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ABSTRACT OF THE DISSERTATION

Bayesian Inference for Exponential-family Random Graph Models

by

Joseph Resch

Doctor of Philosophy in Statistics

University of California, Los Angeles, 2026

Professor Mark S. Handcock, Chair

In network data, such as those representing social and economic relationships, the connec-

tions between entities depend on one another. Exponential-family random graph models

(ERGMs) are the standard tool for capturing this dependence. They are difficult to fit be-

cause their parameter space has a challenging geometry. Large regions of it produce networks

that are either nearly empty or nearly complete, neither of which is wanted by practitioners.

Common Bayesian methods either ignore this geometry or work around it inefficiently. This

dissertation develops methodology that respects it. The first chapter shows that a recent vari-

ational method for ERGM estimation introduces a formulation that neglects tie dependence

and works poorly in realistic settings. The second chapter proposes a new prior distribution

for Bayesian ERGM inference. Unlike standard priors, it concentrates on parameter values

that produce realistic networks. The third chapter shows that the new prior generalizes

to modern sampling methods that use auxiliary samples. The methods are demonstrated

through simulations and applied to a tailor shop network from a 1972 study.
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CHAPTER 1

Introduction

Networks are a natural representation of relationships between actors in the social and eco-

nomic sciences. Friendships, partnerships, and transactions can all be described as relational

ties between pairs of individuals or organizations. The configuration of these ties and the

dependence among them influence network behaviors, from the spread of information to the

formation of communities. Statistical models for networks aim to capture this dependence

in an interpretable way that is grounded in theory for the generating process.

Exponential-family random graph models (ERGMs) are one of the most widely used

frameworks for this purpose (FS86; HHB03). An ERGM specifies the probability of observ-

ing a network as a function of network statistics, such as the number of edges, the tendency

for triangles, or the degree of homophily on a nodal attribute. These statistics are chosen to

reflect economic or social theory about why ties form. Because the ERGM is an exponen-

tial family, it is the unique maximum-entropy distribution on the space of networks whose

expected statistics match a given set of moment constraints (FH17). This characterization

gives ERGMs a strong theoretical foundation as models for network data.

The main obstacle to working with ERGMs is computational. The normalizing con-

stant of the model requires summing over all possible networks on a fixed set of nodes, a

number that grows as 2(
n
2) for binary undirected networks on n nodes. Even for moder-

ately sized networks this sum is intractable. Likelihood-based inference therefore depends

on approximation, and the choice of approximation method has large consequences for the

quality of the resulting estimates. This dissertation addresses three distinct problems for
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that approximation.

The first concerns estimation. The dominant approach to maximum likelihood estimation

for ERGMs uses Markov chain Monte Carlo (MCMC) to approximate the intractable nor-

malizing constant (GT92; HHB03). MCMC-based maximum likelihood estimation (MCMC-

MLE) has a long track record and benefits from decades of methodological development

(HHB08a; HHH12; KHM21). An alternative is maximum pseudo-likelihood estimation

(MPLE), which replaces the true likelihood with a tractable surrogate formed from the

conditional distributions of individual ties (DHG09). MPLE is fast and often accurate when

the dependence among ties is weak, but it can be biased when the model exhibits realis-

tic levels of transitivity and clustering. More recently, Mele and Zhu (MZ23) proposed a

variational mean-field approximation to the ERGM likelihood. Their method replaces the

full ERGM’s complex tie dependence by a product of independent Bernoulli distributions

over dyads, and optimizes the resulting lower bound on the log-normalizing constant. This

approach is deterministic and avoids MCMC entirely, which is appealing. The authors re-

ported that the mean-field variational likelihood estimator (MFVLE) performed comparably

to MCMC-MLE in simulation experiments, and they proved that the approximation error

converges to zero as the number of nodes grows. However, the theoretical convergence result

requires assumptions about how the model parameters behave as the network grows, and

these assumptions are difficult to verify for realistic networks. The simulation experiments,

as we show in Chapter 2, contain an error that invalidates them.

A second difficulty with ERGMs is model degeneracy. Large regions of the ERGM pa-

rameter space correspond to models that concentrate nearly all their probability mass on

a small number of extreme networks, typically the empty graph or the complete graph

(Han03; Sch11). A model in a degenerate region does not produce networks that resemble

anything observed in practice, and the problem has consequences for both estimation and

inference. Optimization algorithms can wander into degenerate regions during fitting, and

prior distributions specified in the natural parameter space can place substantial density on
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degenerate parameter values without the modeler intending or realizing it. Standard prior

choices for Bayesian ERGMs, most commonly multivariate normal or uniform distributions

over the natural parameters, do not account for this geometry. A normal prior centered

at zero with variance 100, which is the default in widely used software, places nearly half

its density on parameter values that generate near-complete or near-empty graphs. This is

almost never the belief that a researcher means to express. The problem is that the map-

ping from natural parameters to the space of sufficient statistics is highly nonlinear, and

what looks like a diffuse, uninformative prior in θ-space can be strongly informative in the

space of network statistics. Notably, it can be informative in exactly the wrong direction,

concentrating density on degenerate configurations. Despite the recognized importance of

the degeneracy problem, there are few principled prior specifications that directly address it.

Existing work on improved ERGM specifications, such as geometrically weighted statistics

(SPR06) and tapered ERGMs (FH17; BH22), addresses degeneracy through the model’s suf-

ficient statistics rather than through the prior. These tools prove useful in this dissertation,

but they do not solve the prior specification problem.

Even with a well-specified prior, Bayesian inference for ERGMs remains doubly in-

tractable. The posterior depends on the same normalizing constant that makes the like-

lihood intractable, and standard Metropolis-Hastings updates require ratios of normalizing

constants at proposed and current parameter values. A variety of methods have been de-

veloped to handle this difficulty, including auxiliary variable methods (MPR06; MGM06;

Lia10; LJS16), noisy exchange algorithms (LJ13; AFE16), and noisy Hamiltonian Monte

Carlo (SBF19). All of these methods require simulating auxiliary networks from the ERGM

at proposed parameter values, and the quality of the posterior approximation depends on

the number and quality of these auxiliary simulations. Noisy Hamiltonian Monte Carlo

(HMC), which we use in Chapter 3, is one of the recent advancements in these methods. It

exploits gradient information through a leapfrog trajectory and uses a telescoping estimator

of the normalizing constant ratio that is more stable than single-point estimators for long

3



trajectories. But each iteration of noisy HMC requires auxiliary network simulations at every

leapfrog step, and trajectories of 40 to 50 steps are typical for networks of even moderate size.

This makes the method expensive and potentially limits its applicability to larger networks or

more complex models. Stochastic gradient Langevin dynamics (SGLD), adapted for ERGMs

by Zhang and Liang (ZL24), offers a cheaper alternative. SGLD takes a single gradient step

with injected noise at each iteration, with no accept-reject step and no normalizing constant

ratio to estimate. The per-iteration cost is a single batch of auxiliary network simulations

rather than a full trajectory’s worth. Zhang and Liang show that SGLD converges to the

true posterior in 2-Wasserstein distance, a stronger guarantee than the approximate station-

arity targeted by noisy HMC. Because the non-degeneracy prior is evaluated from the same

auxiliary network draws that these samplers already generate, it integrates into auxiliary-

sample-based methods with minimal additional computation. Chapter 4 demonstrates this

by pairing the prior with SGLD and validating the resulting posterior against exact ground

truth.

This dissertation makes three contributions to the methodology of ERGM inference,

organized as three chapters following this introduction. Chapter 2 assesses the variational

mean-field likelihood approximation proposed by Mele and Zhu (MZ23). We identify an

error in their simulation study in which both the MCMC-MLE and MFVLE algorithms

were initialized at the true parameter values rather than at data-driven starting points.

When initialized at the MPLE, which is standard practice, the MFVLE performs poorly

and is dramatically outperformed by MCMC-MLE. We further show that the parameter

values used in their study produce models that are close to tie-independent, making the

estimation problem unrealistically easy. When we increase the transitivity of the model

to more realistic levels using the mean-value parameterization framework of van Duijn et

al. (DHG09) and tapered ERGMs (BH22), the performance gap widens. The MFVLE is

also computationally more expensive than alternatives at every network size tested. We

provide conceptual reasoning for why the mean-field approximation will be poor in exactly
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the circumstances where ERGM estimation is most needed, that is, when there is strong tie

dependence and realistic transitivity. The mean-field family is too restrictive to serve as a

default likelihood approximation for models with meaningful network structure.

Chapter 3 proposes the non-degeneracy prior for Bayesian ERGMs. The prior assigns

density to each parameter value in proportion to the probability that a network generated

at that parameter has sufficient statistics in the interior of the convex hull of achievable

statistics, rather than on its boundary. A strength hyperparameter p controls how strongly

the prior excludes degenerate regions, with p = 1 corresponding to the information of a

single observed non-degenerate network. We compute the prior exactly for all networks

on seven nodes, where the normalizing constant and the convex hull can be enumerated,

and we show that the commonly used normal prior places 43% of its density on near-full

graph regions and 29% on near-empty graph regions. The non-degeneracy prior removes this

concentration. For larger networks, we develop an importance-reweighting approximation

that reuses auxiliary network draws already generated by the posterior sampler, adding

negligible computational cost. We validate the approximation against exact ground truth on

the seven-node network, and apply it to the Kapferer tailor shop network with 39 nodes. On

a model with degeneracy-prone statistics, the non-degeneracy prior at p = 1 substantially

tightens the posterior predictive distribution compared to normal and uniform priors, with

the improvement concentrated on the full-graph side where the prior practically eliminates

the tendency to generate near-complete networks. On a model with geometrically weighted

statistics that already control degeneracy, the prior has no measurable effect, confirming that

it does not interfere when it is not needed.

Chapter 4 replaces noisy HMC with stochastic gradient Langevin dynamics as the pos-

terior sampler for the non-degeneracy prior. The SGLD update requires only a single batch

of auxiliary network simulations per iteration rather than a full leapfrog trajectory, reducing

the per-iteration cost by a factor equal to the trajectory length. The non-degeneracy prior

gradient integrates into the SGLD update at zero additional simulation cost, because it is

5



computed from the same auxiliary draws used for the likelihood gradient. We derive the

prior gradient in closed form and develop a hybrid resampling strategy that spreads the cost

of auxiliary network simulation by reusing each batch across multiple Langevin steps with

importance-sampling reweighting.

The three chapters address different aspects of ERGM inference but are connected by a

recurring observation. Models for networks are useful precisely because they can represent

complex dependence among ties. That same dependence makes inference hard. Approxi-

mations that simplify the dependence structure, whether by replacing the likelihood with

a mean-field representation or by placing priors that ignore the geometry of the parame-

ter space, tend to fail where the dependence is strong and the model is most needed. The

methods developed in this dissertation are motivated by this tension, and by the practical

goal of making ERGM inference reliable for the kinds of networks that researchers actually

observe.
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CHAPTER 2

Assessing Variational Likelihood Estimation in

Network Formation Models

2.1 Introduction

There has been increasing interest in models for complex stochastic phenomena. Exponential-

family models are able to represent complex structure in an interpretable way (Bar78;

HHB08b). This is particularly true of stochastic models for networks, where the nodes

represent actors and the edges relational ties between those actors. The configuration of

these ties and their dependence on attributes of the nodes influence how processes unfold on

networks. Exponential-family random graph models (ERGMs) offer a flexible framework for

representing these dependencies (DI10; KH14; BM17). There is a substantial literature on

these network models and their applications across disciplines (BM17; De 17; Pol19).

2.1.1 Exponential-family Random Graph Models

The ERGM framework for network data is reviewed in the Introduction (Chapter 1). We

recall here the elements specific to this chapter. An observed network on n nodes is a

realization y ∈ Yn of random network Y , with probability

pθ(Y = y) =
exp{θ⊤g(y)}

Z(θ)
y ∈ Yn, (2.1)

where g(y) ∈ Rd is a vector of sufficient statistics, θ ∈ Rd is the natural parameter, and

Z(θ) is the normalizing constant. The heterogeneous nodes, indexed by i = 1, . . . , n, often
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have an associated vector xi of covariates. For notational convenience, dependence on the

covariates is suppressed.

The tie variables {Yi,j} are jointly distributed and in general not independent. Capturing

this dependence is why ERGMs are used in place of simpler dyadic models. When g(y) is

a sum of single-tie statistics, the joint distribution reduces to a product of independent

Bernoulli ties, and in this special case the MLE coincides with the MPLE.

The sufficient statistics used in this chapter are motivated by economic and social the-

ory about the generating process (FS86; GKM09) and measure the network propensity

to form edges (‘Edge’,
∑n,n

i,j yi,j), clustering of edges (‘Two-Star’,
∑n,n

i,j,k yi,jyi,k), transi-

tivity (‘Triangle’,
∑n,n

i,j,k yi,jyi,kyj,k), and homophily on a nodal attribute xi (‘Homophily’,∑n,n
i,j=1:yi,j=1 1{xi = xj}). There are many other choices for these statistics (MHH08).

2.1.2 Likelihood-based inference for ERGM

The normalizing constant Z(θ) =
∑

y∈Yn
exp{θ⊤g(y)} is computationally intractable for

all but the smallest networks. Two established approaches to likelihood-based inference,

reviewed in the Introduction (Chapter 1), are MCMC-based maximum likelihood estimation

(MCMC-MLE) (GT92; HHB03; HHB08a; HHH12; KHM21) and maximum pseudo-likelihood

estimation (MPLE) (DHG09). MCMC-MLE has become the standard method with much

research and practical knowledge behind it, while MPLE offers computational simplicity at

the cost of potential bias when tie dependence is strong.

Over time, substantial efforts have been made to improve likelihood-based inference for

ERGM (HHB08a; HHH12; KHM21). In that effort, Mele and Zhu (MZ23) proposed a method

to approximate ERGM likelihood using a variational mean-field and demonstrated its effec-

tiveness through microeconomics application. Their method minimizes the Kullback–Leibler

(KL) divergence between a tractable approximating distribution and the true ERGM likeli-

hood by maximizing a lower bound on the intractable normalizing constant. Unlike MCMC
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approximation of the intractable likelihood, maximum mean-field variational likelihood esti-

mates (MFVLE) are deterministic.

A key feature of the mean-field approximation is that it replaces the full ERGM, with

its complex dependence among ties, by a model with conditionally independent ties whose

parameters are chosen to be as close as possible to the ERGM under the KL criterion.

This factorization results in a variational problem whose solution provides an approximate

log-likelihood without requiring any simulation. Mele and Zhu (MZ23) show that the ap-

proximation error of this mean-field log-constant converges to zero as the number of nodes

increases, using tools from nonlinear large deviations theory. Consequently, the mean-field

log-likelihood uniformly approximates the true ERGM log-likelihood in large networks, and

the MFVLE converges to the MLE when the underlying ERGM likelihood is well behaved.

They also provide explicit bounds on the approximation error, and their studies suggest that,

even for moderately sized networks, the approximation performs better than these bounds

indicate.

These results suggest that the variational mean-field approach provides a computation-

ally efficient and theoretically grounded alternative to standard simulation-based ERGM

estimation.

2.1.3 Outline of the paper

This paper focuses on the mean-field ERGM likelihood approximation proposed by Mele

and Zhu (MZ23) and examines its performance within a comparison framework. While

variational approximations have been successful and useful in many fields, their properties

are not assured. We show that the estimation experiments on finite networks in Mele and

Zhu (MZ23) contain an error that invalidates them. We correct this error and replicate the

study on 1, 000 sampled networks, then show that the empirical performance of the method

is poor and dramatically worse than the MCMC-MLE. In particular, our analysis adjusts the

initialized points for the approximation methods, while focusing on how well the mean-field
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likelihood approximation functions under certain levels of network transitivity. A useful tool

here comes from van Duijn et al. (DHG09), where transitivity in ERGM natural parameters

can be systematically adjusted by way of one-to-one mapped mean-value parameterization.

In turn, manually increased transitivity allows us to stress test the estimation methods under

more complex network structures. Our findings are accompanied by conceptual reasoning

on why the mean-field method will be poor in circumstances where it is most needed.

The paper is organized as follows. Section 2.2 reviews ERGM specifications, likelihood-

based inference methods, and other conceptual issues related to the mean-field likelihood ap-

proximation for ERGM. Section 2.3 discusses the simulation study framework and compares

the mean-field variational method against current methods. Section 2.4 draws conclusions

on the contents of this paper.

2.2 Theoretical considerations

2.2.1 Specification of the ERGM class

Mele and Zhu (MZ23) used a microeconomics model to explore best-response equilibrium

dynamics in potential games by measuring players’ payoffs. We use the same model to simu-

late networks here. Real-world networks, such as those in social science and biology, tend to

have tie dependency that causes clustering of the edges and transitivity. The microeconomics

model reflects this by including the formation of Two-stars and Triangles as its terms.

One aspect of model specification that is important to take into consideration is that

certain combinations of terms result in the model not placing sufficient probability mass

on realistic graphs and networks. This is called the model degeneracy problem (Han03;

Sch11; SKB20). For example, using a Triangle term as a measure of transitivity will lead

to degeneracy in most cases. This is because a single edge can form the basis to a large

number of triangles so using the unweighted count of the number of triangles is problematic:

an ERGM with a positive coefficient on a Triangle term will usually exhibit degeneracy.
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An alternative measure of the tendency for an edge to close triangles is the geometrically-

weighted shared partnership (GWESP) term (SPR06). GWESP is a measure of transitivity

of the network y. It is motivated by the need to have weaker conditional independence

restrictions than earlier models (FS86). Specifically, near-degeneracy is the related condition

where the model exhibits unrealistic probabilistic behavior by placing significant mass on

the boundary of the sample space of the network statistics. This typically means the model

class will have severe lack-of-fit to realistic network data. For the models here we may

expect to see unrealistic numbers of two-stars and/or triangles. In the similar sense that

the authors incorporated the suggestion from Chatterjee and Diaconis (CD13) of scaling the

transitivity term to not explode with a change in network size, the choice to redefine the

microeconomics model using GWESP instead of the current Triangle term is likely to provide

benefits to ERGM degeneracy as well. Both the rescaling and the choice of GWESP focus

on a sub-class of ERGMs. This suggestion of GWESP serves as an aside and this paper will

focus on the model studied by Mele and Zhu.

2.2.2 Comparison of methods of estimation

In this section we compare the various forms of estimation: the MLE, MCMC-MLE, MPLE

and the MFVLE.

It is well known that MCMC-MLE converges to the MLE as the sampling increases

(GT92) and can provide useful results with enough iterations. However, convergence is of-

ten not practically available due to near-degeneracy and MCMC variability (Han03; Sch11).

This paper compares the methods for likelihood inference with the degeneracy issue in mind.

Maximum pseudo-likelihood estimation is a popular choice, and is used in many applications

for its advantage in computational time − compared to using MCMC − to produce approx-

imate results. A comparison between the MLE, MCMC-MLE and MPLE was made by van

Duijn et al. (DHG09) and we extend their framework here to incorporate the MFVLE.
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2.2.3 Theoretical analysis of MFVLE

Mele and Zhu (MZ23) develop their variational approximation in their Section 2C. The core

idea is to express the likelihood as a supremum over the set of all probability mass functions

(PMFs) on Yn. As this is not tractable, the likelihood is approximated by the supremum

over the set of all tie-independent PMFs on Yn, which does have a closed form. Variational

approximations gain their power from the closeness of their shape to that of the actual log-

likelihood. However, in any given setting it is hard to assess how close this approximation is

because Z(θ) is both computationally and theoretically intractable in regions of the parame-

ter space of interest to modelers. Theoretical results in the closely related Ising model show

that it can be quite accurate when the Ising graph is complete (EN78) and very poor when

it is sparse (DM10). Ricci-Tersenghi (Ric12) show that the MFVLE can perform poorly, es-

pecially if the dependence is strong. Lokhov et al. (LVM18) also show poor performance for

strongly coupled systems and near degenerate regions of the parameter space. They contrast

this with MPLE and other more robust methods. This difference in performance depending

on which region of the parameter space the true model is an intrinsic problem for variational

approximations. For example, Biondini et al. (BMP22) consider a mean-field approxima-

tion of an ERGM based on k−star statistics. They find that, under a particular asymptotic

scheme as n increases, the mean-field approximation represents macroscopic properties (e.g.,

edge density) well, while not representing microscopic properties (e.g., dyadic dependence)

well.

If the data generating model or the specified model deviates far from a tie-independent

model, then the mean-field approximation is likely to be very poor as the two suprema can be

very different. In particular, if there is strong tie-dependence (“coupling”) we would expect

the approximation to be poor and the resulting estimates unreliable.

One way to understand this behavior more formally is via convex duality. The ERGM

log-likelihood is a convex function of the natural parameter, with curvature determined
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by the covariance structure of the sufficient statistics g(Y ). The mean-field approximation

replaces the joint ERGM by a product of conditionally independent Bernoulli dyads, whose

covariance structure is diagonal. The associated variational objective therefore replaces the

true log-partition function by a much simpler function that cannot reproduce the strong

curvature induced by higher-order dependence such as triangles and k-stars. In regions of

the parameter space where the feasible set of sufficient statistics is sharply curved or nearly

non-convex the KL projection onto the mean-field family can lie far from the true model,

leading to biased point estimates and substantially underestimated uncertainty. These are

precisely the regions where degeneracy and strong transitivity occur, and the reason we focus

on these characteristics in our analysis.

Note that even if the data generating model is tie-independent then the specified model

class needs to be the data generating model for the method to be exact (that is, the variational

approximation equals the data generating likelihood). However, even if the data generating

process is tie-independent the MFVLE may not be accurate if the specified model used to

estimate the parameters is tie-dependent. For example, if the model specified in the mean-

field approximation includes both a Two-star and Triangle term then the MFVLE can be

poor even if the data generating process is tie-independent. In general, we expect the model

to be misspecified so that the misspecification error will be present, adding to the overall

approximation error.

