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Monte Carlo simulations have been" performed for a lattice model of an isolated, par

tially ionized polyelectrolyte whose charged groups interact through screened coulombic 

potentials. Configurational properties are reported as a function of chain ionization and 

Debye screening length for chains containing 20-140 segments. At high screening between 

fixed charges, the chains exhibit power-law scaling behavior for the dependence of the 

mean-square end-to-end distance <r2> on chain length. At lower screenings the chains 

undergo a transformation from flexible to stiff conformations as ionization rises. Long

chain scaling behavior was not observed at low screenings due to the limits on the chain 

lengths studied here. Simulation results for polyion electrostatic energies and expansion 

factors are compared with predictions based on the theory of Katchalsky and Lifson and the 

uniform-expansion extension of this theory. Large discrepancies between theory and simu

lation are probably due to the assumed theoretical expressions used for describing distance 

probability distributions between charged groups. 

This work was supported by the Director, Office of Energy Research, Office of Basic 
Energy Sciences, Chemical Sciences Division of the U.S. Department of Energy under Con
tract Number DE-AC03-76SF00098. 
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I. INTRODUCTION 

Solution properties of polymers depend strongly on the conformational behavior of the 

individual polymer chains. Considerable theoretical, numerical, and experimental effort has 

been devoted to the study of uncharged polymers, and much is known about their 

configurational behavior as reviewed in Ref. 1-3. Polyelectrolytes exhibit a much wider 

variety of solution properties than uncharged polymers 4,5; while much theoretical effort has 

been devoted to the study of charged polymers6-19, quantitative understanding of their con

formational behavior has not been obtained. The description of polyelectrolyte properties in 

solution is difficult because of electrostatic interactions in these systems. It is, however, 

these electrostatic interactions which give polyelectrolytes their rich variety of solution pro

perties that are of significant importance in natural (biological) systems and in numerous 

technological applications. 

Polymer conformational properties are typically described in terms of system length 

scales. Linear, uncharged polymers are characterized primarily by two length scales: the 

Kuhn segment length, I, and the chain contour length L. The mean-square end-to-end dis

tance, <r2>, for uncharged polymers scales as (LIl)T1 where 1} = 615 in a good sOlventl . 

For polyelectrolytes in solution, additional length scales are important. These length scales 

include the distance between charged groups along the chain, b = L 1 v (where v is the 

number of charged groups on the polymer), the Oebye screening length, Ie-I, and the Bjer

rum length i.B = q21 DkT where q is the charge per group, D is the solution dielectric con

stant, k is Boltmann's constant, and T is temperature. 

Unlike uncharged polymers, configurational properties of polyelectrolytes are not 

described by simple scaling laws over a wide range of solution conditions 14. Instead, 

polyelectrolytes may assume any shape between that of a random coil or a rigid rod, 

depending on the system's length scales. Traditional excluded-volume or renormalization

group methods for describing polyelectrolyte configurational properties are often applicable 

only for limiting cases (i.e., in the unscreened, long-chain limitIO). However, a number of 

theories have been suggested for describing the full range of behavior observed in polyelec

trolytes. These theories include that of Katchalsky and Lifson 7,9, self-consistent field 

theories 11, the worm-like chain model12,15, renormalization-group techniques l6,17, and 

semivariational methods 18,19. A major problem in evaluating the accuracy of such analyti

cal theories is the lack of experimental data for well-characterized polyelectrolytes or 

polyelectrolyte solutions. The system property which is usually known least accurately is 

the polyion charge density; unfortunately, this parameter is often inferred from comparison 

between theory and experiment. 
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Computer simulation provides a powerful method for examining configurational pro

perties of model polymer systems under conditions where the system length scales are 

known exactly because they are specified in the computation. While uncharged polymers 

have been studied extensively by simulation20, relatively few simulation studies have exam

ined polyelectrolyte configurational properties21 -26. Previous studies have often been con

cerned with limiting cases in which one or more system length scales are held constant 

(e.g., completely ionized chains23 ,24; unscreened coulombic potentials between ionized 

segments23), or where the polyion chains are relatively short21 ,26. 

In this work we use Monte Carlo (MC) simulation to study configurational properties 

of isolated polyelectrolytes as a function of polyion chain length, charge density, and 

screening between fixed ions. We investigate an idealized, lattice representation of a 

polyion, which neglects high-resolution details of polyelectrolyte behavior (Le., counterion 

interactions, effects of side groups on structure). However, the simplicity of the model 

allows us to study a larger region of phase space (range of system length scales) than would 

be possible in a more detailed study. Simulation results are compared with predictions of 

the Katchalsky-Lifson polyelectrolyte-expansion theory7, and with the extended uniform

expansion version of this model9,11 

II. SIMULATION METHOD 

A. Model description 

The polyelectrolyte is modeled as a self-avoiding walk (SAW) of N-1 steps (N seg

ments) on a cubic lattice. The distance between lattice sites, l, is 2.52 A, which is the dis

tance between alternate atoms on a carbon-backbone chain assuming tetrahedral geometry 

and a carbon-carbon bondlength of 1.54 A 24. In this work, the only energetic interactions 

are coulombic forces between ionized monomers. Short-range attractive interactions 

between neighbOring (non-bonded) monomers are not considered, which is equivalent to 

assuming that the interchange energy between the polymer segments and the surrounding 

medium is zero. In a forthcoming paper we explore the effect of polymer hydrophobicity 

(Le., attractive monomer-monomer interactions) on polyelectrolyte conformational proper

ties. 

The fractional ionization of the polymer chain, A., is allowed to vary between 0 (no 

charged monomers) and 1.0 (all monomers ionized). The po1yion charges are equally spaced 

along the chain, and (for all values of A. less than 1.0) are bordered on both sides by 

uncharged monomers. The value of A. is varied by changing the number of uncharged 
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monomers which separate ionized monomers; i.e., a chain with ). =0.25 contains sequences 

of three uncharged monomers followed by one ionized monomer, and a chain with ). =0.5 

contains alternating charged and uncharged monomers. 

