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Abstract  

 

Probing nanostructure and rheology of complex fluids in complex flow histories using  

small angle scattering 

by 

Patrick Thomas Corona 

 

Industrial processing of soft materials involves a wide range of processing histories that 

change the material’s nanostructure and, therefore, the properties of the final product. 

Determining the connection between processing, structure and properties represents a grand 

challenge that, if met, would enable the design of better processes for producing materials or 

the production of novel materials aided by flow-induced phenomena. Toward this aim, the 

primary focus of this dissertation is the development of new experimental methodologies for 

more comprehensive determination of the relationships between processing and structure. 

 In situ small angle scattering (SAS) represents an attractive technique for the 

measurement of complex fluid nanostructure under flow. However, SAS methodology is 

currently limited in terms of interpretation of the SAS measurements to infer structural details 

of the measured fluid and in terms of measurement sample environments that probe a wide 

variety of processing histories. With respect to structural inference from SAS measurements, 

this dissertation explores the problem of suspensions of dilute rigid non-spherical particles, 

where the fluid structure can be completely described by the orientation probability 

distribution function (i.e., the probability that a particle is oriented in some direction). For this 



 

 viii 

case, a novel inference method, MAPSI, was developed that enables the model-free extraction 

of structural details from SAS measurements of these dilute particle systems. With respect to 

measurement sample environments for SAS, a new measurement methodology, FFoRM-SAS, 

was developed whereby the complex flow histories that soft materials experience can be 

manipulated and measured, in contrast with previous SAS sample environments that produce 

a limited range of flow histories. Within the FFoRM-SAS framework, studies probing the 

effect of different non-Newtonian responses yielded novel insight into the accessible flow 

regimes of elastic and viscoelastic fluids. 

 Utilizing the novel techniques toward application, studies probing the flow-induced 

SAS from model rodlike particle dispersions were employed to determine the effectiveness of 

micromechanical theories for predicting the flow-induced structure of such dispersions and 

the effect of interparticle interactions on their flow-induced structure. New analyses of flow-

SAS measurements enable the extraction of structural details to intraparticle alignment and 

interparticle correlations. The flow-induced structural transitions uncovered in this work may 

be exploited for dynamically controlling fluid properties with flow.  
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Chapter 1   

Introduction: Structure and rheology of 

complex fluids in complex flows 

1.1 Complex fluids in complex flows 

Complex fluids, which can be defined as fluids that possess an internal micro- or 

nanostructure, are ubiquitous materials that shape our everyday lives.1 Examples of complex 

fluids in flow range from the more obvious processing of plastics and consumer products, 

where the final product is itself a complex fluid (or a solidified form thereof, e.g., coatings 

and films), to less obvious examples including fluids for secondary oil recovery and drag 

reducing agents for pipeline transport, where complex fluids are utilized to make processes 

more efficient.2–4 Across these applications, there exists a general, grand challenge to 

understand and predict the flow-induced changes in the nano- or microstructural configuration 

of the fluid and the concurrent effects that these changes have on the fluid’s properties. If this 

challenge were met, one could optimize existing processes to operate more efficiently or 

design new processing strategies to create new materials with targeted properties. 

Unfortunately, a general description of processing-structure-property relationships in 

complex fluids is extremely challenging given the diverse range of nanostructures that 

complex fluids possess and the equally diverse processing strategies that can be employed. 

For one, flow-induced changes to the fluid’s stress as a result of changes to the fluid’s 
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nanostructure can completely alter the character of the flow via flow modification or flow 

instabilities.5–8 Examples include shear thinning/thickening phenomena and the wide range of 

instabilities that have been observed in flows of (visco)elastic fluids.1 Additionally, the flow 

histories that a given nanostructural element experiences as it is convected through the process 

(in the Lagrangian sense) can vary with time and position.9,10 In such situations, a more general 

description of the flow history is required that includes not only information about the strength 

of the flow (i.e., shear rate), but also information about the flow type (e.g., the strength of 

stretching relative to rotation) and the order that such flows are encountered. In both cases, 

the inhomogeneous flow histories that fluids actually experience are very different from the 

nearly homogeneous, rheometric flows that are generally used to probe flow-induced 

nanostructure and properties.11 The problem of understanding the complex-flow-induced 

nanostructures and mechanical properties of complex fluids will be the central topic of this 

thesis. 

1.2 Illustrative example of the interplay between processing, structure and properties 

In order to illustrate the problem of processing-structure-property relationships in complex 

fluid systems, the example case of flow through a tapered nozzle will be explored (Figure 

1.1). This geometry is especially relevant for applications where soft materials are 3D printed 

into structures with multiple length scales of order for applications ranging from electronic 

materials to biological implants.12–14 In 3D printing applications, one typically has control of 

several processing parameters including the composition of the fluid being printed, the nozzle 

geometry and the imposed backpressure to cause the material to flow. If one first considers 

the example of a quasi-Newtonian fluid (i.e., a fluid with a linear stress vs. strain rate 

relationship), the Lagrangian flow history can be traced out to indicate regions where the fluid 
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experiences a simple shear flow, such as near the walls of the nozzle, to regions where the 

fluid experiences an extension dominated flow, such as within the contraction. By increasing 

the steepness of the contraction (i.e., increasing χ and/or h), the extension rate that the fluid 

experiences will be higher. Furthermore, by increasing the pressure drop, ΔP, the shear and 

extension rates will be higher. However, the net strength of a shear or extensional flow does 

not completely determine the process. By increasing the steepness of the contraction, the fluid 

spends less time in the extensional-flow-dominated region. Another important consideration 

is that the flows a fluid element experiences will vary depending on the specific Lagrangian 

trajectory chosen. For example, trajectories that are along the centerline of the nozzle will not 

be subject to a simple shear flow. Therefore, even in the quasi-Newtonian limit, the optimal 

processing strategy ultimately depends on the flow-induced structure and properties of the 

material under a wide range of complex flow histories. 
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Figure 1.1: (a) A schematic 2D-axisymmetric representation of a nozzle for soft material 

printing applications. With the desired filament diameter specified, one can tune the nozzle 

by specifying h, the nozzle entrance diameter; χ, the nozzle contraction angle; and ΔP, the 

pressure drop for printing. An example Lagrangian trajectory is indicated by the solid purple 

line (with additional streaklines indicated with dotted purple lines), and two representative 

points along the trajectory are indicated as 1 (green) and 2 (red) for an examination of the 

local flow field. (b) Taking a Lagrangian perspective (i.e., from the reference frame of the 

moving fluid), the flows produced along the trajectory range from simple shear flow (1) to 

extensional flow (2). These different flow fields produce different nanostructural dynamics if 

a complex fluid is printed, indicated by the black arrows. In this pictorial example, the 

example complex fluid is an extremely dilute suspension of rigid rodlike particles. 

 

 The problem becomes incredibly more complex when considering the range of 

possible non-Newtonian responses that a complex fluid may exhibit. In the case of shear 

thinning and thickening fluids, flow modification results in a more plug-like flow resulting in 

regions of higher shear rate near the walls. For fluids with a yield stress, a similar albeit more 

drastic phenomenon is predicted, where a plug of unyielded fluid moves through the center of 

the geometry. This type flow modification can result in mechanical properties that vary 

significantly through the radius of the printed filament (e.g., an outer, brittle shell surrounding 

a flexible inner core).15 Fluids with significant elasticity (i.e., a solid-like response) can drive 

particularly complicated flow modifications and instabilities. Examples of elasticity-driven 

flow modification include the development of steady vortices along the inlet to a contraction 

and time-varying helical instabilities.16–19 Such instabilities determine the operating limits for 
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the processing of fluids with an elastic response (e.g., polymer extrusion), and the ability to 

predict and/or limit their onset would be of great benefit.19–21 The development of these non-

Newtonian phenomena is connected to the flow-induced changes to the nanostructure of the 

particular complex fluid because the particle contribution to the stress is ultimately dependent 

on the fluid’s nanostructure. However, predictions for the flow-induced structure and theories 

or models to translate this structure into stresses are only available for a few specific complex 

fluids, such as very dilute solutions of particles or very entangled polymers.  The axisymmetric 

contraction geometry represents one of the simpler cases of a realistic processing flow, and 

yet the behaviors of complex fluids in this geometry are not very well understood. 

1.3 Determining processing-structure-property relationships in complex fluids 

The challenge of understanding the flow behavior and flow-induced properties of complex 

fluids in complex flow histories represents a subject that has been approached from a number 

of directions. From a theory and modeling perspective, one direction is toward the derivation 

of constitutive theories or models of complex fluids whereby the structure and properties 

(most relevant for this work, the stress) can be determined under arbitrary complex flow 

histories.22,23 The derivation of these constitutive equations typically requires two 

components: a dynamical equation for the effect of flow on the order parameters that properly 

describe the microstructural state of the fluid (e.g., orientation, deformation or spatial 

distribution) and an expression for how these order parameters and flow fields influence the 

development of stress in the system.9,24–26 The link between processing and structure is 

established with a dynamical theory while the link between structure and properties (in the 

case of this work, stresses) is established with an expression for the stress tensor. The most 

common approach for the experimental validation of constitutive equations is by probing 
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stresses measured under well-defined, homogeneous flow fields (i.e., rheometric flows) and 

comparing predictions of the equations under similar flow conditions.11 In this approach, both 

aspects of the constitutive equations are tested simultaneously, and accurate comparisons rely 

on both aspects of the formulations of the equations being correct (or worse, inaccuracies of 

these two components offsetting one another!). To avoid problems associated with only using 

stress measurements for the validation of constitutive equations, researchers can turn to 

structural measurements of complex fluids in flow to isolate the dynamical response of the 

system. Many techniques are available to assess the structure of complex fluids in-situ under 

flow.1 This dissertation will focus on small angle X-ray and neutron scattering (SAXS and 

SANS, collectively SAS), as these techniques are particularly useful for probing 

nanostructural (1-200 nm) features in fluids, which are relevant for many industrially utilized 

complex fluids.27 

1.4 Flow-small angle scattering 

Flow-small angle scattering (flow-SAS) is a measurement technique whereby an incident 

beam of radiation is directed at a fluid under flow and the scattering of the radiation is 

measured. The scattering of radiation from the fluid provides information about scattering 

length density correlations (electron scattering length density in SAXS and neutron scattering 

length density in SANS) in the material. More information about the interpretation of SAS 

measurements will be provided later in the theory chapter. Numerous sample environments 

have been developed for the purposes of flow-SAS measurements.28,29 The first flow-SAS 

sample environments produced homogeneous simple shear flows, which are the most common 

flow for rheological experiments.30–35 Sample environments that produce simple shear flows 

exist to probe the scattering in three orthogonal planes of measurement, which theoretically 
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provides information about the full 3D structure of the material in flow. Simple shear flows 

can also be produced in slit or capillary devices, but the flow fields produced are 

inhomogeneous, i.e., the shear rate varies depending on the fluid’s distance from the walls.36,37 

Sample environments also exist to probe fluid structure under extensional flows, with notable 

examples being contraction geometries and cross slot geometries.38–44 Furthermore, by 

probing the structure at various points in these geometries, researchers were able to gain 

insight into other types of flows; however, the lack of accurate measurements of the generated 

flow fields has limited the possibilities for rigorous structural analyses. Indeed, the 

foundations have been laid in the fields of microfluidics and flow-SAS to enable the 

production of geometries to match nearly any type of process.38,45 However, the validation of 

a new geometry to simulate a new process is time consuming, and if one could use a single 

device to simulate nearly arbitrary flow histories, then the ability to test structural predictions 

of constitutive theories and models could be greatly expanded.  

Fortunately, such a device exists, the four-roll mill, pioneered by G.I. Taylor and 

subsequently modified for birefringence and light scattering measurements.46–48 However, the 

translation of this instrument to X-ray and neutron sources represents a technical challenge 

due to potential issues with device leakage and the positioning of motors to rotate rollers that 

drive the flow. Recently, a microfluidic version of the four-roll mill was proposed by Hudson 

et. al. and refined by Lee et. al., which operates based upon flow driven by syringe pumps and 

can be translated into x-ray and neutron instrumentation.49,50 A major component of this work 

will be the development and validation of a fluidic four-roll mill sample environment for in-

situ SAS measurements of complex fluid structure in complex flows for the purposes of 

experimentally testing structural predictions of dynamical theories. 
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 An additional problem related to the experimental measurement of structure with SAS 

is the extraction of real-space structural properties from scattering measurements, which 

provide information in ‘inverse space’. In this work, the focus will lie solely on complex fluids 

where orientation (of particles or fluid domains) represents the order parameter of interest. In 

such situations, a common strategy to interpret measurements is by defining scalar parameters 

that describe the anisotropy of the scattering or assuming that the orientation of particles 

adopts some presupposed form and fitting parameters related to this form.28,51–54 This problem 

will be examined in detail over the course of this dissertation as it relates to dilute and non-

dilute suspensions of rigid rods and we will propose new analysis methods for the extraction 

of real-space structural information. 

 

1.5 Nanostructural contributions to the stress in flowing systems 

With SAS providing key insight into the structure and dynamics of complex fluids in flow, 

the remaining step towards determining processing-structure-property relationships involves 

predicting the stress from the known flow field and structure of the complex fluid of interest. 

There exist numerous theoretical developments over the previous century and beyond focused 

on this problem in the context of complex fluids, the earliest and most famous example being 

Einstein’s prediction for the viscosity in suspensions of non-interacting rigid spheres.55,56 This 

dissertation will focus on the stress in dispersions of rigid non-spherical particles. The 

foundational work is that of Batchelor, where an expression for the stress tensor in non-

interacting non-spherical particle suspensions was derived.26 Additions to this theory to 

account for excluded volume interactions were proposed by Kuzuu and Doi and later Dhont 

and Briels.57,58 Additional stress contributions due to hydrodynamic interactions were 
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proposed by Shaqfeh and Fredrickson.59 In this dissertation, these theories will be utilized for 

the purposes of calculating the stress due to flow-induced structural changes that are measured 

with flow-SAS. 

1.6 Objectives of the Dissertation 

The main objective of this dissertation is the bridge the connection between flow processing 

and the structure of complex fluids (see Figure 1.2). The primary question to be pursued in 

this work is “for a given processing history, what is the structure of the complex fluid of 

interest?”. The pursuit of this connection will be explored experimentally from two directions. 

In the first direction, a new experimental framework will be outlined that enables the in-situ 

measurement of complex fluid structure in arbitrary complex flow histories. It will be 

demonstrated that this technique offers an unprecedented route to experimentally probe the 

nanostructure of complex fluids under nearly arbitrary complex flow histories with small 

angle scattering. In the second direction, new techniques for the analysis of small angle 

scattering measurements will be presented. These new capabilities lay the groundwork for 

next generation tools that will enable the inference of the structural details of complex fluids 

from small angle scattering measurements. Such tools are critical for the interpretation of 

small angle scattering measurements using the experimental framework that is outlined in this 

dissertation or any small angle scattering measurement framework. 



 

 10 

 

Figure 1.2: Schematic representation of the relationship between processing, structure and 

properties in complex fluids that will be explored in this dissertation. The primary connection 

that will be explored in the connection between processing and structure (indicated with the 

solid black line), while the structure/property and property/processing relationships will be 

explored to a lesser degree in this work. 

 

 The secondary objectives of this dissertation involve achieving a better understanding 

of structure/property and property/processing relationships in complex fluids (see Figure 1.2). 

Regarding structure/property relationships, this dissertation will experimentally test theories 

for the determination of the stress in complex fluids. In particular, this dissertation will focus 

on theories for the stress in complex fluids composed solely of rigid, non-spherical particles. 

Regarding property/processing relationships, this dissertation will experimentally probe flow 

modification as a result of the non-Newtonian characteristics of complex fluids. In particular, 

the impact of fluid elasticity on complex flow behavior will be critically examined. 
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1.7 Dissertation Overview 

The organization of this dissertation will now be discussed including the main topics to be 

addressed, the outcomes of the work related to these topics, and finally an outline of the 

chapters. 

1.7.1 Main Topics 

The first topic that will be addressed is the development of new tools for the analysis of SAS 

measurements from dispersions of rigid rods. Chapters 3 and 4 will focus on this topic. The 

next topic that will be addressed is the design, validation and operating limits of the novel 

fluidic four-roll mill sample environments for in-situ measurements of complex fluids in 

complex flow histories. Chapters 5, 6 and 8 will focus on this topic. The final topic to be 

addressed in this dissertation is the application of theories for non-dilute rigid particle 

dispersions for prediction and interpreting flow-SAS measurements. Chapter 7 will focus on 

this topic. 

1.7.2 Potential Outcomes 

Several broad outcomes of the work from this dissertation will be discussed. These outcomes 

extend beyond the scope of tool development and represent novel experimental insight into 

physical systems. The first broad outcome relates to the experimental validation of 

orientational closure approximations for the use in constitutive equation development, which 

will be discussed in Chapter 4. The next broad outcome that will be discussed in Chapter 6 is 

the classification of flow limitations for elastic and viscoelastic fluids in complex flows. The 

next broad outcome to be discussed in Chapters 4 and 7 relates to an experimental evaluation 

of the particle contribution to the stress in dilute and non-dilute non-spherical particle 
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dispersions through combined rheological and flow-SAS studies. The final broad outcome to 

be discussed in Chapters 7 and 8 is new experimental evidence for hydrodynamic-induced 

structural transitions in the non-linear flows of interacting non-spherical particle dispersions. 

1.7.3 Dissertation Outline 

The chapters of this dissertation are organized as follows: 

• Chapter 2: An overview of overarching theories to be utilized in this dissertation 

• Chapter 3: Overview of a new tool, maximum a posteriori scattering inference 

(MAPSI), for the inference of orientation distribution functions from SAS 

measurements 

• Chapter 4: Experimental validation of orientational moment closure approximations 

and the measurement of stress with SAS 

• Chapter 5: The design and validation of a fluidic four-roll mill for in-situ SAS 

measurements of complex fluids. 

• Chapter 6: The influence of complex flows on flow modification of elastic fluids 

• Chapter 7: Investigations of the effects of particle-particle interactions on the flow-

induced structure of non-spherical particle dispersions 

• Chapter 8: The use of a fluidic four-roll mill with scanning SAXS measurements to 

probe fluid response to complex flow histories 

• Chapter 9: Conclusions and future directions 
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Chapter 2  

Theory: Structure and small-angle scattering 

of dilute and semi-dilute complex fluids 

This chapter will focus on an overview of the theories that will be utilized in this dissertation. 

The discussion will begin with an overview of how complex flows may be parameterized into 

deformation rates and deformation types. Special cases of flows will be discussed, as these 

will have special relevance for studies described later in this dissertation. Next, the chapter 

will continue with an overview of dynamical theories used to predict the effect of flow on the 

orientation distribution of complex fluids. The focus will be on theories for rigid (i.e., non-

deformable), non-spherical particles. Finally, scattering theories/models for orientable 

nanostructures will be described. The theory for the scattering from dilute particles of arbitrary 

shape will be outlined. Additionally, strategies for determining scattering contributions due to 

non-diluteness effects (i.e., particle-particle correlations) will be discussed. 

2.1 Parameterization of complex flows 

In general, the deformation that a fluid element experiences is determined by the history of 

deformations it experiences as it is convected through the process (i.e., the fluid’s Lagrangian 

flow history). For linear flows (i.e., flows where the velocity can be approximated as 𝐮 = 𝐱 ∙

∇𝐮 + 𝐮𝟎  where u is the fluid velocity, x is the position and 𝐮𝟎 is some reference velocity), 

the local deformation field on a fluid element is determined by the local velocity gradient 
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tensor (∇𝐮). For 2D linear flows, as studied in this dissertation, the effect of ∇𝐮 on the fluid 

microstructure can be parameterized by two scalars; the flow type parameter (𝛬) and the 

deformation rate (G) 1. The flow type is defined as a function of the magnitude of the rate of 

strain tensor, E (the symmetric part of ∇𝐮, i.e., 𝐄 = ∇𝐮 + ∇𝐮𝑻), and the magnitude of the 

vorticity tensor, Ω (the antisymmetric part of ∇𝐮, i.e., 𝛀 = ∇𝐮 − ∇𝐮𝑻), as 

𝛬 ≝
|𝐄|−|𝛀|

|𝐄|+|𝛀|
     (2.1) 

where |A|=(A:AT)1/2 2–5. When this is done, the local velocity gradient tensor can be written in 

terms of these two scalars as 

∇𝐮 =
𝐺

2
[

1 + 𝛬 1 − 𝛬 0
−(1 − 𝛬) −(1 + 𝛬) 0

0 0 0
]   (2.2) 

The flow type parameter, Λ, ranges from -1 to 1, which correspond to rotational flow (where 

the flow is purely rotational) and planar extensional flow (where the flow is purely straining), 

respectively. A flow where Λ = 0 corresponds to simple shear flow where the magnitude of 

the vorticity tensor and rate of strain tensor are equal. With this definition of ∇𝐮, G is equal 

to the shear rate, �̇�, in simple shear flow (i.e., Λ = 0) and G is equal to the extension rate, 휀̇, in 

planar extensional flow (i.e., Λ = 1). The parameter G can be defined in terms of ∇𝐮 and Λ as 

|∇𝐮|/√1 + 𝛬2. For the remainder of this work, complex flows will be parameterized by the 

Lagrangian, time-dependent flow type, Λ(t), and deformation rate, G(t). 

 It is also useful to discuss flow regimes from the perspective of flow kinematics and 

independent of the complex fluid of interest. One useful metric to consider is the 

eigenvectors/eigenvalues of ∇𝐮, which determine and the orientation of the principal strain-

rate axes and the rate of stretching in the direction of the principal strain-rate axis. For the 2D 
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flows that we are considering, these eigenvalues are 𝐺√𝛬, - 𝐺√𝛬 and zero, while the 

corresponding eigenvectors are  

[
(√𝛬 + 1)/(√𝛬 − 1) 

1
0

], [
(√𝛬 − 1)/(√𝛬 + 1) 

1
0

], and [
0
0
1

],  (2.3) 

respectively. Strong flows represent flows that exponentially distort the fluid’s structure. For 

the theories and models of complex fluids investigated in this work, the strong flow regime is 

defined when the principal rate of stretching exceeds the fluid’s relaxation time (i.e., 𝐺√𝛬 >

𝜆, where 𝜆 is the longest relaxation time of the fluid). Notably, simple shear flow (𝛬 = 0) can 

never produce a strong flow, and the rate of material stretching in that case is linear. 

 

2.2 Kinetic evolution of complex fluids in flow: rigid non-spherical particle dispersions 

As mentioned in the introduction, in order to derive theories for predicting the stress in 

complex fluids, one requires two parts: (1) an evolution equation for the structure of the 

suspension and (2) an expression for the stress tensor that depends on this structure. In the 

case of rigid, homogeneous particle dispersions, the fluid structure can be completely defined 

by the orientation probability distribution (i.e., the probability that a particle is oriented in 

some direction) and the spatial distribution function (i.e., the probability of finding a 

neighboring particle some distance away in a homogeneous dispersion).6 First, these two 

components will be outlined in a somewhat general way for rigid, non-spherical particle 

dispersions. Then, the explicit theories for dilute particles and non-dilute particles with 

excluded volume interactions will be discussed. 

Assuming a homogeneous dispersion of high aspect ratio, axisymmetric particles in 

homogeneous flow; neglecting hydrodynamic interactions; and assuming a mean-field 
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nematic interaction potential between rods enables the derivation of a Smoluchowski equation 

for the evolution of the orientation (described by the unit vector p) probability distribution 

function (OPDF), N(p,t) as 

𝐷𝑁(𝐩, 𝑡)

𝐷𝑡
+

𝜕

𝜕𝐩
∙ 𝑁(𝐩, 𝑡)�̇� =

𝜕

𝜕𝐩
∙ 𝐷𝑟 (

𝜕𝑁(𝐩, 𝑡)

𝜕𝐩
− 𝑁(𝐩, 𝑡)

𝜕

𝜕𝐩
(

𝑉[𝑁(𝐩); 𝐩]

𝑘𝐵𝑇
)) 

�̇� = 𝛀 ∙ 𝐩 +
𝑟𝑒 − 1

𝑟𝑒 + 1
[𝐄 ∙ 𝐩 − (𝐩 ∙ 𝐄 ∙ 𝐩)𝐩] 

∫ 𝑁(𝐩, 𝑡)𝑑𝐩 = 1     (2.4) 

where re is the effective aspect ratio of the particle relative to an ellipsoid, 𝐷𝑟 is the rotational 

diffusivity and V is a mean field nematic potential due to interactions with other rods.6–10 The 

first term on the LHS is the convected derivative of N(p,t), which accounts for the time 

evolution of the OPDF in a Lagrangian reference frame. The second term on the LHS 

describes the effect of the flow field on the OPDF, where the expression for �̇� is Jeffery’s 

equation for the orientation of a dilute, non-Brownian particle.11 This term is akin to the 

convection of orientation probability due to the flow. The first term on the RHS describes the 

randomization of particle orientations due to thermal fluctuations. This term is akin to the 

diffusion of orientation probability. Finally, the second term on the RHS describes the effect 

of interparticle interactions due to an effective external potential of mean force.  

While equation 2.4 is general for any potential of mean force, this work will only 

consider V of the form of a Maier-Saupe potential, 𝑉 =
3

2
𝑈𝑘𝐵𝑇 (𝐩𝐩: (𝐩𝐩̅̅ ̅̅ −

1

3
𝐈)) where U is 

an interaction parameter and 𝐩𝐩̅̅ ̅̅  is the second moment of N(p) (i.e., 𝐩𝐩̅̅ ̅̅ = ∫ 𝐩𝐩𝑁(𝐩)𝑑𝐩). 

Equation 2.4 is, in many cases, too computationally expensive to solve numerically for the 

purposes of simulating complex processes. Utilizing the Prager procedure 12 (i.e., multiplying 
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equation 2.4 by pp and integrating over p), the evolution equation for the full orientation 

probability distribution function can instead be expressed in terms of the evolution of the 

second moments of the orientation distribution function as 

𝑑𝐩𝐩̅̅ ̅̅

𝑑𝑡
− 𝛀 ∙ 𝐩𝐩̅̅ ̅̅ − 𝐩𝐩̅̅ ̅̅ ∙ 𝛀 −

𝑟𝑒−1

𝑟𝑒+1
(𝐄 ∙ 𝐩𝐩̅̅ ̅̅ + 𝐩𝐩̅̅ ̅̅ ∙ 𝐄 − 2𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄) = −6𝐷𝑟 (𝐩𝐩̅̅ ̅̅ −

𝐈

3
) − 𝑈(𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ − 𝐩𝐩̅̅ ̅̅ ∙ 𝐩𝐩̅̅ ̅̅ )  (2.5) 

While an evolution equation for 𝐩𝐩̅̅ ̅̅  can be written, this equation depends on higher order 

moments of 𝑁(𝐩) (e.g., 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ = ∫ 𝐩𝐩𝐩𝐩𝑁(𝐩)𝑑𝐩), which requires approximation in order to 

remove this dependence on higher order moments and solve the equation (i.e., a closure 

approximation). The two theories that will be discussed later will utilize these two equations 

with specified values of re, Dr and V derived from first principles.6,13–15  

 In addition to a theory for the dynamical evolution of the system structure, an 

expression for the stress tensor is also required to derive a full constitutive model for a 

complex fluid. This dissertation will only focus on the expression for the particle contribution 

to the stress tensor in a system of non-interacting (i.e., V = 0) rigid rods subject to thermal 

fluctuations provided by Batchelor 

 𝛔𝑝 = 2𝜂𝑠𝜙(𝐴〈𝐩𝐩𝐩𝐩〉: 𝐄 + 𝐵(〈𝐩𝐩〉 ∙ 𝐄 + 𝐄 ∙ 〈𝐩𝐩〉) + 𝐶𝐄 + 𝐷𝑟𝐹〈𝐩𝐩〉)  (2.6) 

where ηs is the solvent viscosity, 𝜙 is the volume fraction of rods and A, B, C and F are 

parameters dependent only on the aspect ratio of the particles.16,17 Corrections to this 

expression to account for hydrodynamic interactions and excluded volume interactions will 

be discussed later. With equation 2.4 or 2.5 and equation 2.6, one can make theoretical 

predictions for the evolution of N(p,t) for a given flow history ∇𝐮(𝑡). 

2.2.1 Dilute rod theory 

The theory for dilute (i.e., non-interacting) non-spherical particles combines a dynamical 

theory for dilute rods subject to Brownian motion with Batchelor’s expression for the stress 
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in a suspension of dilute, non-spherical particles. These two components were combined and 

rigorously explored by Hinch and Leal for a wide range of the parameter space (e.g., particle 

shapes and flow conditions) in a series of seminal papers.9,15,17–21 The dynamical theory is 

based upon the convection of orientation given by Jeffery’s equation for the effect of flow on 

a non-Brownian non-spherical particle (the second LHS term in equation 2.4) and 

orientational diffusion described by a constant rotational diffusivity.11 These contributions 

produce equation 2.1 with V = 0 and Dr = Dr,0 where Dr,0 is the dilute rod rotational diffusivity. 

The theory for the stress is exactly Batchelor’s expression given by equation 2.6. 

2.3 Theories for semi-dilute rods 

Theories that account for non-diluteness effects in non-spherical particle suspensions typically 

build off of the dilute rod theory by including interaction forces between the particles. The 

simplest corrections to the dilute theory involve replacing the dilute rod rotational diffusivity 

with a modified rotational diffusivity that accounts for the effect of particle-particle 

interactions on the diffusion process.13,22 Doi and Edwards proposed several forms of an 

expression for Dr to account for this effect. Micromechanically derived theories that account 

for excluded volume interactions between rods include those of Kuzuu and Doi, and Dhont 

and Briels, where the form of the function, V, is a Maier-Saupe potential.6,14 In the Kuzuu and 

Doi theory, U is a phenomenological constant while in the Dhont and Briels theory 𝑈 =

6𝐷𝑟𝐿𝛷/𝐷 where L/D is the rod aspect ratio and 𝛷 is the volume fraction of rods. These 

theories will be described more rigorously in later chapters. These theories do not consider 

hydrodynamic interactions nor the possibility of more complicated interaction potentials (e.g., 

electrostatic interactions). The theory for hydrodynamic interactions between high aspect ratio 

particles was proposed by Shaqfeh and Fredrickson.23 This theory predicts a contribution that 
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is independent of the relative orientation between two rods. Theories incorporating 

electrostatic interactions between rods have been proposed in the zero-shear limit based upon 

a rescaled particle concentration.24 These effects have not been incorporated into a full 

dynamical theory or a theory for the stress. 

2.4 Orientation moment closure approximations 

As mentioned before, solving the theories mentioned above requires a closure approximation 

so that equation 2.5 and equation 2.6 are not dependent on moments of the orientation 

distribution function other than the second moment. This problem of requiring closure 

approximations extends to other theories of complex fluids, such as theories for liquid crystals 

and non-Brownian rods. As a result, numerous closure approximations have been proposed. 

The most common closure schemes are those that provide explicit routes to calculate 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐀 

from 𝐩𝐩̅̅ ̅̅  and A, where A is any symmetric tensor.12,15 These types of closures can be further 

subdivided into those that are built from fits to numerical simulations of the full orientation 

distribution function (fitted closures) 25–29 and those that are not (non-fitted closures)6,9,27,30–

35.  Another possible subdivision of these types of closures is the assumed relationship 

between fourth and second moments, where the general schemes can be divided into closures 

that assume a relationship to invariants of the second moment, a relationship to principal 

values of the second moment, or some other relationship. These closure schemes will be more 

rigorously reviewed in a later chapter. Other schemes for closure exist, including closures 

involving higher order moments (e.g., a closure for the fourth moment tensor based upon the 

sixth moment tensor), but these are less prevalent in application. Another class of closures are 

the so called fast exact closures and other closures that rely on reformulating the full 

constitutive equation rather than fundamental relationships between moments that describe 
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the structure of the fluid. Since these closures rely on rewriting the constitutive equations, they 

are subject to the assumptions required to derive the model or theory whereas orientational 

closure approximations may be subject to a less limiting set of assumptions.36–39 Due to the 

more limiting assumptions required for these types of closures, they will not be explored 

further in this dissertation. 

2.5 Small angle scattering from non-spherical particle dispersions 

Small angle scattering is a technique whereby one measures the scattered intensity of radiation 

(e.g., x-rays, neutrons or light), which is related to scattering length density (SLD) correlations 

within the material. The relevant scattering length in the material depends on the type of 

radiation used. For example, neutron scattering measurements probe neutron scattering length 

density, which is dependent on the atomic composition of the material being measured. 

Typically, collected scattering is measured as a function of the scattering wavevector, 𝐪 =

4𝜋

𝜆
sin (

𝛉

𝟐
) where 𝛉 is the scattering angle and 𝜆 is the wavelength of the incident radiation. 

The scattering wavevector q is equivalently defined as the difference between the vector of 

incident radiation and the vector of scattered radiation. Figure 2.1 includes a representation of 

the vector q relative to the experimental measurement. 
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Figure 2.1: The configuration of a small angle scattering measurement. Incident radiation (red 

arrow) passes through the material of interest in its sample environment. Radiation is scattered 

from the material in some direction (orange arrow), which is collected on a detector that 

measures the intensity of radiation at some position (given by the variation in colors). The 

position on the detector can be mapped to a vector q (black arrow), which is the difference 

between the vector of incident radiation and scattered radiation normalized by the radiation 

wavelength. 

 

Assuming elastic scattering events from an incompressible, homogeneous dispersion of 

particles with uniform scattering length density (SLD), the measured intensity can be written 

as 

𝐼(𝐪)̅̅ ̅̅ ̅̅ =  𝛷(Δ𝜌𝑆𝐿𝐷)2𝑉𝑝𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝑏    (2.7) 

where 𝛷 is the volume fraction of particles, Δ𝜌 is the SLD contrast between the particle and 

the suspending fluid, 𝑉𝑝 is the average particle volume, 𝑃(𝐪) is the contribution from 

intraparticle scattering (i.e., the form factor), 𝑆(𝐪) is the contribution from interparticle 

scattering (i.e., the structure factor) and b is the incoherent scattering cross section (i.e., 

background scattering). The overbars in the expression indicate ensemble averages of the 

quantities. In this work, the structure of the material will only be considered to be dependent 

on the orientation distribution function, so the overbar average is given as �̅� = ∫ 𝑑𝐩 𝑋 𝑁(𝐩) 

for any X, where N(p) is the orientation distribution function. Furthermore, assuming a 
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homogeneous dispersion of particles (i.e., the orientation distribution function and spatial 

distribution function are independent of one another and the same for every particle), the 

overbar average on the RHS of equation 2.7 can be decomposed as 𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑃(𝐪)̅̅ ̅̅ ̅̅  𝑆(𝐪)̅̅ ̅̅ ̅̅ . 

It should be noted that a decoupling approximation is required when the structure factor is 

defined in this way.40,41 This approximation will be discussed more rigorously later in this 

work. It should be noted that these assumptions for the derivation of the scattering expression 

are less restrictive than the assumptions made by Onsager and utilized in the Dhont-Briels 

theory for the orientation distribution of concentrated particle systems discussed 

previously.6,42 With this decomposition, one can consider effects from the form factor and 

structure factor separately. First scattering contributions from the form factor will be 

considered followed by scattering contributions from the structure factor for dispersions of 

rodlike particles. 

2.5.1 Scattering from dilute non-spherical particle dispersions 

First, this work will consider scattering contributions due to intraparticle correlations, i.e., the 

form factor P(q), which is the sole contribution to the scattering from dilute dispersions. The 

calculation of the scattering from oriented particles will be outlined through an example 

calculation for a cylinder. The initial development of these calculations were carried out by 

the developers of SASView and by Förster et. al..43,44 This dissertation will define a convention 

that form factors in q’ space are defined with the longest axis in the qz’ direction while form 

factors in q space are for arbitrary particle rotations (ψ*,θ*,ϕ*) from qz’ with angles defined 

in Figure 2.2. 
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Figure 2.2: The rod orientation coordinate system relative to the incident radiation and 

detector. The vectors or angles provide the information about particle orientation (p1, p2, p3 

or φ*, θ*, ψ*) relative to the incident radiation (qz) and detector (qx and qy, indicated by the 

grey square). The sequence of θ* and φ* rotations is indicated with the black dotted lines 

while the projected rotational transformations are indicated with colors: orange for ψ*, green 

for θ*, and purple for ϕ*. 

 

The normalized form factor scattering can be generally calculated as 

 𝑃(𝐪) =
1

𝑉𝑝
|∫ 𝑑𝐫 𝑝(𝐫)𝑒−𝑖𝐪∙𝐫|

2
  (2.8) 

where p(r) is the normalized particle scattering length density pair distribution function, Vp is 

the particle volume and |∙|2 indicates a product of the expression with its complex conjugate. 

For example, a circular cylinder with a specified radius (R) and length (L) with the length 

oriented in the z direction in Cartesian coordinates (r, θ, φ; not to be confused with the 

definitions for coordinate system rotations), the expression for the particle density profile is 

𝑝(𝑥, 𝑦, 𝑧) = {
1, 𝑤ℎ𝑒𝑛 −

𝐿

2
≤ 𝑧 ≤

𝐿

2
 𝑎𝑛𝑑 0 ≤ 𝑟 ≤ 𝑅 ∀𝜃

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                         (2.9) 
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Substituting 𝐫 = [
𝑟 cos(𝜃)

𝑟 sin(𝜃)
𝑧

], 𝐪 = [

𝑞𝑥′

𝑞𝑦′

𝑞𝑧′

] and inserting this density profile into equation 2.8 

yields 

𝑃(𝑞𝑥
′ , 𝑞𝑦

′ , 𝑞𝑧
′ ) = |∫ 𝑑𝑧 ∫ 𝑑𝑟

𝑅

0
∫ 𝑑𝜃

2𝜋

0
𝑟 𝑒−𝑖(𝑞𝑥

′ 𝑟 cos(𝜃)+𝑞𝑦
′ 𝑟 sin(𝜃)+𝑞𝑧

′ 𝑧)
𝐿

2

−
𝐿

2

|

2

        (2.10) 

Integrating this expression leads to 

 𝑃(𝑞𝑥′, 𝑞𝑦′, 𝑞𝑧′) = (
4 𝐽1(√𝑞′

𝑥
2

+𝑞′
𝑦
2

 𝑅) 𝑠𝑖𝑛(
𝐿𝑞′

𝑧
2

)

𝐿𝑞′
𝑧√𝑞′

𝑥
2

+𝑞′
𝑦
2

 𝑅

)

2

.          (2.11) 

where J1 is the first order Bessel function of the first kind. However, the Cartesian directions 

(q’x, q’y, q’z) can be rotated relative to this initial orientation with a rotation matrix. For 

convenience in comparing orientations to fluid mechanical models where the coordinate 

system is typically defined as in Figure 2.2, rotation matrices are applied by first rotating the 

particle about θ* followed by ϕ*. The proper rotation matrix for this transformation is 

 𝐪′𝑻 = 𝐑−𝟏(𝜙∗, 𝜃∗)𝐪𝑻 = 𝐑𝒚(−𝜃∗)𝐑𝒛(−𝜙∗)𝒒𝑻 = [

cos(𝜃∗)cos(𝜙∗) cos(𝜃∗)sin(𝜙∗) −sin(𝜃∗)

−sin(𝜙∗) cos(𝜙∗) 0

cos(𝜙∗)sin(𝜃∗) sin(𝜃∗)sin(𝜙∗) cos(𝜃∗)
] [𝑞𝑥 𝑞𝑦 𝑞𝑧].  (2.12) 

The final expression for the form factor for a cylinder oriented at arbitrary θ* and ϕ* in qx, qy, 

qz space (see Figure 2.2) is 

 𝑃(𝜙∗, 𝜃∗; 𝑞𝑥, 𝑞𝑦, 𝑞𝑧) = (
4 𝐽1(√(𝑞𝑦 cos(𝜙∗)−𝑞𝑥 sin(𝜙∗))

2
+(cos(𝜃∗)(𝑞𝑥 cos(𝜙∗)+𝑞𝑦 sin(𝜙∗))−𝑞𝑧 sin(𝜃∗))

2
 𝑅) 𝑠𝑖𝑛(

𝐿 (𝑞𝑧 cos(𝜃∗)+(𝑞𝑥 cos(𝜙∗)+𝑞𝑦 sin(𝜙∗)) sin(𝜃∗))

2
)

𝐿(𝑞𝑧 cos(𝜃∗)+(𝑞𝑥 cos(𝜙∗)+𝑞𝑦 sin(𝜙∗)) sin(𝜃∗))√(𝑞𝑦 cos(𝜙∗)−𝑞𝑥 sin(𝜙∗))
2

+(cos(𝜃∗)(𝑞𝑥 cos(𝜙∗)+𝑞𝑦 sin(𝜙∗))−𝑞𝑧 sin(𝜃∗))
2

 𝑅

)

2

. (2.13) 

Finally, the projected scattering (i.e., the scattering one measures in an experiment) may be 

calculated by evaluating this expression at qz = 0. To calculate the orientationally averaged 

form factor for axisymmetric particles where the particle orientation distribution can be 

described by two angles (in this case, spherical coordinates defined by 𝜙 and 𝜃 with r = 1 on 

the unit sphere), one can use the expression 
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𝑃(𝐪)̅̅ ̅̅ ̅̅ = ∫ ∫ 𝑁(𝜙, 𝜃)𝑃(𝜙, 𝜃; 𝐪) sin(𝜃) 𝑑𝜙𝑑𝜃
2𝜋

0

𝜋

0
.                      (2.14) 

For arbitrary 3D rotations (see Figure 2.2), if one writes the form factor for a particle oriented 

with long axis along qz’, the scattering after the particular rotation (ψ*,θ*,ϕ*) is written by 

replacing (q’x, q’y, q’z) with 

𝑞𝑥′ = cos(𝜓∗) (cos(𝜃∗) (𝑞𝑥 cos(𝜙∗) + 𝑞𝑦 sin(𝜙∗)) − 𝑞𝑧 sin(𝜃∗)) + (𝑞𝑦 cos(𝜙∗) − 𝑞𝑥 sin(𝜙∗)) sin(𝜓∗) 

𝑞𝑦′ = cos(𝜓∗) (𝑞𝑦 cos(𝜙∗) − 𝑞𝑥 sin(𝜙∗)) − ((cos(𝜃∗) (𝑞𝑥 cos(𝜙∗) + 𝑞𝑦 sin(𝜙∗))) − 𝑞𝑧 sin(𝜃∗)) sin(𝜓∗) 

𝑞𝑧
′ = 𝑞z cos(𝜃∗) + (𝑞𝑥 cos(𝜙∗) + 𝑞𝑦 sin(𝜙∗)) sin(𝜃∗)                          (2.15) 

The form factor for a parallelepiped (with side lengths a, b, and c where c ≥ b ≥ a) oriented 

with the c axis in the qz’ direction, the b axis in the qy’ direction and the a axis in the qx’ 

direction is 

 𝑃(𝑞𝑥′, 𝑞𝑦′, 𝑞𝑧′) = (
8 sin(

𝑎 𝑞𝑥′

2
) sin(

𝑏 𝑞𝑦′

2
) sin(

𝑐 𝑞𝑧′

2
)

𝑎 𝑞𝑥′ 𝑏 𝑞𝑦′ 𝑐 𝑞𝑧′
)

2

 (2.16) 

The form factor or an ellipsoid (with radii a, b, and c where c ≥ b ≥ a) with similar axes 

orientations is 

 𝑃(𝑞𝑥′, 𝑞𝑦′, 𝑞𝑧′) = (
3 (sin(√(𝑎 𝑞𝑥′)2+(𝑏 𝑞𝑦′)

2
+(𝑐 𝑞𝑧′)2) −√(𝑎 𝑞𝑥′)2+(𝑏 𝑞𝑦′)

2
+(𝑐 𝑞𝑧′)2 cos(√(𝑎 𝑞𝑥′)2+(𝑏 𝑞𝑦′)

2
+(𝑐 𝑞𝑧′)2))

((𝑎 𝑞𝑥′)2+(𝑏 𝑞𝑦′)
2

+(𝑐 𝑞𝑧′)2)

3
2

)

2

. (2.17) 

To calculate the orientationally averaged form factor for non-axisymmetric particles where 

the particle orientation distribution can be described by three angles (𝜙 and 𝜃 in spherical 

coordinates with an additional angle 𝜓 for rotations around the particle axis), one can use the 

expression 

𝑃(𝐪)̅̅ ̅̅ ̅̅ = ∫ ∫ ∫ 𝑁(𝜙, 𝜃, 𝜓)𝑃(𝜙, 𝜃, 𝜓; 𝐪) sin(𝜃) 𝑑𝜙𝑑𝜃𝑑𝜓
2𝜋

0

𝜋

0

2𝜋

0
.             (2.18) 
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2.5.2 Scattering from non-dilute non-spherical particle dispersions 

Now, contributions to the scattering due to interparticle correlations, i.e., the structure factor, 

will be considered for the case of non-spherical particles. In this dissertation, one expression 

for the structure factor was investigated based on a random phase approximation (RPA) 

originally derived by Ten Bosch and Sixou and extended by Shimada et. al..42,45,46 

Neglecting forward scattering contributions as q = 0, the interparticle structure factor 

(𝑆(𝐪)̅̅ ̅̅ ̅̅ ) can be determined from the spatial distribution function of particle centers, 𝑔(𝐑, 𝐩, 𝑡), 

as 

𝑆𝐶𝑀(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 1 − 𝜌 ∫ ∫ ∫ 𝑑𝐑𝑑𝐩𝑑𝐩′𝑁(𝐩)𝑁(𝐩′)𝑒−𝑖 𝐪∙𝐑(1 − 𝑔(𝐑, 𝐩, 𝐩′)) (2.19) 

𝑆(𝐪)̅̅ ̅̅ ̅̅ = (1 −
(𝐹(𝐪)̅̅ ̅̅ ̅̅ )

2

𝑃(𝐪)̅̅ ̅̅ ̅̅
𝑆𝐶𝑀(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅) 

where 𝜌 is the number density of particles, 𝑁(𝐩) is the orientation distribution function for a 

particle defined by the vector p,  𝐹(𝐪)̅̅ ̅̅ ̅̅  is the orientationally averaged form factor amplitude 

defined in the previous section, and  𝑃(𝐪)̅̅ ̅̅ ̅̅  is the orientationally averaged form factor also 

defined in the previous section. 

Progress toward the calculation of structure factors was made by considering a random 

phase approximation (RPA) for stiff particles.45,46 The RPA assumes  The RPA provides an 

expression for 𝑆(𝐪)̅̅ ̅̅ ̅̅  and does not require the decoupling approximation. The derivation of this 

expression will not be reproduced here, and can be found in the work of Shimada et. al. as 

𝑆(𝐪)̅̅ ̅̅ ̅̅ ≈
1+

𝑅0(𝐪)

𝑃𝑒𝑓𝑓(𝐪)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

1+𝛽(𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅+𝑅0(𝐪)) 
     (2.20) 

where 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  is the form factor of a system of particles with hard rod interactions whose 

spatial distribution function approximates the spatial distribution function of the system of 
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interest, β is proportional to the strength of the interaction potential and the concentration of 

rods, and R0(q) is a term that describes the nematic interactions between rods. In this 

dissertation, contributions from nematic interactions between rods will be neglected, i.e., R0 

(q) = 0. For purely hard rod interactions, 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑃(𝐪)̅̅ ̅̅ ̅̅ , but 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  may also be adjusted 

to approximate longer range interactions between particles, e.g., electric double layers, by 

increasing the effective particle’s dimensions..42,47–49 In this work, we will only consider 

cylindrical shapes of the EV potential for the calculation of 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . 

With the expressions outlined in this section, the scattering from dispersions of non-

dilute non-spherical particles can be calculated from a known orientation distribution function. 

Ideally, a full theory for N(p) for non-dilute particles would be available, but efficient 

numerical methods for resolving N(p) for these theories have not been developed. However, 

numerical methods for solving the dilute theory have been proposed by Férec et. al..50 In this 

dissertation, solutions to N(p) from the theory with no external mean field interaction potential 

will be used to determine the scattering from non-dilute particles. Using N(p) derived from 

these solutions for the scattering predictions assumes that the underlying orientation 

distribution function can be approximated as having a similar form to solutions to the dilute 

theory with a modified rotational diffusivity.  Furthermore, results will be presented in a way 

that are agnostic to the exact value of this modified rotational diffusivity. More information 

can be found later in this dissertation. 
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Chapter 3  

Bayesian estimations of orientation 

distributions from small angle scattering 

This chapter is adapted from ‘Patrick T. Corona, Kevin S. Silmore, Raymond Adkins, 

Christian Lang, Minne Paul Lettinga, James W. Swan, L. Gary Leal, and Matthew E. 

Helgeson, Bayesian estimations of orientation distribution functions from small-angle 

scattering, Submitted’. 

 

3.1 Introduction 

Non-equilibrium fields often produce anisotropic structures and properties in soft materials 

due to the orientable nature of material elements.1,2 In such situations, diffraction represents a 

powerful technique for measuring anisotropic microstructure to connect theoretical models to 

macroscopic properties. In particular, small angle scattering (SAS) of light or neutrons enables 

one to probe length scales ranging from nanometers to microns, corresponding to structural 

features that are relevant to many macromolecular and soft materials.3 SAS sample 

environments have been developed to measure soft materials in situ under applied flow, 

magnetic and electrical fields where the external field can induce microstructural orientation, 

stretching and/or aggregation.4–8 Such experiments can be utilized to connect non-equilibrium 

processing to structure, dynamics and the resultant materials properties of soft material 

systems.9–11 
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In this work, we are specifically concerned with the problem of using SAS to determine 

the orientation probability distribution function (ODPF) for dispersions of rigid, non-spherical 

objects under simple shear flow. Although here we focus exclusively on shear flow, the 

models and methods we discuss can be generalized to other flows and orienting fields. The 

ODPF describes the probability that a particle will be oriented in a particular direction, and 

moments of the OPDF provide a direct link to theories that describe structure-property 

relationships in anisotropic materials, such as mechanical, optical and transport properties.12 

The problem of extracting OPDFs from SAS measurements has received considerable 

attention.4,6,13 In the following, we will briefly summarize methods that have been used to 

analyze anisotropic scattering from soft materials, which will highlight the need for new 

methodology to extract quantitative OPDFs. 

In principle, SAS measurements encode information about the underlying OPDF of 

the material under measurement. However, in addition to being pre-ensemble averaged, this 

information is convoluted by the fact that the OPDF is an intrinsically 3D property (i.e., it can 

be defined on the surface of a unit sphere representing orientation space), whereas SAS 

measurements are typically recorded as a 2D projection of the scattering onto a planar 

detector. In some cases, such as for spatially homogeneous uniaxial fields (e.g., uniaxial 

extensional flow, field-aligned nematics, and uniform electrical/magnetic fields), symmetry 

conditions can be imposed to eliminate the need for 3D information from the 2D 

measurement.14 By contrast, the most widely utilized flow for studies of soft materials and 

complex fluids is simple shear flow, which breaks uniaxial symmetry such that a full 3D 

description is required for the OPDF. As such, there is no exact mapping of the “inverse 

problem” that connects a single 2D scattering measurement to a unique 3D OPDF. To 
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overcome this limitation, one can make scattering measurements under a series of rotational 

2D projections in an attempt to reconstruct the full 3D scattering.15–17 However, such 

conditions are often difficult to implement in general. In the case of simple shear flow, distinct 

sample environments have been developed to enable measurement in orthogonal planes 

relative to the flow field.4,18,19 In this work, we will focus on using these orthogonal 

measurements to extract information about the full 3D OPDF. 

In general, researchers are left with one of two approaches to estimate the OPDF: (1) 

various model-free parameterizations of the scattering anisotropy, which are assumed to 

correlate with analogous metrics of the real-space 3D OPDF, or (2) the use of a 3D structural 

model whose predicted scattering is used to fit various parameters of the model to the data. 

For case (1), scalar parameters such as the “alignment factor” (Af) and Hermans’ orientation 

parameter are commonly used to qualitatively track the evolution of SAS anisotropy, and 

proposals have been made about the relationship of these parameters to moments of the 

OPDF.13,20–24 For case (2), fitting of SAS patterns has been restricted to situations where the 

microstructure is modeled as a cylinder and the OPDF is assumed to be uniaxial.25–34 As will 

be discussed in detail later, the ill-posedness of the underlying fitting problem makes the 

schemes proposed to date highly sensitive to experimental noise. 

Experimental measurement of the OPDFs of non-spherical particles in flow is 

especially relevant to the development of rheological models of dispersions, nanocomposites 

and rod-like polymers. For the limiting case of non-interacting, rigid, axisymmetric particles 

in a Newtonian solvent, a rigorous micromechanical theory for the particle contribution to the 

stress exists12,35 based upon evolution of the OPDF according to the Smoluchowski equation 

in orientation space where orientational probability is advected by flow (as described by 
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Jeffery’s equation36) and randomized by rotational diffusion due to thermal fluctuations. 

Corrections to this theory have been proposed to account for direct particle interactions in the 

absence of hydrodynamic interactions.37–39 In all of these theories, the structure and stress are 

only dependent on the particle shape, concentration, and moments of the OPDF.12 Therefore, 

direct measurement of the OPDF under flow would provide a critical test of such theories and 

enable a direct evaluation of the stress in flowing systems. While the OPDFs of micron-sized 

particles can be experimentally probed with optical microscopy, scattering techniques such as 

SAS are required to probe the OPDF of nanoparticles under flow.40–42 Given the practical 

ability to produce homogeneous simple shear flows and the aforementioned breaking of 

uniaxial symmetry, simple shear flow presents a rigorous test of such microscopic theories. 

The preferred model system for structural and mechanical studies of nonspherical 

nanoparticles in simple shear flow has been aqueous dispersions of fd-viruses — rigid, 

monodisperse and rod-like particles.25,43–47 In this work, we report SAS measurements from a 

dispersion of fd-viruses under simple shear flow to test new developments in the analysis of 

OPDFs from SAS measurements.  

The primary objective of this work is to develop a generalized framework for 

analyzing anisotropic SAS measurements that accounts for contributions to the scattering 

resulting from particle shape and the 3D nature of the OPDF, ultimately resulting in 

parameter-free and fully 3D OPDF estimations from multi-projection SAS measurements. 

Specifically, we will explicitly state the expressions for predicting the scattering due to 

oriented, non-spherical particles in a dilute dispersion under simple shear flow and propose 

model-independent methods to extract the OPDF from SAS measurements that account for 

the three-dimensionality of particle orientations. With regards to predicting SAS, we 
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exemplify the theoretical framework by comparing rheo-SANS measurements of a dilute, 

oriented dispersion of monodisperse fd-virus in simple shear flow to numerical simulations of 

the OPDF and SAS for a dilute dispersion of cylinders matching the dimensions of the fd-

virus. With regards to the extraction of OPDFs, we employ a new Bayesian approach that we 

call maximum a posteriori scattering inference (MAPSI) to extract parameter-free estimates 

of the 3D OPDF from planar SAS measurements. We apply MAPSI to extract OPDFs from 

the same measurements of dilute fd-virus dispersions in simple shear flow. Finally, the 

connection between SAS and mechanical properties is completed by calculating moments of 

these inferred OPDFs, providing an unprecedented capability to experimentally test the ad 

hoc models of non-dilute particle dispersions that are predicated on predicting these same 

moments. 

3.2 Experimental Methods 

The fdY21M viruses used in this work are monodisperse, rod-like (with length, L = 920 nm, 

and radius, R = 3.3 nm), and rigid (Lp/L = 11, where Lp is the persistence length) 

particles.25,39,43–46 The fdY21M viruses were prepared using standard protocols.48 The viruses 

were dispersed in a 20 mM Tris/100 mM NaCl/D2O buffer at a concentration of 0.95 mg/mL 

(𝛷 ≈ 0.5 𝛷∗, where 𝛷∗ ≈ 24(𝐷/𝐿)2 = 0.00124 is the overlap concentration2) as measured 

with UV-Vis (NanoDropTM One, ThermoFisher). The salt concentration was chosen to 

eliminate the effect of charge interactions between the viruses, and the virus concentration 

was chosen to limit direct physical interactions between the viruses while still providing 

sufficient scattering signal above background.39 Two different flow cells were used to probe 

different projections of the scattering from the same sample under steady simple shear flow. 