In addition, we argue in Section 2.3.3 that most realistic models have strong tie-dependence

and so the range of applicability of the method may cover mostly unrealistic and therefore

not very interesting models.

A common problem with estimates based on variational approximations is their under-

estimation of the estimation uncertainty. For example, Tan and Friel (TF20) show that

in Bayesian inference for ERGM, variational approximations underestimate the posterior

variances.

The main result of Mele and Zhu, Proposition 1, shows that as the number of nodes, n, in
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the network increases the approximation converges to the ERGM log-likelihood. This result

could be interpreted to imply that the MFVLE will be close to the MLE for large network

sizes. However, this result presumes the parameter values θn = (αn, βn, γn) do not increase

too fast as n increases. From a statistical perspective it is useful to distinguish two related

but distinct questions. First, for a fixed parameter value θ, how well does the mean-field

approximation of the log-normalizing constant approximate the true ERGM log-normalizing

constant? Second, when the approximation is used for estimation, how close is the MFVLE

to the MLE for finite n, especially under inevitable model misspecification? Proposition 1 of

Mele and Zhu addresses the first question in a particular asymptotic regime; the simulation

study in this paper is concerned with the second question for realistic finite networks and

parameter values.

The asymptotic regime considered by Mele and Zhu is also close in spirit to the dense-

graph (graphon) asymptotics that arise when all ERGM sufficient statistics scale as n2

and the underlying graph becomes increasingly dense (CD13; BCL11). In contrast, most

empirical social and economic networks are sparse or semi-sparse, with edge counts growing

sub-quadratically in n, and with parameters that typically change with n. In such regimes

the qualitative behavior of the ERGM can differ substantially from the dense limit, and

there is no guarantee that a mean-field approximation calibrated to the dense regime will

accurately reflect the likelihood surface in the parameter regions that are substantively most

relevant. Hence, while on the surface the assumptions of the theorem seem reasonable, we

have no basis to make them: The number of nodes is a fundamental social / economic

characteristic of the phenomena. That is, it is a structural characteristic not under the

researcher’s control. Hence different n correspond to different generating processes and −

almost surely − disparate θn. For example, consider social relations in a school classroom

with n = 3 students in it compared to a classroom with n = 100 students. The social

dynamics are quite different and the θn should be as well. For a broader discussion of this

issue, see Krivitsky et al. (KHM11). In sum, for Proposition 1 to imply that the MFVLE
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will be close to the MLE for large network sizes, the fundamental generating processes must

behave in a certain convenient way. As this is not assessed in the paper theoretically, we are

motivated to study it via simulation for specific network sizes and parameter values.

Consider also the potential game used as motivation in their Section 2B. The final term

in this specification (their equation (5)) counts the number of common friends. This is

commonly referred to as a Triangle term for ERGM and is well known to lead to degenerate

equilibria for wide ranges of γ > 0 (Han03). As such the specification is unlikely to be

economically realistic or relevant.

Finally, in the discussion of the closeness of the mean-field approximation of the log-

likelihood to the ERGM log-likelihood they say the approximation is similar in spirit to

the MCMC-MLE method, where the log-normalizing constant is approximated via MCMC.

However, in MCMC n corresponds to the size of the MCMC sample, which is completely

under the control of the researcher and can be made arbitrarily large. In their situation, it

is an intrinsic characteristic of the problem and fixed (in any specific application) and so is

fundamentally different in spirit and impact.

2.2.4 A framework for the comparison of estimation methods

Motivated by the analysis in the previous sub-section, we design a simulation study to assess

the accuracy of the MFVLE compared to the MCMC-MLE and MPLE. We will adopt the

framework of van Duijn et al. (DHG09) which was developed for this purpose. Handcock

(Han03) proposed the consideration of the alternative mean-value parameterization ERGM,

µ(θ), that has the one-to-one mapping with natural parameters θ characterized by:

µ(θ) = Eθ[g(Y )]. (2.2)

The mapping is strictly increasing in the sense that:
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(θa − θb)
T (µ (θa)− µ (θb)) ≥ 0 (2.3)

with equality only if Pθa(Y = y) = Pθb(Y = y) ∀y. The mapping is also injective in the

sense that

µ (θa) = µ (θb)→ Pθa(Y = y) = Pθb(Y = y) ∀y. (2.4)

The mean value parameterization has the main advantage of interpretability due to its

direct translation to the network statistics chosen for the model. van Duijn et al. (DHG09)

adopted the mean-value parameterization to examine performance of MCMC-MLE and

MPLE under different transitivity scenarios. Their results show the MPLE performs as well

as the MCMC-MLE when there is little transitivity/tie-dependence in the model. However,

where there is realistic transitivity/tie-dependence the MCMC-MLE outperformed MPLE.

It is worth noting that the performance gains of MCMC-MLE over MPLE are most pro-

nounced for parameters capturing endogenous tie dependence, whereas the improvement for

nodal and dyadic covariates such as homophily is comparatively modest.

An increase in transitivity cannot be easily induced in the natural parameterization, as

a direct change in a natural parameter leads to complex changes in the distributions of the

network statistics due to interactions. However, transitivity can be added by increasing

a corresponding mean-value parameter value. The mean-value parameters with the added

transitivity can then be inversely mapped to the vector of natural parameters (See van Duijn

et al. (DHG09) for details).

As model transitivity is increased by way of the mean-value parameterization, the superior

performance of MCMC-MLE became more noticeable as the bias of the MPLE for both the

natural parameters and mean-value parameters increases. Despite this inferior performance

in realistic settings, the MPLE serves as a useful initialization for more complex methods,

such as the MCMC-MLE. In fact, it is the default initialization for the state-of-the-art
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MCMC-MLE in the ergm R package (HHB03; RDevelopmentCoreTeam12). One factor to

keep in mind is the likelihood of near-degeneracy for the estimates (that is, high proportion

of mass placed on the boundary of the convex hull of network statistics). The degeneracy of

a model fit can be assessed by the R package ergm (HHB03; RDevelopmentCoreTeam12).

We will use the framework for comparison introduced by van Duijn et al. (DHG09) to

compare the mean-field variational likelihood estimate (MFVLE) of Mele and Zhu (MZ23)

to the MCMC-MLE.

2.3 Study design and simulation results

We first replicate the Monte Carlo simulation study of Mele and Zhu (MZ23), Section 4.2.

A key feature of their study was initiating the optimization at the true values. They find

that the estimates do not vary much from the start point, and interpret this as accuracy. We

replicate their study but starting from the MPLE, which is by far the most common initial-

ization point for estimates (HHB08a). We try larger network sizes to see if that improves the

MFVLE, and then show that the parameter values they use are close to a tie-independent

model. Such parameter values are rarely realistic and so we modify the parameter values to

produce a similar model with more realistic transitivity (i.e., an increased level). We then

repeat the study for models with this more realistic transitivity.

2.3.1 Correcting the Monte Carlo simulation study of Mele and Zhu (MZ23)

The identical microeconomics model set-up from Mele and Zhu (MZ23) − in which the

chosen sufficient statistics are edges, homophily, two-stars, and triangles − is used. The

predetermined true parameters corresponding to the models are dependent on network size.

To generate artificial networks in practice, a Metropolis–Hastings network sampler is used

with the initialization being an iteratively simulated network using the true parameters with

attributes drawn from a Bernoulli distribution. Here, 1, 000 networks are simulated for
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model fitting while 10, 000 sets of summary statistics are simulated for mapping of mean-

value parameterization. This was done using the ergm package to be consistent with Mele

and Zhu (MZ23) (although it was mentioned and used, the package was not cited by them).

We note that there is an error in their simulation study. As stated at the end of their

Section 4B, “To be sure that our results do not depend on the initialization of the param-

eters, we start each estimator at the true parameter value.” Mele and Zhu (MZ23) set the

initialization of model parameters in the algorithm for both MCMC-MLE and MFVLE to

be the true parameters that are used to simulate networks. However, these true parameters

are not attainable in practice. More so, their use of the true values obscured the fact that

the algorithm did not move the parameter values toward the true values, but only started

there. This renders the algorithm applied for MFVLE inappropriate and its results at best

questionable. Here, we use the MPLE, the current standard method, as the initialized points

to validate our claim. To ensure that the mean-field approximation does not stagnate at a

non-optimal solution as is by nature of variational approximations, MPLE initial points used

were attributed random noise and thereby effectively restarting the variational approxima-

tion procedure over the large number of simulated networks. We have tried other initial

estimates, including zero vectors and random Gaussian starting points, with similar results

for both the MCMC-MLE and MFVLE.

2.3.2 Original study with adjusted initialization

With the initialization adjustment applied, Table 2.1 partially replicates the motivating

comparison for θ = {−4, 2, 1
n
, 1
n
} for n = {50, 100} (See Mele and Zhu (MZ23) for details).

Note the parameters displayed by the authors {α̃1, α̃2, β, γ} = {−2, 1, 1, 1} are scaled by

{2, 2, 1
n
, 1
n
}, as the authors make explicit in their provided MFVLE code implementation.

We produce the MCMC-MLE using R package ergm directly from the log-likelihood func-

tion rather than the stochastic approximation (Sni02) chosen by the authors. A burn-in of

100,000 iterations and interval of 1,000 iterations are used to be consistent with the original
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n = 50 Edge Homophily Two-Star Triangle Degeneracy

True Natural parameters -4.000 2.000 0.020 0.020 -

MCMC-MLE Natural -3.851 2.050 -0.006 -0.042 4.6 %

MFVLE Natural -36.532 -14.502 -0.980 -2.202 9.0 %

MPLE Natural -3.868 2.044 -0.005 -0.020 0.0 %

True Mean-Value parameters 95.80 82.79 363.76 13.961 -

MCMC-MLE Mean-Value 95.99 82.93 365.08 14.02 -

MFVLE Mean-Value 263.05 163.04 5645.46 1189.43 -

MPLE Mean-Value 139.89 104.40 2561.62 743.19 -

n = 100 Edge Homophily Two-Star Triangle Degeneracy

True Natural parameters -4.000 2.000 0.010 0.010 -

MCMC-MLE Natural -3.916 2.005 0.004 0.005 0.4 %

MFVLE Natural -7.386 -24.215 -0.253 -0.212 2.5 %

MPLE Natural -3.915 2.003 0.004 0.008 0.0 %

True mean-value parameters 393.12 340.94 3091.85 117.74 -

MCMC-MLE Mean-Value 393.07 340.86 3091.37 117.76 -

MFVLE Mean-Value 910.53 621.64 33030.41 6623.04 -

MPLE Mean-Value 416.69 352.13 5547.74 936.87 -

Table 2.1: Natural and mean-value parameter estimates for the original model with θ =

(−4, 2, 1/n, 1/n), comparing MCMC-MLE, MFVLE, and MPLE across 1,000 simulated net-

works at n ∈ {50, 100}. Both MCMC-MLE and MFVLE are initialized at the MPLE. The

degeneracy column reports the percentage of fits producing degenerate estimates.

comparison. The MFVLE procedure is directly implemented using the R package mfergm

made available on GitHub by the authors (Mel19). To ensure proper mapping from natural

parameters to mean-value parameters, 10,000 networks are simulated to take the expected

counts of sufficient statistics.

Table 2.1 displays the following values: true natural parameters, MCMC-MLE natural

parameter estimates, MFVLE natural parameter estimates, MPLE natural parameters used
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to initialize both methods, and the one-to-one mean-value parameter estimates mapped from

the natural parameters for truth, MCMC-MLE, MFVLE, and MPLE. For these results, the

mean is used for both natural and mean-value parameterization. The right-side column

shows the percentage of degeneracy fits for each of the three methods out of 1,000 simulated

networks to be fitted.

The mean-value parameter estimates in Table 2.1 with n = 100 display the vector of

true mean-value parameters corresponding to the natural parameter. We see that expected

number of triangles is 117.74. The MCMC-MLE estimate is 117.76, while the MFVLE

estimate of 6623.04 is severely off the mark. There are similar results for the Two-stars

parameter with a true value of 3091.85, MCMC-MLE of 3091.37 and MFVLE of 33030.41.

Note that the true MLE is exactly equal to the true values, so that the error in the MCMC-

MLE is a computational error. This is partially induced by the near-degeneracy of the model

(Han03). While MPLE resembles MCMC-MLE in natural parameterization, the difference

between the two methods is stark in the expected count of transitivity terms. The bias in

MPLE mean-value parameter estimates is induced by a set of samples with extreme values,

similar to the results of van Duijn et al. (DHG09).

Table 2.2 provides root mean squared error (RMSE) and mean absolute deviation (MAD)

for the results in Table 2.1. The variability of the MFVLE results stands out greatly com-

pared to the standard variability of the MCMC-MLE in both natural and mean-value param-

eterization. This can be seen more clearly in the middle row of Fig 2.1, where some extreme

values in the MFVLE natural parameters have been replaced, in contrast to the top row,

which shows the full set of MCMC-MLE natural parameter samples. Using winsorization

based on the 15th and 85th percentile cutoffs, 294 of the 975 total edge counts (accounting

for degeneracy) were replaced when producing the histograms shown in the middle row of

Fig 2.1. While the center MFVLE distributions highlight the regions of highest mass, the

majority of samples are spread broadly across the parameter space (e.g., the Edge natural pa-

rameter ranges from approximately −1230 to 652, which is unrealistic). The large variability
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in MFVLE results was not observed by Mele and Zhu (MZ23); in fact, the authors reported

lower mean absolute deviation in the results of MFVLE compared to that of MCMC-MLE.

Although we were able to deterministically reproduce the authors’ results when initializing

at the true parameter values, these findings substantiate our concerns. That is, MFVLE ap-

pears to have performed well in Mele and Zhu (MZ23) primarily because the true parameter

values were used as the initial values, which is the only modification our study has made

relative to the original study.

n = 100 Edge Homophily Two-Star Triangle

MCMC-MLE Natural RMSE 0.335 0.157 0.020 0.101

MAD 0.273 0.130 0.016 0.082

MFVLE Natural RMSE 3.904 6.986 0.060 0.137

MAD 2.655 4.436 0.045 0.108

MPLE Natural RMSE 0.338 0.156 0.021 0.103

MAD 0.278 0.130 0.017 0.084

MCMC-MLE Mean-Value RMSE 26.448 24.186 420.953 28.130

MAD 21.790 19.902 346.273 23.222

MFVLE Mean-Value RMSE 584.253 411.468 17061.371 1131.270

MAD 403.701 308.844 10830.627 685.123

MPLE Mean-Value RMSE 27.361 24.897 435.168 28.930

MAD 22.483 20.496 358.306 23.874

Table 2.2: RMSE and MAD of natural and mean-value parameter estimates across 1,000

simulated networks for n = 100, corresponding to the results in Table 2.1.

MFVLE mean-value parameter estimates’ lack of resemblance to the true parameters can

be somewhat alleviated by replacing extreme values, as seen in Fig 2.1. To look at the me-

dians of the mean-value parameters instead of the means, the MFVLE parameter estimates

for n = 100 become {394, 341, 3076, 116}. These values lie much closer to the true parameters

{393.12, 340.94, 3091.85, 117.74} than the mean-value estimates {910.53, 621.64, 33030.41, 6623.04}.
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Figure 2.1: Distribution of natural parameter estimates across 1,000 simulated networks for

n = 100. Top row: MCMC-MLE. Middle row: MFVLE, winsorized at the 15th and 85th

percentiles and displayed on a different horizontal scale. Bottom row: MPLE. Orange lines

indicate true parameter values. Of the 975 non-degenerate MFVLE fits, 294 edge parameter

estimates were replaced by the winsorization cutoffs.

Similarly, the medians of the MFVLE natural parameter estimates {3.987, 2.132, 0.000,−0.007}

are much closer to true values than the means. Alternative to the full sample errors in Ta-

ble 2.2, the winsorized samples of Fig 1 can be used to allow slight improvements in MFVLE,

leading to its natural parameters having RMSE of {2.372, 3.230, 0.051, 0.104} and MAD of

{1.759, 2.311, 0.038, 0.088}. While ignoring extreme values makes MFVLE appear more fa-
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vorable, we note again the large spread of MFVLE samples and its nontrivial tendency to

produce outliers (roughly 10% of samples using the 1.5× IQR rule of thumb). Moreover,

trimming and winsorizing to produce more adequate settings for comparison only result

in marginal improvements to RMSE and MAD for MFVLE at the cost of altering a large

set of parameter estimates. Even when accounting for MFVLE’s pronounced distributional

shortcomings, MCMC-MLE still clearly outperforms it in both the natural and mean-value

parameterizations.

We now consider if larger network sizes improve the performance of the estimators. For

very large network sizes the standard MPLE can be computationally burdensome, so we use

a variant of it where selective sampling of the dyads is undertaken. Specifically, ties are

selected with probability 1 and non-ties are selected with low probability. Then the pseudo-

likelihood is approximated by the inverse-probability estimator based on the sample. This

is often called “case-control” or “endogenous” sampling and has been available in ergm for

two decades. It dramatically speeds up the computation with minimal and controllable loss

in precision.

In Table 2.3 we show results for a large network size (n = 2, 000). This extends the

pattern we see for smaller networks: The MCMC-MLE, MPLE and sampled MPLE are

very accurate, while the MFVLE is completely unrealistic due to the high proportion of

extreme values and high variance. We also note the relative computational costs of these

methods. We see that the MPLE and sampled MPLE are quite fast, while the MCMC-MLE

is very practical. The MFVLE is extremely slow, in addition to being inaccurate. Finally,

we repeated the study using a very large network (n = 10, 000). For networks of this size

the MFVLE algorithm did not finish after two weeks running. It is not computable for large

networks. The MPLE took about 560 minutes per estimate and the sample MPLE took

about 127 minutes per estimate. Both were very accurate. The sampled MPLE could be

made much faster by reducing the number of sampled dyads (here set to very large value, 5

million).
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n = 2000 Edge Homophily Two-Star Triangle CPU time

True Natural parameters -4.000 2.000 1.000 1.000

MPLE Sampled Natural (200 simulations) -4.001 2.000 1.016 0.784 0.32 min

MPLE Natural (200 simulations) -4.005 2.000 1.043 0.859 1.2 min

MCMC-MLE Natural (10 simulations) -4.032 2.004 1.218 0.198 300 min

MFVLE Natural (10 simulations) -3.462 -15.818 -16.4 -25.5 2775 min

Table 2.3: Natural parameter estimates for n = 2,000 with MPLE initialization and true

parameters θ = (−4, 2, 1/n, 1/n). Two-Star and Triangle values are scaled by n. CPU times

are per estimate on an Intel Xeon Platinum 8160 with 256GB RAM.

In summary, these results show that the improved performance of the MFVLE shown in

their Table 1 are not correct and are, in fact, due to starting the MFVLE algorithm at the

true values. The algorithm does not move from its starting value and hence appears to be

accurate. When not started at the truth, MFVLE results appear to be worse than those of

MPLE and MCMC-MLE.

From a computational point of view, these experiments also highlight very different scal-

ing behaviors of the various estimators. Each MFVLE fit requires optimization over all dyads

at every variational iteration, so its cost grows at least on the order of O(n2) in the number

of nodes, and in practice was dominated by the repeated evaluation of dense expectations of

the sufficient statistics. By contrast, MCMC-MLE updates a single dyad at a time and the

sampled MPLE operates on a subsample of dyads; for the parameter ranges we consider their

effective cost grows much more gently with n, and is largely driven by the number of sampled

dyads or MCMC iterations rather than by the total number of possible ties. The CPU times

in Table 2.3 are therefore not only case-specific numbers, but also indicative of fundamental

scaling limitations of the MFVLE relative to standard likelihood-based methods.
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2.3.3 How realistic are these models?

Consider ERGM for which the tie variables are independent. Specifically, where

pθ(Y = y|X = x) =
∏
ij

pθ(yij|X = x) =
exp{η(θ) · vec(y)}

Z(θ)
y ∈ Yn (2.5)

where η(θ) is a known
(
n
2

)
-dimensional vector of yij parameters, itself parameterization by

θ and vec(y) is the corresponding vectorized version of y. For such a model the MPLE is

identical to the MLE and can be computed deterministically. Such tie-independent mod-

els are flexible, but cannot capture the complex interactions that motivate most network

modeling in economics and other social sciences. These models are relevant here because

standard methods like the MPLE will tend to be both accurate and computationally efficient

for network models that are close to tie-independent.

How dependent is our model? The model contains two network statistics that allow it to

deviate from tie-independent models - the Two-star and Triangle statistics. A simple test is

to generate networks from the two parameter vectors where the Triangle natural parameter

is set to zero and thus effectively removed from the model. Then, the mean-value parameters

of these altered models can be compared to the original mean-value parameters (that is, the

expected numbers of Two-stars and Triangles).

θ −4 2 1/n θTriangle

θTriangle Edge Homophily Two-Star Triangle

0.010 393.043 340.730 3091.731 117.206

0.000 389.376 337.672 3032.674 113.559

Table 2.4: Expected sufficient statistics for the n = 100 model with the Triangle natural

parameter at its original value (0.01) and set to zero, showing the model is close to tie-

independent.

In Table 2.4, the economics model for network size n = 100 are adjusted so that only the
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Triangle natural term is set to zero. This table shows that setting the Triangle parameter

to zero causes minimal change in the expected network statistics. For instance, the ratio of

the expected number of triangles (117.2 → 113.6) formed to the expected number of total

edges (393.0 → 389.4) changes from 0.298 to 0.292. This indicates that the chosen Triangle

natural parameter (0.01) is so small that the model is very close to a tie-independent model.

Hence the true model parameters set are unlikely to be interesting for economic models, nor

challenging to estimate as the MPLE will do well in this case.

From an applied perspective, such parameter settings correspond to networks with very

weak clustering relative to what is typically observed in social or economic data. Empirical

friendship, collaboration, and trade networks with similar edge densities generally exhibit

substantially higher triangle counts and stronger dependence between dyads than the spec-

ifications considered by Mele and Zhu. Thus their calibration places the model in a regime

that is simultaneously easy for pseudo-likelihood based methods and unrepresentative of the

kinds of networks that motivate the use of ERGMs in practice.