Counterions are not considered explicitly here, nor do we consider the detailed nature 

of the ionic atmosphere surrounding the polyion. Instead, every charged monomer on the 

chain interacts with every other charged monomer through a screened Debye-Htickel 

coulombic potential27: 

(1) 

where Uij is the potential between monomers i and j, which have charges zie and zje and 

are separated by a distance rij. The dielectric constant, D, is taken as that of water at 

25°C. The inverse Debye screening length, Ie, is given by27 

4rce2 NA LZ?Ci 
2 · i 

Ie =-------
DkT 

(2) 

where NA is A vagadro's number and Ci is the concentration of ionic species i. Because we 

consider the polyelectrolyte at infinite dilution, the sum in Equation (2) is over the species 

of added electrolyte, and does not include the charges on the polymer or the counterions24. 

Our course-grained model considers specifically only ions which are on the polymer back

bone. The presence of added electrolyte influences polyion properties through the screening 

length which depends on ionic strength. 

Our polyelectrolyte model is simple and neglects some SUbtle, but often important 

features of a real polyelectrOlyte in solution. Most significant is our choice to 'smear out' 

the details of the unbound ions in solution. Certain characteristics of polyelectrolyte 

behavior, such as counterion condensation8, will thus not be observed here. In addition, the 

'true' potential between fixed ions, as determined by the radial distribution of mobile ions 

around each polymer charge, is replaced here by a screened-Coulombic potential. It will be 

useful to examine more detailed polyelectrolyte models which consider counterions and 

added electrolyte explicitly in the simulation. However, as shown by Valleau26, the added 

complexities (and computation requirements) of such a detailed model place severe limits 

on the range of length scales (particularly the length of the polyion) which can be exam

ined. While not an exact representation of a polyelectrolyte in solution, we have chosen 

here a model that contains the essential physics of poly ion expansion. 

Most analytical theories of polyelectrolyte expansion also assume screened-Coulombic 

potentials between charged ions; unfortunately, even this simple representation of a polyion 
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is not completely understood. The results of this work can thus be used for testing predic

tions (and assumptions) of these analytical theories. 

B. Sampling procedure 

Ensemble-average chain properties were determined by Metropolis Monte Carlo sam

pling28 over the configurational space of the polyelectrolyte. Successive chain 

configurations were generated using the "reptation" method29. In this procedure, one end 

of the chain is randomly designated as the head, and is allowed to advance (in a randomly 

chosen direction) one lattice position. In practice, this movement is usually effected by 

'removing' the last segment (from the chain tail) and adding it to the chain head in a ran

dom direction. This 'breaking' and 'adding' of end segments is simply a mechanism for 

allowing the chain to 'slither' through configurational space, and does not imply actual 

breaking of chain bonds. For polymers in which all segments are identical (Le., uncharged 

or fully ionized chains), the movement of 'internal' segments is implicit; Le., adding the 

chain tail to the head gives the impression that all chain segments have advanced one lattice 

position. However, for chains in which all segments are not identical (Le., partially ionized 

polyelectrolytes), adding the chain tail to the head would result in a change of position of 

the ionized beads along the chain backbone. In this work, we advance each segment during 

reptation moves to retain the chemical identity of the chain during sampling. 

The energy of chain configuration s, Es' is given by the sum of the potentials Uij 

between all segment pairs: 

N-l N 

Es = L L Uij (3) 
i j=i+l 

where N is the number of chain segments. The potential between ionized segments is given 

by Equation (1); if either i or j (or both) is uncharged, Uij = O. Trial chain conformations 

(generated by reptation) are accepted based on the probability 

PH' = min {I, exp( -6.E I kT)} (4) 

where llE is the energy change in going from configuration s to configuration s + 1 (Le., 

llE = Es+l - Es). For an attempted move from state s to state s+l, if the chain energy is 

lowered or remains unchanged (llE :S;O), the move is always accepted. However, if llE > 0, 

the move is accepted with probability exp ( -!!.£ / kT). When a trial move is rejected, the 

previous conformation is kept and considered as a 'new' state in the ensemble averages. 
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Starting with an initial chain configuration, approximately N 2 reptation cycles are 

required to generate a 'new' configuration which is uncorrelated with the original one24. 

Thus, the simulation is divided into blocks of order N 2 configurations. First, the chain is 

relaxed from its initial state by allowing the system to evolve through five blocks of 

configurations. The exact nature of the initial state is unimportant, because this 

configuration is 'forgotten' during the relaxation process (which is not considered when 

determining ensemble averages). Following chain relaxation, average chain properties are 

recorded for each additional block; at the end of the simulation, these block averages are 

used for estimating ensemble-average properties. For the five chain lengths studied here, 

Table I shows the organization of the simulation (Le., number of cycles per block and 

number of blocks) along with the total number of configurations generated. 

C. Conformational Properties and Distribution Functions 

Using the MC sampling technique described in the previous section, we calculate 

several polyion conformational characteristics. The size of the polyelectrolyte chain is 

characterized by the mean-square end-to-end distance 

(5) 

and by the mean-square radius of gyration 

2 1 ~ 2 <s > = N < ~(ri - r e"J > 
i=l 

(6) 

where rj is the position vector locating the ith bead (segment) of the chain, and rem is the 

vector locating the center of mass of the chain. Here, < > denotes an ensemble average 

over a Monte Carlo run. We also calculate the ensemble-average energy of the chain, <E>, 

which is simply the average of Equation (3) taken over all blocks in a run. 

A quantity often discussed for polymers with inherent 'stiffness' is the persistence 

length, Lp. This characteristic length represents the distance over which directional correla

tion in the chain persists, and is equal to 1/2 the Kuhn segment length 1. Lp can be calcu

lated from the distribution of angles of poly ion bonds relative to the central bond24, i.e., 

N12-1 

Lp = I L <COSCPk> 
k=l 

(7) 

where CPk is the angle between the central (cth) bond and the (c+k)th bond, and the index k 

varies from 0 (at the central bond) to (N /2)-1 at the chain end. 



- 6 -

In addition to mean values of polymer configurational properties, the distribution 

functions for these averages also play an important role in determining some polymer 

characteristics. We calculate here the probability distribution function for the end-to-end 

distance by doing a frequency count for discretized distance intervals (for each block), and 

normalizing the area under the distribution curve. These distributions are discussed in the 

last section. 

III. SIMULATION RESULTS 

Two limiting cases of the model were analyzed to verify the accuracy of the program. 

First, we considered uncharged (athermal) SAW's on the cubic lattice. Table II presents 

our results for <r2>, <s2>, and Lp in this limit for chains of length 20-140 segments. The 

results for <r2> follow the scaling relation <r2> :::: N1.2, in agreement with the known pro

perties of this well-studied case 1. For fully ionized chains in the unscreened limit, we 

compared our results with the lattice sim~lation studies of Baumgartner23 ; good agreement 

is also obtained in this limit. 

