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f ' + +KO t A Study o the React~ on K p - 1t p a 

and a Test of the Generalized Veneziano Model at 

Abstract 

Victor Waluch 

ii 

12 GeV/c 

4.6, 9, and 12 GeV/c 

+ + o I We present data on the reaction K p~n pK at 12 GeV c,and 

we present a study of the generalized Veneziano model at 4.6, 9, 
. 0 + and 12 GeVjc. We have stud~ed the K 1t mass spectrum and found 

* * that in addition to the K (890) and K (1420) resonances, there 

is a hint of a resonance at 1.8 GeV, but we were unable to mea

sure its parameters. We have measured the differential cross sec~ 

tions, the total cross sections, the masses and widths, and the 

* spin density matrices of the two K and the A (1236) resonances, 

and find them to be in agreement with previously published data. 

We have fitted the generalized Veneziano model to our reac

tion and to data at the other energies. 1-Te find that the five 

parameters used in the theory do not significantly change with 

energy. The fits at all energies are quite good. ·However, diffi

culties with the model at one energy persist at all energies. 

In particular, we find that the model fits the mass spectra very 

well at all energies, that the momentum transfer distributions 

to the single particles and to the resonances fit well, and 

that the ratio of the cross sections of resonances in a given 

channel are well predicted by the model. The model's inability 

to fit the p7t+ mass spectrum is evident at all energies. 
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I. Introduction 

In the recent past of elementary particle physics there has been 

a very active search for mathematical models to describe the ever 

growing empirical knowledge of hadronic phenomena. This search was 

generally confined to models that would at least in part satisfy some 

of the postulates of S-matrix theory. One of the fruits of this search 

was the rediscovery by Veneziano of the long dormant Euler Beta func

tion. This function was found to possess several of the properties 
. f d • • f d . 1 •2 

thought to be essent~al or the escr~pt~ons o pro uct~on processes. 

It- has duality, single Regge limits, crossing, and pole factorization.
3 

The generalization of this function by Bardakci and Ruegg, and others 

also possessed multiple Regge limits. The only glaring shortcoming 

of this function, the absence of unitarity, though ultimately un

acceptable, did not deter phenomenologists from comparing it directly 

with data in a variety of interactions to see what predictive capacity 

the model had. 

Petersson and Tornqvist were among the first to use the five

point model5 , as the Bardakci- Ruegg generalization carne to be known, 

in their stud~ of the reaction K-p+ ~+~-A , and Tornqvist the reaction 

n+ p+ K+n+A. They reported good overall fits -with only a normalization 

parameter, albeit many assumptions. Chan, Raitio, Thomas, and Torn

qvist7 ( hereinafter referred to as CRTT) undertook the study of the 

reactions 

(i) 

(ii) 

(iii) 

+ + 0 K p ~ pK0 , 

K-p -+'If-pK 
- - 0 

~ p -+pK K 
8 

which are related by crossing, and Bartsch et. al. made a study of 

reaction (ii). Raitio9 subsequently studied the reactions 

(iv) K+n +KO~+n 

(v) K-n tJ~-n 

2 

related to (i)-(iii) by isospin invariance. These studies reported 

that an adequate fit to the data in the various channels could be 

obtained from a simple model with the overall normalization as the 

only free parameter. Cross sections, as well as the various experi

mental distributions available in the three particle final state, 

were fitted with no new parameters. 

Such a global success with so few adjustable parameters at first 

seemed impressive, especially when compared to other models that have 

much more inherent freedom but fail to do better. However, a closer 

look at the above works showed that to some degree the quality of the 

fits reflected a judicious input into the model, so it became evident 

that th 1 . f t f"t h . 1 d" lO I e c a~ms o one parame er ~ s were somew at m~s ea ~ng. n 

an earlier work23 we had undertaken a detailed test of the Bardakci

Ruegg model to the data of reaction (i) in order to determine what 

portions of the successes of the model are truly independent of the 

input. We have shown that even without ~ modification of tra

jectory functions a good fit may be obtained but at the expense of 

using several kinematic factors and five adjustable parameters. 

The purpose of this paper is two fold. First, we present the 

results of our experiment on the reaction K+p+ ~+pK0 at 12 GeV/c • 

In section II we discuss the importance of this reaction, the gathering 

of the data, the scanning, measuring, and fitting procedures and 

-their associated biases and efficiencies. In section III we present the 

cross sections and studies of final state resonances and their decays. 

Second, we extend our earlier study of the Bardakci-Ruegg function 

to lower energies. We discuss the formulation of our model and our 

assumptions. We include discussions of the computer programs used in 

our calculations, and we present the results of our calculations in 

a large set of histograms. 
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II. The Data 

A. Introduction 

The data, 1901 events, come from 600,000 pictures exposed to a 

radio-frequency separated K+ meson beam at 11.9 GeV/c in the SLAC 
. 11 12 

82 inch hydrogen bubble chamber. ' The photographs were scanned 

and measured by the Group A Scanning and Measuring Group at the Law

rence Berkeley Laboratory. Film measurement was done on the Spiral 

Reader II semi-automatic measuring machine. Reduction and analysis 

of the data were done on the CDC 6600 computer by means of the stan

·dard Group A analysis programs: POOH,TVGP, and SQUAW. 

B. Scanning, Heasuring, and Fitting 

Procedures 

Our reaction topology, two prongs and a v, corresponding to the 

decay of a neutral particle, was searched for in a general scan of the 

film which recorded all K+ induced reactions. The scan criteria for 

our topology were quite loose: the V had to point back to the pro

duction vertex within a generous tolerance, and had to have a non-zero 

opening angle ( to distinguish it from e+e- pairs), In cases of doubt, 

the scanners were instructed to include the event in the sample. This 

procedure prevented the introduction of possible scanning biases as 

well as preventing the premature loss of events. All rolls were 

scanned twice, and some ten percent of the rolls were scanned thrice, 

Any conflicts between the two scans were resolved by an independent 

conflict scan. 

The odd rolls of film had three measurement passes, and the even 

rolls had two. Events failing on the first and second measurement 

pass as non-beam events were not measured the third time, Events 

failing three times were looked at on the scan table by physicists 

to determine if there were any systematic biases. 

The two prong v topology events were fitted to the following 

four constraint reactions: 

(i) 

(ii) 

(iii) 

+ + 0 K p -+11 pK 
+ + + Kp-+KKA, 

K+p-+ pp A 

· · and zero constra;nt reactions were fitted, In add~t~on, many one ~ 

Appendix A summarizes these reactions. 

In the above fits~ the V was first fitted to the reactions 

(i) Ko-+ + 11 11 

(ii) A -+ p11 

(iii) A-+p11 + 

using the production vertex as the source of the neutral. This re

sulted in a three constraint fit. If a three constraint-fit did not 

work, a one constraint fit was attempted. 

c. Scanning and l·leasuring Biases 

and Efficiencies 

Scanning biases occur in three main ways: misidentification of 

0 + - · th t the event ;s not recorded, mis-a K decay with an e e pa~r, so a ~ 

. Ko interpretation of a two prong V event as a four prong when the 

decays too close to the production vertex, and failure to recognize 

the topology when the recoil proton track is very short, In the first 

case we have looked at the angle between the outgoing positive track 
' 0 0 . . 

