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Abstract
Model Aggregation: Performance Guarantees and Loss-Robust Prediction
by
Hyunsuk Kim
Doctor of Philosophy in Statistics
University of California, Berkeley
Professor Michael W. Mahoney, Co-chair

Professor Ryan J. Tibshirani, Co-chair

Model aggregation, or ensembling, is a fundamental technique in modern machine learning for
improving predictive performance. This dissertation develops a theoretical understanding of
the effectiveness of model aggregation through two complementary perspectives: performance
and robustness.

The first part of the dissertation focuses on the performance of aggregation in classification
tasks. We analyze the majority vote classifier and provide an understanding of when and
how much aggregation improves over individual models. We introduce a mild condition,
competence, under which ensembling does not hurt. We further introduce two quantities:
the disagreement error ratio (DER) and polarization, to establish sharp bounds on the
performance of the majority vote classifier. Using the sharp bound, we characterize its
asymptotic behavior and demonstrate that ensemble performance can be estimated from a
small number of models.

The second part of the dissertation studies how to aggregate models in a way that is robust
across a range of evaluation criteria. We consider the quantile forecasting problem in an
online setting. We construct an aggregation algorithm that achieves O(+/(log B)/T) regret
simultaneously over all proper losses that satisfy mild regularity conditions, where B is the
number of base forecasters. Here, proper losses are those whose expectation is minimized
by predicting the true quantiles of the target. The proposed algorithm is computationally
efficient, produces coherent predictions without quantile crossing, and exhibits strong empirical
performance, particularly in challenging scenarios where base models perform poorly.
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Chapter 1

Introduction

The idea of combining multiple opinions to improve decision-making has a long intellectual
history. One of the earliest formal treatments appears in Condorcet’s Jury Theorem [Con85]
(1785), which shows that if each member of a voting group is more likely than not to make a
correct decision (p > 0.5), then the majority vote is more accurate than any individual, and
its accuracy increases with the size of the group. This result formalizes a central intuition:
aggregating imperfect yet diverse predictors can improve overall performance.

In modern machine learning, model aggregation, more commonly referred to as ensembling,
has become a standard approach for improving predictive accuracy. Beyond classical methods
such as random forests [Bre01] and gradient boosting [Fri01], large-scale model combination
has played a decisive role in benchmark competitions. A prominent example is the Netflix
Prize |BL07|, where teams progressively improved recommendation accuracy by combining
a large number of models. Near the end of the competition, leading teams merged their
approaches into large ensembles, and the final winning solution relied on extensive model
combination rather than a single dominant method [Kor09].

In the years since, advances in computational resources have enabled a shift from post hoc
aggregation toward architectures that incorporate aggregation as an internal component.
In particular, modern large-scale models often integrate multiple subnetworks within and
learn to combine them during training. A prominent example is mixture-of-experts (MoE)
architectures, which pass inputs across specialized subnetworks and adaptively weight their
outputs, thereby embedding ensembling directly into the model.

Despite its empirical success, the theoretical understanding of model aggregation remains
incomplete. Two properties are commonly associated with ensembling: improved predictive
accuracy and increased robustness. In regression settings with convex loss functions, these
properties admit clean formalizations. Jensen’s inequality implies that the loss of an averaged
predictor does not exceed the average loss of its components, and averaging typically reduces
variance. However, these arguments do not extend naturally to settings such as classification
with discrete decisions or regression under non-convex losses. A natural question, then, is
whether model aggregation continues to improve performance in such settings. More broadly,
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can model aggregation yield reliable performance across a range of loss functions?

1.1 Overview of contributions.

This dissertation develops a theoretical understanding of model aggregation from two com-
plementary perspectives: performance and robustness.

Performance of aggregation (Chapters 2—3). We begin with the majority vote classifier,
a canonical aggregation rule in classification. Unlike averaging in regression, majority vote is
discrete and non-smooth, which limits the applicability of standard analytical tools. Existing
results often yield bounds that are either loose or uninformative.

Chapter 2 clarifies when and how much majority vote improves upon individual classifiers.
Under a mild competence condition (Assumption B.1), we show that aggregation cannot
degrade performance. We then quantify the improvement relative to the average error of
individual classifiers through the error improvement ratio (EIR, Definition 2.3). We derive
bounds on EIR as linear functions of the disagreement error ratio (DER, Definition 2.4),
highlighting the role of diversity in determining ensemble performance.

Chapter 3 refines this analysis by introducing polarization (Definition 3.1), a quantity that
captures higher-order structure in the joint behavior of classifiers. Polarization measures how
prediction errors are distributed across data points. Using this concept, we obtain further
refined bounds on majority vote performance, characterize its asymptotic behavior as the
number of classifiers grows, and propose a method for estimating ensemble performance from
a small subset of models.

Loss-robust model aggregation (Chapter 4). Chapters 2 and 3 focus on performance
under a fixed loss function. In contrast, Chapter 4 considers a class of loss functions. In
many applications, no single loss function is universally accepted. Different evaluation criteria
may lead to different notions of optimality. This motivates the framework of omniprediction
[GKR*22], which seeks predictors that perform well relative to a reference class across
multiple loss functions.

We develop an omniprediction framework for quantile forecasting in an online probabilistic
forecasting setting. We consider all proper losses for quantile levels that satisfy mild regularity
conditions, where proper losses (Definition 4.1) are those whose expectation is minimized
by predicting the true quantiles of the target. Proper losses cover a broad class of decision
problems involving asymmetric costs. Given a collection of base forecasters, we construct an
aggregated predictor that minimizes regret with respect to the base forecasters simultaneously
over all such loss functions.

We propose a computationally efficient algorithm (Algorithm 1) based on a two-player game
formulation that achieves O(y/(log B)/T) regret guarantee, where B is the number of base
forecasters (Theorem 4.3). The algorithm always outputs coherent (sorted) multi-quantile



1.1 OVERVIEW OF CONTRIBUTIONS. 3

predictions even if base forecaster predictions are not coherent. Additionally, empirical results
show that our algorithm performs particularly well compared to other algorithms when base

forecaster predictions incur large errors.



Chapter 2

Understanding When Majority Vote
Classifiers Are Effective

This chapter is based on the paper "When are ensembles really effective?”, pub-
lished in NeurIPS 2023, co-authored with Ryan Theisen, Yaoqing Yang, Liam
Hodgkinson, and Michael W. Mahoney [TKY™"2/].

2.1 Introduction

The fundamental ideas underlying ensemble methods can be traced back at least two centuries,
with Condorcet’s Jury Theorem among its earliest developments [Con85|. This result asserts
that if each juror on a jury makes a correct decision independently and with the same
probability p > 1/2, then the majority decision of the jury is more likely to be correct with
each additional juror. The general principle of aggregating knowledge across imperfectly
correlated sources is intuitive, and it has motivated many ensemble methods used in modern
statistics and machine learning practice. Among these, tree-based methods like random
forests [Bre01] and XGBoost [CG16] are some of the most effective and widely-used.

With the growing popularity of deep learning, a number of approaches have been proposed
for ensembling neural networks. Perhaps the simplest of them are so-called deep ensembles,
which are ensembles of neural networks trained from independent initializations [ABP 22,
ABPC22, FHL19|. In some cases, it has been claimed that such deep ensembles provide
significant improvement in performance [FHL19, OFR*19, ALMV20]. Such ensembles have
also been used to obtain uncertainty estimates for prediction [LPB17], and to provide more
robust predictions under distributional shift. However, the benefits of deep ensembling are
not universally accepted. Indeed, other works have found that ensembling is less necessary
for larger models, and that in some cases a single larger model can perform as well as an
ensemble of smaller models [HVD ™15, BCNMO06, GJS™20, ABP*22|. Similarly mixed results,
where empirical performance does not conform with expectations, have been reported in
the Bayesian approach to deep learning [INLW21]|. Furthermore, an often-cited practical
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issue with ensembling, especially of large neural networks, is the constraint of storing and
performing inference with many distinct models.

In light of the increase in computational cost, it is of great value to understand exactly when
we might expect ensembling to improve performance substantially. In particular, consider the
following practical scenario: a practitioner has trained a single (perhaps large and expensive)
model, and would like to know whether they can expect significant gains in performance from
training additional models and ensembling them. This question lacks a sufficient answer,
both from the theoretical and empirical perspectives, and hence motivates the main question
of the present work:

When are ensembles really effective?

The present work addresses this question, both theoretically and empirically, under very
general conditions. We focus our study on the most popular ensemble classifier—the majority
vote classifier (Definition 2.1), which we denote by hyrv—although our framework also covers
variants such as weighted majority vote methods.

Theoretical results. Our main theoretical contributions, contained in Section 2.3, are
as follows. First, we formally define the ensemble improvement rate (EIR, Definition 2.3),
which measures the decrease in error rate from ensembling, on a relative scale. We then
introduce a new condition called competence (Assumption 2.1) that rules out pathological
cases, allowing us to prove stronger bounds on the ensemble improvement rate. Specifically,
we prove that 1) competent ensembles can never hurt performance (Theorem 2.1), and 2)
in Theorem 2.2 we show that the EIR can be upper and lower bounded by linear functions
of the disagreement-error ratio (DER, Definition 2.4). Our theoretical results predict that
ensemble improvement will be high whenever disagreement is large relative to the average
error rate (i.e. DER > 1). Moreover, in Appendix A.1.3, we show that as Corollaries of our
theoretical results, we obtain new bounds on the error rate of the majority vote classifier that
significantly improve on previous results, provided the competence assumption is satisfied.

Empirical results. In light of our new theoretical understanding of ensembling, we perform
a detailed empirical analysis of ensembling in practice. In Section 2.4, we evaluate the
assumptions and predictions made by the theory presented in Section 2.3. In particular, we
verify on a variety of tasks that the competence condition holds, and we verify empirically
the linear relationship between the EIR and the DER, as predicted by our bounds, and
suggest directions through which our theoretical results might be improved. In Section 2.5,
we provide significant evidence for distinct behavior arising for ensembles in and out of the
interpolating regime, i.e., when each of the constituent classifiers in an ensemble has sufficient
capacity to achieve zero training error. We show 1) that interpolating ensembles exhibit
consistently lower ensemble improvement rates, and 2) that this corresponds to ensembles
transitioning (sometimes sharply) from the regime DER > 1 to DER < 1. Finally, we also
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show that tree-based ensembles represent a unique exception to this phenomenon, making
them particularly well-suited to ensembling.

In addition to the results presented in the main text, we provide supplemental theoretical
results (including all proofs) in Appendix A.1, as well as supplemental empirical results in
Appendix A.2.

2.2 Background and preliminaries

In this section, we present some background as well as preliminary results of independent
interest that set the context for our main theoretical and empirical results.

2.2.1 Setup

In this work, we focus on the K-class classification setting, wherein the data (X,Y) €
X x Y ~ D consist of features & € X and labels y € Y = {1,..., K}. Classifiers are then
functions h : X — )Y that belong to some set H. To measure the performance of a single
classifier h on the data distribution D, we use the usual error rate:

LD(h) - EX,YND[ﬂ(h(X) 7é Y)]

For notational convenience, we drop the explicit dependence on D whenever it is apparent
from context.

A central object in our study is a distribution p over classifiers. Depending on the context,
this distribution could represent a variety of different things. For example, p could be: i)
A discrete distribution on a finite set of classifiers {hq,..., hy/} with weights p1,..., pu,
e.g., representing normalized weights in a weighted ensembling scheme; ii) A distribution
over parameters ¢ of a parametric family of models, hg, determined, e.g., by a stochastic
optimization algorithm with random initialization; iii) A Bayesian posterior distribution.

The distribution p induces two error rates of interest. The first is the average error rate
of any single classifier under p, defined to be E;.,[L(h)]. The second is the error rate
of the majority vote classifier, hyy, which is defined for a distribution p as follows.

Definition 2.1 (Majority vote classifier). Given p, the majority vote classifier is the
classifier which, for an input x, predicts the most probable class for this input among classifiers
drawn from p,

havv(x) = arg;rnax Epn,[L(h(x) = j)].

In the Bayesian context, p = p(h | Xirain, Ytrain) 18 @ posterior distribution over classifiers. In
this case, the majority vote classifier is often called the Bayes classifier, and the error rate
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L(hyy) is referred to as the Bayes error rate. In such contexts, the average error rate is often
referred to as the Gibbs error rate associated with p and D.

Finally, we will present results in terms of the disagreement rate between classifiers drawn
from a distribution p, defined as follows.

Definition 2.2 (Disagreement). The disagreement rate between two classifiers h,h' is
giwen by Dp(h,h') = Ex.p[l(h(X) # K(X))]. The expected disagreement rate is
Ep pepDp(h, 1)), where h,h' ~ p are drawn independently.

2.2.2 Prior work

Ensembling theory. Perhaps the simplest general relation between the majority vote error
rate and the average error rate guarantees only that the majority vote classifier is no worse
than twice the average error rate [LMRR17, MLIS20]. To see this, let W, = W,(X,Y) =
Ep,[L(h(X) # Y)] denote the proportion of erroneous classifiers in the ensemble for a
randomly sampled input-output pair (X,Y) ~ D, and note that E[IW,] = E[L(h)]. Then, by
a “first-order” application of Markov’s inequality, we have that

0 < L(hwy) < P(W, > 1/2) < 2E[W,] = 2E,,[L(h)]. (2.1)

This bound is almost always uninformative in practice. Indeed, it may seem surprising that
an ensemble classifier could perform worse than the average of its constituent classifiers, much
less a factor of two worse. Nonetheless, the first-order upper bound is, in fact, tight: there
exist distributions p (over classifiers) and D (over data) such that the majority vote classifier
is twice as erroneous as any one classifier, on average. As one might expect, however, this
tends to happen only in pathological cases; we give examples of such ensembles in Appendix

A3

To circumvent the shortcomings of the simple first-order bound, more recent approaches
have developed bounds incorporating “second-order” information from the distribution p
[MLIS20]. One successful example of this is given by a class of results known as C-bounds
|GLL*15, LMRR17]. The most general form of these bounds states, provided E[M,(X,Y)] >
0, that L(hay) < 1 — E[M,(X, Y)]2/E[Mp2(X, Y)], where M,(X,Y) = Ep,[1(h(X) =
Y)] — max;zy Ep,[L1(R(X) = j)] is called the margin. In the binary classification case, the
condition E[M,(X,Y’)] > 0 is equivalent to the assumption E,.,[L(h)] < 1/2. Hence, it can
be viewed as a requirement that individual classifiers be “weak learners.” The same condition
is used to derive a very similar bound for random forests in [Bre01], which is then further
upper bounded to obtain a more intuitive (though weaker) bound in terms of the “c/s2” ratio.
Relatedly, [MLIS20] obtains a bound on the error rate of the majority vote classifier, in the
special case of binary classification, directly in terms of the disagreement rate, taking the
form 4E[L(h)] — 2E[D(h, h’)]. We note that our theory improves this bound by factor of 2
(See Appendix A.1.3). Other results obtain similar expressions, but in terms of different loss
functions, e.g. cross-entropy loss [ABP22 OCnM?22|.
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Other related studies. In addition to theoretical results, there have been a number of
recent empirical studies investigating the use of ensembling. Perhaps the most closely related
is [ABPC22], which show, perhaps surprisingly, that ensembles do not benefit significantly
from encouraging diversity during training. In contrast to the present work, [ABPC22] focuses
on the cross entropy loss for classification (which facilitates somewhat simpler theoretical
analysis), whereas we focus on the more intuitive and commonly used classification error rate.
Moreover, while [ABPC22] study the ensemble improvement gap (i.e., the difference between
the average loss of a single classifier and the ensemble loss), we focus on the gap in error rates
on a relative scale. As we show, this provides much finer insights into ensemble improvement.
To complement this, [FHL19] study ensembling from a loss landscape perspective, evaluating
how different approaches to ensembling, such as deep ensembles, Bayesian ensembles, and
local methods like Gaussian subspace sampling compare in function and weight space diversity.
Other recent work has studied the use of ensembling to provide uncertainty estimates for
prediction [LPB17], and to improve robustness to out-of-distribution data [OFR " 19], although
the ubiquity of these findings has recently been questioned in [ABP*22].

2.3 Ensemble improvement, competence, and
disagreement-error ratio

In this section, our goal is to characterize theoretically the rate at which ensembling improves
performance. To do this, we first need to formalize a metric to quantify the benefit from
ensembling. One natural way of measuring this improvement would be to compute the gap
Ep,[L(h)] — L(hmv). A similar gap was the focus of [ABPC22], although in terms of the
cross-entropy loss, rather than the classification error rate. However, the unnormalized gap
can be misleading—in particular, it will tend to be small whenever the average error rate
itself is small, thus making it impractical to compare, e.g., across tasks of varying difficulty.
Instead, we work with a normalized version of the average-minus-ensemble error rate gap,
where the effect of the normalization is to measure this error in a relative scale. We call this
the ensemble improvement rate.

Definition 2.3 (Ensemble improvement rate). Given distributions p over classifiers and
D over data, provided that Ej.,[L(h)] # 0, the ensemble improvement rate (EIR) is
defined as

EnplL(h)] — L{hav)

= )

In contrast to the unnormalized gap, the ensemble improvement rate can be large even
for very easy tasks with a small average error rate. Recall the simple first-order bound on
the majority vote classifier: L(hyy) < 2E[L(h)]. Rearranging, we deduce that EIR > —1.
Unfortunately, in the absence of additional information, this first-order bound is in fact tight:
one can construct ensembles for this L(hyy) = 2E[L(h)] (see Appendix A.3). However, this
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bound is inconsistent with how ensembles generally behave in practice, and indeed it tells us
nothing about when ensembling can improve performance. In the subsequent sections, we
derive improved bounds on the EIR that can provide such insight.

2.3.1 Competent ensembles never hurt

Surprisingly, to our knowledge, there is no known characterization of the majority vote
error rate that guarantees it can be no worse than the error rate of any individual classifier,
on average. Indeed, it turns out this is the result of strange behavior that can arise for
particularly pathological ensembles rarely encountered in practice (see Appendix A.3 for a
more detailed discussion of this). To eliminate these cases, we introduce a mild condition
that we call competence.

Assumption 2.1 (Competence). Let W, = W,(X,Y) = E,,[1(h(X) #Y)]. The ensemble
p is competent if for every 0 <t <1/2,

P(W, € [t,1/2)) > P(W, € [1/2,1 — t)).

The competence assumption guarantees that the ensemble is not pathologically bad, and in
particular it eliminates the scenarios under which the naive first-order bound (2.1) is tight.
As we will show in Section 2.4, the competence condition is quite mild, and it holds broadly

in practice. Our first result uses competence to improve non-trivially the naive first-order
bound.

Theorem 2.1. Competent ensembles never hurt performance, i.e., EIR > 0.

Translated into a bound on the majority vote classifier, Theorem 2.1 guarantees that L(hyy) <
E[L(h)], improving on the naive first-order bound (2.1) by a factor of two. To the best of our
knowledge, the competence condition is the first of its kind, in that it guarantees what is
widely observed in practice, i.e., that ensembling cannot hurt performance. However, it is
insufficient to answer the question of how much ensembling can improve performance. To
address this question, we turn to a "second-order" analysis involving the disagreement rate.

2.3.2 Quantifying ensemble improvement with the
disagreement-error ratio

Our central result in this section will be to relate the EIR to the ratio of the disagreement to
average error rate, which we define formally below.

Definition 2.4 (Disagreement-error ratio). Given the distributions p over classifiers and D
over data, provided that Ey.,[L(h)] # 0, the disagreement-error ratio (DER) is defined
as

EnnplD(h, h)]

PER = g, ()
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Our next result relates the EIR to a linear function of the DER.

Theorem 2.2. For any competent ensemble p of K -class classifiers, provided Ey,[L(h)] # 0,
the ensemble improvement rate satisfies

DER > EIR > @DER— 3K_4.

Note that neither Theorem 2.1 nor Theorem 2.2 is uniformly stronger. In particular, if
DER < (3K —4)/(2K — 2) then the lower bound provided in Theorem 2.1 will be superior
to the one in Theorem 2.2.

Theorem 2.2 predicts that the EIR is fundamentally governed by a linear relationship with
the DER — a result that we will verify empirically in Section 2.4. Importantly, we note
that there are two distinct regimes in which the bounds in Theorem 2.2 provide non-trivial
guarantees.

DER small (< 1). In this case, by the trivial bound (2.1), EIR < 1, and thus the
upper bound in Theorem 2.2 guarantees ensemble improvement cannot be too large
whenever DER < 1, that is, whenever disagreement is small relative to the average
error rate.

DER large (> 1). In this case, the lower bound in Theorem 2.2 guarantees ensemble
improvement whenever disagreement is sufficiently large relative to the average error
rate, in particular when DER > (3K —4)/(2K — 2) > 1.

In our empirical evaluations, we will see that these two regimes (DER > 1 and DER < 1)
strongly distinguish between situations in which ensemble improvement is high, and when
the benefits of ensembling are significantly less pronounced.

Moreover, Theorem 2.2 captures an important subtlety in the relationship between ensemble
improvement and predictive diversity. In particular, while general intuition—and a significant
body of prior literature, as discussed in Section 2.2—suggests that higher disagreement leads
to high ensemble improvement, this may not be the case if the disagreement is nominally
large, but small relative to the average error rate.

Remark 2.1 (Corollaries of Theorems 2.1 and 2.2). Using some basic algebra, the upper and
lower bounds presented in Theorems 2.1 and 2.2 can easily be translated into upper and lower
bounds on the error rate of the majority vote classifier itself. For the sake of space, we defer
discussion of these Corollaries to Appendiz A.1.3, although we note that the resulting bounds
constitute significant improvements on existing bounds, which we verify both analytically
(when possible) and empirically.

Remark 2.2 (Relation to the regression case). We remark that the bounds in Theorem 2.2
share a direct (and simpler) analogue in the regression case with the squared error loss. In
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this case, a bias-variance decomposition (taken over randomness arising from the sampling of
a regressor f ~ p) yields the identity:

EjnplL(f)] = L(f) + Ex~p[Vars,[f(X)]]

where here the ensemble regressor is f(x) = E;,[f(x)] and Var[-] is the variance. Normalizing,
we obtain the identity

EseplL(f)] = L(f) _ Ex~p[Vars,[f(X)]
EsplL(f)] EpplL(S)]
where the latter variance-average error ratio is a natural analogue to the DER. Note also

since the variance 1s non-negative, this expression immediately implies that EIR > 0 in the
regression case. See Appendix A.1.J for a derivation.

EIR =

2.4 Evaluating the theory

In this section, we investigate the assumptions and predictions of the theory proposed in
Section 2.3. In particular we will show 1) that the competence assumption holds broadly in
practice, across a range of architectures, ensembling methods and datasets, and 2) that the
EIR exhibits a close linear relationship with the DER, as predicted by Theorem 2.2.

Before presenting our findings, we first briefly describe the experimental settings analyzed in
the remainder of the chapter. Our goal is to select a sufficiently broad range of tasks and
methods so as to demonstrate the generality of our conclusions.

2.4.1 Setup for empirical evaluations

In Table 2.1 we provide a brief description of our experimental setup; more extensive
experimental details can be found in Appendix A.2.1.

Table 2.1: Datasets and ensembles used in empirical evaluations, where C' denotes the number
of classes, and M denotes the number of classifiers.

Datasets Ensembles
Dataset ” C ” Reference Base classifier | Ensembling ” M ” Reference
MNIST-5K 10 | [Denl2] ResNet20-Swish | Bayesian Ens. 100 | [IVHW21]
CIFAR-10 10 | [KHT09) ResNet18 Deep Ens. 5 | [KHT09|
IMDB 2 | [MDP*11] | | CNN-LSTM Bayesian Ens. | 100 | [[VHW21]
QSAR 2 | [BGCT19] BERT (fine-tune) | Deep Ens. 25 | [DCLT19, SYT*22]
Thyroid 2 | [QCHLS7] Random Features | Bagging 30 | N/A
GLUE (7 tasks) | 2-3 | [WSM 19 Decision Trees Random Forests | 100 | [PVGT11, Bre01]
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Figure 2.1: Verifying the competence assumption in practice. W,(X,Y) in Assumption
2.1 is estimated using hold-out data. Across all tasks, Jj > [l, supporting Assumption 2.1.

