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Abstract

Grothendieck resolution, affine Grassmannian, and Yangian

by

Alexander Shapiro

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Nicolai Y. Reshetikhin, Chair

In this thesis we address several questions on the structure and representation theory of
quantum groups. The inspiration for problems and obtained solutions come from Poisson
geometry. In the first chapter we classify the symplectic leaves on (a Poisson ind-subvariety
of) the thick affine Grassmannian. Our classification extends previous results on the Poisson
geometry of SLn-monopoles and the thin affine Grassmannian in type A. In the second
chapter we show that a generic symplectic leaf (of maximal dimension) allows for a natural
atlas and study transition maps between the charts. In particular we obtain a family of
intertwining operators for the Yangian Y (gln) by quantizing these transition maps. Finally,
the third chapter is devoted to a different but closely related problem. Namely, we construct
a quantum version of the multiplicative Grothendieck-Springer resolution. As a corollary
we obtain an embedding of the quantum group into the algebra of “quantum differential
operators” on the principal affine space, realized as the Heisenberg double of the quantum
Borel subalgebra.
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Chapter 0

Introduction

The present thesis addresses several problems in the representation theory of quantum groups
with methods inspired by the underlying Poisson geometry. The central object to the ques-
tions we study here is the simultaneous Grothendieck-Springer resolution of singularities —
a smooth family of varieties resolving the closures of the adjoint orbits of a complex simple
Lie algebra g. The Grothendieck-Springer resolution has a natural Poisson structure and
contains the cotangent bundle T ∗(G/B) of the flag variety G/B as a symplectic leaf. Its
restriction to the cotangent bundle is known as the Springer resolution of the nilpotent cone
of the Lie algebra g.

The modern approach to representation theory, formulated and justified for example
in [1, 2] (see also references therein) suggests to study quantizations of conical symplectic
resolutions, among which simple Lie algebras arise as quantizations of their Springer res-
olutions. At the same time, quantization of the Grothendieck-Springer resolution embeds
the universal enveloping algebra U(g) into an algebra of differential operators on the prin-
cipal affine space G/N , which is a cornerstone of the geometric representation theory. The
Springer resolution is in a sense the richest part of the simultaneous resolution — it resolves
the most degenerate piece of the Lie algebra, its nilpotent cone. In the opposite, least de-
generate case, simultaneous resolution becomes an unramified covering of a generic adjoint
orbit, an orbit whose eigenvalues are pairwise distinct. Nevertheless, the case of a generic
orbit presents an interest on its own. Such an orbit is covered by |W |-many sheets, where W
is the Weyl group of G, and Poisson isomorphisms between the sheets quantize to a family
of intertwining operators between the principal series representations of U(g), see [3].

In the first two chapters of the dissertation we work out an affine version of the above con-
struction. Namely, in the first chapter we classify the symplectic leaves on (an ind-subvariety
of) the thick affine Grassmannian GLm((t−1))/GLm[t]. Our classification generalizes known
results on the Poisson geometry of SLm-monopoles [4, 5] and affine Grassmannians [6] of
type A. In the second chapter we study Poisson transformations between natural charts on
a generic symplectic leaf. Their quantization lead to a family of intertwining operators be-
tween Yangian representations obtained as pull-backs of principal series under the evaluation
homomorphism Y (glm)→ U(glm).
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The third chapter is devoted to the quantization of the multiplicative Grothendieck-
Springer resolution, a simultaneous resolution of the closures of adjoint orbits on a simple
Lie group G. It was shown in [7] that the source and the target of the multiplicative res-
olution can be endowed with natural Poisson structures in such a way that the resolution
becomes Poisson. In the third chapter we construct a quantum analogue of the multiplicative
resolution. Our construction allows us to embed the quantum universal enveloping algebra
Uq(g) into the Heisenberg double H(Uq(b)) of its borel subalgebra Uq(b). The latter Heisen-
berg double is nothing but a quantum analogue of the algebra of differential operators on
(an open cell of) the principal affine space G/N .

0.1 Introduction to Chapter 1

One of the central problems in the theory of integrable systems is the description of geometry
of their phase spaces. The majority of known systems are modelled on the symplectic leaves of
Poisson-Lie groups. In the first chapter of this thesis we provide a classification of symplectic
leaves on the space M of (monic) matrix polynomials with the Yangian Poisson bracket.
In order to motivate this problem and explain the obtained classification, let us recall some
known results of the same nature. Probably, the most studied example of a Poisson-Lie group
is a complex simple Lie group G endowed with the so-called standard Poisson structure. Its
symplectic leaves and corresponding discrete integrable systems were investigated in [8, 9].
The isomorphism classes of its symplectic leaves are in bijection with the double Bruhat cells
on G, and thus are classified by pairs (u, v) of the Weyl group elements. These results were
generalized to the case of affine Kac-Moody groups with a trigonometric r-matrix in [10].

Recall that affine Kac-Moody groups are certain central extensions of polynomial loop
groups G[z, z−1]. Another natural Poisson structure on G[z, z−1] comes from the rational
r-matrix. In this case, the loop group G[z, z−1] has G[z] and the kernel G1[z−1] of the
evaluation homomorphism G[z−1] → G as Poisson subvarieties. At the same time, G1[z−1]
is an open set in the thin affine Grassmannian Gr = G[z, z−1]/G[z]. The symplectic leaves
of Gr with the rational structure induced from G[z, z−1] were studied in [6]. Relying on the
results of [11] for finite-dimensional groups, it was shown that the leaves of Gr are of the
form

Grαβ = (G[z]zα ∩G1[z−1]zβ)G[z]/G[z],

where α and β are dominant coweights of g and α > β. Therefore, as in the trigonometric
case, the symplectic leaves on Gr are parameterized by combinatorial data encoded in a pair
of coweights. Note that the symplectic leaves on G1[z−1] are classified by a single coweight
α, or equivalently, by a pair (α, 0).

Although, polynomial loop groups give rise to many examples of integrable systems, it
seems that their generality is not fully satisfying. For example, SLn magnetic chains studied
in [12, 13] can not be modelled on symplectic leaves of G[z, z−1]. The reason is that elements
of the polynomial loop group GLm[z, z−1] need to have polynomial inverses. In particular,
this implies that in any representation their determinants ought to be Laurent monomials
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in z. On the other hand, in order to model magnetic chains, one has to allow for loops whose
determinants may be any nonzero polynomials. Thus, a natural choice for underlying Poison
(ind-)variety would be the space of matrix polynomials which we consider in this thesis.

Another motivation for studying Poisson geometry of the space M of (monic) matrix
polynomials is that M serves as a quasi-classical analogue of the Yangian Y(glm). Follow-
ing the general idea of geometric quantization, there should exist a certain correspondence
between irreducible representations of Y(glm) and symplectic leaves of M. From this point
of view, the geometry of M has been studied in [4, 5]. Namely, in [5] for any dominant
coweight α of g there was obtained a Y(g)-module depending on a number of parameters.
This generalized the Gelfand-Zetlin type representations obtained in [4], which correspond to
the case of g = slm and α being the first fundamental coweight. It was also shown in [5] that
the quasi-classical limits of the obtained representations are birationally isomorphic to open
subsets in the space of G-monopoles. Finally, these representations were used to find the
explicit solutions of the quantum open Toda chain and the quantum hyperbolic Sutherland
model.

Over the past ten years, the results of [5] were extended in several different directions.
In [6] a family of representations (again, depending on a dominant coweight α and a number
of parameters) of shifted Yangians Yβ was constructed. In case β = 0 this repeats the result
of [5]. Moreover, these new representations were proved (modulo a technical conjecture) to
quantize slices Grαβ ⊂ Gr. It was proved in [14] that the Atiyah-Hitchin symplectic structure
on the space of G-monopoles [15, 16] coincides under the birational isomorphism described
in [5] with the rational r-matrix Poisson structure on the thin affine Grassmannian.

In the first chapter of this thesis we classify the symplectic leaves on the spaceM of monic
matrix polynomials endowed with the rational r-matrix Poisson bracket. As a corollary we
obtain a description of all symplectic leaves on a certain ind-subvariety G of the thick affine
GrassmannianG((z−1))/G[z] forG = SLm. The subvariety G consists of elements of the form
g(z)−1P (z) where P (z) ∈ Matm[z−1] is a monic matrix polynomial in z−1 and g(z) ∈ C[[z−1]]
is a formal monic power series representing an m-th root of detP (z). Note, that G contains
the thin affine Grassmannian Gr as a Poisson ind-subvariety. The classification of symplectic
leaves is given in terms of Smith Normal Forms (see section 1.2.1), in other words, symplectic
leaves are parameterized by sets of polynomials d1(z), . . . , dm(z) so that di+1 divides di for
i = 1, . . . ,m − 1 and the sum of their degrees is divisible by m. Let ri be the degree of
di(z) and r1 + . . . + rm = mn. We call α = (α1, . . . , αm) with αi = ri − n the type of the
leaf. We prove that all the leaves of the same type are Poisson birationally isomorphic. For
each symplectic leaf we find its dimension and describe its closure. Finally, we prove that a
generic symplectic leaf is covered by open charts with birational Poisson transition functions.
Moreover, each chart is birationally isomorphic to a product of GLm coadjoint orbits.

Our result generalizes (for G = SLm) the descriptions of symplectic leaves from [5] where
leaves were classified only up to their type and of [6] where a special case of our result with
di(z) = zri was obtained. In particular, this answers a question raised in [5] on how their
description may be interpreted from the point of view of Poisson-Lie theory. Note that in
both [5] and [6] the leaves were classified by coweights of the Lie algebra g, thus the roots
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of polynomials di(z) were lost and only the combinatorial data of their degrees survived. At
the same time, it seems that the roots of polynomials di(z) play the role of quantization
parameters in [5] and [6]. We also note that under the birational isomorphism from [5], the
roots of polynomials di(z) correspond to colored divisors in a partial compactification of the
space of monopoles, also known as Zastava spaces [17, 18, 19].

Results of the first chapter were published in [20].

0.2 Introduction to Chapter 2

In chapter 2 we focus on the properties of generic symplectic leaves described in chapter 1.
Let OΛ be an adjoint orbit in glm with pairwise distinct eigenvalues. The restriction of
the Grothendieck-Springer resolution provides such an orbit with a family of natural charts
parameterized by the orderings of the set Λ, or equivalently by elements of the Weyl group.
Let us illustrate it with the g = gl2 example. An adjoint orbit with eigenvalues λ1 and λ2

can be covered by a pair of open charts in the following way. Each element X ∈ Oλ1,λ2

admits a decomposition of the form

X =

(
1 0
u 1

)(
λ1 b
0 λ2

)(
1 0
−u 1

)
or X =

(
1 0
ũ 1

)(
λ2 b̃
0 λ1

)(
1 0
−ũ 1

)
or both. Therefore, the action of the Weyl group permuting the eigenvalues gives rise to
a birational Weyl group action on the space U− × n+ sending (u, b) to (ũ, b̃). Here we
denote the group of unipotent lower-triangular matrices by U− and the algebra of strictly
upper-triangular matrices by n+.

Now let us consider a space of holomorphic functions on U−B ∩Bw0B satisfying

f(ub) = χµ(b)f(u)

where χµ : B → C× is a character of B defined by an integral weight µ ∈ h∗ and w0 is
the longest element of the Weyl group. The left regular action of the group G on itself
gives rise to an infinitesimal action of the Lie algebra g and thus, of the universal enveloping
algebra U(g). For example, if g = sl2 then the space of representation consists of holomorphic
functions on C× and the action of Chevalley generators is given by the following formulas:

H 7→ 2z∂z + 1− µ, E 7→ z2∂z + (1− µ)z, F 7→ −∂z.

Note that the above formulas make sense for any (not necessarily integrable) weight µ. These
representations defined for an arbitrary µ are called the principal series representations of
weight µ. It is easy to check that the operator ∂µz intertwines between the principal series
representations of weights µ and −µ for an integral weight µ. For a generic value of µ, the
two principal series representations are isomorphic and the intertwining operator is given by
an analytic continuation of the Cauchy integral representing ∂µz . A thorough treatment of
principal series representations and their intertwining operators was given in [3]. We shall
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only remark that for a simple complex Lie algebra g these intertwining operators are labelled
by elements of the Weyl group.

In the second chapter of this dissertation we make a trivial observation that the intertwin-
ing operator labelled by w between principal series representations arises as a quantization
of the birational action of w on U− × n+ which we have discussed in the first paragraph. A
slightly less trivial result which constitutes the core of chapter 2 is an affine version of this
construction in case g = glm.

In order to explain the main result of chapter 2, let us return to the Poisson geometry of
matrix polynomials. From chapter 1 we know that matrix polynomials of degree less than or
equal to k form a Poisson subvariety denotedMk. A generic symplectic leaf S ⊂Mk consists
of all monic matrix polynomials with determinant equal to a certain fixed polynomial d(z)
with mk pairwise distinct roots. In other words, a generic leaf is parameterized by a set Λ
of mk pairwise distinct numbers. For any partition Λ = Λ1 t · · · t Λk such that |Λi| = m
for i = 1, . . . , k there exists an open set on S isomorphic to a product of k adjoint orbits in
g with spectra being equal to Λi. In turn, we can pick a chart isomorphic to U− × n+ on
each adjoint orbit as soon as we chose an ordering of the set Λi. The first nontrivial result of
chapter 2 is that there exists a birational action of the symmetric group Smk on the product
of k copies of the space U− × n+. In other words, in case g = glm the birational action of
Weyl groups on each adjoint orbit can be extended to the birational action of the bigger
Weyl group that permutes all mk eigenvalues and does not preserve individual orbits.

Recall that Yangian Y (glm) is an associative algebra that quantizes the Poisson ind-
variety of matrix polynomials treated in chapter 1. The algebra Y (glm) admits the so-called
evaluation homomorphism Y (glm) → U(glm) that allows one to pull-back representations
of the universal enveloping algebra. In chapter 2 we consider pull-backs of principal series
representation under the evaluation homomorphism. Let us denote such a pull-back by Vµ.
The main result of chapter 2 is a construction of a family of Y (glm) intertwining operators
between tensor products Vλ1⊗· · ·⊗Vλk that quantize the birational action of the symmetric
group Smk on a product of k adjoint orbits. We shall emphasize that obtained intertwining
operators do not necessarily preserve the weights of the principal series representations but
rather swap their labels.

The material of chapter 2 is inspired by the paper [21] and is based on a work in progress
joint with Sergei Derkachov and Nicolai Reshetikhin.

0.3 Introduction to Chapter 3

Chapter 3 is devoted to the quantum group Uq(g), a certain deformation of the universal
enveloping algebra. As we have mentioned earlier, the embedding of the universal enveloping
algebra into the algebra of differential operators on the principal affine space G/N plays the
key role in the representation theory of simple Lie algebras. The main result of the third
chapter is an analogous embedding of the quantum group Uq(g) into the algebra of “quantum
differential operators” on the principal affine space.
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Our construction is motivated by the Poisson geometry of the multiplicative Grothendieck-
Springer resolution, and we shall start by recalling a few facts about the resolution itself.
Note, that the left regular action of a simple Lie group G on the flag variety B = G/B ex-
tends to a symplectic action of G on the cotangent bundle T ∗(B). The latter action admits
a moment map

µ0 : T ∗(B) −→ g∗.

An element of the cotangent bundle can be represented by a pair (b0, x) ∈ B × g, where
b0 is a Borel subalgebra and x belongs to the commutant n0 = [b0, b0]. Here, b0 and x
are elements in the base and in the fiber of the cotangent bundle T ∗(B) respectively. The
moment map µ0 then takes form µ0(b0, x) = x. Note, that the image of µ0 is the nilpotent
cone in the Lie algebra g where we identified g ' g∗ using the Killing form. The moment
map µ0 is known as the Springer resolution of the nilpotent cone.

We shall also need a slightly different realization of the Springer resolution. Let B ⊂ G
be a fixed Borel subgroup of G, b be its Lie algebra, and n = [b, b] its nilradical. Consider
the following action of B on G× n:

(G× n)×B −→ G× n, ((g, x), b) 7−→ (gb, b−1xb).

Let us denote the space of B-orbits by G ×B n. It is easy to see that the space G ×B n is
isomorphic to the cotangent bundle to the flag variety via the following map:

G×B n ' T ∗(B), (g, x)B 7−→ (gB, gxg−1).

Now the Springer resolution map µ0 reads

µ0 : G×B n −→ g∗, (g, x)B 7−→ gxg−1.

Let us consider the principal affine space B̃ = G/N . As before, the left regular action of

G lifts to a symplectic action of G on T ∗(B̃). At the same time, there is now a commuting

(right regular) action of the torus H on B̃, so that B = B̃/H. Therefore, the moment map
for the G-action factors through the quotient by H, which results into a Poisson map

µ̃0 : T ∗(B̃)/H −→ g∗,

where g∗ is endowed with the Kirillov-Kostant-Souriau Poisson bracket. Note that the space
of B-orbits G ×B b on G × b (where we replaced the nilpotent algebra n by the Borel

subalgerba b) is now isomorphic to T ∗(B̃)/H via

G×B b ' T ∗(B̃)/H, (g, x)B 7→ (gB, gxg−1).

Under this isomorphism, the map µ̃0 reads

µ̃0 : G×B b −→ g, (g, x)B 7→ gxg−1.
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The latter map is known as the Grothendieck-Springer simultaneous resolution of singulari-
ties.

As we have mentioned before, the Grothendieck-Springer resolution µ̃0 is a Poisson map.
The algebra of functions on the target g∗ of µ̃0 is isomorphic to the symmetric algerba
S(g) and can be quantized (in other words, deformed into an associative, non-commutative
algebra that remembers the Poisson structure on S(g)) to the universal enveloping algebra
U(g). Similarly, the source of µ̃0 can be quantized to the algebra Diff(G/N)H of H-invariant
differential operators on the principal affine space. Under quantization, the map µ̃0 itself
gives rise to an embedding

U(g) ↪→ Diff(G/N)H .