and the direction of the K • In the K rest frame th~s angle should 

be flat, and this was found to be so. In the second case, we have 

· ·b · f th decay lengths of the K0 and have looked at the d~str~ ut~on o e 

found that for lengths less than 6mm, there was a marked bias, Con

sequently we have made a cut on events for which the decay length was 

" 
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less than 6 mm, The remaining events were weighted by the factor 

exp(x/nc-r), ~1here x is the K0 cutoff (= 6 mm) anC: n is the lab

oratory momentum of the K0 in GeV /c divided by the mass of the K0 

in (GeV )2 , and Tis the mean life of the K0• The third bias was 

studied in the following way. ~le took all the two prong V events 

that had a fit to any hypothesis, We then looked at the results of 

the two scans and the conflict scan, Using the formulas shown in 

Appendix B, we could derive the detection probability of a two prong 

V event as a function of the length of its positive track at the 

production vertex, We repeated this exercise choosing only those 

events fitting our reaction, and found that the results agreed with 

the results of the larger sample, as was expected, Fig, 23 shows 

the detection probability after two scans as a function of the pro

ton track length, As may be seen, a bias exists only for proton 

track lengths less than 1 em • Each event was weighted by the inverse 

of its detection probability as given by Fig. 23, Finally, we checked 

for systematic biases due to measuring by comparing angular dis

tributions at the production and decay vertices of events that passed 

on.the first measurement pass with those that failed-the-first but 

passed the second and with those that passes only on the third pass, 

To within statistical errors, no systematic bias could be detected, 

D. Ambiguities 

An event was considered as passing it it fitted the kinematics 

of our reaction with a confidence level of 10-5, Experience has shown 

that if a four constraint hypothesis fits within this criterion, 

then it is highly probable that the hypothesis is true even though 

the event may fit a less constrained hypothesis with a better con

fidence level. Thus, we ignored less constrained hypothesis, There 

still remained the possibility that our events fitted other four 

constraint hypothesis, nameley, reactions (ii) and (iii). Investi

gation showed that there was only one such ambiguous event at 10-S 

confidence level, Its kinematics fit ~eactions (i) and (iii) equally 

6 

well, However, the ionization information available from the Spiral 

Reader II favored reaction (i), so the event was left in the sample 

as fitting reaction (i), Another possible source of ambiguity is 

within reaction (i) itself, It arises from the possibility of the 

proton and the n+ faking each other, Ten such cases occured, Of 

these ten, six had kinematic confidence levels differing by at least 

50%, the other four had nearly identical confidence levels, However, 

ionization information clearly separated the events, Fig, 22 shows 

th k . t. 2 h . . . 2 h 24 e ~nerna ~c X 1 t e ~on~zat~on x , and t e sum. As can be seen, 

a separation is strongly suggested, Therefore, we assigned these 

·events to the reaction for which its kinematic x2 plus 1/3 its ioni-
2 zation X was smaller, Thus, we can say with a high degree of con-

fidence that our data are exceedingly free from contamination by 

.other reactions or by permutation of tracks within the reaction itself, 



7 

III, Experimental Results 

A, Total Cross Sections 

1, Path Length 

The path length of our experiment was determined by three inde-
25 pendent methods : T-decay method, beam tally method, and by nor-

malization to the total cross section, The procedures are too lengthy 

to discuss here, The interested reader may check Ref, 25 for further 

details. Table 9 shows the results of the three methods. The weighted 

average of the three methods is 34,9 + 0,5 events/microbarn. 

2. Scanning Efficiency 

Fig. 23 shows the scanning efficiency as a function of the proton 

length. Each event in our reaction was weighted by the inverse of 

its detection probability as obtained from this figure. This con

sideration had only a 0,4 % effect on the total cross section, 

3, Measuring Efficiency 

The measuring efficiency for our reaction is 0,846 + 0,026 • 

No measurement bias was found, Further details may be found in Ref, 26. 

0 
4. Ks Decay Length 

As discussed in Section II.D, events whose K0 decayed within 6 mm 

of the production vertex were discarded and the rest of the events 

were weighted by the factor exp(x/ncT). Since the bubble chamber is 

not infinite in size, the events were weighted by a factor describing 

the decay probability of the K0 within a preselected fiducial volume 

of the bubble charrber. These two combined weighings revised the cross 

section upwards by the factor 1.27, 

s. K0 Branching Ratio 

Since the K0 decays into the detected n+n- (68.7 !0,5)/2 percent 

of the time, the cross sections were multiplied by the inverse of this 

branching ratio. 

8 

0 
6, KL Decays 

0 + - 0 The KL decays into n n n present no problem since they are 

only a 0,4 ! 0,04 % correction to the cross section. Appendix C 

shows this calculation. 

where 

and 

The cross sections were determined by the formula 

a = W x (1/P)x(l/B), 

W = the expected number of events, 

P = the path length, 
0 + -B = K branching ratio into n n • 

The term W is equal to 

where 

and 

W = N b /E, 
0 s 

Nobs = number of observed events, 

E = product of the efficiencies of 2,3,4, and 

6 above. 

The results of these calculations are shown in Table 10. ~ 
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B. Resonances and Their Decays 

1. Prominent Resonances 

The prominent feature of our data is the copious production of 

the three resonances : K'\890) Jp = 1- Kf'(l420) Jp = 2+, and 

~(1236) Jp = 3/2+, which account for some 3/4 of the data. Further 

discussion of these resonances is reserved for Section IV where we 

compare the experimental detail with the predictions of the theory. 

In this section we present experimental measurements of resonance 

parameters, cross sections, and the spin density matrix elements of 

the resonances. 

We performed a fit to each prominent resonance using the stan-
27 dard Breit-Wigner line shape as given by Jackson. We allowed for 

non-resonant background by including a linear approximation for the 

background in the fit. We let the masses, widths, slopes and inter

cepts of the background, as well as the relative amounts of resonance 

to background be varia ble. The fits were done using the maximum 

likelihood method. Table 10 shows the results of the fits. The cross 

sections were calculated as discussed in the previous section. 

Figures l8a, 18b, and l8c display the fitted line shapes to the re

sonances, the background, and the data. 

We have also fitted the spin density matrix elements of each 

* resonance. For the K (890) we used the following expression 

* The K (1420) was fitted to the formula 

WK*(l420)(e,~) = C{ P11C-6(cos2e- l/3)2 + 4sin2e cos2e ) 

+ p22 Csin4e- 6(cos'e- 1/3)2 ) -

- 2cos~ sin26[(Rep
21 

sin2e+I6Rep
10

(cos'e-l/3)] 

2 2 2 . 
-2cos2~sin 6[ 2p1_1cos 6-I6Rep20(cos 6- 1/3) ] 

+2 Rep
2

_
1 

cos3~sin26 sin2e +p
2

_
2 

cos4~ sin4
a} ~ 

and A(l236) was fitted to the formula 

WA(l236 )(6,~) = C{p 33sin
2e +(l/2-p33 )(l/3+cos

2e) -

- 2 Re p
3 

_1sin2e cos2~ - 2 Rep 31sin26cos~}. 73 • "73 

In the above expressions, C is just a normalization constant. 

Where there were sufficient numbers of events, we performed the 

fits for various mass cuts and various -t' cuts. -t' is defined as 

usual: -t' = -(t-t . ). l1omentum transfer distributions to the single 
m~n 

particles and to the resonances are shown in Figs. 6,7,8,9 1 12, and 15. 

Tables 6 1 7 1 and 8 show the results. The first set of entries in these 

tables are for fixed mass·cut of plus or minus a resonance width 

about the central mass with -t' cuts as shown. The second set of en

tries have no momentum transfer cuts but have the followi~g mass 

cuts: 1] mass within + two resonance widths of the central mass, 

2] mass within one resonance width of the central mass, 3] mass 

within one resonance width below the central value, and 4] mass 

within one resonance width above the central value. The third set of 

entries are for mass cuts in bands of various __ sizes starting on the 

low mass side of the resonance and marching through to the high side 

of the resonance. Fig. 19 shows a plot of the density matrix elements 

* for the K (890) as a function of the invariant four momentum tr~sfe~. 

The value of p
00 

peaks in the small momentum region and dies away 

rapidly with increasing momentum transfer. The value of pll' on the 

other hand, starts small and grows. This behaviour indicates pseudo

scalar exchange at small momentum transfer. This phenomenon indicates 

the necessity of including pion exchange in any model that attempts_ 

* to fit the differential cross section of the K resonances in the 

foreward direction. Fig. 20 shows a similar plot of the density 

matrix elements of the ~(1236). The values of the density matrix 

elements for the ~(1236) are consistent with the model of Stodolsky 

and Sakurai as shown in Table a. Since the background under the 
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* K (1420) is large, we attempted to estimate its contribution to the 

* spin density matrix elements of K (1420) by fitting the matrix 

elements to mass regions where the background dominates. We chose 

two such cuts in the wings on both sides of the resonance. We then 

estimated the contribution of the background to the matrix elements 

at the center of the resonance by averaging these two fits for each 

element. The matrix elements fitted to the central area of the resonance 

were then corrected by subtracting off the contribution of the background. 

The contribution of the background was assumed to be the average of 

the above fits multiplied by the fraction of background events in 

the region. The results are shown in the final entries in Table 7. 