Configurational properties were calculated for isolated, partially-ionized polyelectro

lytes of length 20, 40, 60, 100, and 140 segments. The degree of chain ionization). varied 

from 0-1.0 for all cases except the 140-segment chains; due to large computation require

ments, we studied this chain only up to ). = 0.33. Tables III-VI present results for the 

mean electrostatic energy, <E>/kT, reduced values of <r2> and <s2>, and the persistence 

length, Lp. The Debye screening length was set to values corresponding to added 1: 1 elec

trolyte concentrations of l.OM (1('-1 = 3.04 A), O.1M (1('-1 = 9.62 A), O.OlM (1('-1 = 30.4 

A), O.OOlM (1('-1 = 96.2 A), and the unscreened limit (1('-1 = 00). 

Figures 1-4 present the chain-length dependence of the reduced mean-square end-to

end distances at screening lengths corresponding to ionic strengths between 1.0 and O.OOlM. 

Results for 1('-1 = 00 are not presented graphically because, for the chain lengths studied 

here, results in O.OOlM electrolyte (Figure 4) are nearly identical to those in the unscreened 

limit. Figures 1-4 illustrate the rich variety of configurational behaviors observed for 

polyelectrolytes as a function of system length scales. The magnitude of <r2>/(N - 1)2[2 is 

bounded, at the upper limit, by the rigid-rod value of 1.0, and at the lower limit by the 

uncharged, SAW result (given in Table II, and shown graphically in Figures 1-4). The scal

ing behavior for polyelectrolytes (in the long-chain limit) also has well-defined bounds. 

Fully ionized, unscreened polyelectrolytes are known to exhibit rigid-rod scaling behavior23 

«r2> :::: N 2), which would appear as a horizontal line on Figures 1-4. SAW's follow the 
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<,2> =: N1.2 relation which, in Figures 1-4 would be represented by a decaying line of 

approximate slope -0.82 (as for chains with 0% charge). Here we consider our results for 

partially ionized chains in light of these well-understood limiting cases. 

At an equivalent 1: 1 electrolyte concentration of 1.0M (Figure 1), the screening length 

(3.04 A) is similar in magnitude to the segment bond-lengths, and repulsions between fixed 

charges are highly screened. Thus, for lightly ionized polyelectrolytes (e.g., 10% charge) 

the spacing between charges on the chain is much greater than 1("-1, and the configurational 

statistics are perturbed little from the uncharged (SAW) case. Ionizations greater than 10% 

result in chain expansion with respect to the uncharged case; however, all of the ionized 

chains exhibit decaying scaling behavior in this high-screening limit. For any finite screen-

ing length, flexible-chain scaling behavior «,2> =: N1.2) must be approached in the long

chain limit, i.e., as the contour length becomes much larger than 1("-1. Due to the low value 

of Ie-I in Figure 1, we are near the long-chain limit for all degrees of ionization. 

At 1("-1 = 9.62 A (Figure 2), the poly ions expand significantly more with increasing 

ionization than those shown in Figure 1. Also, we do not observe in Figure 2 decaying scal

ing behavior for chains at high degrees of ionization; instead, the polyions undergo a 

transformation from flexible-chain behavior at low ionization, to rigid-rod behavior at full 

ionization. This transformation is due to the comparable magnitudes of 1("-1 and charge

separation distances, and indicates that for the highly ionized chains, we are observing only 

'intermediate' length-dependent behavior (i.e., not the long-chain limiting scaling proper

ties). Even fully ionized chains which are locally rod-like (i.e, stiff for length scales com-

parable to Ie-I) will appear flexible when viewed on length scales much greater than 1("-1 

(as seen in Figure 1). 

Figures 3 and 4 illustrate, respectively, the strong charge-dependence of polyion 

expansion observed at 1("-1 = 30.4 A and 1("-1 = 96.2 A. These results are similar to those 

seen in Figure 2; however, the length dependence of <,2> here is more complex than that 

observed at 1("-1 = 9.62 A. For short chains with ). > 0.25, <,2>/(N _1)2[2 first increases 

with increasing chain length, and then appears to approach an upper limit where rigid-rod 

scaling behavior is observed. Carnie et al24 observed similar behavior for fully ionized 

polyelectrolytes at short chain lengths. Their explanation is that the addition of charges to a 

short chain increases the field exerted by the chain ends on the chain center, and stiffens 

this central region, thereby increasing the rod-like character of the chain. This behavior 

should be observed only in cases where the screening length is longer than, or comparable 

to, the contour length. The results in Figures 3 and 4 for chains with ). > 0.25 appear to 
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follow this explanation. Rigid-rod scaling behavior is observed for these chains when the 

contour length increases beyond the point where end beads continue to influence the chain 

centers. The long-chain, flexible-scaling limit (Le., contour length » 1('-1) is not observed 

for the ionized chains in Figures 3 and 4. 

Figure 5 presents the length dependence of the ratio <s2>I<r2> at screening length 1('-1 

= 30.4 A (considered in Figure 3). This dimensionless ratio characterizes polymer shape, 

and varies (for 3-dimensional chains) from 0.155 for self-avoiding walks23 to 0.083 for 

rigid rods (Refs. (23) and (24) incorrectly state that the limiting, rigid-rod value is 0.100). 

Thus, Figure 5 provides additional information regarding the effect of chain length on 

polyion shape at 1('-1 = 30.4A. Despite the non-monotonic behavior of the reduced end-to

end distance seen in Figure 3, Figure 5 clearly indicates a tendency for all of the chains at 

this screening length to assume increasing rod-like structure with increasing chain length. 

This decrease of <s2>I<r2> cannot continue beyond the rigid-rod limit of 0.083; it appears 

to level off for the longer chains studied. 

Figures 1-5 illustrate the effect of chain length and ionization on polyion expansion for 

different screening lengths. For a chain length of 100 beads, Figure 6 shows the large effect 

of screening on chain expansion. The ionized chains decrease in size as ionic strength 

increases; this decrease is .particularly dramatic for highly ionized chains which undergo 

order-of-magnitude size transitions in the concentration range 0.0IM-1.0M. 