The Grothendieck-Springer resolution has a multiplicative version defined as follows:

µ : G×B B −→ G, (g, b)B 7−→ gbg−1

where G×B B is the variety of B-orbits on the space G× B. It was shown in [7], that the
source and the target of the multiplicative Grothendieck-Springer resolution can be endowed
with natural Poisson structures, turning µ into a Poisson map. The Poisson structure on G
may be regarded as the semiclassical limit of the quantum group Uq(g), or more precisely
its ad-integrable part Fl(Uq(g)). It is thus natural to expect that quantizing the resolution
µ would yield an interesting realization of Uq(g), just as its linearization µ̃0 did for U(g).

We construct such a realization in the following fashion. Using quantum Hamiltonian
reduction, we define an algebra Cq[X] which plays the role of the quantized algebra of global
functions on the variety X = G×B B, together with an algebra embedding of Fl(Uq(g)) into
Cq[X]. This is closely related to the approach of [22, 23] and [24, 25, 26] to the quantum
Beilinson-Bernstein equivalence. Our next step is to find an appropriate analog of the H-
invariant differential operators on (the big cell of) the principal affine space B̃. This role
is played by the algebra of torus invariants in the Heisenberg double of Uq(b+), which we
denote by HT

q .
We shall end this introduction with an attempt to convince the reader that the Heisenberg

double is indeed a reasonable substitute for the algebra of differential operators. By defini-
tion, the Heisenberg double H(A) of a Hopf algebra A, is an associative algebra isomorphic
to A⊗ A∗ as a vector space with the following multiplication rule:

(a⊗ x)(b⊗ y) = 〈x1, b2〉 ab1 ⊗ x2y

where we make use of the Sweedler notation for the coproduct ∆(x) = x1 ⊗ x2. Let us
consider an example of a Hopf algebra C[x] with comultiplication ∆(x) = x ⊗ 1 + 1 ⊗ x.
It is not hard to see that C[x] is self dual, and we shall denote its dual by C[∂]. Then
the multiplication rule for the Heisenberg double H(C[x]) yields the familiar relation in the
algebra of differential operators

∂x = x∂ + 1.

Results of the third chapter were published in [27].
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Chapter 1

Poisson geometry of matrix
polynomials

1.1 Poisson-Lie structure

In this section we recall some basic facts on the finite-dimensional Poisson-Lie theory, Poisson
ind-groups, and define the main subjects of the first chapter. For a detailed exposition of
the Poisson-Lie theory and Poisson-ind groups we refer the reader to [28, 29, 30] and to [31,
10] respectively.

1.1.1 Finite-dimensional theory

Definition 1.1.1. A Poisson variety is a variety M endowed with a Poisson bracket

{ , } : C∞(M)⊗ C∞(M)→ C∞(M)

such that

• C∞(M) is a Lie algebra with the bracket { , };

• the Leibniz rule is satisfied, i.e. for any φ, ψ, η ∈ C∞(M) one has

{φψ, η} = φ {ψ, η}+ {φ, η}ψ

For any function φ ∈ C∞(M), the map

{φ,−} : C∞(M)→ C∞(M), ψ 7→ {φ, ψ}

is a derivation, thus defines a vector field ξφ ∈ V ect(M) by the formula

〈ξφ, dψ〉 = {φ, ψ} .
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Such vector fields are called Hamiltonian. In particular, we see that the bracket {φ, ψ}
depends only on dφ ∧ dψ and there exists a Poisson bivector field π ∈ Γ(Λ2TM) uniquely
defined by

{φ, ψ} = dφ⊗ dψ(π). (1.1)

Definition 1.1.2. A symplectic leaf on a Poisson variety is an equivalence class of points,
joined by a piecewise smooth Hamiltonian integral curve.

Each symplectic leaf is an immersed Poisson subvariety bearing a symplectic structure,
and any Poisson variety is a disjoint union of its symplectic leaves.

Definition 1.1.3. A Poisson-Lie group is a Lie group G equipped with a Poisson structure
such that the group multiplication m : G×G→ G is a map of Poisson varieties.

It is easy to show that a bivector field π ∈ Γ(Λ2TG) defines a Poisson structure on a Lie
group G if and only if

π(xy) = (dx(ρy)⊗ dx(ρy))π(x) + (dy(λx)⊗ dy(λx))π(y) (1.2)

where
λx : G→ G, g 7→ xg and ρy : G→ G, g 7→ gy

are respectively left and right translations on G. Thus, if π(g) = 0 and S is a symplectic
leaf on G, then gS is a symplectic leaf as well.

Let G be a Poisson-Lie group with a bivector π and a Lie algebra g = TeG. With the use
of right translations on the tangent bundle TG, the bivector π ∈ Γ(Λ2TG) defines a map
π̃ : G→ Λ2g with a derivative δ = deπ̃ : g→ Λ2g. This yields the following definition.

Definition 1.1.4. A Lie bialgebra is a Lie algebra g equipped with a cobracket δ : g→ Λ2g
such that

• δ∗ : Λ2g∗ → g∗ defines a Lie bracket on g∗;

• the cocycle condition

δ([a, b]) = (ada⊗1 + 1⊗ ada)δ(b)− (adb⊗1 + 1⊗ adb)δ(a)

is satisfied.

A classical theorem, due to Drinfeld [32], asserts that the functor G → Lie(G) between
the category of connected, simply connected Poisson-Lie groups and the category of finite-
dimensional Lie bialgebras is an equivalence of categories.

Let
σ : g⊗ g→ g⊗ g, a⊗ b 7→ b⊗ a
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denote the permutation of tensor factors in g⊗2. For any r ∈ g ⊗ g, define the elements
r12, r13, r23 ∈ g⊗3 as follows

r12 = r ⊗ 1, r13 = (1⊗ σ)r12, r23 = 1⊗ r.

We call an element r ∈ g⊗ g an r-matrix if it satisfies the classical Yang-Baxter equation

[r12, r13] + [r12, r23] + [r13, r23] = 0.

Let r ∈ g ⊗ g be an r-matrix whose symmetric part r + σ(r) is invariant under the adjoint
action of g. Then, the Lie bialgebra g with a cobracket

δ(a) = [1⊗ a+ a⊗ 1, r]

is called quasitriangular. Now, consider a Lie group G whose Lie algebra g carries the
structure of a quasitriangular Lie bialgebra with the r-matrix r. After trivializing the tangent
bundle by right translations the bivector

π(g) = Adg(r)− r

defines a Poisson-Lie structure on G.

1.1.2 Poisson ind-groups

One of the motivations for this work was to study the Poisson geometry of the quasi-classical
limit of Yangians in more details. This limit is naturally identified with the first congruence
subgroup G1[[z−1]] of the loop group G[[z−1]], i.e. the kernel of the evaluation map G[[z−1]]→
G at z−1 = 0. However, if one attempts to describe symplectic leaves on the whole G1[[z−1]],
they inevitably run into a problem of integrating vector fields on A∞. One way to avoid
that is to consider a “smaller” loop group, such as the group of analytic loops, and use
analysis to study it. Here we wish to stay within purely algebraic methods, so we consider
an ind-subvarietyM∈ G1[[z−1]] and study its Poisson geometry using the theory developed
in [10].

Let us recall that an ind-variety is a union of an increasing sequence of finite-dimensional
varieties Xn whose inclusions Xn ↪→ Xn+1 are closed embeddings. A ring of regular functions
C[X] of an ind-variety X is an inverse limit

C[X] = lim←−C[Xn]

of the rings of regular functions on Xn. Given two ind-varieties X and Y with filtrations Xn

and Yn respectively, we say that f : X → Y is a regular map of ind-varieties if for every i > 0
there exists n(i) > 0 such that f(Xi) ⊆ Yn(i) and, moreover, f |Xi

: Xi → Yn(i) is regular.
Now, Poisson ind-variety is an ind-variety X endowed with a continuous Poisson bracket

C[X] ⊗ C[X] → C[X]. An ind-group is defined as an ind-variety X with a regular group
operation X ×X → X. Combining the last two notions one gets the following definition.

Definition 1.1.5. A Poisson ind-group G is a Poisson ind-variety whose group operation
G×G→ G is a regular map of Poisson ind-varieties.
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1.1.3 Poisson structure on matrix polynomials

For the rest of this section we set G = GLm. Consider the space Matm(C[z−1]) of matrices
over the ring of C-valued polynomials in z−1. Elements of this space can be treated as
matrix-valued polynomials

P (z) =
n∑
k=0

Pkz
−k, Pk ∈ Matm(C).

We say that a matrix polynomial or power series in z−1 is monic if its constant term
is the identity matrix 1 ∈ Matm(C). Let M ⊂ Matm(C[z−1]) be a set of monic matrix
polynomials, and

Mn =
{
1 + P1z

−1 + . . .+ Pnz
−n} , Pk ∈ Matm(C) (1.3)

be the subset of polynomials of degree at most n. Natural inclusionsMn ↪→Mn+1 endowM
with a structure of an ind-variety. Let C1[[z−1]] be the field of monic power series. Consider
the map

C1[[z−1]]×M→ G1[[z−1]], (g(z), P (z)) 7→ g(z)P (z).

Its image forms a subgroup in G1[[z−1]] which we denote by G̃. Now, we define a subgroup

G ⊂ G̃ by

G =
{
g(z) ∈ G̃ | det g(z) = 1

}
.

Elements of G are matrices P (z) ∈ M divided by power series m
√

detP (z) ∈ C[[z−1]]. This
allows us to endow G with the structure of an ind-variety in the same way is we did for M.
It is immediate that the group multiplication in G is a regular map of ind-varieties, thus G
becomes an ind-group.

Now we endowM and G with Poisson structures. We want to define the Poisson bivector
field, as in the finite-dimensional case, via an r-matrix which we construct with the use of
Manin triples.

Definition 1.1.6. A Manin triple is a triple of Lie algebras (a, a+, a−) where a = a+ ⊕ a−
is equipped with an invariant nondegenerate bilinear form ( , ) such that

• a+ and a− are isotropic subalgebras;

• the form ( , ) induces an isomorphism a− ' a∗+.

The following proposition, due to Drinfeld, relates Manin triples and Lie bialgebras,
see [29, 30].

Proposition 1.1.7. Let (a, a+, a−) be a (possibly infinite-dimensional) Manin triple. Then
the Lie bracket on a− ' a∗+ defines a map δ : a+ → Λ2a+ that turns a+ into a Lie bialgebra.
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Consider a Manin triple with a = a0((z)), a+ = z−1a0[z−1], a− = a0[[z]], a0 being a simple
Lie algebra, and the bilinear form given by(

f(z), g(z)
)

= res
z=0

tr
(
f(z)g(z)

)
. (1.4)

It defines the dual Yangian bialgebra structure [29] on a+ with the cobracket

δ(cz−n) =
n∑
r=1

dim a0∑
i=1

[xi, c]z
−r ⊗ xizr−n−1 (1.5)

where (xi) is an orthonormal basis of a0. Let us use two different variables u and v to
distinguish between a+ = u−1a0[u−1] and a− = a0[[v]]. Then a+ is a (pseudo) quasitriangular
Lie bialgebra [32] with the r-matrix given by

r =
∑
n>0

dim a0∑
i=1

xiu
−n−1 ⊗ xivn =

Ω

u− v
, (1.6)

here Ω denotes the Casimir of a0, and (u−v)−1 is expanded in the region |u| > |v|. Using the
form (3.17) we may consider the r-matrix (1.6) as an element of a completed tensor product
a+⊗̂a+, see [10, Section 3.3].

Let fM, f ∈ C[[z−1]] be the translate of the ind-variety M by an element f .

Proposition 1.1.8. The same formula

π(g) = Adg(r)− r (1.7)

defines a Poisson bivector field on fM for any f ∈ C[[z−1]].

Proof. It is easy to see that expression (1.7) satisfies property (1.2). The r-matrix (1.6) is
invariant under conjugation by elements in C[[z−1]]. Therefore, π(f) = 0 for any f ∈ C[[z−1]]
and we only need to show that Adg(r) − r ∈ Λ2TM for any g ∈ M. The semigroup M is
generated by the elements

exp(Ei,i+1z
−n) and

n∑
j=1

Ej,jpj(z) (1.8)

where n > 0, i = 1, . . . ,m − 1, Ei,j denote a matrix unit, and pj(z) are monic polynomials
in z−1. A straightforward check shows that Adg(r) − r ∈ Λ2TMn if g is an element of the
form (1.8) with pj(z) being a polynomial of degree less or equal to n.

Proposition 1.1.9. Bivector (1.7) defines a Poisson bracket on C[fM] for any f ∈ C[[z−1]].

Proof. By Proposition 1.1.8 and [10, Proposition 3.7], the bivector (1.7) defines a continuous
skew-symmetric bracket on C[fM] satisfying the Leibniz rule. That this bracket satisfies
the Jacobi identity follows from the fact that r is a solution of the classical Yang-Baxter
equation, see [10, Proposition 3.13].
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In other words, G̃ is a family of isomorphic Poisson ind-varieties labelled by the elements
of C1[[z−1]]/C1[z−1], with isomorphisms given by translations by elements of C[[z−1]].

Proposition 1.1.10 (see [33]). If φ, ψ ∈ C[G̃] are conjugation invariant functions, then
{φ, ψ} = 0.

Corollary 1.1.11. 1. Mn are Poisson subvarieties of a Poisson ind-variety M;

2. G is a Poisson ind-group.

Proof. Part 1 follows from Proposition 1.1.9 and the proof of Proposition 1.1.8. In turn,
proposition 1.1.10 implies that the determinant of a matrix P ∈ fM is constant along the
symplectic leaf containing P . Therefore, Poisson bivector (1.7) restricts from the family G̃
to G turning the latter into a Poisson-ind group.

Let us now describe the Poisson structure onM explicitly. By t
(k)
ij ∈ C∞(M) we denote

a function that evaluates to the (ij)-entry of the k-th coefficient Pk on a monic matrix
polynomial P (z). Consider a generating series of functions

T (u) = T (0) + T (1)u−1 + T (2)u−2 + . . . where T (k) =
(
t
(k)
ij

)m
i,j=1

.

It is easy to check [6] that the Poisson bracket onM can be written in the Leningrad notation
as follows {

T (u)⊗, T (v)
}

=

[
Ω

u− v
, T (u)⊗ T (v)

]
(1.9)

where Ω =
n∑

i,j=1

Eij ⊗ Eji is the Casimir element in gln. Equivalently, formula (1.9) reads as

{tij(u), tkl(v)} =
1

u− v
(tkj(u)til(v)− tkj(v)til(u)) ,

where tij(u) = t
(0)
ij + t

(1)
ij u

−1 + t
(2)
ij u

−2 + . . . , or even more explicitly,

{
t
(r)
ij , t

(s)
kl

}
=

r+s−1∑
q=max(r,s)

t
(r+s−q−1)
kj t

(q)
il − t

(q)
kj t

(r+s−q−1)
il . (1.10)

Thus, functions t
(r)
ij for r > n generate the defining Poisson ideal for subvarieties Mn. Let

M′
n ⊂M be a subvariety of matrix polynomials in z−1 of degree exactly n. With the above

Poisson structureM becomes a disjoint union of finite dimensional Poisson subvarietiesM′
n.

Remark 1.1.12. The Poisson bracket (1.9) is defined in such a way that ind-varieties M
and G can be treated as classical versions of Yangians Y(glm) and Y(slm) respectively, see
also [6, Theorem 3.9].
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1.2 Classification of symplectic leaves

In this section we classify the symplectic leaves on Poisson ind-varieties M and G.

1.2.1 Smith normal form

Theorem 1.2.1. Let R be a principal ideal domain. Then any matrix M ∈ Matm(R) can
be written in the form

M = ADB where A,B ∈ GLm(R), D = diag(d1, . . . , dm)

and di is divisible by di+1 for i = 1, . . . ,m− 1.

The theorem is standard, idea of the proof is as follows. Let Mi,j be an entry of M with
the smallest norm. We first multiply M by transposition matrices to place Mi,j in the last
row and the last column. We then multiply M by elementary matrices to reduce norms of
elements of the last row and column by subtracting multiples of Mn,n. This procedure is
nothing but a Euclidian algorithm which we perform several times until we get a matrix
whose only nonzero entry of the last row and the last column is Mn,n. If it happened so,
that there exists an entry not divisible by Mn,n, we use an elementary row/column operation
again to add this entry to the last row/column. We repeat the Euclidian algorithm until
dn = Mn,n is the only nonzero entry in the last row and column and divides all other entries
of the matrix M . Then we run the same process with the smaller matrix that we obtain by
deleting the last row and the last column of M . We refer the reader to [34] for a complete
proof in case R = C[z].

It is clear from the proof that the elements di are unique up to multiplication by a unit
in R, and the product dn−r+1 . . . dn equals the greatest common divisor of all r × r minors
of the matrix M . Thus GLm(R) double cosets in Matm(R) are precisely the Smith normal
forms in Matm(R). The matrix D is called the Smith normal form of M . In case R = C[z]
elements di are called the invariant polynomials of the matrix M . Now we can formulate
the main result of this section.

1.2.2 Classification of symplectic leaves

Let Pn ∈ Matm[z] denote the set of monic matrix polynomials of degree n (where monic
means that the coefficient in front of zn is the identity matrix). Then we induce a structure
of a Poisson variety on Pn using the isomorphism

Mn ' Pn, P (z) 7→ znP (z). (1.11)

Theorem 1.2.2. Symplectic leaves on the variety Mn are the varieties of monic matrix
polynomials P ∈ Mn of degree n in z−1 such that the corresponding polynomials znP ∈ Pn
have a given Smith normal form.
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The rest of this section is devoted to the proof of Theorem 1.2.2. First, we recall an
analogous result for finite-dimensional Poisson-Lie groups. Let G be a (finite-dimensional)
Poisson-Lie group, G∗ its dual, and D its double. Then, the following theorem holds.

Theorem 1.2.3. 1. The symplectic leaves of G are the dressing orbits of G∗ on G;

2. Equivalently, the symplectic leaves of G are the connected components of its intersec-
tions with the double cosets of G∗ in D.