2.3.4 Comparison to more realistic models

This analysis suggests that a more relevant and powerful assessment of the estimation meth-

ods would come from networks with increased transitivity, as these are more realistic and

interesting theoretically. For simplicity, we take as our measure of transitivity of a model its

expected number of triangles, with a model producing higher expected numbers of triangles

being more transitive.

As noted in Section 2.2.1, the model in Mele and Zhu (MZ23) is prone to degeneracy

and will be for parameter values chosen close to realistic networks. The parameter values

chosen in the original study are close to tie-independent and hence the degeneracy is not

strong. However, if we choose parameter values corresponding in increased transitivity, they

will be degenerate or nearly so. This behavior is not realistic, except in rare cases where

the degeneracy reflects economic theory. One solution is to use improved terms to measure
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degeneracy such as the GWESP (SPR06). However, the triangular term is more intuitive

and here we consider the tapered ERGM variant of this model which circumvents the issue

of near-degeneracy while maintaining the desirable features of ERGMs (FH17). The tapered

version of an ERGM model is itself an ERGM with additional terms to taper the entropy of

the original ERGM. This reduces unrealistic behavior in models with increased dependence

and transitivity. Tapered ERGM models have been shown to have good statistical and

probabilistic properties (For a full treatment, see Blackburn and Handcock (BH22)).

Intuitively, tapering modifies the likelihood by down-weighting network configurations

with extreme values of the sufficient statistics via an additional term in the model that

penalizes extreme variation. This can be viewed as an entropy-regularization device that

keeps the distribution away from the extreme faces of the convex support of g(Y ), where

standard ERGMs tend to concentrate when they are nearly degenerate. In the parameter

regions we consider, the tapering terms are chosen so that the mapping between natural and

mean-value parameters in the neighborhood of interest is only mildly perturbed, and the

target mean-value parameters are essentially unchanged. Thus tapered ERGMs retain the

interpretability of the original statistics while improving the stability and robustness of the

models. This stability and robustness extends to MCMC-based inference for them.

The mean-value parameter estimates are unaffected by tapering, and the natural param-

eter estimates are numerically close to those of the corresponding ERGM and have similar

interpretations (BH22). MCMC-MLE for tapered ERGM is implemented by the R pack-

age ergm.tapered on GitHub (HKF21), and the tapering term is applied to the likelihood

function in R package mfergm for MFVLE.

To consider models that are close to the original economics model, but with higher

transitivity, we can choose tapered ERGM models with similar mean-value parameters, but

with increased transitivity. Specifically, we choose models with 50% more transitivity than

the original version of the model, thus factoring the original expected count for triangles by

1.5. This is done by solving equation (2) for θ with the left hand side set to the desired
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mean-value parameter. This results in natural parameter values for the Triangle term that

are substantially above zero. Without tapering, which helps move sampled statistics away

from degenerate regions, substantial increases in transitivity are typically infeasible due to

model degeneracy. This is particularly true for our model specification, which includes the

raw Triangle statistic.

2.3.5 Increased transitivity model

Table 2.5 is a version of Table 1 with the comparison of the estimation methods with the

Triangle mean-value increased by approximately 50%, while holding all other terms approx-

imately constant. In the table, we can see this change reflected in the comparison between

original mean-values and increased-transitivity mean-values. Taking a large sample with

specified target statistics allows for the desired mean-value parameters − and thus the one-

to-one mapped natural parameters − to be computed. For n = 100 we see the Triangle

natural parameter is positive (0.60) to a greater magnitude compared to the original value

(0.01). The mean-value parameter reflects the approximately 50% increase in transitivity

(117.5→ 176.1) introduced in this section.

The results in Table 2.5 show that MCMC-MLE provides greater accuracy than MFVLE,

and Table 2.6 further demonstrates that the MCMC-MLE attains superior computational

efficiency. For n = 50, the MFVLE estimate of the natural parameter for the Triangle

term is 0.224 compared to the true value of 0.630, while the MCMC-MLE is 0.594. The

magnitude of this difference is clarified by comparing the mean-value parameter estimates.

The MCMC-MLE mean-value estimate is 20.72 compared to the true value of 20.87, while the

MFVLE estimate is 14.61. The MFVLE estimate is unable to capture even the qualitative

character of the transitivity, while the MCMC-MLE is very accurate, as would be expected

from theory.

Table 2.6 shows that the tapering effect has reduced all RMSE and MAD values compared

to Table 2.2 despite the increased transitivity. We see that the MCMC-MLE and MPLE
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n = 50 Edge Homophily Two-Star Triangle Degeneracy

Increased-Transitivity Tapered θ -3.732 1.795 -0.033 0.630 -

MCMC-MLE Natural -3.674 1.836 -0.044 0.594 0.0 %

MFVLE Natural -17.429 -6.176 -0.463 0.224 10.6 %

MPLE Initialization -3.614 1.827 -0.048 0.599 0.0 %

Original Mean-Value 95.75 82.71 363.42 13.91 -

Increased-Transitivity Mean-Value 95.31 82.66 363.21 20.87 -

MCMC-MLE Mean-Value 95.39 82.76 362.81 20.72 -

MFVLE Mean-Value 80.44 55.37 369.93 14.61 -

MPLE Mean-Value 95.93 83.13 365.07 20.77 -

n = 100 Edge Homophily Two-Star Triangle Degeneracy

Increased-Transitivity Tapered θ -3.022 1.530 -0.066 0.600 -

MCMC-MLE Natural -3.009 1.552 -0.068 0.589 0.0 %

MFVLE Natural -15.194 -1.217 -0.245 0.401 7.2 %

MPLE Initialization -2.985 1.548 -0.068 0.590 0.0 %

Original Mean-Value 393.05 341.02 3092.06 117.48 -

Increased-Transitivity Mean-Value 393.45 341.16 3092.28 176.12 -

MCMC-MLE Mean-Value 393.53 341.20 3093.09 175.92 -

MFVLE Mean-Value 277.97 201.90 2720.45 141.20 -

MPLE Mean-Value 393.85 341.36 3096.08 176.01 -

Table 2.5: Natural and mean-value parameter estimates for the tapered model with 50%

increased transitivity at n ∈ {50, 100}, comparing MCMC-MLE, MFVLE, and MPLE across

1,000 simulated networks.
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θ = {−3.022, 1.530,−0.066, 0.600} Edge Homophily Two-Star Triangle

MCMC-MLE Natural RMSE 0.511 0.282 0.059 0.217

MAD 0.433 0.244 0.051 0.185

MFVLE Natural RMSE 9.951 15.428 0.185 0.393

MAD 9.368 14.580 0.176 0.370

MPLE Natural RMSE 0.523 0.283 0.061 0.222

MAD 0.443 0.244 0.052 0.191

MCMC-MLE Mean-Value RMSE 3.819 5.084 22.463 4.128

MAD 3.364 4.331 19.076 3.513

MFVLE Mean-Value RMSE 47.300 54.517 206.291 14.563

MAD 34.567 40.567 157.697 11.892

MPLE Mean-Value RMSE 3.845 5.138 22.517 4.158

MAD 3.388 4.389 19.160 3.545

Table 2.6: RMSE and MAD of natural and mean-value parameter estimates for the n = 100

increased transitivity model in Table 2.5, across 1,000 simulated networks.

remain accurate and stable estimators for this model with the RMSE and MAD slightly

better for the MCMC-MLE than the MPLE. However, the MFVLE performs very poorly.

To start, the MFVLE estimate fails to converge in 10.6% of the fits (despite the starting

value being very accurate) whereas tapering has allowed MCMC-MLE to always produce a

result. Compared to the original study, where MFVLE had a 9% degeneracy in Table 2.1, the

slight increase observed here can be explained by two opposing effects. Increased transitivity

pushes MFVLE toward more degenerate configurations, whereas the tapering effect pulls the

model away from degeneracy. While setting a stronger tapering parameter would lead to

less degeneracy for MFVLE, the results produced here (using default tapering parameter

of 2, detailed in Blackburn and Handcock (BH22)) highlight its behavior. Secondly, both

the natural and mean-value parameters are biased. Third, the RMSE and MAD are quite

poor compared to those of MCMC-MLE and MPLE. For the mean-value Triangle parameter,

MFVLE shows a RMSE of 14.56 where MCMC-MLE has RMSE of 4.128 and MPLE has
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RMSE 4.158. It is worth noting that tapering ERGM allows MPLE to have a greater tol-

erance for transitivity, and become almost as useful as MCMC-MLE in many scenarios. We

have separately computed MFVLE without tapering, and those natural parameters yielded

RMSE of {17.023, 22.456, 0.144, 0.199} and MAD of {15.414, 20.708, 0.128, 0.183}. Both of

these measures are noticeably worse than those for its tapered counterpart. As a strict

comparison between the variational methods, MFVLE is dominated by the MPLE on all

measures including computation time.

In our Section 2.3 findings, we see that the formation of triangles simulated from the

models used by Mele and Zhu (MZ23) do not differ significantly from the same model with

the transitivity term is set to zero. Under a model with no transitivity, MPLE produces MLE

results and therefore leads to good mean-field approximation results due to initialization.

Furthermore, the increase in transitivity for the microeconomics model led to the mean-field

method producing dramatically fewer edges compared to true simulated networks.

2.4 Discussion

The fitting of a complex model that realistically represent economic and social systems

is challenging. The dependence structure that makes these models appealing also makes

likelihood-based inference computationally demanding. As such, the search for accurate and

computationally tractable methods is ongoing. While likelihood-based estimation methods

can be computational expensive, they do have a strong track record of success and a long

history of development.

In this paper we have shown that there is little empirical and conceptual support for the

mean-field variational estimator. We show that there is a computational error in the original

paper (MZ23) that invalidates their empirical results. We also argue that, even if those

results had been correct, they would not have provided much support for the method as

the models they were assessed on are unrealistically close to tie-independent models. When
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we alter the model to make it more realistic by inducing stronger dependence among ties,

the estimator performs poorly and is more computationally expensive compared to both

MCMC-MLE and the cheap sampled MPLE.

Variational methods do have value when they are applied to appropriate model classes

with parameter values in regions where the approximation is not bad. This is challenging

for ERGMs, which constitute a highly flexible class of models: depending on the choice

of sufficient statistics, they can induce strong and complex dependence among ties that is

difficult for variational approximations to capture. In addition, variants that aim to capture

realistic and complex network structure tend to be those where the approximation does

poorly. Our results suggest that mean-field variational approximation should not be used

as a default method for ERGMs, and a more robust strategy would be to use MPLE for

initialization and MCMC-MLE for final inference.

Our analysis also illustrates the value of tapered ERGM both for model specification and

estimation. They are ERGM that retain the expressiveness of traditional ERGM while al-

lowing practical MCMC-based methods of inference. In sum, when using ERGM, researchers

should usually prefer the tapered ERGM. For inference, they should use MPLE for initial-

ization and MCMC-MLE, if computationally feasible, for reliable inference. MFVLE is not

recommended for any model.

A theoretical question left open by this analysis is whether MPLE admits convergence

guarantees analogous to those Mele and Zhu (MZ23) establish for MFVLE. Their Proposition

1 shows that the mean-field log-normalizing constant converges to the true log-normalizing

constant under a dense-graph asymptotic regime. The corresponding result for MPLE has

not been settled in the literature. Because the MPLE is the full-conditional maximum

likelihood, and the full-conditional reduces to the joint under tie independence, we conjecture

that MPLE inherits convergence properties at least as favorable as those of MFVLE in the

regime covered by Mele and Zhu. MPLE also remains well-defined when tie dependence is

strong, a regime in which our simulations show that MFVLE fails. A formal treatment of
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this conjecture is deferred to future work.

The analysis in this paper was produced using the ergm (HHB03) and ergm.tapered

(HKF21; BH22) R-packages within the statnet suite (HHB08b). This is sophisticated, ac-

cessible, user-friendly and open-source software for fitting and simulating ERGM. The R

code to reproduce the results of this paper using these packages is available on GitHub

(Res24) and will be published Zenodo on acceptance of this paper (RH25).

For completeness it is worth emphasizing that the fully factorized mean-field family stud-

ied by Mele and Zhu is only one member of a broader class of deterministic approximations

to ERGMs. Composite or pseudo-likelihood based methods, corrected pseudo-likelihoods

(DHG09), and variational approximations based on richer dependence structures (for exam-

ple, Bethe approximations (Ric12) and loopy belief propagation (JKM18)) retain more of

the local dependence among ties than a product-Bernoulli mean-field family. Our negative

results therefore should not be interpreted as a blanket indictment of all deterministic or

variational approaches for ERGMs, but rather as evidence that a tie-independent mean-

field family is too restrictive to serve as a default likelihood approximation for models with

substantively meaningful transitivity and clustering.
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CHAPTER 3

Reference Prior Distribution for ERGM:

Non-Degeneracy Prior

3.1 Introduction

Exponential-family random graph models (ERGMs) are a widely used class of statistical

models for network data (FS86; HHB03). The ERGM framework is reviewed in the In-

troduction (Chapter 1). We recall that an observed network on n nodes is treated as a

realization y ∈ Yn of a random network Y , with probability

pθ(Y = y) =
exp{θ⊤g(y)}

Z(θ)
, y ∈ Yn, (3.1)

where g(y) ∈ Rd is a vector of network statistics, θ ∈ Rd is the natural parameter, and

Z(θ) =
∑

y∈Yn
exp{θ⊤g(y)} is the normalizing constant. Common choices of g(y) capture

density, degree structure, and triadic dependence such as transitivity, and can incorporate

nodal covariates through terms representing homophily or mixing (MHH08; FS86; GKM09).

Since Z(θ) is intractable, ERGM inference depends on simulation-based or approximate

methods, as reviewed in the Introduction (Chapter 1) and Chapter 2. These computational

challenges are compounded in Bayesian ERGMs because the posterior depends on the same

intractable normalizing constant. In particular, standard Metropolis–Hastings updates re-

quire ratios of intractable normalizing constants, which is known as a doubly intractable

posterior.

Bayesian inference for ERGMs has often relied on default priors, mostly Gaussian and
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uniform distributions on the natural parameter space. While these choices simplify compu-

tation and implementation, they can be unintuitive as representations of substantive prior

beliefs about network formation. This means that they do not directly reflect the well

known fact that large regions of ERGM parameter space correspond to near-degeneracy be-

havior, in which the model concentrates most of its density on a small subset of extreme

(i.e. near-empty or near-complete) networks (Han03). Such priors are commonly used less

for their interpretability and effectiveness than for their convenience and generality. This

reflects, in part, that widely applicable and principled prior specifications for ERGMs re-

main limited. In this chapter we propose a prior distribution defined through the ERGM’s

non-degeneracy region, motivated by the idea that a meaningful prior for network formation

should place greater density on parameter values that generate realistic graphs. We define

the non-degeneracy prior, compute it exactly in a small setting where ERGM normalizing

constant is known, and then develop an approximation strategy for the practically relevant

setting in which the normalizing constant is unavailable.

For posterior computation we use an existing state-of-the-art method for doubly in-

tractable targets, noisy Hamiltonian Monte Carlo (noisy HMC; SBF19). Noisy HMC serves

here purely as a practical sampling framework for Bayesian ERGMs under the proposed

prior, and we note that other approaches for doubly intractable posteriors could be used

instead. In our results, we contribute detailed analysis of the proposed prior distribution for

all networks on seven actors, and conduct an empirical analysis using the Kapferer tailor

shop data with 39 actors.

The remainder of the chapter is organized as follows. Section 3.2 reviews Bayesian in-

ference for ERGMs and details noisy Hamiltonian Monte Carlo (noisy HMC), which we

use as our posterior sampling framework. Section 3.4 defines the non-degeneracy prior, de-

velops practical approximations plus exact computation when feasible, and illustrates the

construction for the space of all networks on seven actors. Section 3.5 computes posterior

distributions under the non-degeneracy prior and compares them to posteriors obtained un-
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der common alternative prior specifications. Section 3.7 applies the proposed prior to the

Kapferer tailor shop network. Section 3.8 concludes with a discussion of findings and final

remarks.

3.2 Bayesian Methods for ERGM

Bayesian inference for ERGMs is challenging because the likelihood computation is limited by

its normalizing constant. As a result, the posterior is doubly intractable and standard MCMC

updates require ratios of intractable normalizing constants in the acceptance probability.

This difficulty has motivated a large body of work on Bayesian computation for ERGMs,

which we survey in this section.

Bayesian computation for ERGMs with intractable normalizing constants is often di-

vided into two classes of strategies, based on how the normalizing constant Z(θ) is handled

in posterior calculations. The first class comprises approximation-based strategies that ap-

proximate Z(θ) itself, ratios such as Z(θ)/Z(θ′), or derivatives such as ∇θ logZ(θ). As an

early example, (GT92) introduced Monte Carlo maximum likelihood estimation (MCMLE),

using importance sampling under a trial distribution centered at a specified parameter

value to approximate Z(θ). Related developments include the adaptive kernel-smoothing

approaches of (Lia07) and (ALR13), which treat Z(θ) as a marginal density associated with

the unnormalized exponential-family form exp[θ⊤g(y)]. For Bayesian posterior sampling,

(LJ13) proposed the Monte Carlo Metropolis–Hastings (MCMH) algorithm, which estimates

Z(θ)/Z(θ′) at each iteration using auxiliary networks simulated from p(y | θ) or p(y | θ′)

via an inner Markov chain. Alquier et al. (AFE16) subsequently characterized MCMH as a

noisy exchange method and derived approximation rates in terms of the inner-chain length.

The Bayesian stochastic approximation Monte Carlo (SAMC; JL14) and marginal MCMC

(Eve12) procedures also belong to this noisy-exchange family and typically require generat-

ing many auxiliary networks per iteration for stable convergence. More recently, Alquier et
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al. (AFE16) developed a noisy Langevin scheme that uses inner-chain samples to approxi-

mate ∇θ logZ(θ). The noisy Hamiltonian Monte Carlo (SBF19) adapts the same principle

within Hamiltonian Monte Carlo updates by using auxiliary simulations to approximate both

∇θ logZ(θ) and Z(θ)/Z(θ′). Along similar noisy gradient direction for ERGMs, Zhang and

Liang (ZL24) study stochastic gradient Langevin dynamics (SGLD), where a short inner

MCMC run is used to estimate Eθ[g(y)] and thereby obtain an estimate of ∇θ logZ(θ).

The second category consists of auxiliary variable based methods, which aim to cancel

the intractable normalizing constant ratio by augmenting either the target distribution or

the proposal distribution with auxiliary variables drawn from the likelihood at proposed pa-

rameter values. Early auxiliary-variable constructions include the auxiliary-variable MCMC

method of Moller et al. (MPR06) and the exchange algorithm of Murray et al. (MGM06),

which in their original forms relied on perfect sampling and were therefore limited in scope.

Practical ERGM implementations typically replace perfect sampling with finite inner MCMC

runs, yielding approximately-correct methods such as double Metropolis–Hastings (DMH;

Lia10) and related approaches for social networks. To reduce the bias induced by short

inner chains, adaptive exchange (AEX; LJS16) generates auxiliary samples using an impor-

tance sampling procedure that runs in parallel to the target chain.

While these methods differ computationally, they all face the practical need to simulate

from ERGMs under proposed parameters, which motivates careful prior specification to avoid

degenerate regions of the parameter space. In this chapter, we use noisy HMC as a practi-

cal posterior sampling framework for Bayesian ERGMs under the proposed non-degeneracy

prior. We detail in the following section the noisy HMC algorithm to fix notation and clarify

how auxiliary sampling is used to estimate both gradients and acceptance probabilities in

the doubly intractable setting.
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3.3 Noisy Hamiltonian Monte Carlo

In a recent advancement of approximation-based Bayesian inference for ERGMs, noisy

Hamiltonian Monte Carlo (noisy HMC; SBF19) follows the standard HMC construction

by augmenting θ ∈ Rd with an auxiliary momentum r ∼ N (0,M), defining the Hamiltonian

H(θ, r) = − log π(θ | y) + 1
2
r⊤M−1r, (3.2)

and proposing (θ′, r′) via a leapfrog discretization of Hamiltonian dynamics. The key dis-

tinction is that the leapfrog updates require ∇θ log π(θ | y), which is not directly available

for ERGMs. Using the identity

∇θ logZ(θ) = Eθ[g(Y )], (3.3)

the log-posterior gradient can be written as

∇θ log π(θ | y) = g(y)− Eθ[g(Y )] +∇θ log p(θ). (3.4)

Noisy HMC replaces Eθ[g(Y )] with an empirical average computed from auxiliary draws

u(1,θ), . . . , u(N,θ) ∼ p(· | θ), yielding the Monte Carlo gradient estimate

∇̂θ log π(θ | y) = g(y)− 1

N

N∑
n=1

g
(
u(n,θ)

)
+∇θ log p(θ). (3.5)

These estimated gradients are used at each leapfrog step to evolve (θ, r) over a trajectory of

L steps with step size ϵ.

A second difficulty is the HMC accept–reject step, which for doubly intractable targets

involves the unknown ratio Z(θ)/Z(θ′). A common importance-sampling identity implies

that if U ∼ p(· | θ′), then

E
[

exp{θ⊤g(U)}
exp{(θ′)⊤g(U)}

]
=

Z(θ)

Z(θ′)
, (3.6)

but (SBF19) show that the corresponding “point” estimator can become unreliable when

∥θ − θ′∥ is large, precisely the regime where HMC is most useful. Their solution is the
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leapfrog estimator, which exploits the full sequence of intermediate parameters visited along

the numerical trajectory. Let θ0 = θ and θL = θ′ denote the start and end of a leapfrog tra-

jectory, and let θ0, θ1, . . . , θL be the intermediate parameter values. The ratio of normalizing

constants is decomposed into local ratios,

Z(θ0)

Z(θL)
=

L−1∏
ℓ=0

Z(θℓ)

Z(θℓ+1)
, (3.7)

and each local ratio is estimated using auxiliary draws generated at θℓ+1:

Ẑ(θℓ)

Z(θℓ+1)
=

1

N

N∑
n=1

exp{θ⊤ℓ g(u(n,θℓ+1))}
exp{θ⊤ℓ+1g(u

(n,θℓ+1))}
. (3.8)

Multiplying these local estimates produces an estimator of Z(θ)/Z(θ′) that is substantially

more stable for long trajectories because each factor compares nearby parameter values

(SBF19). Importantly, the auxiliary draws required for Equation 3.8 are the same draws used

to form the gradient estimates Equation 3.5, so the improved ratio estimation is obtained

with essentially no additional simulation beyond evaluating the unnormalized likelihood at

adjacent states along the path.

