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ABSTRACT OF THE DISSERTATION 
 
 
 

Characterization of Special Variance Structures  
for Designs in Model Identification and Discrimination 

 
by 
 

Analisa Marielena Flores 
 
 

Doctor of Philosophy, Graduate Program in Applied Statistics 
University of California, Riverside, August 2011 

Dr. Subir Ghosh, Chairperson 
 
 
 

Models containing the general mean, main effects, and all possible k  two-factor 

interaction effects are considered for factorial experiments with m  factors observed at 

two levels each. Specifically, fractional factorial designs consisting of n  runs which 

permit the identification and discrimination of the models of interest are evaluated and 

classified. The classifications are dependent on a new property introduced in this 

dissertation, denoted V
gP , g 1 , which relies on the structure of the variance-covariance 

matrix for the estimates of the model parameters. Designs with the property V
gP , g 1 , 

permit to divide the models in the class considered into g  groups so that all models in a 

group have equal variances for the least squares estimates of the k  two-factor interaction 

effects. Ghosh-Tian optimum designs [Ghosh and Tian (2006)] for 4m  , 6,...,11n  , 

1k   and 5m  , 7,...,16n  , 1k   are classified with respect to g  values, g 1 , in the 

property V
gP  and presented through illustrative examples.  
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Several characterizations of designs with V
gP , g 1 , are provided for the case 

when 1k  . Designs such as balanced designs, isomorphic designs and complementary 

designs with the property V
gP  are proven to have 1

VP  for 1k  . Tables identifying all 

such balanced designs are provided. It is noted that although D9.2 and D14 are not 

balanced, these designs in fact take a special form resulting in 1
VP  for k =1. These special 

forms are investigated in depth.  

In addition, the construction of all designs giving 1
VP  for 3m  , 5,6,7,8n  , 

1k   and 4m  , 6,...,16n  , 1k   are described. Further, occurrences of 1
VP  are 

presented for fractional factorial designs when 5m  , 7,8,9n  , 1k  . 

Finally, additional characterizations of V
gP , 1g  , when 1k   are given and 

illustrated through various examples. Special designs are presented with the property 1
VP  

for max k  which is the largest value of k  in the models of interest that the design has the 

ability to identify and discriminate. It is shown that balanced designs will have 1
VP  for 

2

m
k

 
  
 

. Tables identifying all such balanced designs are provided. 
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Chapter 1  

General Linear Model 

 

1.0 Introduction 

Researchers often study the dependence of a response variable on multiple 

independent variables known as factors. To study this dependence, an experiment is 

performed. Then to obtain an adequate understanding of the results from this experiment, 

particularly the relationships of the factors with the response and among themselves, a 

model (or more likely, a set of models) is fitted to the collected data. The researcher does 

not know the true model for the data but will generally have an idea of a set of models 

which will possibly fit/explain the data well. From these possible models, the best model 

is then selected using a criterion function. 

1.1 Model Information 

The classical linear regression model is given as  

1 1 2 2o m my x x x             (1.1) 

where y  is the dependent variable (observed response), 1,..., mx x  are the independent 

variables (factors), 0  is the intercept, 1, , m   are the regression coefficients (effects 

of factors), and   is the error due to effects of unspecified independent variables and/or a 

random element in the specified relationship. Because this model is the same for i , 

1,...,i n , observations, it is common to write this model in matrix notation as 
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  Xy ,      (1.2) 

where     
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1

, 

with m  representing the number of independent variables and n  representing the number 

of observations obtained. Moreover, X  is a known matrix with ( ) 1rank X m   (for our 

discussion, we will have ( ) 1rank X m  ) and it is assumed   0E    and   2Var I   

where 2 is unknown. With these assumptions, the model can be written as 

E y X     ,       

2Var y I    ,     (1.3) 

where   1X n m   is dependent on the design of the experiment and   1 1m    is 

the vector of unknown parameters. These unknown parameters are estimated by fitting 

the data to the specified model. 

1.2 Least Squares Estimation 

The fitted model is written as 

    ̂ˆ Xy  ,      (1.4) 

where the elements of ŷ are the fitted (predicted) values of the true values of the elements 

of y  and ̂  is the estimate for the unknown vector  . To estimate, , the method of 

Least Squares Estimation (LSE) is commonly employed. This method uses the data, y , to 
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estimate  such that the sums of squares of residuals/errors ( SSE ) is minimized where 

the residuals, r , are defined as iii yyr ˆ   ni ,,1 ; thus, rrrSSE
n

i
i '

1

2  


. This 

procedure gives  

  yXXX  1̂ ,     (1.5) 

where ( ) 1rank X X m   (full rank), thus ensuring a solution exists for   1XX  [Draper 

and Smith (1998), Johnson and Wichern (2002)]. It can be shown that ̂  is an unbiased 

estimate of . Further, when the observations are normally distributed, ̂  is the best 

minimum variance unbiased estimate of  . The variance-covariance matrix for ̂  is  

  12ˆVar X X      ,    (1.6) 

where the diagonal elements represent the variances of the estimates in ̂  and the off-

diagonal elements are the covariances between these estimates. This variance-covariance 

matrix is a key component in comparing designs for an experiment.  

 A design for a given experiment is the set of treatments (combinations of factor 

levels) that will be examined in the experiment. We define a particular class of designs so 

that    1rank X m   in (1.3), ensuring all parameters in the regression model can be 

estimated (i.e., ̂ ). Because there are several designs for a specified value of n  which are 

included in this class, it is of interest to select the design which will optimize the amount 

of information contained in the experiment. In the following section, we define criterion 

functions for comparing the designs within this class. 
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1.3 Optimality Criterion Functions 

The optimality criterion functions compare designs by considering the variance-

covariance matrix of ̂  [Kiefer (1959)]. Because 2 is unknown, features of the   1XX  

matrix are examined. In particular, the A-optimality criterion minimizes the trace of 

  1XX , the D-optimality criterion minimizes the determinant of   1XX , and the E-

optimality criterion minimizes the maximum characteristic root (eigenvalue) of   1XX  

[Kiefer (1959)].  

Example 1.1 

 Consider an experiment conducted to determine the effect of machining factors on 

ceramic strength [Ives, Jahanmir, Gill, and Filliben (1998)]. The variables for the 

experiment are defined as  

 y mean ceramic strength  

 1x table speed (slow (0.025 m/s) or fast (0.125 m/s)) 

 2x down feed rate (slow (0.05 mm) or fast (0.125mm)) 

 3x wheel grit (140/170 or 80/100) 

 4x direction (longitudinal or transverse) 

 5x batch (1 or 2) 

The researcher would like to compare two designs with eleven observations which permit 

the LSE of the parameters in equation (1.2) [Ghosh and Tian (2006)], Design A1 and 

Design A2. The designs are presented in Figure 1.1 where each row represents an 

observation, each column represents an independent variable, and a “–” indicates the 

variable is observed at the low level, while a “+” indicates the variable is observed at the 
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high level. For example, consider the first observation in Design A1, (+,+,+,+,–). The 

ceramic strength would be observed while the table speed = 0.125 m/s, down feed rate = 

0.125 mm, wheel grit = 80/100, direction = transverse, and batch = 1. To choose the 

better of the two designs, the A-, D-, and E-optimality criterion functions are considered 

and presented in Table 1.1 and Figure 1.2. 

 

 

                               Design A1                      Design A2 
 

 
 
 
 
 
 
 
 

 
 
          Figure 1.1: Design A1 and Design A2  
      

 
 
 
 
       Table 1.1: Comparison of Design A1 and Design A2 using A-,D-,E-optimality 

Criterion Design A1 Design A2 

Trace   1
X X

  0.605 0.637 

Det   1
X X

  7.92610-7 9.84410-7 

MCR   1
X X

  0.125 0.125 

 
                 
 
  

+ + + + – 
+ + + – + 
+ + – + + 
+ – + + + 
– + + + + 
+ – – – – 
– + – – – 
– – + – – 
– – – + – 
– – – – + 
– – + + + 

+ + + + – 
+ + + – + 
+ + – + + 
+ – + + + 
– + + + + 
+ – – – – 
– + – – – 
– – + – – 
– – – + – 
– – – – + 
– – – – – 
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Design A1 and Design A2 Optimality Criterion

0

0.2

0.4

0.6

0.8

1

1.2

A-  D-  E-

Optimality Criterion Function

V
al

u
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Design A2

 
      Figure 1.2: Comparison of Design A1 and Design A2 using A-,D-,E-optimality 

               Note: The values for the determinants have 10-6 dropped 
 

 The trace and determinant of the   1
X X

 matrix of Design A1 are smaller than 

those of Design A2, while the maximum characteristic root of   1
X X

 for the designs are 

equivalent. Therefore, Design A1 is better than Design A2 with respect to (w.r.t.) A- and 

D- optimality but the designs are equivalent with respect to E-optimality. 

1.4 Research Objectives and Dissertation Outline 
 

A crucial component to understanding and interpreting the results of research is 

fitting a model to the data of an experiment. In doing so, the effects of the independent 

variables on the dependent variable are realized. Although a researcher does not know 

prior to conducting the experiment which model will fit the data best, a set of possible 

models can be postulated to fit the data well. From this set of models, the best model can 

then be selected. However, it is necessary that the experiment is designed such that it will 

have the ability to identify and discriminate the various models which will later be used 
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to describe the data. As such, it is a vital step in the research process to design an 

experiment with these capabilities. 

A particular type of experimental design, called a factorial design, is employed 

when a researcher is not only interested in the effects of m  independent variables on the 

dependent variable, but also possible interaction effects of the independent variables on 

the dependent variable. The researcher will generally have an idea of the order of 

interaction which exists between the independent variables or factors. Often, higher order 

interaction effects are assumed negligible. Nevertheless, the researcher does not know 

before the experiment which factors actually interact. Thus, it is important for the 

experiment to be designed not only with respect to overall optimality criterion functions, 

but such that all of the possible models, containing the various interaction effects, are 

fitted with equal precision. 

In a 2m fractional factorial experiment with n  runs, there are 
2

m
s

 
  
 

 two-factor 

interaction effects which can be considered. Then, the number of models,  , to be 

considered for describing the data will depend on the number of interactions to be 

included in the model. If there are k  two-factor interactions to be included in the model 

with the general mean and m  main effects, there are  
s

k


 
  
 

 possible models. Because 

the uncommon elements of any two models are the possible elements from k  two-factor 

interactions, it is important to consider the measure of precision for which these elements 

are being estimated. Therefore, it is of interest to identify the fractional factorial designs 
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which have the ability to unbiasedly estimate the  1 m k   parameters in each of the   

models while giving equal precision for the k  two-factor interaction effect estimates. 

Such precision is measured using the estimated variance for each effect; the smaller the 

variance, the higher the precision. 

In Chapter 2, fractional factorial designs and the associated linear models are 

introduced. In Chapter 3, the search linear model and optimality criterion functions are 

discussed, as well as a special class of designs known as balanced designs. In Chapter 4, 

a new property, denoted V
gP , pertaining to the precision of the estimates is defined and 

illustrated. In Chapter 5, several characterizations of designs with V
gP  for g=1, denoted 

1
VP ,  are given and explained through various proofs and examples. In Chapter 6, the 

fractional factorial designs for m=3,4 with 1
VP  when k = 1 are identified through 

systematic decomposition of the full factorial designs. Additionally, the occurrences of 

1
VP  when k = 1 are presented in a table for m=5 when n= 7, 8, 9. Further, additional cases 

for V
gP  are discussed and illustrated by example; specifically for  i) k = 1, g > 1,  ii) k > 1,     

g = 1, and  iii) k  > 1, g > 1.  In Chapter 7, tables of designs with 1
VP  for m=3,4,5 for k = 1 

are presented for the convenience and use of the reader. Chapter 8 presents the 

conclusions of the research contained here within, highlighting the most significant 

contributions. 
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Chapter 2  

Experimental Designs 

 

2.0 Introduction 

Obtaining the best model is essential for describing data and being able to make 

appropriate inferences, allowing for the best understanding of the information contained 

in the results of an experiment. Thus, an experiment must be designed in such a way that 

these research objectives can be accomplished. A design for a given experiment is the set 

of treatments (combination of factor levels) that will be examined in the experiment.  

2.1 Factorial Experiments 

Factorial experiments are widely used in both the social and natural sciences. This 

type of experiment has multiple factors (independent variables) at multiple levels with 

each combination of those factor levels assigned to an experimental unit. A factorial 

experiment is designed to allow the researcher to examine the main effects of the factors 

and possible interactions between the factors. 

Consider an experiment which contains m  factors which can be observed at two 

levels each. This type of experiment is denoted as a 2m  factorial experiment and in order 

to estimate all possible effects (main and interaction), one would require 2m  runs. For 

example, suppose an experiment consists of three factors with two levels each. To run a 

full factorial experiment, 32 8 treatments would be needed to estimate all possible 
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effects. These effects include the main effects of the three factors, all possible two-factor 

interaction effects (there are three), and the three-factor interaction effect. In addition, 

replications of these treatments would be needed for complete analysis of the effects. 

Although the number of treatments needed here does not seem to be problematic, now 

consider a 42  factorial experiment. This experiment would require 42 16  treatments 

(plus replications) to estimate and analyze all possible effects. Similarly, to estimate and 

analyze all possible effects in a 52  factorial experiment, 32 treatments (plus replications) 

are required. The number of runs needed in a full factorial experiment quickly becomes 

overwhelming and cumbersome as the number of factors (or the number of levels of a 

factor) increases. 

2.2 Fractional Factorial Designs 

Generally, higher order interaction effects in factorial experiments are assumed 

negligible and therefore do not need to be estimated. This allows for a reduction in the 

number of runs required, consequently reducing the expense of conducting the 

experiment. The experiment then becomes what is known as a fractional factorial 

experiment, where only a fraction (subset) of the combinations of factor levels is 

considered. However, the runs that are used must be chosen carefully so that the effects 

of interest can be estimated. Choosing these runs, or combination of factor levels 

(treatments), can be done at the design stage of the experiment and thus becomes a vital 

step in the experimental process. If the best treatments are evaluated in the experiment, 

the results will be more informative for model selection and analysis. 
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Example 2.1 

 Refer to Example 1.1 which considers an experiment investigating the 

effect of five machining factors on ceramic strength, where each factor can be observed 

at two levels. The five factors are labeled A, B, C, D, E where “–” and “+” indicate the 

factor is observed at it’s low and high level, respectively, as illustrated in Table 2.1. This 

type of experiment is in fact a 52  factorial experiment. However, recall Design A1 and 

Design A2 consist of only eleven runs each (instead of 52 32 ) and therefore are 

fractional factorial designs. 

 
 
             Table 2.1: Factors and levels for Example 2.1 

 Factor A 
(table speed) 

Factor B 
(down feed rate) 

Factor C 
(wheel grit) 

Factor D 
(direction) 

Factor E 
(batch) 

  0.025 m/s 0.05mm 140/170 longitudinal 1 

+ 0.125 m/s 0.125mm 80/100 transverse 2 
 
 
 

2.3 Main Effects and Interactions 

Because factorial designs and fractional factorial designs have the ability to 

estimate the effects of the factors, as well as the effects of interactions between these 

factors, it is necessary to distinguish between the two types of effects. The main effect of 

a factor is defined to be the change in the response produced by a change in the level of 

the factor, averaged over the levels of the remaining factors. This idea is illustrated using 

a single Factor A in Figure 2.1.  

Similarly, an interaction occurs when the difference in the response between the 

levels of one factor is not the same at all levels of the other factor, when averaged over 
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the levels of the remaining factors. A two-factor interaction effect between Factor A and 

Factor B is demonstrated in Figure 2.2. This idea can be extended to higher order 

interaction effects. 

 

 
Figure 2.1: No main effect of Factor A (left). Main effect of Factor A (right). 

 

 

 
Figure 2.2:  No interaction effect between Factor A and Factor B (left). Interaction effect  

      between Factor A and Factor B (right). 
 

 

2.4 Model Information 

As indicated in Section 2.1, factorial designs and fractional factorial designs are 

not only capable of estimating the m  main effects of the independent variables in an 
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experiment, but also possible effects of interactions between the factors. Since the model 

will have to account for the interactions, the model as stated in (1.1) must be expanded. 

The linear model for a 2m  full factorial design with m  factors includes the 

general mean (intercept), m  main effects, and all possible interaction effects,  

  
1 1 2 2 12 1 2

( 1) 1 1,2, , 1 2              
o m m

m m m m m m

y x x x x x

x x x x x

    
   

      

   

 
 

   (2.1) 

where y  is the observed response, 1,..., mx x  are the independent variables (factors) which 

are observed at –1 (low level) or +1 (high level) , 0  is the general mean, 1, , m   

correspond to the main effects of factors, 12 ( 1),... m m    correspond to the two-factor 

interaction effects, and so on, with 1,2,...,m  corresponding to the m  factor interaction 

effect. Moreover, ( ) 2mrank X   and the same assumptions from Section 1.1 hold giving 

model (2.1) as model (1.3) where  2mX n  is dependent on the design of the experiment 

and (2 1)m   is the vector of unknown parameters.  