Scattering in the flow-vorticity plane was probed utilizing the 1-3 plane rheo-SANS flow cell, 
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which is an Anton Paar MCR 501 rheometer (Anton Paar GmbH, Graz, Austria) with a quartz 

Couette geometry.18 Scattering in the flow-gradient plane was probed using the 1-2 plane 

shear cell.19 A similar gap size (1 mm) and outer cylinder radius (25 mm) was used for both 

sample environments. Both measurements were conducted at the National Institute of 

Standards Center for Neutron Research on the VSANS instrument with λ = 5 Å and Δλ/λ = 

0.11. All measurements were performed at 25°C. Data from the measurements were reduced 

using standard NCNR protocols with Igor PRO software to correct for empty cell, 

background, and intensity normalization to an absolute scale.49 In this work, we neglect the 

effects of instrumental resolution, as the impact of these errors were determined to be less than 

10%, which is less than the measurement standard deviation.50 

3.3 Theory 

In general, the description of anisotropic scattering from oriented microstructures requires two 

model components. The first is a form factor scattering model that takes as an input a real-

space description of the distribution of scattering length density (SLD), , within a 

geometrically defined particle shape and a 3D orientational probability distribution function 

(OPDF) of such shapes. The second is a physical theory that describes how the OPDF of 

scattering objects (or, in principle, their shape) evolves due to the details of an imposed 

orienting field. The latter is necessary when attempting to predict the scattering from first 

principles. Alternatively, the former can be used in closed form by “fitting” either the single-

particle form factor and/or the OPDF to experimentally measured small-angle scattering 

(SAS) data. After a discussion of the generalized framework for analyzing SAS, we describe 

both of these necessary components separately, as their theoretical formulations are mutually 

independent. 
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3.3.1 Scattering theory: calculating the orientation-dependent form factor scattering 

SAS measures the intensity with which radiation (e.g., neutrons, light) is scattered from a 

material as a function of the scattering wavevector, 𝐪 = 4𝜋 𝜆⁄ sin(𝚯 2⁄ ), where Θ is the 

scattering angle (made by the vectors of incident and scattered radiation) and λ is the 

wavelength of the incident radiation. We emphasize that q is a vector, and so the scattering in 

general will depend on the direction of q relative to the local orientation of the material (Figure 

3.1). We assume single elastic scattering events from a homogeneous dispersion of particles 

with uniform scattering length density (SLD). Under conditions where intraparticle and 

interparticle scattering correlations do not interfere (i.e. dilute systems and at large values of 

q), the intensity of radiation scattered from a material at some q, I(q), is related to 

contributions from intraparticle scattering (the form factor, P(q)) and interparticle scattering 

(the structure factor, S(q)) 

𝐼(𝐪)̅̅ ̅̅ ̅̅ =  𝛷(Δ𝜌)2𝑉𝑝𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝑏     (3.1) 

where 𝛷 is the volume fraction of particles, Δ𝜌 is the SLD contrast between the particle 

and the suspending fluid, 𝑉𝑝 is the average particle volume, and b is the incoherent scattering 

cross-section. The overbars in the expression signify ensemble averages of the quantities 

where, importantly, the product of the form factor and structure factor is the quantity being 

averaged on the right-hand side. For the experiments to which we will be comparing this 

framework, the measurements were made at low particle concentrations and in a sufficiently 

high q-range where interparticle scattering effects are insignificant (i.e., 𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ≈ 𝑃(𝐪)̅̅ ̅̅ ̅̅  

for all measured q). Notably in SANS, one can measure or predict 𝛷, Δ𝜌 and the shape of the 

particle from other independent measurements. 
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Figure 3.1: The orientational coordinate system for a rod relative to the simple shear flow field 

indicated on the coordinate axis. The angles (ϕ, θ) provide information about particle 

orientation in the flow (qu), gradient (qu), and vorticity (qω) directions. For the 1-2 and 1-3 

sample environments, the relationship between the flow field and beam coordinate systems 

for the two sample environments used experimentally in this work are provided. In a real 

experiment, the direction of incident radiation (qz) will not change, only the orientation of the 

flow relative to the incident radiation using different flow cells. Not pictured is the detector 

for the 2-3 plane, where incident radiation is along the flow direction. 

 

 The orientation of a 3D particle with arbitrary shape is uniquely defined by three 

orthogonal orientation vectors p1, p2 and p3. If one only considers effects from orientation on 

the form factor, the measured form factor of such a particle is the macroscopic average of the 

single-particle form factor at all orientations weighted by the OPDF.1,27 One can calculate this 

average form factor as 

𝑃(𝐪)̅̅ ̅̅ ̅̅ = ∭ 𝑁(𝐩𝟏, 𝐩𝟐, 𝐩𝟑)𝑃(𝐩𝟏, 𝐩𝟐, 𝐩𝟑; 𝐪)𝑑𝐩𝟏𝑑𝐩𝟐𝑑𝐩𝟑   (3.2) 
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where P(p1,p2,p3;q) is the form factor for a single particle at a single orientation and 

N(p1,p2,p3) is the OPDF. Equation 3.2 is completely general in that it makes no assumptions 

about the mathematical form of the OPDF or particle shape. In conjunction with recent 

advances in calculating form factors for particles at arbitrary orientations51,52, this expands the 

range of microstructures and forms of OPDFs for which one may predict SAS patterns to 

monodisperse systems of arbitrarily shaped rigid particles with a known OPDF, that are 

sufficiently dilute that 𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ≈ 𝑃(𝐪)̅̅ ̅̅ ̅̅  in the q-range considered.  

For this work, due to the axisymmetric shape of the fd-virus, the particle will be 

described by one orientation vector, p, in spherical polar coordinates (ϕ, θ) relative to a 

Cartesian simple shear flow field (Figure 3.1) with qu, qu, and qω as the wavevector 

components in the flow (u), gradient (u) and vorticity ( = u) directions, respectively. 

We emphasize that θ defined here is not the same as Θ from the definition of q. In what 

follows, we will sometimes refer to the flow, gradient and vorticity directions as 1, 2 and 3, 

respectively. In SAS measurements, scattering intensity is measured on a planar detector 

positioned very far from the sample relative to the detector size. As a result, measurements 

are typically assumed to be made in the qz ~ 0 plane where z is the direction of incident 

radiation. Depending on the sample environment used, one may probe the structure in the qu 

~ 0 (flow-vorticity) plane for the 1-3 rheo-SANS sample environment or in the qω ~ 0 (flow-

gradient) plane for the 1-2 shear cell sample environment.18,19 One can also configure the rheo-

SANS sample environment such that measurements are made in the qu ~ 0 (gradient-vorticity) 

plane, however, for the experiments in this work, SAS was not measured in this plane as the 

interpretation of the scattering is complicated by the curvature of the sample environment.53 
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 Equations 3.1 and 3.2 provide the general framework for computing the SAS from 

dilute, rigid particle dispersions. As mentioned before, this framework will be utilized in two 

distinct ways in the following sections: (1) in the “forward problem”, a physical theory for 

dilute, rigid particles in flow will be used to predict the OPDF and, therefore, the SAS 

intensity; and (2) in the “inverse problem”, the measured SAS intensity will be used to infer 

the OPDF. The use of the framework in these ways is predicated on one’s ability to derive 

orientation-dependent form factors for the particle, P(p1,p2,p3;q), which must be validated for 

the system of interest. In this work, we validate a cylinder form factor to describe the fd-

viruses by comparing equilibrium SAS measurements to SAS predictions with a uniform 

OPDF.  

3.3.2 Orientation dynamics theory: the Smoluchowski equation for dilute, Brownian 

particles 

Utilizing the SAS framework presented in the previous section, one now only requires 

information about the particle shape, concentration, composition and OPDF to make 

predictions of the SAS for dilute systems. This is the so-called “forward” problem referred to 

earlier.  

       In general, one can use a dynamical theory that incorporates the relevant physics of 

the material in order to predict the OPDF for use in the scattering framework. The dynamical 

evolution of the configuration of any thermal material can be described by a Smoluchowski 

equation that incorporates the influence of Brownian motion, imposed fields and interparticle 

interactions on particle orientation. In the present case, the “imposed field” is the flow, but its 

effect on the OPDF can only be derived analytically for particles of relatively simple shape in 

a dispersion that is sufficiently dilute such that interactions between particles can be neglected. 
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We assume in what follows that the fd-virus dispersion considered in the experiments is a 

dispersion of non-interacting, rigid, monodisperse cylindrical particles. 

The Smoluchowski equation governing the OPDF, 𝑁(𝐩; 𝑡), for a dilute system of 

monodisperse, non-interacting, axisymmetric particles in homogeneous flow takes the form 

of a convection-diffusion equation in orientation space. This equation, in tensorial form, is 

𝐷𝑁

𝐷𝑡
+

𝜕

𝜕𝐩
∙ (𝑁 (𝛀 ∙ 𝐩 +

𝑟𝑒
2 − 1

𝑟𝑒
2 + 1

[𝐄 ∙ 𝐩 − (𝐩 ∙ 𝐄 ∙ 𝐩)𝐩])) =
𝜕

𝜕𝐩
∙ (𝐷𝑟,0

𝜕𝑁

𝜕𝐩
),  

∫ 𝑁(𝐩, 𝑡)𝑑𝐩 = 1     (3.3) 

where Ω is the vorticity tensor, E the rate of strain tensor, 𝑟𝑒 the particle’s effective aspect 

ratio relative to an ellipsoid (for cylinders, 𝑟𝑒 ≈ 𝐿 2𝑅⁄ √8𝜋 16.35 ln (
𝐿

2𝑅
)⁄   where L is the 

cylinder length and R the cylinder radius)54, and Dr,0 is the rotational diffusion coefficient for 

an isolated Brownian particle.55 The hydrodynamic contribution to the Smoluchowski 

equation is Jeffrey’s solution for rotation of an axisymmetric particle in a homogeneous flow. 

For the simple shear flows considered in this work, the nonzero components of the vorticity 

and rate of strain tensors are Ω12 = −Ω21 = �̇� 2⁄  and E12 = E21 = �̇� 2⁄  where �̇� is the shear 

rate and the subscripts 1 and 2 denote the flow and gradient directions defined in the previous 

section (Figure 3.1). Qualitatively, the orientation distribution for the particles will depart 

from the isotropic, equilibrium distribution by an amount that depends on the relative strength 

of the flow compared to the randomizing effect of rotational Brownian motion. It is therefore 

convenient to define a dimensionless flow strength, the rotational Péclet number, 𝑃𝑒𝑟 =

�̇� 𝐷𝑟,0⁄ . For large aspect ratios (re >> 1), the dilute particle rotational diffusivity for cylinders 

can be estimated from slender body theory as 
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𝐷𝑟,0 =
3𝑘𝑏𝑇  ln(

𝐿

𝑅
)

𝜋 𝜂𝑠𝐿3
(

1−
1.5

ln(
𝐿
𝑅

)

1+
0.64

ln(
𝐿
𝑅

)

)      (3.4) 

where kbT is the thermal energy and ηs is the suspending fluid viscosity.2,56  For the fd-

virus in D2O solvent at 25 °C (ηs = 1.1 mPa s), this yields Dr,0 = 17 s-1. Therefore, we expect 

to observe significant alignment of the microstructure when �̇� > 17 s-1 (i.e. Per > 1). 

 To solve the “forward problem”, numerical simulations of equation 3.3 were 

performed using the method outlined by Férec et. al., which was specifically designed to 

enable higher stability at large Per and will be briefly described here.57 A finite volume method 

is employed to discretize the surface of the unit sphere on which the OPDF is defined.58 An 

angular discretization of 200 angles per π radians was used for this work, as it was found to 

provide sufficient resolution for accurate OPDF calculations and, more restrictively, to 

eliminate errors in the scattering predictions for the measured q-resolution. A smaller angle 

discretization was found to produce diffraction peaks in the predicted SAS resulting from 

individual orientations that were eliminated with increasing discretization. A Crank-

Nicholson scheme was used to solve for the transient development of the OPDF from an 

initially isotropic state. Simulations were carried out to 100 strain units (𝛾 = �̇�𝑡), after which 

the OPDF was found to achieve steady state, consistent with the expectation for rods with the 

fd-virus’ aspect ratio.59 Calculations of moments of p and scattering intensities, 𝐼(𝐪)̅̅ ̅̅ ̅̅ , were 

made using numerical integration with the mid-point rule. 

3.3.3 Model-free Bayesian inference method for inverting scattering integral 

equations 

When the fluid is not dilute, hydrodynamic and direct interactions render the flow-induced 

particle dynamics too difficult to solve, so that a rigorous Smoluchowski equation cannot be 
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formulated without simplifying assumptions. In these cases, it is not possible to exactly solve 

the “forward” problem of predicting the OPDF, and therefore the expected scattering. In this 

case, an alternative approach is to develop a generalized framework for inferring OPDFs 

directly from the experimental SAS data. Such an “inverse problem” is commonly 

encountered in scattering measurements, for which model-free solution approaches are highly 

sought due to their general applicability.60 Common examples are the use of constrained 

regularization algorithms for the parameter-free estimation of real-space density correlation 

functions from static scattering data,61 or distributions of Brownian diffusion coefficients from 

dynamic scattering experiments.62 

In this work, we introduce a novel approach we call maximum a posteriori scattering 

inference (MAPSI) based on Bayesian estimation to solve for the OPDF from SAS 

measurements and a prescribed scattering model for the orientable particle. The general 

problem statement is to solve equation 3.1 and 3.2 for 𝑁(𝐩), given the measured scattering 

intensity, 𝐼(𝐪)̅̅ ̅̅ ̅̅ , and an expression for the single particle form factor as a function of p and q, 

i.e., 𝛷(Δ𝜌)2𝑉𝑝𝑃(𝐪, 𝐩). This problem represents a Fredholm integral equation of the first kind 

and is, therefore, fundamentally ill-posed (i.e., a solution does not exist that is stable against 

perturbations in the data). Regularization has been demonstrated as an effective method for 

numerically solving such problems,63 but these methods have not been applied toward the 

inference of OPDFs from SAS. Recently, a Bayesian method was proposed to solve a similar 

ill-posed problem with the application of inferring nanoparticle size distributions from single 

particle tracking experiments.64 Here, we adapt a similar mathematical framework for analysis 

of anisotropic scattering. We will briefly outline the method as it applies to extracting OPDFs 

from SAS experiments. We note that MAPSI as outlined here is valid for axisymmetric 
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particles, but can be extended to include non-axisymmetric particles by utilizing three angles 

to describe the orientation. Furthermore, our formulation of MAPSI applies no physical 

constraints on the OPDF and is therefore general to any particle and orienting field (e.g. biaxial 

simple shear flows), although additional constraints due to symmetry of the particle or field 

could be incorporated if desired. We will not incorporate such constraints in this work due to 

the known biaxiality of the OPDFs for particles in simple shear flow. 

 First, the unknown OPDF is discretized into a linear combination of hat functions in 

orientation space as 𝑁(𝜙, 𝜃) = ∑ 𝑤𝑚𝜒(𝐩𝑚)𝑀
𝑚=1 , where M is the number of hat functions used 

to discretize the OPDF, 𝜒(𝐩𝑚) is a 2D spherical triangular hat function centered at 𝐩𝑚, and 

𝑤𝑚 is the weighting for the hat function. Specifically, hat functions were generated on the 2-

sphere by taking the convex hull of a sufficiently resolved Kurihara grid.65 With this 

discretization, defining 𝐩𝟏 = 𝐩 as the only applicable orientation vector, and setting 

𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  = 𝑃(𝐪)̅̅ ̅̅ ̅̅ , equations 3.1 and 3.2 become 

𝛷(Δ𝜌)2𝑉𝑝 ∫ 𝑃(𝐪𝑘, 𝐩)𝑁(𝐩)𝑑𝐩 = ∑ 𝐴𝑘,𝑚𝑤𝑚

𝑀

𝑚

 

𝐴𝑘,𝑚 = 𝛷(Δ𝜌)2𝑉𝑝 ∫ 𝑃(𝐪𝑘, 𝐩𝑚)𝜒(𝐩𝑚)𝑑𝐩𝑚     (3.5) 

The OPDF is restricted to satisfy the conditions ∫ 𝑁(𝐩)𝑑𝐩 = 1, 𝑁(𝐩) > 0 for all 𝐩. These 

requirements yield the constrained optimization problem 

ŵ𝑚 =
arg 𝑚𝑎𝑥

w𝑚
     

−1

2𝐾
∑

1

𝜎𝑘
2 

[𝐼(𝐪𝑘) − 𝑏 − ∑ 𝐴𝑘,𝑚𝑤𝑚

𝑀

𝑚=1

]

2

+ 𝜆𝑔(𝐰)

𝐾

𝑘=1

 

       𝑠. 𝑡.      𝐰 ≥ 0       

∑ 𝑤𝑚
𝑀
𝑚 = 1                  (3.6) 



 

 49 

where K is the number of collected points in q-space, 𝜎𝑘 is the measured standard 

deviation of intensity of the kth wavevector (a known experimental quantity), and λg(w) is the 

log-prior, or regularization term. The regularization term is crucial for addressing the ill-

posedness of the underlying problem and ensuring that the scattering intensity does not overfit 

the data and produce artificially sharp peaks in the OPDF.60,64 In this case, we define the 

regularization term as the integral of the square of the gradient of the OPDF, which can be 

represented as a quadratic form in the weights and results in an optimization problem that can 

be efficiently solved with a quadratic programming solver. The hyperparameter, λ, which 

governs the strength of the regularization term, is found via cross validation in order to prevent 

overfitting when dealing with a finite amount of data. See ref.64 for additional details on the 

cross validation procedure.  

The function 𝜒(𝐩𝒎) was chosen as the means of discretizing the OPDF to simplify the 

numerical scheme by enabling one to cast the optimization as a linear problem and allowing 

for one to easily constrain 𝑁(𝐩) ≥ 0 for all 𝐩. 

We specifically emphasize for studies that utilize different detector planes that one 

may specify the measured wavevectors (qk’s) that are included for extracting the OPDF. For 

example, in this work we will consider extracted OPDFs that utilize measured wavevectors 

from a single measurement plane (i.e., using measurements from only the 1-2 or 1-3 sample 

environment) or from two measurement planes (i.e., using measurements from both the 1-2 

and 1-3 sample environments). This will allow us to assess the information that is gained or 

lost from measurements in a particular plane. For data sets that combine measurements from 

different planes, it is crucial that q-vectors are expressed with respect to the same reference 

frame (in this case the flow field, see Figure 3.1). 
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        MAPSI presents distinct advantages over other methodologies that determine OPDFs 

from SAS measurements. Compared to more conventional fitting strategies, this method 

makes no assumptions about the mathematical form of the OPDF. We note that the recently 

proposed spherical harmonics expansion shares this advantage.26 Unique to MAPSI in the 

inference of OPDFs from SAS is the use of and search for the regularization parameter λ. 

Addressing the ill-posedness of the inference problem requires the use of a regularization term 

to avoid overfitting. Rather than arbitrarily choosing the strength of the regularization term, 

λ, MAPSI utilizes cross validation to find a value of λ that is most consistent with the data 

under measurement uncertainty. SAS measurements have inherent uncertainty given the 

spread in incident neutron wavelength and finite measurement time of experiments, which 

should be reflected in any parameter extracted from the measurement. Given the Bayesian 

nature of MAPSI and more specifically the search for λ (via cross validation), these 

uncertainties are naturally propagated through the analysis to the posterior distribution of the 

weights, which we sample with a Monte Carlo scheme in order to extract measures of error 

for derived quantities of the distribution. In this work, we will use such a sampling procedure 

to extract moments of the OPDF with error bars that represent the standard deviation of the 

full posterior probability distribution of moments. 

3.4 Results and Discussion 

The results to follow will be divided into four major sections:  

First, we compare scattering measurements at equilibrium with isotropic predictions of the 

scattering model for fd-virus. This comparison provides assurance of the assumption that 

𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  = 𝑃(𝐪)̅̅ ̅̅ ̅̅ , and that the cylinder model for the form factor is applicable.   
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Second, we solve the “forward” problem to make predictions for the measured SANS 

patterns of fd-virus dispersion in shear flow. Our method differs from previous approaches in 

that SANS patterns are predicted from first principles (i.e., without fitting Dr,0).
27–31  These 

predictions are then compared to experimental data measured from the 1-3 and 1-2 planes. 

This comparison with scattering data provides a test of the scattering framework and the 

dynamical theory used to generate the OPDFs.  With these results, we then compare the results 

for various scalar measures of the OPDF with those obtained via a commonly utilized method 

for extracting scalar parameterizations of the orientational order from the 2D scattering 

anisotropy alone to assess the utility of such comparisons. 

Third, we solve the “inverse” problem using MAPSI. To validate MAPSI, we extract the 

3D OPDF from theory-predicted SAS patterns for the fd-virus dispersion in three planes of q-

space (1-3, 1-2 and 2-3). The use of theoretical predictions enables a quantitative assessment 

of the method by comparing the extracted OPDFs and the original OPDFs that were used to 

generate the SAS patterns. Additionally, we compare the OPDFs inferred utilizing single 

planes of measurement (1-2 only and 1-3 only), the OPDFs inferred utilizing two orthogonal 

planes of measurement (1-2 and 1-3), and the OPDFs inferred with all three planes of 

measurement (1-2, 1-3 and 2-3) to determine the features of the OPDF that are obscured or 

corrupted when one only considers a single projection of the SAS measurement. 

Finally, we utilize MAPSI to extract the 3D OPDF from SAS measurements made in two 

planes of q-space for the fd-virus dispersion. We will discuss the implication of these results 

on the use of SAS for determining higher-order moments of the OPDF and using them to 

evaluate structure-property-processing relationships in soft materials. 
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3.4.1 Near-equilibrium 1D scattering for validation of scattering model 

To validate the single-particle scattering model (i.e., 𝛷(Δ𝜌)2𝑉𝑝𝑃(𝐪, 𝐩)) used to describe the 

SAS from the fd-virus dispersion, we compare the isotropic predictions of the scattering model 

for the fd-virus with equilibrium SANS measurements. As mentioned before, the fd-virus used 

in this work is typically modeled as a cylinder with radius, R = 3.3 nm, and length, L = 920 

nm.45,46 The fd-virus scattering length density (SLD) was calculated to be ρSLD,p = 3.03 x 10-6 

Å-2 using the Biomolecular SLD Calculator available through ISIS (Copyright held by the 

Science and Technology Facilities Council (STFC)) and a known protein sequence for the 

virus.66 The solvent SLD was fixed at that of pure D2O (ρSLD,s = 6.33 x 10-6 Å-2), although one 

would expect the solvent D2O to be slightly lower due to the added buffer. The incoherent 

background scattering was calculated from a linear fit of a Porod plot of q4 vs Iq4, where the 

slope of the line is equal to the incoherent scattering. The incoherent scattering intensity was 

found to be 0.066028 cm-1 and 0.068970 cm-1 for the 1-2 and 1-3 sample environments 

respectively. The particle volume fraction is the only remaining quantity for the scattering 

model and was left as an adjustable fitting parameter to be compared to volume fractions 

measured through UV-Vis. We stress that the only adjustable parameter in the fit is one 

relating to the absolute magnitude of the scattering signal, and so the shape of the scattering 

curve is fixed from the particle shape. The fits and subsequent analyses were made in the q-

range from 0.02 to 0.2 Å. 

 Results of the near-equilibrium scattering for the fd-virus dispersion are included in 

Figure 3.2 with the model-predicted scattering. Overall, we find excellent agreement between 

the cylinder model and the measured scattering. Additionally, we find good agreement 

between the magnitudes of I(q) between the two sample environments, indicating that effects 
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due to multiple scattering or due to scattering from the sample environment itself can be 

ignored. The value of the concentration extracted from the fit was 0.101 ± 0.001 vol%. This 

value is reasonable given that this concentration corresponds to 𝛷 ≈ 0.8 𝛷∗ (compared to the 

expected 𝛷 ≈ 0.5 𝛷∗ measured with UV-Vis). The 1D near-equilibrium scattering was used 

to validate a single-particle cylinder model. We will utilize this single-particle model in the 

analysis of anisotropic scattering patterns in the following sections. 

 

Figure 3.2: Equilibrium radial averaged scattering intensity with background subtracted and 

scaled by the volume fraction for the fd-virus dispersion considered in this work. Measured 

results are included as open circles in the 1-3 (blue) and 1-2 (orange) sample environments. 

The solid black line is the equilibrium prediction from the scattering model described in the 

text. The dotted grey lines are the limits of the q-range included in the subsequent analysis.  
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3.4.2 Forward prediction of SAS for a dilute dispersion 

With the scattering model for the fd-virus dispersions validated at equilibrium, we turn to 

comparing SANS predictions from the combined scattering and orientational dynamics theory 

with SANS measurements of the fd-virus dispersion. Again, we expect that the OPDF for this 

dispersion can be described with the dilute rod theory outlined in Section 3.3.2, and we will 

compare these SANS predictions with no adjustable parameters to the experimentally 

measured SANS patterns. 

Figures 3.3 and 3.4 include the results comparing the SANS from theory and 

experiment in the 1-3 and 1-2 planes respectively. We focus the comparison to 3 representative 

Per (2, 7.5, and 30) and with q-values corresponding to the back two detectors for clarity, and 

all shear rates tested for the full q-range show trends similar to those discussed below. The 

included shear rates range from the onset of discernable anisotropy in the SANS patterns to 

the highest measured shear rate. For these shear rates, we have included (i) the OPDF 

predicted from theory projected onto the surface of the unit sphere in the reference frame of 

the flow, (ii) the resulting SANS pattern predicted from the theory, (iii) the experimentally 

measured SANS pattern, and (iv) the absolute error or difference between these two patterns 

computed as 𝐼𝑑𝑖𝑓𝑓(𝐪) = |𝐼𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡(𝐪) − 𝐼𝑡ℎ𝑒𝑜𝑟𝑦(𝐪)|. 
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Figure 3.3: Representative results of the 1-3 plane rheo-SANS experiments and theory 

predictions for Per of approximately (a) 2, (b) 7.5, and (c) 30 corresponding to �̇� = 32, 128 

and 512 s-1, respectively. Included are the (i) dilute theory predicted orientation distribution 

function (OPDF) relative to the real-space flow, gradient, and vorticity directions (u, u, and 

ω, respectively), (ii) theoretically predicted SANS patterns, (iii) experimental SANS patterns 

and (iv) difference between these two patterns. The intensities and differences for the 2D 

patterns are on logarithmic scales while the OPDFs are presented on a linear scale. The low-

q cutoff and gap between detectors is indicated on the 2D patterns in black. 

 

 
For the 1-3 plane comparison (Figure 3.3), we find excellent agreement when 

comparing the SANS patterns from the theory and experiments, both in the degree of 

anisotropy and the q-range over which it occurs. The alignment of microstructure, which 

increases with increasing shear rate, produces SANS patterns with higher intensity in the 

vorticity direction (qω) and lower intensity in the flow direction (qu) for a similar magnitude 

of q. The onset of this discernable anisotropy in the SANS patterns occurs at Per ≈ 2. By 

analyzing the difference between the theory and experimental SANS patterns, we find that 

such deviations are isotropic and random for a majority of the q-range probed. The exception 
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to this is at the highest shear rate, Per ≈ 30, where we find larger differences between theory 

and experiment at low-q and along the qω direction. We will discuss potential reasons for the 

increased errors at Per ≈ 30 later with the results from the 1-2 comparison. 

 

Figure 3.4: Representative results of the 1-2 plane flow-SANS experiments and theory 

predictions for Per of approximately (a) 2, (b) 7.5, and (c) 30 corresponding to �̇� = 32, 128 

and 512 s-1, respectively. Included are the (i) dilute theory predicted orientation distribution 

function (OPDF) relative to the real-space flow, gradient, and vorticity directions (u, u, and 

ω, respectively), (ii) theoretically predicted SANS patterns, (iii) experimental SANS patterns 

and (iv) difference between these two patterns. The intensities and differences for the 2D 

patterns are on logarithmic scales while the OPDFs are presented on a linear scale. The low-

q cutoff and gap between detectors is indicated on the 2D patterns in black. 

 

For the 1-2 plane comparison (Figure 3.4), we again find good agreement when 

comparing the SANS patterns from the theory and experiments. Like the 1-3 plane 

measurements, we begin to observe anisotropy in the SANS patterns at Per ≈ 2. Unlike the 1-

3 plane measurements, the direction of minimum intensity (corresponding to the direction 

where most of the rods are aligned) shifts from 45° in the flow-gradient plane to 0° into the 
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flow direction, in agreement with the theory-predicted OPDF. Indeed, the direction and 

magnitude of anisotropy in the scattering at high-q is captured well for all shear rates 

measured.  For all measured q, the differences between the theory and experiment are larger 

in the 1-2 than in the 1-3 measurements due to a larger standard deviation in the measured 

intensity. Larger systematic differences between theory and experiment are observed at low-

q for the higher shear rates. In particular, we observe that the theory overpredicts the intensity 

along the direction of greatest anisotropy at the higher shear rates, and the magnitude of the 

overprediction increases with increasing shear rate. 

Despite the good overall agreement between the zero-adjustable parameter dilute rod 

theory predictions and the experimentally measured SANS, we will now discuss aspects of 

the physics involved in the experimental system that are not included in the dilute theory that 

may explain the differences between the patterns, particularly in the 1-2 plane. An assumption 

made in the dilute theory is that the contributions to the scattering from the structure factor 

are not important (i.e. 𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ≈ 𝑃(𝐪)̅̅ ̅̅ ̅̅ ) and that the shape of the particle is not changing as 

a result of the flow. We note that the qualitative differences between patterns at low-q and 

high shear rates observed in the 1-2 plane are not observed in the 1-3 plane measurement. If 

the contributions to the scattering from the structure factor or particle shape were changing, 

we would observe similar differences for the same shear rates between both measurement 

planes. A more likely explanation is that the underlying OPDF predicted by the dilute theory 

is not representative of the structure of the experimental system. In particular, the 

overprediction of scattering intensity by the theory correlates to an OPDF with higher 

orientation probability out of the plane of measurement than is found in the experiment. We 

suggest two possibilities for the differences between the theory OPDF and experimental 
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OPDF: a Taylor instability and hydrodynamic interactions. A Taylor instability occurs in 

Taylor-Couette flow of a Newtonian fluid when the Taylor number (𝑇𝑎 =

𝛺2𝑅1(𝑅2 − 𝑅1)3 𝜈⁄ , where Ω is the angular velocity, R1 is the inner cylinder radius, R2 is the 

outer cylinder radius and ν is the kinematic viscosity) exceeds a critical value of 1700.67 For 

this system, the critical shear rate for a Taylor instability is �̇�𝑐 ≈ 230 s-1 (Per,c ≈ 13.5). The 

highest two measured shear rates are beyond this critical shear rate, and therefore we may be 

probing the structure for these conditions under an unstable flow. However, the complex 

rheological response of the fd-virus dispersion may either shift this critical shear rate higher 

(due to the elasticity of the dispersion) or lower (due to the shear thinning of the dispersion).68 

Also, one would expect the roll-cells produced in a Taylor Instability to lead to more probable 

orientation in the vorticity direction. This would lead to a higher intensity in the 1-2 plane 

experiment compared to the theory, which is the opposite of what is observed. Hydrodynamic 

interactions between the fd-viruses are also likely contributing to the non-equilibrium 

structure of the dispersion. While direct interactions between the viruses are very improbable 

at such low concentrations, hydrodynamic interactions are much longer-ranged.69,70 Overall, 

while the dilute theory does, to a large extent, explain the experimentally measured SANS, a 

complete ‘forward-predicted’ explanation of the measured SANS likely requires accounting 

for hydrodynamic interactions between particles. 

Despite the imperfect comparison between theory and experiment, we can use these 

results to assess the quality of information provided by previously-utilized analyses of 

anisotropic scattering based on a single 2D projection and its assumed relationship to the in-

plane OPDF. To summarize the discussion in the introduction, one will typically either extract 

the annular variation of intensity with angle with respect to the detector, or calculate a scalar 
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parameter characterizing the anisotropy based on the annular variation of intensity. Either of 

these methods is valid for assessing qualitative trends in particle alignment. However, these 

methods will be intrinsically convoluted by the fact that one is measuring a projection of the 

scattering onto a 2D plane. Furthermore, these methods discard useful information about the 

microstructure’s OPDF that relies on the dependence of the intensity on the magnitude of q, 

which is lost in the averaging. We will now assess whether such issues introduce systematic 

errors in the estimation of the OPDF from scalar parameterizations of the scattering 

anisotropy. 

       It is sometimes assumed that the annular variation in the scattering intensity is 

proportional to the in-plane projection of the OPDF shifted by π radians due to a Fourier 

transform of the scattering intensity distribution, i.e., 𝐼(𝜃, 𝑞∗) = 𝛼𝑁(𝜃 − 𝜋, 𝜙 = 0) for 1-3 

plane measurements and 𝐼(𝜙, 𝑞∗) = 𝛼𝑁 (𝜙 − 𝜋, 𝜃 =
𝜋

2
) for 1-2 plane measurements, where 

𝐼(𝜃, 𝑞∗) is the annular averaged scattering intensity in some q-range, q*, and 𝛼 is a 

proportionality constant.13,21 Alternatively, one can obtain a scalar parameterization of the 

annular variation by assuming that a simple relationship with the second moment of the in-

plane OPDF exists (essentially assuming a similar equality between the scattering and in-

plane OPDF as above). One such parameterization is the alignment factor (Af), defined as 

𝐴𝑓(𝑞∗) = −
∫ 𝐼(𝛽,𝑞∗) cos(2(𝛽−𝛽0))𝑑𝛽

2𝜋
0

∫ 𝐼(𝛽,𝑞∗)𝑑𝛽
2𝜋

0

    (3.7) 

Where β is the in-plane angle (i.e. 𝜃 or 𝜙 for 1-3 and 1-2 plane measurements respectively) 

and β0 is the direction of most probable orientation. For measurements in the 1-3 plane, the 

alignment factor is sometimes assumed to be equal to Sm where  𝑆𝑚 = 𝐩𝐩̅̅ ̅̅ 𝑢𝑢 – 𝐩𝐩̅̅ ̅̅ 𝜔𝜔 for 1-3 

plane measurements and 𝑆𝑚 = 𝐩𝐩̅̅ ̅̅ 𝑢𝑢 – 𝐩𝐩̅̅ ̅̅ ∇𝑢∇𝑢 for 1-2 plane measurements where 𝐩𝐩̅̅ ̅̅ 𝑥𝑥 =
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∫ 𝑥𝑥𝑁(𝐩)𝑑𝐩.24 In other words, it is assumed that 𝐴𝑓(𝑞∗), as a scalar parameterization of the 

intensity, provides information about the corresponding second moment of the OPDF. While 

we only show results for this particular scalar parameterization of the intensity, we expect that 

the conclusions reached for 𝐴𝑓(𝑞∗) will be independent of the precise scalar used (e.g. 〈𝑃2〉 or 

Herman’s orientation parameter).  

        For this study, we averaged the predicted scattering intensities over a q-range of 

0.032 to 0.046 Å-1 to match a previous study on fd-viruses.46 Similar to this previous study, 

we find that only 𝛼 is affected by the choice in q*, so we did not consider the effect of changing 

q*. Figures 3.5a and 3.5b include, for the 1-3 plane and 1-2 plane measurements respectively, 

a comparison of the experimentally measured annular averaged intensity (points), the 

theoretically predicted (solid lines) annular averaged intensity, and the in-plane projection of 

the actual OPDF (dotted lines) for the range of shear rates probed experimentally. As was 

found for the direct comparison of scattering intensity at all measured q, we find excellent 

agreement between the experiments and the theoretical predictions for the annular averaged 

intensity. When comparing the annular averaged intensity (the solid lines) with the in-plane 

OPDF (the dotted lines), however, it is clear that one cannot assume that the annular averaged 

intensity provides a good approximation of the in-plane OPDF.  Both produce similar 

qualitative trends: increasing shear rate leads to a more anisotropic variation in both the 

intensity and the in-plane OPDF. Furthermore, the direction of maximum alignment in the 

plane of measurement is consistent between the two curves. However, a quantitative 

proportionality between the two does not hold. Clearly, estimates of the in-plane OPDF based 

upon the annular averaged intensity are subject to very significant error. Figures 3.5c and 3.5d 

include a comparison between the second moment of the OPDF (dotted line), the 
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experimentally measured 𝐴𝑓(𝑞∗) (points) and the theoretically predicted 𝐴𝑓(𝑞∗) (solid line). 

As with the comparison of the annular variation in scattering intensity, we find that the 

qualitative trend in the second moment of the OPDF is properly captured by 𝐴𝑓(𝑞∗). Indeed, 

both metrics similarly capture regions of shear rate where the microstructure is not 

significantly aligned (Per < 1) and where alignment is noticeable (Per > 1). However, the 

values of 𝐴𝑓(𝑞∗) deviate quantitatively. Assuming a quantitative equality, or even 

proportionality, between 𝐴𝑓(𝑞∗) and Sm would lead one to experimentally underpredict the 

overall order in the system at high alignment, and overpredict the order at low alignment.  
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Figure 3.5: (a) Averaged scattering intensity, I(𝜃,q*), as a function of annular angle 𝜃 within 

a q-range of 0.032 and 0.046 Å-1 for the 1-3 plane. (b) Averaged scattering intensity, I(𝜙,q*), 

as a function of annular angle 𝜙 within a q-range of 0.032 and 0.046 Å-1 for the 1-2 plane. For 

a and b, the colored points correspond to experimentally measured intensity for Per from 0.06 

to 30 (purple to red), which corresponds to shear rates from 1 to 512 s-1. The solid colored 

lines correspond to the theoretically predicted average scattering intensity at conditions 

matching the experiments. The dotted colored lines are the in plane OPDF from the theory 

(i.e., ϕ = 0 or 𝜃 =
𝜋

2
 for the 1-3 and 1-2 planes respectively). The value of α was chosen for 

each shear rate to have the value of  𝛼𝑁(𝜃 − 𝜋) equal 𝐼(𝜃, 𝑞∗) or 𝛼𝑁(𝜙 − 𝜋) equal 𝐼(𝜙, 𝑞∗) 

at the minimum intensity. (c and d) Alignment factor (𝐴𝑓(𝑞∗)) as a function of shear rate for 

the experimentally measured scattering (solid points) and scattering predicted from the dilute 

rod theory (solid line). Included on the same plot (dotted line) is Sm = 𝐩𝐩̅̅ ̅̅ 𝑢𝑢 – 𝐩𝐩̅̅ ̅̅ 𝜔𝜔 or Sm = 

𝐩𝐩̅̅ ̅̅ 𝑢𝑢 – 𝐩𝐩̅̅ ̅̅ ∇𝑢∇𝑢 for the 1-3 and 1-2 planes, respectively, from the OPDF simulation. 

 
Taken together, these results suggest that there is a quantitative deviation in the 

presumed microstructural alignment when equating annular scattering intensity variations 

with the in-plane OPDF. Furthermore, no amount of proportional shifting of Af will lead to 

quantitative agreement with the corresponding moment of the OPDF. We rationalize these 
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results by noting that a proportionality between scattering intensity and OPDF intrinsically 

requires that the scattering amplitude is a delta function of intensity in the orientation 

direction, regardless of the microstructure’s out-of-plane orientation. In reality, the scattering 

amplitude (in this case, the form factor) is a continuous function that depends on the out-of-

plane orientation. The fact that the function is continuous means that the intensity contribution 

from a perfectly aligned microstructure will be spread out over an annular range, leading to 

less anisotropy in the scattering intensity variation than in the OPDF. It is possible that for 

distributions that are uniaxial or with uniform probability in the out-of-plane direction, such a 

relationship will be found to hold more precisely. However, in general, any parameterization 

of anisotropic scattering will potentially depend on the scattering model employed, the q-

range used for the calculation, the q-discretization in the experiment and the degree to which 

the microstructure is oriented out-of-plane. We conclude that one should not expect a moment 

parameterization of the anisotropic scattering to be directly proportional to the corresponding 

moment of the OPDF. 

3.4.3 Parameter-free extraction of the 3D OPDF: method validation 

 

In light of the issues just raised regarding conventional analyses for inferring OPDFs from 

SAS measurements, new analysis techniques are required for quantifying the OPDF. One 

possibility is to utilize a scattering model in conjunction with a physical model for the OPDF 

to compare scattering predictions to measurements, similar to what was presented in the 

previous section. However, there are extremely few systems for which an accurate physical 

orientation dynamics theory for the full OPDF has been developed and even fewer that are 

experimentally realizable. Another alternative is to utilize a scattering model for the material 
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and an empirically-chosen analytical expression for the OPDF with free parameters that can 

be determined by fitting to the measured scattering intensity.  Indeed, many of the existing 

approaches for fitting the OPDF have relied on such an approach. However, such an approach 

can lead to errors in the OPDF if the assumptions about its form are incorrect (e.g., not 

accounting for the projection of the OPDF into the scattering plane). Furthermore, the ill-

posedness of the underlying fitting problem is usually not addressed. 

In the theory section, we described an alternative method, MAPSI, that addresses these 

issues and can be used for inferring OPDFs from experimental measurements. In order to 

validate the method, we conducted numerical simulations of the dilute particle theory to 

predict SAS patterns in the 1-2, 1-3 and 2-3 measurement planes to use as an input to MAPSI. 

Utilizing predictions from dilute theory with no added noise enables us to assess the utility of 

MAPSI for accurately extracting OPDFs free from the influence of non-idealities in the 

experimental system or uncertainties in the measured scattering intensity. Since we have full 

knowledge of the OPDF used to generate the scattering, any deviation of the extracted OPDF 

from the OPDF used to generate the scattering represents errors introduced from either the 

limited q-resolution in the predicted scattering patterns (e.g. only using individual scattering 

planes) or from MAPSI itself. 

For this study, numerical simulations of the OPDF for dilute rodlike particles matching 

the dimensions of the fd-virus in simple shear flow were carried out as a function of rotational 

Peclét number, Per. The theory-predicted OPDFs were used with the previously validated fd-

virus scattering model to generate SAS predictions in the 1-3, 1-2 and 2-3 planes of 

measurement with the same q-range and q-resolution measured in experiments. The predicted 

SAS patterns were then used as input to MAPSI to extract OPDFs. Since MAPSI requires 
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information about measurement errors, the standard deviation of the intensity was set to 

0.33I(q), which is representative of the value of the standard deviation in the SAS 

measurements discussed later. A smaller value of standard deviation was found to have no 

observable effect on the inferred OPDFs (see SI). Representative OPDFs for Per = 2, 7.5, and 

30 are included in Figure 3.6, including the theory-predicted OPDF and the OPDFs extracted 

from MAPSI using scattering from the 1-3 plane, 1-2 plane, both the 1-2 and 1-3 planes, and 

the 1-2, 1-3 and 2-3 planes. 

 

 

Figure 3.6: Representative 3D OPDFs (i) simulated from dilute theory and extracted from 

MAPSI using theory-predicted scattering in the (ii) 1-2, 1-3 and 2-3 planes, (iii) 1-2 plane, 

(iv) 1-2 and 1-3 planes and (v) 1-3 plane. For the 1-3 scattering, the incident radiation is in 

the ∇𝑢 (2) direction; for the 1-2 scattering, the incident radiation is in the ω (3) direction; 

and for the 2-3 scattering, the incident radiation is in the 𝑢 (1) direction. The representative 

results are included for Per = (a) 2, (b) 7.5, and (c) 30. The color on the unit sphere 

represents the value of the OPDF in a particular direction in the u, u, and ω reference 

frame specified in the bottom left corner. The black lines on the unit sphere indicate the 

edges of the hat functions used to discretize the OPDF. 
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For all extracted OPDFs, as Per is increased, the apparent OPDF becomes increasingly 

peaked. However, the apparent direction of most likely orientation depends on the 

measurement planes utilized. For the 1-2, 1-3 + 1-2 and 1-3 + 1-2 + 2-3 extraction, the OPDF 

displays a most likely orientation (corresponding to the peak in the OPDF) that lies slightly 

away from the flow direction toward the gradient direction, which is expected from the dilute 

theory. For 1-3 plane measurements, the peak orientation always coincides with the flow 

direction and the OPDF is symmetric about the flow direction.  When comparing the full 

OPDFs extracted from the 1-2, 1-3 and 2-3 scattering, we find that the full OPDF is nearly 

quantitatively recovered. For the 1-2 and 1-3 scattering, we find that the quantitative 

maximum in the OPDF is underestimated, but the predictions are qualitatively similar to the 

theory predicted OPDF. We note that this underestimation of the maximum in the OPDF 

appears to be due to the spreading of probability in the vorticity direction compared to the 

underlying OPDF. For the 1-2 plane, we find that probability broadens along the vorticity 

direction, while for the 1-3 plane, probability broadens along the gradient direction compared 

to the predictions from dilute theory.  

We will now attempt to generalize the effects of utilizing scattering from different 

detector planes (i.e. projections of structure) on the extracted OPDF. For the OPDF extracted 

from the 1-3 plane scattering, the OPDF appears to be broadened along the flow gradient 

direction compared to the OPDF extracted from the combined 1-2 and 1-3 plane 

measurements, and the most probable orientation lies exactly in the flow direction for all shear 

rates. For the OPDF extracted from the 1-2 plane scattering, the OPDF appears to be 

broadened along the vorticity direction compared to the OPDFs extracted from the combined 

1-2 and 1-3 plane scattering, and the most probable orientation shifts from 45° between the 
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flow-flow gradient directions at low shear rates to nearly the flow direction at high shear rates. 

Both results can be explained by the loss of out-of-plane orientational information when 

restricting analysis to a single scattering projection plane. We suggest that this occurs because 

the value of the form factor when qz = 0 (where z is the direction of incident radiation) is 

symmetric with respect to Θ = 0, where Θ is the orientation of the particle out of the plane of 

measurement. Qualitatively, one can understand this effect as analogous to projections in real-

space measurements, where particle orientations in the ±Θ direction cannot be distinguished. 

In the case of the 1-3 plane scattering, Θ = ϕ and qz = qu, which leads to the measured 

symmetry about the flow direction in the extracted OPDF because one cannot distinguish 

between orientations in the ±ϕ-direction. In the case of the 1-2 plane scattering, we note a 

broadening of the OPDF in the gradient direction compared to the OPDFs extracted from 1-2 

plane or 1-3 + 1-2 plane scattering. This can be attributed to the same effect as the OPDFs 

extracted from the 1-3 plane scattering, although for the 1-2 plane scattering Θ = θ and qz = 

qω. Finally, when comparing the 1-3 + 1-2 to 1-3 + 1-2 + 2-3 inferred OPDFs, the addition of 

measurements made in the 2-3 plane appears to sharpen the inferred OPDF, but does not lead 

to new qualitative features. In other words, including information from a wider range of q 

space increases one’s ability to perfectly reproduce the OPDF. In summary, accurately 

resolving the shape of the full 3D OPDF from SAS requires measurement and analysis of at 

least two different detector planes, otherwise orientation probability will be artificially spread 

out in the direction of incident radiation. 

The preceding analysis qualitatively demonstrates the loss of information regarding 

the 3D OPDF generally incurred by an analysis of anisotropic scattering when analysis is 

restricted to a single scattering plane. A more quantitative analysis of this information loss 
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can be assessed by examining various scalar moments of the OPDF. Given that MAPSI 

resolves the full OPDF, one could theoretically calculate moments of the OPDF (and 

propagated errors of such moments) to arbitrarily high order. Here, we restrict the analysis to 

include only fourth moments of the distribution, which can be mathematically expressed as a 

fourth-order tensor, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ = ∫ 𝐩𝐩𝐩𝐩𝑁(𝐩)𝑑𝐩, in the particle orientation vector 𝐩. The second 

and fourth moments are required to determine various material properties, such as the particle 

contribution to the mechanical stress in force-free orientable particle systems.12 For example, 

the shear stress will depend on all non-zero components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  except for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 3333, but 

important rheological quantities such as the second normal stress difference will depend on 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 3333. Additionally, one can calculate the second moment tensor from the fourth moment 

tensor as 𝐩𝐩̅̅ ̅̅ 𝑖𝑗 = ∑ 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑘
3
𝑘=1  because ∑ 𝐩𝐩̅̅ ̅̅ 𝑘𝑘

3
𝑘=1 = 1 for rigid systems.  Therefore, the 

fourth moment tensor alone provides a sufficient description of the OPDF for the purposes of 

calculating the particle contribution to the stress in dilute systems. 

Due to tensor symmetries and the symmetry of the shear flow field, there exist 9 

unique, non-zero scalar components for this fourth-order tensor, which were calculated from 

the apparent 3D OPDFs extracted from the dilute theory and from MAPSI using the 1-2, 1-3, 

1-2 + 1-3 and 1-2 + 1-3 + 2-3 plane scattering (Figure 3.6). While other studies have resolved 

the diagonal components of the second moment tensor with measurements in multiple detector 

planes46, to our knowledge the current work represents the first means of measuring the full 

fourth moment tensor for nonspherical nanoparticles simultaneously utilizing multiple SAS 

projections and, therefore, necessitates a discussion of the information about this tensor that 

is lost or gained from scattering information in a particular plane. In order to facilitate this 

discussion and of these results in general, the moments have been divided into the three 
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diagonal components (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1111, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 2222 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 3333), the three symmetric off-

diagonal components (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1122, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1133 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 2233), and the three antisymmetric 

components (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1112, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1222 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1233). We will now discuss the quantitative 

trends that emerge for the three groups of moments, and how these trends are affected by the 

plane(s) of measurement included in the inference. 

 

Figure 3.7: Components of the fourth moment tensor, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ , calculated from simulations of 

the dilute rod theory (black lines) and calculated from OPDFs extracted from MAPSI using 

theory predicted scattering (points) at varying Per. The component of the moment tensor is 

indicated in the legend, where the four numbers correspond to the i, j, k and l indices for the 

moment. Components of the moment tensor extracted using MAPSI include results using data 

from different scattering projections included: 1-2 plane only (up-pointing red triangles with 

right side filled), 1-3 plane only (down-pointing blue triangles with left side filled), using both 

1-2 and 1-3 plane scattering (purple filled diamonds), and using 1-2 + 1-3 + 2-3 plane 

scattering (filled black circles). The error bars indicate the standard deviation of the value 

from posterior sampling where the standard deviation was taken to be 
1

3
𝐼(𝐪). 
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For the analysis of the moments in Figure 3.7, we will focus on general trends and the 

errors introduced from including only specific measurement planes rather than commenting 

on each moment individually. Our main focus is on the errors introduced from only using 

measurements in the 1-2 and 1-3 planes, as these are the planes we have access to in 

measurements. For the diagonal components, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1111 increases whereas 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 2222 and 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 3333 decrease with increasing shear rate, regardless of the projection(s) included in 

MAPSI (Figure 3.7, first row). For the diagonal components, including information from both 

the 1-2 and 1-3 planes leads to absolute errors of less than 0.04 compared to the underlying 

OPDF, while including information from the 1-2, 1-3 and 2-3 planes leads to absolute errors 

of less than 0.008. For the symmetric off-diagonal components of the moment tensor (Figure 

3.7, second row), we find an increase followed by a decrease in the values 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1122 and 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1133, while we find a monotonic decrease in the value of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 2233 with increasing 

shear rate. For the symmetric off-diagonal components, including information from the 1-2 

and 1-3 planes leads to absolute errors of less than 0.006 while including information from 

the 1-2, 1-3 and 2-3 planes leads to absolute errors of less than 0.004 compared to the 

underlying OPDF. For the antisymmetric components of the moment tensor (Figure 3.7, third 

row), the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1112, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1222, and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1233 component values increase and then decrease 

with increasing shear rate. For all antisymmetric components, only utilizing the information 

from the 1-3 measurement leads to a severe underestimate for these components, and only 

utilizing the information from the 1-2 measurement leads to a similar value of the components 

as when both 1-2 and 1-3 plane measurements are used. For the antisymmetric components, 

including information from the 1-2 and 1-3 planes leads to absolute errors of less than 0.025 

while including information from the 1-2, 1-3, and 2-3 planes leads to absolute errors of less 
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than 0.01 compared to the underlying OPDF. We note that for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1112, even including 

measurements in the 1-2, 1-3 and 2-3 planes significantly underestimates the theoretical value. 

Overall, we find excellent quantitative agreement between fourth moments determined 

from the known exact OPDF and those obtained using MAPSI when two (1-2 and 1-3) or 

three (1-2, 1-3 and 2-3) measurement planes are used. As commented on previously, a general 

feature of the OPDFs inferred from measurements in a single detector plane is a loss of 

information about the OPDF in the out-of-plane direction. The clearest illustration of this from 

the moment analysis is the severe underprediction of values for the antisymmetric components 

from 1-3 plane measurements. These antisymmetric components describe the asymmetry of 

the OPDF around the velocity direction due to the biaxial nature of the shear flow. From the 

full OPDF (Figure 3.6ci), we can directly observe this loss of asymmetry. Furthermore, this 

study has a quantification of the errors expected for particular moments, which will be used 

in the analysis of moments extracted from experimental data. For all moments, percent errors 

are small when 1-2 and 1-3 plane measurements are included (at most 30%, less than the 

standard deviation of intensity in the experimental SANS measurements in this work). When 

1-2, 1-3 and 2-3 measurements are included, the extraction of moments improves (percent 

errors at most 15%). It remains to be determined if the accuracy in extracting moments 

improves further with a wider q-range (e.g., probing a q-range including the length of the 

cylinder). For now, we consider these reported errors to be expected for each of the 

components from utilizing MAPSI with the measured q-range relative to the characteristic 

size of the particle considered in this work. 
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3.4.4 Parameter-free extraction of the 3D OPDF 

We now will utilize MAPSI to extract the 3D OPDF from experimentally obtained flow-

SANS measurements under shear in two planes of measurement. We limit analysis to 

experimental measurements of the fd-virus dispersion in the 1-2 and 1-3 planes. Previously, 

we found that this dispersion does not have the same SANS patterns as those predicted from 

the dilute theory (see Figures 3.3 and 3.4). Using MAPSI will enable us to determine the 

aspects of the OPDFs inferred from experiments that deviate from the dilute theory rather than 

drawing conclusions by comparing SANS patterns more qualitatively. 

 In this study, we used MAPSI to extract OPDFs from SANS measurements at Per 

ranging from 0.06 (where no anisotropy was observed in the measured patterns) to 30 (where 

significant anisotropy was observed). We would expect MAPSI to infer isotropic OPDFs for 

smaller shear rates and infer more anisotropic OPDFs with increasing shear rate. Figure 3.8iii 

includes five representative results from the study ranging from the onset of significant 

anisotopy (a, Per = 0.94) to the highest measured rate (e, Per = 30). In the same figure, we 

include the OPDF from the dilute theory (Figure 3.8i) and the inferred OPDF using MAPSI 

and predictions of the scattering from the dilute theory in the 1-3 and 1-2 planes (Figure 3.8ii). 

Since the experimental measurements were only made in the 1-3 and 1-2 planes, the latter 

OPDF represents what we would expect to infer from measurements if the experimental 

system has the same structure as is predicted from the dilute theory. At low Per and for all the 

OPDFs in Figure 3.8, we find that the resulting OPDF is nearly isotropic for all orientations, 

as expected for a dispersion at small Per. As Per is increased, the OPDFs become increasingly 

peaked. All three OPDFs show a similar direction of most probable alignment, which shifts 

from 45° between the flow and gradient directions to the flow direction with increasing Per. 
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As discussed in the previous section, the OPDFs inferred from MAPSI using only scattering 

the 1-2 and 1-3 planes have maxima that are quantitatively smaller than the OPDF from dilute 

theory, which is clearer at higher shear rates.  
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Figure 3.8: A comparison of OPDFs from (i) dilute theory to those inferred by MAPSI using 

(ii) dilute theory predictions of SANS in the 1-3 and 1-2 planes and (iii) experimentally 

measured SANS of the fd-virus dispersion in the 1-3 and 1-2 planes. For the 1-3 measurement, 

the incident radiation is in the ∇𝑢 (2) direction, while for the 1-2 measurement, the incident 

radiation is in the ω (3) direction. The representative results are included for Per of (a) 0.94, 

(b) 1.9, (c) 7.5, (d) 15, (e) 30 (�̇� = 16, 32, 128, 256 and 512 s-1 respectively). The color on the 

unit sphere represents the value of the OPDF in a particular direction in the u, u, and ω 

reference frame specified in the bottom left corner. The black lines on the unit sphere indicate 

the edges of the hat functions used to discretize the OPDF. 
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We will now compare the OPDFs inferred using MAPSI utilizing theory-predicted and 

experimentally measured SANS. When comparing the MAPSI inferred OPDFs from theory 

and experiment, we find that those inferred from experiments have yet a smaller maximum in 

the OPDF than those inferred from theory. The fact that the OPDFs are different is not 

surprising, given the previous analysis of the differences in the scattering patterns that were 

used to infer the OPDFs (see Figures 3.3 and 3.4). The difference in the OPDF peak maximum 

is smaller between the MAPSI inferred OPDFs and the dilute theory OPDF due to only 

including measurements in the 1-2 and 1-3 planes. Other than the differences in the maximum 

value of the peak, we find few qualitative differences between the two OPDFs, and the OPDFs 

display striking similarity overall. As previously mentioned, both OPDFs begin to show 

deviations from anisotropy at similar Per (near 1). For all Per, both OPDFs have a similar 

shape to the peak in the OPDF (probability is stretched more along the vorticity direction than 

the gradient direction, and this asymmetry increases with increasing Per). Comparing the 

experimental OPDF to the theory OPDF (Figures 3.8ii and 3.8iii), both extracted with MAPSI, 

we note that there are clear quantitative differences between the OPDFs at the highest shear 

rates, suggesting that the measured structure deviates from the theory prediction. For example, 

probability is more spread out in the ω = 0 plane and slightly less spread out in the ∇𝑢 = 0 

plane in the experiment than in the theory. However, the differences between the OPDFs are 

difficult to resolve at this level. To assess the differences between the OPDFs, and therefore 

between the experimentally measured structure and theory predicted structure, we turn to an 

analysis of the moments of the OPDFs, which will provide a quantitative description of the 

differences in the structure between the dilute theory and the experimental measurements of 

the fd-virus dispersion. 
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Figure 3.9: Components of the fourth moment tensor, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ ijkl computed for the OPDFs 

extracted from MAPSI (points) compared to the dilute theory predictions (black lines) with 

varying Per. The component of the moment tensor is indicated in the legend, where the four 

numbers correspond to the i, j, k and l indices for the moment. Moments from SANS 

experiments with the fd-virus dispersion are indicated with the open circles while moments 

from SANS predictions from the dilute theory are indicated with the closed diamonds. The 

error bars indicate the standard deviation of the value from posterior sampling. 

