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ON THE LOW -ENERGY PION -NUCLEON INTERACTION 
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November, 19 53 

ABSTRACT 

The production cross section for positive pions produced 

at 0° to the 339 -Mev proton beam in the reaction p + p -+ TT + + p + n was 

measured at several energies in the neighborhood of 21. 5 Mev pion en

ergy. A pion leaving the target with this energy has the same velocity 

as a nucleon also leaving the target at 0°. · A strong pion-nucleon inter

action at low relative energies could then produce an appreciable effect 

on the shape of the pion spectrum. Measurements of the relative and 

of the absolute production cross section were made. No appreciable 

rise was observed in the relative eros s section in this region and the 

absolute value was found to be in agreement with the values obtained 

by earlier experimenters. 
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Oo Heinz 
(Thesis) 
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I INTRODUCTION 

Brueckner and Watson
1

• 
2 

pointed out that some information 

about the low-energy pion-nucleon interaction might be obtained from 

a measurement of the pion-production cross section in the reaction 

p + p -+ 1T + + p +no If one considers the pions leaving the target at 0° 

to the incident proton beam, there is a pion energy for which the veloc

ity of the pion may be equal to the velocity of one of the product nucleons. 

We thus have a situtation in which the pion and one of the· nucleons, say 

the neutron, are traveling :in the same direction with very low relative 

energyo This is closely analogous to the reaction p + p -+ 1T + + d, in 

which the proton and neutron have low relative energy and thus interact 

to form the deuterono This case has been studied in considerable de-

tail by Brueckner and Watson
1 

theoretically, and by Cartwright, Richman, 

Whitehead and Wilcox
3 

experimentally" At the appropriate pion energy 

for deuteron formation, they find a susbtantial increase in the pion-pro

duction cross section which they attribute to the strong attractive inter

action of the final nucleons. 

This paper describes an attempt to investigate the pion-nucleon 

coupling by a measurement of the pion-production cross section in the 

energy region of low relative pion-nucleon velocity. An attractive inter

action would tend to increase the cross section, whereas a repulsive 

interaction would tend to have the opposite effecL 
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II GENERAL DESCRIPTION OF EXPERIMENT· 

The pions of interest have an energy of about 21. 5 Mev (See 

Section V, B). A rneasurement of the relative production eros s section 

of positive pions in this e11.ergy region was und.ertaken using a CH
2 

-carbon 

subtraction metho'd. 

A thin CH
2 

target (0. 28 g/cm
2

) and a somewhat thicker C 

target (0. 99 g/cm
2

) were exposed successively in the external proton 

beam of the 184-inch cyclotron .. Positive pions leaving the target at ap-
o ' ' . . 0 

proximately 0 to the proton beam are bent through 180 in a magnetic 

field and then stopped in the detector as shown in Fig. l. 

The brass channel serves as shiefding against background 

particles. It also limits to± 4° the angular spread of pions that reach 

the target. The detector consists of a 200 f.L Ilford C-2 Nuclear Emulsion 

embedded in an aluminum absorber as shown in Fig. 2. 

The positive pions coming to rest in the; emulsion can be 
+ . . 

easily identified by their characteristic decay into a fJ. at the end of 

their range. By sampllng the population of stopped pions at various 

de1~ths of abscrher we can determine; as a funcdon oi ener~!y, :the num

be~c o£ pions/cn1,:,· Mev e:ntedng the front face of the absorber. Further 

details about this detection scherr,e are given in thr::: nezt section. The 
. . .. ,1 (Ji 

cross section per unit energy inte:cval.per unit soli6 angle . T _. 0 is 
-::L u .,.t, 

theii given by this expression (See Sec. III, H), 

d G N;r (T) 
d T fl Q = ""'N.--:0-· """'N,..t---.,K, (l) 

where N (T) is the number o±· pions/cm
2 

Mev entering the front face 
TI 

of th<o ibso:rber, N is the number of orotons P' as sing throuC~h the tal"Q'C:':t, D · ~ o c ~ 

Nt is the IlUinber of carbon nuclei or CH
2 

molecules per c~r/·, ·and K is 

a constant geometrical factor. Since the geometry was the san~e for all 

exposures, we only need to know the th:i·ee quantiti.::;s N (T), N and N ... 
T. p ~ 

at the various pion energies in order to find the relative values of the 

cross sections. 
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CYCLOTRON SHIELDING 

COLLIMATOR 

BEAM 

MAGNET POLE FACE 

Fig. 1 Arrangement of experimental apparatus. 
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HOLES· FOR FIDUCIAL MARKS 

PHOTOGRAPHIC 
PLATE. 
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\. 

Fig. 2 Absorber blocks with photog·raphic emulsions. 
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Four separate exposures were made: one each'centered 

at 18. 8, 21. 7 and 24. 8 Mev, using the CH
2 

target, and one centered at 

23. 3 Mev using the carbon targeL The magnetic field was changed to 

the appropriate value for each exposure,· since the energy acceptance 

of the channel is. too small (about 5 Mev) to cover the entire energy in

terval in one setting. 

The energy of the incident proton beam was measured by 

determining the range of the protons in accurately machined copper ab

sorbers. A Bragg curve was obtained by changing the thickness of the 

absorber interposed between two ion chambers. When the range-energy 

relation of Mather and Segre
4 

was applied to this curve, the energy of 

the incident proton beam was found to be 339 Mev. Taking this 'value 

for the proton energy and a pion mass of 2 73 electron masses 
5 

we find 
' 0 ' 

that the pion produced at 0 with an energy of 21. 5 Mev has the same 

velocity as the neutron leaving the target at 0°. This corresponds to 

a pion energy of 1. 3 Mev and a neutron energy of 8. 6 Mev in the center

of-mass system of the two initial nucleons. 

The relative number of protons passing through the target 

during each exposure was determined by 'placing an ion chamber in the 

beam and integrating the output of the chamber. 

In addition to these measurements of the relative pr.oduction 

eros s section, one measurement of the absolute production eros s section 

was made at 21. 7 Mev, using the CH
2 

target. This measurement, though 

not so accurate as the relative measurements, was made for comparison 

with other data
3 

and thus to insure that there was no ntbroad peak" present 

that would be missed -·in the relative measurements. 
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III DETAILS OF THE EXPERIMENTAL PROCEDURE 

A; Target 

We shall first show'that a combination of requirements makes 

the use of a pure hydrogen target, either liquid or gaseous, impracticable. 

