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Abstract

In this paper, we investigate the coupling of Poisson’s and warping effect for a general asymmetric crosssection of Cosserat beam. We present the challenges and inconsistencies observed as a result of our attempt
to couple the two effects. The fully-coupled Poisson’s transformation is then developed to describe the
in-plane deformation for the prismatic beam. A comprehensive kinematic treatment of geometrically
exact and nonlinear Cosserat beam subjected to large deformation and finite strain is finally obtained
that extensively captures the deformation due to multiple curvatures, torsion, shear, axial deformation,
warping and a fully-coupled Poisson’s effect in the cross-section, all while maintaining the single manifold
nature of the problem. The contributions to the strain vector and the deformation gradient tensor due to
various deformation effects are interpreted and explained in detail. In the final part of the paper, we use the
kinematics developed to establish a measurement model of discrete and finite length strain gauges attached
to the surface of the beam (or embedded into the beam). We investigate the relationship between the scalar
strain measurement of the strain gauge and the local finite strain parameters of the beam.
Keywords: coupled Poisson’s and warping effect, warping, strain gauges, Cosserat beams, finite strain,
large deformations, shape sensing.
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1.

INTRODUCTION

Strain measurement devices ("strain gages") are immensely important for a wide variety of measurement and monitoring applications ranging across civil structures, the energy sector, aerospace structures,
and even biomedical systems, to name just a few. The development of sensing mechanisms that measure
strain has been a well-developed field for over a century; the solutions have spanned piezo-resistive
gages (arguably the most common and commercially-realized) to fiber optic systems to laser Doppler
velocimetry (LDV). The sensing mechanism itself may require contact between the measuring device and
structure (e.g., piezo-resistive gages or fiber optics) or be non-contact (e.g., LDV). Realizations of these
architectures can result in localized measurements (discrete measurement points with a fixed length scale)
or distributed measurements (e.g., fiber optic Rayleigh backscatter sensing [1], where the length scale and
location of measurement depend on the optical pulsing).
A significant number of these monitoring applications for which strain measurements are required
involve, fundamentally, one-dimensional slender structures, e.g., pipelines, suspension cables, tethers,
surgical tubing, mooring cables, etc. The fundamental objective of this exposition is to develop a
comprehensive kinematic model of such "single manifold" structures, based on Cosserat kinematics,
and further develop a measurement model for the scalar strain of discrete and finite-length strain gauges
assumed affixed to these kinds of structures. The measurement gauge length of the measuring device
must be small enough to classify it as a discrete sensor. More specifically, we develop a geometrically
exact non-linear kinematic model to capture warping (out of plane deformation), fully coupled Poisson’s
transformation (in-plane deformation) along with axial deformation of the midcurve, multiple curvatures,
torsion and finite shear deformations in a Cosserat beam subjected to finite deformation and finite
strain. This approach does not make the usual Euler-Bernoulli rigid cross-section assumption (plane
cross-section remains plane after deformation). Instead, we propose a new approach to capture the coupled
Poisson’s and warping influence that is deformation-adaptive. We discuss the challenges associated with
coupling Poisson’s effect and warping. The proposed fully-coupled Poisson’s effect captures the in-plane
deformation of the cross-section. However, the fully-coupled Poisson’s transformation presented in this
work does not model the in-plane deformation due to local buckling, which is a prominent phenomenon
in case of thin-walled beam cross-sections. The work by Fang Yiu [2] describes the in-plane cross-sectional
distortion of thin-walled beam theory. Apart from this buckling limitation, the kinematics and the
measurement model developed in this paper is completely general.
For a Cosserat beam subjected to the Euler-Bernoulli rigid cross-section assumption, the configuration
of the beam is defined by the mid curve and the orthogonal body-centered director triad attached to the
cross-section. The rigid cross-section assumption restricts the inclusion of Poisson’s and warping effects.
The problem of warping for various levels of complexities, from a simple Saint Venant problem (refer
University of California, San Diego
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[3]) to a complicated non-uniform asymmetric case (refer [4]-[12]), has been previously explored. We
dedicate section 2.3 to briefly review important contributions related to warping.
Per our survey of the literature, an investigation on the geometric coupling between the Poisson’s
effect and warping has not been attempted before. We believe that fully-coupled Poisson’s and warping
effect for a single-manifold beam problem will capture the in and out of plane deformation with enhanced
accuracy which is beneficial for both forward modeling analyses and solving inverse problems like shape
sensing. The first step of this investigation aims at obtaining a simplified governing differential equation
of warping from an assumed small displacement field. This step attempts to extend the theory of warping
proposed by Brown et al.[7] to incorporate the contribution of axial deformation and Poisson’s effect to
warping. We define a small displacement field including axial, bending, torsion and Poisson’s effects for an
asymmetric cross-section. We include the contribution due to bending because in a general asymmetric
cross-section, the bending also contributes to warping. In general (refer to appendix 6.1.5), the proposed
warping function captures the non-linear bending-induced shear strain distribution across the crosssection, unlike Timoshenko’s theory which assumes a constant shear distribution thereby preventing
any out of plane deformation. The effect of warping due to non-linear shear induced by bending is quite
significant in deep beams.
The governing differential equations for warping are obtained. However, the governing equation
and the boundary condition at the periphery of the cross-section reflect an inconsistency if axial strain
is included in the deformation field. We propose a solution to this inconsistency. Elimination of the
observed inconsistency suggests a solution that does not include the effect of axial strain on warping
explicitly, but we obtain a consistent modified differential equation for warping. We suggest two different
solution approaches that have a separable variable form.
Obtaining the warping functions by solving various governing differential equations is beyond the
scope of this current work, and the solution is assumed known in order to develop the fully-coupled
Poisson’s effect and establish the beam kinematics. Prior knowledge of the warping function guarantees the
single manifold nature of the problem and allows us to obtain important parameters such as deformation
gradient tensor and Cauchy Green tensor (or Push-forward Riemann metric) for the beam. Assuming
that we know the solution to these differential equations, we propose a fully-coupled Poisson’s effect that
incorporates the effects of axial strain across the cross-section due to axial deformation, bending curvatures
and warping. Henceforth, we call the effect attributed to the cross-sectional deformation (including inand out-of-plane) a fully-coupled Poisson’s and warping effect.
The strain vectors and the deformation gradient tensor of the deformed configuration referenced
to both an initially straight beam configuration and an initially curved reference beam configuration
3
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are obtained. The contribution to each of these strain vectors due to different deformation effects are
discussed in great detail. The kinematics of various restraint cases is obtained. In the view of authors, the
kinematics developed herein establishes the most comprehensive geometry of Cosserat beam that still
preserves the simplicity of the single-manifold nature of the problem.
We exploit the kinematics developed in the first half of the paper to develop a measurement model
for the strain gauge attached on the surface of the beam or embedded in the beam. We arrive at the
Push-forward Riemann Metric of the beam that is key in developing the expression of the strain that would
be detected by a finite length strain gauge. We validate our result by demonstrating the applicability of
the expression obtained on a simple case of deformation that includes constant torsion, axial strain and
Poisson’s effect. We obtain the expression of scalar strain in the discrete strain gauge. We critically review
the formula for the scalar strain proposed in our previous work on shape sensing based on the results
obtained in this paper.
The mechanics of Cosserat structures is well developed and continues to be a topic of interest in
the continuum mechanics community. We feel that the core reason of interest in this field lies in its
mathematical simplicity. Cosserat rod theory developed by Cosserat and Cosserat [13] is a powerful
approach that attempts to capture the three-dimensional configuration of a slender rod by modeling the
structure as a single manifold space curve (midcurve). Therefore, the local finite strain terms are the
function of the arclength (manifold parameter) of the midcurve. The Cosserat description of the rods
falls under the idea of Duhem [14], where any point in the body is described by a position vector and
by an attached set of vector triad called directors. An infinitesimal macro element of beam consists of
many cross-sections. If Euler Bernoulli’s rigid cross-section assumption is invoked, each section can be
considered as a rigid body that can undergo translation and rotation. The translation is given by the
mid-curve position vector and the rigid body rotation is obtained by the orthogonal rotation tensor
(director triad). The smoothness in the rotation tensor and the midcurve position vector guarantees the
continuity in the beam.
A detailed work on the extension of Cosserat continuum to develop a nonlinear theory of rods
and shells was undertaken by Ericksen and Truesdell [15]. Kirchhoff is attributed to the idea of the
finite displacement theory of rods, which was further improved by Hay [16]. Cohen [17] developed a
comprehensive non-linear static theory of elastic rods, which was extended by Whitman and DeSilva [18]
to include dynamics. The static finite strain beam theory for the plane case including shear deformation
was developed by Eric Reissner [19]-[21]. Simo [22] extended the work of Reissner for a three-dimensional
dynamic case using the director type of approach. Simo and Vu-Quoc [23] developed the mechanics of
Cosserat beam by incorporating the effect of warping for initially straight beams using the Saint Venant
warping function (uniform torsion problem) including the effect of the unsymmetrical section by using
University of California, San Diego
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the concept of shear center (refer [4] and [5]). They also obtained the finite deformation counterpart
for the bi-shear and bi-moment in the linear thin-walled beam theory. Iura and Atluri [24] obtained the
governing equations for the initially curved beam configuration using virtual work principle. Kapania
and Li [25] presented a refined geometrically exact large deformation curved beam theory restricted to
Euler Bernoulli’s rigid cross-section.
The two-part work by Green and Naghdi [26]-[27] is one of the first expositions on the theory of
elastic roads elucidated using classical three-dimensional equations and Cosserat curves. Readers may
refer to the work of Naghdi and Rubin [28], Brand and Rubin [29] for the constraint theories of rods.
The Cosserat rod is a special case of problems in micropolar continua, which is a special restraint case
of micromorphic continua. The compiled work by Altenbach and Eremeyev [30] serves as a great
reference that cover topics on micro-polar continua (by Altenbach and Eremeyev), Cosserat rods (by
Altenbach, Bîrsan and Eremeyev), micromorphic continua (by Samuel Forest), electromagnetism and
generalized continua (by Maugin). The applications of Cosserat kinematics in modeling rod-like structure
are multifaceted. For instance, Bîrsan and Altenbach [31] describes an approach to model porous elastic
rod, whereas Altenbach et al. [32] presents the thermodynamic model of rods using Cosserat kinematics.
Interested readers can refer to the detailed work and references by Antman [33]-[34], Svetlitsky [35]-[36],
Maugin [37] and Rubin [38].
The earlier treatise we presented ( [39]) serves as a detailed introduction to the variational formulation
of Cosserat beam assuming Euler-Bernoulli’s rigid cross-section assumption and reviews the development
of the subject in great detail. Interested readers are recommended to refer to the references therein.
Chadha and Todd [39] also defined the finite strain parameters that will be directly used in this paper. The
kinematics described in this paper (and in many other papers like [22], [23], [25] and [39]) incorporates
finite shear, unlike the Kirchhoff-Love beam theory (refer to Antman [40]) and can be thought of as a 3D
large deformation generalization of Timoshenko’s beam theory (refer to Timoshenko [41]).
This work on the scalar surface strain can serve as a platform to help develop an optimization
algorithm to investigate the orientation and placement of a strain gage array for single-manifold structures,
and eventually reduce the approximation errors depending on the application. In the domain of continuum
mechanics, the mechanics developed here offers a method to obtain finite strain parameters using the
surface measurements. This is of utmost importance to develop a generalized (and more accurate) shape
sensing methodology to obtain the global full-field deformed shape using limited set of finite surface
strain measurement. The results presented here are in fact a part of developing a general shape sensing
methodology that includes the effect of warping and Poisson’s effect as an extension of authors previous
work Todd et al. [42] and Chadha and Todd [43]-[44].
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The remainder of the paper is arranged as follows: section 2 details various deformed configurations,
defines finite strain parameters, and explains the proposed coupled Poisson’s and warping effects (a substantial portion on investigation on warping is discussed in Appendix 6.1). Section 3 presents kinematics
of the beam obtaining the general expression of the strain vector and deformation gradient tensor of the
beam. Section 4 deals with measurement model for the strain gauges. The subsection 4.1 derives the
expression of the scalar strain of finite length strain gauge and the subsection 4.2 deals with discrete strain
gauge. In section 5 we make concluding remarks.

2.

