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Abstract

Various geometrical aspects of quantum spaces are presented showing the pos-
sibility of building physics on quantum spaces.

In the first chapter we will give the motivations for studying noncommutative
geometry and also review the definition of a Hopf algebra and some general features
of the differential geometry on quantum groups and quantum planes. '

In Chapter 2 and Chapter 3 the noncommutative version of differential calcu-
lus, integration and complex structure are established for the quantum sphere S?
and the quantum complex projective space CPy(N), on which there are quantum
group symmetries that are represented nonlinearly, and are respected by all the
aforementioned structures. The braiding of S and CP,(N) is also described.

In Chapter 4 the quantum projective geometry over the quantum projective
space CPy(N) is developed. Collinearity conditions, coplanarity eondmons, inter-
sections and anharmonic ratios will be described.

In Chapter 5 an algebraic formulation of Riemannian geometry on quantum
spaces is presented where Riemannian metric, dlstance, Laplacian, connection, and
curvature haye their quantum counterparts. This attempt is also extended to com-
plex manifolds. Examples include the quantum sphere, the complex quantum pro-
jective space and the two-sheeted space. The quantum group of general coordinate
transformations on some quantum spaces is also given.

Brief reviews of Poisson-Lie groups and Lie bialgebras are included in Appendix
A and Connes' noncommutative geometry in Appendix B.
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Chapter 1
Introducﬁion’

In this chapter we give the motivation and background for studying noncommutative
geometry and quantum groups.

1.1 Motivation

The purpose of this section is to give the physical and mathematical motivations
for working on noncommutative geometry and quantum groups.

1.1.1 Physical Motivation

As early as the advent of the Heisenberg uncertainty relation and the canonical
commutation relation {z,p] = { in quantum mechanics, people have speculated that
spacetime should not be treated like a classical ! manifold 1], because the quantum
effects of gravitation should impose some lower bound on the measurable distance
(the Planck scale). Rather, the coordinates of spacetime are expected to satisfy
some nontrivial commutation relations. :

If spacetime is quantized, the Lorentz gfoup might as well be quantized, either
as the structure group of a vector bundle over spacetime, or as the symmetry group
of a macroscopically flat region in spacetime. Similarly, internal symmetry groups
might also have to be quantized.

In addition, noncommutative geometry, quantum groups or similar ideas have
been applied to other fields of physics such as the quantum Hall effect [2], Wess-

'Here and in the following the words “classical” and “quantum” are used to indicate the
commutativity and noncommulativity, respectively, of the algebra of functions over the underlying
space. lence not only SU(2), but also Eq will be called a classical group.



Zumino-Witten models (3, 4], conformal field theory [5, 6], lattice field theory [7, 8,
9], integrable models [10, 11) and string field theory [12].

1.1.2 Mathematical Motivation

A mathematical theorem [13] says that if A is a commutative C*-algebra ? and
A the space of maximal ideals of A, then A is s-isomorphic to Cy(A) (the set of
functions vanishing at infinity) and A is a locally compact Hausdorfl space.

Given a manifold, the maximal ideal mentioned above can be identified with the
subset of (complex-valued continuous) functions which vanish at a certain point on
the manifold. It is an ideal because if any function is multiplied to an element of
this subset the product is still in the subset. It is maximal in the sense that if any
function not in the subset is adjoined to the subset, their linear span will include the
whole algebra A. Conversely, if one is given the algebra of functions on a manifold
directly as an algebra without knowing the underlying manifold, the theorem says
that one can associate each maximal ideal with a point and identify the space of
maximal ideals with the manifold.

The descriptions of functions and points are dual to each other. The evaluation
of a function f on the manifold at a point p, f(p), can be thought of as the evaluation
of a function p on A at a “point” f, p(f), i.e., f(p) = (f,p) = p(f). It is expected
that properties of a space can be stated in a dual way for the dual space.

The natural question is whether we can generalize classical geometry by consid-
ering noncommutative algebras 3. While in the noncommutative case the concept
of points loses its actual meaning, the concept of functions survives (as noncom-
mutative algebra) and the dual description of things becomes the only appropriate
choice. In this sense the dual description is more fundamental since it has a wider
applicable range.

The effort to restate everything in the dual picture also stimulates a better
understanding of the classical objects. Furthermore, it is remarkable that a quantum
counterpart can be found for almost every classical notion. Mathematically for such
a generalized notion the classical case appears as a very restrictive case among all
the noncommutative possibilities. Therefore it would be a great mystery if the
physical world (spacetime) is purely classical while all the relevant concepts are
naturally embedded in a much more general setting.

2A Cr-algebra is a Banach algebra with an involution (s Banach s-algebra) satisfying ||z" sl =
l||{?; a Banach algebra is a complete normed linear space with {|zy|] < {I=(lilv]l-
3This question was raised by von Neumann and called a “pointiess” geometry.

2

The Gel’fand-Naimark theorem [13) states that every C--algebra is isomorphic
and isometric to a Banach algebra of operators on a Hilbert space where the Her-
mitian conjugation corresponds to the =-involution. Hence when one talks ahout
noncommutative algebras it is the safest to restrict oneself to C"-algebras so that
everything can be realized as operators on a Hilbert space. Nevertheless, since the
work presented in the following is a kind of piloting work that is aimed at investigat-
ing the possibility and difficulty of using noncommutative objects to make physical
statements (geometrical statements), we will not be too concerned with the mathe-
matical rigor and allow formal manipulations unless obvious contradiction appears.
This has been the attitude of physicists toward mathematics for most of the time.

1.2 Hopf Algebras

In this section we will see that the concept of group, after being rephrased in the
dual language, can be generalized to the noncommutative case. »

The definition of Hopf algebra [14] is closely related to the definition of groups.
It is a generalization of the algebra of functions on a group. While ordinary func-
tions on a group (or any classical manifold) form a commutative algebra, a Hopf
algebra is a possibly noncommutative algebra with all essential properties of the al-
gebra of functions on a group except commutativity. Just like in ordinary quantum
mechanics the coordinate z and the momentum p satisfying the noncommutative
relation {z, p] = i can be viewed as functions on the quantum phase space, elements
in a Hopf algebra can be viewed as functions on a quantum group.

The defining properties of a group G are:

i. Product: g = g19; € G is defined for all gy,9, € G.

2. Associativily: (919295 = 91(9293)-

3. Unit: There exists l¢ € G such that lgg =g =glg forall g € G.

4. Inverse: For all g € G there exists g=' € G such that gg™! = 16 = g“'é.

All the four properties above can be stated alternatively as properties of the
algebra of functions on the group G, which is denoted by A. Since A is dual to
G in the sense that G is also the algebra of functions on A by the identification
9(f) = flg) for any g € G and f € A, the statements for A are called the dual
statements of the corresponding ones for G. Classically there is a multiplication on



A which is independent of the product defined on G. It is the associative, point-wise
multiplication:

(11 1:)(9) = N{g)fale)- (1.1)

We also assume the existence of the unit element 14 € Aso that 14/ = [ = [14
for any f € A. In this case the dual statements are the following:

1. Coproduct: According to the product ¢ = ¢,9; on G, any f € A can be
decomposed into functions of g, and functions of g; as f(g) = [flqg:) =
i fiilgr) fai(g2). This induces the coproduct map A : 4 —+ A® A such that
A(f) = T f1i ® fai. In Sweedler's notation [14] it is abbreviated as

A(f) = fiy ® fa)y- (1.2) .

Intuitively the coproduct is used to “undo” the product operation in G. As a
result of (1.1), the coproduct is an algebra homomorphism, i.e.,

AN L) = A(h)AN), (1.3)
where the multiplication on A®.A is as usual (i ® /2)(f3® fs) = (1 /3® f24)-

2. Coassociativity: It is equivalent to say that the product in G is associative
or that f((g192)93) = f(91(g293)) is true for all functions f. For the latter
we apply the coproduct twice to undo the two multiplications involved and
derive the coassociativity for the coproduct:

(A®id)oA =(id®A)o A, (1.4)
where id is the identity map id(f) = f on A. In Sweedler's notation, it says

(e ® (agy)@) ® ay = ay ® (a@) ) ® (a2, (1.5)

which will be denoted as a;) ® a(3) @ a(3). In general, we denote the result of
n consecutive actions of A on a as a) ®an® - ®any)

3. Counit: The counit is a linear map ¢ : A — C * defined by ¢(f) = f(lg).
It undoes the evaluation of a function at the unit of G. It follows from (1.1)
~ that the counit is also an algebra homomorphism:

(fif2) = e(N)e(fa). (1.6)

*We will always assume that the field of the algebrais k = C.
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From the dual statement of the existence of the unit in G, namely f(lgg) =
J(g) = flglg), we see that

(®id)oA =id=(id®¢)oA. (L.7)
1. Comuverse: The coinverse S @ A — A also called the antipodc, is an anti-

automorphism on A defined by S(f)(g) = f(g~"!). Because f(g7"g) = f(lg) =
J(gg™") we have

mo(S®id)oA=l4=mo(id® S)o A, (1.8)
where m is the multiplication map: m(f; ® f2) = fif»-

Now the only thing we have to do to give the definition of a Hopf algebra
(14] is to write down all the dual statements above which allow a noncommutative
multiplication m.

Definition 1 A Hopf algebra (A,m,14,4,¢,S) is an associative algebra with the
unil element 1 4 and the following properties:

AL /) = AhA(f)y (1.9)
(A®id)o A =(id®A)o A, (1.10)
(1f2) = (fi)el f2), (1.11)
(e@id)od =id=(id®¢)o A, (1.12)
mo(S@id)oA=1e=mo(id®S)oA. (1.13)

In the definition we left out the tequirement that the coinverse is an anti-
automorphism because it is a result of the rest [14].

Lemma 1 For a Hopf algebra,
SU1) = S(UNHS). (1.14)
Proof In Sweedler’s notation,

(ab)(r) ® (ab)2) = agybn) ® a(2yb(2)
= e(ab)yy) B (ab)a) = e(ag))e(brr)) @ agaybya)
= e(ab)) @ (ab)a) = €(a(1))S(b(1))b2) ® agz)bia)
= ¢(ab)1) ® (ab)z) = S(b(1))S(ap))agaybia) ® agzbes
= ¢(ab))S((ab)z)) = S(b))S(aq))agabizSaba)
= S(ad) = S(byy)S(am)e(ag)elba)
= S(ab) = S(b)S(a).



Clearly the algebra of functions on classical groups is a Hopf algebra.

Giving the definition of the Hopf algebra is only the beginning of the story
of quafllum groups. For an algebra to be the algebra of functions on a quantum
group as a deformation of a classical group, it is not sufficient to check that it is a
Hopf algebra. One has to check additional properties. For example, the number of
independent generators of the algebra should be the same as the classical case. If a
classical group is endowed with a *-involution, one would hope for the same thing in
the quantum case. The involution on a Hopf algebra will make it a +-Hopf algebra
if the +-involution 3 (* o * = id) is compatible with the Hopf algebra structure:

(+*®%)oA=Aox, (1.15)

*0€= €0, (1.16)
+0S0% =51, (1.17)

where S=! is the inverse map of S and we have used the same symbol * for the
complex conjugation on the left hand side of the second line.

1.2.1  GL,(2)

The simplest example of a matrix quantum group [15) as a Hopf algebra is GLy(2)
[t6]. It is a one-parameter deformation of the classical group GL(2). The algebra
of functions on GL(2) is generated by the elements a,8,7,6 in the fundamental

representation
_{ ete) 8o)
(@) (7(9) 6(9)) (1-18)

for ¢ € GL(2). Since they are sufficient to distinguish all group members, any
function on the group can be written as a function of the generators. In the quantum
case the Hopf algebra A is usually defined to be the set of all polynomials of the
generators a, 3,7, 6, which are now noncommutative objects, e.g., operators on a
Hilbert space.

1. Algebra:

$We will always assume that the s-involution reverses the order of a product: (ab)* = b°a*.
Hence in fact it should be called an anti-involution.

The multiplication in A is noncommutative and the commutation relations

are given compactly as

ROTET! = TITJ RY, (1.19)

) (1.20)

. (1.21)

in terms of the quantum matrix

T=1|°
¥

o W

and the R-inatrix

o

]
oo ow
S - > o
o o - o
@ oo o

where

A=q-q" (1.22)

A very convenient notation is to label each string of contracted indices by
a number. For example, in the RTT relation (1.19) there are two strings of
indices on both sides. They are {i,k,m} and {j,,n}, which will be labelled
by 1 and 2, respectively. So in this new notation, (1.19) can be written simply
as

R I\Ty = TV Ay, (1.23)

When the deformation parameter ¢ — 1, the R-matrix becomes the permu-
tation matrix and the RTT relation (1.19) simply says that all generators
commute with each other. The form of the RTT relation is therefore a simple
generalization of the classical commutation relation.

Explicitly the commutation relations are

afl = qfa, ay=¢ya, (1.24)
B8 = ¢6B, 16 = qbn, (1.25)
By =8, ab-éba= A8y (1.26)

The self-consistency of the commutation relations and the independence among
the generators can be checked and thus ensure a correct classical limit for

q — L. In particular, when one commutes a generator through both sides of



the RTT relation (1.19), one hopes that no new relation is implied. This is
guaranteed by the quantum Yang-Baxter relation

R R R = RiuRE. RO (1.27)

mn ¢

which in our new notation is

Rniznizn = RnRuizn. (128)

. Coproduct:

The coproduct of a generator is defined by the matrix multiplication

Ala) AB) ) _ [ a®a+B®Y a®B+0®S (1.29)
Alr) A9) 1R6+6@7 18B+6045 |’ .

which is abbreviated as
AT)=T®T, (1.30)

where ® means matrix multiplica-.tion by tensor products of the elements. This
formula is the same as the classical one. The coproduct of a generator eval-
uated at g1,9; € G is therefore A(T})(g1,92) = Ti(9:1)T*(g2) as one expects.
The coproduct of polynomials of the generators is obtained by the linearity
of the coproduct

Aaf + bf') = aA(f) + bA(S') (1.31)

for a,b € € and f, f' € A and the property that it is an algebra homomor-
phism (1.9). Another equivalent way to say that the coproduct is an algebra
homomorphism is to say that the algebra is covariant under the left transfor-
mation

T—-T"'=TT (1.32)

or the right transformation
T-T'=TT, (1.33)

where T" is another quantum matrix satisfying (1.19) whose entries commute
with the entries of T. The left- or right-covariance of the algebra means that
the commutation relations among the entries of T” is the same as those for
the corresponding entries of T for the left or right transformation (1.32) or
(1.33), respectively. In our example it means that T also satisfies the RT'T’

relation (1.19) with T replaced by T so that T is also a quantum GL(2)
matrix. This can be easily checked:

R TIT! = RLTTITYT,
= RaT\TiTIT;
= T\ R, T|T}
= T\LTTR,
= TVTj R

for the right transformation and similarly for the left transformation. The
algebra (1.25) is said to be bicovariant since it is both left and right covariant.
Because in the above we did not use the specific expression for R, the con-
clusion is applicable for any algebra with commutation relations of the RTT

type.

. Counit:

The definition of the counit on generators also coincides with the classical

(‘(") c09)):(1 0). (1.34)
e(v) «é) 01

In short, ¢(T') = I, where I is the identity matrix. For the counit to be an

case:

algebra homomorphism, we need I to be a quantum matrix. This is true
since I} = &} and the RTT relation (1.19) is trivially satisfied. (Once again
this fact does not depend on the choice of R.) It follows that one can con-
sistently extend the definition of counit to the whole algebra A as an algebra
homomorphism. It can be checked that (1.12) is also satisfied.

. Coinverse:

The coinverse of the generators is defined so that they form a matrix T
which satisfies T-'T =TT-' = [. It is

_{ Sta) S(B) Y _ - § ¢ _ .
S(T)_(Sm S06) ) = (det,(T)) '(_w A )—T 1, (1.35)

where det,(T) = ab — ¢fv is called the quantum determinant of T. The
quantum determinant is central in A (it commutes with everything in A) and

A(dety(T)) = dety(T) @ dety(T). ' (1.36)

9



It can be shown Vthat T is a GLg-t(2) quantum matrix.

This definition of S can be consistently extended to A such that S is an
antihomomorphism (1.14). In addition, (1.13) is satisfied.

This concludes our description of the quantum group (71y(2) as a Hopl algebra.
Because the quantum determinant is central, it is consistent with the algebra to

impose an additional condition
dety(T) = 1. . (1.37)

This is also compatible with the coproduct since (1.36) implies A(1) = 1®1, which

is always the case as required by (1.9). What we obtain after imposing (1.37) is the -

deformation of SL(2), naturally named SL,(2).
A further step can be taken to get SU,(2). We define the »-involution on SL,(2)

for real ¢ by
o e !
re(57)- (5 ) e

It is compatible with the algebra in the sense that the the commutation relations
is covariant under the s-involution. This is a result of the RTT relation (1.19) and
the fact that our R-matrix is symmetric: A = R¥.

The «-involution reverses a product: (ff’)" = f* f* and takes complex conjuga-
tion on complex numbers. Therefore it corresponds to the Hermitian conjugation
when one realizes the algebra as the algebra of operators on a Hilbert space.

Everything we mentioned in this section can be generalized to GL(N), SL(N)
and SUG(N) [16]. These and the g-deformation for other classical groups can all be
obtained in a systematic way by starting with Poisson-Lie groups, which is briefly
described in Appendix 1. For a more detailed discussion see [17).

1.3 Dually Paired Hopf Algebras

Classically the universal enveloping algebra U is dual to the algebra of functions A
on a group G with respect to the pairing (-,-) : ¥ ® A — C defined by

(X, T}) =ni(X), Xeu, (1.39)

where 7 is the representation in which T is represented. (The pairing of the gen-
crators can be extended Lo other elements in U and A by using (1.46-1.50) below.)

10

For example, in the fundamental representation of SL(2) and sl;, the generators
{H, Xy, z_)} of U satislying [H, X4] = £2X+ and [X;, X_]} = H are represented by

1 0 [0 {00 ‘
x(H):(O -1)‘ n(,\+)_(0 0). :_r(x_)_(l n) (1.40)

and 7' is represented as a unimodular 2 x 2 matrix.
Given a basis {e;} for U one can find its dual basis {e'} for A such that (e;.¢’) =
6]. As an example, the basis {/{' X7 X"} for the universal enveloping algebra of si,

_is dual to the basis {(l'm'n!)~'(~1n§)"(86)"(¥67")"} for the algebra of functions

on SL(2), where @ f is an SL(2)-matrix. Define the canonical element
v

C=)e®¢c. (1.41)
It can be easily checked that

(1@id)(C)=T. (1.42)
Actually C is the universal expression of T in the sense that it is representation-
independent and for any representation = of I/ one obtains the representation of

the group in terms of the generators of A by (1.42).
Note that U is also a Hopf algebra:

A =181, AX)=10X+X®]1, (1.43)
(1) =1, X)) =0, (1.44)
S(1) =1, S(X)=-X (}.45)

for X =H,X,,X_.
In the quantum case we define a pair of Hopf algebras (U, A) to be dual to each
other if there exists a non-degenerate pairing such that

(XX 1) = (X ® X', A(f)), (1.46)
(X, 00 =(6(X), fe '), (1.47)
(Lf) =ef) (1.48)

(X,1) = ¢(X), (1.49)
(S(X), [y = (X, S(f)), (1.50)

where we have two sets of maps (A,¢,S) acting on X, X' € U and f, f' € A,
respectively. If they are *-Hopf algebras, we require in addition

(X°,J) = (X, 50)7)" (1.51)

1]



The pairing between U and A is defined on generators by (1.39). By requiring
that & and A are dual one can extend the pairing to the whole algebras U and A.
(Actually the duality of Hopf algebras is so rigid that it can be used to construct
the dual of a given Hopf algebra.)