Since unreplicated fractional factorial designs do not have the ability to estimate 

the general mean, main effects, and all interactions at the same time, higher order 

interactions are often assumed to be negligible. Thus, the model for a 2m  fractional 

factorial design will include the general mean, main effects, and a subset of possible 

interaction effects.  

Assuming two-factor and higher order interactions are negligible, model (2.1) 

reduces to model (1.1). A fractional factorial design for this model, with corresponding 

matrix X  having full rank ( ( ) 1rank X m  ), is known as a main effects design. 
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Assuming three-factor and higher order interactions are negligible, model (2.1) 

reduces to  

1 1 2 2 12 1 2 ( 1) 1o m m m m m my x x x x x x x                 .  (2.2) 

The matrix notation for this model is model (1.3) where   1X n m s   , 
2

m
s

 
  
 

, is 

the design matrix and   1 1m s     is the vector of unknown parameters 

corresponding to the general mean, m  main effects, and all two-factor interaction effects. 

When ( ) 1rank X m s   , all parameters in model (2.2) can be estimated. 

Example 2.2 

 Model (2.2) for 4m  factors is written as  

1 1 2 2 3 3 4 4

12 1 2 13 1 3 14 1 4 23 2 3 24 2 4 34 3 4          .
oy x x x x

x x x x x x x x x x x x

    
      

    
      

  (2.3) 

Consider Design A3 for a 24 fractional factorial experiment with 11n   runs, presented 

in Figure 2.3. The design matrix, X , for this design has ( ) 1rank X m s     

1 4 6 11   , indicating it is capable of estimating all parameters in model (2.3).  

 In addition, model (2.2) for 5m  factors is written as  

1 1 2 2 3 3 4 4

12 1 2 13 1 3 14 1 4 15 1 5 23 2 3

24 2 4 25 2 5 34 3 4 35 3 5 45 4 5

          

                         .

oy x x x x

x x x x x x x x x x

x x x x x x x x x x

    
    

     

    
    

     
 (2.4) 

Considering Design A4 for a 25 fractional factorial experiment with 16n   runs, the 

design matrix, X , has ( ) 1 1 5 10 16rank X m s       . Therefore, this design is 

capable of estimating all parameters in model (2.4).  
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 Moreover, it can be shown that Design A3 and Design A4 are optimal designs for 

4m   and 5m  , respectively, with respect to the optimality criterion described in 

Section 1.3 [Ghosh and Tian (2006)]. Note that Design A3 and Design A4 are optimum 

designs D7 and D18 from Ghosh-Tian. The values for these criterion are given in Table 

2.2. 

 
                                  Design A4 

 
 
                                    Design A3 
 
 
 
 
 
 
 

 

 
 
            
                    Figure 2.3: Design A3 and Design A4  

 

 
 
       Table 2.2: Design A3 and Design A4 A-, D- ,E-optimality criterion values 

Criterion Design A3 Design A4 

Trace   1
X X

  1.486 1.000 

Det   1
X X

  2.58710-11 5.42110-20 

MCR   1
X X

  0.25 0.0625 
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Chapter 3  

Search Linear Models 

 

3.0 Introduction 

Often in fractional factorial experiments, it may be of interest to assume three-

factor and higher order interactions are negligible while keeping the general mean, main 

effects, and a subset of two-factor interaction effects (as opposed to all two-factor 

interaction effects) in the model. This results in more than one possible model. Because 

the design must be chosen prior to conducting the experiment and the true model for 

describing the collected data-to-be is unknown, the design must be capable of estimating 

all possible models. 

3.1 Search Linear Model 

Consider the following linear model 

1 1 2 2E y X X      ,      

2Var y I    , 

 1 1Rank X p ,      (3.1) 

where  1y n is the vector of observed responses,  1 1 1p  is a vector of unknown 

parameters,  2 2 1p   is a vector unknown parameters with partial information on them, 

 1 1X n p  is the design matrix,  2 2X n p  is a matrix dependent on 1X , and 2  is an 
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unknown constant. It is known that k  of the 2p  parameters in 2 are non-zero and the 

remaining  2p k  parameters are zero. It is unknown which k  parameters are non-zero. 

This model is called a search linear model [Srivastava (1975)] because it has the ability to 

search for the k  non-zero parameters in 2 . While a search linear model has the ability 

to identify the k  non-zero parameters in 2 , a search design has the ability to estimate 

the  1 2p p  unknown parameters. A search design satisfies 

    1 2 1: 2jRank X X p k         (3.2) 

where 2 jX , 2 1,...,
2

p
j

k

 
  

 
, are the  2n k  submatrices of 2X .  

3.2 Model Information 

Consider a special search linear model (3.1) as it applies to a fractional factorial 

design. Then 1  represents the vector of parameters corresponding to the general mean 

and m  main effects with 1 1p m   and 2  represents the vector of parameters 

corresponding to the interaction effects. Particularly, assume three-factor and higher 

order interactions are assumed negligible so that 2  will consist of two-factor 

interactions only with 2 2

m
p s

 
  
 

.  

There are 
s

k


 
  
 

 possible models with the general mean, m  main effects and k  

two-factor interaction effects which can each be written as model (1.3) where 
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  1X n m k    is the design matrix and  ( 1 1)m k     is the vector of unknown 

parameters. For any two of the possible   models, the general mean and main effects are 

common parameters, while some or all k  two-factor interaction effects are different.  A 

design which is capable of estimating the   parameters of these   models is called a 

main effect plus k  two-factor interactions design.  

Moreover, the   models can be written as 

  ( ) ( )
1 1 2 2

u uE y X X   , 

2Var y I    , 

 ( )
1 2, 1 ,  1,...,uRank X X m k u     ,   (3.3) 

where   1 1 1m    is the vector with the unknown parameters corresponding to the 

general mean and m  main effects,  ( )

2
1u k   is the vector of k s  unknown parameters 

corresponding to the two-factor interaction effects,  1 (1 )X n m   is the design matrix, 

 ( )
2

uX n k  is dependent on 1X  and the selected k two-factor interactions, and 2  is 

unknown. Letting ( ) ( )
1 2   u uX X X     and ( ) ( )

1 2  u u       , the LSE of ( )u   under (3.3) 

is denoted 
( )ˆ u

  and   1
( ) 2 ( ) ( ) ( )ˆu u u uV Var X X 


     . It should be noted that condition 

(3.3) allows for identification of the models, while condition (3.2) is necessary for 

discrimination between the models. A fractional factorial design meeting these conditions 

is a search design. 
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Example 3.1 

 Design A1 and Design A2 presented in Example 1.1 have the ability to 

identify the models with the general mean, 5m   main effects and 1k   two-factor 

interaction effect for a 52  fractional factorial experiment with 11 runs. These designs 

satisfy condition (3.3) giving  ( )
1 2, 1 5 1 7,  1,...,10uRank X X u      and therefore are 

capable of estimating the 1 1 5 1 7m k       parameters in each of 

10
10

1

s

k


   
     
   

 models. Moreover, each design satisfies condition (3.2) with 

1 2

10
( : ) 1 2 8,  1,...,

2jRank X X m k j
 

       
 

 classifying Design A1 and Design A2 as 

search designs. Therefore, these designs have the ability to identify and discriminate 

between the ten models with the distinguishing factor between the models being the two-

factor interaction effect. The two-factor interaction effect for the specified values of u are 

presented in Table 4.2 for 4,5m  . Note that the remaining chapters will use these same 

specifications when referring to values of u  .  

 

 

Table 3.1: Specified two-factor interaction for values of u  
u  Number  

of Factors 1 2 3 4 5 6 7 8 9 10 
4m   AB AC AD BC BD CD     
5m   AB AC AD AE BC BD BE CD CE DE 
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The ten models are given as 

  Model 1:   21125544332211][ xxxxxxxyE o    

  Model 2:   31135544332211][ xxxxxxxyE o    

  Model 3:   41145544332211][ xxxxxxxyE o    

  Model 4:   51155544332211][ xxxxxxxyE o    

  Model 5:   32235544332211][ xxxxxxxyE o    

  Model 6:   42245544332211][ xxxxxxxyE o    

  Model 7:   52255544332211][ xxxxxxxyE o    

  Model 8:   43345544332211][ xxxxxxxyE o    

  Model 9:   53355544332211][ xxxxxxxyE o    

  Model 10: 54455544332211][ xxxxxxxyE o    

After the experiment is performed, data are collected, and the parameters are 

estimated for all ten models, the model with the smallest SSE would be selected as the 

best model. 

3.3 Optimality Criterion Functions 

To select the best design from a class of designs that are capable of estimating the 

  models, optimality criterion functions are considered. Similar to the optimality 

criterion functions discussed in Section 1.3, the variance-covariance matrix, ( )uV  as 

defined in Section 3.2 are considered, particularly the matrices   1
( ) ( )u uX X


  for 

1,...,u  . There are six optimality criterion functions [Srivastava (1977)] defined for a 

set of models; namely, AT, GT, AD, GD, AMCR, and GMCR. These criterion are 

defined as 
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AT = arithmetic mean of the trace of ( ) ,  1,...,uV u   

GT = geometric mean of the trace of ( ) ,  1,...,uV u   

AD = arithmetic mean of the determinants of ( ) ,  1,...,uV u   

GD = geometric mean of the determinants of ( ) ,  1,...,uV u   

AMCR = arithmetic mean of the maximum characteristic root of ( ) ,  1,...,uV u   

GMCR = geometric mean of the maximum characteristic root of ( ) ,  1,...,uV u   

The design with the minimum value for one of the criterion is said to be optimal with 

respect to that criterion. A design may be optimal with respect to one, some, or all of the 

criterion. Note that when 0k  , there is 1   model, and thus the criterion functions AT 

and GT become the A-optimality criterion function, AD and GD become the D-

optimality criterion function, and AMCR and GMCR become the E-optimality criterion 

function. 

Example 3.2 

 Consider Design A1 and Design A2 from Example 1.1, as well as the 10   

models presented in Example 3.1. To compare these designs with respect to the six 

criterion functions, the values of AT, GT, AD, GD, AMCR, and GMCR are calculated 

and presented in Table 3.2 and displayed in Figure 3.1. 

 

                      Table 3.2: Comparison of Design A1 and Design A2 using the six criterion functions 
Criterion Design A1 Design A2 

AT 0.7092888 0.7435897 
GT 0.7092973 0.7435897 
AD 7.73377710-8 9.78127510-8 
GD 7.73182410-8 9.78127510-8 

AMCR 0.125 0.125 
GMCR 0.125 0.125 
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Design A1 and Design A2 Six Optimality Criterion
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                        Figure 3.1: Comparison of Design A1 and Design A2 using the six criterion functions 
                  Note: The values for AD and GD have 10-7 dropped 
  

The values for AT, GT, AD, and GD for Design A1 are smaller than those for 

Design A2, while AMCR and GMCR for the designs are equivalent. Therefore, Design 

A1 is better than Design A2 with respect to AT, GT, AD, and GD but the designs are 

equivalent with respect to AMCR and GMCR. 

3.4 Optimum Designs 

Optimum designs for 2m  fractional factorial experiments with respect to some or 

all of the six criterion functions, obtained from the class of all designs with full 

estimation capacity, for various fixed values of m  and n  and the maximum value of k  in 

model (3.3) are presented [Ghosh and Tian (2006)]. Recall, m  represents the number of 

factors in a 2m  factorial experiment, n  corresponds to the number of runs in the 

fractional factorial experiment, k  is the maximum number of two-factor interaction 

effects included in the model, and   is the number of models. Moreover, each run is 

denoted by the position where the factor is observed at the high level. For example, 

consider the run (+, +, –, –) in a 42  factorial experiment. This run is denoted as 12. The 



 

23 

run (+, –, +, +, –) in a 52  factorial experiment is denoted as 134. Note that 0 denotes the 

run where all m  factors in a 2m  factorial experiment are observed at their low level. 

 
Table 3.3: Optimum designs for m = 4,5; *Balanced design 

m  Design n  Max 
k  

  Runs 
Optimum 

w.r.t.  
4 D1* 5 0 1 1, 2, 3, 4, 1234 A–, D–, E– 
4 D2 6 1 6 1, 2, 3, 4, 234, 1234 All six 
4 D3* 7 1 6 0, 12, 13, 14, 23, 24, 34 All six 

4 D4.1 8 2 15 
1, 2, 3, 4,  
124, 134, 234, 1234 

AT, GT,  
AD, GD 

4 D4.2 8 2 15 
0, 1, 3, 12, 34,  
123, 124, 1234 

AMCR, 
GMCR 

4 D5* 9 3 20 1, 2, 3, 4, 123, 124, 134, 234, 1234 All six 
4 D6 10 5 6 0, 12, 13, 14, 23, 24, 34, 124, 134, 234 All six 

4 D7* 11 6 1 
0, 12, 13, 14, 23, 24, 34,  
123, 124, 134, 234 

A–, D–, E– 

5 D8 6 0 1 1, 2, 345, 1234, 1235, 1245  A–, D–, E– 
5 D9.1 7 1 10 2, 5, 13, 345, 1234, 1235, 1245 AD 
5 D9.2 7 1 10 0, 12, 1234, 1235, 1245, 1345, 2345 AT, AMCR 

5 D9.3 7 1 10 
1, 2, 3, 345,  
1234, 1235, 1245 

GT, GD, 
GMCR 

5 D10 8 1 10 1, 2, 3, 4, 345, 1234, 1235, 1245 All six 

5 D11 9 2 45 
1, 2, 3, 4, 345,  
1234, 1235, 1245, 1345 

All six 

5 D12* 10 3 120
1, 2, 3, 4, 5,  
1234, 1235, 1245, 1345, 2345 

All six 

5 D13.1 11 3 120
1, 2, 3, 4, 5, 345,  
1234, 1235, 1245, 1345, 2345 

AT, GT,  
AD, GD 

5 D13.2* 11 3 120
0, 1, 2, 3, 4, 5,  
1234, 1235, 1245, 1345, 2345 

AMCR, 
GMCR 

5 D14 12 5 252
5, 12, 13, 14, 23, 24, 34, 
1234, 1235, 1245, 1345, 2345 

All six 

5 D15 13 5 252
5, 12, 13, 14, 15, 23, 24, 34, 
1234, 1235, 1245, 1345, 2345 

All six 

5 D16 14 7 120
0, 2, 4, 5, 12, 13, 14, 34, 35, 
1234, 1235, 1245, 1345, 2345 

All six 

5 D17* 15 9 10 
12, 13, 14, 15, 23, 24, 25, 34, 35, 45 
1234, 1235, 1245, 1345, 2345 

All six 

5 D18* 16 10 1 
0, 12, 13, 14, 15, 23, 24, 25, 34, 35, 
45,1234, 1235, 1245, 1345, 2345 

A–, D–, E– 
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3.5 Balanced Designs 

Some designs contain runs which can be grouped according to the number           

of factors observed at the same level with the groups being denoted as iS . A set of      

runs, iS , is defined such that the set contains all runs with i  factors observed at the low 

level (represented by  , or equivalently, 1 ) and m i  factors observed at the high level 

(represented by +, or equivalently, 1). The number of runs in iS  is equal to 
m

i

 
 
 

 and 

i m iS S   . These groups of treatments are illustrated for 0 1 2,  ,  S S S  below.    

 0 1 2

1    1    1   1 1 1    1  1     1

 1 1    1   1 1    1 1  1     1

1 1 1 1 ,      1    1 1   1 ,    1    1    1   1 1

                

  1    1    1 1   1    1    1 

S S S

   
    
      
 
 
  

 
 

  
 

 

.

1 1

 
 
 
 
 
 
   

 

A design which is composed of treatments from complete sets of 'siS  is referred to as a 

balanced design. A balanced design has the property that the design will remain the same 

if the factors in the experiment are renamed [Srivastava and Chopra (1971)]. Note that 

some, but not all, of the optimum designs in Table 3.3 are balanced designs. 

Example 3.3 

Consider Design A1 and Design A2 from Figure 1.1 in Chapter 1. These designs 

are displayed again in Figure 3.2. Note that these two designs are equivalent to D13.1 and 

D13.2, respectively, from Table 3.3. It can be seen that D13.1 contains two complete sets 

of treatments, 1S and 4 ,S  with the final run in the design coming from 2S  (the complete 
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set of 2S  is not present). However, D13.2 contains the complete sets of treatments for 1S , 

4 ,S  5S .  Thus, D13.2 is a balanced design. 

