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Lester K. Goodwin, Robert W. Kenney, and Victor Perez-Mendez
‘ Lawrence Radiation Laboratory
University of California

Berkeley, California
July 1960

ABSTRACT

The elastic differential cross section for the séatiéring of negative
pions by hydrogen was measured at 1aborat‘:ory-system pion kinetic energies
of 230, 290, 370, and 427 Mev. The elastically scatteréd pfons were detec-
ted by a counter telescope which discriminated against recoil protons and inelastic -
pions on the basisof‘range.Differential cross sections were obtained at nine angles
for each energy and were f{itted by a least-squares program to a series of
Legendre polynomials. At the three higher energies, D waves are required
to give satisfactory fits to the data. The real parts of the forward-scattering
amplitudes calculated from this experiment are in agreement with the predictions
of dispersion theory. The results of this experiment, in conjunction with data
from other pion-nucleon scattering experiments, support the hypothesis of charge

independence at these higher energies.
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THE ELASTIC SCATTERING OF NEGATIVE PIONS BY PROTONS
. AT 230, 290, 370, AND 427 Mev"
Lester K. Goodwin, Robert W. Kenney, and Victor Perez-Mendez
Lawrence Radiation Laboratory
University of California
Berkeley, California
July 1960

I. INTRODUCTION

The scattering of pions by nucleons has hitherto been extensively investi-
gated from very low energies up to 300 Mev. In this energy region, dominated
by the well-known (-3/2, 3/2) resonance, the experimental iﬁformation is quite con-
gistent and in good agreement with theory. !

Above 300 Mev, the data on pion scattering are lese complete than at lower
energies. There are a few good measurements with high resolution and good statis-
tics up to 330 Mev. 2 Above this energy, much of the published data are qualitative
rather than quantitative. 3

In the experiment deécribed here, the differential elastic-scattering cross
section for negative pione on protons has been measured at 230, 296. 370, and 427
Mev (lab) for the incident pion., Also, the differential cross sections for various
combinations of the inelastic processes listed below have been measured.

In addition to the elastic~-scattering interaction,

T +p T +ip, (1)

other competing interactions for w~ incident on protons are the elastic

Work done under the auspices of the U. S. Atomic Energy Commission.
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charge exchange,

v-+p»no+n. (2)

and the inelastic interactions (~ 170 Mev threshold) leading to two-pion final states,

a0 +p->1r.+1r++n.
-ow'+1r0+p. (3)
and

»1:0 +1ro + n.

The inglastic cross sections for three-pion final states with a threshold at 345 Mev
are negligibly small at the highest energy measured in this experiment (427 Mev).
From these experiments on elastic scattering, information is obtained con-
cerning the amplitudees of the various angular-momentum states in the pion-nucleon
interaction at several energies. The rapid increase of one of these waves is con-
sistent with the tentative interpretation that the second resonance in the pion-proton

interaction, occurring at 600 Mev, 4,5

isa DS/Z resonance,

Comparisons of these experiments with dispersion theory are made in which
the D and higher waves in the data analysis are checked with dispersion predictions.
The parameters fz (pion-nucleon coupling constant) and the zero-energy scattering
lengths were given values which are required for good agreement with lower-energy

data. 7

From the combined data for w’-p/:}::::;;ing, for charge exchange, and for
w+-p elastic scattering, all at the same energy, one can (as pointed out by Stanghellini)8
infer a quantitative limit on the validity of the charge-independence hypothesis at
these higher energies.

The most complete interpretation of pion-nucleon experiments is based on an

analysis in terms of scattering amplitudes and phase shifts. This approach is desirable

at the higher energies also, and may be carried out consistently when the higher-energy
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data become adequate. The main complication introduced at higher energies is that
additional phase shifts are required and also that they become complex quantities
because of the appearance of inelastic channels. For a satisfactory determination
of the phase shifts, the possible differential and total inelastic reactions must be
known to an accuracy comparable to that for the elastic data, A tentative set of
phase shifts up to 600 Mev has been proposed by Walker, based on the existing
elastic and inelastic data, 6 This set can be significantly improved when missing or
uncertain data are determined as accurately as the elastic-scattering data in this and

similar experimentas. 9

1’ EXPERIMENTAL METHOD

A, Experimental Arrangement

1, Magnets and Collimators

A diagram of the experimental arrangement at the Berkeley synchrocyclotron
is ehown in Fig. 1. The 730-Mev proton beam produced n  mesons in the beryllium
internal target which was 2-in. thick in the direction of the beam. The negative pions
were deflected out of the cyclotron by its magnetic field, through a thin aluminum
window in the vacuum tank, focused by a quadrupole magnet, and then passed through
an iron collimator 8 ft long.

s

The pion beam was momentum-analyzed and focused by passing through a
conventional horizontal magnet system, 10 after which the beam passed through a
collimating hole in a 2-ft-thick lead wall. At each energy, the pion flux at the posi-

tion of the hydrogen target was in excess of 104 pions/sec in a 2-in, diameter beam.