The high rate of ene·rgy foss of a 20.:.Mev pion (about 5 Mev/ 

g/cm
2

) and the requirement for good energy resolution limits- us to very 

thin targets. This would the:h lead to a high ftnbackground11 of pions pro

duced in the container walls o'f any such target: In- order to caiculate 

the sol-id angle, the point of origin of the pions should be fairly well lo

calized and it should be either inside or very close to the edge of the 

magnetic field. This would introduce mechanical diffiCulties in the con

struction of a target. 

It was thus decided to use polyethylene (CH2 ) and carbon . n 
-to obtain the hydrogen contribution by subtraction. 

The targets were mounted inside the- magnetic field (see 

Fig. 1) and had the following approximate thicknesses:-

CH2 = 1/8 inch 

C = 1/4 inch 

The exact thicknesses were obtained by machin-ing a portion of the target 

and weighing it accurately. The accurate values thus ascertained are: 

CH2 = o. 284 g/cm2 

C =0.99lg/cm
2 

The effective area of the target is the cross sectional area 

of th~/proton beam. The beam emerges from the cyclotron shielding 

throU:gh a 40 -inch brass tube having a rectangular cross section of 1-1/4 

inches high by 3/4 inch wide. At the target position, the beam has a 

rectangular cr_oss section of approximately 1-3/4 inches high by l-1/4 

inches wide. 
~ 

The energy loss of pions in traversing the entire target thick-

ness is about 1. 6 Mev for the CH
2 

target and 4. 8 Mev for the C target. 

The corr~sponding figures for the proton beam are about 1 Mev and 3 

Mev. 
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B. Magnetic Field 

The magnetic field used to separate the pion and proton tra

jectories has a maximum strength of 14,300 gauss across a 3-l/2 inch 

gap. The area of the pole face is large enough to permit a semicircular 

trajectory of about IO inches radius within the uniform portion of the 

field. A measurement was undertaken along the central pion trajectory 

with a radius of 9. 50 inches. A flip coil, which had previously been 

calibrated with a nuclear induction apparatus, was used for this purpose. 

A measurement of the relative field strength was made along the entire 

trajectory for a fixed value of the magnet current; an absolute measure

ment of the field strength as a function of magnet cl:lrrent was made at 

the target and detector position. 

The field was found to be uniform within I percent over most 

of the trajectory. Over the last two inches there was a slight drop (up 

to 5 percent) owing to the fringing field. 

The channel (see Section Ill, C) limits the trajectories reach

ing the detector to those within± 4° of the central trajectory. Since 

we are only concerned with a narrow pencil of trajectories, we make 

use of the following well-known focusing properties of uniform magnetic 

fields. Consider pions of a given energy leaving the target in a horizontal 

plane and with a small spread of angles arounc:l 0°. All the pions orig

inating at a point in the target will, after turning through 180°, be focused 

to an image point at the detector. This will be true to a good approxi

mation if we neglect the multiple small-angle scattering within the ab

sorber. In this way all the pions of a given energy that can get down 

the channel will form a point-by-point image of the target on the photo

graphic emulsion. The emulsions are then scanned in narrow swaths, 

each of which corresponds to a fixed value of the pion energy. The en

tire length of the target image is covered, and essentially all pions pro

duced in a given energy interval and falling within the acceptance angle 

of the channel are thus detected. 
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C. Channel 

The purpose of the brass channel is· threefold:.'·· 

( 1) It serves a~ shielding for the detector by preventing 
0 

particles that leave the target at angles other t~';ln 0 fr,om reaching 

the emulsion. 

(2) It defines the angular acceptance of the. d~tector by a 

11 slitt.' 1-1/4 inches wide at .the 90~ position. This limits the, trajectories 

from the center of ,the target to ± 4° with respect .to the .direction of the 

. proton beam. 

(3) It provides a rough.,energy selection by.acc~pting only 

,trajE!~tories. with the cor~ect curvature. .The energy "bite'.' cS, T ,of the 

c.hannel ,is broader .than the. energy interval D. T actuaJly obsE!rved at 

the detector. At 22 Mev the energy bite .of the channel is about 5 Mev. 

The inside of ,the ~hannel has. a series of teeth protru'ding 

al;>out 1/8 inch from the smooth wall of the. channeL These teeth are 

about 1/4 inch thick and th~:ir purpose is. to prevent refl~c;tions of par

ticles from the metal walls. Such .. reflections ordinarily take place when 

a particle impinges OJ:'l. a smooth surface at a very. smaJl e~:n.gle. The 

particle may then suffer c;t few scatters in the material and .emerge again 

; . vyith a slightly different e11e:rgy and direction of,m.otion. 

A wide accepta!lce angle for pions would be ,des.il'able since 

it lead,? to an increase.in the solid-angle factor. We shall, however, 

show that such a w:ide acceptance angle is i11compatible ,with the require

.,ment of good en~rgy resolution. , It what follows we shall abbrev.:iate 
,. " ' . ' . ; ... 

th~ Center-of-Mass $ystem of the two initial ,protons to ttCM', and the 

Laboratory System to "Lab. u ::J:=>rimed quantities a:r:e in the. CM, unprimed 

quantities in the Lab. system. For a fixed pion energy in the CM, the 

. energy in the ;Lab. is a rapidly varying func::tion oLthe angle. of emission 

in the CM .. 

'I • I, 
T (B')=a+bc.ose' 
. TT .· 

where 8 1 is the angle of emission in the CM system; 
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T =kinetic energy of pion in Lab. system. For 8 1 = 
lT 

45°, which corresponds to e = 10° in the Lab., for example
1
the energy 

drops from 2L 5 to 19 Mev" It is thus necessary to limit the angular 

acceptance to a small value to avoid a large energy spread. The value 

chosen (8 = 4° or ()' = 17°) corresponds to a drop of b. 4 Mev in pion en-
... 

ergy. 

The slit defining the angular acceptance of the channel is 

wide enough to permit each energy within 6. T to form a complete image 

of the target at the detector. This is necessary to assure the same ef

fective target area for each energy within .D. T. 

The cross sectional area of the pion beam was everywhere 

much larger than the RMS displacement, owing to multiple Coulomb 

scattering experienced by the pion in 'coming to rest in the absorber. 

For a 22 Mev pion, for example, the RMS displacement is 0. 5 mm where

as the cross sectional area of the channel is nowhere less than 9 em by 

3 em. 

D. Geometry 

Two different types of measurements were undertaken in 

this experiment, each using a different geometry. 