Putting these components together, one noisy HMC iteration proceeds as follows: sample

r ∼ N (0,M); generate a leapfrog trajectory using the Monte Carlo gradient estimates

Equation 3.5 at each θℓ; compute the leapfrog estimator of Z(θ)/Z(θ′) via Equation 3.7–

Equation 3.8; and accept the proposed endpoint (θ′, r′) with probability

α̂ = 1∧exp

{
log qθ′(y)− log qθ(y) + log p(θ′)− log p(θ) + log

Ẑ(θ)

Z(θ′)
− 1

2

(
r′⊤M−1r′ − r⊤M−1r

)}
,

(3.9)

where qθ(y) = exp{θ⊤g(y)} and ̂Z(θ)/Z(θ′) is obtained from the leapfrog estimator. As

emphasized by (SBF19), the resulting Markov kernel is approximate for finite N (and, in

practice, for finite inner MCMC used to obtain approximately-distributed auxiliary net-

works). Nevertheless, increasing N and improving the quality of auxiliary simulation reduces

the noise in both Equation 3.5 and Equation 3.9, and noisy HMC can provide an effective

practical sampler in doubly intractable models.
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In our implementation, noisy HMC also aligns naturally with the proposed non-degeneracy

prior detailed in the following section. The prior approximation developed in Section 3.4 is

itself driven by Monte Carlo summaries of networks simulated from p(· | θ) at parameter

values visited by the sampler. We therefore reuse the same auxiliary networks needed for

Equation 3.5–Equation 3.8 when evaluating and differentiating the prior approximation, so

that posterior sampling under the non-degeneracy prior does not require additional simula-

tion tools beyond the auxiliary ERGM draws already required by noisy HMC.

3.4 The Non-Degeneracy Prior

Standard prior choices for Bayesian ERGMs, most commonly the multivariate normal or

uniform distributions on the natural parameter space, do not account for the geometry of

the model. Large regions of the ERGM parameter space correspond to near-degenerate

behavior, in which the model concentrates most of its density on a small subset of extreme

(near-empty or near-complete) networks (Han03). This means that a standard prior in

θ-space implicitly places substantial density on parameter values that generate unrealistic

networks, although almost no practical scenario would intend such a belief. This reflects an

artifact of specifying priors without regard to the structure of the sufficient statistic space.

We propose a prior distribution that places greater density on parameter values that

generate non-degenerate networks. The construction follows the idea that a sensible and

interpretable prior for network formation should place greater density on parameter values

under which the ERGM generates networks whose sufficient statistics fall in the interior of

the convex hull of realizable statistics, rather than at its boundary. In the following, we de-

fine the non-degeneracy prior and its strength-adjusted generalization (Sections 3.4.1–3.4.2),

present exact computation when all graph configurations can be enumerated (Section 3.4.3),

and develop an importance-reweighting approximation for the setting in which they cannot

(Section 3.4.4).
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3.4.1 Key Definitions

Let C = conv{g(y) : y ∈ Yn} denote the convex hull of sufficient statistic vectors over all

networks on n nodes, with boundary ∂C and interior int(C). Networks such as the empty

graph or the complete graph whose sufficient statistics lie on ∂C correspond to extreme

configurations that are characteristic of degenerate model behavior. Conversely, networks

with g(y) ∈ int(C) represent the non-degenerate regime in which the model distributes

density across a diverse set of graph structures.

For a given parameter value θ, the probability that a network drawn from the ERGM

has sufficient statistics in the interior is

Pθ

(
g(Y ) ∈ int(C)

)
=
∑
y∈Yn

exp{θ⊤g(y)}
Z(θ)

1
{
g(y) ∈ int(C)

}
. (3.10)

This quantity is close to one when the model under θ generates realistic, non-degenerate

networks, and close to zero when θ lies in a degenerate region of the parameter space. Hence,

a prior distribution based on this probability could be a desirable candidate for encoding

substantive beliefs about network formation.

The non-degeneracy prior is then defined such that each parameter value receives density

in proportion to its non-degeneracy probability:

p(θ) ∝ Pθ

(
g(Y ) ∈ int(C)

)
, (3.11)

where the proportionality constant ensures that p(θ) integrates to one over the natural

parameter space. The effect here is to concentrate prior density on θ-space regions that

produce non-degenerate networks, while putting less density on the degenerate regions that

would otherwise dominate under standard prior choices.

It follows that the posterior distribution takes the standard Bayesian form,

π(θ | y) = p(θ) p(y | θ)
c(y)

, (3.12)
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where p(y | θ) = exp{θ⊤g(y)}/Z(θ) is the ERGM likelihood and c(y) =
∫
p(θ) p(y | θ) dθ

is the marginal likelihood. In the majority of published Bayesian ERGM studies, the prior

p(θ) in Equation 3.12 is a multivariate normal distribution, and occasionally a multivariate

uniform distribution. The exchange of the non-degeneracy prior for these standard choices

is straightforward once computed or approximated. Thus, no modification to the likelihood

or the posterior sampling algorithm is required beyond substituting for p(θ).

3.4.2 Strength-Adjusted Non-Degeneracy Prior

The standard non-degeneracy prior as defined in Equation 3.11 is configured such that the

prior belief is equivalent to a single observed network whose sufficient statistics do not lie

on ∂C. In many cases, a modeler could have stronger or weaker confidence that the network

formation process is non-degenerate. The strength of this belief can be adjusted proportional

to the number of prior observed networks, resulting in the class of non-degeneracy priors with

strength hyperparameter p and countering hyperparameter q for the rare event of previously

observed networks being on the hull:

p(θ) ∝ Pθ

(
g(Y ) ∈ int(C)

)p
Pθ

(
g(Y ) ∈ ∂C

)q
, (3.13)

where p ≥ 1 denotes the amount of prior information, measured as the equivalent of p

observed networks whose sufficient statistics do not lie on the boundary of the convex hull.

Similarly, q ≥ 0 represents q observed networks with statistics that lie on the boundary, on

the rare event that any such network was observed. That is, the hyperparameter q defaults to

zero in most settings, and the case p = 1, q = 0 recovers the baseline prior in Equation 3.11.

This hyperparameterization is analogous to the effective prior sample size in conjugate

Bayesian models. Just as increasing the concentration parameter of a Dirichlet prior by a

factor of p corresponds to having observed p additional datasets, raising the non-degeneracy

probability to the power p sharpens the prior’s exclusion of degenerate parameter regions
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by the same factor. In practice, greater values of p shrink the posterior toward int(C) to

concentrate greater posterior density on parameter values that generate realistic networks

while pulling further away from the hull. The choice of p can be thought of as the degree

of confidence that the network formation process is non-degenerate. More practically, this

choice dictates how willing we are for the non-degeneracy prior to influence the likelihood

for our posterior computation.

A reasonable way to select p is via prior predictive analysis, sometimes called the device

of imaginary results. One draws θ from the prior and simulates a network from pθ(Y = y),

repeating to build the prior predictive distribution of g(Y ). A practitioner then considers

which region of the sufficient statistic space typical observed networks should occupy, and

chooses p so that the prior predictive concentrates density on that region. The empirical

recommendations developed later in this chapter calibrate p from posterior diagnostics under

specific observed networks.

3.4.3 Exact Computation

When n is small enough that all |Yn| graph configurations can be enumerated, the non-

degeneracy prior can be computed almost exactly. We illustrate this for the edges and

two-stars ERGM on n = 7 nodes, where the natural parameter is θ = (θe, θt)
⊤ and the

sufficient statistic is g(y) = (e(y), t(y))⊤, with e(y) the edge count and t(y) the two-star

count. There are 2(
7
2) = 2, 097, 152 graphs on seven nodes, with 144 distinct combinations

of edge and two-star counts. Let f(e, t) denote the number of graphs with e edges and t

two-stars.

The normalizing constant can be computed by summing over these 144 distinct statistic

vectors, such that

Z(θe, θt) =
∑
e

∑
t

f(e, t) exp(θe e+ θt t). (3.14)
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For natural ERGM coefficients θe and θt within the convex hull, the exponential family

form guarantees a one-to-one mapping to mean-value parameters µe(θe, θt) for edges and

µt(θe, θt) for two-stars (Han03). Hence, we define the mean-value parameters as

µe(θe, θt) =
∑
e

∑
t

e
f(e, t) exp(θe e+ θt t)

Z(θe, θt)
, µt(θe, θt) =

∑
e

∑
t

t
f(e, t) exp(θe e+ θt t)

Z(θe, θt)
,

(3.15)

where each µ is summed over the total of 144 distinct combinations of edge and two-star

counts.

We are interested in the inverse solution to Equation 3.15 to translate the non-degenerate

space, i.e., the translation of the convex hull observed in the mean-value space to the natural

parameter space. This can be done by optimizing for θe and θt in the Euclidean distance

between a specific µ to be mapped, µtarget, and µ(θe, θt) to be iterated on. That is, the

one-to-one θ mapping of µtarget is defined

θ(µtarget) = argmin
θe, θt

∥∥µtarget − µ(θe, θt)
∥∥2. (3.16)

Of the 144 distinct (e, t) combinations, ten lie on ∂C and form the convex hull vertices.

Under the mapping between µ and θ, the prior using the non-degeneracy standard is defined.

Here, the prior is defined as the probability that parameters θ produce networks in the interior

of the convex hull, such that

Pθe,θt

(
g(Y ) ∈ int(C)

)
= 1−

∑
(e,t)∈∂C

f(e, t) exp(θe e+ θt t)

Z(θe, θt)
, (3.17)

which results in the exact non-degeneracy prior density over R2 after normalization. A

caveat of this exact computation is that the mapping between θ- and µ-spaces is highly

nonlinear and sensitive, meaning that a small shift in θ values often results in a large and

disproportionate change in the corresponding µ. This is a known artifact of ERGMs, and
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has consequences in practice for how the prior is computed and visualized, which we detail

in Section 3.5.

3.4.4 Approximation via Importance Reweighting

For networks of realistic size, the non-degeneracy prior cannot be computed exactly be-

cause the 2(
n
2) graph configurations cannot be enumerated. We approximate it using an

importance-reweighting estimator that reuses auxiliary networks already generated by the

noisy HMC sampler at each leapfrog step.

At each leapfrog step, noisy HMC draws auxiliary networks x1, . . . , xm ∼ p(· | θ̃) at

the current parameter θ̃ for gradient estimation (Equation 3.5) and normalizing constant

ratio estimation (Equation 3.8). To evaluate the non-degeneracy probability at a nearby

parameter θ ̸= θ̃, we reweight these draws using the exponential family likelihood ratio:

wi(θ, θ̃) =
p(xi | θ)
p(xi | θ̃)

=
Z(θ̃)

Z(θ)
exp
{
(θ − θ̃)⊤g(xi)

}
. (3.18)

Because both the numerator and denominator of the self-normalized estimator use the same

importance weights, Z(θ̃)/Z(θ) cancels exactly, giving

P̂θ

(
g(Y ) ∈ int(C)

)
=

m∑
i=1

exp
{
(θ − θ̃)⊤g(xi)

}
1
{
g(xi) ∈ int(C)

}
m∑
i=1

exp
{
(θ − θ̃)⊤g(xi)

} . (3.19)

The approximation depends only on sufficient statistic differences and hull membership indi-

cators, and the intractable normalizing constants do not appear. The estimator is consistent

as m→∞ with the usual properties of self-normalized importance sampling. Evaluating the

indicator 1{g(xi) ∈ int(C)} requires the convex hull C of the achievable sufficient statistic

region. For the n = 7 network in Section 3.5, C is computed exactly from the 144 dis-

tinct statistic combinations. For larger networks, the hull must itself be approximated. The

adaptive procedure used for this is described in Section 3.6.

45



The estimator is differentiable with respect to θ, which is necessary for its use within

HMC, so the gradient ∇θ log p(θ) needed in Equation 3.4 can be computed from the same

auxiliary sample. Setting θ̃ = θℓ at each leapfrog step gives the prior evaluation and its gra-

dient as a byproduct of the existing trajectory, since sampling auxiliary networks is already

the dominant computational cost of each iteration and the prior adds only the indicator eval-

uations and the reweighting. In particular, θ̃ begins at the MPLE used to initialize the chain

(Section 3.6) and updates with θℓ at every leapfrog step thereafter. This choice constrains

the estimator to use only auxiliary networks drawn at the current θ̃. Samples from earlier

leapfrog steps or previous iterations cannot be pooled, because the normalizing constant

cancellation in Equation 3.18 requires all samples to share the same reference parameter θ̃.

Mixing samples drawn at different reference parameters would reintroduce the intractable

ratios Z(θ̃i)/Z(θ) that the self-normalization eliminates. The number of auxiliary draws

N at each step therefore determines the quality of the prior approximation and cannot be

supplemented by accumulation.

For the strength-adjusted prior Equation 3.13, the approximation generalizes to

p̂(θ) ∝ P̂θ

(
g(Y ) ∈ int(C)

)p
P̂θ

(
g(Y ) ∈ ∂C

)q
, (3.20)

where P̂θ(g(Y ) ∈ ∂C) = 1 − P̂θ(g(Y ) ∈ int(C)). The gradient with respect to θ follows by

differentiating the log of Equation 3.20.

The quality of the approximation in Equation 3.19 depends on the effective sample size,

which decreases when θ is far from the reference θ̃. Within noisy HMC, the leapfrog step

size ϵ controls this distance at each step. The same considerations that govern gradient

estimation accuracy (the choice of ϵ, the number of auxiliary draws N , and the inner MCMC

chain length) therefore also govern the quality of the prior approximation. This is examined

empirically in Sections 3.5 and 3.7.
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3.5 Compute and Compare Non-degeneracy Prior

In this section the exact prior is computed for the edges and two-stars ERGM with n = 7

nodes, where all 221 graph configurations can be enumerated. We build an ERGM prior dis-

tribution using the non-degeneracy probability density and show this choice of prior in both

the natural θ- and mean-value µ-spaces. The baseline non-degeneracy prior with strength

hyperparameters p = 1 and q = 0 is used, such that we assume the information we have is

a single observed network that is not on the boundary of the convex hull. As noted in Sec-

tion 3.4.3, the translation between the two parameter spaces is highly irregular and sensitive,

meaning that a minuscule shift in θ values often results in a large disproportionate change

in the corresponding µ. Given this distortion, computation of the prior using even a very

fine grid is infeasible. The much stronger presentation of the prior can be computed using a

Metropolis-Hastings sampler with Gaussian proposals. By taking a large and thinned chain

to reduce autocorrelation in our samples, the non-degeneracy prior can be produced firstly

in the θ-space in Figure 3.1.

Figure 3.1: Non-degeneracy prior in the θ-space, under strength hyperparameters p = 1 and

q = 0.

47



We first display the non-degeneracy prior density over θ to illustrate the geometry of the

non-degenerate region in the natural parameterization. The density in Figure 3.1 points out

a high concentration of values around the top left portion of the figure. This translates to

most realistic occurring networks having natural parameters in this region. The wide spread

from this concentrated area shows parameter combinations that have greater tendency to

produce degenerate networks, and the importance for a prior choice to not put emphasis on

the degenerate regions. The “stealth-bomber” pattern illustrated in this figure is a known

behavior for ERGM non-degeneracy in the natural parameter space, with much of its density

gathered at the “nose” of its shape.

Figure 3.2: Non-degeneracy prior in the µ-space, under strength parameters p = 1 and q = 0.

To map the stealth-bomber natural θ distribution to the µ-space, a Metropolis-Hastings

sampler with Gaussian proposals is used. The several wings that are observable in the

stealth-bomber pattern in Figure 3.1 induce autocorrelation, and thinned MCMC chains are

used to address that. Figure 3.2 shows much more smoothness, and well-boundedness in

stark contrast to its natural parameter counterpart in Figure 3.1. The mean-value space

of the non-degeneracy prior is gathered near the bottom curvature (or the near-degeneracy
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region) of the space, and shows which network configurations the nose of the stealth-bomber

translate to.

We previously attempted to compute the non-degeneracy prior in the µ-space exactly.

Networks of size n = 7 contain 144 distinct combinations of edge and two-star counts. Out

of those, 10 combinations with those configurations make up the points that form the convex

hull of the mean value µ-space. A fine grid can be created for the interior of the µ convex

hull, and is then mapped to natural parameter θ-space via optimization. Probability density

can be computed for the interior convex hull for θ-space and is then normalized to a full

distribution to serve as the prior distribution. However, this approach fails to capture the

extreme nonlinearity of the ERGM’s transformation between its natural and mean-value

parameter spaces. Because the grid gives equal weight to all parts of the µ-space, it failed

to capture the concentration of the non-degeneracy prior near the degeneracy boundary,

misrepresenting the distribution as approximately uniform.

The concentration of the prior near the degeneracy boundary can be adjusted through

the strength hyperparameters p and q. In fact, as p is increased from its default value 1,

the distribution spreads more evenly and concentrates less on the near-degeneracy region.

The prior densities in the µ-space for p ∈ {1.5, 3, 5, 10} are shown in Figure 3.3. The non-

degeneracy prior for p = 10 shows much smoother properties than the p = 1.5 case, and this

is further detailed in the density summaries in Table 3.1.

In comparison to the non-degeneracy prior, the default prior choices of multivariate nor-

mal and uniform distributions for Bayesian ERGMs are examined in the same fashion. These

priors are defined in the natural parameter θ-space and are translated to the more inter-

pretable mean-value µ-space. As with the non-degeneracy prior, the translation from θ-space

to µ-space is highly nonlinear, making a grid-based approach unreliable. Thus, a large sample

of 10,000,000 draws in θ-space is used to build the µ-space prior. The prior hyperparameters

are set using popular choices. For the bivariate normal distribution prior, the BERGM pack-

age default of N(0, 10 I2) is used. In the less common case where a uniform distribution is
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(a) p = 1.5 (b) p = 3

(c) p = 5 (d) p = 10

Figure 3.3: Non-degeneracy prior in the µ-space, under strength parameters p ∈ {1.5, 3, 5, 10}

and q = 0.

used instead of a normal, we follow (ZL24) in setting the prior to Unif
(
[−4, 2]× [−0.05, 1]

)
.

The overall normal and uniform prior distributions are given in Figure 3.4, where the

normal prior is on the left and the uniform prior is on the right. The standard densities are

displayed on top, while the log-densities are on the bottom. Both priors exhibit strongly

concentrated density in the full and empty graph (i.e., degenerate) regions, although this
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(a) Normal (b) Log-Normal

(c) Uniform (d) Log-Uniform

Figure 3.4: Normal (left) and uniform (right) priors in the µ-space, with the standard

densities on top and log-densities on the bottom.

concentration may be hard to notice given how small those regions are. This concentration is

why the standard density legends show an upper bound of approximately 0.4 for the normal

prior and 0.16 for the uniform prior. The log-densities give a better sense of where the

density concentrates, but still cannot fully capture the magnitude of these concentrations.

However, we can examine these regions more closely by zooming in.
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(a) Log-Normal - Full Graphs (b) Log-Normal - Empty Graphs

(c) Log-Uniform - Full Graphs (d) Log-Uniform - Empty Graphs

Figure 3.5: Normal and Uniform density priors logged mean-value space, zoomed in at the

full and empty graph regions.

Figure 3.5 zooms into the near-full graph (left) and near-empty graph (right) regions for

the log-densities of the normal and uniform priors, providing more detailed insight into these

concentrations. One notable difference between the normal and uniform priors is that the

uniform prior is strictly bounded away from regions where the normal prior would otherwise

assign density. In the log-density plots for both priors, the density gradients terminate
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in sharp concentrations exactly where the empty graph (0, 0) and full graph (21, 105) lie.

In fact, these gradients are only an artifact of the log scale and correspond to negligible

differences in actual density, as seen in the left column of Figure 3.4. These concentrations

are summarized in Table 3.1.

3.5.1 Assessing the impact of prior choice on degeneracy

To compare distributions over the ERGM parameter space, we introduce a predictive measure

of non-degeneracy. For a given distribution over θ, the predictive non-degeneracy is defined

as

P
(
g(Y ) ∈ int(C)

)
= Ep(θ)

[
Pθ

(
g(Y ) ∈ int(C)

)]
=

∫
Pθ

(
g(Y ) ∈ int(C)

)
p(θ) dθ. (3.21)

This quantity asks: if we draw a parameter θ from the distribution and then generate a

network from the ERGM at that θ, what is the probability that the resulting network has non-

degenerate sufficient statistics? A prior that places most of its density on realistic parameter

regions will have P (g(Y ) ∈ int(C)) close to one, while a prior that inadvertently emphasizes

degenerate regions will have P (g(Y ) ∈ int(C)) close to zero. That is, P (g(Y ) ∈ int(C))

summarizes in a single quantity how much of the prior’s density sits in the non-degenerate

region of the parameter space, once the ERGM likelihood is accounted for.

