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An Instrument for the Measurement of the Volume Absorption 

Coefficient of Horizontally Stratified Water 

John E. Tyler 

INTRODUCTION 

For the solution of many problems having to do with underwater 

photography, vision, and television it is important to know the 

absorbing and scattering properties of the water. By this is meant 

the separate values of the absorption coefficient and the scattering 

coefficient. 

Instrumentation has already been devised to measure the total 

attenuation coefficient, which is the sum of the absorption and 

scattering coefficients and consequently it is only necessary to 

measure one of the two latter coefficients to evaluate all three. 

Figures 1, 2a and 2b are engineering sketches of a proposed 

instrument for measuring the absorption coefficient of ocean or lake 

water in situ. 

INSTRUMENT 

The discussion of the problem of developing instrumentation for 

the determination of the absorption coefficient will be divided 

into three parts: 
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Part I. Probe: The development of a suitable probe 

for simultaneously measuring and reporting the quanti

ties required for the determination of the absorption 

coefficient. 

Part II. Optical Components: The selection or 

develonment of photoelectric transducers with optical 

coupling which will produce signals proportional to the 

required optical quantities as defined in equations (4), 

(5), and (6). 

Part III. Data Recording: The selection or development 

of methods for recording and processing the data to 

obtain the volume absorption coefficient. 

Part I. Probes 

The various probles that suggest themselves can be grouped in to 

three broad ca tegor ies : 

1. Multiple-probe, multiple-phototube types 

2. Single-probe, multiple-phototube types 

3 . Single-probe, single-phototube types 

Types under category 1 suffer from many serious disadvantages 

and wi l l not be considered Ln th is report . 
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A single-probe, multiple-photocell f p e instrument was bu i l t 

and described to the Optical Society of America (Tyler 1955)1 in 

1955. Experience with t h i s early prototype indicates that i t should 

be possible to design a p rac t ica l single-probe, multiple-phototube 

type instrument with good time resolution which would be a s a t i s f ac 

tory device for obtaining the absorption coeff ic ient . Such an 

•instrument would contain three phototubes and would suffer the in te r -

cal ibrat ion problems and complexities inherent to three phototube 

operation. Because of t h i s , no further discussion w i l l be given in 

th i s report to instruments under category 2. 

By far the most rewarding design for an absorption-meter would 

be a a ingle-probe, single-phototube type instrument (category 3 ) . 

This report wi l l be devoted to a discussion of a single-probe, 

single-phototube instrument which would have many advantages over 

other types. For example: 

I t would be mechanically simple requiring only one 

phototube housing, one f i l t e r wheel, or one f i l t e r holder. 

I t would be l igh t in weight. 

I t would create minimum perturbation of the l igh t f i e ld . 

I t would be e l e c t r i c a l l y simple, requiring few leads in 

the cable, only one high-voltage power supply, and only one signal 

chassis . 

I t would be op t ica l ly simple with respect to f i l t e r s and 
in t e rca l ib ra t ion . 

I t would be simple to maintain in ca l ib ra t ion . 

I t would be comparatively inexpensive. 

1 ' 
J. E. Tyler,"The Measurement of Light in the Sea'1 J03A 45, 904A, 1955 
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The basic design features of this single-probe, single-photo

tube type design are shown diagramatically in Figure (1). In this 

design the optical collectors are located at the ends of three hollow 

arms which are shown symmetrically spaced around a circle. The arms 

are all located with their axes in the same plane. The plane, how

ever, is ;ilted so that the surfaces of the downwelling irradiance 

collector and of the upwelling irradiance collector, and also the 

center of the spherical irradiance collector can all lie in the same 

horizontal plane. 

A system of mirrors and lenses directs the flux from each 

collector down the axis of each arm to the center of the probe where 

a rotating mirror, or orism, sequentially redirects the flux along 

its axis of rotation to a phototube. For maximum convenience the 

axis of rotation of the rotating mirror is made perpendicular to the 

plane in which lie the optical axes of the three arms. A more 

detailed drawing of one configuration is given as Figure 2a and 2b 

(only one arm is shown in each drawing). 

The irradiance collector in Figure (2a) is shown 10 cm in 

diameter. Mirror A (and its counterpart in the other two arms) is 

fi»ed in position to direct the flux to the mirror B. Each tube 

is provided with an f#2 lens, L, and factory-adjustable diagram D, 

to control the flux received by the phototube and to permit 
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optically setting the three collectors in relative calibration. An 

alternative design would utilize a single lens between the multiplier 

phototube and the mirror (or prism) B to take the place of one lens 

in each tube. The mirror B is sequentially rotated and redirects 

the flux from each collector in turn to the multiplier phototube (MPT). 

A suggested measurement period of 2 seconds plus a transfer period 

of 1/2 second between measurements would permit a determination of 

"a" in about 15 seconds. Shorter periods, consistent with the capa

bilities of the recording system, could be employed. The upwelling 

irradiance collector and downwelling irradiance collector have their 

surfaces located in the sane horizontal plane. This is accomplished 

by tilting their respective optical axes as shown in the drawing, 

Figure (2a). The tilt angle shown is about 9°. The center of the 

spherical irradiance collector is also placed in this same horizontal 

plane by tilting its arm downward. Enough tilt is given to permit 

mounting the diffuse sphere from the bottom rather than the side, since 

this will minimize the error in the determination of scalar irradiance. 

It is essential to keep the three axes from the mirror, A, in the same 

plane and the axi3 of rotation of mirror B, perpendicular to this plane. 