GEOMETRIC DESCRIPTION OF VARIOUS BEAM CONFIGURATIONS

In wake of proposing the fully-coupled Poisson’s and warping effect within our presentation of the
kinematics, we define the following configurations of the beam:
1. Ω0 : Curved reference beam configuration.
2. Ω00 : Mathematically straight beam configuration.
3. Ω1 : Deformed configuration of the beam assuming Euler-Bernoulli’s rigid cross-section.
4. Ω2 : Deformed configuration of the beam allowing the cross-section to undergo out of plane warping
only (no in-plane deformation).
5. Ω3 : Deformed configuration of the beam including fully-coupled Poisson’s and warping effect.
These configurations will be described in the subsequent sections. The nomenclature in this paper is
slightly different from [39]. Chadha and Todd [39] describes variational formulation of the configuration
Ω1 .

2.1.

DESCRIPTION OF THE DIRECTOR FRAME AND THE MIDCURVE
We brief the idea of the midcurve and director frame using the first three configurations along the

lines of Chadha and Todd [39] for completion. We assume that the initial configuration (zero strain/zero
stress state) is known and is the one in which the strain gauge is attached. We consider a fixed orthogonal
triad {Ei }. The deformed configuration Ω1 assumes Euler-Bernoulli’s rigid cross-section and is defined by
the midcurve position vector ϕ(ξ1 ) and the family of cross-sections 1 (ξ1 ) with their boundaries Γ1 (ξ1 ),
parametrized by the undeformed arc-length ξ1 ∈ [0, L0 ]. Here L0 is the total length of the midcurve in
the undeformed state Ω0 or Ω00 . The midcurve is defined as the locus of the centroid of the family of
cross-section. The shape of the cross-section 1 (ξ1 ) is independent of the deformation and its orientation
University of California, San Diego
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is quantified by the set of orthogonal body centered Cosserat triad called directors {di (ξ1 )}, such that
ϕ(ξ1 ) = ϕi Ei ;

di (ξ1 ) = di j E j .

(1)

Any point in the beam is defined by the material coordinates (ξ1 , ξ2 , ξ3 ) that is independent of the
configuration of the beam. The cross-section 1 (ξ1 ) = {(ξ2 , ξ3 ) ∈ R2ξ }, where R2ξ is 2D Euclidean space
1

1

spanned by the directors d2 (ξ1 )−d3 (ξ1 ), with origin at the centroid of the cross-section 1 (ξ1 ). A material
point (ξ1 , ξ2 , ξ3 ) ∈ Ω1 is defined by the position vector,
R1 = ϕ(ξ1 ) + ξ2 d2 (ξ1 ) + ξ3 d3 (ξ1 ).

(2)

The initially curved reference beam Ω0 is defined by the director triad d0i (ξ1 ) = d0i j E j and the

midcurve position vector ϕ0 (ξ1 ). Any point in Ω0 is defined by the vector R0 = ϕ0 + ξ2 d02 + ξ3 d03 . It is

convenient to mathematically define a straight beam configuration Ω00 such that the directors are defined
by {Ei }, the midcurve is a straight line along the vector E1 such that the midcurve position vector is
defined by ϕ00 = ξ1 E1 . Any point on the straight beam is then defined by R00 = ϕ00 + ξ2 E2 + ξ3 E3 = ξi Ei .
Note that the material point (ξ1 , ξ2 , ξ3 ) ∈ Ω00 can be represented by writing (ξ2 , ξ3 ) ∈ 00 (ξ1 ). This
notation will be used numerous times in the paper.
The triad {Ei }, {d0i } and {di } are related to each other by means of the orthogonal direction cosine
tensor,
di = QEi ; d0i = Q0 Ei ; di = Q r d0i ,

(3)

such that the following relationships hold,
Q = Q r Q0 ,
Q = di ⊗ Ei ; Q r = di ⊗ d0i ; Q0 = d0i ⊗ Ei .

(4)

Before we proceed further, we define the dot product between two vectors v1 and v2 as 〈v1 , v2 〉 = v1i v2i .

2.2. DESCRIPTION OF THE FINITE STRAIN PARAMETERS DEFINING THE CONFIGURATION

Ω1

The deformed configuration Ω1 is subjected to axial deformation of the midcurve, shear deformations
of the cross-section, torsion, and the bending curvatures. We define the deformed arc-length as s, the axial
strain as e(ξ1 ), and the three shear angles as γ11 (ξ1 ),
d1 , d2 and d3 with the tangent vector

∂ϕ
∂s

π
2

− γ12 (ξ1 ) and

π
2

− γ13 (ξ1 ) subtended by the directors

= ϕ,s respectively, as described in Chadha and Todd [39] such
7
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that

dξ
ds − dξ1
1
⇒ 1=
;
dξ1
ds
1+e
¨
«
cos γ1i , for i = 1
〈ϕ,s , di 〉 =
.
sin γ1i , for i = 2, 3

(5)

ϕ,ξ1 = (1 + e)(cos γ11 d1 + sin γ12 d2 + sin γ13 d3 ).

(6)

e=

Therefore,

Note that the above definitions do not uniquely define the shear angles. Interested readers may refer to
section 3.2 in [39], that describes a way to uniquely define the shear deformation. We define the axial
strain vector " representing the strain due to shear and midcurve axial strain such that
" = ϕ,ξ1 − d1 = "i di .

(7)

Mathematically, the curvatures in the beam are captured by the derivative of the director with respect to
the arc-length. From Eq. [12] in [39], the following relations hold,
di,ξ1 = Q,ξ1 Q T di = K di = κ × di .

(8)

The tensor Q(ξ1 ), represents the family of orthogonal tensors that belongs to the SO(3) rotational Lie
group. Q(ξ1 ) can be understood as a curve in the manifold SO(3), where Q,ξ1 ∈ TQ SO(3) represents

the tangent vector to the curve Q(ξ1 ) in SO(3). Here, TQ SO(3) represents the tangent space to SO(3)
at some Q ∈ SO(3). Note that Q,ξ1 Q T = K (ξ1 ) is the linear space of skew-symmetric matrix that has
Darboux vector κ(ξ1 ) = κi di as the corresponding axial vector, such that


d1,ξ1





κ3

0

 

0
d2,ξ1  = −κ3
κ2 −κ1
d3,ξ1
|
{z
KT

 
d1
 
κ1  d2  .
0
d3
}

−κ2

(9)

Here, κ1 represents the torsional curvature about the director d1 . The curvature terms κ2 and κ3 represent
the curvature due to bending about the director d2 and d3 , respectively. For the configuration Ω1 , ϕ(ξ1 )
is sufficient to define the mid-curve, whereas the orientation of the cross-section fully described by the
director triad. Therefore, R3 × SO(3) is the configuration space for Ω1 .
The geometric description of more general configurations Ω2 − Ω3 comprises of different families of
cross-sections obtained by further transformation of the cross-section 1 . Therefore, before we continue
to describe the configurations Ω2 − Ω3 , we will first obtain the fully-coupled Poisson’s and warping effect in
the next three subsections 2.3-2.5.
University of California, San Diego
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2.3.

AN INTRODUCTORY REMARK ON WARPING
The simplest non-trivial case of warping is Saint-Venant’s uniform torsion problem (refer p. 113 of

Sokolnikoff [3]) on a doubly symmetric prismatic bar subjected to a constant curvature κ1 (ξ1 ) = κ1 . If
the cross-section is not doubly symmetric, the torsion and bending are uncoupled by using the idea of
shear-center. Elter [5] describes two formulations of shear-center, the first obtained using Saint-Venant’s
principle and the second attributed to Trefftz [4]. In Saint-Venant’s principle, the distributed forces at
the end-section (say (L)) are replaced by a statically equivalent concentrated force and couple. Trefftz
[4] proposed that the work done by the distributed forces at the end-section is equal to the work done by
statically equivalent concentrated force and couple, thereby proposing equivalence in energy. Note that
both the approaches are meant for uniform torsion.
Let the straight asymmetric beam be subjected to uniform torsion with constant curvature κ1 . Let
n = n2 E2 + n3 E3 be the normal vector to the boundary Γ (ξ1 ) of the deformed cross-section (ξ1 ). Due
to linear and small deformation nature of the problem, we express the displacement field in {Ei } frame.
Let the position vector of the shear center from the centroid be S2 E2 + S3 E3 . The corresponding linear
displacement field u s measured about the shear center can be obtained as
u s = κ1 ξ1 [E1 × ((ξ2 − S2 )E2 + (ξ3 − S3 )E3 )] + κ1 Ψ s (ξ2 , ξ3 )E1 .

(10)

The warping function may then be obtained by solving the following Neumann boundary value problem
∇2 Ψ s = Ψ s,ξ2 ξ2 + Ψ s,ξ3 ξ3 = 0 on (ξ1 );
D
E
Ψ s,n = Ψ s,ξ2 n2 + Ψ s,ξ3 n3 = − [((ξ2 − S2 )E2 + (ξ3 − S3 )E3 ) × n], E1
on Γ (ξ1 ).

(11)

The second last equation in Elter [5] gives formula for the shear center, when the displacement field is
expressed at any arbitrary point A other than the centroid. Considering the arbitrary point A to be the
shear center S of the beam, we arrive at the following two conditions
Z
Z
ξ2 Ψ s dξ2 dξ3 = ξ3 Ψ s dξ2 dξ3 = 0.


(12)



Equations (11) and (12) can be solved to obtain S2 , S3 and Ψ s , unique to a constant. Therefore, an additional
normalization condition (that is also required for the axial force to vanish) can be invoked to solve for the
constant,

Z

Ψ s dξ2 dξ3 = 0.

(13)



Equations (11)-(13) gives a unique solution to the warping function Ψ s for uniform torsion. Simo and VuQuoc [8] use the warping function Ψ s weighted by the warping amplitude p(ξ1 ) to consider non-uniform
9
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torsion in finite deformation problem. This adds an additional finite strain parameter p(ξ1 ), introducing
the idea of bi-shear and bi-moment.
As indicated in Elter [5], it is interesting to note that the warping function depends on the choice of
origin. Consider the displacement field u defined with respect to the centroid, which may be written as
u = κ1 ξ1 [E1 × (ξ2 E2 + ξ3 E3 )] + κ1 Ψ(ξ2 , ξ3 )E1 . The warping function Ψ(ξ2 , ξ3 ) is then obtained by solving
the following differential equation
∇2 Ψ = 0 on (ξ1 ); Ψ,n = −t on Γ (ξ1 );
D
E
t = [(ξ2 E2 + ξ3 E3 ) × n], E1 .

(14)

The location of the shear center can be obtained using a general Eq. (29) or Eq. (2) (for single and
multi-connected regions), in Elter [5].
Burgoyne et al. [6] presents a detailed theory of warping for non-uniform torsion considering
symmetric cross-section. The assumed displacement field, where W (ξ1 , ξ2 , ξ3 ) represents the warping
deformation, is written as
u = θ(ξ1 )[E1 × (ξ2 E2 + ξ3 E3 )] + W (ξ1 , ξ2 , ξ3 )E1 ,
Z ξ1
θ(ξ1 ) = θ0 +
κ1 (ξ1 )dξ1 .

(15)

0

Here, θ represents the total twist angle. The governing differential equations for linear elasticity with
Poisson’s ratio ν = 0 then become,
E
W
= 0 on (ξ1 ); W,n = −θ,ξ1 t on Γ (ξ1 ), such that,
G ,ξ1 ξ1
W,ξ1 = 0 or θ(r ) = 0 if the end is unrestrained in warping, where r = 0, 2, 4, 6, ...
∇2W +

(16)

W = 0 or θ(r ) = 0 if the end is restrained in warping, where r = 1, 3, 5, ...
Here, θ(r ) represents r order derivative of θ with respect to ξ1 . For example, θ,ξ1 ξ1 = θ(2) . Both these
presentations of derivative are used interchangeably from here on. The parameters E and G are Young’s
modulus and the shear modulus, respectively. One of the two solution approaches proposed by Burgoyne
et al. [6] is to use infinite series sum of the form
W (ξ1 , ξ2 , ξ3 ) =

∞
X
r =0

θ(r ) (ξ1 )Ψ r (ξ2 , ξ3 ).