The canonical element [18] can still be defined by (1.41) and (1.42) still holds.

1.3.1 Smash Product

An element in a group acts on the group by left or right multiplication. As a Lic
algebra element corresponds to a group element by exponentiation, a Lie algebra
element acts on the group as a right or left invariant vector field. The algebra
of the vector fields and functions on a group is described in the quantum case by
the smash product of & and A (19, 20, 21, 22). The smash product is defined
by the original commutation relations in U/ and A together with the additional
commutation relations for mixed products:

X[ = foy{Xap Jop Xy {1.52)

if U is left-invariant (generating right transformations).

For the group of one-dimensional translations, the coordinate r with A(z) =
1®z+ 281, ¢(z) =0, and the Lie algebra generator p with A(p) =1 ®p+p®1,
¢(p) = 0, have the pairing (p,z) = 1. It is pz = zp + 1 in the smash product. Thns
enables the identification of p wnth

Two kinds of vacua [19, 23] are useful here. Define the vacuum )y by

Xu =)ue(X), XeU (1.53)
and another vacuum 4{ by
Alf=efal, feA _ (1.54)

It is easy to check that the pairing equals (X, f) = A{X f)u. The actionof X € U
on f € A, denoted by X & f, is defined by

X | (1.55)

In our example above, the action of pon z is (£z) = 1.
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1.4 Quasi-Triangular Hopf Algebras

Sometimes the term “quantum groups” is reserved for “-qua.si-triangular Hopf alge-
bras". A Hopf algebra is quasi-triangular [24] if
o0 A(X) = RA(X)R™, (1.56)

where o(X ® Y) =Y @ X, for a certain invertible R € U ® U (called the universal
R-malrir) satis{ying

(td® A)(R) = R13Rya, (1.57)
(A ®@id)(R) = Ry3Ra, {1.58)

(S®id)(R) = R1. (1.59)
For a given represéntation 7 of U this R-matrix is given by A
Ri=(RTi®T)), (1.60)

where T‘ is the quantum matrix in the same representation.
It follows from (1. 56) that the quantum matrix defined in (1.39) satisfies the
RTT relation
Ry = Ty Ry, (1.61)
which if written in terms of the R-matrix RY, = RJ} will be (1.19).
The universal R-matrix satisfies the (quantum) Yang-Baxter equation
Ri2R13R23 = RaaRiaRaa. (1.62)
The indices 1, 2 and 3 now become the labels for the three copies of &/ in the tensor
product so that if R = r; ® ri then Ry = r; @ @1, Ria =r;, ® 1 © r and
Rz = 1 ®@r; ®r'. It follows that the R-matrix in any representation satisfies the
same equation.
There is a universal description of the RTT relation (1.61) where T is replaced
by C and R is replaced by the universal R-matrix:
RuCiCr =CORp e UQUB A, (1.63)

where C, = ¢;®1@¢', C3=1Qe; Q¢
Another form of the RTT relation is
('R,f“) ® f'“))fmf'm = f""j“’(R. f(’) ®j'(3))' L.f'e A (1.64)

A more detailed discussion about quasi-triangular Hopl algebras can be found
in [25).



1.4.1 An Example: SL,(2)

As an example, the quantum universal enveloping algebra U for S1,(2) {74. 26) is
generated by H, X, and X_ satislying

(H, X} = £2X4, (1.65)

(Xy, X_] = £=57 (1.66)

The fundamental representation for sl; (1.40) happens to be-also a representation of

this algebra although the classical and deformed algebras are apparently different.
U is a Hopf algebra with the coproduct given by

Al =181, (1.67)
AH)=1@H+H®]1, (1.68)
A(Xy) =g @ Xy + Xz @4, (1.69)
the counit by

1) =1, (1.70)
e(H)=¢(Xs)=0 (1.71)

and the coinverse by
S(1) =1, (1.72)
S(HY=~H, S(Xi)= —q*'X;. (1.73)

In the classical limit ¢ — 1 it is not hard to see that this Hopf algebra structure
gives the dual statements of those on the group. While a group clement can be
written as g = € for a Lie algebra element X = aH 4+ bX, +¢X_, it is up to one’s
choice whether the group properties (the Hopf algebra structure) is to be stated
in terms of a,b,¢ (functions on the group) or 4, X, X.. These two possibilities
correspond to the two dually paired Hopf algebras.

By imposing the *-involution

=H, X}=X; (1.74)

and ¢° = q we obtain the universal enveloping algebra for SU/,(2).
The basis dual to {H'X] X"} is now

{([m]g-1[n)g=1") " (~In 6)’(‘1%/’5)"'(41'%76")"}‘
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where [m]o-1! = [m]e-1[m — g1 -+ [Ug=r and [m]p-1 = T3

We can use (1.41-1.42) to obtain the quantum matrix of SL(2) in any repre-
sentation of Y. The (2; + 1)-dimensional representation of U for SLy(2) is well
known:

"J(H)'jlm) = Zmlj‘m)v (].75)
m(Xe)liom) = (U Fmlli £m + 1)Him £ 1), (1.76)

where [n] = 9:7”:1-.

v
For §L,(2) the universal R-matrix is

(t=g7?) qH(HOH +nHEI-n10H) yn g xn - 77
R = ;, BR Xy @ XL, (1.77)

n

where [n], = Ly=1.
In the fundamental representation (1. 40) itis (R,T{ @ T/) = ¢~ 2R]} for the
R-matrix in (1.21). s

1.5 Differential Calculus

The differential geometry on a classical manifold can be generalized to the noncom-
mutative case. This is the subject of noncommutative geometry initiated by Connes

[2].

1.5.1 Universal Differential Calculus

For any unital, associative algebra A one can define the exterior derivatived : A —
A® Aby [27] .
df =19 f~-f®1. (1.78)
The meaning of this expression is the following. When one evaluates df at (z,y), it
is df(x,y) = f(y) — f(z), which is the difference between the values of f at the two
points = and y. (Note that the tensor product distributes arguments.) If y is very
close to z, it coincides with our intuitive notion of the differential df.

The enlarged algebra 02!, obtained by adjoining the differentials to A is defined
by the left and right multiplications:

ff=fef-1f®l (1.79)
(dNf=10ff"-10®/. (1.30)
15



The Leibniz rule .
d(/f') = (df)f + J(df') (1.81)
follows for f, f' € A.

Any element in Q) can be written in the form Y fidf{ for some f, fi € A
by using the Leibniz rule. This is the first order universal differential calculus on
A. 1t can be identified with A? = {ker(m)}, or more explicitly, {¥;f; ® Ji €
AR AL [ifi = 0}.

Let

dY @)= (180 f - i®18fi+/i®fi®l)  (1.82)

then the nilpotency of d
&f(y=0 ° (1.83)

also follows for f € A.

One can further extend the definitions of the exterior derivative, the left and
right multiplications to differential calculus of all orders such that the Leibniz rule
and d? = 0 hold for differential forms of all degrees. A differential form of degree n
will be an element in A8("+1),

At a more abstract level the universal differential calculus can be defined simply
as a vector space S0 A) = {fodfidfa---dfa|fs € A,n 2 0} [27) equipped with a
multiplication defined by juxtaposition modulo the Leibniz rule and the nilpotency
of d.

The tensor product representation (1.78-1.80) above is therefore merely a real-
ization of the universal differential calculus.

1.5.2 General Differential Calculus

In this section we will focus on the first order general differential calculus. In general
the first order calculus together with the Leibniz rule and d? = 0 will fix the higher
order calculus. v

A general differential calculus is defined as the quotient (A4)/J of the universal
differential calculus Q(A) over an ideal J C (A).

As an example, the classical differential calculus can be identified with A?/J,
where J is the ideal generated by the set N = {fdf' — (df')fI/, [ € A}, ie,
J=ANA.

Another example is the differential calculus on quantum groups [28, 19, 29, 30,
22, 20]. Given a subset M C ker(e) C A we have a left-covariant differential
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calculus A%/J where [28]
J = {uS(v))dvgu'lu,u’ € A, ve M} ‘ (1.84)

The left-covariance (28] of a differential calculus is similar to the left-covariance

" of the algebra A. Here the left transformation is defined on one-forms by

ALfdf') = finfisy ® findf (s (1.85)

and the Ieft-covériance means
AL(J)CA®J _ (1.86)

Similarly right-covariance and bicovariance can be defined [28]. An interesting class
of bicovariant calculi is considered in [31]). The choice of M is restricted by other
requirements like the correct classical limit and so on.

As an example, the left-covariant 3D calculus [32) on SU,(2) is specified by
M= {6+¢*a—(1+4¢%,8% B, (a~1)8,(a—1)7} and J includes elements like
(da)s = ¢*6(de), etc. It is sometimes more convenient to use the Maurer-Cartan

forms | .
T-'dT = ( _q:, _q,:, ) , (1.87)
where .
w® = 6df — g~1pds, (1.88)
w! = bda - ¢~'fdy, (1.89)
w? = vda — ¢~ lad7. (1.90)

The commutation relations between functions and forms are

wa = ¢ 'aw’, WP =B’ (1.91)
wla = ¢ %aw!, w'f=¢’fu’, (1.92)
wla = ¢ law?, Wg =gfuw’ " (1.93)

and the same formulas with a — v and 8 — §. Since the Maurer-Cartan forms
are left-invariant and the commutation relations between functions and forms are
the same for @ — v and B — §, it is easy to see directly that the calculus is
left-covariant. i ‘

A bicovariant calculus can also be defined for SU,(2) and is called the 4D cal-
culus [28]). However it has four instead of three independent one-forms. This is
originated from the fact that although the quantum determinant is central, its dif-
ferential d(det,(T}) is not central in that calculus.
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1.6 Quantum Spaces

Another approach [33] to quantum groups is to derive them as symmetries of quan-
tum spaces. The simplest example is the quantum plane [34]. The coordinates on
the quantum plane are z,y with the commutation relation

Ty = qyz. (1.94)

G)-GO6) e

where a, f8,7,8 commute with z,y and their commutation relations are to be de-

Define the transformation

termined later. Another way to say it is that we define the left coaction by

Ayz)=a®@z+ 60y, (1.96)
ALly)=710r+60y. (1.97)

Requiring that the algebra of z,y is covariant under the transformation, or
equivalently that Ar(z)AL(y) = gAL(y)AL(z), one can derive some commutation
relations among a, #,7,8. If we demand in addition the transformation

(zy)"-.(,'y)(‘; f) '(1.98)

to be a symmetry of the quantum plane, we arrive at the full set of commutation
a f

§
If we had started with the central extension of the algebra (1.94):

relations defining a GL,(2)-matrix

zy=qyz+h, h€eC, (1.99)

we would have obtained $L,(2).

In general, for a left coaction A : X — A ® X, where X is the algebra of
quantum space and A is the algebra of the quantum group, the coproduct A : A —
A ® A for the quantum group is inferred from the left coaction through

(A®id)o Ay = (id® AL)o AL (1.100)

If the algebra A is determined by the requirement that the coaction Ay is an
algebra homomorphism, the coproduct for the quantum group defined in this way
is guaranteed to be also an algebra homomorphism.
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Similarly, since the counit is defined by the assignment of each generator in
A to give the identity transformation and the identity map is always an algebra
homomorphism, the counit can always be extended to be an algebra homomorphism.
However, there is no general arguments for the existence of the coinverse.

H there is a differential calculus on the quantum space, usually one would require
the covariance of the differential calculus under the quantum group transformations
as well. The left-coaction of a differential form, for instance, is defined by (1.85).

We always assume the undeformed Leibniz rule for the exterior derivative:

dunw, = (dw Jwy & wydiz, {1.10t)

where the sign depends on the parity of w;. The differential calculus is usually
almost fixed by the Leibniz rule, the algebra of functions and the covariancc under
a transformation. After one obtains the commutation between functions and one-
forms, one can use the Leibniz rule and the nilpotency of the exterior derivitive

=0 (1.102)

to derive commutation relations between forms.

Furthermore, with the Leibniz rule and the identification d = ¥;w;x:, where
{wi} is a basis of one-forms and {x;} is the dual basis of derivatives, one can derive
the commutation relations between functions and derivatives from those between
functions and one-forms and vise versa. ‘

In terms of the R-matrix, (1.94) can be written as

zzj = q"f{.’-‘}zkxl, (1.103)

where z; = z and z; = y. In the classical limit R is the permutation matrix and it
simply states the commutativity of the algebra. With the RTT relation (1.19) it is
easy to see that (1.103) is left-covariant.

The covariant differential calculus is defined by

zidz; = qilgdzkz,. (1.104)
It follows from the Leibniz rule and % = 0 that
dridz; = —ql‘i,'-‘;dudz,. (1.105)

Eqs.(1.103-1.105) can be directly generalized for the quantum hyperplanes co-
variant under GL,(N) [34], SU,(N) [35] or SO,(N) [36]. Integrations invariant
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under coactions can also be defined on quantum groups {15] and quantum spaces
{23, 37]. In Chap.2 and Chap.3 we will give interesting examples of quantum spaces
with covariant differential calculi and invariant integrals with respect to nonlinear
quantum group transformations.

20

Chapter 2

Geometry of the Quantum
Sphere Sg

2.1 Introduction

Quantum spheres can be defined in any number of dimensions by normalizing a vec-
tor of quantum Euclidean space{16]. The differential calculus on quantum Euclidean
space[38] induces a calculus on the quantum sphere. The case of two-spheres in three
space is special in that there are many more possibilities than the one obtained from
the general construction. These have been studied by P. Podles{39, 40, 41, 42] who
has also shown how to define a noncommutative differential calculus on them. In
this chapter we study in detail a particular case of Podles spheres which is one of
those special to three space dimensions. In this case the algebra of functions on
the sphere is a subalgebra of the algebra of functions on SU,(2) and the differential
calculus on the sphere can be inferred from a differential calculus on SUy(2). We
can also define a stereographic projection [43] and describe the coaction of SUq(2)
on the sphere by fractional transformations on the complex variable in the plane
analogous to the classical ones. The quantum sphere appears then as the quantum
deformation of the classical two-sphere described as a complex manifold.

All formulas and derivations of the results in this chapter can be easily modified.

~ with a few changes of signs, to describe the quantum unit disk and the coaction

of SU,(1,1) on it, as well as the corresponding invariant anharmonic ratios. This
provides a quantum deformation of the Bolyai-Lobachevskii non-Euclidean geome-
try and of the differential calculus on the Bolyai-Lobachevskii plane. We shall not
write here the modified equations appropriate for this case, which can be guessed




very easily, but we would like Lo mention that the commutation relations between

the variables z and 7 for the unit disk are appropriate for a representation of = and
2 as bounded operators in a Hilbert space. This is to be contrasted with the case
of the quantum sphere where z and z must be unbounded operators. In a perfectly
analogous way all formulas and derivations for CP(N) in the next chapter can be
easily modified, with a few changes of sign, to describe a quantum deformation of
various higher dimensional non-Euclidean geometries. Again we shall not do this
explicitly and leave it as an exercise for the reader. A different deformed algebra of
functions on the Bolyai-Lobachevskii plane has been considered in {44).

2.2 The Complex Quantum Manifold S?

In [39] Podles discovered a family of quantum spheres. They are compact ! quantum
spaces with the quantum symmetry of SU,(2). That is, the algebra X of functions
on the quantum spheres is covariant under an SU,(2) transformation.

By studying the representations (1.75) and (1.76) of the universal enveloping
algebra of SU,(2) with the coproduct (1.68) and (1.69) as in the classical case,
one finds the quantum Clebsch-Gordan coefficients [45] one uses to compose or
decompose representations.

A classical sphere can be specified in terms of Cartesian coordinates as z? 4+ y* +

2?

= r2. The vector (e;,€9,—e.) = (7‘;(1 +iy),z,— J5(z — iy)) transforms as a
spin-1 representation under SU(2). In the deformed case we can use the quantum
Clebsch-Gordan coefficients to find commutation relations covariant under the lincar
transformation of the vector {(e4, e, —€.) = (E}, Eo, E_1) as a j = | representation

of SU,(2) [46). 1t is

EmiEn-m =aE, (2.1)

L

1 1 1
w|m m—-m m
fora € R and

wim o o—m

Z[ Lo g] EmE_p = -l (2.2)

forke R, k>0
We have in addition to ¢ two free parameters a and k, where k can always be
scaled to a fixed number. Only a labels inequivalent quantum spheres. With the

"That is, the algebra of functions is unital.

~-involution ¢* = ¢, e} = e_ and ¢; = e (Ej = —E_, and E§ = Eo) it gives a
C--algebra. 1L is

epe_ —e.ey + Aed = peg, (2.3)
geoes — ¢~ 'ese0 = pey, (2.4)
ge_eo— g 'ege. = pe. (2.5)
and
€2+ ge_ep +qlese. =3, (2.6)

where A = g — ¢7', p = [2)="/%4]'/%a and s = [3]'/%k > 0 (In] = £=L7).
A-particularly interesting case is when this algebra is equivalent to the quotient
SU,(2)/U(1) (47, 48). The classical U(1) ? is represented as a subgroup of SU,(2)

by
U o
( 0 U-t ) (2.1

where U® = U~'. It can be checked that this is an SU,(2)-matrix. SU,(2) trans-
forms under right multiplication by this matrix as

(56)-( )5 ) o
v & v & 0o U

which is again an SU,(2)-matrix by taking U to commute with a, 8,7, 6.

The algebra of functions X on the quantum sphere S? = SU,(2)/U(1) is the
subalgebra of the algebra of functions on SU,(2) which is invariant under this
U/(1) transformation. It is therefore generated by, say, ay~! and 68-'. (The
SUy(2) is three-dimensional and U(1) is one-dimensional, hence the quotient is
two-dimensional.) This is also formally equivalent to the algebra of e4,e.., e for
st = Aand s = | with the identification eo = 1 + [2]87, ey = ¢~'{2]'/%af and
e- = —[2)"/?y5. This is the case we will consider in the following. (Strictly spcak-
ing. the algebra of functions on SU,(2) contains only polynomials of the generators
a.8,7,8, so SU,{2)/U(1) is the set of polynomials of af, 8,78, which is equal to
the set of polynomials of ¢g,e4,e_.)