Location of the pressure transducers is not shown and is not 

considered critical.. 
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Part II. Optical Components 

Irradiance determination: In the measurement of the absorption 

coefficient "a" it is important that the optical integrations be 

accurately performed because the errors will not tend to cancel as 

they do (for example) in the determination of the diffuse attenuation 

function K. In determining the latter function one measures the 

downwelling irradiance at two depths Z and 7 *•!„+*. ^ * • , 
û jjuua, ̂  ana L . K is then determined 

from the equation: 

H(Z1) _ +« A j 2 

H(Z2) 

The same irradiance collector is, of course, used for both H 

measurements. If the plate is not a true cosine collector an error 

will be introduced into the value of H(ZX) , which will depend on 

the radiance distribution as well as the properties of the collector 

Plate. The value of H(Z2) will also be in error for the same reason. 

However, if the radiance distribution is the same at Z±) as it is 

at z2, the error in H(Z1), will cancel that in H(Z2). The error 

introduced into K will depend therefore on the difference in radiance 

distribution at the two depths which in practice can be kept small. 

This situation does not obtain in the measurement of the absorption 

coefficient. From Equation (1) it can be seen that the determination of 

"a" is based on measurements of h, H(Z+) and H(Z-). The radiance 
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distribution for the upper hemisphere which yields H(Z-) is drastically 

different from the radiance distributions for the lower hemisphere 

which yields H(Z+) and an imperfect cosine collector will weight 

these radiance distributions quite differently. In addition to this 

the quantities H(Z+) and H(Z-) are subtracted (rather than divided) 

so there is not the same opportunity for error cancellation. Finally, 

the difference H(Z+) - H(Z-) is divided by h which, if measured by 

an imperfect spherical collector, would more than likely contain a 

third type of weighting error. 

An optical component which will perform the integration 

NC&4 (? ,/u) 

o 

can be made from l/l6" Rohm and Haas #7420 diffuse plastic, cemented 

to a clear plastic disc to provide mechanical strength, See Figure 3. 

The flux acceptance properties of a typical irradiance collector of 

this kind are not the same when the front surface is ground as when 

it is polished,nor are they the same in water as in air. An irradiance 

collector can be tested for directional acceptance by mounting it 

under water so as to rotate about a vertical axis through its front 

surface. 



tre 3 
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Collimated light from a lamp operated on regulated power is first 

directed perpendicular to the collector surface ( © = 0 ). 

Relative data on the collecting properties of the surface at other 

angles is obtained by rotating the irradiance plate. The experimental 

set-up is shown in Figure (U). Experimental measurements for a typical 

plate are given in Table I. 

The error resulting from the failure of the plate described in 

Table I to collect according to the cosine law has been found by inte

gration using radiance distribution data from Tyler (1958)*, and is 

given in Table II. 

In mounting a diffusing plate, the metal retaining ring acts like 

a flux sink and causes an annular shadow around the edge of the irrad

iance collector. This shadow has been found to be about .5 cm wide for 

the above plate. The effect of this edge has been studied by means of 

a special plate (Figure (5) ) fabricated in such a way that the whole 

surface is shadowed in the manner described. It appears that this 

optical effect results in a deterioration of the desirable integrating 

properties of the plate. An integration based on the underwater 

collection properties of the shadowed test plate and the radiance 

distribution at 53.7 m (Tyler 1958)2 used before, yields an error 

of 9% in the determination of H (-) , (see Table II). For this 

reason, in designing irradiance plates the diameter of the diffusing 

plate should be made larger than the sensitive areaof the photo-

(2) J. E. Tyler, Radiance Distribution as a Function of Denth in thp 
Submarine Environment, SIO Ref. 58-25, 23 March 1958. P 
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TABLE I 

Acceptance characteristics of a laminated irradiance collector 

made from 1/16" Rohm and Haas #7420 diffusing plastic with its outer 

surface ground and mounted as shown in Figure 3. 

0 cos 9 Collecting Functions 

0 1.000 1.000 

5 .996 .997 

10 .985 .985 

15 .966 .970 

20 .940 .940 

25 .906 .900 

30 .866 .860 

35 .819 .805 

40 .766 .741 

45 .707 .680 

50 .643 .610 

55 .574 .540 

60 .500 .455 

65 .423 .380 

70 .342 .300 

75 .259 .230 

80 .174 .160 

85 .087 .095 

90 .000 .040 
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TABLE II 

Computed Errors in Downwelling Irradiance Introduced by 

the Cosine Collector Described in Table I and by Shadowing 

Depths 

Surface-Ground plate in air 

Surface-Ground plate in water 

Unground plate in water 

16.6 m 29.0 m 53.7 m 

1.7$ high 

1.9$ low 2.1$ low 2.1$ low 

U.l$ low 

Shadowed Surface-Ground plate in water 9.2$ low 9 .S% low 9.^ low 
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transducer, or an internal stop should be provided between trie irrad

iance plate and the photo-transducer so that the shadow does not 

constitute a part of the surface which is being used for the measure

ment. Figure (6) is a sketch showing recommended design features of 

a mounted cosine collector plate for use in determining irradiance H. 

The 1/16" diffuse plastic (unground) used for irradiance collec

tors in this work has been subjected to aging tests over a period of 

four years by mounting a sample on the roof. The sample was tilted 

U5° to the horizontal and faced south for maximum sun exposure. Trans-

mittance curves for the original plastic, after one and one half month 

exposure, after five months exposure, and after four years and five 

months exposure are shown in Figure (7). The sample has yellowed sig

nificantly but throughout most of the visible region of the spectrum 

has become slightly more transmitting. Any initial calibrations depen

dent on the transmittance of this diffuser would have changed somewhat 

with exposure time depending on the hand width of the transmitted light. 