 

As discussed in the previous section, a convenient quantitative description of the 

OPDFs may be achieved through the calculation of the fourth moment tensor. Figure 3.9 

includes the components of the fourth moment tensor with error propagated from the SANS 

measurement. We also include the moments as predicted from the dilute theory and moments 

extracted from the MAPSI inferred OPDFs using dilute theory predictions for the scattering. 

Due to the information lost from only using measurements in the 1-2 and 1-3 planes, the proper 

comparison between theory and experiment is between the respective MAPSI inferred 

moments.  
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For all components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  and for low Per, we find excellent agreement overall 

between the experiment and theory derived moments. We do observe scatter in the 

experiment-derived moments, most notably at Per = 0.47. We attribute this scatter to slight 

variations in the magnitude of the scattering intensity between measurements, which affects 

the single particle scattering model (i.e., 𝛷(Δ𝜌)2𝑉𝑝𝑃(𝐪, 𝐩)) that describes the system. In 

reality, the single particle scattering model validated at equilibrium will have errors itself, 

which should also be propagated into the derived moments and standard deviations of 

moments. Incorporating these types of uncertainties is beyond the scope of this work, and 

these variations do not affect the conclusions to follow. 

The most notable deviations between the experiment and theory occur at Per > 1. We 

will focus on two aspects of the differences: deviations for several of the components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  

at Per = 30 and deviations in the antisymmetric components (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1112, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1222 and 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1233) for all Per > 1. At Per = 30, the experiments yield a larger value of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 2222, 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1122, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 2233 and a smaller value of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1111, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1133 and the antisymmetric 

components. As noted previously, the onset of a Taylor instability is expected to occur for a 

Newtonian fluid of similar viscosity and density as the fd-virus dispersion when Per ≈ 13.5. 

The measurements at Per = 30 are well into the regime where one may expect such an 

instability. Additionally, the presence of roll cells would likely produce less significant 

alignment of the microstructure, leading to the observed deviations in the moments. We 

therefore attribute the deviations at Per = 30 to a Taylor instability. For the antisymmetric 

components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ , the deviations of experiment from theory occur at Per well below the 

expected onset of this instability. Above Per = 1, we find that the experimentally measured 

antisymmetric moments are significantly lower than what is predicted by theory. We suggest 
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that the differences in these components may be due to the presence of hydrodynamic 

interactions between rods, as discussed previously when considering the equilibrium 

scattering. Importantly, it appears that the only effect such hydrodynamic interactions have is 

to modify the antisymmetric components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ , while the other components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  are 

nearly identical to what is predicted by the dilute theory. We note further that the 

antisymmetric components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  are the three components that contribute to 𝐩𝐩̅̅ ̅̅ 12, which 

suggests that hydrodynamic interactions decreases this component of the second moment 

tensor, while other components are not significantly affected. Overall, a comparison of 

MAPSI extracted moments from experiment and theory enabled the quantification of subtle 

differences between the OPDFs, enabling future theoretical investigations into new physics to 

describe the aforementioned phenomena. 

With the full fourth moment tensor experimentally extracted for a range of shear rates, 

one may now consider directly comparing these moments extracted from experiments to 

moments predicted by theory. Alternatively, one may test the accuracy of OPDF moment 

closure relations used in the solution for constitutive models that do not rely on determining 

the full OPDF.35,38,71–74 Such comparisons must consider the lost information when using 

limited projections of the structure. Overall, the moments extracted from fits of the 

experimental SAS measurements appear to be physically reasonable and provide previously 

inaccessible information about the 3D structure of these dispersions under flow. 

3.5 Conclusions 

In this work, we presented a general framework to model SAS and extract anisotropic 3D 

orientation distributions from nonspherical particles aligned by an externally imposed field. 

We presented explicit expressions for the form factor (i.e., intraparticle scattering) for 
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arbitrary particle shapes and orientation distributions. This framework was validated using 

experiments on dilute, rod-like fd-virus solutions in shear flow, for which the OPDF can be 

modeled using numerical simulations of a microscopically-derived physical theory and no 

adjustable parameters. Using this study, we showed how conventional methods for 

quantifying scattering anisotropy produce inaccuracies when they are presumed to 

quantitatively equal moments of the underlying OPDF. We suggested that this error is due to 

in-plane scattering contributions from out-of-plane orientations that obscure critical features 

of the OPDF. 

For systems where physical theories for predicting the full OPDF do not exist, we 

proposed a generalized Bayesian inference method, MAPSI, for inferring the OPDF from 

scattering data that relies only upon an orientation-dependent scattering model for the 

individual scattering object. Results from MAPSI using simulated scattering of dilute rod 

dispersions in shear flow were used to evaluate the inaccuracies incurred when various 

projections of the measured scattering and combinations thereof are used to extract the full 

3D OPDF. We generally find that at least two projections of the scattering are required to 

extract accurate OPDFs. When only one scattering projection is used, the apparent OPDF 

broadens in the out-of-plane direction, owing to an inability to resolve the differences in 

scattering from particles oriented out-of-plane. MAPSI was then applied to measured 

scattering from a model fd-virus dispersion, and we found good agreement with dilute theory 

predictions. Differences between the dilute theory and experimental measurement were 

mostly attributed to the dilute theory not incorporating hydrodynamic interactions between 

rods, and the analysis presented in this work resolves the specific aspects of the OPDF that 

are in disagreement between the dilute theory and experimental measurements. Overall, the 
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methods proposed in this work enable quantitative extraction of the full 3D OPDF from SAS 

measurements, so long as an orientation-dependent particle scattering model can be derived. 

We speculate that the extension of MAPSI to include other distribution functions (e.g., particle 

size or shape distributions) may offer the ability to infer the structure of a much wider range 

of systems such as, for example, polydisperse systems where the different constituents adopt 

distinct OPDFs. 

Finally, fourth moments of the OPDF were calculated from the inferred OPDFs to enable a 

quantitative comparison between OPDFs from SANS experiments and theory. The fourth 

moments represent a sufficient description of the OPDF for the calculation of mechanical 

properties of force-free dispersions of nonspherical particles, and therefore provide a clear 

route toward testing physical theories of such dispersions and structure-property 

relationships.12 By virtue of using a Bayesian method, experimental errors were propagated 

naturally to the posterior of the OPDF, which was then sampled to estimate error for the fourth 

moments. We find that certain moments of the OPDF are rendered inaccurate or inaccessible 

from SAS measurements in a single detector plane, again owing to the loss of information 

about the OPDF in the out-of-plane direction. Utilizing multiple detector planes enables a 

more accurate determination of the fourth moments, and provides a clear and unprecedented 

route toward experimentally testing moment closure approximations used in the derivation of 

physical theories of nonspherical dispersions and using SAS as a tool for the measurement of 

non-equilibrium physical properties.  Overall, the ability to determine fourth moments of the 

OPDF directly from experimental data provides a powerful new tool for testing theoretical 

structure-property relations for anisotropic materials, and various closure approximations they 
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rely upon.12,35,38,39,75,76 We anticipate that the new tools provided by the current work will 

generate renewed interest and scrutiny of these theories. 
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Chapter 4  

Experimental validation of orientation 

moment closure approximations 

This chapter is adapted from ‘Patrick T. Corona, Kexin Dai, Kevin S. Silmore, Raymond 

Adkins, James W. Swan, L. Gary Leal, and Matthew E. Helgeson, Experimental testing of 

orientational closure approximations with Rheo-SANS.’ 

4.1 Introduction 

Predicting the flows of complex fluids in complex processes represents a clear objective in 

the wide range of fields where such fluids find application.1 Much effort has been placed on 

the derivation of constitutive models, either phenomenological in nature or based upon 

micromechanical theories, whereby the fluid stresses and their subsequent modification of 

flows may be predicted.2–4 One such micromechanical theory is for dilute (non-interacting) 

suspensions of axisymmetric non-spherical particles, where the state of the system is uniquely 

defined by an orientation probability distribution (OPDF, i.e., the probability of finding a 

particle in a particular orientation). For this case, an exact theory exists that may be used to 

predict the fluid structure under arbitrary flow histories, and subsequently determine the fluid 

stress from this known structure.5,6 In practical application, solving this theory for the full 

OPDF is computationally expensive, and the theory can, instead, be written in terms of 

moments of the OPDF, which are the only components necessary to predict the stress. The 

reduction in the complexity of the problem requires an assumption about the relationship 
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between higher order moments and lower order moments (a closure approximation). 

Numerous closure approximations have been proposed over the past half century.7–12 

Unfortunately, the choice of closure can significantly impact the predictions of a particular 

constitutive model or theory, and so the accuracy of the closure for a particular system is an 

important consideration.9,10  

Given the wide range of closure approximations developed from an equally wide range 

of assumptions for physically different systems, it would seem likely that certain closure 

schemes would provide more accurate results than others depending on the composition of 

the fluid and the flows probed. Typically, tests of closure approximations are made by 

comparing results from the full constitutive model with results for the constitutive model 

incorporating the closure approximation under a limited region of parameter space due to the 

computational expense required for simulations of the full model. These studies only lend 

themselves to testing a few closures at a time, given the wide range of parameters to vary in 

the available theories or models for orientable complex fluids. In the first part of this work, 

we will follow this conventional strategy and test the validity of closure approximations with 

respect to the theory for dilute particles in simple shear flow. Alternatively, and the route taken 

in this work, if one could measure the complete orientation distribution functions (OPDFs) of 

complex fluids in flows, one could experimentally test the validity of certain closure 

approximations in those flows. Such methods have been hindered by the lack of experimental 

capabilities for determining full 3D OPDFs in-situ under flow. Recently, a novel method for 

extracting the full 3D OPDFs from small angle scattering measurements was proposed that 

enables such experimental testing of closure approximations. This strategy lends itself to 

testing a wide range of closure approximations, as the validation of closures stems directly 
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from experiments rather than models or theories with potentially many variable parameters. 

In the first part of this work, we will utilize this strategy to test the validity of closures in 

experimentally measured OPDFs. 

Flow small-angle neutron scattering (flow-SANS) provides an attractive route for in-situ 

measurement of the OPDFs of complex fluids in flow.13–15 In SANS, the scattering of neutrons 

that one measures in the technique provides information on neutron scattering length 

correlations within the material. For the case of dilute, rigid particles, measured SANS 

patterns can be used to infer the OPDF from a system in flow, but cases where such inferences 

could be made were limited to axisymmetric or 2D OPDFs.16,17 Recently, Corona et. al. 

proposed a method called maximum a posteriori scattering inference (MAPSI) whereby full 

3D OPDFs may be inferred from multiple projection SANS measurements in flow. MAPSI 

addresses fundamental issues with the OPDF inference problem related to its ill-posedness 

and enables the propagation of errors from the SANS measurement. Furthermore, Corona et. 

al. demonstrated the information that is gained as one includes measurements from one, two 

or three orthogonal measurement planes. In the first part of this work, we will utilize MAPSI 

to infer OPDFs from flow-SANS measurements. These inferred OPDFs will then be used to 

experimentally test closure approximations. In this work, the test system is dispersions of fd-

viruses, which are monodisperse, high aspect ratio particles.18–21 For the experimental 

validation, we focus on concentrations near the overlap concentration, where interparticle 

interactions are beginning to contribute to the flow behavior of the dispersion. 

Returning to the main problem of the development of constitutive models or theories, an 

equally significant contributor to the prediction of flows of complex fluids is the determination 

of the fluid stress when the structure is known. Since flow-SANS measurements can be used 
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to infer OPDFs, such measurements can be used to directly test expressions for the stress that 

are dependent on the OPDF. In this work, we will focus on stress predictions from the theory 

of Batchelor, which provides an expression for the stress tensor in suspensions of non-

interacting particles as a function of the second and fourth moment tensors.6 In the second part 

of this work, we will use the exact second and fourth moments calculated from OPDFs 

inferred from SANS measurements. When possible, we will compare these  rheological 

quantities inferred from SANS to mechanical measurements of the experimental system. We 

will demonstrate that this approach provides an example methodology for independently 

testing dynamical theories and theories for the stress in complex fluid systems. 

4.2 Materials and Methods 

The fdY21M viruses used in this work are monodisperse, rod-like (with length, L = 920 nm, 

and radius, R = 3.3 nm), and rigid (Lp/L = 11, where Lp is the persistence length) particles.18–

20,22–24 The fdY21M viruses were prepared using standard protocols.25 The viruses were 

dispersed in a 20 mM Tris/100 mM NaCl/D2O buffer at two concentrations of 0.1 and 0.2 

vol% (where 𝜙∗ ≈ 24(𝐷/𝐿)2 = 0.124 vol% is the overlap concentration1) where the fd-virus 

concentration is determined by SANS measurements described later. The salt concentration 

was chosen to eliminate the effect of charge interactions between the viruses as demonstrated 

by Lang et. al. using rheological measurements, and the virus concentrations were chosen to 

limit direct physical interactions between the viruses while still providing sufficient scattering 

signal above background.20  

Two different flow cells were used to probe different projections of the scattering from 

the same sample under steady simple shear flow with different shear rates, �̇�. Scattering in the 

flow-vorticity plane was probed utilizing the 1-3 plane rheo-SANS flow cell, which is an 
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Anton Paar MCR 501 rheometer (Anton Paar GmbH, Graz, Austria) with a quartz Couette 

geometry.26 Since the 1-3 plane measurements were made in a rheometer, the shear stress was 

measured simultaneously. Scattering in the flow-gradient plane was probed using a 1-2 plane 

shear cell.27 A similar gap size (1 mm) and outer cylinder radius (25 mm) were used for both 

sample environments. Both measurements were conducted at the National Institute of 

Standards Center for Neutron Research on the VSANS instrument with λ = 5 Å and Δλ/λ = 

0.11. All measurements were performed at 25°C. Data from the measurements were reduced 

using standard NCNR protocols with Igor PRO software to correct for empty cell, 

background, and intensity normalization to an absolute scale.28 

The equilibrium structure at zero shear rate was probed for the two different concentration 

dispersions and in the two detector planes. These equilibrium measurements, corrected for the 

incoherent scattering cross section (Iincoh), which is extracted from the measurement, and 

normalized by the volume fraction, are included in Figure 1. Also included is a prediction of 

the scattering intensity for the fd-virus, modeled as a cylindrical particle with the dimensions 

mentioned previously. The model predictions have one fitted parameter, the scattering length 

density of the solvent, which only acts as a multiplicative constant to shift the curve up and 

down. The model underlying this calculation is described in more detail in Chapter 6. We find 

that the normalized equilibrium scattering from the samples in both detector planes are well 

described by this scattering model, validating its use in the following sections for all 

concentrations and detector planes. 
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Figure 4.1: 1D equilibrium SANS measurements and fits for the fd-virus dispersions 

considered in this work. The measured intensities are corrected for incoherent scattering and 

volume fraction extracted from fits of the measurements. Measurements are included for the 

concentrations (0.1 and 0.2 vol%) and measurement planes (1-2 and 1-3) as the open points 

of varying color where the error bars indicate the standard deviation of the intensity from the 

SANS measurement. The cylinder model considered for the fd-virus is included as the black 

line. 

 

The scattering from the fd-virus dispersions are measured with SANS in an imposed 

simple shear flow in two planes of measurement, the flow-gradient and flow-vorticity. From 

the SANS measurements, we infer the OPDF using MAPSI, which has been demonstrated to 

yield values of the fourth moments of the OPDF to within 15% for all components except for 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1112, which is underpredicted by a maximum of 30% due to a lack of information from 

the gradient-vorticity projection (see Chapter 6 for more information). These errors are 

utilized in the error analysis when they are larger than the errors propagated from the SANS 

measurements. We refer the interested reader to the original work for more information on 

MAPSI. 
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4.3 Theory 

In order to derive theories for predicting the stress in suspensions of rigid, elongated particles, 

one requires two parts: (1) an evolution equation for the structure of the suspension and (2) an 

expression for the stress tensor that depends on this structure.  

4.3.1 Theories for the Dynamics of Rigid Rod Suspensions 

Assuming a homogeneous dispersion of high aspect ratio, axisymmetric particles in 

homogeneous flow; neglecting hydrodynamic interactions; and assuming a mean-field 

nematic interaction potential between rods enables the derivation of a Smoluchowski equation 

for the Lagrangian evolution of the orientation (which for axisymmetric particles is described 

by a single vector p) probability distribution function (OPDF), N(p,t) as 

𝐷𝑁(𝐩, 𝑡)

𝐷𝑡
+

𝜕

𝜕𝐩
∙ 𝑁(𝐩, 𝑡)�̇� =

𝜕

𝜕𝐩
∙ 𝐷𝑟 (

𝜕𝑁(𝐩, 𝑡)

𝜕𝐩
− 𝑁(𝐩, 𝑡)

𝜕

𝜕𝐩
(

𝑉[𝑁(𝐩); 𝐩]

𝑘𝐵𝑇
)) 

�̇� = 𝛀 ∙ 𝐩 +
𝑟𝑒 − 1

𝑟𝑒 + 1
[𝐄 ∙ 𝐩 − (𝐩 ∙ 𝐄 ∙ 𝐩)𝐩] 

∫ 𝑁(𝐩, 𝑡)𝑑𝐩 = 1     (4.1) 

where 𝛀 is the vorticity tensor, 𝐄 is the rate of strain tensor, re is the effective aspect ratio 

(length divided by width) of the particle relative to an axisymmetric ellipsoid, 𝐷𝑟 is the 

rotational diffusivity and V is a mean field nematic potential due to interactions with other 

rods.29–32 The first term on the LHS is the convected derivative of N(p,t), which accounts for 

the time evolution of the OPDF in a Lagrangian reference frame. The second term on the LHS 

describes the effect of the flow field on the OPDF, where the expression for �̇� is Jeffery’s 

equation for the orientation of a dilute, non-Brownian particle.33 This term expresses the 

convection of orientation probability due to the flow. The first term on the RHS describes the 

randomization of particle orientations due to thermal fluctuations. This term expresses the 
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diffusion of orientation probability. Finally, the second term on the RHS describes the effect 

of interparticle interactions due to an effective external mean-field potential.  

The rotational diffusivity for a dilute particle (Dr,0) can be estimated for cylindrically 

shaped particles as 

𝐷𝑟,0 =
3𝑘𝑏𝑇  ln(

𝐿

𝑅
)

𝜋 𝜂𝑠𝐿3
(

1−
1.5

ln(
𝐿
𝑅

)

1+
0.64

ln(
𝐿
𝑅

)

)     (4.2) 

where kbT is the thermal energy, L is the particle length, R is the particle radius and ηs is the 

solvent viscosity. For brevity, we will only consider V of the form of a Maier-Saupe potential, 

𝑉 =
3

2
𝑈𝑘𝐵𝑇 (𝐩𝐩: (𝐩𝐩̅̅ ̅̅ −

1

3
𝐈)) where U is an interaction parameter and 𝐩𝐩̅̅ ̅̅  is the second 

moment of N(p) (i.e., 𝐩𝐩̅̅ ̅̅ = ∫ 𝐩𝐩𝑁(𝐩)𝑑𝐩).34 Equation 4.1 is, in many cases, too 

computationally expensive to solve numerically for the purposes of simulating complex 

processes. Utilizing the Prager procedure (i.e., multiplying equation 4.1 by pp and integrating 

over p),35 the evolution equation for the first nonzero moment (i.e., the second moment) of 

the orientation distribution function can be obtained as 

𝑑𝐩𝐩̅̅ ̅̅

𝑑𝑡
− 𝛀 ∙ 𝐩𝐩̅̅ ̅̅ − 𝐩𝐩̅̅ ̅̅ ∙ 𝛀 −

𝑟𝑒−1

𝑟𝑒+1
(𝐄 ∙ 𝐩𝐩̅̅ ̅̅ + 𝐩𝐩̅̅ ̅̅ ∙ 𝐄 − 2𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄) = −6𝐷𝑟 (𝐩𝐩̅̅ ̅̅ −

𝐈

3
) + 𝑈(𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ − 𝐩𝐩̅̅ ̅̅ ∙ 𝐩𝐩̅̅ ̅̅ ) (4.3) 

We see that the evolution equation for 𝐩𝐩̅̅ ̅̅  depends on higher order moments of 𝑁(𝐩) (e.g., 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ = ∫ 𝐩𝐩𝐩𝐩𝑁(𝐩)𝑑𝐩), which requires approximation in terms of 𝐩𝐩 in order to remove 

this dependence on higher order moments (i.e., a closure approximation). We highlight that 

the contraction 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 is involved regardless of the concentration while the contraction 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  only appears in theories where concentration effects are non-negligible (i.e., V ≠ 

0). It is important to mention that 𝐩𝐩̅̅ ̅̅  and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  are symmetric tensors such that  𝐩𝐩̅̅ ̅̅ 𝑖𝑗 = 𝐩𝐩̅̅ ̅̅ 𝑗𝑖 
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and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙 = 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑗𝑖𝑘𝑙 = 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑙𝑘, which greatly reduces the number of components that 

one needs to calculate.36 

Equation 4.1 represents the foundation for dynamical theories of rigid particles 

including theories for non-Brownian suspensions, liquid crystals and rigid rod polymers. For 

non-Brownian suspensions, the Folgar-Tucker model corresponds to choosing re → ∞, 𝐷𝑟 =

𝐶𝐼|𝑬| where CI is a phenomenological interaction parameter and V = 0.37 In the Doi theory for 

liquid crystals, re → ∞, 𝑉 is the Maier-Saupe potential and Dr is an orientation-dependent, 

modified rotational diffusivity accounting for tube dilation.4 In the Dhont-Briels theory for 

rigid rod polymers, re → ∞, 𝑉 is again chosen as the Maier-Saupe potential, but Dr is the 

rotational diffusivity of a dilute rod.29 For theories of dilute rigid rod  polymers, re is the aspect 

ratio of the rod, Dr is the rotational diffusivity of a dilute rod and V = 0.5 In this work, for 

testing closure approximations with solutions to the dilute theory, we employ the numerical 

scheme described in Férec et. al. to solve equation 4.1 at steady state with re → ∞, V = 0 and 

for simple shear flows (i.e., E12 = E21 = Ω12 = -Ω21 = �̇�/2, where �̇� is the shear rate).38 We will 

express results with different values of  �̇� in terms of a rotational Péclet number, Per = �̇�/Dr. 

We stress that the dilute theory predictions we are presenting in this work are for extremely 

high aspect ratio particles, which is an assumption that is utilized in most of the previously 

mentioned theories. 

4.3.2 Orientational Closure Approximations 

In this section, we will outline the closure approximations to be tested in this work and provide 

explanation for why these are a representative set of all the orientational closure 

approximations that have been proposed. Previously proposed orientational closure 

approximations can take many forms depending on the dimensionality of how the 
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orientational probability distribution (OPDF) is described. In this work, we will only focus on 

closure approximations that link the fourth moments of the orientation distribution (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ ) to 

second moments (𝐩𝐩̅̅ ̅̅ ) of the orientation distribution.5,35 Other closure schemes exist involving 

higher order moments (e.g., a closure of 𝐩𝐩𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ as a function of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ ), but these are less 

prevalent in application and not related directly to the second and fourth moments required to 

calculate the stress. More recently proposed fast exact closures or other closures that rely on 

reformulating the full constitutive equation (rather than fundamental relationships between 

moments that describe the structure of the fluid) have been proposed.8,11,39,40 However these 

closures are specific to the assumptions required to derive the model or theory whereas 

moment-based closure approximations may be more generalized to a less limiting set of 

assumptions. 

There are two major categories of fourth moment closure approximations: those that are 

built from fits to numerical simulations of the full orientation distribution function (fitted 

closures) and those that are not (non-fitted closures).  

For the non-fitted closures, the first were the linear closure proposed by Hand  

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙 = −
1

35
(𝛿𝑖𝑗𝛿𝑘𝑙 + 𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) +

1

7
(𝐩𝐩̅̅̅̅ 𝑖𝑗𝛿𝑘𝑙 + 𝐩𝐩̅̅̅̅ 𝑖𝑘𝛿𝑗𝑙 + 𝐩𝐩̅̅̅̅ 𝑖𝑙𝛿𝑗𝑘 + 𝐩𝐩̅̅̅̅ 𝑘𝑙𝛿𝑖𝑗 + 𝐩𝐩̅̅̅̅ 𝑗𝑙𝛿𝑖𝑘 + 𝐩𝐩̅̅̅̅ 𝑗𝑘𝛿𝑖𝑙) (4.4) 

 

and the quadratic closure 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙 = 𝐩𝐩̅̅ ̅̅ 𝑖𝑗𝐩𝐩̅̅ ̅̅ 𝑘𝑙     (4.5) 

proposed by Doi, which capture the proper relationships between the second and fourth 

moments in only the isotropic or fully-aligned limits respectively.41,42 The linear and quadratic 

closures were also linked phenomenologically in the Hybrid closure based upon a scalar 

parameterization of 𝐩𝐩̅̅ ̅̅ .43 The Hybrid closure is not reproduced here because we will not be 
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evaluating it in this work. Tsuji and Rey reported a similar phenomenological coupling 

between the linear and quadratic limits that relies on a quadratic form of the products of the 

fourth moments with arbitrary tensors with respect to the second moments.44 We will not be 

evaluating the Rey-Tsuji closure in this work. Similar to the approach of Tsuji and Rey, Dhont 

and Briels proposed the closure  

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝑀𝑘𝑙 =
1

5
(𝐩𝐩̅̅ ̅̅ 𝑖𝑘𝑀𝑘𝑗

̿̿ ̿̿ ̿ + 𝑀𝑖𝑘
̿̿ ̿̿ ̿ 𝐩𝐩̅̅ ̅̅ 𝑘𝑗 − 𝐩𝐩̅̅ ̅̅ 𝑖𝑘𝐩𝐩̅̅ ̅̅ 𝑘𝑙𝑀𝑙𝑗

̿̿ ̿̿ − 𝑀𝑖𝑘
̿̿ ̿̿ ̿𝐩𝐩̅̅ ̅̅ 𝑘𝑙𝐩𝐩̅̅ ̅̅ 𝑙𝑗 + 2𝐩𝐩̅̅ ̅̅ 𝑖𝑘𝑀𝑘𝑙

̿̿ ̿̿ ̿𝐩𝐩̅̅ ̅̅ 𝑙𝑗 + 3𝐩𝐩̅̅ ̅̅ 𝑖𝑗𝐩𝐩̅̅ ̅̅ 𝑘𝑙𝑀𝑙𝑘
̿̿ ̿̿ ̿) 

𝑀𝑖𝑗
̿̿ ̿̿ =

1

2
(𝑀𝑖𝑗 + 𝑀𝑗𝑖)      (4.6) 

that also retains these limits, but adds additional constraints regarding the symmetry and 

trace of products of the fourth moments with arbitrary tensors. These constraints are necessary 

to satisfy time invariance of the trace of 𝐩𝐩̅̅ ̅̅ , which must be the case for rigid particles. The 

closure also assumes a quadratic form of the products of the fourth moments with respect to 

the second moments.29 The closure proposed by Dhont and Briels does not provide an explicit 

expression for the fourth moment tensor, but rather the contraction of the fourth moment 

tensor with some symmetric tensor. Approaching the closure problem from a different 

direction, Hinch and Leal proposed two closures: HL1  

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐸𝑘𝑙 =
1

5
(6𝐩𝐩̅̅̅̅ 𝑖𝑘𝐸𝑘𝑙𝐩𝐩̅̅̅̅ 𝑙𝑗 − 𝐸𝑘𝑙𝐩𝐩̅̅̅̅ 𝑙𝑘𝐩𝐩̅̅̅̅ 𝑖𝑗 + 2𝛿𝑖𝑗(𝐩𝐩̅̅ ̅̅ 𝑘𝑙 − 𝐩𝐩̅̅̅̅ 𝑘𝑚𝐩𝐩̅̅ ̅̅ 𝑚𝑙)𝐸𝑙𝑚)  (4.6) 

and HL2  

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐸𝑘𝑙 = 𝐩𝐩̅̅ ̅̅ 𝑖𝑗𝐩𝐩̅̅ ̅̅ 𝑘𝑙𝐸𝑙𝑘 + 2𝐩𝐩̅̅ ̅̅ 𝑖𝑘𝐸𝑘𝑙𝐩𝐩̅̅ ̅̅ 𝑙𝑗 − 2𝐩𝐩̅̅ ̅̅ 𝑖𝑘𝐩𝐩̅̅ ̅̅ 𝑘𝑗
𝐩𝐩̅̅ ̅̅ 𝑙𝑚𝐩𝐩̅̅ ̅̅ 𝑚𝑛𝐸𝑛𝑙

𝐩𝐩̅̅̅̅ 𝑜𝑝𝐩𝐩̅̅̅̅ 𝑝𝑜
+ 𝛼 (

52

315
𝐸𝑖𝑗 −

8

21
(𝐸𝑖𝑘𝐩𝐩̅̅ ̅̅ 𝑘𝑗 + 𝐩𝐩̅̅ ̅̅ 𝑖𝑘𝐸𝑘𝑗 −

2

3
𝛿𝑖𝑗𝐩𝐩̅̅ ̅̅ 𝑙𝑘𝐸𝑘𝑙))  (4.7) 

Based upon the coupling of asymptotic solutions for the theory of dilute rods in the low 

shear and high shear limits.32 Approaching the problem from yet a different direction, Kröger 

et. al. proposed a closure scheme that, in addition to retaining the linear and quadratic limits, 

maintains consistency between the principal directions of the second and fourth moment 

tensors. This closure scheme builds off requirements for the invariants of tensors discussed 
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by Cintra and Tucker and generalized by Edwards and Öttinger. 36,45 The closure scheme is 

too lengthy for reproduction here, and the interested reader is referred to the original work by 

Kröger et. al.. In this work, we will only discuss the Quadratic III closure built directly with 

this scheme as it does not include additional adjustable parameters. Finally, a fully symmetric 

quadratic (FSQ) closure was proposed by Kim et. al., which satisfies requirements concerning 

relationships between invariants of the second and fourth moment tensors, but instead 

specifies coefficients in this relationship based upon the achievable orientation states.46 Again, 

this closure is too lengthy to state in this work, and we refer the interested reader to the original 

work by Kim et. al.. 

For the fitted closures, a particular form for the relationship between fourth and second 

moments is proposed and, as the name suggests, data sets containing solutions for the full 

orientation distribution are used to fit coefficients in these general models. These closures and 

the fitting coefficients are too lengthy for reproduction here, and the interested reader is 

referred to the corresponding works for details on the implementation. The first fitted closure 

was the Natural closure proposed by Verleye and Dupret, which assumes a relationship 

between the fourth moment and invariants of the second moment, while coefficients are fit 

from numerical simulations of a theory for non-Brownian fiber suspensions in flow.47 This 

approach was extended by Chung and Kwon to include a wider range of orientation states in 

the invariant-based optimal fitting (IBOF) closure.12 Cintra and Tucker proposed an 

alternative form of the fitted relationship that relies on principal values of the fourth and 

second moment tensors, which are typically referred to as Orthotropic closure 

approximations.36 The most accurate of the Orthotropic closure approximations is the ORW3 

closure proposed by Chung and Kwon, where the fitting was made using a data set spanning 
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a wide range of orientation states.48 Using the same relationship between principal values, the 

Bingham closure proposed by Chaubal and Leal instead fits coefficients using an analytical 

solution (the Bingham distribution) for the orientation distribution function, which is a good 

approximation for fluids in extension dominated flows or systems with strong interparticle 

interactions.49 We note that the Bingham closure is consistent with the closure scheme 

proposed by Kröger et. al..50 

The requirement of a closure approximation for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  and the usefulness of equations 

2 for the dynamical description of many systems has resulted in the proposal of numerous 

closure approximations. As mentioned in the introduction, we will limit our focus to closures 

that provide explicit routes to calculate 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐀 from 𝐩𝐩̅̅ ̅̅  and A, where A is a symmetric 

tensor. Furthermore, we limit our study to closures that are representative of the wide range 

of closure strategies employed. We choose eight representative closures for the comparative 

study: HL1, HL2, Dhont-Briels, FSQ, ORW3, IBOF, Bingham and Quadradic III closures. 

These closures cover the general schemes presented earlier for the non-fitted closures (HL1, 

HL2, Dhont-Briels, FSQ and Quadratic III closures) and fitted closures (ORW3, IBOF and 

Bingham closures). Another distinction between all of these closures is the assumed 

relationship between fourth and second moments, where they can be divided into closures that 

assume a relationship to invariants of the second moment (FSQ and IBOF closures), a 

relationship to principal values of the second moment (Quadratic III, ORW3 and Bingham 

closures), or some other relationship (HL1, HL2 and Dhont-Briels). The closures based upon 

a relationship to principal values of the second moment are more computationally expensive 

for full flow calculations due to the fact that the calculation of eigenvalues and eigenvectors 

of the second moment results in an additional required step. In general, the closures used in 
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this study were chosen due to their prevalence in application or based upon representing the 

most accurate closure for a particular closure strategy when comparisons between closures 

were available. 

4.3.3 Theory for Determining the Stress in Rigid Rod Suspensions 

In addition to a theory for the dynamical evolution of the system, an expression for the stress 

tensor is also required to derive a full constitutive model for a complex fluid. In this work, we 

will only consider the expression for the particle contribution to the stress tensor in a system 

of non-interacting rigid rods provided by Batchelor 

 𝛔𝑝 = 2𝜂𝑠𝜙(𝐴𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 + 𝐵(𝐩𝐩̅̅ ̅̅ ∙ 𝐄 + 𝐄 ∙ 𝐩𝐩̅̅ ̅̅ ) + 𝐶𝐄 + 𝐷𝑟𝐹𝐩𝐩̅̅ ̅̅ )  (4.8) 

where ηs is the solvent viscosity, 𝜙 is the volume fraction of rods and A, B, C and F are 

parameters dependent only on the aspect ratio of the particles.6 In the case of the fd-virus, re 

is 76 (see Chapter 3). In this case, for the dilute dispersion, the values of the geometric factors 

are A = 820, B = 3.3x10-3, C = 2, Dr = 17 s-1 and F = 3830. Based upon the magnitudes of 

these parameters and assuming that any contractions in the expression are of similar 

magnitude, contributions from the second term (i.e., the ‘B’ term) on the RHS of equation 4.8 

are very small compared to the other three terms. This will be the case for very high aspect 

ratio particles. We highlight that this expression provides the contribution to the stress from a 

suspension of dilute rods (i.e., the single-particle contribution to the stress). Expressions for 

the stress tensor from theories incorporating particle interactions will have additional additive 

terms to account for the stresses from particle-particle interactions. From this expression for 

the stress tensor in non-interacting dispersions, we define rheometric functions that we will 

utilize later in this work 

𝜂𝑝

𝜂𝑠𝜙
=

𝛔12,p

𝜂𝑠𝜙�̇�
=

𝜂−𝜂𝑠

𝜂𝑠𝜙
= 2 (𝐴𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1122 + 𝐵

1

2
(𝐩𝐩̅̅ ̅̅ 11 + 𝐩𝐩̅̅ ̅̅ 22) +

𝐶

2
+

𝐷𝑟𝐹

�̇�
𝐩𝐩̅̅ ̅̅ 12)   (4.9) 
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𝑁1

𝜂𝑠𝜙
=

𝛔11,p−𝛔22,p

𝜂𝑠𝜙
= 2(𝐴�̇�(𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1112 − 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1222) + 𝐷𝑟𝐹(𝐩𝐩̅̅ ̅̅ 11 − 𝐩𝐩̅̅ ̅̅ 22)))   (4.10) 

𝑁2

𝜂𝑠𝜙
=

𝛔22,p−𝛔33,p

𝜂𝑠𝜙
= 2(𝐴�̇�(𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1222 − 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1233) + 𝐵�̇�𝐩𝐩̅̅ ̅̅ 12 + 𝐷𝑟𝐹(𝐩𝐩̅̅ ̅̅ 22 − 𝐩𝐩̅̅ ̅̅ 33))  (4.11) 

where 
𝜂𝑝

𝜂𝑠𝜙
 is the normalized particle contribution to the viscosity, 

𝑁1

𝜂𝑠𝜙
 is the normalized first 

normal stress difference and 
𝑁2

𝜂𝑠𝜙
 is the normalized second normal stress difference. The 

normalization of these quantities was chosen such that they are independent of particle 

concentration and solvent viscosity. We will utilize equations 4.9-4.11 with numerically or 

experimentally determined moments to calculate the single-particle contribution to the 

viscosity and normal stresses. As far as the shear viscosity is concerned, given the values of 

A, B, C, Dr and F, only the 12 component of 𝐩𝐩̅̅ ̅̅ , and the 1122 component of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  will be 

important. 

4.4 Results and Discussion 

In this work, we will focus on two major aspects related to the use of OPDFs in the modeling 

of rigid particle suspensions: the validity of orientation moment closure approximations and 

the use of these moments toward the calculation of rheological quantities. A pictorial outline 

of this work is included in Figure 4.2. The first step is the determination of the OPDF, which 

can be accomplished via numerical solutions of the dilute theory described previously or via 

experiment with the fd-virus suspensions through inference of the OPDF from SAS 

measurements using MAPSI. As already noted, the fd-virus suspensions are near or only 

slightly above the overlap concentration so that conservative interparticle interactions (such 

as excluded volume or electrostatic interactions) are expected to play a small role in 

determining the OPDF. One can then calculate arbitrary moments of the OPDF, for either the 

theoretical dilute suspension, or for the fd-virus systems. In this work we will focus on the 



 

 101 

second and fourth moments because these moments are utilized in the closure approximations 

we are testing, and are the only moments necessary to predict rheological quantities according 

to Batchelor’s expression for noninteracting rodlike particles. We will then use these 

calculated moments to test closure approximations by comparing the fourth moments 

calculated directly from the OPDF to those predicted from a closure approximation and the 

directly calculated second moments (i.e., the exact values of the second moments). Finally, 

we will use the moments inferred from the SANS measurements to determine the particle 

contribution to the stress tensor without the use of a closure approximation.  We will then 

compare the viscosity calculated from the fourth and second moments inferred from the SANS 

measurements (and assuming no interactions between particles) to the viscosity measured in 

a rheometer. A comparison between these two quantities will reveal the extent that particle 

interactions contribute to modification of the stress in flows of rodlike dispersions. 

 

Figure 4.2: Flow chart for the method for evaluating closure approximations between the 

second and fourth moment tensors. The orientation probability distribution function (OPDF) 

is determined from either the theory for dilute rods or from rheo-SANS measurements using 

maximum a posteriori scattering inference (MAPSI). The full OPDF can be used to derive 
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moments of the OPDF. The connection between second and fourth moments proposed by 

various closure approximations and indicated with the dotted line will be tested in this work. 

Finally, the stress tensor and various rheological quantities (e.g., viscosity, first normal stress 

difference and second normal stress difference) can be calculated from the second and fourth 

moment tensors. 

 

4.4.1 Validation of closure approximations with dilute theory 

In this first study, we compare the validity of orientational closure approximations in the dilute 

theory of rigid rod suspensions. Numerical solutions of the dilute theory provide predictions 

for the full OPDF, and therefore exact second and fourth moment tensors. We will compare 

predictions for the fourth moment from various closure approximations to the exact answer 

from dilute theory as a means of assessing their validity. Some closures (HL1, HL2 and Dhont-

Briels) only provide predictions for contractions between the fourth moment and some 

symmetric tensor. For this reason, we will present results for contractions of the fourth 

moment with the rate of strain tensor (i.e., 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄) and contractions with the second moment 

tensor (i.e., 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ ), as these are the two contractions that are most commonly used in 

models and theories that utilize closure approximations. We repeat here that 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 is 

required in theories for rodlike dispersions at any concentration, while 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  is only 

relevant in theories for interacting particle dispersions. 

Figure 4.3 includes results for the four non-zero components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 where the 

predictions of the various closures are compared to the exact answer from the numerical 

simulations. We will briefly describe the exact theoretical predictions for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 as a means 

for comparing to the experiments later. For the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 11𝑘𝑙: 𝐸𝑙𝑘 component, we find that the 

theory predicts an increase at low Per, followed by a decrease beyond Per ≈ 10. For the 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 12𝑘𝑙: 𝐸𝑙𝑘 component, the theory predicts a nearly constant value for Per below 1 
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followed by a slight increase to a maximum at Per ≈ 10 followed by a decrease at higher shear 

rates. For the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 22𝑘𝑙: 𝐸𝑙𝑘 component, the dilute theory predicts an increase leading to a 

maximum value when Per ≈ 5 followed by a decrease. Finally, for the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 33𝑘𝑙: 𝐸𝑙𝑘 

component, the theory predicts an increase up to a maximum value when Per ≈ 10 followed 

by a decrease. 

We find that each closure approximation properly captures the qualitative behavior of the 

respective components. For brevity, we will consider each component individually and 

comment on the closures that provide good quantitative accuracy. We consider the closure to 

have good quantitative accuracy if the errors between the exact result and the closure 

prediction are less than 10%, as this provides distinction between the various closures. For the 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 11𝑘𝑙: 𝐸𝑙𝑘 component, we find that the HL1, Dhont-Briels, FSQ, ORW3 and Quadratic 

III closures all provide good predictability for all shear rates, while the HL2, IBOF and 

Bingham closures provide poor predictability at high shear rates. In addition, the Bingham 

closure provides poor predictability at low shear rates. For the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 12𝑘𝑙: 𝐸𝑙𝑘 component, we 

find that the HL1, Dhont-Briels, ORW3 and Quadratic III closures provide good predictability 

for all shear rates, while the other closures provide poor predictability at high shear rates. For 

the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 22𝑘𝑙: 𝐸𝑙𝑘component, we find that all closures provide poor predictability at high 

shear rates. Finally for the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 33𝑘𝑙: 𝐸𝑙𝑘 component, we find that the FSQ closure provides 

good predictability for all shear rates, while other closures provide poor predictability at high 

shear rates. Additionally, HL1, Dhont-Briels, ORW3 and Bingham closures provide poor 

predictability at low shear rates.  
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Figure 4.3: The non-zero components of the contraction between the fourth moment tensor 

and the rate of strain tensor normalized by the shear rate (i.e., 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐸𝑙𝑘/�̇�) for the dilute 

theory (black line) and various closure approximations calculated using second moments from 

the dilute theory (colored points) as a function of Per. 
 

To summarize the results for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, we find that several closures make successful 

quantitative predictions for particular components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, but no closure is capable of 

providing good quantitative predictions (i.e., within 10% error) of the precise value for all 

components and all shear rates. In particular, the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 22𝑘𝑙: 𝐸𝑙𝑘 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 33𝑘𝑙: 𝐸𝑙𝑘 

components are difficult to predict with accuracy given their small values at high shear rates. 

While the absolute error is just as small for these components as for the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 11𝑘𝑙: 𝐸𝑙𝑘 and 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 12𝑘𝑙: 𝐸𝑙𝑘, the relative errors are quite large given the value of the component is so small. 
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Moving to the analysis of predictions of the four non-zero components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  from 

the various closures, Figure 4.4 includes the predictions from the tested closures and the exact 

result from the numerical solutions of the dilute theory.  

 

Figure 4.4: The non-zero components of the contraction between the fourth moment tensor 

and the second moment tensor (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐩𝐩̅̅ ̅̅ 𝑙𝑘) for the dilute theory (black line) and various 

closure approximations calculated using second moments from the dilute theory (colored 

points) as a function of Per. 

 

We find that all closures except for HL1 and HL2 qualitatively capture the behavior of 

all components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . Overall, for predictions of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ , the Dhont-Briels, FSQ 

and Quadratic III closures stand out as the most accurate, providing good accuracy across all 

components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . 
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We will now comment generally on the performance of the tested closure approximations 

for predicting 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  in the dilute rod theory. First of all, we note the poor 

performance of the HL1 and HL2 closures for predicting all components 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . 

Importantly, since the derivation of HL1 and HL2 was made from the dilute rod theory, the 

asymptotic solution was derived for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 with no consideration of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . Therefore, 

the poor performance of these two closures for predicting 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  is not too surprising. 

Secondly, we note the relative successes of the Dhont-Briels, FSQ and Quadratic III closures. 

The Dhont-Briels closure provides among the most accurate predictions for all components 

of both contractions except for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 33𝑘𝑙: 𝐸𝑙𝑘. The FSQ and Quadratic III closures provide 

among the most accurate predictions for all components. The closures that are less successful 

(other than HL1 and HL2) are all fitted closures derived from data sets under a wide range of 

orientation states.  

Regarding why the Dhont-Briels, FSQ and Quadratic III closures perform better than the 

fitted closures, we note that the simple shear flows tested in this work represent a special case 

flow with equal amounts of strain and vorticity that produces unique OPDFs compared to 

other types of flows. The most straightforward fitted closure to analyze the difference between 

fitted and non-fitted closures is the Bingham closure, which provides explicit physical 

assumptions about the form of the OPDF. In this closure, the OPDF is approximated by a 

Bingham distribution, which is valid for rodlike suspensions in extension-dominated flows 

and/or with significant contributions from interparticle interactions. Therefore, tests of this 

closure with a theory for dilute particles in simple shear flow represent the case where this 

closure is expected to perform the worst. The other fitted closures are also implicitly biased 

toward extension-dominated flows because the data sets used for fitting include results from 
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a wide range of orientation states, of which simple shear flow represents a special case. Future 

work could assess the performance of these closures under complex flows (i.e., flows other 

than simple shear flow, which may be produced in four-roll mills).51–53 Finally, other than 

HL1 and HL2, all tested closures provide reasonable results (albeit not accurate by the rather 

arbitrary criterion of 10% accuracy set forward here) for all components of the two 

contractions tested. In general, it is remarkable that closures derived by very different means 

can provide reasonable predictions. 

4.4.2 Validation of closure approximations with experimentally measured OPDFs 

We now turn to an analysis of orientational closure approximations based upon experimentally 

determined OPDFs of fd-virus dispersions in simple shear flow. OPDFs are inferred from 

rheo-SANS measurements in two orthogonal measurement planes using the newly developed 

tool MAPSI. In this work, we utilize two fd-virus dispersions at concentrations of 0.1 and 0.2 

vol%, which are near the overlap concentration (ϕ* = 0.12 vol%) where particle-particle 

interactions begin to contribute to the dynamics and mechanics of rodlike dispersions. 

Theoretically, the impact of particle-particle interactions will change the OPDFs, but the 

closures to be tested were developed independent of a dynamical theory for the OPDF. 

Therefore, testing closure approximations with experimental systems of varying concentration 

will enable the assessment of the validity of a given closure approximation for any theory that 

can appropriately reproduce the experimentally measured OPDFs. Unlike the comparison in 

the previous section, an evaluation of closure approximations with experimental 

measurements allows for their testing, independent of a theory or model. Given the poor 

predictions of the HL1 and HL2 closures in the dilute theory study, in particular for the 

components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ , we do not include these closures in the following studies. 
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4.4.2.1 Comparisons for 𝝓 < 𝝓∗ 

We begin the experimental validation of closure approximations through the analysis of the 

experimentally inferred OPDFs for the less concentrated, 0.1 vol% fd-virus dispersion. Figure 

4.5 includes results for the four non-zero components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 where the predictions of the 

various closures are compared to the exact answer from the extracted OPDF. However, we 

first discuss the differences between the dilute theory and the experimental results for the 0.1 

vol% dispersion. We find that, overall, the general behavior of the various components of 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 remains the same in the experimental system. Three aspects of the experimental 

measurements deviate from the dilute theory: the quantitative maxima of each component, the 

measurement at �̇� ≈ 100 s-1 and the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 12𝑘𝑙: 𝐸𝑙𝑘 component. We find that in the 

experimental measurements, the maximum value reached for the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 11𝑘𝑙: 𝐸𝑙𝑘, 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 22𝑘𝑙: 𝐸𝑙𝑘 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 33𝑘𝑙: 𝐸𝑙𝑘 components are much lower than those predicted by dilute 

theory. Later in this work, we will discuss the implications of this measured behavior on the 

rheological properties of the dispersion and propose various physics that may be included in 

theories to capture this effect. The second major disagreement between experiment and theory 

is the measurement at �̇� ≈ 100 s-1, for which the measured components show local minima or 

maxima. This variation still lies within the error bars, so we attribute it to errors introduced in 

the measurement and analysis of the scattering (i.e., only using two measurement planes). 

Finally, the measured 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 12𝑘𝑙: 𝐸𝑙𝑘 component has a nearly constant value for all measured 

shear rates, rather than a decrease as predicted by the dilute theory. As with the quantitative 

underprediction of the maxima in the components, we will discuss the rheological 

implications of the 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 12𝑘𝑙: 𝐸𝑙𝑘 component remaining constant later in this work. We note 

that the large error bars due to error propagation from MAPSI (due mostly to the lack of 
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measurements in a third, 2-3 plane) restrict our ability to conclusively resolve  peaks at 

moderate shear rates that are the size of those predicted from dilute rod theory. In summary, 

for the SANS experiments probing the 0.1 vol% fd-virus dispersion, we find that  𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 

displays similar behavior as the dilute theory, but quantitatively has smaller quantitative 

values of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄. 

Qualitatively and similarly to the analysis of the dilute theory, we find that each closure 

approximation properly captures the qualitative behavior of the respective component. 

Furthermore, we find that the errors introduced from using closures are less than the errors 

from the SANS measurement and analysis (i.e., the closure predictions lie within the error 

bars of the measured point) with the exception of the Dhont-Briels closure at �̇� ≈ 50 s-1 for the 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 33𝑘𝑙: 𝐸𝑙𝑘 component. When analyzing the errors quantitatively, we find that all closures 

have poor accuracy at low shear rates. We attribute this poor relative accuracy to the value of 

the components being very small in the cases of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 11𝑘𝑙: 𝐸𝑙𝑘, 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 22𝑘𝑙: 𝐸𝑙𝑘 and 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 33𝑘𝑙: 𝐸𝑙𝑘 or the large measurement errors in the case of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 12𝑘𝑙: 𝐸𝑙𝑘. At moderate and 

large shear rates, no one closure stands out as providing superior predictability. We conclude 

that for the experimentally determined OPDFs, all the tested closures provide accurate 

predictions of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 to within the extent that we can resolve the various components. This 

finding is different from the result of the testing with the dilute theory, where it was found 

that the fitted closures performed more poorly in general compared to the non-fitted closures. 

In this system of finite concentration, it is possible that the OPDFs are adopting forms that are 

more consistent with the majority of OPDFs present in the data sets used to generate the fitted 

closures. For example, the relative success of the Bingham closure for predicting the 

experimental results suggests that the OPDF is better described by the Bingham distribution 
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than the dilute theory predicts. Therefore, even at this concentration, below the overlap 

concentration, particle interactions are clearly producing more Bingham-like OPDFs. 

 

 

Figure 4.5: The non-zero components of the contraction between the fourth moment tensor 

and the rate of strain tensor normalized by the shear rate (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐸𝑙𝑘/�̇�) for the 0.1 vol% 

fd-virus dispersion (black line) and various closure approximations calculated using second 

moments of the OPDF (colored points) as a function of shear rate, �̇�. The error bars are the 

standard deviation of the value with error propagated from the SANS measurement and limits 

of MAPSI. The predictions from dilute theory are provided by the dotted gray lines. 

 

We now turn to a test of closures of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  with the experimentally determined 

OPDF for the 0.1 vol% fd-virus dispersion. Figure 4.6 includes the non-zero components of 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  calculated from the OPDF and various closure approximations. When comparing 
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the experimental results to the dilute theory, we find that the behavior of each of the various 

components is qualitatively similar; but the quantitative values predicted by the dilute theory 

are generally larger than found experimentally. This finding is not surprising given the 

overprediction of the dilute theory for components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, and suggests that certain 

values of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅  are smaller than those predicted by the dilute theory, in general. The 

implications of this overprediction are more immediately relevant in 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, as this value is 

used to calculate the particle contribution to the stress in dilute systems. We will discuss this 

effect later when calculating the stress from these experimental measurements. 
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Figure 4.6: The non-zero components of the contraction between the fourth moment tensor 

and the second moment tensor (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐩𝐩̅̅ ̅̅ 𝑙𝑘) for the 0.1 vol% fd-virus dispersion (black 

line) and various closure approximations calculated using second moments from the dilute 

theory (colored points) as a function of shear rate, �̇�. The error bars are the standard deviation 

of the value with error propagated from the SANS measurement and limits of MAPSI. 

Predictions from the dilute theory are provided by the gray dotted lines. 

 

 When assessing the predictions of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  from the various closures, we find that 

all closures provide predictions that are within experimental uncertainties for all components. 

Furthermore, an error analysis of the predictions of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  for all closures finds that 

predictions are well within 10% error for all shear rates. Furthermore, there is very little 

differentiation between closures in their accuracy for predicting 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . Again, we draw 

attention to the remarkable successes of these closure approximations, derived by very 
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different means, for predicting all components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . As with the predictions of 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, we attribute the improved success to the possibility that the OPDFs are more 

representative of the data sets used in the derivation of the fitted closures. 

4.4.2.2 Comparisons for 𝝓 > 𝝓∗ 

We now continue the experimental validation of closure approximations through the analysis 

of the experimentally inferred OPDFs for the more concentrated, 0.2 vol% fd-virus dispersion. 

Figure 4.7 includes the non-zero components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 determined from the measured 

OPDF and from the various closure approximations. When comparing the experimentally 

measured components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 for the 0.2 vol% dispersion to the 0.1 vol% dispersion, we 

find that the values remain nearly quantitatively the same. Indeed, the only differences 

between the components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 is that the values of the components in the 0.2 vol% 

dispersion appear to deviate from the values at zero shear rate at lower shear rates than the 0.1 

vol% dispersion. Because of the similarities between the 0.2 vol% and 0.1 vol% measurements 

of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, the previously discussed comparisons with the dilute theory remain for both 

dispersions. 
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Figure 4.7: The non-zero components of the contraction between the fourth moment tensor 

and the rate of strain tensor normalized by the shear rate (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐸𝑙𝑘/�̇�) for the 0.2 vol% 

fd-virus dispersion (black line) and various closure approximations calculated using second 

moments of the OPDF (colored points) as a function of shear rate, �̇�. The error bars are the 

standard deviation of the value with error propagated from the SANS measurement and limits 

of MAPSI. Predictions from the dilute theory are provided by the gray dotted lines. 

 

Similarly to the analysis of the dilute theory and the measurements of the 0.1 vol% 

system, we find that, in the 0.2 vol% dispersion, each closure approximation properly captures 

the qualitative behavior of the respective component. We again find that most closure 

approximations provide similar and quantitatively accurate predictions (within 10%) of 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄. Furthermore, we find that the errors introduced from using closures are less than the 

errors from the SANS measurement and analysis (i.e., the closure predictions lie within the 
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error bars of the measured point). We conclude that for the experimentally determined OPDFs, 

all the tested closures except for HL1 provide accurate predictions of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 to within the 

extent that we can resolve the components. 

The results for the components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  for the 0.2 vol% fd-virus dispersion are 

included in Figure 4.8. When we compare the measured values of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  to the 

measurements of the 0.1 vol% dispersion, we find nearly quantitatively identical results. The 

only difference between the two experimental measurements appears to be smoother trends in 

the 0.2 vol% measured components. We attribute this smoothness to decreased uncertainty in 

the experimentally extracted values due to an increased coherent scattering intensity relative 

to incoherent scattering cross section as a result of the higher concentration. As with the 0.1 

vol% measurement, the measured components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  show similar qualitative trends 

as the dilute theory predictions, but tend to overpredict/underpredict component values. 

Turning to the predictions of the various closure approximations, we again find that all tested 

closures provide good predictions for all components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  and at all shear rates. 

Therefore, the previously discussed conclusions from the analysis of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  for the 0.2 

vol% dispersions are the same as the 0.1 vol% dispersions. 
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Figure 4.8: The non-zero components of the contraction between the fourth moment tensor 

and the second moment tensor (𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖𝑗𝑘𝑙𝐩𝐩̅̅ ̅̅ 𝑙𝑘) for the 0.2 vol% fd-virus dispersion (black 

line) and various closure approximations calculated using second moments from the dilute 

theory (colored points) as a function of shear rate, �̇�. The error bars are the standard deviation 

of the value with error propagated from the SANS measurement and limits of MAPSI. 

Predictions from the dilute theory are provided by the gray dotted lines. 