The first type was a measurement of the relative production 

cross section. Here the pions were bent through 180° in the magnetic 

·field. In order to calculate an absolute value of the cross section one 

needs to know, at a point in the target, the solid angle subtended by a 

unit area at the emulsion (perpendicular to the direction of travel of 

the pions). The reason for using this geometry is a very substantial 

reduction in the number of background tracks observed. Its main dis

advantage lies in the complexity of the solid-angle calculation. The 

solid angle factor, however, does not enter into the determination of 

the relative cross section. In going from one energy to the next only 

the magnetic field is changed, and hence the geometry remains constant. 

An estimate of this factor was made, however, both by calculation and 

experimentally, and it was found to be close to the value in the 90° case 

(see below). 

The second type was a measurement of the absolute production 

cross section. Since the above measurement gives information only 
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about the shape of the spectrum, it seemed advisable to check the ab

.solute magnitude at one point. In this case the pions were only bent 

through 90° and the solid angle can be re~dily calculated. Fo'r pion 

trajectories perpendicular to the uniform magnetic field the s.olid angle 
. . 6 b 1s g1ven y 

d n 1 sterad/ crn2 
dA = p2 cj> sin cj> 

{2) 

where p is the constant radius of curvature of the pion and cj> is the angle 

through which the trajectory turns in ·going from the target to the absorber. 

d n 1 o -3 . I 2 h' . f h . For our case dA :=. •. 1 x 1. . sterad .ern . T 1s 1s or t e traJectory 

from the center of target to .the center of the absorber. The total var

iation in the solid angle for pions leaving different parts. of the target 

and hitting the extreme edges of the detector is about 8 percent. 

E. Detector 

The detector consists of a photographic emulsion embedded 

in an aluminum absorber as shown in Fig. 2. Pions enter perpendicularly 

through the front face of the absorber and, come to rest after having trav

eled a distance R equal to their range in aluminum. This. range is 1 ern 

of aluminum for a 21-Mev pion. The population of stopped pions in the 

.absorber is then sampled by the photographic emulsion. The energy 

o~ the pions corning to rest in the emulsion can thus be directly determined 

by their position on the emulsion and the known range -energy relation 

for pions in aluminum. 
11 

Fiducial marks were placed on the emulsions 

. by shining light through two very small holes drilled ata known distance 

frqrn the front face of the absorber. The depth of.penetration)nto the 

absorber was then determined by the distance of the ending of the pion 

track from .these fiducial marks. 

We next· have to establish a relation between the number of 

, pions .fo~nd per unit volume of emulsion and the flux of pions incident 

on the front face of the absorber. In Appendix 1 the following formula 

is derived. 
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p1T 
N 1T ( T ) = --ra....,T""'l,....:.;..-,--....R"'"""a-,b-s-

ldx:Jabs Rem 

( 3) 

where N (T) =No. of pions/cm
2 

Mev entering the front face of the ab-
1T 

sorber. 

p = pions stopped per unit volume of emulsion 
1T, 

Rabs _ residual range in absorber . 
. d 1 • 1 . at absorber -ernuls1on boundary 

R res1 ua range 1n emu s1on 
ern 

[~Tl = tate of energy loss when pion enters absorber. 
x.labs 

The quantity p is experimentally observed and N ( T) is the quantity 
1T 1T 

needed to calculate the cross section (see section Ill, H). 

The above formula was derived on the assumption that the 

pion experiences no scattering as it penetrates through the absorber. 

However, the emulsion is embedded in an absorber of essentially infinite 

size compared to the RMS displacement due to scattering (see Sec Ill, 

C). Hence to a good approximation the number of pions scattered out 

of any small volume of emulsion is compensated for by other pions (of 

slightly lower or higher energy) scattered into the emulsion from the 

surrounding absorber. · 

It is possible for protons having the same momentum as the 

pions of interest to come down the channel and enter the front face of 

the. absorber block. However, the range of such protons is shorter by 

about a factor of 100, and hence such protofls do not reach the emulsion. 

F. Photographic Emulsions 

The emulsions were scanned using a microscope with a mag

nification of 540 x. The only events counted were the ones in which the 

track could definitely be identified as that of a positive pion corning to 

rest. Such tracks could be recognized easily by the rapid variation of 

grain density and the large amount of scattering near the end of the range. 

The positiv~ pion was further identified by the muon into which it decayed. 

The scanning efficiency was checked by letting different observers scan 

the same area in the emulsion. A series of such checks was made during 

the course of the experiment and the average scanning efficiency was 

found to be around 90 percent. 
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With the detector in the 180° position, the area scanned was 

a parallelogram in shape, to allow for the change of radius of curvature 

with energy (see Fig .. 3).· In this way the swath scanned for each indi

vidual energy is centered,ar:ound its central trajectory, and the e;ntire 

width of the target is thus covered. The area scanned was about 40 mm :X 

L.8 mrn, and was scanned_ in 12 swaths each 150 1:1 wide. Since t.he var

iation of energy along the plate is given (see App. l) by 

~r=[~J~ ~x= 
· abs · 

~d T] . l:.___d . . cos a.. t:!. s l X . 
· ·abs 

( 4) 

we find that~ 'T '= 12. 5 Mev/cm· x 0. 966 x 0.18 ern = 2. 2 Mev. Hence 

}}1.e e.p.ergy bite ~ T was abo:ut 2 M.ev on. each plate. 

The thicknessof the plates was determi:n.ed by,rn~a~uring 
. \... . .· . . . 

t~e -~piclcnes s o~ the glass plus ~rnulsion irnrn~diately before exposure . 

.. Afte.r deve~OP!ll.e.I).t, the .same quantity was measured .so as to give directly 

the ,shrink,age ~ ~. ofthe. ernu~si~:m. The .dried emulsion ~as th~I1 rneas-

. ~;re;~ on~ cali~r~ted rnic~oscope to getits final thickness tf' The orig

):qal thiGkness is thu_s obtained by add~ng the amount of shr~r1kage to the 

fin~l thickness. pf the emuls~~n~ L e. ~f + ~ t. 

G. Measurement of Proton Beam Energy 

The energy of the electrically deflected proton bea:rn was 

rneasu:i.-~d by, ~·method originally used by Bakker and Segre 7 The beam 

. first pass.Eis th:toti.gh. a thin ionization chamber filled ..;.,ith argon' at about 

atrnbspheri'c' pressure.· it then passes thro~gh a se.t of ·~ccurately rn~-
.·' ,. . .. . ' ' . ' ' . . 

