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UNIVERSITY OF CALIFORNIA. 	 UCRL 2157 
Radiation Laboratory 
Berkeley., California 

Course in the Theory and Design 
of Particle Accelerators 

LECTURE IX 
February 11, 18 and 25, 1953 

W. M. Brobeck 
(Notes by: J. Leppard and T. Miller) 

ELECTRON SYNCHROTRON 

The synchrotron acOelerates electrons at a constant radius, with a 
constant oscillator frequency, and in an increasing magnetic field. 

Approximate configuration of the field is shown in Figure I. 

IU9 •  

The following formuLas given for the synchrooyclotron hold for the, 
synchrotron also: 

(1) 

= 	and co 	 (2) 

Since in the synchrotron a is constant, and E = 
Bee 
MT , it is obvious 

that the equilibrium energy of the particle increases with an increase of field 
strengtho. 

The energy gain per turn is given by 

dE 	 ed eV sin + -, 	L (3) 

where the first term is acceleration due to the accelerating electrode, the second 
term is acceleration due to betatron effect, and the third term accounts for losses 
by radiation. Here eli is the maximum possible energy gain per turn. The betatron 
effect can be positive or negative depending on the design of the magnet. In the 
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Berkeley synchrotron it is positive and equal to about 0.2eV per turn. 

The relationship between phase angle and energy is given as 

- 	1 	1 	E2  1 ESE 
dn - 	( y ) 	21i [1 1 + 	E2  E02] 	Es  

1c  
Es  

In (4) the term 	 represents the slope of the magnetic field 
and Is determined by the geometry of the machine. (In the literature this ratio 
is known as 	which is not to be confused with n used in these lecture 

notes to designate number of turns.) This ratio,B for the Berkeley synchro- 
dR 

tron 9  has a value of 2/3. The factor, K, used in (4) and hereafter includes the 
terms 

1  
'dRB E2 -E02  

R dB 

Since 

E2-E02 	
' 

the value of K for the Brke1ey synchrotron is 3. 

Further substitutions in (4) yields the differential equation describ-
ing the motion of the particle in the synchrotron as: 

L(! 	) = 	- 	+ L) - eV sin  Al 
rdn K. dn 	f 	c dt 

Since the synchronous phase angle occurs when o 

sin dt o dt 	* 
eV 

= Ehergy iain reQuired per turn 
Maximum available energy per turn 

Continuing the pendulum analogy the terms of Equation (5) may be considered 

Rs 	Moment of Inertia 

1 ( S

4M + L) 	)Torque f. dt c dt 

eV 	0 Gravity 

(6): 
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Utilizing this analogy the following three expressions are obtained: 

Frequency of phase oscillation 

	

f = f 	
cos 

o 
(
'•
eV 
 2ir; K)1/2  

Amplitude of energy- oscillation 

	

E 	
v 	coss] 1/2( 

Phase amplitude variation 
(E5_e V cos

cx ?' 	 / 

The equations above hold only for small amplitudes0 

The negative exponent in.(9) shows that the phase amplitude decreases 
(are damped) as the energy increases. 

ENERGY LOSS 

At total energies above 300 - 500 Mev radiation losses in a synchrotron 
are appreciable. There are two components of loss known as coherent and incoherent 9  
the latter being the more important and is dependent upon the energy of the particle. 

The loss may be computed by 
12  E 4 

L=37r RE0 

where & is the charge in electrostalic units. Substituting the appropriate 
conversion factor this expression becomes 

L = i ,r (4 077 x 109 e2 )  E4 

in electron volts .per turno 

It can also be shown that changes in radius corresponding to changes in 
energy during the phase oscillations are 

1 	 E2  
R 

SYNCHROTRON ACCELERATING ELECTRODES 

There exist three different types of accelerating electrodes used in 
synchrotrons. The first of these is equivalent to a fore-shortened cyclotron Dee. 
The shaded section of the torus functions as the dee, the remaining being grounded 

 

 

(10) 

(U) 

(12) 
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and functions as the dummy dee, If Vd  is the peak electrode voltage then maximum 
voltage available v .Vt  is equal to 2Vd sin .-. Thus, reduction of the angle o( 
slightly below 900  does not appreciably reduce the voltage (and energy gain) but 
effectively reduces the necessary capacity of.the electrical circuit and hence 
the driving powero 

The second type is similar to the cavity in the linear accelerator. 
Since there are geometrical restrictions in the toriodal vacuum tube of a synchro 
tron this cavity is folded back upon itself and shaped to conform to the torus. 

CoppEk PLrINt 

PARTI.Lc  

AT - 	

- 	 . + .  