2.4.2 Verifying competence in practice.

Our theoretical results in Section 2.3 relied on the competence condition. One might wonder
whether competent ensembles exist, and if so how ubiquitous they are. Here, we test that
assumption. (That is, we test not just the predictions of our theory, but also the assumptions
of our theory.)

We have observed that the competence assumption is empirically very mild, and that in
practice it applies very broadly. In Figure 2.1, we estimate both P(W, € [t,1/2)) and
P(W, € [1/2,1 —t]) on test data, validating that competence holds for various types of
ensembles across a subset of tasks. To do this, given a test set of examples {(x;,y;)}7L, and

classifiers hy, ..., hy drawn from p, we construct the estimator
| N
W) = N > (ha(y) # yy),
n=1

and we calculate P(W, € [t,1/2)) and P(W, € [1/2,1 — t]) from the empirical CDF of

{/I/I?,gj ) ", In Appendix A.2, we provide additional examples of competence plots across

more experimental settings (and we observe substantially the same results).

2.5 Ensemble improvement is low in the interpolating
regime

In this section, we will show that the DER behaves qualitatively differently for interpolating
versus non-interpolating ensembles, in particular exhibiting behavior associated with phase
transitions. Such phase transitions are well-known in the statistical mechanics approach to
learning [EdAB01, MM17, TKM21, YHT"21], but they have been viewed as surprising from
the more traditional approach to statistical learning theory [BHMM19|. We will use this to
understand when ensembling is and is not effective for deep ensembles, and to explain why
tree-based methods seem to benefit so much from ensembling across all settings. We say
that a model is interpolating if it achieves exactly zero training error, and we say that it
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Figure 2.4: Large scale studies of deep ensembles on ResNet18/CIFAR-10. We
plot the DER and EIR across a range of hyper-parameters, for two training settings: one
with learning rate decay, and one without. The black dashed line indicates the interpolation
threshold, i.e., the curve below which individual models achieve exactly zero training error.
Observe that interpolating ensembles attain distinctly lower EIR than non-interpolating
ensembles, and correspondingly have low DER (< 1), compared to non-interpolating ensembles
with high DER (> 1).

is non-interpolating otherwise; we call an ensemble interpolating if each of its constituent
classifiers is interpolating. Note that for methods that involve resampling of the training data
(e.g., bagging methods), we define the training error as the “in-bag” training, i.e., the error
evaluated only on the points a classifier was trained on.

Interpolating random feature classifiers. We first look at the bagged random feature
ensembles on the MNIST, Thyroid, and QSAR datasets. In Figure 2.2, we plot the EIR, DER
and training error for each of these ensembles. We observe the same phenomenon across these
three tasks: as a function of model capacity, the EIR and DER are both maximized at the
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training data, and which have high the dataset size, and consequently they exhibit low

DER (> 1) and correspondingly ~ DER (< 1) and EIR across all tasks.
high EIR.

interpolation threshold, before decreasing thereafter. This indicates that much higher-capacity
models, those with the ability to easily interpolate the training data, benefit significantly
less from ensembling. In particular, observe that for sufficiently high-capacity ensembles, the
DER become less than 1, entering the regime in which our theory guarantees low ensemble
improvement.

Interpolating deep ensembles. We next consider the DER and EIR for large-scale
empirical evaluations on ResNet18/CIFAR-10 models in batch size/width space, both with
and without learning rate decay. See Figure 2.4 for the results. Note that the use of
learning rate decay facilitates easier interpolation of the training data during training, hence
broadening the range of hyper-parameters for which interpolation occurs. The figures are
colored so that ensembles in the regime DER < 1 are in red, while ensembles with DER > 1
are in grey. The black dashed line indicates the interpolation threshold, i.e., the curve in
hyper-parameter space below which ensembles achieve zero training error (meaning every
classifier in the ensemble has zero training error). Observe in particular that, across all
settings, all models in the regime DER < 1 are interpolating models; and, more generally,
that interpolating models tend to exhibit much smaller DER than non-interpolating models.
Observe moreover that there can be a sharp transition between these two regimes, wherein
the DER is large just at the interpolation threshold, and then it quickly decreases beyond that
threshold. Correspondingly, ensemble improvement is much less pronounced for interpolating
ensembles versus more traditional non-interpolating ensembles. This is consistent with results
previously observed in the literature, e.g., [GJST20]. We remark also that the behavior
observed in Figure 2.4 exhibits the same phases identified in [YHT 21| (an example of phase
transitions in learning more generally [EdBO1, MM17]), although the DER itself was not
considered in that previous study.
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Bayesian neural networks. Next, we show that Bayesian neural networks benefit signifi-
cantly from ensembling. In Figure 2.5, we plot the DER and EIR for Bayesian ensembles
on the CIFAR-10 and IMDB tasks, using the ResNet20 and CNN-LSTM architectures,
respectively. The samples we present here are provided by [INLW21], who use Hamiltonian
Monte Carlo to sample accurately from the posterior distribution over models. For both
tasks, we observe that both ensembles exhibit DER > 1 and high EIR. In light of our findings
regarding ensemble improvement and interpolation, we note that the Bayesian ensembles by
design do not interpolate the training data (when drawn at non-zero temperature), as the
samples are drawn from a distribution not concentrated only on the modes of the training loss.
While we do not perform additional experiments with Bayesian neural networks in the present
work, evaluating the DER/EIR as a function of posterior temperature for these models is
an interesting direction for future work. We hypothesize that the qualitative effective of
decreasing the sampling temperature will be similar to that of increasing the batch size in
the plots in Figure 2.4.

Fine-tuned BERT ensembles. Here, we present results for ensembles of BERT models
fine-tuned on the GLUE classification tasks. These provide examples of a very large model
trained on small datasets, on which interpolation is easily possible. For these experiments, we
use 25 BERT models pre-trained from independent initializations provided in [SYT*22|. Each
of these 25 models is then fine-tuned on the 7 classification tasks in the GLUE [WSM*19]
benchmark set and evaluated on relatively small test sets, ranging in size from 250 (RTE) to
40,000 (QQP) samples. In Figure 2.6, we plot the EIR and DER across these benchmark
tasks and observe that, as predicted, the ensemble improvement rate is low and DER is
uniformly low (< 1).

The unique case of random forests. Random forests are one of the most widely-used
ensembling methods in practice. Here, we show that the effectiveness of ensembling is much
greater for random forest models than for highly-parameterized models like the random
feature classifiers and the deep ensembles. Note that for random forests, interpolation of
the training data is possible, in particular whenever the number of terminal leaf nodes is
sufficiently large (where here we again compute the average training error using on the in-bag
training examples for each tree), but it is not possible to go “into” the interpolating regime.
In Figure 2.3, we plot the DER, EIR, and training error as a function of the max number
of leaf nodes (a measure of model complexity). Before the interpolation threshold, both
the EIR and DER increase as a function of model capacity, in line with what is observed
for the random feature and deep ensembles. However, we observe distinct behavior at the
interpolation threshold: both EIR and DER become constant past this threshold. This is
fundamental to tree-based methods, due to the method by which they are fit, e.g., using a
standard procedure like CART [BFSO84]. As soon as a tree achieves zero training error, any
impurity method used to split the nodes further is saturated at zero, and therefore the models
cannot continue to grow. This indicates that trees are particularly well-suited to ensembling
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across all hyper-parameter values, in contrast to other parameterized types of classifiers.

2.6 Discussion and conclusion

To help answer the question of when ensembling is effective, we introduce the ensemble im-
provement rate (EIR), which we then study both theoretically and empirically. Theoretically,
we provide a comprehensive characterization of the EIR in terms of the disagreement-error
ratio DER. The results are based on a new, mild condition called competence, which we
introduce to rule out pathological cases that have hampered previous theoretical results.
Using a simple first-order analysis, we show that the competence condition is sufficient to
guarantee that ensembling cannot hurt performance—something widely observed in practice,
but surprisingly unexplained by existing theory. Using a second-order analysis, we are able
to theoretically characterize the EIR, by upper and lower bounding it in terms of a linear
function of the DER. On the empirical side, we first verify the assumptions of our theory
(namely that the competence assumption holds broadly in practice), and we show that our
bounds are indeed descriptive of ensemble improvement in practice. We then demonstrate that
improvement decreases precipitously for interpolating ensembles, relative to non-interpolating
ones, providing a very practical guideline for when to use ensembling.

Our work leaves many directions to explore, of which we name a few promising ones. First,
while our theory represents a significant improvement on previous results, there are still
directions to extend our analysis. Is it possible to refine our analysis further to incorporate
information about the data and/or model architecture? Second, can we formalize the
connection between ensemble effectiveness and the interpolation point, and relate it to similar
ideas in the literature?
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Chapter 3

Performance Guarantees for Majority
Vote Classifiers

This chapter is based on the paper "How many classifiers do we need?", published
in NeurlPS 2024, co-authored with Liam Hodgkinson, Ryan Theisen, and Michael
W. Mahoney [KHTM?2//.

3.1 Introduction

As performance gains through scaling data and/or model size experience diminishing returns,
it is becoming increasingly popular to turn to ensembling, where the predictions of multiple
models are combined, both to improve accuracy and to form more robust conclusions than any
individual model alone can provide. In some cases, ensembling can produce substantial benefits,
particularly when increasing model size becomes prohibitive. In particular, for large neural
network models, deep ensembles [LPB17| are especially popular. These ensembles consist of
independently trained models on the same dataset, often using the same hyperparameters,
but starting from different initializations.

The cost of producing new classifiers can be steep, and it is often unclear whether the
additional performance gains are worth the cost. Assuming that constructing two or three
classifiers is relatively cheap, procedures capable of deciding whether to continue producing
more classifiers are needed. To do so requires a precise understanding of how to predict
ensemble performance. Of particular interest are majority vote strategies in classification
tasks, noting that regression tasks can also be formulated in this way by clustering outputs.
In this case, one of the most effective avenues for predicting performance is the disagreement
[INBK21, BJRK22|: measuring the degree to which classifiers provide different conclusions
over a given dataset. Disagreement is concrete, easy to compute, and strongly linearly
correlated with majority vote prediction accuracy, leading to its use in many applications.
However, a priori, the precise linear relationship between disagreement and accuracy is
unclear, preventing the use of disagreement for predicting ensemble performance.
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Our goal in this chapter is to go beyond disagreement-based analysis to provide a more
quantitative understanding of the number of classifiers one should use to achieve a desired
level of performance in modern practical applications, in particular for neural network models.
In more detail, our contributions are as follows.

(i) We introduce and define the concept of polarization, a notion that measures the
higher-order dispersity of the error rates at each data point, and which indicates how
polarized the ensemble is relative to the ground truth. We state and prove an upper
bound for polarization (Theorem 3.1). Inspired by the theorem, we propose what we
call a neural polarization law (Conjecture 3.1): most interpolating (Definition 3.2)
neural network models are 4/3-polarized. We provide empirical results supporting the
conjecture (Figures 3.1 and 3.2).

(ii) Using the notion of polarization, we develop a refined set of bounds on the majority
vote test error rate. For one, we provide a sharpened bound for any ensembles with
a finite number of classifiers (Corollary 3.1). For the other, we offer a new, tighter
bound under an additional condition on the entropy of the ensemble (Theorem 3.4).
We provide empirical results that demonstrate our new bounds perform significantly
better than the existing bounds on the majority vote test error (Figure 3.3).

(iii) The asymptotic behavior of the majority vote error rate is determined as the
number of classifiers increases (Theorem 3.5). Consequently, we show that we can
predict the performance for a larger number of classifiers from that of a smaller number.
We provide empirical results that show such predictions are accurate across various
pairs of model architecture and dataset (Figure 3.4).

In Section 3.2, we define the notations that will be used throughout the chapter, and we
introduce upper bounds for the error rate of the majority vote from previous work. The
next three sections are the main part of this chapter. In Section 3.3, we introduce the notion
of polarization, 7,, which plays a fundamental role in relating the majority vote error rate
to average error rate and disagreement. We explore the properties of the polarization and
present empirical results that corroborate our claims. In Section 3.4, we present tight upper
bounds for the error rate of the majority vote for ensembles that satisfy certain conditions;
and in Section 3.5, we prove how disagreement behaves in terms of the number of classifiers.
All of these ingredients are put together to estimate the error rate of the majority vote for a
large number of classifiers using information from only three sampled classifiers. In Section
3.6, we provide a brief discussion and conclusion. Additional material is presented in the
appendices.
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3.2 Background and preliminaries

In this section, we introduce notation that we use throughout the chapter, and we summarise
previous work on the performance of the majority vote error rate.

3.2.1 Notations

We focus on K-class classification problems, with features X € X, labels Y € [K]| =
{1,2, ..., K} and feature-label pairs (X,Y) ~ D. A classifier h : X — [K] is a function that
maps a feature to a label. We define the error rate of a single classifier h, and the disagreement
and the tandem loss [MLIS20| between two classifiers, h and &/, as the following:

Error rate : L(h) = Ep[1(h(X) #Y)]
Disagreement : D(h,h') = Ep[1(h(X) # h'(X))]
Tandem loss : L(h, /') = Ep[L(h(X) # Y)1(K(X) #Y)],

where the expectation Ep is used to denote E(xy).p. Next, we consider a distribution
of classifiers, p, which may be viewed as an ensemble of classifiers. This distribution can
represent a variety of different cases. Examples include: (1) a discrete distribution over finite
number of h;, e.g., a weighted sum of h;; and (2) a distribution over a parametric family hy,
e.g., a distribution of classifiers resulting from one or multiple trained neural networks. Given
the ensemble p, the (weighted) majority vote b}V : X — [K] is defined as

W (z) = argegi?x E,[1(h(z) = y)].

Again, £, denotes Ej,,, and we use E,, E 2, P, for Ep, E( p)~p2, Pan,p, respectively, through-
out the chapter. In this sense, E,[L(h)] represents the average error rate under a distribution
of classifiers p and E,2[D(h, h')] represents the average disagreement between classifiers un-
der p. Hereafter, we refer to E,[L(h)], E,2[D(h, k)], and L(h)") as the average error rate,
the disagreement, and the majority vote error rate, respectively, with

L(h,™) = Ep[1(h," (X) # V).

Lastly, we define the point-wise error rate, W,(X,Y’), which will serve a very important role
in this chapter (for clarity, we will denote W,(X,Y") by W, unless otherwise necessary):

W, (X,Y) = E,[L(h(X) £ ). (3.1)

3.2.2 Bounds on the majority vote error rate

The simplest relationship between the majority vote error L(hﬁ/w) and the average error rate
E,[L(h)] was introduced in [McA98|. It states that the error in the majority vote classifier
cannot exceed twice the average error rate:

LOAY) < 28, [L(h) (32)
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A simple proof for this relationship can be found in [MLIS20| using Markov’s inequality.
Although (3.2) does not provide useful information in practice, it is worth noting that this
bound is, in fact, tight. There exist pathological examples where hi\]w exhibits twice the
average error rate (see Appendix C in [TKY"24]). This suggests that we can hardly obtain a
useful or tighter bound by relying on only the “first-order” term, E,[L(h)].

Accordingly, more recent work constructed bounds in terms of “second-order” quantities,
E2[L(h,h')] and E2[D(h,k')]. In particular, [LMRR17] and [MLIS20] designed a so-called
C-bound using the Chebyshev-Cantelli inequality, establishing that, if E,[L(h)] < 1/2, then
E,2[L(h,W)] — E,[L(h)]?
[

L) < ] =B L] £

(3.3)

1
4

As an alternative approach, [MLIS20] incorporated the disagreement E[D(h, /)] into the
bound as well, albeit restricted to the binary classification problem, to obtain:

L(hYY) < 4E,[L(h)] — 2E2[D(h, 1)) (3.4)

While (3.3) and (3.4) may be tighter in some cases, once again, there do exist pathological
examples where this bound is as uninformative as the first-order bound (3.2). Motivated by
these weak results, [TKY"24] take a new approach by restricting p to be a “good ensemble,”
and introducing the competence condition (see Definition B.1 in our Appendix B.1). Informally,
competent ensembles are those where it is more likely—in average across the data—that
more classifiers are correct than not. Based on this notion, [TKY 24| prove that competent
ensembles are guaranteed to have weighted majority vote error smaller than the weighted
average error of individual classifiers:

L(h,"™) < E[L(h)]. (3.5)

That is, the majority vote classifier is always beneficial. Moreover, |[TKY 24| proves that
any competent ensemble p of K-class classifiers satisfy the following inequality.

) < = (i, 1200] - JEelD(0, )] ) (36)

We defer further discussion of competence to Appendix B.1, where we introduce simple cases
for which competence does not hold. In these cases, we show how one can overcome this issue
so that the bounds (3.5) and (3.6) still hold. In particular, in Appendix B.1.3, we provide an
example to show the bound (3.6) is tight.

3.3 The Polarization of an ensemble

In this section, we introduce a new quantity, 7,, which we refer to as the polarization of
an ensemble p. First, we provide examples as to what this quantity represents and draw a
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connection to previous studies. Then, we present theoretical and empirical results that show
this quantity plays a fundamental role in relating the majority vote error rate to average
error rate and disagreement. In Theorem 3.1, we prove an upper bound for the polarization
1,, which highlights a fundamental relationship between the polarization and the constant %.
Inspired from the theorem, we propose Conjecture 3.1 which we call a neural polarization law.
Figures 3.1 and 3.2 present empirical results on an image recognition task that corroborates
the conjecture.

We start by defining the polarization of an ensemble. In essence, the polarization is an
improved (smaller) coefficient on the Markov’s inequality on Pp(W, > 0.5), where W, is
the point-wise error rate defined as equation (3.1). It measures how much the ensemble is
“polarized” from the truth, with consideration of the distribution of W,,.

Definition 3.1 (POLARIZATION). An ensemble p is n-polarized if
nEp[W2] > Pp(W, > 1/2). (3.7)
The polarization of an ensemble p is

o PD(Wp > 1/2)
T]ﬂ T ED[sz] )

which is the smallest value of n satisfies inequality (3.7).

Note that the polarization always takes a value in [0, 4], due to the positivity constraint and
Markov’s inequality. Also note that ensemble p with polarization 7, is 7-polarized for any
n 2 1y

To understand better what this quantity represents, consider the following examples. The
first example demonstrates that polarization increases as the majority vote becomes more
polarized from the truth, while the second example demonstrates how polarization increases
when the constituent classifiers are more evenly split.

Example 1. Consider an ensemble p where 75% of classifiers output Label 1 with probability
one, and the other 25% classifiers output Label 2 with probability one.

- Case 1. The true label is Label 1 for the whole data.
In this case, the majority vote in p results in zero error rate. The point-wise error rate W,
is 0.25 on the entire dataset, and thus Pp(W, > 0.5) = 0. The polarization 7, is 0.

- Case 2. The true label is Label 1 for half of the data and is Label 2 for the other half.
In this case, the majority vote is only correct for half of the data. The point-wise error rate
W, is 0.25 for this half, and is 0.75 for the other half. The polarization 1), is 0.5/0.3125 = 1.6.
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- Case 3. The true label is Label 2 for the whole data.
In this case, the majority vote in p is wrong on every data point. The point-wise error
rate W, is 0.75 on the entire dataset and thus Pp(W, > 0.5) = 1. The polarization 7, is
1/0.3125 = 3.2.

Example 2. Now consider an ensemble p of which 51% of classifiers always output Label 1,
and the other 49% classifiers always output Label 2.

- Case 1. The polarization 7, is now 0, the same as in Example 1.
- Case 2. The polarization 7, is 0.5/0.2501 ~ 2, which is larger than 1.6 in Example 1.

- Case 3. The polarization 7, is now 1/0.2501 ~ 4 , which is larger than 3.2 in Example 1.

In addition, the following proposition draws a connection between polarization and the
competence condition mentioned in Section 3.2.2. It states that the polarization of competent
ensembles cannot be very large. The proof is deferred to Appendix B.1.2.

Proposition 3.1. Competent ensembles are 2-polarized.

Now we delve more into this new quantity. We introduce Theorem 3.1, which establishes (by
means of concentration inequalities) an upper bound on the polarization 7,. The proof of
Theorem 3.1 is deferred to Appendix B.2.1.

Theorem 3.1. Let {(X;,Y;)}™, be independent and identically distributed samples from D
that are independent of an ensemble p. Then the polarization of the ensemble, n,, satisfies

2

s Llogl+ /&gl +45P
X —
o = 3 25

: (3.9)

with probability at least 1— 0, where S = L37" W2(X;,Y;) and P = LS L(W,(X, ) >
1/2).

Surprisingly, in practice, 1, = % appears to be a good choice for a wide variety of cases. See
Figure 3.1 and Figure 3.2, which show the polarization 7, obtained from VGG11 [SZ14],
DenseNet40 [HLVDMW17], ResNet18, ResNet50 and ResNet101 [HZRS16] trained on CIFAR-
10 [KH'09] with various hyperparameters choices. The trend does not deviate even when
evaluated on an out-of-distribution dataset, CIFAR-10.1 [RRSS19, TFF08|. For more details
on these empirical results, see Appendix B.3.
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Figure 3.2: Polarization 7, obtained (a) from various architectures trained on CIFAR-10 and
(b) only from interpolating classifiers trained on various datasets. Red dashed line indicates
y = 4/3. In subplot (b), we observe that the polarization of all interpolating models expect
one are smaller than 4/3, which aligns with Conjecture 3.1.
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Remark. We emphasize that values for 7, that are larger than % does not contradict
Theorem 3.1. This happens when the non-constant second term in (3.9) is larger than %,
which is often the case for classifiers which are not interpolating (or, indeed, that underfit or
perform poorly).

Definition 3.2 (INTERPOLATING, |[BHMMI19]). A classifier is interpolating if it achieves
an accuracy of 100% on the training data.

Putting Theorem 3.1 and the consistent empirical trend shown in Figure 3.2(b) together, we
propose the following conjecture.

Conjecture 3.1 (NEURAL POLARIZATION LAW). The polarization of ensembles comprised

of independently trained interpolating neural networks is smaller than 3.

3.4 Entropy-restricted ensembles

In this section, we first present an upper bound on the majority vote error rate, L( ), in
Theorem 3.2, using our notion of polarization 7, which we introduced and defined in the
previous section. Then, we present Theorems 3.3 and 3.4 which are the main elements in
obtaining tighter upper bounds on L(hﬁ/w). Figure 3.3 shows our proposed bound offers a
significant improvement over state-of-the-art results. The new upper bounds are inspired
from the fact that classifier prediction probabilities tend to concentrate on a small number
of labels, rather than be uniformly spread over all the possible labels. This is analogous to
the phenomenon of neural collapse [Kot22]. As an example, in the context of a computer
vision model, when presented with a photo of a dog, one might expect that a large portion of
reasonable models might classify the photo as an animal other than a dog, but not as a car
or an airplane.

MV
hp

We start by stating an upper bound on the majority vote error, L(h)'V) as a function of
polarization 7,. This upper bound is tighter (smaller) than the previous bound in inequality
(3.6) when the polarization is lower than 2, which is the case for competent ensembles. The
proof is deferred to Appendix B.2.2.

Theorem 3.2. For an ensemble p of K-class classifiers,
2n,(K — 1 1
) < 2200 (i, 200] - B plD0 1))
where 1, is the polarization of the ensemble p.