Figure 7 presents persistence lengths for partially ionized chains at 1('-1 = 3.04 and 

96.2 A. Persistence length characterizes chain stiffness; it is calculated from the directional 

correlations of neighboring bonds about the central bond. At 1('-1 = 3.04 A (7a), the chains 

are not highly extended, and persistence lengths are similar in magnitude to those of 

uncharged c~ains. However, at low screening (7b), the chains expand significantly with 

increasing ionization, and large persistence lengths are observed. In addition, the chain-

length dependence of the persistence length is much larger at 1('-1 = 96.2 A than at 1('-1 = 

3.04 A. This larger dependence is due to the relative magnitudes of 1('-1 and the contour 

length, which results in the chains at 1('-1 = 3.04 A behaving much closer to the long-chain 

limit than chains at 1(-1 = 96.2 A. Carnie et al24 discuss a procedure for estimating 

infinite-chain persistence lengths from an extrapolation of the cosine-distribution data for 

chains of finite length. 
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IV. COMPARISON WITH THEORY 

The results shown in the previous section indicate that polyelectrolyte configurational 

properties depend on system length scales in a nontrivial manner. While a number of 

theories (Section I) have been proposed for describing this dependence, we are not aware of 

any critical comparisons of theory with well-characterized information (Le., simulation 

results) for model systems. To provide a comparison we consider here the work of Katchal

sky and Lifson7, and the uniform-expansion extension of this theory9,1l. The 

Katchalsky-Lifson (K-L) theory offers an instructive comparison with our simulation results 

for two reasons. First, the K-L pOlyelectrolyte model is directly analogous to the model 

used here: a flexible chain with fixed charges distributed evenly along the backbone 

interacting with each other via screened coulombic potentials. Second, the K-L model is 

used often for describing the electrostatic contribution to the free energy of polyelectrolyte 

solutions 7 and crosslinked polyelectrolyte gels30. Because this electrostatic contribution 

can be large, and can mask other contributions (such as polymer-solvent mixing effects), it 

is important to inquire whether the predictions of K-L theory truly represent the physical 

model upon which that theory is based. 

To facilitate our comparison, we provide here a brief overview of the K-L derivation. 

The polyion electrostatic energy, Fel , is given as a sum over potentials between all ion 

pairs: 

1 

Fel = v2 J (1 -;) u(;)d; 
o 

(8) 

where v is the number of fixed charges on the chain, ; is the fraction of the contour length 

which separates fixed charges i and j, i.e., ; = Ii - j I lv, and u(;) represents the mean 

potential between fixed charges as a function of ;. For a given separation distance, r, 

between ends of the polymer chain, the distance between charged segments i and j is not 

fixed, but follows a probability distribution. Here, W(h;; ,r) represents the probability of 

finding a distance h between two charged segments i and j when the polyion end-to-end 

distance is r. Thus, the mean potential between charges i and j is 

00 

Uij = J W(h;; ,r) Uij dh 
o 

where the potential Uij is given by Eqn. (1). 

(9) 

Thus far, the K-L derivation corresponds exactly to our simulation model, and Fel is 

comparable with <Eel> computed in the simulation. To proceed, however, it is necessary to 

assume a form for W(h; ;,r). The derivation of an expression for W is nontrivial, and it is 
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here where approximations enter the theory. Katchalsky and Ufson used for W a function 

developed by Katchalsky31 which is based on two major assumptions. First, the polymer 

end-to-end distance probability, along with the distance probability between any pair of 

fixed charges, is represented by a Gaussian distribution. Second, the mean-square end-to-

end distance <r2> (which appears in the probability distribution), is equated to that for the 

unperturbed chain, <r;>; similarly, the mean-square distance between any two charged seg

ments is given by the fraction ~ of the mean-square end-to-end distance for the chain. The 

resulting expression is31 

- exp--h [ [3 (h _~r)2 1 
riC 2 <r;>~ (1-~) 

(10) 

Substituting Equation (10) into (9), and performing the two integrations indicated in Equa

tions (9) and (8), Katchalsky and Ufson obtain an expression for Fe1 • The exact form for 

Fel is a complicated integral equation which must be evaluated numerically. For most con

ditions of interest. this exact solution can be replaced by the approximate equation 7: 

F = ~ In [1 + 6r 1 el D 
r 7C<r;> 

(11) 

The degree of chain expansion is now determined by minimizing the polyion free energy 

(which includes an entropy term along with Fe/) with respect to the end-to-end separation 

distance, r. The resulting expression is usually written in terms of the expansion factor, a 2, 

which is the ratio of the mean-square end-to-end distance for the real (expanded) polyion to 

that for the unperturbed chain, i.e., a 2 = <r2>I<r;>. The K-L expression for FeJ gives for 

the expansion factor9 

(12) 

Equation (12) is sometimes replaced by a limiting form valid for high molecular weights 

and/or high ionic strength9,11. Here we are interested in a range of system conditions, and 

thus retain the full form of Equation (12) our comparison. 
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Equations (11) and (12) are based implicitly on the two assumptions used in deriving 

Equation (10), neither of which is justified a priori. The assumption that <r;> is the mean

square end-to-end distance of the chain is inconsistent with our knowledge (and predictions 

of Equation (12» that electrostatic interactions perturb the polyion, causing it to expand. 

This inconsistency in the K-L theory was removed9,11 by assuming that the polyion 

expands uniformly during the charging process, and by replacing <r;> in Equation (10) 

with <r2> = a2<r;>. Consistency is thus imposed in the theory by using the correct (but, 

yet unknown) mean separation distance in Equation (10). However, as in Equation (10), the 

distance probabilities are described using Gaussian distribution functions. The resulting 

expression for the electrostatic energy in this extended version of K-L theory is9; 

(13) 

and for the expansion factor9; 

(14) 

Equations (13) and (14) are referred to as the uniform-expansion extension of K-L theory. 

We compare simulation results for the mean electrostatic energy <E> and expansion 

factor a 2 with predictions based on Equations (11)-(14). For comparing <E> with predic

tions for Fe[, we use for r in Equations (11) and (13) the mean end-to-end distance calcu

lated from the simulation. We also use in Equation (13) the simulation result for a2• All 

other parameters in Equations (11)-(14) (e.g., Ie, v2, D) correspond to specified system con

ditions, and are identical with values used in the simulation. The mean-square end-to-end 

distance for the unperturbed chain in our model is <r;> = N /2. Predictions for a2 are 

obtained by solving the roots of Equations (12) and (14) for specified conditions. 