For the µ-space, the normal and uniform priors can be compared to the non-degeneracy

prior under different values of p to examine where the densities of the prior lie. The regions

of particular interest are those near the full graphs, those near the empty graphs, and those

that are near degenerate and lie along the bottom belly of the µ-space distribution. These

comparisons are reported in Table 3.1, where P (g(Y ) ∈ int(C)) is the prior predictive non-

degeneracy defined in Equation 3.21. The degeneracy regions are defined by thresholds of

greater than 20 edges and greater than 104 two-stars (near-full graphs), and fewer than 3 or

1 edges with fewer than 1 two-star (near-empty graphs). Notably, the normal prior places
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Prior P (g(Y ) ∈ int(C)) < 0.1 away > 20 Edges < 3 Edges < 1 Edges

Choice from hull > 104 Two-stars < 1 Two-stars < 1 Two-stars

Normal 0.154 0.374 0.432 0.286 0.122

Uniform 0.244 0.796 0.346 0.145 0.093

NDG, p = 1 0.398 0.931 0.00009 0.0522 0.00546

NDG, p = 1.5 0.505 0.944 0.000005 0.037 0.002

NDG, p = 2 0.577 0.948 0 0.0272 0.00083

NDG, p = 3 0.671 0.951 0 0.014 0.00014

NDG, p = 5 0.769 0.954 0 0.00402 0.0000045

NDG, p = 10 0.861 0.957 0 0.000166 0

NDG, p = 20 0.915 0.960 0 0 0

Table 3.1: Comparison of non-degeneracy prior (NDG) against normal and uniform priors

by density inside convex hull P (g(Y ) ∈ int(C)), density 0.1 Euclidean distance away from

hull, and density in the degeneracy regions, i.e. greater than 20 edges and greater than 104

two-stars (near full graphs), and less than 3 or 1 edges and less than 1 two-star (near empty

graphs).

far more density on the degenerate regions than any other choice, with almost half (0.432)

of its density on near-full graphs and a substantial portion (0.286) on near-empty graphs.

The uniform prior alleviates some of normal prior’s focus on degenerate ERGM parameters,

but still has 0.346 of its density on near full graphs and 0.145 of its density in near empty

graphs.

In comparison, the non-degeneracy prior density does not tend to concentrate on the

degenerate regions as expected by its definition. Even the weakest setting of p = 1, corre-

sponding to a single non-degenerate observed network, already improves over the normal and

uniform priors by placing approximately no density in the near-full graph region and only

0.0522 in the near-empty graph region. As expected, these values decrease asymptotically to

zero as p increases. However, the p = 1 case shows only moderate P (g(Y ) ∈ int(C)) of 0.398.

As seen in Figure 3.2, the non-degeneracy prior under this hyperparameter puts significant
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density along the bottom boundary of the convex hull without putting significance in the

near empty or full regions. Naturally, this effect is altered by the increase of hyperparameter

p, such that P (g(Y ) ∈ int(C)) reaches 0.915 for p = 20.

The results so far show that the non-degeneracy prior indeed puts density away from the

degeneracy and convex hull regions especially as the assumption of non-degeneracy strength-

ens in its hyperparameter specification. More importantly, the commonly used normal and

uniform priors put the bulk of their density in the degenerate, full and empty graph, regions.

To assume prior information that the network is degenerate is almost certainly nonsensi-

cal and unintended by any practitioners, as degenerate networks are almost never observed

in nature. In the following, the effects of a prior emphasizing degenerate regions on the

posterior are explored in contrast to the posterior for the non-degeneracy prior.

3.5.2 Compare Posteriors

Next, we explore the effect of ERGM prior choice on the posterior. Recall that the goal of

this study is to identify a suitable default prior for the ERGM class. That is, a favorable

choice should concentrate posterior density on parameter values that generate realistic net-

works, which can be measured by P (g(Y ) ∈ int(C)) as defined in Equation 3.21 and applied

here to the posterior, and produce accurate predictions of the observed sufficient statistics,

measured by predictive MSE, the mean squared error between posterior predictive sufficient

statistics and the observed network’s statistics. More subtly, the posterior should remain

close enough to the prior that the prior’s information is meaningfully incorporated rather

than overwhelmed by the likelihood. We measure this using the KL divergence DKL(π∥p)

between the prior and posterior. The interpretation for this quantity is informative, but

varies depending on context. For example, a small value can indicate that the prior was

well-placed and the data agreed with it, but it can also indicate that a strong prior overrode

the likelihood. We therefore use DKL(π∥p) as a description of how much the posterior de-

parts from the prior rather than as a quality criterion on its own, and read it alongside the
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other columns. In the following, the non-degeneracy prior is compared against the standard

normal and uniform priors on these criteria, alongside posterior location summaries (medians

and means).

Two combinations of observed statistics are examined, split between this section and the

next. In the first setting, the posterior is created for an observed network with 7 edges and

14 two-stars, an observation that is somewhat in the center of all observed statistics combi-

nations. In Figure 3.6 the exactly computed model likelihood is combined with the normal

and uniform priors in Figure 3.4 to produce posterior distributions, displayed alongside the

posterior median and the observed g(yobs) = (7, 14). All posterior plots in this section and

the next are zoomed to µ1 ∈ [0, 15] and µ2 ∈ [0, 50], where the posterior density is concen-

trated. The normal prior produces a posterior whose density sits noticeably below g(yobs),

with posterior median (6.86, 11.10) pulled away from the observation on both coordinates.

This pull is reflective of the interaction between the normal prior’s density and the likelihood.

That is, Table 3.1 in Section 3.5.1 shows the N (0, 100 I2) prior places 0.286 of its density on

the near-empty graph region and 0.432 on the near-full graph region. The near-full density

has essentially no effect on the posterior, given that the likelihood at g(yobs) = (7, 14) is far

away from and assigns negligible weight to parameter values that generate near-full graphs.

By contrast, the near-empty density is close enough to the region where the likelihood is

concentrated to exert influence on the posterior, pulling its median toward the empty graph

region of the µ-space. In this asymmetric pull, the edge coordinate moves only slightly,

from 7 to 6.86, while the two-star coordinate drops from 14 to 11.10. This reflects that the

near-empty graph region lies further from (7, 14) along the two-star axis than along the edge

axis, such that a prior concentrated near the origin of the µ-space pulls more strongly on µ2

than on µ1. Hence, the cost of using N (0, 100 I2) is a concrete bias in the posterior median,

which is directly visible in Figure 3.6(a).

The uniform prior’s posterior is given in Figure 3.6(b), with its density strictly bounded

within a subset of the mean-value parameter space that reflects the prior’s own boundedness
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(a) Normal (b) Uniform

Figure 3.6: Posterior distributions in the µ-space using normal and uniform priors.

on [−4, 2] × [−0.05, 1] in θ-space. The posterior median (6.62, 11.90) is also pulled below

g(yobs), similar to the normal case but with a different asymmetry. That is, the edge coordi-

nate shifts further here, from 7 to 6.62, while the two-star coordinate shifts less, from 14 to

11.90. Table 3.1 shows that the uniform prior places less density on the degenerate regions

than the normal prior, with 0.145 on near-empty graphs compared to 0.286 and 0.346 on

near-full graphs compared to 0.432.

The non-degeneracy prior with p ∈ {1, 3, 5, 10} is used to produce the posterior distribu-

tions in Figure 3.7. Across these four cases, the posterior median approaches g(yobs) = (7, 14)

as p increases from 1 to 10, with p = 10 placing the median closest to the observed statis-

tics. Note here that visual inspection of Figure 3.7 can be misleading given that the

plots are zoomed with µ1 spanning 15 units while µ2 spans 50 units. For larger values

of p ∈ {20, 50, 100}, the posterior median increases asymptotically to around 10 edges and

25 two-stars, at which point the prior clearly overpowers the likelihood to pull the posterior

center closer to the middle region of the µ-space. As seen in this practice, the choice of p

therefore controls a tradeoff between how strongly the prior excludes degenerate regions and

how much it overrides the likelihood’s information about the observed statistics. For the
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(a) p=1 (b) p=3

(c) p=5 (d) p=10

Figure 3.7: Posterior distributions in the µ-space using the non-degeneracy prior, under

strength hyperparameters p ∈ {1, 3, 5, 10} and q = 0.

non-degeneracy prior to balance the belief that the network formation process is not degen-

erate without this belief dominating the likelihood, setting p ∈ [5, 10] would be seemingly

reasonable for the observed network considered here.

The comparison across prior choices is difficult to capture from the posterior figures alone,

and Table 3.2 summarizes the criteria introduced at the beginning of this section to form
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Prior P (g(Y ) ∈ int(C)) PMSE DKL(π∥p) Posterior Median Posterior Mean

Choice µ1 µ2 µ1 µ2

Normal 0.862 (6.857, 127.825) 2.956 6.86 11.10 7.055 14.009

Uniform 0.838 (10.094, 195.984) 1.766 6.62 11.90 6.982 15.793

NDG, p = 1 0.874 (6.205, 114.653) 3.057 6.98 11.55 7.179 14.291

NDG, p = 1.5 0.881 (5.953, 110.387) 2.624 7.05 11.80 7.269 14.514

NDG, p = 2 0.887 (5.724, 105.665) 2.334 7.11 12.00 7.332 14.653

NDG, p = 3 0.896 (5.459, 100.343) 1.949 7.22 12.40 7.448 14.954

NDG, p = 5 0.907 (5.217, 94.833) 1.514 7.4 13.1 7.635 15.517

NDG, p = 10 0.923 (5.187, 91.717) 1.039 7.75 14.55 7.978 16.708

NDG, p = 20 0.938 (5.680, 96.324) 0.703 8.24 16.70 8.430 18.476

Table 3.2: Comparison of posterior distributions in the µ-space for a network with observed

statistics g(yobs) = (7, 14) using the normal prior, uniform prior, and the non-degeneracy

prior under strength hyperparameters p ∈ {1, 1.5, 2, 3, 5, 10, 20, 50, 100} and q = 0.

more precise findings. The non-degeneracy prior improves on the normal and uniform priors

across every criterion. Even at p = 1, the weakest strength setting, P (g(Y ) ∈ int(C)) reaches

0.874, which marginally exceeds both the normal prior’s 0.862 and the uniform prior’s 0.838.

The predictive MSE shows a sharper gap. The normal prior produces (6.857, 127.825) and

the uniform prior produces a much larger (10.094, 195.984), while every non-degeneracy prior

row from p = 1 through p = 20 has smaller PMSE on both components. That is, the prior

shape observed in Section 3.5.1, which concentrates density away from degenerate regions,

is reflected in tighter predictive fit to the observed sufficient statistics once the posterior is

formed.

Within the non-degeneracy rows, the PMSE decreases monotonically from p = 1 to

p = 10 and then turns back upward at p = 20. Hence, p = 10 minimizes PMSE among

the values tested. The posterior median follows the same pattern, moving from (6.98, 11.55)

at p = 1 toward (7.75, 14.55) at p = 10 and then past the observation to (8.24, 16.70) at

p = 20. The posterior mean tracks the same trajectory throughout, sitting slightly above
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the median in each row. This pattern however is not reflected in DKL(π∥p), which decreases

monotonically across the non-degeneracy rows, from 3.057 at p = 1 to 0.703 at p = 20. This

makes sense by the definition of the non-degeneracy prior. As noted at the beginning of

this section, this quantity is informative but ambiguous, given that a small value can reflect

either a well-placed prior or a prior that has dominated the likelihood. Read alongside the

posterior median drift at p = 20, the decreasing KL at larger p is better interpreted as

the prior beginning to override the likelihood rather than as agreement with the data. The

P (g(Y ) ∈ int(C)) column, meanwhile, increases monotonically through the non-degeneracy

rows and would favor arbitrarily large p on its own, which is why we do not read it in

isolation. Hence, these metrics corroborate the p ∈ [5, 10] range identified from the figures,

with PMSE and posterior median accuracy both pointing to the upper end of the range.

3.5.3 Maximally Clustered Network Posterior Comparison, g(yobs) = (7, 17)

In the second example of observed network statistics, the observed network g(yobs) = (7, 17)

has the same edge count as the previous (7, 14) case but the maximum number of two-stars

achievable under that edge count. That is, among all networks on n = 7 nodes with exactly 7

edges, the largest two-star count is 17. This configuration arises when one vertex is connected

to all six others and a single additional edge connects two of the leaves. Unlike the previous

case, this maximally clustered observation in the µ-space creates a more demanding test for

the posterior.

Figure 3.8 shows the posteriors under the normal and uniform priors combined with the

likelihood at g(yobs) = (7, 17). The normal prior produces a posterior median of (6.70, 12.05),

pulled far below the observation on both coordinates and especially on the two-star axis,

where the drop from 17 to 12.05 is substantially larger than the drop from 14 to 11.10 seen

in the previous case. This reflects the same behavior as before, where the near-empty density

of the normal prior imposes influence on the posterior. The effect is more apparent here,

with a two-star drop of 4.95 compared to 2.90 in the previous case. This likely reflects that
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(a) Normal (b) Uniform

Figure 3.8: Posterior distributions in the µ-space using normal and uniform priors for a

network with observed statistics g(yobs) = (7, 17).

the likelihood at (7, 17) places less of its density near the belly of the convex hull, leaving the

near-empty region of the prior with more agency to shape the posterior. The uniform prior’s

posterior median (6.41, 12.10) shows the same pattern, pulled below g(yobs) in a similar

manner.

The non-degeneracy prior with p ∈ {1, 3, 5, 10} produces the posteriors in Figure 3.9.

As in the previous case, the posterior median approaches g(yobs) = (7, 17) as p increases,

moving from (6.91, 12.85) at p = 1 toward (8.02, 16.60) at p = 10. At p = 20 the median

drifts to (8.51, 18.55), past the observation on both coordinates. The same behavior seen in

the (7, 14) case where the value of p is set too high therefore holds here, with the posterior

tracking the observation most closely at moderate p before the prior’s influence begins to

dominate at larger values. Overall, the non-degeneracy posteriors seem to perform very well

compared to using normal and uniform priors, especially for p ∈ [5, 10].

Table 3.3 summarizes the same criteria used in Section 3.5.2 for the (7, 17) observation.

The non-degeneracy prior improves on the normal and uniform priors across every criterion
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(a) p=1 (b) p=3

(c) p=5 (d) p=10

Figure 3.9: Posterior distributions in the µ-space using the non-degeneracy prior for a

network with observed statistics g(yobs) = (7, 17), under strength hyperparameters p ∈

{1, 3, 5, 10} and q = 0.

considered. At the weakest specification p = 1, P (g(Y ) ∈ int(C)) reaches 0.841 and exceeds

both the normal prior’s 0.803 and the uniform prior’s 0.770. The predictive MSE gap is wider

than in the previous case. The normal prior produces (12.373, 259.623) and the uniform

prior (14.202, 300.265), while every non-degeneracy row through p = 10 is smaller on both
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components.

Prior P (g(Y ) ∈ int(C)) PMSE DKL(π∥p) Posterior Median Posterior Mean

Choice µ1 µ2 µ1 µ2

Normal 0.803 (12.373, 259.623) 3.496 6.70 12.05 7.081 16.978

Uniform 0.770 (14.202, 300.265) 1.756 6.41 12.10 6.947 17.651

NDG, p = 1 0.841 (10.070, 208.498) 3.702 6.91 12.85 7.284 17.086

NDG, p = 1.5 0.857 (9.377, 192.693) 3.273 7.06 13.30 7.427 17.329

NDG, p = 2 0.869 (8.762, 177.483) 2.980 7.16 13.60 7.516 17.400

NDG, p = 3 0.886 (8.065, 159.533) 2.574 7.34 14.15 7.675 17.641

NDG, p = 5 0.905 (7.334, 138.232) 2.086 7.59 15.00 7.900 18.078

NDG, p = 10 0.926 (6.816, 115.518) 1.497 8.02 16.60 8.270 19.025

NDG, p = 20 0.942 (6.938, 101.260) 1.024 8.51 18.55 8.693 20.379

NDG, p = 50 0.957 (8.050, 95.725) 0.573 9.23 21.75 9.311 22.722

NDG, p = 100 0.963 (9.307, 99.980) 0.342 9.71 24.05 9.741 24.528

Table 3.3: Comparison of posterior distributions in the µ-space for a maximally clustered

network with observed statistics g(yobs) = (7, 17) using the normal prior, uniform prior, and

the non-degeneracy prior under strength hyperparameters p ∈ {1, 1.5, 2, 3, 5, 10, 20, 50, 100}

and q = 0.

For the non-degeneracy rows, the edge term PMSE decreases from p = 1 to p = 10 and

turns upward at p = 20, matching the pattern seen in the previous example in Table 3.2.

The two-star component behaves differently here. It continues to decrease through p = 20

and bottoming at p = 50 before turning upward at p = 100. As a standalone, the two-star

PMSE would appear to favor larger p. However, the posterior median reaches its closest

approach to g(yobs) = (7, 17) at p = 10 with (8.02, 16.60), and drifts past the observation to

(8.51, 18.55) at p = 20, (9.23, 21.75) at p = 50, and (9.71, 24.05) at p = 100. The posterior

mean tracks the same trajectory, sitting slightly above the median in each row. DKL(π∥p)

decreases monotonically across the non-degeneracy rows, from 3.702 at p = 1 to 0.342 at

p = 100. Read alongside the median overshoot at p = 20 and beyond, the decreasing KL
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at larger p is again better interpreted as the prior’s tendency dominate the likelihood rather

than as agreement with the data as our prior belief strengthens in p. Hence, median accuracy

and the overshoot diagnostic support the same p ∈ [5, 10] range identified in Section 3.5.2.

Across both observations g(yobs) = (7, 14) and the maximally clustered g(yobs) = (7, 17),

the non-degeneracy prior improves on the normal and uniform priors on every criterion

(P (g(Y ) ∈ int(C)), PMSE, DKL(π∥p), median, and mean) in Tables 3.2 and 3.3, and the

p ∈ [5, 10] range identified in Section 3.5.2 continues to hold for the (7, 17) case. Notably,

the criterion that shifts most across the two observations is two-star PMSE, which bottoms

at p = 10 for (7, 14) but only at p = 50 for (7, 17). Hence, the posterior median and the

overshoot diagnostic provide a more stable basis for the recommended range than PMSE

alone. The results in this section rely on almost exact computation of the non-degeneracy

prior, which is feasible for n = 7 because all 221 graph configurations can be enumerated. For

networks of practical size this enumeration is unavailable, and the prior must instead be ap-

proximated using the importance-reweighting estimator developed in Section 3.4.4 alongside

noisy Hamiltonian Monte Carlo for posterior sampling. Before applying this approximation

to a larger empirical network in Section 3.7, we first revisit the n = 7 setting in Section 3.6

using noisy HMC under the approximated non-degeneracy prior. This step validates that

the exact posteriors computed here provide a ground truth against which the approximate

sampler can be compared, given that any discrepancy between the two reflects approximation

error rather than a difference in the underlying prior.
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3.6 Approximate Non-degeneracy Prior Using Noisy HMC

The exact non-degeneracy prior in Section 3.5 relies on enumeration of all 2(
n
2) graph con-

figurations, which is available only for small n. For networks of realistic size, the prior must

be approximated using the importance-reweighting estimator detailed in Section 3.4.4 and

paired with a posterior sampler that handles the ERGM’s intractable normalizing constant.

We use noisy HMC (SBF19) to naturally integrate with the prior approximation since both

rely on the same auxiliary network draws at each leapfrog step.

The focus of this section is not noisy HMC itself, whose behavior for doubly intractable

posteriors is studied in detail by (SBF19). The sampler is used here as a practical tool, and

the purpose of this section is to confirm that the prior comparisons established in Section 3.5

continue to hold when the non-degeneracy prior is approximated rather than computed

exactly. We return to the same n = 7 setting with observed statistics g(yobs) = (7, 14), where

the exact posterior in Table 3.2 provides a ground truth against which the approximate

sampler can be directly compared. In this setup, any difference between the exact and

approximate posteriors under the non-degeneracy prior is reflective of approximation error

from Equation 3.19 and the sampler, rather than a difference in the underlying prior used.

Implementing the importance-reweighting approximation from Equation 3.19 is straight-

forward within the noisy HMC framework. At each leapfrog step ℓ, noisy HMC already

draws auxiliary networks {x1, . . . , xN} ∼ p(· | θℓ) for the gradient estimate in Equation 3.5

and the leapfrog ratio in Equation 3.8. Setting θ̃ = θℓ, the same draws are reused to eval-

uate P̂θ(g(Y ) ∈ int(C)) and its gradient. Sampling of auxiliary networks is by far the most

computationally expensive component of each iteration, so reusing these samples for the

prior practically nullifies the additional cost needed by the non-degeneracy prior. Evalu-

ating the indicator 1{g(xi) ∈ int(C)} in Equation 3.19 requires the convex hull C. Rather

than pre-computing C from full graph enumeration, the hull is built adaptively. It is initially

approximated from 100, 000 networks simulated at the MPLE, then grows during sampling
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as each auxiliary network’s sufficient statistics are added. The hull only ever expands, and

for the n = 7 case with 144 distinct statistic combinations it converges to the true hull within

the early iterations of the chain. The same 100, 000 networks that seed the hull also provide

the initial importance-sampling pool for the prior, which is replaced by the leapfrog auxil-

iary draws once sampling begins. This warm-start stores only the sufficient statistic pairs,

not the reference parameter θ̃. The importance-reweighting estimator in Equation 3.19 sets

θ̃ = θℓ fresh at each leapfrog step, so no fixed reference is needed. For efficiency, auxiliary

draws use a custom tie-no-tie (TNT) sampler that bypasses the computational overhead of

the ergm package. Tuning follows the recommendations of (SBF19), where the step size ϵ

and number of leapfrog steps L are calibrated via dual averaging over the first 1, 000 it-

erations to target the HMC-optimal acceptance probability δ = 0.651 derived in (BPR13)

also adopted by (SBF19), with fixed integration time t = ϵL = 2.38/
√
d. This choice of t

matches the proposal scaling of the exchange algorithm at optimal tuning. The sensitivity

of the approximation to δ is explored in Section 3.6.1.