 

 We will now summarize the work exploring the experimental validation of closure 

approximations. Overall, we find that all six tested closures provide good accuracy (within 

10% error) for predicting 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . These findings differ from the testing from 

dilute theory, where fitted closures were found to provide poor predictions for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄. We 

attributed the improved predictability of the fitted closures to the likelihood of the 

experimentally measured OPDFs being more representative of the OPDFs used for the 
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development of these closures. This result highlights the significance of interparticle 

interactions towards modifying the structure of fd-virus dispersions, even at concentrations 

below the overlap concentration. The success of fitted closures, especially the Bingham 

closure, for describing these experimental distributions suggests that interparticle interactions 

modify the structure to produce an OPDF that is more Bingham-like, in agreement with 

theories that include interparticle interactions. Overall, the choice of closure approximation 

from the six tested here was shown to play an insignificant role in the prediction of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 

and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ . 

4.4.3 Evaluation of rheological quantities of dilute orientable particle dispersions 

from SANS 

After examining the validity of closure approximations with experiments, we now turn to an 

evaluation of the particle contribution to the stress from SANS experiments as predicted from 

Batchelor’s expression for the stress in non-interacting particle dispersions. Batchelor’s 

expression states that the stress tensor is only dependent on the second and fourth moments of 

the OPDF, which we have determined using SANS measurements, and physical properties of 

the dispersion that have been determined through other measurements (e.g., the solvent 

viscosity, concentration and particle aspect ratio). We are interested in comparing the results 

from calculating the stress according to Batchelor’s theory utilizing moments inferred from 

the SANS measurements to predictions from dilute theory and rheological measurements of 

the suspensions when available. Evaluating the stress from experimentally extracted OPDFs 

provides the first step toward utilizing SANS measurements towards the evaluation of the 

mechanical properties of complex fluids. Evaluating the stress in this way provides a direct 

test of structure property relationships in flowing complex fluids. Given that the previously 
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tested closure approximations all provide similar predictions within error for all the 

components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, we do not consider the effect of closure approximation on the 

calculation of the stress, as the calculated stresses would be similar within error regardless of 

closure. The main rheological quantities of interest for a simple shear flow are the shear 

viscosity, first normal stress difference and second normal stress difference. As discussed 

previously, we define reduced quantities such that the dilute theory predictions for the reduced 

quantities are independent of concentration and solvent viscosity. Out of these three quantities, 

we only have access to rheological measurements of the viscosity, as the dispersions are very 

low viscosity and normal stress measurements are below the torque limit of available 

rheometers. Therefore, only the viscosity determined from the SANS measurements of the 

moments will be compared to rheological measurements, while all quantities will be compared 

to predictions from dilute theory. 

Figure 4.9 includes the rheological quantities as calculated from the SANS estimates of 

the moments and Batchelor’s expression for the stress,  compared to the dilute theory and, in 

the case of the viscosity, to rheological measurements for the fd-virus. Figure 9a includes the 

particle contribution to the viscosity normalized by the solvent viscosity and volume fraction 

of particles, 𝜂𝑝/𝜂𝑠. The dilute theory (black line) predicts a constant viscosity at low shear 

rates and shear thinning behavior beyond Per = 1 (i.e., �̇� = 17 s-1). As mentioned previously, 

the dilute theory prediction of 𝜂𝑝/𝜂𝑠𝜙 is independent of concentration. Also included in this 

figure is 𝜂𝑝/𝜂𝑠𝜙 as determined from the SANS measurements and Batchelor’s expression. 

For the 0.1 vol% dispersion, the value of 𝜂𝑝/𝜂𝑠𝜙 nearly exactly matches that of the dilute 

theory for all shear rates. The exceptions are at �̇� = 8 s-1 and at moderate shear rates from �̇� = 

64 to 256 s-1 where the viscosity calculated from Batchelor’s theory and moments inferred 
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from SANS measurements is less than that predicted from the dilute theory. The 0.2 vol% 

dispersion shows quantitatively similar behavior except at low shear rates, where the 

viscosities are greater than those of the 0.1 vol% dispersion and the dispersion shows shear 

thinning for all measured shear rates. At low shear rates, both the 0.1 vol% and 0.2 vol% 

rheological measurements produce viscosities that are greater than the dilute theory, and 

greater than the predictions from Batchelor’s expression using the measured moments. The 

0.2 vol% dispersion has a larger zero shear viscosity than the 0.1 vol% dispersion and begins 

shear thinning at earlier shear rates. The onset of shear thinning in the 0.1 vol% dispersion is 

coincident with the prediction from dilute theory  and the value of 𝜂𝑝/𝜂𝑠𝜙 calculated from 

Batchelor’s theory and SANS measurements. At high shear rates, the rheologically 

determined values of 𝜂𝑝/𝜂𝑠𝜙 collapse onto both the dilute theory prediction and the values 

calculated from Batchelor’s theory and SANS measurements. 
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Figure 4.9: Rheological quantities (a) the particle contribution to the viscosity, (b) the first 

normal stress difference and (c) the second normal stress difference for the fd-virus 

dispersions in simple shear flow. The quantities are normalized by the solvent viscosity and 

volume fraction of particles. Each quantity includes the prediction from the dilute theory (solid 

black line) and the measurements of the 0.1 vol% (blue) and 0.2 vol% (red) fd-virus 

dispersions from the rheo-SANS measurement, an OPDF extracted via MAPSI, and 

Batchelor’s expression for the stress tensor of non-interacting rods (solid points). For the 

viscosity, rheological measurements are also included (open diamonds). The error bars 

represent the standard deviation of the measured quantity. 
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By comparing 𝜂𝑝/𝜂𝑠𝜙 determined from these various methods, we gain several key 

insights into the physical phenomena leading to the rheological response of fd-virus 

dispersions and, to the extent these results can be generalized, to other rodlike systems. Firstly, 

by comparing the values of 𝜂𝑝/𝜂𝑠𝜙 determined from SANS measurements to those predicted 

from the dilute theory, we find that the measured contribution to 𝜂𝑝/𝜂𝑠𝜙 purely from particle 

alignment effects is different than that predicted by the dilute theory in two ways. The 

dispersions at both concentrations have lower 𝜂𝑝/𝜂𝑠𝜙 than that predicted by the dilute theory 

at high shear rates, and the value of 𝜂𝑝/𝜂𝑠𝜙 is independent of concentration. Connection this 

observation to 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄, we can relate this lower viscosity to the lower values of many of the 

components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 compared to the dilute theory. From this, we find that the structural 

differences discussed in the analysis of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 have implications on the viscosity, and lead 

to a lower value than that predicted by the dilute theory. Secondly, we find that at low shear 

rates, the 0.1 vol% dispersion nearly matches the dilute theory prediction, while the 0.2 vol% 

dispersion has a SANS-determined viscosity nearly a half order of magnitude greater than the 

dilute theory. This result suggests that the 0.1 vol% dispersion has very similar values of 𝐩𝐩̅̅ ̅̅ 𝟏𝟐 

and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 1122 to those predicted by the dilute theory. Furthermore, increasing concentration 

between 0.1 vol% and 0.2 vol% has extremely large implications on the structure of the 

dispersions in flow at low shear rates. These two concentrations represent values below the 

overlap concentration (0.1 vol%) and above the overlap concentration (0.2 vol%). Therefore, 

this nonlinear effect is likely a result of the crowding of particles that becomes significant 

when particle lengths begin to overlap. Finally, we compare 𝜂𝑝/𝜂𝑠𝜙 as measured with 

rheological measurements to those measured with SANS and Batchelor’s formula. At low 

shear rates, the rheological measurements of 𝜂𝑝/𝜂𝑠𝜙 are a half an order of magnitude greater 
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than those determined with SANS at both concentrations, suggesting that effects beyond 

simply the orientation of fd-viruses are contributing to the viscosity. However, at high shear 

rates, these values collapse onto one another, suggesting that whatever effects increase the 

low shear viscosity are negligible at high shear rates. The most likely possibility for the 

difference in viscosity between the SANS predictions and the rheological measurements are 

the presence of direct (i.e., excluded volume effects) or indirect (i.e., hydrodynamic 

interactions) particle-particle interactions. Given that the predictions based on Batchelor’s 

theory collapse onto the measured viscosities at high shear rate, this suggests that effects from 

interparticle interactions are only significant at low shear rates and are negligible at high shear 

rates. A quantitative theory exists for the stress due to particle-particle interactions by Dhont 

and Briels, which suggests a contribution to 𝜂𝑝/𝜂𝑠𝜙 that is a function of the aspect ratio and 

volume fraction of particles. If we evaluate this extra contribution for the 0.1 vol% and 0.2 

vol% dispersions we find that it results in a 25% and 45% increase in the zero shear viscosity, 

respectively, which is much less than the observed increase by a half order of magnitude. Such 

discrepancies in the zero shear viscosity between experiment and the Dhont-Briels theory have 

been previously observed in fd-virus dispersions and have been attributed to the slowing of 

the particle’s rotational diffusion due to particle interactions.19 We note that such a strong 

modification to the rotational diffusivity is not predicted to occur at such low concentrations 

and would lead to a change in the onset of shear thinning in the more dilute dispersion, which 

is not observed. A more likely explanation is that particle-particle interaction effects beyond 

simply excluded volume interactions are leading to the increase in viscosity, however, we do 

not have a reasonable explanation for this phenomenon. In summary, using OPDFs inferred 

from SANS measurements enabled a direct calculation of the dilute particle contribution to 
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the viscosity using Batchelor’s theory for the stress. Comparing these measurements to 

predictions from the dilute rod theory revealed that the dispersion formulated below the 

overlap concentration has a similar dilute particle contribution to the stress while the 

dispersion formulated above the overlap concentration has an increased dilute particle 

contribution to the viscosity at low shear rates than is predicted by the dilute theory. 

Comparing these calculations to mechanical measurements of the viscosity revealed that non-

dilute contributions to the viscosity are very important at low shear rates, but are negligible at 

high shear rates. 

Moving on to the normalized first normal stress difference, 𝑁1/𝜂𝑠𝜙, the results from the 

SANS measurement and the dilute theory are included in Figure 4.9b. The dilute theory 

predicts a monotonically increasing 𝑁1/𝜂𝑠𝜙 with increasing shear rate. For 𝑁1/𝜂𝑠𝜙 measured 

with SANS, we find that both the 0.1 vol% and 0.2 vol% display a similar monotonic increase 

in the first normal stress difference. At low and moderate shear rates, the 0.1 vol% dispersion 

has a value of 𝑁1/𝜂𝑠𝜙 that nearly matches that of the dilute theory prediction. At moderate 

and high shear rates, the 0.2 vol% dispersion has a larger value of 𝑁1/𝜂𝑠𝜙 than the 0.1 vol% 

dispersion. However, the variation in 𝑁1/𝜂𝑠𝜙 with shear rate is similar for both concentrations 

and suggests that a concentration-dependent scaling of the shear rate (i.e., a concentration-

dependent rotational diffusivity) could collapse the values of 𝑁1/𝜂𝑠𝜙. At high shear rates, the 

value of 𝑁1/𝜂𝑠𝜙 for the 0.1 vol% and 0.2 vol% dispersions are less than those predicted by 

the dilute theory. Overall, the first normal stresses determined with the SANS measurements 

and the expression for the stress in dilute rods deviate from the dilute theory. For the lower 

concentration sample, the dilute theory describes the particle contribution to the normal stress 

up to shear rates of �̇� ≈ 100 s-1, where the measured stress is less than the theory prediction. 
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For the higher concentration sample, the dilute theory underpredicts the first normal stresses 

at low shear rates and overpredicts the stresses at high shear rates. For all shear rates, the 

higher concentration sample has a larger value of 𝑁1/𝜂𝑠𝜙 for all shear rates, suggesting 

concentration dependent phenomena are driving nonlinearities in the concentration 

dependence of the first normal stress difference. 

Finally, for the normalized second normal stress difference, 𝑁2/𝜂𝑠𝜙, the results from the 

SANS measurements and the dilute theory are included in Figure 4.9c. The dilute theory 

predicts a decreasing, negative 𝑁2/𝜂𝑠𝜙 followed by a plateau value at �̇� ≈ 500 s-1 with 

increasing shear rate. For the quantities measured with SANS, we find that 𝑁2/𝜂𝑠𝜙 is nearly 

independent of concentration and nearly matches the quantitative predictions of the dilute 

theory. Due to the measurement errors largely stemming from using only the flow-gradient 

and flow-vorticity measurement planes, the uncertainties on the values of 𝑁2/𝜂𝑠𝜙 are much 

larger than for 𝜂𝑝/𝜂𝑠𝜙 or 𝑁1/𝜂𝑠𝜙. However, to within this experimental uncertainty, the 

dispersions at both concentrations appear to have single particle contributions to the second 

normal stress differences that are well described by the dilute theory. We note a slight upturn 

in the average value of 𝑁2/𝜂𝑠𝜙 at high shear rates, however due to the large error bars, we 

cannot conclusively comment on this feature. 

For the viscosity and normal stress differences, we find that the SANS measurements and 

Batchelor’s expression for the stress in a suspension of dilute particles is described by the 

dilute theory rather accurately. This suggests that the OPDFs inferred from the SANS 

measurement and predicted by the dilute theory are equivalent for the purposes of calculating 

stress. This quantitative agreement is found between the measurements and theory except at 

low shear rates for the more concentrated 0.2 vol% dispersion. At these low shear rates, 
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particle interaction effects that are not included in the dilute theory perturb the structure in 

ways that effect the particle contribution to the stress. However, these additional effects are 

negligible at high shear rates and in the lower concentration, 0.1 vol%, sample. Finally, a 

comparison between rheometric measurements and the stress measured with SANS was 

available for the viscosity. It was found that the viscosity measured in the rheometer was 

greater than that measured with the SANS measurement and the dilute theory. We determined 

that the increase in viscosity could not be explained with a modern theory (the Dhont-Briels 

theory) incorporating excluded volume interactions between rods. A clear question remains 

as to the physics that lead to this increase in measured viscosity, and what particle interaction 

effects that are not captured with presently available theories may explain this effect. 

4.5 Conclusions 

Orientational closure approximations are ubiquitous in the evaluation of theories and models 

of orientational ordering in complex fluids. Rheo-SANS combined with MAPSI provides an 

invaluable tool for testing theories of complex fluids in simple shear flow. In this work, we 

have used these tools to experimentally test orientational closure approximations. Through an 

initial evaluation of closures with OPDFs predicted by dilute theory, we found that 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 

was accurately predicted (within 10% error) by two of the non-fitted closures, the Dhont-

Briels and Quadratic III closures, and was poorly predicted by the fitted closures. We 

attributed the poor predictability of the fitted closures to a biasing of the data sets used to 

derive the closures toward OPDFs that are well described by a Bingham-like distribution, for 

example. Predictions of the dilute theory in simple shear flows investigated in this work 

represent a special case where such types of distributions are not applicable. For 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ , 

we additionally found that the HL1 and HL2 closures provide poor accuracy, likely due to the 
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closures being derived specifically with respect to 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄. Through the experimental 

validation study, we have determined that most of the tested closure approximations provide 

accurate values for all the components of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅ , unlike the testing from the 

dilute theory. We attributed the success of the fitted closures for the experimental system to 

the prevalence of interparticle interactions, which cause the OPDFs to adopt more Bingham-

like distributions to match the data sets used to generate the fitted closures. Overall, the Dhont-

Briels and Quadratic III closures provide the most accurate values of 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐄 and 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ : 𝐩𝐩̅̅ ̅̅  

across concentrations and should be the preferred closures for theories describing dilute to 

semi-dilute fd-virus dispersions. 

In the second part of this study, the inferred OPDFs were used in conjunction with an 

expression for the stress tensor for non-interacting rods to determine the viscosity and normal 

stress differences from SANS measurements. By comparing these quantities to prediction 

from dilute theory, we can assess the differences between the structure of the experimental 

system and the dilute theory as they pertain to the development of stress in rodlike dispersions. 

We found that for the dispersion below the overlap concentration, the single particle 

contribution to these rheological quantities matched that of the dilute theory at low and 

moderate shear rates but deviated at high shear rates. For the dispersion above the overlap 

concentration, the single particle contribution to these quantities deviated from the dilute 

theory at low and high shear rates. In addition to the measurements with SANS, the viscosity 

was measured in a rheometer, where the rheometrically measured viscosity was found to be 

much greater than that predicted from the expression for the stress tensor from dilute theory. 

Even at concentrations one may consider dilute, interparticle interactions have a substantial 
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impact of the stress in rodlike systems. In this work and for the first time, we have 

quantitatively measured this impact. 

The procedures outlined in this work for testing closure approximations and evaluating 

the single particle contribution to the stress represent a starting point for using experimental 

measurements to explore the underlying contributors to the stress in nonspherical particle 

dispersions. Typically, theories for nonspherical particle dispersions rely simultaneously on 

accurate predictions for the evolution of the fluid’s structure and an expression for the stress 

tensor as a function of this structure. The route utilized in this work offers the ability to 

decouple these two components and approach each of these problems separately. From the 

standpoint of determining the structural evolution of a fluid, the structure predicted from 

theory can be directly compared to structural measurements with SANS. From the standpoint 

of determining the stress tensor as a function of the fluid structure, the measured structure can 

be utilized in a theory for the stress tensor to be compared to measured rheology. It is 

anticipated that the procedures outlined in this work will lead to new theoretical approaches 

for predicting the structure and rheology of rigid rod systems.  
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Chapter 5  

Design of a fluidic four-roll mill (FFoRM) for 

in-situ small angle scattering 

This chapter is adapted from 'Corona, P. T, Ruocco, N., Weigandt, K. M., Leal, L. G., 

Helgeson, M. E., Probing flow-induced nanostructure of complex fluids in arbitrary 2D flows 

using a fluidic four-roll mill (FFoRM), Scientific Reports, published 2018, Springer Nature' 

5.1 Introduction 

The coupling of soft material microstructure with complex flows – involving deformations 

other than pure elongation or viscometric (shear) flow – plays a crucial role in a variety of 

industrial processes including extrusion, fiber spinning, injection or blow molding, and 

various coating flows. New applications for soft materials have highlighted the need for flow-

processed materials with specific and highly-ordered or oriented microstructure to achieve 

superior mechanical, optical or transport properties. Examples include shape changing 

composites, polymer opals, and filtration membranes.1–4 Most of these materials and their 

precursors exhibit complex, nonlinear rheological responses (e.g. shear thinning, 

shear/extensional thickening, strain hardening, or yield stresses) due to strong coupling of 

their microstructural order with flow. As such, although the desired microstructure of a 

processed material may be known, the optimal flow protocol, i.e., the types and rates of 

deformation that the material should be subjected to in order to achieve the target 

microstructure is not always obvious. At the same time, many of these emerging materials 
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lack accurate, microstructurally-informed rheological models that would enable inverse 

design of flow processes for soft materials. Therefore, an enormous advantage would be 

gained by the development of methods for experimentally characterizing the evolution of fluid 

microstructure under arbitrarily complex flows. 

Small angle neutron scattering (SANS) provides an especially attractive platform for 

developing such microstructure-–property-processing relationships. Unlike other types of 

radiation, neutrons are passive probes of fluid microstructure at length scales important to 

most soft materials (1-1000 nm). Furthermore, neutron contrast can be easily varied with 

isotopic substitution, enabling independent interrogation of the components of mixtures that 

is not possible with other techniques. This has led to the recent development of a number of 

flow devices compatible with in situ neutron scattering measurements (flow-SANS), allowing 

direct measurement of fluid microstructure under flow.5,6 A recent review outlines the most 

extensively used flow-SANS sample environments, including Couette geometries, pressure 

driven Poiseuille flows, capillary flow cells, sliding plate cells, and cross-slot devices.5 With 

a few exceptions such as the cross-slot device, these systems create a pure shear deformation 

of the fluid. Thus, the creation of a flow-SANS sample environment to achieve tunable 

deformation fields would dramatically expand the range and usefulness of flow-SANS 

measurements under complex flows that approach more realistic processing flows. 

Recently, there have been a number of efforts toward this aim, typically involving the use 

of fluidic devices that simulate a processing flow of interest. Examples include channel 

flows,7–9 cross slot geometries to achieve relatively homogeneous 2D elongation,10–13 

contraction/expansion geometries to study axisymmetric entrance and exit flows,6,14–16 and 

flows around obstacles.17 These studies highlight a number of challenges and limitations 
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inherent to the use of fluidic devices for flow-SANS measurements. The first, and most 

significant, is that the deformation field encountered by the fluid is determined predominately 

by the geometry of the device, and changes as the fluid traverses the geometry, producing an 

unsteady deformation of the fluid in a Lagrangian (material point) frame. Second, although 

many devices produce the desired flow at the center-plane, the aspect ratio (defined by the 

out-of-plane and in-plane dimensions relative to the neutron beam) is typically small, which 

produces a significant shearing contribution to the deformation along the beam path, similar 

to a Hele-Shaw type flow. This effect produces significant non-uniformity of the flow, and 

thus the fluid microstructure, in the direction of the probing beam path. Because of these 

limitations, the flow-SANS measurement reflects the material configuration that results from 

a non-steady, spatially non-uniform deformation field.  As such, an accurate rheological 

model and corresponding flow simulations are required to properly interpret microstructural 

information obtained from these measurements. This significantly limits the applicability of 

current flow-SANS devices to only those fluids for which such models exist. 

These limitations highlight a need for new designs for flow-SANS sample environments 

with the following objectives:  (1) the deformation field can be varied (including mixtures of 

shear and elongation) within the same device to avoid construction of many different devices; 

(2) the deformation field is homogeneous within the scattering volume and in as large a region 

as possible around the scattering volume; (3) a stagnation point exists that can be positioned 

within the scattering volume. The latter two conditions are intended to ensure that the 

accumulated time or strain for material within the homogeneous flow region is sufficiently 

long so as to achieve a steady state response in the fluid microstructure.  
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A flow device has been previously developed, originally aimed at studying the 

deformation of a drop or vesicle, that satisfies these criteria, namely the four-roll mill. The 

most ideal form of this device was originally designed by Taylor18, in which the flow is driven 

by rotation of four cylinders. Although this configuration was used in the past for 

birefringence studies of polymer solutions19,20, it has not yet been successfully developed at 

the miniature scale required for SANS due to difficulty of scaling down the size of mechanical 

rollers (and therefore of the device itself), resulting in unacceptably large sample requirements 

and a beam path that results in a loss of transmitted signal and potential multiple scattering 

effects. There is also the practical difficulty of sealing the device from leaks when the rollers 

are oriented orthogonal to the direction of gravity (a requirement to facilitate measurement 

with most neutron beams). 

An alternative approach is the flow-through design of Lee et. al., which is a generalization 

of the cross-slot flow.21 It is generally accepted that this “fluidic four-roll mill” (FFoRM) 

design holds the most promise as a flow device based upon the ideas of the four-roll mill, 

except that the flow is driven externally by syringe pumps similarly to the cross-slot and the 

only limit to size is the ability to manufacture the device via etching methods.  Here, we report 

on the design and experimental validation of such a device, optimized to produce a 

homogeneous flow over a large area for the spectrum of flows from shear to 2D extension for 

Newtonian fluids. Furthermore, we explore to what extent the full spectrum of 2D 

homogeneous flows can be produced for a variety of non-Newtonian and/or viscoelastic 

fluids, and demonstrate the applicability of the full FFoRM-SANS workflow for dispersions 

of nano-crystalline rods that exhibit shear thinning, but only weakly elastic behavior, where 

the orientation measured by SANS provides a probe of the local deformations in the device. 
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5.2 A fluidic four-roll mill (FFoRM) for SANS measurements 

Without loss of generality, one can describe any 2D linear flow field 

 𝐮 = 𝛁𝐮 ∙ 𝐱 = (𝐄 + 𝛀) ∙ 𝐱 (5.1) 

by decomposing the local velocity gradient tensor into two parameters related to the 

deformation type and magnitude of the deformation rate at any material point in the flow.22 

Here E and 𝛀 are the strain-rate and vorticity tensors. The flow type parameter is usually 

defined as 

 𝛬 =
|𝐄|−|𝛀|

|𝐄|+|𝛀|
 (5.2) 

where |E| is the magnitude of the rate of strain tensor and |Ω| is that of the vorticity tensor 

(where |𝐀| = (𝐀 ∙̇ 𝐀𝑻)1/2 ≡ A𝒊𝒋A𝒊𝒋
1/2). For the approximately 2D, planar flows considered in 

this work, the flow type parameter takes values from -1 (pure rotation) to 1 (pure elongation) 

and describes the relative magnitudes of vorticity and strain-rate present in the flow. The 

strength of the flow can be described through the magnitude of the in-plane components of 

the velocity gradient tensor (�̇�) defined as �̇� = |∇𝒖|. Hence, in 2D homogeneous flows the 

velocity gradient tensor can be expressed in terms of �̇� and 𝛬 as23–25 

 ∇𝒖 =
�̇�

2√1+𝛬2
[

1 + 𝛬 1 − 𝛬 0
−(1 − 𝛬) −(1 + 𝛬) 0

0 0 0
] (5.3) 

with axes defined in the velocity (1) and velocity gradient (2) directions, hereafter referred to 

as the in-plane axes. Written in this form, 
�̇�

√1+𝛬2
 is equivalent to the shear rate (�̇�) for a simple 

shear flow (𝛬 = 0) and the extension rate (휀̇) for the purely extensional planar flow (𝛬 = 1). 

The assumption that the flow is 2D, as assumed in equation 5.3, is approximately true in the 

microfluidic four-roll mill provided that the dimensions of the flow device in the out-of-plane 

direction are large enough that ∇𝐮 is dominated by in-plane contributions for the majority of 



 

 136 

the flow domain. Specifically, we shall see that the 2D approximation, namely that u3=0, and 

𝜕𝑢1

𝜕𝑥3
=

𝜕𝑢2

𝜕𝑥3
= 0, is reasonable in the central region between the top and bottom boundaries 

(u3=0 at the central symmetry plane), and near the central stagnation point.  

The original microfluidic four-roll mill is sketched in Figure 5.2a. It is similar to a 

cross-slot flow device, but is composed of eight channels where the relative volumetric flow 

rates in diagonally opposing pairs of four channels control the flow type within the device, 

while the average of the flow rates in these four channels controls the flow strength. The 

remaining four channels are held at constant (usually ambient) pressure. Although Lee et. al. 

showed that the device can produce a reasonable approximation of the full spectrum of 

homogeneous 2D flows for Newtonian fluids, it is not clear whether it will produce 

homogeneous 2D flows when the fluid is non-Newtonian and/or viscoelastic. 

 In this work (summarized in Figure 5.1), we explore this question, as well as the 

applicability of the fluidic four-roll mill (FFoRM) for SANS measurements. In particular, we 

show that a modified version of the microfluidic geometry of Lee et al. can produce tunable 

2D deformation fields for at least some non-Newtonian fluids, and can be integrated with 

SANS instrumentation for measurement of the in situ microstructural configuration projected 

onto the velocity-velocity gradient plane. CFD simulations were used to optimize the device 

geometry to produce flows for Newtonian fluids that are homogeneous within the scattering 

volume for flow-SANS measurements, and strong enough to deform complex fluid 

microstructures. After experimentally confirming the predicted flow behavior for a Newtonian 

fluid (glycerol), we then investigate the ability to produce nearly 2D flows with controllably 

variable flow types and deformation rates over a range of fluids with non-Newtonian 

rheological behavior using particle tracking velocimetry (PTV) measurements. Flow-SANS 
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measurements are then demonstrated for arbitrary deformation types, and applied to 

measuring flow-induced changes in the microstructure of a dispersion of rod-like cellulose 

nanocrystals (CNCs) in deuterated water/glycerol (ratio 90:10). 

 

 

Figure 5.1: Schematic outline of FFoRM-SANS workflow. (a) The parameterized FFoRM 

geometry is adjusted to generate spatially uniform flows within design constraints. Flow field 

visualization enables the operational mapping of the (b) streamlines and (c) flow 

type/deformation rate field the fluid experiences. (d) Small-angle neutron scattering probes 

structural changes in the material under arbitrary deformation histories. 

5.3 Materials and Methods 

Newtonian fluid and solvents 

Glycerol (Thermo Fisher, CAS # 56-81-5), de-ionized filtered water (Milli-Q), and deuterium 

oxide (Sigma-Aldrich, CAS # 7789-20-0) were used as received. 

Inelastic shear thinning fluid 

An aqueous dispersion of rod-like cellulose nanocrystals (University of Maine Process 

Development Center, Lot 2013-EPL-CNC-053) was used as a model shear thinning fluid with 

minimal elasticity. We prepared the sample by adding 5 wt% of the dry, white CNC powder 

to the solvent (10 wt% glycerol and 90 wt% D2O) and stirring overnight. 

 

 

 



 

 138 

Yield stress fluid 

Carbopol 934 (Lubrizol, CAS # 9003-01-4) was used as received and dissolved in water. The 

solution was then neutralized with 25 wt% potassium hydroxide (EM Science, CAS # 1310-

58-3) solution by drop-wise addition. The final Carbopol concentration was 0.2 wt%. 

Elastic (Boger) fluid 

Polyethylene glycol (Mv = 8000 g/mol, Sigma-Aldrich, CAS # 25322-68-3) as received was 

dissolved in filtered water at 37.5 wt% and mixed for one hour. Polyethylene oxide (Mv = 4 x 

106 g/mol, Sigma-Aldrich) as received was then dissolved in this solution at 0.08 wt% and 

mixed for two weeks with a magnetic stir bar at low speed (60 rpm) to avoid polymer 

degradation. 

Viscoelastic fluid 

300 mM sodium nitrate (Sigma-Aldrich, CAS # 7631-99-4) and 100 mM 

hexadecyltrimetylammonium bromide (CTAB, Sigma-Aldrich, CAS # 5709-0) were used as 

received and dissolved in water, sonicated for 20 minutes, and allowed to rest for one day. 

Rheology 

The rheological tests were performed with an AR-G2 rheometer (TA Instruments) at constant 

temperature of 25°C. To measure the rheological properties, steady-shear viscosity tests were 

performed using a Couette geometry for materials with low viscosity (cup diameter = 30.42 

mm, truncation gap = 0.5 mm, and bob diameter and length of 27.95 mm and 42.15 mm, 

respectively) or a cone-plate geometry for materials with high viscosity and for normal stress 

measurements (diameter = 60 mm, angle= 2.00o and truncation gap= 0.055 mm). To prevent 

solvent evaporation, for the cone-plate, the material was thermally isolated with a solvent trap. 
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Steady-shear viscosity tests were run in the range of shear rate 0.001 < �̇� < 100 s−1. Data were 

collected once every 300 s, in order to reach the steady state. 

Computational fluid dynamics (CFD) simulations 

CFD simulations were carried out with the COMSOL Multiphysics software package for 

inelastic fliuds or in OpenFOAM using the viscoelasticFluidFoam solver for elastic fluids.39 

Flow fields for the inelastic fluids were generated from simulations for a Newtonian fluid 

(ρ=1.261 g/mL, 𝜂 =1.412 Pa s) and a generalized Newtonian fluid with viscosity described by 

the Carreau model 

 𝜂(�̇�) = 𝜂0(1 + (𝜆�̇�)2)
𝑛−1

2 . (5.4) 

where 𝜂0 is the zero shear viscosity, 𝜆 is the relaxation time, and n is a parameter that 

determines the degree of shear thinning. Parameters were chosen as a fit of the steady shear 

rheology of the 5 wt% CNC dispersion, thus giving 𝜂0 = 2.51 Pa s, 𝜆 = 2.06 s, and n = 0.3. A 

critical shear rate can be defined as the inverse of the relaxation time (�̇�𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 0.49 s-1) and 

corresponds to the onset of shear thinning. The generalized Navier-Stokes and continuity 

equations were solved numerically for a meshed representation of the geometry using a finite 

element method. Constant volume flow rate boundary conditions were specified at the ends 

of the channels corresponding to Q1 and Q2, constant pressure boundary conditions were 

specified at the ends of unlabeled channels, and no slip boundary conditions were specified 

for all other walls. Geometries were simulated in 3D when comparing to experimental data to 

ensure maximum accuracy and in 2D for geometry design to enable faster simulation times.  

Fluidic four-roll mill (FFoRM) Fabrication 

Devices consist of two outer plates squeezed around an inner plate containing the FFoRM 

geometry. The outer plates were constructed out of stainless steel and contain holes for the 
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flow of temperature controlling fluid and holes for quartz windows to allow for light or 

neutrons to pass through the device. The inner plate was constructed out of titanium and the 

geometry was cut using a wire EDM. The central device geometry was cut according to the 

design in Figure 5.2 and 35 mm channels were added as inlets/outlets into the center geometry 

to allow time for the fluid to relax from entry effects. Holes were drilled though the sides of 

the center plate, connecting to the eight entry channels, to allow for fluid flow straight into the 

device. 

Particle tracking velocimetry (PTV) 

Flows of the fluids in the FFoRM were experimentally determined using particle tracking 

velocimetry (PTV). The test fluid was seeded with glass spheres (10 μm diameter, 300 ppm) 

and injected into the device’s four inlet channels using two syringe pumps (pump: Harvard 

Apparatus PHD 2000, tubing: Saint-Gobain Versilon 2001) at different rates. The four 

additional outlets were immersed in a container of the test fluid. The outlet tubing was cut to 

similar length and immersed at similar height to avoid differences in pressure between outlet 

channels. The device temperature was maintained at 25°C by using a water bath connected to 

the device’s outer plates. A CMOS camera (Point Gray Gazelle 2.2 MP Mono Camera Link) 

with 12x total magnification and variable frame rate (from 1 to 280fps) was focused on the 

center plane of the device geometry. The focal depth for the measurement is ~0.3 mm. Particle 

velocities were determined from videos using PTV algorithms that track individual particles 

with subpixel resolution and determine their velocities.29 The velocity gradient tensor was 

calculated by fitting a second order surface using a weighted method of least squares30,51 

adapted for 2D. The search radius is an adjustable parameter and the fit is weighted using the 

tri-cube kernel: 
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 𝑤(𝑟) = (𝑑 − |𝑟|3)3 (5.5) 

 

where w is the weight a particular distance, r, from the point of interest and d is the distance 

one searches for velocity information. The local surface fit is differentiated to determine the 

components of the velocity gradient tensor. The process is repeated for the entire measured 

velocity field and results are binned to reduce numerical and experimental noise. 

 

Flow-small-angle neutron scattering (flow-SANS) 

SANS measurements were performed using the NGB 10m SANS instrument at the National 

Institute of Standards and Technology Center for Neutron Research (Gaithersburg, MD). A 1 

mm diameter beam was collimated at the stagnation point of the geometry. Material of interest 

was flowed into the device using the same protocols as for PTV experiments. Measurements 

were delayed for 5 minutes after startup to ensure the flow had reached steady state. The 

scattering from the sample was collected in the q-range from 0.005-0.1 Å-1 with the 

wavelength  = 6Å and a wavelength spread of  = 0.14. The scattering vector q is defined 

as q = 4 sin(/2)/ where  is the angle at which the neutron is scattered and  is the neutron 

wavelength. The temperature was maintained constant at 25 °C through the entire experiment 

with a water bath. The 2D scattering intensities in 128 by 128 channels were corrected for 

empty cell, plexiglass standard, and detector efficiency.  Scattering spectra were reduced using 

standard NCNR protocols with Igor PRO software.52 

 



 

 142 

5.4 Device simulation and parameterization 

As indicated in the preceding section, we believe that the FFoRM geometry based upon 

the original design of Lee et al. has the best chance of satisfying the constraints for simple 

implementation and interpretation of flow-SANS measurements: namely a spectrum of 

homogeneous, 2D flows with sufficient flow strength and enough accumulated strain for the 

material to reach a steady state configuration.  

To accommodate the flows of non-Newtonian fluids, we modified the Lee et. al. 

design by removing the sharp protrusions from the channel dividers at the inlet to the center 

region. The elimination of these sharp protrusions and corners suppresses the tendency to 

produce non-axisymmetric or unstable flows due to the elastic instabilities associated with 

streamline curvature for viscoelastic fluids.26,27 Furthermore, it also enables fabrication 

protocols that are less prone to machining errors that affect flow stability, while not 

compromising the device’s ability to generate all flow types. These modifications allow for a 

simpler device geometry that can be parameterized by the scheme illustrated in Figure 5.2. By 

specifying the flow rates in specific channels, the FFoRM can be controlled to produce 

arbitrary 2D flows for Newtonian fluids. This is schematically illustrated in Figure 5.3 for the 

generation of extensional, simple shear, and rotational flows. Approximately, the average of 

the flow rates in the inlets and outlets (𝑄2 + 𝑄1) 2⁄  determines the magnitude of the velocity 

gradient, while the ratio of these two flow rates (𝑄1 𝑄2⁄ ) determines the flow type. 
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Figure 5.2: (left) Original microfluidic four-roll mill design reproduced from Lee et. al..21 

(right) Schematic 2D representation of the parameterized FFoRM geometry. Geometric 

parameters that were varied in the device design are indicated with colored letters. The 1 mm 

diameter neutron beam cross section is indicated as a light blue circle in the center of the 

device. The included values of these geometric parameters are the final choice of geometry 

with W = 2 mm, D = 1 mm, R = 1 mm, C = 5 mm, and H = 3 mm. Channels with controlled 

flow rates Q1 and Q2 are indicated with black arrows. 

 

 

Figure 5.3. Scheme for generating extensional, shearing, and rotational flows in the fluidic 

four-roll mill. The black circles indicate the direction and magnitude at which fluid is supplied 

to (filled circles) or withdrawn from (open circles) the device. The colored arrows represent 

the nominally generated flow type and black arrows indicate the direction and magnitude of 

flow rates in the inlet/outlet channels. 

 

Generally, devices with larger dimensions can generate flows that are spatially 

uniform over a larger area. However, they are limited in their capacity to generate flows at 

high strain-rates before fluid inertia influences the flow, as indicated by the Reynolds number 
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(Re) which characterizes the relative magnitude of inertial contributions to the fluid 

momentum relative to the viscous stress 

 𝑅𝑒 =
𝜌𝑈𝑊

𝜂
=

𝜌
𝑄2

𝐻𝑊
𝑊

𝜂
=

𝜌𝑄2

𝜂𝐻
. (5.6) 

Here, ρ is the fluid density, 𝜂 its viscosity, and H is the inlet channel height. With respect to 

fluid flow, high aspect ratio (H/W) devices are ideal to eliminate 3D flow effects (e.g. large 

gradients through the thickness of the device from the upper and lower boundaries) when the 

possibility for creating slip surfaces (e.g. through a lubricating fluid layer or 

chemically/physically modified surfaces) is infeasible.28 In SANS measurements, however, 

lubricating fluids or surface modification can lead to background scattering that interfere with 

measurements while thick samples lead to multiple scattering and low beam transmission. For 

this study, we have fixed the thickness of the device H = 3 mm as a compromise to mitigate 

3D flow effects while still minimizing multiple scattering. For the current setup with 

achievable pump flow rates ranging from ~10-4 μL/hr to 220 mL/min (Harvard Apparatus 

PHD 2000), Re can theoretically vary from 10-9 to 1 for a fluid with ρ = 1.0 g/mL and 𝜂 = 1.0 

Pa s. However, the pump’s torque limitations (~400 kPa) provide an additional constraint on 

the maximum flow rate that is dependent on the fluid viscosity. For the current tubing size 

and length, we estimate this maximum to be 𝑄𝑚𝑎𝑥 ~20[mL/min]/𝜂 [ 𝑃𝑎 𝑠]. For the purpose 

of flow simulations, we only consider the impact of Re as this provides a physical constraint 

on the device operation. Additionally, the neutron beam spot is collimated to a 1 mm diameter 

circle that ensures adequate signal from the SANS measurement. In the final device 

configuration described later, we will show that the 3 mm device thickness ensures that the 

magnitude of in-plane gradients represents a large percentage of the total magnitude of 
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gradients in the beam region of the device, thereby justifying the assumption of nearly 2D 

flow in the device. 

 2D CFD simulations were used to determine the impact of the geometric parameters 

shown in Figure 5.2 on the deformations (rate and type) achievable and the uniformity of the 

flow in the center plane of the device near the stagnation point. Using COMSOL Multiphysics 

software, the Navier-Stokes and continuity equations (for a Newtonian fluid) were solved 

numerically for the velocity and stress fields in the device. In order to ensure the device design 

is sufficient for the previously stated objectives, we define our objective to minimize flow 

non-uniformity (which we define as the standard deviation of Λ within the beam diameter at 

the center-plane of the device) and maximize the deformation rate (defined as the average 

deformation rate in the center plane beam region) for a given value of Re at the flow types of 

interest. For the Newtonian fluid, we found that the maximum Re achievable before significant 

flow modification due to inertia was 0.2, Therefore, the impact of geometric changes were 

investigated at constant Re = 0.1 so that the deformation rates calculated are near the 

maximum achievable in the center plane of the geometry before inertial flow modification. In 

this work, we choose to limit our focus to the uniformity of the flow type rather than the 

uniformity of the deformation rate. Non-uniformities in flow type and deformation rate varied 

similarly with geometric changes, but with higher magnitude for variations in the flow type. 

With regard to non-uniformity in the flow type, the objective is to ensure that the device 

produces flows with a maximum standard deviation of center-plane flow type of 𝜎𝛬 ≤ 0.1 for 

all Q1/Q2. Note that this is a lower bound estimate of the uniformity of deformation 

experienced by the fluid in the probing beam region, since as will be shown later the region 

of uniform flow may extend beyond the beam region in certain directions. 
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After systematically varying all geometric parameters (C, W, D, and R) in increments 

of 0.5 mm, we found that the geometry that generates the highest deformation rates while 

maintaining 𝜎𝛬  ≤ 0.1 for all Q1/Q2 was a geometry with C = 5 mm W = 2 mm, D = 1 mm, 

and R = 1 mm. For the Newtonian fluid glycerol at 20°C (with ρ = 1.261 g/mL and 𝜂 = 1.412 

Pa s), this device geometry generates maximum deformation rates (when Re = 0.1) of 〈�̇�〉 ≥

10 𝑠−1 for all flow types. For water at 20°C (ρ = 1.00 g/mL and 𝜂 = 10-3 Pa s), the device 

generates maximum deformation rates 〈�̇�〉 ≥ 0.01 s−1 for all flow types. 

For a circular region of homogeneous, linear flow, the average amount of strain 

accumulated at material points within the region can be numerically estimated assuming there 

is no strain prior to entering this region. The value varies depending on the flow type, ranging 

from 1.1 for purely extensional flows to 0.53 for nearly shear flows (Λ = 0.01), but is 

independent of the flow rate. Furthermore, the fraction of the beam that has accumulated a 

strain of 1 or more varies from 0.55 for an extensional flow to 0.83 for a near shear flow. The 

strain accumulated in a flow with closed streamlines (Λ ≤ 0) is infinite. These estimations, 

based only on the flow within the beam, are conservative in the sense that any extension of 

the homogeneous flow outside the beam is neglected. The Lagrangian convection of 

microstructures from these regions into the beam region will contribute to the accumulated 

strain, and hence to greater uniformity of microstructural configurations within the beam 

compared to an estimate that assumes no strain is accumulated prior to entering the beam 

region. 

In principle, a similar geometry design process could be used to optimize the device 

for other criteria (e.g. higher deformation rates or accumulated strain) or for other model fluids 

by utilizing different constitutive models in the generation of flow fields with CFD. However, 
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in what follows we evaluate the device designed above for Newtonian fluids to assess its 

capabilities for generating stable flows for several types of complex fluids. 

5.5 Experimental evaluation of the flow fields for Newtonian and non-Newtonian 

fluids 

The FFoRM device developed above is based on the ability of the flow device to generate 

homogeneous flows of Newtonian fluids within at least the scattering region centered about 

the central stagnation point. In this section, we use flow visualization experiments to 

characterize the flows that are actually generated in the device (Figure 5.1b,c) for  Newtonian 

and four ubiquitous classes of non-Newtonian fluids (shear thinning, yield stress, elastic 

(Boger), and viscoelastic). This investigation is intended to address utility of the current 

FFoRM geometry for several complex fluids, identifying those fluids for which the current 

design is satisfactory, and the challenges that are encountered for other types of fluids. 

 

5.5.1 Newtonian fluid behavior 

We begin with measurements for a Newtonian fluid. It is expected that the measured behavior 

will be accurately predicted by the numerical simulations from the design process, but 

comparison of measured and predicted data will provide some indication of our ability to 

experimentally determine the velocity gradient using particle tracking velocimetry (PTV). In 

addition, we utilize 3D simulations to evaluate any out-of-plane flows or out-of-plane velocity 

gradients that may develop for a Newtonian fluid as a result of the device’s finite thickness 

(these will be assessed by experiments on the shear thinning fluid to follow). These 3D 

simulations were carried out using COMSOL Multiphysics software with similar 

specifications as the 2D simulations, but with added no slip boundary conditions on the upper 
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and lower walls. The PTV measurements were made by seeding the test fluid with 10 μm 

hollow glass spheres in dilute (300 ppm) concentrations and capturing their in-plane 

trajectories in the center plane and at the stagnation point of the device. Using well developed 

algorithms for tracking tracer particles between frames and determining their velocity fields, 

we determine the spatial  in-plane velocity fields and, subsequently, the in-plane velocity 

gradient fields by numerical differentiation with a locally weighted least squares 

regression.29,30 

Streamlines at the center-plane of the flow device as predicted by simulation are 

compared to experimental streakline images generated by superposing PTV images from a 

single captured video. These results are included in Figure 5.4 for three representative flows 

(extension, shear, and rotation) at constant Q2 = 0.5 mL/min (Re = 0.0035). Likewise, 

simulated and experimental 2D flow type parameters (〈Λ2𝐷〉) at the center-plane are spatially 

evaluated from the 2D velocity gradient tensor and are used as a scalar comparison of the full 

velocity gradient tensor. White regions in the experimental indicate area where no particles 

were tracked, and noise in the experimental data can be attributed to tracking errors29 as well 

as small (~4%) variations in fluid velocity through the finite focal depth of measurement (~0.3 

mm). Experiments show no particles moving in or out of the depth of field, indicating that, 

near the center plane, fully 3D flows are minimal. We note that the location of the stagnation 

point can shift from the center when operating at conditions near shear flow (〈Λ2𝐷〉 ~ 0). We 

attribute this shift to small variations in ambient pressure, which can drive a shift along the 

center line of the device (left to right in Figure 5.4) where fluid velocity is near zero. Similar 

difficulties were reported in Lee et. al.21 and we further note that this shift in stagnation point 
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does not noticeably change the flow type generated at the center of the device nor the long 

residence time in the beam region. 

 

 

Figure 5.4: Streamlines (upper) and local 2D flow type parameter (Λ2D, lower) comparisons 

between simulated (top) and experimentally determined (bottom) flow of glycerol (Newtonian 

fluid) in the center plane of the FFoRM geometry. All tests correspond to conditions with 

constant Q2 = 0.5 mL/min (Re = 0.0025) and the values of Q1/Q2 indicated. Experimental 

conditions correspond to 〈�̇�〉 ~0.5 s-1 for extension, ~0.25 s-1 for shear, and ~0.2 s-1 for rotation. 

The device geometry is included on the left with the region of interest for PTV experiments 

outlined for reference. 

 

To quantitatively compare the flows of Newtonian fluids experimentally generated in 

the FFoRM with simulations, we calculate volume-averaged values of the flow type parameter 

and magnitude of the velocity gradient tensor for a region near the stagnation point in the 

center of the device. In the experiments, we choose a 1 mm diameter circular averaging region 

to match the region of uniform flow that the device was designed to achieve. In the 

simulations, the averaging volume is a 1 mm diameter, and 0.3 mm height cylindrical region 

around the nominal stagnation point in the center plane of the device chosen to match the focal 

depth of the experimental imaging system. Representative results are shown in Figure 5.5 as 
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a function of the ratio of volumetric flow rates Q1/Q2 for a constant value of Q2 = 1.0 mL/min 

(Re =0.007). As with the spatially mapped flow type parameter, the numerical values of 𝛬2𝐷 

and �̇� from simulations and experiments of a Newtonian fluid agree quantitatively, as we 

should expect.  

 
Figure 5.5: Quantitative comparison of flows of a Newtonian fluid in the FFoRM geometry 

determined by experiment (points) and simulation (lines). Variations in the volume averaged 

2D flow type parameter (〈𝛬2𝐷〉, red) and magnitude of velocity gradient tensor (〈�̇�〉, black) 

are plotted as a function of the operating parameter (Q1/Q2) for constant Q2 = 1.0 mL/min (Re 

= 0.005). Error bars in the experimental measurements indicate the standard deviations in the 

beam region of the measured average value. 

 

5.5.2 Non-Newtonian flow behavior 

Four representative complex fluids were formulated and rheological measurements 

under shear in a cone-plate rheometer were used to determine the steady state shear viscosity 
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for a range of applied shear rates. Details of these formulations and measurements are included 

in the Methods section. Summarizing, the fluids were formulated with relaxation time scales 

that insured nonlinear rheological response for shear rates/ velocity gradients in the range less 

than 20 s-1 that can be realized in the flow device with viscosities in the range 0.1-5 Pa s.  

i) Inelastic shear-thinning fluid 

An aqueous dispersion of rigid, rod-like cellulose nanocrystals (CNCs) was used as a 

characteristic shear thinning fluid with minimal elasticity. CNCs derived from wood, such as 

those used in this study, have been found to be parallelepipeds with length, width, and height 

in the range of 100-200, 10-20 nm, and 2-5 nm respectively.31–33 Such non-spherical particle 

dispersions exhibit flow-induced particle alignment in an imposed straining flow, which 

modifies their contribution to the fluid’s viscosity (thinning in a shear flow and thickening in 

an extensional flow).33,34 Rheological measurements were used to identify 5 wt% CNC in 85.5 

wt% D2O and 9.5 wt% glycerol as a model inelastic shear thinning fluid. The CNC 

concentration was chosen as the highest concentration before the emergence of nematic 

domains (indicated by the presence of birefringence at rest). The choice of solvent is a 

compromise between increased fluid-particle contrast in the SANS measurements and 

increased suspending medium viscosity (reducing the rotational diffusivity and thereby 

reducing the strain rates required for flow-induced orientation). The steady state shear 

response of the CNC dispersion is typical of a shear thinning fluid, and is characterized by a 

pseudo-Newtonian plateau in the viscosity at low shear rates with a zero-shear viscosity 0 = 

2.50 Pa s,  followed by the onset of shear thinning at a shear rate of 0.5 s-1 (Figure 5.6bi). 

For such a semi-dilute suspension of orientable particles, the degree to which particles 

align is governed by the rotational Péclet number, 
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 𝑃𝑒𝑟  =  
|𝐄|

𝐷𝑟
,  (5.7) 

where 𝐷𝑟 is the long-time collective rotational diffusivity of a particle in the dispersion, which 

can be related to that for a single, dilute rod.35 Note that |𝐄| is used as the characteristic 

deformation rate. Consequently, the alignment of the dispersion is dependent only on the rate 

of strain, and not the flow type. With these definitions, the onset of shear thinning occurs for 

Per = O(1). Thus, the shear rate corresponding to the onset of shear thinning (�̇� = 0.5 s-1) is 

used as an estimate the effective rotational diffusivity for this non-dilute system, i.e., Dr = 0.5 

s-1. 

Representative streakline images of flows, along with magnitudes of the 

experimentally observed flow type parameter and velocity gradient tensor, are reported in 

Figure 5.6b for a nominal applied Péclet number of 4, where the shear thinning exponent is 

approximately n = 0.3. Under these conditions, we find qualitatively similar flow patterns to 

those observed for the Newtonian fluid (shown in Figure 5.6a). The largest impact from shear 

thinning rheology is in the rotational flow case, where the deformation rate generated is 

reduced by half from the nominal (Newtonian) value. We hypothesize that this effect is due 

to thinning of the fluid in the entry channels which reduces the shear stress acting on (and 

tending to rotate) the fluid in the central region of the geometry. Other than this difference, 

the flows generated match the flows of a Newtonian fluid, suggesting that shear thinning alone 

has little effect on the ability to achieve arbitrarily variable flow types in the FFoRM at least 

for this degree of shear-thinning.  

ii) Yield stress fluid 

A dilute, aqueous solution of Carbopol 934 was formulated for use as a model yield stress 

fluid. Aqueous dispersions of neutralized Carbopol 934 display yielding behavior.36 From 
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rheological measurements (Figure 5.6ci), the value of the yield stress is quantified by the 

plateau in stress at low shear rates. The concentration of Carbopol 934 (0.2 wt%) was chosen 

so that the fluid exhibits a moderate yield stress (2.4 Pa) upon neutralization with 25 wt% 

KOH. It should be noted that the fluid is very strongly shear-thinning beyond the yield stress. 

Streakline images of the Carbopol solution in the FFoRM at low nominal deformation 

rates (〈�̇�〉𝑛𝑜𝑚 ~ 0.05 s-1) are included in Figure 5.6c. Qualitative differences from Newtonian 

behavior are noticeable in the streaklines for Q1/Q2 values that produce shear and rotational 

flows for Newtonian fluids. Operation under nominal shear conditions (〈𝛬2𝐷〉 ~ 0) produces 

a flow that is more rotational (〈𝛬2𝐷〉 < 0). Streaklines for the rotational flow condition display 

a larger region of closed streaklines than for the Newtonian case. We attribute these 

differences in the flow fields to a more plug-like flow in the entry channels due to the strong 

shear thinning of the fluid near the confining walls. We find that flows can be tuned to produce 

the full range of flow types from extension to rotation, albeit with different operating 

conditions compared to a Newtonian fluid for the desired flow type that must be determined 

through velocimetry experiments (or, in principle, via simulations for a corresponding 

rheological constitutive model). 
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Figure 5.6: Steady shear rheology (left, i) and streaklines for conditions that generate 

extensional, shear and rotational flows for a Newtonian fluid (from left to right, ii to iv) for 

(a) a Newtonian fluid and several fluids exhibiting non-Newtonian shear rheological 

responses: (b) shear thinning,  (c) yield stress, (d) elastic, (e) viscoelastic. Operating 

conditions are set to those that generate extensional (Q1/Q2 = 1), shear (Q1/Q2 = -0.7), and 

rotational (Q1/Q2 = -1) flows of the Newtonian fluid. Steady shear rheology plots include 

viscosity (filled shapes) and shear stress (open shapes) as a function of the shear rate for all 

fluids except the viscoelastic fluid for which the normal stress is included instead of shear 

stress. The solid line in (bi) is a best fit of the viscosity data to the Carreau model. 
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iii) Purely elastic fluid 

 

A polyethylene oxide (PEO) based Boger (purely elastic) fluid was formulated to study 

the impact of elasticity on flows in the FFoRM. Boger fluids are a class of elastic fluids that 

have a constant viscosity in shear flow over a range of deformation rates, but significant 

normal stress differences. Under steady flow conditions in a general flow, the strain rate 

relative to the fluid’s elastic relaxation time (λ) is given by the Weissenberg number 

 𝑊𝑖 = 𝜆|𝐄| (5.8) 

We formulated a water-based PEO Boger fluid such that it has a nearly constant shear 

viscosity (η = 0.08 Pa s) up to 100 s-1 and λ ~ 0.16 s (Figure 5.6di).37 

Streakline images of the elastic fluid flows for Wi = 2 are included in Figure 5.6d and 

show significant flow modification from the nominal (Newtonian fluid) behavior. We find 

that, for flows nominally dominated by extensional deformation, this flow modification tends 

to generate flows with flow types closer to shear, presumably as a way to minimize extensional 

stresses. For flows nominally dominated by shear and/or rotation, flow modification begins 

upstream of the stagnation point as the fluid rounds the entry corner into the central region, 

which then significantly influences the behavior near the stagnation point. We note, however, 

that for nominally straining flows (〈𝛬2𝐷〉 > 0), the flow typically remains stable, i.e., it 

achieves a steady state that is invariant in time over the periods of measurement. By contrast, 

in the shear and rotational cases (〈𝛬2𝐷〉 < 0), the flows also tend to be unsteady, as indicated 

by streaklines that cross one another. 

To further characterize the development of flow modification for the steady, nominally 

straining cases, we examine the development of flow modification with increasing nominal 

Wi for the purely elastic Boger fluid with 〈𝛬2𝐷〉 ~ 1. Figure 5.7a includes streakline images 



 

 156 

from experiments at several values of the corresponding nominal Wi. Below Wi = 1, the flow 

is unmodified and matches that of a Newtonian fluid. As the nominal deformation rate is 

increased beyond Wi = 1, the streaklines modify from their unperturbed hyperbolic 

trajectories, generating flows with increasingly more vorticity. Simulations were carried out 

in the 2D FFoRM geometry for an Oldroyd-B (purely elastic) fluid with parameters chosen to 

match the formulated Boger fluid (𝜂𝑠𝑜𝑙𝑣𝑒𝑛𝑡 = 0.057 Pa s, 𝜂𝑝𝑜𝑙𝑦𝑚𝑒𝑟 = 0.043 Pa s, and λ = 0.158 

s) using the OpenFOAM  software package.38,39  Figure 5.7b includes the streamline images 

for the flow fields at the corresponding experimental conditions. We find that the Oldroyd-B 

model captures the flow modification observed experimentally. These results are consistent 

with earlier work, where it was reported that stretching type deformations of elastic fluids tend 

to be minimized due to large extensional stresses.40–42 We thus conclude that the inability to 

generate extension dominated flows of elastic fluids when Wi > 1 is a physical limitation due 

to the fluid’s rheology that remains as a significant challenge for the FFoRM type devices, or 

any device in which the fluid experiences an abrupt change in cross-sectional geometry.  
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Figure 5.7: Streakline and streamline images of flows in the FFoRM geometry for (a) PTV 

experiments with an elastic Boger fluid and (b) CFD simulations of an Oldroyd-B fluid. 