2. Other Resonances 

There has been a suggestion of a possible resonance in the 1.85 

GeV region of the Kn. mass spectrum. A. Firestone et. al. 28 have 
• + + -studied this mass region in the react1on K n~ K n p at 12 GeV/c 

and have presented evidence i.n support of a possible assignment of 
p - * J = 3 K resonance interpretation for this mass region. We have 

looked at this mass region in our data. Fig. 24 shows a plot of the 

mass of the Kn mass system versus the cosine of the Kn decay angle 

in the Jackson frame. Fig. 24b shows a simi.l,.arplot but with a cut 

of -t' less than 0.2 on the invariant four momentum transfer to the 

Kn system. If we assume a mass of 1. 85 GeV ,···a width of 300MeV 1 and 

a background of 50% 1 we get by a simple event cound an upper bound 

on the cross section of 18 pb for this resonance in our reaction. 

We have also investigated the presence of a K0p exotic resonance 

at 1.8 GeV. To enhance the signal in this channel, we made the following 

cuts. In the rest frame of the outgoing K0 and the outgoing proton, 

we·chose events such that the directional cosine between the K0 and 
. . * the beam was negative. This cut removed a large part of the K and a 

events since they tend to have the K0 alligned parallel with the beam 

direction. This cut also removed about one-half ofthe signal. Assuming 

12 

a mass of 1.8 GeV and a width of 300 MeV, a direct event count correc

ted for the cuts yielded 20 events for the resonance. No peaking of 

events in this mass region was observed 9 and the upper bound on the 

cross section for such a resonance in this mass region is 2pb. 
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IV. A Test of the Generalized 

Veneziano Model 

A. Introduction 

13 

Since the realization by physicists of the remarkable proper

ties of the Euler Beta function, many phenomenologists have attemp

ted to fit the fuction to two particle in and two particle out reac

tions ( henceforth to be called four-point reaction; similarly, two 

in and three out will be called five-point, etc.). Following the 

qualified successes of Lovelace17 , Berger.and Fox18 , and others, the 

function was generalized to include any number of particles. In its 

generalized form, the function had several properties not found in 

the four-point version, the most important of which are multiperi

pherality and resonance production. Since the N-point function serves 

as a prototype for much theoretical effort, it became evident that 

its properties should be tested against experiment to establish their 

validity. The early fits of the five-point function by Peterson5, 

T 
• 6 7 

ornqv~st , CRTT , and others showed that the function did seem to 

fit the data rather well. The work of CRTT showed that the function 

could simultaneously fit crossed reactions as well, something other 

models could not easily do. In our rev.few of these early works 

we found that much of the global success of the fits seemed a reflect 

judicial input into the model and not a direct consequence of the 

model itself. Therefore, in an earlier work23 , we undertook a study 

of the five-point model to determine its predictive capacity and 

isolate the effects of the input. We were fortunate to have on hand 

some of the data described in this paper. Since this reaction is also 

one of the ones studied by CRTT, we found that we sould make a 

thorough study of the effects of input. We found that without narrowing 

the accepted width of the ~(1236), we could not obtain a reasonable 

fit to the data with the model of CRTT. We did conclude that the problem 

with the model of CRTT was the use of a kinematic factor which pinched 

the edges of phase space preventing the resonances from peaking up. In 

14 

our work we proposed a simple modification of CRTT's model that did 

away with the pinching, thereby permitting the five-point function to 

display itself. 

In this work we review some of the considerations of our model 

and extend its test to other energies. In Section B below we discuss 

the importance of this particular reaction and the data which we 

will fit.Section~ C-G discuss the formulation of our model; in 

Section H we discuss the method used in the Monte Carlo calculationsi 

in Section I, the results of our fits; and in·section J, our con

clusions. 

B. Importance of This Reaction 

As will be discussed in Section c, the five-point model uses, 

in general, twelve separate amplitudes. This requirement presents 

a large computational task, especially if there are channels in the 

reaction where there are known to be several dominant trajectories 

exchanged. Since in priciple all trajectories would have to be in

cluded in every possible combination, the result·would be many am

plitudes and a prohibitive computational requirement. The virtue in 

our reaction is that there are several exotic· channels, thereby per

mitting us to eliminate many of the diagrams. In addition, only a 

few of the possible channels have more than one dominant trajectory, 

so we save greatly on the number of additional amplitudes. 

The role of the Pomeron trajectory in purely dual models is 

not certain 1 but it is believed that it has no place in a resonance 

model such as ours. Hence 1 it is advisable to choose reactions where 

the Pomeron does not couple so that its effect need not be of concern. 

There is some evidence to support the assumption that the Pomeron 

does not couple to our reaction. The Pomeron is forbidden at the K~ 
* vertex by !-spin conservation 1 and since the K cross sections decrease 

rapidly with energy, we are reasonably certain that the Pomeron is not 
13 14 present in the pp channel • • 



15 

An additional important point is that our data is at a high 

energy with excellent statistics free from contamination. Our energy, 

4.8 GeV in the center of mass, is reasonably close to the high energy 

range where multiperipheral effects are important, and at the same 

time, it is close to the resonance energy regions. Although we con

cern ourselves with only one model in this paper, it is clear that our 

data can give any model a rigorous and detailed test. 

The data used in this paper come from two sources. The 12 GeV/c 

data has been described earlier in this paper. The 9 and 4.6 GeV/c 

data come to us courtesy of Alexander Firestone of the Trilling

Goldhaber Group at the Lawrence Berkeley Laboratory and has been 

discussed in detail elsewhere29 •30 • 

c. Formulation of the Model 

The Veneziano model\ does not properly treat processes involving 

fermions. Careful analysis of the resonance spectrum predicted by 

the model reveals unwanted parity doublets and ghosts. So far, methods 

suggested to remove these problems have not proven fruitful15• Ignor

in spin-related theoretical problems limits the validity of this 

approach. 

To remove poles from the real axis, we insert phenomenological 

trajectory functions directly into the argument of the five-point 

function, BS' and ignore the problem of ancestor poles. Above thresh

old, the imaginary part of the trajectory fundtion is chosen_ to be an 

interpolation of the formula 

Im a(s)j = d(Re a(s) >I 
s=s ds 
~s 

s=s res 

~ .r res res 

valid at the resonance poles. Below threshold, the trajectory is kept 

real. In all instances encountered in this studyt a linear interpolation 

16 

of Im a was used. The parameterization of the Regge trajectories 

used is shown in Table 1. The data used to determine the parameters 

for the trajectories were obtained from the latest compilation by 

the Particle Data Group15 • Among the minor differences between our 

trajectories and those used by CRTT is that for Re a(s) we use the 

same slope above and below threshold instead of using a universal 
-2 slope of 0.9 GeV below threshold. 

We assume that we can write the matrix element ~n the form 

N 12 
M = t t Kji Bs(ai) 

j=l ~l 

where the index i runs over the twelve distinct orderings of the 

five external particles not related by cyclic or anticyclic per

mutations. The function B
5 

is a Bardakci-Ruegg five-point function 

arguments related to the trajectory functions of the graphs for the 

i th ordering1 •3 • The factor K •. is an invariant kinematic factor, 
1J 

and the index j labels the different types of external kinematic 

with 

factors employed. We do not consider terms of nonleading order 

(satellites), so we require that each term have the correct Regge 

behaviour and the proper angular momentum for the leading resonance 

in each channel. 

If we assume the absence of exotic resonances, then we can neg

lect all ordering which have exotic channels. This leaves only the 

four diagrams shown in Fig. 1. If we further assume the relevance of 

the Harari-Rosner quark rules17 •18 , we can eliminate diagram l(d), 

which corresponds to the nonplanar quark graph. The elimination of 

this graph ensures strong exchange degeneracy between the K*(890) and 
* . . 19 K (1420) tra]ector1es • 

The primary input into the model is the trajectory in each channel. 

In a channel where there is more than·one possible exchange, we either 

• 
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make a choice based upon intercepts and couplings or vre allovr terms 

with each possible combination of the trajectories. In the pK- channel 

we have to choose.between the exchange-degenerate I=O Aa- A
8 

tra

jectory, vlhich includes the A and the A(l520,Jp=3/2-), and the 
·'· ••. + 

exchange-~egenerate ~~ trajectory, containing the y"(l385, Jp=3/2 ) 

and the y"(l765, Jp=5/2-). In the p'lr channel we have a choice bet-

ween the I=l/2 exchange-degenerate N N , which includes the nu-
~ a Y 

clean and the N~(l520, Jp=3/2-), and the exchange-degenerate ~ -N , 

which includes the I=3/2 ~(1236, Jp=3/2+) and the I= 1/2 N*(l670~ . 