It may be possible to obtain improved diffusing plastic which is more 

stable under exposure - or to pre-expose the diffusing plastic, since 

a large part of the change apparently takes place during the early 

stages of exposure. 

Scalar Irradiance Determination: 

A transluscent sphere whose surface is a cosine collector at every 

point will collect in proportion to a quantity called spherical irrad

iance. 
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Spherical irradiance h4 T T i s related to scalar i rradiance h by 

the equation: 

h 
4TT = £ h ( 1> 

A transluscent sphere can thus be used to make the measurement of h 

required by theory. 

A technique for making diffuse spheres has been developed by R. W. 

Austin. In this method diffuse white plastic is hot pressed into a 6" 

hemispherical mould. The hemispheres are then machined and joined with 

plastic cement. 

Spheres for the measurement of spherical irradiance can be perfor

mance tested by mounting them under water so that they can be rotated 

about their centers (see Figure (8) ). The sphere is then uniformly 

flooded with collimated light using a regulated pwoer supply for the 

light source. The directional acceptance of a typical sphere is given 

in Table III. In this table the collector is assumed to be mounted 

with the phototube housing at the nadir. The measurement at 0=0° was 

obtained with the collimated light coming from the zenith. Measurements 

were made from 9=0° to 180° and from 0=0° to 180° when Q was 

90°. The remainder of the table has been interpolated. 

When these acceptance values are used together with the radiance 

distribution data of Tyler (1958)2, to determine h by integration, 

this collector is found to give a result that is 11$ to 13$ low. 
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Although this collector is perfectly satisfactory for the 

determination of K , it should be further developed before being 

applied to the more critical job of determining the absorption co

efficient "a". The collecting properties of this sphere might 

easily be improved by perfecting the pressing technique to yeild 

uniform wall thickness and by reducing the size of the metal connect

ing ring or phototube housing. 

A spherical collector incorporates an inherent inaccuracy because 

its top and bottom are at different depths. Some compromise must be 

reached on the size of sphere to be selected for this measurement: 

From experiment it is known that 

h < z i > s VKAZ 
h (Z2) 

(2) 

Thus 

Ah.)-Ufa) _ £ KAi 

(3) 

Using the diameter of the sphere for d Z , the upper limit of the error 

from this source can be estimated. Thus using Tyler's (1958)3 data 

(Kr. , / ^ / - , . ) , the error in a 6» (0.15m) di(Ulcter s p h e r o woul(i 
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be indicated by 

XftJ 
- / 

or the upper limit of the error would be 2.5$. 

Part II. Probe. 

A probe for measuring the absorption coefficient of ocean water 

should if possible fulfill two important criteria: 

(1) It should contain as few phototubes as possible since this 

will result in greater simplicity in all respects. As the number of 

phototubes increases the electronic circuitry becomes complex, the 

mechanical design becomes complex, and the optical requirements become 

complex. Three phototubes mean three optical filters for each wave 

length, or three filter wheels, if wave length selection is to be re

motely controlled. Since phototube-filter combinations seldom match, 

the problem of intercalibration would be greatly increased. The in

creased circuit complexity as the number of phototubes goes up is 

equally obvious. 

(2) The time resolution of the data recording procedure should be 

short enough to substantially free the data from changes in the ambient 

natural lighting and from changes in the composition of the water at a 
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particular station under study. If this requirement can be met, it will 

have the additional advantage of eliminating the need for a "deck" cell. 

Part III 

Data Recording: The ambient light level under which this instrument 

must operate is controlled by the time of day, the state of the sky, and 

the depth of the instrument. The useful depth range of the instrument 

under a given set of lighting conditions will be limited by the signal-

to-noise ratio of the photo-transducer. 

Under typical sunny-day lighting conditions the values of H (z ^ ) , 

n{Z- ) , and A. (z ) will be in approximately the following ratio: 

i. H(Zr) 

60. £, (z) 

And, of course, the signals received by the phototube will be in the same 

ratio if the instrument is in correct adjustment, m the us.eful depth 

region of this instrument no great variation would be expected in these 

ratios. In order to determine the absorption coefficient at any depth 

where flux is not the limiting factor, the instrument should incorpor-

ate features which will: 

(1) Result in maximum signal-noise ratio. 

(2) Make sequential light measurements which can be expected to 

vary from each other by a factor of about 100 to 1. 
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(3) Provide stable gain adjustment which will permit operation 

over a very large range of ambient light levels, that is, from nearly 

full sunlight to an ambient light level which produces a signal to 

noise ratio of about 1. 

(4) Provide simultaneous determination of depth by means of a 

pressure transducer. 

(5) Provide means for automatically recording the four variables, 

/VfcvJ, H (Z-) , & Cz) , and Z. 

The method of recording the data should conform to the data reduction 

procedure which will be used. Ink recordings on strip chart paper require 

visual readout followed by digital computations. Recordings on magnetic 

or punched tape can be incorporated directly into a computer program. 

Calibration 

Ono procedure for the calibration of this instrument would be to 

expose its three optical integraters one after the other to a regulated 

source of collimated light using an angle of incidence of 0 degrees on 

the H collectors. The independent flux control diaphragms would be 

adjusted to make the three readings equal. This procedure is based on 

the definitions of H and h, as follows: 

By definitions: 
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If N is made equal to 0 at all angles except 0 . O , then 

// CJJ^ & * V and for this flux field and: 

c-

An alternative (or additional) calibration could be made by placing the 

optical integrators inside a diffuse sphere the walls of which exhibited 

constant A/ for all values of Q . U nd e r the circumstances: 

3 ^ -2- 7TA/ 

Therefore: ~f) __ ^ 

H 
Sources of Operational Error: 

In use, this instrument should not be particularly sensitive to 

departures from horizontal orientation providing the orientation does 

not change between two depths which are being used for the determination 

of "a". This is because it is the net change of irradiance with depth 

that determines "a" and not the irradiances per se. If exceptionally 
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strong currents are to be encountered a balanced-torque mounting 

arrangement could be employed that would tend to keep the instrument 

horizontally oriented even though the supporting cable would show a 

high wire angle. 