Based on the upper bound stated in Theorem 3.2, we add a restriction on the entropy of
constituent classifiers to obtain Theorem 3.3. The theorem provides a tighter scalable bound
that does not have explicit dependency on the total number of labels, with a small cost
in terms of the entropy of constituent classifiers. The proof of Theorem 3.3 is deferred to
Appendix B.2.3.
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Theorem 3.3. Let p be any n-polarized ensemble of K -class classifiers that satisfies P,(h(x) ¢
A(x)) < A, where y € A(z) C [K] and |A(x)| < M, for all data points (x,y) € D. Then, we
have

LMY < %—” [(1 + %) E,[L(h)] — %EPQ [D(h,h)]| .

While Theorem 3.3 might provide a tighter bound than prior work, coming up with pairs
(M, A) that satisfy the constraint is not an easy task. This is not an issue for a discrete
ensemble, however. If p is a discrete distribution of N classifiers, then we observe that the
assumption of Theorem 3.3 must always hold with (M, A) = (N+1,0). We state this as the
following corollary.

Corollary 3.1 (FINITE ENSEMBLE). For an ensemble p that is a weighted sum of N
classifiers, we have

L) < F25 (Bl (h] - 5B DK, (3.10)

where 1, is the polarization of the ensemble p.

See Figure 3.3, which provides empirical results that compare the bound in Corollary 3.1
with the C-bound in inequality (3.3), and with inequality (3.6) proposed in [TKY"24]. We
can observe that the new bound in Corollary 3.1 is strictly tighter than the others. For more
details on these empirical results, see Appendix B.3.

Although the bound in Corollary 3.1 is tighter than the bounds from previous studies, it’s
still not tight enough to use it as an estimator for L(hg/w). In the following theorem, we use
a stronger condition on the entropy of an ensemble to obtain a tighter bound. The proof is
deferred to Appendix B.2.4.

Theorem 3.4. For any n-polarized ensemble p that satisfies

1

SEp [Pz (h(X) # Y. W(X) # Y, h(X) # W(X))] < e Ep [P, (A(X) # Y] (3.11)
we have

LYY < 1 (14 <) B [L(R)] — SE[D(h, ]|

The condition (3.11) can be rephrased as follows: compared to the error P,(h(z) # y), the
entropy of the distribution of wrong predictions is small, and it is concentrated on a small

number of labels. A potential problem is that one must know or estimate the smallest possible
value of ¢ in advance. At least, we can prove that ¢ = % always satisfies the condition

(3.11) for an ensemble of K-class classifiers. The proof is deferred to Appendix B.2.4.
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Figure 3.3: Comparing our new bound from Corollary 3.1 (colored black), which is the right
hand side of inequality (3.10), with bounds from previous studies. Green corresponds to the
C-bound in inequality (3.3), and blue corresponds to the right hand side of inequality (3.6).
ResNet18, ResNet50, ResNet101 models with various sets of hyperparameters are trained
on CIFAR-10 then tested on (a) the out-of-sample CIFAR-10, (b) an out-of-distribution
dataset, CIFAR-10.1.

Corollary 3.2. For any n-polarized ensemble p of K-class classifiers, we have
K-2 1

L) < 0 | (14 s ) EALO)] - 3EAD( )]

Naturally, this € is not good enough for our goal. We discuss more on how to estimate the
smallest possible value of € in the following section.
3.5 A universal law for ensembling

In this section, our goal is to predict the majority vote error rate of an ensemble with large
number of classifiers by just using information we can obtain from an ensemble with a small
number, e.g., three, of classifiers. Among the elements in the bound in Theorem 3.4,

7 |+ EL)] - SEAD( ]|

we plug in 7 = 3 as a result of Theorem 3.1; and since E,[L(h)] is invariant to the number
of classifiers, it remains to predict the behavior of E 2[D(h,h')] and the smallest possible
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Ep|P 2 (h(X)#AY,h (X)#Y,h(X)#h' (X)) . .
olf,e Sn B, () ZY)) ] Since the denominator Ep [P, (h(X) #Y)] =

E,[L(h)] is invariant to the number of classifiers, and the numerator resembles the disagreement
between classifiers, €, is expected to follow a similar pattern as E,:[D(h,h’)]. Note that the
numerator of €, has the same form as the disagreement, differing by only one less label. Both
are V-statistics that can be expressed as a multiple of a U-statistic, as shown in equation
(B.10). In the next theorem, we show that the disagreement for a finite number of classifiers
can be expressed as the sum of a hyperbolic curve and an unbiased random walk. Here, [z]
denotes the greatest integer less than or equal to = and D|0, 1] is the Skorokhod space on
[0,1] (see Appendix B.2.6). The proof is deferred to Appendix B.2.5.

valueof e, ¢, =

Theorem 3.5. Let py denote an empirical distribution of N independent classifiers {h;}Y,
sampled from a distribution p and 02 = Vary,(Ep~,Pp(h(X) # I (X))). Then, there exists
Dy, > 0 such that

) 1 2
E(h,h’)f\/p?\, [D(h,, h, )] = (1 - N) (Doo + \/_NZN) y

where EZy = 0, VarZy — af and {%Z[Nt}}te[o,l] converges weakly to a standard Wiener

process in D[0,1] as N — oo.

Theorem 3.5 suggests that the disagreement within N classifiers, E 2 [D(h,h')], can be

approximated as %DOO. From the disagreement within M (< N) classifiers, D., can be

approximated as %El,ﬁl [D(h,])], and therefore we get

N -1 M
. E

Ep%, [D(h7 h,)] ~ N M _ 1 p?w[

D(h, 1)]. (3.12)
Assume that we have three classifiers sampled from p. We denote the average error rate,
the disagreement, and the ¢, from these three classifiers by Es[L(h)], Es[D(h, h')], and e3,
respectively. Then, from Theorem 3.4 and approximation (3.12) (which applies to both
disagreement and ¢,), we estimate the majority vote error rate of N classifiers from p as the
following;:

LYY 5 g [(1 - % . g : 53) E;[L(h)] — % : g _ %Eg[D(h,h’)]]
= % [Eg[L(h)] + % (53E3[L(h)] - %Eg[D(h, h/)])] : (3.13)

Alternatively, we can use the polarization measured from three classifiers, 73, instead of n = %,
to obtain:

1) = s [maie) + 258 (i) - Jmip )| s
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Figure 3.4: Comparing the estimated (extrapolated) majority vote error rates in equation
(3.13) (blue-dashed lines) and (3.14) (orange-dashed lines) with the true majority vote error
(green solid line) for each number of classifiers. The solid sky-blue line corresponds to the
average error rate of constituent classifiers. Subplots (al), (b), (c), (d), (e) show the
results from different pairs of (classification model, dataset). Subplot (a2) overlays the right
hand side of inequality (3.3) (C-bound, colored red) and inequality (3.6) (|[TKY*24] bound,
colored purple) on the subplot (al). These two quantities from previous studies are much
larger compared to the average error rate. We see the same pattern for other (architecture,
dataset) pairs, which we therefore omit from the plot. For more details on these empirical
results, see Appendix B.3.
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Figure 3.4 presents empirical results that compare the estimated (extrapolated) majority vote
error rates in equations (3.13) and (3.14) with the true majority vote error for each number
of classifiers. ResNet18 models are tested on four different dataset: CIFAR-10, CIFAR-10.1,
Fashion-MNIST [XRV17] and Kuzushiji-MNIST [CBIK™ 18] where the models are trained
on the corresponding train data. MobileNet [How17] is trained and tested on the MNIST
[Den12] dataset. Not only do the estimators show significant improvement compared to the
bounds introduced in Section 3.2.2, we observe that the estimators are very close to the
actual majority vote error rate; and thus the estimators have practical usages, unlike the
bounds from previous studies. In Figure 3.4(a2), existing bounds (3.3) and (3.6) are much
larger compared to the average error rate. This is also the case for (architecture, dataset)
pairs of other subplots.

3.6 Discussion and conclusion

This work addresses the question: how does the majority vote error rate change according to
the number of classifiers? While this is an age-old question, it is one that has received renewed
interest in recent years. On the journey to answering the question, we introduce several
new ideas of independent interest. (1) We introduced the polarization 7),, of an ensemble
of classifiers. This notion plays an important role throughout this chapter and appears in
every upper bound presented. Although Theorem 3.1 gives some insight into polarization,
our conjectured neural polarization law (Conjecture 3.1) is yet to be proved or disproved,
and it provides an exciting avenue for future work. (2) We proposed two classes of ensembles
whose entropy is restricted in different ways. Without these constraints, there will always be
examples that saturate even the least useful majority vote error bounds. We believe that
accurately describing how models behave in terms of the entropy of their output is key to
precisely characterizing the behavior of majority vote, and likely other ensembling methods.

Throughout this chapter, we have theoretically and empirically demonstrated that polarization
is fairly invariant to the hyperparameters and architecture of classifiers. We also proved
a tight bound for majority vote error, under an assumption with another quantity ¢, and
we presented how the components of this tight bound behave according to the number of
classifiers. Altogether, we have sharpened bounds on the majority vote error to the extent
that we are able to identify the trend of majority vote error rate in terms of number of
classifiers.

We close with one final remark regarding the metrics used to evaluate an ensemble. Majority
vote error rate is the most common and popular metric used to measure the performance of
an ensemble. However, it seems unlikely that a practitioner would consider an ensemble to
have performed adequately if the majority vote conclusion was correct, but was only reached
by a relatively small fraction of the classifiers. With the advent of large language models, it
is worth considering whether the majority vote error rate is still as valuable. The natural
alternative in this regard is the probability P,(W, > 1/2), that is, the probability that at least
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half of the classifiers agree on the correct answer. This quantity is especially well-behaved,
and it frequently appears in our proofs. (Indeed, every bound presented in this work serves
as an upper bound for P,(W, > 1/2).) We conjecture that this quantity is useful much more
generally.
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Chapter 4

Loss-Robust Quantile Prediction for
Proper Losses

4.1 Introduction

Probabilistic forecasting, i.e., forecasting the distribution of a target variable, has become a
popular framework across a variety of prediction tasks [GK14, VBD"21, SWM*18, CRL"22].
In contrast to point predictions, probabilistic forecasts provide a richer description of uncer-
tainty and offer end-users greater information with which to evaluate risk and guide effective
decision-making [Raf16|. This flexibility is particularly valuable in settings in which a single
prediction is shown to a diverse set of users with varying and unknown objectives, as it allows
users to extract the information most relevant to their needs.

A conventional approach for training and evaluating a probabilistic forecast is to measure its
distance from the true distribution using a proper loss [GRWG05, GRO7]. In general, we say
that a loss is proper if (in expectation) it is minimized by predicting the true distribution
of the outcome. There are a number of popular proper losses in the literature, and a key
difficulty is determining which loss one should use for training. Indeed, while all proper losses
share the same global optimum, they penalize distance from the ground truth asymmetrically,
and thus obtaining a near minimizer in one loss does not guarantee good performance on
other metrics [BRT25].

In response to this, a recent line of work aims to construct omnipredictors that achieve
optimal performance on multiple losses simultaneously [GKR 722, GKR23, GJRR24, GOR ™24,
NRRX25, LRS25, OKK25, GT25]. Much of this work has focused on binary prediction
tasks. There, it has been shown that given a baseline class of prediction functions one
can construct a single unified predictor that approximately matches the performance of
the best baseline on every proper loss simultaneously [GJRR24, OKK25, GT25|. Notably,
the error rates achieved in these works are identical (up to logarithmic factors) to the
standard error rates for minimizing a single loss function (O(1/1/T) in the online setting
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over T timesteps, and O(\/l /n) in the offline setting over n samples). Thus, omniprediction
offers the potential to provide a practical path to improving existing learning algorithms.
On the other hand, results for multiclass and continuous targets are more modest. Prior
work in [GKR722, GOR"24, LRS25| gives algorithms for multiclass or continuous outcome
omniprediction over restricted classes of losses satisfying various convexity and Lipschitz
conditions, while [NRRX25]| considers multiclass Bregman losses that are separable in the
predicted probability for each class. In all cases, omniprediction is achieved at significantly
slower rates than in the binary setting. For more general losses, [HTY26]| propose a method
for obtaining omniprediction over all proper losses in the multiclass setting. However, its error
rate deteriorates rapidly as the number of classes grows, with realized rates of (k/n)!/(*+1)
and (k/T)"*+Y for online/offline k-class classification, respectively.

To achieve more practical methods, we pursue omniprediction guarantees for simplified
probabilistic forecasts expressed as dense grids of quantile predictions for the outcome. Our
motivation for considering such quantile forecasts is two-fold. First, on a technical level, proper
losses for quantiles admit a decomposition as mixtures over a smaller two-parameter class of
elementary losses. This will allow us to focus our algorithms on a small, tractable set of losses
and thus enable the development of efficient omniprediction algorithms that mirror those
for the binary prediction setting. Second, more practically, quantile forecasts are a popular
way to summarize uncertainty in many real-world forecasting domains [HF16, CRL722]. As
a demonstration, in Section 4.4, we will show how our methods can be used to improve
quantile-level forecasts of COVID-19 hospitalizations made by expert forecasting groups
during the pandemic.

The remainder of this article is structured as follows. Section 4.2 formally defines our
prediction framework and presents the key structural results for proper quantile losses used
throughout this article. Section 4.3 develops our main method, which is an online forecasting
algorithm for constructing quantile predictions that achieve low regret on all (sufficiently
smooth) proper losses simultaneously. Analogous to results for the binary setting, we show
that the omniprediction error of this method over T' timesteps scales as O(1/1/T) and thus
matches rates for learning under a single loss (up to logarithmic factors). Finally, Section 4.4
gives our main empirical results where we show that this procedure can be used to improve
quantile forecasts made during the COVID-19 pandemic and we conclude in Section 4.5 with
a discussion of limitations and directions for future work. Additional technical details are
deferred to the appendix, including proofs of all theoretical results, efficient subroutines for
faster implementation of our algorithm, and additional experimental results and plots.

4.2 Background and preliminaries

4.2.1 Problem statement

We consider an online adversarial setting in which at each timestep ¢ € [T] the goal is to
forecast an outcome Y; whose distribution is allowed to depend on the entire history of
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previous outcomes and predictions. For simplicity, we assume that Y; lies in [0, 1] though our
results readily extend to any bounded interval by translation and rescaling.

Given quantile levels 0 < 71 < Ty < --- < 7y < 1, our forecasts take the form of a vector
q(t) = (qi(t),...,qn(t)) where ¢,(t) denotes our estimate of the 7, quantile of Y;. We
evaluate the performance of these predictions by comparing them to a finite set of B base
forecasters F = {{fi'(t) }neinj e ¢ b € [B]}, where fi'(t) € [0, 1] denotes the forecast of the
Tn,-quantile made by base forecaster f, at timestep ¢.

As motivating examples, one may consider problems in which F is a collection of parametric
functions mapping some covariates X; to Y; or problems in which F contains candidate
forecasts from many different baseline learning algorithms. In either case, at every timestep
t we will observe the previous sequence of outcomes (Y;)s<; and the current and preceding
base forecasts {{f;'(s)}ne[n),s<t : b € [B]} and our goal will be to construct ¢(t) so that it
matches the performance of the best base forecaster on every loss ¢ in some collection L.
More precisely, following [GKR 22|, we aim to minimize the omniprediction error defined as

sup 25" t(g(t), Vi) — £(fy(8), V2), (4.1)

LeL,be[B) —

where F = {f,}2_, and f,(t) := (fi(),..., fN(t)). It is important to emphasize that in this
definition the comparator forecaster in F is allowed to depend on the loss ¢ € L. As a result,
to achieve low omniprediction error it is not sufficient to set ¢(t) to be a fixed element of F
as the best base forecaster may vary between losses.

In this article we will be interested in pursuing low omniprediction error with respect to the
class of proper losses. Broadly, we say that a loss function is proper for forecasting a given
set of quantiles if it is minimized by forecasting the true quantiles of the target. ' This is
formalized in the following definition.

Definition 4.1 (Proper loss for quantile levels). For a distribution Py on [0,1], denote
its T-level quantile by ¢5(Py) := inf{q € [0,1] : Py.p. (Y > ¢q) > 7}. A loss function
0:00, 1) x [0,1] = Rsq is referred to as a proper loss for quantile levels 0 < 11 < 75 <
o<ty < 1af

(¢ (Py))N_, € arg n]lvin Ey.p,.[l(q,Y)],  for all distributions Py supported on [0, 1].
qeR

By definition, the class of proper losses is the largest class of losses that share the true quantiles
as their common minimizer and thus is the largest class over which we can reasonably expect
to achieve low omniprediction error.

'Losses with this property are also sometimes referred to as consistent losses or consistent scoring
functions.
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4.2.2 Existing characterizations of proper losses

In order to make our omniprediction objective tractable, we will rely on structural charac-
terizations of proper losses for quantiles. Such characterizations have a long history in the
forecasting literature dating back to the pioneering work of [Sav71|. We will in particular
rely on results for quantiles developed in [Tho79, Sae00, Gnell, EGJK16] which show that
any (sufficiently smooth) proper loss for a single quantile level can be decomposed as a
mixture over a one-dimensional family of elementary losses. To outline this result, [EGJK16]
summarizes the characterization of proper loss for single quantile level from previous works
as follows:

Characterization. For any non-decreasing function ¢ : [0,1] — R, the loss function
¢:1]0,1] x [0,1] — R> given by

g, y) = (1(y < q) — 7)(9(q) — 9(y)) (4.2)

is proper for the 7-level quantile. Moreover, this representation is exhaustive in the sense that
any proper loss function for the 7-level quantile that satisfies the mild regularity conditions
(LO) £(q,y) > 0 with equality if ¢ = y, (L1) £ is continuous, and (L2) ¢ is twice continuously
differentiable for ¢ # y can be expressed in this form.

Let £, denote the class of loss functions of the form (4.2) with g being a left-continuous,
non-decreasing function. Then, [EGJK16| shows that every loss in £, can be decomposed as
a mixture of so-called elementary losses as follows.

Theorem 4.1 (Theorem la in [EGJKI16]). Fiz any 7 € (0,1). For any loss function { € L.,
there exists a non-negative Lebesque—Stieltjes measure H on [0, 1], given by dH(0) = dg(0),
such that for all q,y € [0,1],

o) = [ brolg, y)dH (D), (43

where for any 6 € [0, 1], ;¢ is the elementary loss

11— T, Y S 0 < q,
lro(a,y) = (W(y < q) —7)(L(0 < q) =10 <y)) =4, <0<y, (4.4)
0, otherwise.

It may be instructive to note that for any 7,60 € [0, 1] the elementary loss ¢, ¢ is itself proper.
To see this, fix any 7,6 € (0,1)? and note that by definition ¢, 4 essentially only admits two
forecasts. Namely, we may either forecast a value ¢ > 6 or a value ¢ < 6. Which of these
forecasts is optimal will depend on the sign of

Eyopy [lro(1,Y)] = Eyop, [l-6(0,Y)] = (1 — 7)P(y < 0) — 7P(y > 0),

2The cases 7 € {0,1} and @ € {0,1} can be proven similarly and are omitted.
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which is nonnegative (resp. nonpositive) exactly when 6 is below (resp. above) the T-quantile
of Py.

Decision-making interpretation of elementary losses.

Following the exposition in [MIT"25], one may also interpret  Table 4.1: Payoff table
(.9 in terms of a decision-making task in which one must decide
whether to take a preventative action against an adverse event.
More formally, let C' denote the cost of taking this action (e.g., s(a,0) | o
expanding hospital capacity) and L denote the price paid if a=1
the adverse event occurs (e.g., COVID-19 cases surge) and no a—=0 I, 0
preventative action was taken. Let a = 1{action taken} and
o = 1{adverse event occurs} denote binary indicators for the
action and outcome, respectively, and define a utility s expressing the payoffs for these
outcomes as in Table 4.1. Finally, suppose the adverse event occurs exactly when some
outcome Y (e.g., COVID-19 cases) exceeds a given threshold 6 (e.g., the hospital’s current
capacity). Then, if we take the preventative action if and only if the forecast quantile ¢
exceeds 6, one can check that

I
—
Q
I
=)

Q

s(M{g >0}, 1{Y > 0}) — s(I{Y > 0}, I{Y > 0}) = L - lsc/o(q,Y),

and thus up to renormalization correctly forecasting the (1 — C/L)-level quantile of Y is
equivalent to choosing the correct action.

To extend beyond single quantile forecasts we will utilize a result of [FZ16] which shows that
proper losses for vectors of quantiles decompose as sums of proper losses for single quantiles.

Theorem 4.2 (Simplified version of Proposition 4.2 in [FZ16]). Fiz any0 <7 < --- <7y <1
and let £ : [0,1]Y x [0, 1] — Rxq be a proper loss for quantile levels {7, }_, that satzsﬁes mild
reqularity conditions (See Appendiz C.6.1). Then, there exists losses {q, ..., Ly : [0,1]x][0,1] —
R>¢ such that £, is a proper loss for the 7,-level quantile and

Uqr - ansy) = Y ln(gn, y)- (4.5)

Now, define the following two classes of loss functions £ : [0, 1]V x [0, 1] — Rx:

5]

Qna (]l(y<Qn) )(gn(Qn)_gn(y)>} , Ly = {E €L | ||€||00 < 1}
(4.6)

where each g, is non-decreasing and left-continuous. Putting the results above together,
any loss function ¢ € £ can be expressed as £(q1,...,qn,¥) = >, f 0(qn,y) dH,(0)
for some non-negative mixing measures H,, and is a proper loss for quantlle levels {m 32,
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Moreover, this representation is exhaustive: £ contains all proper losses for quantile levels
{7}, that satisfies mild regularity conditions. Finally, we add the additional restriction in
L1 that ¢ is bounded because this will give a common scale to our definition of omniprediction
and ensure that the mixing distributions have bounded total measure.

4.3 Quantile omniprediction for proper losses

4.3.1 Discretization

We now turn to our main theoretical results which develop an algorithm for constructing
quantile forecasts that achieves low omniprediction error with respect to the loss class L.
Our first step towards deriving this method will be to reduce from optimization over all
losses in £; to optimization over a finite class. To accomplish this, we will combine the
characterizations of proper losses from the previous section with a discretization lemma
that reduces the number of elementary losses that we need to consider to a finite set. For
simplicity, in what follows we will assume that the outcomes Y; and base forecasts f;*(¢) lie in
the discrete grid {0, %, ..., 1}, for some large fixed value m € N. This assumption is relatively
minor and is made primarily for technical convenience. Indeed, our results can be readily
extended to the case where Y; is continuously distributed with a bounded density by incurring
an extra additive error of size O(1/m). Now, let §; = £ — o= for i € [m]. The following
lemma shows that to control the omniprediction error over the class £ it suffices to control
the error over the finite collection of elementary losses {¢r, g, }icim)nen). This discretization
scheme is visualized in Figure 4.1 and a proof of this result can be found in Appendix C.1.1

0, = - Op=-L+L fgo=L 42 0,,= - _}-%_1

2m 2m
+ +

+ Y
t *

1

3|w -

Figure 4.1: Visualization of the discretization on the real line. Outcomes Y; and forecasts
f2(t) take values in the grid {0,1/m, ..., 1} that is interleaved by the values of ;.