(17)

The idea is to solve for the functions Ψ r , provided the twist angle θ(ξ1 ) is known. This involves solving

University of California, San Diego
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for Ψ r that satisfies the following set of equations
Ψ r = 0 if r is even or zero;
∇2 Ψ1 = 0 on (ξ1 ) and Ψ1,n = −t on Γ (ξ1 );
E
∇2 Ψ r + Ψ r −2 = 0 on (ξ1 ) and Ψ1,n = 0 on Γ (ξ1 ) for r ≥ 3.
G

(18)

Knowing the functions Ψ r (ξ2 , ξ3 ), we can estimate a geometrically non-linear warping deformation as a
finite sum
W (ξ1 , ξ2 , ξ3 ) =

n
X
r =1

p (r −1) (ξ1 )Ψ r (ξ2 , ξ3 ), r is odd.

(19)

The weighting parameter p(ξ1 ), is an additional unknown finite strain parameter known as the warping
amplitude. To make sure that the higher derivatives of p(ξ1 ) are not additional unknowns, p(ξ1 ) is
assumed to be at least C n−1 continuous.
A particularly notable work on the warping of a thin-walled open section for pure (non-uniform)
torsion was presented by Vlasov [9]. Vlasov’s theory considers the primary warping (or contour warping)
but ignores the secondary warping (or thickness warping) of the cross-section. In Vlasov’s theory, the
line perpendicular to the contour remains perpendicular to the contour and undeformed in the deformed
state (thus assuming Kirchhoff’s thin plate assumption). Goodier [10] and Gjelsvik [11] incorporated the
warping of the walls of the beam with respect to the contour. The contour is defined as the intersection
of the midsurface of the wall with the cross-section (refer to Gjelsvik [11]). Lin et al. [12] serves as
an insightful reference to a complete derivation of torsional warping that includes both primary and
secondary warping for a thin walled open section beam subjected to pure torsion. The warping function
investigated in this paper is capable of capturing the out-of-plane deformation of thin-walled beams (refer
Brown et al.[7]).
The idea of shear center, center of twist, and their synonymic nature is debatable. The work by
Brown et al. [7] ignores the concept of shear-center and develops the coupled linear theory for torsion
and flexure. They propose a trigonometric series solution for the governing equations to obtain the
warping functions. As mentioned in Brown et al. [7], the wide adaptation of the idea of the shear center
by engineers can probably be attributed to its convenience. Their work critically reviews the idea of shear
center and center of twist.
We now present our approach to model the coupling between the Poisson’s effect and warping
deformation. In section 2.4 we attempt to extend the warping theory proposed by Burgoyne and Brown
[6] and [7] to incorporate the effect of axial strain and Poisson’s deformation into the warping. Therefore,
section 2.4 along with the appendix 6.1 elucidates the first stage of this coupling. In section 2.5, we further
11
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refine the coupling by defining the fully-coupled Poisson’s transformation.

2.4.

COUPLING BETWEEN AXIAL STRAIN, POISSON’S EFFECT AND WARPING
As discussed before, the warping function is obtained for the linear elastic case and suitably modified

to capture non-linear cases. Motivated from the work of Brown and Burgoyne [7], we assume a linear
small deformation field including non-uniform torsion, bending, axial deformation and Poisson’s effect
for asymmetric problem. For a general asymmetric cross-section, bending induces warping, causing a
coupling between bending and torsion. The incorporation of axial deformation helps us to investigate
the influence of Poisson’s effect and axial strain on warping (but not vice-versa, that is taken care of by
the second stage of coupling, as we shall see later). We consider an asymmetric cross-section subjected to
bending, axial deformation of midcurve, torsion, and warping in the sense of small deformation. Hence,
consider a displacement field
u1 = W (ξ1 , ξ2 , ξ3 ) − ξ2
u2 =

Z Z

u3 = −

Z Z

Z


κ3 (ξ1 )dξ1 + C1 + ξ3

Z


κ3 (ξ1 )dξ1 dξ1 + C1 ξ1 + C4 − ξ3


κ2 (ξ1 )dξ1 + C2 +
Z


κ2 (ξ1 )dξ1 dξ1 + C2 ξ1 + C6 + ξ2

Z

Z


e(ξ1 )d ξ1 + C3 ;


κ1 (ξ1 )dξ1 + C5 − ν e(ξ1 )ξ2 ;

(20)


κ1 (ξ1 )dξ1 + C5 − ν e(ξ1 )ξ3 .

Here, C1 − C6 are the constants that depend on the boundary conditions and the initial undeformed state
of the beam. The non-zero components of isotropic elastic stress tensor including the Poisson’s effect can
be obtained from Eq. (20) as
σ11 = λ̃(W,ξ1 + ξ3 κ2 − ξ2 κ3 ) + (λ̃ − 2λν)e;


σ12 = σ21 = G W,ξ2 − ξ3 κ1 − νξ2 e,ξ1 ;


σ13 = σ31 = G W,ξ3 + ξ2 κ1 − νξ3 e,ξ1 ;

(21)

σ22 = λ(W,ξ1 + ξ3 κ2 − ξ2 κ3 ) − (ν λ̃ + λ(ν − 1))e;
σ33 = λ(W,ξ1 + ξ3 κ2 − ξ2 κ3 ) − (ν λ̃ + λ(ν − 1))e.
Here, λ =

νE
(1+ν)(1−2ν)

and λ̃ = 2G + λ. The parameters E, G and ν are Young’s modulus, shear modulus

and Poisson’s ratio respectively. Note that limν→0 σ22 = 0 and limν→0 σ33 = 0. We restrict ourselves to
e→0

e→0

stress-equilibrium in the E1 direction, as we are interested in solving for the warping function. Therefore,

University of California, San Diego
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the governing differential equations are

λ̃
W,ξ1 ξ1 − ξ2 κ3,ξ1 + ξ3 κ2,ξ1 + λe,ξ1 = 0 on (ξ1 );
G
−t
t˜
z
}|
}|
z
D
E{
D
E{
W,n = κ1 [n × (ξ2 E2 + ξ3 E3 )], E1 +e,ξ1 ν n, (ξ2 E2 + ξ3 E3 ) on Γ (ξ1 ).

σ 1 j , j = 0 ⇒ ∇2 W +

Here, λ =

λ̃+2ν(G−λ̃)
.
G

(ξ1 )

Z
(ξ1 )

M3 (ξ1 ) =
R


(ξ1 )

(ξ2 σ13 − ξ3 σ12 ) dξ2 dξ3 = GJ κ1 + G

M2 (ξ1 ) =

where A(ξ1 ) =

(22b)

As Eq. (1) in Brown et. al. [7], we define the stress resultants for axial force, bending

moment and torsion at the centroid as follows
Z
Z
P1 (ξ1 ) =
σ11 dξ2 dξ3 = (λ̃ − 2λν)Ae + λ̃
T (ξ1 ) =

(22a)

Z
(ξ1 )

Z
(ξ1 )

dξ2 dξ3 , Ii j =

ξ3 σ11 dξ2 dξ3 = λ̃

Z
(ξ1 )


ξ2W,ξ3 − ξ3W,ξ2 dξ2 dξ3 ;
(23)

ξ3W,ξ1 dξ2 dξ3 + I22 κ2 − I23 κ3 ;

(ξ1 )



(ξ1 )





 Z
ξ2 σ11 dξ2 dξ3 = λ̃ −
R

Z

W,ξ1 dξ2 dξ3


ξ2W,ξ1 dξ2 dξ3 + I33 κ3 − I23 κ2 ,

ξi ξ j dξ2 dξ3 for i = 2, 3 and J = I22 + I33 .

The warping differential equation (22a) across the cross-section (ξ1 ), is inconsistent with the
peripheral boundary condition (22b). To avoid a sharp deviation from the prime topic of the paper
("comprehensive kinematics of Cosserat beam"), we discuss this inconsistency, solution procedure, and
challenges associated with solving for the function W (ξ1 , ξ2 , ξ3 ) in Appendix 6.1 for the interested reader.
To proceed further, we assume that the warping function W (ξ1 , ξ2 , ξ3 ) can be expressed in a variable
separable form (for instance, of form p(ξ1 )Ψ(ξ2 , ξ3 )) and the cross-sectional dependence of warping
function (the function Ψ(ξ2 , ξ3 )) is known. Prior knowledge of Ψ(ξ2 , ξ3 ) guarantees the single manifold
nature of the kinematics. In appendix 6.1.6, we propose a simplified form of the warping function
W (ξ1 , ξ2 , ξ3 ) that can be used to capture bending-induced shear warping and torsion warping in the
beams subjected to large deformations. To understand the second stage of coupling, we need to define the
deformed cross-sections Ω2 and Ω3 .

2.5.

DESCRIPTION OF THE CONFIGURATION Ω2 AND Ω3
The configuration Ω2 is defined by the midcurve ϕ(ξ1 ) and non-planar family of warped cross-sections

(as discussed in section 2.4) 2 (ξ1 ) ⊂ R3ξ , where R3ξ is a three-dimensional Euclidean space spanned by the
1

1
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director triad {di (ξ1 )} with its origin at the centroid of the cross-section 1 (ξ1 ) (refer Fig.1). Therefore, if
(W (ξ1 , ξ2 , ξ3 ), ξ2 , ξ3 )) ∈ 2 (ξ1 ), we can define a differentiable map M12ξ : 1 (ξ1 ) −→ 2 (ξ1 ) such that
1

M12ξ : (ξ2 , ξ3 ) 7−→ (W (ξ1 , ξ2 , ξ3 ), ξ2 , ξ3 ) .
1

(24)

Note that the projection of the cross-section 2 (ξ1 ) onto the R2ξ space yields 1 (ξ1 ), implying no in plane
deformation. The position vector for any point in Ω2 is,

1

R2 (ξ1 , ξ2 , ξ3 ) = ϕ(ξ1 ) + ξ2 d2 (ξ1 ) + ξ3 d3 (ξ1 ) + W (ξ1 , ξ2 , ξ3 )d1 (ξ1 ).

(25)

We now describe the most general configuration that includes fully-coupled Poisson’s and warping
effect. The configuration Ω3 is defined
n by the midcurve ϕ(ξ
 1 ) andothe family of non-planar cross-sections
3 (ξ1 ) ⊂ R3ξ such that 3 (ξ1 ) = W (ξ1 , ξ2 , ξ3 ), ξˆ2 , ξˆ3 ∈ R3ξ . We define the planar cross-section
1
n 1 
o
2
ˆ
ˆ
4 (ξ1 ) = ξ2 , ξ3 ∈ Rξ subjected to only in-plane Poisson’s deformation. For a point (ξ2 , ξ3 ) ∈ 1 (ξ1 )
1

and (ξˆ2 , ξˆ3 ) ∈ 4 (ξ1 ), we define Poisson’s transformation Pξ1 : 1 (ξ1 ) −→ 4 (ξ1 ) such that
Pξ1 : (ξ2 , ξ3 ) 7−→ (ξˆ2 , ξˆ3 )

ξˆi = 1 − ν(ξ1 , ξ2 , ξ3 ) λ21 , di ξi for i=2,3.

(26)

Here, ν(ξ1 , ξ2 , ξ3 ) is the Poisson’s ratio for the assumed isotropic material. However, we will assume that
the material is homogeneous for further discussion, thus taking a constant Poisson’s ratio ν(ξ1 , ξ2 , ξ3 ) = ν.
The quantity λ21 represents the first strain vector of the deformed configuration Ω2 and will be discussed
in section 3.1. The position vector for any material point in Ω3 is
R3 = ϕ(ξ1 ) + ξˆ2 d2 (ξ1 ) + ξˆ3 d3 (ξ1 ) + W (ξ1 , ξ2 , ξ3 )d1 (ξ1 ).

(27)

This completes our endeavor to obtain fully-coupled Poisson’s and warping effect. Figure 1 describes
various deformed configurations of the beam. To develop the kinematics of the beam and investigate the
mechanics of strain gauges, we need to define certain geometric structures associated with the beam.

2.6.