This theorem was proved in [35, 36] for finite-dimensional G and generalized to the case
of Kac-Moody groups with the standard Poisson structure in [10]. Although M is not a
Poisson-Lie group, we can still prove a similar result. In our case, the role of G∗ is played
by GLm[z], and varieties of polynomials with a given Smith Normal Form are nothing but
GLm[z] double cosets in M. According to our definition of a symplectic leaf it is enough to
show that the tangent space to the leaf S at every point x ∈ S, i.e. the span of Hamiltonian
vector fields at x, coincides with the tangent space to the GLm[z] double cosets. The outline
of the proof is as follows. We first prove Propositions 1.2.4 and 1.2.5 which are infinitesimal
versions of the statements 1 and 2 of the Theorem 1.2.3 respectively. Then we show that
the tangent space to a leaf Sx containing x ∈ M indeed exponentiates to an orbit of the
GLm[z]xGLm[z].

Consider the following decomposition of the vector space T = Matm((z−1))

T = T + ⊕ T − where T + = Matm[z] and T − = z−1Matm[[z−1]].

Let T ±n ⊂ T ± be the subspaces of matrix polynomials of degree at most n in z or z−1

respectively. Then T −n can be identified with the tangent space TPMn at any point P ∈Mn.
Denote by A± projections of an element A ∈ T onto T±.

Proposition 1.2.4. The tangent space TPS to the symplectic leaf S ⊂Mn at the point P (z)
coincides with the space of all matrix polynomials of the form

XA(P ) =
(
PA
)

+
P − P

(
AP
)

+
(1.12)

where A ∈ T +

Proof. Let ξ
(r)
ij be a Hamiltonian vector field corresponding to the function t

(r)
ij . By for-

mula (1.10) we have

〈
ξ

(r)
ij , dt

(s)
kl

〉
(P (z)) =

min(n,r+s−1)∑
q=max(r,s)

(
t
(r+s−q−1)
kj t

(q)
il − t

(q)
kj t

(r+s−q−1)
il

)
(P (z)) (1.13)

for any P (z) ∈ Mn. In the above formula, pairing with the differential dt
(s)
kl evaluates the

(k, l)-entry of the coefficient in front of z−s of the vector ξ
(r)
ij (P (z)). After eliminating indices
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k and l from the formula (1.13), summing over s, and changing r to r + 1 we get

ξ
(r+1)
ij (P (z)) =

n∑
s=1

 min(n,r+s)∑
q=max(s,r+1)

Ps+r−qEjiPq − PqEjiPs+r−q

 z−s, (1.14)

where P0 = 1 and Eji is a matrix unit. Let A =
n−1∑
r=0

A−rz
r be an element of T +

n−1. Set

ξA =
n−1∑
r=0

tr
(
At−rξ

(r+1)
)

where ξ(r) =
(
ξ

(r)
ij

)m
i,j=1

and At−r stands for the transpose of the matrix A−r. The vector fields ξA for various A ∈ T +
n−1

exhaust all hamiltonian vector fields onMn. Formula (1.14) implies that the vector field ξA
at point P (z) ∈Mn can be written as

ξA(P (z)) =
n∑
s=1

n−1∑
r=0

min(n,r+s)∑
q=max(s,r+1)

[Ps+r−q, A−r, Pq]

 z−s, (1.15)

where
[Ps+r−q, A−r, Pq] = Ps+r−qA−rPq − PqA−rPs+r−q.

Now, it is only left to show that the expressions (1.12) and (1.15) coincide. First of all,
note that it is enough to consider only A ∈ T +

n−1 in (1.12). Indeed for A ∈ znMatm[z] one
has (

PA
)

+
P − P

(
AP
)

+
= PAP − PAP = 0.

We will prove the rest by induction on n. For n = 1 we have P = 1 + P1z
−1, A = A0, thus

XA(P ) =
(
PA
)

+
P − P

(
AP
)

+
= A0P − PA0 = [A0, P1] z−1.

On the other hand, n = 1 forces s = q = 1 and r = 0 in (1.15), in which case

ξA(P ) = [P0, A0, P1] z−1 = XA(P ).

Now, since XA is linear in A it is enough to consider only A = A−rz
r. Assume, that

ξA(P ) = XA(P ) for any k 6 n. Let

P = 1 + P1z
−1 + . . .+ Pnz

−n, P̃ = P + Pn+1z
−n−1.

one has
XA(P̃ ) = (PA)+P̃ − P̃ (AP )+ = XA(P ) + X̄A(P̃ )

where
X̄A(P̃ ) = z−n−1

(
(PA)+Pn+1 − Pn+1(AP )+

)
.
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On the other hand,
ξA(P̃ ) = ξA(P ) + ξ̄A(P̃ ),

where ξ̄A(P̃ ) are terms depending on Pn+1. It is easy to check that

ξ̄A(P̃ ) = [Pr, A−r, Pn+1] z−n−1 +
r−1∑
s=0

[Ps, A−r, Pn+1] zr−1−n−s = X̄A(P̃ ),

which finishes the proof.

Proposition 1.2.5. The tangent space TPS coincides with the space of all matrix polyno-
mials of the form

BP − PC ∈ T −n such that B,C ∈ T +
n−1. (1.16)

Proof. It is sufficient to show that the expressions (1.12) and (1.16) coincide. It follows from
Proposition 1.2.4 that every vector of the form (1.12) is automatically of the form (1.16).
Now we only need to prove the converse.

Consider an arbitrary element B ∈ T +
n−1. For any P ∈Mn, there exists a unique element

A ∈ T +
n−1 such that

B(z) = (PA)+ =
n−1∑
k=0

n−1−k∑
i=0

(PiA−k−i) z
k. (1.17)

Indeed, equality (1.17) reads as a system of n−1 equations on the coefficients of A. We solve
them inductively, starting from the coefficient A1−n in front of the top power of z. Condition
P0 = 1 guarantees that the solution exists and unique. Then we read (1.16) as a system
of n− 1 equations on the coefficients of C. Once again, we solve them inductively, starting
from the coefficient in front of the top power of z, and find that

C(z) = (AP )+.

As before, P0 = 1 insures that the solution exists and unique. This proves that every
expression of the form (1.16) admits a presentation of the form (1.12).

Proof of Theorem 1.2.2. It suffices to show that

1) for every P (z) ∈Mn the double cosets GLm[z]P (z)GLm[z] intersectMn transversally
at P (z) and their intersection K = GLm[z]P (z)GLm[z] ∩Mn is irreducible;

2) the tangent spaces TPK and TPS coincide.

The first statement follows from [37, Theorem 1.4], the argument there is given for finite-
dimensional groups, but carries over to our case without issues. It is clear that TPK ⊂ TPS.
Indeed, by 1) we have

TP (K) = TP (Mn) ∩ TP (GL[z]P (z)GL[z])
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and all the vectors in the right hand side part are of the form (1.16). Thus, now it is only
left to prove that TPK ⊃ TPS.

The Lie algebra glm[z] coincides with T + as a vector space and is generated by elements

Ei,i+1z
k, Ei+1,iz

k, 1zk,

with i = 1, . . . , n−1 and k > 0. In notations of Proposition 1.2.5, condition B = 1zk implies
equalities C = B and BP − PC = 0. On the other hand, every generator Ei,jz

k ∈ glm[z]
with i 6= j exponentiates to the element 1 + Ei,jz

k ∈ GLm[z]. Therefore, any vector of the
form (1.16) with B,C being some generators of the algebra glm[z] can be represented as a
tangent vector to an orbit of GLm[z] × GLm[z] action on M by left and right translations.
Thus, the same holds for any B,C ∈ T +

n−1. This finishes the proof. �

Corollary 1.2.6. Symplectic leaves on G are classified by sets of m− 1 monic polynomials
q1, . . . , qm−1 ∈ C[z] such that qi is divisible by qi+1 for i = 1, . . . ,m− 2.

Proof. Consider a map

Mn → G, P (z) 7→ P (z)
m
√

detP (z)
.

It is a Poisson projection on its image, and sends symplectic leaves to symplectic leaves.
Now, the image of a symplectic leaf S ∈ M, corresponding to a Smith normal form with
invariant polynomials d1, , . . . , dm, is characterized by polynomials qi = di/dm where i =
1, . . . ,m− 1.

1.3 Properties of symplectic leaves

In this section we describe dimensions, closures, and classes of birationally isomorphic sym-
plectic leaves. We also show that a generic leaf on Pn is covered by a number of open subsets
with birational Poisson transition functions, each subset being birationally isomorphic to a
product of n coadjoint GLm orbits.

1.3.1 Closures, dimensions, isomorphism classes

Recall the Poisson isomorphism (1.11). For simplicity, in what follows we will be working
with varieties Pn rather than Mn.

Definition 1.3.1. The Smith normal form, invariant polynomials, and the determinant,
denoted detS, of a symplectic leaf S ⊂ Pn are respectively the Smith normal form, invariant
polynomials, and the determinant of some (thus, any) matrix P (z) ∈ S.

The determinant detP (z) of any matrix P (z) ∈ Pn is a polynomial of degree mn. Denote
by Sk the symmetric group on k elements and consider the map

χn : Pn −→ Cmn/Smn (1.18)
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sending a polynomial P (z) to the collection of roots of detP (z). It follows from Proposi-
tion 1.1.10 and the fact that det is an ad-invariant function on Pn that the fibers χ−1

n (x)
of the map (1.18) are Poisson. Moreover, generic fiber is symplectic. Indeed, roots of the
determinant of a generic matrix P (z) are pairwise distinct. This together with conditions
that di+1 divides di for i = 1, . . . ,m − 1 and detP (z) = d1(z) · . . . · dm(z) forces invariant
polynomials to satisfy d2, . . . , dm ≡ 1 and d1 = detP (z). Thus, for generic x ∈ Cmn/Smn
the fiber χ−1

n (x) is a symplectic leaf.
Recall the definition of the thin affine Grassmannian

Gr = G[z, z−1]/G[z].

We can endow Gr with a Poisson structure in exact same way as it was done for M. This
structure will coincide with the one discussed in [6]. Let G1[z−1] be the first congruence
subgroup of the loop group G[z−1]. For G = GLm we get

G1[z−1] =M∩G[z, z−1]

where the intersection is taken inside G((z−1)). On the other hand,

G1[z−1] ' G1[z−1]G[z]/G[z] ⊂ Gr

is a Poisson subvariety of Gr (see [6]). Define G1[z−1]n =Mn ∩G[z, z−1].

Proposition 1.3.2. We have an isomorphism of Poisson varieties

G1[z−1]n ' χ−1
n (0). (1.19)

Proof. Indeed, G1[z−1] can be described as a subgroup of M consisting of elements P (z)
invertible in G[z, z−1]. This is equivalent to the condition that detP (z) is invertible as a
Laurent polynomial, hence a Laurent monomial. Since detP (z) ∈ 1 + z−1C[z−1] for any
P (z) ∈Mn, we get

G1[z−1]n = {P (z) ∈Mn | detP (z) = 1} .
On the other hand,

χ−1
n (0) = {P (z) ∈ Pn | detP (z) = zmn} .

Hence, the isomorphism (1.19) is the restriction of the isomorphism (1.11).

Let d1, . . . , dm be the invariant polynomials of a symplectic leaf S ⊂ Pn with degrees
r1, . . . , rm respectively. Clearly, r1 + . . .+ rm = mn. Set

α = (α1, . . . , αm) where αi = ri − n.

Definition 1.3.3. We call α the type of the symplectic leaf S.

Evidently, types of symplectic leaves on M may be identified with dominant coweights
of the Lie algebra slm.
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Proposition 1.3.4. Two leaves of the same type are Poisson birationally isomorphic.

Proof. Given an m×m matrix A denote by Aj1,...,jri1,...,ir
the minor sitting in the intersection of

rows i1, . . . , ir and columns j1, . . . , jr. The following functions

āi(A) = Ai+1,...,m
i+1,...,m, b̄i(A) = Ai,i+2,...,m

i+1,...,m for i = 1, . . . ,m− 1 (1.20)

serve as classical analogue of Drinfeld’s new coordinates [38] on Y(glm). Let S be a symplectic
leaf with invariant polynomials d1, . . . , dm. For any P (z) ∈ S, the function ai(z) = āi(P (z))
is a monic polynomial in z of degree n(m− i), and bi(z) = b̄i(P (z)) is a polynomial in z of
degree less than n(m− i). Define rational functions

ei(z) =
bi(z)

ai(z)
, i = 1, . . . ,m− 1. (1.21)

For a generic P (z) ∈ S the greatest common divisor of ai(z) and bi(z) is equal to the product
dm−i+1 · . . . · dm, hence the function ei(z) has ki poles, where

ki = n(m− i)− rm−i+1 − · · · − rm.

Let S◦ be the open subset in S where functions ei(z) have ki simple poles. For i = 1, . . . ,m−1
and s = 1, . . . , ki let xi,s denote the poles of ei(z), and set yi,s to be the residues of ei(z) at
xi,s. Based on results of [16, 19] it was shown in [5] that parameters (xi,s, yi,s) define étale
coordinates on S◦.

Now, note that the étale coordinates (xi,s, yi,s) and the Poisson brackets between them
(see [5, 14]) depend only on the type of the leaf S but not on the set of its invariant
polynomials. Hence, for a pair of symplectic leaves S1 and S2 of the same type we get that
their open subsets S◦1 and S◦2 are Poisson isomorphic.

Corollary 1.3.5. Leaves of type α are of dimension

2 〈α, ρ〉 =
m∑
i=1

(m+ 1− 2i)αi =
m∑
i=1

(m+ 1− 2i)ri

where ρ is the half sum of all positive roots of slm.

Proof. Although, it is easy to calculate the dimension of a symplectic leaf directly, let us take
a different approach. By Proposition 1.3.4, the dimension of a symplectic leaf depends only
on its type. Note, that for any symplectic leaf S ⊂ Pn of type α there exists a symplectic
leaf S ′ ⊂ χ−1

n (0) of the same type. Now, the statement follows from the isomorphism (1.19),
and the dimensions of symplectic leaves in the thin affine Grassmannian, see e.g. [39].

Proposition 1.3.6. The closure S ⊂ Pn of a symplectic leaf S of type α is an affine
variety of dimension 2 〈α, ρ〉. Let S and S ′ be a pair of leaves with invariant polynomials
(d1, . . . , dm) and (d′1, . . . , d

′
m) respectively. Then S ′ ⊂ S if and only if detS = detS ′ and the

product d1 . . . dk is divisible by d′1 . . . d
′
k for all 1 6 k 6 m.

Proof. The proof repeats the one of [40, Proposition 2.6].
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1.3.2 Factorization on generic leaves

We start with a few more definitions.

Definition 1.3.7. Consider a matrix P (z) ∈ Pn. The mn roots of the polynomial detP (z)
are called the eigenvalues of P (z). For any eigenvalue λ the matrix P (λ) has a nonzero kernel,
elements of this kernel are called the eigenvectors of P (z) corresponding to the eigenvalue λ.

Definition 1.3.8. The spectrum Sp(S) of a symplectic leaf S is the collection of eigenval-
ues of some (thus any) polynomial P (z) ∈ S. Symplectic leaf is said to be generic if its
eigenvalues are pairwise distinct.

Clearly, generic leaves are just fibers χ−1
n (x) of Pn over a generic point x ∈ Cmn/Smn.

Definition 1.3.9. A matrix polynomial z − A, A ∈ Matm(C), is said to be a right divisor
of P (z) ∈ Pn if P (z) = Q(z)(z − A) for some polynomial Q(z) ∈ Pn−1.

The following lemma appears in [41].

Lemma 1.3.10. Consider a matrix polynomial P (z) ∈ Pn with distinct eigenvalues. Let
λ1, . . . , λm be some eigenvalues of P (z) and v1, . . . , vm be the corresponding eigenvectors.
Assume that v1, . . . , vm are linearly independent, and consider a matrix A ∈ Matm(C) defined
by Avi = λivi for i = 1, . . . ,m. Then z−A is a right divisor of P (z). Moreover, if the roots
of detP (z) are pairwise distinct then A is uniquely defined by the conditions that z −A is a
right divisor of P (z) and Sp(A) = {λ1, . . . , λm}.

Corollary 1.3.11. Let S ⊂ Pn be a generic leaf. Then any matrix polynomial P (z) ∈ S
admits a decomposition into linear factors.

Proof. It suffices to show that P (z) has a linear right divisor. Assume that it does not.
Then by Lemma 1.3.10 all the eigenvectors of P (z) lie in some k-dimensional subspace of
Cm, k < m. Let Q(z) be the restriction of P (z) onto this subspace. Then Q(z) is a
monic matrix polynomial of degree at most n and coefficients in Matk(C). Its determinant
det(Q(z)) is a polynomial of degree at most dn. On the other hand, any of mn distinct roots
of det(P (z)) is also a root of det(Q(z)), and we arrive at a contradiction.

Let gl∗m be the dual space to the Lie algebra glm. We endow gl∗m with the Kirillov-
Kostant-Souriau Poisson bracket and a product of n copies of gl∗m with the product Poisson
structure. The following lemma is classical, and goes back at least to [42, Chapter IV, §3].

Lemma 1.3.12. Map

gl∗m × · · · × gl∗m︸ ︷︷ ︸
n

→ Pn, (A1, . . . , An) 7→ (z − A1) . . . (z − An). (1.22)

is Poisson
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We summarize results of this section in the following theorem.

Theorem 1.3.13. Let S be a generic symplectic leaf on Pn. Then

1) For any ordered partition

Λ = (Λ1, . . . ,Λn) , Λi = {λi,1, . . . , λi,m} ,
λi,j ∈ Sp(S), i = 1, . . . , n, j = 1, . . . ,m

of the spectrum of S there exists an open subset SΛ ⊂ S and a birational Poisson
isomorphism

φΛ : SΛ → OΛ1 × . . .×OΛn

Here OΛi
is the adjoint orbit on glm with the fixed spectrum Λi, and φΛ is inverse

to the product map given by the formula (1.22). The subset SΛ ⊂ S is described by
conditions that vectors v1, . . . , vm from Lemma 1.3.10 are linearly independent for each
Λi, i = 1, . . . , n. The symplectic leaf S is covered by the union of open subsets SΛ.

2) For any pair Λ and M of ordered partitions of Sp(S) there exists a birational Poisson
map

τΛM : φM(SΛ ∩ SM)→ φΛ(SΛ ∩ SM), τΛM = φΛ ◦ (φM)−1.