Since the determination of "a" requires that readings be taken with 

this probe as a function of depth, measurements at a junction of two 

strata will be difficult because of the possibility of selective attenu

ation at only one collector for example. Measurements in vertically 

stratified water or "cloudy" water where the cloud detail is about equal 

to the dimensions of the instrument or the depth differential (if only 

two depths are used) will suffer similarly. 

For near-surface measurements, the shadow of the supporting or 

electric cable may fall on one of the collectors and lead to an incorrect 

determination of the- absorption coefficient. This and errors of a simi

lar nature can be detected and eliminated by providing a hydrovane that 

will twist the cable as the instrument is lowered. When the instrument 

is held at constant depth the twist will unwind and the recorded values 

will reveal the influence of perturbance from wire shadows. 

The presence of the opaque metal housing of the instrument will 

perturb the light filed . For black objects the error from this source 

can be estimated by the use of Tables IV to IX inclusive in the appendix. 
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These Tables are based on the radiance distribution measurements 

of Tyler (1958) , and the integration techniques described in Tyler, 

Richardson and Holmes (1959)3, and Tabulate for M and n, the weighted 

values of radiance in the directions specified by Q (the tilt angle 

from the zenith) and d> (the azimuth angle from the sun). The sum of 

the entries is given for each table and represents a correct normalized 

value of H y or h, . (Tables IV to IX give correct relative values 

of n and A, ). To estimate the error due to a black object, the 

angular coordinates of its position are located in the table and its 

angular subtence is estimated and plotted in the table. The table is 

then summed leaving out the values affected by the black object. This 

new sum is subtracted from the full sum and the difference is divided 

by this full sum to obtain the error. Errors obtained in this way will 

tend to be too large because the method does not account for the space 

light which exists between the black objects and the collector. An 

estimate of this type shows that the phototube housing in Figure (1) or 

(2a) by its presence will cause a t% error in the determination of up-

welling irradiance. Similar estimates of perturbance in the value of // 

can be made from Tables IV, V, VI, and in the value of n, from Tables 

VII, VIII, and IX. 

The mutual perturbation caused by the tj -collectors can be esti

mated in the same way, but the perturbation caused by the h -collector 

(3) Method for obtaining the optical properties of Large Bodies of Water 
Journal of Geophysical Research, Vol. 64 #6, pg 667, June (1959. 
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is more difficult because it is not black. It may be easier to make 

experimental tests of this effect and alter the length of its support

ing arms until the error is reduced to an acceptable figure. 
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Discussion: 

Equation (7) is based on the assumption that the distribution of 

radiance around a point in the medium is independent of the horizontal 

position of the point in the medium. 

As a consequence, the equations developed in the theory section can 

only under very special circumstances be used for measurements made with 

artificial light nor can they be used if bioluminescent organisms are 

sufficiently numerous to invalidate the assumption. 

The determination of the volume absorption coefficient by means of 

any of the equations in the Theory section depends on measurements of the 

irradiance and scalar irradiance produced by natural light at various 

depths in a homogeneous or horizontally stratified hydrosol. 

From observations of various kinds in lake and ocean water it is 

believed that the conditions specified by this assumption will be found 

at many sites and that an instrument based on equation (7) or one of its 

derivatives will therefore be a useful device for obtaining the volume 

absorption coefficient of the water at that site. 

Examination of equations (7) through (18) reveals that the deter

mination of the absorption coefficient depends on the measurement of 

four parameters: 

rr 
(1) Upwelling i r radiance H(z. 1-) .r ( <VC*-^ 0 at US ,, x 
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(2) Downwelling irradiance H (Z-) ^ \ /^ Co^ 3 &L tzJ (5) 

(3) Scalar i r radiance /L - j H <Z U<> 

'fir 

(4) Depth 

(6) 

Techniques have already been discussed for making optical components 

which will perform the integrations shown in (4), (5) and (6) above, 

and for presenting the result in useable form to a photo-transducer. 

However, no methods are known for optically performing the mathematics 

called for by equations (7) through (18). These manipulations must 

therefore be accomplished at some point after the photoelectric coupling. 

The various equations in the following section suggest a variety 

of ways of elctrically utilizing and combining the four essential parameters. 

Theory: 

A theoretical basis for the determination of the volume absorption 

coefficient of horizontally stratified water has been derived by 

Preisendorfer (1957)4 and is as follows: 

, ) - 1 — <l H 

Z (7) 

^:s^^1{^'2^^^^Ce °f t h e L i * h t F i e l d i n ^ i c a l 
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where K ("z) ~ % (Z +-) T~K (?~ -) 
H (* v).,/iCzt) -HCz~) 

Section A 

Equation (7) can be expanded to ̂ ive: 

O 
( ) fiUn I — ~ - ^ t )_ 

From the definition of the k (z £;J functions: 

<*t z . 