2., Pion Beams

The energies of the four pion beams are listed in Table I with their energy

spreads and contaminationa, The average energy, the energy spread, and the
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fractional muon contamination of each pion beam were determined from range measure-

ments in copper.

The electron contaminations were measgured directly at the two lower energie's
by using a gas éereukov counter set to count particles of p >0.99. 1 At the two
higher energies, upper limits to the number of electrons in the beam were estimated,

Horizontal and vertical beam profiles were measured at the position of the

liquid hydrogen target with a 1/4-in. -square counter placed in coincidence with the

two beam-monitor counters.

i Counters

All the counters, with the exception of the gas éerenkov counters, were plas-
tic scintillators viewed through Lucite light pipes by RCA 6810A photomultiplier
tubes. The sizes of the scintillators shown in Fig. 1 are listed in Table II.

During the data runs, Counters | and 2 were used as monitors, and Counters.
3, 4, and 5 were combined into a counter telescope to detect elastically scattered
pions. These counters were placed as shown in Fig. 2. The details of the counter-
telescope design are discussed below.

4, Electronics

A block diagram‘ of the electronics is shown in Fig. 3. The high counting
rates, up to 106 counts/sec, required high-speed electrounic circuits. 12 The correc-
tion for multiple counts in one fine-structure pulse is discussed under Corrections,

Both fourfold coincidences, 1234, and fivefold coincidences, 12345, were
recorded in addition to the monitor doubles, 12. During measurements at forward
angles, a 1/4-in. -thick anticoincidence counter with a 2-in, -diam ho}e was used to
define the incident beam more accurately. It was placed just before the target to

reduce direct beam spray into the telescope.
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Table 1. Energies and contaminations of w~ beams

Pion beam Use of Muon Electron
energy, lab beam contamination contamination
(Mev) ' ‘ (%) (%)
230 6 Data run 15 21 5% 1
290 £ 7 " 8 %1 1 %1
370 £ 9 " 41 1 %1
427 10 " 42 121
120 £ 7 Calibration 33 , .-
155 2 5 " 383 .-
192 = 7 " 1322 cew
294 % 6 ' " 5% 1 ---

378 £ 9 " 4 1 . ——-

u
N

|
|
F
I
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Table II. Dimensions of scintillation counters (in.)

Counter W idth Height Diameter Thickness
1 3.00 3.00 - 0.25
2 2.00 0.25
3 3.00 4.00 0.50
4 6.00 6.00 0.50
5 11.00 12.00 0.50
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5. Target

The liquid hydrogen target consisted of a small container with vertical side
walls 5 in. high made of 0.02~-in. -thick Mylar (Fig. 2). Copper top and bottom |
plates (4 in. wide and 8 in. long with 2-in. radius ends) supported the Mylar walls,
which :were bonded to these plates with a Versamid epoxy mixture., The container
was thermally insulated by a vacuum.

A correction for bulging of the Mylar walls in the vacuum, due to the l-atm

pressure inside the target, was included in determining the target thickness,

B. Counter Telescope

1. Design

The counter telescope consisted of scintillation counters 3, 4, and 5, as shown
in Fig. 2. It pivoted as a unit in the horizontal plane about the center of the hydrogen
target. The distance from this pivot axis to the telescope was variable so that the

solid angle subtended could be adjusted.

~ 5

In order to distinguish the elastically scattered pions {Interacfion (1) , from
r 51

their recoil protons and the other charged particles produced i§Im‘.era¢:timu; (3)j ’
copper absorbers were placed between Counters 3 and 5 in the; telescope. The elastic-
ally scattered pions have greater range than any of the other secondary particles at a
given laboratory-system angle; hence the absorber thickness was chosen to allow only
the elastically scattered pions to reach Counter 5.

Two-body kinematic equations were used to find the maximum energy of pions
from Interactions (3) by taking as the mass of one of the outgoing particles the sum of
a pion mass and a nucleon mass,

The minimum amount of copper absorber needed in the counter telescope was

approximately the same for a given kinetic energy of elastically scattered pions in-

dependent of the energy of the incident pion beam., It was found that the thickness of
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copper needed was less than that given by the simple linear equation
C, = (T - 100)/2, ’ (4)

where Ci (in g/cmz) is the ideal amount of absorber and T is the kinetic energy
(l1ab) (in Mev) of the elastically scattered pions. Consequently, the amount of absorber
determined from Eq. (4) was used throughout the experiment,

Counters 4 and 5 were large enough that losges from multiple Coulomb

scattering in the absorbers were less than 0.5%:. . 7 .57

2. Calibration

For the highest-energy scattered pions, the required amount of copper
absorber in the telescope transmitted only about 1/3 of the pions. Consequently,
it was of great importance to measure accurately the efficiency of the counter tele-
scope throughout its range of use.