Proof. Part 1 is equivalent to the statement that there exists an open set SΛ in a generic
leaf S, such that any polynomial P (z) ∈ SΛ admits decomposition into linear factors

P (z) = (z − A1) . . . (z − An), Sp(Ai) = Λi

and such decomposition is unique. Both existence and uniqueness follow from Lemma 1.3.10.
Indeed, P (z) admits z − An as a right divisor if the eigenvectors with eigenvalues in Λn are
linearly independent, in which case An is uniquely defined by Λn. Then proceed by induction
on n. In turn, Corollary 1.3.11 ensures that S is covered by the union of SΛ. Part 2 is
obvious.

Note that for any map τΛM can be written as a composition of maps exchanging a pair of
eigenvalues of adjacent matrices Ak and Ak+1. Propositions 1.3.14 and 1.3.15 below provide
a more explicit description of the map τΛM by dealing with the case n = 2. Assume that
a matrix polynomial P (z) of degree 2 admits decompositions P (z) = (z − A)(z − B) and

P (z) = (z − Ã)(z − B̃), where

Sp(A) = {λ1, λ2, . . . , λm} , Sp(B) = {µ1, µ2, . . . , µm} , (1.23)

Sp(Ã) = {µ1, λ2, . . . , λm} , Sp(B̃) = {λ1, µ2, . . . , µm} , (1.24)

and all λi, µj, i, j = 1, . . . ,m are distinct. In the rest of this section we set λ = λ1 and
µ = µ1 for brevity.
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Proposition 1.3.14. Consider vectors u, v ∈ Cm such that Av = λv and utB = µut. Then
their scalar product (u, v) is nonzero.

Proof. Let wi be the eigenvectors of B with eigenvalues µi respectively. Note that u is not
an eigenvector of B but of Bt. For i = 2, . . . ,m vector u is orthogonal to wi. Indeed,

µ(u,wi) = µutwi = utBwi = µiu
twi = µi(u,wi)

which yields (u,wi) = 0. Assume that (u, v) = 0. Then v is a linear combination of vectors
wi, i = 2, . . . ,m.

Consider a matrix polynomial P (z) = (z−A)(z−B). It has an eigenvector w = (λ−B)−1v
with eigenvalue λ. Note that

utw =
1

λ− µ
utv = 0.

Therefore, w also lies in a linear combination of vectors ui, where i = 2, . . . ,m. Now, if
P (z) = (z − Ã)(z − B̃), the matrix B̃ has eigenvectors w and ui, i = 2, . . . ,m. Then the

restriction of B̃ onto the (m− 1)-dimensional subspace generated by ui, i = 2, . . . ,m, has m
distinct eigenvalues. Thus, we arrive at a contradiction and (u, v) 6= 0.

Proposition 1.3.15. One has

Ã = A+ (µ− λ)T, B̃ = B + (λ− µ)T (1.25)

where T is a projector onto v along ut.

Proof. The projector T can be written as

T =
vut

(u, v)
(1.26)

and is well defined due to Proposition 1.3.14. Consider vectors vi, ui ∈ Cm such that Avi =
λivi, u

t
iB = µiu

t
i for i = 2, . . . ,m. Note that unlike in Proposition 1.3.14, vectors ui are not

eigenvectors of B but of Bt, as well as vector u. A straightforward check shows that vectors

ṽi = vi +
µ− λ
λi − µ

(u, vi)

(u, v)
and ũi = ui +

λ− µ
µi − λ

(ui, v)

(u, v)

satisfy Ãṽi = λiṽi, ũ
t
iB̃ = µiũ

t
i for i = 2, . . . ,m. One also has Ãv = µv and utB̃ = λut.

Thus, spectra of Ã and B̃ are as in (1.24).

To prove that (z −A)(z −B) = (z − Ã)(z − B̃) one needs to check that A+B = Ã+ B̃

and AB = Ã = B̃. The first equality is obvious from (1.25). Using that T 2 = T since T is a
projector, and that AT = λT and TB = µT , which follows from formula (2.11), one has

ÃB̃ = AB + (λ− µ)λT + (µ− λ)µT − (λ− µ)2T 2 = AB.

This finishes the proof.
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Chapter 2

Yangian principal series
representations and their intertwiners

2.1 Poisson transformations

2.1.1 Grothendieck-Springer resolution

Consider a complex simple Lie group G with a pair of opposite Borel subalgebra B = B+

and B−, and the maximal torus H. Let g, b±, and h be the corresponding Lie algebras.
The group G acts on its flag variety B = G/B by left multiplication, which induces a

natural symplectic action of G on the cotangent bundle T ∗B. The cotangent bundle can be
written as

T ∗B = {(b, x) ∈ B × g |x ∈ n} ,
where the flag variety B is thought of as a set of all Borel subalgebra b ⊂ g, and n = [b, b]
is the nilpotent radical of b. The moment map for the left G-action then becomes

µ : T ∗B −→ g, (b, x) 7−→ x,

where we identify g ' g∗ using the Killing form. The image of µ is the nilpotent cone N ⊂ g.
Therefore, µ is a symplectic resolution of singularities, it is called the Springer resolution.

Now, let T ∗B̃ be the cotangent bundle of the principal affine space B̃ = G/N . Note that B̃
admits a natural right H-action so that B̃/H = B. The H-action lifts to a symplectic action

of H on T ∗B̃, moreover, the symplectic structure on T ∗B̃ descends to a Poisson structure on
the quotient g̃ = T ∗B̃/H. The latter can be written as

g̃ = {(b, x) ∈ B × g |x ∈ b} .

Since the left G-action and the right H-action on X̃ commute, one gets a residual Poisson
G-action on g̃. The corresponding moment map becomes

π : g̃ −→ g, (b, x) 7−→ x. (2.1)
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The map π is Poisson, if one endows the target g∗ ' g with the Kirillov-Kostant-Souriau
Poisson bracket, defined by its value {x, y} = [x, y] on linear functions x, y ∈ g. The
map (2.1) is known as the Grothendieck-Springer simultaneous resolution.

Let α : g̃ → h be the map that sends an element (b, x) ∈ g̃ to the image of x under the
natural projection b → b/n. Recall the Chevalley restriction map β : g → h//W coming
from the inclusion C[h]W ' C[g]G ↪→ C[g], where W is the Weyl group of G. Then the
Grothendieck-Springer resolution includes into the commutative diagram

g̃
α //

π

��

h

��
g

β
// h//W

Proposition 2.1.1. The following properties hold:

1. for any Λ ∈ h the map π : α−1(Λ)→ β−1(W (Λ)) is a resolution of singularities;

2. over the regular locus of g the diagram is Cartesian.

From now on we will be only concerned with the regular semisimple locus of g which
we denote by grs. Let hreg ⊂ h be the regular part of the torus h, consisting of elements
Λ = (λ1, . . . , λn) ∈ h with all λi being distinct. For any Λ ∈ hreg we denote its image in
h//W by Λ = {λ1, . . . , λn}. Then, the preimage β−1(Λ) is the adjoint orbit through Λ which

we denote by OΛ. We also write ÑΛ for the preimage α−1(Λ). Unlike OΛ which depends

only on the orbit Λ = W (Λ), the variety ÑΛ depends on the weight Λ itself.
The adjoint orbit OΛ is a symplectic leaf of the algebra g endowed with the Kirillov-

Kostant-Souriau bracket. By the second part of Proposition 2.1.1, over the regular semisim-
ple locus the resolution π is a |W | : 1 unramified cover, which implies the isomorphism

ÑΛ ' OΛ of Poisson varieties for any Λ ∈ hreg. Now, let πΛ : ÑΛ → OΛ be the restriction of
the map π. Then, each element w ∈ W gives rise to a Poisson isomorphism

sw : ÑΛ → Ñw(Λ), sw = π−1
w(Λ) ◦ πΛ. (2.2)

It will be useful in the sequel to introduce a slightly different realisation of g̃. Let
b = Lie(B) be a Lie algebra of the fixed Borel subgroup B. Consider the B-action on G× b
given by

(G× b)×B −→ G× b, ((g, x), b) 7−→ (gb, b−1xb),

and let G×B b denote the space of B-orbits. Then, there is an isomorphism

G×B b ' g̃, (g, x)B 7−→ (gbg−1, gxg−1),

where (g, x)B denotes the B-orbit through the point (g, x) ∈ G × b. Under the above
identification, the map (2.1) takes form

π : G×B b −→ g, (g, x)B 7−→ gxg−1.
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The variety ÑΛ can now be written as ÑΛ = G×B (Λ + n) and contains an open chart

ÑΛ ⊃ VΛ = (ub,Λ− x)B, where u ∈ U−, b ∈ B, and x ∈ n. (2.3)

Under isomorphism

VΛ −→ U− × n, (ub,Λ− x)B 7−→ (u, x) (2.4)

the restriction π|VΛ
of the resolution becomes

π|VΛ
: VΛ −→ OΛ, (q, x) 7−→ u(Λ− x)u−1, (2.5)

where q ∈ U−, x ∈ n.

2.1.2 Local transformations for g = gln

For the rest of this section we will be concerned with the case g = gln only. Let xij denote the
(ij)-th matrix coefficient in the vector representation of the general Lie algebra gln. Then,
the Kirillov-Kostant-Souriau bracket is defined by

{xij, xkl} = δjkxil − δlixkj.

In what follows we identify gln with its vector representation. The upper-case letters
will be used to denote matrices (elements of the Lie algebra, Borel subalgebra, unipotent
subgroup etc), while lower-case letters will denote their matrix coefficients in the vector
representation.

Now, let us consider a pair Q ∈ U− and Y ∈ n+ given in vector representation by

Q =


1 0 . . . 0
q21 1 . . . 0
...

...
. . .

...
qn1 qn2 . . . 1

 , Y =


0 y21 . . . yn1

0 0 . . . yn2
...

...
. . .

...
0 0 . . . 0

 .

We would like to bring reader’s attention to our slightly unconventional notation, which will
be justified in the next section:

Qij = qij but Yij = yji.

The map (2.5)
(Q, Y ) 7−→ Q(Λ− Y )Q−1,

induces the following Poisson brackets on matrix coefficients Qij, Yij:

{Qij, Qkl} = 0, {Qij, Ykl} = δjkQil, {Yij, Ykl} = δjkYil − δilYkj. (2.6)
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Note, that the brackets (2.6) do not depend on Λ as

{λi, Qrs} = {λi, Yrs} = 0 for any i, r, s = 1, . . . , n. (2.7)

Now, consider the space U− × n+ × hreg with the brackets (2.6), (2.7). Then the maps (2.2)
together with the isomorphisms (2.4) define the following Poisson action of the symmetric
group Sn on the product U− × n+ × hreg given for any s ∈ Sn by

s : (Q, Y,Λ) 7−→
(
Q̃, Ỹ , s(Λ)

)
(2.8)

where
Q(Λ + Y )Q−1 = Q̃

(
s(Λ)− Ỹ

)
Q̃−1. (2.9)

Proposition 2.1.2. For the k-th elementary transposition sk ∈ Sn the action (2.8) reads

Q̃ = QT, Ỹ =
[
T−1Y T

]
+

(2.10)

where [A]+ denotes the strictly upper-triangular part of the matrix A, the matrix T is given
by

T = 1 +
λk − λk+1

yk+1,k

Ek+1,k, (2.11)

and Eij denotes a matrix unit.

Proof. Relation (2.9) provides a system of equations on the entries of matrices Q̃ and Ỹ .
Since each sheet of the Grothendieck-Springer resolution over a regular semisimple coadjoint
orbit is isomorphic to that orbit, we know that the solution is unique if exists. We shall be
looking for the solution satisfying

Q̃ = QT with T = 1 + αEk+1,k.

Then, relation (2.9) becomes

s(Λ)− Ỹ = T−1 (Λ− Y )T

from where we derive
λk+1 = λk − yk+1,kα

or equivalently

α =
λk − λk+1

yk+1,k

.

This in turn yields (2.10).
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2.1.3 Local transformations in canonical coordinates

Let us now introduce a system of canonical coordinates on U− × n+. As before, we shall
parametrize an element P ∈ n+ in an unconventional way, namely

P =


0 p21 . . . pn1

0 0 . . . pn2
...

...
. . .

...
0 0 . . . 0

 ,

so that
Pij = pji.

We shall also make (qij, pij)i>j into a system of canonical coordinates by setting

{pij, qkl} = δikδjl.

The relation between the two coordinate systems on U− × n is given by

Y = [PQ]+. (2.12)

The following proposition follows readily from Proposition 2.1.2 and formula (2.12)

Proposition 2.1.3. The Sn-action (2.8) reads in coordinates (pij, qij) as

Q̃ = QT, P̃ = [T−1P ]+ (2.13)

with T defined by (2.11).

Note that formula (2.13) is equivalent to the following:

q̃ij =

qi,j if j 6= k

qi,k + (λk − λk+1)
qi,k+1

yk+1,k

if j = k
(2.14)

p̃ij =

pi,j if i 6= k + 1

pk+1,j + (λk+1 − λk)
pk,j
yk+1,k

if i = k + 1
(2.15)

It is easy to see that

yk+1,k = Yk,k+1 =
(
PQ
)
k,k+1

=
(
P̃Q
)
k,k+1

=
(
PQ̃
)
k,k+1

=
(
P̃ Q̃
)
k,k+1

.

Corollary 2.1.4. The action (2.8) of the elementary transposition sk may be defined in
terms of the generating function

Sk
(
P̃ , Q

)
= tr

(
P̃Q
)

+ (λk − λk+1) ln yk+1,k

(
P̃ , Q

)
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by setting

pij =
∂Sk

(
Q, P̃

)
∂qij

, q̃ij =
∂Sk

(
Q, P̃

)
∂p̃ij

for all 1 6 j < i 6 n.

Proof. The proof follows from formulas (2.14), (2.15), relation

yk+1,k =
n∑

i=k+1

Pk,iQi,k+1 =
n∑

i=k+1

pi,kqi,k+1,

and
tr
(
P̃Q
)

=
∑
i>j

p̃ijqij.

2.1.4 Non-local transformations for g = gln

We shall now study Poisson isomorphisms between products of coadjoint orbits that mix
spectra of the orbits. Let S be a generic symplectic leaf of the space Pk of matrix polynomials
of degree k from Chapter 1. Let also Λ = {λ1, . . . , λnk} be the spectrum of the leaf S. Recall
that by Theorem 1.3.13, for any partition of the set Λ into n-element subsets Λ1, . . . ,Λk, the
leaf S contains an open chart which is Poisson isomorphic to the product OΛ1 × · · · × OΛk

of k coadjoint orbits with spectra Λi.
Let us now fix an ordering Λi of each set Λi for all i = 1, . . . , k, then Λ = (Λ1, . . . ,Λk)

is an ordering of the set Λ. Consider an element w ∈ Skn of the permutation group on kn
elements, and let

w(Λ) = M = (M1, . . . ,Mk).

By point 3 of Theorem 1.3.13, we obtain a birational Poisson isomorphism

φw : VΛ1 × . . .× VΛk
−→ VM1 × . . .× VMk

, (2.16)

where VΛi
is a chart of the form (2.3) on the orbit OΛi

.
With the help of isomorphisms VΛ ' U−×n+, formula (2.16) defines a birational Poisson

action of the group Skn on the product of k copies of the space U− × n+ × hreg. Proposi-
tion 2.1.2 and Corollary 2.1.4 describe explicitly the restriction of this action to the subgroup

Sn × . . .×Sn︸ ︷︷ ︸
k

⊂ Skn (2.17)

acting “on each cite”, that is the subgroup (2.17) preserves each of the k copies of hreg. In
order to provide a coordinate description of the action of the whole group Skn it is enough
to consider the case k = 2 and a single “non-local transformation” s, that is s ∈ S2n and
s /∈ Sn ×Sn.
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Proposition 2.1.5. Let Λ1 = (λ1, . . . , λn), Λ2 = (λn+1, . . . , λ2n) and s ∈ S2n be the trans-
position that swaps λ1 and λ2n. Then, the action of s induced by the map (2.16) restricted
to (U− × n+)×2 reads

s : (Q1, Y1, Q2, Y2) 7−→ (Q̃1, Ỹ1, Q̃2, Ỹ2), Qi, Q̃i ∈ U−, Yi, Ỹi ∈ n+ (2.18)

where
Q̃1 = Q1, Ỹ1 = Y1 + α [E1nZ]+ ,

Q̃2 = Q2, Ỹ2 = Y2 − α [ZE1n]+ ,
(2.19)

with

Z = q−1
2 q1 ∈ U− and α =

λ1 − λ2n

Zn1

.

Proof. Set
M1 = (λ2n, λ2, . . . , λn), M2 = (λn+1, . . . , λ2n−1, λ1)

and let
Ai = Qi(Λi − Yi)Q−1

i , Ãi = Q̃i(Mi − Ỹi)Q̃−1
i , i = 1, 2. (2.20)

In order to prove the proposition, one needs to show that matrices (2.19) satisfy equation

(z − A1)(z − A2) = (z − Ã1)(z − Ã2).

By Proposition 1.3.15, this equation has a unique solution

Ã1 = A1 + (λ2n − λ1)T, Ã2 = A2 + (λ1 − λ2n)T, (2.21)

where T is the projector

T =
uvt

(u, v)

and the vectors u, v are defined from

Au = λ1u, vtB = λ2nv
t.

With parametrization (2.20) in hand, it is easy to check that the vector u coincides
with the first column of the matrix Q1, and the vector vt coincides with the last row of the
matrix Q−1

2 . That is

uj = (Q1)j1 and (vt)j =
(
Q−1

2

)
nj

for j = 1, . . . , n, (2.22)

which implies
(u, v) = Zn1 for Z = Q−1

2 Q1.

Rewriting the first equation in (2.21) we obtain

Ã1 = Q1(Λ1 − Y1)Q−1
1 + (λ2n − λ1)T = Q1(Λ− Y1 + (λ2n − λ1)Q−1

1 TQ1)Q−1
1 .
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Then, making use of (2.22), we get

Q−1
1 TQ1 = Q−1

1 u
vtQ1

(u, v)
=
E1nZ

Zn1

,

which implies the first two formulas of (2.19). The other two formulas are obtained in a
similar way.