Before presenting comparisons, we note that Equations (11)-(14) are valid for finite 

screening lengths, and not in the limit of Ie = O. Katchalsky and Ufson 7 derived an expres

sion for Fe[ which can be used to determine the corresponding versions for Equations (11)

(14) in the unscreened limit. To avoid complicating our discussion, we limit attention here 

to the four finite screening lengths examined in the simulation. 
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Table VII gives average percent differences between theoretical and simulated elec

trostatic energies and expansion factors for the five chain lengths studied. The tabulated per

cent differences are averages over the range of (finite) screening lengths and charge densi

ties examined for each chain length. Two conclusions are immediately evident from Table 

VII. First, both theories give order-of-magnitude errors for <FeJ> and a 2 when compared 

with simulation. Second, as expected, the Uniform Expansion extension of K-L theory 

gives improved results over the original K-L theory; however, this improvement still results 

. in less than semiquantitative predictions. 

Figures 8 and 9 present graphical comparisons of simulation and theory for 100-

segment chains at ,,-I = 3.04 and 96.2 A. The results in these figures are representative of 

those obtained for other chain and screening lengths. Some observations not directly evi

dent from Table VII now become clear. Both theories predict the correct trends in FeJ and 

a2 with varying chain ionization and screening length. K-L theory always overestimates 

FeJ (Figure 8); Uniform.:Expansion theory overpredicts FeJ at low ionization, but under

predicts FeJ at high chain extensions (high ionization, large screening length). Predicted 

expansion factors (Figure 9) also exceed simulation results for most conditions. 

From our comparison, we conclude that the K-L and Uniform Expansion theories 

represent only qualitatively the configurational properties of the physical model on which 

they are based. The most questionable assumptions in the derivation of the two theories 

occur in the choice of W (h;~ ,r), the probability distribution for finding a distance h 

between two segments (represented by ~) when the polyion end-to-end distance is r. The 

theories make a priori assumptions regarding this distribution; in the simulation, the distri

bution is generated in the Monte Carlo search over configurational space. We have 

analyzed the simulation-generated distributions (Section II.C) for the case ~ = 1, i.e., the 

distribution for the polyion end-to-end distance. 

Figure lOa presents end-to-end distance distributions calculated from simulation for 

60-segment chains at ,,-I = 30.4 and 0 ~ A. ~1. Figure lOb gives the corresponding distri

butions predicted by the theories. The theoretical distributions were normalized in a 

manner analogous to that for the simulation results, and the vertical axes in Figure 10 have 

the same scale. The simulation results indicate a shifting of the distribution to more 

stretched conformations which occurs with increasing chain ionization. The distribution 

broadens slightly for intermediate ionizations, then forms a sharp spike around an extended 

(rodlike) conformation for the fully ionized chain. 

The K-L assumption for the end-to-end distance distribution of a 60-segment chain is 

represented in Figure lOb by the curve for the unperturbed chain. The unperturbed chain is 
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not affected by electrostatic interactions; thus, separation distances between charged groups 

(along with the end-to-end distance) for this chain are smaller than those for the case (Fig

ure lOa) where charged groups interact. Because the K-L expression for W assumes an 

unrealistically close separation between ionized groups, predicted electrostatic energies are 

higher than those from simulation calculations (Figure 8). 

Uniform-expansion theory uses in the expression for W the mean end-to-end distance 

for the perturbed chain. Thus, this theory contains a self-consistent dependence of the 

mean end-to-end distance on the electrostatic perturbations; however, the distribution about 

this mean is represented by a Gaussian function. On substituting the mean end-to-end dis

tance for the perturbed chain into a Gaussian expression for the distance distribution, we 

obtain the distribution curves in Figure lOb. The distributions in Figure lOb for A = 0.25, 

0.50, and 1.0 have the same mean values as the corresponding distributions in Figure lOa, 

but are much broader. The Gaussian distributions becomes particularly unrealistic at high 

chain extensions where end-to-end distances larger than the maximum possible extension 

are allowed. 

It is clear from Figure 10 than neither theory provides a reasonable estimate of the 

end-to-end distance distribution for ionized chains, and thus for the distance distributions 

between ionized segments on the chains. We believe it is this inadequate description of 

W (h;~ ,r) which accounts for the poor agreement between theoretical and simulated elec

trostatic energies and expansion factors. The obvious solution for testing this conclusion, 

and for improving agreement between theory and simulation, is to use an expression for W 

which is consistent with the simulation-generated distance distributions. This proposal is 

conceptually trivial, but mathematically complex. It is the (relatively) simple form of Eqn. 

(10) which makes the two integrations of Eqns. (8) and (9) tractable. A realistic expression 

for W, which accounts for the coupled dependences of all relevant length scales on the dis

tance distributions, would not only be difficult to obtain in analytical form, but equally 

difficult to integrate through Equations (8) and (9). 

An alternative to correcting the theory from first principles (Le., by starting with 

'correct' distribution functions) would be to concentrate directly on the final expression for 

Fel • It is this expression (specifically the derivative aFe/ar) which determines the predic

tions for polyion configurational properties. If the dependence of FelOn poly ion end-to-end 

distance r is described accurately, e.g., by a semi-empirical relation or by a correction to 

Eqn (11), then expansion-factor predictions should agree well with simulation. Our simula

tion results are not appropriate for determining the dependence of FelOn r because r 

assumes a distribution of values over the course of the simulation (Figure 10). For 
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determining accurately the dependence of FeJ on r, it would be more appropriate to calcu

late ensemble averages of <E> at different (fixed) values of r; this calculation would 

require holding the chain ends fixed in the simulation, and allowing internal chain motions 

in order to sample over configurational space. 

v. CONCLUSIONS 

V sing Monte Carlo simulation we have studied the conformational properties of a sim

ple lattice representation of isolated, partially ionized polyelectrolytes. The calculated 

dependence of polyion properties on system length scales is complex; the behavior of the 

chains ranges from flexible to rodlike, depending on chain length, charge density, and 

screening length. Power-law scaling behavior was observed only at high charge screenings 

(1('-1 = 3.04 A); at lower screenings, intermediate length-dependence of configurational pro

perties was observed. 

We compare our simulation results for electrostatic energies and expansion factors 

with theoretical predictions based on a model directly analogous to that studied in the simu

lation. We observe large differences between theory and simulation, and credit these 

discrepancies to inaccurate theoretical descriptions of . the distance probability distributions 

between ionized segments. 