 

 

                                     D13.1                                           D13.2 
 
 
 
 
 
 
 
 
 
 
 
      

 
 

            Figure 3.2: Design A1 and Design A2 w.r.t. treatment sets, Si  
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Chapter 4  

New Property 

 

4.0 Introduction 

Because the k  two-factor interaction effects are the possible distinguishing 

elements of the   possible models, a new property is defined which focuses on these k  

effects. Similar to the aforementioned optimality criterion functions, the new property 

considers   1
( ) ( ) ( )u u uV X X


 , 1,...,u  . In particular, the last k  diagonal elements of 

( ) ,uV  1,...,u  , are studied. These elements correspond to the variances of the estimates 

for the k  two-factor interaction effects. The variances represent the precision of the 

estimates; the smaller the variance, the higher the precision. 

4.1 Property Pg
V 

 Definition:  A design is said to have the property V
gP  where g  is a positive integer,  

  if there exist g  groups of models so that the variances of k  two-factor 

interactions for all models within a group are identical with each other. 

 From the above definition, we observe that ,  1V
gP g  , represents the property of a design 

giving common entries of ( )
2
uV , 1, 2,...,u   for g  groups of models where ( )

2
uV  is a 

 1k   vector of the diagonal elements of  2 ( )
2

ˆ uVar   
  .  The value of the identical 
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entries of ( )
2
uV  is denoted as simply, ( )

2
uV . This property is written as  1,...,g gP   , 

1 ... g      where i  is the number of models in Group i , 1,...,i g and  =total 

number of models. Moreover, the common variance for the 1  models in Group 1 is 

smaller than the common variance for the 2  models in Group 2 and so on with Group g  

consisting of the g  models with the largest common variance.  

Example 4.1  

Consider Design A1 and Design A2 from Example 1.1, as well as the 10   

models presented in Example 3.1 for 1k  . Recall that the two designs, A1 and A2, are 

equivalent to D13.1 and D13.2, respectively, from Table 3.3. To illustrate V
gP ,  

( )
2 ,  1,...,10uV u  , is calculated for each design and presented in Table 4.1 and Figure 4.1. 

Note that when 1k  , ( )
2
uV  is a scalar and denoted as ( )

2
uV .  

Design D13.1 has common values of ( )
2

uV  for two groups with six models 

( 2 7u   ) giving a smaller value of ( )
2

uV =0.095 than the remaining four models 

( 1,8,9,10u  ) with ( )
2

uV =0.100. Thus, the property is expressed as  2 6, 4VP . Similarly, 

D13.2 has a common value of ( )
2

uV =0.099 for all ten models and the property is denoted 

as  1 10VP . Recall, the two-factor interaction corresponding to the specified values of u  

can be found in Table 3.1 

Table 4.1: Values of V2
(u) for D13.1 and D13.2 

  u  
Design 1 2 3 4 5 6 7 8 9 10 
D13.1 0.100 0.095 0.095 0.095 0.095 0.095 0.095 0.100 0.100 0.100 
D13.2 0.099 0.099 0.099 0.099 0.099 0.099 0.099 0.099 0.099 0.099 
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Design 13.1 and Design 13.2 
New Property Comparison
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V2
(u) D13.1

D13.2

 
                        Figure 4.1: Values of V2

(u) for D13.1 and D13.2 
 
 
 
It is observed from Table 4.1 that the values of ( )

2
uV  for 2 7u   in D13.1 are 

smaller than those of D13.2. This indicates the precisions of the two-factor interaction 

estimates for these models are higher, making D13.1 optimal with respect to precision for 

these particular models. For the remaining models, 1,8,9,10u  , D13.2 is optimal. 

However, at the design stage of the experiment it is unknown which model will be chosen 

as the best fit for the data collected.  

4.2 Pg
V Classification for Optimum Designs 

Although V
gP  can be used to evaluate and choose a design when the precision of 

the distinguishing elements of the models is of importance, it is likely that the 

experimenter will also be interested in the optimum criterion functions described  in 

Section 3.3. For the optimum designs given in Table 3.3, we now consider the model in 

(3.3) with 1k  . Table 4.2 and Table 4.3 present  1,...,g gP    for these designs for 

4m   and 5m  , respectively. Recall, the values of u  are defined in Table 3.1. 
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   Table 4.2: V

g
P Characterization for optimum designs, m =4, k = 1;*Balanced design 

Design n     1 2, ,...V
g gP     ( )

2
uV  u  

D1* 5 0 N/A N/A N/A 

D2 6 6  2 3,3VP  0.313 
1.250 

1 – 3 
4 – 6 

D3* 7 6  1 6VP  0.188 All 

D4.1 8 6  2 3,3VP  0.136 
0.188 

1, 2, 4 
3, 5, 6 

D4.2 8 6  2 2, 4VP  0.125 
0.167 

3, 4 
1, 2, 5, 6 

D5* 9 6  1 6VP  0.116 All 

D6 10 6  2 3,3VP  0.113 
0.132 

3, 5, 6 
1, 2, 4 

D7* 11 6  1 6VP  0.109 All 
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   Table 4.3: V

g
P Characterization for optimum designs, m =5, k = 1;*Balanced design 

Design n     1 2, ,...V
g gP     ( )

2
uV  u  

D8 6 0 N/A N/A N/A 

D9.1 7 10  2 2,8VP  0.188 
0.750 

5, 10 
1 – 4, 6 – 9  

D9.2 7 10  1 10VP  0.625 All 

D9.3 7 10  4 2, 4,3,1VP  

0.234 
0.417  
0.938  
3.750 

8, 9 
3, 4, 6, 7 
1, 2, 5 

10 

D10 8 10  4 1, 2,6,1VP  

0.137 
0.199 
0.243 
0.547 

8 
9, 10 
2 – 7 

1 

D11 9 10  6 1, 2,1,1, 4,1VP  

0.123 
0.145 
0.160 
0.166 
0.182 
0.188 

8 
2, 3 
4 
7 

5, 6, 9, 10 
1 

D12* 10 10  1 10VP  0.104 All 

D13.1 11 10  2 6, 4VP  0.096 
0.100 

2 – 7  
1, 8 – 10 

D13.2* 11 10  1 10VP  0.099 All 

D14 12 10  1 10VP  0.097 All 

D15 13 10  2 4,6VP  0.085 
0.090 

1 – 4 
5 – 10 

D16 14 10  4 2,3,3, 2VP  

0.077 
0.082 
0.083 
0.090 

4, 5 
6, 7, 10 
1, 2, 9 
3, 8 

D17* 15 10  1 10VP  0.069 All 

D18* 16 10  1 10VP  0.063 All 
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From Table 4.2, it is seen that Design D7 has the property 1 (6)VP  with ( )
2

uV = 0.109. This 

indicates that all 6u   models containing the general mean, 4m   main effects, and 

1k   two-factor interaction effect belong to a single group, i.e., 1g  , with the variances 

of the two-factor interactions being identical for all models; namely 0.109. 

 It is observed in Table 4.3 that Design D11 has the property  6 1, 2,1,1, 4,1VP . 

Here, the 10  models are divided into six groups, i.e., 6g  , with the variances of the 

two-factor interaction being the same in each of the groups. The group with the smallest 

variance, ( )
2

uV =0.123, consists of a single model ( 8u  ) containing the general mean, 

5m   main effects, and 1k   two-factor interaction effect corresponding to factors C 

and D. The next group, with ( )
2

uV =0.145, consists of two models ( 2,3u  ) and the 

following group, with ( )
2

uV =0.160, consists of a single model ( 4u  ). The last three 

groups consist of a single model ( 7u  ), four models ( 5,6,9,10u  ), and a single model 

( 1u  ), respectively. Note that the last group listed has the largest variance, ( )
2

uV =0.188, 

and consists of the single model containing the general mean, 5m   main effects, and 

1k   two-factor interaction effect corresponding to factors A and B. 
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Chapter 5  

Pg
V Characterization: k = 1, g = 1 

 

5.0 Introduction 

As observed in Table 4.1, it is possible for a design to be optimal with respect to 

the variance criterion. Design D13.1 is better than Design D13.2 for models 2 – 7. 

However, D13.2 is better than D13.1 for models 1 and 8-10. Because it is unknown at the 

design stage which model will be deemed appropriate at the end of an experiment, it is 

important for the distinguishing parameter between models (in this case, the k  

interaction effects) to be estimated with the same precision. Thus, the most important 

case of the property, V
gP  where 1g  , is examined. More specifically, the case where 

1k   is considered in detail. It is of prime interest to be able to identify a design with 

1
VP using characterizations of the design. In this chapter, a variety of characterizations are 

presented to identify a design with the property 1
VP .  

5.1 Optimum Designs with P1
V  for k = 1 

To characterize designs with 1
VP , the optimum designs presented in Chapter 3 are 

regularly referenced as examples, as well as for illustration of the characterization 

described. Table 5.1 presents the optimum designs with 1
VP  considered in this chapter 

where 1k  , along with the value of ( )
2

uV  for all 1,...,u  . 
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                 Table 5.1: Optimum designs with P1
V for k = 1; *Balanced designs 

m  Design n    Optimum w.r.t. the
criterion functions 

 1 2, ,...V
g gP     ( )

2
uV  

4 D3* 7 6 All six  1 6VP  0.1875

4 D5* 9 6 All six  1 6VP  0.1161

4 D7* 11 6 A–, D–, E–  1 6VP  0.1094

5 D9.2 7 10 AT, AMCR  1 10VP  0.6250

5 D12* 10 10 All six  1 10VP  0.1042

5 D13.2* 11 10 AMCR, GMCR  1 10VP  0.0994

5 D14 12 10 All six  1 10VP  0.0969

5 D17* 15 10 All six  1 10VP  0.0694

5 D18* 16 10 A–, D–, E–  1 10VP  0.0625

 
               
 
        

5.2 Inverse Matrix Characterization 

Consider   1
( ) 2 ( ) ( ) ( )ˆu u u uV Var X X 


     , 1,...,u  , which is a 

   2 2m m    matrix with the diagonal elements representing the variances of the 

parameter estimates and the off-diagonal elements representing the co-variances between 

the parameter estimates. Then ( )
2

uV  is the  2
th

m   diagonal element of ( )uV  and designs 

with 1
VP will have this value constant for all   models. 

  It can be seen [Ghosh, Deng, and Luan (2007), Rao (2002)] that 

   
1 1 ( ) 1 1 ( )1

2 2( ) ( )

( ) 1 ( )
2 2

,   1,...,
u u

u u uu u

u u
u

W W w V w W     W w V
X X u

    V w W                         V


   



     
  

 (5.1) 

where  
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1 1

( )
2 1

( ) ( )
2 2

,  

,

,

u
u

u u
uu

W X X

w X X

w X X



 



 

   ( ) 1 1
2 ( )        1, , .u

u uuuV w w W w u          (5.2) 

It follows that 

   1( ) 1
2 ,   ,    1, , .u

u uuu uuV w w W w w n u 
       (5.3) 

Thus, the following results are true. 

 

Theorem 1: A design has 1
VP  for 1k   iff (if and only if) 1

u uw W w  is 

constant for all u . 
 

Corollary 1.1:  A design has 1
VP  for 1k   if uw  are identical for all u . 

 
 

Corollary 1.2: A design has 1
VP  for 1k   if for any 1u  and 2u  there is a 

   1 1m m    matrix 
1 2,u uP  satisfying  

i) 
1 21 2,u uu uw P w ,  

ii)  
1 2 1 2

' 1 1
, ,u u u uP W P W  . 

   Note: 
1 2,u uP  may or may not be a permutation matrix. 

 
Example 5.1 for Corollary 1.1 

Consider D12 from Table 5.1 for 5m   which has 1 (10)VP  for 1k   two-factor 

interaction effects included in the model with the general mean and main effects. This is a 

balanced design composed of 1S  and 4S  for which 1
u uw W w = 0.4 for 1,...,10u   where 

1

2

0.100  0

0         0
where   and    .

0.013 0

0.111   0

0

u

a b b b b b

b d c c c c a

b c d c c c b
W w u

b c c d c c c

b c c c d c d

b c c c c d



   
      
   

         
   
   
   
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For this particular design, it is seen that uw  is identical for all u  resulting in constant 

1
u uw W w  for all models. Other examples of designs with this same feature are D3, D5, 

D13.2, D17, D18 from Table 5.1; all of which are balanced designs. However, not all 

balanced designs have uw  the same for all u . Moreover, it is not necessary for uw  to be 

identical for all u to have 1
u uw W w  constant (as seen in the next example). 

Example 5.2 for Corollary 1.2 

Consider D7 from Table 5.1 for 4m   which has 1 (6)VP  for 1k   two-factor 

interaction effect included in the model with the general mean and main effects. Recall 

that this is a balanced design; in particular, it is composed of the complete sets 

1 2 4,  ,  and S S S . This design has 1
u uw W w = 1.8571   for 1,...,6u   where 

1

  

0.095
  where 

0.011

a b b b b

b a b b b
a

W b b a b b
b

b b b a b

b b b b a



    
   
  

  
  

 

1 2 3 4 5 6

1 1 1 1 1 1

  1   1   1 3 3 3

 ,  ,   ,   ,   ,     1 3 3   1   1 3

3   1 3   1 3   1

3 3   1 3   1   1

w w w w w w

                
                        
                  
                       
                       

 




 

It is observed that each uw , 1,...,6u  , are permutations of the remaining uw  vectors. 

Therefore 
1 21 2,u uu uw P w  where 

1 2,u uP  is an    1 1m m    permutation matrix. If 
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1 2 1 2

1 1
, ,u u u uW P W P  , then 

1 1 2 21 2 1 2

1 1
, ,u u u uu u u uw W w w P W P w     is constant for 1u  and 2u .  As 

an illustration, consider  1 1u   and 2 2u   where  

    1,2

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 1

P

 
 
 
 
 
 
  

. 

It can be shown that 1 1
1,2 1,2W P W P    giving  1 1

1 1 2 21,2 1,2w W w w P W P w     constant for 

1, 2u  . Similarly, a permutation matrix can be found for the remaining pairs of 1u  and 

2u  resulting in 1
u uw W w  constant for all u . 

Example 5.3 for Theorem 1 

Consider D9.2 from Table 5.1 for 5m   which has 1 (10)VP  for 1k   two-factor 

interaction effect included in the model with the general mean and main effects. This 

design is not a balanced design as it is composed of both complete and incomplete sets of 

treatments; in particular, 1S , 5S  and one treatment from 2S . This design has 1
u uw W w = 

5.4  for 1,...,10u   where 1W   and ,  1,...,10uw u   are calculated and presented on the 

following page. It is observed that uw , 2,...,10u  , are permutations of each other while 

1w  is different than the remaining uw  vectors. However, note that in all uw , the 

following properties are true:     1 2 3 4 5 6w w w w w w       and 

   2 2 2 2 2 2
1 2 3 4 5 6w w w w w w      where  1 2 3 4 5 6uw w w w w w w  . 
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1

0.193  

  where 0.056

0.006

a b b c c c

b a b c c c
a

b b a c c c
W b

c c c a b b
c

c c c b a b

c c c b b a



 
 
  
 

   
    
 
 

 

1 2 3 4 5

6

  3   1   1   1   1

  3   1   1   1 3

  3 3 3 3   1
 ,  ,   ,   ,     ,   

3   3 1 1   3

3 1   3 1 1

3 1 1   3 1

w w w w w

w

         
                  
           

                        
            
         
            

7 8 9 10

  1   1   3   3   3

3 3 1 1 1

  1   1 1 1 1
,   ,   ,   ,   . 

1 1   1   1 3

  3 1   1 3   1

1   3 3   1   1

w w w w

         
                      
           

                        
          
         
          

 

As a result of the common form of uw  for all u , it is seen that 1
u uw W w  is calculated as  

      
    
  

1 2 2 2 2 2 2
1 2 3 4 5 6

2 2

1 2 3 4 5 6

1 2 3 4 5 6

     

     2

u uw W w a b w w w w w w

b w w w w w w

c w w w w w w

       

     

    

 

        22 2 2
1 2 3 1 2 32 2 ,    1,...,10a b w w w b c w w w u           

     
where , ,a b c  are the specified values from 1W  .  For ,  2,...,10uw u  ,  2 2 2

1 2 3w w w   

and  2

1 2 3w w w   are the same and therefore 1
u uw W w  is the same. Now consider 1w  

as it compares to ,  2,...,10uw u  . It can be shown that 4 5 0a b c    must be satisfied 

for 1
u uw W w  to be constant for all u . For design D9.2, this is indeed the case. Thus, it is 
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seen that uw  need not be constant for all u , nor must the 'suw  be permutations of one 

another for 1
u uw W w  to be constant for all u .  

Example 5.4 for Theorem 1 

Consider D14 from Table 5.1 for 5m   which has 1 (10)VP  for 1k   two-factor 

interaction effect included in the model with the general mean and main effects. This 

design is an unbalanced design, as it is composed of both complete and incomplete sets of 

treatments; in particular, 1S , six of ten treatments from 2S  and one of five treatments 

from 4 S . This design has 1
u uw W w = 1.6774 for 1,...,10u   where 1W   and 

,  1,...,10uw u   are calculated and presented below. It is observed that uw , 

1, 2,3,5,6,8u  , are permutations of each other while uw , 4,7,9,10u  , are permutations 

of each other but are different than uw , 1, 2,3,5,6,8u  . 