Device operation conditions are for nominally extensional flows (Q1/Q2 = 1) with nominal 

center plane deformation rates, 〈𝑊𝑖〉𝑛𝑜𝑚, indicated above images. 

 

iv) Viscoelastic Fluids 

 

A solution of CTAB/NaNO3 wormlike micelles (WLMs) was formulated to investigate 

the impact of viscoelasticity (elasticity with shear thinning) on flows in the FFoRM.43 

Wormlike micelles are long, flexible chains formed by surfactants. Due to the noncovalent 

nature of the interactions that give rise to chains, in contrast to polymer solutions, wormlike 

micelles exhibit dynamic scission and reformation.44 Despite this difference, the surfactant 

chains can entangle to form a viscoelastic network with a  mechanical response that is similar 

to entangled polymer solutions. We formulated a 100 mM CTAB/300 mM NaNO3 solution in 

water that shows a viscoelastic response (λ ~ 0.3 s) (Figure 5.6ei) at ambient temperature.43 

The observed flow behavior is shown for Wi = 2 in Figure 5.6e. Qualitatively, the 

flows are similar to those for the elastic fluid. However, the tendency to produce a weaker 

(more rotational) flow is enhanced under conditions that would produce an extensional flow 
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with Wi = 2.0 for a Newtonian fluid, with 2D being only 0.36. Furthermore and similar to the 

purely elastic fluid, the shear and rotational flow fields are significantly corrupted and also 

appear to be unsteady. 

 

v) FFoRM Operating Limits 

 

Given the flows produced for various rheological responses, it is important to summarize 

the limits of operation of the FFoRM device with respect to both maximum deformation rate 

and flow type placed by the fluid (including inertia or elasticity) as well as by equipment 

limitations, such as torque limitations of the pumps used to drive the flow (Figure 5.8). Inertial 

limitations, which we find occur when Re > 0.2, can be overcome for a particular fluid by 

scaling down the size of the device. Torque limitations can be overcome by using pumps with 

a higher torque limit. These limits place upper bounds on the accessible space of 〈�̇�〉 and 〈𝛬2𝐷〉 

achievable in the FFoRM for any fluid (Figure 5.8a). Furthermore, fluid elasticity leads to 

flows that are significantly modified away from the nominally applied flow set by Q1/Q2 

(when Wi > 1 and Re << 1), or are unsteady in time (when Wi > 1 and Re ~ 1). These limits 

place further bounds on the accessible space of 〈Wi〉 and  〈𝛬2𝐷〉 achievable in the FFoRM for 

fluids with appreciable elasticity (Figure 5.8b). Efforts to overcome the inability to generate 

extension dominated flows of elastic and viscoelastic fluids will be the subject of future work, 

based upon different designs of the flow geometry. 
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Figure 5.8: Operating diagrams indicating accessible flows in the FFoRM. (a) Operational 

limits for average flow type (〈𝛬〉) and magnitude of velocity gradient tensor (〈�̇�〉) for inelastic 

fluids tested in the FFoRM under strong flow conditions (〈𝛬〉 > 0). Practical limitations due 

to inertia (dotted lines) or the pump torque (dashed lines) define an upper limit on 〈�̇�〉 for a 

given 〈𝛬〉 in the current setup for the fluids indicated (colored lines). (b) Limits for 〈𝛬〉 and 

〈Wi〉 for elastic and viscoelastic fluids tested in the FFoRM. Practical limitations due to inertia 

(dotted lines) or physical limitations due to the fluid elasticity (solid black line) define the 

upper limit of 〈Wi〉 for a given 〈𝛬〉, defining regions of modified (steady) and unstable 

(unsteady) flow. 
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We conclude that the FFoRM geometry in its current configuration has significant 

limitations when used with elastic or viscoelastic fluids. It can provide the full range of flow 

fields for inelastic shear thinning fluids and for yield stress fluids in the rheologically 

interesting range of deformation rates.  This does not mean that it cannot be usefully applied 

for elastic and viscoelastic fluids, but it will be necessary to have detailed knowledge of the 

flow fields in order to interpret SANS-based data on the configuration of the microstructure 

for such fluids. Fortunately, for purely elastic fluids, the Oldroyd B constitutive model can be 

used to obtain detailed predictions of the flow. For viscoelastic fluids, the situation is less 

clear, but likely one would have to experimentally characterize the flow in order to interpret 

such measurements. 

5.6 Flow-SANS study of a CNC dispersion using the FFoRM 

Following these initial investigations into the flow behavior of non-Newtonian fluids in 

the FFoRM, we seek to validate that the proposed FFoRM-SANS workflow (Figure 5.1) 

yields interpretable results for a fluid whose microstructural response under flow is 

predictable. To accomplish this validation, we investigated the CNC dispersion that was 

previously described as a model inelastic shear thinning fluid, since the direction of orientation 

of nonspherical particles at low Per may be predicted even without the benefit of a rheological 

model. 

In this section, we discuss the full spectrum of experiments required for FFoRM-

SANS to probe the orientation of the CNCs near the stagnation point in so-called strong flows 

(〈𝛬2𝐷〉 > 0), where we expect measurable microstructure orientation due to a combination of 

hydrodynamic and interparticle interactions.22 In particular, we first measure the velocity and 

velocity gradient fields generated in the device using PTV for quantitative comparison to CFD 
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simulations of a model inelastic shear thinning fluid (Figure 5.1a-c). The measured 

microstructural response in the dispersion determined by SANS is then compared to 

asymptotic results for the orientation distribution of dilute rods in steady, homogeneous 2D 

flow to validate that the FFoRM achieves a measurable steady-state microstructural response 

(Figure 5.1d). 

5.6.1 CNC dispersion flow visualization 

In order to validate the ability to generate nearly homogeneous 2D flows of the CNC 

dispersion in the FFoRM, we now investigate in greater detail the fluid’s flow uniformity and 

stability in the device. If uniform flows are generated in the probing beam region of the device, 

this provides confidence that FFoRM-SANS measurements will probe the CNC structure 

under the desired, uniform flow conditions, provided that the strain accumulated is sufficient 

for the dispersion to reach steady state. PTV was performed in a similar manner to the 

experiments for the Newtonian fluid, and velocity gradients were calculated for fluid flows 

near the mid-plane of the device. Furthermore, using this data, we seek to validate the use of 

a simple generalized Newtonian fluid (GNF) model – in this case, the Carreau model fit to the 

shear rheology data in Figure 5.6bi – for numerical (CFD) simulations of the flow. The model, 

including best-fit values of the parameters, is reported in the method section. The CFD 

simulations were performed in COMSOL Multiphysics with the same 2D and 3D FFoRM 

geometries and corresponding boundary conditions. If successful, this validation indicates that 

CFD simulations can be used to predict operating conditions corresponding to a particular 

generated flow condition, circumventing the need for flow measurements at all possible flow 

conditions. 
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Figure 5.9: Streamlines (upper) and local flow type parameter (Λ2D, lower) comparisons 

between simulated (top) and experimentally determined (bottom) flow of a 5 wt% CNC 

dispersion (shear thinning fluid) at the center plane of the FFoRM geometry. All test 

conditions correspond to Q2 = 1.0 mL/min (Re = 0.005) and the values of Q1/Q2 indicated. 

Experimental conditions correspond to 〈Per〉 ~5 for extension, ~3 for shear, and ~1 for rotation 

in the center plane of the device. 

 

Representative results from the 2D CFD simulations and PTV experiments (Figure 

5.9) demonstrate that the FFoRM can generate extensional, shear, and rotational flows (and 

arbitrary combinations thereof) for the CNC dispersion well into the shear thinning regime. 

When evaluating the differences between the flows of a Newtonian fluid (Figure 5.4) and the 

shear thinning CNC dispersion (Figure 5.9), we find only minor differences in device 

operation (Figure 5.10, solid and dotted lines). Notably, the shear thinning of the suspension 

decreases the maximum deformation rates achievable before Re = 0.2 by approximately half. 
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As with the Newtonian fluid, we find excellent agreement in the flow type mapping between 

the Carreau fluid simulations and experiments with the CNC dispersion. This finding was not 

necessarily expected given that our choice of constitutive model does not show an extension 

thickening response that one would expect from microstructural models of rod-like suspension 

microstructure.45 We note that this agreement is likely due to only moderate increases in the 

extensional viscosity as predicted for semi-dilute, hydrodynamically interacting rods of the 

dimensions and concentrations that we are investigating (~2 times that of a Carreau fluid for 

Per >> 1).46 
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Figure 5.10: Experimental (points) and simulated (lines) flow mapping for a shear thinning 

fluid in the FFoRM geometry. Simulation results included are for a GNF fluid with viscosity 

described by the Carreau model (solid lines). Results for a Newtonian fluid are included for 

reference (dashed lines). The volume averaged 2D flow type parameter (〈𝛬2𝐷〉, red) and 

rotational Peclét number (〈Per〉, black) are included as a function of (a) the operating 

parameter (Q1/Q2) at the center plane of the geometry for constant Q2 = 1.0 mL/min (Re = 

0.005) and (b) the depth through the device for constant Q1=  Q2 = 1.0 mL/min (Re = 0.005). 

Error bars in the experimental measurements are the standard deviations of the measured 

average value in the beam region. 
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As we did for the flows of the Newtonian fluid, we map the flow fields generated for 

the CNC dispersion under nonlinear flow conditions (〈𝑃𝑒𝑟〉 > 1) in a 1 mm circular area near 

the stagnation point for quantitative comparison of generated velocity gradients in 3D CFD 

simulation and experiment (Figure 5.10a). We find good agreement in both the generated 

deformation rate magnitude and flow type. As noted already, the addition of shear thinning 

only slightly modifies the operation of the FFoRM. Additionally, we measure the variation of 

velocity gradient through the thickness of the device under extensional flow conditions (〈𝑃𝑒𝑟〉 

= 3.5, 〈𝛬2𝐷〉 = 0.93) to assess the 3D variation in the out-of-plane direction (Figure 5.10b). 

We find that the simulations capture the variation in the magnitude of the strain rates through 

the thickness of the device. We note that the simulations predict a more parabolic variation in 

the strain rate through the device than the experiments, which indicate a plateau of nearly 

constant strain rate at the center of the device. We attribute these differences to particles being 

tracked from outside the focal plane of the measurement which would lead to a smoothing of 

the parabolic profile. From these measurements, we consider the simulations to provide a good 

representation of the flows generated for the CNC dispersion. Furthermore, the experiments 

indicate that significant gradients along the device thickness (coincident with the SANS beam 

path) only occur in a region within 10% of the confining walls of the device. As such, the flow 

can be approximated as an effective 2D flow, which significantly simplifies the interpretation 

of the SANS data to follow. Moreover, with the fluid flow mapping of the CNC dispersion in 

the FFoRM geometry as well as a validation of the CFD simulations, we gain the ability of 

imposing arbitrary, uniform flows of the nanoparticle dispersion in the beam region of the 

device. 
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5.6.2 FFoRM-SANS measurements and data analysis 

We turn to validate the final step in the FFoRM-SANS workflow (Figure 5.1d), measuring 

the microstructural response of the CNC dispersion using FFoRM-SANS. Validation of the 

FFoRM-SANS technique requires that we observe nanoparticle orientation under flow 

conditions consistent with previous studies of similar dispersions, including more recent 

experimental studies on CNC dispersions in shear flows,33,47 and models of colloidal 

nanoparticle orientation under steady flows.45 In this validation study, we seek to measure the 

absolute direction and strength (how probable the rods are to exist in the aligned 

conformation) of orientation as we vary the flow type and strain rate. 

 

Figure 5.11: (a) Spherical coordinate system defined relative to the velocity-velocity gradient 

plane for FFoRM-SANS experiments. (b) 2D scattering pattern from a FFoRM-SANS 

experiment with 〈Λ2D〉 = 0.95 and 〈Per〉 = 10. Colors correspond to the intensity at (qx, qy) with 

blue corresponding to low intensity and red corresponding to high intensity while black lines 

indicate contours of constant intensity. Region included in the annular average (0.009 Å-1 < q 

< 0.016 Å-1) is outlined in white. Inflow and outflow directions are indicated with white 

arrows. (c) Annular averaged scattering intensity profile (black points) as a function of the 

azimuthal angle  defined relative to the positive qx-direction. The included fit is to the Maier-

Saupe function with parameters determined using a nonlinear least squares fitting routine. 

 

 

FFoRM-SANS measurements were performed to determine how the microstructure of 

the CNC dispersion responds under flow at moderate strain rates relative to their effective 

rotational diffusivity (as indicated by Per, equation 5.5). Large changes in the orientation 

distribution of rod-like dispersions are expected in extension dominated (“strong”) flows (Λ2D 
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> 0) in the nonlinear regime (Per > 1). To achieve these deformations in the FFoRM, we use 

the previously validated 3D simulations to calculate the operating parameters (Q2 and Q1/Q2) 

that yield a desired average range value of Per and Λ2D through the beam region of the device. 

As mentioned previously, these values correspond to the average strain rates achieved in the 

scattering volume including the regions near the upper and lower walls of the device which 

will generate lower Per (< 20% of the total scattering volume experiences less than half of the 

strain rate generated in the center plane), albeit with uniform Λ2D. In this study, we performed 

SANS measurements where 〈𝛬2𝐷〉 was varied from 0 to 1 and 〈𝑃𝑒𝑟〉 was varied from 0.02 to 

50. Measurement of shear dominated flows at high  〈𝑃𝑒𝑟〉 was limited by inertial effects due 

to the higher volumetric flow rates required to generate shearing flows compared to 

extensional flows at similar 〈𝑃𝑒𝑟〉.  

For rod-like dispersions such as the CNC solution studied here, the orientational 

distribution of the particles is reflected in the degree and orientation of anisotropy in the two-

dimensional scattering pattern (Figure 5.11). In order to quantify the scattering anisotropy, we 

perform an angle-dependent annular average of the data in the q-range of 0.009 – 0.016 Å-1 to 

match previous rheo-SANS studies of similar dispersions.33 The chosen range corresponds to 

a local maximum in the equilibrium scattering intensity, in which the scattering is dominated 

by interparticle correlations. As such, the degree of scattering anisotropy in this q-range 

reflects the degree of orientational order of the nanorod dispersion. To quantify this ordering, 

the angle-dependent scattering intensity was fit to a Maier-Saupe type distribution,48 

 

 𝐼(𝜙) = 𝐼𝑚𝑎𝑥 exp (𝛼 (
3 sin2(2(𝜙−𝜙0))

2
−

1

2
) +

𝛼

2
) (5.7) 
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using nonlinear least-squares regression where 𝜙 is the azimuthal angle in the qx-qy 

(velocity/velocity gradient) plane with 𝜙 = 0 corresponding to the positive-qx axis and Imax, α, 

and 𝜙0 are adjustable fitting parameters corresponding to the maximum scattering magnitude, 

amplitude of anisotropy, and the location of the minimum in the scattering intensity 

respectively, the latter of which represents the average orientation of the microstructure. We 

note that, as defined, the angle 𝜙0 describes the average orientation relative to the positive-qx 

axis in the detector plane, and is defined independently from any local coordinate frame of the 

flow in the FFoRM device. 

A representative scattering analysis is included in Figure 5.11, and depicts the 

azimuthal averaging of 2D data and fitting to extract the orientation angle, 𝜙0. For these 

anisotropic scattering patterns, we correlate the minimum in the scattering intensity to a 

maximum in the real space orientation probability distribution function, indicating the most 

probable particle orientation. Additionally, the alignment factor with respect to annular 

scattering intensity is calculated numerically using the trapezoidal rule via 

 𝐴𝑓 =
∫ 𝐼(𝜙) sin(2(𝜙−𝜙0))𝑑𝜙

2𝜋
0

∫ 𝐼(𝜙)𝑑𝜙
2𝜋

0

 (5.8) 

The alignment factor is commonly utilized in flow-SANS experiments to provide a measure 

of the degree to which the microstructure is aligned along the 𝜙0 direction,48,49 and ranges 

from 0 to as high as 1 for isotropic and some perfectly oriented microstructures, respectively. 

The modeling of dilute, non-spherical Brownian suspensions subject to arbitrary flows 

can be accomplished by solving a Fokker-Planck equation describing the orientation 

probability density function (OPDF) of particle conformations.50 Microscopically, the effect 

of increasing strain rate is to preferentially orient particles along the principal strain-rate axis 



 

 169 

which competes with rotational diffusion due to Brownian motion. While an analytical 

solution only exists in the case of steady, irrotational flows, asymptotic approximations in the 

limits of small and large 𝑃𝑒𝑟 can provide insight into the expected behavior of the CNC in the 

intermediate 𝑃𝑒𝑟 regime.45 In the limit of low Per, the first deviation in the OPDF from 

isotopic is for the rod-like particles to align along the principal strain-rate axis. In the limit of 

large Per, particles align along the flow direction in planar flows other than pure shear. From 

streamline images of the flow, we can determine the absolute orientation of the outflow axis 

(𝜙𝑜𝑢𝑡𝑓𝑙𝑜𝑤). Then, assuming a region of uniform, linear flow within the beam (equation 5.3), 

the absolute direction of the principal strain-rate axis (𝜙𝑠𝑡𝑟𝑎𝑖𝑛) is given by 

 𝜙𝑠𝑡𝑟𝑎𝑖𝑛 = 𝜙𝑜𝑢𝑡𝑓𝑙𝑜𝑤 −tan−1 (
√𝛬2𝐷−1

√𝛬2𝐷+1
). (5.9) 

This enables comparison of the orientation of the principal strain-rate axis 𝜙𝑠𝑡𝑟𝑎𝑖𝑛 in the 

scattering (qx-qy) plane with the average particle orientation 𝜙0 determined from the 

anisotropic scattering patterns measured in FFoRM-SANS measurements on the CNC 

dispersion. Again, 𝜙𝑠𝑡𝑟𝑎𝑖𝑛, 𝜙𝑜𝑢𝑡𝑓𝑙𝑜𝑤, and 𝜙0 are all defined relative to the qx direction to allow 

direct comparison for all applied flow types. Similar to mechanical four-roll mills, the absolute 

orientation of the principal strain-rate axis in the FFoRM does not vary appreciably with 

changes in the flow type parameter (Figure 5.12), as confirmed through measurements of the 

outflow axis from simulated streamlines. 

Figure 5.12 shows representative results of this comparison for constant 〈𝑃𝑒𝑟〉 ~ 2. For 

reference, the outflow direction from the stagnation point measured with PTV is also shown. 

We find that for 〈𝑃𝑒𝑟〉 ~ 2, the CNCs align preferentially along the principal strain-rate axis 

for all flow types from 0 to 1, in agreement with the asymptotic prediction for low Per. This 

agreement between the orientation of CNCs and the principal strain-rate axis means that the 
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current device configuration provides a sufficient amount of accumulated strain to orient the 

microstructure in the direction dictated by the local deformation field. The implications of this 

result will be discussed later. 

 
Figure 5.12: Absolute orientation of CNCs with respect to the qx direction, ϕ, from nearly 

shear (〈𝛬2𝐷〉 ~ 0) to nearly extensional (〈𝛬2𝐷〉 ~ 1) flow for a constant rotational Peclét number 

〈𝑃𝑒𝑟〉 ~ 2. The lines in (a) indicate the absolute direction of the principal strain-rate axis, strain, 

and outflow axis, outflow determined from PTV (dotted line). The inset streakline images 

indicate outflow (dotted arrow) for i) 〈𝛬2𝐷〉 = 0.03, ii) 〈𝛬2𝐷〉 = 0.37, and iii) 〈𝛬2𝐷〉 = 0.92. Error 

bars for ϕ correspond to the 68% confidence interval from the nonlinear least squares fit of 

equation 5.7. 

 

We further examine the dependence of the degree of alignment, as measured by Af, on 

various measures of the strength of the flow (Figure 5.13). We find that Af increases 

monotonically with increasing deformation rate for conditions with similar flow type. 

However, this trend varies when plotted against 〈�̇�〉 (Figure 5.13a). If instead the deformation 

rate is quantified in terms of 𝑃𝑒𝑟 = |𝐄| 𝐷𝑟⁄  (i.e. the dimensionless rate of strain), the measured 
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Af values exhibits modest collapse, with a trend that is independent of the flow type. This 

observation is consistent with the theoretical prediction for dilute, nonspherical particles at 

low Per, where the orientation distribution function (and therefore the alignment factor) is only 

a function of the Per. This result would be non-obvious in the absence of theoretical 

predictions, since the collapse of Af with strain rate is observed despite the larger upstream 

fluid velocities (proportional to Q2) required to generate flows with lower flow type in the 

probing beam region. 
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Figure 5.13: Af vs. (a) average magnitude of velocity gradient tensor (〈�̇�〉) and (b) average 

rotational Peclét number (〈𝑃𝑒𝑟〉). The color of plotted points indicates the average flow type 

(〈𝛬2𝐷〉) where red indicates an extensional flow (〈𝛬2𝐷〉 = 1) and green indicates a shear flow 

(〈𝛬2𝐷〉 = 0). Data for which Af falls below the lowest resolvable value (Af ~ 0.01) are 

suppressed. The black line in (b) is included as a guide to the eye. Error bars correspond to 

variability in the SANS pattern over the q-range used in Eq. (5.8). 
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From the FFoRM-SANS measurement of the CNC dispersion, we have extracted the 

direction of orientation and degree of alignment of a semi-dilute dispersion of CNC particles 

in the device. These results compare favorably to the asymptotic behavior of a model for 

dilute, rigid, rod-like dispersions in steady, 2D flows. The agreement between model and 

experiment suggests that, for the range of Per and 𝛬2𝐷 measured, the orientation behavior of 

this semi-dilute CNC dispersion can be captured by defining the flow in terms of the 

dimensionless applied rate of strain, Per, which accounts for both the non-dilute concentration 

as well as the flow type. Additionally, this agreement suggests that the deformations applied 

in the beam region are sufficiently uniform such that the measured structure is similar to the 

expected steady state structure in a homogeneous flow. Thus, we conclude that the 

microstructural response being measured by SANS in the device represents a near 

microstructural steady-state, with little or no Lagrangian variation through the beam region. 

We attribute the achievement of near steady-state microstructural configuration on the fact 

that there is a stagnation point within the scattering region, where convection out of the region 

of uniform flow is slowed (i.e. the accumulated strain is high) compared to ‘flow-through’ 

geometries such as contractions and expansions. 

To illustrate the importance of the stagnation point, Figure 5.14 compares flow-SANS 

measurements when the probing beam is placed at different points in the FFoRM device, 

including locations near the stagnation point with large accumulated strains as well as those 

further from the stagnation point where material is rapidly convected into and out of the 

scattering volume. SANS spectra (Figure 5.14a) correspond to measurements at various 

locations, flow types, and Per (Figure 5.14b-d) within the FFoRM geometry. In this 

experiment we probed entry (1 and 9), exit (3 and 7), and transition (2, 4, 6, and 8) regions in 
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addition to the previously reported stagnation point flow (5) under conditions corresponding 

to 〈𝑃𝑒𝑟〉 = 10 and  〈𝛬2𝐷〉 = 0.95 in the beam region. From these results, the impact of the 

Lagrangian unsteady nature of the flow outside the stagnation point, as well as non-uniformity 

of flow type within these regions, is made apparent. Specifically, in several spectra (1, 4, and 

7), the microstructure shows no preferred alignment (Af < 0.01) in any direction despite the 

presence of a sufficiently large local deformation rate (Per > 1) for extension-dominated (𝛬2𝐷> 

0) flows in the beam region. We attribute this observed lack of alignment to the lack of a 

preferred orientation direction in the average orientation distribution function when averaging 

CNC orientations from different flow histories. One spectra (3) shows a very high degree of 

alignment, despite the lack of strong flows in the beam region. We attribute the increased 

alignment to the convection of highly aligned microstructure from near the stagnation point 

along the outflow axis. Due to the high velocities in this region, the microstructure does not 

have enough time to adopt a near steady-state orientation distribution before being convected 

out of the beam region. This result clearly illustrates the significance of the FFoRMs’ ability 

to produce arbitrary flow types in the stagnation region of a nearly 2D flow for SANS 

measurements, as otherwise the interpretation of the resulting scattering anisotropy is 

convoluted by a number of effects including Lagrangian unsteady (i.e., history-dependent) 

responses of the fluid microstructure as well as large variations in flow type and deformation 

rate magnitude within the probing neutron beam. 
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Figure 5.14: Flow field scan of CNC dispersion in FFoRM under extensional flow conditions 

(〈𝑃𝑒𝑟〉 = 10, 〈𝛬2𝐷〉 = 0.95). Numbered SANS spectra (a) correspond to the approximate 

location of the neutron beam (indicated with the D = 1 mm circles around the stagnation point 

region, 5) in the flow field (b) streaklines, (c) flow type parameter and (d) Per. Streaklines, 

flow type parameter, and Per are shown at the center plane of the device and correspond to 

the experimental conditions of the SANS measurements with inflow and outflow directions 

indicated with arrows. Streaklines were generated from experiments while flow type 

parameter and Per fields were generated from simulations. In the SANS spectra, blue color 

denotes low intensity while red denotes high intensity. Calculated Af and ϕ are included 

underneath the corresponding spectra. 

5.7 Conclusions 

In this work, we have reported the first flow-SANS sample environment and associated 

measurement methods capable of probing complex fluid microstructure under near-2D steady 

state flows with a range of variable flow types within a single device, the fluidic four-roll mill 

(FFoRM). Modification of a previously designed microfluidic four-roll mill geometry using 

2D CFD simulations resulted in the ability to produce relatively uniform, steady state flows 
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of varying flow type in fluids with both Newtonian and some non-Newtonian rheological 

responses. In cases where the flow can be easily controlled, the modified FFoRM enables 

unambiguous measurement and interpretation of microstructural changes within a probing 

neutron beam. Inelastic fluids (shear thinning and yield stresses) generate stable, Newtonian-

like flows while fluid elasticity generally modified flows from their nominal behavior beyond 

Wi = 1, requiring further characterization of the flow fields of elastic and viscoelastic fluids 

for FFoRM-SANS studies. The resulting FFoRM-SANS workflow was validated through 

measurement of a shear thinning, rod-like Brownian dispersion. Quantitative agreement 

between PTV measurements and flow simulations verify the achievable flows within the 

device, and demonstrate that simulation can be used to predict the mapping between device 

control variables and the resulting flow. FFoRM-SANS experiments confirmed that the device 

achieves near steady state, spatially uniform microstructural responses when the probing beam 

is placed in the stagnation region of the flow. Furthermore, the measurements on rod-like 

suspensions confirm a number of theoretical predictions including the preferred particle 

orientation and scaling of the degree of interparticle alignment with both the type and strength 

of the applied deformation. These results provide a small glimpse of the new scientific insights 

and structure-property relationships enabled by the ability of FFoRM-SANS to make 

microstructural measurements of fluids under controllably variable complex flows. 
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Chapter 6  

Elastic flow modification in complex flows  

This chapter is adapted from ‘Patrick T. Corona, L. Gary Leal, and Matthew E. Helgeson, 

Elastic Flow Modification in Complex Flows' 

6.1 Introduction 

The flow of complex fluids has implications for a wide range of applications where an accurate 

prediction of the flow fields is crucial for controlling the process conditions and the final 

product properties. The presence of flow modification, or changes in the flow as a result of 

the non-Newtonian character of the fluid, is of particular interest in cases where the fluid has 

viscoelastic character.1  

Interest in isolating the impact of elasticity on flow kinematics has led to the development 

of purely elastic (Boger) fluids (i.e., fluids with elasticity but no shear thinning).2 Constitutive 

models for such purely elastic fluids have been developed from micromechanical models and 

this enabled an unprecedented ability to compare experiments to simulations and theory, 

which we will now briefly review. In flows that are produced in flow devices that approximate 

simple shear flows (e.g., Couette flow), numerous experiments probing the nonlinear flows 

resulting from instabilities of elastic fluids have enumerated conditions where the measured 

flows display large deviations from linear, Newtonian fluid response and characterized the 

flows that develop.3 The experimental observations for this class of flows compare favorably 

with theory and simulation. However, in simple shear flows, the rate of stretching of a material 
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line element is algebraic since it simultaneously stretches and rotates toward alignment with 

the velocity vector, whereas, in so-called strong flows, the rate of stretching is exponential.  

Flow geometries that produce strong flows have proven notoriously difficult to study in 

the framework of theory and simulations due to the extremely nonlinear mechanical response, 

even for purely elastic fluids. Flow modification is observed under a range of situations when 

the deformations are strong enough to elicit a nonlinear fluid response. A number of studies 

have been reported in the literature for purely elastic liquids. In contraction flows, corner or 

lip vortices have been found to form, reducing the fluid acceleration/deceleration through the 

geometry.4–7 In flows around a sphere or cylinder, an initial flow modification is observed to 

produce flows with lower velocity gradients in the wake of the sphere or cylinder, where the 

fluid encounters a stagnation point or stagnation line respectively.8,9 In planar extensional 

flows produced with an opposing jet, cross-slot, or four-roll mill geometry; the growth of a 

birefringent strand (signifying large extensional stresses) is accompanied by a reduction of the 

velocity gradient near the stagnation point.10–12 In the case of the cross-slot geometry, flows 

are found to change from a symmetric planar extensional flow to an asymmetric more rotation 

dominated flow.11,13,14 In light of the plethora of these experimental observations, we may 

expect that the flow in a geometry that produces nonlinear, extension dominated flows will 

experience flow modification(s) that either reduce the magnitude of the velocity gradient or 

changes the type of flow to a more rotational and less extensional form. It has been suggested 

by Wilson that this flow modification could be a result of the flow around the stagnation point 

changing in nature (i.e., becoming more like a simple shear flow) to produce a flow with lower 

elastic stresses.15 The focus of the experiments in this work will be the testing of this 

hypothesis. In this work, we will quantitatively probe the effects that the flow type (i.e., 
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mixtures of extensional and simple shear flow) has on the flow kinematics through elastic 

flow modification by systematically changing the unmodified flow from pure extension to 

flows with different ratios of strain-rate and vorticity. 

One source of change in the flows of elastic fluids is the onset of elastic instabilities. In 

this work, we specifically define instabilities as modifications to the flow resulting from 

growing unstable modes in a linear stability analysis of the constitutive model/theory. The 

more general observation of changes to the flow as a result of the elastic character of fluids 

will be referred to as elastic flow modification. The source of an elastic instability in Couette 

or related shear flows is streamline curvature coupled with tensile stress along the flow 

direction as shown by linear stability analysis of an Oldroyd-B fluid and experiments for a 

purely elastic fluid in a Couette geometry by Muller et. al. [14-16]. Based upon this 

observation, Pakdel and McKinley developed a general criterion, the Pakdel-McKinley (PM) 

criterion, for predicting flow modification based upon the assumption that the source of flow 

modification is essentially the same combination of streamline curvature and tensile stress. 

This criterion has proven highly successful in capturing the onset of flow modification in a 

wide range of geometries such as flow around a cylinder, cross-slot flow, and curved 

channels.13,16–20 However, given the range of possible mechanisms for flow modification of 

elastic fluids beyond the coupling of tensile stresses with curved streamlines, it is unclear why 

this criterion, initially developed as a stability criterion in a very specific case, has proven so 

successful for such a wide range of flow geometries or if the experimental observations in 

these other types of flows are elastic instabilities. Indeed, the situation is less clear for 

predictions of flow modification when the fluid is fully viscoelastic (i.e. elastic and shear 

thinning), as the shear thinning can drive other concurrent forms of flow modification (e.g. 
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more plug-like flows in the entry channels). For example, in experimental measurements of 

viscoelastic fluids flowing around a 90° corner, it was found that the onset of flow 

modification matched the Pakdel-McKinley criterion if the shear thinning viscosity is 

incorporated into the scaling law.19 Conversely, in experiments in a curved, serpentine channel 

geometry, it was reported that fluids with high degrees of shear thinning produced flows that 

were stable for larger effective deformation rates than purely elastic fluids, in opposition to 

this modified scaling law.21 This work suggests that consideration of the Pakdel-McKinley 

criterion based on the kinematics of a Newtonian fluid will likely fail when flow modifications 

as a result of shear thinning are not accounted for properly or if the mechanism of flow 

modification is different (e.g., elastic instabilities in flows without curved streamlines due to 

large variations in normal stresses22). In this work, we will attempt to unravel the underlying 

flow kinematics that drive elastic flow modification. 

In order to probe the complex flow behavior of fluids at high strain rates and with 

negligible inertia, a fluidic four-roll mill (FFoRM) has been designed, which can produce a 

complete spectrum of nearly homogeneous 2D flows of Newtonian fluids.23 Unlike other flow 

geometries, the four-roll mill offers the ability to produce flows of varying type (i.e., mixtures 

of extension and shear) in a controlled stagnation zone, and thus the possibility of determining 

the effect of flow type on the onset of elastic flow modification. The FFoRM enables the 

ability to produce flow fields with large strain rates while minimizing the effects of inertia. 

Recently, the device was shown to be capable of also producing stable flows of weakly elastic 

non-Newtonian fluids, but measurements of purely elastic and viscoelastic fluids revealed the 

onset of flow modification that limits the range of flow types that can be realized for these 

types of fluids.24 Simulation results of a purely elastic (Oldroyd-B) fluid with negligible inertia 
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also predicted similar flow modification, suggesting that the observed changes are a result of 

the fluid’s elasticity as opposed to shear thinning or inertia.24 In our previous study, however, 

the onset and development of flow modification was not completely mapped for a wide range 

of flow types and strain rates. In the present study, we seek to expand on these previous results 

and quantitatively probe the local velocity gradient fields of fluids with significant elasticity 

in the FFoRM. By measuring the local velocity gradients, we can achieve a more detailed 

understanding of the flow conditions that determine when the onset of flow modification 

occurs and how the velocity gradients change as the flow modification progresses. 

Additionally, we include measurements of fully viscoelastic fluids with varying degrees of 

shear thinning to determine the role that shear thinning plays in the development of flow 

modification. 

6.2 Experimental Methods 

In this section, we begin by briefly describing the FFoRM device used in these experiments. 

A more detailed description was published previously.24 Next, we outline the dimensionless 

groups that are relevant for understanding flows of elastic fluids in the FFoRM and 

homogeneous 2D flows in general. Next, we propose a criterion for the onset of flow 

modification in steady 2D complex flows. We then report on the formulation and rheological 

characterization of the test fluids used in this work. Finally, we describe the method used to 

extract local velocity gradient fields from particle tracking velocimetry (PTV) experiments. 

6.2.1 FFoRM geometry and device fabrication 

The fluidic four-roll mill (FFoRM) geometry was developed to enable the generation of 

variable, near-2D complex flows.23,24 The geometry, illustrated in Figure 6.1, consists of eight 
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inlet channels feeding into a central region where, for Newtonian fluids, approximately 

homogeneous 2D deformation fields are produced centered at a stagnation point. Four of the 

channels are controlled with syringe pumps at two different volumetric flow rates labeled Q1 

and Q2 while the remaining four channels are held at constant pressure. Changing the flows 

in the FFoRM is accomplished by adjusting the ratio of the volumetric flow rates Q1/Q2 and 

the magnitude of Q2. How these parameters impact the complex flows that are generated 

nominally will be discussed in the next section. A description of the operation of the FFoRM 

device, and a complete characterization of the local velocity gradient fields produced in the 

FFoRM for flows of Newtonian and inelastic shear thinning fluids is reported by Corona et. 

al.24 

 

Figure 6.1: Schematic drawing of the FFoRM geometry used in this work. The dimensions of 

the inlet channels and central region are 2 mm and 5 mm respectively. The flow is controlled 

with two syringe pumps that supply fluid with volumetric flow rates Q1 and Q2 with locations 

and directions indicated with arrows. The unlabeled channels are held at constant and equal 

pressure. The thickness of the device is 3 mm. 
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6.2.2 Dimensionless groups 

For a linear (i.e., 𝐮 = 𝐱 ∙ ∇𝐮 + 𝐮𝟎 where u is the velocity, x is the position and 𝐮𝟎 is some 

reference velocity) 2D flow, the local deformation field can be defined in terms of a local flow 

type parameter Λ and deformation rate G.25 The flow type is defined as a function of the 

magnitude of the rate of strain and vorticity tensors, E and Ω, as 

𝛬 =
|𝐄|−|𝛀|

|𝐄|+|𝛀|
      (6.1) 

where |A|=(A:AT)1/2. The local velocity gradient tensor can be written in terms of 𝛬  and 

the deformation rate 𝐺 = |∇𝐮|/√1 + 𝛬2 

∇𝐮 =
𝐺

2
[

1 + 𝛬 1 − 𝛬 0
−(1 − 𝛬) −(1 + 𝛬) 0

0 0 0
]    (6.2) 

The flow type parameter, Λ, ranges from -1 to 1, which for linear flows correspond to 

rotational flow and planar extensional flow, respectively. With G defined in this way, a flow 

with Λ = 0 corresponds to simple shear flow with a shear rate of G and a flow with Λ = 1 

corresponds to a planar extensional flow with an extension rate of G. Previous analyses of this 

velocity gradient tensor defines the rate of stretching experienced by a fluid element oriented 

in the principle eigenvector directions by the magnitude of the eigenvalues of ∇𝐮 , which are 

𝛽1 = 𝐺√𝛬, 𝛽2 = −𝐺√𝛬, 𝛽3 = 0.26,27 For Stokes flow of a Newtonian fluid near the stagnation 

point in the FFoRM device, Λ is controlled by varying the ratio of inlet flow rates, Q1/Q2, 

while G is controlled by varying the magnitude of Q2 (see Figure 6.1). In this work, we will 

investigate conditions where Q1/Q2 is held fixed at values ranging from 1 to -0.7; which 

corresponds to 𝛬 ranging from 0.95 to  0.2, respectively, for Stokes flow of a Newtonian fluid 

near the stagnation point of the FfoRM. We will also vary Q2 from 0.01 to 10 mL/min, which 
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corresponds to values of G from approximately 0.04 to 40 s-1 for Stokes flow of a Newtonian 

fluid, although the precise range of G will depend on the value of Q1/Q2. 

While the previous definitions do not require the flow to remain viscous-dominant, it 

is useful to define the Reynolds number (Re), which describes the relative contribution of 

viscous stresses to inertial stresses, to determine when inertia begins to play a significant role 

in the flows. For the FFoRM geometry, the Re is defined for the inlet channel, where it 

achieves the largest value, as  

𝑅𝑒 =
𝜌𝑄2

𝜂(�̇�)𝐻
      (6.3) 

where ρ is the fluid’s density (assumed in this study for all fluids to be approximately that 

of water at 25°C), Q2 is the maximum volumetric flow rate among the four inlet channels, 

𝜂(�̇�) is the rate-dependent fluid viscosity, and H is the device thickness from top to bottom.24 

Given the device dimensions, we find that 𝑅𝑒 ~  0.00556 𝑄2 [
𝑚𝐿

𝑚𝑖𝑛
] /𝜂(�̇�)[𝑃𝑎 𝑠]. From our 

previous simulations, the flow of Newtonian fluids was found to significantly change in type 

and deformation rate  due to inertia when Re ~ 0.5. For the fluids studied in the  present work, 

which all have a high shear (�̇� ≈ 100 s-1) viscosity of near 0.1 Pa s, we would expect inertial 

effects to become important when Q2 ~ 10 mL/min.24 In order to minimize the impact of inertia 

on the flow, we restrict our studies to values of Q2 ≤ 10 mL/min.  

To characterize the dimensionless deformation based on the elasticity of fluids, the 

Weissenberg number (Wi) is defined as the product of the fluid’s longest relaxation time (λ) 

and the deformation rate (G),  

𝑊𝑖 =  𝐺𝜆.     (6.4) 

We choose to define Wi relative to G rather than the rate of stretching (G√𝛬) to avoid 

values of zero for all simple shear flows and imaginary numbers for rotation dominated flows. 
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Importantly, this means that the dimensionless group that compares the principal, exponential 

stretching rates to the relaxation time is Wi√𝛬. For this work where 𝛬 > 0, we will be primarily 

interested in the quantity Wi√𝛬. To characterize the dimensionless residence time relative to 

the elasticity of the fluids, the Deborah number (De) should also be considered, defined as 

𝐷𝑒 = 𝜆/𝜏𝑟 where 𝜏𝑟 is the residence time of a convected fluid element in the deformation 

field. Due to the presence of a stagnation point in flows produced by the FFoRM, we will 

consider residence times to be very large and, therefore, De << 1. In systems without a 

stagnation point, the effect of De on the nonlinear flow behavior of elastic fluids must also be 

considered. 

Assuming planar Poiseuille flow in the inlet channel, we can also define an elasticity 

number for the flow 

𝐸𝑙 =
𝑊𝑖

𝑅𝑒
=

2 𝜂(�̇�) 𝜆 

𝐻2𝜌
,     (6.5) 

where 𝜂(�̇�) is the fluid’s viscosity, λ is the fluid’s relaxation time, H is the channel 

thickness, and ρ is the fluid’s density. El describes the relative impact of elasticity and inertia 

and is only dependent on the geometry and fluid properties. The El defined for the inlet 

channel represents the minimum value in the FFoRM geometry, and will diverge in the region 

near the stagnation point where the velocity is approximately zero (i.e., Re → 0). For a fluid 

with a viscosity of 0.1 Pa s, the density of water at 25°C, and the FFoRM channel dimension 

of 2 mm, the elasticity number reduces to 𝐸𝑙 = 22 𝜆[𝑠] in the inlet channel flow. 

As discussed at length in the introduction, the development of large tensile has been 

proposed as the underlying reason for flow modification in complex flows of (visco)elastic 

fluids. For the simplest model of a purely elastic fluid, the Oldroyd-B constitutive model in 

steady flows (i.e., De << 1), the tensile stresses become unbounded when the exponential rate 
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of stretching is equal to or greater than the inverse of the fluid’s longest relaxation time.28 

Therefore, the condition for an unbounded stress according to this model is 

𝑊𝑖√𝛬 > 1.     (6.6) 

While the unbounded stress in the Oldroyd-B model under this condition is unphysical, 

other models that better capture the strong flow behavior of elastic and viscoelastic fluids 

(e.g., finitely extensible, FENE, models) also show large increases in normal stresses beyond 

this condition.29,30 For general fluids, the extensibility can be defined as 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 where 

𝜂𝐸,𝑝,𝑚𝑎𝑥 = 𝜂𝐸,𝑚𝑎𝑥 − 3𝜂𝑠 is the polymer contribution to the maximum extensional viscosity 

𝜂𝑠 is the Newtonian solvent viscosity, and 𝜂𝐸,𝑝,0 = 𝜂𝐸,0 − 3𝜂𝑠 is the polymer contribution to 

the zero extension rate viscosity. For the Giesekus model, which we will describe later in this 

work, 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 = 2/(3𝛼) where α is the Giesekus parameter (α = 0 reduces to the 

Oldroyd-B model). The applicability of the criteria for unbounded tensile stresses in equation 

6.6 is limited to fluids with large values of the extensibility parameter, which will be the case 

for the fluids tested in this work. 

We note that this evaluation of these models assumes that the flow reaches steady 

state, which will be the case sufficiently near the stagnation point in the FFoRM. However, 

this only occurs for small region, and most of the material convected near the stagnation point 

will experience a finite amount of accumulated strain as it passes though the region of 

homogeneous flow in the central region of the flow device. Indeed, it is important to discuss 

that, in general, the criterion in equation 6.6 does not include information about the transient 

development of large tensile stresses but assumes that only the local (Eulerian) deformation 

field dictates the stress on the fluid element. In real processes, the stress on an elastic fluid 

element is dependent on the full Lagrangian history the fluid experiences, meaning that 
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sufficiently large tensile stresses may not have time to develop in sufficiently strong but short-

lived deformation fields. The presence of the stagnation point in these experiments ensures 

that the fluid experienced a large amount of strain/residence time (i.e., De << 1) near the 

region of homogeneous deformation, which allows one to neglect the more complicated 

Lagrangian picture of the system. 

We consider the condition in equation 6.6 to signify when large tensile stresses 

develop in strain dominated flows (𝛬 > 0) for elastic and viscoelastic fluids with large values 

of the extensibility parameter. Importantly, for strain dominated stagnation point flows, this 

condition provides the point where we expect that flow modification could occur from any 

criterion that predicts flow modification to scale with tensile stresses, including the Pakdel-

McKinley criterion. Unlike the predictions from the Pakdel-McKinley criterion, the onset of 

flow modification predicted by equation 6.6 is not dependent on streamline curvature in the 

flow. For flows where 𝛬 ~ 0, the exponential rate of material stretching will never exceed the 

fluid’s relaxation time, even for very large deformation rates. Therefore, flows with values of 

𝛬 closer to 0 will be less prone to modify than pure planar extensional flows where 𝛬 = 0 for 

similar deformation rates (G).  

 With predictions for the onset of flow modification due to curved streamlines and 

normal stresses, we look to formulate and characterize the flows in the FFoRM of test fluids 

that show significant elasticity with large enough viscosity such that one can study the fluids 

in a regime where inertial effects are negligible (i.e., El > 1) and a small enough viscosity to 

allow for fluids to be pumped. Additionally, we seek to tune the degree of shear thinning to 

test the impact of this fluid property on the development of elastic flow modification, as shear 

thinning has previously been suggested to play an important role.21 
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6.2.3 Test fluid preparation 

Four fluids were formulated for this work: one purely elastic fluid based upon high molecular 

weight polyethylene oxide and three viscoelastic wormlike micelle solutions based on CTAB 

and NaNO3 with varying degrees of shear thinning. 

 The elastic Boger fluid was formulated from very high molecular weight (4x106 g/mol, 

Sigma Aldrich) polyethylene oxide (PEO) in dilute concentrations dispersed in a mixture of 

oligomeric PEO (8x103 g/mol, Sigma Aldrich) in water (milliQ) to tune the solvent 

viscosity.31 The large solvent viscosity due to the addition of low molecular weight PEO 

increases the polymer’s longest relaxation time and additionally provides an overwhelming 

contribution to the shear viscosity, ensuring that the fluid has an approximately constant shear 

viscosity with large normal stresses.32 Polyethylene glycol (PEG, Mv = 8000 g/mol, Sigma-

Aldrich) was used as received, dissolved in filtered water at 37.5 wt% and mixed for one day. 

The shear viscosity of the PEG solution was determined to be Newtonian (0.0580 Pa s) with 

less than 2% variation in viscosity over the range of shear rates considered in this work. 

Polyethylene oxide (PEO, Mv = 4 × 106 g/mol, Sigma-Aldrich) was used as received and 

dissolved in the PEG solution at 0.08 wt% and mixed for two weeks with a magnetic stir bar 

at low speed (60 rpm) to avoid polymer degradation. 

 The viscoelastic wormlike micelles were formulated based upon CTAB and NaNO3 at 

concentrations of 100mM CTAB/300mM NaNO3, 80mM CTAB/240mM NaNO3, and 60mM 

CTAB/180mM NaNO3. The three concentrations were chosen to produce fluids with varying 

degrees of shear thinning, significant elasticity (indicated by normal stress measurements in 

simple shear flow), and free from shear banding instabilities. Sodium nitrate (NaNO3, Sigma-

Aldrich) and hexadecyltrimetylammonium bromide (CTAB, Sigma-Aldrich) were used as 
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received and mixed in water by weight at the desired concentrations, sonicated for 20 minutes 

and allowed to rest for one day. 

6.2.4 Simple shear flow rheological characterization 

Steady shear and linear viscoelastic rheological measurements were used to characterize the 

test fluids’ shear viscosities, first normal stress differences, and viscoelastic moduli. To 

facilitate the discussion of the rheology of the test fluids, the steady shear measurements were 

fit to the single-mode Giesekus model and the linear viscoelastic moduli were fit to a two 

mode Maxwell model. The Oldroyd-B constitutive equation was chosen to fit the shear 

rheology of the Boger fluid based upon a micromechanical description of the dispersed 

polymers as dilute linear springs. The Giesekus constitutive equation was chosen to fit the 

shear rheology of the wormlike micelles because it has been shown that the shear rheology of 

wormlike micelles is very well described with this description.33,34 The most significant 

aspects of this shear rheological characterization are to validate that the fluids are indeed a 

Boger fluid or wormlike micelles, determine the fluids’ longest relaxation times, and establish 

parameters for connecting the fluids’ rheology to constitutive models for future work. 

In tensorial form, the single-mode Giesekus model for the excess stress tensor (𝛕) is 

𝛕 = 𝛕𝑠 + 𝛕𝑝 

(𝐈 +
𝛼

𝐺0
𝛕𝑝) ∙ 𝛕𝑝 + 𝜆𝛕𝑝(1) = 2𝜆𝐺0𝐄    (6.7) 

where (-)(1) signifies the upper convective derivative, 𝛕𝑠 = 2𝜂𝑠𝐄 is the solvent contribution 

to the stress, α is known as the mobility factor, G0 is the plateau modulus, λ is the relaxation 

time, and E is the rate of strain tensor.35 When α = 0, the Giesekus model reduces to the 

Oldroyd-B model, which can be derived from a microscopic description of the microstructure 
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as linear Hookean dumbbells in a viscous solvent.36 We will utilize the Giesekus model to fit 

the measured steady shear rheology of the wormlike micelle solutions and the Oldroyd-B 

model to fit the measured rheology for the elastic PEO solution. The single-mode Giesekus 

model has been shown to fit wormlike micelle shear rheological measurements well, but fits 

in shear flow tend to underpredict the measured maximum extensional viscosity and 

overpredict the relaxation time in an extensional flow.33,34,37 These two discrepancies will be 

discussed in detail later when discussing results. Despite the physical relevance, the Oldroyd-

B model has been found to provide only a marginally accurate description of Boger fluids, 

with quantitative deviations between model and experiment occurring at large Wi because of 

the failure of the description of the polymer chain as a linear spring.32 Since the criterion for 

flow modification proposed in equation 6.6 only relies on the emergence of large tensile 

stresses in strong flows, we expect that the Oldroyd-B model provides a sufficient description 

of the fluid rheology in the context of this study. 

In the linear regime, the multi-mode Giesekus model reduces to the multi-mode 

Maxwell model for the shear stress as a function of frequency (ω) 

𝜏12 = ∑
𝐺𝑖(𝜆𝑖,𝐿𝑉𝐸𝜔)

2

1+(𝜆𝑖,𝐿𝑉𝐸𝜔)
2

𝑁
𝑖=1 + 𝑖 (∑

𝐺𝑖𝜆𝑖,𝐿𝑉𝐸𝜔

1+(𝜆𝑖,𝐿𝑉𝐸𝜔)
2

𝑁
𝑖=1 + 𝜂∞𝜔)  (6.8) 

 where Gi’s are the moduli, λi,LVE are the relaxation times, and 𝜂∞ is the infinite shear 

viscosity. CTAB wormlike micelle and PEO solution linear viscoelastic measurements have 

been found to be fit well to the Maxwell model.19,38 In this work, we fit the wormlike micelles’ 

linear rheology to a two-mode (N=2) model while the PEO solution’s linear rheology was fit 

to a single-mode (N=1) model, as these were the lowest number of modes required to 

sufficiently capture the measured moduli. 
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Steady shear measurements were performed at 25°C using an AR-G2 rheometer with 

a 60 mm upper cone geometry and Peltier temperature-controlled lower plate geometry to 

enable measurement of first normal stress differences and provide sufficient surface area to 

measure a torque signal. The test fluids were loaded into the rheometer and allowed to rest for 

5 minutes prior to measurement to ensure a relaxation of loading history. Steady shear flow 

measurements were made both with increasing shear rate and decreasing shear rate with at 

least 5 minutes steady flow at each shear rate to ensure reproducibility of the measured steady 

state stresses. Linear viscoelastic measurements were performed at 25°C using an AR-G2 

rheometer with a Couette geometry to provide more torque signal. Measurements were 

performed at strains of 100%, which is within the linear deformation regime as determined 

from a strain sweep. Results of the shear rheological characterization are included in Figure 

6.2 and fit parameters are included in Table 6.1. 
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Figure 6.2: (a) Steady shear rheological characterization at 25°C of fluids used in this study. 

The measured steady shear viscosities are represented by the closed symbols while the 

measured first normal stress differences are indicated by the open symbols where the color of 

the point corresponds to the test fluid as indicated by the legend. The fit to the Giesekus model 

is given by the colored lines where the solid lines are the viscosity and the dotted lines are the 

first normal stress difference. (b) Linear viscoelastic rheological characterization at 25°C of 

the fluids used in this study. Open points are the measured G’ while closed points are the 

measured G’’ and the color of the point corresponds to the test fluid indicated by the legend in 

(a). The fit of the Maxwell model is given by the colored lines where dotted lines are G’ and 

solid lines are G’’. 
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For the four test fluids, we find that the employed models provide an excellent fit of 

the measured shear rheology (Figure 6.2a). For the steady shear rheology of the PEO/PEG 

fluid, the Oldryod-B model captures the nearly constant shear viscosity of the solution and the 

increase in N1 with increasing shear rate. While a purely elastic fluid displays an exactly 

constant shear viscosity, we find that the PEO/PEG fluid thins from 0.082 to 0.074 Pa s (less 

than 10%) over the shear rates measured. For this work, we consider this change in viscosity 

to be negligible, and consider the PEO/PEG to be a purely elastic Boger fluid. For the N1 

measurement, the PEO/PEG appears to slightly deviate from the 𝑁1 ∝ �̇�2 scaling predicted 

by the Oldroyd-B model. The more precise features in N1 could potentially be captured with 

a FENE model, however the small values of N1 in this measurement are subject to large 

measurement errors and differences between these models will not affect the prediction that 

large tensile stresses develop in strong flows. For the steady shear rheology of the wormlike 

micelles, the Giesekus model captures the shear thinning and increase in N1 with increasing 

shear rates. The comparison is quantitative with the exception of the 60mM CTAB solution. 

For this sample, the Giesekus model quantitatively overpredicts the values of N1. Again, these 

small values of N1 are subject to large errors, and this quantitative difference does not affect 

the expectation that large tensile stresses will develop in strong flows of this fluid. For the 

linear viscoelastic moduli (Figure 6.2b), we find that the Maxwell model provides an excellent 

fit. For the PEO/PEG fluid, the inclusion of a solvent viscosity is necessary to capture the 

value G’’, but G’ is fit sufficiently by a single-mode model. For the wormlike micelle fluids, a 

two-mode Maxwell model captured the measured moduli. 
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Table 6.1: Parameters extracted from fits of linear viscoelastic (LVE) and steady shear 

rheological measurements of the fluids considered in this work. The LVE measurements were 

fit to a Maxwell model while the steady shear measurements were fit to the Giesekus model. 

A dashed line indicates that the parameter was approximately zero (in the case of 𝜂∞for the 

more concentrated wormlike micelles) or was not included in the fit and set to zero (in the 

case of α, λ2,LVE and G2,LVE for the PEO/PEG fluid). 

 
Sample λ [s] α G0 [Pa] 𝜼∞ [Pa s] λ1,LVE, λ2,LVE [s] G1,LVE, G2,LVE [Pa] 

PEO Boger fluid 0.0569 - 0.229 0.0746 0.0621, - 0.0731, - 

100mM CTAB 0.141 0.411 14.3 - 0.162, 3.73x10-6 22.0, 1.53x104 

80mM CTAB 0.0981 0.320 9.69 - 0.122, 0.00672 9.51, 11.2 

60mM CTAB 0.0696 0.231 2.05 0.0257 0.0997, 0.0159 0.696, 5.66 

From the fits of the steady shear viscosity and linear viscoelastic moduli, we are most 

interested in the longest relaxation times (λ and λ1,LVE) and α, as these directly relate to the 

criterion proposed in equation 6.6 and the shear thinning of the dispersion, respectively. For 

the longest relaxation times, we find a near quantitative agreement between the model fits to 

the steady shear and linear viscoelastic measurements. The relaxation time extracted from the 

steady shear measurement is always less than the longest relaxation time extracted from LVE 

measurements, but these two values are always quantitatively within 30%. Such quantitative 

differences will not impact the results to follow, so for future analysis we will use the 

relaxation time extracted from steady shear measurements, as these are potentially more 

indicative of the nonlinear flows we are experimentally probing. The α parameter is significant 

because it signifies the extent of shear thinning of the fluids and value of 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 

predicted by the Giesekus model. For the PEO/PEG fluid, the value of α = 0 suggests that the 

fluid is not shear thinning and 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 will diverge, as discussed previously. For the 

wormlike micelles, α-values of 0.411, 0.320, and 0.231 indicate the fluids shear thin with 

decreasing degrees of shear thinning. Furthermore, the α-values correspond to 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 

of 1.62, 2.08, and 2.89. We do not consider these values of 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 to be particularly 
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large such that the criterion in equation 6.6 will be applicable. However, we emphasize that 

extensional viscosity measurements of wormlike micelle solutions reveal 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 that 

are much higher than those predicted from fits of the shear rheology to the Giesekus 

model.33,37 Indeed, microscopically informed constitutive models of wormlike micelles 

predict large values of 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0.39 As a result we expect that the value of 𝜂𝐸,𝑝,𝑚𝑎𝑥/𝜂𝐸,𝑝,0 

will be sufficiently large such that the criterion in equation 6.6 holds and attribute the small 

values predicted from the Giesekus model to be a known model deficiency toward describing 

the complex flow behavior of wormlike micelles. 