The absolute calibration of the counter telescope was carried out with essen~
tially the same beam setup as shown in Fig. 1 by placing the telescoperdirectly in
the main pion beam just after the monitor counters and varying the w beam energy
from 100 to 430 Mev.

On the assumption that the muons are counted with 100% efficiency, the counter
efficiency E is related to the measured fractioh transmitted, F, and the fractional

beam contamination, K, by
E=(F-k/(-K). (5)
The results of the measurements for establishing the curves used to calibrate
the counter efficiency are given in Table I and Fig. 4. The unusually high muon con-

taminationtat 155 Mev reflected the physical impossibility of properly adjusting the

position of the internal beryllium target at this energy.



-11- UCRL-9119 Rev.

C. Experimental Procedure

1. Accidentals and Backgrou_p_c_i

The only important accidentals counting rate in this experiment is due to more
than one particle passing through the monitor during a single cyclotron rf fine-struc-
ture pulse. This rate was measured by appropriate electronic delay procedures and
taken into account in the data reduction,

The background counts during the run were measured by cycling with the tar-
get empty and full at each different laboratory-system angle. This was done for both
regular and accidentals ruus.

2, Counting Rates

The counting rate for scattered pions was of the order of 10 counts/min.

Singles counting rates were regulated with regard for the observed accidentals rates.

D. Related Measurements

1. Simultaneous Experiments

While this experiment was being carried out on one side of the hydrogen
target, other experiments were performed on the other side.

During the data run at 230 and 290 Mev, the charge-exchange process given
in Interaction {(2) was measured. 9 During the data run at 370 and 427 Mev, the wt
production processes given in Interactions (3) were measured.

In order to avoid a possible change in background level, data cycles were com-

pleted during periods when no changes were made in these other experiments.

2. Total Cross Section
F

Also in conjunction with this experiment, the total cross section was measured,

This was done by using the same pion beam arrangement and magnet setting as in
measurements of the differential cross section. The hydrogen target was replaced
by a long (4-ft) hydrogen target. 14 This measurement is described elsewhere. 15 The

importance of the measurements to this experiment is that the beams for which total
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cross sections were obtained were identical to those for which the elastic-scattering
cross section was measured. These two results are then compared by using the dis-~
persion relation (15), and the comparison is aharpéned by being independent of pion
beam characteristics. Independent of the uncertainties in determining these energies,

dispersion relations are discussed.

III. RESULTS

A, Differential Cross Section

The average numbers of scattered particles per monitor count, Iy, at each
energy and angle are listed in Table Iil.
The laboratory-system differential cross section, do/dQ, is related to the

average gcattered counts per monitor count, IA’ by
do /d = 1, /ESK, (7)

where E is the efficiency, 0 is the solid angle subtended by the counter telescope,
and K, the target constant, is the number of scattering centers per unit area normal

to the beam direction. For hydrogen, it is given by

K=N L, (8)

0PH
where NO is Avogadro "s number, Py is the density of the liquid hydrogen in the
target, and L is the average thickness of the target parallel to the beam direction.
The target pressure was about 1 atm at all times, The density,
Py = 69.320.8 g/4, used in Eq. (8) was actually taken as the difference between the
densities of boiling liquid hydrogenl6 and the hydrogen vapor present when the
target was empty.
The effective thickness, L, of the target was determined by averaging the

measured target thickness at 25°K with weights determined from the beam-profile

measurements. The average thicknees, L, was 4.230 in. The resultant value for



Table 111

v elastic-scattering differential cross sections

Beam Lab. 1, +al, do /a%, do /ag’ C. M.
energy angle, 8 (x 108) +ado /a0 +ado/ag angle,0"

(Mev) (deg) {(mb/sterad) (mb/sterad) (deg)
230 15.0 14.75 £1.36 4.7020.43 3.03£0.30 20.1

22.4 24.90£1.22 4.5820.23 3.1420.17 ©30.0

38.0 16.01 £0.73 2.76£0.13 2.1120.11 50.0

54.6 24.00 £0.85 1.64 £0.06 1.45£0.06 70.0

72.7 13.18 £0.47 0.84 £0.03 0.89 +0.04 90.0'

92.7 16.18 £0.64 0.8020.03 1.06 £0.05 110.0

114.8 20.98 £0.78 0.90 +£0.03 1.48 £0.07 130.0

O R v B » F L S

290 15.0 8.28 £1.71 2.99 £0.62 1.6740.33 20.8

21.8 15.97 +1.02 3.3520.21 1.99+0.12 30.0

36.9 10.58 20.66 2.15%0.13 1.43£0.08 50.0

53.2 18.65 £0.97 1.49 £0.08 1.16 £0.66 - 70.0

70.9 11.67 £0.58 0.80 £0.04 0.7720.04 90.0

90.8 8.03£0.39 0.48 £0.02 0.58 £0.02 110.0

113.2 9.89 £0.45 0.50 £0.02 0.7820.03 130.0

138.3 14.87 £0.75 0.650.03 1.2540.05 150.0

158.8 8.03 £0.45 0.77 £0.04 1.63+0.08 165.0

-g1-

*AY HTT16-THON



Table 1II (Cont'd}:
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n~ elastic-scattering differential cross sections