 

 

1

          

         0.096  

         0.016
   where 

         0.002  

         0.086  

  

a b b b b b

b d c c c c a

b c d c c c b
W

b c c d c c c

b c c c d c d

b c c c c d



 
   
   

    
  
 
     
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1 2 3 4 5

  0   0   0   0   0

  2   2   2 2 2

  2 2 2   2   2
 ,  ,   ,   ,     

2   2 2   2   2

2 2   2   2 2

  2   2   2   2   2

w w w w w

         
                   
          

                       
           
        
         

6 7 8 9 10

,   

  0   0   0   0   0

2   2 2   2   2

  2 2 2   2   2
,   ,   ,   ,   

2   2   2 2   2

  2   2   2   2 2

  2   2   2   2   2

w w w w w



         
                   
         

                     
        
        
         

 






 

It can be seen that 1
u uw W w  for all u  is calculated as  

  

    21 2 2 2 2 2
2 3 4 5 6 2 3 4 5 6u uw W w d c w w w w w c w w w w w             

 
 

where  1 2 3 4 5 6uw w w w w w w   and ,c d  are the specified values from 1W  .  

Note that  2 2 2 2 2
2 3 4 5 6w w w w w     is constant for all uw  since 2,  2,...,6iw i   . The 

second summation in 1
u uw W w  can be broken down into two cases as presented in  

Table 5.2 where it is seen  2 3 4 5 6 2w w w w w       for all u .  Therefore, 1
u uw W w  

is constant for all u  for D14. 

 

   Table 5.2: Calculated values of wu vector entries for D14 

u  2 3 4 5w w w w   6w 2 3 4 5 6w w w w w     2

2 3 4 5 6w w w w w   

1,2,3,5,6,8 0 2  2  4 
4,7,9,10 4 2    2 4 
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5.3 Characterization by Determinants 

Consider   1
( ) 2 ( ) ( ) ( )ˆu u u uV Var X X 


     , 1,...,u  . It can be seen that  

    
1

( )1
1 1 1 2( ) ( )

( )
( ) ( ) ( )
2 1 2 2

     

u
u u

u
u u u

X X X X
X X

WX X X X


          

     
  (5.4) 

where  ( ) 2 ( )
2

ˆu uW Var      . Thus, ( )
2
uV , the variances of the estimates for the k  two-

factor interactions, are represented by the diagonal elements of   uW . Specifically, the 

diagonal elements of  ( )uW  are denoted as ( , )u jw   and can be calculated as  

( ) ( )
( )

( , )

( ) ( )

u u
j

u j

u u

X X
w

X X







     (5.5) 

     

where ( ) ( )
( )

u u
jX X 

  denotes the ( ) ( )u uX X  matrix with the thj  row and column deleted, 

( 2), ( 3),..., ( 1)j m m m k     . Then for designs with V
gP , ( , )u jw  is the same for g  

groups of models for all j .  

 Consider the specific case of this chapter; namely, 1
VP  for 1k  . Then, from 

equation (5.5), the calculation for the variance of the two-factor interaction effect, ( )
2

uV , 

becomes 

   

( ) ( )
( 2) 1 1

( ) ( )
2

( ) ( ) ( ) ( )

u u
m

u u

u u u u

X X X X
W V

X X X X

 
 

  
 

   (5.6)  
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where ( )
2

uV  is constant for all 1,...,u   models. Thus, the following result holds for 

designs with 1
VP , 

 

Theorem 2:  A design will have 1
VP  for 1k   iff ( ) ( )u uX X  is constant for all u . 

 
 

 Moreover, it is possible to recognize designs with 1
VP  from the optimality 

criterion, AD and GD, from Section 3.3 which are calculated using the determinants of 

the inverse of the ( ) ( )u uX X  matrix for all u . AD is the defined as the arithmetic mean of 

the determinants of ( ) ,  1,...,uV u  , or in other words,  

AD =   1
( ) ( )

1

1 u u

u

X X








     (5.7) 

and GD is defined as the geometric mean of the determinants of ( ) ,  1,...,uV u  , or in 

other words, 

    GD =  
1

1
( ) ( )

1

u u

u

X X
 



  
 
 .    (5.8) 

From Theorem 2, designs with  1
VP  have ( ) ( )u uX X constant for all u , implying 

  1
( ) ( )u uX X


  is also constant for all u  since   11

( ) ( ) ( ) ( )u u u uX X X X


  . When 

  1
( ) ( )u uX X


  is constant for all   models, AD = GD by the Inequality of arithmetic and 

geometric means (AM-GM Inequality). AM-GM Inequality states that the arithmetic 

mean of a list of non-negative real numbers is greater than or equal to the geometric mean 
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of the same list; and further, that the two means are equal if and only if every number in 

the list is the same. Thus, the following result holds for designs with 1
VP . 

 
Corollary 2.1:  A design will have 1

VP  for 1k   iff  AD = GD. 

 
 
 Example 5.5 

Consider the designs from Table 5.1 for 4,5m   which have 1
VP  for 1k   two-

factor interaction effect included in the model with the general mean and main effects. 

The determinants for calculating ( )
2

uV  for these designs are presented in Table 5.3, along 

with the calculated values of AD and GD. It is seen that ( ) ( )u uX X  is constant for all 

1,...,u   models for each of the designs. Additionally, the values for the optimality 

criterion functions AD and GD are equivalent. 

 

   Table 5.3: Determinants for optimum designs with P1
V for k = 1; *Balanced designs 

m  Design n    ( )
2

uV  1 1X X  ( ) ( )u uX X  AD = GD 

4 D3* 7 6 0.1875 12,288 65,536 1.525810-5 
4 D5* 9 6 0.1161 53,248 458,752 2.179810-6 
4 D7* 11 6 0.1094 145,152 1,327,104 7.535210-7 
5 D9.2 7 10 0.6250 40,960 65,536 1.525810-5 
5 D12* 10 10 0.1042 737,280 7,077,888 1.412810-7 
5 D13.2* 11 10 0.0994 1,015,808 10,223,616 9.781210-8 
5 D14 12 10 0.0969 2,571,264 26,542,080 3.767610-8 
5 D17* 15 10 0.0694 10,485,760 150,994,944 6.622710-9 
5 D18* 16 10 0.0625 16,777,216 268,435,456 3.725210-9 

 

 



 

43 

5.4 Eigenvalue Characterization 

Consider ( ) ( )u uX X  for 1,...,u   models consisting of the general mean, main 

effects, and 1k   two-factor interaction effect. From Theorem 2, if a design has 

( ) ( )u uX X  constant for all u , then the design has 1
VP . It is known that   

1
( ) ( ) ( )

1

,     1,...,
m k

u u u
i

i

X X u 
 



       (5.9) 

where  ( ) ,  1,..., 1u
i i m k    , are the eigenvalues of ( ) ( )u uX X , 1,...,u  . Thus, 

designs with 1
VP can be characterized in the following manner,  

 
Corollary 2.2  A design will have 1

VP  for 1k   if the set of eigenvalues of 
( ) ( )u uX X  are the same for all u . 

 
 
This result is illustrated in Example 5.6. Note that it is not necessary for a design with 1

VP  

to have the same set of eigenvalues for all ( ) ( )u uX X  as illustrated in Example 5.7. 

Example 5.6 

Consider D14 from Table 5.1 for 5m   which has 1 (10)VP  for 1k   two-factor 

interaction effect included in the model with the general mean and main effects. The 

eigenvalues are calculated, along with their product which is equal to ( ) ( )u uX X , 

1,...,u  , by equation (5.9) and presented in Table 5.4.  
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               Table 5.4: Eigenvalues for D14, k = 1 

u  ( ) ( )u uX X  Eigenvalues 
( ) ( )u uX X  

1-10 16.8989 16 12 12 12 8 7.1010 26,542,080 
 

 

 

 

 

 

It is observed that the set of eigenvalues of ( ) ( )u uX X  are the same for all ten 

models. Thus, by Corollary 2.2, D14 has 1
VP . 

Example 5.7 

Consider D9.2 from Table 5.1 for 5m   which has 1 (10)VP  for 1k   two-factor 

interaction effect included in the model with the general mean and main effects. The 

eigenvalues are calculated, along with their product which is equal to ( ) ( )u uX X , 

1,...,u  , and presented in Table 5.5.  

 

            Table 5.5: Eigenvalues for D9.2, k = 1 

u  ( ) ( )u uX X  Eigenvalues 
( ) ( )u uX X  

1 16 16 4 4 4 4 1 65,536 
2-10 16 10.8706 9.5102 4 4 4 0.6190 65,536 

 

 

 

Although the set of eigenvalues of ( ) ( )u uX X  differ for 1u   compared to the set 

of eigenvalues for 2,...,10u  , the value of ( ) ( )u uX X  is the same for all u . Thus, by 

Theorem 2, D9.2 has 1
VP . 

5.5 Complementary Designs  

Consider a design D which consists of n  treatments created by a combination of 

m  factors observed at their high level or low level, represented by 1 and –1, respectively. 
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The complement of design D, denoted DC , is defined as DC = –D.   Therefore, each of 

the factors observed at the low level in design D will be observed at the high level in 

design DC  and each of the factors observed at the high level in design D will be observed 

at the low level in design DC . For designs which have the ability to identify and 

discriminate the models consisting of the general mean, main effects, and k  two-factor 

interaction effects, the following result holds. 

 
Theorem 3:  For a general k , the complement of a design D, denoted DC , has 1

VP  iff  

design D has 1 .VP  

 

Proof:  This result can be derived from Theorem 2 which states that a design will 

have 1
VP  iff ( ) ( )u uX X  is constant for all u  when 1k  . Note that ( ) ( )

2Du uX j X     

where j  is a vector of length n  with all entries equal to 1, D is the ( )n m k   design 

matrix with entries equal to 1 or –1, and ( )
2

uX  is a n k  matrix which is dependent on D. 

Consider such a design D and WLOG let ( ) ( )
2 Du uX j X    . Then ( ) ( )u uX X  can be 

calculated as 

  

( )
2

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2

( )
2

D

D

D D D D

u

u u u u u u

u

j j j X j
A B

X X X j X X X
B C

j X

   
                
 

  (5.10)  

where A  is a    1 1k k    matrix, B  is a  1k m   matrix, and C  is a m m  matrix. 



 

46 

Similarly, for the complement of design D, DC , ( ) ( )
2

ˆ Du uX j X     where 

( )
2

uX  is the same n k matrix in ( )uX  for design D (since we are considering two-factor 

interactions only, this matrix is not affected by taking the complement of the design) and 

its corresponding ( ) ( )ˆ ˆu uX X  can be calculated as 

( )
2

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2

( )
2

D

ˆ ˆ D

D D D D

u

u u u u u u

u

j j j X j
A B

X X X j X X X
B C

j X

   
                  
 

  (5.11) 

where ,  ,  and A B C  are the same matrices as those in equation (5.10). Then from 

   1A B A B
A C B A B

B C B C
             

,    (5.12) 

design D and its complement DC  have ( ) ( )u uX X  the same. Since D was assumed to 

have 1
VP  giving ( ) ( )u uX X  constant for all u , its complement DC  also has ( ) ( )u uX X  

constant for all u , and thus has 1
VP .  This completes the proof. 

Example 5.8 

It is known that D13.2 for 5m   has 1
VP  when estimating the ten models 

consisting of the general mean, main effects, and 1k   two-factor interaction effect. 

Consider this design, along with its complement D 13.2C  presented in Figure 5.1. Table 

5.6 displays the values of ( ) ( )u uX X  for each of the designs. It is observed that 

( ) ( )u uX X  is not only constant for all u  in each design, but it is also the same for D13.2 
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and D 13.2C . Moreover, the value of the variance of the two-factor interaction effect, 

( )
2

uV , is the same for both designs. It is concluded that D 13.2C  has 1
VP , just as D13.2 

does. 

 

                                  D13.2                                     D 13.2C  
 

 
 
 
 
 
 
 
 

 
 
          Figure 5.1: D13.2 and DC13.2 

    
 
 

                           Table 5.6: Determinant and V2
(u)  for D13.2 and DC13.2 

Design 
( ) ( )u uX X  ( )

2
uV  

D13.2 10,223,616 0.0994 
D 13.2C  10,223,616 0.0994 

 

5.6 Isomorphic Designs 

Definition: Two fractional factorial designs are called isomorphic to each other if one 

can be obtained from the other by renaming of factors (column 

permutations) or by changing the treatment orders (row permutations). 

Consider two isomorphic fractional factorial designs, D1 and D2, for m  factors which 

consist of n  treatments each. Letting 
1

( ) ( )
D 1 2Du uX j X     and 

2

( ) ( )
D 2 2Du uX j X     

– – – – + 
– – – + – 
– – + – – 
– + – – – 
+ – – – – 
– + + + + 
+ – + + + 
+ + – + + 
+ + + – + 
+ + + + – 
+ + + + + 

+ + + + – 
+ + + – + 
+ + – + + 
+ – + + + 
– + + + + 
+ – – – – 
– + – – – 
– – + – – 
– – – + – 
– – – – + 
– – – – – 
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as seen in Section 5.5, it is possible to write 
1 2

( ) ( )
D D

u u
r cX P X P  where rP  is an n n  

permutation matrix which will permute the rows of 
2

( )
D

uX  and cP  is a 

   1 1m k m k      permutation matrix which permutes the columns of 
2

( )
D

uX . Then  

   
   

1 1 2 2

2 2

( ) ( ) ( ) ( )
D D D D

( ) ( )
D D

u u u u
r c r c

u u
c r r c

X X P X P P X P

P X P P X P

 

  
 

   
2 2

( ) ( )
D D

u u
c cP X X P  .    (5.13) 

Suppose D1 is known to have the property 1
VP . By Theorem 2,

1 1

( ) ( )
D D

u uX X  is constant for 

all u  and from equation (5.13) it follows that 

  
1 1 2 2 2 2 2 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
D D D D D D D D

u u u u u u u u
c c c cX X P X X P P X X P X X          (5.14) 

where 1cP    and c cP P  . Thus, the following result is true. 

Theorem 4:  If two designs, 1D  and 2D , are isomorphic, then 2D  will have 1
VP  iff  

1D  has 1 .VP  

Example 5.9 

 Consider D9.2 consisting of 7n   treatments for 5m   factors, as well as design 

DA5 as presented in Figure 5.2.  

                                    D9.2             Design A5 
    

 

          Figure 5.2: D9.2 and Design A5 

– – – – –
+ + – – –
+ + + + –
+ + + – +
+ + – + +
+ – + + +
– + + + +

–  – – – – 
– + + + + 
+ – + + + 
+ + – + + 
+ + + – +
+ + + + – 
– – + – +
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These designs are capable of identifying and discriminating the 10   models which 

contain the general mean, main effects and 1k   two-factor interaction effect. It can be 

shown that D9.2 and Design A5 are isomorphic designs with  

1 0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 1 0 0 0

0 0 0 0 1 0 0 0 0 0 0 1 0 0

 and 0 0 1 0 0 0 0 0 0 1 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 1

r cP P

   
   
   
   
       
   
   
   
      

 

such that ( ) ( )
D9.2 DA5

u u
r cX P X P  for all u . It is known that D9.2 has 1 (10)VP  and thus by 

Theorem 4, Design A5 also has 1 (10)VP . Table 5.7 displays the values of ( ) ( )u uX X  for 

each of the designs. Not only is ( ) ( )u uX X  constant for all u  in each design, but it is also 

the same for D9.2 and DA5. Also, the value of the variance of the two-factor interaction 

effect, ( )
2

uV , is the same for both designs.  

 
                           Table 5.7: Determinant and V2

(u)  for D9.2 and Design A5 

Design 
( ) ( )u uX X  ( )

2
uV  

D9.2 65,536 0.6250 
DA5 65,536 0.6250 

 

 

5.7 Balanced Designs 

Recall from Section 3.5, a design which consists of complete sets of treatments, 

iS , 0,1,...,i m , is referred to as a balanced design. Denote such a design as DB, where 



 

50 

each set iS , 0,1,...,i m , is replicated ir , 0,1,...,i m , times with 0ir   and an integer 

such that 1n m k   . It can be shown that ( ) ( )u uX X  consists of five distinct values, 

1 2 3 4, , , ,n      which have the following positions 

1

2

3

4

11

1                         

1                ,   

                                                   ,      

i i ij ij

i i ij j ij

ij i i ij ij ij ji

i i j

n x x x x

x x x x x

x x x x x x x i i j j

x x i i j

x









  



    

    

          

  

                                                   ij i jx i i j j 
    

 

where ( ) ( )
1 21u uX X X    ,  1 is a vector of length n  with all entries equal to 1, 

 1 21 mX x x x   is the n m  design matrix, and ( )
2

uX  is an n k  matrix which 

depends on 1X . 