Let ‘

z=ay (2.9)

and
=647, (2.10)

ISince U(1) is one-dimensional there is no commutation relations to deform.
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Figure 2.1: stereographic projection

They are the s.tereographic coordinates. Classically one gets the stereographic cc-
ordinates of a point on the sphere by means of a projection from the north pole : »
the complex plane (Fig.2.1). '

Another equivalent description of 53 is CPy(1), which is obtained from the
complex quantum plane with coordinates {z,%,y,§} (see Chap.3) by considering
the subalgebra generated by the inhomogeneous coordinates

z=zy"!, F=gls. (2.11)

Since everything about SU,(2) is well known, we can derive all properties of the
sphere from the identification (2.9) and (2.10).
The commutation relation is

23 =q 244771, (2.12)
or equivalently
(14 23) = ¢ (1 4 22); (2.13)

and the s-involution is z* = 3. Eq.(2.12) differs from the usual quantum plane by
an additional inhomogeneous constant term.

The SU,(2)-transformation on SU,(2) induces rotations on the sphere. In terms
of the coordinates z, # it is the linear-fractiounal transformation, abbreviated as the
fractional transformation:

z = (az+b)(cz+d)!, 2 —(c—d:s)a—b3)", (2.14)

A .
where (a d) € SU,(2) and a,b,¢,d commute with 2 and z. Eq.(2.12) is covariant
c ‘

under the fractional transformation.

24

2.3 Patching a Sbhere

Classically the stereographic projection maps all points on the sphere except the
north pole to the complex plane. The consequence is that the algebra of (smooth)
functions on the sphere is a smaller algebra contained in the algebra of (smooth)
functions on the plane. Clearly those functions on the plane which do not have a
unique finite limit at infinity in all directions are not corresponding to continuous
single-valued functions on the sphere. For example, all polynomials of z,  are not
functions on the sphere.

There are two different ways to cover the whole sphere. One way is to take
two complex planes corresponding to the stereographic projections from the north
pole and the south pole, respectively. Points in the two patches are identified as
the same point on the sphere if their coordinates satisfy, say, zw =1 and 2w = 1,
where w, @ are the coordinates on the other patch. While classically a manifold
can be understood as a collection of points via patching, the quantum space can
only be understood from its algebra of functions. (Sometimes the patching can be
described as the intersection of the two algebras on each patch [49], but it obviously
does not apply to this case.) The other way is to adjoin the point at infinity to the
complex plane and restrict the algebra of functions on the plane to those with a
unique finite limit at infinity.

In the deformed case the algebra generated by (2, Z), or any subalgebra of it,
does not have the correct classical limit of the algebra of functions on a sphere.
However it is known that the C~-algebra X generated by (e4,eo,e-) does have
the correct classical limit and can be taken as the algebra of functions on the
quantum sphere [39]. In terms of (2,2) it is eo = 1 — q[2}p™", €4 = ~[2]'/22p~" and
e. = —[2)¥/?p~'z, where p = 1 + 2z. Hence the algebra generated by p™!, zp™! and
p!
that the algebra is unital, so the unit 1 is always a generator that we do not have
1

% can also be taken as the algebra X of functions on S]. (We always assume
to mention explicitly.) It is easy to see that in termsof w=2z"" and w = 57" it is
the same algebra generated by p_!, wpZ! and p'®, where p, = 1 4+ ww. It is this
algebra that we will consider in the following, e.g., for the integration on S2.

Note that the element p~' commutes with 2,2 in a very simple way: p~'z =
¢ 22p7" and p~'z = ¢*2p!. So the appearance of the inverse does not complicate
the algebra and one of the benefits of using (z,z) instead of (e4,ep,e) is that
we need to remember only one simple commutation relation (2.12) instead of four

(2.3-2.6).



2.4 Covariant Differential Calculus

The diflerential calculus ? for S? can also be obtained from that for SUy(2). The
3D calculus on SU,(2) induces a two-dimensional left-covariant calculus on S?,
while the 4D calculus induces a three-dimensional one. We will consider the former
in terms of the stereographic coordinates since it has the right dimension. It is
equivalent to the unique left-covariant two-dimensional calculus on S? obtained by
Podles in {42). '

The commutation relations obtained from the 3D calculus are

2dz = q"¥zz, idz = ¢’dz;, (2.15)
zdi =¢"zz, 3d7 = ¢*d3s, (2.16)
(d2)? = (d2)* = 0, dzd7 = —¢~*dzdz. (2.17)

Derivatives can be defined based on the knowledge about differential forms.
When acting on functions, the exterior derivative d is identified with d = dz3 +dz0.
The Leibniz rule and d? = 0 then imply

8z =1+¢"228, 8% =q’:0, (2.18)
Oz =q228, O83=14q0, (2.19)
98 = q-25a. (2.20)

When acting on functions, the derivatives 8,8 can be realized by gA~'p~'7 and
—gA~'p1z, respectively. (It can be checked that 8 (8) has the same commutation
relations with 2,z as gA~'p=137 (—gA~'p~'2) does.) It turns out that the exterior
derivative can be realized by l

= = gp~"(dz2z - dzz), (2.21)

(dw) = A~ [Z,w],, (2.22)
where [, ], is the commutator (—-) or anticommutator (+), for even or odd differ-
ential forms w, respectively. (Functions are considered as even forms.)

Eqs.(2.15-2.20) are covariant under the fractional transformation (2.14), wlich
implies

dz = dz(q7'cz + d) ez + d)7!, (2.23)

3 = (cz +d)(¢7"cz + d)3, (2.24)

3Podles studied and classified all left-covariant and bicovariant differential caleuli on quantum
spheres in {40, 50, 42).
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where the second line is obtained by requiring the exterior derivative to be invariant.
The «-involution is defined by

(dz)” = dz, ‘ (2.25)
& =~ 9+ (14 ¢z, M)
0 = ¢34+ (1 +¢*)p 'z, (2.27)
where
p=1+:zz. (2.28)

The inhomogeneous pieces on the right hand side of Eqs.(2.26) and (2.27) origi-
nate from the nontrivial measure for the integration on the sphere, in contrast with
another possible involution which corresponds to a flat complex plane: '

(dz)" = dz, (2.29)
o = —¢%, (2.30)
& =—¢7%. (2.31)

The latter involution is not covariant under the fractional transformations, but
covariant under another transformation:

z—az+m, (2.32)
£ — az+m, : (2.33)

where a,&, m,m commute with z, % and

ad = da, gqmm—q 'mm = Maa - 1), (2.34)
ma = ¢~lam, ma = ¢ %am, (2.35$
ha = ¢g*arh, ma = ¢'am. (2.36)

The *-involution on a,m coincides with the bars. A Hopf algebra structure on
the algebra of a,d,m,m can be easily derived. Its classical limit is the algebra
of functions on the group of rotations, scaling and translations on the complex
plane. The induced transformations on dz, d and 8,8 can be derived and the same
calculus is also covariant under this transformation.

Back to the quantum sphere. Since we have Eqs.(2.15-2.28) we can forget about
how we got them and take them as our definition of the differential calculus on S7.
The covariance of the calculus can be checked directly.

-
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There is a symmetry of the calculus

26 3, dz e d3, {2.37)

88, qeq, (2.38)

which is induced from a symmetry on S:

5 —
(:f)_‘(_ﬁ Z) g g (2.39)

Now we discuss the complex structure on the differential calculus. The existence
of the complex structure relies on the property of our differential calcuius that
the holomorphic and antiholomorphic parts of the functions and forms are not
mixed by the commutation relations. This implies that we can define & and § by
d = § + & as the decomposition of the exterior derivatives to the holomorphic and
antiholomorphic parts. Explicitly,

(6,2) = dz, [6,2)=0, ' (2.40)
[8:2) =0, [6,4] =z, (2.41)

§dz =dz6 =0, 8di=d3d=0, (2.42)
{6,d3} =0, (8,dz} =0, T (243)

81 =41 =0, (2.44)

(6,8} =0, {2.45)

where {-,-}, {-,*] are the anticommutator and commutator respectively.

Like the total exterior derivative d, the differentials § and 8 can be realized by
€ = qdzp™'z and —£* = —qdip~'z, respectively, as in (2.22). While 2 = 0 = £°?,
it is : :
Z? = gAdip~dz, (2.46)
which is central in the calculus so that @? = 0 = 6% = 82 and 68 + 86 = 0 are
correctly realized.

It is interesting that there exist in the calculus elements realizing the differentials
d,6 and &, in contrast to Woronowicz' work (32, 28], where an additional one-form
X satisfying X? = 0 has to be adjoined to the calculus to realize the differential
d. This is also a slight generalization to Connes’ formulation where the differential
d is realized by an operator F with F? = 1. Another interesting fact is that =2 js

also invariant and so can be thought of as the Kahler form or the measure on 2.
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The coincidence of the close relation between the differential and the Kahler form
shows that our quantization is closely attached to the geometry. This interesting
story about = is generalized to CP,(N) in the next chapter.

The action of the universal enveloping algebra on SU,(2) induces its action on
57. It is more convenient for 57 to use the generators

2y = Xog", (2.47)
Z_ =gl x_ (2.18)
and
H=[H], = &3t o (249)
with
Zy"=2., H'=H {2.50)

Their commutation relations are the following:

HEZ, — ' Z,H = (1 + ¢))Z,, (2.51)
Z_H-g'HE. = (1+¢%)2_, (2.52)
G242 —q 2.2, =M. (2.53)

They are viewed as right-invariant vector fields on the sphere and they generate
infinitesimal fractional transformations (rotations) on the sphere. The actions are
given by

Zyz=q*22, +¢'/%:3, (2.54)
Zyi=q 132, 440, (2.55)
Hz = ¢*2H + (1 + ¢%)z, (2.56)
Mz =g 'iH -~ ¢ (1 + ¢%)3, (2.57)
Z_z=q2Z_ - ¢, (2.58)
Z2.i=q7 %2 - ¢, (2.59)

With the generators viewed as Lie derivatives, their actions can be extended to

forms and derivatives by assuming that they commute with the exterior derivative
d. ’



2.5 The Poisson Sphere

The commutation relations of the previous sections give us, in the limit g — 1. a
Poisson structure on the sphere. The Poisson Brackets (P.B.s) are obtained as usual
as a limit f
(f.9) = 'llin(,) g—,”i, @=et=1+h+[0). {2.60)
faad ]
where we use + for f, g both odd and — otherwise. For instance, the commutation

relation {2.12) gives

z2i= (1 -h)iz-h+[h? (2.61)
and therefore [51)
(5,2) = p. (2.62)
Similarly one finds
(dz,2) = zdz, (dz,2) = 2d3, (2.63)
(dz,2) = —idz, (d%,3)= ~2d: (2.64)
and
(dz,dz) = dzd-. (2.65)

In this classical limit functions and forms commute or anticommute according to
their even or odd parity, as usual. The P.B. of any quantity with itself vanishes.
The P.B. of two even quantities or of an even and an odd quantity is antisymmetric,
that of two odd quantities is symmetric. It is

~d(f,9) = (df,g) £ (f,dg), (2.66)

where the plus (minus) sign applies for even (odd) f. Notice that we have enlarged
the concept of Poisson bracket to include differential forms. This is very natural
when considering the classical limit of our commutation relations.

In the classical limit, Eq.(2.22) becomes

E N =4, (2.67)
where
T=¢-¢ (2.68)
and .
£ =dzip™, £ =dizp™! (2.69)

are ordinary classical differential forms. Now
d= = 2did:p~? (2.70)

and
=2=0. (2.71)

As before, the variables z and # cover the sphere except for the north pole, while
w = 1/z and @ = 1/5 miss the south pole. It is

(w, w) = ww(l + ww). : (2.72)

The Poisson structure is not symmetric between the north and south pole *. All
P.B.s of regular functions and forms vanish at the north pole w = & = 0. Therefore,
for Eq.(2.67) to be valid, the one-form = must be singular at the north pole. Indeed

one finds
o dwo de o . dow do (2.73)
£_l+tbw w' T 14w W -
and dib — tod
twaw - waw
Tz —— N
ww(l + ww) (2.74)
On the other hand the area two-form
diwdw
=2 =0 2.7
= (1 + vw)? (2.75)

is regular everywhere on the sphere.

The singularity of = at the north pole is not a real problem if we treat it in the
sense of the theory of distributions. Consider a circle C of radius r encircling the
origin of the w plane in a counter-clockwise direction and set

w=re?, w=re’, (2.76)

Using (2.73), we have
vdw — wdib
/E: bdw - wdd _ (2.77)
I+ ow
As r — 0 the integral in the right hand side tends to zero because the integrand is
regular at the origin. The Stokes theorem can be satisfied even at the origin if we

modify Eq.{(2.75) to read

4= = Q - 47i6(w)é(w)ddw. (2.18)

4A different deformation of the two-sphere with the symmetry : — w = 1/z is described in
[52). But its covariant differential calculus is unknown.
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It is .
/s, Q= dmi (2.79)
so that

]s E==0 (2.80)

as it should be for a compact manifold without boundary. Notice that the additional
delta function term in (2.78) also has zero P.B.s with all functions and forms as
required by consistency.

2.6 Braided Quantum 2-Sphere

In this section we consider the braiding of several copies of S? [53]. There exists a
general formulation [54) for obtaining the braiding of quantum spaces in terms of
the universal R-matrix of the quantum group which coacts on the quantum space.
Using this formulation the braiding commutation relations are obtained directly for
the variables z and . (An alternative derivation of the same braiding relations
proceeds by first computing the braiding of two copies of the complex quantum
plane on which SU,(2) coacts and then using the expressions of the stereographic
variables z and Z in terms of the coordinates z,y of the quantum plane

=2y, i=§'z (2.81)

Please see Chap.3 for the generalization of this approach to the braiding of CP(N).)

The braiding can be extended to the differentials dz and dz. In Sec.2.7 a braiding
property of the SU,(2) invariant integral on the sphere is given. It is shown that it
can be used to compute the integral. _

The braiding of two quantum spheres is not symmetric with respect to the
exchange of the two spheres. It can be extended to the case of an arbitrary number
of spheres given in a certain order.

Classically, a function of k points on a manifold M is an element in X®* where
X is the algebra of functions on the manifold. In the quantum case the analogous
object will be a function of {rf")}' where ¢ = 1,--. , dim(M), a = 1,--- &k and
15"’ is the i-th component of the coordinate for the a-th point on the manifold.
Because all k points are on the same manifold, the coordinates for all points are
transformed simultaneously. For our case of the quantum sphere, this means that
all z{2), 3(*) are transformed by the same SU,(2)-matrix through (2.14). However,

for this transformation to be really a symmetry of the system of & points on the
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same sphere, we require that the algebra of {2*),59)}*_ be covariant under this
transformation. This requirement will not be satisfied if one takes the coordinates
209 313) 10 commute with 2®, 3 for a # b (which is equivalent to saying that
a function of k points is an element in X®*) because the algebra of SU,(2) is
noncommutative. The correct (covariant) choice is the braided algebra which we
are going to show below.

For the case of four braided spheres one can construct a quantum analogue
of the classical anharmonic ratio (cross ratio) of four points on a sphere. This
quantity, which belongs to the braided algebra of the four spheres, is invariant
under the coaction of SU,(2) as realized by the quantum fractional transformations
on the stereographic variables. It commutes with its *-conjugate. This is described
in Sec.2.8. The existence of the invariant quantum anharmonic ratio seems very
remarkable.

Classically, anharmonic ratios are the building blocks of all projective invariants.
Here, they opeun the way to a development of quantum projective geometry (see
Chap.4) which may be relevant for the study of nonlinear field theory o-models.

Let us now look at the general rule of braiding [54] for two ordered (possibly
different) quantum spaces X;, X; with (possibly different) left coactions

A X A X, i=1,2, (2.82)

defined for the same quantum group A. For v € X, and w € X; we define the
commutation relation in the braiding of X, and X; by [54]

vw = R(w), o)y, (2.83)

where we use Sweedler’s notation
L) =fMe s (2.84)

(The prime on the upper index is used to indicate that the attached element is
not in X; but in A.) Hefe R € U @ U is the universal R-matrix for the quantum
universal enveloping algebra U dual to A with respect to a pairing {-,-} and

R(a,b) = (R,a®b), (2.85)

where (X @ Y,a® b) = (X,a)(Y,b). ,
The same formula (2.83) can be used for any number of ordered quantum spaces
as long as for each space there exists a left-coaction of A.
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The covariance of (2.83) follows (1.64) and (1.100). To check the consistency of
(2.83) by braiding, i.e., by permuting three elements into a certain order via two
different procedures, we have to use

R(fg, k) = R(f,h(1))R(g, hzy), {2.86)
R(f,ghk) = R(fu), RYR(f2), 9) (2.87)

and
R(L Y =R(f,1) = e(f). (2.88)

These are consequences of (1.57-1.58) and general properties of the pairing.
One can extend SU,(2) by introducing a~!,d~! satisfying

aa’'=qgla=1, dd'=d'd=1,
a”) =¢(d") =1,

a " =d-', d'" =q"!
and

A(dY)

(c®b+d®d)™
S erd @ (d- by,

n=0

The transformation for z and the braided copy 2’ can then be written as

z— i faz", 2> -Z fa2™,
n=0 n=0
where
'
IO = bd—‘l
fo = (=17 ed ), 2L

Consider the algebra A generated by {1,z} and its braided copy A’ gencrated
by {1,2'}. Eq.(2.83) gives

2= 3 Rfm fu)een. (2:89)

n,m=0

To calculate R(f,,.,f,,), we notice that, for example, (2.86-2.88) give
’R(a,a(,))R(a",am) =R{a,a)R{a"",a) =1
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and so

-1/2 0 ~1/2 0
R{a™'\T) = (q ql/2) » R(T,a™') = (q |/2) .

0 0 ¢
1/2 0 1/2 0
-1 A -y _ {9
R(d ,T)_( o q-m)' R(T,d )_(,0 q_m).