Beam Lab. 1, *al, do /a0, do fag’ C. M.
energy angle, (x 106) 2Ado /dszT ﬁAda/dﬂ* angle, o
(Mev) (deg) (mb/sterad) {mb/sterad) (deg)

370 10.4 2.23%0.56 2.68 £0.67 1.1440.33 15.0

20.9 10.27 £0.53 2.6820.14 1.38 £0.07 30.0
35.5 20.08 £1.13 2.1440.12 1.260.07 50.0
51.3 16:02%0.74 1.50 £0.07 1.06 £0.05 70.0
68.7 9.20 £0.45 0.75 £0.04 0.6720.03 90.0
88.4 5.56 £0.26 0.39 £0.02 0.45 %0.02 110.0
111.0 6.8340.30 0.41£0.02 0.63£0.03 130.0
136.7 7.4920.41 0.39 £0.02 0.7420.04 150.0
157.9 3.56 £0.27 0.4020.03 0.87+0.07 165.0
427 10.1 4.2440.66 4.9740.78 2.1820.37 15.0
20.4 11.16 2 1 47 3.20£0.42 1.5740.21 30.0
34.7 25.8141.60 2.9520.18 1.66£0.11 50.1
50,2 . 17.3140.89 1.80 £0.09 1.2340.07 70.2
67.4 9.64£0.52 0.8720.05 0.76 20.04 90.2
87.0 4.7420.27 0.3520.02 0.41+0.03 110.2
109.7 6.0240.33 0.4140.02 0.64 £0.04 130.2
135.8 9.58 £0.47 0.54 £0.03 1.09 £0.06 150.1
157.4 3.86 £0.24 0.4740.03 1.0720.07 165.1

-USI‘
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23 -
the target constant, K, determined from Ey. (8) iz 4.4820.05 x 10 cm 2.

“t

B. Corrections

1. Finite Target and Telescope

The total crose section is determined from Eq. (7) for a point target and
telescope. |

To correct for finite target and counter sizes, the product of efficiency and
solid angle, E , that appears in Ey. (7) was replaced by an appropriate averagk:
value, Ef,

The results obtained for the total scattered-pion ciifferéntia.l cross sections
in the laboratory system, dg /d, are listed in Table IV. These values were

obtained from Eq. (7) after EQ was replaced by ER.

2. Bearn Contamination and :Attenuation

The muon and electron contamination of the incoming pion beam, the decay
of pions into muons between the monitor and target, and the attenuation of both in-
cident and scattered pions by the target matefial required that a negative correction
be applied to the monitor counting rate, where the monitor is to be regarded as count-
ing only those pions that enter into the scattering experiments. This correction does
not change the form of the angular distribution, only its normalization.

The fractional beam contaminations were determinedi from range me.asurements.

and the values obtained are listed in Table I.

3. Coulomb Scattering_

At the energies and angles (lab) measured in this experiment, interference

17,18 and the nuclear contri-

between nuclear and Coulomb scattering is negligible,
bution can be determined by subtracting the Coulomb cross set:tic:msv9 from the

measured cross sections.



Table IV
R e et

Pion-production differential-cross-section data

»

Beam Lab 1, £41, do, /0 fi'{d‘z"x to,) if d(2o  +0,)
energy ?:egg)e. (x 106) ® Ado4/dQ d(Zc&rl + GZ)E fraction .m
{(Mev) (mb/sterad) £ A —xr— £ 1 2)
{mb/sterad) o ar
{mb/sterad)
230 72.7 22.63x1.29 0.93x0.05 0.09 £206 0.38%.17 0.24%.19
92.7 22.06%1.34 0.9320.06 0.13%.07 " 0.11%.15 1.18£1.72
114.8 23.3821.08 1.004£0.05 0.10x .06 0 -
139.5 24.85+1,01 1.05%0.04 0.01 .05 0 -
159.4 11.99£0.92 1.18 %0.09 0.15% .10 ) -
290 70.9 23.53%21.86 0.99+0.08 0.19 ££09 0.79%.08 0.24%.12
90.8 15.95£1.09 0.66 £0.05 0.18 .06 0.69%.12 0.26 2,10
113.2 13.32 £0.84 0.5620.04 0.06 .05 0.52%.15 0.12%. 11
138.3 18.75x1.21 0.80x0.05 0.15%.06 01:335;1?8' -0.45 % .31
158.8 8.48x1.35 0.8420.14 0.07+.15 0.212.17 0.33£.76
370 88.4 18.7720.70 0.77£0.03 0.38 £.04 0.87+.05  0.44 %.06
111.0 14.0220.66 0.60%0.03 0.19%.04 0.80 .08 0.24 .06
136.7 12.52%20.73 0.53+0.03 0.142 .04 0.722.10 0.19£.06
157.9 6.78£0.97 0.67%0.10 0.27%.11 0.632.13 0.43%.20
427 87.0 22.11x£1.02 0.89£0.04 0.54%£.05 0.924%.03 0.59 .06
109.7 18.87x21.07 0.8020.05 0.392{06 0.88 .05 0.44 £ .07
135.8 19.01£1.06 0.81 £0.05 0.27%.06 0.812.07 0.33%£.08
157.4 6.67+0.92 0.66 £0.09 0.192.10 0.77x.09 0.25%.14

e e e
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4. Chax;ge—Exchange Correction