 To conclude the fluid characterization, we have formulated four fluids with varying 

degrees of shear thinning (captured by the α-parameter in a Giesekus model fit) with sufficient 

elasticity such that El > 1 for all fluids in the FFoRM. We now seek to visualize the local 

deformation fields produced by these fluids in the FFoRM. 

6.2.5 Flow visualization 

Flows of the model elastic and viscoelastic fluids in the FFoRM geometry were measured 

using particle tracking velocimetry. Prior to measurement, the test fluids were seeded with 

300 ppm of neutrally buoyant spherical glass tracer particles (10µm diameter). This small 

concentration of particles does not affect the measured rheology of the fluids. Next, the fluids 

were pumped into the device at the desired volumetric flow rates for at least 5 minutes between 

measurements in order to eliminate startup effects. The geometry was illuminated with a white 

light source and the particle trajectories were recorded with a CMOS camera (Point Gray 

Gazelle 2.2 MP Mono Camera Link) focused on the center plane of the geometry. The videos 

were analyzed using particle tracking software to extract spatial velocity information.40 Next, 

the velocity information was used to calculate the 2D velocity gradient tensor using a weighted 
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method of least squares.41,42 A second order surface was fit to the measured velocities 

weighted by the tri-cube kernel. This surface was differentiated to yield the four components 

of the in-plane velocity gradient tensor, which were subsequently binned and used to calculate 

a spatial map of the flow type parameter, deformation rate, and rate of stretching. Since the 

rate of stretching can yield imaginary values if the flow type is less than zero, we only 

evaluated the real part of this quantity. Finally, the results were averaged within a 0.5 mm 

circular region around the center of the geometry (where the stagnation point is located for 

flows of a Newtonian fluid) to extract quantitative information about the deformation fields. 

This technique enables us to measure the flow type and deformation fields produced in the 

FFoRM, even as the flows become modified from the homogeneous linear flows expected for 

Newtonian fluids at low Re. However, the technique still requires that the flow fields remain 

temporally steady to collect enough velocity information to accurately measure the 

deformation fields, which was the case for all conditions probed in these experiments. 

6.3 Results 

We now characterize the flow of the purely elastic PEO Boger fluid and viscoelastic wormlike 

micelles with varying degrees of shear thinning to determine the accessible deformation types 

and rates at the central stagnation point in the FFoRM. As discussed in the previous sections, 

we expect to observe significant flow modification when the tensile stresses in the fluids are 

very high, given by the criterion in equation 6.6. 

6.3.1 PEO Boger fluid 

Due to the large set of parameter space to explore in the FFoRM device, we first look to 

establish the means of analyzing flow modification so that we can isolate the parameters of 
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interest for the study of all conditions. First, we only consider the PEO Boger fluid under 

conditions where Q1/Q2 = 1, which produces nearly pure planar extensional flows (〈𝛬〉 = 0.95) 

for Stokes flow of a Newtonian fluid. We probe conditions where Q2 = 0.5, 5, 8, and 10 

mL/min, which would produce flows near the stagnation point with 〈𝑊𝑖√𝛬〉 = 0.1, 1, 1.6, 2 if 

the fluid were Newtonian.  

Figure 6.3 includes the streaklines, 𝛬 mapping, and 𝑊𝑖√𝛬 mapping results from the 

PTV analysis. Qualitatively, the streakline images clearly indicate that the flow is modifying 

from the expected hyperbolic particle trajectories beyond Q2 = 8 mL/min. Quantitative 

analysis of the velocity gradient fields reveal that the modification begins earlier, at Q2 = 5 

mL/min, and we find that the flows produced have a lower 𝛬 and 𝑊𝑖√𝛬  near the stagnation 

point than would be expected for a Newtonian fluid. For the measured flow type parameter 

with increasing Q2 (Figure 6.3ii), we find that the flow near the stagnation point has a lower 

value of Λ and regions of nearly pure planar extension are pushed to the left or right of the 

stagnation point. For the measured 𝑊𝑖√𝛬 with increasing Q2 (Figure 6.3c), the region of 

maximum 𝑊𝑖√𝛬 becomes less localized to the center of the device, spreading up and down 

compared to the unmodified flow case. In other words, as the nominal strain rate is increased, 

the maximum rate of stretching reaches a plateau value and this region of maximum rate of 

stretching becomes less localized to the stagnation point. 
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Figure 6.3: Quantitative measurement of the spatially varying flow type (𝛬) and 𝑊𝑖√𝛬 for the 

PEO Boger fluid with constant Q1/Q2 = 1 (〈𝛬〉 = 0.95 for a Newtonian fluid) and Q2 increasing 

from 0.5 to 10 mL/min (〈𝑊𝑖√𝛬〉 from approximately 0.1 to 2 for a Newtonian fluid). (i) 

Streaklines (top) are long exposure images of tracer particle trajectories through the geometry. 

(ii) 𝛬 and (iii) 𝑊𝑖√𝛬 are calculated using PTV. The value of 𝛬 and 𝑊𝑖√𝛬 is given by the 

colorbar to the right of the image for Q2 = 0.5 and 10 mL/min while Q2 = 5 and 8 mL/min 

have the same colorbar as Q2 = 10 mL/min. Regions of noise in the values of 𝛬 and 𝑊𝑖√𝛬 

correspond to regions where an insufficient number of particles were tracked. The flow is 

entering from the left and right channels and leaving from the top and bottom channels. The 

0.5 mm diameter circular averaging region is indicated with the black circles in the images 

where Q2 = 0.5 mL/min. 

 

 Comparing the measured velocity gradient fields as the flow modifies to the prediction 

from the analysis of complex flows of elastic fluids, we find that the onset of flow modification 

does correspond to the point when 𝑊𝑖√𝛬 ~ 1. In the FFoRM geometry under extensional flow 

conditions, this always corresponds to the stagnation point at the center of the geometry. Most 

importantly, we find that the flows produced do not have any local regions where 𝑊𝑖√𝛬 > 1. 

Qualitatively, the mechanism by which the flow modifies to avoid conditions where 𝑊𝑖√𝛬 > 
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1 is to produce a flow with more rotational character (i.e., lower values of 𝛬) near the center 

of the device where the flow is at a maximum Wi. This mechanism of flow modification can 

be contrasted with the mechanism in contraction flows, for example, where the fluid 

acceleration (i.e., Wi) decreases but the flow remains extensional in character. We rationalize 

this difference by noting that the FFoRM device is designed such that it can produce flows of 

varying 𝛬, so there is no geometric constraint preventing 𝛬 from changing; whereas in other 

flow geometries, the flow field is constrained to produce flow of a particular type. Later on, 

we will further discuss the implications of this result on flow modification in complex 

processes where geometric constraints may or may not be relevant to the development of 

elastic flow modification. 

In order to quantify the development of flow modification for the full set of conditions 

tested, we define a circular averaging region of diameter 0.5 mm centered at the center of the 

geometry as indicated by the black circles in Figure 6.3. Within this region, we calculate the 

average 𝛬 and 𝑊𝑖√𝛬 as an indicator for the flow that has developed near the stagnation point 

and the standard deviation of these two values as an indicator for the homogeneity of the flow 

field. Figure 6.4 includes the average 𝛬 and 𝑊𝑖√𝛬 as a function of Q2 from 0.01 to 10 mL/min 

and constant Q1/Q2 = 1, which produces a nearly extensional flow (〈𝛬〉 = 0.95) for a 

Newtonian fluid at all rates. At lower inlet flow rates, 〈𝑊𝑖√𝛬〉 scales linearly with the flow 

rate (Q2) and 〈𝛬〉 remains constant as is expected for Stokes flow of a Newtonian fluid (with 

CFD predictions indicated by the solid lines). As the inlet flow rate is increased beyond 1 

mL/min (indicated with a star), 〈𝛬〉 is found to decrease from the Newtonian value, 

corresponding to a flow with more rotational character. Throughout this work, we will define 

the onset of flow modification as the point where 〈𝛬〉 deviates from the Newtonian value by 
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0.1. Correlating with the decrease in 〈𝛬〉, we find that the value of 〈𝑊𝑖√𝛬〉 is slightly lower 

than the expected linear scaling. At the highest values of Q2, 〈𝑊𝑖√𝛬〉 abruptly plateaus and 

never exceeds a value of 1 while 〈𝛬〉 decreases sharply. 

 

Figure 6.4: Measured average Wi√𝛬 and average flow type (Λ) for the PEO Boger fluid in a 

0.5 mm radius location near the stagnation point for varying inlet flow rate (Q2) for nominally 

extensional flows (Q1/Q2 = 1) of the PEO Boger fluid in the FFoRM geometry. Black points 

indicate the average Wi√𝛬 while the red points are the average Λ. The solid colored lines 

provide the expected average values for Stokes flow of a Newtonian fluid. The stars indicate 

the last point measured that displays a Newtonian response. The solid circles indicate the last 

point measured before the flow becomes time-varying. The error bars indicate the standard 

deviation of the respective values within the measurement region. 

 

 By tracking 〈𝛬〉 and 〈𝑊𝑖√𝛬〉 with changing flow conditions (e.g., Q2 and Q1/Q2), we 

find that the measurements are sensitive to the point where flow modification begins (as 

indicated by the filled star) and can evaluate how the velocity gradient tensor changes in the 

center of the geometry. By only evaluating these average quantities, the measurements are not 
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sensitive to more precise details of how the full flow fields develop in the device through the 

flow modification and, more importantly, to situations when the stagnation point moves from 

the center of the geometry. In the studies to follow, we will briefly comment on whether the 

stagnation point has moved under a certain set of conditions, and the loss of this information 

will not affect the major conclusions of this study. 

Since measurements of 〈𝛬〉 and 〈𝑊𝑖√𝛬〉 provide a probe of the onset and development 

of elastic flow modification, we turn our focus to varying all the device operating conditions 

(i.e., Q2 and Q1/Q2) to determine the range of accessible deformation fields of the Boger fluid 

near the center of the FFoRM. Figure 6.5a includes 〈𝑊𝑖√𝛬〉 as a function of the inlet flow 

rate (Q2) for varying Q1/Q2 (specified by the color of the points). For Stokes flow of a 

Newtonian fluid, the value of 〈𝑊𝑖√𝛬〉 should increase linearly with increasing Q2, which is 

the case for all values of Q1/Q2 for smaller Q2. However, for the highest values of Q2, the 

measured 〈𝑊𝑖√𝛬〉 decreases for Q1/Q2 = 1, 0.5, 0.1, and -0.2 compared to the expected linear 

scaling (given by the black line). This decrease coincides with values of 〈𝑊𝑖√𝛬〉 approaching 

1 and when 〈𝛬〉 deviates from the Newtonian value by 0.1, where the last point with 

Newtonian behavior is indicated by the filled star. For Q1/Q2 = -0.45, -0.55, and -0.7, the flows 

produced do not approach 〈𝑊𝑖√𝛬〉 = 1, and we find an approximately linear scaling for all 

conditions tested. We note that for these values of Q1/Q2, the location of the stagnation point 

shifts from the center of the FFoRM device, but nonetheless 〈𝛬〉 and 〈𝑊𝑖√𝛬〉 follow the 

expected behavior for a Newtonian fluid. In summary, we find that under no conditions are 

flows with 〈𝑊𝑖√𝛬〉 > 1 produced.  
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Figure 6.5: (a) Measured average dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) for the PEO 

Boger Fluid in the center of the FFoRM device as a function of the inlet flow rate (Q2) and for 

varying values of Q1/Q2. (b) Measured average flow type (〈𝛬〉) and dimensionless rate of 

stretching (〈𝑊𝑖√𝛬〉) for the PEO Boger fluid in the center of the FFoRM for various operating 

conditions (Q2 and Q1/Q2). For both plots, the value of Q1/Q2 is signified by the varying colors 

from light blue (Q1/Q2 = -0.7, 〈𝛬〉 ~ 0.2 for a Newtonian fluid) to red (Q1/Q2 = 1, 〈𝛬〉 ~ 0.95 

for a Newtonian fluid) as indicated by the legend on the right. The filled stars indicate the last 

measurement with a Newtonian response while the filled circles indicate the last measured 

point (Q2 = 10 mL/min) before the expected onset of inertial effects (Re ~ 0.5). The error bars 

represent the standard deviation of the values within the measurement region (0.5 mm 

diameter circle centered at the stagnation point). 
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While the analysis of how 〈𝑊𝑖√𝛬〉 changes with changing Q1 and Q2 reveals the upper 

limit of 〈𝑊𝑖√𝛬〉 = 1 for flows produced near the center of the FFoRM device, analysis of 〈𝛬〉 

can reveal how the flow modification progresses in order to preserve this upper limit on 

〈𝑊𝑖√𝛬〉. Figure 6.5b includes the measured 〈𝑊𝑖√𝛬〉 and 〈𝛬〉 for all the conditions tested 

beyond where the flow begins to modify (quantitatively given by where 〈𝛬〉 deviates from the 

Newtonian value by 0.1 and the last point with Newtonian behavior is indicated by the filled 

star) and just before Re exceeds 0.5 (indicated by the filled circle). For all conditions tested, 

we find that 〈𝑊𝑖√𝛬〉 never exceeds a value of 1, as was found in the analysis of Figure 6.5a. 

For Q1/Q2 ≥ -0.45, we find that for increasing values of 〈𝑊𝑖√𝛬〉, the value of 〈𝛬〉 generally 

decreases; although for some conditions (Q1/Q2 = 0.5 and 0.1), 〈𝛬〉 first increases with 

increasing 〈𝑊𝑖√𝛬〉. This finding supports the previous observation that elastic flow 

modification in the FFoRM tends to generate flows with more rotational character (i.e., lower 

𝛬) to avoid local regions where 𝑊𝑖√𝛬 > 1. We also find that the value of 〈𝑊𝑖√𝛬〉 for the 

onset of flow modification occurs at ~0.4, independent of Q1/Q2. For Q1/Q2 < -0.45, the 

generated flows do not approach 〈𝑊𝑖√𝛬〉 = 1 under the accessible conditions and we do not 

observe flow modification. 

In summary, we observe flow modification from the expected Newtonian response for 

flows of a PEO/PEG Boger fluid in the FFoRM device. The flows that are produced contain 

no local regions where 𝑊𝑖√𝛬 > 1, even for conditions where one would expect 𝑊𝑖√𝛬 > 1 

from a corresponding Newtonian fluid, and the flows tend to produce flows with more 

rotational character (i.e., smaller 𝛬) near the center of the device where the stretching rate is 

the largest. The onset of flow modification occurs when 〈𝑊𝑖√𝛬〉  is between 0.2 and 0.4 

depending on the value of Q1/Q2. Finally, we found that tracking the average 𝑊𝑖√𝛬 and 𝛬 
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near the center of the device enabled us to reach similar conclusions about the flow 

modification, and results for the viscoelastic fluids will focus on this type of analysis for 

brevity. 

6.3.2 Viscoelastic wormlike micelles 

With the elastic flow modification of a nearly constant viscosity fluid mapped out in the 

FFoRM device, we turn to a study of viscoelastic (i.e., elastic and shear thinning) fluids. In 

order to investigate the impact of shear thinning on the progression of elastic flow 

modification, we report the behavior of wormlike micelles with differing degrees of shear 

thinning (see section 6.2.4). We begin by considering the fluid with the highest degree of shear 

thinning as determined from the shear rheological characterization, the 100 mM CTAB 

wormlike micelles. As mentioned in the previous section, we will focus the analysis on 

tracking 〈𝑊𝑖√𝛬〉 and 〈𝛬〉 near the center of the device, as this was found to be a sufficient 

indicator for the onset and progression of flow modification. 

 Figure 6.6a includes the results for the 100 mM CTAB wormlike micelles: the average 

dimensionless rate of stretching (〈𝑊𝑖√𝛬〉 ) as a function of the inlet flow rate (Q2) for various 

values of Q1/Q2 given by the color of the point. We observe two distinct regions of behavior 

depending on the value of the Q1/Q2. For Q1/Q2 > 0, 〈𝑊𝑖√𝛬〉 increases linearly with increasing 

Q2 before smoothly plateauing at a value 2. For Q1/Q2 < 0, 〈𝑊𝑖√𝛬〉 deviates from linear 

scaling with Q2 at values much less than 1, and when Q2 ~ 1 mL/min. As was the case with 

the elastic fluid, all the conditions tested have some maximum value of 〈𝑊𝑖√𝛬〉; however, for 

the viscoelastic fluid, this maximum value is 2 instead of 1. We are also interested in the 

development of the flow modification by tracking 〈𝛬〉. 
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Figure 6.6: (a) Measured average dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) for the 100mM 

CTAB/300 mM NaNO3 wormlike micelles in the center of the FFoRM device as a function 

of the inlet flow rate (Q2) and for varying values of Q1/Q2. (b) Measured average flow type 

(〈𝛬〉) and dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) for the 100mM CTAB wormlike micelles 

in the center of the FFoRM for various operating conditions (Q2 and Q1/Q2). For both plots, 

the value of Q1/Q2 is signified by the varying colors from light blue (Q1/Q2 = -0.7, 〈𝛬〉 ~ 0.2 

for a Newtonian fluid) to red (Q1/Q2 = 1, 〈𝛬〉 ~ 0.95 for a Newtonian fluid) as indicated by the 

legend on the right. The filled stars indicate the last measurement with a Newtonian response 

while the filled circles indicate the last measured point (Q2 = 10 mL/min) before the expected 

onset of inertial effects (Re ~ 0.5). The error bars represent the standard deviation of the values 

within the measurement region (0.5 mm diameter circle centered at the stagnation point). 
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 Figure 6.6b includes the average dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) now 

plotted as a function of the average flow type parameter (〈𝛬〉), again with varying values of 

Q1/Q2 as indicated by the varying colors. As was the case with the elastic fluid, for Q1/Q2 > 0 

and beyond the onset of flow modification (given by the filled stars), the flow type decreases 

with increasing inlet flow rate. Unlike the elastic fluid, the onset of flow modification occurs 

near 〈𝑊𝑖√𝛬〉 = 1 and 〈𝑊𝑖√𝛬〉 plateaus at a value of 2 (compared to 0.4 and 1 for the elastic 

fluid). For Q1/Q2 < 0, 〈𝛬〉 again decreases with increasing 〈𝑊𝑖√𝛬〉, but the onset of flow 

modification occurs well below 〈𝑊𝑖√𝛬〉 ~ O(1) and does not appear to plateau at a particular 

value. For Q1/Q2 < 0, we find the onset of flow modification occurs well below 〈𝑊𝑖√𝛬〉 = 1, 

indicating that these affects may be attributed to flow modification upstream of the geometry 

center that produces complicated flows in the measurement region. We find for these 

conditions that the stagnation point has moved from the center of the FFoRM device. For the 

purposes of this work, we only concern ourselves with the fact that 〈𝑊𝑖√𝛬〉 < 1 for all these 

conditions. 

 For the shear thinning 100 mM CTAB wormlike micelles, we find thus that the flow 

modifies when 〈𝑊𝑖√𝛬〉 ~ O(1) and the modification proceeds by producing flows with more 

rotational character (i.e., lower 〈𝛬〉). Compared to the constant viscosity elastic fluid, the onset 

of flow modification for the shear thinning 100 mM CTAB wormlike micelles occurs at a 

higher value of 〈𝑊𝑖√𝛬〉 = 1, and the maximum dimensionless rate of stretching is higher at 

〈𝑊𝑖√𝛬〉 = 2. This represents a factor of two higher dimensionless rate of stretching that is 

accessible by the viscoelastic fluid compared to the elastic fluid. We now look to vary the 

degree of shear thinning to determine if this stabilization is caused by the differences in shear 
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thinning character between the two fluids or if it is a more subtle result of the differences in 

the microstructure of the PEO Boger fluid and 100 mM wormlike micelles. 

 Figure 6.6a includes the results for the 80 mM CTAB wormlike micelles: the average 

dimensionless rate of stretching (〈𝑊𝑖√𝛬〉 ) as a function of the inlet flow rate (Q2) for various 

values of Q1/Q2 given by the color of the point. As with the more concentrated (and more 

shear thinning) wormlike micelles, we notice two types of behavior emerge depending on the 

value of Q1/Q2. For Q1/Q2 > 0, 〈𝑊𝑖√𝛬〉 increases linearly with increasing Q2 until a critical 

〈𝑊𝑖√𝛬〉 ~ 0.8. Beyond this point, the measured 〈𝑊𝑖√𝛬〉 is less than the linear scaling and 

plateaus at a value of 〈𝑊𝑖√𝛬〉 ~ 1.5. For Q1/Q2 < 0, 〈𝑊𝑖√𝛬〉 deviates from a linear scaling 

with Q2 well below 〈𝑊𝑖√𝛬〉 ~ O(1) and at Q2 ~ 2 mL/min. As with the more concentrated 

micelles, the stagnation point moves from the center of the geometry beyond where the flow 

modifies, but none of the measured conditions exceed 〈𝑊𝑖√𝛬〉 ~ 1.5. 
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Figure 6.7: (a) Measured average dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) for the 80 mM 

CTAB/240 mM NaNO3 wormlike micelles in the center of the FFoRM device as a function 

of the inlet flow rate (Q2) and for varying values of Q1/Q2. (b) Measured average flow type 

(〈𝛬〉) and dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) for the 80 mM CTAB wormlike micelles 

in the center of the FFoRM for various operating conditions (Q2 and Q1/Q2). For both plots, 

the value of Q1/Q2 is signified by the varying colors from light blue (Q1/Q2 = -0.7, 〈𝛬〉 ~ 0.2 

for a Newtonian fluid) to red (Q1/Q2 = 1, 〈𝛬〉 ~ 0.95 for a Newtonian fluid) as indicated by the 

legend on the right. The filled stars indicate the last measurement with a Newtonian response 

while the filled circles indicate the last measured point (Q2 = 10 mL/min) before the expected 

onset of inertial effects (Re ~ 0.5). The error bars represent the standard deviation of the values 

within the measurement region (0.5 mm diameter circle centered at the stagnation point). 
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Figure 6.7b includes 〈𝑊𝑖√𝛬〉 and 〈𝛬〉 for all measured conditions beyond the point 

where flow modification is observed (where the star indicates the last condition where the 

flow is unmodified). For Q1/Q2 > 0 and as with the more concentrated wormlike micelles, we 

find that the flow modification proceeds by producing flows that have more rotational 

character. Unlike the more concentrated wormlike micelles, the onset of flow modification 

occurs at a lower 〈𝑊𝑖√𝛬〉 ~ 0.8 (compared to 1) and the maximum 〈𝑊𝑖√𝛬〉 is lower at a value 

of 1.5 (compared to 2). This value is also different compared to the purely elastic fluid, where 

the onset occurred at 〈𝑊𝑖√𝛬〉 ~ 0.5 and achieved a maximum at 〈𝑊𝑖√𝛬〉 ~ 1. For Q1/Q2 < 0, 

the movement of the stagnation point results in a very complicated development of flow 

patterns near the center of the geometry. As with the more concentrated wormlike micelles, 

we only concern ourselves with the fact that 〈𝑊𝑖√𝛬〉 is less than some maximum value (in 

this case 1.5) for all measured conditions. 

Summarizing the results for the 80 mM CTAB wormlike micelles, we find that flows 

modify to produce lower values of 〈𝛬〉 (i.e., flows with more rotational character). For 

situations where the stagnation point does not move from the center of the geometry, the flow 

modification occurs when 〈𝑊𝑖√𝛬〉 ~ 0.8 and restricts the accessible flows to those where 

〈𝑊𝑖√𝛬〉 < 1.5. The value of 〈𝑊𝑖√𝛬〉 for the onset and maximum is greater than that of the 

constant viscosity elastic fluid and less than that of the viscoelastic fluid with a higher degree 

of shear thinning. We turn to the final fluid, a 60 mM CTAB wormlike micelle solution, which 

has the smallest degree of shear thinning of the viscoelastic fluids tested. 

The results of the measurements on the 60mM CTAB wormlike micelles are included 

in Figure 6.8a. For Q1/Q2  = 1 and 0.5, 〈𝑊𝑖√𝛬〉 plateaus at ~ 1.5 for flow rates higher than the 

onset of flow modification. For Q1/Q2 = 0.1, -0.2, -0.45, and -0.55; 〈𝑊𝑖√𝛬〉 increases linearly 
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with increasing Q2. For Q1/Q2 = -0.7, 〈𝑊𝑖√𝛬〉 displays nonmonotonic behavior. For Q1/Q2 < 

0, we find that the stagnation point moves from the center of the geometry, but none of the 

measured conditions produce flows in the center of the geometry that exceed 〈𝑊𝑖√𝛬〉 = 1. 
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Figure 6.8: (a) Measured average dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) for the 60 mM 

CTAB/180 mM NaNO3 wormlike micelles in the center of the FFoRM device as a function 

of the inlet flow rate (Q2) and for varying values of Q1/Q2. (b) Measured average flow type 

(〈𝛬〉) and dimensionless rate of stretching (〈𝑊𝑖√𝛬〉) for the 60 mM CTAB wormlike micelles 

in the center of the FFoRM for various operating conditions (Q2 and Q1/Q2). For both plots, 

the value of Q1/Q2 is signified by the varying colors from light blue (Q1/Q2 = -0.7, 〈𝛬〉 ~ 0.2 

for a Newtonian fluid) to red (Q1/Q2 = 1, 〈𝛬〉 ~ 0.95 for a Newtonian fluid) as indicated by the 

legend on the right. The filled stars indicate the last measurement with a Newtonian response 

while the filled circles indicate the last measured point (Q2 = 10 mL/min) before the expected 

onset of inertial effects (Re ~ 0.5). The error bars represent the standard deviation of the values 

within the measurement region (0.5 mm diameter circle centered at the stagnation point). 
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Figure 6.8b includes 〈𝑊𝑖√𝛬〉 and 〈𝛬〉 for all measured conditions beyond the point 

where flow modification is observed (where the star indicates the last condition where the 

flow is unmodified). For Q1/Q2 > 0 and as with the other concentrations of wormlike micelles, 

we find that the flow modification proceeds by producing flows that have more rotational 

character. Similar to the 80 mM wormlike micelles, the onset of flow modification occurs at 

or below 〈𝑊𝑖√𝛬〉 ~ 0.8 (compared to 1) and the maximum 〈𝑊𝑖√𝛬〉 is 1.6. Notably, only two 

values of Q1/Q2 (1 and 0.5) produce flows with large enough 〈𝑊𝑖√𝛬〉 for flow modification 

to be observed prior to where inertial effects are thought to become significant (Re = 0.5, Q2 

= 10 mL/min). Furthermore, we do not measure conditions where 〈𝛬〉 is significantly modified 

(i.e., 〈𝛬〉 does not deviate by more than 0.1 from the Newtonian value) compared to the other 

fluids tested. As with the more concentrated wormlike micelles, we only concern ourselves 

with the fact that 〈𝑊𝑖√𝛬〉 < 1 for all these conditions. 

Summarizing the results for the 60 mM CTAB wormlike micelles, we find that, like 

all the other fluids tested, flows modify to produce lower values of 〈𝛬〉 (i.e., flows with more 

rotational character). For situations where the stagnation point does not move from the center 

of the geometry, the flow modification occurs when 〈𝑊𝑖√𝛬〉 ~ 0.8 and restricts the accessible 

flows to those where 〈𝑊𝑖√𝛬〉 < 1.6. The value of 〈𝑊𝑖√𝛬〉 for the onset and maximum is 

greater than that of the constant viscosity elastic fluid and less than that of the viscoelastic 

fluid with a higher degree of shear thinning. 

6.4 Discussion 

The results mapping the velocity gradient fields produced by elastic and viscoelastic fluids in 

the FFoRM geometry have been presented. We will now discuss how these results compare 
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to the simple criterion provided by equation 6.6 for flow modification in (visco)elastic fluids. 

We particularly focus on the observations that the flows modify to produce flows with more 

rotational character and that this flow modification appears to begin at some value  𝑊𝑖√𝛬 and 

plateau a maximum value of 𝑊𝑖√𝛬. We will also discuss early onset of flow modification for 

conditions where Q1/Q2 < 0 and attempt to rationalize this with respect to the Pakdel-

McKinley criterion applied to the entry flow into the geometry. 

 We will first discuss the observation that flow modification tends to produce flows 

with more rotational character than is expected for Stokes flow of a Newtonian fluid. For all 

fluids tested, we note a similar trend that the flow modification tends towards lower values of 

〈𝛬〉. As briefly mentioned in the results section, this process for flow modification is distinct 

from other situations where flow modification is observed such as contraction flows and in 

the mechanical four-roll mill where the flow type remains constant but Wi appears to plateau. 

This process of flow modification is similar to what is observed in cross slot flow at moderate 

flow rates, where the flow type changes but the flows remain steady. We attribute the 

differences in the process for flow modification to whether or not the flow is constrained to 

produce a particular flow type. For the contraction flow and mechanical four-roll mill, the 

flow is unable to change type due to geometric constraints imposed by the channel walls or 

the rollers, respectively. In the FFoRM and cross slot devices, the flow has the freedom to 

change type, and the flow modification can progress to produce flows with more rotational 

character. In conclusion, we propose that the process by which the flow modifies in the 

FFoRM (changing the flow type) is a result of other flow types being accessible, and the 

reduction in 𝑊𝑖√𝛬 occurs by reducing 𝛬 rather than Wi. Considering elastic flow modification 

in arbitrary types of geometries and processing conditions, one should question if different 
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flow types are accessible. If the process is constrained to produce a particular flow type, one 

may expect elastic flow modification to lower Wi. However, if other flow types are accessible, 

one should also consider that the overall flow field may change to a large degree. 

 We will now discuss the finding that the flow tends to modify when 𝑊𝑖√𝛬 ~ O(1) and 

that the modification proceeds such that 𝑊𝑖√𝛬 does not exceed O(1). Despite significant 

variation in the shear thinning, the onset of flow modification and maximum value of 𝑊𝑖√𝛬 

all occur within a factor of two between the different fluids tested. Figure 6.9 summarizes this 

result, including the value of 𝑊𝑖√𝛬 where flow modification occurs and the maximum value 

of 𝑊𝑖√𝛬 as a function of the Giesekus parameter (α), which relates to the degree of shear 

thinning of the test fluid. We find that both the onset of flow modification and the maximum 

value of 𝑊𝑖√𝛬 occur close to 1, as was discussed previously. Additionally, we find a weak 

dependence of these values on the degree of shear thinning, where fluids with a higher degree 

of shear thinning are unmodified for larger values of 𝑊𝑖√𝛬 and can access flows to higher 

𝑊𝑖√𝛬. We stress that in this study the microstructural composition of the fluids has changed, 

where the fluid with α = 0 is a dilute polymer solution and the remaining fluids are wormlike 

micelles. Furthermore, the differences are as not as significant (i.e., stabilizing the flows by 

an order of magnitude in deformation rate) as has been found by Casanellas et. al..21 We note 

that the local velocity gradient fields were not probed by Casanellas et. al., so shear thinning 

likely played an additional role in the modification of the local flow fields within the device. 

Overall, we find that flows of 𝑊𝑖√𝛬 ~ O(1) are inaccessible in the FFoRM, and the 

quantitative range of inaccessibility is only slightly dependent on the shear thinning behavior 

of the fluid. 
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Figure 6.9: 𝑊𝑖√𝛬 for the onset of flow modification (black point and line) and maximum 

𝑊𝑖√𝛬 (red points and line) as a function of the Giesekus parameter for the four fluids 

investigated in this work. The Giesekus parameter is directly related to the degree of shear 

thinning where α = 0 corresponds to a constant viscosity fluid and α = 0.5 corresponds to a 

fluid with a power law exponent of 0 (i.e., the maximum physically measurable degree of 

shear thinning). 

 

We will now discuss the observation that flow modification occurs much earlier than 

𝑊𝑖√𝛬 ~ 1 when Q1/Q2 < 0. We propose that the earlier onset is linked to flow modification 

in the entry flow upstream of the center of the geometry due to streamline curvature and tensile 

stresses (as quantified by the Pakdel-McKinley criterion). An analysis of the flows in the 

FFoRM geometry in the context of the Pakdel-McKinley criterion yields the criterion for the 

onset of elastic instabilities in the entry flows as  

2.25
𝑄2[

𝑚𝐿

𝑚𝑖𝑛
]𝜆[𝑠]

𝑅 [𝑚𝑚]
~𝑂(1) .    (6.9) 
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Evaluating equation 6.9 requires three inputs: the inlet flow rate, the fluid relaxation time, and 

the radius of curvature of the fluid streamline. For the experiments, we impose an inlet flow 

rate and the fluid relaxation time is measured and assumed to be constant. This leaves 

specification of the streamline radius of curvature, which changes based upon the value of the 

Q1/Q2. For Q1/Q2 > 0, the streamline radius of curvature at the entry is the largest while for 

Q1/Q2 < 0 this entry streamline radius of curvature is the smallest. For Q1/Q2 < 0, the entry 

streamline radius of curvature approaches the radius of the channel dividers (R = 0.5 mm). 

With this value of the radius of curvature, we predict equation 6.9 to become O(1) when 

𝑄2 [
𝑚𝐿

𝑚𝑖𝑛
] ~0.22/𝜆[𝑠], which predicts onset of flow modification due to the entry into the 

channel at inlet flow rates of approximately 4, 1, 2 and 3 mL/min for the Boger fluid, 100mM 

WLM, 80mM WLM, and 60mM WLM respectively. These predictions can be compared to 

the measured onset of flow modification, which was not observed for the Boger fluid and 

occurred at about 1, 2 and 2 mL/min for the 100 mM, 80 mM and 60 mM wormlike micelles 

respectively. Except for the Boger fluid, the predictions are in line with the experimental 

observation of the onset of flow modification when 𝑊𝑖√𝛬 is much less than 1. We suggest 

that the accuracy of this analysis may be improved by including additional complexities such 

as an increase in inlet channel velocity due to shear thinning, variations in the inlet radius of 

curvature, and using a more accurate value of the viscosity for all fluids analyzed; however, 

this analysis is outside the scope of this work and does not impact the main conclusions. 

Overall, the onset of flow modification for Q1/Q2 < 0 is captured rather well with this 

simplified analysis of the entry flow behavior with respect to the Pakdel-McKinely criterion. 

In the prior analysis we have neglected two additional aspects of the problem that 

should be considered in future work: one related to the assumed drastic increase in tensile 
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stress when strong flows are encountered and one related to the assumption of homogeneous, 

steady state flow.  

Regarding the requirement for strongly elastic fluids, equation 6.6 was stated as the 

criterion for flow modification. For weakly elastic fluids where tensile stresses do not 

drastically increase (i.e., fluids with low values of the extensibility parameter), this criterion 

will likely not hold. For example, recent measurements of DNA stretching in extensional 

flows have proven able to probe chain stretching to nearly the full contour length up to 

entanglement concentrations, a phenomena that would not be admissible by the 

aforementioned criterion.43,44 Utilizing labeled DNA as a model system, one could connect 

microstructural deformation to the onset of flow modification to quantify the microscopic 

mechanisms that lead to macroscopic changes in flow behavior. Alternatively, one could 

formulate a series of synthetic polymer solutions with lower concentrations than the solutions 

used in this work (such as those formulated by Sousa et. al. 18) to determine the critical 

concentration and tensile stress where flows stronger than 𝑊𝑖√𝛬 ~ O(1) may be produced. 

However, a smaller FFoRM geometry would need to be fabricated to ensure that sufficiently 

strong flows could be produced prior to the onset of inertial effects. CFD simulations with 

varying solvent viscosity (as were utilized by Rocha et. al. 45) could accomplish similar goals 

if the flow kinematics at the stagnation point (i.e., components of the velocity gradient tensor) 

are considered. If the condition for extensibility were quantitatively measured, high-

throughput microfluidic devices could utilize this signature of instability to determine fluid 

relaxation times if a flow rate sweep were carried out, or determine the polymer contribution 

to the tensile stress and, therefore, extensibility by fixing the flow rate and varying the polymer 

concentration. The onset of instability could either be monitored optically (with birefringence 
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or particle tracking) or by monitoring pressure fluctuations. For the qualification about the 

homogeneity of the flow, and as discussed earlier the criterion in equation 6.6 does not include 

information about the transient development of large tensile stresses but assumes that only the 

local (Eulerian) deformation field dictates the stress on the fluid element. When considering 

arbitrary processes, the stress on an elastic fluid element is dependent on the Lagrangian 

history the fluid experiences. This complicated picture was avoided by the presence of a 

stagnation point, where the fluid’s residence time is large and the local flow is approximately 

steady state. In systems without a stagnation point, the accumulated strain on material 

elements must also be considered in the development of criterion for flow modification. 

While the results presented in this work focus on one particular geometry, the FFoRM, 

many of the findings are applicable to complex flows of (visco)elastic fluids in general. The 

main finding of this work, that flows near a stagnation point flow modify such that 𝑊𝑖√𝛬 

does not greatly exceed 1, should be considered a general result for flows of highly elastic 

fluids with long residence times (i.e., De << 1). In this case, the simple scaling emerges due 

to the divergent behavior of tensile stresses in steady flows beyond 𝑊𝑖√𝛬 = 1. A more general 

result that applies to flows of (visco)elastic fluids with shorter residence times in the region 

of strong flows likely needs to consider the transient evolution of tensile stresses. Most 

importantly, the value of the tensile stress that leads to flow modification and this value’s 

connection to the kinematics of the flow and/or fluid properties appears to be the most 

important direction for future study in order to achieve a complete generalization of the 

conclusions presented here. 
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6.5 Conclusions 

In this work, we have studied the flows of model elastic and viscoelastic fluids in a FFoRM 

device, which can produce variable 2D deformation fields of Newtonian fluids. By measuring 

the local flow kinematics within the device, we found that fluid elasticity limits the accessible 

steady flows to those where 𝑊𝑖√𝛬 ~ O(1), and argued that this was due to large increases in 

tensile stresses that occur in strong flows of (visco)elastic fluids. The modification of flows 

in the FFoRM device proceeded by decreasing 𝛬 (i.e., producing a flow with more rotational 

character), which we attributed to the lack of geometric constraints to produce flows of a 

particular type. We found that shear thinning had a small impact on the quantitative onset of 

the modification and the maximum 𝑊𝑖√𝛬 that was achieved. Finally, elastic flow 

modification can change the type of produced flow if the geometry is not sufficiently 

constrained to produce a single flow type. Overall, if one is working with fluids with 

significant elasticity, one should expect to observe flow modification when locally 𝑊𝑖√𝛬 ~ 1. 
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Chapter 7  

Connecting spatial distributions to flow-

induced alignment in nonspherical colloids 

This chapter is adapted from ‘Patrick T. Corona, Jiamin Zhang, Barbara Berke, Katie M. 

Weigandt, Manuel Guizar-Sicairos, Marianne Liebi, L. Gary Leal, Matthew E. Helgeson, 

Flow-induced structural transitions of interacting, non-spherical particle dispersions' 

7.1 Introduction 

Understanding the structure and rheology of rigid rodlike particles represents an important 

area of study due to the ubiquity of such particles in next generation applications ranging from 

nanocomposites to photonics.1–6 Additionally, rodlike particles are often considered a 

limiting, perfectly rigid case for the development of theories of deformable objects and 

polymers.7,8 In applications, rodlike particle dispersions are typically formulated at semi-

dilute concentrations (i.e., 𝑟−2 ≪ 𝛷 ≪ 𝑟−1, where 𝛷 is the volume fraction and r = d/L is the 

particle aspect ratio with d the particle diameter and L the particle length) where particle 

interactions greatly contribute to particle dynamics and the dispersion’s material properties.6 

On the other hand, exact theories for the structure and mechanics of rodlike Brownian particles 

are only applicable in the limit of infinitely dilute, noninteracting particles. In theories of 

interacting particles, approximations must be made to avoid accounting for multibody 

interaction effects, which are typically included as modifications to the rotational diffusion of 

particles and/or an effective external mean field potential accounting for the interactions of a 
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single rod with its neighboring rods.7,9–13 Testing these theories and approximations requires 

measurement of the structure of non-dilute elongated particle dispersions, which remains a 

difficult task. 

For homogeneous dispersions of elongated particles, the structure can be described using 

two statistical probability distribution functions: the orientation probability distribution and 

the spatial probability distribution function. The orientation probability distribution function, 

N(p) (i.e., the probability that a rod is oriented in a direction p) quantifies the intraparticle 

structure, i.e., the orientation of a single particle in the dispersion. The orientation distribution 

function can be influenced by external fields (e.g., flow or electric fields) or by particle 

interactions such as nematic interactions. However, the structure of concentrated dispersions 

also depends on the relative spatial position of the rods, i.e., the interparticle structure, which 

assuming a homogeneous dispersion with rod concentration, ρ, is described through the spatial 

probability distribution function, g(R), where ρg(R) is the average particle density at a 

position R from the center of mass of a test rod. Modifications to the spatial distribution 

function are less well understood due to its innate coupling with the orientation distribution 

function. This coupling between N(p) and g(R) makes it difficult to separate structural 

signatures resulting from changes to the interparticle structure from signatures due to the 

intraparticle structure. Separating these two structural signatures from experimental 

measurements will be a primary focus of this work. 

There exist many previous experimental studies probing the structure and rheology of 

rigid rodlike polymers in flow. A large number of these studies have probed the structure and 

rheology of dispersions of fd-viruses, which are considered to be model high aspect ratio 

cylindrical particles.14–17 In particular, studies that combine in-situ small-angle neutron 
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scattering (SANS) or small-angle x-ray scattering (SAXS), which probe the fluid’s 

nanostructure (i.e., 1-100 nm), with rheological measurements, which probe the fluid’s 

mechanical response, have provided key experimental insights into the applicability of the 

previously mentioned theories of concentrated rodlike particle dispersions.18–21 Notably, for 

spherical particle dispersions and entangled flexible polymers in flow, there exist many 

studies probing g(R) by comparing in situ small angle scattering (SAS) measurements and 

theory.22,23 These studies have revealed a wide range of behavior including the shear-induced 

formation of hydrodynamic clusters in spherical colloidal systems and shear-induced phase 

separation in polymer systems.23–26 Comparisons of the spatial distributions of rodlike 

particles to theory have been hindered by the inability to easily separate the effects of flow-

induced changes in N(p) from flow-induced changes in g(R) from SAS patterns, and the lack 

of model experimental systems to probe such effects. Nonspherical particle systems present 

distinct challenges compared to spherical particle systems in this regard, because the 

alignment of particles produces thermodynamically-driven (i.e., shear-rate independent) 

changes to g(R).27,28 Therefore, probing deformation rate dependent changes to g(R) requires 

first quantifying the changes to g(R) from a purely thermodynamic perspective. In this work, 

we present the first analysis of 2D SAS predictions from semi-dilute rodlike particles in flow, 

and demonstrate an analysis framework to isolate the thermodynamically and flow-driven 

changes to g(R). 

Cellulose nanocrystals (CNCs) represent a possible model system for studies of rodlike 

particles in flow with in situ SAS. CNCs, formed via acid hydrolysis of cellulose (in this work, 

sourced from wood), are charged, rigid particles with a monodisperse rectangular cross section 

(4 nm by 12 nm) and lengths ranging from 100 nm to 300 nm.29,30 The shorter lengths of 
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CNCs relative to fd-viruses, a widely utilized model rodlike particle, enables the formulation 

of semi-dilute CNC dispersions where the average particle separation distance is resolvable 

with SAS measurements. The formulation of a test fluid within the semi-dilute regime and 

below the isotropic-nematic transition concentration is important because, above this 

concentration, the fluid can phase separate into coexisting regions of isotropic and nematic 

rods, complicating the analysis of SAS and rheological measurements due to macroscopic 

fluid inhomogeneities.31 While flow can also induce an isotropic-nematic transition in an 

otherwise homogeneous dispersion, we will probe sufficiently high deformation rates that two 

phase regions are always avoided.32 CNCs have already been explored as model rodlike 

systems in the context of linear rheology.33 Additionally, previous studies have probed the 

flow-induced structure of CNCs under a wide range of concentrations. However these 

previous studies focused mostly on concentrations beyond the equilibrium isotropic-nematic 

transition, and dispersions probed below this concentration were not aligned due to the 

rotational diffusion of rods overcoming the alignment imposed by the applied flow (the 

dimensionless rotational Péclet number, 𝑃𝑒𝑟 = 𝐺/𝐷𝑟, is small, where G is the deformation 

rate and Dr is the rotational diffusivity).34–36 In this work, we formulate CNC dispersions in a 

viscous solvent (glycerol) to slow the rotational diffusion of rods and enable SAS 

measurements at higher Per. Finally, in situ SAS measurements of CNC dispersions have 

focused exclusively on measurements in simple shear flow and contraction flows, whereas 

applications of rodlike dispersions involve a much wider range of complex flow fields (i.e., 

flows that are not the perfect mixture of extension and rotational character found in simple 

shear flows).37 Recently, a sample environment for in-situ SAS measurements in complex 

flows was developed based upon a fluidic version of the four-roll mill device (which we call 
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FFoRM-SAS).38,39 The device was recently combined with the scanning-SAXS technique 

(FFoRM-sSAXS), which enables measurement of complex fluids under a wide range of 

complex flow histories (e.g., with time-varying velocity gradients). 

In this work, we will probe the nanostructure of CNC dispersions in complex flow 

histories with this new FFoRM-SAS technique to determine the extent that physical insight 

from experiments in simple shear flow can be translated to arbitrary flow processes. First, we 

will describe the theory for the structural evolution, rheology, and SAS from non-dilute 

rodlike dispersions in flow. Next, we will determine the extent to which CNCs may be treated 

as a model rodlike system through steady simple shear flow rheological measurements and 

equilibrium SAS measurements. The rheological response of the dispersions in steady shear 

flow will be compared to first principles predictions of the viscosity made by a modern theory 

to determine aspects of the rheology that are not captured. The SANS measurements will be 

used to assess structural models of the CNCs including effects from the spatial structure. Then, 

we will report SANS measurements of CNC dispersions in the flow-gradient plane of a steady 

simple shear flow with concentrations approaching the equilibrium isotropic to nematic 

transition. These measurements will be compared to predictions for SANS patterns made by 

the structural model and incorporating effects of particle orientation. We utilize this predictive 

structural model to derive a model-free parameterization of the scattering that can be used to 

separate the effects due to rod orientation (i.e., N(p)) from the effects caused by changes in 

the spatial structure (i.e., g(R)). This comparison reveals a deformation rate-dependent non-

equilibrium transition in the spatial structure of the CNCs that is not currently predicted in 

theories for rodlike particles in flow. We then report FFoRM-sSAXS measurements of a CNC 

dispersion and confirm that the deformation rate-dependent structure observed in simple shear 
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flow is also observed in complex flows. Finally, we discuss the possible physical origins of 

the observed effect and suggest future possibilities for further study and the implications on 

the phenomena for using flow to tailor non-equilibrium materials properties. 

7.2 Methods 

CNCs (University of Maine Process Development Center, Lot 2013-EPL-CNC-053) were 

used as received and prepared as dispersions according to the procedure of Haywood et. al.35 

A solvent of 90 wt% glycerol and 10 wt% MilliQ H2O was mixed and the dry CNC powder 

was added to the solvent by weight  from 1.0 wt% to 4.0 wt% corresponding to volume 

percentages (assuming the CNCs have a density of 1.64 g/mL, the density of crystalline 

cellulose35) ranging from 0.75 vol% to 3.0 vol%. For reference, the bounds of the semi dilute 

regime for CNCs are 0.3 vol% < 𝛷 < 5 vol%. The maximum concentration was chosen 

close to the onset of biphasic (coexisting isotropic-nematic) behavior at ~3.5 vol%. For SANS 

studies, d-glycerol and D2O were used instead of glycerol and H2O to provide contrast for the 

measurement. The dispersion was ultrasonicated (700 W Fischer sonicator dismembrator) in 

an ice bath at 60% amplitude for 20 minutes in 40 cycles of 30 seconds on and 30 seconds off 

to break up CNC aggregates.35,40 CNC dispersions were prepared at least two weeks prior to 

measurements. 

 The rheological characterization of the CNC dispersions was performed with an AR-

G2 rheometer (TA Instruments) at constant temperature of 25 °C. Steady-shear viscosity 

measurements were performed using a Couette geometry (cup diameter = 30.42 mm, 

truncation gap = 0.5 mm, and bob diameter and length of 27.95 mm and 42.15 mm, 

respectively). Steady-shear tests were run with logarithmic spacing for shear rates, �̇�, ranging 

from 1 to 1000 s−1. 
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SANS measurements were performed using the NGB 30m (for the 1.5 vol% and 3.0 vol% 

dispersions) and NGB 10m (for the 1.0 vol% dispersion) SANS instruments at the National 

Institute of Standards and Technology Center for Neutron Research (Gaithersburg, MD). The 

1-2 shear cell sample environment was used to probe the scattering projected in the flow-

gradient plane of a simple shear flow.41 Measurements were delayed for 5 minutes after startup 

to ensure the flow had reached steady state. For the 30m SANS instrument a wavelength of λ 

= 6 Å with a wavelength spread of Δλ/λ = 0.14 was used while for the 10m SANS λ = 5 Å or 

10 Å with Δλ/λ = 0.14. The scattering vector q is defined as q = 4π sin(θ/2)/λ where θ is the 

angle at which the neutron is scattered and λ is the neutron wavelength. The temperature was 

maintained constant at 25 °C through the entire experiment with a water bath. The 2D 

scattering intensities were corrected for empty cell, plexiglass standard, and detector 

efficiency. Scattering patterns were reduced using standard NCNR protocols with Igor PRO 

software.42 In this work, we will report the full 2D patterns and the alignment factor (Af), a 

scalar parameterization of the anisotropy in the SANS patterns. The alignment factor is 

defined as 

𝐴𝑓 =
∫ 𝐼(𝜃,𝑞∗) sin(2(𝜃−𝜃0))𝑑𝜃

2𝜋
0

∫ 𝐼(𝜃,𝑞∗)𝑑𝜃
2𝜋

0

     (7.1) 

where 𝐼(𝜃, 𝑞∗) is the annular average intensity within some q-range (where q is the magnitude 

of q) defined by 𝑞∗ and 𝜃0 is the direction of minimum intensity in the annulus.43 This 

expression is evaluated according to the procedure provided in Corona et. al.39 

FFoRM-sSAXS measurements were employed to probe the evolution of the 

nanostructure of the CNC dispersion in complex flow histories. The sSAXS technique enables 

the acquisition of spatially resolved SAXS measurements with fine spatial resolution. To 

accomplish this, sSAXS measurements utilize the high brilliancy of synchrotron x-ray 
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radiation sources and the ability to focus the probing x-ray beams down to micron sizes. 

Recently, sSAXS was combined with the FFoRM-SAS sample environment to produce 

measurements of complex fluids under complex flow histories. These measurements will be 

utilized in this work to probe the nanostructure of the CNC dispersions under a wide range of 

deformation histories. 

FFoRM-sSAXS measurements were performed at the cSAXS (X12SA) beamline of the 

Swiss Light Source (SLS) at the Paul Scherrer Institute (PSI) in Villigen PSI, Switzerland. 

The FFoRM sample environment consists of two outer plates squeezed around an inner plate 

containing the FFoRM geometry. The outer plates were constructed out of PMMA and contain 

holes for the Kapton windows to allow for X-rays to pass through the device. The inner plate 

was constructed out of titanium and the geometry was cut using a wire EDM. Holes were 

drilled though the sides of the center plate, connecting to the eight entry channels, to allow for 

fluid flow straight into the device. The device is controlled by varying the inlet and outlet flow 

rates into four of the eight channels, leaving the other four submerged in a waste beaker. 

Information on relating inlet/outlet flow rates to the generated flow types and deformation 

rates can be found in Corona et. al.39 

The local deformation field on a fluid element in the device is given by the velocity 

gradient tensor (∇𝐮). For 2D homogeneous and steady flows, which are approximately 

generated in the central region of the flow device for the CNC dispersion tested in this work, 

the effect of ∇𝐮 on the fluid microstructure can be parameterized by two scalars – in this case, 

the flow type parameter (𝛬) and the deformation rate (G).37,39 The flow type is defined as a 

function of the magnitude of the rate of strain tensor, E (the symmetric part of ∇𝐮, i.e., 𝐸 =
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∇𝐮 + ∇𝐮𝑻), and the magnitude of the vorticity tensor, Ω (the antisymmetric part of ∇𝐮, i.e., 

𝛀 = ∇𝐮 − ∇𝐮𝑻), as 

𝛬 =
|𝐄|−|𝛀|

|𝐄|+|𝛀|
      (4.2) 

where |A|=(A:AT)1/2 38,44. When this is done, the local velocity gradient tensor can be defined 

as 

∇𝐮 =
𝐺

2
[

1 + 𝛬 1 − 𝛬 0
−(1 − 𝛬) −(1 + 𝛬) 0

0 0 0
]     (4.3) 

The flow type parameter, Λ, ranges from -1 to 1, which for linear flows corresponds to 

rotational flow and planar extensional flow respectively. A flow Λ = 0 corresponds to simple 

shear flow where the magnitude of the vorticity tensor and rate of strain tensor are equal. With 

this definition of ∇𝐮, G is equal to �̇� in simple shear flow (i.e., Λ = 0) and G is equal to the 

extension rate in an extensional flow (i.e., Λ = 1). 

The FFoRM device was scanned by a beam with an energy of 11.2 keV, which was 

defined by a fixed-exit double-crystal Si(111) monochromator, and focused to a 25 x 10 m 

beam size. A 2 m long flight tube under vacuum was inserted between the sample and the 

detector to minimize air scattering and X-ray absorption. The sample-to-detector distance was 

2.16 m, calibrated by silver behenate. A Pilatus 2M detector45 (1475 × 1679 pixels, pixel size: 

172 × 172 μm2) was used to acquire 2D small angle scattering patterns. Simultaneously, the 

transmitted beam was measured by the fluorescence of the used steel beamstop. A raster scan 

was performed on a chosen sample area with the step size of 25 x 25 m, and the applied 

exposure time of 0.1 s. Data processing was carried out using the “cSAXS scanning SAXS 

package” developed by the CXS group, Paul Scherrer Institute, Switzerland.46 The averaged 

scattering signal of the empty FFoRM device was used as background. The background 
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subtraction was followed by an orientation analysis, which was performed by the method 

described in detail in ref 46. In brief, the SAXS data were reduced by azimuthal integration 

within 16 segments. For further analysis we integrated over selected q ranges described later 

The distribution of the integrated intensities is well approximated by a cosine function.  

𝐼(𝑛𝜙) ≈  𝑎0 +  𝑎1cos (
2𝜋𝑛𝜙

𝑁𝜙
− 𝜙0),    (7.4) 

where Nϕ is the total number of data points. With this approximation, the alignment factor is 

calculated as 𝐴𝑓  =
𝑎1

2𝑎0
 and is determined using a discrete Fourier transform of the integrated 

annular averaged intensity. 

7.3 Theory 

7.3.1 Structure and rheology of rodlike particle suspensions 

In order to derive theories for predicting the stress in suspensions of rodlike particles, one 

requires two parts: (1) an evolution equation for the probability density of the phase space 

coordinates of the rods and (2) an expression for the stress tensor as a function of the phase 

space coordinates. Assuming a homogeneous dispersion of high aspect ratio, axisymmetric 

particles and neglecting hydrodynamic interactions enables the derivation of a Smoluchowski 

equation for the evolution of the orientation (that due to the axisymmetry of the particles can 

described by a single vector p) probability distribution function, N(p,t) as 

𝜕𝑁(𝐩, 𝑡)

𝜕𝑡
+

𝜕

𝜕𝐩
∙ (𝑁(𝐩, 𝑡)(𝛀 ∙ 𝐩 + [𝐄 ∙ 𝐩 − (𝐩 ∙ 𝐄 ∙ 𝐩)𝐩]))

= 𝐷𝑟

𝜕

𝜕𝐩
∙ (

𝜕𝑁(𝐩, 𝑡)

𝜕𝐩
− 𝑁(𝐩, 𝑡)𝑇(𝐩, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅) 

∫ 𝑁(𝐩, 𝑡)𝑑𝐩 = 1     (7.5) 
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where 𝛀 is the vorticity tensor, 𝐄 is the rate of strain tensor, 𝐷𝑟 is the rotational diffusivity, 

and 𝑇(𝐩, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅ is a mean field torque due to interactions with other rods.11 Assuming a pair-wise 

additive interaction potential between rods, the torque is given as 

𝑇(𝐩, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅ = −
𝜙𝑉

𝑘𝐵𝑇
∫ 𝑑𝐑 ∫ 𝑑𝐩′ 𝑁(𝐩, 𝑡)𝑔(𝐑, 𝐩, 𝐩′, 𝑡)

𝜕𝑈(𝐑,𝐩,𝐩′)

𝜕𝐩
  (7.6) 

where 𝜙 is the volume fraction of rods, V is the rod’s volume, kBT is the thermal energy, 

𝑔(𝐑, 𝐩, 𝐩′, 𝑡) is the spatial distribution function, i.e., the probability of finding a rod at a 

center-to-center distance R and orientation p’ from a rod oriented in a direction p, and 

𝑈(𝐑, 𝐩, 𝐩′) is the pair potential between two rods oriented at p and 𝐩′ and separated by a 

distance R. The macroscopically averaged spatial distribution function is found by integrating 

over N(p) and N(p’), i.e., 𝑔(𝐑, 𝑡) = ∫ ∫ 𝑑𝐩𝑑𝐩′𝑁(𝐩, 𝑡)𝑁(𝐩′, 𝑡)𝑔(𝐑, 𝐩, 𝐩′, 𝑡).  