Lemma 4.1. Let £, denote the class of bounded proper losses defined in (4.6) and suppose
Yi.qn(t), fi1(t) € {0,1/m, ..., 1} for allt € [T], n € [N], and b € [B]. Then,

SUPygery b :lr Zthl [E(q(t), Yl) - g(fb(t)a Yi)]
SUD; 7 gy [l (00 (1), Y2) = Cr0, (fi(8),Y2)]
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4.3.2 Algorithm

We now introduce our main method, Algorithm 1. Due to Lemma 4.1, it suffices to minimize
the following objective:

wp = b lanl) V) — b (7 0), V0. @7

i€[m],n€[N],be[B] £ 4

To accomplish this, we will draw on an algorithmic framework for multiobjective learning
developed in [LNPR22| and popularized in a number of recent works on omniprediction
and related problems [NRRX25, GJRR24, LRS25, GT25]. The core idea is to consider a
two-player game in which one player constructs a mixture of the elementary loss functions
(., o, and the other player best responds with a (randomized) predictor that minimizes the
worst-case loss gap on the mixture. Concretely, in Algorithm 1, this is implemented by having
the first player use the well-known Hedge algorithm [Vov90, LW94, FS97]| to learn weights
w} (t) over the quantiles levels 7,,, parameters ¢;, and baselines f;* appearing in (4.7) so that
the time-average weighted mixture loss,

S ST ) e (000), Vo) — o (), YD)

t=1 i,n,b

is guaranteed to be close to the supremum in (4.7). Then, letting A,, denote the set of
distributions over [m], the second player constructs their (randomized) forecast as q(t) ~ P
where P, solves the minmax program,

m N B

P<t> = a‘rg mln max Z Z Z w;:ni)EQnNPnnyPy [ng,ei (qn? Y) - E'Tn,ei (fgL (t)7 Y)] ° (48)

P1,..PNEAy, Py€lm i=1 n=1 b=1

By definition, this forecast minimizes the mixture loss over the worst-case (and potentially
adversarially chosen) value of Y.

As anticipated, the following theorem shows that Algorithm 1 achieves our desired omnipredic-

tion guarantee. Proof of this result can be found in Appendix C.1.3.

Theorem 4.3. With learning rate n = ¢/(logmNB) /T, the predictions P(t) = (P, (t))N_,

from Algorithm 1 achieve the omniprediction error bound
up ! E E — 1 logmN B
5 T ~P 4 C]nfy,,Y L f(1),Y, <2<C+_) \/: )
2eLy,be[B] 1 n~Pn(t) [ (( ) 1 t) ( b( ) t)} -

A critical issue when implementing Algorithm 1 is solving the minmax program (4.8) in an
efficient manner. Our detailed procedure for accomplishing this is given in Appendix C.4. As
a summary of those results, the following theorem states the key structural properties of our
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Algorithm 1 Omniprediction under all proper losses for multiple quantile levels

1: Data: Data stream (Y;)Z_,, quantile levels {7,})_,, grid size m €N, learning rate >0,
base forecasters F = {f,} ;.

2: Initialize: wj(1) = —L- for all i € [m],n € [N],b € [B];
3: fort=1,...,7T do
4: 1) Make prediction at time t:
m N B
P(t) - a‘rg mln max Z Z Z wZ)E(InNPn,YNPy [ngﬁi (qn? Y) - g”'nyei (fgL(t>7 Y)]’ (49)

PrPyedm Pu€Am ST 4

5: 2) Update the weights: For all i,n,b,
. wiy (t) exp(n(Ey, p, ) [Cr,.0: (@, YOI = Cr0,(f7'(2), Y1)
i Wiy (0 exp(N(Ey 5 [l 0, (@, YOI = £y 0, (fi) (), Y2)))

6: end for

computed solution. Briefly, the first property states that although p(t) is randomized, this
randomization is supported on only two nearby values. The second property states that the
quantile forecasts produced by P(t) follow the anticipated order ¢ (t) < --- < qn(t), and the
third property gives a bound on the range of P (t)’s support. We provide more details and
the proof of the theorem in Appendix C.1.2.

Theorem 4.4. There exists a solution for P(t) = (P,(t))N_, in Algorithm 1 such that:

n=1
1. For all n € [N], P,(t) is supported on a mazimum of two values.

2. There exists a coupling of (Py(t), ..., P,(t)) such that any sampled value q(t) ~ P(t) is
ordered as q1(t) < --- < qn(t).

3. For alln € [N], P,(t) is supported on [ming,e vy perp) fi (1), max,einpep) fir(t)]-

The preceding theorem demonstrates that ]5(75) produces sensible quantile forecasts with
only minimal randomization. Our second key result shows that P(t) can be computed in a
highly efficient manner. This is crucial because although the minimax program in (4.8) is
convex-concave, it involves optimization over a high-dimensional parameter space consisting
of N distributions on [m|, making standard solution methods computationally intractable.
As above, our detailed method for computing P (t) is deferred to Appendix C.4.

Proposition 4.1. At each step of Algorithm 1, ]5(15) can be computed in O(mN B) time.
Consequently, Algorithm 1 can be implemented in O(mN B) time complexity per step.
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4.3.3 Comparison with Separate Optimization of Quantile Levels

In this subsection, we illustrate an advantage of optimizing multiple quantile levels jointly as in
Algorithm 1. In particular, in light of Theorem 4.2, one might ask whether running a separate
omniprediction algorithm, analogous to Algorithm 1, for each quantile level individually
would suffice. Appendix C.2 discusses single quantile omniprediction for proper losses in
detail. In that case, the minimax program (4.9) would be replaced by

~

m B
P,(t) = argmin max Z Z Wi Egon Py Py [lrn 0, (@, Y ) — lr0,(f3' (1),Y)], Vn e [N].

Pen,, PyElm =1 b1



4.4 EVALUATING THE THEORY 40

By Theorem 4.4, Algorithm 1 outputs a vector of quantile estimates that is ordered according
to the quantile levels. In contrast, no such guarantee holds when each quantile level is
optimized separately. Moreover, simple procedures such as post-sorting the resulting quantile
estimates may increase the loss and thus fail to provide an omniprediction guarantee (see
Appendix C.6.2).

4.4 Evaluating the theory

To evaluate Algorithm 1, we consider a real epidemiological forecasting task from the
COVID-19 forecasting hub, a repository of real-time forecasts made during the COVID-19
pandemic [CHW*22]. In particular, we consider forecasting weekly aggregated COVID-19
hospitalizations across 51 state-level series (50 states + DC) and the U.S. aggregate (US-
agg), at N = 23 quantile levels and horizons of h € {1,2,3,4} weeks ahead. We evaluate
performance across all location—horizon pairs (each defining a time series). During the
pandemic research groups throughout the country submitted forecasts to this repository.
We utilize the predictions from B = 18 of these groups as the base forecasts for our
algorithm. We compare our method against two ensembles constructed from the submitted
forecasts by researchers during the pandemic, COVIDhub-Ens and JHUAPL-SLPEns, as
well as Algorithm 3 (Hedge-QL, Appendix C.3). Hedge-QL applies the Hedge algorithm
independently at each quantile level, forming predictions as weighted averages of base forecasts
with weights chosen to minimize the pinball loss. This method acts as a simple baseline for
ensembling quantile forecasts against which we compare our omniprediction procedure. We
use 127 weeks of data from December 2020 to June 2023. Additional details about the data
can be found in Appendix C.5.1.

Metrics We evaluate performance using three metrics. The first is the approximate
cumulative omniprediction error at time t (referred to as the omni-error at time t):

sup - Z Tn,0 Qn s) Tn, (fb() )] (41())

1nb

Note that Lemma 4.1 shows that this quantity approximates the true omniprediction error
(Eq. (4.1)) within a factor of 2. The second is the cumulative quantile loss at time ¢, defined
as

t N

Z ZEqWPn (s) Prn(Ys - qn)],

max s=1 n=1

where p,(x) = 72 — min{z,0} is the canonical pinball loss for the 7-quantile and Y.y is
the maximum value of the ground truth in the given time-series. To clarify terminology, we
refer to the omni-error and cumulative quantile loss at the final time step T as the total
omni-error and total quantile loss, respectively. Finally, as our last metric, we also consider
the instantaneous normalized quantile loss at time ¢: Yit SN E g P (1) (9 (Y — )]
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Discretization As introduced in Section 4.3.1, we discretize both the predictions and the
ground truth into a finite set of values. We use grid spacings from {2, 5, 10, 20, 50, 100, 500}
depending on the range of forecast values. This results in more than 500 grid points for all
208 = 52 x 4 time-series, and more than 1,000 grid points for over 150 time-series. Additional
details on the choice of discretization are provided in Appendix C.5.1.

Learning rates Our algorithm and Hedge-QL each use a learning rate hyperparameter.
Rather than tuning it explicitly, we evaluate each method over a range of learning rates
and report results for the best-performing value on each metric, along with a sensitivity
analysis showing how performance varies with learning rate. In plots and legends, the best
performing learning rates are denoted by *Our algorithm and *Hedge-QL. For some plots,
we also report results using a fixed learning rate. Finally, consistent with our theory, when
referring to an instance of our algorithm with learning rate constant cp, this corresponds
to an implemented learning rate of n = co+/(logmNB)/T. Similarly, for Hedge-QL with
constant ¢y, the learning rate is set as 7 = cg+/(log B) /T / Yiax. We evaluate our algorithm
over co € {104 | i = —8,...,5} and Hedge-QL over cg € {10¥* | i = —4,... 12} (note that
larger constants are needed for Hedge-QL to account for the normalization by 1/Y},. which
gives it a smaller effective learning rate).

4.4.1 Results

We present plots of omni-error over time, as well as total omni-error and total quantile
loss for our algorithm and baseline ensembles. We also provide a sensitivity analysis with
respect to the learning rate. Overall, the results show that our algorithm is comparable to or
outperforms the baseline ensembles, with particularly strong performance on more difficult
prediction tasks. Additional plots, including comparisons of quantile forecast trajectories and
distributions of ranks of each model at each (horizon, location, time) tuple, are provided in
Appendix C.5.2.

As a first evaluation, Figure 4.2 shows the omni-error over time for our algorithm, Hedge-QL,
and the two existing ensembling models on the US-agg data. We find that our algorithm
outperforms the COVIDhub-Ens and JHUAPL-SLPEns ensembles across all time horizons
with larger performance gaps occurring at longer time horizons where forecasting is more
challenging. On the other hand, Hedge-QL performs similarly to our algorithm with the
precise relative performance varying across horizons and learning rates. As a sensitivity check,
this figure shows results for our algorithm obtained with both the best performing learning
rate in hindsight and a fixed value of ¢o = 1. This latter value was chosen as it minimizes
the theoretical bound given in Theorem 4.3. Across all time horizons, forecasts from our
algorithm with co = 1 perform as well as or better than the baseline ensembles.

To evaluate the generalizability of these results, the left panel of Figure 4.3 shows the
differences in total omni-error (left column) and total quantile loss (right column) between
our algorithm and each of the three comparators (rows). Similar to the results for US-agg, we
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Figure 4.2: Omni-error (Eq. (4.10)) over time for 1- to 4-week-ahead forecasting horizons
(left to right panels) on the US-agg data for *Our algorithm (blue), *Hedge-QL (green) and
the COVIDhub-Ens and JHUAPL-SLPEns ensembles (both black). The values of ¢y, co
shown in the legend of each panel correspond to the learning rate which achieved the lowest
total omni-error. The red line shows the results of our algorithm with a fixed learning rate
constant co = 1. Lower values indicate better performance.
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Figure 4.3: Left: State-level comparison of performance relative to *Our algorithm. Rows
show comparisons with three baseline ensembles. Each curve shows a Gaussian kernel density
estimate of the difference in total omni-error (left column) or total quantile error (right
column) across the 51 state-level time series for a given forecasting horizon. Values to
the right of zero (vertical black dotted line) indicate better performance of our algorithm.
Right: Comparison of instantaneous quantile loss realized by *0ur algorithm (x-axis) and
*Hedge-QL (y-axis). See text for detailed descriptions.
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find that our algorithm consistently outperforms the COVIDhub-Ens and JHUAPL-SLPEns
across all time horizons with greater gaps being observed for longer horizons. In comparison to
Hedge-QL, we find that our algorithm has a small advantage in terms of the total omni-error
and realizes a much bigger performance improvement in terms of the total quantile error
especially at three and four week horizons.

The preceding results indicate that our algorithm shows the biggest performance gains on
larger time horizons where forecasting is most difficult. To further investigate this trend, the
right panel of Figure 4.3 displays the instantaneous quantile losses realized by our algorithm
and Hedge-QL at each timestep. The color spectrum in this plot represents the difficulty of
prediction at a given (horizon, location, time) tuple as measured by the average pinball loss
of the base forecasters, Y%ﬁ SN S o (Yi — f(t)). We find that more difficult (darker
red) points are predominantly located above the y = x line indicating that our algorithm
achieves lower quantile loss than Hedge-QL on harder prediction instances.

1wk-ahead prediction 2wk-ahead prediction 3wk-ahead prediction 4wk-ahead prediction

0.020 1 / 1 1

0.015
.
S ] —-— COVIDhub-Ens
L 0.0104 B 1 q
(o] e—eeee ""'\ ------ JHUAPL-SLPEns
E 0.005 ™~ B 1 1 -+ *Hedge-QL
g —e— Our algorithm

0.000 = — oo 1

—0.005 4
10-2 10-t 100 10 10-2 10-! 100 10 10-2 10-1 100 10 10-2 10-1 100 10!
log(learning rate) log(learning rate) log(learning rate) log(learning rate)
1wk-ahead prediction 2wk-ahead prediction 3wk-ahead prediction 4wk-ahead prediction

0.004
F.; 0.002 4 B q q
=
“w | pm—_—————————— —-— COVIDhub-Ens
& 0000 1 1 L JHUAPL-SLPEns
o [TTTTTTTTTTTTTTTTTTTT — o -+ *Hedge-QL
2 -0.002 4 —e— Our algorithm
S
4 —0.004 4

102 107 10 1ot 102 10 10 1ot 102 1o 1o  10' 102 1o  10°  10°
log(learning rate) log(learning rate) log(learning rate) log(learning rate)

Figure 4.4: Sensitivity of our algorithm to the choice of learning rate. Each panel shows the
performance of our algorithm as a function of the learning rate (blue curve) as measured by
the total omni-error (top row) or total quantile loss relative to best base forecaster (bottom
row) on the US-agg data. Panels from left to right show results at 1- to 4-week time horizons,
while horizontal lines indicate the performance of three baseline methods. Lower values
indicate better performance.

We conclude this section with a sensitivity analysis evaluating how the performance of our
algorithm varies with the learning rate. Figure 4.4 shows the realized total omni-error and
total quantile loss realized by our algorithm for 1- to 4-week-ahead horizons on the US-agg
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data with learning rate constants co € {1074 | i = —8,...,5}. We see that across almost all
horizons and learning rates our algorithm outperforms COVIDhub-Ens and JHUAPL-SLPEns
and matches or improves on the performance of Hedge-QL. In general, we find that the total
quantile loss varies more smoothly with respect to the learning rate than the total omni-error,
although neither metric appears to be significantly sensitive to its value. A similar sensitivity
plot for Hedge-QL is given in Appendix C.5.2.

4.5 Discussion and conclusion

In this chapter we develop computationally and sample efficient omniprediction methods
for continuous prediction targets. To make this problem tractable, our results focus on
bounded proper losses for a finite set of quantile levels. While this setting captures a
broad and practically relevant class of evaluation criteria, it does not cover unbounded
losses or proper losses defined on the full predictive distribution. For example, the log-loss
0(f,y) = —log f(y) falls into both categories and requires access to a forecasted density f.
In general, quantile-based representations may be insufficient to evaluate such density-based
proper losses, suggesting the need for new representations and algorithms beyond quantile
aggregation. Exploring alternative aggregation criteria and determining the full scope of
tractable omniprediction problems remain interesting directions for future work.
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Appendix A

Appendix to Chapter 2

A.1 Proofs of main results

In this section, we provide proofs for our main results. Throughout the section, we denote
P hipzs Phops Enmp by Prpr, Py, By, respectively. We also denote W,(X,Y’) simply by W,,.
We typically omit explicit dependence on the data distribution D when it is apparent from
context.

A.1.1 Proof of Theorem 2.1

We first state and prove two lemmas that will be used in the proof of Theorem 2.1. Our first
lemma states that majority-vote error Lp[hyy] is upper bounded by probability of W,(X,Y)
being large.

Lemma A.1. There is the inequality Lplhav] < Pp(W,(X,Y) > 1/2), where Lp(h) =
Ep[1(h(X) #Y)], huv(z) = argmax; Ey[1(h(z) = j)] and W,(X,Y) = E,[1(h(X) # Y)].

Proof. For given data point z, W, < 1/2 implies that we are predicting the true label correctly
more than half of the time. Thus, the majority vote classifier will correctly predict the label
on the data point. O

Our next lemma states a property of competent classifiers which plays a crucial role in the
main proof.

Lemma A.2. Under Assumption 2.1 (competence), for any increasing function h satisfying

h(0) =0,
]E’D[h(Wp)]lwpd/Z] > ED[h(Wp)]legl/Q]a

where Wp =1-W,.
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Proof. For every = € [0, 1],

Pp(Wolyw,<1/2 > ) = Pp(W, € [2,1/2)) 1,<1/2,
PD(WP]IWPSUQ Z ZL’) = PD<Wp € [I, 1/2]) ]lx§1/2 = PD<Wp (- [1/2, 1— x]) 1:v§1/2~

From Assumption 2.1, this implies that Pp(W,Lyw,<1/2 > ) > Pp(W,lyy <12 > ) for all
x € [0,1]. Therefore, for any increasing function h satisfying h(0) = 0, since h(z 1,<.) =
h(flf)]lwg(;,

Pp(h(W,)1w,<1/2 = ) > PD(MWp)]legm > ).
As W, is non-negative, the equality EX = fooo P(X > x)dz concludes the proof. O

With these two lemmas, we now provide the proof of Theorem 2.1.

Proof of Theorem 2.1. From Lemma A.1 and the relation E,[Lp(h)] = Ep[W,] (Fubini’s
theorem), it suffices to show that Pp(W, > 1/2) < Ep[WW,]. To do so, observe

Ep[(W, — 1)lw,>1/2] + Ep[W,ly <1 /5] = Ep[(W, — 1)1, >1/2] + Ep[(1 — W,) 1w, >1/2] = 0.
Applying Lemma A.2 with h(z) = x,

Ep[W,] — Pp(W, > 1/2) > Ep[(W, — Dl s10) + Ep[W, L, <1,
> Ep[(W, — Dlw,>1/2] + Ep[W, 1y, <1/2] = 0.

which proves
Lplhwv] < Pp(W, > 1/2)<Ep[W,] = Ex[Lp(h)]. (A1)

LemmaA.1

This implies EIR > 0. O

A.1.2 Proof of Theorem 2.2
A.1.2.1 Lower bound of EIR
To prove the lower bound, we first define the tandem loss, as used in [MLIS20].

Definition A.1 (Tandem loss). Define the tandem loss to be L(h,h') = Ep[1(h(X) #
Y)L(H(X) £ V).

We also rely on the following lemma, which appears as Lemma 2 in [MLIS20|. It provides
the connection between the average error rate for each data point, W, and the tandem loss,

L(h, ).
Lemma A.3. The equality Ep[W,?] = By, [L(h, I')] holds.
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We first state and prove the following lemma, which provides an upper bound on the tandem
loss.
Lemma A.4. For the K-class problem,

a2 1] < 2522 (B4 (200] - JEaw (D 1))

2

Proof. We denote P, (h(X) # Y) by hy(X). Note that Ep(1 — hy (X)) = E,[L(h)] and
En e [L(h, b)) = Ep[Pn(h(X) # Y)Pu (h'(X) # Y]
= Ep[(1 — hy (X))7].
Then we get
Ep [ L(h, )] = Ep[(1 = hy(X))"] i
— B, [L(R)] — Enffy (X)(1 — hy (X))].

Now we will derive a lower bound of the second term. Since

Enw[1(A(X) # 1 (X Zh hy (X)),

it follows that

By (X)(1 = by (X)) = En [L(R(X) # 1 (X))] = Y hy(X)(1 = hy(X)).

Byﬁmaximizing Z#Y hj(X)(1—h;(X)) subject to Z#Y hi(X) =1—hy(X), we get h;(X) =
%Z(IX), which yields the upper bound

>R - 1(0) < S Ay (X)) + ey (X)(1— Ay (X)),

—_

It follows that
1 K-2

Bl (X)(1 — hy (X))] > “ LB [D(h, )] ~ * 2B, [L(h)
and thus that
Ea (L (h, )] = EA[L()] — Eplfy (X)(1 = oy (X))
< L] - (5 Bl D)~ * B0 )

2(K —1) 1 /
— e (Eh[L(h)] — iEh,h’ [D(h, h )]) .
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We now provide the proof for the lower bound of EIR in Theorem 2.2.
Proof. We first claim that Pp(W, > 1/2) < 2Ep[W,*. Then, we have

Ep[(2W,2 — 1)1y, 5152) = Ep[(2(1 — W,)? — 1)1y, <1 o)
= Ep[(1 — 4W, + 2W, )Ly, <1 ],

where Wp = 1 —W,. Therefore,
Ep[(2W,” — 1)lw,212] + Ep[2W, Ly, <1/0] = Ep|(L = 41, + 417,") Ly, <1/0] > 0.
Now we apply Lemma A.2 with h(z) = 222, to obtain

Ep[2W,%] — Pp(W, > 1/2) > Ep[(2W,* — 1)Lw,>1/2] + Ep[2W,* 1w, <12

2 = 2 (A2)
> Ep[(2W," — D)1w,>1/2] + Ep[2W, 1y, <1 0] =0,

which proves the claim, Pp(W, > 1/2) < 2Ep[W,?.
Now we put the claim together with Lemmas A.1, A.3, and A.4 to conclude the proof.

Lhay) < Pp(W,>1/2) <2Ep[W,? = 2B n[L(h )]
Lemma A.1 emma A.:
4K —1 1 (A.3)
< A (Bl - JEnlD0 )
Lemma A.4 K 2
Rearranging the terms, we obtain
2(K —1 3K —4
B (Lo(h)] - L) = 20 Vg, o) - 2 m )
Dividing the both terms by E,[L(h)] gives the lower bound 2U;{”DER — 3 O

A.1.2.2 Upper bound of EIR
We denote P, (h(X) # Y) by hy(X). We have

En[L(h)] = L(hav) = Enp[L((X) #Y) — L(hav(X) # Y)].
Now

L(WX) #Y) = Ly (X) #Y) =
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Now notice By, p[1(h(X) # hyy(X))] = 1 — Ep[maxy hy(X)]. Moreover, by Holder’s inequal-
ity,

IR(X)]5 < max Ay (X),

and so
<1 —Ep[|[h(X)|?] = Epn[D(h, 1)].

Dividing the both terms by E,[L(h)] gives the upper bound DER.

A.1.3 Upper and lower bounds on the error rate of the majority
vote classifier

We now present upper and lower bound on the majority vote classifier that follow from the
bounds in Theorem 2.1 and 2.2, and compare them with existing bounds in the literature.

Theorem A.1. For any competent ensemble p of K-class classifiers, the majority vote error
rate satisfies

) < win { 0 (5, 0200] = JB0 D)) B (20

L(tv) 2 B plL(0)] — Enpony[D(, ).

Proof. The upper bound follows from inequality (A.1) and (A.3). The lower bound follows
from inequality (A.5). O

We have already discussed that the bound L(hyy) < E[L(h)] represents an improvement by
a factor of 2 over the naive first-order bound (2.1). Here, we further compare the bound

L) < ‘“K_K—l) (EhNP[L(h)] _ %Ehh/Np[D(h, h’)]> (A6)

to other known results in the literature. The closest in form is a bound specialized to binary
case from [MLIS20], which gives

L(hwy) < 4Bh,[L(R)] — 2Bpp[D(h, 1)). (A7)

Note that plugging in K = 2 to (A.6), we obtain the bound 2E;,[L(h)] — Ej prw,[D(h, B)],
immediately improving on (A.7) by a factor of 2 (interestingly, the same factor that we save
on the first-order bound). Hence, provided the competence assumption holds, our bound
is a direct improvement on this bound, and furthermore generalizes directly to the K-class
setting.
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Figure A.1: Our bound (A.6) versus the multi-class C-bound (A .8).