The counter telescope is 1% efficient in detecting the reaction
" +p-—-n+ -no - n + 2y. The data are corrected for this background by subtracting
1% of the charge-exchange cross section at the same energy.

The final barycentric differential cross section.. do /dﬂ*. and the corres-

' #*
ponding center-of-maas angle of scattering, 6 , are listéd in Table IV.

~ C. Errors

1. Counting Statistics

The statistical (standard -deviation) errors in the counting data were set
equal to the square root of the corresponding number of counts., These errors were
propagated to give values of the standard-deviation error, AIA. on the average
quantities, IA' which are listed in Table IV,

2. Other Sources of Erroi‘s

The errors in the measured efficiency E, obtained from Eq. (5), depend
largely upon the uncertainty AK in the beam contamination, since the statistical
error in F, the fraction transmitted, ig negligible, The error AE in the effi-

ciency E is thus given by

AEzé(l - F)/(I-K)ZEAK. (10)
[ ]

This formula has been written down éxplicitly to show the important fact that the
uncertainty in the efficiency is smaller than the uncertainty in th.e beam-contamina-
tion fraction by a factor of about (1-F) for the small values of K observed. Thus

the error in the measured efficiency is 1/10 the beam contamination for efficiencies
greater than 90%, for example. As a result, even the uncertainty in the electron
contamination of the calibration beam, which was estimated and included as a random-
error addition to AK, did not give efficiency errors in excess of 4% at any point,

At most points, they were less than 2%.
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The uncertainty given in the target constant, K, of Eq. (7) arose primarily
from the uncertainty in the temperature of the hydrogen gas in the target when it was
not full of _liqg_id hydrogen.

The error in the solid-angle determination was negligible. Small errors
arising from the Coulomb and charge-exchange corre'ctiona were included.

Both the muon and electron contaminations were evaluated for the pion beams
used in the data runs (Table I). The errors in these contaminations appear directly
as errors in the correction factor multiplying the total angular distribution. Since
they did not exceed 2%, however, they were included for convenience as additional
random errors in the individual values of differential cross sections because their
contribution is small,

The combined results of all of these errors are listed as standard~deviation
errors, Ado /dG*, on the final differential cross-section points, do¢/dS*, in Table

III. A plot of these differential cross sections is shown in Fig. 5.

D. Pion-Production Cross Sections

Though this experiment was not primarily intended to measure cross sections
for any of the pion-production processes given in Interactions (3), some information
about them is available.from quadruple-coincidence (1234) data. No copper absorber
was placed between Counters 3 and 4 at angles greater than 60 deg (lab). Thus, all
charged particles from Reactions (1) and (3) were counted that had an energy above
some threshold energy (approximately 25 Mev) necessary to penetrate the target
walls as well as Counters 3 and 4. No recoil protons can appear at angles greater
than 90 deg (lab). Consequently, back of 90 deg (lab) and even at the smaller lab
angles, where recoil protons have energies below the detection threshold, only
charged pions from Interactions (1) and (3) are counted by Counters 3 and 4.

Thus if at a lab angle 6 the elastic differential cross section is do /d QT’

and the differential cross section for the first of Interactions (3) is do 1/dﬂ and for
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the second is do Z/c.i&'Z. then the measured quantity obtained from the quadruple-
&

coincidence data, do 4/d0, is given, to a first approximation, by

do ,/dQ = do /da + f(Zdal/dQ + do 5748, (11)

where f{ is the fraction of pions from Interactions (3) that have an energy above
the threshold energy fo; detection.

Since do /dQT has been determined in this experiment (Table III), and data
concerning do 1/v:lﬂ were obtained elsewhere, 13 information about do Z/dSZ wasg
estimated from theory.

Consequently, the quadruples data, 1234, were analyzed in the same way as

A
are listed in Table IV. These quantities in turn were used to find da4/dntada 4/49

the quintuples data to get values for 1I,'=% AIA' for the quadruples data. These values

from Eq. (7) in the same way.as do %dQT *Ado /dﬂT was obtained for the quadruples
data, except that the efficien-c‘:y was assumed to be 100% since there was no absorber
between C€ounters 3 and 4. The results are listed in Table IV for meaningful angles.
From the results listed in Table III, values for the quantity f(2do 1/dﬁ +do 2/dﬂ)
were then calculated by.means of Eq. (11). These \;alues are listed in Table IV.