Jp= 5/2-). CRTT made the choice Aa-AB . and Na • They were supported 

in this by the results of Bartsch et. al. 8 , who investigated these 

options in the reaction K-p~ ~'11"-p under the limitation of one tra

jectory per channel. In one variation of our model we permit both 

Na and ~ in the P'~~"- channel. In the pp channel the possibilities in

clude the w,p and the '~~"•. Both CRTT and Bartsch et. al. used vector 

exchange in the pp channel although they mentioned the possibility 

that their descrepancies were due to 'lr exchange. Fits to the density 

* matrix of our reaction in the K (890) mass region show that for 
2 o. ~ -t <0.05 (GeV/c) , the ratio of pseudoscal~~ exchange to vector 

exchange is large, so we also included pion exchange in some versions 

of our model. Of the vector exchanges, we chose the w over the p, 
1: 

since the experimental evidence for K production favors the w ex-
20 change • 

The normalization of each B5 term in the sum is not intrinsi

cally determined, although signature arguments can be used to fix 

ratios. The requirement of a definite signature ~ + in the p'lr channel 

fixes the ratio of the constants in front of diagrams l(a) and l(b) 
'{; 

to be 1:1. A definite signature N trajectory( eliminating the N 
a 

(1520) ) in the p'lr- channel implies the ratio of the coefficients of ,, 
l(a) and l(c) to be 1:1. Again K exchange degeneracy requires that 

diagram l(d) be neglected. 
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D. Kinematic Factors 

The first pole in the argument of B5( -a12 , -a23 , -a34 , -a45'a51) 

occurs at a=O in each channel and corresponds to a spin-0 resonance. 

In order to incorporate fermions and trajectories •lith their first 

resonance at ~=1 , it is convenient to shift the argument of the 

five-point function and to use the kinematic factor K •• to ensure 
~J 

the proper asymptotic behavior and angular momentum structure for 
.. d 15 the ampl~tu e • 

E. Vector Exchange 

One possible form of the kinematic factor was discussed by 

Tornqvist6 under the assumption of dominance of vector exchange in 

the pp channel. For reference, let us number the particles in the 
+ + 1 2 3 4 5 order K p~ 'lr pK0 and let p + p ~ p + p + p be the corres-

ponding four momenta. The most general axial vector formed from the 

three momenta is 

~le then consider the kinematic factor 

to be the same for each orientation i • The spin-averaged diffe

rential cross section would then have terms proportional to 

where 
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and M2 and M4 are the fermion masses, and t 24=-(p2-p4 )2• In this case 

we have equal fermion masses, so that M2-114 = 0. The factor Kij 

ensures the correct asumptotic behavior of the amplitude if the 

argument of the B5 function is (1-a) in the boson channel and (3/2-a) 

in the fermion channels. In this reaction, however, the N and the A 
a 

have their first poles at J=l/2, and we have to be careful about 

the exchange of these trajectories. Ternqvist 6 points that since 

t 24 is small in the physical region, it is not a bad approximation 

to replace the entire multiplier of the B5 function with 

The form of the complete amplitude used by CRTT is then 

. 2 
where xij is shorthand for the trajectory function ax [(pi± pj) J • 
To save space we abbreviate the three terms inthe above expression 

by B5(A), B5(B), B5(C), respectively. It should be noted that as it 

is written, the above expression does not have correct asymptotic behavior 

when fermion trajectories are exchanged. To get the correct asymptotic 

behavior, CRTT made the additional modification of 

l/2-N23 + 

1/2-A + 41 
3/2-Y* + 52 

Since the problem of spin has not been solved within the context 

of the Veneziano model, it is probably unwise to be too dogmatic about 

the form of the kinematic factor. If we allow axial vector exchange in 

the pp channel we can consider a factor such as 
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where Qu is a vector formed from the meson momenta. Within the spirit 

of the approximations that led to our amplitude, it is consistent to 

use a kinematic factor which is a linear polynomial in the various 

channel invariants. rle therefore consider terms such as 

M2 = cs23 + s34 + s41 + s1s + ss2>Bs(A) 

+(S42 + S25 + SSl + Sl3 + S34)B5(B) 

+(S42 + S23 + S35 + SSl + Sl4)B5(C) 

which have the advantage of simplicity but the disadvantage of treating 

all channels, both bosons and fermions equally, as well as introducing 

a mixture of 1=0 with the 1 = 1 in the residue of the first pole in 

each channel. Again, to make the asymptotic behavior of this second 

amplitude correct, it is convenient to use (1-a) as the argument of 

a fermion trajectory below threshold. 

F. Pion Exchange 

'i: 
Since the fits to the density matrix elements of the K ( 890) .as 

a function of energy show an appreciable contribution from pseudo

scalar exchange in the pp channel, we anticipate the need for pion 

exchange in our fits, Rough consistency with the Lovelace-Shapiro

Yellin21 formula for the scattering of four pseudoscalars suggests we 

include in our amplitude a term such as 

In the B5 functions the pion trajectory replaces the rho trajectory 

in the pp channel, That is, the argument (l-p24 ) is now replaced 

by (-w24), Since B5(A) does not have a pp channel, the first term 
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is included to ensure the approximate maintenance of proper signature 

of the ~++ trajectory in the pn+ channel. This signature property 

is obtained between the first and second terms in the above expression 

if we have equality among the trajectory intercepts \·lith 

The approximate values inserted from table 1 yield 

-0.1 :-o.7 

showing that the equality is approximately satisfied. 

G. Listing of Our Models 

Although in this paper we concern ourselves only with one version 

of the model, version 8, we present a short description of the other 

versions that we have studied in our previous work. The first version 

of the model listed in Table 2 is similar to that of CRTT. It uses 

only vector meson exchange in the pp channel and the approximate 

kinematic factor CE • We also attemted to use the full form of the 

kinematic factor with c1 as an arbitrary constant and without shifting 

the fermion trajectories below threshold, but this did not achieve an 

improvement over_ the approximate form CE with trajectories shifted. 

The main problem of both these versions was in the region of the 

~(1236) resonance, which is very prominent in our data and nearly do

minates the pn+ mass distribution. Because the Ml236) region is quite 

:-::} near the edge of phase space where the kinematic factors are small, 

these forms of the model gave too few events in the ~ peak and too many 

events in the recurrences. This problem could be partially circum

vented by narrowing the width of the ~ from the commonly accepted value 

of 120 MeV to 70 MeV in order to raise the height of the ~ peak. Of 

course, this does not solve the problem of having too few ~ events 
+ and too many events in the high pn mass regions. In the data, some 
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one-third of the events are in the ~ peak, so that underestimating this 

peak by a factor of two represents a serious discrepancy, which gets 

worse with increasing energy. The M2 matrix element, because of its 

polynomial kinematic factor, avoids much of this problem. 

In order to distinguish between the various versions of the model, 

we include the listing in Table 2. Here V(A), V(B), V(C) are the 

three terms in the M1 matrix element; W(A),W(B), and W(C) refer to 

the three terms of M2; and n(A), n(B), and. n(C) refer to the three 

pion terms. In versions 1-4 we maintained definite signature N a 
trajectory in the pn - channel by keeping the ratio of diagram l(a) 

l(c) as 1:1. * Since the N (1520) can couple to_this channel as well 

the nucleon [ not to mention the 
. * . 

~(1236) and the N (1670)], it is 

to 

as 

probably not reasonable to require definite signature. In versions 

5-8 we break signature in this channel by allowing diagram_l(c) to 

have a different. coefficient than l(a). In version 7 we investigated 

the possibility of using the A-Ne combinations in the pn channel 

As shown in Table 2, we include versions in as well as the N - N a y 
which terms of different types are added either coherently or inco-

herently depending on the detailed structure assumed. Table 3 gives 

the values of the constants of Table 2 determined by a maximum-like

lihood fitting program, and Table 4 gives the relative log likelihoods 

of the various fits. These tables are only for the 12 GeV/c data. 