SURFACE BOUNDING THE BEAM AND THE ASSOCIATED TANGENT SPACE
From here on, we use the index j to represent any entity related to the deformed configuration Ω j

with j = 1 − 3. No sum is implied on j throughout the paper.
Section ?? discusses the geometry of the beam surface where the surface strain gauge is attached.
Therefore, we define S00 , S0 and S j as the surface bounding the beam Ω00 , Ω0 and Ω j respectively (not
University of California, San Diego
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Figure 1: : Schematic diagram showing geometric description of configurations Ω1 , Ω2 and Ω3 .

including the bounding cross-sections at the two ends of the beam). Assuming that the patch of these
surfaces on which strain gauge is attached is smooth and continuous, we can consider S00 , S0 and S j as
a regular surface which is a manifold of dimension 2. The configurations Ω00 , Ω0 and Ω j are manifolds
(essentially Euclidean space R3 ) of dimension 3.
We define the deformation map φ j : Ω00 −→ Ω j . Since S00 represents the boundary of the undeformed state Ω00 , we can define the map φ j |S00 = φ̃ j (mapping φ j restricted to the manifold S00 ), such

that φ̃ j : S00 −→ S j . We represent a tangent space of the manifold M at point a ∈ M as Ta M . The
differential map dφ j : T p Ω00 −→ Tφ j ( p) Ω j and dφ̃ j : Tq S00 −→ Tφ̃ (q) S j is homeomorphism and has
j

rank 3 and 2 respectively, for all p ∈ Ω00 and q ∈ S00 (assuming no cracks or dislocations and a continuous

beam). Despite the fact that φ j ≡ R j , we did not define the deformation map as R j because that would
imply the differential map to be dR j . However, we will use dR j to define an infinitesimal tangent vector
for the definition of deformation gradient tensor (as is customary in continuum mechanics). Figure 2
illustrates the idea discussed in this section.

3.

KINEMATICS: DEFORMATION GRADIENT TENSOR AND STRAIN VECTOR
j

In this section, we arrive at the deformation gradient tensor F j and three strain vectors λi (with
i = 1 − 3) of the beam configuration Ω j referenced to the straight beam configuration Ω00 . In section 3.4,
15
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Figure 2: Mathematical structures and various mappings associated with the beam configurations.
r

we derive the deformation gradient tensor F jr and the strain vectors λi j of the beam configuration Ω j
referenced to the initially curved reference configuration Ω0 .

3.1.

DEFORMATION GRADIENT TENSOR AND THE STRAIN VECTORS
Consider infinitesimal vector dR00 = dξi Ei ∈ T p Ω00 (or in T p S00 ) that deforms to dR j ∈ Tφ j ( p) Ω j

(or in Tφ̃ ( p) S j ). If p ∈ Ω00 we have differential map dφ j : dR00 7−→ dR j , else if p ∈ S00 , then dφ̃ j :
j

dR00 7−→ dR j .
The deformation gradient tensor F j maps a tangent vector from undeformed configuration to the
deformed configuration. Since S00 ∩ Ω00 = S00 (and S j ∩ Ω j = S j ), for any p ∈ S j ∩ Ω j , we have
φ j ( p) = φ̃ j ( p). The tangent space on surface has the dimension 2, whereas the tangent space on the
deformed (or undeformed) configuration has the dimension 3. But we can express any vector (which is a
geometric object) in either {Ei } or {di } frame. Hence, for any vector v ∈ (T p Ω00 ∩ T p S00 ), at the point
p ∈ (Ω00 ∩ S00 ), we have dφ j (v) = dφ̃ j (v) = F j v. Thus the expression of scalar strain developed for a
surface-mounted strain gauge in section 4 is applicable to the strain gauge embedded in the beam as well.
From Eq. (23) of Chadha and Todd [39],
Fj =
University of California, San Diego

dR j
dR00

= R j ,ξi ⊗ Ei .
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For j = 1, the first component of infinitesimal vector dR00 strains, whereas the other two components
just experience rotation because of Euler-Bernoulli’s rigid cross-section assumption in the configuration
Ω1 (refer section 3.1.1 of Chadha and Todd [39]). For j 6= 1, the second and the third component of the
infinitesimal vector dR00 strains as well, owing to the coupled Poisson’s and warping effect. Thus we
define,

∂ Rj
∂ ξi

j

= λi + di .

(29)

j

Here, λi represents i th strain vector in the Ω j configuration. Therefore, from Eq. (4), (28) and (29),
we can write the expression of deformation gradient tensor for the configuration Ω j referenced to the
configuration Ω00 as
j

j

F j = (λi + di ) ⊗ Ei = λi ⊗ Ei + Q.

(30)

The deformation gradient tensor F j can be written as
F j = V j Q = QU j ;
j

V j = λ i ⊗ d i + I3 ;

(31)

j

U j = λi ⊗ Ei + I3 .
j

j

j

Here, λi = Q T λi is a material form of the vector λi (refer section 2.2.3 of Chadha and Todd [39]). The
vector V j and U j represent the left stretch tensor and right stretch tensor, respectively, for the deformed
state Ω j referenced to the configuration Ω00 . In component form, the deformation gradient tensor and
the stretch tensors can be written as
displacement gradient tensor [∇Ω u j ]
00

z
 
Fj

d p ⊗Eq

 
= Fj

E p ⊗Eq

 
= Uj

E p ⊗Eq



 
= Vj

F j pq

d p ⊗Eq


d p ⊗Eq


=

j
λ1 , d1
j
λ1 , d2
j
λ1 , d3

}|
j
λ2 , d1
j

λ2 , d2
j

λ2 , d3

d p ⊗Eq

j
λ3 , d1
j
λ3 , d2
j
λ3 , d3

{



1 0 0



 

 + 0 1 0 ; (32)
0 0 1

¬
¶
= λqj , d p + δ p q .

The notation [F j ]d p ⊗Eq implies that in the operation F j .dR00 = dR j , the component of the vector dR00
is expressed in {Ei } frame and the components of the vector dR j obtained after the operation is in {di }
frame. The displacement gradient tensor for the configuration Ω j referenced to Ω00 is given by ∇Ω00 u j ,

where u j = R j − R00 .

We are now in the position to elaborate on the fully-coupled Poisson’s effect. For the deformed

17
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configuration Ω2 , the strain vectors may be obtained using Eq. (25) and Eq. (29), thus giving


λ21 , d1 = "1 + ξ3 κ2 − ξ2 κ3 + W,ξ1 .

(33)

Intuitively, 〈λ21 , d1 〉 is the axial strain field across the cross-section due to midcurve axial strain, bending
and warping. Therefore, we can write Eq.(26) as



ξˆi = 1 − ν "1 + ξ3 κ2 − ξ2 κ3 + W,ξ1 ξi for i=2,3.

(34)

The strain vectors for the final deformed state Ω3 can be obtained using the expression of position vector
in Eq. (27) and Eq. (29) as


λ31 = " + ξˆ3 d3,ξ1 + ξˆ2 d2,ξ1 + ξˆ3,ξ1 d3 + ξˆ2,ξ1 d2 + W,ξ1 d1 + W d1,ξ1


 " =〈",d 〉

"1 =〈",d1 〉
z
z 2 }| 2 {
}|
{
= ((1 + e) cos γ11 − 1) +ξˆ3 κ2 − ξˆ2 κ3 + W,ξ1  d1 + (1 + e) sin γ12 −ξˆ3 κ1 + ξˆ2,ξ1 + W κ3  d2

" =〈",d 〉
z 3 }| 3 {
+ (1 + e) sin γ13 +ξˆ2 κ1 + ξˆ3,ξ1 − W κ2  d3 ;


(35)


ˆ
=W,ξ2 d1 + ξ2,ξ2 − 1 d2 + ξˆ3,ξ2 d3 ;


3
ˆ
ˆ
λ3 =W,ξ3 d1 + ξ2,ξ3 d2 + ξ3,ξ3 − 1 d3 .
λ32

3.2.



j

PHYSICAL INTERPRETATION OF λi

Consider an infinitesimal vector dξ1 E1 in the undeformed state Ω00 joining two material points
(ξ2 , ξ3 ) ∈ 00 (ξ1 ) and (ξ2 , ξ3 ) ∈ 00 (ξ1 + dξ1 ). Similarly, consider an infinitesimal vector dξ2 E2 connecting
two material points (ξ2 , ξ3 ) ∈ 00 (ξ1 ) and (ξ2 + dξ2 , ξ3 ) ∈ 00 (ξ1 ). Finally, consider an infinitesimal vector
dξ3 E3 connecting two material points (ξ2 , ξ3 ) ∈ 00 (ξ1 ) and (ξ2 , ξ3 + dξ3 ) ∈ 00 (ξ1 ). These three vectors
transform to the following in the deformed state Ω j
j

F j (dξi Ei ) = dξi (λi + di ) for i = 1 − 3 and j = 1 − 3.

(36)

The Einstein summation is suppressed in the above equation. The index i represent the infinitesimal
vectors. Therefore, for a unit arc length element
j

λ1 = F j E1 − d1 .

University of California, San Diego
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For the unit vectors E2 and E3 , (along the direction of dξ2 E2 and dξ3 E3 , respectively), we see that
j

j

λ2 = F j E2 − d2 ; λ3 = F j E3 − d3 .

(38)

j

Therefore, λi represents the strain vector in the deformed state Ω j corresponding to the vector Ei in the
undeformed state Ω00 . The action of deformation gradient tensor on an infinitesimal vector dR00 can
be understood from Eq. (30). The vector dR00 is subjected to rigid body rotation (the contribution due
j

to Q in Eq. (30)) and change in magnitude (the contribution due to λi ⊗ Ei , sum implied over i). The
j

outer product λi ⊗ Ei filters out the i th component of the vector dR00 (for each i) and strains it along the
j

vector λi .

3.3.

DEFORMATION OF THE UNIT VECTORS
It is insightful to observe the deformation of vectors Ei (not necessarily at the centroid) with i = 1−3

in the deformed state Ω3 . Consider the infinitesimal vectors dξ1 E1 , dξ2 E2 and dξ3 E3 as described in section
3.2. As explained before, the deformation gradient tensor maps an infinitesimal vector dR00 to dR3 . One
might wonder as to what the deformation of a unit length vectors Ei , which is not infinitesimally small,
means. The idea is that if the deformation gradient tensor deforms the vector, say dR00 = dξi Ei ∈ T p Ω00
(no sum on i ) to some vector dR3 ∈ Tφ3 ( p) Ω3 , then the vector Ei ∈ T p Ω00 deforms to

dR3
dξi

∈ Tφ3 ( p) Ω3 .

Mathematically, for a point p ∈ Ω00 the fact F j (dξ1 E1 ) ∈ Tφ j ( p) Ω j implies F j E1 ∈ Tφ j ( p) Ω j and F j (dξ1 E1 ) k

F j E1 . One must understand that this deformation is different from the real deformed state of a finite
length vector (which may be some curve!).
This idea of deformation of the unit vector or a unit arc length element is useful to understand the
strain vectors and to interpret the contributions to the strain due to various finite strain parameters.
Section [4.1] of Schutz [45] is an excellent read on the idea of element in continuum mechanics.

3.3.1.

Deformation of the unit vector E1

It is clear from Eq. (35) and (37) that
F3 E1 = λ31 + d1




= (1 + e) cos γ11 + ξˆ3 κ2 − ξˆ2 κ3 + W,ξ1 d1 + (1 + e) sin γ12 − ξˆ3 κ1 + ξˆ2,ξ1 + W κ3 d2


+ (1 + e) sin γ13 + ξˆ2 κ1 + ξˆ3,ξ1 − W κ2 d3 ;

19
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The Fig. 3 demonstrates straining of the vector E1 (not necessarily along the midcurve). Each subsequent
step in the flowchart does not represent superimposition; rather, each step represents the inclusion of
various deformation effects, as indicated. Certain points interpreting Fig. 3 are discussed below,

Figure 3: Flowchart showing deformation of the unit vector E1 in the configuration Ω3 referenced to the configuration
Ω00 .