'chined and weighed copper absorbers'of variable thickness and finally 

through a second ionization chamber sirnila:r to the first c)ne. T·he dis

tance between the collecting foils i~ each chamber is 2 inches and their 

diameter is large enough (4 inches) t.oallow for the broade:J;ling of the 
' ' I •' • ' ' 

l;>earn due to multiple scattering in the absorber~ 

_The cha~ge collecteq in each charnbe,r i~ integrated and the. 

ra~io of the outputs of the two chambers. is recorded. A plot of this ratio . ' ' ' ' . ·.. ' 

a.s a fu11ction of absorber thickness yields the well-known Bragg curve. 
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PHOTOGRAPHIC EMUL.SION 

~1.'·' •I 

Pion trajectories in magnetic f.ield and target images formed 
on photo~raphic emulsion. 
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Mathe;r and Segre
4 

have shown that if one chooses on this 

curve a value of the ordinate which is 0. 82 times the maximum value, 

one obtains at the corresponding abscissa the nrange" of the particle. 

The proton beam energy was measured, using the above 

criterion for the range and the values for the range in Cu quoted by the 

same authors. 

Four separate measurements of the beam energy were un

dertaken, yielding the following values: 

Range in .. 
Date Cu (g/cm2) · I Energy in Mev 

July 8, 1952 92. 1 
I 

339.4 J 
July 9, 1952 92.2 

I 
339.4 

Sept, 20, 19 52 91.3 338. 1 

Sept. 21' 19 52 ' 91.4 338.2 - ---·--·-

Fro:m the ,shape of the Bragg curve we can also obtain an estimate of 

the energy spr~-ad in.'the pro-ton beam; . The spread is of the order of 

± 2 Mev a11.d since the pion energy TlTis a fairly slowly-varying function 

of the incident-beam ene'rgy this will not introduce a large shift in pion 

energies. A change in proton energy of 1 Mev will cause a change in 

pion energy of 0.15 Mev. Thus the uncertaintyin pion energies due to 

the inhomogeneity of the proton beam is considerably smaller than the 

energy spread due to the finite target thickness (- 0. 8 Mev). 

H. Calculation of Cross Section 

Here again we have to distinguish between the two types of 

measurements made, one to obtain the relative cross section and the 

other to obtain the absolute value. In general, the number of pions enter

ing the face of the absorber per unit area per Mev is related to th~ cross 

section as follows: 
. - . 

·-.·· 

where N ( T) = Number of pions entering absorber fa·ce/cm
2 

Mev 
-lT 

N = Number of protons passing through target 
p 

( 5) 
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Nt =Number of carbon nuClei or CH
2 

molecules in target/cm
2 

d () 
d Q d T = Differential eros s section for production of pions by 

protons on carbon nuclei (or a CHz group) per unit solid 
angle per Mev" 

drl CIA = Solid angle subtended by a unit area at the emulsion, 

The number of protons N was determined by integrating the output of 
p 

a calibrated ion chamber placed in the beam just ahead of the target. 

The number of target nuclei is also easily determined from the known 

thicknesses of the targetso 

Consider now the case where the detector is placed in the 

180° position and we want to measure the relative production eros s sec

tiono A given unit area on the absorber face can be reached by pions 

from all parts of the target. See Figo 3 for a set of typical trajectorieso 

Each point of the target contri~utes pions of a different energy to the 

same unit area on the absorber faceo Assuming that the density of pro

tons striking the target is uniform within the area of the beam, we are 

justified in using Eqo (5) above, which was derived on the assumption 

· of uniform contributions from all parts of the target within the energy 
drl 

interval choseno The factor dA remains a constant as the magnetic field 

is 'changed and thus does not enter into the determination of the relative 

eros s sectiono 

With the. detector m the 90° position, the conditions 

for use of Eqo (5) are satisfied, 'since· now pions can reach the

element dA on the absorber face by leaving the target at a small angle 

to the beam directiono Thus here, too, pions within the energy acceptance 

of the channel can reach any part of the detector from any part of the 

targeto 

If we now use the expression for N (T) from Eqo (3) above 
. TT . 

we get 

Nrr ( T) = ..,..[d...-=,~=~-PTT_=R-a_b_s = Np Nt (d ; d n) (~~) 
abs Rem 

( 6) 
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or d (J 
= dTdQ 

Prr 2 
em /sterad. Mev 

[~TJ _ Rabs N Nt ~: 
x abs Rem p · 

( 7) 

I. Corrections to Cross Section 

' The above value for the cross section has to be correc::ted 

for two effects that tend to remove pions from the beam be~ore the emul

sion is reached. These effects are: 

(1) Decay ofpions in flight 

( 2) Nuclear interactions while slowing down in the absorber. 

As is shown in Appendix 2, both.thesecorrections are very slowly vary

ing functions of the pion energy and hence do not have to be included in 

the evaluation of the relative ~ro~s section, The _third correction is ap

plicable to both relative and absolute cross sections, and takes into ac

count the finite thickness of the target. 

( 1) Correction for pion decay in flight. 

Because the pion has.a fairly short mean life(r. = 2. 54 x 
8 - 8 - · m-

10_- sec), an appreciable fraction <;>f the pions leaving the target decay 

before they reacl1: the emulsion. .The time elapsed (in the pion's. frame 

of reference) is the time of flight in air 'T . plus the time it takes the · · · · - · · · a1r 
pion to co;me to rest after entering ~he absorber 'tabs. In Appendix 2 

the following expression is derived for the total elapsed time 'Tt 

= . -11~ ( p<j>' ) 'T 'T . + 'T b = 3:. 3 X 10 --
t au a s ji +-T}2Mc2 

+ 4. 70 x 10-ll ~~~2 - R (insec.) (8) 

where p = radius of curvature of pion in magnetic field 

<I> = angle through which trajectory turns 

T = kinetic energy (in Mev) 

Me 
2 

rest mass of.pion (in Mev) --

R = range of pion in absorber (in em) 
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Hence the observed cross section u obs equals the corrected cross sec-

tion a times 
corr 

Thus: 

the fraction of pions that 

'Tt 
-r-m 

u obs = (} corr 
e 

(} 
corr = e2. 54xl0 -8 

u obs 

survived in transit. 

o'r 

(8) 

This cor'rection is of the order of 10 percent for the energies and geom-"" 

etry in this experiment. 

( 2) Correction for nuclear interactions in the absorber. 