For example, consider a fractional factorial design with m  factors which has the 

ability to identify and discriminate   models which contain the general mean, main 

effects, and 1k   two-factor interaction effect. Specifically, consider the two-factor 

interaction, AB. Then (1) (1)X X  becomes 

1 1 1 1 1 2

1 2 2 2 2 1

1 2 2 2 2 1

1 2 2 2 2 3(1) (1)

1 2 2 2 2 3

2

1 2 2 2 2 2 3

2 1 1 3 3 3

                                 

,

A B C D AB

n

nA

nB

nC
X X

nD

n

nAB


     

     
     
     
     


      
     

 
 
 
 
 
    
 
 
 
 
  







     


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where 

0

1
1

1

2
1

2

3
3 1

1 3

4
3 1

1
2

1

2
4

1

3 3
2 3

3 1

4 4
8 .

3 1

m

i
i

m

i
i

m

i
i

m m

i i
i i

m m

i i
i i

m
n r

i

m
n r

i

m
n r

i

m m
n r r

i i

m m
n r r

i i



















 

 

 

 
  

 
 

    
 

    
     

           
     

           







 

 

 

Note that each ( )uX , 1,...,u  , differ only with respect to the two-factor interaction 

effect and since all sets of treatments, iS , are complete, it is possible to permute the rows 

and columns of ( )uX  such that ( )uX  will be the same for all models. This property of 

balanced designs indicates that the variance-covariance matrix of the estimates, 

  1
( ) 2 ( ) ( ) ( )ˆu u u uV Var X X 


     , is invariant under permutation of the factor names 

[Srivastava and Chopra (1971)].  As a consequence of this, the following holds  

 
Theorem 5: A balanced design, denoted DB, will have 1

VP  for 1k  .  

 
To illustrate, Table 5.8, Table 5.9, and Table 5.10 present the balanced designs for 

3, 4,5m  , respectively, which have the ability to identify and discriminate the models of 

interest. Along with identifying the sets of treatments used in each design, the tables 

present the number of treatments, n , as well as the value of the constant ( )
2

uV  (to four 

decimal places). Here, each set of treatments, iS , 1,...,i m , is replicated at most one 
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time, i.e., 1ir  , 1,...,i m . Note that the complements for each of these designs will also 

have 1
VP  by Theorem 3 and thus are not included in the tables. 

 
   
 
 
 
 

                             Table 5.8: Balanced designs with P1
V for m=3 when k=1 

 
           
 
 
 
 
 
 
      
 
 
 
 
 
        

                   Table 5.9: Balanced designs with P1
V for m=4 when k=1 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
       
 

n 0S 1S 2S 3S ( )
2

uV  

5        0.5000
6       0.1875
7        0.1667
8         0.1250

n  0S 1S 2S 3S 4S ( )
2

uV  

6         0.8750
7        0.1875
8        0.1250
8         0.1250
9         0.1160
10        0.1250
10          0.1041
11         0.1219
11         0.1094
12          0.0938
14         0.0729
15          0.0687
16           0.0625
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               Table 5.10: Balanced Designs with P1

V for m=5 when k=1 

 
 
 
 
 
 
 
 
 
 
 
           

        

 

 
 
 
 
 
 
 

n  0S 1S 2S 3S 4S 5S ( )
2

uV  

7          1.3750
7          1.3750
10         0.1041
11         0.1250
11         0.1250
11          0.0993
12           0.0937
15         0.1041
15         0.0694
16          0.1033
16          0.0683
16          0.0625
16          0.0917
17           0.0824
17           0.0598
20         0.0520
20          0.0526
21          0.0504
21           0.0501
21           0.0511
22           0.0458
22            0.0481
25          0.0425
26           0.0418
26           0.0398
27            0.0382
30           0.0335
31            0.0325
32             0.0313
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Example 5.10  

Consider the balanced design for general m  consisting of 0S , 1S , 1mS  , mS  

which  has  1 1 2( 1)
1 1

m m
n m

m

   
           

  runs.   It  is  of  interest  to  identify  and  

discriminate the 
2

m


 
  
 

 models which contain the general mean, main effects, and 

1k  two-factor interaction effect. To show that this design has estimation capabilities for  

general 3m  , it must be proven that ( ) ( )u uX X  is invertible; or similarly that 

 ( ) ( ) ( ) ( )det u u u uX X X X   is non-zero. Letting ( )( ) ( )
21 11 uu uX X X X Y        , it 

can be shown for all u , 

 

 
( )

1 1 1( ) ( )

( ) ( ) ( )
1

          2 - 6

                       
      

2 - 6      
                              

            (2 - 6)
                        

(2

u
u u

u u u

n

n m

O
X X X Y

X X m n
Y X Y Y n

n m
O

m

 
 
 
 

    
     

       





- 6)        n

 
 
 
 
 
 
 
 
       

 (5.15) 

where 1 1  X X is an m m  matrix, O  is an 2m  zero matrix and ( ) ( )u uY Y  is a  2 2  

matrix.  Then from equation (5.15), the determinant of ( ) ( )u uX X  is calculated as 

      1( ) ( ) 2 2(2 6) (2 6) (2 6) (2 6) 0.
mu uX X n m n m m m n m
              (5.16) 
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Therefore, ( ) ( )u uX X  is invertible and it is concluded for general 3m   that the design 

consisting of treatments from 0 1 1, , ,m mS S S S  is capable of estimating the 
2

m


 
  
 

 models 

of interest.  

Additionally, the estimates of the general mean, main effects, and 1k   two-

factor interaction for the thu  model, found using the method of least squares as presented 

in Section 1.2, are given as  

( )
20 2 2

1

1ˆ (2 6) ,
(2 6)

n
u

i

n y m X y
n m




       
  

( )( )
22 2 2

1

1ˆ (2 6) ,
(2 6)

n
uu

i

nX y m y
n m




       
          

1

12
1 1 1

ˆ

ˆ
( ) .

 

ˆ
m

X X X y









 
 
    
 
  


     (5.17)      

Moreover, as seen in equation (5.16), ( ) ( )u uX X  is the same for all u , implying ( )
2

uV  is 

constant for all u , and thus the balanced design consisting of 0S , 1S , 1mS  , mS  has 1
VP . 

5.8 Augmented Designs 

Suppose it is of interest to augment a design D, which has 1
VP  by adding a 

treatment/run, denoted Da ,  to be observed in the experiment, where Da  represents a 
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treatment that is not already included in the design (it is not of interest to replicate the 

treatments). The new design, denoted D+1, may or may not have 1
VP .  

Example 5.11 

Consider design D9.2 from Example 5.3. Recall that this is an unbalanced design 

for 5m   and 7n   with the property 1
VP  with ( )

2
uV =0.625 for all u  when estimating the 

parameters in the models containing the general mean, main effects, and 1k   two-factor 

interaction effect.  The treatments for this design can be seen in Table 3.3. Suppose an 

additional treatment, [1, 1,1, 1, 1]Da     , is chosen to be included in this design. The 

augmented design for 5m   with 8n   is denoted 1
+1D9.2 . Table 5.11 presents the values 

for the two-factor interaction effect for each of the ten models. It can be seen that the 

augmented design does not have the property 1
VP . Instead, 1

+1D9.2  has the property 

 2 4,6VP . 

 
     Table 5.11: Values of V2

(u) for 1

+1
D9.2  

u  
1 2 3 4 5 6 7 8 9 10 

0.375 0.375 0.375 0.375 0.375 0.250 0.250 0.250 0.250 0.375 
 

Example 5.12 

As in Example 5.11, we again consider design D9.2 with the property 1
VP . We 

now add the treatment [1,1,1,1,1]Da   to the design. Denote this augmented design as 

2
+1D9.2 . Table 5.12 presents the values for the two-factor interaction effects for each of 

the ten models where each model includes the general mean, main effects, and 1k   two-
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factor interaction effect. This augmented design 2
+1D9.2  for 5m   with 8n   has the 

property 1
VP , just as the original un-augmented design D9.2 for 5m   with 7n   has the 

property 1
VP . 

 

     Table 5.12: Values of V2
(u) for 2

+1
D9.2  

u  
1 2 3 4 5 6 7 8 9 10 

0.430 0.430 0.430 0.430 0.430 0.430 0.430 0.430 0.430 0.430 
 

 
In fact, it is possible to systematically choose Da  such that the augmented design 

will have 1
VP . There are two types of designs which are of particular interest: 1) balanced 

designs and 2) unbalanced designs.  

Consider a balanced design DB which has 1
VP  by Theorem 5 for experiments 

which are estimating the effects of the general mean, m  main effects, and 1k   two-

factor interaction effect. Then B
1D  will have 1

VP  for [1,1,...,1]Da   or 

[ 1, 1,..., 1]Da     . Obviously, B
1D  will remain a balanced design since 

0[1,1,...,1]Da S   and [ 1, 1,..., 1]D ma S     .  

Now consider an unbalanced design, denoted DU. Using the notation from 

equation (5.2), suppose DU has the associated particular form 

  1
1

1 1

( )

( )
s s s

s s s

a b I bJ cJ
W X X

cJ a b I bJ




       
  (5.18) 
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where  U
1 DX j     represents the  1n m   design matrix with j  being a vector of 

all ones, , ,a b c  are real-valued constants, sI is an identity matrix of size s , sJ is a square 

matrix of size s  with all entries equal to one, and 1 2m s  . Then for estimating the 

effects of the general mean, m  main effects, and 1k   two-factor interactions,  uw  will 

be a vector of length 2s  for all 1,...,u   models. Consider a vector uw  of the following 

type  

u s sw w w P       
 for all u      (5.19) 

where P  is an s s  permutation matrix and , ,a b c  are such that 1
u uw W w  is constant 

for all u , then DU will have 1
VP  by Theorem 1. It is of interest to augment such a design, 

DU, with property 1
VP  by adding an additional treatment such that the resulting design, 

U
1D , will also have the property 1

VP . 

Theorem 6: For uw  satisfying (5.19), the following results are true where uw  is 

denoted as w  WLOG since all u  models give the same form: 

   (a)   1

1 1j X X constant j


     

   (b) 0j w w j    

(c)    1 1

1 1 1 1 0j X X w w X X j
 

     

(d)      
1

22 2
1 1 1 12( ) 2( )s sw X X w a b w w b c w w


           

(e)    1 1

1 1 2 1 1sw X X J w w X X w
 

     

(f)    1 1

1 1 2 1 1 2 0s sj X X J w w X X J j
 

       
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(g)    
 

1

1 1 1

1 1 2 1

1 11
s

j X X j
j X X J j

j X X j







 
   

 
 

(h)      
1

1 1 2sj w X X J w j 
      

   
 

1

1 1 1
2

1 1 1

1 1

                      
1

j X X j
w X X w

j X X j








 
  

 
 

 
Proof:   (a) and (b) are easily proven. 
 
 (c)  Follows from (a) and (b). 
 

(d)     1

1 1

( )

( )
ss s s

s s
ss s s

a b I bJ cJ w
w X X w w w P

cJ a b I bJ Pw
                       

 

   

 

                      ( ) ( ) 2

                      2 ( ) 2

                      2 ( ) 2

                   

s s s s s ss s s s s

s s s ss s s

s s s s s s

w a b I bJ w w P a b I bJ Pw cw J Pw

w a b I bJ w cw J w

a b w w bw j j w cw j j w

        

    

          

     

   

2 22 2
1 1 1

22 2
1 1

   2 ( ) 2

                      2( ) 2( )

s s s

s s

a b w w b w w c w w

a b w w b c w w

           

       

  

 

 

 

(e)     11

1 1 2 1 1sX X J X X j j


     

     
 

   

1 1

1 1 1 1 1

1 1 1

1 1

1 1

1 1 1 1

                     
1

From (c), 0.

Hence, (e) is true.

X X j j X X
X X

j X X j

w X X j j X X w

 





 

 
 

 

     

 
(f) By (c). 
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(g)    
 
 

21

1 11 1

1 1 2 1 1 1

1 11
s

j X X j
j X X J j j X X j

j X X j



 



   
     

 
 

 
 

1

1 1

1

1 1

                              
1

j X X j

j X X j





 


 
 

 
 (h)  By (c), (e), (f), and (g). This completes the proof. 
 

Theorem 7: An augmented design, U
1D , has 1

VP  iff  

     
1

1 1 2u usj w X X J w j 
     is constant for all u  models. 

 
Corollary 7.1: An augmented design, U

1D , has 1
VP  for  

[1,1,...,1]Da   or [ 1, 1,..., 1]Da     .  
 

Proof:  From Theorem 6 (h), letting 1    indicates Da j  can be chosen as 

[1,1,...,1]  or  [ 1, 1,..., 1]    and U
1D  will have 1

VP  by Theorem 1. This can be seen easily, 

as      
1

1 1 2sj w X X J w j 
     will remain constant for all u  models since 

  1

1 1w X X w


   was constant for DU and  
 
 

1

1 1

1

1 11

j X X j

j X X j





 

 
 is independent of u . 

Example 5.13 

Design D9.2 for 5m   and 7n   is an unbalanced design with the specified form 

presented in this discussion. D9.2 has 1
VP  for 1k   two-factor interaction effect included 

in the model with the general mean and main effects. Thus, it is possible to add a run, 

either [1,1,1,1,1]  or [ 1, 1, 1, 1, 1]     , to D9.2 and 1
VP  will still hold. As an illustration, 
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let 1  , giving [1,1,1,1,1]Da j   since the original design already includes 

[ 1, 1, 1, 1, 1]     . From Theorem 6 (h), it can be calculated  

         
 

         
 

1

1 1 1 1
2

1 1 2 1 1 1

1 1

1

1 1 1 1

1 1 2 1 1 1

1 1

1

1

0.375
5.6727 5.4

1.375
5.6727 5.4 0.2727      all 

u u u us

u u u us

j X X j
j w X X J w j w X X w

j X X j

j X X j
j w X X J w j w X X w

j X X j

u

  



 





 



 
      

 

 
      

 

 

 

 

where   1
1

1 1W X X


   and ,  1,...,10uw u  , are given in Example 5.3. Therefore, 1D9.2  

for  5m   and 8n   has 1 (10)VP  with      
11

( )
2 1 1 2

u
u usV n j w X X J w j

       
 

 

  1
8 5.6727 0.4296

    by equation (5.2). 
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Chapter 6  

Finding Designs with Pg
V  

 

6.0 Introduction 

All designs can be classified according to the property V
gP . It is of particular 

interest to characterize and construct designs having the property V
gP  where 1g  . This 

case guarantees that the uncommon parameters of the possible models are estimated with 

the same precision across models. In this chapter, a theorem is given which provides an 

approach for finding designs having the property 1
VP  for general m . Additionally, 

methods for systematically constructing designs with 1
VP  are detailed for 3m   and 

4m   for all values of 2,....,
2

m
n m

 
   

 
 and 1k  . Other occurrences of the property 

V
gP  for 1,  1k g   are also detailed. 

6.1 Design Decomposition where P1
V Holds 

Consider a design D for m  factors having n  treatments and the capability of 

estimating p  parameters in the model 

  ( )( ) uuE y X   for 1,...,u      (6.1) 

where  1y n  is the vector of observed responses, ( ) ( )uX n p  is a matrix dependent on 

D and model of interest, and  ( ) 1u p   is the vector of unknown parameters. We define 
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a new design, denoted D-t, such that t  observations are removed from design D. 

Therefore, D-t is composed of n t  treatments which are a subset of the n  treatments in 

D. We partition the components of equation (6.1) as 

    
( )

1 ( ) 1
( )
22

,      all ,
u

u

u

y X
y X u

y X

   
        

       (6.2) 

where   
1

1y n t   and  
2

1y t  are vectors consisting of the observed responses and 

  ( )
1

uX n t p   and  ( )
1

uX t p  are sub-matrices of ( ) ( )uX n p . Then it is possible to 

calculate the variance-covariance matrix [Rao (2002)] for D-t as 

              1 1 1 1
1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 2 2
u u u u u u u u u u

tX X X X X X X I M X X X
                 (6.3) 

where tI  t t  is an identity matrix and  M t t  is a matrix calculated as 

  1
( ) ( ) ( ) ( )
2 2

u u u uX X X X


  . 

 There exist two special cases for designs which have the ability to identify and 

discriminate the models of interest which allow for (6.3) to be simplified. 

Case 1:  A design D giving ( ) ( )u u
pX X nI  . For designs of this form, (6.3) is calculated 

as     
1

1( ) ( ) ( ) ( )
1 1 2 22

1 1u u u u
p tX X I X I M X

n n

      where ( ) ( )
2 2

1 u uM X X
n

 . 