It is necessary to evaluate the fraction £{(6) appearing in Eq. (11). Because
of the large statistical errors in all these data, for simplicity the laboratory-system
energy spectrum at all angles was assumed to have the approximate form :':.

Sin(z"T/Tmax)' where T, the kinetic energy of the pion at that angle, has a maximum

value Tm Thus, the fraction detected, £(6), is given by

ax

f(6) = cps (Zthh/ T o) * 1~ /2, (12)

where Tth' the energy threshold for detection, is taken as 25+5 Mev. The values
of f obtained from Eq. (12) are listed in Table IV.
By using Eqs. (11) and (12) values for the quantity d(Zry1 + (rz)/dﬂ were

obtained, and are listed in Table IV, A plot of these points is shown in Fig. 6.
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IV. CONCLUSIONS

A. Partial Waves

'I‘? determine which angular-momentum states are present in the elastic-

scattering interaction at these energies, a Legendre polynomial series of the form

n
do- % _ % .
o 612y AgPyleos 0, (13)

wasg fitted by the method of least squares to the measured differential cross sections,
da/dﬂ* (T;ble III) at each beam energy. This form is simpler than the expansion in
Eq. (16), and its utility is pointed out below. The magnitude of n necessary for an
adequate fit to the data points at each energy was determined on the basis of a mxz
test and supporting Fisher test. The values of coefficients Al obtained for various
values of n at each energy are listed in Table V. Also listed in this table are the
degrees of freedom, k; the walues of xz obtained; the probability p that xz
would exceed the value found in a random sample, and the Fisher probability F

that An should be zero.

The first adequate and best fits determined on the basis of these statistical
criteria are indicated by superscripts a and b in Table V. For the best fits, the
error matrices, Cij' are given in Table VI. The t'heorefical curves obtained from
Eq. (13) for S and P waves alone (n = 2) and for the best fits are shown in Fig. 5.

At 290 Mev and above, it can be seen that the probability that the data are con-
sistent with fits based on S and P waves alone ie less than 1%. In fact, the most
probable values of n obtained include an F-wave interference term ( n = 5) at 370 Mev
and an F-wave term (n = 6) at 427 Mev. Thus the conclusion can be drawn that at 230
Mev only S and P waves are needed, but at the higher energies D waves are present

and above 290 Mev F waves may be present, especially at 427 Mev.



Table V

Results of least-squares Legendre-polynomial fitg to elastic = -p data

Fitted coefficients

Beam jOrder
energy | of fit| A A, A, A, A, A, A, x2! kjpl F
(Mev) n (mb/sterad) (%) (%)
23026 2*  1.65+0.03 0.55+0.06 1.40x0.06 947 6 22 <1
4®  1.66+0.03 0.5320.06 .1.38+0.07 -0.0120.08 -0.1520.09 5.82 4 29 20
29027 3% 1.0920.02 0.44+0.05 0.7020.05 -0.3420.05 | 672 5 29 <1
4> 1.1020.02 0.45£0.05 0.7520.06 -0.2820.07 20.1120.06 3.86 4 41 15
37029 4%  0.8620.02 0.4520.03 0.3220.04 -0.3220.05 <0.16%0.05 7.43 4 12 7
5°  0.8640.02 0.45%0.03 0.33£0.04 -0.2620.06 -0.1040.07 0.1120.06 "3.97 3 29 15
42710 5%  1.04£0.03 0.6320.07 0.5820.08 -0.3620.10 0.01%0.10 0.2420.08 458 3 21 8
6®  1.0420.03 0.6240.07 0.5740.09 -0.39£0.10 -0.06:40.11 -0.1320.11 -0.1240.103.05 2 23 35

2First adequate fit.

b

Best fit.

ooz-
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Table VI’
Best-fit error matrices, Cij
-Beam , ] R S
energy i 0 I 2 3 4 5 6
(Mev)
230 0 0.00086 0.00099 0.00107 0.00062 -0.00012
| 1 0.00388 0.00286 0.0Ci%0 0.00127
2 0.00556 0.00356 0.00250
3 0.00702 0.00339
4 0,00763
290 "0 0.00049 0.00072 0.00057 0.00009 0,00011
] | 0.00218 0.00175 0.00135 £ 0.00052
2 0.00386 0.00296 0,00187
3 0.00434 0.00237
4 0.00399
370 0 - 0.00029 0.00033 0.00019 -0.00004 -0,00001 000012
1 0.00108 0.00060 0.00047 0.00020 10.00023
2 0.00186 0.00155 0,00123 0.00052
3 0.00358 0.00261 0.00195 ¢
.
4 0.00423 0.00219
5 — 0.00358
427 0 0.00093 0.00161 0.00148 0.00077 0.00035 0.00029 0.00008
1 0.00456 0.00421 0.00313 0.00175 0.00070 0.00051
2 0.00723 0.00629 0.00430 +0.00199 0.00050
3 0.00981 0.00802 0.00520 0,00213"
4 0.01206 0.00882 0,00537
5 0.01208 0.00741
6 0.01001
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The tptal elastic craossa.section o g+ Obtained by integrating the best-iit curve for the

differential cross section is given by

= 47wA (14)