It is not hard to prove that for any functions f,g of at! b, ¢, dt!.
R(bf,9) =0, R(f,cq) =0,
R(Cfxg) = 01 lfg has no b|
R{g,bf) =0, ifghasnoc

and
R(d*', f(a,b,¢c,d)) = f(q¥'/%,0,0,¢%"/?), (2.90)
R(f(a,b,c,d),d*') = f(q*'/z.o.o,q*'“) (2.91)
together with (2.90),(2.91) with d*! replaced by a¥!,
One then gets

R(fhfl) = q2’

R(f2, o) = =g,
R(fmifu) = 0, all other n,m.
Therefore
22 = @'z — Ag2?, : (2.92)

Similarly, we consider the braiding between A= ({1,z)})and A = ({1,3)). ILis

o
) ga3",

n=0

-1
go = -—ca [

q-i(n—l)(ba—l)n—la—{ n>1

an
and
Rig i) = ¢7%,

R(g0, fo) -7,
RAGen, Jn)

1]

0, all other n,m.
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Therefore w :
2= Y R(gm, fo)i™2" (2.93)
nm=0
gives
22 =¢q 2 - 27" (2.94)

Hence we have re-discovered the commutation relation between z and 2 for S: asa
braiding relation.
Since £’ transforms like 7 it follows immediately that the braiding between A
and A’ is given by
23 = ¢ 2 - Mg\, {2.95)

For consistency with the -involution of the braided algebra the brdiding order
of 2,%,2' and 7’ has to be 2z < 2 < 7' < 7 after we have fixed 2 < 2’ and 2 < :
as in (2.89) and (2.93). It is crucial that we braid separately A = ({1,2}) with
A’ and A, and A = ({1,3}) with A’ and A’ instead of simply braiding the whole
algebra {{1,z,z}) with {{1,2',%'}). Otherwise we will not be able to have the
usual properties of the »-involution (e.g.(f(2)g(2'))* = g(2')*f(z)") for the braiding
relations. :

The differential calculus can also be defined on the braided spheres by imposing
the Leibniz rule on the exterior derivatives d and d’ so that d’ acts on 2’ and 7' in
the same way d acts on z and 2, and

d = 2'd, di = 7'd,
dz=zd, di=:zd
together with
dd’' = —d'd.

Then (2.92),(2.95) and their #-involution will imply commutation relations between
functions and forms of different copies of the sphere. As a consequence, the area
clement of the second copy K’ = dz'dz'(1 + £'2')~? is central in the whole braided
algebra, while I = dzd(1 + 7z)~? is only central in the original copy (z, 7).

2.7 Integration

The integration (-) : X — C on the quantum sphere is defined by the requircment
that it is invariant under the SU,(2)-transformation

A(2)=(a@:z4+bDINcO:4+dO ), (2.96)
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Ap(2) = —(c®1-d® ) a®1 - b® 2)", (2.97)

namely,
Mg = s (2.98)
for Ag(f) = fU? ® £ as in Sweedler’s notation. This is equivalent to
(Of(2,2)) = (ONf(2,2))s3, O €U (2.99)
or
(Of(2,8)5 =0, O =24, 2., M. (2.100)

The invariance of the integration is sufficient to fix itself up to a normalization,
which can be taken as {1)s3 = 1. Like everything else, the integration on 52 can be
induced from the integration on SU,(!) as

(f(2,8)s2 = {1y, =887 suya)- (2.101)

The invariance of (-)sy,(z) implies the invariance of (-)sz under the SU(2) transfor-
mations. ‘

It is instructive to see other ways to derive the integration on 52, One way to
do it is to consider integrable functions f, for example p~! for a positive integer [, in
(2.100), which will then give recursive relations for (p"")s;:. It can easily be solved

L
(™) = s 120 (2.102)

Another way is to use the cyclic property 5 which follows (2.98) and properties
of the quantum group.” Without going into details we give the cyclic property:

< fz,5)9(z,2) >=< g(2,2) (g 22, ¢%2) > . (2.103)

It is also possible to look at the integration as the integration of forms [ :
0%(X) = C, where Q3(X) is the second order differential calculus on X. Then the
requirement is the Stokes theorem

; /dw=0. (2.104)

SSimilar cyclic properties have been found by H. Steinacker(55) for integrals over higher dimen-
sional quantum spheres in quantum Euclidean spaces. '
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This condition is manifestly invariant under the transformation and it is also strong
enough to determine this integration ® up to normalization. The relation between
these two integrations is given by the measure g

/ul =(flsz, feX, (2.105)

up to normalizations. If the measure is invariant, the integration (-)s: obtained
from [ in this way will also be invariant. In our case the measure is proportional
to =2, or to dzp=?dz, which is invariant.

With a different measure one obtains from [ an invariant integration on another
space. For the same algebra X with the #-involution given by (2.29-2.31), the
integration on X should be that for a flat quantum plane:

dzd:
(He2 =/ ol JE€X (2.106)
The Stokes theorem inuplies that it is invariant under translation:
S {9f)er = (0f)cr =0 (2.107)

for integrable functions f.
Therefore the integration on the sphere and that on the plane is related to each
other by
(Nsr =N (2.108)
up to normalizations.
It is interesting that there exists another way, which has no classical analogue,
to determine the integration. Consider braided copies of X. Because 2’ and 3’ are

always on the same side of the variables z and % in the braiding order (z < 2 <

' < z), the integration on 2’, 7, has the following property: if
S, #)g(2,2) = 3 iz, 2)fil 2, 2, (2.109)
then
(' FNsz9(2,2) = 3 gilz, )i, £))sy- (2.110)

This can be shown using (2.83) and the invariance of the integral under the SU,(2)

coaction. However,

I EW g2, ) sy # 3 o(gi(z, D)y fil ', 7). (2.111)

One has to fix the set of integrable functions in advance.

18

The above property (2.110) can be used Lo derive explicit integral rules. l'or
example, consider the case of f(2',2') = #p'~", where p’ = | + 3’2’ and g(2,3) = :.
Since

<t _t=n

Fp' 2 = 722" 4+ " A([n + g ~ [n)ep)p"", n 20,

where [n], = %—‘f—"—. using (2.110) and < 'p'"" >= 0 we get the recursion relation:
it <pgm>=n<p ™ YV>, n>l, (2.112)

which leads to (2.102).

2.8 Anharmonic Ratios

Let us first review the classical case. The coordinates z,y on a plane transform as

()= (22) ()

by an SU(2) matrix T = ¢ :) The determinant-like object zy’ — yz' defined
c

for z,y together with the coordinates on a second plane z',y’ is invariant under the
SU(2) transformation. On each plane we define z = z/y so that

t~2 =y ey -y )y

It now follows that with z;,y; for { = 1,2,3,4 as coordinates on four copies of the
planes,

(22 - 21)(22 = 2¢) Mz — 24)(z3 — )™

= (212 — y1T2)(zay2 ~ yar2) " (Tays — yaza)(T193 - 91 33) ™"

is invariant because all the factors y,-‘.' cancel and only the invariant parts (z.y,; —

yix;) survive. Therefore the anharmonic ratio is invariant.

Permuting the indices in the above expression we may get other anharmonic
ratios, but they are all functions of Lhe one above. For example,

(za— 232z =z ) 21— 2z~ &) " = (22— )z~ z) " H2a - ze){za —21) ™' = 1.
The coordinates of the SU,(2) covariant quantum plane obey
xy = qyz,
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an equation covariant under the transformation (2.113) with 7' now being an SU,(2)
matrix. As explained in Sec.2.6, braided quantum planes can be introduced by using
(2.83). Let V be the i-th copy and W be the j-th one, then we have for i < j,

iy = qu;%i + qAz;yi,
Iix; = q’z',-t.',
Yivi = 9V
YiTj = 9%y
In the deformed case we have Lo be more careful about the ordering. Let the
deformed determinant-like object be
(i7) = ziy; - quiz;s
which is invariant under the SU,(2) transformation, and let
i) = 2 — 2= ¢7'y (id)y; s
where z; = z;y7".
Using the relations
yili7) = o(i5)yes
(i7)y; = qy;(ij)
fori < j and
vilik) = @ (k)i,
(i5)yx = ¢°ya(is)
for i < j < k, we can see that, for example,

A = (1224 34)13]*

is again invariant. Similarly, B = [12][23}7!{34]{14]~" as well as a number of others
are invariant.,

To find out whether these invariants are independent of one another, we now
discuss the algebra of the [ij]'s.

Because [ij] = [ik] + [kj] and [ij] = ~[ji] the algebra of [ij] for §,7 = 1,2,3,4 is
generated by only three elements [12),[23],[34). It is easy to prove that

[A)k) = ¢" (K1)
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ificj<k<l

It follows that we have
[i5lik|lik} = ¢*LiklLkliS) (2.114)
fori<j<k, and
[12)(34) + [14)[23] = (12)[24] + [24](23).

Using these relations we can check the dependency between the different anharmonic
ratios. For example, let C = [13}{23]-[24}{14] ", and D = [14]{13}~'[23](24])"", both
invariant, then

B'AC

(14](34) " [23)[24) " ([34](23) " [24])[14]~"
(14)(34]" [23){24] " ([24](23] " [34D)14])~*

= |,

where we used the relation [34][23])!(24) = [24]{23]~"[34] which follows from (2.114),
and

qu - D—I

]

(112)(34](23)" - [24)(23] " [13])([14] "

= ([12]{34)(23]" — [24){23]~"((12] + [23])){14] !
= ([12)(34) - 12)(24] - [24](23))(23) " [14] "

= (-[14)[23)(23)""14]"*

= -1

In this manner it can be checked that all products of four terms [}, [kl], [mr]~!,
[pr)~! in arbitrary order, which are invariant, are functions of only one invariant,
say, A. Namely, all invariants are related and just like in the classical case, there
is only one independent anharmonic ratio. It can be checked that the anharmonic
ratio commutes with all the %’s and so commutes with its +-complex conjugate,
which is also an invariant. ‘
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Chapter 3

Geometry of the Quantum

Complex Projective Space CPy(N)

In the previous chapter the quantum sphei« was described as a complex quantum
manifold. The braiding of several copies f the quantum sphere was introduced
and quantum anharmonic ratios (cross ratios) of four points on the sphere were
defined which are invariant under the fractional transformation which describes
the coaction of the quantum group SU,(2) on the complex coordinates z,% on the
quantum sphere. In this and the next chapters we will extend these results on the
one-dimensional compléex projective space CFy(1) ~ 7 to higher dimensions. In
this chapter we will define the quantum projective space CP,(N) [56) in terms of
both homogeneous and inhomogeneous complex coordinates and study the differ-
ential calculus on it. CP(N) is shown to be the quantum deformation of a Kahler
manifold with the Fubini-Study metric. In Sec. 3.2 we consider the Poisson limit.
Then, in Sec. 3.3 we introduce the braiding of several copies of CP,(N). In the
next chapter we will study the projective geometry on CPy(N).

The algebra of functions on complex projective space has been considered by a
number of authors, see for example {57], {58] and [59]. What we have shown here
is that a rich construction of differential geometry and projective geometry can be
carried out on this space. It is not hard to extend most of the results of this chapter

to the case of quantum Grassmannian manifolds [60].

3.1 CP,(N) as a Complex Manifold

3.1.1 SU,(N + 1) Covariant Complex Quantum Space

For completeness, we list here the formulas we shall need to construct the complex
projective space. Remember that the SU,(N 4 1) symmetry can be represented [61]
on the complex quantum space Cq'\'“ with coordinates z;,z',t = 0,1,..., A" which

satisfy the relations

Iz; =q“i{f;zkz,, (3.1)

'z, = (R ) zad' (3.2)
and

3 = ¢ 'RiEE (3.3)

Here g is a real number, R¥ is the GL,(N + 1) R-matrix [16) with indices running
from 0 to N, and ' = z; is the *-conjugate of z;. The Hermitian length

L=z (3.4)
is real and central. The R-matrix satisfies the characteristic equation
(R-g)(R+q")=0. (3.5)

Derivatives D', D; can be introduced (the usual symbols 32, 9, are reserved below
for the derivatives on CP,(N) ) which satisfy

Diz; = & 4 qR%n, D', D' = g(R7'V3* D', (3.6)
Di#l = 8 + ¢~ (R™)iz*Di, Dizj = ¢ 'daiy (3.7)
and
D'D' = ¢ 'R DD, (3.8)
D'D; =q'é DD, (3.9)
- DiD; = ¢ RED D1 (3.10)
Here we have defined .
i) = Rig™" = Riyg?*, (3.11)
which satisfies
SR = (RN = 58 (3.12)
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and (sum over the index k)

d>;'; - 6;(,2.'4»1‘ (3.13)
q,:; = fighN -, (3.14)
Using
Ri(e™) = (R™)ile) (3.13)
and
RY = ,‘15’!‘ - (3.16)

one can show that there is a symmetry of this algebra:

g—q!, (3.17)
z; — kq~¥3, (3.18)
3 -z, (3.19)
D — kg% D; (3.20)
and )
Di = 17'D', . (3.21)

where k and [ are arbitrary constants. Exchanging the barred and unbarred quan-
tities in (3.17-3.21), we get another symmetry which is related to the inverse of this
one.

Using the fact that L commutes with z;, Z‘, a *-involution can be defined for D*
(D) = ¢ ¥ L DiL™, (3.22)

where
f=N-i+l (3.23)

for any real number n. The *-involutions corresponding to different n's are refated
to one another by the symmetry of conjugation by L

a-— L™al™™, (3.24)

where a can be any function or derivative and m is the difference in the n's.
The differentials & = dx;, & = (£)° satisfy

i = qRHzs, , (3.25)
#¢, = g R7")ji6nd' (3.26)
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and

&€ = —qREE, C (327
£g = —q(R7" )€ (3.28)

All the above relations are covariant under the transformation

s T, o (T, (3.29)
D = (T);D’, Di— Dig"'T)q™", (3.30)
& &T, = (T8, (3.31)

where T} € SU(N +1).
The holomorphic and antiholomorphic differentials 6,4 satisfy the undeformed
Leibniz rule, §% = 8% = 0 and 8z; = z;§ etc.

3.1.2 Algebra and Calculus on CFy(N)
Define fora=1,...,N,!

2, =25z, =227, . : (3.32)

Since
ToTg = qTqTq, ZoI’ = i%z¢ . (3.33)
and
29i° = q_lfn.‘to, (3.34)

it follows from (3.1} and (3.2) that ?

2 = ¢ RS2z, (3.35)
2y = g7 (RV) 2.3 - Mg 8¢, {3.36)

where R2 is the GLo(N) R-matrix with indices running from 1 to N and A = ¢—1/q.
Since

dzo = 25" (& — foza), dE° = (£ — 2°€°)(2°)" (3.37)

'The letters a,b,¢, e etc. run from 1 to N, while §,j, k,{ run from 0 to N.
?Due to our conventions in this chapter, to compare the N = 1 case with the results in Chap.2,
one has to make a change of variables 2 — 3.
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and
zobo = ¢*éoro, Tof® = €10, (3.38)

it follows from (3.25) and (3.26) that

2,dzy, = qf?f,‘bdz,z,, : (3.39)
°dzy = ¢ W (R7)Edz 50, (3.40)
dzdzy = —qRSdz.d>2, (3.41)
and
d2°dzy = —q W(R™")iSdz.d3°. (3.42)

The derivatives 8°,d, are defined by requiring & = dz,0° and! 6 = dz°d, to be
exterior differentiations. It follows from (3.39) and (3.40) that

82 =62 + qRZ 2.0, (3.43)
02 = ¢ (R, ' (3.44)
Bazy = q®5 2.0, (3.45)
8u2* = 88 + ¢ (R™)2 546, © T (3.46)
9 =g Rtoor (3.47)
and ‘
38, = q9530.0°, (3.48)

where the ® matrix is defined by
85 = Rige'et) = Rygeti-e). (3.49)

Similarly as in the case of quantum spaces the algebra of the differential calculus
on CPy(N) has the symmetry:

g—q, (3.50)
24 = T2, (3.51)
2% — 32,, (3.52)
8 — r-1q%4, (3.53)
and
8, — 87100, . (3.54)

46

where rs = ¢?. Again we also have another symmetry by exchanging the barred
and unbarred quantities in the above.

Also the +-involutions

2 =35, (3.55)

dz; = dz° (3.56)
and
& = __q2n-1a'pna.p—n‘ (3.57)
where
a=N-a+l (3.58)
and
N
p=1+4Y 235, (3.59)
a=]

can be defined for any n. Corresponding to different n's they are related with one
another by the symmetry of conjugation by p to some powers followed by a rescaling
by appropriate powers of .

In particular, the choice n = N + 1 gives the *-involution which has the cor-
rect classical limit of Hermitian conjugation with the standard measure p~{V+1) of
CP(N).

The transformation (3.29) induces a transformation on CP,(N)

2o = (Tg + 2T) ™ (T3 + 2T7). (3.60)
One can then calculate how the differentials transform
dz, — dzyM8,  di° — (MY)2dzt, (3.61)

where M? is a matrix of functions in z, with coefficients in SU,(N +1) and (M!)¢ =
(M®)". Since 6,8 are invariant, it follows the transformation on the derivatives

& — (M7, (8°) — (@Y (M), (3.62)

The covariance of the C P,(N) relations under the transformation (3.60), (3.61) and
(3.62) follows directly from the covariance in Cj+!.
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3.1.3 Kahler Two-Form

Similar to the case of a quantum sphere, the quantization of the differential calculus
on CPy(N) is closely connected to the geometry.
The exterior derivatives can be realized by an element already in the calculus:

bw= A" wly, Sw= AT, (3.63)

where
€=—q""6pp™! O (3.64)

and the sign is + (=) if w is odd (even).
In the same way
=Z=£(-¢ ) (3.65)

realizesd = § + §.

Consistent with the nilpotency of 6,8 and d, we have £? = £°? = 0 and =? central.
It is easy to see that all the quantities =?, §¢* and 8¢ differ from one another only
by numerical factors. This shows that the object

K =8¢ =8¢ © (3.66)

is central and satisfies 6 = §I{ = 0. Moreover, it can be checked that it is also
invariant. We will call this the Kahler two-form.

Motivated by the classical role played by a Kahler form, we define the metric
gos on CP(N) by

K = dz,g,4d3*. (3.67)
It is
— a1 ~2 230
95 =97 07 (pbas — ¢°2° ), (3.68)
which in the classical limit (g — 1) is exactly the Fubini-Study metric. The inverse
satislying
. gchca - gae!)” = 6“ (369)
can also be found:
g = gp(bsc + Pz.). (3.70)

Using the metric (3.68) we can define another basis of one-forms {£°,£,} by

€ =dz, o = gudi®, (3.71)
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so that K = €2¢,. The commutation relations in this basis are:

¢t = —qRebeced, (3.72)
£ = —q (R)MEL, (3.73)
&by = —qREEL, , (3.74)

which is the same as the commutation relations (3.41-3.42) for dz, and d2° under
the replacement dz® «+ £, = g,3d3® (dz, = €° by definition).

As in the classical case, since the Kahler form K is invariant, one can take A’V
as the volume form (measure), which is found to be proportional to

p~N40AzN . d5ldz . day. (3.75)

Similar constructions exist also for the complex quantum space C:' +1. A general
sufficient condition for the existence of one-forms realizing the holomorphic and
antiholomorphic exterior derivatives on a complex quantum manifold is presented
in [56, 60], where the central invariant Kahler form also exists. Whenever such a
Kahler form exists, one can use it to define the metric and a Hodge « map. It will
be shown in Chap. 5 that one can use these data to define the connection, curvature
two-form, Ricci tensor and scalar curvature.

The integration on CP,(N) (56, 60] can be obtained in analogous ways as for
the sphere in Sec.2.7. The discussion on the patching of CP,(N) is similar to that
of 5. Here an appropriate definition of the algebra should be made such that it is
equivalent to SU(N + 1)/U,(N) [57].