Case 2:  A design D-t for 1t   giving ( ) ( )u u
pX X nI  . Then M in (6.3) becomes 

p
M

n
  

and (6.3) is calculated as    
1

( ) ( ) ( ) ( )
1 1 2 2

1 1u u u u
pX X I X X

n n n p


  


. 
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Theorem 8: When ( ) ( )u u
pX X nI   and 1k  , the design D has the property 1

VP . 

 
 

Theorem 9:  When 1t  , ( ) ( )u u
pX X nI   and 1k  , the design D-1 has the property 

1
VP . 

 

Proof:  We have    
( ) 2
2

1 1ˆ uVar
n n n p

 
 

    
= a constant independent of u . 

  This completes the proof. 
 

 Using the above results, as well as other methods for systematically removing 

treatments from the full factorial designs (in other words, methodically selecting 

particular treatments from the full design) to create fractional factorial designs, it is 

possible to find designs having the property 1
VP .    

6.2 Designs with Pg
V for m=3, k=1, g=1 

Consider an experiment which has 3m   factors (A, B, C) with two levels each. 

By dividing the full factorial design into two groups, it is possible to identify all designs 

with 1
VP . Although 3m   is a simple case of a 2m factorial experiment, its investigation 

and explanation of composing fractional factorial designs giving 1
VP  allows insight for 

working with experiments which have larger values of m . 

6.2.1 Full Design Decomposition 

A 23 full factorial design has 8n   treatments. These eight treatments can be 

separated into two groups with four treatments in each group as seen in Figure 6.1. 
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A B C
+ + +
+ – – 
– + – 
– – +
– – – 
– + +
+ – +
+ + – 

                 Figure 6.1: 23 Full factorial design 

 

Note that the treatments in Group 1 are negative of the treatments in Group 2.  The 

treatments are then divided into four pairs with each pair containing the two treatments 

that are negative of each other; one treatment is from Group 1 and one treatment is from 

Group 2. Moreover, each treatment in a pair is assigned as a or b as seen in Figure 6.2. 

 
  A B C

a + + +P1

b – – – 
a + – – P2

b – + +
a – + – P3

b + – +
a – – +P4

b + + – 
          Figure 6.2: Pairs 1-4 for a 23 factorial design 

 

Each treatment can then be referenced according to its pair number and letter. For 

example, treatment 1a corresponds to (+, +, +) and treatment 4b corresponds to (+, +, –).  

Note that the full factorial design can be assembled by combining Group 1 and 

Group 2 or combining P1–P4. These divisions (or a combination of) can be used to form 

fractional factorial designs for various values of n  which are capable of identifying and 

 
 
 

  Group 1 = S0, S2 

 
 
 
 

  Group 2 = S1, S3 
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discriminating between models containing the general mean, main  effects, and 1k   

two-factor interaction effect with 1
VP . 

6.2.2 Number of 23 Fractional Factorial Designs with P1
V 

Table 6.1 summarizes fractional factorial designs with specified value of n  for a 

23 factorial experiment. The Number of Possible Designs is found by taking 
3 82

nn

   
   
  

. 

This gives the total number of ways that n  treatments can be selected from the full 

factorial design. The Number of Capable Designs represents the number of designs with 

the ability to identify and discriminate the models containing the general mean, main 

effects, and 1k   two-factor interaction effect. The Number of Designs with 1
VP  is then 

given, followed by the value of ( )
2

uV , the common variance of the two-factor interaction 

effect. Because the value of ( )
2

uV  may differ for the designs, the Number of Designs with 

the Specified ( )
2

uV  is stated. Note that the sum of the values in the last column of the table 

should equal the value in the Number of Designs with 1
VP  column. 

 

                       Table 6.1: Summary of 23 Fractional Factorial Designs for n=5-8 

n  
# of 

Possible 
Designs 

# of 
Capable 
Designs

# of 
Designs 
with 1

VP

Value of
( )

2
uV  

# of 
Designs with 

Specified ( )
2

uV  

5 56 8 8 0.5 All 

6 28 16 16 
0.1875 
0.25 

4 
12 

7 8 8 8 0.1667  All 
8 1 1 1 0.125 All 
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It is seen in Table 6.1 that all designs which are capable of identifying and 

discriminating the models consisting of the general mean, main effects and one two-

factor interaction effect also give the same ( )
2

uV  value for all three models.  

6.2.3 n=5 

Consider fractional factorial designs with 5n   treatments for a 23 factorial 

experiment having the property 1
VP . There are eight such designs giving ( )

2
uV =0.5 for all 

1, 2,3u  . Four of these designs can be constructed by combining Group 1 and one 

treatment from Group 2. Similarly, the remaining four designs can be constructed by 

combining Group 2 and one treatment from Group 1. Therefore, the eight designs having 

1
VP  with 5n   can be found systematically using the design decomposition given in 

Section 6.2.1. 

6.2.4 n=6 

There are sixteen fractional factorial designs with 1
VP  for 6n  . Of these 16 

designs, 4 designs have ( )
2

uV =0.1875 and 12 designs have ( )
2

uV =0.25. The construction 

for the designs giving the smallest ( )
2

uV  value are considered first. 

 The fractional factorial designs giving ( )
2

uV =0.1875 can be constructed by 

selecting three unique pairs from P1, P2, P3, and P4. There are 
4

4
3

 
 

 
 possible ways to 

make these selections, thus resulting in the four fractional factorial designs with 1
VP  and 
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( )
2

uV =0.1875. Note that these designs are in a special class of designs known as foldover 

designs. 

 The twelve fractional factorial designs giving ( )
2

uV =0.25 are formed by choosing a 

group of treatments (Group 1 or Group 2) and selecting two treatments from the other 

group. For example, it is possible to start with Group 1 and add treatments 1b and 2b 

from Group 2. When starting with Group 1, there are 
4

6
2

 
 

 
 ways to select two 

treatments from Group 2. Similarly, when starting with Group 2, there are six ways to 

choose two treatments from Group 1. Using these two methods, there are twelve resulting 

fractional factorial designs with 6n  , 1
VP , and ( )

2
uV =0.25. 

6.2.5 n=7 

 Table 6.1 reveals that there are 
8

8
7

 
 

 
 possible designs with 7n  and that all of 

these designs have 1
VP with a ( )

2
uV  value of 0.1667 (rounded). Note that the 8 designs can 

be found by removing 1t   treatment from the full factorial design for all eight 

treatments. Then by Theorem 9, these eight designs have 1
VP . 

6.2.6 n=8 

The design for 8n   is of the form given in equation (6.3). Therefore, by 

Theorem 8, this design has 1
VP  and ( )

2
uV  is calculated as 0.125. 
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6.2.7 Summary 

Table 6.2 is presented to summarize the Number of Designs Identified using the 

Decomposition of the 23 full factorial design and the methods described in this chapter. 

Note that all but the last column of this table are identical to Table 6.1.   

 
 
    Table 6.2: Summary of 23 fractional factorial designs identified using the decomposition 

n  
# of 

Possible 
Designs 

# of 
Capable 
Designs 

# of 
Designs 
with 1

VP

Value of
( )

2
uV  

# of 
Designs with 

Specified ( )
2

uV  

# of Designs 
Identified using 

the Decomposition

5 56 8 8 0.5 All All 

6 28 16 16 
0.1875 
0.25 

4 
12 

All 

7 8 8 8 0.1667 All All 
8 1 1 1 0.125 All All 

 

 

 

6.3 Designs with Pg
V for m=4, k=1, g=1 

Consider an experiment which has 4m   factors (A, B, C, D) with two levels 

each. It is found that by knowing only two fractional factorial designs from a 24 factorial 

experiment, it is possible to identify all possible designs with the property 1
VP .  

6.3.1 Full Design Decomposition 

Consider a 24 factorial design with 16n   treatments. The full factorial design 

can be separated into two distinct fractional factorial designs consisting of eight 

treatments each, as seen in Figure 6.3. Note that each of the fractional factorial designs 

formed will consist of complete sets of treatments, denoted Si, as defined in Section 3.5.    
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A B C D
+ – – – 
– + – – 
– – + – 
– – – + 
– + + + 
+ – + + 
+ + – + 
+ + + – 
+ + + + 
+ + – – 
+ – + – 
+ – – + 
– – – – 
– – + + 
– + – + 
– + + – 

               Figure 6.3: 24 Full Factorial Design 

 
 

The first of these designs is then separated into two groups, Group 1 and Group 2, 

as shown in Figure 6.4. 

A B C D
+ – – – 
– + – – 
– – + – 
– – – + 
– + + + 
+ – + + 
+ + – + 
+ + + – 

             Figure 6.4: Design I 

 

Note that the four treatments in Group 1 are negative of the four treatments in Group 2. 

Using this fact, the treatments in Design I are coupled to get four pairs, P5, P6, P7, and P8. 

The treatments in each pair are further labeled as a & b and are referenced according to 

 
 
 

Group 1 = S3 
 
 
 
Group 2 = S1 

 
 
 
 

 Design I = S1, S3 

 
 
 
 
 
 
 
 
 

 
 

 Design II = S0, S2, S4 
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the pair number and the letter label as seen in Figure 6.5. For example, treatment 5a is 

(+,–,–,–) and treatment 7b is (+,+,–,+). 

 

  A B C D
a + – – – P5

b – + + + 
a – + – – P6

b + – + + 
a – – + – P7

b + + – + 
a – – – + P8

b + + + – 
      Figure 6.5: Pairs 5-8 from Design I 

 
 

Similarly, consider the remaining eight treatments from the full factorial design 

(Figure 6.3) which were not included in Design I (Figure 6.4). This experimental design 

is labeled Design II and as done with the first design, its eight treatments are divided into 

two groups, Group 3 and Group 4, as shown in Figure 6.6. 

 

A B C D
+ + + + 
+ + – – 
+ – + – 
+ – – + 
– – – – 
– – + + 
– + – + 
– + + – 

             Figure 6.6: Design II 

 

 
Group 3  
 
 
 
Group 4 
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 Again, the treatments in Group 3 are negative of the treatments in Group 4 and 

this is used to pair the treatments into four pairs, P1, P2, P3, and P4, with each pair having 

a treatment a and b as illustrated in Figure 6.7. 

 
 

  A B C D
a + + + + P1

b – – – – 
a + + – – P2

b – – + + 
a + – + – P3

b – + – + 
a + – – + P4

b – + + – 
     Figure 6.7: Pairs 1-4 from Design II 

 
 

Note that the full factorial design can be assembled by combining (1) Design I 

and Design II, (2) Group 1-Group 4, or (3) P1-P8. These divisions (or a combination of) 

can be used to form fractional factorial designs for various values of n  which are capable 

of identifying and discriminating between models containing the general mean, main  

effects, and 1k   two-factor interaction effect with 1
VP . 

6.3.2 Number of 24 Fractional Factorial Designs with P1
V  

Table 6.3 summarizes fractional factorial designs having 1
VP  with specified value 

of n  for a 24 factorial experiment. The Number of Possible Designs is found by taking 

4 162

nn

   
   
  

. This gives the total number of ways that n  treatments can be selected from 
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the full factorial design. The remaining columns summarize the designs having the 

property 1
VP  as described in Section 6.2.2. 

 

                    Table 6.3: Summary of 24 fractional factorial designs for n=6-16 

n  
# of 

Possible 
Designs 

# of 
Capable 
Designs

# of 
Designs 
With 1

VP

Value of 
( )

2
uV  

# of 
Designs with 

Specified ( )
2

uV  

6 8008 272 16 0.875 All 
7 11,440 1920 80 0.1875 All 
8 12,870 4954 2 0.125 All 

9 11,440 7104 80 
0.116071
0.140625 

16 
64 

10 8008 6520 24 
0.104167
0.125 

8 
16 

11 4368 4080 96 
0.100446
0.109375
0.121875

64 
16 
16 

12 1820 1796 32 0.09375 All 
13 560 560 64 0.084375 All 
14 120 120 8 0.07291 All 
15 16 16 16 0.06875 All 
16 1 1 1 0.0625 All 

 

 

Since there are such a large number of designs which have the ability to identify 

and discriminate the models consisting of the general mean, main effects and one two-

factor interaction effect while giving the same ( )
2

uV  value for all six models, it is of 

interest to develop a method for systematically constructing these fractional factorial 

designs. 
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6.3.3 n=6 

Consider fractional factorial designs composed of 6n   treatments from the full 

factorial design. There are 16 designs with 1
VP  with all designs giving ( )

2
uV =0.875 for all 

u  models.  

All sixteen of these designs can be constructed using the following method. Start 

by selecting a pair of treatments from Design I (P5, P6, P7, P8). Let 1 2 3 4,  ,  ,  x x x x  

represent the level of Factors A, B, C, D, respectively, and ,ix   1, 2,3,4i   where 

1, 1   . Then by defining a relationship between 1 2 3 4,  ,  ,  x x x x  for the selected pair, the 

remaining four treatments are chosen from Design II (P1, P2, P3, P4) such that the 

relationship is satisfied. Similarly, one can start by selecting a pair of treatments from 

Design II and choosing the remaining four treatments from Design I (satisfying the 

relationship in the selected pair from Design II). For each initial pair of treatments 

selected, there will be two designs ( 1, 1   ) resulting from this procedure. Thus, 

4
2 2 16

1

 
   
 

 designs are obtained for n=6 which give ( )
2

uV =0.875. 

For example, consider constructing a design for n=6 by selecting the pair P5 from 

Design I. The relationship observed in P5 can be written as 1 2 3 4{ } { }x x x x   . Four 

treatments are then chosen from Design II (P1, P2, P3, P4) such that 1 2 3 4{ } { }x x x x   . 

For example, consider 1 1x  . The treatments from Design II which meet this criterion are 

1a, 2a, 3a, and 4a. There are no treatments satisfying 2 3 4{ } 1x x x    . Therefore, the 

resulting fractional factorial design for 6n   is P5, 1a, 2a, 3a, 4a. Similarly, a fractional 
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factorial design for 6n   can be constructed by selecting this same pair, P5, with the 

same defining relationship as specified above, but letting 1 1x    and 2 3 4{ } 1x x x   . 

The resulting design will be P5, 1b, 2b, 3b, 4b. Thus, two designs are composed from the 

pair P5.  

6.3.4 n=7 

Consider fractional factorial designs composed of 7n   treatments from the full 

factorial design. There are 80 designs with 1
VP  with all designs giving ( )

2
uV =0.1875 for 

all u  models.  

Of these 80 designs, 40 can be assembled by taking three pairs from Design II 

(P1, P2, P3, P4) and adding one treatment from the remaining ten treatments in the full 

factorial design. For example, it is possible to choose the treatments in P1, P2, P3 and 

treatment 4a or P2, P3, P4 and treatment 6b to get designs for 7n   with 1
VP .Similarly, it 

is possible to take three pairs from Design I (P5, P6, P7, P8) and add one treatment from 

the remaining ten treatments in the full factorial design. This results in the remaining 40 

designs for 7n   which have the ability to identify and discriminate the models and give 

( )
2

uV  constant. 

 Thus, the 80 designs for 7n   giving 1
VP with ( )

2
uV =0.1875 can be found using 

the pairs P5, P6, P7, P8 from Design I and P1, P2, P3, P4 from Design II. 
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6.3.5 n=8 

Consider fractional factorial designs with 8n   treatments from the full factorial 

design. Design I, as illustrated in Figure 6.4, is such a design. Further, this design has 

1
VP with ( )

2
uV =0.125 for all u  models.  

Similarly, consider Design II from Figure 6.6. This design also has 1
VP with 

( )
2

uV =0.125 for all u  models. 

Furthermore, as seen in Table 6.3, it is found that of all possible combinations of 

8n   treatments from the full factorial design (a total of 12,870 designs), Design I and 

Design II are the only such designs for 8n   giving 1
VP . Additionally, these designs can 

be characterized as foldover designs. 

6.3.6 n=9 

 For fractional factorial designs consisting of 9n  treatments, there are 80 designs 

with 1
VP . Of these eighty designs, 16 give ( )

2
uV =0.116071 (rounded) and 64 give 

( )
2

uV =0.140625. The 16 fractional factorial designs giving the smaller ( )
2

uV  of 0.116071 

are considered first. 

 Consider Design I with 8n  . If one treatment from Group 3 or Group 4 (the 

treatments forming Design II) are added to this design, it is possible to construct 8 

designs with 9n  . These 8 designs have 1
VP with ( )

2
uV =0.116071. 
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 Similarly, consider Design II with 8n   and add one treatment from Group 1 or 

Group 2 (the treatments forming Design I) to obtain an additional 8 designs with 9n   

and 1
VP with ( )

2
uV =0.116071. 

 Thus, the 16 designs for 9n   satisfying 1
VP   with the smaller ( )

2
uV  of 0.116071 

can be found using Design I and Design II. 