1. Fig. 3 is an improved version of Fig. 3 in Chadha and Todd [39]. The transformation of the vector
E1 as showed in Fig. 3 considers the final deformed state as Ω3 that incorporates fully-coupled
Poisson’s and warping effect.
2. Effects 1 and 2 represent the strain due to finite shear and midcurve axial deformation. Effect 1 is
special case of effect 2, when there is no shear. The vector E1 transforms to the vector " + d1 if we
consider effect 1 and 2 only.
3. Effect 3 addresses the strain in the vector E1 for a unit arc length element (dξ1 = 1) due to differential
Poisson’s deformation. Figure 4 gives a geometric description of effect 1 and 3.
4. Effects 4, 5 and 6 represent the strain due to bending and torsion about the vectors d3 , d2 and d1
respectively. Unlike the description in Chadha and Todd [39] that utilizes the point (ξ2 , ξ3 ) to
define bending and torsion strains, we use (ξˆ , ξˆ ) to capture bending and torsion strains (notice the
2

3

terms like ξˆ2 κ1 , ξˆ2 κ2 , ξˆ2 κ3 etc.). This is direct consequence of the fully-coupled Poisson’s effect.
5. Effect 7 represents axial strain in E1 due to differential warping deformation causing an additional
axial strain of W,ξ1 along d1 .
University of California, San Diego
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Figure 4: Geometric description of effect 1 and 3:- deformation of vector E1 considering differential Poisson’s deformation
in the cross section 4 (ξ1 ) and 4 (ξ1 + dξ1 )

6. Effect 8 describes the strain W d1,ξ1 = W (κ3 d2 − κ2 d3 ). Note that effect 7 and 8 are obtained by
realizing the strain contribution due to the quantity (W d1 ),ξ1 . In effect 7, the director d1 is kept
constant but the change in the warping function is considered. Whereas, in effect 8, the warping
deformation remains unchanged but the change in the orientation of director d1 is considered
(attributed to bending about d2 and d3 ). Figure 5 describes effect 7 and 8.

3.3.2.

Deformation of the unit vector E2 (or E3 )

The deformation of the vector E2 is explored considering the deformation of the cross-section 00 (ξ1 ).
Consider an infinitesimal vector dξ2 E2 ∈ 00 (ξ1 ) that deforms to dξ2 (F3 E2 ) in the deformed configuration
Ω3 . From Eq. (35) and (38),

F3 E2 = W,ξ2 d1 + ξˆ2,ξ2 d2 + ξˆ3,ξ2 d3
| {z } |
{z
}
Effect b

(40)

Effect a
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Figure 5: Geometric description of effect 7 and 8

It is observed that there are two effects that governs the deformation in this case. Effect a represents
the straining in the vector dξ2 E2 due to in-plane deformation of the cross-section from 00 (ξ1 ) → 3 (ξ1 )
attributed to the fully-coupled Poisson’s transformation Pξ1 . Effect b represents the straining due to the
out of plane deformation of the cross-section attributed to warping. Figure 6 illustrates the deformation
of the vector E2 .
It is clear from Eq. (30) that the deformation gradient tensor F j in the deformed configuration Ω j
j

referenced to the undeformed state Ω00 can be obtained if the expression of λi is known (for i = 1 − 3).
j

Appendix 6.2 gives the expressions of λi for other deformed states.

3.4. DEFORMATION GRADIENT TENSOR OF THE DEFORMED STATE REFERENCED
TO THE CURVED REFERENCE STATE

Consider that the curved reference beam configuration Ω0 obtained by straining Ω00 such that the
total length of the midcurve remains the same and there is no shear or torsion in the cross-sections.
Consider an infinitesimal vector dR00 in the straight configuration Ω00 that transforms to dR0 in the
University of California, San Diego
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Figure 6: Deformation of the infinitesimal vector dξ2 E2

curved reference state Ω0 such that from Eq. [29] of Chadha and Todd [39], we have
F0 =

dR0
= ε0 ⊗ E1 + Q0 ;
dR00
ε0

(41)

z
}|1
{
ε0 = (ξ3 κ02 − ξ2 κ03 ) d01 .
The vector ε0 represents the strain vector. The parameters κ02 (ξ1 ) and κ03 (ξ1 ) represents the finite bending
curvature field for the curved reference state Ω0 . Noting Eq. [32] and Eq. [35] from Chadha and Todd
[39], we have
|F0 | = 1 + 〈ε0 , d01 〉 = 1 + ε01 ;


1
−1
T
(ε ⊗ d01 ) .
F0 = Q0 I3 −
|F0 | 0

(42a)
(42b)

Here, |F0 | represents the determinant of the tensor F0 . For proof of the identity (42b) refer section 3.1.3
in [39]. Note that the displacement gradient matrix [∇Ω00 u0 ]d0

l

⊗E m ,

with u0 = R0 − R00 , has rank 1 and

is nonsingular if ε0 6= 0 (it is zero along the midcurve in the configuration Ω0 ). This property allowed
23
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us to obtain Eq.(42b) using the result Eq. (1) in Miller [46]. The deformation gradient tensor F jr of the
deformed state Ω j referenced to an initially curved (but unstrained) reference configuration Ω0 can be
obtained using the results mentioned above as

F jr = F j F0−1 =


j
(λi



⊗ Ei ) + Q Q0T







j

= (λi ⊗ d0i ) + Q r −


1
I3 −
(ε ⊗ d01 )
|F0 | 0

〈ε0 , d01 〉 
|F0 |

j

λ1 ⊗ d01



1
(Q ε ) ⊗ d01
+
|F0 | r 0



(43)

r

= (λi j ⊗ d0i ) + Q r .
r

In the above equation, the relative strain vectors λi j are given as
r

λ1 j =
r
λ2 j


1  j
λ1 − Q r ε0 ;
|F0 |
=

j
λ2 ;

r
λ3 j

=

(44)

j
λ3 .

In component form,
¬ r
¶
[F jrpq ]d p ⊗d0 = λq j , d p + δ p q .
q

(45)

r

Physically, λi j represents the strain vector in the deformed state Ω j corresponding to the vector d0i in
r

the undeformed state Ω0 . Appendix 6.3 elaborates the vector λ1 j for various deformed configurations Ω j .
Appendix 6.4 discusses the procedure to obtain deformation gradient tensor of a deformed configuration
with respect to another deformed state.

4. MEASUREMENT MODEL FOR FINITE LENGTH AND DISCRETE STRAIN GAUGE
4.1.

ON FINITE LENGTH STRAIN GAUGE MEASUREMENT

4.1.1.

Geometric description of the deformation of finite strain gauge

Consider a strain gauge of finite length l0 (not necessarily small) attached to the surface of beam S00
in the undeformed state Ω00 . Let a ∈ S00 and b ∈ S00 represent two ends of the finite strain gauge. Let us
consider the unstrained segment of FBG sensor as a space curve α : [0, l0 ] −→ S00 , with α(0) = a and
α(l0 ) = b such that
α(t ) = ξi (t )Ei , t ∈ [0, l0 ], (ξ1 , ξ2 , ξ3 ) ∈ S00 .

(46)

The curve α(t ) is parameterized by its arclength t . Therefore, α,t (t ) ∈ Tα(t ) S00 is a unit tangent
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vector along the curve. Here, Tα(t ) S00 represents the tangent space of the manifold S00 restricted
to the curve α(t ). The curve α(t ) maps to the curve φ̃ j (α(t )) = β j (t ) : [0, l0 ] −→ S j , such that

Figure 7: Deformation of a finite length curve on the beam surface

F j α,t (t ) = β j ,t (t ) ∈ Tφ̃(α(t )) S j . The vector field β j ,t (t ) is not a unit vector as t is not the arc length of the

curve β(t ). The magnitude of the tangent vector β j ,t (t ) can be obtained as

¶ 12
¬
¶ 12 ¬
¶ 12 ¬
|β j ,t (t )| = β j ,t (t ), β j ,t (t ) = F j α,t (t ), F j α,t (t ) = α,t (t ), F jT F j α,t (t )
¬
¶ 12 q
= α,t (t ), Cj α,t (t ) = C j pq α p,t αq,t

(47)

Here, Cj = F jT F j = U jT U j represents the right Cauchy Green deformation tensor. In fact, the Cauchy
Green deformation tensor can be thought as a push-forward Riemann Metric (refer chapter 2 of Do Carmo
[47]) in the deformed configuration Ω j (and the surface S j as well). This is because for any pair of tangent
¬
¶
vector v1 , v2 ∈ T p Ω00 (or Tq S00 ), the tensor Cj associates an inner product F j v1 , F j v2 on the tangent
space Tφ( p) Ω j (or Tφ̃(q) S j ) such that F j v1 , F j v2 ∈ Tφ( p) Ω j (or Tφ̃(q) S j ). The length of the curve β(t ) as a
function of the parameter t is obtained as
Zt
Z t È

l j (t ) =
|β j ,t (k)|dk =
C j pq α p,t αq,t
0

0

(t =k)

dk,

(48)
avg

The scalar strain ẽ j (t ) at the material point (ξ1 (t ), ξ2 (t ), ξ3 (t )) ∈ Ω j and the average scalar strain ẽ j
25
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the strain gauge is
ẽ j (t ) = |β j ,t (t )| − 1;
avg

ẽ j (t ) =

4.1.2.

l j (t = l0 )
l0

− 1.

(49)

Illustration

Consider a cantilever beam with circular cross-section of radius r = 0.05 m and length l0 = 1 m. Let
the finite length strain gauge join the material point a = (0, 0, 0.05) ∈ S00 and b = (1, 0, 0.05) ∈ S00 giving
a straight curve α(t ) = ξ1 (t )E1 + 0.05E3 with t ≡ ξ1 ∈ [0, 1]. Note that in this case ξ1,t (t ) = 1. Hence,
α,t (t ) = E1 . Let the beam be subjected to the following finite strain parameters,
κ1 (ξ1 ) = 2π, e(ξ1 ) = 0.1, with ν = 0.3.

(50)

The deformed state for this example is Ω3 with vanishing κ2 , κ3 and W . It is intuitive that the curve
α(t ) deforms to β3 (t ) ∈ S2 (hence j =3) which is a helix with pitch length l p = (1 + e) = 1.1m, radius
r1 = (1 − eν)r and number of turn nturn = 1. From the equation of length of helix, the length of the curve
β3 (t ) can be obtained as,

v
 2
u
u
lp
t
l2 = 2πnturn r12 +
= 1.141m;
2π

(51)

avg

ẽ3 = 14.1%.
Now we obtain the length of the curve β3 (t ) using the discussion in previous section and the result (30).
We have
β3,t = F3 α,t (t ) = λ31 (t ) + d1 = (1 + e(ξ1 (t )))d1 − ξˆ3 (t )κ1 (ξ1 (t ))d2 + ξˆ2 (t )κ1 (ξ1 (t ))d3 .

(52)

Since the undeformed curve is along E1 with ξ2 = 0, we have ξˆ2 (t ) = 0 and ξˆ3 (t ) = (1 − eν)r . Hence,
l2 =

Z

1

β3,t , β3,t

0

1
2

dt =

Z 1Æ

((1 + e)2 + (1 − eν)r κ1 )2 dt = 1.141m.

0

Thus, the results from Eq. (51) and (53) are exactly the same.
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4.2.

ON DISCRETE "POINT" STRAIN MEASUREMENTS
In strict sense, a discrete point strain gauge is an absurd idea because a point does not strain. In reality,

a discrete strain gauge has a small but finite undeformed gage length associated with it. The discrete strain
gauge with small gauge length can be treated by considering it as an infinitesimal vector such that its
orientation in the undeformed state is known and gage length represents the length of the vector. This can
help us estimate strain in average sense, by assuming that the finite strain parameters along the length of
discrete strain gauge is constant throughout its length. We consider the value of the deformation gradient
tensor at the center point of the strain gauge. Since the gauge length of discrete strain gauge is small and
the finite strain parameters are continuous, this approach gives an excellent estimation of the scalar strain
value.

4.2.1.

Orientation of the surface strain gauge in the undeformed state Ω00

Consider the undeformed configuration Ω00 that consist of continuously varying family of planar
g
g
g
cross-sections 00 (ξ1 ). Consider a strain gauge attached to the point q00 = ξ1 , ξ2 , ξ3 ∈ S00 such that
the unit direction vector n00 ∈ Tq00 S00 . The strain gauge can be located from the point on the midcurve
g
g
g
g
p00 = (0, 0) ∈ 00 ξ1 by the vector r00 = ξ2 E2 + ξ3 E3 . The tangent plane Tq00 S00 is spanned by the

g
g
g
g
g
g
unit orthonormal vectors t00 ξ1 , ξ2 , ξ3 − t̃00 ξ1 , ξ2 , ξ3 . The vector t̃00 lies in the plane spanned by
g

E1 − r00 , such that



g
g
ξ3 sin µ̃
ξ2 sin µ̃
 E2 +  q
 E3 .
t̃00 = cos µ̃E1 + sin µ̃
= cos µ̃E1 +  q
g
g2
g2
g2
g2
|r00 |
ξ2 + ξ3
ξ2 + ξ3


g

r00





(54)

g
The vector t00 represents the unit tangent vector to the periphery Γ00 of the cross-section 00 ξ1 , such

that
t00 = E1 ×



g 
r00
g
|r00 |


= −q

g
ξ3
g2
ξ2

g2
+ ξ3





 E2 +  q



g
ξ2
g2
ξ2

g2
+ ξ3

 E3 .