Nuclear interactions in the absorber also decrease the flux 

of pions reaching the emulsion. Although the cross section for such 

nuclear events has been measured recently for a number of elements 

and several energies, 9 the information available is still insufficient 

for an accurate correction. The available data do, however, indicate 

that the assumption of nuclear area for the combined absorption and 

large-angle scattering cross sections is a fairly good one. Hence we 
2 -13 1/3 

take 'TT r as the attenuation cross section, where r = 1. 4 x 10 x A em. 

Th b f 1 . 2 . . b q R Ao h 
e num er o nuc e1 per em 1s g1ven y A w ere 

q = Density of absorber material in g/cm
3 

R = Range in the absorber (in em) 

A = Avogadro's number 
0 

A = Atomic weight of absorber material. 

We thus have again: u obs = u e corr 

u q R A 0 
A 

k 
abs = 

(} 
corr 

u obs 

u q R A 0 

= e A 

or 

(9) 

At 20 Mev pion energy this correction is.of the order of only 2 percent. 

( 3) Correction for thick target. 

The quantity measured in this experiment is the number 

of pions of kinetic energy T produced in an energy interval l::. T. The 

pions emerging from the target in the energy interval l::. T at energy 
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T have been produced at various depths in the target, with an energy 

T' = T + (~~)t where (~~) is th~ energy loss per centimeter of a pion 

of energy T and tis the target thickness between the piont of production 

and its exit from the target. 

For two low-energy pions of slightly different energy, there 

is an appreciable difference in the rate of change of the specific ionization 

. as we; go from the front of .the target to the back. Hence pions produced 

·in an energy interval ,6. T' will erne rge from the target spread over an 

energy interval ,6. T. In Appendix 2 it is shown that these two energy 

intervals are related as follows: 

D.T =D. T' (~)T 
(efT) 

. dx T' 

Since the energy interval used in calculating the differential 

cross section is ,6. T rather than the actual ,6. Tv, we must multiply the 

answer by 

( 11) 

has been averaged over the target. The magnitude of this correction 

is about 10 percent. 
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IV EXPERIMENTAL RESULTS 

The experimental results are listed in Table L The normalized 

values shown in column 7 were obtained by making the relative measure

ment of the CH2 cross section at 2L 7 Mev ag~ee with the absolute value 

measured at that point. The errors listed in Table I are statistical prob

able errors with the exception of the energy spreads in column 3. The 

uncertainties in the energy are due to the finite thickness of the target. 

For purposes of comparison the data obtained by W. F. Cartwright et. 

aL 
3 

have also been listed in Table L 

In Table II the values for the hydrogen cross section are 

shown as obtained by subtraction of the CH
2 

and C eros s sections. In 

making the sub'traction a small correction was applied to the value of 

the C cross section to allow for the shape of the carbon spectrum. The 

slope of the curve was obtained from the work of W. Dudziak
10

. 

The absolute value of the eros s section is as signed a 15 -per

cent error because of the uncertainties in the scanning efficiency of the 

observer, the beam integration equipment, the measurement of the plate 

thickness, etc. The 15-percent error was assigned on the basis of the 

following estimates of the accuracy of the major factors: 

Error in the number of pions counted 

Error in measurement of original 
emulsion thickness 

Error due to averaging of solid angle 

Error in beam integration 

Fig. 4 shows a graph of the experimental data. 

1 Oo/o 

8% 
5% 
5% 



Table I 

Differential eros s section fot: production of positive 
pions by 340 Mev protons on CH2 and carbon 

Column l 2 3 4 5 6 7 

Type of Target Pion No. of · Uncorrected Corr.ected Normalized value 
measurement energy pions cross section cross section . ·of cross section 

Mev found cn12/sterad Mev 

Relative CH2 18. 8 ± 1.2 103 1. 03 1.08±0.07 
. 30 

3.9 ;I: 0. 25 X 10-
-30 Relative CH2 

21. 7 ± 1. l .107 1. 30 1. 34 ±.0. 09 4. 8 ± 0. 32 X 10 
. -30 

Relative CH2 24.8 ± 1. l 85 l. 08 1. 16 ± 0. 08 4.2±0.29xl0 .. 
-30 Relative c 23.2±?.4 ·175. 0.85 0.92 ± 0. 05 3. 3 ± 0. 18 X 10 

Absolute CH2 21.7 ± L l 58 4. 1. X 10-30 . . . -30 
4. 8 ± 0. 42 X 10 

Absolute>:< CH2. 17.5 3. 0 X 10-30 3.8 ± 0.6 X lO -30 

10-30 ' Absolute* c 17.5 1.9 2.5 ± 0.3 xl0-30 X ----

Absolute* CH2 34.0 5.3 X io-3o 6.7±0.7 X 10.:_ 30 

Absolute* c 34.0. 3. 3 X 10-30 4.3±0.4 x·lO - 30 

"'"'Data of W. F. Cartwright et. al. (see reference ?_) ·, 

In columns 5 and 6 the relative cross sections are in arbitrary units, the absolute cross sections 
are in cm2 /sterad Mev 

I 
N 
w 
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Pion 
Energy (Mev) 

18,8 

21.7 

24.8 

17. 5* 

34.0* 

u CH2 

Table II 

Differential cross section for producti_on of 
positive pions by 340 -Mev protons on protons 

uc UH 
Arbitrary units Arbitrary units Arbitrary units 

Normalized value of uH 
. cm2f sterad Mev 

-30 
1.08±0.07 

1.34±0009 

I. 16 ± 0.08 

0084±0005 

0088 ± 0.05 

0.96 ± 0.05 

0. 12 ± 0 0 04 

0.23 ± 0.05 

o. 10 ± o-. o5 

0 o 4 ± 0. 1 X 10 
-30 

0.8±0.2xl0 

0. 4 ± 0. 2 X 10 
-30 

6 -30 
Oo ±0.3xl0 

-30 
L2±0.4xl0 . 

*Data of W. F 0 Cartwright et. al. (see refere.nce 3) 

.o>.- ._, __ ... --· 

\ . 

I 
N 
~ 
I 
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30 35 

Expe-rimental results. 
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I CARBON 

i HYDROGEN 
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IN LAB (IN MEV) 
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V DISCUSSION 

A. Discussion of Experimental Results 

Because of the small difference between the CH
2 

and carbon 

spectra, the values for the hydrogen cross section have very large sta

tistical errors, which make the interpretation of the results rather spec

ulative. The two extreme situations of either a very large increase 

in the eros s section or a depression in the eros s section can be excluded 

with reasonable certainty, however. 