3.2 Poisson Structures on CP(N)

The commutation relations in the previous sections give us, in the limit ¢ — 1, a
Poisson structure on CP(N). As usual, the Poisson Brackets (P.B.s) are obtained
as the limit

(fig)=limo L, g=e*=1+h+ (Y (3.76)

It is straightforward to find

(zay28) = za2, a<b, (3.77)
~ =by :cib' a # b
(z0,3%) = { M+ T, %), amb’ (3.78)
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2,dzy + 223dz,, a < b

(Zaudzb) = 2:ﬂd:ﬂv a=b ) (‘}79)
z0dz, a>b
- —z%dz, a#b
*,dzy) = 3.80
(2°,dz) { 2% 5dz., a=b (3.80)
and tho#e following from the *-involution, which satisfies
(/.9)" =(g". /") (3.81)

The P.B. of two differential forms f and g of degrees m and n respectively
satisfies

~(fig) = (=1)""*Y(g, f). (3.82)

The exterior derivatives §, 3,;1 act on the P.B.s distributively, for example

d(f,9) = (df,9) £ (f,dg), ' (3.83)

where the plus (minus) sign applies for even (odd) f. Notice that we have extended
the concept of Poisson Bracket to include differential forms.
The Fubini-Study Kahler form

K =dz,g%ds® . (3.84)

has vanishing Poisson bracket with all functions and forms and, naturally, it is
closed.

3.3 Braided CP,(N)

The braiding of the quantum plane CON"l induces a braiding of C Fp(N).
Let the first copy of the quantum plane be denoted by z,,#' and the second
by z{,2"". A consistent and covariant cheice of the commutation relations between

them is
zz) = q°f2,"j’z’,{1,, _ (3.85)
'z} = (R 2! : (3.86)
and their *-involutions for arbitrary numbers a, f. If we choose @ = —f then the

Hermitian length L will remain central, Lf' = f'L for any function [’ of 2', %"
However. [’ does not commute with x, 1.
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Assuming that the exterior derivatives of the two copies satisfy the Leibniz rule

§f==f8, §f=2xf5. (3.87)
§f =%f'6, &f =1/, (3.88)

where the plus (minus) signs. apply for even (odd) f and f’, and

68 = —8'6, 68 = —¥s. ' (3.89)
88' = -6, 88" = %6, (3.90)

we obtain the commutation relations between functions and forms of different copies
by letting §,8,8' and &' act on (3.85) and (3.86). As usual, the commutation relations
between derivatives and functions of different copies can also be derived from the
commutation relations between differential forms and functions using the Leibniz
rule of the exterior derivatives and the identifications § = dz; D', 8 = d#'D; for both
copies.

From the above we derive the braiding relations of two braided copies of CP,(N)
in terms of the inhomogeneous coordinates. They are independent of the particular
choice of a and 3. We have '

z,z‘ = qR?b(z: - q-l'\zc)ze‘ (3.91)
o2 = q (A2 - 7 (3.92)

and their *-involutions as well as the commutation relations between functions and

forms of different copies following the assumption that their exterior derivatives

anticommute.
The braiding can be extended to an arbitrary number of ordered copies of
CP,(N).
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Chapter 4
Quantum Projective Geometry

We will show- in this chapter that many concepts of projective geometry have an
analogue in the deformed case. We shall study the collinearity conditions in Sec.4.1,
the deformed anharmonic ratios (cross ratios) in Sec.4.2, the coplanarity conditions
in Sec.4.3. In Sec.4.4 we will show that the anharmonic ratios are the building
blocks of other invariants. :

4.1- Collinearity Condition

Classically the collinearity conditions for m distinct points in C P(N) can be given
in terms of the inhomogeneous coordinates {22|4A =1,2,--- ,mja = 1,2,---,N} as

(28 = B)(€ = P) = (3 - )(ef - D), (.1)

where A#B,C#D=1,--,manda,b=1,---,N.
In the deformed case, the coordinates {z;'} of m points must be braided for the
commutation relations to be covariant, namely,

22 = gRy(aP - ¢!, A< B, (4.2)

as an extension of (3.91). Eq.(3.92) can also be generalized in the same way, but
we shall not need it in this section. This braiding has the interesting property that
the algebra of CP,(N) is self-braided, that is, (4.2) allows the choice A = B. [lhis
property makes it possible to talk about the coincidence of points. Actually, the
whole differential calculus for braided C Py(N') described in Sec.3.3 has this property.

Another interesting fact about this braiding is that for a fixed index a the
commutation relation is identical to that for braided $?

2B =gt - qhsfzl, A<B. (1.3)

a ¢
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Since there is no algebraic way to say that two “points” are distinct in the
deformed case, the collinearity conditions should avoid using expressions like (z2 —

=B)=1_ which are ill defined. Denote
‘[AB],, =22 - 25, (4.4)
The collinearity conditions in .l.he deformed case can be formulated as
[ABL(CD)s = ¢*|CD)[ABs, Va,b (4.5)

and A < B < C < D. By (4.2) this equation is formally equivalent to the quantum

counterpart of (4.1):
[ABL[CD];" = {ABW(CD);", (4.6)

where the ordering of A, B,C, D is arbitrary. The advantage of this formulation is
that {4.5) is a quadratic polynomial condition and polynomials are well defined in
the braided algebra. ‘ : .

Therefore the algebra @ of functions of m collinear points is the quotient of
the algebra A of m braided copies of CP,(N) over the ideal ] = {fag : Vf,g9 €
A;Va € CC) generated by a which stands for the collinearity conditions (4.5), i.e.,
a € CC = {{AB[CD)y - ¢*|CD)JAB)y: A< B<C < D).

Two requirements have to be checked for this definition Q@ = A/ to make sense.
The first one is that for any f € A and a € CC,

.faz:zal'fl'v VfEA. (47)

for some f; € A and a; € CC. This condition ensures that the ideal J generated
by the collinearity conditions is not “larger™ than what we want, as compared with
the classical case.

In fact, it is sufficient (for formal manipulations, at least) to consider only B =
C =m —1,D = m in either (4.5) or (4.6). That is, we need only two points to fix
a line.

We now check that (4.7) is satisfied. Obviously we only have to consider the
cases f = zE, for arbitrary E and ¢. Let a(AB). = [AB).[CD)s — ¢*[C D}.[AB):
for C = m -1 and D = m. Using (4.2) one finds, after considerable algebra, for
B<A<C<D,

28a(AC) = ¢RI RI2a( AC) 28 (4.8)
For A < B < C < D, one finds similarly
z2a(AC e = ¢* RIS RIF(a(AC)sz) + 7' Aa(AB)/[AB,). (1.9)
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Hence (4.7) is proven for B < C. Using
[CDlaa( AC ) = (R™)i5(R™"){2a( ACIIC D), (4.10)
for B= D and
[BD)aa(AC)s = g™ (R )i (R™"){2a(AC)s(BD), (4.11)

for B > D, together with the above two equations we immediately see that (4.7) is
satisfied for f = 28 with B > D. Therefore the first requirement is satisfied.

The second requirement is the invariance of / under the fractional transformation
(3.60). While this can be directly checked for (4.5), it is equivalent but simpler to
consider another expression of the collinearity conditions:

(ABI'(4B}, = (CDIZ(C DL, (4.12)

where the ordering of A, B,C, D is arbitrary. Again we only have to consider the
independent cases of B < A =C = m ~1 and D = m. It can be shown that the
fractional transformation has

[ABl, — U(B)'|ABL MY A)V(A) ™", (4.13)
where U(B) = T + 2BT;, V(A) = T + ¢z} T{ and
M(A) = (TTY - 7' TeT2) + g2 AT T5 - ¢7' TLT5). (4.14)
So

[AB];'{AB)s —
V(A)[AB)M;)™'(|AB|.M;)V(A)™!
= V(A)(AB){AC)'[AC)M;) (IAB]{AC); ' [AC) M;)V(A) ™
= V(A)[AC)M;) " (|AB),|AC); ") (IABLIACE ) ([AC). M)V (A)
= V(A)N[AC) M) ([AC] MV (A), O (4.19)

{where we used (4.6) for the second equality) which equals the transformation of
[AC];'|AC]s. This means that the relations [AB];}{AB]s — [AC];'{AC)y = 0 are
preserved by the transformation.

4.2 Anharmonic Ratios

Classically the anharmonic ratio of four collinear points is an invariant of the pro-
jective mappings, which are the linear transformations of the homogeneous coordi-
nates. In the deformed case, the homogeneous coordinates are the coordinates r,
of the GLy(N + 1)-covariant quantum space, and the linear transformations are the
GL4(N + 1) transformations which induce the fractional transformations (3.60) on
the coordinates z, of the projective space CPy(N).
We consider the following anharmonic ratio of C Py(N) for four collinear points
{(zA1A =1,2,3,4) g
(A1),[A4); [B4)[B1)SY, (4.16)

where A, B = 2,3. We wish to show that it is invariant. Using (4.13) and denoting
7(A) = [1A)4[14]]", which is independent of the index a according to the collinearity
condition, we get

[A'B], - U(B)™'(r(A) - 7(B)) P.(A)V(A)", (4.17)
where F,(A) = —[14)yM2(A). Then the anharmonic ratio (4.16) transforms as

(A1L[A4]7'[BaL(BI; —~ U(1)™'+(A)(1 - r(A)™'(1 - +(B)(B)'U(1)
7(A)(1 - 7(A)7'(1 - 7(B))7(B)"
[A1)a[A4);'(B4)a(BY);", (4.18)

1]

where we have used z!7(A) = 1(A)2] for any A > 1, which is true because we
can represent 7(A) as [1 A][14);" with the same index a and then use z}[AB], =
9*[ABaz;.

Because of the nice property (4.3), we can use the results about the anharmonic
ratios of S} ( which is a special case of CP,(N) with N = 1 but no collinearity
condition is needed there) in Sec.2.8. Note that all the invariants as functions of
2z} for a fixed a in CPy(N) are also invariants as functions of z4 = z2 in §. The
reason is the following. Consider the matrix Ty defined by

T3 =a, T?=8, (4.19)
Te=7v T2=§ (4.20)

where a, 7,6 are components of an SU,(2)-matrix, T§ = 1 for all b # 0,a and

_all other components vanishing. It is a GL{N 4 1)-matrix, but the transformation

(423
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(3.60) of 22 by this matrix is the fractional transformation on 5% with coordinate
74 = A

Therefore, by simply dropping the subscript a, the anharmonic ratio (4.16)
becomes an anharmonic ratio of Sv’. On the other hand, since all other anharmonic
ratios of S? are functions of only one of them, their corresponding anharmonic ratios
of CP,(N) (by putting in the subscript a) would be functions of (4.16) and hence
are invariant. Therefore we have established the fact that all invariant anharmonic

ratios of CP,(N) are functions of only one of them.

4.3 Coplanarity Condition

In the above we have seen that the collinearity condition is imposed by taking the
quotient of the algebra of inhomogeneous coordinates over an ideal generated by
(4.5). This is analogous to what one does to obtain S7 as the quotient of $U,(2)
over U(1) in Sec.2.2. In general, by taking the quotient of the algebra over an
ideal we obtain the algebra for a submanifold. However, there is another way
to formulate the collinearity condition. It will allow easy generalizations to the
coplanarity conditions.

4.3.1 Homogeneous Coordinates

Consider in terms of homogeneous coordinates two points 24 and =2 defining a line.
Classically a point on this line can be given as

28 = pazf + ppzf, i=0,---N, (4.21)

for some uy and pg.

In the quantum case, we interpret j4 and pp as operators corresponding to the
“observables” ' when one measures the location of a point on this line.

The commutation relations between g4, up and those between the u's and =,
27 are to be determined by the requirement that z€ defined in (4.21) shall satisfy
the correct commutation relations among different components of z€ and those with
z4, z¥ according to (3.1) and (3.85).

The transformation of z€ should be the same as £# and z%, namely it transforms
linearly under GLo(N + 1). This is achieved by simply assigning p14 and pp to be

invariant.

Strictly speaking only the ratio of j14 and p1p can be an observable in the projective space.
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The fact that one can adjoin u4 and pp in a consistent and covariant way is
almost equivalent to the consistency and covariance of the collinearity condition
(4.5) above. The latter can be obtained from the former. From (4.21) we have

i€ = ouzf +0p:2P, (4.22)

where 04 = (2§)"'uazd and similarly for 0p. Since 2§ = pazd + ppzd, it lollows
that o4 + 05 = 1. Choose a certain number for the index ¢ in (4.22) one can solve
for o4 (or op) in terms of the 2's. Choosing another number for i gives another
solution. Equate the two solutions; one gets the collinearity condition (4.5).

The same procedure can be carried out for not only lines but also planes, or
higher dimensional subspaces spanned by a finite number of points.

Consider the r-dimensional subspace spanned by r + 1 points {24} 4¢; where /
is a set of r + 1 different numbers. Define -

28 =Y phot (4.23)
A€l

for some B > I, namely, B > A for all A € I. Here and later we shall skip the
lower indices when no confusion can arise.

The requirement B > I comes from our convention that for all the coplanar
points (all points lying on the same hyperplane) we label them in a certain order
and we always choose the first r + 1 of them as the reference points and all others
are referred to by their corresponding pu's.

To get the commutation relations for the u’s, we impose appropriate commuta-
tion relations for =5,

First, according to (3.85), for 2 to commute correctly with x4, A € ], we let

48 = q*ulzA, C < B, (4.24)
t4ud = ¢°(quiz* + A Toca 882°), (4.25)
Aud = p8z, C>B (4.26)

forCel.
It turns out that (4.26) is also sufficient to guarantee that z8 commutes with
24 correctly for A < I, i.e. A is smaller than any number in I. For A > B, we find

z‘;:g = pg:‘. (4.27)

However it is not possible to do this for other possibilities of A. Hence we are
allowed to have additional points which are not on the same hyperplane with =¥
but they have to be labelled outside the range reserved for the hyperplanc.
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For two points 27 and z€ with / < B < C on the same hyperplane to commute

correctly with each other we need

#Bug = ¢pEuf, D<E, (4.28)
1uf = ¢+ uguf, (4.29)
HBHE = n§ud + ¢"MuGud, D>E. (4.30)

The last requirement is for the components of z2 to commute correctly among
themselves. It is
nénp =q"*'uppd, C<D. (4.31)

This concludes our attempt to adjoin the u’s to the algebra of {z*} a¢s. Similarly
the «-involution of the p’s can also be adjoined together with the p's to the algebra
of {IA,.iA}Ae[.

Since the labels A, B,C, - only need to be ordered, they can be real numbers
and so we can have uncountably many points on a hyperplane. Let S be the set of
alt labels of points on a hyperplane. In the above we took the smallest r+ 1 numbers
in S as the set of labels I for the reference points of the hyperplane and the algebra
of functions of all the points {24} x¢s is generated by {z4} 1es and {uf}fg,s\’.

Had we made a different choice of I, we would get another algebra which in
general involves more complicated commutation relations for the p variables. But
it is simply a change of variables.

Another choice of 7 that would lead to a simpler algebra is to take / to be the
largest r + 1 numbers in S. Let us use v instead of 4 for this choice. Eq.(4.23) is
now replaced by

= Z VB4 (4.32)
Ael
for B € S, B < I. The aigebra for this case can be obtained from (4.24-4.31) by
replacing p by v, “<” by “>" and “>" by “<".

4.3.2 Inhomogeneous Coordinates

In this subsection we will get the coplanarity condition as a generalization of the
collinearity condition (4.5).
From the previous subsection, for r 4 1 points spanning an r-dimensional hy-

-8 _ B_A
= Y o8,
A€l

perplane, we have
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where 6§ = (z8)"'v524 and T aer0f = 1. By a change of variables for 0. and
letting / = {1.2,---,r,r + 1}, B=0,itis

r

(01); = 3" 7liG + D)y (4.33)
s=t
where [AB); = 22 — 2P and the 7's are independent linear combinations of the ¢'s.
Choose a set I\ of r different integers from 1,2,---, N. Consider the r equati.ons
(4.33) for i € K. Let K = {a, 02, 0.}, M} = [j(j + 1)]o, and M? = [01],,.
Then
= MM, j=1,2,--,r, {4.34)
where M~! is the inverse matrix of (M])7;_,.
To find the inverse matrix of M, we note that the commutation relation between
two entries of M is almost the same as that for a GLy(r)-matrix. Let {g';i =
1,2,:--,r} be defind as a quantum hyperplane:

g’ =qg’d’, i< (4.35)
and T be a GL,(r)-matrix which commutes with all the g*’s. Then the commutation
relations for M,‘i is identical to those for g"T,?' (i not summed over). With the help
of this identification

M} = ¢'T}, (4.36)
we find i
(M) = (@) (T (4.37)
It is known [16] that

(T = (=9}~ o (=q) T2, - T  TI*) L. 77 (deto(T)) ™",

0)) "0y
oc€P

where P is the permutation group of r—1 objects, /(o) is the length of a permutation
o and dely(T) is the quantum determinant

r
"Ti,v

det,(T) = €iyigeiy T}

i’
where
€oy05-0, = (_q)l(v)

for o being a permutation of r objects and 0 otherwise.
Even though M is not a GL,(r)-matrix we define

deto(M) = €;,..i, M} - M.
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M ! is then found to be

(M7 = (1P i, MYy MITMEE o M (det (A1)

4t
Hence by (4.34)
(=1)""7; = deto(M(j))(det (M(0))) ",
where
deto(M()) = €, ..., Mﬂ M.“, e M{;" Mt M

H4
(so that deto(M(0)) = det (M)).
Since this solution of 7 is independent of the choice of ', by choosing another
set I\’ we have another matrix M’ and (—1)/""'1; = det,(M'(j))(det,(M'(0)))~".
Therefore we get the coplanarity condition ’

deto( M(j))(dete(M(0)))™ = deto(M'(j))(deto(M'(0)))' (4.38)

foralij =1,.--,r and any two sets of indices I’ and K’. This is obviously equivalent
to

deto(M(§))dety(M(k)))™ = deto(M'(j))(dety(M'(k)))™" (4.39)

forall j,k=0,---,r.
If N > 2r then one can choose i’ < I, i.e., any element in K is smaller than
any element in K, then one can show that

dety(M(0))dety(M'(0)) = ¢ det,(M'(0))det,(M(0))
and a polynomial type of coplanarity condition is available:
deto(M(j))dety(M'(k)) = q"det (M'(j))det (M (k). (4.40)

The algebra of functions of r + 1 coplanar points is therefore the quotient of the
algebra generated by {24}",_, over the ideal generated by (4.40).