The polyelectrolyte model studied in this work is simple, and neglects the detailed 

features of a real polyion in the presence of discrete solvent and counterions. However, 

theoretical descriptions of polyelectrolyte properties are necessarily based on simplified 

models of this type, and the simulation results presented here provide a, basis for developing 

and testing analytical theories. Our comparison of theory and simulation indicates that 

more work is needed to provide an accurate theoretical description for even this simple pic

ture of a polyelectrolyte. 
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Table I. Number of Monte Carlo cycles and division of cycles into blocks. 

Number of Number of cycles Number of 

chain beads, N per block blocks 

20 1,000 200 

40 4,000 200 

60 5,000 150 

100 10,000 100 

140 20,000 100 

Table II. Simulation results for uncharged self avoiding walks. 

N <r2>/(N _1)2[2 <s2>/(N-1)[2 

20 0.100 (0.001) 0.306 

40 0.0563 (0.0006) 0.349 

60 0.0411 (0.0008) 0.384 

100 0.0260 (0.0007) 0.416 

140 0.0203 (0.0005) 0.442 

N = Number of chain beads. 

I = lattice bond length (2.52 A). 

<r2>, <s2>, and Lp defined in Equations (5) - (7). 

Results in parentheses represent standard errors. 

(0.003) 

(0.004) 

(0.005) 
(0.009) 

(0.009) 

Total number of 

Monte Carlo cycles 

200,000 

800,000 

750,000 

1,000,000 

2,000,000 

Lp 

1.42 (0.05) 

1.83 (0.05) 

2.16 (0.09) 

2.38 (0.16) 

2.59 (0.14) 
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Table III. Electrostatic energy «E >/ kT) of partially ionized polyelectrolyte chains. 

Ionic strength. M (Concentration of added 1-1 electrolyte) 

Na NIBb ).C 1.0 0.1 0.01 0.001 Od 

20 2 .10 0.052 (0.001) 0.265 (0.003) 0.498 (0.004) 0.629 (0.004) 0.703 (0.004) 

5 .25 1.04 (0.01) 3.66 (0.02) 6.14 (0.03) 7.38 (0.03) 8.03 (0.03) 

10 .50 6.71 (0.03) 18.1 (0.1) 28.5 (0.1) 33.8 (0.11) 36.5 (0.1) 

20 1.0 38.2 (0.1) 81.4 (0.2) 117.1 (0.2) 137.6 (0.1) 151.1 (0.2) 

40 4 .10 0.176 (0.003) 0.968 (0.009) 2.00 (0.01) 2.69 (0.02) 3.09 (0.02) 

10 .25 2.46 (0.02) 9.11 (0.05) 15.9 (0.1) 20.0 (0.11) 22.8 (0.1) 

20 .50 14.3 (0.1) 39.8 (0.1) 65.3 (0.2) 82.6 (0.3) 93.2 (0.3) 

40 1.0 78.7 (0.2) 171.4 (0.3) 251.9 (0.3) 310.8 (0.6) 360.9 (0.6) 

60 6 .10 0.314 (0.006) 1.74 (0.02) 4.02 (0.04) 5.59 (0.04) 6.59 (0.04) 

15 .25 3.89 (0.04) 14.2 (0.1) 26.3 (0.1) 35.0 (0.2) 42.1 (0.2) 

30 .50 21.5 (0.1) 62.4 (0.3) 103.7 (0.4) 131.2 (0.6) 154.3 (0.6) 

60 1.0 121.2 (0.2) 251.6 (0.7) 381.0 (1.0) 511.8 (0.7) 610.3 (0.9) 

100 5 .05 0.068 (0.003) 0.643 (0.012) 1.61 (0.02) 2.56 (0.03) 3.14 (0.03) 

10 .10 0.574 (0.012) 3.47 (0.06) 8.40 (0.10) 12.0 (0.1) 14.3 (0.1) 

20 .20 3.88 (0.07) 16.2 (0.2) 30.4 (0.3) 43.4 (0.2) 54.3 (0.2) 

25 .25 7.14 (0.09) 25.3 (0.2) 47.2 (0.3) 67.0 (0.3) 84.4 (0.4) 

50 .50 36.8 (0.2) 106.0 (0.39) 179.0 (0.6) 233.5 (1.2) 309.9 (1.1) 

100 1.0 204.0 (0.4) 409.0 (1.8) 661.3 (1.7) 906.7 (1.6) 1162.1 (1.6) 

140 7 .05 0.100 (0.003) 0.889 (0.018) 2.61 (0.05) 4.37 (0.05) 5.63 (0.06) 

14 .10 0.802 (0.015) 5.06 (.07) 12.2 (0.1) 15.7 (0.2) 19.1 (0.3) 

28 .20 5.56 (0.08) 21.1 (0.3) 43.9 (0.3) 65.8 (0.4) 83.5 (0.3) 

47 .33 18.1 (0.2) 61.4 (0.6) 118.3 (0.4) 173.4 (0.3) 217.7 (0.7) 

aNumber of chain beads. bNumber of ionized beads. cFraction of chain beads which are ionized. 

dUnscreened coulombic potential between ionized beads. Results in parentheses represent standard 

errors. 
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Table IV. Reduced mean-square end-to-end distance «r2>/(N _1)2[2) of partially ionized polyelec-

trolyte chains. 

Ionic strength, M 

Na NIBb )..C 1.0 0.1 0.01 0.001 Od 

20 2 .10 0.101 (0.001) 0.105 (0.001) 0.108 (0.001) 0.108 (0.001) 0.106 (0.001) 

5 .25 0.116 (0.001) 0.143 (0.002) 0.156 (0.002) 0.160 (0.002) 0.158 (0.002) 

10 .50 0.163 (0.002) 0.225 (0.003) 0.286 (0.004) 0.293 (0.003) 0.310 (0.004) 

20 1.0 0.255 (0.003) 0.608 (0.007) 0.799 (0.004) 0.836 (0.003) 0.826 (0.004) 

40 4 .10 0.0597 (0.0007) 0.0670 (0.0008) 0.0731 (0.0009) 0.0723 (0.0009) 0.0727 (0.0010) 

10 .25 0.0721 (0.0009) 0.111 (0.002) 0.146 (0.002) 0.149 (0.002) 0.155 (0.002) 

20 .50 0.103 (0.002) 0.222 (0.003) 0.317 (0.004) 0.374 (0.005) 0.404 (0.005) 