The mass matrix M is set to an estimate of the inverse posterior covariance Σ̂−1, also

following the procedure in (SBF19). The posterior mode is first determined via a Robbins-

Monro scheme (RM51),

θ(i+1) = θ(i) +
α

i
∇̂θ log π(θ

(i) | y), (3.22)

where ∇̂θ log π(θ
(i) | y) is the noisy gradient estimate from Equation 3.5 evaluated at θ(i)

using N = 10 auxiliary draws, and α = 1 is the step size. The scheme is run for 200

iterations, with the mode estimate taken as θ∗ = θ(201). An additional 500 auxiliary draws

{u(1,θ∗), . . . , u(500,θ∗)} are then simulated from p(· | θ∗), and the Hessian of the log posterior

at θ∗ is approximated as

Σ̂−1 = cov
[
g(u(1,θ∗)), . . . , g(u(500,θ∗))

]
+∇2

θ log p(θ
∗), (3.23)

which uses the identity ∇2
θ logZ(θ) = covθ[g(Y )] specified to the ERGM, where θ⊤g(y) is

linear in θ and thus contributes no data-dependent term to the Hessian. The mass matrix

is then set to M = Σ̂−1.
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To start the sampler in a reasonable region of θ-space, the chain is initialized at the

frequentist maximum pseudolikelihood estimate (DHG09). Across the experiments reported

in this section, each chain is run for 100, 000 iterations after burn-in (which is also the dual

averaging iterations) with N = 10 auxiliary draws per leapfrog step. Given the small network

size, we can afford a much larger chain compared to the 5, 000 iterations reported in (SBF19)

for a network with 34 nodes. As in that study, 20 separate chains were run, each initialized

at the MPLE plus random Gaussian noise.

With the sampler in place, the main validation concern is whether the approximate non-

degeneracy prior used within noisy HMC reproduces the posterior obtained under the exactly

computed prior in Section 3.5.2. Table 3.4 reports posterior summaries for the approximate

setup across the same prior specifications examined in Table 3.2.

The approximate posterior medians follow the exact medians closely across all prior

choices, with the overlay of exact and approximate contours shown in Figure 3.10 for the

normal, uniform, and non-degeneracy priors at p ∈ {1, 10}. At p = 1, the approximate

median is (7.031, 11.923) compared to the exact median (6.98, 11.55) in Table 3.2. The dis-

crepancy of 0.05 on the edge coordinate and 0.37 on the two-star coordinate is small relative

to the scale of the posterior. The same behavior holds at stronger prior strengths, with the

approximate median at p = 10 of (7.784, 14.584) matching the exact median (7.75, 14.55) to

within 0.04 on each statistic. Posterior means show similar agreement, and PMSE values

track the exact results with the approximate PMSE decreasing monotonically from p = 1 to

p = 10 as in the exact case.

The DKL(p∥pnHMC) column in Table 3.4 provides a direct measure of how closely the

noisy HMC posterior approximates the exact posterior computed in Section 3.5.2. This

quantity is different in purpose from the DKL(π∥p) reported in Tables 3.2 and 3.3, which

measures how far the posterior departs from the prior and therefore captures the influence

of the likelihood relative to the prior. The DKL(p∥pnHMC) reported here instead measures

the accuracy of the posterior approximation, that is, the cost of replacing exact computation
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(a) Normal (b) Uniform

(c) p=1 (d) p=10

Figure 3.10: Overlay of the true posterior distributions (50% and 80% highest density region;

red contours) over noisy HMC estimated posterior distributions in the µ-space for a network

with observed statistics g(yobs) = (7, 14), under the normal, uniform, and non-degeneracy

priors with varying strength hyperparameters. Points identified are the target g(yobs) and

the noisy HMC posterior medians.
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with the importance-reweighting estimator in Equation 3.19 and the noisy HMC sampler.

These values are small and stable across all prior choices, ranging from 0.333 at p = 20 to

0.442 for the uniform prior. The narrow range indicates that the quality of the approximation

does not depend on which prior is used, and that the noisy HMC sampler recovers each exact

posterior to a similar degree. Since the exact posteriors in Section 3.5.2 use the true hull

from full enumeration while the approximate posteriors here use the adaptively estimated

hull, this agreement also confirms that the adaptive hull converges adequately for the n = 7

setting. The p ∈ [5, 10] range identified in Section 3.5.2 therefore continues to hold under

the approximate setup.

Prior P (g(Y ) ∈ int(C)) PMSE DKL(p∥pnHMC) Posterior Median Posterior Mean

Choice µ1 µ2 µ1 µ2

Normal 0.850 (10.347, 267.379) 0.424 6.929 11.560 7.398 16.310

Uniform 0.833 (12.153, 289.772) 0.442 6.779 12.479 7.287 17.489

NDG, p = 1 0.866 (8.441, 197.274) 0.416 7.031 11.923 7.410 15.913

NDG, p = 1.5 0.874 (8.048, 185.320) 0.421 7.124 12.231 7.486 16.035

NDG, p = 2 0.881 (7.626, 171.998) 0.409 7.193 12.449 7.538 16.068

NDG, p = 3 0.889 (7.296, 161.658) 0.409 7.321 12.903 7.654 16.337

NDG, p = 5 0.905 (6.468, 134.188) 0.372 7.535 13.670 7.826 16.621

NDG, p = 10 0.921 (5.508, 99.748) 0.351 7.784 14.584 8.005 16.850

NDG, p = 20 0.936 (5.713, 98.409) 0.333 8.190 16.391 8.388 18.295

Table 3.4: Comparison of noisy HMC approximated posterior distributions in the µ-space

for a network with observed statistics g(yobs) = (7, 14) using the normal prior, uniform prior,

and the non-degeneracy prior under varying strength hyperparameters.

Sampler behavior is comparable across priors in this validation. The approximate poste-

riors match the exact posteriors of Section 3.5.2 for the non-degeneracy case, and identical

sampler configuration is used for the normal and uniform priors. Differences between approx-

imate posteriors across the different priors therefore reflect prior effects rather than sampler

artifacts.

69



Having established that the approximate non-degeneracy posterior matches the exact

posterior, we now repeat the between-prior comparison of Section 3.5.2 using noisy HMC

throughout. The pattern seen under exact computation carries through under the approx-

imate sampler. The non-degeneracy prior improves on the normal and uniform priors on

PMSE at every strength setting through p = 10. The approximate PMSE for the normal

prior is (10.347, 267.379) and for the uniform prior is (12.153, 289.772), both substantially

worse than any non-degeneracy row in Table 3.4. At p = 20, the edge component of PMSE

moves up from 5.508 to 5.713, consistent with the same increase observed in the exact case

in Table 3.2 and reflecting the prior beginning to override the likelihood. Posterior medi-

ans under the non-degeneracy prior approach g(yobs) = (7, 14) as p increases from 1 to 10,

whereas the normal and uniform priors produce medians (6.929, 11.560) and (6.779, 12.479),

respectively, that are pulled below the observation on both coordinates in the same asym-

metric manner identified in Section 3.5.2. The predictive non-degeneracy P (g(Y ) ∈ int(C))

increases monotonically across the non-degeneracy rows, from 0.866 at p = 1 to 0.936 at

p = 20, and exceeds both the normal prior’s 0.850 and the uniform prior’s 0.833 at every

strength setting. This matches the ordering observed under exact computation, where the

non-degeneracy prior consistently placed more density in the non-degenerate region than

either standard choice. The p ∈ [5, 10] range continues to provide the best balance between

excluding degenerate regions and allowing the likelihood to shape the posterior. The find-

ings of Section 3.5.2 therefore do not rely on enumeration of all 221 graph configurations.

The approximate non-degeneracy prior, computed from auxiliary draws already generated

by noisy HMC, is sufficient in arriving at the same comparative conclusions.

While the qualitative conclusions remain, the approximate posteriors are systematically

more dispersed than their exact counterparts. PMSE is higher in every row of Table 3.4

compared to Table 3.2, and posterior means are shifted further from g(yobs) on both coordi-

nates. This spread is consistent with the general behavior of noisy MCMC methods, which

target an approximate stationary distribution rather than the true posterior (AFE16). Al-
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though the DKL(p∥pnHMC) values in Table 3.4 show comparable overall distributions being

approximate across priors, the effect on PMSE is uneven. For the normal and uniform priors,

the exact posterior concentrates asymmetrically near the degenerate regions of the µ-space,

and the approximation noise dilutes this concentration. The exact PMSE of (6.857, 127.825)

for the normal prior and (10.094, 195.984) for the uniform both increase substantially under

the approximate sampler. For the non-degeneracy prior, the exact posterior already avoids

the degenerate regions, leaving less asymmetric concentration for the noise to disrupt. The

PMSE increase is correspondingly smaller, from (5.187, 91.717) to (5.508, 99.748) at p = 10.

That is, the non-degeneracy posterior is more robust to the practical approximation because

it does not place density in the near-degenerate tail that causes the broadening under the

normal and uniform priors.

For all prior choices examined in this section, dual averaging produces L at or near 1,

meaning the sampler operates as a Metropolis-adjusted Langevin algorithm (MALA) rather

than a multi-step HMC. This is a consequence of the n = 7 posterior being simple enough

that a single leapfrog step, even at large ϵ, traverses the posterior without overshooting. For

comparison, (SBF19) report ϵ ≈ 0.003 and L = 487 for the edges and two-stars ERGM on

the Zachary karate club with n = 34 nodes, where the posterior curvature is far more severe

and forces small steps over a long trajectory. The difference is network size rather than

model specification, as both settings use the same edges and two-stars parameterization.

That is, the 221 graph configurations and 144 distinct statistic combinations of the n = 7

case produce a posterior landscape that is mild enough for L = 1 to be enough under any

reasonable tuning. The sensitivity of the approximation to this tuning is examined in the

following.

3.6.1 Tuning Noisy HMC

The results in this section were computed using the tuning recommendations of (SBF19) with

the acceptance probability set to the HMC-optimal δ = 0.651 from (BPR13). This choice
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controls the tradeoff between the step size ϵ and the number of leapfrog steps L produced by

dual averaging, and was adopted as a default without further calibration. Here we examine

whether the posterior approximation quality depends on this choice. Table 3.5 reports L, ϵ,

and DKL(p∥pnHMC) across three acceptance targets: the MALA-optimal rate of 0.574 from

(RR98), the HMC-optimal 0.651 from (BPR13) used in the main results, and a higher target

of 0.75. Each quantity is averaged over 20 replications of 100, 000 post-burn-in iterations for

the normal and uniform priors and for the non-degeneracy prior at p ∈ {1, 5}.

Acceptance Normal Uniform NDG NDG

Probability p = 1 p = 5

δ = 0.574 L : 1.000 ; ϵ : 1.961 L : 1.350 ; ϵ : 1.166 L : 1.000 ; ϵ : 1.874 L : 1.000 ; ϵ : 1.351

DKL : 0.462 (0.023) DKL : 0.484 (0.040) DKL : 0.437 (0.104) DKL : 0.435 (0.017)

δ = 0.651 L : 1.000; ϵ : 1.729 L : 1.350; ϵ : 0.902 L : 1.000; ϵ : 1.599 L : 1.100; ϵ : 1.000

DKL : 0.424 (0.020) DKL : 0.442 (0.023) DKL : 0.416 (0.019) DKL : 0.372 (0.016)

δ = 0.750 L : 1.000 ; ϵ : 1.351 L : 10.900 ; ϵ : 0.239 L : 1.000 ; ϵ : 1.187 L : 4.150 ; ϵ : 0.386

DKL : 0.369 (0.017) DKL : 0.390 (0.013) DKL : 0.343 (0.082) DKL : 0.331 (0.008)

Table 3.5: Sensitivity of noisy HMC tuning to the target acceptance probability δ for the

n = 7 edges and two-stars ERGM with g(yobs) = (7, 14). Each cell reports the leapfrog steps

L and step size ϵ from dual averaging, alongside DKL(p∥pnHMC) between the exact and

approximate posteriors. Acceptance targets are the MALA-optimal 0.574 (RR98), HMC-

optimal 0.651 (BPR13), and 0.75.

The reported L and ϵ values are averages over the 20 replications, which accounts for the

fractional L values in the table. Across δ = 0.574 and δ = 0.651, dual averaging produces

L at or near 1 for every prior, confirming the MALA regime described in the preceding

paragraph. The step size ϵ decreases as δ increases, which is the expected behavior that

a stricter acceptance target requires a more conservative step to maintain the target rate.

At δ = 0.75, the normal and NDG p = 1 priors remain at L = 1, but the uniform prior

and NDG p = 5 shift to L = 10.9 and L = 4.15, respectively, with correspondingly small
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ϵ. For the uniform prior, this is likely caused by the boundedness of the prior in θ-space

([−4, 2]× [−0.05, 1]), which creates hard boundaries in the posterior that force the leapfrog

integrator into shorter, more careful steps as the acceptance target tightens. This behavior

only appearing at δ = 0.75 and not at δ = 0.651 indicates that the δ = 0.651 target used in

the main results of this section does not push the sampler into this territory.

The main finding of this table is the stability of DKL(p∥pnHMC) across all configurations.

Values range from 0.331 (NDG p = 5 at δ = 0.75) to 0.484 (uniform at δ = 0.574), with

standard deviations generally below 0.04. Within each prior, DKL decreases modestly as δ

increases, consistent with the smaller step sizes producing a more accurate leapfrog integrator

and therefore tighter gradient estimates. However, the magnitude of this improvement is

small with respect to the baseline DKL values. Even the uniform prior at δ = 0.75, where

L jumps from 1.35 to 10.9 and ϵ drops from 1.166 to 0.239, sees DKL decrease only from

0.484 to 0.390. That is, a tenfold increase in L and a fivefold decrease in ϵ produces a DKL

reduction of less than 0.1. The approximation quality is not sensitive to the acceptance

target for this network size.

These results support the use of δ = 0.651 adopted in the main results of this section.

The DKL values at that target are close to those obtained at δ = 0.75 without the sampler

configuration instabilities observed for the uniform prior at the higher target. However, the

robustness seen here is a property of the n = 7 posterior, which is mild enough for even a

single large leapfrog step to produce an adequate approximation. The following Section 3.7

applies the same dual averaging approximation setup to the Kapferer tailor shop network.

For that network, where n = 39 and the parameter space is three-dimensional, the posterior

geometry requires the sampler to take more and smaller steps.
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3.7 Kapferer Tailor Shop Empirical Study

Having validated the approximate non-degeneracy prior against exact ground truth in Sec-

tion 3.6, we now apply it to an empirical network where exact computation is unavailable.

Kapferer’s tailor shop network (Kap72) records friendship and socioemotional interactions

among 39 workers in a tailor shop in Zambia, observed over ten months in 1965. The

network is undirected with 158 edges, where each edge indicates a reciprocal interactional

relationship. This dataset has been analyzed in previous ERGM studies (HHH12; ZL24) and

provides a test case at a network size (n = 39) where the 2(
39
2 ) = 2741 graph configurations

cannot be enumerated.

We fit two models to this network. The first uses the geometrically weighted param-

eterization of (Hun07), whose diminishing-return structure was designed to prevent the

model degeneracy that is often problematic with traditional k-star and triangle statistics

(Han03; SPR06; Sch11). The model specification already controls degeneracy under this pa-

rameterization, so the non-degeneracy prior’s additional effect should be small. The second

model replaces the geometrically weighted dyadwise shared partner term with the unweighted

two-star count, reintroducing a degeneracy-prone statistic. If the non-degeneracy prior im-

proves inference, the improvement should be concentrated in this second model. Together,

the two models test whether the non-degeneracy prior helps where the model is vulnerable

to degeneracy and whether it interferes where the model is not, in comparison to normal

and uniform priors.

For the first model, we adopt the specification of (HHH12), who found that the geo-

metrically weighted degree effect was not significant for this network. The reduced model

becomes

pθ(Y = y) ∝ exp
{
θ1 e(y) + θ2 v(y; τ) + θ3w(y; τ)

}
, (3.24)

with fixed decay τ = 0.25, where e(y), v(y; τ), and w(y; τ) denote the edge count, GWESP,

and GWDSP statistics, respectively. The second model replaces w(y; τ) with the two-star
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count s2(y) =
∑

i

(
di
2

)
:

pθ(Y = y) ∝ exp
{
θ1 e(y) + θ2 s2(y) + θ3 v(y; τ)

}
. (3.25)

The noisy HMC sampler is configured in the same approach as done in Section 3.6, with

each chain run for 100, 000 iterations after burn-in, N = 10 auxiliary draws per leapfrog step,

and 20 independent replications per prior. The convex hull C required by the non-degeneracy

prior is estimated adaptively in three dimensions using the same warm-start procedure as

before, seeded from 100, 000 networks simulated at the MPLE. Dual averaging produces

acceptance rates between 0.65 and 0.67, step sizes ϵ between 0.036 and 0.041, and trajectory

lengths L between 41 and 46 across both models and all priors. Unlike the n = 7 setting

in Section 3.6 where L = 1 required a sampler using simple MALA proposals, the Kapferer

posterior requires long trajectories to capture its parameter space.

For networks of this size, the convex hull cannot be reliably determined from sampling

alone, and the metric P (g(Y ) ∈ int(C)) used in Sections 3.5 and 3.6 is unavailable. We

instead evaluate the posteriors using standard goodness-of-fit diagnostics on network features

not included in the model (MHH08) and posterior predictive interquartile ranges of the

sufficient statistics, reported in Tables 3.6 and 3.7. These diagnostics are computed from

networks simulated under posterior draws of θ, which differs from the classical goodness-of-

fit framework where networks are simulated from a single point estimate such as the MLE.

The two answer different questions about model fit. The posterior predictive form is used

throughout, since the goal is to evaluate the posterior rather than a point estimate.

3.7.1 Geometrically Weighted Model

Figure 3.11 and Table 3.6 present the results for the geometrically weighted model. The four

goodness-of-fit panels are visually indistinguishable. The degree, edgewise shared partner,

and geodesic distance distributions all overlap across priors. Table 3.6 confirms this across all

five prior configurations. The predictive median for edges ranges from 168 to 173 across pri-

75



ors, with the observed value of 158 falling within each interquartile range. The GWESP and

GWDSP intervals show the same agreement. The geometrically weighted parameterization

controls degeneracy through the sufficient statistics, and the prior has little to add. That

the non-degeneracy prior produces the same predictive quality as the normal and uniform

priors confirms it does not interfere when the model already handles degeneracy.

Prior Choice µ1 : Edges µ2 : GWESP µ3 : GWDSP

Observed 158 185.8 671.1

Normal 172 [144, 187] 204 [165, 227] 740 [615, 804]

Uniform 172 [153, 194] 206 [178, 236] 749 [662, 813]

NDG, p = 1 168 [144, 184] 199 [165, 222] 725 [620, 796]

NDG, p = 5 169 [147, 188] 199 [170, 227] 727 [646, 802]

NDG, p = 10 173 [155, 189] 206 [180, 231] 748 [667, 805]

Table 3.6: Posterior predictive sufficient statistics for the Kapferer tailor shop network under

the edges, GWESP(0.25), and GWDSP(0.25) model. Each cell reports the posterior pre-

dictive median with interquartile range [25%, 75%] computed from 200 networks simulated

from the pooled posterior. The observed row gives g(yobs).

3.7.2 Two-Star Model

Replacing the GWDSP term with the unweighted two-star count introduces a degeneracy-

prone statistic, and the differences across priors become noticeable. Under the normal prior,

the predictive interquartile range for edges spans [17, 688]. That is, the middle 50% of

networks simulated from the posterior range from 17 to 688 edges out of a possible 741. The

two-star IQR of [18, 23644] and GWESP IQR of [3, 883] are similarly wide. The goodness-

of-fit diagnostics in Figure 3.12(a) also reflect that the degree distribution is dominated by

isolated nodes and the edgewise shared partner distribution concentrates at zero, consistent

76



(a) Normal (b) Uniform

(c) p=1 (d) p=10

Figure 3.11: Goodness-of-fit diagnostics for the Kapferer tailor shop network under the edges,

GWESP(0.25), and GWDSP(0.25) model. Each panel shows degree distribution, edgewise

shared partners, minimum geodesic distance, and posterior predictive boxplots for the three

sufficient statistics, computed from 200 networks simulated from the pooled posterior across

20 replications. The observed network statistics are shown as the black line with red points

(distributional diagnostics) and the red dashed line (sufficient statistics). Priors are the

normal, uniform, and non-degeneracy prior at p ∈ {1, 10}.
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with the posterior generating near-empty networks. The uniform prior in panel (b) narrows

the upper quartile (edges Q75 drops from 688 to 334, two-stars from 23, 644 to 5, 676) due

to its boundedness in θ-space, but the predictive spread remains much wider than the data

would warrant.

The non-degeneracy prior at p = 1 tightens the predictive distribution around the ob-

served statistics. The edges IQR narrows to [14, 236] with a median of 176, compared to

the observed 158. The two-star IQR falls from the normal prior’s [18, 23,644] to [15, 3,036],

and the GWESP IQR from [3, 883] to [3, 296]. The contraction is concentrated in the up-

per quartile: the normal prior’s edges Q75 of 688 out of a possible 741 places a quarter of

its predictive networks near the complete graph, while the non-degeneracy prior brings this

down to 236. The posterior predictive boxplots in Figure 3.12(c) show this directly, with

the observed statistics sitting much closer to the center of the p = 1 distribution than under

any other prior choice. The minimum geodesic distance plot corroborates this. Geodesic

distance one is the fraction of node pairs sharing a direct edge, and panel (c) captures the

observed proportion at distance one far more accurately than panel (a), with the uniform

prior in panel (b) closer but still noticeably off. Because the non-degeneracy prior suppresses

the full-graph tail, the majority of simulated networks have roughly the right edge density

rather than the inflated density that near-complete configurations produce. The degree and

edgewise shared partner distributions in panel (c), by contrast, remain visually similar to

panels (a) and (b), with both still concentrated at zero. This asymmetry reflects which tail

each diagnostic is sensitive to. The lower quartiles are comparable across all priors (edges

Q25 ranges from 14 to 17), so all of them still generate a substantial fraction of near-empty

networks. A near-empty network places almost all nodes at degree zero and almost all edges

at ESP zero, inflating those bars in the averaged distributional plot regardless of the prior

used. The geodesic distance one bar is not affected by these outliers, since a network with

few edges contributes almost nothing to that bar. In summary, the non-degeneracy prior at

p = 1 effectively eliminates the tendency of the posterior to produce near-complete graphs,
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which is an overbearing source of degeneracy under the normal and uniform priors. The uni-

form prior’s boundedness in θ-space works in the same direction, cutting the edges Q75 from

688 to 334, but the non-degeneracy prior at p = 1 does so much more aggressively, bringing

it down to 236. The near-empty tail persists at comparable levels across all prior choices,

and this is what continues to drive the degree and ESP distributions in the goodness-of-fit

diagnostics.