4.4 Other Invariants

The anharmonic ratios are important because they are the building blocks of invari-
ants in classical projective geometry. For example, in the N-dimensional classical
case for given 2(NV + 1) points with homogeneous coordinates {z#}, inhomogencous
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coordinates {z'} where A=1,--- ,2(N+1),i1=0,1,---,Nanda=1,---, N, we
can conslruct an invariant

_ det(:',z’, . ,.r"’.r""")det(:t“’”,r””. . _I'z(N+ll)

Todet{x' 122 1N N2 det(x N+ N3 L 2N H) (1.41)
where det (0", - %) is the determinant of the matrix M) = .r;". ) =00 0N,
which equals the determinant of the matrix

1 !
zfo P '
) (4.42)
Z:I" e zhA,N

multiplied by the factor 20 .. zf", which cancels between the numerator and

denominator of /. It can be shown that this invariant [ is in fact the anharmonic
ratio of four points z,2’,zV* 2:M+2 where z (2') is the intersection of the line
fixed by zN*1 z¥+42 with the (N - 1)-dimensional subspace fixed by 2!,...,2z"
(M43, AN,

For the case of N = 2 (see Fig.4.1), I is the ratio of the areas of four triangles:

Dy Dass
= S oass 4.43
Dy Dase (4.43)
which is easily found to be T
A3 B4
= === 4.44
I=7m (4.44)

the anharmonic ratio of the four points A, B, 3,4.
1t is remarkable that all this can also be done in the quantum case. We have
already formulated the condition for N points to share an (N ~ 1)-dimensional
subspace and we will construct an invariant J; using the quantum determinant.
Furthermore, we will show how to describe the intersection between subspaces of
arbitrary dimension spanned by given points. It can be shown that the invariant
I, is indeed an anharmonic ratio in the same sense as the classical case. These are
the topics of this section. .
First, the intersc ction pf two hyperplanes is represented by
=Y phaP = Y viaC,
Bel cer
where the ordering is I < A < I'. For 24 to have the commutation relation (3.1),
we let

A, A 31,4, A
BRYC = q°7 Vohg
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Figure 4.1: The invariant [ as a cross ratio of A, B, 3,4.

forBelandCel'.
The quantum determinant of the matrix (x
“labelled by Ao, -, AN, is defined by '

AN

7' )ij=0» where there are N + 1 vectors

A gAN

Ao ANY — ¢. . . A0
dct'(I 4, T ) = ler"leio xl] LY

Under a simultaneous transformation 24 — Tz for all {, where elements of T
commute with components of z, the determinant is transformed by

det (z) — dety(T)det,(z).

If one interchanges two neighboring vectors in the matrix, since (/ +qR)e. xr... =
0, dety(z) changes by

detv(" ’ IArIB" ' ) = —q*(o_l)ddﬂ(' e '18,1,1" )

for A < B (+) or A> B (~). Note that det,(z) vanishes if A = B.
The invariant I, of 2N + 2 points is defined to be

IV= (l,?,"',N,N+l)(l,?,---,N,N'i‘z)—‘ X
X(N+2,N+3,-- 2N+ 1,2N + 2)(N + L, N 43,--- 2N +1,2N +2)7,

where we denote (Ag, -+, An) = det {x0. .- 7n)
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Consider the line fixed by =¥+' and z¥+2, It has an intersection with the

hyperplane spanned by z!,---,z" at
N .
2 = unn 2V 4 oz = 3w,
=1

N < A < N+ 1. Similarly it has an intersection with the hyperplane spanned by
N3 L N4

, IN+2 .
1'8 = ”N“zAH +[1N“IN+2 = ‘/.'I',
i=N43
N+2<B<N+3.
Now
(l,---,N + ]) = del,(p,"p.z‘,:fz,'"»1N+')
N
= I‘l—ldetq(zl‘f-’:lyzz' e ,1N+l)
=1
= ;xl"'dct,(uN“zN“ +ungazVt 2 )
= Ill-ldelq(VN+21~+2' I’,' . ,zN-H)
= [l]—lVN+7(N + 2,2,' cty N+ l)
Similarly,

(1,"',N,N+2) = _qa_l”l-luN-H(N+2v2v"'nN+ l)t
(N+2,N 43, 2N +2) = (=g " Wrsp et " P (N +1,- - 2N 3+ 1)

and
(N+1,N 43, 2N +2) = (=¢® " )Wrud s (N + 1, 2N +1). (4.45)

Therefore,
-1 -1
Iy = UNHIVN I BN 41BN g

Note that
(AN + 1] AN +2)] = ~(23"*") ' vihovmazg
and similarly

[BON + DI BN +2)] = ~(25*)7 k7l piwsr s+
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Thus
Iy = [ACN + 20| AN + D)IB(N + D] (BN +2)],

where we have used

FARL

= g0-! N'H,
.N“#NH q IJN+1%N+l Chapter 5

20 Pluns = ¢ N0

and the same for the v's. Hence /, is indeed the anharmonic ratio for the four

points A, B,(N +1),(N +2). | Quantum Riemannian Geometry

An algebraic formulation of Riemannian geometry on quantum spaces [62] is pre-
sented, where Riemannian metric, distance, Laplacian, connection, and curvature
have their counterparts if the space is equipped with a s-involution and a Hodge
» map. This description is also extended to complex manifolds. Examples include
the quantum sphere, the complex quantum projective space and the two-sheeted
space. In addition to the possibility of applying it to describe physics at the Planck
scale, this formulation can be used for Kaluza-Klein theories to build models with
the extra dimensions corresponding to quantum spaces.

5.1 Introduction

In [63] Chamseddine, Felder and Fréhlich developed the notions of Riemannian met-
ric, connection and curvature in the framework of the non-commutative geometry
of Connes [2]. In their formulation the Hilbert space representation is a prerequi-
site. The purpose of this chapter is to propose a purely algebraic formulation of =
Riemannian geometry on quantum spaces. It is hoped that it will be suitable for
physicists to build physical models. The question of mathematical rigor is left for -
future study.

In Sec.5.2 we describe this algebraic formulation of Riemannian geometry on
quantum spaces and complex quantum manifolds. It is applied to the quantum
sphere 57 (Chap.2) in Sec.5.3. In particular the explicit expression for the quantum
distance is worked out. A comment on its relation to Connes' work is made. The
complex projective space CPy(N) (Chap.3) is considered in Sec.5.4, and the two-
sheeted space [63] in Sec.5.5.
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5.2 Riemannian Structure on Quantum Spaces

In Sec.5.2.1 we give the convention and assumption about the differential calculus
for this chapter.

5.2.1 Differential Calculus on Quantum Spaces

A quantum space is specified by a unital, associative, non-commutative +-algebra
A generated by {1,2°,7;} over the field k = C, where the z°'s are the coordinates
on the quantum space, and the I;’s are non-commutative constants, including for
example the generators of the algebra of functions of the quantum group which
specifies the quantum symmetry on the quantum space. A is called the algebra of
functions on the quantum space.

To talk about differential geometry on the quantum space, we should have A
extended to the differential calculus Q(.A) generated by {1,z°£°, xq,Z;}, where
the commutation relations among the generators are given so that one knows how
to rewrite a product of elements in Q(A) in any preferred order of the elements.
(But the commutation relations between ¢* and x; are not necessary.) The £°'s
are differential one-forms and the x,’s are the derivations dual to them so that
the exterior derivative is d = £°x, when acting on functions. The *-involution on
functions is also extended to all elementsin N(.A) and it always reverses the ordering
of a product. All constants, namely the unity or I;'s, should vanish under d.

All the commutation relations should never mix terms of differential formns of
different degrees so that Q(A) is graded. The action of d is (da) = [d,a] = da — ad
for even a (including elements in A) and (da) = {d,a} = da + ad for odd a. The
Leibniz rule follows from this definition. We take the convention that (da)* = d(a")
for even a and (da)* = —-d(a") for odd a. That is, d is anti-self-conjugate: d" = —d.
We also require the nilpotency of d, namely, dd = 0.

5.2.2 Riemannian Metric, Vector Fields and Tensor Fields

A general coordinate transiormation is specified by z° — z', where 2z = z"(x)
are elements in A. (Einstein’s summation convention applies to the whole chapter
unless otherwise stated.) This transformation induces the transformation of £°. For
example, if

£ =3 fi(z)dgi(=), (5.1)
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then
€ — €% =3 fiz')dgi (),
where ‘a’ is not summed over. Re-expressing ' in terms of £° and using commu-
tation relations between z° and £° one can re-write the formula above as
€ - €0 = EM,(2)

for a certain matrix M, * of elements in A.

Since the transformation is not supposed to change the exterior derivative, i.e..
d=x ~d' =% = d,s0 xa = M s,

A Riemannian metric g®*(z) is an invertible matrix of elements in A4 which
transforms like a rank-two tensor (to be defined later):

gcb — glob = M-ngchdb
e ]
where M:® = (M?)", and is also Hermitian-symmetric:
(9°) = g™ (5.2)
Note that this symmetry is preserved by the transformation. In the classical case
there is no need of the +-involution (complex conjugation) in (5.2) if all coordinates
are real. But if one is allowed to use complex coordinates, for example, (z,y) —
(z + iy, z ~ iy), then (5.2) is a reality condition for the Riemannian manifold.
The existence of the inverse of g‘° is assumed and it is denoted as g, so that
9° 95 = 62 = gug*. The transformation of g,y follows this definition.
A covariant vector field is a set of elements {a,} in A which transform like {x,}:
ag = M.
Similarly, {8°} is called a contra-variant vector field if it transforms like {£°}:
ﬂa — ﬂben.
Note that a = £%a, and B = f8°x, are both invariant: a — a, § — 8, so that
we can simply use a, 8 to denote the vector fields {a,} and {§°} in a coordinate-
independent way.
Similarly we can define rank-two tensors of different types according to their
transformations:
aab — M:aachdb‘
aub = Mu-lcachdb'
a®y — Mo o( M7y,

ag — M "aq(M;V),
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where M® = (M_2)*. Just like in the commutative case, the positions of indices of
a tensor tell you the way it transforms. In these formulas, the ordinary contraction
of indices is of this type: \,, When indices are contracted as . s-involution is
involved.

Furthermore the Riemannian metric g°® can be used to raise or lower indices:

o® = ajg™, (5.3)

aq = ga(at)’, (5.4)

: ot = g%ab, : (5.5)
0oy = 0, Geb, (5.6)

and so on. Because of eq.(5.2), if we raise and then lower an index we will get back
to the original object. It can also be checked that {a®)*#* and a.f8® are tensors if a
and B are vectors. The contraction of indices of tw: tensors can make a new tensor.
But sometimes the contraction of indices has to be accompanied by appropriate
*-involution. .

As a®f, is invariant for any two vector fields a and 8, we can always use the
Riemannian metric to define the inner product (-,-) between vector fields «a, § as
in the classical case. For example,

(a. ﬂ) = «aan’fbﬂb) = u;«a’fb)ﬂb = a;g°bﬂ5-
(@, 8) = {a®Xa, B°Xs) = @®(Xa\ X8} = agas B

In both cases, (a, 8) = (8,a)".
The magnitude of a vector |a|’ = {a,a) is real: |a|?* = |a|?, due to eq.(5.2).
The invariant operator

V= x"xa = X29"xs (5.7)

is called the Laplacian. It can be used to define the equation of motion for a scalar
ficld ¢ with mass m as '
(V?+m?)d =0.

The non-commutativity forbids any tensor of rank higher than two. Therefore
physical laws, if written as equations of motion, can only be written in terms of
scalars, vectors, and rank-two tensors. Fortunately all major classical physical laws
are governed by tensorial equations of rank less than or equal to two. On the other
hand if the physical laws are written in terms of differential forms, there is no limit

to the degree of the forms.
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Given a Hilbert space representation of the algebra A on H, one can define the
“distance” between two states s, s’ (as generalized points) as [2]

D(s,s') = sup{ls(f) = SU)| : [ldf1P] < 1.1 € A). (5.3)
The definition of |df|? is based on the metric g°® and therefore the metric possesses
the classical geometrical meaning. The norm || - || is defined by
01 [ S
It r s I¢) € H}

An algebraic version of quantum distance can also be given without mentioning

Hilbert space representations. An example is given in Sec.5.3.

5.2.3 Connection

As defined in [63}, a connection V acts on f € Aasd: Vf = df, on £ by the
connection one-forms w,®:
VE = Qaw,” v (5.9)

and on a one-form o = £%a, by the Leibniz rule:

Va

1]

(VE)a, ~ £ @4 (da)
_6' Ba (Vﬂ)o,

where (Va), = da, —w,*as. The tensor product @4 is defined so that af ®4 8 =
a®afBif f€ A
For {Va), to be a covariant vector the connection one-form has the transforina-
tion
w,b = Mw M — MVedM . (5.10)

For the Leibniz rule to hold on the inner product:
d{e,B) = V{a,B) = (Va)'f. + a®(VB)a,

we define
(Va)® = da® + o’u®,

which also ensures that (Va)*® is a contra-variant vector.
The covariant derivation of & in the direction of the vector field f is

(Vga)* = (8,(Va)’).
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The equation of geodesic flows is therefore
(Voa)* = 0.

To define the action of V on rank-two tensor fields we consider the scalar f =
a;7°%Bs. Because [ is a scalar field, we have the equation: Vf = df. By the
undeformed Leibniz rules of V, we should have for the left hand side (omitting the
symbols ®4)

V(a1 Bs) (Va)ir™Bs + a3 (V)06 + aZv**(VB)s
(daa — w, )" y** By + oL (VY)*Bs + a;7**(dBs — w,“Be),
and for the right hand side
d(al7™Bs) = ()76 + aldy* By + a’y*tds.

Identifying them we find

]

(V,Y)nb = d,ynb + ‘Y“h)cb + (wcu)-,\’.d:‘
which also ensures (V4)® to be a rank-two tensor. .
Suppose one has the physical law (Va)® = g2, it is equivalent to (Va), = 8, if

(Vg)* = dg* +w* + (W) =0, (5.11)
which is called the metricily condition.
If dg®® = 0, we have from the metricity condition (w**)" = —w', where w® =
ac, , &
9°w,b.

The torsion T is the covariant vector defined by |63}
T® = (d—mo V) = de° - £w,°,

where m is the multiplication map m(a ® 8) = af.
In the classical case Eq.(5.11) and

T =0 (5.12)

plus the reality conditions imply that the connection one-form w,*

is uniquely fixed
by the metric g°*. The general expression for the analogous reality condition in the
quantum case is so far unknown. The difficulty is that the general transformation
will spoil the reality of a non-invariant quantity. One has to invent appropriate
conditions for each particular case according to its algebraic properties.

For the quantum complex Hermitian manifold defined later, the situation is
much simpler. Just like its classical counterpart, Eq.(5.11) alonc determines the

connection uniquely.
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5.2.4 Curvature

The curvature two-form is a rank-two tensor defined by
Rl =dwb-w S wb (5.13)
Using (5.11), one can show that '
(Rab)” = Hya.

It is easy to check that the Bianchi identity and consistency condition are sat-
isfied:

dR} - w,*R.* + R w.® = 0,
dT° = ¢ R,

Classically, in order to have the scalar curvature and Ricci tensor one usually
just strips the differential forms from the curvature two-form R,® to get R,%,; and
then contracts b,d for Ricci tensor, and contracts in addition a,c for the scalar
curvature. However in the deformed case this kind of operation is not covariant
under general transformations.

Another more elegant way of defining the classical scalar curvature and the Ricci
tensor is to use the Hodge =. In the quantum case, the Hodge * is required to satisfy

+(fog) = f(sa)g, Vf,g€ Aa€n(A) (5.14)

and
(*a)” = *(a”), Va e QA), (5.15)

so that the scalar curvature defined as
R = (=) o (£(+R)0) (5.16)

is invariant under general transformations (D is the dimension of the space) and
real (R* = R). The integral
[eeRrNe (5.17)

is a candidate for the action of a gravitational theory on the quantum space.

!Note that the s-involution reverses the order of everything in a product, including one-forms,
which may cause sign changes. In the classical case since R,y is a two-form, (Ray)* = —Ras = Ria,
where TRas 15 the complex conjugate of Rg,y.
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Similarly one can try to define the Ricci tensor as
R = +{((+R,5)L").

There are, however, many other inequivalent expressions that are covariant under
the general transformations. For example, it is equally justified to define the Ricci
tensor as

R = $((£°(sR,)).
This ambiguity in the Ricci tensor makes the scalar curvature better suited for
physical applications.

One can define the operator § = — * d* for a quantum space, and naturally one
will define the Laplacian by V? = —(d+ §)?, which is equivalent to —6d when acting
only on functions if §§ = 0. In such cases the metric is determined by the Hodge *
according to (5.7).

5.2.5 Complex Manifolds

We define complex quantum manifolds (more precisely, Hermitian manifolds) to
be an associative x-algebra A generated by {1, 2°, 2%} together with its differential
calculus 2(A) generated by {1, 2°,3%,dz°,d3*, 3,, ;) with the following properties:

1. d = 6 + §, where § = dz°8, and § = §;dz® ? (when acting on functions) with
66 = 68 = 0 and 68 = —86. & and & should observe the Leibniz rule separately,
and (6a)° = (—1)P5(a") for any form a of degree p.

2. The generators of the algebra are divided into the holémorphic part {z°} and
the anti-holomorphic part {#* = (2°)*}. The one-forms {dz°} and {d7%} are
all independent.

3. Denote 4 (A) = {dz%a, : a, € A} and Q(A) = {axdz® : o € A}
The commutation relations between one-forms and functions in A satisfy
O (A)A = ANE(A). That is, %(A) do not get mixed by the commuta-

tion relations.

4. The metric g% = (g*)" is given. The connection one-forms w,® and wb =
(w,?)" are assumed to be w,® € N*(A) and w,’ € 1= (A). The Leibniz rule
holds for the connection V and we have Vdz* = d2* ® 4 w,® and Vd3® =
-dz* @ w?.

2Obviously here & is the holomorphic part of d rather than — « de defined in the previous
seclion.

The coordinate transformations are restricted to the holomorphic transforma-
tions only. Holomorphic transformations are defined as those which map z° to
holomorphic functions f°(z) and 2* = (:°)" to (f*(z))*. The properties of a com-
plex manifold imply that this transformation induces the map dz® — dz*M,°® where
M_? is holomorphic, namely, §M,? = 0. Similarly, we have dz% — (dz*M,°)" =
(M, %) dz* where (M,*)" is anti-holomorphic, §(M,%)" = 0.

All the formulas we had before for Riemannian manifolds can be easily modified
for a complex manifold with the understanding that the indices are only summed
over the holomorphic or anti-holomorphic part.

With the fourth property of a complex manifold, Eq.(5.11) says

dgdb +w£lg{b +gatwc5 =0.

Since d = & + & we can separate the equation into f2*(.A) and 9~ (A), and so the
connection can be directly solved: )

w,t = ~gar(69®). (5.18)

Only the holomorphic transformations will be consistent with this solution. (That
is, the transformation of the connection induced from the transformation of the
metric by these expressions will be the same as (5.10) only for holomorphic trans-
formations.)