(55)

The vector n00 makes an angle µ with the vector t̃00 at the point q00 . Figure 8 describes the orientation of
the strain gauge in the undeformed state. The expression for n00 is obtained as
n00 = cos µ t̃00 + sin µt00 .

(56)

If the configuration Ω00 consists of the same cross-sections (not varying along the beam), then µ̃ = 0.
As, dφ̃ : Tq00 S00 −→ Tφ̃(q ) S j , the tangent space Tφ̃(q ) S j is spanned by the normal basis vectors
00

00
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Figure 8: Orientation of the strain gauge in undeformed configuration Ω00



F j .t00

,

F j . t̃00

|F j .t00 | |F j . t̃00

4.2.2.


. These basis vectors are not orthogonal unless F j = Q at the point q00 .
|

Expression of scalar strain value of discrete strain gauge

Consider a discrete strain gauge with the finite (but small) gauge length l g with the orientation n00
in the undeformed state. Let the center point of the strain gauge be attached to the material point q00 .
Considering the strain gauge as the vector l g n00 , the scalar strain e j in the deformed state Ω j is,
Stretch λ̂ j

z
¬

}|

e j = F j (q00 )n00 , F j (q00 )n00

{
¶ 12

−1.

(57)

Equation (57) defines nominal strain. We can obtain natural strain, Lagrangian strain, Eulerian strain,
and logarithmic strain fields using the expression of stretch λ̂ j (refer to section 4.2 of Asaro and Lubarda
[48]). Note that a similar expression can be obtained by using Eq. (48) and (49) such that the deformation
gradient tensor is assumed to be constant F j (q00 ) (considering its value at the center of the strain gauge)
along the length of the discrete strain gauge.
In Todd et al. [42] and Chadha and Todd [43], the scalar strain was obtained using the expression
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(for j = 1 as the deformed state considered was Ω1 ),
e 1 = λ11 , n1 .

(58)

We assumed that the unit direction vector n00 transforms to the unit vector n1 = Qn00 . Equation (58)
captures bending and axial strains in the same sense as Eq. (57) but it fails to capture finite strains due
to multiple deformation effects. The result obtained from Eq. (58) also depends on the orientation of
the strain gauge n00 . For instance, consider a discrete strain gauge with finite length attached to beam
along the direction n00 = E1 such that the center of the strain gauge is at point q00 . Suppose that the beam
has circular cross-section and is subjected to pure torsion with curvature field κ1 (ξ1 ). From Eq. (57), the
scalar strain in the strain gauge will be,
g

"1 =
Where, r g =

q

g2

q

1+

g
r g2 κ21 (ξ1 ) − 1

=

r g2 κ21 (ξ1 )
2

g

−

r g4 κ41 (ξ1 )
8

+ O[κ51 ].

(59)

g2

ξ2 + ξ3 . If we use Eq. (57) with n1 = QE1 = d1 , it is clear that the estimated scalar

strain is zero. But this is not true because an infinitesimal vector along E1 will be strained due to torsion.
Therefore, Eq.(57) represents the corrected version of Eq.(58). In fact, Eq. (58) worked well in Todd et
al. [42] as bending and axial strains were the only deformation effects considered, whereas in Chadha
and Todd [43], the problem considered belonged to the class of large deformation but small strain with
dominant cause of strain being bending and axial deformation.

5.

SUMMARY AND CONCLUSIONS

This paper can be divided into three broad domains. The first domain addresses the coupling between
Poisson’s and warping effect and obtaining a fully-coupled Poisson’s transformation with the aim of
developing a comprehensive kinematics of Cosserat beams. The kinematics developed is not restricted
to the Euler-Bernoulli rigid cross-section assumption, and it is simultaneously maintaining the single
manifold nature of the problem. The idea of having prior knowledge of the cross-sectional dependence
of the warping function (function of the form Ψ(ξ2 , ξ3 )) is certainly desirable for maintaining the single
manifold nature of the kinematics, but it yields only an approximate solution. The primary reason to
investigate the coupling between Poisson’s and warping effect (along with contribution to warping due to
torsional and bending induced shear) and develop a fully-coupled Poisson’s transformation, is to further
refine the kinematics of the Cosserat beam model. This is beneficial for both forward modeling analyses
and solving inverse problems like shape reconstruction from strain measurements..
We detail three different deformed configurations of the beam with Ω3 representing the most general
configuration and Ω1 − Ω2 representing more constrained cases. The coupled Poisson’s and warping is
29
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developed in a two-stage process. We arrive at the governing differential equations to capture warping
in an asymmetric beam cross-section subjected to curvatures and axial strains for the linear elastic case.
The inclusion of axial strain and Poisson’s effect in the small displacement field leads to an inconsistent
governing differential equation for warping (equations (61a) and (61b)). We obtain the consistent differential
equation (equations (68a) and (68b)) by deliberately enforcing the inconsistency condition (equation (65)
and (66)) into the inconsistent warping equation. The consistent warping equation suggests a solution
to the warping function W that is not explicitly dependent on the axial strain e(ξ1 ) and its derivatives.
However, we carefully note that the elimination of inconsistency results in consistent differential equations
for warping that could be solved, but the accuracy of the solution and their closeness to the exact 3D
solution is open to further investigation. Motivated from the work of Burgoyne and Brown [6] and [7],
we delineated two possible solution approaches to obtain the warping function in variable separable form.
Stage one represents the incorporation of the effects of axial strains and Poisson’s transformation on
warping. The details of first stage of coupling are mentioned in Appendix 6.1. In stage two, we propose
the fully-coupled Poisson’s transformation by considering the axial strain contributions due to midcurve
strain, finite shear, bending curvatures, and out of plane warping. This yields fully coupled Poisson’s and
warping effect. We note that the proposed Poisson’s transformation governing the in-plane deformation
does not include the deformation due to local buckling, which is a prominent phenomenon in thin walled
beams. However, the kinematical framework developed is completely general.
The second domain of investigation in this work develops the kinematics of the beam that includes
fully-coupled Poisson’s and warping effect along with finite curvatures, finite shear, and midcurve axial
strains. The deformation gradient tensor and strain vector in a general deformed state Ω j referenced to
both a mathematically straight beam configuration Ω00 and an initially curved reference configuration Ω0 are
derived. The contribution to deformation due to various effects are carefully explored and explained.
The third domain of this exposition exploits the results developed in the first half of the paper to
investigate the mechanics of discrete and finite length strain gauges. We arrive at the expression of the scalar
strain value that would be observed in strain gauges perfectly attached to the surface (or embedded into
the beam) of Cosserat beam in terms of finite strain parameters and illustrate a simple example to validate
our results. We critically review the formula of scalar surface strain that was proposed in our previous
work on shape sensing (for finite deformation but small strain problem) and compare it to the expression
arrived at this work.
In a much broader sense, this paper studies the differential geometry of the Cosserat beam. The results developed here will be used to extend our work on shape reconstruction that utilize local differential
geometric parameters (finite strain parameters) to predict the global deformed state of the structure. The
results in this paper establishes a relationship between the finite strain parameters and the measurement
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of a (perfectly affixed) strain gauge. This development may be used to estimate finite strain fields of the
beam using a countable number of surface strain gauge. Furthemore, we can arrive at the deformation
adaptive shape functions to develop FEM formulation of the beam more accurately.
Acknowledgements: Funding for this work was provided by the United States Army Corps of Engineers
through the U.S. Army Engineer Research and Development Center Research Cooperative Agreement
W912HZ-17-2-0024. We also gratefully thank Professor Elham Izadi, Department of Mathematics, UCSD
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6.

APPENDIX

6.1. INCONSISTENCIES IN THE GOVERNING DIFFERENTIAL EQUATION OF WARPING AND THE ASSOCIATED CHALLENGES

6.1.1.

Preliminary results

Before we present a deeper discussion, we note the following results. From the definition of t and t˜
as in Eq. (22b), we have
I
I D
I D
Z
E
E
t dΓ =
[(ξ2 E2 + ξ3 E3 ) × n], E1 dΓ =
n, (−ξ3 E2 + ξ2 E3 ) dΓ = Div(−ξ3 E2 + ξ2 E3 )dξ2 dξ3 = 0;


(60a)
I

I D
Z
E
n, (ξ2 E2 + ξ3 E3 ) dΓ = Div(ξ2 E2 + ξ3 E3 )dξ2 dξ3 = 2A(ξ1 );
t˜dΓ =

Z
I
2
∇ W dξ2 dξ3 = W,n dΓ .

(60b)
(60c)



From here on, we will represent the area of the cross-section A(ξ1 ) as A. Equation (60c) is obtained using
the Gauss-divergence theorem. Recalling the governing differential equation for warping (22a) and (22b),
∇2W +

6.1.2.


λ̃
W,ξ1 ξ1 − ξ2 κ3,ξ1 + ξ3 κ2,ξ1 + λe,ξ1 = 0 on (ξ1 );
G
W,n = −κ1 t + e,ξ1 ν t˜ on Γ (ξ1 ).

(61a)
(61b)

The inconsistency

Integrating Eq. (61b) along the boundary of the cross-section Γ (ξ1 ) and using the result (60a) and
(60b), we have
I

W,n dΓ = −κ1

I

t dΓ + e,ξ1 ν

I

t˜dΓ = 2νAe,ξ1 .

Integrating Eq. (61a) across the cross-section (ξ1 ) and realizing that
have

λ̃
∇ W dξ2 dξ3 = −
G


Z
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R


(62)

ξi dξ2 dξ3 = 0 for i = 2 and 3, we

W,ξ1 ξ1 dξ2 dξ3 − λAe,ξ1 .

(63)
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Using Eq. (60c) and (63), we have
I

λ̃
W,n dΓ = −
G

Z

W,ξ1 ξ1 dξ2 dξ3 − λAe,ξ1 .

(64)



Comparing Eq. (62) and (64), we clearly observe an inconsistency which can be resolved only if





Z
GA(ξ1 ) λ + 2ν
λ̃
−
2νλ
 e,ξ = −
W,ξ1 ξ1 dξ2 dξ3 = − 
A(ξ1 )e,ξ1 .
1

λ̃
λ̃

(65)

From the definition of the reduced axial force field P1 (ξ1 ) in Eq. (23), we obtain the following result
Z
P1,ξ1 = (λ̃ − 2νλ)Ae,ξ1 + λ̃ W,ξ1 ξ1 dξ2 dξ3
(66)


The inconsistency condition (65) and the Eq. (66) implies that the inconsistency can be resolved if
P1,ξ1 = 0 or P1 (ξ1 ) = Constant

(67)

These kind of inconsistencies or anomalies are commonly observed in simplified theories. For instance,
the anomaly of the torque for the case of wholly-restrained end warping was observed by Burgoyne et
al. [6]. If the axial strain and the Poisson’s effect is not included in the displacement field (20), it would
R
require  W,ξ1 ξ1 dξ2 dξ3 = 0. This condition is automatically satisfied if P1 = 0 along the length of the

beam, which is physically true if axial deformation and force is ignored as in Eq. (7) of Brown et. al. [7].
At the most fundamental level, the reason of this inconsistency lies primarily in our objective to obtain a
simplified warping function and our assumption of zero body force. In our opinion, the inconsistency
indicates that the rigid body cross-sectional deformation due to constant axial strain field across the
cross-section attributed to midcurve axial strain e(ξ1 ) does not affect warping (essentially an out-of-plane
deformation), which is clearly observed in equations (79) and (96).

6.1.3.