Of these various versions, version 8 had the most success at 12 GeV/c, 

so we devote the remainder of this paper to a test of this version at 

lower energies. 
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H. Computational Procedures 

1. Monte Carlo 

All computations were done on the Lawrence Berkeley Laboratory's 

CDC 6600 computers. The computations were in t1vo parts. First, we 

employed Monte Carlo procedures to do the evaluation of the matrix 

element in multi-dimensional phase space. Second, we employed maximum 

likelihood procedures to do the fits to the data. Below we briefly 

describe the procedures and the programs used. 

The program KAON performed the MOnte Carlo integration and evaluation 

of the five-point function. This program c~nsisted of three parts: 

(1) the generation of Monte Carlo events, (2) evaluation of the five

point function, and (3) the plotting of the various distributions of 

interest. The heart of the Honte Carlo generation consisted of the 

subrout~ne SAGE31 • Th ff" · • e e ~c~ency of Monte Carlo generation depends 

very much ·on the structure of the matrix element. For simple matrix 

elements generation of events in uniform phase space may suffice; 

however, for complicated matrix elements uniform generation is often 

inefficient. SAGE has the following important options: (l) generation 

of events with uniform density in Lorentz invariant phase space,(2) 

generation of events with Breit-Higner densitydistributions, (3) 

generation of events with eat and l/(t-a2)2 four momentum transfer 

squared distributions, and (4) general decay angular distributions. 

There are several other options which were not used and, consequently, 

will not be discussed. Through trial and error, we found that ue 

needed to employ all of the above options of SAGE in order to make our 

calculations economically feasible. At 12 GeV/c, generating events. 

uniformly in phase space gave us an efficiency32 on the order of 0.1%. 

By employing the SAGE options, we were able to increase the efficiency 

to 16%. 

We used the following general phase space density distribution: 

g(<P) = 
M 
I: 

i=l 

24 

N. g.(4>)/G. 
~ ~ ~ 

where Ni is the number of events generated with density distribution 

gi(¢) and 1-1 is the number of distributions.4> represents the phase space 

variables. Gi is given by 

and is just the average phase space weight for events generated with 

frequency gi(4>). V is the phase space volume. The values of Gi must 

be known in advance and are obtained by doing separate integrations. 

The weight assigned each event generated with frequency gi is 

where r1 represents the matrix element. 

In order to improve efficiency, it is necessary to match the 

generation density to the matrix element squared as closely as possible. 

For the five-point function it was necessay to match all the reso 

nances in the final state. At 12 GeV/c, there are some 28 poles in the 

five-point functions used. Therefore, we generated Breit-Wigner 

distributions both with eat and eau distributions for each resonance. 

In addition, we generated events with uniform mass distribution but 

with an eat distribution for each final state particle both with res

pect to the beam and with respect to the target. The various values 

of a in the exponential distributions were determined for each distri

bution by doing an approximate l-lonte Carlo integration of the matrix 

element and doing eyeball approximations to the momentum transfers. We 

note that the current version of SAGE has an option by means of which 

such parameters may be optimized for better efficiency ( note that also 

the number of events generated according to distribution gi may also 

be considered a parameter). 
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The evaluation of the five-point function was done by SPIDER, 

This routine is based on the algorithm of Hopkinson33 but with several 

programming changes, The equations of the algorithm are presented in 

the next section, 

The various distributions of interest were plotted by KIOVIA 
34 and NIZRPLT, standard LBL Group A programs 

We wish to emphasize the efficiency of the above procedure by 

pointing out that of all the computer time used to do the theoretical 

calculations at 12 GeV/c), it took longer to process and plot the 

events than to generate them and evaluate the five-point function, In 

total, it required some 500 CP seconds35 to generate and process 25000 

events, This time could be reduced by up to an order of magnitude by 

coding the analysis programs more efficiently and using the full 

power of SAGE, 
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2. The Bardakci-Ruegg B5 Function 

The Bardakci-Ruegg five-point function is a generalization of the 

Euler Beta function to five variables. It is an analytic function of 

all of its variables, and was initially defined through its integral 

representation: 

A computationally useful series representation may be obtained from 

the above expression by expanding the factor (l-u
2
u4)x3-x5-xl by 

the binomial theorem, This series will be convergent throughout the 

region of integration and will have the general term 

where z
3
=x

1
-x

3
+x

5 
, This series expansion separates the integral into 

two integrals, each of which may be done separately. In fact, the 

remaining integrals are just the Euler Beta functions: 

1 a-1 b-1 B4(a,b): r (a)r(b) f du(l-u) u = 
0 r (a+b) 

The series thus becomes 

.. 
[ -:3] 

r(x
1

)r(x
2

+k) 
B = I: (-l)k r(x4+k)r(x

5
) 

5 k=O 
r (xl+x2+k) r (x4+x5+k) 

The series part of the above expression is just the usual hyper

geometric series with unit argument, 
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which converges when 

that is, when Re(x
3

) is positive •. 

The series representation of the B5 function forms the basis of 

the computational method used in our program. Further details and 

recursion relations between contiguous B
5 

functions may be found 
. H k" 33 ~n op ~nson • 

I. Discussion of Results 

In Figs. 3-17 we present the comparison of the predictions of the 

generalized Veneziano model with data at three energies. We do this 

comparison only for version 8 of the model since it was the best 

at 12 GeV/c and since space limitations forbid the presentation of 

other versions. In version 8 of the model there are 5 adjustable pa

rameters, nep,lecting overall normalization. We do not expect these 

parameters to be energy independent, so we have fitted them to the data 

at each of the energies, Thus, the theoretical predictions represent 

the best fit to the data at the respective energies, To study the 

energy dependence of the parameters, we have plotted them as a func

tion of the beam momenta in Fig. 21. As may be seen, parameters l and 

3 are, to Hithin less than one standard deviation, independent of 

energy, although 3. exhibits a trend of increasing with decreasing 

energy. Parameters 4 and 5 are slowly varying with energy. Parameter 

l represents the amount of signature breaking in the pn- channel for 

the V terms of the model, The fact that parameter l does not change 

appreciably with energy implies that for the V terms the signature 

breaking varies slowly with energy, Parameters 2 and 3 represent sig

nature breakinp, in the same channel for the vi terms. Again, the slow 

variation of these parameters implies that the signature breaking is 

energy independent, P~other fact to note is that the ratio of para

meter 2 to 3 varies sloHly with energy, This ratio scales the sig-
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nature breaking parameterization of theW terms relative to W(C), 

whereas parameter 1 scales the signature breaking of the V terms 

relative to V(C). In vieH of this we would expect, assuming that the 

model has a modicum of truth, the energy behaviour of parameter 1 

and the ratio of 2 to 3 to be similar, This is borne out in Fig. 21 • 

Similar reasoninf, may be applied to parameters 4 and 5 in the n terms 

which provide the pseudoscalar contribution to the production of the 

K* 1 s. It is kn01m that pseudoscalar exchange drops off with in

creasing energy and these parameters display this, However, being 

energy dependent, they point out that our model does not handle 

pseudoscalar exchange properly, This is not too much of a surprise, 

since the pion trajectory has historically been difficult to handle, 

especially in dual models, 

Fig. 3 shows the K0 n+ mass spectrum, The fits at 12 and 9 GeV/c· 

are reasonable; however, the fit at 4,6 shows disagreement near 1.7 
28 GeV, a region ~rhere there has been a report of a, meson • The theory 

has a pole at this point ( the second Regge reccurrence of the K*'s 

that does not change with energy. The data on the other hand, does 

display a small but persistent bump in this region at all energies, 

but the bump shifts with energy and is, therefore, hard to interpret. 

We point out that in the 9 GeV/c data, the K*(890) was found to be too 

narrow by a standard deviation30 so the disagreement with theory may 

be due to a fluctuation in the data. 

We note here that 1vhen we display the theoretical prediction, we 

plot the Monte Carlo points directly instead of passing hand drawn 

curves through them. The reason for this is that errors fluctuate 

from bin to bin in the plots, often being larger than expected, so 

a hand drawn smoothing process can easily be led astray and reflect 

more the draftsman's optimism than the physics. To this end we also 

plot on the same figures the actual Honte Carlo errors ( defined as the 

square root of the sum of the squares of the weights for each bin) to 

scale in each histogram, The errors in the data can be estimated by 

merely taking the square root of the contents of a bin. We use only 

one normalization constant for all the figures 3-17. 
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Fig. 4 shows the pn+ mass spectrum. The problem with the A(l236) 

persists with energy, being worse at 4.6 GeV/c • The re-

maining portion of the mass spectrum is fitted relatively well. In 

particular 1 the strong recurrences visible in other formulations 

of the model do not present serious difficulty. 