Substituting these in equation (8) gives: 

«/*) ^ -y(z+)i?(z^+H(z^ f(z.} 

In deep water it is known from experimentation that /f (z i-) is 

nearly equal to )< fe -) . In situations where this equality can 

accepted as fact, equation (9) can be simplified to give: 
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*.{*)* *^ I//fa)-#M 
(10) 

SECTION B 

Another form of equation (7) can be developed from equation (9) if 

the conditions of measurement are such that K fa) can be taken as equal 

to t(\Z t) . Thus: 

re k'(Z ) is the attenuation function for H (Z.-f) , that is 

(11) 

and equation (7) becomes: 

*- (?) -- -
A. *- (12) 

SECTION C 

From the definitions of K(z+) and I { (Z~) 

H(z±) = /Jfr)e-*(z+)z 

///z-)^(c-)£-«^Z-
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Again using the assumption that K(Zi~) - K. (z-^) = Jt' Cz ) 

£. 

or 

R fc)--H (o+) £-*&*• 

The quantity H (p+) would be impractical to measure due to wave 

motion at the surface and the consequent high noise level. This quantity 

can be eliminated from the equation as follows: 

H fc/> H(<>+) € -x Cz) z. , 

H(zj) = H(p^e~^^^z. 

Dividing equation (13) by equation (14) gives: 

-e * (z)4z 

(13) 

(14) 

z 

or (15) 
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Substituting equations (11) and (15) into equation (7) gives the following 

form. This same equation appears as equation (8) in Tyler, Richardson, and 

Holmes, (1959)3 : 

- ^ ) A ^ , 
(16) 

SECTION D 

Freisendorfer and Richardson5 give two additional equations based on the 

assumption that 

where ^ is the logarithmic derivative of either H (* ) or A (z ) 

and is a constant characteristic of the water at asymptotic depth. These 

equations are: 

(17) 

a. sc s>,> —• — — — — 

z n + c nfo (is) 

(3) J. E. Tyler, W. H. Richardson and R. ty. Holmes; Method for Obtaining 
the Optical Properties of Large Bodies of Water, Journ, of Geophysical 
Research, Vol.64, June 1959, pp 667-673. ueopnysicaj. 

(5) R. W. Preisendorfer and W.H. Richardson: Simple Formulas for the Vol
ume Absorption Coefficient in Asymptotic Light Fields, SIO Ref. 58-79 21 
November 1958. ' < *» 
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<Z (ZJ volume absorption coefficient at depth Z 

A, (Zj total scalar irradiance at depth Z 

dH (zA-) net upwelling irradiance at depth Z 

Z depth Z 

fa- \ZA') upwelling scalar irradiance 

^•yZrJ downwelling scalar irradiance 

/•/ (Xrt) upwelling irradiance 

''LZ"") downwelling irradiance 

A (Zy-) attenuation functions for upwelling flux 

"&-'•) " " " downwelling flux 

*"(*) " " " net upwelling flux 

" " " asymptotic irradiance distribution 

r\<ao reflection function for asymptotic radiance distribution 

fi (Z~) ne^ downwelling irradiance 

-0(*J distribution function for upwelling flux 

•D\~~' distribution function for downwelling flux 



APPENDIX 



DIRECTIONAL ACCEPTANCE PROPERTIES OF A TYPICAL h-COLLECTOR 

TABLE I I I 

'sr^ 
tfV 0° 20° hp° 60° 80° 100° 120° lliO° 160° 180° 
0° .300- .300 .300 .300 .300 .300 .300 .300 .300 .300 