To our knowledge, the sharpest known upper bound on the majority-vote classifier is the
general form of the C-bound given in [LMRR17], which states, provided E[M,(X,Y)] > 0,

E[M,(X,Y)]?

L) 1= gRpE )T

(A.8)

where M,(X,Y) = E,,[L(h(X) = Y)] — max;zy Ep,[L(R(X) = j)] is called the margin.
Unfortunately, the use of the margin function makes direct analytical comparison to our bound
difficult. However, the bounds can be compared empirically, where the relevant quantities
are estimated on hold-out data. In Figure A.1, we compare the value of our bound against
the value of the multi-class C-bound, on tasks for which we have verified the competence
assumption holds. We find that in all but one case (random forests with MNIST'), our bound
is superior empirically, sometimes significantly. Interestingly, we observe that our bound does
particularly well on tasks with only a few classes. This behavior might be attributed to the
constant % in the upper bound (A.6) which increases as the number of classes K grows.

A.1.4 Exact characterization of the EIR in the regression case

Here we briefly derive an analogous expression for the EIR in the regression case, as mentioned
in Remark 2.2. In this case models are regressors f drawn from a distribution p, and the
natural ensemble model is f(z) = E;.,[f(x)]. Here we use as a loss function the squared
error L(f) = Exy[(f(X) — Y)?. We now derive a bias-variance-like expression relating the
the average error rate to the ensemble error rate.

Lemma A.5. For any distribution p over regressors, the average error E;.,[L(f)] satisfies
Efp[L(f)] = L(f) + Ex[Var;o,[f(X)]]-

Proof. The proof is a simple bias-variance decomposition, taken with respect to the random-
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ness in models f drawn from p. We have

Ef(L()] 2 Exy[EA(Y — £(X))?)
= Exy [Bf[(Y = F(X) + F(X) = f(X))?]
— Exy [Ef(Y = F(O))] + 2E5[(Y = FOO)(F(X) = FOO)] + Ef[(F(X) = F(X))?]]
= L(f) + Ex[Vary ,[f(X)]] + 2E7[(Y — FO)F(X) — 7)),

where in (x) we use Fubini’s theorem to exchange integrals. To complete the proof, we claim
that the last term is equal to zero. Indeed,

Ef[(Y—f(X>)(f(X)—f(X))]ZYf( ) = YE/[f(X)] — fA(X) + f(X ) sLF(X)]
=Y f(X >+Yf( )= [A(X) + FAX) =

)
)+

Now if we analogously define the EIR in the regression case as

Es[L(f)] = L(f)
Ef[L(f)]

then we obtain directly the following corollary analogous to Theorem 2.2.

EIR =

Corollary A.1. The EIR in the regression case satisfies
E/[L(F)] ~ L(f) _ ExVary [f(X)]
Es[L(f)] Es[L(f)]

Note here the variance-average error ratio Ex [Var,[f(X)]]/Ef[L(f)] plays the role of the
DER in the classification case.

EIR =

A.2 Additional empirical results

A.2.1 Experimental details

Bagged random feature classifiers. We consider ensembles of random ReLU feature
classifiers, constructed as follows. For each classifier, we draw a random matrix U € RV*¢,
whose rows u; are drawn from the uniform distribution on the sphere S%~!. For a given
input « € R?, we compute the feature z(x) = o(Ux) where o(t) = max(t,0) is the ReLU
function. We then fit a multi-class logistic regression model in scikit-learn [PVGT11]
using these (random) features. To form an ensemble of these classifiers, we additionally
perform bagging, by sampling a different set of size n with replacement from the training set
of size n, independently for each individual classifier. Thus, each classifier is subject to two
different types of randomness: the randomness from the sampling of the feature matrix U’
and the randomness from the bootstrapping of the training data. For the models shown in
the competence plot in Figure 2.1, we use 500 random features and M = 100 classifiers.
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Random forests. We consider random forest (RF) models as implemented in scikit-learn
[PVGT11], each made up of 20 individual decision trees. We vary the maximum number of
leaf nodes in each tree to construct models with varying performance. For the single-ensemble
results presented, we use the default parameters implemented in scikit-learn. For the
random forests, we use a small version of the MNIST dataset with 5000 randomly selected
training examples (500 from each of the 10 classes). We also use two binary classification
datasets retrieved from the UCT repository [DG17]: the QSAR oral toxicity dataset (7.2k train,
1.8k test examples, 1024 features) [BGCT19]; and the Thyroid disease dataset (2.5k train,
633 test examples, 21 features) [QCHL87]. For the models shown in the competence plot in
Figure 2.1, we use the default settings of the random forest implementation in scikit-learn.

Deep ensembles. We consider four different architectures for our deep ensembles. We use
a standard ResNet18 models [HZRS16] trained on the CIFAR-10 dataset [KKH09], using 100
epochs of SGD with momentum 0.9, weight decay of 5 x 10~* and a learning rate of 0.1, while
varying the batch size and width hyper-parameters. We report results from two variants
of this empirical evaluation: one in which we employ learning rate decay (by dropping the
learning rate to 0.01 after 75 epochs); and another in which we disable learning rate decay.
For each setting, we train 5 models from independent initialization to form the respective
ensembles. We also evaluate these models on two out-of-distribution databases: CIFAR-10.1
and CIFAR-10-C [RRSS19, HD19] (the latter is itself comprised of 19 different datasets
employing various types of data corruption). Finally, we evaluate deep ensembles of 25
standard BERT models [DCLT19], provided with the paper [SYT"22|, fine-tuned on the
GLUE classification tasks [WSM™19].

Bayesian ensembles. For the Bayesian ensembles used in Chapter 2, we consider samples
provided in [[VHW21], obtained via large-scale sampling from a Bayesian posterior using
Hamiltonian Monte Carlo. To our knowledge, these samples are the most precisely representa-
tive of a theoretical Bayesian neural network posterior publicly available. In particular, we use
samples on the CIFAR-10 datasets with a ResNet20 architecture, and the IMDB dataset on
the CNN-LSTM architecture. We defer to the original paper [[VHW21]| for additional details.

A.2.2 More competence plots

In this section, we provide additional empirical results.

To further verify that the competence assumption holds broadly in practice, here we include
several more examples of competence plots for experiments presented in the main text.

ResNet18 on CIFAR-10 OOD variants. In Figures A.2 and A.3, we plot competence
plots for the ResNet18 ensembles on the CIFAR-10, CIFAR-10.1 and a subset of the CIFAR-
10-C datasets [RRSS19, HD19]. We find that the competence assumption holds across all
examples.
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Fine-tuned BERT models. In Figure A.4, we provide competence plots for the BERT /GLUE
fine-tuning tasks. For the RTE, CoLA, MNLI, QQP and QNLI tasks, we find that the compe-
tence assumption holds. However, we find two examples here where it does not: the MRPC
and SST-2 tasks, although the extent to which the assumption is violated in minor. Since
these are particularly small datasets, this may also be a product of noise from low sample
size.

Competence for ResNet18/CIFAR-10 variants (with LR decay)
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Figure A.2: Competence for ResNet18/CIFAR-10 variants (models with learning
rate decay). We observe that the competence assumption holds across all tasks.

A.3 Pathological ensembles where majority vote fails

In this section, we provide two pathological examples of ensembles that makes the “first-order”

upper bound tight. In particular, the second example shows that positive margin condition,
ie., E[M,(X,Y)] > 0 where M,(X,Y) =E;,[1(h(X) =Y)] — max;jsy Es,[L(h(X) = j)],
from existing literature is not enough to rule out pathological cases. Recall that the first-order
bound introduced in Section 2.2.2 is the following:

0 < Lihay) < B(W, > 1/2) < 2E[W,] = 2Epe, [L(1)]

Example A.1 (The first-order upper bound is tight). Consider a classification problem with
two classes. For given € > 0, suppose slightly less than half, 0.5 — €, fraction of classifiers are
the perfect classifier, correctly classifying test data with probability 1, and the other 0.5 + €
fraction of classifiers are completely wrong, incorrectly predicting on test data with probability
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Competence for ResNet18/CIFAR-10 variants (without LR decay)
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Figure A.3: Competence for ResNet18/CIFAR-10 variants (models without learning
rate decay). We observe that the competence assumption holds across all tasks.

Competence for BERT/GLUE tasks
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Figure A.4: Competence for BERT /GLUE fine-tuning tasks. The competence as-
sumption holds for the RTE, CoLA, MNLI, QQP and QNLI tasks, though interestingly, we
find that the competence assumption is (to a small degree) violated for two of the tasks:
MRPC and SST-2.

1. With this composition of classifiers, the average error rate is 0.5 + € and the majority vote
error rate is 1. Taking € — 0 concludes that the first-order upper bound (2.1) is tight. A
wisual illustration of the composition of classifiers is given in Figure A.5a.

The condition E[M,(X,Y)] > 0 rules out the ensemble described in Example A.1. Nonetheless,
the first-order bound 2E[L(h)] is tight even when E[M,(X,Y)] > 0 is satisfied, as we show
with the following example.
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Test Data Test Data
X1 Xo Xy e X, X, Xo X3 eeeees X
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ha Correct 0.5—¢€ ha Correct ' Correct 0.5—¢
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(a) Composition of classifiers in Example A.1 (b) Composition of classifiers in Example A.2

Figure A.5: Illustration of the composition of classifiers given in Examples A.1
and A.2. On each plot, the area of the white box equals to the average test error rate. On
Figure A.5a, the majority vote error rate is 1, while the average test error rate is 0.5 + €. On
Figure A.5b, the majority vote error rate is 29 (Rightmost 20 test data) while the average
test error rate is d(1 4 2¢). The margin of each composition of classifiers is 2¢ — 0 and
1 —25(1 + 2¢) > 0, respectively.

Example A.2 (The first-order upper bound is tight even when the margin is large). We
again consider a classification problem with two classes. For given € > 0, as in Example
A.1, slightly less than half, 0.5 — €, fraction of classifiers are the perfect classifier. All of the
other 0.5 4 € fraction of classifiers, on the contrary, now correctly predict on the same 1 — 26
fraction of the test data and incorrectly predict on the other 20 fraction of the test data. With
this composition of classifiers, the majority vote error rate is 20 even when the average error
rate is 6(1+ 2¢€). In addition, unlike the composition of classifiers in Example A.1, the margin
of which is 2¢, the margin of the new composition of classifiers is 1 — 26(1 + 2¢), which can
be any value smaller than 1. Taking ¢ — 0 concludes that the first-order upper bound (2.1)
1s also tight when the margin is arbitrarily high. A visual illustration of the composition of
classifiers is given in Figure A.5b.
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Appendix B

Appendix to Chapter 3

B.1 More discussion on competence

In this section, we delve more into the competence condition that was introduced in [TKY"24].
We explore in which cases the competence condition might not work and how to overcome
these issues. We discuss a few milder versions of competence that are enough for bounds
(3.5) and (3.6) to hold. Then we discuss how to check whether these weaker competence
conditions hold in practice, with or without a separate validation set. We start by formally
stating the original competence condition.

Definition B.1 (Competence, [TKY"24]). The ensemble p is competent if for every
0<t<1/2,

Pp(W, € [t,1/2)) > Pp(W, € [1/2,1 — t]). (B.1)

B.1.1 Cases when competence fails

One tricky part in the definition of competence is that it requires inequality (B.1) to hold for
every 0 <t < 1/2. In case t = 1/2, the inequality becomes

0> Pp(W, = 1/2).

This is not a significant issue in the case that p is a continuous distribution over classifiers,
e.g., a Bayes posterior or a distribution over a parametric family hg, as {W, = 1/2} would
be a measure-zero set. In the case that p is a discrete distribution over finite number of
classifiers, however, Pp(W, = 1/2) is likely to be a positive quantity, in which case it can
violate the competence condition.

That being said, {(z,y) | W,(z,y) = 1/2} represent tricky data points that deserves separate
attention. This event can be divided into two cases: 1) all the classifiers that incorrectly
made a prediction output the same label; or 2) incorrect predictions consist of multiple labels
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so that the majority vote outputs the true label. Among these two possibilities, the first case
is troublesome. We denote such data points by TIE(p, D):

TIE(p, D) :=

{(z,y) | P,(L(h(x)=j)) = P,(1(h(z)=y)) = 1/2 for true label y and an incorrect label j}.
In this case, the true label and an incorrect label are chosen by exactly the same p—weights
of classifiers. An easy way to resolve this issue is to slightly tweak the weights. For instance,
if p is an equally weighted sum of two classifiers, we can change each of their weights to
be (1/2 +€,1/2 — ¢€), instead of (1/2,1/2). This change may seem manipulative, but it

corresponds to a deterministic tie-breaking rule which prioritizes one classifier over the other,
which is a commonly used tie-breaking rule.

Definition B.2 (Tie-free ensemble). An ensemble is tie-free if Pp(TIE(p, D)) = 0.

Proposition B.1. An ensemble with a deterministic tie-breaking rule is tie-free.

With such tweak to make the set TIE(p, D) to be an empty set or a measure-zero set, we
present a slightly milder condition that is enough for the bounds (3.5) and (3.6) to still hold.

Definition B.3 (Semi-competence). The ensemble p is semi-competent if for every 0 <
t<1/2,

P(W,e[t,1/2]) > P(W, € (1/2,1 —t]). (B.2)
Note that inequality (B.2) is a strictly weaker condition than inequality (B.1), and hence
competence implies semi-competence. The converse is not true. An ensemble is semi-

competent even if the point-wise error W,(X,Y) = 1/2 on every data points, but such an
ensemble is not competent.

Theorem B.1. For a tie-free ensemble and semi-competent ensemble p, L(h)"') < E,[L(h)]
and

MV 4(K — 1) 1 /
) < = (B, 1200] - JEplD00 1))

holds in K -class classification setting.

We provide the proof as a separate subsection below.

B.1.2 Proof of Theorem B.1 and Proposition 3.1

We start with the following lemma, which is a semi-competence version of Lemma 2
from [TKY"24].
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Lemma B.1. For a semi-competent ensemble p and any increasing function g satisfying
9(0) =0,

—

Ep[g(Wp)lw,<1/2] = Eplg(Wy)lyr o),
where VIN/,) =1-W,.
Proof. For every x € [0, 1], it holds that
Po(Wolw,<1/2 > ) = Pp(W, € [2,1/2]) Lo<1/2,
Po(W,lir > ) = Po(W, € [£,1/2)) Locijo = Pp(W, € (1/2,1 = 2]) Locyo.
From the definition of semi-competence, this implies that

Pp(W,lw,<12 > 7) > Pp(W, 1 _, 1y > 7),

for every x € [0, 1]. Using the fact that g(z 1,<.) = g(2)1,<. for any increasing function g
with ¢(0) = 0, we obtain

—~

]P)D<h<Wp)]1Wp§1/2 > x) > ]PD(h(Wp)]I'W;<1/2 > x)

Putting these together with a well-known equality EX = fooo P(X > x)dx for a non-negative
random variable X proves the lemma. O

Now we use Lemma B.1 and Theorem 3.2 to prove Theorem B.1.
Proof of Theorem B.1. Applying Lemma B.1 with g(z) = 222 gives,
Ep[2W? > Ep[2W, 1 — Ep[(2 — 4W, + 2W2)1 B
p2Wilw,<1y2] = Ep2W, Ty, ] = Ep[(2 — 4W, + 2W ) 1w, 5170 (B.3)

Putting this together with the following decomposition of ED[Qsz] shows that the ensemble
p is 2-polarized:

Ep[2W?] > Ep[2W 1y, 51/5] + Ep[2W 21y, <1 2]
> Ep2W Ly, 51/0) + Ep[(2 — 4W, + 2W2) Ly, -1 0]
o (B.4)
> Ep[(1 - 2Wp)2]lwp>1/2] +Pp(W, > 1/2)
> Pp(W, > 1/2).
Therefore, applying Theorem 3.2 with constant n = 2 concludes the proof. O

We also state the following proof of Proposition 3.1 for completeness.

Proof of Proposition 3.1. Inequality (B.4) with Lemma B.3 proves the proposition. ]
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B.1.3 Example that the bound (3.6) is tight

Here, we provide a combination of (p, D) of which L(h)") is arbitrarily close to the bound.

Consider, for each feature z, that exactly (1 — €) fraction of classifiers predict the correct

label, and that the remaining e fraction of classifiers predict a wrong label. In this case,
L(h}YV) = 0, E,[L(h)] = €, and E,2[D(h, h')] = 2¢(1 — €). Hence, the upper bound (3.6) is

—4”;_1)52, which can be arbitrarily close to 0.

B.2 Proofs of main results

In this section, we provide proofs for our main results.

B.2.1 Proof of Theorem 3.1

We start with the following lemma which shows the concentration of a linear combination of
W2 and 1(W, > 1/2).

Lemma B.2. For sampled data points {(X;,Y;)}i%) ~ D, define Zy := 3 " | W2(X;,Y;) and
Zy =" 1(W,(X;,Y;) > 1/2). The ensemble p is n-polarized with probability at least 1 — ¢
if

%(nzg ~ Z) > \/ maxz{m U, % (B.5)

Proof. Let Zy; = WPQ(Xi, Y;) and Zy; = 1(W,(X;,Y;) > 1/2). Observe that n Zy; — Zy,; always
takes a value between [ — 1, max{Z,n — 1}] since W,(X;,Y;) € [0,1]. This implies that
NZa; — Zgis are i.i.d. sub-Gaussian random variable with parameter o = max{%”, 1}/2.

By letting Ay = E[nW? — 1(W, > 1/2)] and using the Hoeffding’s inequality, we obtain

1 301 1
—(77Z2 _ Zo) — A, < %bg—
m 2m )

with probability at least 1 — 4.

Therefore, p is n-polarized with probability at least 1 — 9 if

1 max{ 21 } 1
—(nZy — Z g —.
m(77 2 0) > \/ 2m 5

Now we use Lemma B.2 to prove Theorem 3.1.
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Proof of Theorem 3.1. Observe that S = %Zg, P = %Zg, and thus %(T]ZQ — Zy) =nS — P.

For n > %, the lower bound in Lemma B.2 is simply @/5—7’771 log %, and the inequality (B.5) can

be viewed as a quadratic inequality in terms of /7. From quadratic formula, we know that

’ \/S—Zlog%+\/§’—glog%+4SP 0 . p 3771 1 .
> —P—4y/—log~ >0.
v 25 e Vam %5

Putting this together with Lemma B.2 proves the theorem:

2
4 @/%log%—i-\/%log%—i—élSP h
3’ 29 (B.6)
- 5—P>,/3—”1 E i larized 1-6
K 8m 0g5 LemmaB.2 p 18 TPpOIAtIZec W-p. ’

and thus the polarization 7,, the smallest 1 such that p is n-polarized, is upper bounded by
the right hand side of inequality (B.6). O

7 2 max

B.2.2 Proof of Theorem 3.2

We start by proving the following lemma which relates the error rate of the majority
vote, L(h)"), with the point-wise error rate, W), using Markov’s inequality. In general,
L(h}V) <Pp(W, > 1/2) is true for any ensemble p. We prove a tighter version of this. The
difference between the two can be non-negligible when dealing with an ensemble with finite
number of classifiers. Refer to Appendix B.1.1 and Definition B.2 for more details regarding
this difference and tie-free ensembles.

Lemma B.3. For a tie-free ensemble p, we have the inequality L(hi\,w) <Pp(W, > 1/2).

Proof. For given feature z, W, < 1/2 implies that more than or exactly p—weighted half of
the classifiers outputs the true label. Since the ensemble p is tie-free, KMV outputs the true
label if W, < 1/2. Therefore, {(z,y) | W,(z,y) < 1/2} C {(z,y) | hgwp(x) = y}. Applying

Pp on the both sides proves the lemma. O

The following lemma appears as Lemma 2 in [MLIS20]. This lemma draws the connection
between the point-wise error rate, W, and the tandem loss, E2[L(h, h')].

Lemma B.4. The equality Ep[W,* = E2[L(h, I')] holds.
The next lemma appears as Lemma 4 in [TKY*24]. This lemma provides an upper bound on

the tandem loss, E2[L(h, h')], in terms of the average error rate, E,[L(h)], and the average
disagreement, E 2[D(h, h')].
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Lemma B.5. For the K-class problem,
2(K —1 1
Eplz(h )] < X522 (B 0] - JEa (D0 11]).

Now we use these results to prove Theorem 3.2.

Proof of Theorem 5.2. Putting Lemmas B.3, B.4, and B.5 and the definition of the polariza-
tion together proves the theorem:

LYYy < Pp(W,>1/2) < n,Ep[W}]

r Lemma B.3 polarization

= Bl ) = 2O () Jepn )

Lemma B.4 Lemma B.5 K

]

B.2.3 Proof of Theorem 3.3
We start with a lemma which is a corollary of Newton’s inequality.

Lemma B.6. For any collection of probabilities py, ..., p,, the following inequality holds.

n 2
S gy < 21 (sz) |
=1

1<i<j<n

Proof. Newton’s inequality states that
€2 €1 2 -
= < (—) where e; = Zpi and e = Z Di Dj-
(2) n i=1 1<i<j<n

Rearranging the terms gives the lemma. O
Now we use this and the previous lemmas to prove Theorem 3.3.

Proof of Theorem 5.5. From Lemma B.3, Lemma B.4, and the definition of n-polarized
ensemble, we have the following relationship between L(h}V) and E[L(h, h')]:

L(h,") < Pp(W,>1/2) < qEp[W)”] = nEg[L(hN)]. (B.7)

p Lem. B.3 n-polarized Lemma B.4

From this, it suffices to prove that ho E2[L(h,h')] is smaller than the upper bound in the
theorem. First, observe the following decomposition of E2[L(h, h')]:

Ep[L(h, 1)) = Ep [Py(h(X) # Y)?] = Ep [Py(h(X) #Y) = Ppa(h(X) # Y, M (X) = Y()]]3 )
8
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For any predictor mapping into K classes, let y denote the true label for an input z. Now
we derive a lower bound of P2(h(X) # Y, h'(X) =Y) using the following decomposition of

Bo(h(x) # I (x)):

1
5 Bpe(h(z) # '(2))
=Pp(h(z) #y,W (@) =y)+ Y pipp+ Y. ppit Y, b
igA(x) iJEA@)\{y} ¢ A(w)
jeA@N\ ) i< 1<

where p; := p;(x) = P,(h(z) =i). We let A, :=P,(h(z) ¢ A(z)) and apply Lemma B.6 to
the last two terms:

1

£ Ba(h(a) # ()

=Pp(h(x) #y, M(x) =y) + As(1-py —As) + Z pip; + Z bipj
i,j€A(x)\{y} i,j¢A(z)
i< 1<J
< Pe(h(a) #y,h(@) =y) + As(1-py—As)

Lemma B.6
M-—2 K—M-1
T (Qepy— A A2
o T g

Rearranging the terms and plugging 1—py = P,(h(z) # y) gives

P (h(z) #y, b (z) =y)
> 3 Palh(a) # () = P Polhla) #) = g Palhla) 7 0)°
K=1
T ER =0
> 3 Palh(a) # () = P Polhla) #) = g Palhia) £ )

> 5 Palh(o) # W(a)) = 5=7Polhle) # 1) = 5o Pulh(a) 7 )

where the last inequality comes from the condition A, :=P,(h(z) ¢ A(z)) < A. Putting this
together with the equality (B.8) gives

Eo [B,h(X) £ V] < (14 5127 ) En [By(1(X) £ )] — 1 Eo [Bah(X) # (X))

M—2 9
+ mED []Pp(h(X) #Y) } )
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which implies

Ee[L(h, 1')] = Ep [P,(A(X) # Y)?]
_|_

< (14 52 ) B0 ) £ )] = S B Pp(h(X) £ ()
_ % Kl + %) E,[L(h)] — %]Epz (D(h, 1)
Combining this with inequality (B.7) concludes the proof. O

B.2.4 Proof of Theorem 3.4 and Corollary 3.2

First, we prove Theorem 3.4 by decomposing the point-wise disagreement between constituent
classifiers.