Proposed solution to eliminate the inconsistency condition and obtain the

warping function
We attempt to resolve the inconsistency by enforcing the condition (65) in the inconsistent warping
equation. Substituting for e,ξ1 (obtained using Eq. (65)) in Eq. (61a) and (61b), we obtain the modified
consistent governing differential equation
∇ W + C1 W,ξ1 ξ1 − ξ2 κ3,ξ1 + ξ3 κ2,ξ1 + C2 λ
2



Z

W,ξ1 ξ1 dξ2 dξ3 = 0 on (ξ1 ),

(68a)
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W,n = −κ1 t + νC2

Z



W,ξ1 ξ1 dξ2 dξ3 t˜ on Γ (ξ1 ),

(68b)



where

6.1.4.



λ̃
1
λ̃
C1 =
.
and C2 = −
G
A λ̃ − 2νλ

(69)

Solution approach 1: Solution of warping function using series sum

We assume a solution of the variable separable form
W (ξ1 , ξ2 , ξ3 ) =

∞ 
X
r =0

(r )

(r )

(r )

κ1 Ψ1r + κ2 Ψ2r + κ3 Ψ3r + e (r ) Ψ4r



(70)

and aim at obtaining the functions Ψi r , where i = 1 − 4. Substituting Eq. (70) into the consistent
differential equations (68a) and (68b), we can obtain the governing differential equations for the functions
Ψi r with i = 1 − 4.
The governing differential equations for the functions Ψ1r :
For r = 0 and 1,

∇2 Ψ10 = 0 on (ξ1 ) with Ψ10,n = −t on Γ (ξ1 );
∇2 Ψ11 = 0 on (ξ1 ) with Ψ11,n = 0 on Γ (ξ1 );

For r ≥ 2,



Z



∇ Ψ1r = − C1 Ψ1(r −2) + λC2 Ψ1(r −2) dξ2 dξ3 on (ξ1 )



Z
Ψ1r,n = νC2 Ψ1(r −2) dξ2 dξ3 t˜ on Γ (ξ1 );
2

(71)

(72)



From Eq. (71), we note that Ψ11 = constant. To avoid any rigid body motion of the cross-section
due to warping, we take Ψ11 = 0. Equation (72) then implies Ψ1r = 0 for any odd r .
If the cross-section is symmetric,

R


Ψ10 dξ2 dξ3 = 0 as Ψ10 is anti-symmetric. This reduces the

governing differential equation for Ψ1r for any even r = 2, 4, 6, ... to,
∇2 Ψ1r = −C1 Ψ1(r −2) on (ξ1 ) with Ψ1r,n = 0 on Γ (ξ1 );
It is easy to prove then that

R


Ψ1r = 0 for any even r = 2, 4, 6, ... implying that the non-trivial solution

to the functions Ψ1r is antisymmetric. Thus, we observe that the anti-symmetric nature of the solution
(contribution to warping due to torsion) for the symmetric cross-section is preserved.
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The governing differential equations for the functions Ψ2r :
For r = 0 and 1,

∇2 Ψ20 = 0 on (ξ1 ) with Ψ20,n = 0 on Γ (ξ1 );
∇2 Ψ21 = −C1 ξ3 on (ξ1 ) with Ψ21,n = 0 on Γ (ξ1 ).

For r ≥ 2,



Z



∇ Ψ2r = − C1 Ψ2(r −2) + λC2 Ψ2(r −2) dξ2 dξ3 on (ξ1 );



Z
Ψ2r,n = νC2 Ψ2(r −2) dξ2 dξ3 t˜ on Γ (ξ1 ).
2

(73)

(74)



The governing differential equations for the functions Ψ3r :
For r = 0 and 1,

∇2 Ψ30 = 0 on (ξ1 ) with Ψ30,n = 0 on Γ (ξ1 );
∇2 Ψ31 = C1 ξ2 on (ξ1 ) with Ψ31,n = 0 on Γ (ξ1 ).

For r ≥ 2,



Z



∇ Ψ3r = − C1 Ψ3(r −2) + λC2 Ψ3(r −2) dξ2 dξ3 on (ξ1 );



Z
Ψ3r,n = νC2 Ψ3(r −2) dξ2 dξ3 t˜ on Γ (ξ1 ).
2

(75)

(76)



Following similar reasoning as before, we observe from Eq.(74) and Eq.(76) that Ψ20 = 0 and Ψ30 = 0.
That implies, Ψ2r = 0 and Ψ3r = 0 for any even r . The inclusion of bending curvature in warping results
in a non-linear strain profile across the cross-section.
The governing differential equations for the functions Ψ4r :
For r = 0 and 1,

∇2 Ψ40 = 0 on (ξ1 ) with Ψ40,n = 0 on Γ (ξ1 );
∇2 Ψ41 = 0 on (ξ1 ) with Ψ41,n = 0 on Γ (ξ1 ).

For r ≥ 2,



Z



∇ Ψ4r = − C1 Ψ4(r −2) + λC2 Ψ4(r −2) dξ2 dξ3 on (ξ1 );



Z
Ψ4r,n = νC2 Ψ4(r −2) dξ2 dξ3 t˜ on Γ (ξ1 ).
2

(77)

(78)



Equation (77) implies Ψ40 = 0 and Ψ41 = 0. This result coupled with the Eq. (78) results to Ψ4r = 0 for
35
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any r . This result eliminates the explicit contribution to warping due to axial strain. Hence, we are left
with a solution of the form

  (1)

(2)
(4)
(3)
(5)
W (ξ1 , ξ2 , ξ3 ) = κ1 Ψ10 + κ1 Ψ12 + κ1 Ψ14 + ... + κ2 Ψ21 + κ2 Ψ23 + κ2 Ψ25 + ...
 (1)

(3)
(5)
+ κ3 Ψ31 + κ3 Ψ33 + κ3 Ψ35 + ... ,

6.1.5.

(79)

Physical interpretation of the warping function Ψ31 ( or Ψ21 )
(1)

Claim: The warping contribution κ3 Ψ31 represents the out-of-plane deformation of the crosssection due a non-uniform shear stress field induced by bending about E3 . This implies that the slope
(1) ∂ Ψ31
∂ ξ2

κ3

is the the shear strain profile of the cross-section.

Proof: The warping is dependent on the geometry of the cross section. Therefore, let us consider a
rectangular prismatic beam with the depth d and breadth b to proceed with further discussion.
For the proof, we assume the claim to be true and arrive at the governing equation for Ψ31 as
mentioned in Eq. (75). If M (ξ1 ) and V (ξ1 ) represent the cross-sectional bending moment (about E3 )
and shear respectively, then we know from the theory of bending that V =
I33 =

1
bd3
12

dM
dξ1

and M = κ3 E I33 , where

is the moment of inertia about E3 axis. The expression for the shear strain profile of

rectangular section is given as
 2


(1) 
6E I33 κ3 d 2
6V
d
2
2
γ12 =
− ξ2 =
− ξ2
Gb d 3 4
Gb d 3
4

(80)

Note that Poisson’s effect is ignored in traditional beam theory limiting the constant C1 =

E
G

(in Eq. (69)).

Substituting for I33 and C1 , the shear strain profile reduces to
(1)

γ12 =
From our claim,

C1 κ 3



2

d2
− ξ22
4



(1) ∂

κ3

Ψ31
= γ12
∂ ξ2


∂ Ψ31 C1 d 2
2
=
− ξ2
∂ ξ2
2 4

Taking the derivative with ξ2 , and noting that γ12 is not a function of ξ3 (implying
∇2 Ψ31 = −C1 ξ2 on (ξ1 );
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(82)

∂ 2 Ψ31
∂ ξ32

= 0), we can write
(83)

A comprehensive kinematic model of Cosserat Beam–Chadha. M and Todd. M. D
We also note that for bending about E3 , we have
dependence), implying

∂ Ψ31
|
∂ ξ2 ξ2 = d2

= 0 and

∂ Ψ31
∂ ξ3

= 0 (because Ψ31 does not have ξ3

Ψ31,n = 0 on Γ (ξ1 ).

(84)

This completes the proof.
Further Comment:
Timoshenko’s beam theory assumes plane cross-section remains plane after deformation but relaxes
the restriction of cross-section remaining perpendicular to the neutral surface. Thus assuming constant
 
1.5V
E d2
shear strain of γ12 (0) = G b d = 1.5 G 4 for a rectangular section with a shear coefficient 1.5. This leads
us to define an equivalent warping function that incorporates Timoshenko shear deformation as


E d2
t
ξ
Ψ31 =
2G 4 2


E d2
t
Ψ21 =
ξ ;
2G 4 3

(85)

such that if v(ξ1 ) and w(ξ1 ) represent total transverse displacement (including shear and bending) of the
midcurve in E2 and E3 respectively and θ2 (ξ1 ) and θ3 (ξ1 ) represents bending rotations about the axes E2
and E3 , respectively, then
∂v
(1) t
− θ3 = κ3 Ψ31,ξ
2
∂ ξ1
∂w
(1) t
+ θ2 = κ2 Ψ21,ξ
.
3
∂ ξ1

(86)

Using Eq.(82) and the fact that Ψ31 (0, 0) = Ψ21 (0, 0) = 0, the warping functions Ψ31 (or Ψ21 ) are obtained
as,


 
ξ23
E d2
E ξ23
t
Ψ31 =
ξ −
= Ψ31 −
;
2G 4 2
3
2G 3


 3
ξ33
ξ3
E
E d2
t
ξ3 −
= Ψ21
−
.
Ψ21 =
2G 4
3
2G 3

(87)

Figure 9 illustrates the discussion here.
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Figure 9: Example of shear deformation of the cross-section in the beam subjected to plane bending.

6.1.6.

A practically useful warping function for large deformation

t
t
From the previous discussion, its clear that Ψ21
and Ψ31
are the linear part of the warping function

Ψ21 and Ψ31 respectively. The displacement field assumed in (20) does not have shear deformation added
(1)

(1)

explicitly. However, the inclusion of the warping component κ3 Ψ31 and κ2 Ψ21 generalizes the shear
deformation assumed by Timoshenko to include out of plane bending induced shear warping. Therefore,
we should be careful in using this general warping solution if the shear deformations are explicitly added.
Since the kinematics developed in this paper includes finite shear, we propose a simplified warping
function for the large deformation problem as
(1)

(1)

(1)

t
t
W (ξ1 , ξ2 , ξ3 ) = κ1 (ξ1 )Ψ10 + κ1 (ξ1 )Ψ11 + κ2 (Ψ21 − Ψ21
) + κ3 (Ψ31 − Ψ31
).

(88)

Secondly, an alternative warping function that can be defined as an improved version of warping used by
Simo and Vu-Quoc [23] (as defined by equation (11)) as
(1)

(1)

t
t
W (ξ1 , ξ2 , ξ3 ) = p(ξ1 )Ψ s + κ2 (Ψ21 − Ψ21
) + κ3 (Ψ31 − Ψ31
).

Here, p(ξ1 ) is the warping amplitude and an additional unknown finite strain parameter.
University of California, San Diego
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6.1.7.

The end support conditions for warping

There are two possible end conditions for warping– wholly restrained and the unrestrained. Wholly
restrained warping implies W = 0 at the end support. Unrestrained warping would eliminate a contribution of warping to the stress component σ11 at the end support resulting in W,ξ1 = 0. If a solution of
form (79) is used, we can obtain the warping end conditions by imposing the following
( p)

(q)

(q)

Warping wholly restrained: κ1 = 0; κ2 = 0 and κ3 = 0 for all even p ≥ 0 and for all odd q ≥ 1.
( p)

(q)

(q)

Warping unrestrained: κ1 = 0; κ2 = 0 and κ3 = 0 for all odd p ≥ 1 and for all even q ≥ 2.
(90)

6.1.8.

An alternative way of arriving at the end support conditions for warping

Consider an end support condition with warping unrestrained. Such a warping function must satisfy
W,ξ1 = 0 for all the material points (ξ2 , ξ3 ) across the cross-section of end support. Let us call this as
unrestrained warping condition. Differentiating Eq. (68b), with respect to the arc-length ξ1 , we get


Z
(1)
(1)
(3)
W,n = −κ1 t + νC2 W dξ2 dξ3 t˜.
(91)

(1)

As an implication of unrestrained warping condition, we have W,n = 0. This can be guaranteed from Eq.
(91) if
(1)
κ1

= 0 and

Z

W (3) dξ2 dξ3 = 0,

(92)



at the end support. Equation (92) is a part of much larger set of end conditions. To proceed further, we
take the derivative of Eq. (68a) with respect to ξ1 and use the previous result (92), obtaining
W (3) +


1 2 (1)
1  (2)
(2)
∇W =
ξ2 κ3 − ξ3 κ2
C1
C1

(93)

Once again, as a result of unrestrained warping condition, we have ∇2W (1) = 0. This result coupled with
 (2)

1
(2)
Eq. (93), implies W (3) = C ξ2 κ3 − ξ3 κ2 , which is identically satisfied if
1

(2)

(2)

W (3) = 0, κ2 = 0 and κ3 = 0.