°E 0°
where AO is the coefficient of the constant term (Po(cos 6*) = 1). The total elastic
cross sections obtained by Eq. 14 are listed in Table VII}.» The differential cross

sections at zero degrees, dog/dQ* (0), obtained from Eq. (13) by setting 6 = 0 and

propagating errors using the error matrix, are also listed in Table VII.

4

B, Dispersion Relations

Dispersion theory relates the differential forward-scattering cross section,

%
do/d Q (0), to the total cress section, 0., at the same energy by the dispersion

T

relation

do /a@" (0) = D? + (k/amo %, (15)

where k is the momentum of the incident pion in the barycentric system and D
is the real part of the forward-scattering amplitude for which values are predicted
by the dispersion theory. 20 The units employed in Eq. (15) are those with
A=z=c-= Mw = 1. |

Equation (15) may be used ﬁo determine values for the real part of the forward-
scattering amplitude, D, from measured values of the forward differential cross
section and the total cross section. Measured values of the forward differential
cross section were taken from Table Vii, and the total-cross-section values measured
at the same emergies15 were used and are also listed in Table VII. The calculated

20

values of iD_ are plotted in Fig. 7. Recent theoretical values = of D_ obtained by

using the latest values of the w-p total cross sections at higher energies in the
dispersion integrals are also shown in Fig. 7 for comparison. Within statistics, no
disagreement with these values--and to this extent no disagreement with dispersion

theory--is found.
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Table VII. Total elastic and forward differential cross section

from best least-squares fits, and total cross sections

Beam d E Y do . do a - b
E E I (O)ig_\a—i-lsr(()) O'T:LAUT
energy
(Mev) (mb) (mb/sr) (mb)
230 20.8x0.4 3.4040.25 53 9
290 13.8+0.3 2.12+0.20 3342
370 10,9 x0.2 1.41 + 0,20 27 2
427 13.0+0.4 1.81+£0.43 27 £2

this experiment

Caris et al. 15
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C. Charge Independence

A test for charge independence, given by Stanghellini, 8 consists of relating
various scattering amplitudes for w-p interactions. In his notation, the right-hand
side of .his equation, aR. and the left-hand side, ay. are evaluated from experimen-
tal results and compared. By uze of the values for 1r+-p scattering cross sections at 360

9 the following values

MevZl in conjunction with n -p charge-exchange data at 371 Mev,
were calculated for ap as’nd ay from the w -p elastic data obtained in this experiment:
ap = 0.271:'_0.09 and a; = 0.39£0.02. His comparison quantity, A, then has the value

A = 24%. This can be interpreted to mean that the equation is valid within 24%, which
is more accurate than the 33% error in its right-hand side, ap: Thus no disagreement
with charge independence is found at 370 Mev. Data available at 427 Mev are nof

‘ﬁ.

sufficient for this test,

4

D. Phase Shifts

If we assume charge independenée to be valid, the general formula for pion-

nucleon scattering can be written

[ 13/2 L. | 2
IR R r
* 2 01 L, 7 2,7 ) -
do/dQ =X C é (4 +1)ar’, + fa;’ ‘P, (cos 6 ) '
\ 4.;1/2 4 0 | j=4 +1/2 j=t - 1/2. "2
| |
3/2 L 2
<o < -
3 p L, 1,51
+ L. C_ L. (a"!_ -a;’ 1/ P, (cos 68) ’
r=1/2 T o1 L j=4 +1/2 j=1 —a/zJ ]

e -1 _ ib
a—T——— = e sin &., (17)

and where X is the wave length of the pion (d(rf(/k). 7 is the total isotopic spin,
C'r is an appropriate product of Clebsch-Gordan coefficients for the particular inter-

action considered, L is the maximum-order angular-momentum state that enters,
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and the P's are Legendre polynomials. The values of } C,r for variou@ i:i;)n-n\;cleon
interactions are given in Table VIII.

In Eq. (16) there are présent 4L + 2 phase shifts. Elabtic n -p data alone
can be fitted with only 2L + 1 parameters. Conéequently. 7 .p charge exchange or
w+-p scattering data are also needed for determination of all the phase shifts. At
the higher energies, at which pion inelastic processes enter, these phase shifts also
have nonzero imaginary parts. Pion-production data must then be included to evaluate
these imaginary components. More than one acceptable set of solutions may be found
as a rule, and polarization data are then needed to resolve }tln;ese ambigﬁiti’éb. Track-
ing is necesgary, i.e., phase shifts must vary continuously from established values
as energy increases. Before one can use available data for the different interactions
measured at slightly different energies, they must be properly extrapolated to corres-
ponding energies. The paucity of accurate data, especially on inelastic reactions, 13
currently available above 300 Mev leads to large uncertainties in the derived phase
shifts.