2.1.5 Non-local transformations in canonical coordinates

Now, let us consider a canonical coordinate system (Q1, P1, Q2, P1) on U− × n+ × U− × n+,
where

Qi =


1 0 . . . 0

q
(i)
21 1 . . . 0
...

...
. . .

...

q
(i)
n1 q

(i)
n2 . . . 1

 , Pi =


0 p

(i)
21 . . . p

(i)
n1

0 0 . . . p
(i)
n2

...
...

. . .
...

0 0 . . . 0

 i = 1, 2

and the Poisson brackets are {
p

(r)
ij , q

(s)
kl

}
= δrsδikδjl.

As before, we parameterize Y1, Y2 as

Yi = [PiQi]+ , 1 = 1, 2. (2.23)

Note that the formulas (2.23) defines a system of linear equations on variables (p
(r)
ij ),

which has a unique solution due to the fact that q
(r)
ii = 1 for i = 1, . . . , n.

Proposition 2.1.6. The action (2.18) reads in canonical coordinates (Q1, P1, Q2, P2) as

Q̃1 = Q1, P̃1 = P1 + α
[
E1nQ

−1
2

]
+

Q̃2 = Q2, P̃2 = P2 − α
[
Q−1

2 Q1E1nQ
−1
2

]
+
.

Proof. Indeed, by (2.19) we have

Ỹ1 = Y1 + α [E1nZ]+ = [P1Q1 + αE1nZ]+ =
[(
P1 + αE1nQ

−1
2

)
Q1

]
+
.

Now we only need to find a matrix P̃1 ∈ n+ such that X1 =
[
P̃1Q̃1

]
+

=
[
P̃1Q1

]
+

, and we

see that
P̃1 = P1 + α

[
E1nQ

−1
2

]
+

will do the job. The formula for P̃2 is obtained in a similar way.

The following corollary is straightforward.
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Corollary 2.1.7. The action (2.18) may be defined in terms of the generating function

S
(
Q1, Q2, P̃1, P̃2

)
= tr

(
P̃1Q1

)
+ tr

(
P̃2Q2

)
+ (λ2n − λ1) lnZn1

by setting

p
(r)
ij =

∂S
(
Q1, Q2, P̃1, P̃2

)
∂q

(r)
ij

and q̃
(r)
ij =

∂S
(
Q1, Q2, P̃1, P̃2

)
∂p̃

(r)
ij

for all 1 6 i < j 6 n and r = 1, 2.

2.2 Yangian intertwiners

2.2.1 Local intertwiners

Consider the space Vχ of holomorphic functions on U−B ∩Bw0B satisfying

f(ub) = χ(b)f(u) (2.24)

where χ : B → C× is a character of B and w0 is the longest element of the Weyl group. The
left regular action of the group G on itself gives rise to an infinitesimal action of the algebra
g on Vχ given for X ∈ g by the formula

(X.f)(g) =
d

dt

(
f
(
e−tXg

))∣∣∣
t=0
. (2.25)

We will call the induced representation of the universal enveloping algebra U(g) the principal
series representation. If one chooses a single-valued branch of the logarithm function, then
a weight µ ∈ h∗ defines a character χµ of B by the assignment

χµ(exp(X)) = (µ− ρ)(X0) (2.26)

where X = X0 + X+, with X0 ∈ h and X+ ∈ n+, and ρ is the half sum of positive roots.
It is easy to see that different branches of the logarithm define isomorphic principal series
representations, thus we will always choose a branch so that the logarithm of a real number
is a real umber as well. We denote by Vµ a principal series representation corresponding to
the weight µ ∈ h∗.

Example 2.2.1. Consider the principal series representation Vµ of U(sl2). By relation (2.24),
the underlying space of Vµ can be identified with the space of holomorphic functions on C×.
The action of the Cartan generator H on the function f(z) is given by

(H.f)(z) =
d

dt

(
f

(
e−Ht

(
1 0
z 1

)))∣∣∣
t=0

=
d

dt

(
f

((
1 0
e2tz 1

)
e−Ht

))∣∣∣
t=0
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which after the aforementioned choice of the logarithm branch becomes

(H.f)(z) =
d

dt

(
e(1−µ)tf(e2tz)

) ∣∣∣
t=0

= 2zf ′(z)− (µ− 1)f(z).

Using similar calculations for generators E and F we arrive at

H 7→ 2z∂z + 1− µ, E 7→ z2∂z + (1− µ)z, F 7→ −∂z. (2.27)

We shall now describe, following [3], a family of intertwining operators between the
principal series representations of weights Vµ and Vw(µ). Let I be the Dynkin diagram of the
algebra g. For each i ∈ I we fix a homomorphism φi : SL2 → G and define

fi(a) = φi

(
1 0
a 1

)
.

Consider a set of characters χi : U− → C defined by χi(fj(a)) = δij · a. The following
proposition is a corollary of [3, Theorem 2.7].

Proposition 2.2.2. Let σ be the Pochhammer contour, that is σ = σ1σ2σ
−1
1 σ−1

2 and σ1, σ2

are the generators of the first homotopy group of CP 1 \ {χi(z)−1,∞}. Then the operator

Ri : Vµ → Vsi(µ), f(z) 7−→ 1

Γ(µi − µi+1 + 1)

∮
σ

f(zsix)dx (2.28)

where z ∈ U− and x ∈ U− ∩ s−1
i Bsi, intertwines principal series representations Vµ and

Vsi(µ).

Example 2.2.3. Once again let us consider the representation Vµ of U(sl2). Then, one has

zsix =

(
1 0
z 1

)(
0 1
−1 0

)(
1 0
x 1

)
=

(
1 0

z − 1/x 1

)(
x 1
0 1/x

)
and

1

Γ(µ+ 1)

∮
σ

f(zsix)dx =
1

Γ(µ+ 1)

∮
σ

f(z − 1/x)xµ−1dx.

Setting t = z − 1/x we arrive at

R(f(z)) =
1

Γ(µ+ 1)

∮
τ

f(t)

(z − t)µ+1
dt (2.29)

where τ = τ1τ2τ
−1
1 τ−1

2 and τ1, τ2 are the generators of the first homotopy group of C \
{0, z}. Integral (2.29) is nothing but an analytic continuation from µ ∈ Z+ to µ ∈ C of the
Cauchy integral representing the operator ∂µz . It is a trivial exercise to check that the formal
expression ∂µz intertwines the action (2.27) on Vµ and V−µ.
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2.2.2 Local intertwiners for g = gln

Recall that formula (2.25) defining the U(g)-module Vλ, is induced by the left regular action
of G on itself. In turn, the right regular action of G defines a different U(g)-module structure
on the same vector space, and the action of U(g) is given by

(X.f)(g) =
d

dt

(
f
(
getX

))∣∣∣
t=0
. (2.30)

Let us denote the image in End(Vλ) of the operator Eij ∈ gln under the actions (2.25)
and (2.30) by xij and yij respectively. Let qij ∈ O(U−) denote the (i, j)-th matrix coefficient
in the first fundamental representation of U(g), we also define qii = 1. Then one obtains

yij =
n∑
r=i

qri
∂

∂qrj
for i > j.

Let us introduce the following elements in End(Vλ)⊗ End(Cn)

Xλ =
n∑

i,j=1

xij ⊗ Eji, Y =
∑
i>j

yij ⊗ Eji,

Λ =
n∑
i=1

λi ⊗ Eii, Q =
∑
i>j

qij ⊗ Eij.

We will often treat the above elements as End(Vλ)-valued matrices and use the following
convention

Xλ
ij = xji, Yij = yji, Qij = qij.

Note that Yij = 0 if i > j, Qij = 0 if i < j and Qii = 1. We will write Q−1 for the inverse
matrix of Q. The following relations will prove very useful in the sequel

[yij, Qrs] = δjsQri,

[yij, Q
−1
rs ] = −δirQ−1

js .
(2.31)

Proposition 2.2.4. The actions (2.25) and (2.30) are related by the formula

Xλ = −Q(Λ + Y )Q−1.

Proof. Consider elements g = exp(tEij) = 1 + tEij + o(t) ∈ GLn and u ∈ U−. Solving the
factorization problem

g−1u = u′b

for u′ ∈ U− and b ∈ B+ allows to express the left regular action through the right one. We
shall look for the solution in the form u′ = u(1 + tα+ o(t)), b = 1 + tβ + o(t), where α ∈ n−
and β ∈ b+. Equating linear terms in t results in

α + β = −u−1Eiju
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and therefore
α = −[u−1Eiju]−, β = −[u−1Eiju]>0.

This implies

αrs = −(u−1)riujs, for r > s and βrr = −(u−1)riujr.

Now the operator xij can be written as

xij =
n∑
r=1

λrβrr +
∑
r>s

(qα)rs
∂

∂qrs
= −

n∑
r=1

λr(q
−1)riqjr −

∑
r>t>s

qrt(q
−1)tiqjs

∂

∂qrs

= −
n∑
r=1

qjrλr(q
−1)ri −

∑
r>t>s

qjsqrt
∂

∂qrs
(q−1)ti = −

(
Q(Λ + Y )Q−1

)
ji

which finishes the proof.

Let us use shorthand and write yi for yi+1,i. As in the Example 2.2.3, formula

yαi =
1

Γ(α + 1)

∮
σ

f(zsix)dx (2.32)

provides an analytic continuation of the operator yαi from the positive integer values of α to
the whole complex plain. At the same time, one can prove that the operator

Ri = y
λi+1−λi
i

intertwines representations Vλ and Vsi(λ) in the following explicit way. The relations

Q(yij ⊗ 1)α = (yij ⊗ 1)αQ
(
1− αy−1

ij ⊗ Eij
)

and
Q−1(yij ⊗ 1)α = (yij ⊗ 1)α

(
1 + αy−1

ij ⊗ Eij
)
Q−1

follow readily from (2.31). Together with equality

Y (yij ⊗ 1)α = (yij ⊗ 1)α

(
Y + α

∑
r>i

y−1
ij yrj ⊗ Eir − α

∑
r<j

y−1
ij yir ⊗ Erj

)

they yield

(yi ⊗ 1)−αXλ(yi ⊗ 1)α =−Q
(
Y + Λ− 1⊗ α(Ei+1,i+1 − Eii)

)
Q−1

+ αQ(λi+1 − λi − α)(Ei+1,i ⊗ 1)Q−1(yi ⊗ 1)−1.

Thus, for α = λi+1 − λi we arrive at

Xλ(Ri ⊗ 1) = (Ri ⊗ 1)Xsi(λ). (2.33)
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2.2.3 Yangian

The Yangian Y (gln) is a Hopf algebra quantizing the ind-variety M of matrix polynomials
of the form (1.3) endowed with Poisson structure (1.9). As an associative algebra over C the

Yangian Y (gln) is defined by a family of generators T
(1)
ij , T

(2)
ij , . . . where i, j = 1, . . . , n. It is

convenient to gather these generators into series

Tij(z) = δij + T
(1)
ij z

−1 + T
(2)
ij z

−2 + . . .

then the defining relations for Y (gln) take form

(u− v)[Tij(u), Tkl(v)] = Tkj(u)Til(v)− Tkj(v)Til(u). (2.34)

Its Hopf structure is given by the antipode T (z) 7→ T−1(z), the counit Tij(z) 7→ δij, and the
comultiplication

∆: Tij(z) 7−→
n∑
r=1

Tir(z)⊗ Trj(z).

For any a ∈ C, there exists an automorphism

τa : Y (gln) −→ Y (gln), Tij(z) 7−→ Tij(z − a)

where Tij(z − a) is represented by a series in z−1. Yangian also admits a homomorphism

π : Y (gln) −→ U(gln), T
(k)
ij 7−→ δ1kEij.

Let Vµ(a) be the Y (gln)-module obtained as a pull-back of the U(gln)-module Vµ under the
composition τa ◦ π. We denote the corresponding representation map by

ρµa : Y (gln) −→ End (Vµ(a))

Note that formula (2.28) defines an intertwining operator between Yangian modules Vµ(a)
and Vsi(µ)(a).

2.2.4 Nonlocal intertwiners for Y (gln)

We shall now construct intertwining operators between tensor products of modules Vµ(a).
For a, b ∈ C we set u = z − a, v = z − b, and define the L-operators

Lλ1(u) = u+
n∑

i,j=1

Xλ
ij ⊗ 1⊗ Eji, Lµ2(v) = v +

n∑
r,s=1

1⊗Xµ
rs ⊗ Esr.

Note, that

Lµ2(v)Lλ1(u) =
n∑

i,j=1

(
ρλa ⊗ ρ

µ
b

) (
∆
(
Tij(u)

))
⊗ Eji,
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therefore, an operator R(u− v) satisfying the quantum Yang-Baxter equation

Lµ2(v)Lλ1(u)R(u− v) = R(u− v)Lλ1(u)Lµ2(v)

intertwines representations Vλ(a)⊗ Vµ(b) and Vµ(b)⊗ Vλ(a).
We shall now need some more notations. Let

Q1 =
∑
i>j

qij ⊗ 1⊗ Eij, Y1 =
∑
i>j

yij ⊗ 1⊗ Eji,

Q2 =
∑
i>j

1⊗ qij ⊗ Eij, Y2 =
∑
i>j

1⊗ yij ⊗ Eji.

then the L-operators can be written as

Lλ1(u) = u−Q1

(
n∑
i=1

1⊗ 1⊗ λiEii + Y1

)
Q−1

1

Lµ2(v) = u−Q2

(
n∑
i=1

1⊗ 1⊗ µiEii + Y2

)
Q−1

2 .

For a pair of weights

λ = (λ1, . . . , λn−1, λn), µ = (µ1, µ2, . . . , µn)

we set
λ′ = (λ1, . . . , λn−1, µ1 + b− a), µ′ = (λn + a− b, µ2, . . . , µn).

Finally, let

s = (Q−1
1 Q2)n1 =

n∑
r=1

(Q−1)nr ⊗Qr1.

We will make use of the operator sα ∈ End
(
Vλ(a)⊗Vµ(b)

)
for an arbitrary complex number α.

One can think of s as a function in two sets of variables, the matrix coefficients of Q1 and
those of Q2. Then the operator sα is well-defined away from s = 0 as soon as a single-valued
branch of the logarithm is chosen.

Proposition 2.2.5. For α = (µ1 + b)− (λn + a) one has

Lµ2(v)Lλ1(u)sα = sαLµ
′

2 (v)Lλ
′

1 (u). (2.35)

Therefore, the operator sα intertwines representations Vλ(a)⊗ Vµ(b) and Vλ′(a)⊗ Vµ′(b).

Proof. As a consequence of (2.31) we obtain

yijQ
α
rs = Qα

rs

(
yij + αδjsQ

−1
rs Qri

)
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and
yij(Q

−1
rs )α = (Q−1

rs )α
(
yij − αδir(Q−1

rs )−1Qjs

)
which in turn yields

s−αY1s
α = Y1 + α⊗ 1⊗ Enn −

α

S

n∑
j,r=1

Q−1
jr ⊗Qr1 ⊗ Ejn, (2.36)

s−αY2s
α = Y2 − α⊗ 1⊗ E11 +

α

S

n∑
i,r=1

Q−1
nr ⊗Qri ⊗ E1i. (2.37)

Let us define T by the following formula

T =
n∑

i,j=1

Q−1
ni ⊗Qj1 ⊗ Eji.

Then, from equalities (2.38) and (2.39) we derive

s−αLλ1(u)sα = Lλ
′

1 (u) +
α

s
T and s−αLµ2(v)sα = Lµ

′

2 (v)− α

s
T

where λ′ = (λ1, . . . , λn−1, λn+α) and µ′ = (µ1−α, µ2, . . . , µn). The following easily verifiable
relations

TLλ
′

1 (u) = (u− λn − α)T, Lµ
′

2 (v)T = (v − µ1 + α)T, and T 2 = sT

allow us to compute(
Lµ
′

2 (v)− α

s
T
)(

Lλ
′

1 (v) +
α

s
T
)

= Lµ
′

2 (v)Lλ
′

1 (v) +
α

s
(v − µ1 + α− u+ λn + α)T − α2

s
T.

Therefore, for α = µ1 − λn + u− v = (µ1 + b)− (λn + a), we obtain

s−αLµ2(v)Lλ1(u)sα = Lµ
′

2 (v)Lλ
′

1 (u)

which finishes the proof.

Define

ri =


yi ⊗ 1, if 1 6 i 6 n

s, if i = n

1⊗ yi, if n+ 1 6 i 6 2n

The following Corollary follows from Propositions 2.2.2 and 2.2.5
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Corollary 2.2.6. Let

Λ = (λ1, . . . , λn, µ1, . . . µn) and C = (a, . . . , a︸ ︷︷ ︸
n

, b, . . . , b︸ ︷︷ ︸
n

).

To any element w ∈ S2n, we can associate an intertwining operator

Tw : Vλ(a)⊗ Vµ(b) −→ Vλ̃(a)⊗ Vµ̃(b)

where
(
λ̃, µ̃

)
= w(Λ + C) − C in the following way. Let w = sik . . . si1 be the reduced

decomposition of the word w. Then

Tw = r
αik
ik

. . . r
αi1
i1

with
αir =

(
sir−1 . . . si1(Λ + C)

)
i+1
−
(
sir−1 . . . si1(Λ + C)

)
i
.

Moreover, the operator Tw does not depend on the decomposition of w.

Corollary 2.2.7. For i = 1, . . . , n define operators Gi(x) by

Gi(x) = r
µn−i+1−λi+x
i . . . rµi−λi+xn+i−1

and let
P : w1 ⊗ w2 7−→ w2 ⊗ w1

be the operator permuting tensor factors. Then, for x = b− a = u− v the operator

R(u− v) = PG1(u− v) . . . Gn(u− v)

satisfies the quantum Yang-Baxter equation

R(u− v)Lλ1(u)Lµ2(v) = Lµ2(v)Lλ1(u)R(u− v).