() 
WOP-MALL11 SMPED 	 i-r, FoLDE L< ROD 

CAWT 

In Figure III (c) a fused quartz section of the torus is first silver 
painted and fIred dry. It is then copper plated and this in turn is scored to 
reduce eddy currents. In this case, the energy gain In one passage of the particle 
through the electrode is 

eJi dl e X 1 (in electron volts) 

where 1 is the length of the gap in the cavity and X the electric field gradient. 

The ihird type consists of an iron core and coil which accomplishes 
acceleration by induction similar to betatron operation. 

Considering Figure IV (b), let P represent a sectional view of the j5arti-
ole path being enveloped by the flux of the induced field. around the coil c C. 

As current builds up in the conductor the induced flux. moves out in the direction of 
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the arrows and with some velocity Vf  0 This changing flux crosses the particle' a 
path and exerts an accelerating force on it. The change in flux is 

Vf 

the force on the particle, 

F=BeVf 
C, 

and the energy gain, A E, is then 
1 

C 

or 	
g 
dt 
	 ('4: 

where units are expressed as 

e, electrons 

c, cm/sec. 

maxwells 

t, seconds 

This expression (14) is given for one coil only but apJJ.es for a 
tor±iodal winding when all coils apply a force onthe particle, 	being the 
rate of change of flux in the iron core. 

NUMERICAL VPILTJES FOR BERKELEY SYNCHROTRON 

R 100 cm 

E (initial) =46 Ej = 0.5 +, 2 = 2.5 May 

E (fina1) 300 Nev 

V = 2 9 500 Volts 

R. dB. 	2 

f0 48x106 cps, 

=3 

2 

a) 	Change of energy with time:; 

300 x 106  x 2w x 30 
dt 

I 
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5.6 x 1010  Volts/Sec. 

b) 	Change in energy per turn 

= dEj = 
dn f dt 	4o8x10 

1160 Volts/turn 

This is the energy gain required to keep up with the change of 
magnetic field. 

C, 	fchronous phase angle at injections (from (6fl  taking the 
second (betatron) term equal to 100 is 

sin 	 = .425; 	. 250 . 
2500 

Energy loss by radiation from (U) 

(4.77 xlO0) 	
( 05 

e a u = 600ev/turn 

.F1"equency of phase oscillation from (7) 

Initial f = 48 x 106  x _2500x 

100 mc/sec 

Final fj 48 x io6 	
0000,h/2 

0.08 Inc/sec 

Phase amplitude variation from (9) 

In the Berkeley Synchrotron the initial value of the phase amplitude 
is estimated to be about one radian or 571 . The final value is obtained from 
a ratio of the energies 

- 

00 radians or 17 °  

The radio frequency voltage can be left on over the peak of the magnet 
current curve without losing the beam. At the magnet current peak dEs  = 0* 
However, the radiation loss is at its mañum value of 600 volts pen and 
sin 	 0.24 9  4s  = 14°  and cos j =097. The phase oscillation frequency 
will be slightly increased and the amp1iude slightly reduced compared to that 
calculated for the uniform rate. of energy increase. If there were no radiation 
loss 4  would be zero and the amplitude of phase ai1e çnergy, and radius 
oscillation would be reduced only in the ratio (007) 1/4 

g)' 	Energy amplitude corresponding to this phase oscillation 9  from (8) 
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initial 	 X 2o5 106  X CoS 250  
2irx3 

17,600ev 

Fa1 x = 3..ftão x 300x. 10b  x 

=51,000ev 

Radial amplitude from (12 

Initial 	,= X 179 x ioo 2.1 cm R 	Zo5xlO° 

AR Final 	= 3 X 51000 x 100 	051 cm R 	300 x106  

PROTON SYNCHROTRON (BEVATRON) 

All of the equations given for the electron synchroron hold for the 
bevatron with two exceptionso.  

In the factor, K, a correction must be applied to adjust for 
the straight sections of the particle path. The new 

K1 	 1 	 • ____ 
1 + • A (orbit 1enEth 	g 2 

rR 	 0 

The radiation loss term may be neglected since L CX(L)lis 
small for the bevatron; ioe. 

8srnchrotron 	600 

gevatron 	(f)4  = 6 

N)TE ON PENDULUM ANALOGY 

The case of the pendulum unwinding corresponds to the particle velocity 
remaining constant while the angular velocity of the voltage vetor continues to 
decrease, resulting in loss of the particle from the beam Note that the velocity 
of the voltage vector decreases with time in the synchro'cyclotron due to frequency 
modulation and in the synchrotron due to the rising field. This is roughly repre 
sented graphically in Figure VI. 
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- 	In Figure VIIp successive particle positions relative to the rf voltage 
are shôwh0 Each revolution of the pendulum corresponds to the particle gaining a 

ap on the voltage vector which is slowing down. 
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