Increasing the prior strength beyond p = 1 does not improve the posterior on this model.

At p = 5, the predictive IQRs widen to levels worse than the uniform prior. The two-star

Q75 rises from 3, 036 at p = 1 to 17, 597, exceeding the uniform prior’s 5, 676. At p = 10,

the predictive distribution is almost indistinguishable from the normal prior, with edges

IQR [16, 696] and two-star IQR [20, 24190] matching the normal’s [17, 688] and [18, 23644].

The goodness-of-fit diagnostics in panel (d) confirm this behavior, such that the degree

distribution under p = 10 shows the same isolated-node dominance as the normal prior

in panel (a). This reverses the pattern from Section 3.6, where increasing p from 1 to 10

monotonically improved the posterior on the n = 7 network.

The difference between this section and Section 3.6 is the convex hull. On the n = 7

network, the hull was computed exactly from the 144 distinct statistic combinations. On

the Kapferer network, the hull in three-dimensional statistic space is estimated adaptively

from networks encountered during sampling. This approximation is adequate at p = 1,

where the prior applies a mild penalty and the posterior concentrates on parameter values

that generate non-degenerate networks. At higher p, the prior depends more heavily on

the estimated hull, and the approximation is no longer sufficient. The combination of hull

estimation error, the amplification of importance-sampling variance in the prior gradient

by a factor of p, and the sensitivity of the noisy HMC sampler to gradient noise likely all

contribute to the degradation, though their individual effects cannot be separated without

further experimentation. The practical conclusion is that p = 1 is the appropriate choice

when the hull must be approximated, in contrast to the p ∈ [5, 10] range identified under
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exact computation in Section 3.6.

Prior Choice µ1 : Edges µ2 : Two-Stars µ3 : GWESP

Observed 158 1566 185.8

Normal 197 [17, 688] 2062 [18, 23644] 238 [3, 883]

Uniform 184 [17, 334] 1817 [19, 5676] 217 [6, 428]

NDG, p = 1 176 [14, 236] 1624 [15, 3036] 202 [3, 296]

NDG, p = 5 180 [16, 593] 1714 [17, 17597] 213 [3, 761]

NDG, p = 10 191 [16, 696] 1918 [20, 24190] 229 [6, 894]

Table 3.7: Posterior predictive sufficient statistics for the Kapferer tailor shop network under

the edges, two-stars, and GWESP(0.25) model. Each cell reports the posterior predictive

median with interquartile range [25%, 75%] computed from 200 networks simulated from the

pooled posterior. The observed row gives g(yobs).

Despite these large predictive differences, the posterior parameter estimates in θ-space are

nearly identical across priors. The posterior mean for the edges coefficient is −4.16 under

the normal prior and −4.17 under all other priors. The two-star coefficient is 0.080 and

the GWESP coefficient is between 1.02 and 1.03 under every configuration, with posterior

standard deviations also comparable (0.59 to 0.63 for edges, 0.026 to 0.028 for two-stars).

The non-degeneracy prior does not move the center or spread of the θ-space posterior, which

is shaped by the likelihood. Its effect operates through the tails. The prior at p = 1 reduces

density on θ values that generate degenerate networks, and the nonlinear mapping from θ

to the sufficient statistic space amplifies these tail differences into the predictive differences

visible in Table 3.7. Standard ERGM practice, which reports θ-space point estimates, would

show no difference across priors and would not detect the degeneracy problem that the prior

addresses.

The two models on the Kapferer network provide support for the non-degeneracy prior
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(a) Normal (b) Uniform

(c) p=1 (d) p=10

Figure 3.12: Goodness-of-fit diagnostics for the Kapferer tailor shop network under the

edges, two-stars, and GWESP(0.25) model. Each panel shows degree distribution, edgewise

shared partners, minimum geodesic distance, and posterior predictive boxplots for the three

sufficient statistics, computed from 200 networks simulated from the pooled posterior across

20 replications. The observed network statistics are shown as the black line with red points

(distributional diagnostics) and the red dashed line (sufficient statistics). Priors are the

normal, uniform, and non-degeneracy prior at p ∈ {1, 10}.
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to be considered as a default choice in Bayesian ERGM inference. On the geometrically

weighted model, the prior has no measurable effect, confirming it does not interfere when

the sufficient statistics chosen for the model already keep degeneracy in check. On the two-

star model, the prior at p = 1 produces substantially tighter predictive distributions and

eliminates the near-complete graph tendency that persists under the normal and uniform

priors. The degradation at higher p indicates that the prior strength should be matched to

the quality of the convex hull estimate. When the hull is computed exactly, as in Section 3.6,

stronger settings improve the posterior. When the hull must be approximated in higher

dimensions, p = 1 is sufficient and higher values are counterproductive.
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3.8 Discussion

This chapter proposed a prior distribution for Bayesian ERGMs that concentrates density

on parameter values generating non-degenerate networks. The prior is defined through the

probability that a network drawn from the ERGM at parameter θ has sufficient statistics in

the interior of the convex hull of possible statistics. A strength parameter p controls how

strongly the prior excludes degenerate regions, with p = 1 corresponding to the information

of a single observed non-degenerate network. Standard prior choices for Bayesian ERGMs

place substantial density on parameter values that generate near-empty or near-complete

networks, an artifact of specifying priors in the natural parameter space without account-

ing for the sufficient statistic geometry. The non-degeneracy prior avoids this by defining

density directly in terms of the non-degeneracy probability in the parameter space. The

importance-reweighting approximation developed in Section 3.4.4 integrates into the noisy

HMC framework at negligible additional cost by reusing auxiliary draws already generated

for gradient estimation and normalizing constant ratio estimation. The approach requires

no new sampling infrastructure beyond what noisy HMC already provides.

On the n = 7 network where exact computation is available, the non-degeneracy prior

improves on the normal and uniform priors on PMSE, posterior median accuracy, and pre-

dictive non-degeneracy across all values of p tested. The normal prior places 43% of its

density on the near-full graph region and 29% on near-empty graphs for this model, and

these concentrations pull the posterior median away from the observed sufficient statistics.

The non-degeneracy prior removes this pull, and the posterior median approaches the obser-

vation as p increases from 1 to 10. The reduction is far more complete on the full-graph side,

where the prior density drops from 0.432 under the normal to 0.00009 at p = 1, compared

to the near-empty side where it drops from 0.286 to 0.0522. The approximate posteriors

computed via noisy HMC reproduce these findings, validating the importance-reweighting

estimator and the adaptive hull for the small-network setting. The non-degeneracy posterior
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is also less affected by the noisy HMC approximation error. Approximate samplers tend to

broaden the posterior, and this broadening is more damaging when the posterior extends

into the degenerate tails, as the normal and uniform posteriors do.

The Kapferer tailor shop network provides complementary evidence from two distinction

model specifications. On the geometrically weighted model, where the sufficient statistics

already prevent degeneracy, all priors produce almost identical predictive distributions and

goodness-of-fit diagnostics. The non-degeneracy prior does not interfere when the model

itself already handles degeneracy. On the two-star model, a model that is more prone to

degeneracy, the non-degeneracy prior at p = 1 narrows the predictive interquartile range

for edges from [17, 688] under the normal prior to [14, 236], with similar improvements on

the two-star and GWESP statistics. In contrast, the normal and uniform priors generate

posterior predictive networks ranging from near-empty to near-complete. The posterior

parameter estimates in θ-space are nearly identical across all priors, and the non-degeneracy

prior’s effect operates through the tails of the θ-space posterior. The nonlinear mapping

from θ to the sufficient statistic space amplifies these tail differences into large predictive

differences very apparent in the posterior predictive distributions. Standard ERGM practice,

which reports θ-space point estimates, would not easily detect the degeneracy problem that

the prior addresses.

The most striking effect of the non-degeneracy prior, visible in both the exact n = 7

computation and the Kapferer approximation, is the near-total elimination of full-graph

degeneracy. On n = 7, the prior at p = 1 reduces the density on near-complete graphs from

0.432 under the normal prior to 0.00009. On the Kapferer two-star model, the upper quartile

for edges contracts from 688 under the normal prior to 236, removing the tendency for the

posterior to generate near-complete networks. The near-empty tail is also reduced in both

settings, though less dramatically. On n = 7 the near-empty density drops from 0.286 to

0.0522, and on Kapferer the lower quartile is comparable across all priors at 14 to 17 edges.

Two factors help explain why the prior is more effective on the full-graph side. ERGMs
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tend to snap to the complete graph more abruptly than they fade to the empty graph.

The boundary between non-degenerate behavior and full-graph degeneracy in the parameter

space is narrow, so the prior can push across it cleanly. The empty-graph boundary is more

gradual, with a wider band of parameter values that produce somewhat sparse networks

without being fully degenerate, and the prior tapers through this region rather than cutting

it off. Both observations studied here also sit in the sparser portion of the feasible range,

with 7 out of 21 possible edges on n = 7 and 158 out of 741 on Kapferer, so the likelihood

naturally concentrates away from the full-graph region and reinforces the prior’s effect on

that side. The full-graph tail is also the more damaging form of degeneracy in practice, as

it produces the enormous predictive IQRs and the unrealistic near-complete networks seen

under the normal and uniform priors. That the non-degeneracy prior at p = 1 virtually

eliminates this tail, which is its strongest practical effect.

The recommended strength p depends on how reliably the convex hull can be estimated.

On the n = 7 network, where the hull is computed exactly from the 144 distinct statistic

combinations, p ∈ [5, 10] provides the best balance between excluding degenerate regions

and allowing the likelihood to shape the posterior. On the Kapferer network, where the hull

is approximated adaptively in three dimensions, p = 1 is sufficient and higher values are

counterproductive. At p = 5 the predictive distributions widen back toward the uniform

prior’s, and at p = 10 they are indistinguishable from the normal prior’s. The combina-

tion of hull estimation error and the amplification of importance-sampling variance in the

prior gradient at higher p likely drives this degradation, though the individual contributions

cannot be separated from the experiments presented here. For practitioners who do not

know in advance whether their model is degeneracy-prone or how accurately the hull can

be estimated, p = 1 is the safe default. The countering hyperparameter q, which would

accommodate previously observed degenerate networks, was held at zero throughout this

chapter because such observations are almost nonexistent in practice.

Theoretical questions are left open by this chapter. One of which is the convergence rate
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of the importance-reweighting estimator in Equation 3.19 as the number of auxiliary draws

grows. The estimator is consistent under standard self-normalized importance sampling

conditions, but its rate has not been characterized. Another theoretical result is the posterior

consistency at the data-generating parameter under the non-degeneracy prior as the network

size increases.

The main limitation of the current approach is the quality of the convex hull approx-

imation in higher-dimensional sufficient statistic spaces. The adaptive hull is built from

networks encountered during sampling and does not cover the full boundary of the achiev-

able region. One direction for improvement is to precompute sufficient statistics for known

extreme network configurations, such as the empty and complete graphs, to anchor the hull

vertices before adaptive sampling begins. This would provide a better starting approxima-

tion without requiring full enumeration. The non-degeneracy prior is defined generically for

any ERGM and is not specific to the noisy HMC sampler used in this chapter. It could

be incorporated into exchange algorithms, stochastic gradient Langevin dynamics, or other

methods for doubly intractable posteriors by substituting the prior evaluation and its gra-

dient into the relevant update steps. The prior’s definition extends to directed networks

and models with nodal covariates, since it depends only on the sufficient statistics and their

convex hull. Discreteness of the sufficient statistics is required for the hull to be well-defined.

The non-degeneracy prior encodes the minimal substantive belief that the observed net-

work is not degenerate, a belief that is underlying in virtually every applied ERGM study

but that standard priors fail to express.
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CHAPTER 4

Stochastic Gradient MCMC under the

Non-Degeneracy Prior

4.1 Introduction

Chapter 3 proposed the non-degeneracy prior for Bayesian ERGMs and used noisy Hamilto-

nian Monte Carlo (SBF19) for posterior sampling. Noisy HMC requires a leapfrog trajectory

at each iteration, where each of the L leapfrog steps draws auxiliary networks from the ERGM

for gradient estimation and normalizing constant ratio estimation. The accept-reject step at

the end of each trajectory requires the leapfrog estimator of Z(θ)/Z(θ′), which could become

unreliable when the leapfrog trajectory is long or the auxiliary sample size is small.

In this chapter we replace noisy HMC with stochastic gradient Langevin dynamics

(SGLD), following the framework of Zhang and Liang (ZL24) for Bayesian inference in

ERGMs with intractable normalizing constants. SGLD updates the parameter vector with

a single gradient step plus normal noise at each iteration, with no accept-reject step and no

normalizing constant ratio to estimate. The gradient of the log posterior requires Eθ[g(Y )],

which is approximated by averaging sufficient statistics from auxiliary networks simulated

via an inner Markov chain. The non-degeneracy prior gradient integrates into this update

at zero additional simulation cost, because it is computed from the same auxiliary draws

used for the likelihood gradient. This reuse of auxiliary samples parallels the strategy devel-

oped for noisy HMC in Chapter 3, but the single-step structure of SGLD simplifies the full

accounting for computation.
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Zhang and Liang (ZL24) prove that SGLD converges to the true posterior in 2-Wasserstein

distance as the network size n and iteration count t grow, even with the number of auxiliary

draws m held constant. This is a stronger guarantee than the approximate stationary distri-

bution targeted by noisy HMC. The convergence result assumes that the posterior is strongly

log-concave, which holds under normal or uniform priors but is not guaranteed under the

non-degeneracy prior. However, strong log-concavity of the posterior only requires the like-

lihood Hessian to dominate the prior Hessian. The ERGM likelihood Hessian is Covθ[g(Y )],

whose eigenvalues grow as nκ. The non-degeneracy prior Hessian stays bounded for fixed

model dimension d and moderate prior strength p. At moderate network sizes the likeli-

hood already dominates, so condition (A.1) holds in practice. Section 3.7 provides empirical

support on the Kapferer network.

The implementation uses a hybrid resampling strategy in which auxiliary networks are

drawn fresh every K Langevin steps and reused with importance-sampling reweighting be-

tween draws. This spreads the cost of network simulation while keeping the importance

weights bounded over the K-step interval.

Throughout this chapter we adopt the notation of Chapter 3. The ERGM has natural

parameter θ ∈ Rd, sufficient statistic vector g(y) ∈ Rd, and probability mass function pθ(y) =

exp{θ⊤g(y)}/Z(θ). In the notation of Zhang and Liang (ZL24), g(y) corresponds to S(y),

the parameter dimension d corresponds to their p, and the network size n corresponds to

their N . These previous notations are abandoned.

The remainder of this chapter is organized as follows. Section 4.2 reviews the SGLD algo-

rithm for ERGMs and states the convergence result of Zhang and Liang (ZL24). Section 4.3

derives the non-degeneracy prior gradient and its importance-sampling estimator within the

SGLD framework. Section 4.4 details the full algorithm, including the hybrid resampling

strategy and convex hull computation. Section 4.5 serves as the discussions.
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4.2 Stochastic Gradient Langevin Dynamics for ERGMs

4.2.1 The SGLD Update

For an ERGM with prior π(θ), the log-posterior gradient has the form

∇θ log π(θ | yobs) = g(yobs)− Eθ[g(Y )] +∇θ log π(θ), (4.1)

where Eθ[g(Y )] = ∇θ logZ(θ) is the expected sufficient statistic vector under the ERGM

at parameter θ. This identity follows from the exponential family form of the ERGM and

was used in Chapter 3 for the noisy HMC gradient (Equation 3.4). The prior π(θ) can be

normal, uniform, or the non-degeneracy prior developed in Chapter 3.

Since Eθ[g(Y )] is intractable, it is estimated by averaging sufficient statistics over m

auxiliary networks ỹ1, . . . , ỹm drawn from an inner Markov chain targeting p(· | θ),

Êθ[g(Y )] =
1

m

m∑
ν=1

g(ỹν). (4.2)

This estimator is biased when the inner chain has not fully mixed, and Zhang and Liang

(ZL24) account for this bias in their convergence analysis.

The SGLD update (WT11) evolves θ by

θ(t+1) = θ(t) +
εt
2
D ∇̂θ log π(θ

(t) | yobs) + ηt, ηt ∼ N (0, εtD), (4.3)

where εt > 0 is the step size and D ∈ Rd×d is a symmetric positive definite preconditioning

matrix. At initialization, D is set to the diagonal scaling D = diag(1/g1(yobs), . . . , 1/gd(yobs))

suggested by Zhang and Liang (ZL24). During sampling, D is updated to the inverse sample

covariance of auxiliary statistics restricted to the interior of the convex hull,

D = Ĉovθ[g(Y ) | g(Y ) ∈ int(C)]−1, (4.4)

computed via eigen-decomposition for numerical stability. This D is the inverse Fisher

information of the ERGM restricted to the hull interior, used as a preconditioner. It rescales
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each parameter direction so that all directions converge at similar rates rather than letting

the most curved direction set the overall step size. The noise covariance εtD in Equation (4.3)

is matched to the drift coefficient through the same matrix D, as required by the Langevin

diffusion.

4.2.2 Auxiliary Network Simulation

The auxiliary networks ỹ1, . . . , ỹm are generated by running an inner Markov chain that

targets p(· | θ) and is initialized at the observed network yobs, mirroring the convention of

the double Metropolis-Hastings sampler (Lia10). For small networks, a Gibbs sampler is

used in which each dyad of the network undergoes an update according to its conditional

distribution in a full sweep. For large networks, the tie-no-tie (TNT) sampler is used instead.

The TNT sampler updates only a subset of dyads at each step, selecting half from the current

edges and half from the current non-edges, and accepting or rejecting each proposed change

via a Metropolis-Hastings step. Because most real-world networks are sparse, the TNT

sampler avoids the cost of updating dyads that have low probability of being edges.

The quality of the auxiliary sample depends on the inner chain’s burn-in length, the

thinning interval between collected samples, and the total number of samples m. These are

free parameters of the algorithm and are discussed in Section 4.4.4.

4.2.3 Convergence Theory

Zhang and Liang (ZL24) establish convergence of the SGLD algorithm for ERGMs under

the following conditions, stated here in our notation. Let π∗
n = π(θ | yn) denote the posterior

for a network of size n, and let π
(t)
n denote the distribution of θ(t) produced by SGLD at

iteration t.

(A.1) The posterior π∗
n is strongly log-concave with parameter λn and has gradient-Lipschitz

negative log-density with parameter Λn, where c0n
κ ≤ λn ≤ Λn ≤ c1n

κ for positive
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constants c0, c1, and κ.

(A.2) The posterior has bounded second moment,
∫
∥θ∥2 π(θ | yn) dθ = O(d).

(A.3) The expected squared gradient norm satisfies Eθ∥∇θU(θ)∥2 = O(nκ(∥θ∥2 + d)), where

U(θ) = − log π(θ | yn).

Under these conditions, the convergence bound in Theorem 3.1 of Zhang and Liang

(ZL24) holds. That is, assume conditions (A.1)–(A.3), then

W2(π
(t)
n , π∗

n) = (1− ω)tW2(π
(0)
n , π∗

n) +O

( √
dε

mnκ/2

)
+O(

√
dε) +O

(√
d ε

m

)
, (4.5)

for some ω ∈ (0, 1), where W2 denotes the 2-Wasserstein distance.

The first term captures geometric convergence of the Markov chain, and the remaining

terms capture the combined bias from the Langevin discretization and the finite auxiliary

sample. As noted by Zhang and Liang (ZL24) in their Remark 3.1, if the learning rate ε

decreases with n and d such that ε = o(min{n−κ, d−1}), and if d = o(nκ), then m can be

held constant and W2(π
(t)
n , π∗

n) → 0 as n → ∞ and t → ∞. That is, a short inner Markov

chain with fixed length would be satisfactory when the network is large enough, because the

posterior concentrates as n grows.

The strong log-concavity condition (A.1) is satisfied when the prior π(θ) is itself log-

concave, since the ERGM negative log-likelihood has Hessian Covθ[g(Y )], which is positive

semidefinite with eigenvalues scaling as nκ (FH17). A normal or uniform prior preserves this

property. The non-degeneracy prior does not, because logPθ(A) = logZA(θ)− logZ(θ) is a

difference of two convex functions and its Hessian can be indefinite. As argued in Section 4.1,

the likelihood Hessian dominates the prior Hessian at moderate prior strength and network

size, so condition (A.1) holds in practice.
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4.2.4 Comparison with Noisy HMC

The SGLD sampler differs from the noisy HMC sampler used in Chapter 3 in several ways.

Noisy HMC evolves an L-step leapfrog trajectory at each outer iteration, drawing auxiliary

networks at each of the L intermediate parameter values. At the end of each trajectory,

an accept-reject step requires the leapfrog estimator of Z(θ)/Z(θ′), computed by chaining

local importance-sampling ratios along the trajectory. SGLD instead takes a single gradient

step with injected noise and has no accept-reject step. The per-iteration cost of SGLD is

therefore m auxiliary network simulations, compared to L · m for noisy HMC, where L is

typically in the range 40–50 for the Kapferer network studied in Chapter 3.

For the non-degeneracy prior, both samplers reuse auxiliary draws for the prior gradient

at no additional simulation cost. The difference is that noisy HMC evaluates the prior at

each of L leapfrog steps within a trajectory, while SGLD evaluates it once per Langevin

step. The theoretical guarantees also differ. Noisy HMC targets an approximate stationary

distribution whose accuracy depends on the leapfrog estimator’s noise, while SGLD under

the conditions of Equation 4.5 converges to the true posterior in 2-Wasserstein distance.