_From Eq.(5.13) the curvature two-form can now be expressed directly in terms ,~

of the metric as

: RS =8uw® = —8(g.:00%). . (5.19)

The curvature two-form gives the scalar curvature according to (5.16) with the

indices restricted to the holomorphic or anti-holomorphic part. The scalar curvature
for a complex quantum manifold is

R = (=1)P* « (d2°(»R,;)d2). {5.20)

The definition of the Ricci tensor is not unique.
The condition (5.14) for the Hodge » can be weakened to be no more than an
ordering prescription:

*([(z)ag(2)) = f(z)(+a)g(2).

Due to the extensive use of the s-involution in the quantum case, we see that the
complex structure helps to admit a Riemannian structure.
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5.3 Quantum Sphere S?

The Riemannian structure on a quantum space with a quantum group symmetry
can be required to respect its quantum symmetry.

In this section we consider the quantum sphere described in Chap.2 as an ex-
ample of both Riemannian manifolds and complex manifolds.

5.3.1 Sg as a Complex Manifold

In this subsection we will treat 5? as a complex quantum manifold.

Metric And Connection

The notation itself suggests that we take Q*(X) = Xdz and Q~(X) = Xdz, where
X denotes the algebra of functions on S2. Let the only possible value for an index
be 0, that is, 2% = z and 3% = 2. Also denote g = ¢% and g~' = go5. 1o define
the metric g we note that for S? the Laplacian, the SUq(2)-invariant differcntial
operator of order two, is :

V? = ~((1 + £2)%68, (5.21)
where ¢ is an arbitrary real number. On the other hand, the Laplacian of s? -
as a complex manifold, the holomorphic-transformation independent differential
operator of order two, is "gd. Equating these two expressions one gets

g =qc(l + 22)%.
Because the factor (14 2z) will appear frequently, we shall denote it in the following
by \
p=1+12z.

Classically any two-dimensional complex manifold is also a Kahler manifold and
one can locally find a Kahler potential. Analogy can be made here. Define the
Kahler form to be I = dzg~'dz. (It plays a special role in the differential calculus
as described in Chap.2.) Obviously di' = 0 for the same reason as in the classical

case. The Kahler potential V defined by §8V = K therefore exists. One can solve
for V in terms of the ¢-deformed log:

! 00
Vo= g% Y log,a(l - o)
n=0
o0 p—(mH)

azo n+ -’

-4 -1
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where [n]; = %‘_’—I' In fact, the Kahler form dzg~'d7 is also the volume form (up
to normalization).

Using (5.18) and (5.19), we can immediately find the connection form and the
curvature two-form:

we® = ~¢*(1 + ¢%)dzp~' 2, (5.22)
Ry = ¢*(1 + ¢*)dzdip~?. (5.23)
It is easy to see that the torsion is zero in this case.
We define the vielbeins on S? as
e=p-ldz, é=p\dz. (5.24)

The commutation relations between e, é and z, % are simply classical:

it
N

ez = ze, €2 e,

é.

o
&
1l
s

éz = z€,
The Hodge * map satisfying (5.14), (5.15) and »? = 3 as in the classical case is
given by
(*e) = te, (€)= —i¢,
(#1) = ic tee, (ve€) = —ic/, (5.25)
where ¢ is a constant, and the action of Hodge » on any form follows (5.14).

Now we can define § = — « d+ and V? = —}(d + §)*. 3 When acting on a
function f,

vy % sdedf
= ~c'p*ddf.
Hence ¢ should be identified with ¢ because of (5.21). This identification further
justifies our Hodge # structure.
The scalar curvature is found to be

R =cq®(1+¢%). (5.26)
The Ricci tensor defined by (5.2.4) is
Ry’ = cg*(1 +¢). )

3ltere we have a factor of 1 because we want to identify V? with (5.21). which is only the
holomotphic part in —(d + §)°.
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5.3.2 S? As a Riemannian Manifold

In this section we treat 57 as a (real) Riemannian manifold. The difference between
Riemannian and complex manifolds is that the latter is not invariant under general
coordinate transformations. When indices are contracted for a complex manifold
they are summed over only half (the holomorphic part) of the possible values if
viewed as a Riemannian manifold.

Assuming that ¢% = ¢® in the Riemannian case (since we had ¢® = ¢® in the
comblex case), we get from (5.21)

o0 _ 00 ¢

=W 2
g9 =9 l+q"2p

Note that since the normalization of g is changed from Sec.(5.3.1), the parameter
¢ used in (5.25) should be changed accordingly.

The equation Vg® = 0 is identical to the one solved earlier for 57 as a complex
manifold and we assign w,® to be the same as (5.22). Let

wp® = —(1+¢7%)dzp™'z,

which would be the complex manifold connection form w,® had we labelled the
coordinates the opposite way: 2 =z, and 2 = z. It satisfies Vg% = 0.

Similarly, the curvature two-form R,° is given by (5.23) and Roo is
Rp® = 6wp® = (1 + ¢~%)dzdzp2.
A straightforward calculation shows

]
Ry’ = %-(1 + %),
-2
ReY = 9= (1 4 ¢%)%,
R =£(1+4¢%°

This is different from (5.26) and (5.27) by constant factors. The reason is that the
Riemannian structure of $? as a Riemannian manifold is concerned with the general
transformations and that of 57 as a complex manifold is concerned only with the
holomorphic transformations. Unlike the situation in the classical case, with only
the holomorphic description of the complex manifold S? one will never be able to
know its Riemannian structure due to the non-commutativity of the algebra.
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Distances on S]

Now we consider the “distance” between “points™ on S?. As mentioned earlier.
(5.8) can be used to define a number called the distance between any two states.

Before finding the distance we display a representation of 52 which shows clearly
the correspondence between states and points. The basis of the Hilbert space is
labelled as |k,8) for k = 0,1,2,---,00 and 6 € [0,2x). (It is an irreducible repre-
sentation given in [39] for 57 supplemented with an additional label 8. It is also
equivalent by Fourier transform to an irreducible representation given in [32] for
SU,(2).) The algebra is represented in the following way:

2k, 0) = (g™ — 1)k - 1,0),
7k, 6) = e%(g~2*+N) — 1)1k 4 1,0).

So we have
plk,0) = q~*|k.8).

Roughly speaking, 8 corresponds to the azimuthal angel on S} and S;i—: corresponds
to the cosine of the polar angle.

However, for what follows it is not necessary to specify the representation. The
only thing we need is Sp(p), the spectrum of p, which follows the commutation
relations

2p=q 'pz, Zp=q'ps
and p =1+ £z > 1. It is easy to see that Sp(p) = {¢"®* : k = 0,1,2,--}. Hence
in the following 4 is interpreted as the collection of all parameters except k, which
labels the eigenvalue of p.
. Now we consider the distance between the two.states |k,8) and |k',8). in the
classical limit, it is just the radius (-,l) times the difference in their polar angles:

D(p,p') = |F(2(p), #(p)) — F(z(p"), Z2{p")I,

-1
:!+|
the index 8 of a state from now on. It is fixed for all considerations below.

where F(z,%) = 1cos™! = sin~'(p~"?). For convenience we shall suppress
7

Given the distance function F, we can always decompose F as F = f(p)+h(z, 7).
where b = Y32, fu(p)2" + ga(p)2". Since (k|hlk) = 0 for all k, if F gives the
distance between states |k) and |k') then f does, too. But we have to check that
the magnitude of df is not larger than 1. Note that

[dF|* = [df|* + |dh{* 4+ (CT).
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where thé cross-terms are
(CT) = (01)"(0h) + (81" 9(0h) + (OhY'9(01) + (Dh)" (0.
Since (pl(CT)lp) = 0, we have
| (Pl 19) < (BlIAFT 1) < [WFP] < 1, v

which implies that |||df|*}| < 1. Hence we only have to consider functions of p for
our purpose.

Assume that the distance function is F(p) with |[dF|? = 1. Because (dp") =
Ao ((¢%0)" — p)z, where A = q — ¢~ we have

(OF(p)) = g3~ p™"(F(¢’p) — F(p))2. (5.28)
Similarly,
(BF(p)) = —gA~"'p™ (F(q7%p) - F(p)):. (5.29)
Therefore,
[dF* = (8F)'¢™(dF)+ (OF) ¢®(dF)

' 2
m(u,’(q %0) +W(p)),

where W(p) = (p — 1)(F(¢%p) — F(p))®. |dF]* = 1 implies that W(p) can only he
the constant 1c='q*A%(1 + ¢~?). Hence,

2q'to - )\
2 -— = - - r'
F(q’p) - F(p) A(———-——l e {5.30)
and so F can be solved as a power series expansion:

1+ Q’z)m & (2n)! ~n-1/2

2cq? L @ n)n + /2"

This is not the only solution of (5.30). Any function f(p) satisfying J(d%0) = f(p)
can be added to it and (5.30) still holds. However, due to the structure of Sp(p),
such functions will not contribute to the distance between |k) and {£’). For ¢ = 1,

F(p)=—(

¢ = 4, this solution is the power series expansion of ~ sin~'(p~'/2).

It remains to argue that that the assumption [dF|? = 1 is correct. Consider a
function f(p) with |df|> < 1. Then F' = f + €F has |dF'|?> < 1 for |¢| sufficiently
small. And an appropriate phase of € can make |F'(k) — F'(k')| > |f(k) - f(¥')].
So any f with |df|? < 1 is not the distance function.

Therefore we have the following lemma:
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Lemma 2 The distance (5.8) between the states |[m,6) and [n,8) is equal to
[Fta™) ~ Flg™)|.

The distance between the north pole and the south pole on §?, for example. can
he expressed as

L+¢-)'* & . (2n)!
2¢q? (2l e+ 1/2)-

which can be called the deformed x/2.

F(oo)—F(l):(

The distance between any two points can be obtained, by using the quantum
group symmetry of SU,(2), from the distance between the north pole (z = 00) and
an arbitrary point, which we have just calculated above.

Using the commutation relations of z, , one can check that

a B 2p7! P —qpi?
(7 6 ) =( PP P (G31)

is an SUy(2)-matrix. This matrix transforms the north pole (z = o0) to z. It also
transforms the point

2= (82" - ¢7'B)(~q72 + @)
to 2’. The quantum group symmetry tells us that the distance between z and 2’ is
the same as the distance between the north pole and z”, which is a function of z, 2’.
Therefore we have

Proposition 1 The distance belween (z,%) and (', %) on S? is |[F(p")|, where
pr=(1+2"#")y = (1 4 23)(1 + 2'#') 2 - ') (s - ).

Note that as they are the coordinates of two points on the same sphere, the
commutation relation between = and 2’ should be that of the standard braiding
(2.92):

22 = g2’z — gA:"?,
which is covariant under simultaneous SU,{2) transformations on z and z’. This
implies that 2 and z” simply commute with each other. (The braiding is also
formally satisfied by (oo, z”). Divide the braiding relation on both sides by z we
get 2'z7' = ¢27'2' — gAz7'22" which is satisfied by (z,2’) = (00, 2”) but not by
(2,2') = (2", 00).)

A state |s) in the Hilbert space representation of the braided algebra generated
by {2,%,2',2'} corresponds to two “points” on S2. So the distance between them
is (s]F(p")|s). This is a modification of Connes’ formula (5.8) required by the
braiding.
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Relation to Connes’ Formulation

Here we make a comment on the relation of our work to Connes’ quantum Rieman-
nian geometry (2] by re-formulating the quantum sphere in a way as close to his as
possible. A sketch of Connes’ calculus is in Appendix 2.

To do so we consider the Hilbert space realization of £1(X). The Hilbert space
representation presented here is composed of two parts. The first part {[y)} is the
Hilbert space representing the algebra generated by z, 2. An example is given earlier
in this section. Another example is the GNS construction using the integration

(-) s1. The second part V is a vector space of, say, two-component column vectors

representing the differential forms. The differential calculus can then be represented
in terms of the representation 7 of 57 as (for v € V)

(dz)l) @ v = \Je(1 + ¢*)x(p)|¥) @ v,
m(dz)lY) ® v = /el + ¢*)x(p)[¥) B T'v,

01

where r =
(55

0
)' o= ( (l) 0 ), and they satisfy grrt + ¢7'rtr = T for

I= ( g O_l ) The vielbeins e and & (5.24) are represented by the y-matrices r
q

and 7!, which satisfy a deformed Clifford algebra. The column v is used to specify
the direction of a cotangent vector at a “point” on S2.

Let the Dirac operator be
D=k ( ol ) .
- =t

where k = gA~'\/c(1 + ¢?). It is chosen such that dz = {D, z} and dz = |D, z]. The
goal is that the exterior derivative is realized by D.

Since D? is not central, (d®a) = [D?, o} for a form o is non-zero. The nilpotency
is achieved by taking the quotient of the algebra over the ideal called the auxiliary
fields. They are the differential forms {a[D?b)c : a,b,¢ € A}. For our case the
auxiliary Aelds are found to be

(o)
0 ¢!
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for all fuactions a in 52,

The calculus is Z,-graded by

1 0
=k ¥dzd3s ~ d3dz)p™? = .
v (dz )p (0 -1)

The Stiy(2)-invariant integration on two-forms can be defined by the trace
/ a = Tr(yefDj™?). (5.32)

where T'r is the trace over the extended Hilbert space {|¢) ® v}. Although this
formula resembles that of Connes for 2-dimensional integration [2], according to
him the power of {D|~! in the trace is determined by the spectrum of D. In the
classical case one gets the classical dimension, but we get zero in this particular
case. Therefore unlike Connes’ integration, (5.32) does not have the cyclic property
[aB = [ Ba. Nevertheless, it can be directly checked that the integration satisfies
the 1 unsistency condition : .
/ Auz =0 (5.33)

for auxiliary fields, and the Stokes theorem
/ da=0 (5.34)

for any one-form a. The Stokes theorem can be used to derive recursion relations
for the integration of two-forms. Equations (5.33) and (5.34) vanish already on the
trace over the 2 x 2 matrices and hence remain so for any representation |¢) of the
algebra for S7. They determine up to normalization the integration of two-forms.
Hence it agrees with the integration introduced in Sec.2.7. .

5.4 Complex Quantum Projective Space CPy(N)

The results in Sec.5.3 can be generalized to the quantum projective spaces C Fo(N)
described in Chap.3. In Sec.5.4.1 we consider the Hodge * map in a more general
setting. In Sec.5.4.2 we find the Riemannian structure on C Py(N).

5.4.1 Construction of the Hodge * Map

A prerequisite of the Riemannian structure is the Hodge * map. In general, if there
exists for a complex quantum manifold a Kihler form K = dz°g ;dz* which is real
and central, a Hodge * satis{ying (5.14) and (5.15) can always be constructed if
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there also exists a basis of one-forms, denoted dz°, dz* below, such that €ayap
defined by

dz% ... dza, - C....~a~d2°' B A

is central.
Let

+(dz® - .- dz%) = d2® . .- dz% KNP,

*(dzlr ... dzt) = KN-Tdst ... d3h,

Since K is central, the property (5.14) is satisfied. Since K is real, (5.15) is also
satisfied. Now we consider the Hodge *+ map of a differential form which is not

purely holomorphic or antiholomorphic. The idea is to “patch” the holomorphic

part and the antiholomorphic part together.
Denote
fa= gaBdis'

Because K = dz°¢, is central,

K? = (dz* ---dz°?)(§a, -+ €a, )-

So we have

*(dz"' ces dz“’) = (dzcl ves dZ‘")(fu,---anfaN e {n,,. )
Similarly,

#(dZ% - dE%) = (ayaplary, = My )(dE7 - dE'),
where

Na = (fa)' = dzbyba.

Let u(z, z) be the real function defined by the volume form
KN =d2' - daVp(z, 5)dz" .. d5. (5.35)
Then we define
f(dD T da - de) = (g T ™ (e anbon ). (5.30)

Roughly speaking, we put the Hodge * of the antiholomorphic part and that of the
holomorphic part together, and then take out from the middle the volume form
{5.35). It can be shown that the properties (5.14) and (5.15) hold.
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The commutativity of the Hodge * with all functions (5.14) is not necessary
for the invariance of the scalar curvature. As mentioned in Sec.5.2.5, simply a
prescription of ordering *(f(z)ag(3)) = f(z)(+a)g(2) is sufficient. Its significance
is that any other prescription of ordering, say, *(f(2)ag(2)) = f(Z)(*a)g(z), gives
the same result.

This construction of the Hodge * map is, however, not unique. When one patches
the holomorphic and antiholomorphic parts as in (5.36), one can choose to put the
holomorphic part before or after the antiholomorphic part. They are in general
inequivalent. There is also the freedom to normalize (5.36) by different constant
factors for different pairs of (p,r).

5.4.2 Riemannian Structure on CFy(N)
The algebra of CP(N) (see Chap.3) is given by the commutation relations
2925 = q"fl‘c‘,‘}z‘z",
22 = g (R - g,
2°dzb = gRo%da¢ 4,
$8dzd = ¢~ (R-1)Mdzozd,
where R is the R-matrix of GLy(N) [16). The *-involution is z°* = 3°.
The Kahler form K = dz°gdz® for CPy(N) is given by the deformed Fubini-
Study metric (3.68) '
908 = "' (pbes — ¢"2°2"),

where p = 1 + =N, 2935, The inverse of the metric is g% = qp(6.5 + 222%). This
g

Kahler form is not only real and central, but also invariant under the quantum
group transformation

2 = (Tg + 2*T) (T3 + 2°T7),

where T? is an SU,(N +1)-matrix. Consequently its corresponding Hodge * defined
as above is also covariant under this quantum group transformation.
‘The deformed Fubini-Study metric implies that the connection one-form is

w, = CH3tpd2d,
where C¥ = 6,604 + ¢V 46,064 The curvature two-form is
Rnb = —C:dgddf‘dzd.

<

S



The scalar curvature and Ricci tensor are, up to normalizations,
Rxl, RSoxé. (5.37)

As in the classical case, this result can also be obtained by arguments based on the
quantum group symmetry.

5.5 Two-Sheeted Space

Using the algebraic formulation of Riemannian gesmetry, we reproduce in this sec-
tion the theory of gravity for the two-sheeted space which was first described in
{63]. In that paper the Riemannian geometry on quantum spaces is formulated in
terms of Connes’ non-commutative geometry.

The two-sheeted space is the product of a classical 4-dimensional manifold M,
and a space of two discrete points Z,. Denote the two points in Z3 as a and &.
The algebra of functions on Z, is generated by ! and e, where 1{(a) = 1{b) = 1 and
e(a) = —e(b) = 1. It follows that e is real and

=1 (5.38)
Acting with the exterior derivative on (5.38), we find
ede = —dee.

We also define dede = 0. In addition, e commutes with the coordinates {z*} on
M, and {dz*}, and de commutes with {z*} and anti-commutes with {dz*}.