10° .300 .300 .299 .298 .299 .299 .298 .298 .298 .298 

20° .290 .290 .287 .285 .287 .287 .286 .285 .285 .285 

30° .280 .280 .276 .273 .276 .276 .27U .273 Z273 .273 

Uo° .267 .267 .263 .258 .263 .263 .260 .258 .258 .258 

5o° .250 .250 .2U5 .239 .2U5 .2h5 .2Ul .239 .239 .239 

60° .21*0 .2U0 .233 .226 .233 .233 .229 .226 .226 .226 

70° .223 .222 .215 .207 .215 .215 .210 .207 .207 .207 

80° .212 

.200 

.190 

.211 .202 .193 .202 .202 .196 .193 .193 .193 

90° 

.212 

.200 

.190 

.199 .190 .180 .190 .190 .185 .180 .180 .180 

100° 

.212 

.200 

.190 .189 .180 .172 .180 .180 .176 .172 .172 .172 

110° .180 .179 .171 .165 .171 .171 .168 .165 .165 .165 

120° .170 .169 .162 .157 .162 .162 .160 .157 .157 .157 

130° .160 .159 .153 .119 .153 .153 .151 .1U9 .1U9 .1U9 

ilo° .1U0 .HiO .13U .131 .131 .131 .132 .131 .131 .131 

l5o° .115 .115 .110 .109 .110 .110 .109 - .109 .109 .109 

160° .100 .100 .097 .096 .097 .097, .095 .096 .096 .096 

170° .075 .075 .071 .073 .071 .07a: .072 .073 .073 .073 

180° .060 f060 .060 .060 .060 .060 .060 .060 .060 .060 



TABLE FOR ESTIMATING ERRORS IN IRRADIANCE DUE TO PERTURBATION OF THE LIGHT FIELD AT DEPTH 1 6 . 6 METERS 

TABLE IV 

X 0° 20° Uo° 6o° 80° 100° 120° 1U00 160° 180° SUM 

0° 57.09 57.09 57.09 57.09 57.09 57.09 57.09 57.09 57.09 57.09 1,027,62 

10° 1300.39 1192.92 1000.55 796.35 6U3.75 523,38 UU0.63 392.27 365.UO 356.80 12,367.69 

20° 6852.65 3582.96 213U.31 1399.90 967.20 722.17 569.75 U77.73 U28.78 U15.07 27,833.52 

30° 10,155.92 UU58.05 2273.87 1398.09 957.56 70U.32 538.13 UUo.53 385.13 36U.03 32,831.31 

Uo° 2,6U5.7U 2,276.77 I60U.8U 1070.89 73U.93 536.95 U07.96 308.97 281.37 263.37 17,35U-47 

5o° 1,358.86 1,229.88 950.90 650.93 UU6.96 332.97 256.U7 205.78 176.38 16U.68 10,02UJ38 

60° 613.65 593.53 158.99 329.7U 238.20 183.33 1U5.08 121.08 10U.U6 96.81 5,089.28 

70° 2U2.78 219.28 178.17 111.56 111.01 88.50 67.7U 59.52 52.28 U9.53 2,128.43 

80° 72.5U 68.35 59.00 U8.U7 39.12 32.13 26.87 22.89 20.10 18.81 725.21 

90° U.03 3.75 3.27 2.96 2.33 1.96 1.65 1.1x3 1.30 1.2U U2.57 

109,U2UJ.8 

90° 14.033 3.755 3.267 2,958 2.331 1.962 1.653 1.U3U 1.30U 1.2U5 U2.606 

100° 25.362 2U.503 22.2U6 19.3U5 16.550 Hf.29U 12.681 11.U99 10.6U0 10.360 299.238 

110° 29.760 28.781 26.132 23.691 21.311 19.227 17.UU5 16.290 15 48* 15.232 382.576 

120° 26.6U3 26.217 21.955 23.319 21.525 19.995 18.755 18.0U3 17.568 17.305 38U.762 

130° 22.198 21.958 21.508 20.518 19.738 18.988 18.178 17.518 17.158 16.918 350.304 

lUO° 17.8U8 17.608 17.U28 16.978 16.U98 16.078 15.659 15.358 15.298 15.298 29U554 

i5o° 13.2U2 13.163 13.110 13.058 12.820 12.662 12.U51 12.266 12.187 12.187 228J363 