Our implementation departs from the standard SGLD algorithm of Zhang and Liang

(ZL24) in four ways. First, the non-degeneracy prior gradient ∇θℓND(θ) is added to the

Langevin update, computed from the same auxiliary draws used for the likelihood gradient.

Second, auxiliary networks are reused across K consecutive Langevin steps with importance-

sampling reweighting rather than drawn fresh at every iteration. The non-degeneracy prior

needs larger auxiliary samples (m = 500–1000 versus m = 10 in Zhang and Liang’s exper-

iments) to get enough interior draws for the conditional mean Êθ[g(Y ) | A], and reusing

each batch for K steps spreads this cost. Third, the preconditioner D is updated during

sampling from the inverse covariance of auxiliary statistics in the hull interior, rather than

held fixed at the initial diagonal scaling. Without this, degenerate draws inflate the covari-

ance and shrink the step size. Fourth, the convex hull of achievable sufficient statistics is

92



estimated adaptively and used both for the prior gradient’s hull-membership indicator and

for the covariance restriction in the preconditioner. The first of these is the methodological

contribution of this chapter. The other three are practical changes motivated by the prior.

4.3 Non-Degeneracy Prior Gradient in the SGLD Framework

4.3.1 The Non-Degeneracy Prior

The non-degeneracy prior developed in Chapter 3 is defined through the probability that

a network drawn from the ERGM at parameter θ has sufficient statistics in the interior of

the convex hull C = conv{g(y) : y ∈ Yn}. Let A = {g(Y ) ∈ int(C)} denote the event

that the sufficient statistics fall in the interior. The non-degeneracy prior with strength

hyperparameters p ≥ 1 and q ≥ 0 is

π(θ) ∝ Pθ(A)
p {1− Pθ(A)}q, (4.6)

where

Pθ(A) =

∑
y: g(y)∈int(C) exp{θ⊤g(y)}

Z(θ)
. (4.7)

The baseline case p = 1, q = 0 corresponds to the information of a single observed non-

degenerate network, and q defaults to zero in most settings. Chapter 3 found that p ∈ [5, 10]

gave the best posterior performance when the convex hull was computed exactly on the

simple n = 7 network, while p = 1 was sufficient and higher values were counterproductive

when the hull had to be approximated on the larger Kapferer network.

The log-density of the prior, up to an additive constant, is then

ℓND(θ) = p logPθ(A) + q log{1− Pθ(A)}. (4.8)
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4.3.2 Prior Gradient Derivation

The gradient of logPθ(A) with respect to θ follows from the exponential family form. Writing

Pθ(A) = ZA(θ)/Z(θ), where ZA(θ) =
∑

y: g(y)∈int(C) exp{θ⊤g(y)}, and differentiating gives

∇θ logPθ(A) = Eθ[g(Y ) | A]− Eθ[g(Y )]. (4.9)

The gradient of Pθ(A) itself follows by the chain rule,

∇θPθ(A) = Pθ(A) [Eθ[g(Y ) | A]− Eθ[g(Y )]] . (4.10)

Differentiating Equation (4.8) and substituting Equation (4.10) yields the gradient of the

log-prior,

∇θℓND(θ) =
p− (p+ q)Pθ(A)

1− Pθ(A)
[Eθ[g(Y ) | A]− Eθ[g(Y )]] . (4.11)

An equivalent symmetric expression usesAc = {g(Y ) /∈ int(C)} and the identity∇θ log{1−

Pθ(A)} = Eθ[g(Y ) | Ac]− Eθ[g(Y )], giving

∇θℓND(θ) = p [Eθ[g(Y ) | A]− Eθ[g(Y )]] + q [Eθ[g(Y ) | Ac]− Eθ[g(Y )]] . (4.12)

When q = 0, the symmetric form reduces to p [Eθ[g(Y ) | A]− Eθ[g(Y )]], which involves no

denominator 1 − Pθ(A) and is therefore well-defined even when Pθ(A) = 1. The fractional

form (4.11) has denominator 1− Pθ(A) and is undefined at that boundary. For this reason

the implementation uses the symmetric form whenever q = 0 and falls back to the symmetric

form with q set to zero whenever the empirical estimate P̂θ(A) = 1, which can occur when

all auxiliary draws have statistics in the interior of C.

The complete posterior gradient under the non-degeneracy prior is therefore

∇θ log π(θ | yobs) = g(yobs)− Eθ[g(Y )] +∇θℓND(θ), (4.13)

which decomposes into the likelihood gradient g(yobs) − Eθ[g(Y )] and the prior gradient

∇θℓND(θ).

94



4.3.3 Importance-Reweighting Estimator

The auxiliary draws used to estimate Eθ[g(Y )] in the likelihood gradient can be reused to

estimate the conditional expectations in the prior gradient. Given m auxiliary networks

ỹ1, . . . , ỹm drawn from p(· | θ0) at a reference parameter θ0, the self-normalized importance

weights for evaluating expectations under p(· | θ) are

wν(θ) = exp{(θ − θ0)
⊤[g(ỹν)− g(yobs)]}, (4.14)

where the centering at g(yobs) in the exponent improves numerical stability by keeping the

exponents small when θ is near the posterior mode. The intractable normalizing constant

ratio Z(θ0)/Z(θ) cancels in the self-normalized ratios, as in the importance-reweighting ap-

proximation for the non-degeneracy prior developed in Chapter 3 (Equation 3.19).

The conditional expectation over the interior, the unconditional expectation, and the

non-degeneracy probability are estimated as

Êθ[g(Y ) | A] =
∑m

ν=1wν(θ) g(ỹν)1{g(ỹν) ∈ int(C)}∑m
ν=1wν(θ)1{g(ỹν) ∈ int(C)}

, (4.15)

Êθ[g(Y )] =

∑m
ν=1wν(θ) g(ỹν)∑m

ν=1wν(θ)
, (4.16)

P̂θ(A) =

∑m
ν=1wν(θ)1{g(ỹν) ∈ int(C)}∑m

ν=1wν(θ)
. (4.17)

The plug-in estimator of the prior gradient is then

∇̂θℓND(θ) =
p− (p+ q) P̂θ(A)

1− P̂θ(A)

[
Êθ[g(Y ) | A]− Êθ[g(Y )]

]
, (4.18)

with the symmetric form from Equation (4.12) used in place of the fractional form when

q = 0.

When θ = θ0, which is the case at the first Langevin step after a fresh auxiliary draw, all

weights reduce to wν(θ0) = 1 and the estimators simplify to unweighted sample averages,

P̂θ0(A) =
1

m

m∑
ν=1

1{g(ỹν) ∈ int(C)}, Êθ0 [g(Y ) | A] =
∑

ν g(ỹν)1{g(ỹν) ∈ int(C)}∑
ν 1{g(ỹν) ∈ int(C)}

.

(4.19)
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The full importance-weighting machinery in Equations (4.15)–(4.17) is needed on subsequent

Langevin steps within a resample interval, where θ(t) has drifted from θ0. This is detailed in

the following section.

The prior gradient evaluation uses the same auxiliary draws and the same importance

weights as the likelihood gradient, and adds only the hull-membership indicator computation

1{g(ỹν) ∈ int(C)} at each auxiliary network. Since network simulation is by far the dominant

computational cost per iteration, the non-degeneracy prior is evaluated at negligible cost once

the auxiliary sample exists.

4.4 Algorithm

The full algorithm is given below, with each step labeled by its role in the SGLD update.

When too few auxiliary draws fall in the hull interior or the importance weights degenerate,

the algorithm falls back to the likelihood gradient alone.

4.4.1 Hybrid Resampling Strategy

The algorithm uses a three-level loop structure. At the outermost level, the sampler runs

for T iterations after burn-in, collecting posterior draws. At the middle level, fresh auxiliary

networks are drawn from p(· | θ(t)) at the current parameter value, the reference θ0 is set

to θ(t), and the convex hull and preconditioner D are updated. At the innermost level, K

Langevin steps reuse the same auxiliary sample with importance-sampling reweighting to

account for the drift of θ(t) from the fixed θ0.

The parameter K controls the tradeoff between simulation cost and importance-weight

quality. Each fresh auxiliary draw requires running the inner Markov chain from the observed

network, which is the most expensive operation per iteration. Reusing each batch for K

Langevin steps rather than one spreads this cost over K updates. However, the importance

weights wν(θ
(t)) in Equation (4.14) become less accurate as ∥θ(t) − θ0∥ grows over the K
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steps, because the effective sample size decreases when the weights concentrate on a few

auxiliary networks. Small K (such as K = 3 or 5) keeps the weights fresh, while large K

reduces cost at the expense of gradient accuracy. Within the inner loop, the importance

weights are recomputed at each Langevin step from the current θ(t) and the fixed auxiliary

statistics ∆ν .

This hybrid strategy lies between two extremes from the literature. Zhang and Liang

(ZL24) draw fresh auxiliary networks at every iteration (corresponding to K = 1), and their

convergence theory in Equation 4.5 assumes this. At the other extreme, a fixed reference

sample drawn once at the MPLE would avoid all resampling cost but accumulate unbounded

importance-weight degeneracy over the full chain. The hybrid approach with moderate K

stays close to the theoretical guarantee of fresh-per-step while reducing simulation cost by a

factor of K.

At the first middle-loop iteration, 10m auxiliary networks are drawn rather than m, in

order to initiate the convex hull estimate with a larger and ideally more diverse set of sufficient

statistic vectors. This warm-start is analogous to the 100,000-network MPLE-seeded hull

used in Chapter 3.

4.4.2 Full Algorithm

The full SGLD algorithm under the non-degeneracy prior is given below.

1. Initialize. Set θ(0) to the maximum pseudolikelihood estimate (MPLE). Set D =

diag(1/g1(yobs), . . . , 1/gd(yobs)). Initialize the convex hull C ← ∅.

2. For each outer iteration t = 1, . . . , T +B (where B is the burn-in).

(a) Draw auxiliary networks. Simulate ỹ1, . . . , ỹm from p(· | θ(t)) via the inner

Markov chain (with 10m at t = 1). Set θ0 ← θ(t).
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(b) Compute centered statistics. For each ν = 1, . . . ,m, compute ∆ν = g(ỹν) −

g(yobs).

(c) Add to hull candidate set. Append the current batch of statistics to C.

(d) Determine hull membership. For each ν, compute 1{g(ỹν) ∈ int(C)} via the

linear programming test described in Section 4.4.3.

(e) Update D. If the number of interior auxiliary networks exceeds 20, set D =

Ĉov[g(ỹ) | A]−1 via eigendecomposition. Only interior samples are used because

degenerate auxiliary draws have extreme statistics that inflate the covariance and

shrink the Langevin step toward zero. Otherwise retain the previous D.

(f) For each Langevin step k = 1, . . . , K.

i. Compute importance weights wν = exp{(θ(t) − θ0)
⊤∆ν}.

ii. Compute the likelihood gradient ∇̂θ log p(yobs | θ(t)) via the importance-

weighted mean of ∆ν .

iii. If the number of interior draws exceeds 5, compute the prior gradient ∇̂θℓND(θ
(t))

via Equation (4.18) using the same weights. Otherwise set ∇̂θℓND(θ
(t)) =

−∇̂θ log p(yobs | θ(t)), which zeros the total drift and reduces the update to a

pure noise step. This fallback avoids unstable updates when the conditional

mean Êθ[g(Y ) | A] is estimated from too few interior draws.

iv. If ∥∇̂θℓND(θ
(t))∥1 > Gmax, replace both the prior and likelihood gradients

with zero for this step, reducing the update to a pure noise step. Large prior

gradients arise when the importance weights concentrate on a small number

of auxiliary networks near the hull boundary, making the conditional mean

Êθ[g(Y ) | A] unstable. We use Gmax = 10, 000.

v. Update θ(t) ← θ(t) + ε
2
D
(
∇̂θ log p(yobs | θ(t)) + ∇̂θℓND(θ

(t))
)
+ η, where η ∼

N (0, εD).

(g) Clean up hull. Remove points classified as interior from C, deduplicate the
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remaining boundary candidates, and cap C at 5,000 unique statistic vectors.

(h) If t > B, store θ(t).

4.4.3 Convex Hull Computation

The indicator 1{g(ỹν) ∈ int(C)} requires testing whether each auxiliary network’s sufficient

statistics lie inside the convex hull of achievable statistic vectors. The hull C is estimated

adaptively and grows during sampling.

At the first outer iteration, the warm-start auxiliary sample of 10m networks provides the

initial hull candidate set. At each subsequent iteration, the current batch of auxiliary statis-

tics is tested against the hull, and interior points are discarded. Only boundary and exterior

points are retained in the hull representation, because interior points do not contribute to

defining the boundary. The retained set is deduplicated and capped at 5,000 unique statistic

vectors to bound the cost of subsequent tests. Because points are only added and never

removed from the boundary set, the hull can only expand over the course of sampling.

Hull membership is tested by linear programming (LP). Let M denote the centered hull

matrix, whose rows are the candidate boundary statistic vectors minus the centroid, and let

δν = g(ỹν)− ḡ denote the centered test point. For each auxiliary network ν, the LP

o∗ν = min
z∈Rd

δ⊤ν z subject to Mz ≥ −1, (4.20)

is solved, where 1 is a vector of ones. If the test point lies inside the convex hull of the

rows of M , no separating direction z exists that can push δ⊤ν z below −1 while satisfying

the constraints, so the optimum satisfies o∗ν ≥ −1. If the test point lies outside the hull, a

separating direction drives o∗ν < −1. A point is classified as interior when o∗ν > −0.99, which

builds in a small tolerance near the boundary. The LP solver operates under a time limit per

point, and points that cannot be classified within this budget are conservatively assigned to

the exterior.

For the n = 7 network studied in Chapter 3, the hull has 10 boundary vertices among 144
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distinct statistic combinations and converges to the true hull within the early iterations of the

chain. For larger networks in higher-dimensional statistic spaces, the adaptively estimated

hull is necessarily an approximation. Chapter 3 found that the quality of this approximation

is the binding constraint on the prior strength p, with p = 1 performing well even when

the hull is approximate and higher values of p degrading when the hull is not accurately

estimated.

4.4.4 Tuning

The algorithm has several tuning parameters.

The step size ε controls the magnitude of each Langevin update. A constant ε targets

an approximate posterior with O(
√
dε) discretization bias (Equation 4.5). A decaying step

size εt = O(1/tγ) with 0 < γ < 1 eliminates this bias asymptotically (TTV16), at the cost

of slower mixing in later iterations. The default is ε = 0.1.

The auxiliary sample size m determines the number of networks drawn at each resam-

pling point. Zhang and Liang (ZL24) show theoretically that m can be held constant when

d = o(nκ), and their experiments use m = 10 for moderate networks. However, the non-

degeneracy prior gradient requires enough interior draws to estimate the conditional mean

Êθ[g(Y ) | A] reliably, and larger m (in the range 500 to 1000) is used in practice.

The resample interval K sets the number of Langevin steps per fresh auxiliary draw.

Values of K in the range 3 to 5 provide a reasonable tradeoff. The inner chain parameters

(burn-in, thinning interval, sample size) control the quality of each auxiliary sample and

follow standard ERGM MCMC practice.

The chain is initialized at the MPLE, and burn-in is set to B/K outer iterations. We

default to B = 1000 and T = 5000 outer iterations with parallel chains.
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4.5 Discussion

This chapter introduces a stochastic gradient Langevin sampler for Bayesian ERGMs under

the non-degeneracy prior. The main methodological piece is the importance-reweighted

estimator of the prior gradient, built from the same auxiliary networks that the likelihood

gradient already requires. The prior is therefore evaluated at no additional simulation cost,

as in the noisy HMC implementation of Chapter 3.

SGLD trades per-iteration cost for sample quality. A noisy HMC trajectory does L ·m

simulations and an accept-reject step. SGLD does m simulations per outer iteration and no

acceptance check. The simulation work per outer iteration is lower under SGLD, but each

SGLD step is also a smaller move in parameter space, and SGLD carries discretization bias

that noisy HMC’s accept-reject step partly corrects.

The non-degeneracy prior gradient fits naturally into any Bayesian ERGM framework

that already draws auxiliary networks for likelihood evaluation. Noisy HMC, SGLD, dou-

ble Metropolis-Hastings, and exchange algorithms all share the same need, that a sample

from p(· | θ) at the current parameter value to estimate Eθ[g(Y )]. The prior gradient is

also a function of expectations under p(· | θ), restricted to the interior of the convex hull.

Adding it to any of these samplers requires the same hull-membership indicator and the

same importance-reweighted estimators developed here. The methodological contribution of

this chapter is the SGLD integration, but the prior itself is not tied to one sampler.

A few limitations should be acknowledged. The strong log-concavity condition required

by Zhang and Liang’s convergence theorem is not formally satisfied under the non-degeneracy

prior. The dominance argument in Section 4.1 suggests the condition holds in practice for

moderate prior strength and network size, but this is heuristic rather than proven. The

hybrid resampling strategy with K > 1 Langevin steps per auxiliary draw also breaks the

theorem’s assumption of fresh draws at every step. Convex hull is estimated adaptively.

Chapter 3 found that the quality of this approximation is the binding constraint on the prior
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strength p. When the hull is poorly estimated, only p = 1 tends to perform well. Higher

prior strengths require an accurate hull.

Some theoretical questions are left open by this chapter. We are interested in whether

the 2-Wasserstein convergence guarantee in Equation 4.5 extends to the practical modifica-

tions detailed in Section 4.2.4. An extension would put the practical sampler on the same

theoretical footing as the standard form. An additional question is whether the strong log-

concavity condition (A.1) can be proven for the non-degeneracy posterior. A formal proof,

or a counterexample identifying when (A.1) fails, would replace the dominance argument

with a direct statement of where Zhang and Liang’s theorem applies.

The chapter does not include empirical validation, which is the most pressing follow-up

work. Running the sampler against the exact posteriors on the n = 7 network from Chapter 3

would measure how closely the approximate posterior matches the truth, and at what cost

relative to noisy HMC. Larger networks where exact computation is infeasible would test

the practical limits of the hull approximation. Several other directions are worth pursuing:

better hull estimation methods that scale to higher-dimensional statistic spaces, variance

reduction for the importance-reweighted estimator (which would let larger K run safely),

and adaptation of the same prior gradient to other auxiliary-sampling frameworks along the

lines just described.
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CHAPTER 5

Conclusions

Networks are a natural representation of relationships between actors throughout the so-

cial and economic sciences. Friendships and partnerships can all be expressed as relational

ties between pairs of actors. Exponential-family random graph models are one of the few

frameworks that let researchers represent the dependence between these ties in a principled

and interpretable way, and they have been used widely across these disciplines for several

decades. The dependence between ties is what makes ERGMs valuable, and it is also what

makes inference for them difficult.

The difficulty is the geometry of network sufficient statistics. The mapping between

natural parameters and the network statistics they generate is highly nonlinear, and the

curvature of the log-partition function is shaped by the same tie dependence that motivates

the model class. Methods that ignore this geometry, whether in the likelihood, the prior, or

the sampler, tend to fail in the regimes where ERGMs are most worth using. This dissertation

develops Bayesian methodology that respects the geometry rather than averaging over it.

Chapter 2 closes off one tempting but unreliable solution. Variational mean-field ap-

proximation replaces the joint ERGM with a model of conditionally independent ties, which

flattens exactly the curvature that the dependence structure of the model creates. The

method’s apparent success in prior work came from a methodological error in how the al-

gorithm was initialized rather than from any genuine accuracy of the approximation. The

regimes in which it does well are ones where the model is already close to tie-independent.

When the model has the dependence structure that ERGMs are designed to capture, the
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approximation breaks down. We additionally recommend tapered ERGMs as a useful model

specification tool and MPLE-initialized MCMC-MLE as the reliable likelihood-level estima-

tor, both of which carry forward into the rest of the dissertation.

Chapter 3 introduces the main Bayesian contribution. Default priors specified in the

natural parameter space silently encode beliefs about graph structure that researchers would

almost never endorse if asked directly, because the mapping from natural parameters to

expected network statistics is highly nonlinear. The non-degeneracy prior corrects this by

assigning density in proportion to the probability that the ERGM at a given parameter value

generates networks with sufficient statistics in the interior of the convex hull of achievable

statistics. The prior steers posterior mass away from parameter values that produce empty

or full networks and onto values that produce realistic ones. The auxiliary network simula-

tions that posterior samplers already require can be reused with importance reweighting to

evaluate the prior and its gradient, so the prior integrates into existing samplers at essentially

no additional computational cost.

Chapter 4 demonstrates that the non-degeneracy prior is not tied to one sampler. The

gradient construction integrates naturally into stochastic gradient Langevin dynamics, a

posterior sampling method that takes a single noisy gradient step per iteration rather than

evolving a full leapfrog trajectory. Notably, Bayesian inference for ERGMs under the non-

degeneracy prior viable for most auxiliary-sample-based frameworks, and the same auxiliary

network simulations support both the likelihood gradient and the prior gradient at no extra

cost under SGLD.

Together, these contributions point to a single methodological recipe for Bayesian ERGM

practitioners. For model specification, choose geometrically weighted terms to avoid degen-

erate behavior, or use tapered ERGMs when constrained to a degeneracy-prone specification.

For inference, initialize at the maximum pseudolikelihood estimate, place the non-degeneracy

prior in place of the default normal or uniform priors, and pair the prior with whichever dou-

bly intractable sampler is already in use. For diagnostics, examine the posterior predictive
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distribution in the space of sufficient statistics, since posterior summaries in the natural pa-

rameter space are nearly invariant to the prior choice and will hide what the prior is doing.

The non-degeneracy prior is computationally inexpensive and an effective default choice for

Bayesian ERGM inference.

The Bayesian methods that respect ERGMs’ geometry produce reliable inference even

where the model class is most demanding.
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