‘However. this problem has been undertaken by Walker et al. 6 in the energy
region from 300 to 600 Mev. The 370- to 427-Mev results of this experiment already
re:;:aortc'sd23 have been used in conjunction with data taken by Crittenden et al. 3 and by
others to obtain one set of phase shifts tracked from lower«~energy solutions. Of
particular interest here is the approximate equivalence within statistics of the two
D-wave phase shifts, 615 and 635, obtained through 430 Mev. This equivalence

supports the possibility that an accidental cancellation may be the reason why no evi-

9by

dence for D waves was found in the charge-exchange results through 371 Mev
partial-wave analysis, although definité evidence has been found here for their pre-
sence in the elastic scattering at 290 Mev and above. This may be seen as follows.

If the D-wave phase shifts, 6, are assumed to be small, then Eq. (17) may
be approximated for D waves by

B &6 . (18)

D
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Table VIII. Clebsch-Gordan product coefficients, CT

Interaction Cl/2 63/2
T +pe-w +p 2/3 1/3

- 0 . .
T +p-nw +n /rz \/r‘z“
V-3 3

w++p-w++p 0 1
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If all phase shifts higher than D waves are then agssumed to be zero, the A4

coefficient in Eq. (13) is given from Eq. (16) for charge exchange and using Eq. (18)

by
2 )
= 4 ‘ i 4 - ‘
Ag= X (85 -655) 4 8)3 - B3g) + U8y 535’}' (19)

~

Equation (19) shows that when 615 equals 635. the coefficient A4 is zero.
Consequently the absence of a pure D-wave term in the charge-exchange partial
wave results does not imply the absence of D waves even though its presence does
indicate that D waves exist. Thus there is probably no basic conflict between the
elastic and charge-exchange results through 371 Mev.

Theoretical values for the D-wave phase shifts”vh.av; mbeen predicted by Chew

24 These values do not agree with those

et al. on the basis of dispersion theory.
found by Walker et al. However, one could not expect good agreement of these
theoretical phase shifts because the effects of possible pion-pion interactions were

neglected. Recent results indicate the importance of such interactions at these

energies, 13 and the disagreement found can be attributed to them.

E. Pion-Production Processges

Measured values of the combined pion-production differential cross sections
d(20, + 0'2)/d R, are listed in Table V and shown in Fig. 6. Because of the compli-
cations introducted by the three-body pion-production kinematics, no attempt was made
here to separate the two differential cross sections or convert them to the barycentric
4

system by using previously measured values of do 1/dm‘. Rather, a Legendre poly-

nomial series of the form
d(20, + az)/dn = A% P, (cos 6) + A" P', (cos 6) (20)

was fitted to the combined laboratory-system differential cross section (see {Eq. (3)),

where the cross sections ¢ 1'92.%93 apply to the first, second and third reactions
[}
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respectively, and an excellent fit resulted at all three energies as determined by a
xz test. The total cross section, Zt:rl +0,, was then obtained from Eq. (14), and
the results are listed in Table IX.

In Table IX are also given the values of o, previously reported. 13 By sub-
tracting these values from 20l to,, the charged-inelastic-pion cross section,
o, + 0, Was obtained, and the results are listed in Table IX, These results are
in statistical agreement with other published values. 3

By again subtracting oy from o, +o,, valuee for o, were obtained, and
are listed in Table IX. The errors on ¢, are so large that 1ittle can be learvn_‘e_d”
quantitatively. However, qualitatively it appears that o, may be decreasing with

energy, and at the higher energies it is significantly smaller than ¢ 1°
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Total cross sections (mb)

Beam Z’gl+az o, o, +to, g,
energy
(Mev)
290 T 2.8%0.8 0.440.2 2.440.8 2.0%0.9
370 5.0 £0.7 1.93£0.37 3.120.8 1.2%1.0

427 7.1£0.7 3.36+0.74 3.7#1.0 0.4%1.6
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FIGURE LEGENDS

Diagram of first-run experimental arrangemént.

Diagram showing the details of the hydrogen target and counter
arrangement.

Block diagram of electrbnics for monitor and counter telescope.
Counter-telescope efficiency for the ideal amount of Cu absorber as
a function of the energy of the elastically scattered pions.
Differential cross sections of elastically scattered pions for various
incident beanyenergies. Dashed curve is least-squares fit with

S amdi P Qaves only. Solid curve is best fit.

Combined inelastic differential cross sections, d(20, + 0'2)/d€2

for various incident beam energies. Solid curves represent least-
squares fits to a Legendre polynomial series.

The real part of the forward-scattering amplitude. Solid curve re-~

presents the theoretical values.zo
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