160° 8.830 8.830 8.830 8.811 8.752 8.673 8.595 8.U97 8.U78 8.U78 156^40 

170° U.535 U.535 U.535 U.535 U.535 1.535 U.535 U.535 U.535 U.535 81J530 

180° o.uou o.UoU o.UoU o.UoU o.UoU o.UoU o.lfOU 0.U0U 0.U0U 0.U0U 7.272 

2,228.445 



TABLE FOR ESTIMATING ERRORS IN IRRADIANCE DUE TO PERTURBATION OF THE LIGHT FIELD AT DEPTH 2 9 . 0 METERS 

TABLE V 

V 0° 20° 40" 60° 80" 100° 120° 140° lfiO° 180° SUM 

0° 9.30 9.30 9.30 . 9.30 9.30 9.30 9.30 9.30 9.30 9.30 167.40 

10* 153.68 142.94 128.96 113.92 101.67 90.38 81.03 73.62 68.03 65.34 1 ,820.12 

20° 432.70 319.14 236.91 186.59 151.35 126.09 107.49 95.00 82.62 77.92 3 ,117.00 

30° 527.58 356.12 244.80 184.39 146.67 121.87 102.88 87.58 75.97 70.70 3 ,238.84 

40° 299.07 242.68 182.38 142.19 114.59 93.29 77.69 65.39 54.59 49.80 2 ,294.47 

50° 153.28 138.29 112.49 91.19 74.69 60.89 49.50 40.50 33.00 29.79 1 ,384.17 

60° 73.33 65.68 54.60 45.64 37.99 31.92 26.64 22.21 18.68 17.17 697.22 

70° 28.19 26.04 22.52 19.30 16.43 14.08 12.10 10.30 8.91 8.32 295.47 

80° 8.59 7.94 7.06 6.22 5.43 4.77 4.18 3.69 3.26 3.02 96.71 

90° 0.47 

0.468 

0.45 

0.445 

0.41 

0.410 

0.36 

0.364 

0.32 

0.322 

0.29 

0.286 

0.25 

0.253 

0.22 

0.224 

0.20 

0.201 

0.19 

0.190 

5.66 
&\J 0.47 

0.468 

0.45 

0.445 

0.41 

0.410 

0.36 

0.364 

0.32 

0.322 

0.29 

0.286 

0.25 

0.253 

0.22 

0.224 

0.20 

0.201 

0.19 

0.190 

13 ,117.06 

90° 

0.47 

0.468 

0.45 

0.445 

0.41 

0.410 

0.36 

0.364 

0.32 

0.322 

0.29 

0.286 

0.25 

0.253 

0.22 

0.224 

0.20 

0.201 

0.19 

0.190 5.668 

100° 3.149 2.988 2.751 2.483 2.257 2.063 1.881 1.709 1.591 1.537 40.132 

110° 3.740 3.622 3.368 3.113 2.937 2.702 2.526 2.369 2.212 2.173 51.611 

120° 3.561 3.429 3.245 3.060 2.902 2.770 2.609 2.485 2.374 2.337 51.646 

130° 2.976 2.910 2.808 2.703 2.619 2.523 2.415 2.349 2.292 2.265 46.479 

140° 2.388 2.352 2.292 2.238 2.202 2.163 2.115 2.073 2.034 1.995 39.321 

150° 1.802 1.783 1.749 1.736 1.707 1.680 1.657 }.630 1.617 1.599 30.519 

160° 1.183 1.173 1.167 1.157 1.153 1.145 1.138 1.136 1.124 1.122 20.691 

170° 0.604 0.604 0.604 0.604 0.604 0.604 0.604 0.604 0.604 0.604 10.872 

180° 0.0533 0.0533 0.0533 0.0533 0.0533 0.0533 0.0533 0.0533 0.0533 0.0533 0.959 

297.826 



TABLE FOR ESTIMATING ERRORS IN IRRADIANCE DUE TO PERTURBATION OF THE LIGHT FIELD AT DEPTH 5 3 . 7 METERS 

TABLE VI 

Xo - 20 40 60 80 100 120 140 160 180 SUM 

0 .1951 .1951 .1951 .1951 .1951 .1951 .1951 .1951 .1951 .1951 3.512 

10 2.354 2.343 2.278 2.203 2.085 1.977 1.859 1.752 1.687 1.666 36.39 

20 3.798 3.759 3.524 3.289 3.054 2.800 2.584 2.408 2.271 2.212 53.39 

30 3.667 3.614 3.429 3.165 2.902 2.606 2.369 2.182 2.047 1.992 50.29 

40 2.661 2.616 2.487 2.310 2.121 1.917 1.746 1.599 1.497 1.458 36.71 

50 1.581 1.569 1.503 1.413 1.311 1.188 1.086 1.002 .936 .900 22.50 

60 .844 .823 .781 .723 .662 .609 .562 .525 .496 .485 11.69 

70 .349 .345 .331 .313 .292 .270 .251 .235 .223 .219 5.088 

80 .111 .110 .106 .100 .0946 .0890 .0840 .0804 .0767 .0754 1.668 

90 .00624 .00615 .00596 .00568 .00548 .00525 .00504 .00485 .00465 .00466 .0969 

221.3 

90 .00624 .00615 .00596 .00568 .00548 .00525 .00504 .00485 .00465 .00456 .0969 

100 .0430 .0428 .0420 .0406 .0390 .0375 .0362 .0350 .0342 .0341 . .6917 

110 .0523 .0519 .0515 .0509 .0497 .0482 .0472 .0458 .0452 .0450 .8781 

120 .0525 .0522 .0520 .0512 .0504 .0491 .0480 .0472 .0464 .0462 .8917 

130 .0462 .0459 .0459 .0456 .0453 .0444 .0441 .0438 .0435 .0432 .8064 

140 .0390 .0390 .0390 .0387 .0384 .0384 .0384 .0381 .0381 .0381 .6933 

150 .0306 .0306 .0306 .0303 .0303 .0303 .0303 .0303 .0303 .0303 .5469 

160 .0206 .0206 .0206 .0206 .0206 .0206 .0206 .0206 .0206 .0206 .3708 

170 .0107 .0107 .0107 .0107 .0107 .0107 .0107 .0107 .0107 .0107 .1926 

180 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .0173 

5.19 



TABLE FOR ESTIMATING ERRORS IN SCALAR IRRADIANCE DUE 

V 0 20 40 60 80 

0 57.09 57.09 57.09 57.09 57.09 

10 1321.08 1211.90 1016.47 809.02 653.99 

20 7292.25 3812.80 2271.02 1489.70 1029.25 

30 11727.48 5L47.91 2625.74 1614.43 1105.73 

40 3453.91 2972.24 2095.06 1398.01 959.42 

50 2113.92 1913.26 L479.28 1012.63 695.31 

60 1287.30 1187.06 917.99 659.48 476.40 

70 709.86 641.17 520.95 413.90 324.59 

80 456.32 429.96 371.14 304.89 246.07 

90 92.44 86.05 74.86 63.68 53.41 

90 92.44 86.05 74.86 63.68 53.41 

100 159.54 154.13 139.94 121.69 104.11 

110 87.02 84.15 77.28 69.27 62.40 

120 53.29 52.49 49 .91 46.64 43 .05 

130 34.53 34.16 33 .46 31.97 30 .71 