An inspeCtion of the hydrogen curve shows that the po.int 

at 2L 7 Mev is slightly higher than the other two point~. In view of the 

statistical errors of these measurements, however, it is doubtful whether 

this peak represents a real effect. 

That the points measured do not lie on a broad peak is clearly 

shown by comparison with the points of Cartwright et aL 
3 

on either side 

of the energy interval investigated. 

Both these facts lead to the conclusion that there is at most 

a small departure from the flat and slowly rising shape of the hydrogen 

spectrum in the energy interval of 18 to 26 ¥ev. 

B. Kinematics 

As far as the kinematics of the reaction p + p .-. 'Tr + + p + n 

are concerned, there can be two different configurations of the final 

reaction products. Both the following cases are in the CM and, since 

the total kinetic energy shared by the three final particles is only 2L 3 

Mev, all calculations in the CM of these particles are carried out non

relativistically. All tr~nsformations from the Lab. system to the CM 

system and vice versa must of- course be done relatfvistically: 

Case A: No two of the final particles come off at 'the same 

angle. 

pion 

Fig. 5 
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Case B: The pion and one of the nucleons, say the neutron, 

come off together and in the forward direction. 
0 0 

This case corresponds to e
1 

= 0 and e
2 

= 180 . 

proton neutron 
pion 

) 

For either case A or case B the relevant quantity in the de

scription of the pio.n-neutron system is the relative momentum of the pion 

.and neutron, which is defined as follows: 

K= 

where m
2 

= neutron mass 

k
2 

= neutron momentum 

m
3 

=pion mass 

k
3 

= pion momentum 

The relative energy T 
1 

is then given by 
re 

T rel 

( 12) 

( 13) 

The relative momentum was calculated as· a function of the 
I 

pion momentum and h~nce of pion energy. From the conservation laws 

for energy and momentum.we obtain an expression for k2 as a function 

of k 3 which has the form 
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where e2 is the angle of the neutron momentum as shown in Fig, 5 and 

the c 1 s are constants which depend on the particle masses and the avail

able energy T A only, 

Substitution of this expression in Eq, (12) gives the relative 

momentum K as a function of the pion momentum and the neutron angle 

ez. 
Now let us consider case B, ~hich is the special case of 

e2 = 180.0 or cos e
2 

= - L The expression for k
2 

then reduces to 

(15) 

and the corresponding expression for the relative momentum K then 

becomes 

( 16) 

Table III shows the numerical values of the relative momen

tum K and the relative energy T 1 for various values of thepion momenre 
tum k

3
, The corresponding curves are plotted in Fig, 6, 

The factor f is a constant numerical factor, whose value 
-17 

is 3, 817 x 10 , 

If, in Eq, (16) above, we set the relative momentum K equal 

to zero and solve for k
3

, we obtain the pion momentum for which the 

condition of zero relative velocity holds. This critical value of the pion 

momentum is 

k = 2 6, 44 f (g em) 
3 sec 

corresponding to a pion energy in the ,CMof 1. 28 Mev. In the Lab. this 

pion has an energy of 21. 5 Mev. 

We now return to case A and consider the variation of the 

neutron momentum k
2 

with neutron angle e
2

, keeping the pion momentum 

fixed in magnitude and direction (see Fig, 5). A series of values for 

the neutron momenta was calculated keeping the pioh mumenturri fixed 
o g · em at 180 and a magnitude of 26. 488 f These values are shown 

sec 
in .Table IV. 
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Trel (IN MEV) IKI 
ARBITRARY 

UNITS 30 1.5 

/ 
/ 

y 25 

\ 
\ RELATIVE / 

1.0 MOMENTUM / 20 

\ ly/ \ 
\ / 15 

\ / 

\ / 
0.5 

/ 10 

\ RELATIVE ENERGY 

\ / 
I 

\ I 
5 

\ / 
\.. / PION ENERGY IN CM (MEV) 0 0 

0 2 3 4 5 6 

Fig. 6 Relative pion-neutron energy and momentum as a function 
of pion energy in the CM system. 



Table III 

Pion Energy in Lab. T'ITlab (in Mev) 12.04 18.99 21.47 

Pion energy (in CM) T (in Mev) 0 0.75 L 28 
Tl" 

fPion momentum (in CM)k
3 

(in g-em) I 0_ 20 0 24£ 26. 49£ 
sec 

!Relative momentum K (in g: ern} 25. 64£ 6. 15£ -0.06£ 
sec 

!Relative energy T 1 
{in Mev) 1. 37 0.08 0.00 

re 

Relative velocity v
2 

- v
3 

{in ern) 9 l.08xl09 -O.Olxl09 4. 50xl0 
sec 

Summary of Kinematical Quantities 

25.96 

2.50 

36.9 5£ 

-10.66£ 

0.24 

- L 88xl0 9 

33.32 

5.00 

52 0 50£ 

-26.77£ 

L 51 

· -4. 72xl0 9 

I 
l.N 
0 
I 
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· Table IV 

Relative Pion-Neutron Energy and Momentum as a Function of 
Angle of Neutron Emission (for fixed pion momentum). 

Neutron angle e Neutron momen- Relative 
il 

Relative I 
(in CM) tum k2 (in.CM) momentum energy 

(gem/sec) K (g ern/ sec) Trel 
--· ---·-- -------- ·--- --------

00 2 04. 48f 49. 44f 0.51 Mev, 

30° 202.58f 47.30f 0.47 Mev 

60° 197. 51£ 41. 82f 0.37 Mev• 

90° 190. 76f 33.72f 0. 24 Mev 

120° 184. 26f 23.39f 0. 15 Mev 

150° 179 .. 63f 11. 92f 0.03 Mev 

180° 177. 98f 0. 06f 0.00 Mev 

Since all of these neutron momenta are associated with the 

same pion momentum, there is no way to separate, experimentally, 

cases with different neutron angles as long as k3 remains the same. 

As a consequence of this, we must associate a spread of relative mo

menta K with each value of pion momentum rather than just a single 

value. 

This effect tends to smear out the peak in the production 

cross section, since the values of K associated with neighboring values 

of k 3 partially overlap. In the next section we analyze this effect.in 

greater detail. 