(94)

We can continue the process of obtaining odd derivatives of Eq. (68a) and (68b) with respect to ξ1 and
proceed along the same reasoning used to obtain Eq. (92) and (94) to arrive at the end condition for the
case of unrestrained warping as described in Eq. (90). In the very same way, we can obtain the set of end
conditions for warping wholly restrained.
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6.1.9.

Solution approach 2: Solution of warping function using trigonometric

series
The warping function W depends on the curvatures and the end support conditions. For a small
(linear) deformation, we define the component of the displacement field v1 (ξ1 ), v2 (ξ1 ), v3 (ξ1 ) that represents the motion of the midcurve due to axial deformation and bending. For small deformations,
v1,ξ1 = e(ξ1 ), v2,ξ1 ξ1 = κ3 and v3,ξ1 ξ1 = −κ2 . Secondly if θ represents the angular rotation due to torsion,

then θ,ξ1 = κ1 (ξ1 ). To demonstrate the solution procedure of the modified consistent differential equation

(68a) and (68b) using trigonometric series, we assume simple support at the end as in Brown et. al. [7].
The admissible end conditions for small deformation are
θ = v2 = v3 = 0 at ξ1 = 0, L0 ;
M2 = M3 = 0 at ξ1 = 0, L0 .

(95)

Since, the consistent governing equation does not explicitly depend on the axial strain, we ignore the
admissibility of the deformation field v1 (ξ1 ). We choose the strain parameters such that the displacement
and force boundary conditions are satisfied.
∞
X


mπξ1
;
κ1 (ξ1 ) =
k1m cos
L0
m=1


∞
X
mπξ1
κ2 (ξ1 ) =
k2m sin
;
L0
m=1


∞
X
mπξ1
κ3 (ξ1 ) =
k3m sin
;
L0
m=1


∞
X
mπξ1
.
W (ξ1 , ξ2 , ξ3 ) = Ψ0 (ξ2 , ξ3 ) +
Ψ m (ξ2 , ξ3 ) cos
L
0
m=1


(96)

Substituting Eq. (96) into the equation set (68a) and (68b) and observing the orthogonality of trigonometric functions leads to the following,
Governing equation for Ψ0 :
∇2 Ψ0 = 0 on (ξ1 ) with Ψ0,n = 0 on Γ (ξ1 );
Following similar reasoning as above, Ψ0 = 0, to avoid any rigid body contribution due to warping.
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Governing equation for Ψ m with m ≥ 1:
∇ Ψ m − C1
2

The integral






 2 2Z
mπ
m 2 π2
m π
(k3m ξ2 − k2m ξ3 ) + C2 λ
Ψ m = C1
Ψ m dξ2 dξ3 on (ξ1 ) (98a)
2
L0
L0
L20



 2 2Z
m π
(98b)
Ψ m,n = −k1m t − C2 ν
Ψ m dξ2 dξ3 t˜ on Γ (ξ1 );
L20

Ψ m dξ2 dξ3 can be obtained from the e,ξ1 field, by substituting the warping function as in

R


Eq. (96) into the inconsistency condition (65) and utilizing the orthogonality relationship of trigonometric
functions,
I m (ξ1 ) =

Z


Ψ m dξ2 dξ3 =

λ̃ − 2νλ



m 2 π2

λ̃



L20





mπξ1
A(ξ1 ) sec
L0

L0

Z
0



mπξ1
e,ξ1 cos
dξ1 .
L0

(99)

Similarly, the Fourier coefficients k1m , k2m and k3m can be obtained as,
L0




mπξ1
κ1 (ξ1 ) cos
dξ1 ;
L0
0


Z
mπξ1
2 L0
dξ1 ;
k2m =
κ (ξ ) sin
L0 0 2 1
L0


Z
mπξ1
2 L0
k3m =
κ (ξ ) sin
dξ1 .
L0 0 3 1
L0

2
k1m =
L0

Z

(100a)
(100b)
(100c)

Check for consistency of equation (98a) and (98b):
Using equation (98b), Gauss theorem and the results in equations (60a) and (60b), we have,
I

 2 2Z
Z
I
I
m π
2
Ψ m dξ2 dξ3
∇ Ψ m dξ2 dξ3 = Ψ m,n dΓ = −k1t t dΓ − C2 ν
t˜dΓ .
2
L



 2 2Z 0

m π
Ψ m dξ2 dξ3
= − 2νAC2
L20


(101)

Integrating equation (98a) across the cross-section (ξ1 ), we have,
0


Z


∇2 Ψ m dξ2 dξ3 = C1



m2π
L20

Z
2

m2π
+ C2 Aλ
L20


Ψ m dξ2 dξ3 + C1





Z
2





mπ 
k
L0  3m

Ψ m dξ2 dξ3 = C2 Aλ + C1
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0

}|

zZ

{

ξ2 dξ2 dξ3 −k2m



m2π
L20

z
Z


Z
2

}|


{


ξ3 dξ2 dξ3 


(102)

Ψ m dξ2 dξ3
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The consistency between equations (98a) and (98b) can be proved from equations (101) and (102), if we
can show that C1 + C2 Aλ = −2νAC2 . Using the definitions of C1 , C2 , and λ, we have
λ

}|
{ 



λ̃ + 2ν(G − λ̃)
λ̃
λ̃
ν λ̃
C1 + C2 Aλ = −
=2
= −2νAC2 .
G
G
λ̃ − 2νλ
λ̃ − 2νλ
z


(103)

Therefore, the governing differential equations for Ψ m are consistent.
Solving for Ψ m :
Consider a solution of the form
Ψ m = Ψ0m +

3
X

Ψi m ki m .

(104)

i=1

The functions Ψ j m for j = 0 − 3 satisfies four set of differential equations. The governing differential
equations for Ψ0m are,

m 2 π2 λ̃
m 2 π2
Ψ
=
C
∇ Ψ0m − C1
λ
I (ξ ) at (ξ1 );
2
L20
G 0m
L20 m 1
 2 2
m π
Ψ0m,n = −C2 ν
I m (ξ1 ) t˜ at Γ (ξ1 ).
L20


2

(105a)
(105b)

The governing differential equations for Ψ1m are,
∇ Ψ1m − C1
2




m 2 π2 λ̃
Ψ = 0 at (ξ1 );
L20
G 1m

Ψ1m,n = −t at Γ (ξ1 ).

(106a)
(106b)

The governing differential equations for Ψ2m are,
∇ Ψ2m − C1
2






m 2 π2 λ̃
mπ
Ψ = −C1
ξ3 at (ξ1 );
L20
G 2m
L0
Ψ2m,n = 0 at Γ (ξ1 ).

(107a)
(107b)

The governing differential equations for Ψ3m are,
∇ Ψ3m − C1
2






m 2 π2 λ̃
mπ
Ψ = C1
ξ2 at (ξ1 );
L20
G 3m
L0
Ψ3m,n = 0 at Γ (ξ1 ).
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We can obtain the functions Ψ j m with j = 0 − 4 by solving the equation set (105a)-(108b). Therefore, the
warping function W can be obtained using equation (96), the Fourier coefficients as defined in equation
set (100a)-(100c) and equation (104).
In this appendix, we have detailed the first stage of geometric coupling between axial deformation,
Poisson’s effect and warping. Our novel aim to obtain a simplified but refined warping model to develop
comprehensive kinematics (such that we retain the single manifold nature of the kinematics) leads to an
inconsistent warping equation. Elimination of inconsistency result in consistent differential equations for
warping that can be solved. For ν = 0, the presented theory of warping reduces to the theory presented
by Burgoyne and Brown in [6] and [7].

6.2.

j

THE VECTOR λi FOR VARIOUS DEFORMED CONFIGURATIONS
For the deformed state Ω1
λ11 = (((1 + e) cos γ11 − 1) + ξ3 κ2 − ξ2 κ3 ) d1 + ((1 + e) sin γ12 − ξ3 κ1 ) d2
+ ((1 + e) sin γ13 + ξ2 κ1 ) d3 ;
λ12 =λ13 = 0.

For the deformed state Ω2


λ21 = ((1 + e) cos γ11 − 1) + ξ3 κ2 − ξ2 κ3 + W( , ξ1 ) d1 + ((1 + e) sin γ12 − ξ3 κ1 + W κ3 ) d2
+ ((1 + e) sin γ13 + ξ2 κ1 − W κ2 ) d3 ;
λ22 =W,ξ2 d1 ;
λ23 =W,ξ3 d1 .

6.3.

r

THE VECTOR λ1 j FOR VARIOUS DEFORMED CONFIGURATIONS





1
r
λ11 =
((1 + e) cos γ11 − 1) + ξ3 (κ2 − κ02 ) − ξ2 (κ3 − κ03 ) d1
ξ3 κ02 − ξ2 κ03
+ ((1 + e) sin γ12 − ξ3 κ1 ) d2 + ((1 + e) sin γ13 + ξ2 κ1 ) d3 .
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r
λ12




1
=
((1 + e) cos γ11 − 1) + ξ3 (κ2 − κ02 ) − ξ2 (κ3 − κ03 ) + W,ξ1 d1
ξ3 κ02 − ξ2 κ03


+ ((1 + e) sin γ12 − ξ3 κ1 + W κ3 ) d2 + ((1 + e) sin γ13 + ξ2 κ1 − W κ2 ) d3 .



1
r3
ˆ
ˆ
λ1 =
((1 + e) cos γ11 − 1) + ξ3 κ2 − ξ3 κ02 − ξ2 κ3 + ξ2 κ03 + W,ξ1 d1
ξ3 κ02 − ξ2 κ03




+ (1 + e) sin γ12 − ξˆ3 κ1 + W κ3 d2 + (1 + e) sin γ13 + ξˆ2 κ1 − W κ2 d3 .

6.4. DEFORMATION GRADIENT TENSOR REFERENCED TO ANOTHER DEFORMED
STATE

We consider a deformation of class Ω3 . Suppose F3 p and F3q represent the deformation gradient

tensor of a deformed state Ω3 p and Ω3q respectively, referenced to the undeformed state Ω00 . If {d pi }

and {dqi } represent the director triad for the configurations Ω3 p and Ω3q , we have, Q p = d pi ⊗ Ei and

Qq = dqi ⊗ Ei (sum on i). We obtain the deformation gradient tensor F3q p of the state Ω3q referenced to
Ω3 p as

F3q p = F3q F3−1
p

where,
3p

F3 p = λi ⊗ Ei + Q p ;
3q

F3q = λi ⊗ Ei + Qq .
3p

3q

In the equation above, λi and λi represent the strain vectors related to the configuration Ω3 p and Ω3q
respectively.
It is interesting to note that unlike the deformation gradient matrix [∇Ω00 u0 ]d p
[∇Ω00 u p ]d p

3p

l

⊗E m

= [λ1 ⊗ E1 ]d p
3p

3p

l

⊗E m

+ [λ2 ⊗ E2 ]d p
3p

3p

l

+ [λ3 ⊗ E3 ]d p

⊗E m

3p

l

⊗E m

l

⊗E m ,

the matrix

has maximum rank 3. It has rank

3 and is nonsingular if λ1 , d p1 6= 0, λ2 , d p2 6= 0 and λ3 , d p3 6= 0. Here the index l and m are used

to represent the frames. Therefore, the expression for F3−1 can not be obtained from Eq. [1] in Miller
[46]. Consider the case where the matrix [∇Ω00 u p ]d p
matrix

3p
[λ1

⊗ E1 ]d p

l

⊗E m ,

3p
[λ2

⊗ E2 ]d p

l

⊗E m

and

3p
[λ3

p

l

⊗E m

has rank 3 and is nonsingular. The fact that the

⊗ E3 ]d p

l

⊗E m

are rank 1 and non-singular allows us to

use the theorem in page 69 of Miller [46] to arrive at the expression for F3−1 .
p
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