40 1.0 0.176 (0.002) 0.584 (0.009) 0.898 (0.002) 0.919 (0.001) 0.922 (0.001) 

60 6 .10 0.0432 (0.0009) 0.0523 (0.0009) 0.0599 (0.0013) 0.0611 (0.0013) 0.0612 (0.0013) 

15 .25 0.0554 (0.0011) 0.100 (0.002) 0.145 (0.002) 0.166 (0.003) 0.162 (0.003) 

30 .50 0.0821 (0.0021) 0.192 (0.004) 0.354 (0.006) 0.456 (0.007) 0.473 (0.009) 

60 1.0 0.134 (0.003) 0.608 (0.013) 0.932 (0.001) 0.945 (0.001) 0.950 (0.001) 

100 5 .05 0.0267 (0.0007) 0.0291 (0.0008) 0.0336 (0.0008) 0.0328 (0.0008) 0.0358 (0.0009) 

10 .10 0.0283 (0.0009) 0.0380 (0.0011) 0.0498 (0.0014) 0.0576 (0.0016) 0.0606 (0.0018) 

20 .20 0.0360 (0.0012) 0.0667 (0.0022) 0.108 (0.003) 0.131 (0.003) 0.142 (0.003) 

25 .25 0.0381 (0.0013) 0.0800 (0.0025) 0.143 (0.003) 0.176 (0.004) 0.190 (0.003) 

50 .50 0.0578 (0.0022) 0.164 (0.004) 0.377 (0.007) 0.544 (0.007) 0.517 (0.006) 

100 1.0 0.0866 (0.0030) 0.610 (0.016) 0.955 (0.001) 0.968 (0.001) 0.970 (0.004) 

140 7 .05 0.0207 (0.0005) 0.0236 (0.0007) 0.0287 (0.0009) 0.0285 (0.007) 0.0304 (0.0009) 

14 .10 0.0218 (0.0006) 0.0306 (.0009) 0.0478 (0.0013) 0.0585 (0.001) 0.0628 (0.0017) 

28 .20 0.0269 (0.0012) 0.0518 (0.023) 0.109 (0.003) 0.131 (0.003) 0.161 (0.003) 

47 .33 0.0331 (0.00 17) 0.113 (0.004) 0.187 (0.004) 0.252 (0.005) 0.349 (0.004) 

See footnotes in Table III. 
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Table V. Reduced mean-square radius of gyration «s2>/(N-l)[2) of partially ionized polyelectro-

lyte chains. 

Ionic strength, M 

Na NIB b ).C 1.0 0.1 0.01 0.001 Od 
>-

20 2 .10 0.307 (0.002) 0.318 (0.003) 0.326 (0.003) 0.325 (0.003) 0.320 (0.003) 

5 .25 0.343 (0.003) 0.398 (0.003) 0.424 (0.004) 0.433 (0.005) 0.432 (0.004) 

10 .50 0.439 (0.004) 0.605 (0.006) 0.678 (0.008) 0.696 (0.007) 0.732 (0.008) 

20 1.0 0.637 (0.005) 1.29 (0.01) 1.57 (0.006) 1.62 (0.004) 1.61 (0.005) 

40 4 .10 0.367 (0.003) 0.400 (0.004) 0.427 (0.004) 0.425 (0.004) 0.427 (0.005) 

10 .25 0.426 (0.004) 0.604 (0.007) 0.740 (0.009) 0.753 (0.008) 0.778 (0.009) 

20 .50 0.583 (0.007) 1.06 (0.01) 1.44 (0.015) 1.64 (0.02) 1.78 (0.02) 

40 1.0 0.914 (0.009) 2.42 (0.03) 3.31 (0.01) 3.34 (0.01) 3.35 (0.01) 

60 6 .10 0.399 (0.006) 0.470 (0.007) 0.518 (0.009) 0.528 (0.009) 0.530 (0.009) 

15 .25 0.496 (0.007) 0.802 (0.014) 1.07 (0.01) 1.20 (0.02) 1.17 (0.02) 

30 .50 0.702 (0.012) 1.40 (0.02) 2.32 (0.03) 2.92 (0.04) 3.06 (0.04) 

60 1.0 1.08 (0.003) 3.71 (0.05) 5.00 (0.01) 5.02 (0.01) 5.04 (0.01) 

100 5 .05 0.416 (0.009) 0.443 (0.009) 0.502 (0.010) 0.499 (0.011) 0.530 (0.012) 

10 .10 0.449 (0.011) 0.568 (0.013) 0.695 (0.014) 0.779 (0.017) 0.807 (0.018) 

20 .20 0.531 (0.014) 0.910 (0.021) 1.34 (0.02) 1.58 (0.02) 1.59 (0.02) 

25 .25 0.563 (0.015) 1.10 (0.02) 1.72 (0.03) 2.03 (0.03) 2.07 (0.03) 

50 .50 0.855 (0.020) 1.99 (0.03) 4.01 (0.05) 5.31 (0.06) 4.99 (0.05) 

100 1.0 1.27 (0.03) 6.10 (0.11) 8.32 (0.01) 8.37 (0.004) 8.38 (0.01) 

140 7 .05 0.462 (0.009) 0.510 (0.010) 0.591 (0.015) 0.600 (0.012) 0.612 (0.013) 

14 .10 0.479 (0.010) 0.629 (.014) 0.914 (0.021) 1.07 (0.02) 1.16 (0.03) 

28 .20 0.576 (0.017) 1.01 (0.03) 1.79 (0.03) 2.13 (0.04) 2.55 (0.03) 

47 .33 0.716 (0.023) 1.89 (0.05) 3.01 (0.04) 3.81 (0.04) 5.05 (0.04) 

See footnotes in Table III. 
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Table VI. Persistence length, Lp (in Angstroms) of partially ionized polyelectrolyte chains. 