2.2.5 Quasi-classical limit

We conclude this chapter by observing that local (2.33) and non-local (2.35) intertwining
operators quantize respectively local and non-local Poisson transformations from Corollar-
ies 2.1.4 and 2.1.7.

Consider the universal enveloping algebra U(g) as a quantized algebra of functions on the
space g∗, the dual vector space to the Lie algebra g, with Kirillov-Kostant Poisson bracket.
Recall, that the quantized algebra of functions on a complex Poisson manifold (M, {· , ·}) is
an associative algebra O~(M) over C[[~]] such that the following two conditions are satisfied:

• O~(M)/~O~(M) ' O(M);
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• for any lifts x̂, ŷ ∈ O~(M) of elements x, y ∈ O(M) one has

x̂ŷ − ŷx̂ = ~ {x, y}+ o(~2).

Note, that an associative algebra generated over C[[~]] by elements of g with defining
relation

xy − yx = ~[x, y]

quantizes S(g) ' O(g∗). Now, if one sets the quantization parameter ~ in the above definition
to a non-zero complex number, the algebra O~(g

∗) becomes isomorphic to U(g). At the same
time, if one sets ~ = 0 they recover O0(g∗) ' S(g).

Let us now adjust the coordinate description of the principal series representations of U(g)
by rescaling ∂q 7→ ~∂q. We will write pij for ~∂qij and treat them as momentum operators
from quantum mechanics. The following equalities follow directly from the commutation
relations for operators of multiplication qij and quantum momenta pij = ~∂qij :

pijy
α
k = yαk

(
pij + αy−1

k δj,k+1pik
)
, (2.38)

yαk qij =
(
qij + αδk,jqi,k+1y

−1
k

)
yαk . (2.39)

In the quasi-classical limit, that is upon sending ~ → 0, operators pij and qij commute.
Define Sk(pij, qij), 1 6 j < i 6 n to be the following function

Sk =
∑
i>j

p̃ijqij + (λk − λk+1) ln yk+1,k =
∑
i>j

p̃ijqij + (λk − λk+1) ln

(
n∑

i=k+1

p̃i,kqi,k+1

)
.

Let us also set

p̃ij = pij + αy−1
k δj,k+1pik

qij = q̃ij + αδk,j q̃i,k+1y
−1
k

Then the formulas (2.38) and (2.39) can be rewritten as

pij =
∂Sk
∂qij

, q̃ij =
∂Sk
∂p̃ij

which recovers the statement of Corollary 2.1.4. The case of non-local intertwining operators
is treated similarly and in turn recovers the statement of Corollary 2.1.7.
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Chapter 3

Quantum Grothendieck-Springer
resolution

3.1 Poisson geometry of the Grothendieck-Springer

resolution

In this section we recall the construction of the Grothendieck-Springer simultaneous resolu-
tion and its Poisson geometry. Our exposition mainly follows [7].

3.1.1 Conventions

Throughout this section we will use the following conventions. Let G be a complex simple
Lie group, B = B+ and B− a fixed pair of opposite Borel subgroups, N = N+ and N− their
unipotent radicals, and H = B/N the corresponding torus. We denote by g, b, n, and h the
associated Lie algebras. The Weyl group W = NormG(H)/H acts naturally on the torus
H. Let B = G/B be the flag variety, whose points we identify with Borel subgroups of G.
Finally, for any X ∈ ∧kg we denote by XL, XR the corresponding left and right invariant
k-vector fields that take values XL(e) = XR(e) = X at the identity element e ∈ G.

3.1.2 The standard Poisson-Lie structure and related
constructions

The various Poisson structures on G that we shall consider can be conveniently described in
terms of the group D = G × G, which we call the double of G. We write d = g ⊕ g for its
Lie algebra. Let 〈 , 〉 denote (a nonzero scalar multiple of) the Killing form on g. Then the
pairing

〈〈(x1, y1), (x2, y2)〉〉 = 〈x1, x2〉 − 〈y1, y2〉 , x1, x2, y1, y2 ∈ g (3.1)
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defines a non-degenerate, ad-invariant symmetric bilinear form on d. The pairing (3.1) thus
gives rise to the Manin triple (g, g∆, g

∗), where

g∆ = {(x, x) |x ∈ g}

and
g∗ = {(x+ + y, x− − y) |x± ∈ n±, y ∈ h} .

Let ξi ∈ g∆ and ξi ∈ g∗ be a pair of dual bases satisfying 〈〈ξi, ξj〉〉 = δij. Then the
canonical tensor

rD =
1

2

∑
i

ξi ∧ ξi ∈ d ∧ d (3.2)

gives rise to the bivector field
π−D = rRD − rLD

which equips the double D with the structure of a Poisson-Lie group. In what follows we
denote the Poisson-Lie group (D, π−D) by D−.

Let G∆ and G∗ be the connected Lie subgroups of D with Lie bialgebras g∆ and g∗

respectively. They take form

G∆ ' G = {(g, g) | g ∈ G}

and
G∗ =

{
(u+t, t

−1u−) |u± ∈ N±, t ∈ H
}
.

The bivector fields
π = π−D|G∆

π∗ = −π−D|G∗

turn (G, π) and (G∗, π∗) into a dual pair of Poisson-Lie groups. Note that (G, π) and (G∗, π∗)
are Poisson-Lie subgroups of D.

3.1.3 Poisson reductions of the double

Now let us consider the bivector field on D defined by

π+
D = rRD + rLD

with rD is given by (3.2). It defines on D the structure of a Poisson variety that we shall
denote by D+. Unlike π−D, π+

D is not a multiplicative Poisson structure, therefore while D+

carries the structure of a Poisson variety, it is not a Poisson-Lie group. The Poisson variety
D+ is often referred to as the symplectic double of G.

Proposition 3.1.1. [7, Lemma 6.3] Consider the projections

µ1 : D −→ D/G∆ ' G, (g1, g2) 7→ g1g
−1
2 ,

µ2 : D −→ G∆\D ' G, (g1, g2) 7→ g−1
2 g1.
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Then there exist unique Poisson structures π∗1, π
∗
2 on G such that the maps µ1, µ2 are Poisson.

Moreover, the Poisson structures π∗1, π
∗
2 are such that the maps

η1 : G∗ −→ (G, µ1(π+
D)), (b+, b−) 7→ b+b

−1
− , (3.3)

η2 : G∗ −→ (G, µ2(π+
D)), (b+, b−) 7→ b−1

− b+ (3.4)

are Poisson.

In what follows, we shall refer to µ1 and µ2 as moment maps. Indeed, it is immediate
from the definitions that the action of D− by left/right multiplication on D+ is Poisson. Let
D′ = µ−1

1 (B+B−) and D′′ = µ−1
2 (B−B+). Then we have the following well-known result (see,

e.g. [43, Example 3.3]).

Proposition 3.1.2. The action of G∆ ⊂ D− on D′ ⊂ D+ by left multiplication admits a
group-valued moment map m1 : D′ −→ D′/G∆ ' G∗ such that η1 ◦m1 = µ1. In a similar
fashion, µ2 arises from the moment map for the right action of G∆ on D′′.

Now, consider the Poisson action of B∆ ⊂ D− on D+ by right multiplication.

Proposition 3.1.3. [7, Proposition 4.2] The subvariety Q = {(gb, g) | g ∈ G, b ∈ B} ⊂ D+

is coisotropic in D+. The quotient Q/B∆ is a Poisson subvariety of (D/B∆, φ(π+
D)) where

φ : D −→ D/B∆ is the natural projection.

We may identify Q with the direct product G×B via

Q ' G×B, (g1, g2) 7→ (g2, g
−1
2 g1).

The B∆ action on Q then reads

(G×B)×B −→ G×B ((g, b), a) 7→ (ga, a−1ba). (3.5)

We denote the B-orbit through a point (g, b) by [g, b].

Corollary 3.1.4. The set X = G ×B B of B-orbits under the action (3.5) is a Poisson
variety, with Poisson bivector πX = φ(π+

D)|Q/B∆
.

Since the actions of G∆ and B∆ on D+ by left and right multiplication respectively
commute, the Poisson variety X carries a residual Poisson action of G− given by

G×X −→ X, (g′, [g, b]) 7→ [g′g, b]. (3.6)

In view of Proposition 3.1.2 we have

Corollary 3.1.5. The action (3.6) admits the following moment map

µ : X −→ G, [g, b] 7→ gbg−1 (3.7)

with Poisson bivectors πX on the source and π∗1 on the target.
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Remark 3.1.6. The map (3.7) was also shown in [44] to be the group-valued moment map
in the sense of [45].

Let us describe an open subset X◦ ⊂ X that will prove useful in the sequel. Denote by
G◦ = B−B+ the open cell in G. Consider the projection

X −→ G/B, [g, b] 7→ gB,

and let X◦ be the preimage of G◦. Let us also consider the free right action of H on B−×B+

defined by

(B− ×B+)×H −→ (B− ×B+),
(
(b−, b+), t

)
7→ (b−t, t

−1b+t)

and denote by H = (B− × B+)/H the corresponding quotient. Then we have the following
isomorphism

H −→ X◦, (b−, b+)H 7→ [b−, b+]B.

The restriction to X◦ of the bivector πX turns H into a Poisson variety.

3.1.4 Grothendieck-Springer resolution

Let G̃ = {(g,B′) |B′ ∈ B, g ∈ B′} be the set of pairs consisting of a Borel subgroup B′ ⊂ G
and an element g ∈ B′. Equivalently, it may may be thought of as the set of pairs of a
flag (preserved by B′) and an element g preserving that flag. Since every element of G is
contained in a Borel, and all Borels are conjugate under G, we have

Proposition 3.1.7. The map

$ : X −→ G̃, [g, b] 7→ (gbg−1, gBg−1) (3.8)

is an isomorphism of varieties.

Let
p : G̃ −→ G, (g,B′) 7→ g

be the projection onto the first factor. Note that the following diagram commutes

X

µ
��

$ // G̃

p

��
G

Definition 3.1.8. The projection p is called the Grothendieck-Springer (simultaneous) res-
olution. We will refer to the moment map (3.7) by the same name.
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Consider the map α : G̃ −→ H defined by α([g, b]) = bN ∈ B/N ' H. Let β : G −→
H//W be the Chevalley restriction map, coming from the inclusion C[H]W ' C[G]G ↪→ C[G].

If we let Greg denote the locus of regular elements of G, and write G̃reg = p−1(Greg), then
the diagram

G̃reg
α //

p

��

H

��
Greg

β // H//W

(3.9)

is Cartesian.

Corollary 3.1.9. There is an isomorphism of coordinate rings

C[G] ' C[X]W . (3.10)

Proof. Since the regular locus Greg is of codimension 3 in G, we have C[Greg] = C[G] and

C[G̃reg] = C[G̃]. In view of (3.9), we have an isomorphism

C[X] ' C[G]⊗C[H]W C[H]. (3.11)

Taking W -invariants on both sides we obtain (3.10).

3.2 A short guide to the rest of the chapter

In order to help the reader keep track of various quantum algebras that we use in the sequel,
as well as their relation with the Poisson geometry outlined in Section 1, we provide here
a brief phrase-book. The quantum algebras appearing in the table below may be regarded
as quantizations of the algebras of global functions on the corresponding Poisson varieties.
In general, the entries of the right column are associative algebras, and carry the further
structure of a Hopf algebra if their underlying Poisson variety is a Poisson-Lie group.

Poisson varieties Quantum algebras

(G∗, π∗) Uq(g)
(G, π) Oq[G]
(G, π∗1) Fl(U) ' FOq[G]
(H, πX) HT

q

(X, πX) Cq[X]

The quantum algebras in the table above appear in the following order. In section 3.3.2
we introduce the quantum group Uq(g). Its Hopf dual Oq[G] is recalled in Sections 3.3.3
and 3.3.4. Section 3.3.5 explains relation between Oq[G] and quantum Borel subalgebras
Uq(b±). In Section 3.3.6 we introduce the ad-integrable part Fl(U) of the quantum group
Uq(g) and explain its relation to the quantum coordinate ring. Section 3.3.7 is devoted to



CHAPTER 3. QUANTUM GROTHENDIECK-SPRINGER RESOLUTION 46

the Heisenberg double Hq of the quantum Borel subalgebra. The quantum analogue Cq[X]
of the coordinate ring of the Grothendieck-Springer resolution is constructed and studied in
Section 3.4.

We summarize the various maps we construct between these quantum algebras in the
diagram below:

Fl(U)

ξ̂ $$

ζ̂

))Cq[X] //HT
q

FOq[G]

'J

OO

ξ
::

ζ

55

Let us remark that the maps ξ̂ and ζ̂ are in fact restrictions of maps ξ̃ and ζ̃ defined on
Fl(U)⊗Z U0, the extension of Fl(U) over its Harish-Chandra center Z, see Section 3.4.4.

3.3 Preliminaries on quantum groups

In this section, we recall the definitions and various well-known properties of the quantum
groups that will be used extensively in the sequel. Our conventions match those of of [46].
We refer the reader to [47, 46, 48] for further details and proofs of many of the results in
this section.

3.3.1 Conventions

In what follows, g will denote a finite-dimensional complex simple Lie algebra of rank r,
equipped with a choice of Cartan subalgebra h and a set of simple roots {α1, . . . , αr}. We
write P,Q for the weight and root lattices associated to the corresponding root system Π,
and denote the fundamental weights by ω1, . . . , ωr. Denote by (·, ·) the unique symmetric
bilinear form on h∗ invariant under the Weyl group W , such that (α, α) = 2 for all short roots
α ∈ Π. Let k = C(q1/N) be the field of rational functions in a formal variable q1/N , where
N ∈ N is such that 1

2
(λ, µ) ∈ 1

N
Z for any pair of weights λ, µ ∈ P . If A is a Hopf algebra, we

denote by Aop the Hopf algebra with the opposite multiplication to A, and denote by Acop

the Hopf algebra with the opposite comultiplication to A. We will use the Sweedler notation

∆(a) =
∑

a1 ⊗ a2

to express coproducts. Throughout the chapter, all modules for the quantum group Uq(g)
are assumed to be of type I.
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3.3.2 Quantized enveloping algebras

The (simply-connected) quantized universal enveloping algebra U
def
= Uq(g) is the k-algebra

generated by elements
{Ei, Fi, Kλ | i = 1, . . . , r, λ ∈ P}

subject to the relations

KλEi = q(λ,αi)EiK
λ, KλKµ = Kλ+µ,

KλFi = q−(λ,αi)FiK
λ, [Ei, Fj] = δij

Ki −K−1
i

qi − q−1
i

.

together with the quantum Serre relations

1−aij∑
s=1

[
1− aij
s

]
qi

E
1−aij−s
i EjE

s
i = 0,

1−aij∑
s=1

[
1− aij
s

]
qi

F
1−aij−s
i FjF

s
i = 0.

In the relations above we have set Ki
def
= Kαi and use the following standard notations:

aij = 2
(αi, αi)

(αi, αj)
, qi = q(αi,αi)/2, [n]q =

qn − q−n

q − q−1

and [
n

k

]
q

=
[n]q[n− 1]q . . . [n− k + 1]q

[1]q[2]q . . . [k]q
.

The algebra U is a Hopf algebra, with the comultiplication

∆(Kλ) = Kλ ⊗Kλ, ∆(Ei) = Ei ⊗ 1 +Ki ⊗ Ei, ∆(Fi) = Fi ⊗K−1
i + 1⊗ Fi

the antipode

S(Kλ) = K−λ, S(Ei) = −K−1
i Ei, S(Fi) = −FiKi

and the counit
ε(Kλ) = 1, ε(Ei) = 0, ε(Fi) = 0.

Let U≥0 denote the subalgebra of U generated by all Kλ, Ei, and U≤0 denote the subal-
gebra generated by all Kλ, Fi. We also write U0 for the subalgebra generated by Kλ, λ ∈ P .
The algebras U≥0, U≤0, U0 are Hopf subalgebras in U . Recall that (U≤0)cop stands for the
co-opposite Hopf algebra to U≤0. There is a non-degenerate Hopf pairing

〈·, ·〉 : U≥0 × (U≤0)cop −→ k (3.12)
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defined by

〈Kλ, Kµ〉 = q−(λ,µ), 〈Kλ, Ei〉 = 0 = 〈Kλ, Fi〉, 〈Ei, Fj〉 = − δij

qi − q−1
i

.

Let U+ and U− denote the subalgebras generated by all Ei and by all Fi respectively.
Then the quantum group U admits a triangular decomposition: the natural multiplication
map defines an isomorphism of C(q)-modules

U+ ⊗ U0 ⊗ U− −→ U (3.13)

The algebra U is graded by the root lattice Q. Indeed, setting

Uν =
{
u ∈ U | Kλu = q(λ,ν)uKλ

}
, (3.14)

we have U =
⊕

ν∈Q Uν . If we set U+
ν = U+ ∩Uν and U−ν = U− ∩Uν , then the pairing (3.12)

has the orthogonality property

〈U+
ν , U

−
−µ〉 = 0 if µ 6= ν. (3.15)

Remark 3.3.1. The Hopf algebra U can be described as a quotient of the Drinfeld double
of the dual pair (U≥0, U

cop
≤0 ), which in particular implies the relation

xy = 〈x1, y1〉〈x3, Sy3〉y2x2 for all x ∈ U≥0, y ∈ U≤0. (3.16)

3.3.3 Quantized coordinate rings.

Let G be the connected, simply connected algebraic group with Lie algebra g. The quantized
algebra of functions on G, which we denote by Oq[G], is defined to be the Hopf algebra of
matrix elements of finite-dimensional U -modules. For a finite-dimensional U -module V of
highest weight λ and a pair of elements v ∈ V and f ∈ V ∗ we denote the corresponding
matrix element by cλf,v, or simply by cf,v when it does not cause ambiguity. By construction,
there is a Hopf pairing

〈〈·, ·〉〉 : Oq[G]⊗ U −→ k (3.17)

defined by evaluation of matrix elements against elements of U . Pairing (3.17) is non-
degenerate, since no non-zero element of U acts as zero in all finite-dimensional representa-
tions [46].