To obtain the results in [63] we assume that the vielbeins and connection one-
forms can be written as
"E® = de)

E® = dz¥e;,

and
48 = dr(wiB + evAP) + de(I4P + ek?P),
where €2, A, w5, vAB, 148 and k8 are all real functions of z. The indices A, B
take values in {1,2,3,4,5}, where {1,2,3,4} correspond to dz* or £°, and {5}
corresponds Lo de or E®. .
The Hodge * map defined on E4 is the classical one. For example, #+(EAE?) =
$eABCDFECEDEF. This map does not have the property (5.14), hence the La-

grangian (5.17) is invariant only under the coordinate transformation restricted to
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Mg, ie, z* — z'"(z),e — e. This is one of the essential differences between our
formulation and that of [63].

The integration over the whole space can be decomposed into the usual integra-
tion over the four-dimensional manifold followed by the integration

S -
/Z’E(a+be)_a

for arbitrary numbers a, b. (The requirement that [, dee vanishes implies the cyclic
property of Connes’ integration in this case: faf = [ fa.) v

Using the metricity condition (5.11) and the torsion-free condition (5.12) one
can partially solve for the connection. But many components of the connection are
still free. They should be viewed as independent fields. It turns out that they are
not dynamical fields because in the Lagrangian (the scalar curvature) they do not
have time derivatives. Their equations of motion are simply constraints which are
solved by their vanishing.

The action for gravity un this two-sheeted space defined by

= A( RAB\EB
I= /M‘xz, EA(+RAB)E
is, after taking out all non-dynamical fields, the same as [63)
I=- /M‘(n. ~ 227"V, 8" \) fGud s,

where R, is the usual scalar curvature of My, V,, is the usual covariant derivative
on M, and g, is the determinant of the metric on M,. The only new dynamical
field introduced by the Z, structure in spacetime is A(z). By changing variables
A = exp(o) [63] we get

=- /M (R4 - 20,00%0)/Gid"z.

5.6 General Coordinate Transformations

The general coordinate transformations (GCTs) mentioned above will not be a
physical symmetry unless the algebra X on the quantum space and its differential
calculus are covariant. In this section we consider the quantum group of general
coordinate transformations as a symmetry of a quantum space. The Riemannian
structure defined in this chapter applied to this quantum space will be invariant
under the coaction of the GCT group.



Consider the N-dimensional quantum space:
Ll = qrju,, 1 <j. i,j= 1,2,---, N, (5.39)

which is the same as the GL,(N)-covariant quantum hyperplane, but we will con-
sider a differential calculus not covariant under GLy(N) transformations. 1t is

ridrj = gdzjz;,, i<j, §,j=012,--- N, (5.40)
driz; = qzjdz;, 1<j, §,j=12,--- N (5.41)

and
I.‘d.t.' = dr;r;. 1= 1,2, vy N. (5.42)

This can be called the ordering deformation. A consistent *-involution can be
. defined by ¢* = ¢!
Introduce the notation

and =7 = z;.

D =M o, (5.43)
where m = (m;, m,---,mpy) and the m;'s are non-negative integers. Let
[m,n] = 3 (min; — mjn;), (5.44)
i<y
then
gt = qm-n]_ugﬂ, (5.45)

Define the general coordinate transformation as a left coaction Ay : X — AQX,
where X is the algebra of the quantum space and A is the algehra of the quantum
group of GCTs, by

Aplzi) =) aim ®z™ (5.46)
m

In order to fix the algebra A we introduce braided copies of X, labelled by a,

. . )
with coordinates {z!*'}¥,:

0]
J

Wl i<y, dj=1,2 N, (5.47)

P A R I N (5.48)

&2 = gz

for arbitrary a,b. For the algebra of two or more braided copies of X to he covariant
under the left coaction of A, A is completely determined: '

Aim@jn = q"'ﬂ'ﬂ’ama;m, i<j, ’ (5.49)

A A = q"L'Z'-'ﬂln;Ea;ﬂ (5.50)
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fori,j=1,2,---,N.
Define the coproduct on A by

(A®id)oA, = (id®AL)o Ay (5.51)

The coproduct of the generators a;n is an infinite power series, so it is not
acceptable Lo check directly whether the coproduct is a coassociative algebra homo-
morphism. * However, following the general arguments in Sec.1.6, the coproduct
is a homomorphism because A is completely fixed by the coaction. Moreover, we
have

Lemma 3 The coproduct on A defined by (5.51) is coassocialive:
(A®id)oA =(id®A)o A. (5.52)
Proof

{((A®id)oA)@®id)o Ay,
= (AQid®id)o(AQid)o AL
= (A®id®id)o(id®@AL)o AL
= (A®AL)oAL
= ({d®id®AL)o(A®id)o A,
= (id®1d@AL)o(id®AL)o AL
= (I d@((id®AL)oAL))o Ay
= ({d®((A®id)oAL))o AL
= ([d@®A®id)o(id®AL)o A,
= (id@A®id)o(A®id)oA,
= (((1d®A)oA)@®id)o Ay.

Therefore
((A®id) o A)@id)o Ay(z:) = (((id® A) 0 B) ® id) 0 Ay(ay).
Using (5.46) we find for the coeflicient of =

(A ®id) 0 Aaig) = (id® A) 0 Aaig).

“The author is indebted to P. Podles for pointing out this problem and the importance to -
introduce the braided copies so that, as to be shown right away, it can still be proven that the

coproduct is a conssociative algebra homomorphism.

87



Then by extending the coproduct as an algebra homomorphism to the full algebra
A, the coassociativity on A is preserved. O

The counit is defined as an algebra homomorphism by

‘(“-;m) = {

0 otherwise ‘
and (1) = 1.

The only thing we are missing for A to be a Hopf algebra is the coinverse.
Even classically it is not possible to find explicit expressions for the coinverse of
the generators of A. For this problem we resort to another description of the GCT
group. The idea is that we take a few subgroups of the GCT group that generate
the whole GCT group by iteration.

To illustrate the idea, we consider the two-dimensional case. Consider two global
covariant transformations of X. The first is the linear transformation and transla-

tion * .
(i) =M @z;+V.®1, (5.54)
where M = ( A B‘) and V = ( E ).'The algebra for M and V is given by
Cc D F .
AB=g¢7'BA, AC=qCA, (5.55)
AF =qFA, BC =¢CB, (5.56)
BD =4¢DB, BF =4FB, (5.57)
CD=gq7'DC, CE=q'EC, (5.58)
DE =q'ED, EF=4FE : (5.59)

and all other commutation relations are trivial, e.g., AD = DA. This group of
transformations is a subgroup of the GCT group. The commutation relations can
be easily derived from (5.49-5.50).

The second transformation is the fractional transformation.

pa(z) = (e + dizi)(ai 4 biz)™ (5.60)
with
biby = ¢7'baby, ez =qaa, (5.61)
bidy = ¢ 'daby, dyby = ¢~ bydy, (5.62)
ady = qdacy, dicy = qeady (5.63)

5For the following discussion it is not necessary Lo include the translation.
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(all other relations are trivial). Similarly, this is a subgroup of the GCT group and
the algebra can be derived from (5.49-5.50) ©. It appears to be a braiding of two
classical groups.

It is straightforward to find the Hopf algebras corresponding to these two trans-
formations and we will not write them out explicitly. Let us just denote them as
H; = (Ai,¢,S:) for i = 1,2. (For the n-dimensional case, we replace M by an
n x n-matrix and V by an n-vector. p; remains the same for 1 = 1,2,---,n. Their
Hopf algebras can be worked out similarly.)

Given a sequence a = (ay, a3, - - -, ak) of length K with a; = 1,2, one can define
the the coaction

Pa = (ide(K_l) ® pay) 0 (id@m‘-z) ® pay_) 0 (id @ pay) © poy- (5.64)

This coaction corresponds to a group of transformations which is a series of consecu-
tive transformations of p; and p,. It has a Hopf algebra structure H, = (A,,¢,, Sa)
inherited from I,, H,:

Aa = AO| ® Aa) ® A ® Aq‘(g (565)
€a = €a, ®¢a‘:®"'®¢ak. (5.66)
So = Sn. ® So, ] qu- (567)

Classically it can be shown that alternating transformations of the first and
second type generate the GCTs. In the quantum case we can take the definition of
the group of GCTs as Hy () in the limit of N — oo for o N) = (1,2,1,2,1,2,--)
being a sequence of length N of alternating 1's and 2's. Therefore although the
quantum GCT is strictly speaking not a Hopf algebra, it is the limit of a series of
Hopf algebras.

5.7 Conclusion

In the investigation of quantum spaces presented in this thesis we found that abun-
dant geometrical structures (symmetry, differential calculus, complex structure, pro-
jective geometry and Riemannian geometry) can be extended to the noncommuta-
tive case without losing the classical geometrical intuition. This indicates that the
notion of geometry is naturally embedded in 2 much larger setting than the classical

SBy expanding (5.60) in power series of x; one can use (5.49-5.50) to obtain commutation
telations among bia; ', cia7 ' and dia;'. Chioosing a; to be central we get (5.61-5.63).
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picture. The natural question is then whether physics has the same generalization
as its mathematical tools. :

Quantum mechanics of many different particles [48] is relatively well understood.
For classical gauge field theories on quantum spaces, while a description is estab-
lished for a quantum principal bundle [47] where the fiber is 2 quantum group and
the base is a quantum space, it is still unclear what the dynamics of the gauge fields
is except for particular simple examples. An important physical model built upon

a quantum space (the two-sheeted space) where its classical dynamics is clear is the .-

Connes-Lott model {64). It is remarkable that the Higgs field arises there naturally
in Connes’ formulation.

Many attempts to formulate quantum mechanics of identical particles [65] and
quantum field theory [66, 67} on quantum spaces have been made, but their general
formulation for generic quantum spaces is still unclear. However it is expected that
new regularization methods may arise as a result of the deformation of spacetime
[68, 67].

On the other hand, noncommutative geometry may also play a role in string
theory {69]). At least intuitively any theory incorporating quantum effects of gravity
should exhibit some fuzziness in spacetime, and therefore may be related to non-
commutative geometry. The question of interest is how to utilize noncommutative
geomelry to understand better the mystery of physics at the Planck scale. It will
be an exciting moment when the answer emerges.
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Appendix A

Poisson-Lie Groups and Lie

Bialgebras

In this Appendix we briefly introduce the relation among quantum groups, Poisson-
Lie groups and Lie bialgebras. For a more detailed and advanced discussion see [17).

A.1 Poisson-Lie Groups

The covariance of the algebra of a quantum group implies that it is a Poisson-Lie
group in the Poisson limit, and the consistency of the quantum algebra corresponds
to the Jacobi identity of the Poisson structure.

As an example we consider quantum groups with the RTT relation

R T Th = ThTh Rya. ] (A.1)
Let ¢ = 1 + h + O(h?) and expand everything in powers of k. The R-matrix is
R=14+hr+0O(R?, (A.2)

where / is the identity matrix I}} = §i8] and r is called the classical r-matrix. From
the RTT relation,

T\Th - o1y = =h(na™h T2 - TJ‘:"l:) +0(rY), (A3)

which in the limit of A — 0 gives the Poisson Bracket (PB)

T - T2T,

== = [, V). (A4)

(T, T3) = lim
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This Poisson structure makes the classical group a Poisson-Lie group, which
simply means that the group multiplication is a Poisson map. The Poisson structure
on two copies of the group is defined by

(18 /1,28 filoxc = (M h) ® fifs + 12 ® (£, f3)- (A.5)

Using the group multiplication - : G x G — G, functions on G x G correspond to
functions on (7 by the coproduct

AT) =T ®T% (A.6)
Hence the statement that the group multiplication is a Poisson map means that
(o) ® fan f1y @ finy)exa = (L, Sy @ (f, ')y (A7)
in Sweedler’s notation. For f =T, and f' = Tz; it is
(M ®T),,T: ® Ta)oxe = [ TR @ T\ T). (A.8)

Eq.(A.8) can be easily checked by using (A'.4) for any r-matrix.
On the other hand, for (A.4) to be a Poisson structure one has to check the Jacobi
identity. As one might expect, this is guaranteed by the Yang-Baxter equation

RizRi3Ras = Ry RusRyg, (A.9)
which contains at its second order in h the classical Yang-Baxter equation
[r12,713] + [r13, 23] + [r12, 23] = 0. (A.10)

(The zeroth and first order terms are trivial.}

In general, since the coproduct is an algebra homomorphism in a Hopf algebra,
the Poisson limit of the quantum group is a Poisson-Lie group. While the Poisson
structure comes as a result of the commulation relations, its Jacobi identity is
guaranteed by the consistency of the algebra.

A.2. Lie Bialgebras

Up to the usual global issue, Poisson-Lie groups are equivalent to Lie bialgebras. A
Lie bialgebra is a Lie algebra g equipped with the additional structure § : g — gAg

satisfying
(6Aid)ob =0, (A.11)
6(lv,y)) = 18lx)yl + [2,8(y)]. (A12)
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Given a Poisson-Lie group G, one can define a Lie algebraic structure on g-,
whicl is the dual of g = Lie(G), according to

(dfr)e, (da)e) = (d( 1, 1)) (A.13)

where we have identified g* with the cotangent space at the unit ¢ € G. The Jacobi
identity of the PB implies the Jacobi identity for the Lie bracket.
The 6 map for g can be obtained from this Lie bracket on g":

(X, ((d1)es (dfa)e]) = (8(X ), (d1)e A (dfa)e), (A.14)

where {-,-) is the pairing between the tangent space and cotangent space at ¢ € G.
In the above we have identified g with the tangent space at e.

The Jacobi identity for the Lie bracket on g* implies (A.11), and the fact that
the group multiplication is a Poisson map implies (A.12). Hence we see that Lie
bialgebra is simply the tangent/cotangent space of a Poisson-Lie group.

Now consider again the quantum groups with RTT relations. How do we describe
their classical limit in terms of Lie-bialgebras? They are actually quasi-triangular
Lie bialgebras. Let r also denote the classical universal r-matrix which is an element
in g ® g as the second order term of the universal R-matrix in the h expansion. A
Lie bialgebra (g, §) is quasi-triangular if

1. I =r 4 o(r), where o(X ®Y) =Y ® X, is adjoint invariant.
2. §(X) = —adx(r), where adx (Y ® Z) = {X,Y]® 2+ Y ® X, 2Z).
3. r satisfies (8 @ id)(r) = [r13, 723}, and (id @ 8}(r) = [r1a.712).

The first property comes from the antisymmetry of a P.B. (T, T3) = ~(T3,Th).
The second states how r determines § as described above and the third ensures the
classical Yang-Baxter equation.

The quasi-triangular Lie bialgebra is factorizable if in addition I is a non-
degenerate bilinear form on g*. This means that one can invert the relation

(X,)=(lLLw®") (A.15)

for a given X € g to solve for a unique w € g*. Therefore one can decompose any
X € g uniquely into X = X, + X, with (X,,") = (r,w® -} and {X3,") = (r,- @ w).
The universal R-matrix in Sec.1.2.1 for SLy(2) has the corresponding universal

r-malrix
r= %II®1I+.\'+ 0 X_. (A.16)
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For SLy(N) it is
1

r =

N-y
2 (AT @ Hy 4 ) ei; ® ejis (A.17)
1=l

i<y

8

where A is the Cartan matrix and e;; is represented as w(e;;)f = 65§ in the defin-
ing representation. The factorization corresponds to upper and lower triangular
decompositions.

9

Appendix B

Connes’ Differential Calculus

In this Appendix we give a sketch of Connes’ noncommutative geometry {2]. (Sec
(70] for a brief introduction of its application to particle physics.)

B.1 Differential Calculus

Denote the algebra of functions by A and the universal differential calculus by 2 A).
In Connes’ calculus, we also have the Leibniz rule and the nilpotency of the exterior

derivative:

d(ab) = (da)b + (~1)%9(2)g(db), (B.1)
& =0. (B.2)

The first observation is that if one defines differential forms by a certain operator
F:
da = [F.als, (B.3)

where {-,-}+ is the commutator for a of even degrees and anti-commutator for odd
degrees, then the Leibniz rule is guaranteed. But to have d* = 0 we need

d’a = d|F,q (B.4)
= {F,|F,d]} (B.5)
= [F,q) (B.6)

= 0, (B.7)

which is guaranteed if F? is a constant. If the constant is non-zero, one can always

rescale it Lo be 1.



Connes defines the differential calculus on an (involutive) algebra A to be given
by a representation = of A on a Hilberl space M and an operator /7 with the

properties
F =F, (B.3)
=1 (B.9)
and |F, n(a)] compact for any a € .A. This is called an odd Fredholm module. An

even Fredholm module is given by an odd Fredholm module with a Z/2 grading
operator v on M such that

Y =7, (B.10)

=1, (B.11)

yr(a) := x(a)y, Va€ A, (B.12)
yF = -Fq. (B.13)

The information about the metric on a manifold is not encoded in the calculus
defined above, but there is a way to generalize the approach above to include the
data of the metric in the calculus. To do so, instead of using F we use a sell-
adjoint operator D, which we call the Dirac operator, on that Hilbert space H in
the following way [2]. First extend the domain of 7 to the universal differential
calculus {.A) of A by

n(ag(day)...(dan)) = x(ac)|D, x(a1)}...[D, 7(a.)). (B.14)

There will be elements in §2(A) which vanish under «, so that elements in Q(A)
which differ from each other by those elements will have the same representation.
Therefore it is natural to define the general differential calculus 2p(.A) on A to be

Qp(A) = x(Q(A))/Auz, (B.15)

where Auz = (kern + d(kern)). Since Auz (called auxiliary fields) is a two-sided
ideal, it is easy to see that this defines unambiguously a consistent differential
calculus on A. '

B.2 Integration

Consider the case where the differential calculus is specified by F. The integration
of a differential form a over A is defined by

/a = Tr(a) (13.16)
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for the odd case and
/a = Tr(7a) (B.17)

for the even case. It can be shown that the Stoke's theorem holds:
j da = 0. (B.18)

In the case when the differential calculus is defined by the Dirac operator D, the
integration is given by
[e=Truz@D), (B.19)

where T'r,, is the Dixmier trace.

B.3 An Example

The simplest example is the two-point set Z;. A function on this space is repre-
sented by a diagonal 2 by 2 matrix of complex numbers. The Dirac operator can

be defined by
0 M S
= , B.20
o-(0 o) (620

where M is an arbitrary complex number.
Now we can say that the algebra of functions is generated by {1,e}, ' where 1

e=(;g). (B.21)

Define de = [D, ¢], then we have the commutation relations

is the unit matrix and

ee=ce, . (B.22)
ede = de(l —¢), (B.23)
dede = M"M (B.24)
and the *-structure e” = e, {de)* = —de.

Because ee = e, the most general function of e is just f(e) = a + be for arbitrary
complex numbers a, b. So any linear functional is specified by two numbers u, v as
L(f) = ua+ vb. The integration of a one-form f(e)de according to Connes' formula
should be T'r(f(e)de|D|-*), which vanishes. To get nonzero integration, one has to
consider the integration over a zero-form or a two-form. For either case the result
is proportional to the trace of the 2 x 2 matrix representation of the integrand.

'Notice that this basis is different from thie one used in Sec.5.5.
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