 The remaining 64 designs for 9n   which give ( )
2

uV =0.140625 can also be found 

from Design I and Design II by utilizing a comparable approach to that seen for the 16 

designs for n=7.  Start by choosing three pairs from Design I (P5, P6, P7, P8). A 

relationship is then defined between the treatments in the pair that was not chosen from 

this design. Using this relationship, three treatments are selected from Design II to get a 

fractional factorial design for 9n  .  

Similarly, three pairs from Design II (P1, P2, P3, P4) can be chosen and the 

remaining three treatments are selected from Design I such that the relationship defined 

by the un-chosen pair in Design II is satisfied. For each set of initial three pairs chosen, 

there will be eight designs resulting from this procedure. Thus resulting in 

4
2 8 64

3

 
   
 

 designs for 9n   which give ( )
2

uV =0.140625. 

As an illustration of this method, suppose P1, P2, and P3 are chosen. The 

relationship observed in P4 (the pair not selected) can be written as 1 4 2 3{ } { }x x x x   . 

Three treatments are then chosen from Design I (P5, P6, P7, P8) such that 

1 4 2 3{ } { }x x x x   . For example, consider 1 1x  . The treatments from Design I which 
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meet this criterion are 5a, 6b, 7b, and 8b. However, because 8b does not satisfy the 

relationship 1 4 2 3{ } { }x x x x   , it is dropped and the resulting fractional factorial design 

for 9n   is P1, P2, P3, 5a, 6b, 7b. 

6.3.7 n=10  

Consider fractional factorial designs with 10n  treatments. There are 24 designs 

with 1
VP  where 8 designs give ( )

2
uV =0.104167 (rounded) and 16 designs give ( )

2
uV =0.125. 

The 8 designs giving the smaller ( )
2

uV  value are considered first. 

 Take Design I with 8n  and add one pair from Design II for all four pairs to get 

4 designs with 10n  ,  1
VP , and ( )

2
uV =0.104167.  

 Similarly, take Design II with 8n   and add a pair from Design I for all four pairs 

to obtain the remaining 4 designs with  10n  ,  1
VP , and ( )

2
uV =0.104167.  

 Thus, it is seen that the 8 designs for 10n  1
VP , and ( )

2
uV =0.104167 are found 

using Design I, Design II, and their respective pairs. 

 The remaining 16 designs which satisfy the property of interest giving ( )
2

uV =0.125 

can be obtained from Design I and Design II using a comparable approach to that seen for 

the 64 designs for 9n  . Begin by choosing three pairs from Design I (P5, P6, P7, P8) and 

using the pair that was not chosen to define a relationship between its treatments which 

the remaining four treatments chosen from Design II must satisfy. Similarly, three pairs 

from Design II (P1, P2, P3, P4) are chosen with the remaining four treatments from 

Design I selected such that the relationship defined by the un-chosen pair in Design II is 

satisfied. For each set of initial three pairs chosen, there will be two designs resulting 
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from this procedure. Thus 
4

2 2 16
3

 
   
 

 designs are obtained for 10n   which give 

( )
2

uV =0.125. 

 For example, suppose P5, P6, and P7 are selected. The defining relationship of P8 

(the pair not selected) can be written as 1 2 3 4{ } { }x x x x   . Four treatments from 

Design II are then chosen such that 1 2 3 4{ } { }x x x x   . When considering 

1 2 3 1x x x   ,  treatment 1a meets the criteria and when considering 4 = 1x  , the 

satisfying treatments are 2a, 3a, and 4b. Thus the resulting design is P5, P6, P7, 1a, 2a, 

3a, 4b. The second design corresponding with the pairs P5, P6, and P7 is then found by 

considering 1 2 3 1x x x     and 4 1x  .  

6.3.8  n=11  

 There are 96 designs which give a constant ( )
2

uV  value for fractional factorial 

designs consisting of 11n   treatments. Of these 96 designs, there are 64 designs which 

give ( )
2

uV =0.100446, 16 which give ( )
2

uV =0.109375, with the remaining 16 giving 

( )
2

uV =0.121875. It is of interest to first construct the 64 designs which give the smallest 

constant ( )
2

uV  value. 

By using Design I as a base, only 3 more treatments are needed to get a design of 

11n   treatments. These three treatments are selected from Design II in such a way that 

no two treatments come from the same pair. For example, treatments 1a, 2a, 3b can be 

added to Design I to get a design which satisfies 1
VP . However, treatments 1a, 1b, 2a 
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cannot be selected since 1a and 1b are both in P1; this will not give a design which gives 

a constant ( )
2

uV . Using this criteria, we are able to construct 32 designs giving 1
VP . 

 Similarly, it is possible to start with Design II as a base and add 3 treatments from 

Design I. Again, there cannot be a complete pair of treatments included in the three added 

treatments. This technique will give another 32 designs having the property of interest. 

 Therefore, the 64 designs with  1
VP  and giving the smallest ( )

2
uV  for 11n   

treatments can be constructed using Design I, Design II, and their respective pairs. 

 The remaining 32 designs for 11n   with 1
VP , 16 with ( )

2
uV =0.109375 and 16 

with ( )
2

uV =0.121875, are slightly more complicated to assemble. To begin, consider the 

16 designs which give ( )
2

uV =0.109375. First, select three pairs from Design I and one 

treatment from the pair not selected, resulting in seven treatments. Then choose four 

treatments from Design II, conditioned on the relationship defined by the treatment not 

selected in Design I. For example, suppose P5, P6, P7, 8a are chosen. Then select four 

treatments from Design II such that the relationship defined by 8b is satisfied. Similarly, 

it is possible to start by choosing the initial seven treatments from Design II and the 

remaining four treatments from Design I. This method produces 
4

2 2 16
3

 
   
 

 

fractional factorial designs for 11n   giving a constant ( )
2

uV  value of 0.109375. 

 The final 16 designs for 11n   which give ( )
2

uV =0.121875 can be obtained 

similarly to the method above. From Design I, three pairs and one treatment from the pair 

not chosen are selected to get seven treatments. Instead of selecting the remaining four 
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treatments from Design II conditioned on the relationship of the treatment not chosen in 

Design I, the selected treatments are conditioned on the treatment chosen in Design I. For 

example, suppose P5, P6, P7, 8a are chosen. The remaining four treatments are selected 

from Design II such that the relationship defined by 8a is satisfied (instead of 8b as seen 

previousely). Similarly, this method can be used starting with Design II and selecting the 

remaining four treatments from Design I. This will produce 
4

2 2 16
3

 
   
 

 designs for 

11n   satisfying 1
VP  with ( )

2
uV =0.121875.  

6.3.9 n=12  

 There are 32 designs with 1
VP  where ( )

2
uV =0.09375 for fractional factorial designs 

with 12n   treatments. 

 Starting with Design I, four additional treatments are required to get a design with 

12n   treatments. To satisfy the property of interest, four additional treatments from 

Design II are selected such that no complete pair is included. There are 16 such designs. 

 Similarly, starting with Design II and adding four treatments from Design I such 

that no complete pair is included, another set of 16 designs are formed. Each of these 16 

designs have 1
VP . 

 Thus, the 32 designs with 1
VP  for 12n   can be found using Design I, Design II, 

and their respective pairs.  
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6.3.10    n=13  

 There are 64 fractional factorial designs for 13n   that have 1
VP . These 64 designs 

give ( )
2

uV =0.084375. 

 Half of the 64 designs mentioned above can be found by starting with the 8 

treatments from Design I and adding five treatments in the following way: choose one 

pair from Design II and one treatment from each of the remaining pairs of Design II. This 

forms a design of 13n   treatments, all of which have 1
VP .  To get the other half of the 64 

designs, start with Design II and add one pair from Design I and one treatment from each 

of remaining pairs of Design I.  

 Hence, the 64 designs with 1
VP  for 13n   can be constructed by using Design I, 

Design II, and their respective pairs. 

6.3.11    n=14  

 Consider fractional factorial designs for 14n   treatments which have 1
VP . There 

are 8 such designs, all of which give ( )
2

uV =0.07291 (rounded). 

 Using Design I as a base, 6 additional treatments are needed to get a design with 

14n  . These 6 treatments can be selected by choosing any three pairs from Design II. 

This can be done in four ways: (1) P1, P2, P3 (2) P1, P2, P4 (3) P1, P3, P4 (4) P2, P3, P4. By 

adding these pairs to Design I, 4 of the 8 designs mentioned above are produced.  

 Similarly, starting with Design II and choosing any three pairs from Design I, 

results in a design with 1
VP . This can be done in four ways: (1) P5, P6, P7 (2) P5, P6, P8 

(3) P5, P7, P8 (4) P6, P7, P8.  
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 Therefore, the 8 designs fulfilling the property of interest for 14n  can be found 

using Design I, Design II, and their respective pairs. 

6.3.12    n=15 

It is possible to construct 16 designs by removing  1t   treatment from the full 

factorial design. These are the 16 designs presented in Table 6.3. By Theorem 9, these 

designs have 1
VP  with a calculated value of ( )

2
uV = 0.06875. 

6.3.13    n=16  

The design for 16n   is of the form given in equation (6.3). Therefore, by 

Theorem 8, this design has the property 1
VP  with ( )

2
uV   calculated as 0.0625. 

6.3.14    Summary 

The final column of Table 6.4 summarizes the Number of Designs Identified using 

Design I and II using the methods described in this chapter. 
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     Table 6.4: Summary of 24 fractional factorial designs identified using Design I and Design II 

n  
# of 

Possible 
Designs 

# of 
Capable 
Designs 

# of 
Designs 
with 1

VP

Value of 
( )

2
uV  

# of 
Designs with 

Specified ( )
2

uV  

# of Designs 
Identified using
Design I and II 

6 8008 272 16 0.875 All All 
7 11,440 1920 80 0.1875 All All 
8 12,870 4954 2 0.125 All All 

9 11,440 7104 80 
0.116071
0.140625 

16 
64 

All 
All 

10 8008 6520 24 
0.104167
0.125 

8 
16 

All 
All 

11 4368 4080 96 
0.100446
0.109375
0.121875

64 
16 
16 

All 
All 
All 

12 1820 1796 32 0.09375 All All 
13 560 560 64 0.084375 All All 
14 120 120 8 0.07291 All All 
15 16 16 16 0.06875 All All 
16 1 1 1 0.0625 All All 

 

 

6.4 Number of Designs with Pg
V for m=5, k=1, g=1 

Consider an experiment which has 5m   factors (A, B, C, D, E) with two levels 

each. Table 6.5 summarizes the number of fractional factorial designs for specified values 

of n  with 1k  ; particularly, identifying the number of designs having the property 1
VP . 

This table is similar to Table 6.1 and Table 6.3 which summarize the fractional factorial 

designs for 3m   and 4m  , respectively. Recall from previous sections, the Number of 

Possible Designs is found by taking 
322m

nn

   
   
  

 for 5m   factors. This gives the total 

number of ways that n  treatments can be selected from the full factorial design. The 
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remaining columns summarize the capable designs with the property 1
VP  as described in 

Section 6.2.2. 

 

  Table 6.5: Summary of 25 fractional factorial designs for n=7-9 

n  
# of 

Possible 
Designs 

# of 
Capable 
Designs 

# of 
Designs 
with 1

VP

Value of 
( )

2
uV  

# of 
Designs with 

Specified ( )
2

uV  

7 3,365,856 54,336 352 
0.625 
1.375 

320 
32 

8 10,518,300 803,040 4960 
0.375 
0.4296875
0.5 

4320 
320 
320 

9 28,048,800 5,321,760 0 N/A N/A 
 

  

 The complexity of analyzing fractional factorial designs for 5m   quickly 

becomes cumbersome. It can be seen from Table 6.5 that even for designs consisting of 

the smallest number of treatments ( 7n  ) which may or may not be capable of 

estimating the general mean, main effects, and 1 two-factor interaction effect, the  

number of possible designs which must be analyzed is 3,365,856. Moreover, by adding 

only two additional treatments (considering designs with 9n  ), there are more than 28 

million designs which must be analyzed. However, it is worth noting that the property 

1
VP  still holds as seen in previous chapters. 

6.5 Pg
V  k ≥ 1, g ≥ 1 

Although it is most practical to require a constant precision for the distinguishing 

elements of the various models being fit to the data, i.e., the design has 1
VP , this cannot 
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always be satisfied.  For the case with 1k  , which has been described in detail thus far, 

designs with 1
VP can be easily chosen and identified. However, when 1k  , designs with 

1
VP  occur less often and in fact are most likely to be seen when 

2

m
k

 
  
 

 as is discussed 

in Section 6.5.1. Moreover, alternative cases for V
gP  are considered; specifically, Section 

6.5.2 considers V
gP  for 1g   when 1k   and Section 6.5.3 considers V

gP  for 1g   when 

1k  . 

6.5.1 k > 1, g = 1 

Consider a balanced design which has the ability to unbiasedly estimate the 

parameters in the model containing the general mean, m  main effects, and 
2

m
k

 
  
 

 two-

factor interaction effects. For this design to have 1
VP , the last k  diagonal elements of 

  1
( ) ( ) ( )u u uV X X


 , 1,...,u   where 1   since there is only one distinct model 

containing all two-factor interaction effects,  must be equal. Since the design is balanced, 

it can be shown that ( )uV  consists of at most ten distinct values with the positions 

corresponding to the following positions of  ( ) ( )u uX X  [Srivastava and Chopra (1971)] 

1

2

3

4

5

v 11

v 1

v 1

v

v      

i

ij

i i

i i

x

x

x x

x x i i









  

  

6

7

8

9

10

v

v                   ,  

v

v =     ,

v               

j ij i ij

i i j

ij ij

ij ij ij i j

ij i j

x x x x

x x i i j

x x

x x x x i i j j

x x i i j j



 

 

  

  



     

     
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As an illustration, consider a balanced fractional factorial design for 4m   

factors. Then the variance-covariance matrix corresponding to the model containing the 

general mean, main effects, and 
4

6
2

k
 

  
 

 two-factor interaction effects will be of the 

following form 

  1
( ) ( ) ( )u u uV X X


 =

1 2 2 2 2 3 3 3 3 3 3

2 4 5 5 5 6 6 6 7 7 7

2 5 4 5 5 6 7 7 6 6 7

2 5 5 4 5 7 6 7 6 7 6

2 5 5 5 4 7 7 6 7 6 6

3 6 6 7 7 8 9 9 9 9 10

3 6 7 6 7 9 8 9 9 10 9

3 6 7 7 6 9 9 8 10 9 9

3 7 6 6 7 9 9 10 8 9

v v v v v v v v v v v

v v v v v v v v v v v

v v v v v v v v v v v

v v v v v v v v v v v

v v v v v v v v v v v

v v v v v v v v v v v

v v v v v v v v v v v

v v v v v v v v v v v

v v v v v v v v v v 9

3 7 6 7 6 9 10 9 9 8 9

3 7 7 6 6 10 9 9 9 9 8

,  1

v

v v v v v v v v v v v

v v v v v v v v v v v

u

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 

where v ,  1,...,10i i   represent the variances and covariances between the parameter 

estimates in the model. Then, it is apparent that the design has 1
VP with ( )

2 8vuV   where 

1u  and the following result is established. 

Theorem 10: A balanced design will have 1
VP  for 

2

m
k

 
  
 

.  

Table 6.6, Table 6.7, and Table 6.8 present the balanced designs for 3,4,5m  , 

respectively, which have the ability to identify and discriminate the models containing 

the general mean, main effects, and all two-factor interaction effects. Along with 

identifying the sets of treatments used in each design, the tables present the number of 



 

88 

treatments, n , as well as the value of the constant ( )
2

uV  (to four decimal places) where 

1u  . Here, each set of treatments, iS , 1,...,i m , is replicated at most one time. Note 

that the complements for each of these designs will also have 1
VP  by Theorem 3 and thus 

are not included in the tables. 

 
 
 
 
 
 
 
 

                        Table 6.6: Balanced designs with P1
V for m=3 when k=

2

m 
 
 

 

 
           
 
 
 
             
 
 
 
 
 
 
 

                   Table 6.7: Balanced designs with P1
V for m=4 when k=

2

m 
 
 

 

 
 
 
 
 
 
 
 
 
 
      
 

n 0S 1S 2S 3S ( )
2

uV  

7        0.2500
8         0.1250

n  0S 1S 2S 3S 4S ( )
2

uV  

11         0.2500
11         0.1389
12          0.1250
14         0.1250
15          0.0750
16           0.0625
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              Table 6.8: Balanced Designs with P1
V for m=5 when k=

2

m 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
           

        

 

 
 

 

It is also possible to have 1
VP  for a design where the model contains the general 

mean, m  main effects, and k  two-factor interaction effects where 1
2

m
k

 
   

 
. This was 

observed in two very special fractional factorial designs from Table 3.3, namely, D17 and 

D18.    