Proof of Theorem 3.4. The following decomposition of P 2(h(x) # h'(z)) holds:

1 1

5 Poe(h(z) # W (2)) = P (h(w) # y, W' (z) = y) + SPpe(h(z) # y. W' (z) = y, h(z) # W' (2)).
Applying Ep to both sides and using the given condition (3.11), we obtain,

1

5 Ep[Ppe(h(X) # W(X))] < Ep [Fe ((X) # Y. W(X) = Y)] + e Ep[F, (h(X) # Y)].

The left hand side equals 1E2[D(h, /)], and the second term on the right hand side is simply
eE,[L(h)]. Hence, the inequality above can be rephrased as follows:

SEA(D(h, )] — B, [L(1)] < Ep[Pa(h(X) £ ¥, H(X) = Y)]. (B.9)

Putting this together with the inequality (B.7) and the equality (B.8), gives

L(h,") < nEp(L(h, k)] = nEp[Bp(h(X) #Y) = Fpe(h(X) #Y,K(X) =Y)]

— 1 EJL(Y)] - En [sz<h<x> LY. (X) = V)]
< |1+, [L(h)] - %EpQ D, 1)

Ineq.B.9

Next, we use Lemma B.6 to prove Corollary 3.2.
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Proof of Corollary 3.2. Let p; :=P,(h(x) = i) for i € [K], and let y = K be the true label,
without loss of generality. Then, we observe

K-1 K-1
P, (h(X) £ Y, H(X) £ Y, h(X) £ H(X) = Y pp; and B, (h(X) £Y) = 3 pi
Zi];éjl i=1

Lemma B.6 gives us the following:

Do1<izj<K—1PiPj < Do1<izj<K—1PiPj < D 1<icj<ic—1 DD < K2
. N2 — )2 — X K—1 )
2 21<1<K—1 pi 2(21<z’<K—1 i) <Z1<¢<K—1 Pi)? Lemma B.6 2( )

where the first inequality used the fact that Z 1 "p; < 1. Thus, ¢ = &2 satisfies the

2(K-1)
condition (3.11), and the result follows from Theorem 3.4. O]
B.2.5 Proof of Theorem 3.5
Proof. Let ®(h;, hj) = Pp(hiy(X) # h;j(X)). We observe that
N2 ,
mE(h,h’)Np?\] [D(h, B')] = Z Pp(h h; (X))
1] 1
1 2
= — D(h;, h; = —_— ®(h;, hj) = B.1
N(N—1> Z (hl7h]) &: symmetric N(N—l) Z <h17h.7) UN7 ( O)
i,j=1 ®(hi,hi)=0 1<i<j<N

which is a U-statistic with the kernel function ®. Let ®, = E, 5y 2®(h, b').
The invariance principle of U-statistics (Theorem B.2 in Appendix B.2.6) states that
the process &y = (En(t),t € [0,1]), defined by En(g) = (Uk — @) and {n(t) =

&N%), converges weakly to a standard Wiener process in D[O, 1] as N — oo, since

0% = Varp ,Ep,P(h, h'). Therefore, Uy converges in probability as N — oo to Dy, = P.
Letting ZNzalfN(l):‘/TN(UN—D ) we can express Uy as UN:DOO—F\ﬁZN, with EZy =0
and VarZy —o7. Since ?,/_EZ[Nt] = [Nt &v( My = [Nt 7 &n (1), it follows by Slutsky’s Theorem

2

that {;/_EZ[Nt]}te[O,l] converges weakly to a standard Wiener process in D0, 1] as N —o0. [

B.2.6 Invariance principle of U-statistics

In this subsection, we state the invariance principle of U-statistics, which plays a main role
in the proof of Theorem 3.5. We note that this is a special case of an approximation of
random walks (Theorem 23.14 in [Kal21]) combined with functional central limit theorem
(Donsker’s theorem). Here, DJ0, 1] is the Skorokhod space on [0, 1], which is the space of all
real-valued right-continuous functions on [0, 1] equipped with the Skorokhod metric/topology
(see Section 14 in [Bill13]).
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Theorem B.2 (Theorem 5.2.1 in [KB13|). Define a U-statistic Uy, = (g)_1 Y icici<r ®(hishy),
the expectation of the kernel ® as ¢ = E(h’h/)szqD(h, R') and the first-coordinate variance
o = Varp.,(g1(h)), where gi(h) = Ep, (1, h). Let &, = (&.(t),t € [0,1]), where

-
& (E) = M for k=0,1,...,n—1,

n 2\/no}

and &,(t) = &,([nt]/n), with [x] denoting the greatest integer less than or equal to x. Then,
&, converges weakly in D0, 1] to a standard Wiener process as n — 0o.

B.3 Experiment details

In this section, we provide additional details on our empirical results.

B.3.1 Trained classifiers

On CIFAR-10 [KH'09] train set with size 50,000, the following models were trained with
100 epochs, learning rate starting with 0.05. For models trained with learning rate decay,
we used learning rate 0.005 after epoch 50, and used 0.0005 after epoch 75. For following
models, 5 classifiers are trained for each hyperparameter combination. Five classifiers differ
in weight initialization and vary due to the randomized batches used during training.

e ResNetl8, every combination (width, batch size) of

- Width:4, 8, 16, 32, 64, 128

- Batch size: 16,128,256, 1024, with learning rate decay
Additional batch size of 64, 180, 364 for without learning rate decay

e ResNet50, ResNet101, every combination (width, batch size) of
~ Width:8, 16
- Batch size: 64,256, without learning rate decay
e VGG11, every combination (width, batch size) of
~ Width:16, 64
- Batch size: 64,256, without learning rate decay
e DenseNet40, every combination (width, batch size) of

- Width:5, 12,40
- Batch size: 64,256, without learning rate decay
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For models in Figure 3.4, more than 5 classifiers were trained. The classifiers differ in weight
initialization and vary due to the randomized batches used during training.

e ResNet18 on CIFAR-10, width 16 and batch size 64 without learning rate decay (20
classifiers)

The models below are trained with learning rate 0.05, momentum 0.9 and weight decay
He-4
with cosine annealing.

e MobileNet on MNIST, batch size 128 (10 classifiers)
e ResNet18 on FMNIST, width 48 and batch size 128 (10 classifiers)

e ResNet18 on KMNIST, every combination of widths and batch sizes below (8 classifiers
each)

- Width: 48,64
- Batch size: 32,64,128

B.3.2 Majority vote and tie-free

For an ensemble with IV classifiers, we generated N uniformly-distributed random numbers
e1,...,en € [0,0.0001]. Then used (% +eq, % + en) after normalization as weights for each
classifier. This guarantees the ensemble to be tie-free.
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Appendix C

Appendix to Chapter 4

C.1 Proofs of main results

C.1.1 Proof of Lemma 4.1

Proof. Let 0 € {6;}7, be the closest value from 6, where the ties are broken by rounding
up. Observe that 1(f < a) = 1(0;+ < a) for a € {m} "o~ This gives

lro(z,y) = Ly < 2) = 7)(1(0 < 2) = 1(0 <))
= (Iy <2) = 1)U <) =10 <y)) = lro. (2,9),

for z,y € {L } "oand 6 € [0,1) and ¢, (z,y) = 0. Putting this together with characterization
of £ € L in Sectlon 4.2.2, we obtain

sup - > [(a(0). ) — 1510 Y0)

veLy,fer T’

= o %gg[/Olem,mn(t),m—em,e<f"<t>,m>dﬁn<e>}

H,,:pos. measure, f€F

1: Z Z Z[ngﬂi(Qn(t)a Yz-f) - grnﬁi(fn(t), Y;)} H, ((9 € {HZ — %’ 0, + %))
- Hur;ZZ% > [t (0. Y0 = e 7)Y (oo D)
< . SE[IJDV] fef% ; [ 0:(an (1), Yy) — €0, (f7(2), Y2)] (; H, ([0, 1)))
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Now we compute an upper bound of (Zﬁ;l H,([0, 1))) in terms of maximum possible value
of £((x,)Y_,,y). Observe that

0(0,..,0,1) =Y £,(0,1) =3 " 7(gn(1) = ga(0 ) = 2l

(1, 1,0) = £a(1,0) = (1= 7,)(gn(1) = gal )= HZ 1 —7,)H,([0,1)).

Note that g¢,(1) — g,(0) = H,([0,1)) from left-continuity of g,. Since max/{ is larger
than £(0,...,0,1) and ¢(1,...,1,0), it’s also larger than the average of these two, which is
(1/2) o H,(]0,1)). Putting together with the condition |[¢| < 1, we have 3% | H,,([0,1)) <
2 and this proves

SUP¢er,,fer % 23:1 [(q(t),Y:) — L(f(1),Y2)]
Sup; . f % 23:1 [ng»ei(qn(t>7 Y;) - ngﬁi(Jcn(t)? Y;)] B

It remains to prove that the ratio above is at least 1. It follows from the fact that ¢, 4, €
L. O

C.1.2 Proof of Theorem 4.4

In this proof, we denote P(t) = (P,(t))N_, by (P)N_,. We introduce one lemma and
two propositions that are essential for proving that the minimax solution P} satisfies the
monotonicity constraint (Property 2 in the theorem statement). First, Lemma C.1 defines
a quantity V*, on which our closed-form solution P} depends, for each n € [N — 1], and
shows that there exists a non-decreasing sequence {j*}"-', where each j* is an index that
minimizes V,,(j).

Lemma C.1. Denote [m]y := [m] U {0} and define a function V,,(j) and a quantity V" for
ne [N —1] as

Va(i):= > D D wil{li < 0} +) > D wi(l-1{6; < fi(1)}) >0,
i=j+1 s=1 b=1 i=1 s=n-+1 b=1
V= min V,(j). (C.1)

J€[mlo

and V5" = V5 := 0. Let Jy be the set of indices j € [m]o that minimizes the V,,(j).

Then, there exists a sorted sequence 0 = 35 < ji < ... < jy_1 < jn = m such that 3, € J) for
n €[N —1].
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Proof of Lemma C.1. Define w$ := (wi)E,, 1¢ == (1{6; < ff()})E,, and 15 :=(1,...,1) €
RB. Then, V* can be rewritten as

v,f:,mm(ZZw 1S+ZZ"“ (Ip—1 >>'
getmlo \, 7 i=1 s=n+1

Suppose there exists a pair of indices n,n + 1 such that j; > j* ;. Using the definition of
V., we have

. |
J—ﬁ%mm(EZEZW M+§ZEZw?@u—ﬂn+§3MM~mB—w“0,

J€Imo

i=j+1 s=1 i=1 s=n+2 i=1
J N m
s s s s n+1 n+1
Jpe1 = argmin E E w; - 17+ g E w; - (1p —17) + g w1 .
J€lmlo \;=jt1 s=1 i=1 s=n+2 i=j+1

Two expressions share the first two terms and differ in the last term. We abbreviate these
terms as following:

Cj::ZZw ]ls—i-zz (1p —13)

i=j+1 s=1 i=1 s=n+2

D= wit (lp — 17

m
o n+1 n+1

Note that D; is non-decreasing in j and £} is non-increasing in j. Since j; and j;, , are the
indices that minimize the V (7) and V,41(j ) respectively, we have Cj: + Djx < Cj= + D= |
and Cjx + Ej: > C’]n+1 Ejx . This implies that

Ejp oy = Ejy = Gy = Gy, < Dy, — D
Because of the monotonicity of D; and F; and the assumption that j; > jr ., the leftmost
term should be non-negative and the rightmost term should be non-positive. Therefore, we
obtain
= E * E Sk

In+1

Cjz — Cje, = Djr — Dy-

In+1 In+1 = 0 = ]’;:—}—1 S J;:’ ];kl € J;:—‘rl

By choosing j,, as a minimizer of V,,(j) and j; as a minimizer of V,4,(j), we resolve the
unsorted pair of indices. Repeating this process yields a sorted sequence 0 = j5 < j7 < ... <
Jn—1 < jn = m and this proves the existence of sorted sequence.

Due to its existence, we can simply obtain a sorted sequence by choosing j = min J; for all

n € [N]. O
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Next, we introduce two propositions. The first proposition (Proposition C.1) constructs
(P*)N_, and prove their properties. The second proposition (Proposition C.2) then show
this (P*)Y_, is indeed a solution for the minimax program (4.9) in Algorithm 1. Note that
Property 1 in C.1 statement below proves Property 1 in the original theorem (Theorem 4.4)
statement.

Proposition C.1. Given a sorted sequence 0 = j5 < ji < ... < jy_1 < iy = m from Lemma
C.1, there exists a distribution P} for n € [N] of the form

Py = (1= Cyn)k,/m + Crnlron+1)/m: (C.2)
such that the following properties hold:

L gy < ki
2. kn <Jp if Jnoy # Jp and kn = jy with Cpy = 0 4f jg_y = jy.

3. The support of P! is contained in [j%_,/m, jk/m].
b By [0 S0 wly (140 < au} = 16 < [ (OD] = Vi, = Vi

Proof of Proposition C.1. We use the notation w?, 17, and 15 from the proof of Lemma C.1.
Note that the quantity V,* defined in Lemma C.1 is equal to V(%) for all n € [N — 1] and
that V,,(j )>V(]n)f0rallj€[ lo-

Using the fact that 1{0; < k/m} = 1{i < k}, the last property in the proposition statement
is equivalent to

V* _ V*

n—1 n

= Eqpps Zzw (1{6; < g} —1{0; < fy' (1) })

i=1 b=1

—C) YD wh (i < ko) — 1{0; < f7(1)})

i=1 b=1

_{_CniZw (1{i <k, +1} = 1{0;, < f;'(t)})

i=1 b=1

Sy

m

=(1=Cy)) wp-(1{i < k}nB—n”+OZw (1{i <k, +1}1p—17)

i=1 =1

kn m
§ n n § n n
i=1 i=1
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The equality between the first and the last line is equivalent to

kn m Jn—1
Yowi g+ Cuupt - Ip =) w17+ Vi, = V=Y w-Lp+Va(iioy) = Valin),
i=1 i=1 i=1
(C.3)
where we used the identity S27 w? - 17 + V, 1 (j) = S, wl - 1 + V,.(j) evaluated at

J = Jn-1-

Now we divide the cases into three cases. First, consider the case where j;:_; = j*. In this
case, simply k, = j;_, with C,, = 0 satisfies the equation (C.3). Therefore, P; = d;: /i
satisfies the conditions. Second, consider the case where j¥_; < 7% but V,(j:_;) = V.(j}).
k, = j*_, with C,, = 0 again satisfies the equation (C.3) and k,, = j% | < j’ in this case.
Lastly, consider the case where V,,(j%_;) > V,(j). We have

-y %

In—-1 In-1
Zw? p < Z w; - 1p + Valin_1) — Va(in)
=1 =1
= w1+ Vi =V
i=1

Jn
= w:‘ 1p+ Vn—l(j;—l) - Vn—l(j;;) < Zw? ’ ]va
) =1

where two equalities used the identity S27 w? - 17+ V,_1(j) = S0, wl- 154V, (j) evaluated
at j = j» — 1 and j = j; respectively. This implies that there exists a j:_; <k, < j» such
that

kn m kn+1 m
Zw;.13<zwy.n?—vg+v;_l and Zwy-]leZw?ll?—VJJrVJ-l-
i=1 i=1 =1 =1
(C.4)
With such k,,, we define P; with C,, = m (Z:il w1 =VrE+ Ve, — 22‘21 w; - ]lB>
and this satisfies supp(Pr) € [j%_,/m, 7% /m] since k, + 1 < j*. u

The following theorem shows that P is a solution for the minimax program (4.9) in Algorithm
1.

Proposition C.2. Given quantile levels Ty < 15 < ... < T and quantile forecasts fgl(t) for
b € [B], n € [N], define V¥ forn € [N — 1] as in equation (C.1), with Vi = V3 := 0. Due to
Lemma C.1, there exists an increasing sequence {j: Y= where j* is an index that minimizes
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V(7). Define ji =0 and jy =m
Then, P} for n € [N] given by (C.2) with

N-1

P —T150+<1—TN (51+Z Tn+1 — )(5] /m

n=1

is a solution of the minimaz program (4.9) and the value of the minimaz program is

—Z Tn—l—l V*<O

Proof of Proposition C.2. Denote the minimax objective function by

@ (( n 17 Z Z Z wzbEQnNPn Y~Py [ng (q'm Y) - ngﬁi(fl?(t)’ Y)]

n=1 1=1 b=1

It suffices to prove O ((P;)A,, P;) = maxp, O ((P:)),, P,) then prove O (P}, P;) =

n=1- n=1
IIllIlanAm ,nE[N] o) (( )n 1 P*)

We start with decomposing O (( N P ) First, observe the following equality:

Crn0,(@ns Y) = Lrp0,(f3' (1), Y)
= (U(Y < ga) — ) (1(6; < q,) — 1(6; <))
— (LY < f(t) =) (1(0: < f3'(t)) = 1(6; < Y))
=1(Y,0; < q,) — 1, 1(0; < q,) —1(0; <Y < @)
=LY, 0; < f' (1) + 11 (0: < f3' (1) + 1(0: <Y < fi'(t))
=1(Y <0 <p) =710 < qu) — LY <0 < folt) + 7100 < fi'(t).  (C.5)

Then, O ((P,))_,, P,) can be written as
O ((Pn)nN:h Py)

N m B
= Z ZZw%Equpmpry []l(Y < 02 < qn) — Tn]l(el < qn) — ]1<Y < Qz < fl?(t))] + Cn,
n=1 =1 b=1
(C.6)

where C,, =7,y 1", Zb L wi1{6; < fi*(t)} which does not depend on P, or P,.
Using this decomposition, we prove O ((P;)N P¥) =maxp, O (P;))_,, P,). Let P,(L) =

n=1 "y n=1>
py; for 7 = 0,...,m. Then, again using the notation w}, 17, and 1p from the proof of

Lemma C.1, O ((P;:)N Py) is rephrased as the following:

n=1

o (P, P,) ZE%NP* pr Z wl - (14{60; < g} p — 1) | + C(P),  (C.7)

i=7+1
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where C(Py) = —1,Eq,~px > ivq wi - (1{6; < ¢, }1r — 17) only depends on P} and does not
depend on P,.

Plugging in P} given as (C.2), the summand can be expressed as

A} =B, ~px [Z w - (1{6; < g }1p —17)

i=j+1

m

el (A1) = Vi Vi <k
Dimjp wi s 17 J >k

This leads to

N

A=A
n=1

L - (L = 1) + Vy J<h

— e Z?ij—i-l wf" 17
- Zivszrl Zgzl sz ’ (113 - ]lzs) + Vrzk ] € (kna knJrl]: n e [N - 1]
N m n n * y

=D e i Wi L+ VY J>kn

Notice that A; is non-increasing on j < k; and non-decreasing on j > ky. A9 =0and A4,, =0
is the maximum value of A; in these ranges, respectively. Next, observe that A; < 0 for all j =
0,1, ..., m since V" is the minimum value that > 7, >3 wi I+ N S wp(1p—13)
can achieve by its definition. It suffices to show that A;: = 0 for n € [N — 1] since P, only
puts mass on these points. Note that A;) = Ay =0 and A;, = A4,, =0.

From the first and second properties in the statement of Proposition C.1, we have k,, < j; <
ki1 if gt # gk and 5k = g =k, if j5_, = j*, for n € [N — 1]. In the former case, we
obtain Aj = 0 from j € (ky, knq1] case in the definition of A; above. In the latter case,
J& =k, does not fall into the range (ky, k,41]. Still, from j € (k,_1, k,| case (7 < k; case if
n = 1) in the definition of A; , we have

n—-1 m N
Ajp==>_ > w 15—22% (1p—15) +V*

where V,,(j) is defined as equation (C.1). Therefore, A;: = 0 for all n € [N — 1] and
O ((P)Iy, Py) = maxp, O ((P;))1, P,).

n=1y n=1»

Next, we show that O ((P;)2_,, Pr) = minp,ea,, nen) O ((Po)A_;, Py). This follows directly
from the propriety of /., p, losses and the third property in Proposition C.1. Any point in the
support of P is 7,-level quantile of Py since Py (Y < j; /m) =7, and P, (Y > j;/m) = 7p.
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Lastly, we compute the value of the minimax program. Decomposition (C.7) can be rewritten
as

O (RaoP) = X Y

Since Py only puts mass on points j/m such that A; = 0, plugging in P; into the equation
above yields

O((PS)QVZDPJ) :ZC ZTn quP*Zw (1{0; < g }1p —17)

N

n=1
N N-1
= > n Vi V) = = S (e — )V <0,
n=1 n=1
where the second from the last equality used the fourth property in Proposition C.1. O

Lastly, we prove the second and third property in Theorem 4.4 statment using Proposition
C.1 and Proposition C.2.

Proof of Property 2 in Theorem /.. It suffices to prove that P, is stochastically larger than
P, since we can couple these two by U ~ Unif(0,1) and P, = F;nl(U) and P, = anlH(U)
where Fy! denotes a inverse of cumulative distribution funciton of X.

Combining the first three properties in the statement in Proposition C.1, we have &, < 7 <
Fns1 if 5y # Jy- In this case, P, is stochastically larger than P since P, is supported on
{kn/m, (k, +1)/m} and kyy1 > k,. In case ji_, = j, Pf = j! and P, is stochastically

larger than P, since k,1 > j. O]

Proof of Property 3 in Theorem 4./J. Since P} is stochastically ordered, it suffices to prove
that P; < my/m and P%, > ms/m almost surely. First we prove that P > m;/m almost
surely. Observe that, for i < my, 1{0; < f'(t)} =1 for all b € [B] and n € [N]. This implies
that 1 = 1p for all n € [N] and i < my. Therefore, for j < my,

N

:zm:wil-]l%—i—i:wa (I —1 Zw g+ Z w ]l1

i=j+1 =1 s=2 i=7+1 i=mi+1

holds and Vj(j) is non-increasing in j on j < my. This implies that V" < Vi(my) =
S w; -1l and thus

t=m1+
mi mi m
1 _ 1 1 1 1 * *
§ w; - lp = § w1 < § w1 =V
=1 i—1 i—1
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since 17 = 1 for ¢ < m; and Vf = 0. In case the inequality is strict, k; that satisfies the
condition (C.4) should be at least my, which proves P > m;/m almost surely. In case the
equality holds, k1 + 1 = m; since w}, 1= Zle w,%m > 0 from the corollary condition.
However, C; = 1 in this case and P} = §,,, », which satisfies P{" > m;/m almost surely.

