more details for computing the Einstein-Hilbert action. As

shown in [19] we can write the bulk action as

I = − c

24π

[
ITZ[φ]− A− 4π(g − 1)(1− log 4R2

0)
]
, (A.1)
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where R0 is a normalization parameter corresponding to the size of the sphere on which

the partition function evaluates to one. As in [19] we set R0 = c = 1, and so the action

for a particular non-handlebody solution vanishes. Additionally, the action ITZ[φ] is

equivalent to the Takhtajan-Zograf action for a scalar field [20]. As shown in [19], if

we define Rk to be the radius of Ck, and ∆k as the distance between the center of Ck
and the point w

(k)
∞ mapped to ∞ by Lk, the action can be written as

ITZ [φ] =

∫
D

d2w
(
(∇φ)2 + e2φ

)
+
∑
k

(∫
Ck

4φ dθ(k)
∞ − 4π log

∣∣R2
k −∆2

k

∣∣) . (A.2)

We follow the convention of [19] where the orientation of a dθ element associated

with a particular circle is inherited from its orientation as the boundary of D. In

practice, this means that almost all of the elements have the opposite orientations one

would naively expect.

In all the Schottky domains we consider, there is a symmetry of the plane given

by an inversion through the unit circle (∂U). Therefore it will be convenient to reduce

(A.2) to integrals only over the part of D inside the unit circle, which we denote as D̃.

As shown in [19] we can use the transformation properties of φ to show that∫
D

d2w (∇φ)2 = 2

∫
D̃

d2w (∇φ)2 + 4

∫
∂D̃

(φ+ log |w|) dθ , (A.3)

where the coordinate θ refers to the angle measured from the origin. In practice, the

boundary of D̃ will consist of a set of disjoint circles {∂Di} = D̃ ∩ {Ck, C ′k} and the

boundary of the unit disk U . Furthermore, we can explicitly evaluate the integral of

log |w| over the boundary circles and write (A.3) as∫
D

d2w (∇φ)2 = 2

∫
D̃

d2w (∇φ)2 + 4

∫
∂U

φ dθ +
∑
i

[
4

∫
∂Di

φ dθ + 4π log

(
1− R2

i

X2
i

)]
,

(A.4)

where Xi is the distance between the center of ∂Di and the origin. In all of the domains

we consider, Xi is zero only for the unit and not included in the sum. Additionally it

was shown in [19] that we can integrate the (∇φ)2 term by parts to get on shell∫
D̃

d2w (∇φ)2 = −
∫
D̃

d2w φ e2φ −
∫
∂U

φ dθ −
∑
i

∫
∂Di

φ dθ
(i)
0 , (A.5)

where θ
(i)
0 is the angular coordinate as measured from the center of the boundary circle

∂Di. Putting everything together, we can then write∫
D

d2w (∇φ)2 = −2

∫
D̃

d2w φ e2φ + 2

∫
∂U

φ dθ +
∑
i

[
2

∫
∂Di

φ (2dθ − dθ(i)
0 ) + 4π log

(
1− R2

i

X2
i

)]
.

(A.6)
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Next, we can tackle the sum over Ck in the formula (A.2). We make the assumption

that neither Ck nor C ′k intersect the unit circle, the case in which they do was worked

out in [19]. Note that we can divide the circles into two classes, one in which one of Ck
or C ′k ⊂ U and one in which Ck, C

′
k 6⊂ U . However, with the additional assumption that

there is an inversion symmetry through U , for every pair of circles Ck, C
′
k 6⊂ U there

is a pair of circles Ck̄, C
′
k̄
⊂ U . Additionally, only one from the pair of circles Ck, C

′
k

enters the above formula, and for each pair there is a freedom in choosing which one

to be Ck and C ′k. For each of these pairs we label Ck to be the one inside U . Therefore

we can write the sum of integrals over Ck as follows:

∑
k

4

∫
Ck

φ dθ(k)
∞ =

∑
k:C′

k 6⊂U

4

∫
Ck

φ dθ(k)
∞ +

∑
k:C′

k⊂U

4

(∫
Ck

φ dθ(k)
∞ +

∫
Ck̄

φ dθ(k̄)
∞

)
. (A.7)

Of the three terms, only the last one involves an integral over a circle not in U , but

using the inversion symmetry we can reduce it to an integral over Ck

∑
k

4

∫
Ck

φ dθ(k)
∞ =

∑
k:C′

k 6⊂U

4

∫
Ck

φ dθ(k)
∞ +

∑
k:C′

k⊂U

4

∫
Ck

(
φ + (φ+ 2 log |w|)dθ

(k̄)
∞

dθ
(k)
∞

)
dθ(k)
∞ .

(A.8)

As the Jacobian factor and the parameters Rk and Dk can all be computed analytically

from the setup of the Schottky domain, the only numeric integration occurs within the

domain D̃.

Finally, we note that A =
∫
D
e2φd2w and so this integration in ITZ cancels the A

term in the action. Putting it all together, we have the following on shell action

I = − c

24π

[
−4π(g − 1) log 4− 2

∫
D̃

d2w φ e2φ + 2

∫
∂U

φ dθ

+
∑

k:C′
k 6⊂U

(
2

∫
Ck

φ (2dθ + 2dθ(k)
∞ − dθ

(k)
0 ) + 4π log

1−R2
k/X

2
k

|R2
k −∆2

k|

)

+
∑

k:C′
k⊂U

(
2

∫
Ck

φ (2dθ + 2dθ(k)
∞ − dθ

(k)
0 ) + 4

∫
Ck

(φ+ 2 log |w|)dθ
(k̄)
∞

dθ
(k)
∞
dθ(k)
∞

+2

∫
Ck′

φ (2dθ − dθ(k′)
0 ) + 4π log

(1−R2
k/X

2
k)(1−R2

k′/X
2
k′)

|R2
k −∆2

k|
∣∣R2

k̄
−∆2

k̄

∣∣
)]

.

(A.9)
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The action written explicitly in this way is very useful because it only involves quantities

one can compute analytically and numeric integrations over D̃ and ∂D̃.

In many scenarios one can derive relations such as dθ+ dθ
(k)
∞ = dθ

(k)
0 which greatly

simplify the above formula. Additionally, one is often able to use reflection symmetries

to further reduce the domain of integration. Practically, it is only numerically feasible

to compute integrals over dθ
(k)
0 and so one can introduce more Jacobian factors to

convert all integrals to this form.
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