D17 is a balanced design for 5m  , consisting of the complete sets of treatments 

from 1S  and 3,S  which has the ability to identify and discriminate the models containing 

the general mean, main effects, and k  two-factor interaction effects with max  9k  . For 

n  0S 1S 2S 3S 4S 5S ( )
2

uV  

16          0.2500
16          0.0972
16          0.0625
16          0.1389
17           0.1352
17           0.0605
20          0.0601
21          0.0816
21           0.0527
21           0.0544
22           0.0694
22            0.0508
25          0.0812
26           0.0535
26           0.0430
27            0.0410
30           0.0375
31            0.0332
32             0.0313
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each of the possible values of  k , D17 has 1
VP  with the values of ( )

2
uV , 1,...,u  , where 

2

m

k


  
     
 
 

, as displayed in Table 6.9. 

 
           Table 6.9: D17 values of V2

(u) for k≤9 

k  u  ( )
2

uV  

1 10 0.0694 
2 45 0.0703 
3 120 0.0714 
4 210 0.0729 
5 252 0.0750 
6 210 0.0781 
7 120 0.0833 
8 45 0.0938 
9 10 0.1250 

 

 

Similarly, D18 is a balanced design for 5m  , consisting of the complete sets of 

treatments from 1S , 3S , and 5S , which has the ability to identify and discriminate the 

models containing the general mean, main effects, and k  two-factor interaction effects 

with max  10
2

m
k

 
  
 

. It should be noted that D18 is a regular one-half orthogonal 

fraction of a 25 factorial experiment [Ghosh and Tian (2006)]. Moreover, as presented in 

Table 6.10, D18 has 1
VP  with the values of ( )

2
uV , 1,...,u  , constant for all possible 

values of  k . 
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                                       Table 6.10: D18 values of V2

(u) for k≤10 

k  u  ( )
2

uV  

1 10 0.0625 
2 45 0.0625 
3 120 0.0625 
4 210 0.0625 
5 252 0.0625 
6 210 0.0625 
7 120 0.0625 
8 45 0.0625 
9 10 0.0625 
10 1 0.0625 

 

 
6.5.2 k = 1, g > 1 

The number of designs with the ability to unbiasedly estimate the general mean, 

m  main effects, and 1k   two-factor interaction effects which have V
gP , 1g  , far 

outnumber such designs with 1
VP . With the exception of 3m   as summarized and 

displayed in Table 6.1, this can be seen in the summary tables for 4m   and 5m   

which are presented in Table 6.3 and Table 6.5, respectively. The number of designs with 

V
gP , 1g  , is equal to the number of capable designs minus the number of designs with 

1
VP . By definition of V

gP , these designs will give g  groups of values for the variances of 

the distinguishing two-factor interaction effect estimate. Thus, many of the 

characterizations from Chapter 5 which hold for designs with constant values, or 1g  , 

of the variances of the two-factor interaction estimates can be generalized for designs 

with 1g  .   
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For example, consider Theorem 1 which states that a design will have 1
VP  for 

1k   iff 1
u uw W w  is constant for all u . For designs with 1g  , this theorem can be 

generalized to state that a design will have V
gP  for 1k   iff 1

u uw W w  is constant for g  

groups of models  where 1,...,u  . Similarly, Theorem 2 states that a design will have 

1
VP  for 1k   iff ( ) ( )u uX X  is constant for all u . To characterize designs with V

gP , 1g  , 

this can be generalized to state that a design will have V
gP  for 1k   iff ( ) ( )u uX X  is 

constant for g  groups of models  where 1,...,u  . 

Example 6.1 

Consider D13.1 (also labeled Design A1 in Example 4.1) for 5m   which has the 

ability to identify and discriminate the models consisting of the general mean, main 

effects, and 1k   two-factor interaction effect. As can be seen from Table 4.1, this design 

has two groups of values for ( )
2

uV , 1,...,10u  . Specifically, ( )
2 0.1003uV   (rounded) for 

1,8,9,10u   and ( )
2 0.0958uV   (rounded) for 2,...,7u  . Therefore, D13.1 is said to have 

2 (6,4)VP . To characterize this design as such, consider the calculations for 1
u uw W w , 

1,...,10u  .  

D13.1 gives 1
u uw W w =1.0260 for 1,8,9,10u   and 1

u uw W w = 0.5584 for 

2,...,7u   where 1W   and ,  1,...,10uw u   are calculated and presented on the following 

page.  
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1

0.094 0.025

0.008 0.005
  where        

0.007 0.104

0.100 0.021

a b b c c c

b d e f f f a e

b e d f f f b f
W

c f f g h h c g

c f f h g h d h

c f f h h g



 
     
    

      
    
 
 

 

             

   3   1

1   1

1   1
 ,  1,8,9,10               ,   2,..., 7

  1 1

  1 1

  1 1

u uw u w u

   
      
   

         
   
   

   

 

For this particular design, it is seen that uw  is identical for the first group of models 

1,8,9,10u   and also identical for the remaining models, 2,...,7u  , in group two, 

resulting in the two distinct values of ( )
2

uV . 

Alternatively, it is possible to characterize D13.1 as having 2 (6,4)VP  by 

considering ( ) ( )u uX X , 1,...,10u  . The number of distinct values of ( ) ( )u uX X  will 

determine the value of g  in V
gP . The calculated values are presented in Table 6.11 and it 

is seen that D13.1 has 2 (6,4)VP .  

       
      Table 6.11: Determinants for D13.1 when k = 1 

Model u ( )
2

uV  1 1X X  ( ) ( )u uX X  

1,8,9,10 0.1003 1,261,568 12,582,912 
2-7 0.0958 1,261,568 13,172,736 
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6.5.3 k > 1, g > 1 

Consider a design which has the ability to identify and discriminate the models 

containing the general mean, m  main effects, and 1k   two-factor interaction effects. 

Except for designs with very special structures (as indicated in Section 6.5.1), the 

examples of this study indicate that designs will have V
gP , 1g  , for 1k   when the 

designs have 1
VP  for 1k   two-factor interactions included in the model. Otherwise, V

gP  

will not hold for any value of g , i.e., ( )
2
uV  will not consist of common entries for each of 

the models.  

Example 6.2 

 Suppose D5 from Table 3.3 is being used to model the general mean, 4m   main 

effects, and 2k   two-factor interaction effects. There will be 
6

15
2


 

  
 

 models with 

the two-factor interaction effects in each model representing the distinguishing elements. 

The entries of  ( )
2
uV  are calculated and presented in Table 6.12. It is seen that three of the 

models have ( )
2 0.4375uV  , 5,8,10u  , and the remaining twelve models have 

( )
2 0.1167uV  . Thus, D5 has 2 (12,3)VP . Note from Table 4.2 that D5 has 1

VP  when it is 

used to estimate the models consisting of the general mean, main effects, and  1k   two-

factor interaction effect. Therefore, by estimating an additional two-factor interaction 

effect in the model, D5 goes from having V
gP  with 1g   to having V

gP  with 2g  . When 

modeling 3k   two-factor interactions, D5 does not have V
gP  for any value of g . 
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                               Table 6.12: V2

(u) entries for D5 when k=2 

 

Model 
u 

Two-factor 
Interactions

( )
2
uV  Entries  

1 AB, AC 0.1167 0.1167 
2 AB, AD 0.1167 0.1167 
3 AB, BC 0.1167 0.1167 
4 AB, BD 0.1167 0.1167 
5 AB, CD 0.4375 0.4375 
6 AC, AD 0.1167 0.1167 
7 AC, BC 0.1167 0.1167 
8 AC, BD 0.4375 0.4375 
9 AC, CD 0.1167 0.1167 
10 AD, BC 0.4375 0.4375 
11 AD, BD 0.1167 0.1167 
12 AD, CD 0.1167 0.1167 
13 BC, BD 0.1167 0.1167 
14 BC, CD 0.1167 0.1167 
15 BD, CD 0.1167 0.1167 
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Chapter 7  
 

Tables of Designs with P1
V for m=3,4,5 and k=1 

 

 For the convenience of the reader and user, designs from Table 6.1, Table 6.3, and 

Table 6.5 having the property 1
VP  for the various values of ( )

2
uV  are presented in this 

chapter. For each combination of ( )
2,  ,  and um n V  a single design is presented. Note that 

the remaining designs can be constructed systematically, as described in Chapter 6. 

Recall, m  represents the number of factors in a 2m  factorial experiment, n  corresponds 

to the number of runs in the fractional factorial experiment, k  is the number of two-

factor interaction effects included in the model,   is the number of models calculated as 

2

m 
 
 

, and ( )
2

uV  is the value of the common variance for the design having property 1
VP . 

Each run in the design is denoted by the position where the factor is observed at the high 

level as described in Section 3.4. For example, consider the run (–, +, –, –) in a 42  

factorial experiment. This run is denoted as 2. The run (+, –, +, –, –) in a 52  factorial 

experiment is denoted as 13. Note that 0 denotes the run where all m  factors in a 2m  

factorial experiment are observed at their low level.  

 
                                  Table 7.1: Designs for m = 3 with k=1 having P1

V 

n  ( )
2

uV  Runs 

5 0.500 0, 12, 13, 23, 123 
6 0.188 1, 2, 3, 12, 13, 23 
6 0.250 0, 1, 2, 12, 13, 23 
7 0.167 1, 2, 3, 12, 13, 23, 123 
8 0.125 0, 1, 2, 3, 12, 13, 23, 123 
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            Table 7.2: Designs for m = 4 with k=1 having P1
V 

n  ( )
2

uV  Runs 

6 0.875 0, 123, 124, 134, 234, 1234 
7 0.188 0, 12, 13, 14, 23, 24, 34 
8 0.125 1, 2, 3, 4, 123, 124, 134, 234 
9 0.116 0, 1, 2, 3, 4, 123, 124, 134, 234 
9 0.141 12, 13, 14, 23, 24, 34, 123, 124, 134 
10 0.104 0, 1, 2, 3, 4, 123, 124, 134, 234, 1234 
10 0.125 12, 13, 14, 23, 24, 34, 123, 124, 134, 234 
11 0.100 1, 2, 3, 4, 12, 13, 14, 123, 124, 134, 234 
11 0.109 0, 12, 13, 14, 23, 24, 34, 123, 124, 134, 234 
11 0.122 12, 13, 14, 23, 24, 34, 123, 124, 134, 234, 1234 
12 0.094 0, 1, 2, 3, 4, 12, 13, 14, 123, 124, 134, 234 
13 0.084 0, 1, 2, 3, 4, 12, 13, 14, 123, 124, 134, 234, 1234 
14 0.073 1, 2, 3, 4, 12, 13, 14, 23, 24, 34, 123, 124, 134, 234 
15 0.069 0, 1, 2, 3, 4, 12, 13, 14, 23, 24, 34, 123, 124, 134, 234 
16 0.063 0, 1, 2, 3, 4, 12, 13, 14, 23, 24, 34, 123, 124, 134, 234, 1234 

 
 
 
 
 
  Table 7.3: Designs for m = 5 with k=1 having P1

V 

n  ( )
2

uV  Runs 

7 0.625 0, 12, 1234, 1235, 1245, 1345, 2345 
7 1.375 0, 1234, 1235, 1245, 1345, 2345, 12345 
8 0.375 0, 1, 3, 25, 245, 1345, 1234, 12345 
8 0.430 0, 12, 1234, 1235, 1245, 1345, 2345, 12345 
8 0.500 1, 2, 12, 345, 1234, 1235, 1245, 12345 
10 0.104 1, 2, 3, 4, 5, 1234, 1235, 1245, 1345, 2345 
11 0.099 0, 1, 2, 3, 4, 5, 1234, 1235, 1245, 1345, 2345 
12 0.097 5, 12, 13, 14, 23, 24, 34, 1234, 1235, 1245, 1345, 2345 
15 0.069 12, 13, 14, 15, 23, 24, 25, 34, 35, 45, 1234, 1235, 1245, 1345, 2345 
16 0.063 0, 12, 13, 14, 15, 23, 24, 25, 34, 35, 45, 1234, 1235, 1245, 1345, 2345 
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Chapter 8 

Conclusions 

 

Fractional factorial designs with n  runs from factorial experiments with m  

factors at two levels each are studied. It is of particular interest to examine the class of 

designs with the ability to identify and discriminate the models consisting of the general 

mean, main effects, and k  two-factor interaction effects, 1
2

m
k

 
   

 
.  In this class of 

models, it is generally assumed that only some of the two-factor interaction effects are 

important, i.e.,  
2

m
k

 
  
 

. However, at the design stage of the experiment it is unknown 

which two-factor interactions these will be. Because it is of interest to identify the best 

model for describing the data, all models in the class must be considered and therefore 

must be estimated. To estimate the parameters in these models, a design must be carefully 

chosen at the design stage of the experiment. It is possible to select the design based on 

some optimality criterion function such as AT, GT, AD, GD, AMCR, GMCR as 

discussed in Section 3.3. However, within these optimum designs it is observed that some 

of the designs have advantages over other designs when considering the precision of the 

estimates for the uncommon elements of the models (i.e., the k  two-factor interaction 

effects) in the class of interest. In particular, some designs allow for equal precision in 

estimating all of the uncommon elements in the models for each of the models in the 

class, while other designs have a grouping effect for the precisions of the estimates of the 
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uncommon parameters. Each of these scenarios should be considered at the design stage 

of the experiment. If there are no assumptions placed on the importance of the factors, 

then it is unknown which model is likely to describe the data best. In such a case, it is 

reasonable to require that all uncommon parameters in the models be estimated with 

equal precision. Alternatively, if the experimenter believes that some of the effects (and 

therefore some of the models) are more likely to accurately describe the data, it may be of 

interest to consider designs that will group the precisions of the estimates, where some of 

the precisions may be higher for some models than others. The experimenter can then 

choose a design with the grouping effect which gives higher precision to the most likely 

models. To consider this phenomenon, a new property is introduced which has the ability 

to classify designs according to the structure of the precisions for the estimates of the 

uncommon elements in the models of a particular class. The precision of the estimates are 

evaluated using the variances where the smaller the variance, the higher the precision. 

The new property, denoted V
gP  and defined in Chapter 4, utilizes the variance-

covariance matrix of the estimates for each model to classify the designs which are 

capable of estimating the k  two-factor interaction effects with equal precision. 

Specifically, a design is said to have the property V
gP  where g  is a positive integer, if 

there exist g  groups of models so that the variances of k  two-factor interactions for all 

models within a group are identical with each other. Following from this definition, we 

observe that a design has this property when it gives common entries of ( )
2
uV , 

1, 2,...,u  , for g  groups of models where ( )
2
uV  is a  1k   vector of the diagonal 
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elements of  2 ( )
2

ˆ uVar   
  .  The value of the identical entries of ( )

2
uV  is denoted as 

simply ( )
2

uV . This property is written as  1,...,g gP   , 1 ... g      where i  is the 

number of models in Group i , 1,...,i g , and   is the total number of models. There 

are 
2

m
s

 
  
 

 possible two-factor interaction effects and 
s

k


 
  
 

 models of interest. 

During the design stage of the experiment, it is most likely that all models in the 

class will be given equal consideration. Therefore, it is important to consider designs 

having the property  1P  , simply denoted as 1
VP . Such designs will have equal 

precision for the uncommon elements in the models of interest and are studied in detail in 

Chapter 5 and Chapter 6. Moreover, it is possible to compare designs having 1
VP  by 

considering the level of precision of the estimates for the uncommon parameters in the 

models; some designs may have better precision than other designs with the same number 

of treatments. 

In Chapter 5, several characterizations of designs having 1
VP  for 1k   are 

identified. Particularly, special types of designs such as balanced designs, isomorphic 

designs (under row and column permutations), and complementary designs are proven to 

have 1
VP  for 1k  . Most notably, there exist designs which are not of a special form 

which have 1
VP  . These designs, D9.2 and D14 from Table 3.3, are studied in detail in 

Example 5.3 and Example 5.4, respectively, for 1k  . These two examples demonstrate 

that it is possible to achieve 1
VP , even when the design is not balanced. 
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In addition, Chapter 6 presents the construction of all designs with the property 

1
VP  for 3m  , 5,6,7,8n  , 1k   and 4m  , 6,...,16n  , 1k  . The number of designs 

with the property 1
VP  are also presented for fractional factorial designs when 5m  , 

7,8,9n  , 1k  . For a 52  factorial experiment, fractional factorial designs consisting of 

9n   treatments, requires the analysis of 
5 322

28,048,800
99

   
    
  

 possible designs.  

Chapter 6 also investigates special designs which have the property 1
VP  for 

max k  which is the largest value of k  in the models of interest that the design has the 

ability to identify and discriminate. In the case when 
2

m
k

 
  
 

 it is found that balanced 

designs will have 1
VP .  

Finally, characterizations of 1
VP  when 1k   are generalized for cases when 1g   

and 1k  . Application of these characterizations are not as significant as in the case 

when 1g    since most designs which have the ability to unbiasedly estimate the models 

of interest will be of this kind. There are only a limited number of designs which will 

have 1
VP  and thus this special case was examined in much greater detail. 
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