The pK0 mass spectrum, Fig. 5, fits well at all energies, lending 

support for the absence of exotic resonances in this channel. 

The invariant four momentum transfer to the K0 
1 Fig. 6 1 from 

the beam fits well at all energies, particularly if one ignores the 

first few bins. Similarly the four momentum transfer to the pion 

relative to the beam, Fig. 7, fits well. The four momentum transfer 

to the proton from the target, Fig. a, fits exceptionally well, making 

allowances for the first few bins, and duplicates the narrowing of the 

distribution with increasing energy. Thus it appears that our model 

fits the single particle momentum transfer distributions well if 

the particle comes predominantly from an internal vertex of the multi

peripheral chain ( the pion in our case) and it fits the particles 

on the extreme ends of the chain but not in the for ward or backward 

~ direction. This probably suggests that our kinematic factors are not 

correct since they shape these distributions in the two dir.ections. 

* The model underestimates the amount of K (890); hence, in the 
. * plots of momentum transfer to the K (890) the disagreement appears 

large, Fig •. 9. However, if the graphs were renormalized, the dis

agreement would appear much smaller. In particular, the shape is rather 

well reproduced away from the leading bins. The peaking in the first 

bin of the 4.6 GeV/c prediction is due to the large amount of pseudo

scalar exchange in this channel. This exchange makes its contribution 

mostly to the first bin. The sharpness of this contribution comes 

as no surprise to those who have worked with one pion exchange models 

and the absorption models. A similar peaking is also evident in the 
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9 GeV/c data, although not to the same extent. 

The situation is slightly different for the four momentum trans

fer to the Ki'(l420) 1 Fig. 12. At 4.6 and 9 GeV/c the data peak in the 

forward direction, particularly the 9 GeV/c data, so the pion con

tribution fits nicely. However, at 12 GeV/c, the data do not peak, so 

a discrepancy is evident. The i'(l420) production must be rather com

plex since the momentum transfer appear to have strong energy de

pendence in the forward direction 

The momentum transfers to the A(l236), Fig. 15 1 fail to fit at 

all energies. This is in large part due to our formulation of the 

model in which the !1(1236) is created by the r/ terms which do not 

exhibit the spin flip character and, consequently, peak in the for

ward direction. 

In Figs. 25-30 we plot the logarithm of the differential cross 

section versus the momentum transfer to the single particles and 

the resonances at the various energies. We have fitted these dis

tributions to expressions of the form 

da/dt = B eat 

The fits were done only for small values of It!. In addition, we 

ignored the first few bins since it is evident that such a simple 

parameterization would not apply in these regions. He fitted both 

the data and the theory. Table 11 gives the fitted values of a and B 

of the above expression. The fits are displayed in the figures as 

well as the regions over which the fits were made. As may be seen, 

the values of a are in reasonable agreement between the data and the 

theory. The data appear to be consistently more steeply dipping than 

the theory. \·le wish to emphasize that the values of a for the theory 

are a prediction of the theory once the input trajectories are de

cided upon. 
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The angular distributions of the decays of the leading poles 

in the Jackson frame are not a sensitive test of the theory, since 

they reflect only the angular momentum structure of the kinematic 

factor ( remember that our trajectories are shifted so that the 

leading poles are all ~=0 ), and there is no daughter structure for 

the leading poles. The kinematic factor in the V terms is a pure ~=1. 

However, since the kinematic factor in the W terms is a mixture of 

~= 0 and ~= 1 , we see a large ~=0 contribution to the decay angles 

of the K"cago). and A(l236), Figs. 10,11,16,and 17. 

The situation is different for the nonleading poles, since here 

the poles are no longer at ~=0 , and there is an inherent daughter 

structure apart from the kinematic term contributions. Unfortunately, 
i: 

the only large nonleading pole in our data is the K (1420), Figs. 13 

and 14, for which the data are meager. In any case, although not 

fitting well, the theory does follow the trend of the data at all 

energies. The rightmost bin in the cose histogram is enhanced by the 
1: 

constructive interference of the K (1420) with A(l236). The phase of 

this interference and the approximate magnitude is well predicted 

by the model. 

Figs. 31-39 show the Dalitz plots for the data and the theory. 

Since we only have three particles in the final state, these plots 

are not independent, but are simply the same information viewed 

along different projections. We include all the combinations of 

final state particles only for completeness. As may be seen, the 

theory reproduces the features of the Dalitz plot very well at all 

energies •. In viewing these plots, one should make allowances for 

the fact that the normalization of the theory to the number of events 

does not match. 
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J. Conclusion 

He have tested our particular formulation of the generalized 

Veneziano model at three different energies and have found that the 

model works equally well at all energies with parameters that vary 

'·/e th~nk that for the reaction considered the slowly with energy. • • 

model is a reasonable one, but we cannot claim that the model will 

work well in the crossed reactions. Our formulation of pseudoscalar 

exchange in the pp channel does not appear to work well at the lower 

energies where its effect is significant; however, we are somewhat 

comforted by the fact that such exchanges have always posed problems 

in dual models and we expect that our simple formulation was per

haps too optimistic. The model also fails to adequately describe the 

pn+ mass spectrum in the 1.2 GeV mass region, especially in the 

4.6 GeV/c data. These failures will probably be amplified if the 

model is considered for a ~rossed reaction. There are, however, 

several successes of the model that are to a large degree inde-

pendent of the input. Since we think these are positive and interesting 

results, we list them below. 

1. The Kon+ mass spectrum is well fitted and the ratio of 

K*(890) to K*(l420) is excellent; this provides some support 

for the existence of strong exchange degeneracy betHeen the K,., tra-

jectories. 

2. Although the pn+ mass spectrum is not impressively fitted, 

it does not exhibit serious wrong-signature daughter structure or 

large recurrences. 

3. The Kop mass spectrum is well fitted, supporting the hy

pothesis for the absence of exotic resonances in this channel. 

4. If one ignores the first few bins, the fits to the single 

particle t distributions are excellent to the highest value ·of allowed t. 

•. 
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s. Similarly, the t distributions to the K*•s are also good, 

apart from a slight underestimation of events. 

6. The Jackson frame angles of the K*(l420) are not impressively 

fitted. but the theory does follow the trend of the data, which is 

a plus for the model, inview of the fac·t that the nonleading poles 

in the theory are rather complex. 

7. The Dalitz plot is reproduced very well by the theory. This 

suggests that the model is reasonable away from the edges of phase 

space where angular momentum.effects are very important. 
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Appendix A, Summary of Fitted Hypotheses 

All two pron~ events with a V were fitted to the hypotheses 

shown below, The V was first fitted to the following hypotheses 

a. 
b, 

c, 

K0 + n+n-
1\ + n-p 
- + A+ n p 
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If these hypotheses did not fit then the following were attemted 

d, + -y + p+ e e (spectator proton) 

e. a,,b,,c., above but as a 1 constraint fit. 

Depending on which neutral fitted above, one or more of the next 

sets of production hypotheses were attempted, 

l. + Kp+ + n pK0 

+ 2. + n pK0 n° 
+ 

2n° 3, + n pK0 mm 

l.j., + n + n +K0 n 

5, + 11+11+K0 mm nrr 

6, + K+pKO i(o 
+ 7. + K pK0 mm Kn 

a. + K+K~0n 

9, + K+K~0 mm nn 
••.••.....•••••••..•....•... 

10. + K+K-tl\ 

11, + K+K+I: 0 

12. + K+K+J\11° 

13, + K+K+J\ mm- 2'11' 

ll.j., + 11 +K+ J\K0 

15, + ·lK+ 1\ mm Kn 
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16, + Kp+ n+K+K0 (A) 

17. + n+K+K0 mm An 

18, + ppK0n 
19, + ppK0 mm (neutron)1T 

................................ 
20, + ppi\ 

21. + pp'fb 

22, + ppi\no 

23, + ppi\ mm 2n 

21.j., + +-npAn 

25, +- (neutron)n + n pA mm 

26, + K+pA(A) 
+- An 27. + K pA mm 

28, + K+pA(A) 

29, + K+pA mm An 

30, + -+ n pJ\:O 

31, + (:n) + n pi\ mm 

where particles with an mm in front are -treated as missing mass. 