Next, we prove that Py < ms/m almost surely in a similar manner. For i > ma, 1{6; <
()} =0 for all b € [B] and n € [N]. This implies that 17 = 1 for all n € [N] and i > ma.
Therefore, for 7 > mso,

m N-1 m
V() =YY wp- ]1S+Zw (1 — 1) = Zw (Ip—1M)+ > w)-1p
i=j+1 s=1 i=mo+1

holds and Viy_;(j) is non-decreasing in j on j > my. This implies that Viy_; < Vy_1(mgy) =
S w) - (1p — 1Y) and thus

S w1 Vi Vi < e 1 S (- 1) = 3wl 1,
=1 =1 =1 =1

since 1Y = 0 for i > my and V3 = 0. Because w) -1p = Zszl w) > 0 from the

corollary condition, k, that satisfies the condition (C.4) should satisfy ky < mg, which proves
P < msy/m almost surely. O

C.1.3 Proof of Theorem 4.3

Theorem C.1 (Full statement of Theorem 4.3). For a set of quantile levels T < 15 < ... < Ty,
let Ly denote the class of proper losses for multiple quantile levels defined as equation (4.6).
Consider base forecasters {fy}2_,, where each forecaster f, provides {7, })_,-level quantile
forecasts { f7(t)}N_, at each time t € [T]. With the target values Y;, forecaster predictions
fi(t) fort € [T],n € [N],b € [B] each taking values in a uniform grid of size m, and the
learning rate n = c¢v/(logmNB) /T, the output P(t) = (P,(t))Y_, from Algorithm 1 achieves

the following omniprediction error:

recniein T Z o) n (@), Yo = £0(), ) < z(c+%) (\/@)

=1

Proof. Observe that ¢, 4.(z,y) € {0,7,,1 — 7,} and thus |(,, o, (1, Y1) — Sr,.0 (T2, y2)] < 1.
Without loss of generality, we assume that Yy, f,(t) € {0, &, ...,1} for all t € [T],b € [B], as
this construction extends to any bounded interval [—By, B,] Via rescaling.
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Regret bound of hedge algorithm (Theorem C.4) gives the following:

1 T

S Cr 0.(qn, Y2) — Lr o (F14(1), Y,
e st T 2 o s a0 V) = o (0, 0

1l L& logmN B
<z W) By 0 (00 5) = L (). Y] =2

t=1 =1 n=1 b=1

(C.8)

Proposition C.2 states that the value of the minimax program (4.9) is non-positive. Putting
these together with previous lemmas, we have:

T

1
sup — Y E - (g} Y — L(f (1), Y,
(S8 T 2 Bl ankia, Y0) = W0, V)

T
1 n
< 2 sup T Z Eqnwpn(t),Vn [0 0. (Gn, Y2) — Cr 0, (S5 (1), 7))
t=1

Lem. 4.1 i€[m],ne[N],be[B]

( 1) ( /logmNB)
< 2(c+- —_— .
Prop. C.2 C T

C.2 Single quantile omniprediction for proper losses

In this section, we consider a single quantile level, 7 € (0,1). We estimate the 7 quantile
of the ground truth Y; with ¢(¢) € R, and evaluate the performance of these predictions
by comparing them to a finite set of B base forecasters F = {{fy(t) }+cir) : b € [B]}, where
fo(t) € 10, 1] denotes the forecast of the 7-quantile made by base forecaster f, at time step t.

We define the following class of loss functions ¢ : [0, 1] x [0, 1] — Rxg, which is an analogous
version of £; (defined in (4.6)) for proper losses for single quantile level:

L= {[lg,y)=1y<a)—7)(9(0)—9(¥)), [I¥llc <1}, (C.9)

where ¢ is non-decreasing and left-continuous. As discussed in Section 4.2.2, £, is exhaustive
in the sense that any proper loss function for the 7-level quantile that satisfies the mild
regularity conditions can be expressed in this form.
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C.2.1 Discretization

Similarly to Lemma 4.1, the following lemma shows that to control the omniprediction error
over the class L., it suffices to control the error over the finite collection of elementary losses

{‘gT,Oz}ZE[m]

Lemma C.2. Suppose Y;, q(t), fo(t) € {0,1/m, ..., 1} for allt € [T], and b € [B]. Then,
1< SUPyer, b % ZtT:1 [(q(t),Yy) — €(fo(t), Y1)] < 1

" supiy 1 Yoy [ (a(1), Y2) — Crg, (fo(t),Y3)] T max{r, 1 -7}

Proof. The proof follows the proof of Lemma 4.1. One additional step is to observe that

ngzxﬁ(q, y) = H;%X(ﬂ(y <q) —7)(9(q) — 9(y))
= max{7,1 - 7}(g(1) — g(0)) = max{7,1 — 7} H([0, 1)).
This implies H([0,1)) = ——~— max,, (q,y) <

1
max{7,1—7} — max{7,1-7}’

which concludes the proof. [

C.2.2 Omniprediction algorithm and theoretical guarantee

This subsection introduces the omniprediction algorithm that optimizes over all £ € L£,.. We
then prove a theoretical upper bound for the omniprediction error of the algorithm.

Algorithm 2 Single quantile level omniprediction

1: Data: Data stream (Y;)L_;, Grid size m € N, Learning rate n > 0, Base forecasters
F= {fb}zj?:l'
2: For t = Liwy(t) = -5, for all i € [m],b € [B];
3 fort=1,...,T do
4: 1) Make prediction at time t:
5 Bri= iy 2y wanlt) — iy Yoy wib(gﬂ(ei < fo(t)), k" =max{k: By <0}
k41 e+

- B
Output P(t) = ———— 0 + —MM—
p Q Bj11 + | By " By 1 + | By

Orri1

m

8: 2) Update the weights for each ¢y, and f,:
wiy(t) exp (1 (B, _ po lr.0, (@Y ~Lr.0, (Fo(0).D)) )

9: wp(t+1) = , Vi€ |m],be Bl
o b(t+1) 2o win(®) exp (0 (B, p o) oo, (@YD) ~rug, (So(D).Y0)) ) m),b € [B]
11: end for

The first part of the algorithm is to produce a prediction at time t. Letting A,, denote the
set of probability distributions over {0, %, %, ..., 1}, the prediction P(t) computes a minimax
solution to the following program:

A

m B
P(t) =arg min max > > wyEgopyer,[lro,(0.Y) = Lrg,(fo(t),Y)] (C.10)

PEA,, P,eA
TEYETT G1 b=1
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The following proposition provides a closed-form solution to the minimax program (C.10),
which is incorporated in Algorithm 2, by exploiting the structure of ¢, , losses.

Proposition C.3. Define By := 3.0 S0 wiy — 27 SO0 wi1(6; < fo(t)) and let k* =
max{k : B, < 0}. Note that By~ < 0 and By+«y1 > 0. Then,

Pr=— et —— e and PF=18+ (1—-1)0
By i1 + | Bir| R |Bp| o+ (1=7)d

poes Y

solves equation (C.10), and the value of the minimazx program is 0.

Proof. Let O(P,P,) == S S0, Wiy py~p,[lr6.(0,Y) — rp,(f5(t),Y)]. It suffices to
prove that O(P*, P;) = maxp, O(P*, P,) = minp O(P, P;). Using the decomposition result
from equation (C.5), we have

m B
= ZzwiquNRpry []l(Y < 91 < q) — 7']1(92 < q) — ]l(Y < 9, < fb(t))] + CT.
=1 b=1
(C.11)

where C; =73 ", Z{il wip1(8; < f,(t)) which does not depend on P or P,.

We first prove O(P*, P;) = maxp, O(P*, P,). Let Py(L) = py; for j = 0,...,m. Using the
fact that 1(6; < k/m) = 1(i < k), O(P*, P,) is rephrased as the following:

O(P*.P,) = Eyp- pr ( S S (106, < 0) — 106, < ol >>>> Fo(P)
i=j+1 b=1
B k* B m B
D Z
P | DD wa— > Y wul(h; < fb(@))
B’f*“ Bies1+ | By <i—j+1 b=1 i=j+1 b=1
‘B m k*4+1 m B
k*
4+ - Wip — wlb]l(el < fb(t))) + C(P*),
Byey1 + | By j;o (221 ; 121 ;
(C.12)

where C'(P*) is a value that does not depend on P, and we ignore the term hereafter.

Now observe that A] := Zf:jﬂ S wi — D it SO wi1(6; < fy(t)) is non-increasing

on j < k and non-decreasing on j € [k, m) since 1(0; < fy(t)) is 0 or 1. Also note that
AY > APV if k=m and A = 0 > AP if k # m. Therefore, A}, achieves maximum at
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jg=0o0rj=m

m B m B
max Zpyj (Z Zw‘b - Z Zwibﬂ(ei < fb<t>)>
2 pyi=1 =0 i—j+1 b=1 i=j+1 b=1
B

k
i1 b
k

m B
= pyor&%ﬁ 1py0 (Z sz’b - ZZI ;wib]l(&i < fb(t))> + Pym - 0

i=1 b=1
= max_ pyo- By + pym - 0.

Pyot+Pym=
Putting this together with equation (C.12) and the fact that By« < 0 gives
max O(P*, P,)
Py

_'_ |Bk*
kx* - 1~
Biory1 + | By

By 11
= S+ . p - By 0+ C(P),

Pyo+pym=1

which is achieved by P; since P; only puts mass on j = 0, m. This proves that o(P~, Py )=
maxp, O(P*, P,).

Next, we prove O(P*, Py) = minp O(P, P;). The decomposition (C.11) of O(P, P,) reduces
to

m B

OP,Py)=7) ¥ wiEppl(l —7)L(6; < q) — L(6; < fo(1))]+

=1 b=1

1—7’ Zm:zwzb]Equ T]16<Q)]+C

=1 1
m B

= —Tzzwib]l(gi < fi(t)) +C =0,

i=1 b=1

which does not depend on P. Thus, O(P*, P;) = minp O(P, Py). O

B
b=

Now, we present the omniprediction error bound for Algorithm 2.

Theorem C.2. For a single quantile level T, let L, denote the class of proper losses for
7 quantile levels defined as equation (C.9). Consider base forecasters {f,}£_,, where each
forecaster fy, provides T-level quantile forecasts f,(t) at each time t € [T]. With the target
values Yy, base forecasts fy(t) fort € [T],b € [B] each taking values in a uniform grid of size
m, and the learning rate n = c¢v/(logmB) /T, the output P(t) from Algorithm 2 achieves the
following ommniprediction error:

E :E Y;) — Y, 1 1 logmB
0(f(t < L
eecsfuz]?e[B] T qu(t Q» t) (fb( )7 t)} < ax{r, 1 T} (c+ C)
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Proof. The proof follows the proof in Appendix C.1.3. Regret bound of hedge algorithm
(Theorem C.4) gives the following:

T

1
ie[n%%g[B] T Z IEq~13(t) [br.(a,Y2) = Lro, (fo(1), Y1)]

F S OB i [ (Y0 — Lo (0. Y] + 0+ 502 (C13)

t=1 i=1 b=1

’ﬂ |

Putting this together with previous lemmas, we have

Z IEqu(t Q7 Y;fﬂ - E(f(t)v Y;)

ZGLT fe]—‘ T

1
Sup Z EQNP 7'9 q’ )/t)] - 67’,9¢(fb<t>7 Yt)u

<
Lem. .2 Max{T,1 — T} el ben

and

sup ZEQNP Croi(0,Y2)] — oo, (fo(), V)

1 Zzzwzb B, Uro.(a,Ye) — ro, (fo(2), Y2)] + (c+%) ( log}nB>

t=1 i=1 b=1

()

where the last inequality used the fact that the value of the minimax program is 0. This
concludes the proof. O

ql/\

C.3 Quantile omniprediction for weighted quantile losses

In this section, we develop omnipredictors for the restricted subset of proper loss functions
that can be expressed as weighted combinations of pinball losses. Although this is a much
smaller set compared to the set of all proper losses for multiple quantile levels, which we
discussed in Section 4.3, it has the advantage of not requiring any discretization of the target
outcome or base forecasters’ predictions.

We introduce two algorithms for omniprediction for weighted quantile losses. In Appendix
(C.3.1, we discuss the first algorithm which runs the Hedge algorithm on each quantile level
then combines quantile estimates from each level. In Appendix C.3.2, we introduce a two-
player game based algorithm that has a similar form to the omniprediction algorithm for
multiple quantile levels given in Algorithm 1. Finally, in Appendix C.3.3, we compare the two
algorithm in terms of time complexity, quantile crossing, and omniprediction error bound.
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Notation Define the pinball loss at quantile level 7 as p,(x) := 72l{z > 0}+(1—7)|z|1{z <
0} = (7 — 1{x < 0})z. Weighted quantile loss at quantile levels {7, })_, is defined as

g(xnn 1Y anﬂm - n7

where w, is the weight for the 7,,-level quantile prediction and 25:1 w, = 1. We denote L,y
as the set of all weighted quantile loss functions and use p,(z,y) to denote p, (y — x) for
n € [N]. We define fuin(t) = min,enjpeip) fi'(t) and fmax(t) = maxpen)perp) fi' (t) for each
time ¢.

We aim to come up with ¢(t) = (g,(¢))’_, that minimizes the following omniprediction
objective:

1 T

sup el Z[€<Q(t)7 )/t) - é(fb(t)7 )/t)]u

teL g belB) 1 =

where fy(t) := (f'(t))n=

C.3.1 Hedge algorithm on each quantile level

In this subsection, we introduce the first algorithm that essentially runs Hedge algorithm
on each quantile level then provide the omniprediction error bound for this algorithm. We
denote the output from Algorithm 3 by ¢ (¢) := (¢ (t))Y_, where the superscript H denotes
it is from the Hedge algorithm.

Algorithm 3 Hedge algorithm for multiple quantile levels in parallel

1: Data: Data stream (Y;)]_;, Quantile levels {7,,}_,, Learning rate n > 0, Base forecasters:
{f}B., where f, outputs fj'(t) as 7,-level quantile estimate at time ¢;
Initialize: wj(1) = &, Vb € [B],n € [N];
fort=1,...,7T do
Output: Output ¢ (1) == (¢! (1)), where g!/(t) = X7, wi (1) f7 ()
Update weights wj for b € [B],n € [N]:

wy (t) exp (=npn ([ (1), Y2))
Zb Lwi(t) exp (—=npn(fiH(t), Yr))

wy(t+1) =

6: end for
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This algorithms yields the following guarantee for each quantile level 7,:

T

—an (g2 ( <;,Zw£‘ t)on(f3(£), V1)

T B
) 1 n n 2 IOgB
SmgnT;pn(fb (t)7 +TZZM pn fb ) + 7’]T ’

t=1 b=1

where the first inequality is due to convexity of p, and the second inequality is due to the
regret bound of the Hedge algorithm (Theorem C.4). This gives the omniprediction error
bound for Algorithm 3 as follows:

swp = S MU (1), Y5) — 0fult), )

LELoyqi, bE[B] T —1

= max an qn ) Y;t) pn(fb() Yt)]

ne[N]be[B] p—
T B
log B
< mpmax wy (1) pr (fi( +
s (323 w07 ) + 2
max(
nE[N

C.3.2 Two-player game based algorithm

N[ =

—_

imaxpn (fin(t), o) | + log B (C.14)
=1 nr

In this subsection, we introduce the second algorithm that is based on two-player game that
is similar to Algorithm 1 in Section 4.3 then provide the omniprediction error bound for this
algorithm. In the process, we prove that the output from this algorithm does not exhibit
quantile crossing. We denote the output from Algorithm 4 by ¢%(t) := (¢%(t)))_, where the
superscript G denotes it is from the two-player Game based algorithm.

We show that (¢%(#))Y_, does not exhibit quantile crossing.

Proposition C.4. Define a function V,,(0) and a quantity V¥ forn € [N — 1] as

n B N B
=Y > Jwpmax(f3 (1) —6,0)+ Y Y wymax(d — f;(t),0) >0
s=1 b=1 s=n+1 b=1
V¥ :=minV,(0).
0eR

and Vi = Vi = 0. Let J! be the set of Os that minimizes the V,,(0). Then, there exists
a sorted sequence fpin(t) < 05 < 07 < ... < O 1 < 0% = fma(t) such that 0 € J* for
n e [N —1].
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Algorithm 4 Two-player game based omniprediction for weighted quantile losses

1: Data: Data stream (Y;)]_,, quantile levels 7 < 75 < ... < 7y, Learning rate n > 0, Base
forecasters: {f,}2_, Where fo outputs fI'(t) as 7,-level quantile estimate at time ;

2: Initialize: w}(1) = 55, Vn € [N],b € [B];
3: fort=1,...,7T do
4: 1) Make prediction at time t:
5: Define Vi = V35 =0, 05 = fain(t), Oy = fmax(t);
6: forn=1,...,N—-1do
7 Define V,,(0) as
n B N B
Zwbmaxfb )+ Z Zw max (6 — f;(t),0)
s=1 b=1 s=n+1 b=1
8: Compute V¥ and 6} :
V= min V,.(0), 0 =min{0 |0 €| s frmax Vo (0) =V C.15
" ey in Val0) {0] 15 fmax ()], Vi (0) }(C.15)
9: end for
10:
11:  Output ¢“(¢) := (¢¢(¢))Y_, where

0= S (Zwb e w’f‘l_v’f);

b=1

12: 2) Update the weights for each p, and fi:

wp () exp (n[pn(gS (1), Y2) — pu(f2(1), Y)))
SN S wp(t) exp(nlpa (G (1), Ye) — pa(f7(1), Y)])

wi(t+1) = , Vne€[N],be B

13: end for
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Additionally, q, defined as

n wy Ve, =V:]. C.16
! Zb Wi (t (Z i ) ( )

b=1
satisfies 05| < g, < 0 forn € [N — 1] and thus fpnm(t) < ¢ < ¢a... < qn < fima(t) holds.

Proof. Since V,,(0) shares the same structure with V,,(j) defined in equation (C.1), existence
of a sorted sequence follows the same proof in Lemma C.1. To prove that such 6 takes values
In [finin(t), fmax(t)] for all n € [N — 1], it suffices to show that J* N [ fumin(t), fmax(t)] # O for
all n € [N —1]. On 0 < funin(t), the second sum in V,,(0) is simply zero and thus V,,(0) is
non-increasing. On 6 > fi.x (%), the first sum in V,,(0) is zero and thus V,,(6) is non-decreasing,.
Therefore, J cannot only contain values that are not in [fumin(t), fmax(t)]-

Next, we prove that % _, < ¢, < 0 for n € [N — 1]. Observe the identity:

Vi (6 Zwb (max(6 — f7(t),0) — max(f(t) = 6,0)) = > _wp(t)(6 — f(t)),

which implies that

Gn = S h) (Zw t)+ Vo —Vn1(92)+Zw§(t)(92—ff(t))) <4,
b1 W (E b—1

b=1
since V¥ | — V,,_1(0%) < 0 by the definition of V;*. Similarly,

B
Gn = (Z t)+ Vil V*+Zwb —1_fbn(t))> > 0,1,
Zb ywy () \35
which completes the proof. O]

Next, we show that (g,)"_, are a solution to the minimax program .

Theorem C.3. Given quantile levels 71 < 7o < ... < Ty and quantile forecasts fg‘(t) for
b e [B], n € [N], define V.5 and 07 for n € [N]N {0} as in Proposition C./ and define p,
n € [N] as in equation (C.16). Then, P* = q, for n € [N] with

-1

Py* = Tl(sfmm(t) + (1 — TN>5fm(w(t) + (Tn+1 — Tn)ég;«l

=

3
Il
—

is a solution of the minimax program
~ ~ n n7Y - Pn y t 7Y
ppmn_ o max ;bzlwb By b, [P0 (@0, Y) = pu( S5 (£), )

and the value of the minimaz program is — Zg:_ll (Tha1 — )V <0.
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Proof. Similar to the proof of Proposition C.2, define O ((P,)3_,, P,) as

O((P)iiis By) = DY wi (g, yop, [on(dn, Y) = pulf(2), V)],

n=1 b=1

It suffices to prove

O ((P)nias By) = max O (P2 P) =, _min O ((Pa)ila, Py)

n=b n=b PoeP(R),ne[N]
Observe that p.(z,y) = 7(y — ) + max(z — y,0). This simplifies O ((P,)3_,, P,) to
O ((Pu)azrs 1)

—Eyer, S S W O(Y — ) + max(g, — ¥, 0) = 7Y — F()) = max(f2(t) = 4o, 0)]

n=1 b=1
N B
=Eyop, Y Y wy(t)max(g, — Y, 0) — max(f;'(t) — gu, 0)] + C,
n=1 b=1
where C' = — 20 (VF — V> 7y = — SN (701 — )V does not depend on P,. Now we

divide cases into y < q1, ¢1 <y < qa2, ..., gn_1 < Yy < gn-

N B
D) wp(t)[max(g, — y,0) — max(f;'(t) — g, 0)]
n=1 b=1
= Yt oy wi max(y — f(2),0) y<a
N B s
- (Zs:nJrl > p1 Wy max(y — f3(¢),0)
n B s S *
+ 23:1 Zb:l Wy max(fb (t> - Y, O)) + Vn Y S [Qn7 Qn+1)7 n e [N - 1]
= Y oty wi max(f(t) — v, 0) y > qn
In the interval (—o0, ¢1), the quantity is maximized at y = 6 = fuin(f) and its maximum
value is 0. In interval [¢,, ¢,+1), the quantity is maximized at y = 0 (contained in the interval

as shown in Proposition C.4) and its maximum value is 0. In interval (gy_1, 00), the quantity
is maximized at y = 0y = finax(t) and its maximum value is 0. Since P, only puts mass on the

points {0}, O (PN, P;) = maxp, O (PN}, P,)) = C = =30 (11 — 1)V < 0.

n=0» n=1» n=1
Next, O ((P;))_1, Py) = minp, ep@)men) O ((Pa)i_y, Py) follows directly from the propriety
of p, and the fact that g, is 7,,-level quantile of Py O

Putting all these together, the omniprediction error bound for Algorithm 4 is as following;:

swp = SMGE(1), Y2) — ((fy(0), Vo)

LeLyqi, bE[B] T —1

< (% S max (pulgS(0), Yi) - pn<f;<t>,m)2) T logn T e
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Proof.

1 T

ST ;[ﬁ(qG(t% Yi) = U(fo(t), V)]

1« .
= ommax 2;[pn(q7?(t>, Vi) = pu(f' (), Y1)
<z W) ()0 (0. Y) — (76, V)
t=1 n=1 b=1
# LSS g 0) (a0 0 — a0, 0"+ 2
Wi (% > (a0~ (710 mf) + 2t

C.3.3 Comparison between two algorithms

We conclude the section by comparing the two algorithms in terms of time complexity,
quantile crossing, and omniprediction error bound.

Time complexity The time complexity of Algorithm 3 is O(N B) per time step. Algorithm
4 is more complicated, where the main computational bottleneck lies in computing V* and
g for each n € [N — 1] (see Equation (C.15)). A naive computation of the minimizers {6} }
requires O(N3B?) per each time step. Appendix C.4.2 introduces a subroutine that computes
all {0} and {V*} in O(Klog K + NB) time, where K is the number of unique values in
{f2(t) }o.n, by exploiting the structure of {V,*}.

Quantile crossing. Due to Proposition C.4, quantile forecasts from Algorithm 4 does not
exhibit quantile crossing. On the other hand, Algorithm 3 does not guarantee such property
and post-sorting the resulting quantile does not always decrease the loss. Appendix C.6.2
provides examples where post-sorting rather increases the loss.

Omniprediction error bound. Comparing the omniprediction error bound (C.14) and
(C.17), we notice that the former bound is a function of the error of base forecasters,
pn(fi(t),Y:), while the latter bound is a function of relative error of two-player game based
algorithm output with respect to base forecasters, p,(q%(t),Y;) — pn(fi(t),Y;). This suggests
that the two-player based algorithm would achieve a better omniprediction error for harder
prediction tasks since the error of base forecasters is likely to be larger compared to the
relative error.
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C.4 Additional algorithmic details

Algorithm 5 describes the full description of our main omniprediction algorithm, Algorithm
1. Appendix C.4.1 discusses an efficient subroutine for computing V,* and 5, defined in
equations (C.18). Appendix C.4.2 discusses an efficient subroutine for computing %, defined
in equations (C.15).

C.4.1 Efficient subroutine for Algorithm 5

This subsection introduces Algorithm 6, an efficient subroutine to compute V,* and j* for
each n € [N — 1] in O(mN B) time. Recall the definition of V,* from Lemma C.1:

*:= min (Z ZZwlb]l{H < fi(t }—i—Z Z Zwlb —1{0; < ff(t)}))

€
g€bmlo \ 27 o et i=1 s=n+1 b=1

C.4.2 Efficient subroutine for Algorithm 4

This subsection introduces Algorithm 7 that computes {67}, in O(K log(K)) time, where
K is number of unique values in {f;*(t)}p,. With this algorlthm now the computational
bottleneck lies in computing V* = V,,(6%) for each n € [N — 1], which takes O(N?B) in
total. To reduce the time complexity even further, we introduce Algorithm 8 that computes
V¥ —V*forall n € [N — 1], which is all we need to to compute the minimax solution ¢<(t)
(See Proposition C.4), in O(N B) time.