The algebra Oq[G] is a left U ⊗ U cop module algebra via the left and right coregular
actions

((x⊗ y) ◦ ψ)(u) = ψ(Syux) where x, u ∈ U, y ∈ U cop, ψ ∈ Oq[G]. (3.18)

As a U ⊗ U cop-module, Oq[G] admits the Peter-Weyl decomposition

Oq[G] =
⊕
λ∈P+

L(λ)∗ ⊗ L(λ)
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where L(λ) is the finite-dimensional U -module of highest weight λ, and L(λ)∗ is its dual.
The algebra Oq[G] is graded by two copies of the weight lattice P as follows

Oq[G] =
⊕
λ,µ∈P

Oq[G]λ,µ

where
Oq[G]λ,µ =

{
ψ ∈ Oq[G] | (Kν ⊗Kρ)ψ = q(µ,ν)+(λ,ρ)ψ

}
.

If V is a representation of U and v ∈ V satisfies Kλv = q(λ,µ)v for all λ ∈ P , we say that v
is a weight vector of weight µ, and write wt(v) = µ. The subspace Oq[G]λ,µ is spanned by
matrix elements cf,v with wt(f) = λ, wt(v) = µ. Note that S(Oq[G]λ,µ) = Oq[G]µ,λ and for
xν ∈ Uν , ψλ,µ ∈ Oq[G]λ,µ we have

ψλ,µ(xν) 6= 0 =⇒ ν + λ+ µ = 0

Moreover, if ψ ∈ Oq[G]λ,µ its coproduct takes the form

∆(ψ) =
∑
ν

ψλ,ν ⊗ ψ−ν,µ where ψα,β ∈ Oq[G]α,β.

3.3.4 Oq[G] as a co-quasitriangular Hopf algebra

Write Θν for the canonical element in U+
ν ⊗U−ν with respect to the pairing 3.12. If V,W are

two finite-dimensional representations of U , then the action of the formal sum Θ =
∑

ν∈Q Θν

is well defined in the tensor product V ⊗W . Let fV,W be the operator in V ⊗W defined by

fV,W (v ⊗ w) = q−(wt(v),wt(w))(v ⊗ w)

for any weight vectors v, w ∈ V,W . Then define RVW to be the following operator in V ⊗W

RVW (v ⊗ w) = Θ ◦ fVW

The operator R gives rise to a bilinear form r : Oq[G]×Oq[G] −→ k defined by

r(cf,v, cg,w) = (f ⊗ g)(RVW (v ⊗ w))

=
∑
α

q−(wt(v),wt(w))f(Θαv)g(Θ−αw).

The form r equips Oq[G] with the structure of a co-quasitriangular Hopf algebra [48, 49].
This means that, for all triples φ, ψ, ρ ∈ Oq[G], we have

r(φ1, ψ1)φ2ψ2 = ψ1φ1r(φ2, ψ2), (3.19)

r(φψ, ρ) = r(φ, ρ1)r(ψ, ρ2), (3.20)

r(ρ, φψ) = r(ρ1, ψ)r(ρ2, φ). (3.21)
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3.3.5 l-operators

Let Oq[G]∗ be the full linear dual of Oq[G], and define maps

l±, ′l± : Oq[G] −→ Oq[G]∗

by

l+(φ) = r(·, φ), ′l+(φ) = r(·, S−1φ),
′l−(φ) = r(φ, ·), l−(φ) = r(Sφ, ·).

Lemma 3.3.2. [49, Lemma 1.4] The maps l± : Oq[G] → Oq[G]∗ are anti-homomorphisms
of algebras, while the maps ′l± are homomorphisms of algebras. Additionally, we have

l+, ′l+ : Oq[G] −→ U≥0, l−, ′l− : Oq[G] −→ U≤0

with explicit formulas given by

l+(cf,v) =
∑
α

f(Θ−αv)ΘαK
−wt(v)

′l−(cf,v) =
∑
α

f(Θαv)Θ−αK
−wt(v)

We also have

Lemma 3.3.3. Let ∆, SU denote the coproduct and antipode in U . Then

′l± = SU ◦ l±

and

∆ ◦ l±(φ) = l±(φ1)⊗ l±(φ2),

∆ ◦ ′l±(φ) = ′l±(φ2)⊗ ′l±(φ1).

Proof. These identities follow directly from the properties (3.20), (3.21) of r, together with
the non-degeneracy of the Hopf pairing between U and Oq[G].

We will make frequent use of the following lemma relating the universal r-form to the
Hopf pairing (3.12).

Lemma 3.3.4. Let 〈·, ·〉 be the pairing (3.12) of U≥0 with U≤0. Then

〈l+(φ), ′l−(ψ)〉 = r(ψ, φ)
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Proof. We verify the claim for any pair of matrix elements cf,v, cg,w ∈ Oq[G]. Let us expand
Θ =

∑
i Θ+i ⊗Θ−i where 〈Θ+i,Θ−j〉 = δij. Then using the relation

〈Θ+iK
λ,Θ−jK

µ〉 = q−(λ,µ)δij

from [46, p. 6.13] we compute

〈l+(cg,w), ′l−(cf,v)〉 =
∑
i,j

g(Θ−iw)f(Θ+jv)〈Θ+iK
−wt(w),Θ−jK

−wt(v)〉

=
∑
i

q−(wt(v),wt(w))f(Θ+iv)g(Θ−iw) = r(cf,v, cg,w).

3.3.6 The ad-integrable part of U

Consider the left (right) adjoint actions adl (respectively, adr) of U on itself defined by

adl(x)(y) = x1ySx2 (3.22)

adr(x)(y) = Sx1yx2 (3.23)

Definition 3.3.5. The left ad-integrable part of U is defined as the subset

Fl(U) = {x ∈ U | dim adl(U)x <∞}

Similarly, the right ad-integrable part of U is defined as the subset

Fr(U) = {x ∈ U | dim adr(U)x <∞}

Proposition 3.3.6. [48] The ad-integrable parts Fl(U), Fr(U) are subalgebras in U . More-
over, they are left and right coideals respectively:

∆(Fl(U)) ⊂ U ⊗ Fl(U), ∆(Fr(U)) ⊂ Fr(U)⊗ U.

Now consider the maps

I : Oq[G] −→ U≥0 ⊗ U≤0, I = (l+ ⊗ ′l−) ◦∆ (3.24)

and
J : Oq[G] −→ U, J = m ◦ I (3.25)

where
m : U≥0 ⊗ U≤0 −→ U, u+ ⊗ u− 7→ u+u−

is the multiplication in U . Note also that the action (3.23) induces a coadjoint action
ad∗r : U ⊗Oq[G] −→ Oq[G] given by

〈ad∗r(x)(ψ), y〉 = 〈ψ, S(x1)yx2〉, x, y ∈ U, ψ ∈ Oq[G]. (3.26)

The following theorem was proved by Joseph and Letzter in [50], building on results of
Caldero [51].
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Theorem 3.3.7. [50] The map J is an injection of U-modules, with respect to the ac-
tion (3.22) on U and the action (3.26) on Oq[G]. Its image is

Fl(U) =
⊕
λ∈P+

(adl U)(K−2λ) (3.27)

Since S(Fl(U)) = Fr(U), the theorem implies that the map

J ′
def
= S ◦ J : Oq[G] −→ Fr(U)

is also an isomorphism of U -modules. Indeed, for all x ∈ U , φ ∈ Oq[G] we have

x2J
′(φ)S−1x1 = J ′(ad∗r(S

−2x)φ) (3.28)

Despite being a morphism of U -modules, the map J is not a morphism of algebras. However,
as explained in [49], one can equip Oq[G] with a twisted algebra structure so that J becomes
an algebra homomorphism:

Proposition 3.3.8. The following formula defines an associative product •F in Oq[G]

φ •F ψ = r(φ1, ψ2)r(φ3, Sψ1)φ2ψ3

= r(φ2, ψ3)r(φ3, Sψ1)ψ2φ1

If we write FOq[G] for the algebra obtained by equipping Oq[G] with the product •F , then the
map J : FOq[G] −→ Fl(U) is an isomorphism of U-module algebras.

Similarly, the map J ′ is an isomorphism of algebras (FOq[G])op ' Fr(U).

3.3.7 The Heisenberg double of U≥0

We define the Heisenberg double of U≥0 to be the smash product Hq = U≥0#U≤0 of the dual
pair of Hopf algebras U≥0 and U cop

≤0 with respect to the pairing (3.12). The product in Hq

can be written explicitly as

(a#x)(b#y) = 〈b2, x2〉ab1 ⊗ x1y

Let us make a few remarks on the structure of Hq that will prove useful in the sequel.
Consider the torus

T = 1⊗ U0 ⊂ Hq.

The Heisenberg double Hq has the following T -module algebra structure

(1⊗Kλ) ◦ (a#x) = (1#Kλ)(a#x)(1#K−λ) = 〈Kλ, a2〉a1#KλxK−λ.

Therefore, we have
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Proposition 3.3.9. The T invariants in Hq coincide with the subalgebra

HT
q =

⊕
ν∈Q+

U+K−ν#U−−νT.

The following formula defines an action of Hq on U≥0

(a#x) ◦ b = 〈x, b2〉ab1 (3.29)

where a#x ∈ Hq and b ∈ U≥0. We have the following lemma regarding the restriction of
this action to the subalgebra HT

q ⊂ Hq.

Lemma 3.3.10. As HT
q -modules, we have

U≥0 =
⊕
λ∈P

U+Kλ

Proof. It suffices to check that K−ν#y−ν ∈ HT
q preserves U+Kλ. This follows from the or-

thogonality property (3.15) of the pairing 〈·, ·〉 and the fact that given x ∈ U+
α , its coproduct

can be expanded as

∆(x) =
∑
β

xα−βK
β ⊗ xβ

where xβ ∈ U+
β and xα−β ∈ U+

α−β.

3.4 Construction of the quantum resolution

In this section, we describe an analog of the Grothendieck-Springer map (3.7) at the level of
quantum groups.

3.4.1 Quantum differential operators on G

Following [52, 22], we define the ring Dq of quantum differential operators on G, to be the
smash product algebra

Dq = Oq[G]op#U cop.

The multiplication in Dq is given by the formula

φ#u · ψ#v = ψ2(u2)ψ1φ#u1v

Since Fr(U) is a right coideal, the algebra Dq contains a subalgebra

Dfinq = Oq[G]op#Fr(U). (3.30)

We can parameterize Dfinq using the algebra isomorphism J ′ : (FOq[G])op −→ Fr(U). Under
this identification, one checks that product in Dfinq becomes

(φ#J ′(ρ)) · (ψ#J ′(ν)) = r(S−1ρ3, ψ2)r(S−1ν1S
−2ν3ψ3, S

−1ρ1)ψ1φ#J ′(ν2ρ2). (3.31)
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3.4.2 Construction of Cq[X]

We are now ready to describe our construction of Cq[X], the quantized algebra of global
functions on the Grothendieck-Springer resolution. The idea is to obtain Cq[X] as the
quantum hamiltonian reduction of Dq under an appropriate action of U≥0, analogously to
the construction of X as the quotient of the coisotropic subvariety Q ⊂ D+ by the Poisson
action of B∆ in Proposition 3.1.3.

Remark 3.4.1. Philosophically, the construction of Cq[X] presented in this section is very
similar to the one of global sections of the sheaf of quantum differential operators in [22,
23]. However, there appear to be some technical differences between the two constructions,
so we provide independent proofs of the results we shall use.

For the reader’s convenience, we briefly recall the notion of quantum Hamiltonian re-
duction. Suppose that H is a Hopf algebra, A is an associative algebra, µ : H → A is a
homomorphism of associative algebras, and I is a 2-sided ideal in H preserved by the left
adjoint action of H. Then by the ad-invariance of I, the action of H on A defined by the
formula

h ◦ a = µ(h1)aµ(Sh2)

descends to an action of H on the A-module A/Aµ(I). The quantum Hamiltonian reduction
of A by the quantum moment map µ : H → A at the ideal I is defined as the set of H-
invariants

(A/Aµ(I))H = {a ∈ A/Aµ(I) | h ◦ a = ε(h)a for all h ∈ H}
which one checks inherits a well-defined associative algebra structure from that of A.

In order to obtain Cq[X] as quantum hamiltonian reduction of the ring Dq, the above
construction requires some technical modifications which we shall now explain. Consider the
algebra embedding of U into Dq = Oq[G]op#U cop given by

µ : U −→ Dq, u 7−→ 1#u.

Regarding this algebra embedding as a quantum moment map, one obtains the following
U cop-module algebra structure on Dq

x ◦ (φ#u) = (1#x2)(φ#u)(1#S−1x1) = φ2(x3)φ1#x2uS
−1x1. (3.32)

This action preserves the subalgebra Dfinq ⊂ Dq defined in (3.30), and restricts to U≥0 ⊂ U
as follows

x ◦ φ#J ′(ρ) = (S−1ρ1S
−2ρ3φ2)(x)φ1#J ′(ρ2) (3.33)

where x ∈ U and φ#J ′(ρ) ∈ Dfinq .
Consider now the C(q)-linear map

Dfinq −→ Oq[G]cop ⊗ U≥0, φ#J ′(ρ) 7−→ φ#′l−(S−1ρ)

and denote by I the kernel of this map.
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Proposition 3.4.2. I is a left ideal in Dfinq , and I is preserved by the action (3.32) of U≥0.

Proof. Consider φ, ψ ∈ Oq[G] so that ′l−(φ) = 0. Then for all ρ ∈ Oq[G] we have

〈′l−(φ •F ψ), ρ〉 = r(φ2, ψ3)r(φ3, Sψ1)r(ψ2φ1, ρ) = r(φ2, ψ3)r(φ3, Sψ1)r(ψ2, ρ1)r(φ1, ρ2)

= r(φ, Sψ1ψ3ρ2)r(ψ2, ρ1) = 〈′l−(φ), Sψ1ψ3ρ2〉r(ψ2, ρ1) = 0

which implies ′l−(φ •F ψ) = 0. Hence the assertion that I is a left ideal follows from
formula (3.31) for the product in Dfinq .

Let us now show that I is preserved under the action (3.32) of U≥0. By formula (3.28)
it suffices to show that for all x ∈ U≥0 and φ ∈ Oq[G] such that ′l−(φ) = 0, we have
′l−(ad∗r(S

−2x)φ) = 0. Since l+ is surjective, we may write x = l+(ν) for some ν ∈ Oq[G].
Then for all η ∈ Oq[G], we get

〈l−(ad∗r(S
−2x)φ), η〉 = φ3(S−2x2)φ1(S−1x1)〈′l−(φ2), η〉

= r(φ3, S
2ν2)r(φ1, Sν1)r(φ2, η) = r(φ, S2ν2ηSν1) = 0

which shows that ′l−(ad∗r(S
−2x)φ) = 0, completing the proof.

It follows from Proposition 3.4.2 that the action (3.32) descends to a well-defined action
on the quotient Dfinq /I. We now define Cq[X] to be the set of U≥0-invariants in Dfinq /I with
respect to action (3.32)

Cq[X]
def
=
(
Dfinq /I

)U≥0

Proposition 3.4.3. The formula

(z + I) · (w + I) = zw + I, z + I, w + I ∈ Cq[X] (3.34)

equips Cq[X] with a well-defined associative product.

Proof. First, let us verify that (3.34) provides a well-defined map Cq[X]⊗2 → Dfinq /I. All we
must check is that I is a two-sided ideal in Dfinq . It suffices to show that given a U≥0-invariant
z + I ∈ Cq[X] and an element ν ∈ Oq[G] satisfying ′l−(ν) = 0 we have (1#J ′(ν)) · z ∈ I.

Let z =
∑

k φ
k#J ′(ρk), then the U≥0-invariance of z is equivalent to the condition that

for all ψ ∈ Oq[G], we have

(id⊗′l−)

(
l+(ψ) ◦

(∑
k

φk#ρk
))

=
∑
k

r(S−1ρk1S
−2ρk3φ

k
2, ψ)φk1#′l−(ρk2)

= ε(ψ)
∑
k

φk#′l−(ρk).
(3.35)
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So by (3.31) and the invariance condition (3.35), we get

(id⊗ ′l−)(1#J ′(ν)) · (z + I) =
∑
k

r(S−1ν3, φ
k
2)r(S−1ρk1S

−2ρk3φ
k
3, S

−1ν1)φk1#′l−(ρk2ν2)

=
∑
k

r(S−1ν2, φ
k
2)φk1#l′−(ρkν1)

This implies that for all η ∈ Oq[G], we have

〈(id⊗ ′l−)(1#J ′(ν) · z), id⊗ η〉 =
∑
k

r(S−1ν2, φ
k
2)〈′l−(ρkν1), η〉φk1

=
∑
k

r(ν2, Sφ
k
2)r(ρkν1, η)φk1 =

∑
k

r(ν2, Sφ
k
2)r(ρk, η1)r(ν1, η2)φk1

=
∑
k

r(ν, Sφk2η2)r(ρk, η1)φk1 = 0

where ′l−(ν) = 0 is used in the last equality. Thus, (1#J ′(ν)) · z ∈ I as claimed.
To complete the proof that (3.34) is a well-defined product on Cq[X], we must check that

z + I, w + I ∈ Cq[X] implies zw + I ∈ Cq[X].

Indeed, since (3.32) defines on Dq the structure of a U cop-module algebra, it follows from the
first part of the proof that

a ◦ (zw + I) = a ◦ (zw) + I = (a2 ◦ z)(a1 ◦ w) + I = (ε(a2)z + I)(ε(a1)w + I) = ε(a)zw + I

which completes the verification that Cq[X] is an algebra.

Since ′l− : Oq[G]→ U≤0 is surjective, we have an identification of C(q)-modules

Dfinq /I ' Oq[G]op ⊗ U≤0, φ#J ′(ρ) + I 7−→ φ#′l−(S−1(ρ)) (3.36)

Proposition 3.4.4. The algebra structure of Cq[X] = (Oq[G]op ⊗ U≤0)U≥0 is given by

(φ#x) · (ψ#y) = ψ2(x2)ψ1φ#x1y (3.37)

Thus Cq[X] may be regarded as a subalgebra in the smash product Oq[G]op#U cop
≥0 ⊂ Dq.