Particles enclosed in ( ) are treated as unobserved. 
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Appendix B. Scanning Efficiency Formulas 

Let 

N = the true number of events in some sample, 

Nl = the number of events found on pass 1 

N2 = the nU!Ilher of events found on pass 2 

Nl2 = the intersection if N1 and N2 , i.e. the 

the events found by both pass l and 2, 

&i = the efficiency of scan i, i=l,2 

We assume that &i are uncorrelated. Thus, we get as expectations 

Nl = &lN 

N2 = &2N 

N12=&1&2N = &2&1N 

As they stand, u1 ; N2, and tf12 are not independent. Define 

A = Nl-Nl2 
B = Nl2 
c = N2-Nl2 

Thus, A represents the event found on pass l but not on pass 2, and 

C is the vice versa. 

Thus, we get that 

&l = lll/N2 = B/(C+B), 

&2 = N12/lil = B/(A+B), 

&~ = &1 +&2 -&1&2 

Where ·&~is the net efficiency after two passes. Assuming that the 
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errors can be well approximated by the sums of squares of the first 

order partial derivatives, we get as errors 

( 6t
1
/t

1
) 2 =(C/(C+B)2 )[1+ C/B ] 

( ot2/t2) 2 =(A/(A+B) 2 }(l+ A/B ] 

( 0&~)2 = (l-&2)2(0&1)2 + (l-&1)2 (6&2)2 
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Appendix c. KL Decays 

The number of KL decays seen in a bubble chamber may be cal

culated to a fair approximation as follows. Assume that a V is a K0 , 

then 

K0 = 1 (K~ + Kt ) 
12 

Let NK0 
s 

be the number of K0 produced, Because of the undetected 2~0 s 

mode, the number of seen K0 

s is about 

Similarly, because of the undetected 3~0 decay mode, the number 

of KR_ seen is 

Because the number of K~ and KR. is the same at production, we 

get that the number of visible K1 is 

= 0.78 

0,69 

To determine the number of seen KR., we need to know the probability 

for the decay to occur within the bubble chamber, Summing over 

events with a seen K0 : 
s 

[•••ape weight of K: l 
The result is that 

NKol =(0,4 ±,04)% of K0 I 
1 seen s seen 

l. 

2. 

3. 

4. 

s. 

6. 

7. 

a. 

9. 

10, 

11. 

12. 

13. 

15. 
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Table 1 

Phenomenological trajectory functions of the form a(S) = a+ bS + ic(S-S ) 
O(S-Sz)• whe~e a, b, d, S3 , and s

2 
are obtained by interpolating fromdata

1 

found m Particle Data Group4) compilation. The fits were done with pen 
and ruler, and the number of significant figures presented should not be 
taken as indicative of the errors. 

Trajectory 

p-Az 
w-f 

1T 

A 

ap(S) = 0.477 + 0.894S + 0.0194i(S+3.79) O(S-0.080) 

aw(S) = 0.377 + L014S + 0.186i (S-0.56) e (S-0.171) 

aK::dS) = 0.331 + 0.841S + 0.064i (S-0.203) e (S-0.401) 

arr(S) = 0.9 (S-0.019) 

af:). (S) = 0.152 + 0.881S + 0.125i (S-0.46) O(S-1.15) 

ay* (S) = - 0.265 + 0.92S + 0.096i (S-1.43) O(S-1.56) 
1 

aN(S) = - 0.400 + i.02S + 0.125i (S-0.893) O(S-1.15) 

al\.(S) =- 0.674 + 0.943S + 0.07i (S-1.24) O(S-1.75) 

Version 

1 

2 

3 

4 

5 

6 

7 

8 

Table 2 

Versions of the Model 

Matrix element 

IV(A) + V(B) + V(C) 12 

IV(A) + V(B) + V(C)I 2 + c
1

1W(A) + W(B)+ W(C)I 2 

+ C
2

lrr(A) + rr(B) + 1r(C)I
2 

I (V(A) + V(B) + V(C)) + c
1 

(W(A) + W(B) + W(C)) 

+ C 2 ( rr (A) + 1r (B) + rr (C)) 12 

I (V(A) + V(B) + V(C) + c
1 

(W(A) + W(B) + W(C)) 

+ (Cz + iC3 ) (1r(A) + rr(B) + rr(C)) 1
2 

I (V(A) + V(B)) + c 1 V(C) + c
2 

(W(A) + W(B)) + C W(C) 
. 3 

+ ~(1r(A) + 1r(B)) + c
5 

rr(C) 12 

I V(A) + V(B) + c
1 

V(C) 12 + I c
2 

(W(A) + W(B)) 
2. . 

+ C 3 W(C)I + lc
4 

(rr(A) + rr(B)) + c
5

rr(C) 12 

s arne as 5 but replace N a by f),. in prr- channel 

IC1 (V(A) + V(B)) + V(C) + c
2 

(WCA) + W(B)) + c W(C)I2. 
. 3 

+ lc4 (rr(A) + rr(B)) + c
5 

1r(C) 12 



tj -~!J ~fj d 0 j ~J J 
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) -~ u 'l (J , .. 

Version c1 c2 
1 

Table 3 

Results of fits 

c3 c4 cs 

2 2.04X1o" 3±1.2X1o· 4 2.48X10- 4±5.2X10-S 

3 -2.39Xto" 3±2.6X1o· 3 -1.67X10- 2±1.7X1o· 3 

4 1.29:1:10 " 3±1.4Xi0 - 3 -2. 94X10 "3±3. 7X10 - 3 2. 39X10 -Z:!:1.2X10 - 3 

5 -6.30X10- 2±1.8X10-2 -1. 89X10 " 2±1.2X10- 3 4. 8Xi0 " 3 ±1.2X10 " 3 -1. 54X10 " 3:1:2. 3X10 " 3 -5. 95X10 "3 :!:1.1X10 - 3 

6 3. 60X10 "1±6. OX10 - 2 1. 16Xi 0 "2:1:1. 6X10 - 3 1. 97X10 " 3 :1:1. 3X10 " 3 2. 75X10 "2:1:1. 62X10 - 3 -5.17X10 "4 ±1.4X10- 3 

7 -9.13X10- 2±3Xto" 2 -2.43X10 " 2±1Xi0 - 3 3. 61X10 " 3±1Xi0 - 3 -1.65X10 " 2:1:1. 7X10 " 3 -4. 21X10 - 3 :!:1.2X10 "3 

8 -3. 71X10 - 2:1:0.02 -1.64Xto" 2±8X1o·4 8.99X10-4±9X10-4 2.02X10- 2±1X1o· 3 4.88X10- 3±8X10- 4 
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~ Term 

1 

v 

w 

V+W 

lT 

Total 

Table 5 

Relative Cross Section:: 12 GeV/c 

2 

1.59X10- 1±2.8X10- 3 

44o/o 

1.80X10-1±2.8X1o- 3 

SO% 

1.97X10- 2±7.7X1o-4 

6% 

47 

8 

6.29X10- 2±8.5X10-4 

820/o 

1.40X10 -Z±1.0X10 - 3 

18% 
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TABLE ' • DENSITY ~ATRlX FITS f.,(, I 8 90 

110 
~ .................................................................... . 
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Sil 
TABLE 9. 