       Two approaches exist that offer simplifications to equations 5 and 6. The first is to 

incorporate the effect of a mean field interaction potential into an effective rotational 

diffusivity, i.e., 𝐷𝑟 = 𝐷𝑟,𝑒𝑓𝑓(𝐩; [𝑁]) and 𝑇(𝐩, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 0.10,18 Forms for Dr,eff have been proposed 

in the work of Doi and Edwards, for example, and include a form that is only a function of 

N(p) as 𝐷𝑟,𝑒𝑓𝑓 ∝ [
4

𝜋
∫ ∫ 𝑑𝐩𝑑𝐩′𝑁(𝐩, 𝑡)𝑁(𝐩′, 𝑡) sin(𝐩, 𝐩′)]

−2

, where sin(p,p’) is the sine of 

the angle between p and p’.7,10,47 Alternatively, for concentrated non-Brownian fiber 

suspensions, Folgar and Tucker proposed the form 𝐷𝑟,𝑒𝑓𝑓 = 𝐶𝐼|𝐄| where CI is an interaction 

coefficient and |𝐄| is the magnitude of the rate of strain tensor. When 𝑇(𝐩, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 0 and 𝐷𝑟 is 

only a functional of N(p) (i.e., the rotational diffusivity is not a function of p), methods have 

been developed to solve the PDE for the full orientation distribution function.48 When 

knowledge of the full form of N(p) is required, e.g., for making predictions of the small angle 

scattering, we will numerically solve equation 5 according to the numerical procedure of Férec 
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et. al. These predictions for the full orientation distribution function assume that the form of 

N(p) can be approximated as the form predicted by dilute theory with a modified rotational 

diffusivity. Since the form of Dr,eff requires empirical fitting coefficients, this approach will 

not be used to make first principles predictions of the particle alignment or the mechanical 

properties. 

The second approach involves assuming a form of the interaction potential and spatial 

distribution function to determine the mean field torque due to interactions with other rods. In 

the Dhont-Briels theory, interactions are assumed to be pairwise hard rod interactions and the 

spatial distribution function is evaluated as 

𝑔(𝐑, 𝐩, 𝐩′, 𝑡) = exp (−
𝑈(𝐑,𝐩,𝐩′)

𝑘𝐵𝑇
) ≈ exp (−

8

𝜋

𝐿𝛷

𝑑
 ∫ 𝑑𝐩′ 𝑁(𝐩′, 𝑡)|𝐩 x 𝐩′|) ≈ exp (−

5

2
𝛷

𝐿

𝑑
(1 −

3

5
𝐩𝐩̅̅ ̅̅ : 𝐩𝐩)) (7.7) 

where L/d is the particle aspect ratio 𝛷 is the volume fraction of particles, and 𝐩𝐩̅̅ ̅̅  is the second 

moment of the orientation distribution function.11,49 In this evaluation, the spatial distribution 

function is assumed to be of the form proposed by Onsager for very high aspect ratio rods (the 

first approximation in equation 7.7), and the interaction energy is truncated with a Ginzburg-

Landau expansion (the second approximation in equation 7.7). Importantly, this form of the 

spatial distribution function does not depend on R, due to the infinite aspect ratio assumption. 

When these assumptions are made, equation 7.5 can be rewritten as an ODE to solve for the 

orientation tensor, 𝐩𝐩̅̅ ̅̅ = ∫ 𝑁(𝐩, 𝑡)𝐩𝐩𝑑𝐩. The Dhont-Briels theory was extended and 

experimentally validated for systems that are bidisperse in length by Lang and Lettinga 

assuming pairwise interactions between all discrete populations of rod lengths.20 With this 

assumption and the usual assumptions of the Dhont-Briels theory, the spatial distribution 

function for the ith rod is 

𝑔𝑖(𝐑, 𝐩𝑖 , 𝐩𝑗
′ , 𝑡) ≈ exp (− ∑

5

2
𝛷𝑗

𝐿𝑗

𝑑𝑗
(1 −

3

5
𝐩𝐩̅̅ ̅̅ 𝑗: 𝐩𝑖𝐩𝑖)

𝑁
𝑗=1 )  (7.8) 
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where the subscript j denotes the jth discrete population of rods. We refer the interested reader 

to the work of Lang and Lettinga for the original derivation.20 We include here an expression 

for the evolution of 𝐩𝐩̅̅ ̅̅ 𝑖, the orientation tensor for the ith rod, for the case of systems with 

arbitrarily polydisperse length interacting through pairwise interactions as 

𝑑𝐩𝐩̅̅ ̅̅ 𝑖

𝑑𝑡
= −6𝐷𝑟,𝑖 (𝐩𝐩̅̅ ̅̅ 𝑖 −

1

3
𝐈 +

𝜋

4
𝑑𝐿𝑖 ∑

𝜙𝑗

𝑉𝑗
𝐿𝑗(𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖: 𝐩𝐩̅̅ ̅̅ 𝑗 − 𝐩𝐩̅̅ ̅̅ 𝑗 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖)𝑁

𝑗=1 + ∇𝐮 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖 + 𝐩𝐩̅̅ ̅̅ 𝑖 ∙ ∇𝐮𝑇 − 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖: 𝐄) (7.9) 

where Li is the length of the ith rod, d is the effective diameter of the rods (assumed to be the 

same for every rod), Vi is the volume of the ith rod, and N is the number of rod populations 

considered. Solving this ODE requires a closure approximation for 𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖 in terms of 𝐩𝐩̅̅ ̅̅ 𝑖, 

which is provided in the Dhont-Briels theory as 

𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖: 𝐌 =
1

5
(𝐩𝐩̅̅ ̅̅ 𝑖 ∙ 𝐌 + 𝐌 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖 − 𝐩𝐩̅̅ ̅̅ 𝑖 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖 ∙ 𝐌 − 𝐌 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖 + 2𝐩𝐩̅̅ ̅̅ 𝑖 ∙ 𝐌 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖 + 3 𝐩𝐩̅̅ ̅̅ 𝑖  𝐩𝐩̅̅ ̅̅ 𝑖: 𝐌) (7.10) 

for any symmetric tensor M. The theory of Lang and Lettinga also includes an effective 

rotational diffusivity proposed by Larson and Mead that assumes that the average length of 

the rods determines effects on the rotational diffusivity due to a confining tube as50 

𝐷𝑟,𝑖 =
𝐷𝑟,0,𝑖

1+
1

𝑐
(

5

4
∑

𝜙𝑗

𝑉𝑗
𝐿𝑗

3(1−
3

5
𝐩𝐩̅̅̅̅ 𝑖:𝐩𝐩̅̅ ̅̅ 𝑗−

2

5
(𝐩𝐩̅̅̅̅ 𝑖:𝐩𝐩̅̅ ̅̅ 𝑗)

2
)𝑁

𝑗=1 )

2.    (7.11) 

Finally, the dilute rod rotational diffusivity can be approximated for cylindrical particles as 

𝐷𝑟,0,𝑖 =
3𝑘𝑏𝑇  ln(

2𝐿𝑖
𝑑

)

𝜋 𝜂𝑠𝐿𝑖
3 (

1−
1.5

ln(
2𝐿𝑖

𝑑
)

1+
0.64

ln(
2𝐿𝑖

𝑑
)

)     (7.12) 

where 𝜂𝑠 is the solvent viscosity.51,52 For the CNC dispersions explored in this work, 𝐷𝑟,0 

ranges from 2.6 to 40 s-1 for the longest and shortest rods respectively. 

The second piece of information required to predict the stress in rodlike suspensions 

is an expression for the stress tensor as a function of N(p). An expression for the stress tensor 
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under the assumptions mentioned above is also included in the work of Lang and Lettinga, 

which was derived from the Dhont-Briels theory as11,20,53 

𝝈 = 2𝜂𝑠𝐄 + 3𝑘𝐵𝑇 ∑
𝜙𝑖

𝑉𝑖
(𝐩𝐩̅̅ ̅̅ 𝑖 −

1

3
𝐈 +

𝜋

4
𝑑𝐿𝑖 ∑

𝜙𝑗𝐿𝑗

𝑉𝑗
(𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖: 𝐩𝐩̅̅ ̅̅ 𝑗 − 𝐩𝐩̅̅ ̅̅ 𝑗 ∙ 𝐩𝐩̅̅ ̅̅ 𝑖)𝑁

𝑗=1 +𝑁
𝑖=1

1

6𝐷𝑟,0,𝑖
(𝐩𝐩𝐩𝐩̅̅ ̅̅ ̅̅ ̅̅ 𝑖: 𝐄 −

1

3
𝐈 𝐩𝐩̅̅ ̅̅ 𝑖: 𝐄))    (7.13) 

where again the closure approximation provided in equation 7.10 is required. Equation 7.13 

is solved using solutions to equations 7.9, 7.10, 7.11, and 7.12 to predict the stress tensor. In 

this work, we will exclusively consider predictions of this theory under steady state, 

homogeneous simple shear flows. The parameters that must be physically determined to make 

predictions of the shear rate dependent stress are the concentration of particles, the distribution 

of particle lengths (and therefore volumes), the effective particle diameters, the solvent 

viscosity and the temperature. We will define these parameters later in this work as they 

pertain to dispersions of CNCs. Given the range of Dr,0 for different populations of rods, the 

definition of a single Per for the entire dispersion is not trivial. Therefore, in the results to 

follow, we will typically report results with respect to a dimensional deformation rate. 

However, in some cases we will report Per with respect to Dr,0 for a rod with the number 

average length of the distribution. The number average length for the dispersion is 168 nm, 

which gives Dr,0 = 8.4 s-1. Using this monodisperse approximation for the full length 

distribution produces a similar prediction for the shear viscosity in the Dhont-Briels theory. 

7.3.2 Predicting small angle scattering from concentrated, aligned systems 

Small-angle scattering is a technique that probes density correlations (e.g., electron scattering 

length density (SLD) in x-ray scattering and neutron scattering SLD in neutron scattering) in 

a material of interest. In this work, we assume elastic scattering events from a homogeneous 
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dispersion of particles with uniform scattering length density (i.e., homogenous composition) 

and that interparticle and intraparticle scattering correlations do not interfere. Under these 

assumptions, the scattering from material at a scattering wavevector, 𝐪 =
4𝜋

𝜆
sin (

𝛉

𝟐
) where 𝛉 

is the scattering angle and 𝜆 is the wavelength of the incident radiation, is 

𝐼(𝐪)̅̅ ̅̅ ̅̅ = 𝜙(Δ𝜌𝑆𝐿𝐷)2𝑉𝑝𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝐼𝑖𝑛𝑐𝑜ℎ   (7.14) 

where 𝜙 is the volume fraction of particles, Δ𝜌 is the SLD contrast between the particle and 

the suspending fluid, 𝑉𝑝 is the average particle volume, 𝑃(𝐪) is the contribution from 

intraparticle correlations (i.e., the form factor), 𝑆(𝐪) is the contribution from interparticle 

correlations (i.e., the structure factor) and Iincoh is the incoherent scattering cross section (i.e., 

background scattering). The overbars in the expression indicate ensemble averages of the 

quantities where in this work we only consider averages over N(p), i.e., �̅� = ∫ 𝑑𝐩 𝑋 𝑁(𝐩) for 

any X. This implicitly assumes that the orientation distribution of particles completely defines 

the structure of the system (i.e., modifications to g(R) are fully determined by N(p)). 

Assuming that intraparticle correlations are decoupled from interparticle correlations (i.e., the 

system is homogeneous in that N(p) and g(R) are uncorrelated and the same for every 

particle), one can independently ensemble average over 𝑃(𝐪) and 𝑆(𝐪), i.e., 𝑃(𝐪)𝑆(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =

𝑃(𝐪)̅̅ ̅̅ ̅̅  𝑆(𝐪)̅̅ ̅̅ ̅̅ .54 The theory for calculating the contribution due to 𝑃(𝐪)̅̅ ̅̅ ̅̅  for a given orientation 

distribution function is described elsewhere in chapter 6, and in this work we will focus on 

determining scattering contributions due to 𝑆(𝐪)̅̅ ̅̅ ̅̅ . 

 Neglecting the forward scattering contributions, i.e., those at q = 0, 𝑆(𝐪)̅̅ ̅̅ ̅̅  is related to 

the orientationally averaged Fourier transform of 1- 𝑔(𝐑, 𝐩, 𝑡) as  

𝑆𝐶𝑀(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 1 − 𝜌 ∫ ∫ ∫ 𝑑𝐑𝑑𝐩𝑑𝐩′𝑁(𝐩)𝑁(𝐩′)𝑒−𝑖 𝐪∙𝐑(1 − 𝑔(𝐑, 𝐩, 𝐩′)) (7.15) 
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𝑆(𝐪)̅̅ ̅̅ ̅̅ = (1 −
(𝐹(𝐪)̅̅ ̅̅ ̅̅ )

2

𝑃(𝐪)̅̅ ̅̅ ̅̅
𝑆𝐶𝑀(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅) 

where 𝜌 is the number density of rods and 𝐹(𝐪)̅̅ ̅̅ ̅̅  is the orientationally averaged form factor 

amplitude (see chapter 6). The second line of equation 7.15 contains the decoupling 

approximation that is necessary to correct the center of mass structure factor, Scm, for systems 

with orientation distributions.54–56 The prediction by Onsager for the spatial distribution 

function (equation 7.7) results in a structure factor that is orientation-dependent, but not 

dependent on the magnitude of q, due to the lack of R dependence. The q-dependence of 

measured structure factors for rodlike materials is well documented, including later in this 

work for the CNC dispersions to be tested.17,57 These observations show that a structure factor 

derived from the Onsager approximation is an inadequate description of the structure of the 

CNC dispersions. Therefore, a different approach is required for the analysis of the effects of 

the spatial structure on the SAS from rodlike dispersions. 

To determine S(q), we will consider is the Random Phase Approximation (RPA) for 

stiff particles that leads to analytical solutions for 𝑆(𝐪)̅̅ ̅̅ ̅̅ .27,28 In this work, we will neglect 

contributions from nematic interactions between rods, which leads to 

𝑆(𝐪)̅̅ ̅̅ ̅̅ ≈ (1 + 𝛽𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
−1

     (7.16) 

where 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  is the form factor of a system of particles with hard rod interactions whose 

spatial distribution function approximates the spatial distribution function of the system of 

interest and 𝛽 = 2𝜌𝜙𝐵2 where 𝜌 is the density, 𝜙 is the volume fraction and B2 is the second 

virial coefficient, which describes the strength of interactions between rods. In the 

thermodynamic limit, 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  will only be a function of N(p) and β will be constant for a 

system with equivalent particle interactions and concentration. For purely hard rod 
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interactions, 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑃(𝐪)̅̅ ̅̅ ̅̅ , but we propose here that 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  may also be adjusted to 

approximate longer range interactions between particles, e.g., electrostatic interactions, by 

increasing the effective particle’s dimensions, which is an idea consistent with previous 

modifications to effective excluded volume potentials due to an electrical double layer.14,49,58–

60 The use of an effective hard rod potential to derive a modified structure factor relies on the 

decoupling approximation for the form factor and structure factor that was discussed 

previously. In this work, we will only consider cylindrical shapes of the effective excluded 

volume potential for the calculation of 𝑃𝑒𝑓𝑓(𝐪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . This assumes that the rotational diffusion 

around the long axis of the non-circular CNC particles is very fast, effectively averaging the 

interactions due to the non-circular cross section into interactions resembling a circular cross 

section. 

 In this work, we will use 𝑆(𝐪)̅̅ ̅̅ ̅̅  derived from RPA to determine the size, shape and 

strength of the effective potential between CNC particles at equilibrium (i.e., with an isotropic 

N(p)). Additionally, the expression given by the RPA will be used to make predictions for the 

non-equilibrium scattering in shear flow using the numerically simulated N(p) described in 

Section 7.3.1, and compared with flow-SAS measurements. 

7.4 Results 

7.4.1 Rheological characterization of CNC dispersions 

We begin by reporting a rheological characterization of CNC dispersions in steady simple 

shear flow. For the purposes of clearly capturing effects from interparticle interactions, we 

report the specific viscosity normalized by the volume fraction (i.e., 𝜂𝑠𝑝/𝜙 = (𝜂 − 𝜂𝑠)/𝜙𝜂𝑠 

where 𝜂 = 𝜎12/�̇� is the viscosity and 𝜂𝑠 = 0.16 Pa s is the solvent viscosity). Normalizing the 
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viscosity in this way removes effects that vary linearly with concentration and allows us to 

isolate the ‘single particle’ contribution to the viscosity. For the case of non-interacting 

particles, 
𝜂𝑠𝑝

𝜙
 will be the same regardless of concentration. For the experimentally measured 

normalized specific viscosities, the solvent viscosity, 𝜂𝑠, was determined to be 0.16 Pa s 

through rheological measurements. The measured viscosities are included in Fig. 7.1.    

       We are also interested in predictions from the Dhont-Briels theory for the CNC 

dispersions. This theory was outlined previously and requires knowledge of the concentration 

of particles, the distribution of particle lengths, the particle diameters, the solvent viscosity 

and the temperature. The concentration, solvent viscosity and temperature were defined 

previously for the dispersions. Due to the rectangular cross section of the CNCs, we consider 

an effective diameter 𝑑 = 2√𝐴𝐵/𝜋 where A and B are the cross-sectional dimensions of the 

CNC particles. This construction chooses d such that the correct particle cross-sectional area 

is captured. Finally, for the particle length distribution, we adapt the length distribution 

reported in the work of Reid et. al. determined from AFM measurements of CNC particles 

from the same source as those used here (the exact distribution used here is included in the 

SI).30 We have analyzed the effect of polydispersity found that the length distribution is 

sufficiently discretized such that the use of discrete lengths in the theory does not have a 

noticeable effect on predictions. Using these values with no adjustable parameters, the 

theoretical predictions for 𝜂𝑠𝑝/𝜙 are included in Fig. 7.1.  
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Figure 7.1: Steady shear rheological characterization of CNC dispersions in a 90/10 

glycerol/water solvent. The measured specific viscosity as a function of shear rate is included 

at the colored points. The dispersion concentrations ranging from 0.75 vol% to 3.0 vol% are 

indicated by the colors ranging from purple to red, respectively. Predictions from the Dhont-

Briels polydisperse theory described in the text are included as the solid lines with colors 

corresponding to similar concentrations. 

 

For the measured normalized specific viscosity, we observe shear thinning that 

asymptotes to constant values at low and high shear rates. The value of 𝜂𝑠𝑝/𝜙 at low shear 

rates increases with increasing concentration, but at high shear rates the value of 𝜂𝑠𝑝/𝜙 is 

similar at all concentrations. For the theoretically predicted 𝜂𝑠𝑝/𝜙, we find similar qualitative 

trends for the shear thinning behavior and the effect of concentration. Quantitatively, however, 

the theory underpredicts 𝜂𝑠𝑝/𝜙 for nearly all shear rates, the exception being at the highest 
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measured shear rates. Furthermore, the quantitative effect of changing concentration is 

strongly underpredicted, i.e., The measured values of 𝜂𝑠𝑝/𝜙 increase much more than is 

predicted by the theory. Finally, the theory begins to show a plateau in viscosity at high shear 

rates, which is not observed in the experimental measurements. 

 We will now consider possible explanations for these differences in 𝜂𝑠𝑝/𝜙 that will 

be tested using rheo-SANS measurements. In order to offer explanations for the differences 

in 𝜂𝑠𝑝/𝜙 between the theory and experiment, it is useful to consider the physical differences 

between the experimental system and the theory. In this section, we will discuss two 

differences that we believe to be the most significant. First, the Dhont-Briels theory includes 

contributions from hard rod interactions, while the CNCs have electric double layer 

interactions between rods. It is expected that a system with charged particles to have a larger 

stress/viscosity than the uncharged system due to interactions between electric double 

layers.61,62 The effect of charge on the viscosity of fiber suspensions in simple shear flow was 

investigated theoretically by Chen and Koch,63 where the contribution to the viscosity due to 

the charge of the particles was found to decrease with increasing shear rate at low shear rates, 

but displays non-monotonic behavior at high shear rates. If we interpret the difference between 

the measured viscosity and the viscosity predicted by the Dhont-Briels theory as being 

attributable to the effect of charged particles, the measured charge contribution is consistent 

with this theoretical prediction. Parenthetically, we have attempted to simply modify the 

Dhont-Briels theory by incorporating an effective diameter and volume into the interaction 

term, akin to how adjustments due to electrostatics are made in the equilibrium Onsager 

theory.14,49,58,59 However, we find that this simple adjustment does not properly capture the 
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measured zero shear viscosity, and it is likely that a reformulation of the Dhont-Briels theory 

with charge interactions is necessary, which is out of the scope of this work. 

        Second, the Dhont-Briels theory assumes infinite aspect ratio circular cylindrical 

particles while the CNCs are finite aspect ratio particles with a rectangular cross section. The 

assumption of an infinite aspect ratio leads to a form of g(R) proposed by Onsager that does 

not vary with the magnitude of R, and also neglects the impact of hydrodynamic interactions 

between rods because the separation distances between particles are assumed to be large. With 

respect to the CNC’s rectangular cross section, one would expect the largest differences 

between theory and experiment to occur at large shear rates, when the particles become 

increasingly aligned in the flow direction. When this occurs, one may expect further shear 

thinning due to a preferential alignment of the particle’s cross section in the flow. For the 

CNCs, the effective aspect ratio of the long dimension (approximately 100 nm) compared to 

the cross-section dimensions (4 nm by 12 nm) is not all that large, whereas the theory assumes 

it to be infinite. Previous work studying the low shear viscosity of triaxial ellipsoids found 

modest decreases in the viscosity due to the non-axisymmetric particle shape at very high 

shear rates.64 The non-axisymmetric shape of the particle may contribute to the discrepancy 

between the experiment and theory at high shear rates. Regarding the form of g(R), we 

consider this difference to lead to similar discrepancies as the interaction potential between 

rods (i.e., a higher low shear viscosity than predicted by the Dhont-Briels theory). Regarding 

the impact of hydrodynamic interactions, the effect on 𝜂𝑠𝑝/𝜙 can be qualitatively estimated 

based upon the work of Shaqfeh and Fredrickson.65 For the ranges of volume fractions and 

aspect ratios of the CNC particles, one would expect the effect of hydrodynamic interactions 

to decrease the zero shear viscosity by 15% to 19% from increasing to decreasing 
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concentrations and remain unaffected by the orientation of the CNCs. Hydrodynamic 

interactions alone cannot explain the discrepancies between experiment and theory, as theory 

predicts they result in a decrease in viscosity. Therefore, incorporating electrostatic 

interactions represents the most significant correction to the Dhont-Briels theory for making 

predictions of the rheology of CNC dispersions. 

 To summarize the evaluation of differences between experiment and theory, it is likely 

that discrepancies in 𝜂𝑠𝑝/𝜙 result from the differences between the CNC system and the 

theoretical assumptions that were just described. In particular, charge interactions between 

rods are argued to increase the theoretically predicted viscosity at low shear rates, which 

becomes smaller at high shear rates. Predictions involving other effects (e.g., non-

axisymmetric shape and hydrodynamic interactions) suggest a further decrease in the theory 

predicted viscosity at all shear rates, meaning that the effect of electric double layer 

interactions may be stronger than suggested by Fig. 7.2b. The effect of hydrodynamic 

interactions is predicted to be equal for any orientation distribution of particles while the effect 

on the viscosity from non-axisymmetric particle shape will be most significant at high shear 

rates. Therefore, incorporating effects due to electric double layer interactions would appear 

to represent the most significant correction to the theory for describing the rheological 

properties of the CNCs. We now turn to in-situ measurements of the CNC dispersions in shear 

flow with SANS and in complex flows with SAXS for the purposes of providing a structural 

underpinning to the measured steady shear rheology. 

7.4.2 Equilibrium scattering from cellulose nanocrystal dispersions 

We will now report equilibrium SANS measurements of CNC dispersions and use a scattering 

model based upon the RPA model to determine equilibrium parameters related to the spatial 
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structure of the dispersions. Several aspects of the scattering model must be fixed for model 

fitting. The shape of CNCs sourced from wood are well characterized and the particles are 

known to be parallelepiped shaped with a rectangular cross section that is 4 nm by 12 nm as 

measured by SANS.35 For SAXS measurements, the particle cross section was left as an 

adjustable parameter and was found to be 5.5 nm by 18 nm likely resulting from the 

differences in contrast between SANS and SAXS (neutron scattering length density (SLD) 

compared to electron SLD). The length of the CNCs is polydisperse with a length distribution 

that has been well characterized in previous work using AFM with lengths ranging from 

approximately 95 nm to 265 nm and an average length of 134 nm. For the q-range considered 

in this work, we find that this range of lengths of the particles does not affect the model 

predictions, so we fixed the length of the CNCs at 134 nm for the purposes of the scattering 

model. The incoherent scattering cross section (Iincoh) was determined from Porod’s law based 

on the slope of a linear fit of a plot of q4 vs Iq4 where I is the scattering intensity.66 For the 

SANS measurements, we can determine the solvent SLD to compare to the anticipated value 

as a self-consistency check. The CNCs were considered to have the SLD of cellulose (𝜌𝑆𝐿𝐷,𝐶𝑁𝐶 

= 1.9 x 106 Å-2) while the solvent SLD was left as an adjustable parameter to be compared to 

the SLD predicted for the 100% deuterated solvent (𝜌𝑆𝐿𝐷,𝑠𝑜𝑙𝑣𝑒𝑛𝑡 = 7.0 x 106 Å-2). We note that 

hydrogen-deuterium exchange reduces the concentration of deuterium in the solvent, which 

reduces 𝜌𝑆𝐿𝐷,𝑠𝑜𝑙𝑣𝑒𝑛𝑡. For the SAXS measurements, we have not normalized the measured 

scattering and therefore fit a multiplicative constant to shift the curve. Finally, the shape of 

the effective excluded volume  potential was approximated to be cylindrical with a radius, Reff, 

and length, Leff, and interaction strength, β. The choice of cylindrical EV potential significantly 

reduces the computational expense of the calculations and assumes that the rotational 
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diffusion about the particle’s long axis blurs any non-axisymmetry in the interaction potential 

into an effective circular cross section. 

 With the parameters fixed as just described, the fits of the SANS measurements will 

yield parameters related to the interaction potential (Reff, Leff, and β) and the solvent SLD 

(𝜌𝑆𝐿𝐷,𝑠𝑜𝑙𝑣𝑒𝑛𝑡), the latter of which only shifts the scattering curves by a multiplicative factor 

and does not affect the shape. The measured scattering is included in Fig. 7.2 with the fits to 

the scattering model based on the RPA. For the measured equilibrium scattering from the 

CNC dispersions, we find all the measured curves have similar features for high-q (q > 0.03 

Å-1) when scaled by the different concentrations of particles or the different contrast factors 

between SANS and SAXS measurements. However, for low-q we find that different features 

appear with increasing concentration. In particular, we observe an increase in scattering 

intensity at q ~ 0.02 Å-1, which for the 3.0 vol% dispersions leads to a local maximum in 

scattering intensity. Additionally, all the SANS measurements approach a similar value of 

intensity at the lowest q measured. This observed q-dependence of the effect of concentration 

suggests that the structure factor contribution to the scattering is q dependent, which 

invalidates the Onsager approximation for the CNC dispersion. When comparing the 

measured scattering to the fits based on the RPA model, we find that the fit (dashed black 

lines) properly captures the measured intensity for all measured q for all concentrations and 

radiation sources (i.e., SANS vs. SAXS). 
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Figure 7.2: Equilibrium SAS measurements of the CNC dispersions considered in this work. 

The measured intensity is included as a function of q for the 0.75 vol% (blue), 1.5 vol% 

(yellow), and 3.0 vol% (orange) CNC dispersions measured with SANS (pink, with units of 

cm-1) and for the 3.0 vol% CNC dispersion measured with SAXS (with units of photons). 

Black lines are included as the fits of the measured intensity to the model described in the 

main text. 

 

Table 7.1 includes the parameters extracted from the fits of the equilibrium scattering. 

For the 𝜌𝑆𝐿𝐷,𝑠𝑜𝑙𝑣𝑒𝑛𝑡, we find that the fitted value remains consistent across the different 

samples. Furthermore, the value is slightly lower than the anticipated solvent SLD, and 

therefore likely corresponds to some degree of deuterium exchange. The agreement between 

these values suggests that the CNC dispersions are near the prepared concentrations. 

Additionally, the extracted incoherent background values are consistent with what is expected 

for deuterated aqueous dispersions. For the fitted effective potential parameters with the RPA, 
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we find more physically realistic values. For Leff, we find that the fits converge to values 

greater than 100 nm, which is approximately the largest resolvable value from SAS 

measurements. This is physically consistent with the dimensions of the CNCs because the 

average particle size is greater than 100 nm. For the effective excluded volume radius, Reff, 

we find that the fitted value varies between approximately 15 nm and 23 nm depending on the 

concentration and whether the sample was measured in SANS or SAXS. If we compare these 

values to the longest cross-sectional dimension of the CNCs, which corresponds to a radius of 

6 nm, we find that the effective EV radius is between 9 and 17 nm larger than would be 

expected for purely hard rod interactions. We propose that the enhanced effective EV effect 

is due to electrical double layer interactions between CNC particles as these distances are 

approximately equal to the expected Debye length proposed for dispersions of CNCs with no 

added salt.67 For the samples measured with SANS, we find that Reff decreases with increasing 

concentration, which can be explained by an increase in ionic strength of the solvent (i.e., 

decreasing Debye length). CNCs are known to have counterions that disassociate in solution. 

These added counterions increase the ionic strength of the dispersion, which reduces the 

effective EV radius. The samples prepared for SANS and SAXS have different Reff, which we 

attribute to the differences in contrast between the measurements that was previously 

mentioned when discussing the different shape parameters between the measurements. 

Therefore the differences between SANS and SAXS at all q-values can be attributed solely to 

the form of contrast in the measurement. Finally, for β, the interaction strength parameter 

(recall 𝛽 = 2𝜌𝜙𝐵2), we find that the value proportionally increases with increasing 

concentration. This is consistent with the explanation that an increase in concentration will 

directly increase the effective interaction strength between particles. 
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Table 7.1: Parameters from fits of the equilibrium SAS measurements. The first three 

samples correspond to measurements with SANS while the fourth sample corresponds to a 

SAXS measurement. 
Sample 3.0 vol% 1.5 vol%  0.75 vol% SAXS 3.0 vol% 

𝝆𝑺𝑳𝑫,𝒔𝒐𝒍𝒗𝒆𝒏𝒕 x 10-6 [Å-2] 6.18 6.26 6.19 - 

Iincoh  [cm-1 or photons] 0.134 0.120 0.0867 1.57 

Reff [nm] 15.4 20.6 23.5 20.0 

Leff [nm] >100 >100 >100 >100 

β 10.6 5.69 2.00 10.9 

 

From the fits of the equilibrium SAS measurements of CNC dispersions, we find that the 

scattering model utilizing the RPA results in physically consistent parameters for the 

interactions between CNCs. In the following sections, we will include scattering model 

predictions using the RPA with the parameters included in Table 7.1. 

7.4.3 Rheo-SANS measurements of CNC dispersions in simple shear flow 

We now turn to in situ SANS measurements of CNC dispersions in the flow-gradient plane of 

simple shear flow to probe the structural changes in the dispersion with varying shear rate. 

First, we compare the measured 2D SANS patterns to predictions from the RPA model 

(equations 7.13 and 7.15) for the CNC dispersion with parameters fit from equilibrium 

measurements. The RPA model requires a prediction for the full orientation distribution 

function, N(p) and we utilize the numerical simulation procedure described in the theory 

section with 𝐷𝑟,𝑒𝑓𝑓 chosen such that the anisotropy (Af) in the SANS patterns at high-q (where 

contributions from the structure factor are insignificant) is equal to the measurements. We 

reiterate that the use of a shear-rate or degree-of-alignment-dependent Dr,eff for the simulation 

of N(p) is consistent with theories for the dynamics of elongated particle dispersions. For the 

first comparison, we focus on a single concentration, the 3.0 vol% dispersion, and three 

representative shear rates of 0, 10 and 1000 s-1. The experimental results reported here are 
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representative of the patterns measured and predicted for other concentrations and shear rates, 

and we will utilize this full comparison to develop a simplified analysis of the patterns to draw 

larger conclusions about the dispersion’s behavior. The representative measured SANS 

patterns, predictions and decomposition of the contributions from the form factor and structure 

factor are included in Fig. 7.3. 

Figure 7.3: Representative rheo-SANS measurements and RPA theory predictions for the 3.0 

vol% CNC dispersion at (a) 0 s-1 (equilibrium) (b) 10 s-1 and (c) 1000 s-1. Also included are 

the decomposition of theory predictions into contributions from the form factor and structure 

factor. All patterns provide the respective value on a logarithmic scale indicated by the color 

bars to the right of the patterns. The patterns are reported in qx, qy coordinates, which 

correspond to the flow and gradient directions, respectively. The white region in the center of 

the patterns indicates the beam stop. The dotted and solid concentric circles define the limits 

of the q-ranges used for the high-q Af and low-q Af analyses respectively. 

 

 For the experimentally measured SANS patterns (Fig. 7.3), we find increasing 

anisotropy with increasing shear rate. This anisotropy is indicative of the alignment of CNC 
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in a shear field, where the direction of most probable alignment (indicated by the direction of 

minimum intensity) shifts from 45° in the flow-gradient plane to the flow direction with 

increasing shear rate. In addition to this anisotropy that extends for all q, we find the 

development of local maxima in the patterns, which we will refer to as “lobes”. These lobes 

increase in sharpness with increasing shear rate and are always located along the direction of 

maximum intensity. The proposed explanation for these lobe features will be discussed later. 

However, when comparing the experiments to the model predictions, we find excellent 

agreement between the anisotropy in the patterns and the location of the lobes. This result 

suggests that the scattering model based on the RPA with parameters determined at 

equilibrium capture the main features of the measured scattering for non-equilibrium, flow 

aligned CNCs. The implications of this finding are that the assumed form of the orientation 

distribution function with Dr,eff is a good approximation and that thermodynamically driven 

modifications to the spatial distribution function as a result of flow-induced particle alignment 

are more significant than shear-rate-dependent effects. Disagreements between the experiment 

and model (beyond the experimental noise) are small and primarily result from an 

overprediction of the maximum intensity at the center of lobes by the model. This 

disagreement is only observed at the highest shear rate. This disagreement will be very 

important in the analysis to follow and, because the discrepancy is only found at low-q, we 

assert that it results from either disagreements in the strength or the range of interactions 

between CNCs. 

 We now seek to explain of the development of lobes in the measured scattering, aided 

by the model predictions. As discussed before, the model prediction produces similar lobe 

features, which result from competing contributions from the form factor and the structure 
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factor. The product of these two contributions yields the scattering intensity. The form factor 

contribution produces an anisotropic pattern that monotonically decreases in intensity with 

increasing q for all directions. Conversely, the structure factor has a value equal to 1 in the 

high-q regime and decreases below 1 in the low-q regime. In the low-q regime, the structure 

factor has the opposite anisotropy compared to the form factor, where regions of higher S(q) 

are along the direction that the particles are aligned. Qualitatively, this effect is a result of the 

excluded volume interactions in the RPA model, where the centers of mass of neighboring 

particles are more likely to be located in directions where the particles are not aligned. We 

assert that the appearance of lobes is directly related to this opposing relationship between 

form factor and structure factor. We stress that the appearance and location of the lobes has a 

complicated dependence on the particle size, spatial distribution function and orientation 

distribution function. For this reason, we will not characterize the peak intensity and location 

and instead we will develop a more general analysis tool that can be used in the 

characterization of scattering from concentrated systems regardless of whether lobed features 

appear. 

 We now introduce a more general procedure for parameterizing the scattering from 

concentrated systems to deconvolute the contributions from intraparticle and interparticle 

(spatial) structure. One of the most common means of parameterizing anisotropy in scattering 

patterns is to define an alignment factor (Af, see the Methods section for the definition), taking 

values from 0 to 1, that quantifies the scattering anisotropy from perfectly isotropic to a delta 

function along some direction. In the absence of interparticle interactions, Af remains nearly 

independent of q for q-ranges probing length scales (𝑞~
2𝜋

𝑙
, where l is the length scale of 

interest) between the cross section of the particle and the length of the particle (for CNCs, 
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0.05 Å-1 < q < 0.006 Å-1).43 As shown in Fig. 7.3, the impact of particle interactions (i.e., 

structure factor) manifests at lower-q, corresponding to the interparticle separation distance 

(for CNCs, q > 0.02 Å-1). For the RPA model when β > 0, the contribution from the structure 

factor leads to a lower intensity along the off-alignment direction and a higher intensity along 

the alignment direction (the opposite of contributions from the form factor), which leads to a 

lower calculated Af in this low-q regime. Therefore, by comparing the values of Af calculated 

in two different q-ranges, Af,high-q and Af,low-q (see the black circles in Fig. 7.3c), the relationship 

between these two factors will be indicative of the spatial structure of the dispersion. In 

general, one should choose q-ranges corresponding to regions where the scattering is 

dominated by form factor scattering for Af,high-q and regions where the structure factor 

contributions are non-negligible for Af,low-q. If a model for the form factor of the particle is not 

available, one should choose Af,high-q such that qL > 1 and Af,low-q such that qL < 1  where L is 

the presumed average spacing between particles. The analysis proposed here can be used in a 

qualitative way in arbitrary aligned particle systems to assess differences between the 

intraparticle structure and interparticle structure; however, a quantitative analysis is possible 

through the use of a scattering model. We will utilize this analysis on both the experimental 

SANS patterns and the model predicted SANS patterns with varying interaction strength (i.e., 

the β parameter in equation 15) in order to determine the degree that particle interactions 

change in flow. In the SI, we demonstrate that a shorter effective EV radius produces a 

qualitatively similar effect in the alignment factor analysis as an increase in the interaction 

strength, however we will focus here on varying interaction strength as the position of the 

lobes does not change compared to the model predictions. 
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 Figure 7.4 includes the alignment factor analysis for the CNC dispersions at varying 

concentration. Fig. 7.4a includes Af,high-q (corresponding to intraparticle alignment) as a 

function of shear rate for the three concentrations tested. We find that Af,high-q monotonically 

increases with increasing shear rate and higher concentrations have a higher value of Af,high-q 

for all shear rates. This behavior is predicted by the Dhont-Briels theory because all shear 

rates tested are within the nonlinear regime (i.e., Per > 1) and particle interactions lead to 

higher degrees of alignment. Figs. 7.4b-d include a comparison of Af,high-q and Af,low-q at all 

shear rates tested (indicated by the black points) as well as predictions from the RPA scattering 

theory for CNCs with EV interactions (colored lines). Importantly, we find that the scattering 

model predicts equal values of Af,high-q and Af,low-q when there are no interactions between rods 

(β = 0) and values of Af,low-q that are less than Af,high-q for higher values of the interaction 

parameter. For all dispersions, we find a monotonic increase of Af,low-q with increasing Af,high-

q and the value of Af,low-q is always less than Af,high-q. Based upon the argument of the previous 

section and the comparison to the model predictions, this indicates that the CNCs have 

repulsive interactions. For the 3.0 vol% dispersion, we find that the measured Af,low-q as a 

function of Af,high-q correlates with model predictions with β ~ 10 for low values of Af,high-q, in 

line with the fitted β value from the equilibrium measurement (see Table 1). However, when 

Af,high-q increases, the value of Af,low-q correlates with model predictions with β ~ 20. This result 

suggests that as the CNCs align to a higher degree, the effective interactions between rods 

becomes stronger. A similar result is found for the 1.5 vol% dispersion, where for low values 

of Af,high-q the value of Af,low-q correlates with the model prediction with β near it’s equilibrium 

value (β ~ 5), but at high values of Af,high-q the measured Af,low-q correlates with model 

predictions for a higher value of β (~10). This transition to a higher value of β occurs smoothly 
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and does not correspond to a specific value of Af,high-q,. A similar increase in β is not observed 

in the 1.0 vol% dispersion, and the measured value of Af,low-q as a function of Af,high-q 

corresponds to the equilibrium value of β ~ 2 for all shear rates.  
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Figure 7.4: Alignment factor analysis for the CNC dispersions measured with flow-SANS in 

steady simple shear flow. (a) The high-q Af as a function of shear rate for the CNC dispersions 

at 3.0 vol% (red), 1.5 vol% (yellow) and 1.0 vol% (blue). Af,high-q mostly include effects from 

the alignment of particles. (b-d) A comparison of Af,high-q and Af,low-q (black points) for the 

CNC dispersions at (b) 3.0 vol%, (c) 1.5 vol% and (d) 1.0 vol%. Also included in figures b-d 

are predictions (colored lines) from the CNC scattering model with RPA, the shape parameters 

in Table 1 and varying interaction strength (β) from non-interacting (β = 0) to significant 

interactions (β = 20). 
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To summarize the alignment factor analysis, we find shear rate and concentration 

dependent changes to the spatial distribution function and the resulting S(q) as parameterized 

by the relationship between Af,low-q and Af,high-q. A comparison to an RPA-type scattering model 

suggest an increase in effective strength of interactions between CNCs as a result of 

interparticle alignment due to the non-equilibrium shear flow. We will return to this result 

later to discuss possible structural and physical explanations for this effect. However, we are 

first interested to determine how these observed non-equilibrium effects may depend on the 

type of fluid deformation encountered using measurements in other flow types (e.g., 

extensional flows). 

7.4.4 FFoRM-SAXS measurements of CNC dispersions in complex flow histories 

We now focus on FFoRM-sSAXS studies of the 3.0 vol% CNC dispersion. As mentioned 

previously, the FFoRM-sSAXS technique enables one to probe the SAS from complex fluids 

under tunable, complex flow histories. In particular, we focus on measurements of SAS in a 

region of homogeneous flow where different spatially resolved SAS patterns correspond 

approximately to different levels of accumulated strain under said imposed flow. In particular 

we will report parameters of the SAS as a function of the imposed flow type, deformation rate 

and distance from the stagnation point. The distance from the stagnation point correlates with 

the accumulated strain in the system, as points that travel closer to the stagnation point 

accumulate more strain before being convected away from the measurement region. We note 

that this metric does not directly correlate with accumulated strain, as some regions far from 

the stagnation point contain material that has previously traveled close to the stagnation point. 

This discrepancy will not affect the qualitative conclusions we draw from this metric. 

Additionally, we will compare the results to scattering model predictions in planar extensional 
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flow with the parameters listed in Table 7.1. We found that the flow type (simple shear vs 

extension) does not play a sufficiently significant role in the relationship between Af,high-q and 

Af,low-q to affect the conclusions of this study. 

In the first FFoRM-sSAXS study, we probe the influence of flow type (from simple shear 

flow to extensional flow, Λ from 0 to 1) at a finite deformation rate (G ~ 10 s-1). The alignment 

factor analysis is included in Fig. 7.5a, where corresponding values of Af,high-q and Af,low-q are 

included as a function of the flow type (color hue, from green to red corresponding to from 

simple shear to extensional flow, respectively) and distance the measured point is from the 

stagnation point (color darkness) as indicated by the color box to the right of the plot. We find 

that flow types that are closer to pure planar extension and measured points that are closer to 

the stagnation point produce more alignment of the particles (i.e., higher Af,high-q). When 

comparing measured Af,low-q values for similar values of Af,high-q, we find that all points fall 

onto a single trend matching the scattering model’s prediction (black lines) for the interaction 

strength, β ≈ 10, determined from equilibrium measurements. This result suggests that for 

these relatively low deformation rates, the flow-induced changes to the spatial distribution 

function are independent of the type of the imposed flow. Because hydrodynamic interactions 

between rods would depend on the flow type and accumulated strain, we therefore conclude 

that the changes to the structure resulting from interparticle alignment are primarily 

thermodynamically-driven, and not hydrodynamic interactions. Therefore, we find that, for 

the case of these relatively mild deformation rates, the entire range of structural responses 

across different flow histories are accurately captured by the extended RPA model with a 

single scalar interaction parameter, β, whose value is approximately invariant to the degree of 

orientational order in the system. 
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Figure 7.5: Alignment factor analysis for the 3.0 vol% CNC dispersion measured with 

FFoRM-sSAXS in complex flows. Also included are predictions (labeled black lines) from 

the CNC scattering model with RPA in extensional flow, the shape parameters in Table 1 and 

varying interaction strength (β) from non-interacting (β = 0) to significant interactions (β = 

50). 
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In the second FFoRM-sSAXS study, we probe the influence of deformation rate for a 

fixed extensional flow type. In Fig. 7.5b, the corresponding values of Af,high-q and Af,low-q are 

included as a function of deformation rate (color hue) and distance from the stagnation point 

(color darkness) as indicated by the color box to the right of the plot. We find that higher 

extension rates and accumulated strains tend to produce more aligned particles (i.e., higher 

Af,high-q). In contrast to the previous FFoRM-sSAXS study at fixed low deformation rate, we 

no longer find that Af,high-q vs. Af,low-q follows a single, deformation-rate independent trend. 

Instead, we find that values of Af,low-q decrease for a given value of Af,high-q with increasing 

extension rate. Furthermore, all the measurements at the same extension rate but different 

distances form the stagnation point (accumulated strains) fall onto a similar trend, suggesting 

that whatever is causing the shift in Af,low-q for a given Af,high-q is rate-dependent, but in a way 

that is independent of the accumulated strain. When comparing the measured points to the 

scattering model predictions (black lines), we find that the lowest extension rates (5 and 10 s-

1) correspond to interaction strengths, β ≈ 10, equal to those determined from the equilibrium 

measurements, and coincident with the findings of the first FFoRM-sSAXS study. However, 

for the higher rates, the value of β shifts to β ≈ 20 and β ≈ 50 for the 50 and 100 s-1 

measurements, respectively. These values of interaction strength are much larger than those 

suggested by the measurements in simple shear flow with SANS, even though those 

measurements were made at deformation rates an order of magnitude higher. This result 

suggests that the flow type does play a significant role in determining the effective non-

equilibrium interparticle interactions and thus the dispersion’s spatial structure, but only in a 

way that manifests at sufficiently high deformation rates. 
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 To summarize the results of the FFoRM-sSAXS studies, we find that measurements 

of interparticle structure at low deformation rates (10 s-1) across varying flow types can be 

explained by effective excluded volume interactions between CNCs that match those found 

at equilibrium. This trend holds regardless of the accumulated strain in the flow field. 

However, for extensional flows at increased deformation rates, we find that the measurements 

can no longer be explained by a near-equilibrium structuring, and that the effective interaction 

strength between CNCs increases with increasing deformation rate. Furthermore, the onset of 

deformation rate-dependent effects occurs at lower deformation rates in extensional flow than 

in simple shear flow and leads to a higher effective interaction strength between particles. 

Again, while these results are rate-dependent, they do not appear to depend on the 

accumulated strain in the flow (i.e., the alignment of the particles). 

7.5 Discussion 

We will now summarize the results of the combined studies and attempt to explain the results 

in terms of mechanisms that are not currently included in constitutive theories for rodlike 

dispersions. From SAS measurements of CNC dispersions at equilibrium, we find that the 

scattering could be described using a scattering model derived using the RPA with a longer 

range effective excluded volume to account for an electric double layer. The effective 

excluded volume range decreases with increasing concentration, likely due to a changing ionic 

environment with increasing concentration, and the interaction strength increases 

proportionally with the CNC concentration. We also determine that the approximation for 

g(R) proposed by Onsager and used in modern theories of rod dispersions does not describe 

the measured scattering from CNC dispersions. From a steady shear rheological 

characterization of the CNC dispersions and a comparison to a theory of polydisperse, 
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interacting rods, we find that the CNCs qualitatively behave like a model rod dispersion, but 

measured viscosities are larger than those predicted from theories for hard rod dispersions. 

We mainly attributed these deviations in the theory to not properly incorporating an additional 

effective excluded volume due to electrostatic interactions, but also noted a larger degree of 

shear thinning at high shear rates that may not be accounted for by this explanation alone.  

 From flow-SAS measurements in simple shear and complex flows, we find that the 

non-equilibrium scattering from CNC dispersions can be explained remarkably well over a 

large set of flow conditions by the scattering model derived from the RPA with parameters 

determined from equilibrium measurements, suggesting that thermodynamically-driven 

interactions dominate the effects of interparticle orientation on the spatial structure of the 

suspensions. The notable exceptions to this observation occur at high deformation rates (> 

200 s-1 in simple shear flow and >50 s-1 in extensional flow) where the magnitude of the 

correlation peak was lower than predicted. This change was proposed to be due to a 

deformation rate-dependent spatial structure that either increases the effective strength of 

interactions or reduces the effective excluded volume range with increasing rate. 

 In order to aid in the physical description of the deformation-rate dependent effects on 

the spatial structure of the dispersion, Fig. 7.6 provides a pictorial representation of the 

observed deformation rate dependent changes to the spatial structure. At low deformation 

rates and concentrations, the rate-independent, thermodynamic spatial structure is observed, 

which is only a function of the equilibrium interaction potential and the orientation 

distribution of rods. As the deformation rate is increased for the higher concentration CNC 

dispersions, the dispersions become more ordered (i.e., the effective repulsive interactions are 

stronger) than is predicted by the equilibrium interaction potential. There are two possibilities 
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(or combinations thereof) for this observation.. The first possibility is that the effective 

interaction strength is increased, which results in a spatial structure that looks like the 

equilibrium structure of a higher concentration dispersion. In this situation, the CNC particles 

are more correlated in their spatial locations. This possibility suggests that flow can spatially 

order a rod suspension beyond what is possible with an equilibrium description of the system. 

The second possibility is that the effective EV radius of the CNCs is decreased. This decrease 

in effective EV radius has several possible explanations. The first possible explanation is that 

the charge cloud around the CNCs is distorted and stretched into the flow direction (a 

nonlinear primary electroviscous effect) or that the flow pushes the CNCs close together such 

that their electric double layers overlap (a nonlinear secondary electroviscous effect).62 The 

second possible explanation is that the decreased effective EV radius is due to hydrodynamic 

interactions between CNCs, that leads to clustering of CNCs along the flow direction. It is 

known for dispersions of spherical particles that hydrodynamic forces can cause such clusters 

to form along the flow direction.26 Since the SAS measurements are not sensitive to clustering 

on length scales greater than the length of the CNCs (where signatures of such clustering 

would be observed) we cannot conclusively validate or rule out this possibility. 
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Figure 7.6: Schematic representation of the possible deformation rate-dependent spatial 

structural changes in the CNC dispersions as measured with SAS. Included are projections of 

a test rod (red cylinder) and nearest neighbor rods (gray cylinders). (top) For Per less than 1, 

the flow is not strong enough to align the rods and the dispersion is isotropic in both the 

orientational and spatial structure. At high Per, flow drives the alignment of particles, which 

modifies the orientation distribution. This modification to the orientation distribution in turn 

drives modifications to the spatial distribution of particles due to anisotropic interactions. 

(bottom) For similar orientation distributions, different applied deformation rates lead to 

different spatial distributions of particles. At low deformation rates, the particles adopt the 

spatial distribution predicted by thermodynamically driven interactions between particles. At 

high deformation rates, the spatial distribution is more ordered than is predicted solely by 

thermodynamically driven interactions..  

 

 The previously mentioned explanations for the observed phenomena can be tested with 

future refinements to theories of rodlike dispersions. Firstly, new theoretical developments for 

the prediction of the rheology of charged rodlike systems are needed. As we have 

demonstrated in this work, the use of an effective excluded volume to describe the structure 



 

 268 

of CNC dispersions appears to be a good approximation, although the complexities associated 

with alignment-dependent EV under some conditions must be carefully explored. The 

incorporation of an effective excluded volume potential into the Dhont-Briels theory would 

likely lead to a better prediction of the low shear viscosity measured here. Additionally, a 

reformulation of the theory for rods with the use of a different approximation for g(R) (ideally 

based upon the RPA) would provide greater consistency with measurements of CNCs and 

rods of finite aspect ratio in general. With these theoretical developments, the more interesting 

high deformation rate behavior of the CNC dispersions can be analyzed from a rheological 

point of view. 

 More generally, further developments in experiment and theories for charged rod 

dispersions could better explain the nature of the high deformation rate non-equilibrium 

structural transitions measured here. To experimentally test explanations involving charge 

interactions between CNCs, dispersions of CNCs in solvents with a very short Debye length 

would enable the minimization of these phenomena. Tuning the Debye length can either be 

accomplished through the use of a solvent with a low dielectric constant or the addition of salt 

to screen charges.68 If the effects observed in this work remain, then they must be associated 

with other physical phenomena (e.g., flow induced structures as a result of hydrodynamic 

clustering). 

7.6 Conclusions 

In this work, we used a combination of rheology and structural characterization with small-

angle scattering (SAS) to probe the non-equilibrium structure of cellulose nanocrystal (CNC) 

dispersions in a viscous solvent at varying concentrations. By comparing the results of 

equilibrium SAS to theories for the structure, we found that a commonly used approximation 
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proposed by Onsager for the spatial distribution function fails to describe the structure, while 

the RPA properly captures the dispersion’s spatial structure. By comparing rheological 

measurements to modern theories for the dynamics and rheology of rigid rod dispersions, we 

find that the viscosity is systematically underpredicted, likely due to the effect from an 

increased effective excluded volume due to electrostatic interactions. Finally, we probed the 

non-equilibrium flow-induced structure of CNC dispersion in situ in simple shear and 

complex flows. These measurements revealed deformation rate-dependent structuring in the 

CNC dispersion that results from either increased effective interactions between rods or a 

reduced effective excluded volume radius. This measured effect was related to deformation 

rate-dependent phenomena such as hydrodynamic clustering and flow enhanced concentration 

fluctuations that are known to occur in other complex fluid systems. Finally, new experiments 

were proposed to better test these possibilities for the observed effect. 

 Beyond learning more about CNC dispersions, and rodlike dispersions more generally, 

the phenomena observed in this work were revealed by a novel analysis protocol for isolating 

the individual contributions of particle orientation and spatial structure to the scattering of 

anisotropic fluids. The analysis, based upon parameterizing the scattering anisotropy at q-

ranges corresponding to different aspects of the structure, enables a model-free means of 

determining the nature of particle interactions and how these change in non-equilibrium fields. 

Guided by the use of non-equilibrium scattering models, we demonstrated how this qualitative 

analysis could be translated into quantitative parameters related to the effective interaction 

potential between CNCs. The new analysis tool and findings obtained from them regarding 

the flow-induced structure of elongated particle dispersions could lead to more accurate 
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models of flow-induced (orientational and spatial) structure and rheology, thereby enabling 

better control of fluid structure and properties in processing applications. 
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Chapter 8  

Fingerprinting soft material nanostructure 

response to complex flow histories 

This chapter is adapted from ‘Patrick T. Corona*, Barbara Berke*, Jiamin Zhang, Manuel 

Guizar-Sicairos, L. Gary Leal, Matthew E. Helgeson, Marianne Liebi, Fingerprinting soft 

material nanostructure response to complex flow histories'. The asterisk designates co-first-

authorship. 

8.1 Introduction  

Fluids with complex, i.e., non-Newtonian, responses to imposed flow fields are ubiquitous in 

the industrial production of many soft materials.1 Complex fluids are subjected to diverse 

flows fields as they are convected through such processes; for example, extensional flows 

encountered in contractions/expansions or simple shear flows experienced in flow through 

straight pipes or channels. These processes use flow fields to produce fluid microstructures 

that are out-of-equilibrium because fluid properties, e.g., the fluid stress, are ultimately 

dictated by the structure of the fluid. Determining processing-structure-property relationships 

represents a grand challenge in the field of soft matter, and with enhanced understanding of 

these relationships one could better predict processing requirements, e.g., the power required 

to pump the fluid, and constraints, e.g., flow instabilities2,3, for the fluid entering an existing 

process or design new processes to target a desired microstructure or flow response. 

Ultimately, the structure of fluids and therefore their properties are dependent on their 
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microstructural response to Lagrangian flow histories, i.e., following the fluid as it moves 

along the flow, which are typically inhomogeneous and complex in real processes. 