Ionic strength, M 

Na NIBb -t c 1.0 0.1 0.01 0.001 Od 

20 2 .10 1.40 (0.04) 1.56 (0.04) 1.69 (0.05) 1.70 (0.05) 1.62 (0.05) 

5 .25 1.98 (0.05) 2.86 (0.06) 3.20 (0.07) 3.40 (0.08) 3.33 (0.07) 

10 .50 3.25 (0.07) 5.70 (0.11) 6.78 (0.14) 6.91 (0.13) 7.69 (0.14) 

20 1.0 5.90 (0.09, 15.5 (0.2) 19.7 (0.1) 20.4 (0.1) 20.1 (0.1) 

40 4 .10 2.06 (0.05) 2.50 (0.07) 2.91 (0.07) 2.92 (0.07) 2.97 (0.08) 

10 .25 2.77 (0.08) 5.30 (0.14) 7.24 (0.16) 7.40 (0.15) 7.95 (0.17) 

20 .50 4.82 (0.13) 11.8 (0.2) 17.4 (0.3) 20.7 (0.3) 23.0 (0.4) 

40 1.0 8.85 (0.15) 30.9 (0.5) 45.1 (0.1) 45.8 (0.1) 45.8 (0.1) 

60 6 .10 2.33 (0.11) 3.31 (0.12) 4.00 (0.14) 4.18 (0.16) 4.30 (0.14) 

15 .25 3.72 (0.14) 8.00 (0.29) 11.9 (0.3) 14.1 (0.3) 14.0 (0.3) 

30 .50 6.59 (0.27) 15.3 (0.4) 26.0 (0.6) 39.2 (0.7) 41.2 (0.7) 

60 1.0 10.3 (0.3) 46.6 (1.0) 70.3 (0.1) 70.9 (0.1) 71.2 (0.1) 

100 5 .05 2.33 (0.14) 2.79 (0.15) 3.49 (0.18) 3.62 (0.17) 4.16 (0.19) 

10 .10 2.81 (0.18) 4.24 (0.24) 6.08 (0.29) 7.54 (0.29) 7.78 (0.4) 

20 .20 3.88 (0.27) 7.69 (0.53) 14.8 (0.5) 18.9 (0.4) 20.4 (0.6) 

25 .25 4.06 (0.29) 11.7 (0.5) 20.6 (0.5) 24.7 (0.8) 25.7 (0.6) 

50 .50 7.83 (0.55) 24.2 (0.9) 54.6 (1.4) 76.7 (1.1) 66.8 (1.4) 

100 1.0 11.3 (0.47) 83.8 (2.0) 120.3 (0.2) 121.4 (0.1) 121.6 (0.1) 

140 7 .05 2.76 (0.15) 3.56 (0.19) 4.81 (0.26) 5.06 (0.21) 5.08 (0.22) 

14 .10 3.04 (0.17) 4.78 (.27) 9.04 (0.39) 11.4 (0.3) 13.1 (0.5) 

28 .20 4.27 (0.36) 9.25 (0.60) 19.4 (0.9) 26.1 (0.8) 34.8 (0.9) 

47 .33 5.78 (0.53) 18.9 (1.4) 34.6 (1.8) 54.9 (1.6) 67.0 (1.6) 

See footnotes in Table III. 
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Table VII. A verage percent differences between simulation results and theoretical predictions for 

electrostatic energies and expansion factors. 

Electrostatic Energy Expansion Factor 

N K_La Uniform Exp.b K-L Uniform Exp. 

20 442 280 125 105 
40 561 251 164 114 

60 502 183 180 112 
100 700 262 171 97.9 
140 917 318 111 83.3 

aKatchalsky-Lifson theory (Ref. (7)). bUniform-expansion extension of Katchalsky-Lifson theory 

(Ref. (9)). 
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List of Figure Captions 

Figure 1. Chain-length dependence of reduced mean-square end-to-end distance for 

different degrees of ionization at screening length ,,-I = 3.04 A. The upper bound of the 

ordinate «r2>/(N _1)2(2. = 1.0) corresponds to a fully extended (rodlike) configuration. 

Figure 2. Chain-length dependence of polyelectrolyte expansion at screening length ,,-I = 
9.62 A. 

Figure 3. Chain-length dependence of polyelectrolyte expansion at screening length ,,-1 = 
30.4 A. 

Figure 4. Chain-length dependence of polyelectrolyte expansion at screening length ,,-1 = 
96.2 A. 

Figure 5. Chain-length dependence of' shape parameter <s2>/<r2> at ,,-1 = 30.4 A. The 

monotonic decrease in <s2>/<r2> (for all chains) indicates increasing rodlike character with 

increasing chain length. For fully extended chains, <s2>/<r2> = 0.083. 

Figure 6. Dependence of mean-square end-to-end distance on screening length. expressed 

here as concentration of I: 1 electrolyte. 

Figure 7. Chain-length dependence of persistence length for partially ionized polyelectro

Iytes: (a) screening length ,,-1 = 3.04 A; (b) screening length ,,-I = 96.2 A. 

Figure 8. Comparison of simulated and predicted electrostatic energies for partially ionized 

100-segment chains: (a) screening length ,,-I = 3.04 A; (b) screening length ,,-1 = 96.2 A. 

Figure 9. Comparison of simulated and predicted expansion factors for partially ionized 

IOO-segment chains: (a) screening length ,,-I = 3.04 A; (b) screening length ,,-1 = 96.2 A. 

Figure 10. Probability distributions for end-to-end distance r for 60-segment chains at ,,-I 

= 30.4: (a) simulation; (b) theory. 
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Figure 2. Chain-length dependence of polyelectrolyte expansion at screening length 
,,-1 = 9.62 A. 
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Figure 3. Chain-length dependence of polyelectrolyte expansion at screening length 
,,-I = 30.4 A. 
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Figure 4. Chain-length dependence of polyelectrolyte expansion at screening length 
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Figure S. Chain-length dependence of shape parameter <s2>/<r~ at 1e-1 = 30.4 A. The 

monotonic decrease in <s~/<r~ (for all chains) indicates increasing rodlike 
character with increasing chain length. For fully extended chains, <s~/<r2> 
= 0.083. 
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Figure 6. Dependence of mean-square end-to-end distance on screening length, 
expressed here as concentration of 1: 1 electrolyte. 
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Figure 8. Comparison of simulatcd and predicted electrostatic energies for partially 

ionized IOO-segment chains: (a) screening length ",-1 = 3.04 A; (b) screen
ing lcngth ",-1 = 96.2 A. 
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Figure 9. Comparison of simulated and predicted expansion factors for partially ion

ized lOO-segment chains: (a) screening length 1C-1 = 3.04 A; (b) screening 
length 1C-1 = 96.2 A. 
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Figure 10. Probability distributions for end-to-end distance r for 60-segment chains at 

,,-1 = 30.4: (a) simuluLion;(b) theory. 
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