Finally, we want to look at the variation of the relative mo

mentum K as the pion momentum changes from the central to the extreme 

position within the acceptance angle of the channel. The acceptance . 

angle of the channel is ± 4° in the Lab., which corresponds to± 17° in 

the CM If we go back to case B and then let the pion momentum vary 

from 180° to 163° while keepingthe neutron moment~m fixed at 180°, 

we find that K changes by only a small amount, namely from 0. 06 f to 

0. 54 f. This variation in K is quite negligible compared to the variation 

in K due to the angle of neutron emission. 

.· 
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C. Interpretation of Experimental Results 

By the use of the idea of a Dvscattering length'' and a phenom

enological description· very similar to the one used in the analysis of 

low-energy n-p scattering, it is possible to derive an expression for 

the effect of the pion-nucleon interaction on the pion spectrum, In this 

section we first give an outline of the derivation of this formula and then 

discuss to what extent numerical values for the scattering length can 

be obtained by a comparison of the experimental and theoretical curves. 

In the derivation we consider only thepion-neutron interaction, although 

the proton is kinematically equivalent to the neutron. Thus if we neglect 

Coulomb effects the neutron may everywhere be replaced by the proton 

and we obtain the same results as before, 

The following assumptions are made: 

1) The pion-neutron interaction can be represented by an 

attractive well, whose depth is large compared to the 

relative pion-neutron energy 

2) The matrix element for pion production can be consid

ered constant over the energy region under investigation 

(0. 5.to 2. 5 Mev pion energy in the CM system) 

3) The range of the interaction is short compared to the 

pion wave length. In addition it is assumed that the 

pion wave length is large compared to the distance be

tween the nucleons during the pion-production process. 

The theory shows that under these assumptions the form of 

the wave function inside the well is independent of the energy and we 

may thus write 

ljJ (K, r) = h {r) f (K) , 
Tr 

(17) 

where the entire energy dependence of the wave function is contained 

in f ( K), K being again the relative pion-neutron momentum. The func

tion h ( r) will affect the magnitude of the cross section but not its energy 

dependence. Hence the energy spectrum will be obtained by integrating 

'If (K)\ 
2 

over the phase space available to the reaction products. 
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For the wave function outside the well we have 

f ( K) _ sin ( K r + o) 
K 

(18) 

and for small values of K r (K r << 1) we obtain the following approxi

mate form for the pion wave function at the neutron: 

If (K)I2 -I si~ 6 r (19) 

The differential production eros s section will then have the form 

where M = m'atrix element for pion production 

pT =density of final states. 

(20) 

It is easily shown from the boundary conditions at the edge of the well 

that the second factor in the above formula can be rewritten 

where K = relative pion-neutron momentum 

a. = .!_and a = scattering length 
a 

( 2 1) 

In order to obtain the density of final states we specify our system by 

the following two vectors: 

--+ 

k
3 

= pion momentum 

g = = the relative proton-neutron momentum 

The vector g was chosen -rather thanK because the energy can be ex-' 
__. __. 

pressed as a simple function of g and k
3

,and these two vectors completely 
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specify the state of the system. The density of final states is then 

(22) 

and substituting these expressions into equation {20) above we have for 

the differential eros s section at a fixed value of e the expressio~ 

2 2 dg 
k 3 g dT d (cos fJ) • {23) 

Using the conservation laws for energy and momentum we obtain ex-
-+ - -pressions for K and g as functions of the pion momentum k

3 

where M = nucleon mass 

1-1 =pion mass 

(
M + 1\ 
2!J. 4) 

= kinetic energy available in CM system - -= angle between - k
3 

and g as shown in Fig. 7 8 

Fig. 7 

( 24) 

(2 5) 

We now integrate over all values of fJ thus including all possible orien

tations of the neutron mo:r;nentum k
2 

for a fixed value of the pion momen

tum k
3

. It is this process of averaging over all neutron momenta which 

tends to smear out the peak in the pion spectrum. We next substitute 
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- -+ the values for K and g into the cross section formula and thus obtain 

an· integral of the form 

da 
.z 
k3 g d (cos 8) 

which upon integration and substitution of the limits becomes 

a
2 

(1 
M2 z· 1 M 2 

k; + (1 + 
2 ~) k3 g da + -) + g + (z- + ~) 

- k
3 

log fl. 
dk

3 
dw

3 
a

2 
(1 

M2 2 + (~ + M)2 k2 - (1 + 2~) k3 g ' +-) + g 
.fl. 2 fl. 3 

Before we can compare this cross section with the experimental pointp 

we must change the independent intervaL from pion momentum to pion 
. -:.::!;~!: ' 

energyo This we do by noting that the total number of pions is given 

by 

N = da dk = da d T 
dk

3 
dw

3 
3 d T 

3 
dw

3 
3 

and hence 

We thus have to divide the momentum spectrum by k
3 

to obtain the en

ergy spectrum which then has the final form 

..., 
· 1 M;:; 

a
2 

(1 
M L, 2 k2 + (1 +2M) 1 . 

da 
+ -) + g + (.,. + -) -- -~-, g 

dTdw-log 
iJ. t.. !.!. 3 f.l .:.> 

2 
2 (1 + M) 2 + (~ + M)Z k2 ZM)-a +g. .., ( 1 +-.-. k? g 

fl. ~ fl. 3 f.l _J 

\ 
\ 

( 2 6) 

( 2 7) 

( 28·) 
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In Fig. 8 is shown a series of curves each representing the shape of 

the cross section for a different value of a.. The vertical scale is in 

aribtrary units since we are not interested in the absolute magnitude 

of the spectrum. A~so plotted in the same figure are the experimental 

points for hydrogen and their probable errors as listed in Table II. 

If one tries to deduce a minimum and maximum value for 

a., and.hence for the scattering length, from a comparison of the data 

and the calculated curves one would be led to values of the following 

order of magnitude 

Minimum 0. 001 (~c) -10 
a. = a = 1. 5 X 10 em 

Maximum 0.05 (lff-) -12 
a. = a = 3 x 10 em 

Both of these values appear to be unreasonably large on the basis of 

other pion-scattering experiments and on the basis of theoretical esti

mates. Although no experiments have to' date been performed at such 

low ehergies, the theoretical estimates seem to point to a scattering 
-13 length of the order of 10 em. 