Conventionally, such complex relationships are determined through the testing of 

micromechanically derived rheological models under well-defined flow histories. This 

approach potentially biases models towards flow histories that are more easily implemented 

in experiment and simulation, such as homogeneous simple shear and extensional flows, even 

though the flow histories encountered in real processes are typically inhomogeneous and/or 

mixed flow types. Furthermore, the derivation of such micromechanical models requires two 

components: a model for the evolution of the microstructure under a given flow history, i.e., 

a processing-structure relationship and a theory for the calculation of the stress, i.e., a 

structure-property relationship. A successful comparison between experimental 

measurements and rheological models requires that both aspects of the model are correct. The 

problem is further complicated by the fact that changes to the fluid stress can change the flow 

fields, i.e., a property-processing relationship, in the form of flow modification or flow 

instabilities. An alternative strategy could be to approach these three relationships separately, 

which would enable the testing of each model/theory component individually or the use of 

data-driven methods, such as machine learning, toward the design of models. This alternative 

approach ultimately requires data sets that are representative of the processing histories that 

fluids will encounter, which are not yet experimentally feasible to generate. In this work, we 

will present newly developed experimental and analysis methods that can be used to probe the 

nanostructure of complex fluids under an unprecedentedly large set of flow histories for the 

rigorous testing of rheological models and towards the computationally-aided derivation of 

processing-structure models. 
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The development of instruments to probe complex fluid structure under complex flow 

histories was pioneered by G.I. Taylor, who developed the mechanical four-roll mill to study 

the deformation of droplets dispersed in a Newtonian fluid.4 The mechanical four-roll mill 

uses four rotating cylinders immersed in the fluid to control the flow fields in an idealized 2D 

homogeneous flow near a stagnation point, i.e., a region where the fluid velocity is zero. The 

four-roll mill design was adapted for the measurement of complex fluids with birefringence 

and small angle light scattering, which probe the alignment of the microstructure and larger 

scale (around 1 μm) microstructural features, respectively.5–7 However, logistical hurdles such 

as scaling down and sealing the device from leaks prevent the mechanically driven device 

from being implemented for use in small angle X-ray or neutron scattering applications, which 

are more ideal measurement techniques given their ability to probe nanostructural (1-1000 

nm) fluid features that are relevant for the majority of complex fluids. To circumvent many 

of the issues with the mechanical four-roll mill, a fluidic four-roll mill (FFoRM) was proposed 

by Lee et. al., where the control of near-2D flow fields is accomplished by tuning pressure 

driven fluid flow in a specially designed geometry.8 The FFoRM design was implemented for 

use in small angle neutron scattering measurements by Corona et. al., however, due to the 

large beam sizes and relatively long measurement times required by this technique, only 

studies of the fluid nanostructure in near-steady-state conditions near the stagnation point were 

accessible.9 The lack of ability to measure the fluid microstructure under time-varying flows 

greatly limits the flow histories that may be probed. Ideally to probe time-varying flow 

histories, one would temporally change the flow fields produced at the stagnation point of the 

device to simulate arbitrary processing histories, as can be achieved in mechanical four-roll 

mills. However, the slow responsiveness of pressure driven pumping systems limits one’s 
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ability to rapidly change the flows, rendering this method infeasible for studying most 

complex fluids. Alternatively, one could probe the response of complex fluids to a wide range 

of deformation histories by probing the nanostructure away from the stagnation point in a 

steady flow field, where the nanostructure of the fluid is dependent on the full Lagrangian 

flow history the material has encountered to that point. By correlating the Lagrangian flow 

histories to measured fluid structure, one can produce processing-structure data sets under a 

more diverse range of flow histories. In such measurements, the spatial resolution within the 

flow field dictates the temporal resolution of the fluid structure along a Lagrangian trajectory. 

Therefore, this approach requires measurement techniques that can resolve nanostructural 

fluid features with very fine spatial resolution. 

An ideal technique for probing fluid nanostructure with fine spatial resolution is in situ 

scanning small-angle X-ray scattering (sSAXS), which has been demonstrated as a technique 

for probing the nanostructure of complex fluids in their native flowing environment. The 

sSAXS technique using synchrotron radiation enables one to create a two-dimensional 

spatially resolved map (in this work, with 25 μm resolution) of the quantitative variation of 

nanostructural features (1-1000 nm) in a region of interest. This technique can be applied to 

any complex fluid in flow, which has enough contrast for X-ray scattering to obtain the 

dependence of, for example, nanostructure shape, conformation, alignment and size on the 

flow history the fluid has experienced.10–14  Thus, this technique can be used as an imaging 

technique, as well as to collect spatially resolved structural information. In-situ sSAXS 

measurements so far have been limited to geometries that produce specific deformation 

histories, e.g., contraction/expansion geometries15,16. However, a complete fingerprinting of 

the fluid’s response requires measurement capabilities that rapidly probe a much wider range 
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of flow histories comparable with those that are experienced in applications. Therefore, the 

implementation of the FFoRM geometry into sSAXS instrumentation represents an 

unparalleled means for probing complex fluid nanostructure under a wide range of flow 

histories. 

In this work, we will report the first, validative measurements of the FFoRM geometry 

incorporated into sSAXS instrumentation. The FFoRM-sSAXS validation study employs 

dispersions of rodlike nanoparticles dispersed in a Newtonian solvent. Rodlike nanoparticle 

dispersions are ideal systems for these studies for two reasons: the flow-induced orientation 

of the nanoparticles produces a strong signature in the scattering and dispersions of rodlike 

nanoparticles are one of the few complex fluids where a micromechanical theory exists. The 

relevant theory will be outlined in detail later in this work, but, importantly, it assumes 

completely rigid particles interacting through hard rod interactions. Therefore, probing the 

potentially corresponding roles of flexibility and particle-particle interactions would produce 

important experimental insight into how this theory may be extended to account for flexible 

particles and more complicated interaction potentials. For this study, we formulate two 

dispersions of rodlike nanoparticles: one with more rigid cellulose nanocrystals (CNCs) and 

one with more flexible cellulose nanofibrils (CNFs). Given the strong scattering signature and 

the ability to compare to micromechanical theories, the measurements reported here will offer 

the ideal starting point to begin data-driven model formulation with the possibility for 

comparisons to theory. 

In this work, we will begin by outlining the FFoRM-sSAXS validation procedure 

including how measurements are made that correspond to a wide range of flow histories and 

the formulation of the test fluids. We will follow by presenting the FFoRM-sSAXS results for 
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the CNC dispersions and track the structural evolution of the dispersion through representative 

Lagrangian flow histories to provide a sample of the substantial data sets that are acquired. 

Next, we include measurements of the CNF dispersion to demonstrate the variety of fluids 

that may be probed with the technique. Lastly, we introduce a novel analysis method whereby 

the effect of interparticle interactions on the structure of rigid rodlike dispersions may be 

isolated from the effects of particle alignment, enabling a novel comparison between the flow-

induced structure rodlike dispersions with varying interparticle interactions under nearly 

arbitrary flow histories. 

8.2 Methods: FFoRM-sSAXS 

The fluidic four-roll mill (FFoRM) is a device capable of producing arbitrary, near-2D steady 

state flows of complex fluids (Fig. 8.1) near a stagnation point in the center of the device.8,9 

The inset of Fig. 8.1 includes a schematic of the FFoRM geometry. The device consists of 8 

channels that feed into a circular area in the center of the device. By controlling the flow rates 

in 4 of these channels (where two channels are held at some flow rate Q1 and the other two 

channels are held at a different flow rate Q2) and holding the remaining channels at constant 

pressure, one can tune the flow fields that are produced in the device. The discussion on the 

operation of the device will focus on the flows produced near the stagnation point of the 

device, although changing the flow rates in the inlet/outlet channels will completely alter the 

full flow fields. 

The effect of flow on complex fluid nanostructure is given by the local velocity gradient 

tensor (∇𝐮). In general, local 2D velocity gradients can be parameterized by two parameters 

and a direction. In this work, we choose to parameterize the flow using a flow type parameter 
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(Λ) and a deformation rate (G) and we choose the direction to be coincident with the principal 

strain-rate axis. The flow type parameter is defined as 

𝛬 =
|𝐄|−|𝛀|

|𝐄|+|𝛀|
     (8.1) 

where 𝐄 is the rate of strain tensor (𝐄 = ∇𝐮 + ∇𝐮𝑇), 𝛀 is the vorticity tensor (𝛀 = ∇𝐮 − ∇𝐮𝑇) 

and |𝐀| = 𝐀: 𝐀𝑇. The flow type parameter describes the relative influence of extension (or 

strain) compared to rotation (or vorticity). The deformation rate is defined as 𝐺 =

|∇𝐮|/√1 + 𝛬2 and describes the strength of the applied deformation field. G is equal to the 

shear rate, �̇�, in simple shear flow (i.e., Λ = 0) and G is equal to the extension rate, 휀̇, in an 

extensional flow (i.e., Λ = 1). With this parameterization, the local velocity gradient tensor 

can be written as 

∇𝐮 =
𝐺

2
[

1 + 𝛬 1 − 𝛬 0
−(1 − 𝛬) −(1 + 𝛬) 0

0 0 0
]    (8.2) 

The FFoRM geometry offers the ability to independently tune Λ and G by varying Q1/Q2 and 

Q1 + Q2 respectively (see Fig. 8.1) near the central stagnation point of the device. For example, 

a condition where Q1/Q2 = 1 (as indicated in Fig. 8.1) produces a planar extensional flow (Λ) 

near the stagnation point with an extension rate proportional to Q1 + Q2. More information on 

controlling flows in the FFoRM can be found in Corona et. al.,9 and for the remainder of this 

work, we will only report flow fields with respect to the values of Λ and G produced near the 

stagnation point as determined by computational fluid dynamics (CFD) simulations and 

confirmed with particle tracking velocimetry (PTV) measurements. 

Scanning small-angle X-ray scattering (sSAXS) measurements were used to perform the 

orientation analysis (described in details in ref 17). In brief, the SAXS data were reduced by 

azimuthal integration within 16 segments. In this work, we chose two distinct q-ranges, 0.03 
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– 0.05 Å-1 and 0.01 – 0.014 Å-1, corresponding to the intraparticle scattering regime and the 

interparticle scattering regime, respectively. This distribution of the integrated intensities is 

well approximated by a cosine function.  

𝐼(𝑛𝜙) ≈  𝑎0 +  𝑎1cos (
2𝜋𝑛𝜙

𝑁𝜙
− 𝜙0),    (8.3) 

where Nϕ is the total number of data points. The baseline a0 of this cosine is given by the 

average scattering within the integration range, whereas the amplitude a1 is given by the 

oriented part of it. The degree of alignment can be defined as a1/a0. The shift of the cosine 

function yields the orientation angle ϕ0 of the average scattering, thus provides information 

on the nanoparticle alignment direction. These parameters are extracted from the discrete 

Fourier transform of the integrated intensities. 

 

 



 

 283 

 

Figure 8.1: Overview of the FFoRM-sSAXS methodology, where a small coherent x-ray beam 

is rastered throughout the region of interest (ROI). The FFoRM geometry was implemented 

at a synchrotron beamline instrumentation, which offers the ability to collect spatially resolved 

SAXS patterns. The collected 2D SAXS patterns (right) resolve nanostructural (~1-1000 nm) 

features in the system with ~10 μm spatial resolution indicated by the red circles on the flow 

field image. The flow fields produced in the FFoRM can be manipulated by changing the flow 

rates into the device (labeled Q1 and Q2). The blowup of the ROI shows particle tracking 

velocimetry (PTV) measurements of a generated extensional flow history. 

 

8.3 Methods: Test fluid formulation 

To test the capabilities of FFoRM-sSAXS, we formulated two dispersions of rodlike 

nanoparticles: cellulose nanocrystals (CNCs), which are shorter and stiffer nanoparticles, and 

cellulose nanofiber (CNFs), which are longer and more flexible. We chose these test fluids 

due to the strong scattering signature for the alignment of the particles and the ability to 

compare results to microscopically derived theories. A microscopically derived theory that 

accounts for particle-particle interactions is the Dhont-Briels theory, which includes an 
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effective external mean field potential to account for hard rod interactions with neighboring 

particles. The important parameters in this theory are the rotational diffusivity Dr,0, which 

describes the effect of thermal fluctuations on the orientation of the particles and the effective 

particle concentration Lϕ/d, where ϕ is the particle volume fraction, L is the particle length 

and d is the particle diameter. The rotational diffusivity for cylindrically shaped particles can 

be calculated as 

𝐷𝑟,0 =
3𝑘𝐵𝑇

𝜋𝜂𝑠𝐿3 (
1−

1.5

ln(2 𝐿/𝑑)

1+
0.64

ln(2 𝐿/𝑑)

)      (8.4) 

Where kBT is the thermal energy and 𝜂𝑠 is the solvent viscosity. 

The test fluids for these studies include a 4 wt% dispersion of CNCs in a mixture of water 

and glycerol and a 0.25 wt% dispersion of CNFs in water. The cellulose nanocrystals are 

shorter and therefore more rigid rodlike particles that interact repulsively due to electric 

double layer interactions between the particles. The cellulose nanofibrils and longer and hence 

more flexible rodlike particles that at higher concentrations have been found to aggregate 

either due to attractive interactions or entanglement effects. The concentrations were chosen 

such that the effective interaction strength for the dispersions is approximately equal at 0.5, if 

they were interacting solely through hard rod interactions, given in the Dhont-Briels theory as 

Lϕ/d. The solvent composition was chosen such that the rotational diffusivity of a dilute rod 

is approximately equal at 5 s-1. This was accomplished through the addition of glycerol, a 

viscous (𝜂𝑠 ≈ 1 Pa s) water soluble solvent to the CNC dispersion. By formulating the samples 

this way, we intended to isolate the effects of particle flexibility, aspect ratio and interactions 

on the flow behavior of rodlike nanoparticle dispersions. Tuning Dr,0 is especially important 

because the alignment of rods in dilute dispersions is dictated by the dimensionless group, the 

rotational Peclet number (𝑃𝑒𝑟 = 𝐺/𝐷𝑟,0). We note that the presence of interparticle 
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interactions changes the shear rates required to align particles in a dispersion, so particles will 

align at lower shear rates than predicted by a dilute theory.  

Many studies have probed the nanostructure of cellulose derived nanoparticles in certain 

flow types, but as we will demonstrate in this work, sSAXS measurements in the well-defined 

flow fields produced by the FFoRM provide insight into the response of nanostructure to a 

wide range of user-defined Lagrangian deformation histories e.g., transient and 

inhomogeneous flows. To determine these Lagrangian trajectories, we utilize CFD 

simulations in COMSOL of a Generalized Newtonian fluid (GNF) with a viscosity described 

by a Carreau-Yasuda model fit to measured shear rheology. In this work, we will only include 

results from Lagrangian trajectory mapping by CFD and confirmed by PTV for the CNC 

dispersion, which was found to be a weakly shear thinning fluid (see SI). It was found in 

Corona et. al. that the flow fields for weakly shear thinning fluids in the FFoRM could be 

predicted with such simulations. Upon determining the velocity fields for the range of 

experimentally probed conditions, the velocities and velocity gradients for various streaklines 

were determined numerically. Along each trajectory, we calculate the accumulated strain at a 

certain point xn as  

𝛾(𝑥𝑛) = ∫|𝐄|𝑑𝑡 = ∫ |𝐄|(𝑥)
𝑑𝑥

𝑈(𝑥)

𝑥𝑛

𝑥0
≈ ∑ |𝐄|(𝑥)

∆𝑥(𝑥)

𝑈(𝑥)

𝑥𝑛
𝑥=𝑥0

  (8.5) 

where U(x) is the velocity at position x, Δx is the distance between the point of interest and 

the previous point and |𝐄| is the magnitude of the rate of strain tensor. The integral is evaluated 

along the streamline. Additionally, as a function of strain, we calculate Λ and G. With this 

Lagrangian trajectory mapping, we may correlate the deformation history of a fluid element 

with structural measurements determined with FFoRM-sSAXS. 
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8.4 Results: Lagrangian mapping of soft material order 

The combination of FFoRM-sSAXS measurements, computational fluid dynamics (CFD) 

simulations and particle tracking velocimetry (PTV) enables one to probe the impact of an 

imposed flow history on the order of the soft material of interest. In a demonstrative example, 

we explore the ordering of the CNC dispersion in the FFoRM operating such that a flow with 

Λ ≈ 1 and G ≈ 10 s-1 occurs near the stagnation point. When the deformation field within the 

FFoRM is known (via PTV measurements and/or CFD simulations) one can translate the 

spatially resolved sSAXS measurements into single SAXS measurements along Lagrangian 

deformation histories (Fig. 8.2). For illustrative purposes, three representative trajectories 

were chosen from streakline images captured via PTV and superimposed on the sSAXS spatial 

mapping (Fig. 8.2a). This superposition enables us to map measured SAXS patterns to various 

points along Lagrangian trajectories (Fig. 8.2b). Following the example trajectory 1, we find 

that the CNC dispersion is completely disordered as it enters the measurement region (top 

right of Fig 2a, ii) and gradually becomes ordered as it approaches the stagnation point. After 

navigating near the stagnation point, the CNCs remain ordered as the fluid is convected toward 

the exit channel resulting in the observed asymmetry in the spatial alignment mapping. 

Finally, the Lagrangian trajectories can be translated in terms of the deformation histories 

along the trajectory using CFD simulations (Fig. 8.3). The shear rate (G) and flow type (Λ) 

are tracked along the three example Lagrangian trajectories as a function of the accumulated 

strain (γ = Gt) and matched to the resulting structure of the dispersion measured with SAXS, 

given here in terms of the degree of alignment (a1/a0) and the direction of the alignment of the 

nanoparticles (ϕ0). 
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Figure 8.2: Lagrangian mapping of flow histories and their corresponding nanostructure 

evolution using FFoRM-sSAXS. (a) Streaklines and alignment mapping for a 4 wt% CNC 

dispersion in the FFoRM geometry under conditions corresponding to an extensional flow 

where the white arrows indicate the direction of the flow. The streakline trajectories are long 

exposure images of non-Brownian tracers in the fluid. The alignment mapping provides the 

direction (ϕ0) and degree of alignment (𝑎1/𝑎0) as measured with sSAXS. The color of the point 

indicates the direction of alignment as indicated by the color wheel in the top right and the 

darkness of the point indicates the degree of alignment where lighter points correspond to a 

higher degree of alignment. (b) Representative SAXS patterns at three different points along 

the Lagrangian trajectory 1 (orange) indicated by the colored symbols circle, star and square 

in (a). The grey dotted lines in (b, corresponding to the square) indicate the edges of the q-

range used in the annular averaging to extract ϕ0 and 𝑎1/𝑎0 (between 0.03 and 0.05Å-1). 
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Figure 8.3: Lagrangian orientation mapping along representative streaklines. Representative 

orientation mappings are included for 1 (orange), 2 (yellow) and 3 (blue) indicated in (Fig. 

2a). For a given deformation history parameterized by the shear rate (G) and flow type 

parameter (𝛬), the measured degree of alignment (𝑎1/𝑎0) and alignment direction (ϕ0) are 

included as a function of strain (γ = Gt). For Lagrangian trajectory 1, the grey dotted lines 

indicate the points corresponding to the circle, star and triangle in (a) and (b) and the orange 

colored line in the measured 𝑎1/𝑎0 and ϕ0 (vii and x) includes a prediction of ⟨𝑃2⟩ from 

simulations of the Dhont-Briels theory in the startup of extensional flow with G = 10 s-1, 𝛬 = 

1, Lϕ/d = 0.5, Dr,0 = 8 s-1 where theory parameters are determined from the shape and 

concentration of CNC particles. 
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With the analysis illustrated in Fig. 8.2 and 8.3, one can directly relate the nanostructural 

changes of soft materials to the complete flow history the material has encountered to that 

point. Furthermore, the FFoRM produces a wide array of flow histories in a single operating 

condition. Given that there are 20 measurements made across the width of the two inlet 

channels, one could resolve 40 full Lagrangian trajectories in a single measurement. One may 

also consider that the measurement probes the structure at approximately 2000 individual 

points in the flow correlating with approximately 2000 unique flow histories. In the cases 

provided in Figs. 2 and 3, the flow histories range from a steady extensional flow (trajectory 

1, orange), a change from extensional flow to simple shear flow (trajectory 2, yellow), and a 

change from simple shear flow to extensional flow (trajectory 3, blue). For the case of 

trajectories 1 and 2, we find that the nanostructure aligns in a single direction along the 

extensional axis and a1/a0 increases monotonically to a plateau value with trajectory 1 

plateauing at a higher value. Trajectory 3 undergoes a much different response, where the 

direction the nanostructure aligns changes which results in a decrease followed by an increase 

in a1/a0. At the first measured point, the dispersion has not relaxed from the entry flow. For 

the FFoRM, the entry flows are approximately a simple shear flow with increasing shear rate 

(G) for flows closer to the channel walls.  

Such measurements can inform our understanding of the impact of flow history on the 

structure of the fluid of interest. In the case of the CNC dispersion, we compare the 

experimentally measured a1/a0 under the startup of steady extensional flow (Fig. 8.2c, vii) to 

predictions for the order parameter from the Dhont-Briels theory. We find that the Dhont-

Briels theory predictions in a steady extensional flow matches the early stages and late stages 

of the time-dependent development of ordering of the CNC dispersion, but incorrectly predicts 
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the nanoparticle alignment at intermediate times. We attribute this deviation to the fact that 

we are approximating the flow history as a homogeneous extensional flow, whereas the true 

flow history is slightly inhomogeneous in both deformation rate and flow type. This example 

demonstrates that rigorous model comparisons can now be compared to measurements under 

complete, complex flow histories rather than those in idealized rheometric flows. Overall, the 

FFoRM-sSAXS measurements demonstrate that the development of order in the CNC 

dispersion depends on the entirety of the fluid’s flow history rather than simply the local 

deformation field, proving the need for mapping the fluid’s full Lagrangian flow history. 

 

8.5 Results: Varying flow fields and flow histories. 

The previous analysis focused on the operation of the FFoRM with one set of inlet/outlet flow 

rates. However, the FFoRM is designed such that these flow rates can be varied to produce 

nearly arbitrary 2D flows near the stagnation point, where the material with the longest steady 

state accumulated strains is located. Therefore, by changing the inlet/outlet flow rates, one 

changes the flow histories that are probed in a sSAXS measurement. To probe the non-

equilibrium nanostructure of the CNC dispersion under a wider range of flow histories, we 

vary the inlet conditions such that the flow fields produced near the stagnation point vary from 

the previously analyzed extensional flow (Λ ≈ 1) to simple shear flow (Λ ≈ 0) and the shear 

rate, G, is held approximately constant at 10 s-1 (Fig. 8.4b). For the varying flow rates into and 

out of the device given by the white arrows, we report the streaklines for the flows produced 

as measured with PTV (Fig. 4a) and the spatially mapped order as measured with sSAXS (Fig. 

4b). 
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Figure 8.4: Alignment mapping with varying flow conditions. (a) Streakline images for flows 

in the FFoRM at five conditions corresponding to 𝛬 of (i) 1, (ii) 0.8, (iii) 0.6, (iv) 0.2 and (v) 

0 near the stagnation point. The white arrows indicate the direction and magnitude of the flow 

from the inlet channels while the length of the arrow is proportional to the magnitude of the 

flow rate. SAXS alignment mapping of the (b) 4 wt% CNC dispersion and (c) 0.25 wt% CNF 

dispersion for the inlet conditions corresponding to the streaklines above in (a). The color of 

the point indicates the direction of alignment as indicated by the color wheel in the top left 

and the darkness indicates the a1/a0 where lighter points correspond to a higher a1/a0. The 

values were calculated in the intraparticle regime (between q = 0.03 – 0.05 Å-1). 

 

For all five flow conditions, we find that the alignment of the microstructure near the 

center stagnation point is approximately in the same direction at 135° (or equivalently -45°), 

which corresponds to the principle strain-rate axis and is nearly constant in the FFoRM 

geometry for all the inlet/outlet conditions tested. The CNCs align along the principle strain 

rate axis for shear rates of 10 s-1 and flow types ranging from extensional to simple shear flow 
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in agreement with the previous study.9 We also find that the CNC dispersion always has a 

lower degree of alignment while approaching the stagnation point than when it has already 

passed near the stagnation point. This discrepancy between material approaching and leaving 

the stagnation point is a result of the history-dependent alignment of the CNC, which appears 

regardless of the applied flow type. By changing the flow near the stagnation point of the 

device, we are producing flow histories that correspond to a startup flow from an initially 

relaxed configuration, e.g., from material that enters near the center of the inlet channel, 

similar to trajectory 1 in Fig. 8.2, and so these measurements provide information about how 

different flow types affect the structure of soft materials under the startup of complex flows. 

Conversely, some of the Lagrangian trajectories have not relaxed from their entry flow 

history, e.g., trajectories entering the measurement region near the channel walls, similar to 

trajectory 3 in Fig. 8.2, and these trajectories are indicative of the structural response under a 

flow that varies from simple shear flow to the flow of interest. By probing trajectories that 

enter the measurement region closer to or further from the channel walls, one can examine the 

effect of different initial starting structures ranging from those under a steady simple shear 

flow to those in an isotropic configuration. Another notable difference occurs as the flows 

near the stagnation point approach simple shear flow (i.e., Λ closer to 0), where we find that 

the alignment maps are no longer symmetric with respect to the outflow axes. This broken 

symmetry occurs because the flow fields produced are similarly not symmetric because the 

stagnation point moves from its expected location near the center of the FFoRM geometry 

(e.g., Fig. 8.4a, v). Despite this, as long as the flow is steady, PTV measurements can provide 

the required local velocity and velocity gradient fields necessary for Lagrangian flow 

mapping. 
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We now consider the amount of structural information collected from FFoRM-sSAXS 

measurements. Previously, we noted that a measurement taken at a single condition yielded 

approximately 2000 measurements at different times in the fluid’s flow history. For just the 

CNC sample, we probed combinatorial conditions corresponding to 5 values of Λ and 8 values 

of G, resulting in nanostructural measurements at approximately 80,000 unique flow histories. 

Furthermore, the measurement time per condition was approximately 15 minutes, including 

the time for the flow to reach steady state, meaning that these measurements were completed 

in 10 hours. Therefore, FFoRM-sSAXS appears to present the capabilities necessary for data-

driven rheological modeling approaches. Since such data-driven approaches do not yet exist, 

in their present form, these data sets offer insight into the flow induced structure of rodlike 

nanoparticle dispersions, which we will now illustrate through a comparison between a CNC 

and CNF dispersion. 

 

8.6 Results: Varying Fluid Rheology 

While to this point, we have focused on a single fluid, FFoRM-sSAXS measurements can be 

performed with fluids of varying structure and rheology. To probe the impact of flow, 

rheology and interparticle interactions on the non-equilibrium nanostructure of rod 

dispersions, we investigated the CNF dispersion described previously. This sample differs 

from the CNC dispersion in several critical ways: the CNFs are less rigid, longer particles that 

tend to have less repulsive effective interparticle interactions compared to the CNCs. As 

mentioned before, we have formulated the two dispersions such that the effective 

concentration (Lϕ/d) and dilute particle rotational diffusivity are nearly equal. Despite these 

similarities between the samples, the CNF dispersion’s rheological response is that of a gel 
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with a yield stress compared to the slightly shear thinning response of the CNC dispersion. 

Previously it was shown that the flows of yield stress fluids are well behaved in the FFoRM 

geometry and similar to those of a Newtonian fluid, therefore we do not report PTV streaklines 

for this dispersion as they are similar to those presented in Fig. 8.4a.9 Furthermore, we do not 

include the full Lagrangian flow mapping for the CNFs as we will focus on a qualitative 

comparison between the samples for this first study. Fig. 8.4c includes the alignment mapping 

of the CNF dispersion under the same conditions as the CNC dispersion.  

Similar to the CNC dispersion, we find that the direction of alignment near the 

stagnation point is in the direction of the principle strain-rate axis, and the degree of alignment 

is higher for larger Λ. Another similarity we find is that the direction of alignment of CNFs in 

the regions away from the stagnation point is very similar to those from the alignment mapping 

of the CNCs, suggesting that the flow fields produced by the fluids are very similar. Unlike 

the CNC dispersion, the scans reveal regions of little alignment and regions of strong 

alignment in similar areas of the scan, e.g. Fig. 8.4c looks more ‘pixelated’ than Fig. 4b. Since 

the flows remain at steady state, this variability in the structure at similar regions in the flow 

is likely a result of inhomogeneities in the fluid, i.e., the fluid has local regions where the 

nanostructure can align in the flow and others where alignment does not occur. We propose 

two possible explanations for this result. The analysis presented in Fig. 8.4 was conducted on 

the intraparticle regime (i.e., the form factor), thus the difference in the a1/a0 values could not 

arise directly from aggregation or local differences in interactions. However, interparticle 

interactions between the CNFs potentially restrict their ability to align close to other particles, 

while they are free to align further away from these points. This explanation suggests that the 

local change in interparticle interactions affects the intraparticle orientation as well, but flows 
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probed here are not strong enough to cause significant quantitative differences in the 

alignment. The flexibility of the CNF fibers can also cause spatial differences in the alignment 

along the length. In each pixel we record averaged scattering of several nanofibers. Some 

sections of an individual fiber are easier to align than others, and the distribution of these 

sections are random. If the main cause of the “pixelated” images in Fig. 8.4c is the flexibility 

and aspect ratio of the nanofibers, in future experiments, we should be able to observe higher 

alignment in response to higher strain. Another feature of the CNF alignment mapping 

compared to the CNC is the lack of history dependence in the alignment of the nanostructure. 

For the CNC dispersion, we found a clear difference between material moving from the inlet 

toward the stagnation point compared to material moving from the stagnation point toward 

the outlet. For the CNF dispersion, we find very little difference between these two 

trajectories, suggesting that the CNFs require a very small amount of accumulated strain to 

align in a flow field. Overall, we find that the flows of the CNFs are noticeably different than 

those of the CNCs, which we propose is a result of the differences in interparticle interactions, 

flexibility and the resultant collective structure. 

 

8.7 Results: Multi-length scale nanostructural characterization of flow-induced order 

The previous analyses have only focused on the alignment of the CNC and CNF particles. 

However, SAXS measurements probe the full range of the material nanostructure, enabling 

one to resolve other features of the structure. The results in Fig. 8.4b and c represent 10,000 

SAXS patterns, rendering complete model fitting infeasible. Instead, we turn to a model-free 

analysis whereby we probe the degree of alignment (a1/a0) at two different length scales 

corresponding to the intraparticle structure, i.e., the form factor, and the interparticle 
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(collective) structure, i.e., the structure factor (see the inset of Fig. 8.5). The intraparticle a1/a0 

corresponds to the alignment of CNC and CNF particles, and is the value that was included in 

the previous analysis. In contrast, the interparticle a1/a0 includes contributions from both the 

alignment of individual particles and the locations of neighboring particles. We have 

developed the following analysis such that the intraparticle and interparticle a1/a0 will be 

approximately equal in a dispersion of dilute particles, but inequal when interactions between 

rods are present because only the interparticle a1/a0 is sensitive to correlations between rods, 

i.e., the rod separation distance. If the interparticle a1/a0 is greater than the intraparticle a1/a0, 

this means that there are increased correlations with neighboring rods along the direction of 

alignment, or physically speaking one is more likely to find neighboring particles parallel to 

the direction of orientation. Broadly, this would suggest that the attractive interactions or 

entanglements between particles are overcoming translational diffusion, which would tend to 

drive the system to a more isotropic collective structure. More specifically, this could be a 

case for a flexible, entangled fibrillar structure such as the CNFs, where the particles cannot 

achieve high a1/a0 due to restrictions from entangled fibrils, and instead build up the collective 

network in the direction of alignment. Conversely, if the interparticle degree of alignment is 

less than the intraparticle degree of alignment, this means that there are decreased correlations 

with neighboring rods along the alignment direction, or physically speaking one is more likely 

to find neighboring particles perpendicular to the alignment direction. This would suggest less 

attractive or repulsive interactions between rods. Fig. 8.5 includes a representative comparison 

of these intraparticle and interparticle degrees of alignment for the CNC and CNF dispersions. 

In this work, we have included measurements at similar conditions with a nearly constant 

shear rate (G ≈ 10 s-1) and varying flow type (Λ from 0 to 1 as indicated by the colorbox). 
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Furthermore, we only include measurements made within 200 μm of the stagnation point, 

where the flow is nearly homogeneous. Even though the flow is nearly homogeneous, the 

measurements for a given condition correspond to different points along Lagrangian flow 

histories, so that points that are further from the stagnation point (signified by the darkness of 

the point) have a higher probability of having less accumulated strain. 

 

Figure 8.5: Non-equilibrium structural comparison between CNC (lower trend) and CNF 

(upper trend) dispersions. The degree of alignment (𝑎1/𝑎0) calculated in two different q-

ranges corresponding to a high-q (x-axis) and low-q (y-axis) range and at varying flow 

conditions (color and brightness of points) in a 0.2 mm diameter region centered at x = y = 0. 

The included points correspond to flow conditions where G ≈ 10 s-1 and the flow type varies 

from 𝛬 ≈ 0 (simple shear flow, green) to 𝛬 ≈ 1 (extensional flow, red) given by the color of 

the point while the darkness of the point indicates the distance the measurement was made 

from the center of the device as indicated by the color plot on the right. The black lines are 

linear fits to the CNC and CNF measurements with slopes of 0.8 and 2.9 respectively. Inset: 

Pictorial representation of the interpretation of the non-equilibrium structure of the (i) CNF 

and (ii) CNC dispersions under all included flow conditions for equivalent interparticle a1/a0. 

Qualitatively, the intraparticle a1/a0 is sensitive to the anisotropy of density correlations within 

the light blue circle while the interparticle a1/a0 is sensitive to the anisotropy of density 

correlations within the light purple circle. 

 

When analyzing the effect of flow history on the intraparticle alignment, we find 

differences between the flow response of the CNCs and CNFs. For the CNCs, the highest 
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degrees of intraparticle alignment are achieved for flows that are more extension dominated 

and for material that is closer to the stagnation point. Conversely, the CNFs show no 

correlation between flow type or distance from the stagnation point. This observation suggests 

that while the alignment of CNCs depends on the rate of strain, which is highest for more 

extension-dominated flows, and the accumulated strain, which is higher for material closer to 

the stagnation point, the CNFs do not have such a dependence under the studied conditions. 

We hypothesize that the increased flexibility of the CNFs means that higher strain rates are 

required for such strain and strain-rate dependent effects to occur. Furthermore, the degree of 

alignment is higher for the CNCs compared to the CNFs for similar flow histories. When 

comparing the two degree of alignment metrics, we find that the two samples divide into two 

populations where the ratio of the degree of alignment metrics is nearly constant, but with 

different sample-dependent values. As it was shown in Fig. 8.4c, the CNF data looked more 

”pixelated”, therefore it is not surprising that the measured degrees of alignment for the CNF 

sample is more scattered than the CNC. This again may be attributed to inhomogeneities in 

the CNF sample. For the CNC dispersion, the interparticle degree of alignment is always less 

than the intraparticle degree of alignment whereas for the CNF dispersion, the interparticle 

degree of alignment is always greater than the intraparticle degree of alignment. The fact that 

the ratio between these two metrics of alignment remains constant suggests that the 

interparticle interactions between rods does not change for the flow histories probed, even 

though the collective structure is modified due to the flow-induced orientation of individual 

rods. Overall, the analysis of the structure of the CNC and CNF dispersions at multiple length 

scales and under a wide range of flow histories, as afforded by FFoRM-sSAXS, has revealed 
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that the nature of interactions between rods is unaffected by the flow type at a constant, low 

shear rate. 

 

8.8 Discussion: Surveying complex fluids’ response to flow 

In the previous example analyses, we have demonstrated the capabilities of the FFoRM-

sSAXS technique for probing the nanostructure of soft materials under a multitude of unique 

flow histories. The large data sets made accessible by this technique enable novel insight into 

the flow-history dependence of the structure of soft materials and, in turn, the nanostructure 

of such materials in realistic processes. For example, we consider the case of fiber spinning 

where one may want to use flow to align the nanostructure of the material to impart an 

anisotropic modulus. Conventionally, one may design several differently shaped nozzles and 

measure the nanostructure of the material as it navigates this geometry. Using FFoRM-SAXS 

measurements, one could create a database of the material’s response to various flow histories 

and determine which flow histories in a nozzle design are encountered. Such an approach 

reduces the time spent fabricating devices, aligning samples and making calibrating 

measurements because a new nozzle design only requires determining the flow histories that 

are encountered in the process and creating a relevant FFoRM-sSAXS measurement protocol. 

Additionally, FFoRM-sSAXS provides an approach to address the inverse problem, i.e., 

designing a geometry to target a desired nanostructure by exploring a rich database of 

measurements to determine the flow histories that produce the desired nanostructure. 

From the perspective of a scientific understanding of soft material response to flow, 

one can use FFoRM-sSAXS measurements as rigorous tests of theories or models. 

Conventionally, comparison to such theories and models are made in simple shear or 
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extensional flows. As a result, there potentially exists a bias in models or theories toward such 

‘simple’ flows that are not necessarily indicative of more realistic processes. Structural 

predictions from theories and models can be made under the flow histories defined through 

the Lagrangian mapping and compared to the measured response as a means of rigorous 

testing. Additionally, the enormous data sets provided by FFoRM-sSAXS could enable a 

‘machine-learning’ approach to the formulation of constitutive models. This way, the 

information about the structure under a wide range of flow histories could be used to train a 

predictive model that generates the structural response under some arbitrary flow history. 

Given that the flow histories probed in a FFoRM-sSAXS measurement can be tuned, one 

could build protocols such that new measurements can supplement regions of said predictive 

model that have limited information and improve its accuracy. Overall, the sheer size of the 

data sets collected by FFoRM-sSAXS enables an ideological shift in the development of 

constitutive models for soft materials in flow. 

8.9 Conclusions 

In this work, we showed the potential of the FFoRM-sSAXS to “fingerprint” soft material’s 

(CNC and CNF suspensions) spatially resolved microstructure under complex and tunable 

flow histories and determine the connection between them. The asymmetry of the recorded 

flow fields of CNCs showed that the alignment is dependent on the flow history, not just the 

local flow field. The CNF suspensions seemed to be less homogeneous and show less history 

dependence in the alignment under the studied conditions. As the collected SAXS pattern at 

each material point probed contains structural information, it enabled a more detailed 

structural characterization than is available with other techniques. We probed the effect of 

flow on particle-particle interactions by characterizing the degree of alignment at two different 
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length-scales, which enables insight into the effect of interparticle interactions on the structure 

of rodlike suspensions. For similar strain rate and flow types, the CNCs align to a higher 

degree of intraparticle alignment than the CNFs. The inter- and intraparticle degree of 

alignment have a constant, but different proportionality for CNCs and CNFs regardless of the 

strength of the flow or degree of alignment. The proportionality constant is higher for the 

CNFs than the CNCs and can be attributed to attractive interactions between the CNFs and 

repulsive interactions between the CNCs. The well-defined flows under which the structure is 

characterized open the possibility for selecting flow histories to produce a particular 

microstructure, testing models for microstructure evolution under complex flows or machine-

learning rheological models of complex fluids. 
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Chapter 9  

Conclusions: Connecting structure and 

mechanics of complex fluids in complex flow 

The main conclusions of the dissertation will now be summarized. The outcomes from this 

dissertation can be divided into two categories: (1) the development of new tools for the 

measurement and analysis of flow-SAS measurements and (2) new physical insights into the 

nonlinear flow-induced structure of non-spherical particle dispersions. Additionally, future 

directions for studies of complex fluids in complex flows with SAS will be proposed. The 

future directions section will begin by proposing new studies to extend upon the findings of 

this dissertation. Regarding tools for flow-SAS measurements, new ideas for next generation 

flow-SAS sample environments will be proposed. Regarding tools for flow-SAS analysis, the 

framework for extending the analysis methods outlined in this dissertation will be proposed 

for application in systems with polydispersity in shape and orientation. Regarding non-

spherical particle dispersions, novel studies will be proposed to probe the effects of 

electrostatic double layers on the non-linear flow-induced structure of such dispersions. Next, 

the necessary components for the successful measurement of a complex fluid with FFoRM-

SAS will be compiled, including aspects related to the measurement itself and the analysis of 

the measured scattering. Finally, this dissertation will conclude with a proposal for how the 

connection between FFoRM-SAS measurements and process predictions can be established. 
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9.1 Outcomes: Flow-SAS measurement and analysis tools 

9.1.1 FFoRM-SAS methodology 

In this dissertation, several advancements were demonstrated toward the use of sample 

environments for in-situ measurement of complex fluid nanostructure in complex flows. In 

chapter 5, the FFoRM sample environment, proposed by Lee et. al. was adapted for small 

angle scattering measurements of complex fluids.1 As was demonstrated in the original work, 

the FFoRM geometry enables the variation of the flow type and deformation rate near a 

stagnation point. This feature ensures that at least some of the probed fluid has experienced a 

nearly steady deformation field. Extending upon the previous work, flows of complex fluids 

with varying rheology including shear thinning, yield stress, elastic and viscoelastic fluids 

were probed in the device. Shear thinning and yield stress fluids produce similar flow fields 

as a Newtonian fluid, but elastic and viscoelastic fluids display drastic flow modification for 

nominally strong flows. The flow behavior of elastic and viscoelastic fluids in the FFoRM 

geometry was extensively explored in chapter 6, and revealed that flows in which the 

exponential rate of stretching of material elements exceeds the fluid’s relaxation time are 

inaccessible. The ramifications of the effect on the flows of (visco)elastic fluids in processing 

flows was discussed. Also in chapter 5, the FFoRM sample environment was validated using 

SANS measurements of a dispersion of cellulose nanocrystals (CNC) in nearly steady state 

complex flows. The CNCs were found to align along the principal strain-rate axis and to a 

degree that scaled with the magnitude of the rate of strain tensor for all flow types and 

deformation rates tested. These findings agreed with asymptotic theories for rodlike 

dispersions, thus validating the measurement technique. In chapter 8, the FFoRM-SAS 
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method was extending using scanning-SAXS to enable the measurement of complex fluids in 

complex flow histories. 

9.1.2 MAPSI 

Continuing with the broad outcomes of this dissertation, chapter 3 outlined a novel method 

for the inference of orientation distribution functions from SAS measurements called 

maximum a posteriori scattering inference (MAPSI). MAPSI improves upon previously 

proposed methods for inferring orientation distributions by addressing the ill-posedness of the 

inference problem and enabling error propagation from the scattering measurement. MAPSI 

was used to invalidate commonly assumed relationships between scattering intensity and 

orientation distributions. Additionally, MAPSI was used to determine the information lost or 

gained through measurements in different scattering planes. It was discovered that 

measurement in three orthogonal scattering directions nearly perfectly recovers all 

information about the orientation of the particles, and using less measurement planes reduces 

the accuracy of the recovery, which was quantified in this work. MAPSI was validated with 

measurements of fd-virus dispersions. 

9.1.3 SAS structure factor for oriented non-spherical particles 

The second main development toward the analysis of SAS from complex fluids was the 

proposal and use of structure factors for flowing non-spherical particle dispersions. In chapter 

7 and utilizing measurements of CNC dispersions, the Onsager approximation was found to 

provide a poor description of the measured SAS, invalidating this approximation that is 

commonly used in the development of theories. A closure approximation based on a random 

phase approximation (RPA) was used to predict SAS from non-dilute particle dispersions in 
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flow. It was demonstrated that the structure factor based on RPA reveals the strength and 

shape of the effective interaction potential between non-spherical particles. The utilization of 

the structure factor based on RPA represents a novel application in flow experiments of non-

spherical particles.  

9.2 Outcomes: rheology of non-spherical particle dispersions 

In addition to advancements in the measurement and analysis of SAS from complex fluids, 

several notable outcomes were made toward the understanding of non-spherical particle 

dispersions. These outcomes resulted from measurements of dilute dispersions of 

monodisperse fd-virus particles and measurements of a semi-dilute dispersion of charged, 

CNC particles. 

9.2.1 Dilute fd-virus dispersions in simple shear flow 

As discussed in chapter 3, SAS measurements of dilute dispersions of a model non-spherical 

particle, the fd-virus, combined with MAPSI enable the inference of orientation distributions 

of the particles in flow. In chapters 3 and 4, these measured orientation distribution functions 

were compared to predictions from a theory for dilute rods. The comparison was made through 

the evaluation of fourth moments of the orientation distribution. It was found that nearly all 

the measured moments of the orientation distribution function were captured by the dilute 

theory for both concentrations, with the exception of the antisymmetric moments, which were 

overpredicted by the theory. As was found in chapter 4, a lower value of the antisymmetric 

moments is consistent with an orientation distribution that is better described by the Bingham 

distribution, which is the predicted orientation distribution function for highly interacting 

particles (e.g., liquid crystals). This finding suggests that the effect of particle-particle 
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interactions in fd-virus dispersions is more significant than has been suggested in theories, 

and particle interactions cannot be neglected even below the overlap concentration of 

particles. 

 In addition to the studies of the orientation distributions of fd-viruses, the rheology of 

the dispersions was probed and compared to predictions from Batchelor’s theory for the stress 

is a dispersion of non-interacting particles and the orientation distributions inferred from SAS 

measurements. This comparison is included in chapter 4. It was found that Batchelor’s theory 

underpredicts the measured viscosity significantly and corrections to this theory due to 

hydrodynamic interactions nor excluded volume interactions do not account for the 

disagreement. This result suggests that some other physics are contributing to the stress in 

these dispersions and new theories will need to be proposed to account for this disagreement. 

9.2.2 Cellulose nanocrystals 

Chapters 5 and 7 present structural characterizations of dispersions of CNCs in flow. Unlike 

the fd-virus dispersions, CNCs are shorter and more polydisperse particles and solutions were 

prepared with no added salt so that electrostatic interactions between particles are relevant. 

Furthermore, the concentrations of CNCs investigated were all within the semi-dilute regime 

and near the isotropic to nematic transition. From the FFoRM-SANS studies presented in 

chapter 5, it was found that the CNC dispersions behave as model rodlike dispersions in steady 

flows, in that the particle align along the principal strain-rate axis and their alignment scales 

with the rate of strain. However, the most revealing study of the CNC dispersions is presented 

in chapter 7, where combined flow-SANS, FFoRM-sSAXS and steady shear rheological 

measurements were used to probe the flow-induced structure of the fluids. The rheological 

measurements of CNC dispersions were compared to theory predictions from the most 
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advanced theory for semi-dilute rodlike dispersions. It was found that the theory could not 

capture several features in the measurement. Most notably, the theory underpredicts the zero-

shear viscosity. Additionally, these studies were used to probe the effective interaction range 

between the CNC particles and to invalidate a commonly used approximation for the spatial 

distribution of rods in such dispersions, and may explain the disagreement between the theory 

predictions and measurements of the rheology. It was found that electrostatic double layer 

interactions between the CNCs produced a larger effective excluded volume, which correlated 

with the size of the double layer in the measured dispersions. Finally, these experiments and 

the previously mentioned analysis of the structure factor revealed hydrodynamically-driven 

(i.e., strain-rate-dependent) changes to the spatial distribution of rods. Such 

hydrodynamically-driven transitions have previously not been observed in rigid rodlike 

dispersions, and this work was able to quantify changes to the interaction potential that result 

from the, yet unexplained, phenomenon. 

9.3 Future Directions 

To conclude this dissertation, the potential for future research directions will be commented 

on broadly. While the individual chapters contain specific suggestions for future directions, 

this section will be dedicated to broad ideas for longer term research. This section will first 

include a discussion of suggested new developments in SAS sample environments and 

analysis tools. Next, experiments will be proposed to expand upon the findings of chapter 8 

and further explore the effect of interparticle interactions on the flow-induced structure of 

rodlike dispersions. Then, a general outline for producing successful FFoRM-SAS 

experiments will be given for the purposes of expanding the method to arbitrary complex 

fluids. Finally, the grand challenge of connecting flow, structure and properties will be 
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summarized in the context of this dissertation, and how the work presented here contributes 

to this broad effort. 

9.3.1 Extensions of flow-SAS measurement and analysis tools 

In chapters 5 and 8, the FFoRM-SAS method was proposed and validated based upon 

measurements of fluid structure in a device built to simulate complex flow histories. The final 

proposed device in no way represents the completely idealized version of the sample 

environment and future technical innovations may enable the fabrication of a more ideal 

version. Some of these modifications will now be proposed. For one, the FFoRM geometry 

operates by driving flow with syringe pumps, which must constantly be refilled. By using 

some continuous pumping mechanism that still provides a wide range of flow rates (syringe 

pumps offer at least 4 orders of magnitude in flow rates), this would enable continuous 

measurements without stopping for refills. With regards to the geometry itself, the concern of 

3D flow effects and sensitivity to pressure fluctuations in the outlet channels makes FFoRM 

measurements cumbersome. A greater ability to control outlet channel pressure would help to 

this end. Alternatively, one could abandon a design based upon pressure driven flow and 

design a mechanical version (closer to the original four-roll mill). The main concern with a 

mechanical device is the ability to seal the device such that it may be oriented perpendicular 

to the beam. If this technical challenge were to be solved, FoRM-SAS would represent a 

technique that is less prone to 3D flow effects, more efficient and less cumbersome. Finally, 

the FFoRM-SAS methodology requires visualization of the flow fields for accurate 

determination of the Lagrangian flow histories. Currently, techniques for particle tracking 

cannot be done on the beam line. If flow visualization methods were developed such that the 
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flow fields may be measured simultaneously with the scattering, this would speed up 

measurement times and give researchers more confidence in the measurement. 

 In chapters 3 and 4, new SAS analysis methods were proposed for inferring the 

structure of rodlike dispersions in flow. Extensions of these methods for the analysis of SAS 

from other systems may provide new experimental insight. For MAPSI, extensions of the 

technique for distributions in particle shape were discussed in chapter 3. In particular, 

extending the method for the determination of combined particle shape and orientation 

distributions would provide an unprecedented picture of flow-induced deformation in 

complex fluids. As analysis moves toward multi-dimensional distribution functions, a 

question to be answered is “how much information is really contained in a SAS 

measurement?”. Certainly, for distribution functions with many parameters, eventually the 

noise of the measurement and unresolved information in q-space will inherently lead to 

uncertainty in the inferred distributions, as was found for the study probing the influence of 

including detector planes toward the inference of orientation distributions. Another key 

question is with regards to the prior assumptions about the underlying distribution function 

that one wants to make. MAPSI is unique in that these priors are explicit and additional 

assumptions can be incorporated into the method. The question of priors in inference of 

distribution functions from SAS measurements represents a very interesting research 

direction. 

 In chapter 7, non-equilibrium structure factors were utilized toward the prediction of 

SAS from rodlike dispersions. In particular, a structure factor based upon the random phase 

approximation was used. In the future, exploration of new structure factors for flowing 

systems represents an interesting research direction. In the context of RPA structure factors, 
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corrections to account for nematic interactions between rods were proposed. Furthermore, one 

could consider deriving structure factors based upon RPA that account for orientation-

dependent DLVO interactions between rods. Both of these additions to the theory for the 

structure factor and the comparison to experiments could provide finer insight into nematic 

interactions between rods or the perturbation of the electrostatic double layer by flow. 

Furthermore, the proposal of structure factors to account for attractive interactions (e.g., 

clustering) between particles would be beneficial for many systems. 

9.3.2 Tuning particle-particle interactions in flowing non-spherical particle 

dispersions 

Now, the discussion of future work will shift to the design of experiments for the further 

elucidation of the effect of interparticle interactions on the flow-induced structure of non-

spherical particle dispersions. In chapters 5 and 7, dispersions of CNCs in a high dielectric 

constant solvent (water/glycerol) with no added salt was used as the test system. Formulating 

the system in this way produced DLVO interactions between the CNCs, as indicated by the 

equilibrium fits to the RPA structure factor in chapter 8 where a larger effective interaction 

range was found that correlated to the Debye length. The most pertinent question raised from 

this work is “what is the effect of tuning the DLVO interactions between particles?”, both on 

the equilibrium structure and on the flow-induced hydrodynamic transition that was observed. 

The DLVO interactions between particles can be tuned by using a solvent with a lower 

dielectric constant or by adding salt to screen the charge interactions. Both approaches would 

be useful from a complex fluid formulation science perspective, as the bounds of colloidal 

stability could be mapped as a function of solvent parameters. It should be stressed that a 

solvent with high viscosity should be used to slow the particle’s rotational diffusion and enable 



 

 312 

measurements at higher effective shear rates. With dispersions formulated such that the 

particle-particle interaction potentials can be tuned, similar FFoRM-sSAS measurements to 

those presented in chapter 5 would reveal the impact of interaction potential on the 

hydrodynamically induced transition at high shear rates. With the effect of interaction 

potential mapped out in a simple system, one could consider changing the rheology of the 

solvent. For example, the impact of a (visco)elastic solvent on the orientation dynamic of 

rodlike particles has been explored extensively from a rheological perspective. The 

formulation of such a system for SAS measurements could provide key insight into the 

structure of such dispersions in flow. 

9.3.3 Ingredients for successful FFoRM-SAS studies 

Another direction for future study would be to utilize the current FFoRM-SAS methodology 

for the measurement of other types of complex fluids in complex flows. The possible 

applications of this technique are numerous, and instead of listing potential fluids for study, 

this section will be dedicated to listing the essential aspects of a successful FFoRM-SAS 

study. FFoRM-SAS studies must begin by mapping out the flow fields that are produced as a 

function of the inlet flow conditions for the fluid of interest. If the rheology of the fluid is 

quasi-Newtonian or moderately shear thinning, CFD simulations of a generalized Newtonian 

fluid have been shown to properly reproduce the generated flow fields. Another important 

consideration is if the accessible flows are strong enough to deform the nanostructure of the 

fluid. One may increase the accessible deformation rates by shrinking the size of the device 

(see chapter 3), but this also requires proportionally smaller beam sizes to resolve features in 

the flow. After the flow fields are measured, one must ensure the fluid has sufficient contrast 

such that the measurement time will be reasonable, and the signal will be significantly above 
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measurement noise. In SANS, selective deuteration of different components of the complex 

fluid is key toward achieving this contrast, while in SAXS there is less ability to control 

contrast. With well-characterized flow fields and sufficient contrast to resolve features in the 

q-range of interest, the final step in FFoRM-SAS studies involves the interpretation of the 

measurements. To this end, scalar parameterizations of the scattering are very useful for 

rapidly analyzing huge sets of data, like those collected form FFoRM-sSAXS measurements. 

In the cases of FFoRM-sSAXS measurements, a rigorous analysis of every collected 

scattering pattern is currently computationally infeasible and scalar parameterizations become 

necessary. It is important to carefully consider the parameterization of the scattering that is 

most useful for resolving the structural features of interest. Ideally the choice of 

parameterization is informed using a full scattering model for the nanostructure. By 

comparing measured parameterizations to the full model, one can quantify structural features; 

an example of which was shown in chapter 7. In cases where a full scattering model is 

proposed, the conclusions drawn from the analysis of the SAS patterns will be qualitative, but 

still potentially useful. When studies consider the suggestions laid out in this section, FFoRM-

SAS studies can provide insights into the complex-flow-induced structure of a wide range of 

complex fluids 

9.3.4 Toward the inference of flow, structure and properties in processing flows 

The work from this dissertation will now be put in the context of the grand challenge of 

connecting processing, structure and properties of complex fluids in complex flows. Figure 

9.1 includes a representation of the connection between these three aspects, the desired 

quantities to be calculated, and the proposed methodology whereby one may establish the 

connections. This dissertation was principally focused on connecting processing with 
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structure through the development of the FFoRM-SAS methodology. As was demonstrated in 

chapter 5, this method enables one to determine the structure of a complex fluid in nearly 

arbitrary flow histories. This means that for a wide range of complex flow histories, one may 

now experimentally determine the fluid structure. The next step is to connect this measured 

structure to fluid properties. This is done via constitutive theories or models, which must be 

established for the complex fluid of interest. As was demonstrated in chapters 4 and 7 in the 

context of the fluid stress, there remains much work to be done to establish this connection, 

even for model fluids. Combined rheological and SAS measurements remain the optimal way 

to address this connection experimentally. Finally, the final piece of the puzzle requires using 

the calculated fluid properties to predict the flow histories in a complex process. Currently, 

the best way to approach this problem is by using CFD simulations, whereby the fluid flow 

and stress are solved within the geometry of interest. At the moment, the only way to approach 

this is through the use of full constitutive models or theories for the fluid stress. This approach 

in certainly valid, however, if the structure-property connection were established 

experimentally, one could instead utilize a database connecting fluid flows to the stress. The 

development of such a database would represent a powerful new approach to complete the 

connection. Overall, this approach would enable the non-equilibrium computational design of 

materials/processes for targeting a desired fluid property. 
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Figure 9.1: Pictorial outline of the proposed methodology for connecting processing, structure 

and properties (in this case the stress) for complex fluids. The solid lines represent connections 

that were established in this dissertation while dotted lines represent proposed connections to 

be established in future work. 

 