140 23.30 22.99 22.75 22.16 21.54 

150 15.29 15.20 15.14 15.08 14.80 

160 9.40 9,40 9.40 9.38 9.31 

170 4 . 6 1 4 . 6 1 4 . 6 1 4 . 6 1 4 . 6 1 

180 0.40 0.40 0.40 0.40 0.40 

TO PERTURBATION OF THE LIGHT FIELD AT DEPTH 1 6 . 6 METERS 

E VII 

100 120 140 160 180 SUM 

57.09 57.09 57.09 57.09 57.09 1,027.62 

531.71 447.64 398 .51 371 .21 362.48 12,564.46 

768.81 606.30 508.37 456.29 441.70 29,619.03 

813.31 621.40 508.70 444.73 420.36 37 ,911.74 

700.96 532.57 403.35 367.32 343.82 22,655.59 

517.98 398.99 320.12 274.39 256.19 15,594.03 

366.67 290.17 242.16 208.92 193.62 10,178.62 

258.76 198.07 174.03 152.85 144.83 6,221.33 

202.13 169.01 143.99 126.42 118.31 4 ,561 .85 

44.93 37.89 32.87 29.90 28.53 968.15 
141,302.42 

44.93 37.89 32.87 29.90 28.53 968.15 

89.91 79.77 72.34 66.93 65.17 1,882.35 

56.22 51.01 47.63 45.57 44.54 1,118.62 

39.99 37.51 36.09 35.14 34.61 769.54 

29.54 28.28 27.25 26.69 26.32 544.97 

20.99 20.44 20.05 19.97 19.97 , 385.05 

14.62 14.38 14.16 14.07 14.07 264.26 

9.23 9 4 5 9.04 9.02 9.02 166.28 

4.61 4.61 4 .61 4.61 4.61 82.98 

0.40 0.40 0.40 0.40 0.40 7.20 



TABLE FOR ESTIMATING ERRORS IN SCALAR IRRADIANCE DUE TO PERTU 

TABLE VIII 

0 20 40 60 80 100 

O 9.32 9.32 9.32 9.32 9.32 9.32 

10 156.13 145.21 131.02 115.73. 103.28 91.82 

20 460.45 339.61 252.10 198.56 161.05 134.18 

30 609.22 411.22 282.68 212.92 169.36 140.73 

40 390.43 316.80 238.09 185.62 L49.59 121.79 

50 238.46 215.13 174.99 141.86 116.20 94.73 

60 146.67 131.37 109.21 91.27 75.97 63.84 

70 82.43 76.13 65.26 56.44 48.03 41 .16 

80 54.01 49.96 44.42 39.14 34.14 30.02 

90 10.72 10.20 9.40 8.33 7.37 6.55 

90 10.72 10.20 9.40 8.33 7.37 6.55 

100 19 .81 * 16.79 17 .31 15.62 14.20 12.98 

110 10.93 10.59 9.85 9.10 8.59 7 .90 

120 7.12 6.86 6.49 6.12 5.80 5.54 

130 4.63 4 .53 4 .37 4 .20 4 .07 3.92 

140 3 .12 3.07 2 .99 2.92 2.87 2.82 

150 2.08 2.06 2.02 2.00 1.97 1.94 

160 1.26 1.25 1.24 1.23 1.23 1.22 

170 0 .61 0 .61 0 .61 0 .61 0 .61 0 .61 

180 0.0533 0.0533 0.0533 0.0533 0.0533 0.0533 

OF THE LIGHT FIELD AT DEPTH 29.0 METERS 

120 140 160 180 SUM 

9.32 9.32 9.32 9.32 167.76 

82.32 74.79 69.11 66.38 1,849.07 

114.38 98.97 87.92 82.92 3 ,316 .91 

118.80 101.13 87.73 81.64 3 ,740 .00 

101.42 85.37 71.27 65 .01 2 ,995.34 

77 .00 63.00 51.33 46 .34 2 ,153.28 

53.29 44.42 37.35 34 .35 1,394.46 

35 .38 30.34 26.06 24.33 864.36 

26.30 23.19 20.48 19.00 608.31 

5.80 5.14 4 . 6 1 4 .36 129.88 

17,219.37 

5.80 5.14 4 . 6 1 4 .36 129.38 

11.83 10.75 10.01 9.67 252.46 

7 .38 6.93 6.47 6.35 150.90 

5.22 4 .97 4 .75 4 .67 103.29 

3 .76 3 .65 3.57 3 .52 72 .29 

2.76 2 .71 2.66 2 .60 51.32 

1.91 1.88 1.87 1.85 35 .23 

1.21 1.21 1.20 1.19 22.03 

0 .61 0 .61 0 .61 0 .61 10.98 

0.0533 0.0533 0.0533 0.0533 0.96 

829.34 



TABLE FOR ESTIMATING ERRORS IN SCALAR IRRADIANCE DUE TO PERTURBATION OF THE LIGHT FIELD AT DEPTH 53 .7 METERS 

TABLE IX 

0 

0 

.1951 

20 40 60 80 100 120 140 160 180 SUM 

0 

0 

.1951 .1951 .1951 .1951 .1951 .1951 .1951 .1951 .1951 .1951 3.512 

10 2 .391 2.380 2.315 2.238 2.118 2.009 1.889 1.780 1.714 1.692 36.97 

20 4.042 4 .000 3.750 3.500 3.250 2.979 2.750 2.563 2.417 2.354 56.81 

30 4.234 4.173 3.960 3.655 3 .351 3.010 2.735 2.519 2.364 2.300 58.07 

40 3.473 3.415 3.246 3.015 2.769 2.502 2.279 2.087 1.954 1.903 47 .91 

50 2.459 2.441 2.338 2.198 2.039 1.848 1.689 1.559 1.456 1.400 35.00 

60 1.688 1.646 1.562 1.446 1.324 1.219 1.124 1.050 .992 .971 23.39 

70 1.019 1.008 .9675 .9160 .8530 .7900 .7328 .6870 .6526 .6412 14.87 

80 .6936 .6896 .6672 .6301 .5949 .5598 .5287 .5057 .4827 .4746 10.49 

90 .1431 .1408 .1365 .1301 .1255 .1203 .1155 .1112 .1066 .1045 2 .22 

289.24 

90 .14311 .14082 .13649 .13010 .12553 .12028 .11549 .11115 .10659 .10453 2.22 

100 .27041 26906 .26433 .25554 .24540 .23593 .22782 .22039 .21498 .21430 4.352 

110 .15285 .15170 .15056 .14884 .14541 .14083 .13800 .13396 .13224 .13167 6.919 

120 .10499 .10446 .10393 .10235 .10077 .09813 .09602 .09444 .09285 .09234 1.783 

130 .07186 .07140 .07140 .07093 .07046 .06906 .06860 .06813 .06766 .06720 1.254 

140 .05091 .05091 .05091 .05052 .05012 .05012 .05012 .04973 .04973 .04973 .905 

150 .03533 .03533 .03533 .03503 .03503 .03503 .03503 .03503 .03503 .03503 .632 

160 .02188 .02188 .02188 .02188 .02188 .02188 .02188 .02188 .02188 .02188 .394 

170 .01092 .01092 .01092 .01092 .01092 .01092 .01092 .01092 .01092 .01092 .197 

180 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .00096 .017 