...... 
~ 

Path length(ev/tb) (ev/,vb) ...... . ...... Method Average (Y) (Y) "' . N . 
(Y) I .., 

Tau decays 34.7: -9 I . I . "' . .., . ~ Beam track tally 35.2 ! .6 . a) . 
(Y) ('I <D ...... + + + Normalization to > ..., ._, ..., 

34.9.:!:, .5 Gl ~ ~ .., 
total cross section 34.0 .:!: 1.2 :E . . . ..., N a) r-.., (Y) a) 

.-t 

Table~. Summary ofz. the three methods of determining the path length. 
II) 
+' . . . . . 
I: The average had a X of .8 with 3 degrees of freedom, corresponding Ql ........ ...... ..... 

to a confidence level of about 8o%. e .., <D (Y) 
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Figure Captions 

Fig. l. This shows the four orderings of the external particles 

which do not produce exotic channels and gives the trajectories 

which can contribute to the amplitude. At the right of each 

graph is the Harari- Rosner quark diagram corresponding to it • 

For graph (d), the quark diagram is nonplanar and by the Harari

Rosner rules should not contribute. Since graphs (c) and (d) differ 
* only by the interchange {3) .. (5) in the K channel, the omission 

* of graph (d) ensures strong exchange degeneracy between K (890) 

* and K (1420) • 

Fig. 2. Data in the 6(1236) region. The solid curve is the prediction 

of theW terms using a 6-trajectory with r-'6 (1236 )= 120 MeV. The 

dotted curve is the prediction of the V terms using a width of 

80 MeV. Normalization of the curves is done to the peak of the data • 

Fig 3. Invariant mass of K0~ +. The fits at 12 and 9 GeV/c are 

quite good, as is the fit at 4.6 GeV/c. It should be noted that 

the K*(890) at 9 GeV/c in the data is only some 3'5'"MeV wide, 

much less than the accepted width of So MeV • 

Fig 4. Invariant mass of Pic+. The 6verall fit is reasonable at 

all energies. However, the fits tothe 6(1236) region is poor at 

all energies, but especially at 4.6 GeV/c. 

Fig. 5. Invariant mass of K0p. The fits at all energies are excellent, 

supporting the idea of the absence of exotic resonances in this 

channel • 

Fig •. 6. 0 -t to K from beam. Except for the foreward few bins, the 

fits are good at all energies up to the highest allowed values 

of -t . 

Fig. 7. -t to ~ + from beam. The fits are quite good except for the 

bump at -1 Gev/c2 ~ 

Fig. 8. -t to p\from target. Except for the foreward bins, the fits 

are good • 
\ 

Fig. 9· * -t' to K (890) from beam. Apart from normalization, the fits 

are good. Inadequacy of our handling of pion exchange is obvious 
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in the 4.6 GeV/c data where the peaking of the theory in the 

foreward direction is very pronounced but the data turns over. 

The pion contribution is nearly all in the first bin. 

Fig. 10. * Cosine 9 of K (890) in the Jackson frame. The fits at 

all energies are reasonable. 

Fig. 11. ~ of K*(890) in the Jackson frame. The fits at all energies 

are quite good. 

Fig. 12. * -t' to K (1420).Except for the first few bins, the fits are 

reasonable. 

Fig. 13. * Cosine e of K (1420) in the Jackson frame. The theory tends 

to follow the trend of the data, but the fits· are not good. 

* In particular, the interference of the K with the 6 in the right-

most bin is not well reproduced in the 4.6 GeV/c data. 

Fig. 14. I of K*(l420) in the Jackson frame. The fits at all energies 

are quite good. 

Fig. 15. 

gies. 

-t' to 6(1236) from target. The fits are poor at all ener-

Fig. 16. Cosine 8 of 6(1236) in the Jackson frame, The theory has a 

large L=O component which approximates-the data. However, there is 

some cos
2e distribution in the 12 GeV/c data that does not appear 

in the theory. 

Fig. 17. r of 6(1236) in the Jackson frame. The fits are poor at all 

energies because the theory is nearly all L=O and tbe data is not. 

Fig. 18a. * Fit of.the K (890) region. The mass and width were varied, 

and a linear approximation to the background was used. 

Fig. 18b. * Fit of the K (1420) region. The mass and width were varied, 

and a linear approximation to the background was used. 

Fig. 18c. Fit of the 6(1236) region. The mass and width were varied, 

and a linear approximation to the background was used. 

* 
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Fig. 19. Density matrix elements of the K (890) as a function of 

the invariant fourmomentum transfer from the beam. 

Fig. 20. Density matrix elements of the 6(1236) as a function of 

the invariant four-momentum transfer from the target. 

Fig. 21. Fitted parameters of the theory. This plot shows the variation 

of the five parameters with the beam momentum. 

Fig. 22. Fitted x2 for events ambiguous under p ~~+permutation. 
The sum of ionization and kinematic x2 shows a clear separation 

of the events. 

Fig. 23. Film scanning efficiency for our event type.as a function 

of the recoil proton track length. After two scans the overall 

efficiency is nearly 100%. However, for small recoil lengths there 

is a marked bias so a correction was done. The triangular P"ints 

represent the scanning efficiency for all V•two prongs irrespectave 

of reaction type. The square points are for our reaction only. 

The square points have larger errors since the statistics were smaller. 

The two scanning efficiencies are the same to within errors. 

0 + Fig. 24a. A scatter plot of K rr mass versus Cos(9) in the Jackson 

frame. The arrow shows the 1.85 GeV region. Fig. 24b shows a. similar 

plot except that a cut of -t' < . 2 on the momentum transfer to the 

K0 rr+ mass from the beam was imposed. The statistics are too poor 

to support the hypothesis of a resonance at 1.85 GeV. 

Fig. 25. Exponential fit to the momentum transfer to K0 from the 

beam. The fits were done to data and theory independently over 

the interval covered by the displayed lines. The square points 

are the theory and the diamond points are the data. The fits are 

excellent. 

Fig. 26. Exponential fit to the momentum transfer to ~ + from the 

beam.Comments for Fig.25 apply here. 

Fig. 27. Exponential fit to the momentum transfer to p from the 

target. Comments for Fig. 25 apply here. 

t· 
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Fig. 28. 
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Exponential fit to the momentum transfer to K*(890) from 

the beam. Comments for Fig. 25 apply here. 

Fig. 29. ·Exponential fit to the momentum transfer to K*(1420) from 

the beam. Comments for Fig. 25 apply here. 

Fig.30. Exponential fit to the momentum transfer to ~(1236) from 

the target. Although the theory does not fit the data in the 

foreward direction, the slopes of~ the theory and data are quite 

similar away from the foreward direction. Comments for Fig. £5 

apply here. 

Fig. 3la. + + 12GeV/c scatter plot of the mass of K0 n vs. pw for the 

data. Fig. 3lb is a similar plot for the theory. Units are in GeV. 

Fig. 34a • 

9 GeV/c scatter plot of data and Fig. 32b of theory for 
+ vs. pw • 

4.6 GeV/c scatter plot of data and Fig 33b of theory for 
+ vs. pw. 

12 GeV/c scatter plot of data and Fig. 34b of theory for 

Fig. 35a. 9 GeV/c scatter plot of data and Fig. 35b of theory for 

Ko Ko + p vs. w .• 

Fig. 36a. 4.6 GeV/c scatter plot of data and Fig 36b of theory for 

pK0 vs. K0w~. 

Fig. 37a. 12 GeV/c scatter plot of data and Fig. 37b of theory for 
+ pK0 VSo pw • 

Fig. 38a. 9 GeV/c scatter plot of data and Fig. 38b of theory for 
+ pK0 vs. pw • 

Fig 39a. 4.6 GeV/c scatter plot of data and Fig. 39b of theory for 

Ko + p vs. pw • 
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FIG. 3a. 12 GeV jc 
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FIG. 4a. 12 GeV /c FIG. 4b. 9 GeV /c 
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FIG. 5a. 12 GeV/c 
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FIG. 5b. 9 GeV/c 
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FIG. 6a. 12 GeV/c FIG. 6b. 9 GeV/c 
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FIG. Sa. 12 GeV/c FIG. 8b. 9 GeV/c 
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FIG. 9a. 12 GeV/c FIG. 9b .. 9 GeV/c 
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FIG. lOa. 12 GeV jc 
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FIG. lOb. 9 GeV / c 
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FIG. 11a. 12 GeV jc FIG.11 b. 9 Ge V / c 
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FIG. 12a. 12 GeV /c 
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FIG. 13a. 12 GeV/c 
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FIG. 14a. 12 GeV /c FIG.14b. 9 GeV /c 
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FIG.15b. 9 GeV / c 
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FIG. 16a. 12 GeV jc FIG.16b. 9 GeV / c 
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Fig.20. DENSITY MATRIX ELEMENTS( 61236) 
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FIG 25a. 12 GeV/c 
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FIG 26a. 12 GeV/c FIG 26b. 9 GeV/c 
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FIG 28a. 12 GeV /c 
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FIG 28b. 9 GeV /c 
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FIG 29a. 12 GeV /c 
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FIG 30a. 12 GeV/c FIG 30b. 9 GeV/c 
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r-----------------LEGALNOTICE------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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