Proof. Choose elements ρ, ν ∈ Oq[G] so that ′l−(S−1ρ) = x, and ′l−(S−1ν) = y. The U≥0

invariance condition (3.35) for ψ#J ′(ν) + I implies

(id⊗′l− ◦ S−1) ((φ#J ′(ρ)) · (ψ#J ′(ν))) = r(S−1ρ2, ψ2)ψ1φ#′l−(S−1(νρ1))

= ψ2(′l−(S−1ρ2)ψ1φ#′l−(S−1ρ1)′l−(S−1ν) = ψ2(x2)ψ1φ#x1y.
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Corollary 3.4.5. The map

l+ ⊗ id : (Oq[G]op ⊗ U≤0)U≥0 ' Cq[X] −→ Hq (3.38)

is a homomorphism of algebras.

Proof. Suppose that φ#x, ψ#y ∈ Cq[X] with x = ′l−(ρ). Then

(l+(φ)#x) · (l+(ψ)#y) = 〈x2, l
+(ψ)2〉l+(φ)l+(ψ1)#x1y = 〈x2, l

+(ψ)2〉l+(φ)l+(ψ1)#x1y

= 〈′l−(ρ1), l+(ψ2)〉l+(φ)l+(ψ1)#′l−(ρ2)y = r(ρ1, ψ2)l+(ψ1φ)#′l−(ρ2)y

= ψ2(′l−(ρ1))l+(ψ1φ)#′l−(ρ2)y = ψ2(x2)l+(ψ1φ)#x1y = (l+ ⊗ id)((φ#x) · (ψ#y)).

3.4.3 Construction of the resolution.

Consider the map
% : FOq[G] −→ Dfinq , φ 7−→ S−1φ3φ1#φ2

Proposition 3.4.6. One has %(FOq[G]) ⊂
(
Dfinq

)U
, where U acts via (3.32).

Proof. Let x ∈ U and φ ∈ FOq[G]. Then by (3.33) we get

x ◦ %(φ) = (S−1φ3S
−2φ5S

−1φ6φ2)(x) S−1φ7φ1#φ4 = ε(x)S−1φ3φ1#φ1 = ε(x)%(φ).

Corollary 3.4.7. The image of the natural map ξ : FOq[G] −→ Dfinq /I obtained by compos-

ing % with the quotient projection is contained in Cq[X] =
(
Dfinq /I

)U≥0.

Identifying Cq[X] with Oq[G]op#U≥0 via (3.36), we get

ξ(φ) = S−1φ3φ1#′l−(S−1φ2)

Theorem 3.4.8. The map ξ : FOq[G] −→ Cq[X] is a homomorphism of algebras.

Proof. We have

ξ(φ •F ψ) = r(φ2, ψ3)r(φ3, Sψ1)ξ(ψ2φ1)

= r(φ4, ψ5)r(φ5, Sψ1)S−1(φ3)S−1(ψ4)ψ2φ1#′l−(S−1(ψ3φ2))

= r(φ3, ψ4)r(S−1φ5, ψ1)S−1(ψ5)S−1(φ4)ψ2φ1#′l−(S−1(ψ3φ2))

= r(φ3, ψ4)r(S−1φ4, ψ2)S−1(ψ5)ψ1S
−1(φ5)φ1#′l−(S−1(ψ3φ2)).



CHAPTER 3. QUANTUM GROTHENDIECK-SPRINGER RESOLUTION 58

On the other hand, using formula (3.37) for the product in Cq[X] we have

ξ(φ) · ξ(ψ) = S−1φ3φ1#′l−(S−1φ2) • S−1ψ3ψ1#′l−(S−1ψ2)

= 〈S−1(ψ4)ψ2,
′l−(S−1φ3)〉S−1ψ5ψ1S

−1(φ4)φ1#′l−(S−1(ψ3φ2))

= r(S−1φ3, S
−1(ψ4)ψ2)S−1ψ5ψ1S

−1(φ4)φ1#′l−(S−1(ψ3φ2))

= r(φ3, ψ4)r(S−1φ4, ψ2)S−1(ψ5)ψ1S
−1(φ5)φ1#′l−(S−1(ψ3φ2))

= ξ(φ •F ψ).

Precomposing with the isomorphism J−1 : Fl(U)→ FOq[G] defined in (3.25) we obtain

Corollary 3.4.9. The map

ξ̂ : Fl(U) −→ Cq[X], ξ̂ = ξ ◦ J−1

is a homomorphism of algebras.

3.4.4 Restriction of ξ̂ to the center of U .

The homomorphism ξ̂ bears an interesting relation to the center Z of U . This center can be
described in several ways. Firstly, we have the quantum Harish-Chandra map ϑ : U −→ U0,
which is defined in terms of the triangular decomposition (3.13) of U :

ϑ : U ' U>0 ⊗ U0 ⊗ U<0 −→ U0, a⊗ t⊗ x 7−→ ε(a)ε(x)t

Tthe restriction of ϑ to Z ⊂ U is an injective algebra homomorphism [46]. To describe its
image, let

ρ =
1

2

∑
α∈Π+

α

be the half-sum of positive roots, and consider the C(q)-algebra automorphism κ : U0 −→ U0

defined by
κ(Kλ) = q(ρ,λ)Kλ

The Weyl group W acts on U0 by

w ·Kλ = Kw(λ)

and we denote by UW
0 its fixed point subalgebra. Finally, we write

U0, even =
⊕
λ∈P

K2λ (3.39)

We have the following quantum analog of Harish-Chandra’s theorem:
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Proposition 3.4.10. [46, Chapter 6] The map ϑ : Z −→ κ
(
UW

0, even

)
is an isomorphism of

algebras.

On the other hand, we have Z = Fl(U)U , and this subalgebra of invariants may be
described explicitly in terms of the Joseph-Letzter decomposition (3.27) of Fl(U). Indeed,
the map J yields an identification of Z with the space of matrix elements

Oq[G]U = {φ ∈ Oq[G] | φ(Su1vu2) = ε(u)φ(v) for all u, v ∈ U} (3.40)

Note that by the ad(U0)-invariance, we have Oq[G]U ⊂
⊕

λ∈P Oq[G]−λ,λ.

Proposition 3.4.11. Suppose that φ ∈ Oq[G]U . Then

ξ(φ) = 1#′l−(S−1φ) (3.41)

Proof. Using the invariance condition (3.40), we obtain(
S−1(φ3)φ1 ⊗ S−1φ2, u⊗ v

)
= φ3(S−1u1)φ1(u2)φ2(S−1v) = φ(u2S

−1vS−1u1)

= ε(u)φ(S−1v)

for all u, v ∈ U . By the nondegenerate of the evaluation pairing between U and Oq[G], we
conclude that the equality

S−1(φ3)φ1 ⊗ S−1(φ2) = 1⊗ S−1(φ)

holds in Oq[G]⊗2, and the result follows.

The restriction of ξ̂ to Z ⊂ Fl(U) is closely related to the quantum Harish-Chandra
homomorphism. Indeed, note that for φ =

∑
j φj ∈ Oq[G]U with φj ∈ Oq[G]−λj ,λj , we have

ξ(φ) =
∑
j

ε(φj)(1#Kλj)

On the other hand, if φ ∈ Oq[G]U , we have

(ϑ ◦ J)(φ) =
∑
j

ε(φj)K
−2λj

Introducing the embedding

υ : 1#U0 → U0, 1#Kµ 7−→ K−2µ

we have established

Proposition 3.4.12. The Harish-Chandra map ϑ may be written as

ϑ = υ ◦ ξ̂ (3.42)
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For λ ∈ P+, let L(λ) be the finite-dimensional simple U module with highest weight λ,
and let χλ ∈ Oq[G] be its character. Define functionals

τλ(u) = χλ(uKρ)

where ρ is the half-sum of positive roots.

Lemma 3.4.13. The functionals τλ are elements of Oq[G]U .

Proof. The U -invariance of τλ follows from cyclicity of the trace together with the fact that
S2(u) = K−ρuKρ for all u ∈ U .

Observe that

ξ(τλ) =
∑
µ∈P

q(µ,ρ) dimL(λ)µKµ = κ
(∑
µ∈P

dimL(λ)µKµ
)

so that (κ−1 ◦ ξ)(τλ) coincides with the formal character of L(λ).

Corollary 3.4.14. The restriction of ξ̂ to Z gives an isomorphism of algebras ξ̂ : Z → κ(UW
0 )

Proof. The orbit sums {m(λ) =
∑

ν∈W ·λK
ν | λ ∈ P+} form a C(q)-basis for UW

0 , and the
set of formal characters {(κ−1 ◦ ξ)(τλ) | λ ∈ P+} is triangular with respect this basis under
the dominance order on P+.

Using the homomorphism ξ̂ : Z → 1#U0, we may regard U0 as a Z-module. Then, in
view of Proposition 3.5.6 in the following section, we have

Corollary 3.4.15. The map ξ̂ extends to an embedding of algebras

ξ̃ : Fl(U)⊗Z U0 −→ Cq[X], u⊗ t 7−→ ξ̂(u)t

Based on the isomorphism (3.11) in the classical picture, we make the following

Conjecture 3.4.16. The map ξ̃ : Fl(U)⊗Z U0 −→ Cq[X] is an algebra isomorphism.

3.5 Embedding into the Heisenberg double.

Composing maps ξ, ξ̂ with the algebra homomorphism from Corollary 3.4.5, we obtain

Proposition 3.5.1. The maps

ζ : FOq[G] −→ Hq, φ 7−→ l+(S−1φ3φ1)#′l−(S−1φ2) (3.43)

ζ̂ : Fl(U) −→ Hq, ζ̂ = ζ ◦ J−1 (3.44)

are homomorphisms of algebras.
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Proposition 3.5.2. The image of ζ is contained in the subalgebra HT
q of T invariants.

Proof. Suppose that ψ ∈ Oq[G]λ,µ. Then we may expand

∆2(ψ) =
∑
ν1,ν2

ψλ,ν1 ⊗ ψ−ν1,ν2 ⊗ ψ−ν2,µ

with ψα,β ∈ Oq[G]α,β. Note that

S−1ψ−ν2,µψλ,ν1 ∈ Oq[G]λ+µ,ν1−ν2 and S−1ψ−ν1,ν2 ∈ Oq[G]ν2,−ν1

and recall that ψα,β(xρ) is non-zero only if ρ+ α + β = 0. Therefore we have

ζ(ψ) =
∑

ν1,ν2,α,β

(S−1ψ−ν2,µψλ,ν1)(Θ−α)ΘαK
−ν1+ν2#(S−1ψ−ν1,ν2)(Θβ)Θ−βK

−ν1

=
∑
ν1,β

(S−1ψν1−β,µψλ,ν1)(Θ−λ−µ−β)(S−1ψν1,ν1−β)(Θβ)Θλ+µ+βK
−β#Θ−βK

−ν1

which implies ζ(ψ) ∈ HT
q .

Recall the defining representation (3.29) of Hq on U≥0. Pulling this representation back
under the algebra homomorphism (3.44), we obtain an action of the algebra Fl(U) on U≥0.
In studying this representation, it will be convenient to describe U≥0 by means of the sur-
jective homomorphism l+ : Oq[G] → U≥0. The following formula is easily deduced from the
formula (3.43) for ζ, the coquasitriangularity of r, and Lemma 3.3.4.

Lemma 3.5.3. The action of J(ψ) ∈ Fl(U) on l+(ϕ) ∈ U≥0 induced by ζ̂ is given by

J(ψ) · l+(ϕ) = r(S−1ψ3, ϕ1) l+(S−1ψ2ϕ2ψ1)

Since ζ(FOq[G]) ⊂ HT
q , it follows from Lemma 3.3.10 that the space U≥0 decomposes as

an Fl(U)-module as

U≥0 =
⊕
λ∈P

U+Kλ (3.45)

We will now identify the Fl(U)-modules U+Kλ. Recall the definition of the contragredient
Verma module M(µ)∨ for U . Let Cµ be the one-dimensional U≥0-module with basis wµ and
U≥0-module structure defined by

a · wµ = 〈a,Kµ〉,
which is a slight abuse of notation for µ /∈ P . Regard U as a U≥0 module via the action
a · u = uS(a). Then

M(µ)∨
def
= HomU≥0

(U,Cµ)

where HomU≥0
denotes the restricted (graded) Hom of U≥0-modules. The action of U on

M(µ)∨ is then given by
(u · φ)(v) = φ(Suv).

Note that because of the triangular decomposition of U , elements of M(µ)∨ are uniquely
determined by their values on U≤0 ⊂ U .



CHAPTER 3. QUANTUM GROTHENDIECK-SPRINGER RESOLUTION 62

Proposition 3.5.4. The Fl(U)-module U+Kλ in the decomposition (3.45) is isomorphic to
the restriction to Fl(U) of the contragredient Verma module M(λ/2)∨.

Proof. Given a ∈ U+Kλ, define an element φa ∈M(λ/2)∨ by declaring

φa(y) = 〈aK−λ/2, y〉

for all y ∈ U≤0. We claim that the map a 7→ φa is an isomorphism of Fl(U)-modules. By the
non-degeneracy of 〈·, ·〉, it is an isomorphism of linear spaces. To show that it respects the
Fl(U)-module structure, we compute the action of the subalgebras U≥0 and U≤0 on M(λ/2)∨.

Suppose first that z ∈ U≤0, with Sz ∈ U−Kρ. Then for all y ∈ U≤0 we have

(z · φa)(y) = φa(Szy) = 〈aK−λ/2, Szy〉 = 〈a1K
−λ/2, Sz〉〈a2K

−λ/2, y〉 = q
1
2

(λ,ρ)〈a1, Sz〉φa2(y)

At the same time, for b ∈ U+Kρ, we have

(b · φa)(y) = φa(Sby) = 〈Sb3, y3〉〈b1, y1〉φa(y2Sb2) = 〈Sb3, y3〉〈b1, y1〉〈Sb2, K
λ/2〉〈aK−λ/2, y2〉

= 〈b1aK
−λ/2Sb3, y〉〈Sb2, K

λ/2〉 = q
1
2

(λ,ρ)φb1aSb2(y).

Here we used formula (3.16) for the product in U , together with the homogeneity of the
coproduct in U≥0. Now given ψ ∈ FOq[G]γ,µ, we compute the action of J(ψ) = l+(ψ1)′l−(ψ2)
on φa ∈M(λ/2)∨ with the help of Lemma 3.5.3. Note that in the expansion

∆(ψ) =
∑
ν

ψγ,ν ⊗ ψ−ν,µ

we have
′l−(S−1ψ−ν,µ) ∈ U−Kν and l+(ψγ,ν) ∈ U+K−ν .

Then

J(ψ) · φa = l+(ψ1) ·
(
q

1
2

(λ,ν)〈a1,
′l−(S−1ψ2)〉φa2

)
= 〈a1,

′l−(S−1ψ3)〉φl+(ψ1)a2l+(S−1ψ2).

Therefore taking a = l+(ϕ), we find

J(ψ) · φa = r(S−1ψ3, ϕ1)φl+(S−1ψ2ϕ2ψ1) = φψ·a

which shows that the map a 7→ φa intertwines the two actions of Fl(U).

Corollary 3.5.5. The homomorphisms ζ̂ and ξ̂ are injective.

Proof. For any λ ∈ P+, the contragredient Verma module M(λ)∨ contains the finite-
dimensional U -module L(λ) as a submodule. Hence the corollary follows from the fact
[46, p. 5.11] that no non-zero element of U acts by zero in all finite-dimensional representa-
tions.
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As in Corollary 3.4.15, we may extend ζ̂ to obtain a homomorphism of algebras

ζ̃ : Fl(U)⊗Z U0 −→ HT
q , u⊗ t 7→ µ(u)t. (3.46)

Proposition 3.5.6. The homomorphism ζ̃ is injective.

Proof. Since U0 ' C[P ] we may regard Ũ
def
= Fl(U) ⊗Z U0 as a quasi-coherent sheaf on

SpecC[P ], whose stalk at λ ∈ C[P ] we denote by
(
Ũ
)
λ
. We may similarly regard HT−

q as a

sheaf over SpecC[P ] and denote its stalk at λ ∈ C[P ] by
(
HT−
q

)
λ
. Let ζ̃λ :

(
Ũ
)
λ
−→

(
HT
q

)
λ

be the induced map. Then ker ζ̃ is a subsheaf of Ũ , and ker ζ̃λ is its stalk at point λ. Thus,
it is enough to show that ker ζ̃λ = 0 for any λ.

Let Iλ ⊂ Ũ denote the ideal generated by
〈
1⊗Kµ − q〈λ,µ〉

〉
µ∈P and Jλ ⊂ HT

q denote

the ideal generated by
〈
1#Kµ − q〈λ,µ〉

〉
µ∈P . Let Uλ be the quotient of U by the central

character of the Verma module of weight λ. Note, that Ũ/Iλ ' Uλ. Set Hλ
q

def
= HT

q /Jλ
and let ζ̂λ : Uλ −→ Hλ

q be the induced homomorphism. By quantum Duflo theorem, we
know that Uλ acts faithfully on the Verma module M(λ). In view of Proposition 3.5.4 and
the existence of a nondegenerate pairing between a Verma module and the corresponding
contragredient Verma module, we obtain ker ζ̂λ = 0.

Now, let C[P ]λ denote the local ring at λ and mλ be its maximal ideal. Then one has

Uλ =
(
Ũ
)
λ
/mλ

(
Ũ
)
λ

and Hλ
q =

(
HT
q

)
λ
/mλ

(
HT
q

)
λ
,

so that
mλ ker ζ̃λ = ker ζ̃λ.

At this point the Proposition would from Nakayama’s lemma if ker ζ̃λ were a finitely-
generated C[P ]λ module. Therefore, it remains to filter ker ζ̃λ by finitely generated sub-

modules. There is a natural filtration on
(
Ũ
)
λ

(by the sum of modulus of exponents in

the Poincaré-Birkhoff-Witt basis), so let kern ζ̃λ denote the intersection of the n-th filtered

component with ker ζ̃λ. Then the submodules kern ζ̃λ are finitely generated (as submodules
of a finitely generated module over a Noetherian ring) and deliver the required filtration on

ker ζ̃λ.
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