We begin with introducing an efficient algorithm to compute {67}, in O(K log(K)) time.
Recall the definition of V' in Proposition C.4:

n B N B
=3 ) wymax(f5(t) —0,0)+ > Y wymax(6 — f(t),0), V= min V,(6).
s=1 b=1 s=n+1 b=1

The key point in efficiently computing V* is that V,,() is a sum of piecewise linear functions
(hinge functions) in . This implies that the minimizer ¢ is the point where the slope of
V. (0) changes from negative to positive. Another key observation is that the slope of V,,(0)
only changes at {f7(t)}ss and it increases by w;. More precisely, the change of slope at f;(t)
is Z{(:v,z):f;(t):fg(t)} w?. It is important to note that the amount of change at each f(¢) is

same for all V,(0), n € [N —1].

Then, we observe that the slope of V,,(0) at 0 < miny,, f'(t) is — >+, Zle wy. This implies
that finding 0 reduces to find the smallest f7(¢) such that cumulative slope increase is
larger than or equal to ., Zf , wp. Formally, 67 equals to the smallest f(¢) such that

D @)tz 00} Ve 2 e L W
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Algorithm 5 Full description of Algorithm 1

1:

10:
11:

12:
13:
14:
15:
16:
17:

C.1)
18:
19:
20:

21:
22:

23:

Data: Data stream (Y;)7_;, quantile levels 71 < 75 < ... < 7, Grid size m € N, Learning
rate 7 > 0, Base forecasters: { [y}, where f, outputs f*(t) as 7,-level quantile estimate
at time ¢;

Initialize: w? (1) = ——, Vi € [m],n € [N],b € [B];

- mNB’

fort=1,...,7T do

1) Make prediction at time t:
Define V=V =0, j5 =0, jy =m;
Define w' = (wi(t))2.,, 17 = (1{6; < fF ()L, and 15 = (1,..,1) € R? for Vi, n.
forn=1,...,.N—1do '
Define Vii(5) as Vo (j) = 3200500 2oy wi - 17+ 300, Zivzn—i-l w; - (1p —13)
Compute V¥ and j;:

Vi=minV,(j), gr=min{jl|jei_,m]V.(j) =V} (C.18)

" jelm]
end for

forn=1,....,N do
if V,(jn-1) = Va(j;) then
Po(t) = 035 jm;
else
Define By, == S2F wl - 1p— 327 wp - 17
Find j¥ | <k, < jf s.t. By, <V ,—V*<By, 11 (Existence proved in Prop.

Pn(t) = (1_On)5kn/m + Cné((kn+1)/m), where C,, = (V;_l—V;—Bkn> /(wﬁn-]lB)
end if
end for
Output P(t) = (P,(t)N_,;

2) Update the weights for each S, ; and fj:

wh(t+1) =

wiy(t) exp(’?(Eqn~ﬁn(t> (7.0 (an, Y2)] — b fy 1), %)) Vi, n,b
b

Zi,n,b wﬁ; (t) exp (77 (Eq,LNP,L(t) [ngﬂi (Qm YD] - ngﬁz‘ ( (t)’ }/t)))

24: end for
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Algorithm 6 Efficient computation of V,, and its minimizer 3,
1: Input: Weights (wfb)se[N],ie[m],be[Bh indicators (]l{@z- < fz;s(t)})se[N},ie[m},be[B]
2: Output: Values {V,,}2=' and minimizers {j*}V=}
3: 1) Compute aggregated weights and indicators:

B B
wi =Y wh, =Y wil{ < fi(t)}, Vi€ [m],s€[N]
b=1 b=1
4: 2) Compute cumulative sums:

n N
FrontSum|n, i| = Z]f, BackSum|n, i] = Z (wi —I7), Yie€[m],ne[N-1].
s=1 =

s=n-+1

5: 3) Find j* for each n € [N — 1]:
6: Define j5 = 0. Initialize cost[j] = 0,V5 € [m]o.
7. forn=1,...,N—-1do
8: Compute the cost at j = j;_;:
m Jn-1
costljr 4] = Z FrontSum|n,i| + ZBackSum[n,z’], Vi < cost[j:_]
i=ji_ 41 i=1
9: for j=7:_,+1,...,mdo
10: cost[j] = cost[j —1] — FrontSum|n, j—1] + BackSum|n, j—1]
11: V,, < min(V,,, cost[j])
12: end for
13: Jp = argming. o, cost|j]
14: end for

15: Return: {V,})! and {j:})}

Next, we introduce an algorithm that computes V.* | — V* for all n € [N — 1] in O(N B) time.
Note that naive computation of V* using ,* takes O(N B) time and thus O(N2B) in total.



C.4 ADDITIONAL ALGORITHMIC DETAILS 98

Algorithm 7 Efficient computation of {67},

Input: Weights (w})neiny,se(s), forecasts {fi'(t) }nein, veis)

1) Compute cumulative row sums:

Define W[n] = 30, 37 wi, n€[N].

2) Compute the slope increases at each f;(t):

Flatten {(w}, f(t))}sn into pairs {(@, fr)}2 and sort them by fi in nondecreasing

order.

6: Group equal forecast values and let the distinct sorted values be {gk}szl with g1 <gs <
< gk

7. For each k € [K], compute the sum of corresponding weights: v, = Z{(b,n):fgl(t):gk} wy.

8: Compute the cumulative sum of v: Veum[k] = S5, vy.

9: 3) Find 0 for each n € [N — 1]:

10: forn=1,...,N —1do

11: Binary search on Veum (sorted b/c vy > 0) to find smallest k7 such that Veumlk}] >
12: 05 < G-

13: end for

Before introducing the algorithm, we observe what V,* | — V* is.

—_

n—

Va0, 1) = Val(6),) = wy (max(fy(t) — 0,_,0) — max(f;(t) — 6},0))

s=1

= 1M

B

+ ZZw max — f3(t),0) — max(0;, — f;(t), ))

s=n+1 b=1
B

+Zwb max(0;_, — f;'(t),0) — max(f;(t) - 6;,0))

Each component results in different values depending on whether fJ'(t) < 6% _, or 6 _, <
fi(t) < 6% or 6% < f(t). Fortunately, some calculations on the quantity above (divide cases
etc.) gives the following simple formula:

Va1 (0, 1) = Va(67)

=Y N wp(0h {0 < 053+ [ (0146, < f3 () < 03} + 0,146, < f;(1)})

s=1 b=1
n—1 B B

o (zzws) g ( 3 zwb) S w R
s=1 b=1 s=n+1 b=1 b=1

Observe that most quantities can be precomputed in O(N B) time. Algorithm 8 shows the
details.
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Algorithm 8 Efficient computation of V> | — V* for all n € [V — 1]

,_.
@

11:
12:

Input: Weights (w})pn, forecasts {f7"(t) }o.n, {9r e, {0} = g }2_o from Algorithm 7
1) Compute cumulative row sums:

Define Win] =", 27 wi, n€[N], W[0] = 0.

Define WB[n] =30 .\ S°7 jwi, n€[N—1], WB[N]=0.

Define V[k] = Z{(bm):fg(t) —ge} Wb € [K].

Define VF[k] = Z{(b,n):fgz( B=ge} Wb * fb (t), kelK].

Define Veuml[k] = Y5_, V[k], k& € [K], Veum[0] = 0.

Define V Feuml[k] = ZIZ VF[k], kelK], VFcum|0]=0.

2) Compute V* |, — V* for each n € [N — 1]

forn=1,...,N—-1do
Ve, =V*=0"_(Vcummax(k} ;,0)]) + (VFcumlk} — 1] — VFcum[maX(k;;; L0

+ 05 (1 — Veuml[k: —1]) — 0*_,(W[n — 1]) — 6" (W B]n Zw}}fb

end for
Output: {V;, -V}

C.5 Additional empirical results

C.5.1 Experiment details

During the pandemic, the United States Center for Disease Control and Prevention solicited
forecasts of future disease outcomes from research groups throughout the country [CHW™'22].
In our experiment, we focus in particular on forecasts of the future number of people that
will be hospitalized with Covid-19 on a given day. Below is the detailed information about
the data.

e Horizon: 1, 2, 3, 4 weeks ahead
e Location (total 52): 51 state-level series (50 states + DC) and the U.S. aggregate series
e Dates: 2020-12-29 to 2023-06-05 (127 weeks)

e Base forecasters (total 18): CU-select, GT-DeepCOVID, COVIDhub-baseline, Karlen-
pypm, JHU IDD-CovidSP, MOBS-GLEAM COVID, USC-SI kJalpha, JHUAPL-
Bucky, JHUAPL-Gecko, MUNI-ARIMA, CMU-TimeSeries, UMass-trends ensemble,
PSI-DICE, IHME-CurveFit, CUB _PopCouncil-SLSTM, BPagano-RtDriven, LANL-
GrowthRate, UVA-Ensemble
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e Ensemble models (total 2): COVIDhub-4 week ensemble (COVIDhub-Ens), JHUAPL-
SLPHospEns (JHUAPL-SLPEns)

e Quantile levels (total 23): [0.01, 0.025, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5,
0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 0.975, 0.99]

We choose the grid spacing for each region so that the resulting discretization yields sufficiently
fine resolution across time series based on their respective ranges. In particular, this choice
ensures more than 500 grid points for all 208 = 52 x 4 time series, and more than 1,000 grid
points for over 150 time series. The corresponding grid spacing used for each region is as
follows:

RI, ND, AK, VT, WY: 2

NM, ID, NE, WV, HI, NH, ME, DE, SD: 5
e OR, UT, NV, IA, KS, MS, MT, DC: 10
VA, WA, AZ, TN, MA, IN, MO, MD, CO, WI, MN, SC, AL, LA, KY, OK, CT, AR: 20

PA, IL, OH, GA, NC, MI, NJ: 50

CA, TX, FL, NY: 100
US: 500

C.5.2 Additional plots

Figure C.1 compares quantile forecasts for US-agg hospitalizations. During the pandemic,
COVIDhub-Ens was constructed as a weighted average of the quantile estimates of the
base forecasters, whereas JHUAPL-SLPEns was obtained by first constructing predictive
distributions and then averaging the resulting CDFs [Mul24|. Hedge-QL also aggregates
quantile estimates via weighted averaging. It is well-known that averaging quantile forecasts
produces sharper intervals than averaging predictive distributions [LJGCW13]. Consistent
with this, COVIDhub-Ens and Hedge-QL produce relatively sharp prediction bands, whereas
JHUAPL-SLPEns yields wider intervals. Interestingly, although our algorithm only uses
quantile forecasts, it produces intervals that are slightly wider than those of COVIDhub-Ens
and Hedge-QL, yet noticeably sharper than JHUAPL-SLPEns, while still closely tracking the
observed trajectory.

Analogous to Figure 4.4, Figure C.2 shows how the performance of Hedge-QL varies with the
learning rate. The figure shows the realized total omni-error and total quantile loss realized
by Hedge-QL for 1- to 4-week-ahead horizons on the US-agg data with learning rate constants
cy € {107* | i = —4,...,12}.
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Figure C.1: Quantile forecasts for US-agg weekly COVID-19 hospitalizations at 1-week-ahead
and 4-week-ahead horizons. The learning rate for *Hedge-QL and *0ur algorithm is selected
to achieve the best total omni-error. The black curve shows the observed hospitalizations.
The blue shaded regions show nested quantile prediction bands: darker regions correspond to
more central quantile intervals, while lighter regions correspond to wider intervals.

Lastly, Figure C.3 summarizes performance of all algorithms including 18 base forecasters
using standardized ranks. Models in the column of the figure are ordered by their first-quartile
performance (lowest quartile of standardized rank), with higher placement indicating better
performance. Besides *0ur algorithm and *Hedge-QL, multiple instances of our algorithm
with a fixed learning rate are ranked higher than COVIDHUB-Ens and JHUAPL-SLPEns
as well as all of the base forecasters. In particular, the both the first and third quartile of
standardized ranks of all instances of our algorithm are comparable to or higher than the
two ensemble models. This implies that our method, for a wide range of learning rates,
can be viewed as better and more robust model compared to existing ensemble models,

COVIDHUB-Ens and JHUAPL-SLPEmns.



C.6 MISCELLANEOUS ADDITIONAL DETAILS 102

1wk-ahead prediction 2wk-ahead prediction 3wk-ahead prediction 4wk-ahead prediction

.
o
s —.— COVIDhub-Ens
= N N iviniinpinsivsmiominpnsuie--mn-~ousi A A ) o e A A JHUAPL-SLPEns
g ---- *QOur alg.
© —e— Hedge-QL
3
e
100 100 10! 10 10° 101 100 10! 102 10° 101 100 10! 102 10° 101 100 10! 102 10°
Learning rate (log(cy)) Learning rate (log(cy)) Learning rate (log(cy)) Learning rate (log(cy))
1lwk-ahead prediction 2wk-ahead prediction 3wk-ahead prediction 4wk-ahead prediction
0.004 S —p———
E‘ 0.002 4 1 1 1 —-— COVIDhub-Ens
 0.000{ ol 1 looooes. o] - JHUAPL-SLPEns
9 ’—‘W -——. *Our alg.
% 00021 1 oo 1 —e— Hedge-QL
= —0.004 4
101 100 10 10 10° 10 10° 10 102 100 100 100 10! 10 100 10 10° 10 102 10°
Learning rate (log(cy)) Learning rate (log(cy)) Learning rate (log(cy)) Learning rate (log(cy))

Figure C.2: Sensitivity of Hedge-QL to the choice of learning rate. Each panel shows the
performance of Hedge-QL as a function of the learning rate (green curve) as measured by
the total omni-error (top row) or total quantile loss relative to best base forecaster (bottom
row) on the US-agg data. Panels from left to right shows results at one to four week time
horizons, while horizontal lines indicate the performance of *OQur algorithm and the two
baseline ensembles. Lower values indicate better performance.

C.6 Miscellaneous additional details

C.6.1 Regularity conditions

This subsection provides details of the regularity conditions in Theorem 4.2. In Proposition
4.2 in [FZ16], the conditions are stated in terms of the identification function V' and its
expectation over Y, V (see Definition 2.2 in [FZ16]). For the 7-level quantile functional, the
identification function on ¢,y € [0, 1] and F' a cdf supported on [0, 1] is as follows:

Vigy) =Wy <z)—7 and V(g F):=Ey.rV(g,Y) = Flg) - 7.
For multiple quantile levels, {7,,}2_,, the identification function is as follows:

V()i y) =My <q) =7, Wy <qo) =72, -, Ly < qn) —7),
V((qn>7]~:]:17F) = (F((h) - 71, F(QZ) — T2, "'vF(QN) _TN)-

We now state the regularity conditions for Theorem 4.2. The conditions are referred to as
(V1), (V3), (V4), (VS1), (S2), and (F1) in [FZ16]. Among these, it is straightforward to
check that (V1), (V3), (V4), and (F1) hold for quantile functionals. We state the remaining
conditions (S2) and (VS1), which are conditions on the loss function, below.
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Figure C.3: Distribution of standardized ranks of instantaneous quantile loss across all
(horizon, location, time) tuples for the 51 state-level series. For each tuple, we rank the
available forecasts by quantile loss and normalize the ranks to [0, 1]. The colored segments
represent the empirical distribution of ranks grouped into quartiles.

Assumption (VS1) The complement of the set

C = {((za)n’1,y) ERY xR | £ ((x,))_,,") are continuous at y}

n=1»

has (N + 1)-dimensional Lebesgue measure zero.

Assumption (S2) For every continuously differentiable cumulative distribution function
F supported on [0, 1], the function /(-, F) := Ey..pf(-,Y) is continuously differentiable,
and its gradient is locally Lipschitz continuous. Furthermore, ¢(-, F') is twice continuously
differentiable at (z,,)Y_; = (¢, (F))Y

n=1-*
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C.6.2 The effect of post-sorting on proper loss functions

[FIKM 23] showed that post-sorting never increases the loss for unweighted sums of pinball
losses at different quantile levels. Unfortunately, the same does not hold for weighted sums
of pinball losses. We present two results in this section. First, for a class of weighted sums
of pinball losses at two quantile levels, we fully characterize the conditions under which
post-sorting always decreases the loss. Conversely, when these conditions fail, there exists an
instance (Y, xy, z5) for which post-sorting increases the loss. Second, we present a subclass of
loss functions where post-sorting does not increase the loss.

Define the pinball loss at quantile level 7 as p,(x) := 7al{z > 0} + (1 — 7)|z|1{z < 0} =
(1 — 1{z < 0})x.
Proposition C.5. For (o, 3) € (0,1)? with a < 3, define a weighted quantile loss as

f(flfl, QTQ) = Ey[wapa(Y — $1) + wﬁpB(Y — {L’Q)]

If (wa, wp) satisfies one of the following conditions, then post-sorting does not increase the
loss:

1. wo, = wg
2. wy <wg and (1 — a)w, > (1 — fwg
3. we > wg and Pwg > aw,.

Conversely, if (wa, wg) does not satisfy any of the above conditions, then there exists (Y, xy, x2)
such that post-sorting increases the loss.

Proof. Choose any x; > x3. The loss before post-sorting is ¢(x1,x2) and the loss after
post-sorting is ¢(xa, x1).

Uz, 29) — (2o, 27)

= WoEy [(a = {Y <21 })(Y —21) — (o — L{Y < 22}) (Y — x2)] +
wsBy [(8 = T{Y <)Y —22) = (B = L{Y <1 })(Y — 21)]

= wo By [{—a(x; — x2) + L{Y < z1}x; — {Y < o}ae — 1{zo <Y < 2 }Y} +
wsBy [{B(z1 — x3) + T{Y < xotwg — WY < a1}oy + M{zy <Y < 2,}Y'}]

=Ey {—a(r1 —22) + T{za <Y <z} (1 = Y) + T{Y < 2o} (z1 — 22) }] wat
Ey {B(z1 —22) —L{za <Y <21} (21 = Y) — L{Y < 2o} (21 — 22) } wp

Denote the coefficient of w,, ws as ¢4, ¢ respectively. Notice that c,+c5 = (B—a)(x1—x2) > 0.
Therefore ((z1, x9) — l(x2, 1) > 0 if w, = ws (Condition I).
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Now, we consider Condition II: w, < wg and (1 —a)w, > (1 — B)ws. Denote A = P(Y < ),
B =P(zs <Y < ;1) and observe that Ey1{z, <Y < a1}(z; —Y) € [0, B(x; — 23)]. Then
the difference in loss is written as:

U(xy,29) — l(xg, 27)

= (wa(A —a) +ws(f — A)) (x1 — 12) — (ws — wa)Ey1{zs <Y <z }(z; — Y)
—(wg — wa)A + Pwg — aw, — (wg — wy) B(xy — x2)

—(wp — wa) A+ (w5 — wa) — (w5 — wa) Blz: — 72)

(wg —wa)(1 — A — B)(x; —x3) > 0.

(A\VARAVAR VS

Note that the second inequality used fws — aw, > wz — w, which follows from Condition II
and A+ B =P(Y < x;) < 1. Condition III can be proved in a similar manner.

Next, we prove that there exists (Y, x1,25) such that post-sorting increases the loss if
(wq,wg) does not satisfy any of three conditions. First consider the case w, < wg and
(1 —a)wy < (1 —P)wg. Let Y = x5 almost surely. Then A =0, B=1, and Ey1{z, <Y <
x1}(x1 —Y) = 21 — x9. Therefore,

U(xy, 29) — l(xg, x7)

= (wa(A —a) +ws(f — A)) (x1 — 12) — (ws — wa)Ey1{zs <Y <z }(2; — Y)
= (a0 — @)+ ws(B — 0)) (& — 2) — (w5 — wg) (a1 — )

= (wg — wy) (1 — x2) > 0.

Therefore, post-sorting increases the loss. Next, consider the case where w, > wg and
Bws < aw,. Let Y = 1 almost surely. Similar calculation shows that post-sorting increases
the loss. O]

We prove another subclass of proper loss functions where post-sorting does not increase the
loss. From Theorem 4.1 and Theorem 4.2, a proper loss for multiple quantile levels can be
written as the following form under mild regularity conditions:

N

((@a)n=1) = By Y (Y < aa} = 70)(9n(an) = 9a(Y)), (C.19)

n=1
where g,, is a non-decreasing left-continuous function, for n € [N].

Proposition C.6. If a loss function ¢ defined as (C.19) satisfies g,(z) = g(z) for all i € [N],
then post-sorting does not increase the loss.
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Proof. Due to additivity of the loss function, it suffices to show ¢(x1, x9,y) — (22, 21,y) > 0
for x1 > x5 where x,, corresponds to the 7,-level quantile estimate.

U(xy,29) — (2, 21)

= Ey [({Y <1} = n)(g1(z1) — 21(V)) = ({Y < a2} — 71)(g1(22) — 91 (Y))+
(H{Y <22} — 1) (g2(22) — 92(Y)) — ({Y < a1} — 1) (g2(21) — g2(Y))]

= Ey[n(g1(z2) — g1(z1)) + L{Y < z1}gi(21) — H{Y < 2o}gi(ae) — Wz <Y <21}gi(V)+
To(g2(x1) — ga(x2)) + T{Y < za}ga(xe) — L{Y < 21}ga(z1) + 1{ze <Y < 21}92(Y)]

Now using the fact that g; = g2 = g, most of the terms cancel out and we have

Uy, 29) — (w2, 71) = (T2 — T1)(9(21) — g(2)) > 0.

C.6.3 Omniprediction for multi-horizon forecast

We note that our omniprediction framework can be extended to multi-horizon prediction
task, where the ground truth Y; and base forecasters’ predictions f;'(t) are not scalars but
vectors. By denoting such vector ground truth and vector predictions as Y; = (Y1, ..., Yo n)
and fi'(t) = (fi'(t, 1), ..., f(t, H)), respectively, we can define the omniprediction objective
for multiple-horizon prediction as

sup ZEqn h~Pr n(t ((Qn,h)qzz\[:hY;ZhN [ ((fb (t h))n 17}/;5,h)]7

leLy,be[B],he[H] T

which means we want to minimize the maximum of regret for each horizon rather than the
average of regret over all horizons, which is commonly used in practice. Then, with Algorithm
1 in hand, the task reduces into solving the following minimax program:

H N B

min max Z Z Z wi B 9, h~Pr n,Yn~Py [ng (Qn hy Yn) — n79i<fl?<t7 h), Yu)].

P h€Am, eA
n,é/znyhnL h ms he1 n—1 b1

However, this minimax program is of form

H H

. N - .

pin o max S g (Paadio, Pua) = 3, min - max g ((Pan)iies Prn) -
Vn,h vh  h=1 h=1""",

and this reduces into solving H minimax program of form (4.9), solution of which is provided
in Theorem 4.3, separately for each horizon. Therefore, running Algorithm 1 for each horizon
separately, and combining the solutions together will solve the omniprediction problem for
multiple-horizon prediction.
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C.6.4 Regret bound of Hedge algorithm

We introduce the well-known regret bound of the Hedge algorithm, which is used frequently
applied in the proofs in Chapter 4.

Theorem C.4 (Regret of Hedge (e.g., Theorem 1.5 of [Haz19])). Consider an online learning
problem with B experts receiving bounded losses {€y(t) }oe(p)teim)-

Suppose that at time step t we make the same prediction as expert i with probability

_exp(=n X, 6(s)
2o XP(=n ey by ()

wb(t)

for some n > 0. Then,

DD w6 < i 3360 + 03D wE) + =

t=1 b=1 t=1 b=1
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