This discrepancy, as well as the wide range of scattering 

lengths that seem compatible with the data, is a consequence of the fact 

that the height of the peak is a rather insensitive function of a.. As a 

final conclusion we may thus state that if an attractive pion-nucle·on in

teraction does exist at these energies, its magnitud.e is not sufficiently 

large to be detected by an experiment of this type. 
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dcr 
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Fig. 8 

. gr em 
1n~ 

f 

(f. 3.817 •10"17 ) 

Experimental points and calculated shape of eros s section 
for various values of a.. 
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VII APPENDIX 

l 0 Derivation of the Detection Efficiency of the Photographic Emulsion 

The relatibn~hip between-the ~umber ·of pions incident on 

the detector and the density of pions actually observed in: the photographic 

emulsion is a measure of the efficiency of the det~ctor 0 • By th'e detector 
. . 

is meant the alu~inum 'absorber block with the emulsion embedded in 

iL Let us for tl;_e m~ment assume no. 'scattering 'inside the detector. 

Consider 'a uniform nux of monoeri~rgeti.c p:t"ons of energy - . 
T incident on the detector as shown in Fig. 9 ~ · The~e pions ha.ve a·.range 

R( T) in the material of the absorber given by the ~ange -energy relation. ll 

However; only those .. pions ~hose trajectories fall within the band of: 

width "a" shown in Fig.' 9 stop in th'e emulsion 'and are detected, while 

all other pions come to rest in the absorber. 

If the thickness of the emulsion is d and the angle of incli

nation to the horizontal a, we have 

a 
tan a= r-

abs' 
and sin a 

d 
-~ 

em 

where R b and R are the residual ranges in the absorber material 
a s em 

and the emulsion respective! y at the point shown. At this point the pions 

have an energy T , which in our case is about 5. 4 Mev. Dividing 
res 

one expression for a by the other yields 

tan a. 
s1n a 

aR 
em = -.-n---

d R b a s 

Rabs 
a= d sec a r-

em 

or 

(29) . 

Next let us consider a beam of pions with a small spread of energies 

.6.T around T. The number of pions coming to rest in a strip of emulsion 

of length I. (p~:r-pendicular to the paper·in Fig. 9) is then 
! 
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j4--Robs- -~ 

I 
------ --- R(T)-·- -----~ 

I 

Pion trajectories in the absorber block. 
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n = N ( T) ~T a x 1 1T 
(30) 

since N ( T) ~T = Number of pions/cm
2 

in ~T and a x J. is the cross-
1T 

sectional area of the beam which comes to rest in the emulsion. We 

now want to find out over how large a distance along the plate a beam 

of pions with an energy spread ~Tis distributed. Let s denote the co

ordinate along the emulsion as shown in Fig. 9. By the use of the well

known relation 

we immediately obtain that ~T - rdTJ cos a ~S 
- Ld.x abs 

where [~~lbs is the rate of energy lo~ s of the pion when it enters the 

absorber face. Supstitution of this expression and of Eq. (29) into Eq. 

(30) above yields 
.... ~ 

n = N1T ( T) ,fel-b {:absj 1. x ~S x d 
_ s em_ 

where I. x AS is the scanned area on the emulsion, and hence we may 

call the quantity 

n 
1 X ~S xd = p· 

1T 
= density of pion-track endings in the 

' emulsion: 

Finally we thus obtain 

- _rdT~ _ (Rabs) 
Ldx abs Rem 

which is the formula used on page 14. 
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One additional effect must be considered in connection with 

the above derivation. This is the possibility of range shortening due 

to the fact that a. thin parallel beam of pions will have experienced a 

certain lateral spread due to multiple Coulomb scattering by the time 

it reaches the end of its range. Tl.te magnitude of this effect can be 

calculated from the theory, 
12 

and one finds that the mean lateral dis

placement for a 2L 6 -Mev pion is about 0. 08 5 ern. From this we cal

culate the mean range shortening and then convert to an energy dif

ference between the real and apparent pion energy.· Doing this, one 

finds this effect to be of the order of 0. 05 Mev and hence negligible for 

our purposes. 

2. Derivation of Correction Factors for Cross Section 

We shall first calculate the correction which must be applied 

to allow for the number of pions that decay while in transit from the 

target to the photographic emulsion: 

If dt is a certain ti;me interval in the .Lab. then dr = 

dt~.,...i---v-,2=-/-c-=2 is the time elapsed in the reference system of the pion, 

where v = the velocity of the pion in the Lab. and c = velocity of light, 

The time to travel a distance ds is given by 

.j 2 Z M 
dr = dt p - v /c = p ds 

where ds = distance as measured in Lab. 

M = rest mass of pion 

P = pion momentum measured in the Lab. 

Hence the total time elapsed in traveling from the target 

to the emulsion is 

( 3 1) 

Before the pion reaches the absorber face its momentum is essentially 

constant and. hence the first integral becomes 
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7'. =Mprpdcp= au j 

/ 

where p = constant radius of curvature of pion in the magnetic field and 

cp = angle through which the trajectory turns from the target to 

the absorber. This time can now be rewritten in the form 

where T 

mass. 

2 = Kinetic energy of the pion in the laboratory and Me = its rest 

To calculate the time spent by the pion slowing down in the 

absorber we make the nonrelativistic approximation that p = ~ 2 TM and 

substitute the empirical range -energy relation
13 

We then obtain for the second integral in Eq. ( 31) the following 

= r M d rR 'fM dR 
Tabs JP s = Jo.rz-kR0.29 

1 
0. 71 c 

or Tabs 
-11 ~ = 4. 70 x 10 ~=y.f- R (sec) 

This represents the time for the pion to come to rest after it entered 

the absorber where R is the range of the pion in question measured in 

em. 

As a final answer we thus find that the time elapsed in the 

pion1 s frame of reference, from its departure from the target until it 

comes to rest in the emulsion, is given by · 

! 



'" 
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We next want to derive the expression 

which appears in the thick-target correction. Consider a pion of energy 

T' produced at a distance t from the exit surface of the target. We may 

write this energy as a function of its range R in the target material. 

The range, in turn, is seen to be equal to t + RE ( T) where RE ( T) 

is the range of the pion with exit energy T. We may thus write 

If we now consider a fixed position t inside the target we can differen

tiate the above expression for T' considering it to be a .function ofT 

only. 

dT' _ dT' I dt dREl _ dT' dt dT' dRE. 
err - ""dR'" @ T + (l'f""j - ""dR'" crr + ""dR'" crT 

B 
. dt 

ut s1nce dT' = 0 we obtain immediately 

= lt(dT\. !(dT) J ~T' L' dx)T/ 'dx T' 

This is for a fixed position t inside the target and hence, ,in order to 

include all pions produced, we average the quantity (~~)1 , over the 

thickness of the target. This gives the desired formula 

(~)T 
~T LiT' = 

(~TJ 
dx T 
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