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Abstract

Some aspects of geometric actions of hyperbolic and relatively hyperbolic groups

by

Eduardo Camilo Oregón Reyes

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Ian Agol, Chair

This thesis consists of two projects related to groups acting on metric spaces of non-positive
curvature.

In the first project, we show that relatively hyperbolic groups acting properly and cocom-
pactly on CAT(0) cube complexes are virtually special, provided the peripheral subgroups
are virtually special in a way that is compatible with the cubulation. This extends Agol’s
result for cubulated hyperbolic groups (which led to the proof of the Virtual Haken Conjec-
ture), and applies to a wide range of peripheral subgroups. In particular, we deduce virtual
specialness for properly and cocompactly cubulated groups that are hyperbolic relative to
virtually abelian groups. As another consequence, by using a theorem of Martin and Steen-
bock we obtain virtual specialness for C ′(1/6)-small cancellation quotients of free products
of virtually special groups. For the proof of our main result, we prove a relative version of
Wise’s quasiconvex hierarchy theorem.

In our second project, we study the metric and topological properties of the space DΓ of
metric structures on the non-elementary hyperbolic group Γ, which parametrizes geometric
actions of Γ on Gromov hyperbolic spaces. This space contains the Teichmüller space when
Γ is a surface group and the Culler-Vogtmann outer space when Γ is a free group. Equipped
with a natural metric reminiscent of Thurston’s metric on Teichmüller space, we prove that
DΓ is unbounded, contractible and separable, and that Out(Γ) acts metrically properly by
isometries on it. If we restrict to the subspace Dδ

Γ of the points represented by actions
on δ-hyperbolic spaces with exponential growth rate 1, we prove that it is either empty or
proper, and that the Bowen-Margulis map from Dδ

Γ into the space PCurr(Γ) of projective
geodesic currents on Γ is continuous. By finding an Out(Γ)-invariant geodesic bicombing for
DΓ we also construct a boundary for this space, which parametrizes improper actions of Γ
on hyperbolic spaces. As a corollary of this construction, we deduce continuous extension
of translation length functions to the space of geodesic currents, which we use to disprove a
conjecture of Bonahon about small actions of hyperbolic groups on R-trees.



i

Para Marcia, Camila, y Rosa



ii

Contents

Contents ii

1 Introduction 1
1.1 Cubulated relatively hyperbolic groups . . . . . . . . . . . . . . . . . . . . . 2
1.2 Metric structures on hyperbolic groups . . . . . . . . . . . . . . . . . . . . . 5

2 Preliminaries 13
2.1 Pseudo metric spaces and quasi-isometric maps . . . . . . . . . . . . . . . . 13
2.2 Isometric group actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3 Gromov hyperbolicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.4 Hyperbolic groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.5 Relatively hyperbolic groups . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.6 Separability properties on groups . . . . . . . . . . . . . . . . . . . . . . . . 31
2.7 CAT(0) cube complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.8 Virtually special groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Cubulated relatively hyperbolic groups 46
3.1 Compatible virtually special peripheral subgroups . . . . . . . . . . . . . . . 47
3.2 Functoriality of the canonical completion . . . . . . . . . . . . . . . . . . . . 48
3.3 Relative height and weak separability of double cosets . . . . . . . . . . . . . 54
3.4 A relative quasiconvex hierarchy theorem . . . . . . . . . . . . . . . . . . . . 66
3.5 Construction of the complex with finite walls . . . . . . . . . . . . . . . . . . 72
3.6 Coloring walls in X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.7 Cubical polyhedra and the gluing construction . . . . . . . . . . . . . . . . . 75
3.8 Boundary walls and graphs of groups . . . . . . . . . . . . . . . . . . . . . . 77
3.9 Constructing Vj−1 from Vj . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4 Metric structures on hyperbolic groups 87
4.1 Hyperbolic pseudo metrics on Γ . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.2 Hyperbolic distance-like functions . . . . . . . . . . . . . . . . . . . . . . . . 91
4.3 The space of metric structures . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.4 Geometry and topology of DΓ . . . . . . . . . . . . . . . . . . . . . . . . . . 106



iii

4.5 Continuity results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
4.6 The Manhattan boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
4.7 Examples of boundary metric structures . . . . . . . . . . . . . . . . . . . . 134
4.8 Marked length spectrum in DΓ . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5 Questions and future directions 148

Bibliography 155



iv

Acknowledgments

First of all, I thank my mother, my sister, and my grandmother. If good things have
happened to me in life, it is mostly because of them.

Secondly, I thank my advisor Ian Agol. Thank you for your (much) patience, for your
knowledge, wisdom, and advice, for how generous you have been these 5 years, and for
reminding me of something that I forgot at some point: in science sometimes you have to
be brave. Also thanks to Prasad Raghavendra and David Nadler for being part of my thesis
committee. Some of this work has been in collaboration with Stephen Cantrell, whom I
thank for the always pleasant chats and exchanges of ideas, and for his enthusiasm for this
project.

From my schooling, going through undergraduate, master’s, and now finishing my doc-
torate, I have been fortunate to share academically with many people whose impact has
greatly influenced (for the better) my path through science. My most sincere thanks to
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recordarme algo que en algún momento olvidé: en ciencia, a veces hay que ser valiente.
También mi gratitud hacia Prasad Raghavendra y David Nadler por formar parte de mi
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Chapter 1

Introduction

Geometric group theory is the study of groups via their isometric actions on metric spaces.
The goal is to recover algebraic properties of the group from geometric properties of the
spaces it acts on. For example, the behavior of the fundamental group of a closed Riemannian
manifold -which acts isometrically on the universal cover- is influenced by curvature, and
this is particularly explicit in the presence of non-positive (sectional) curvature. On the
combinatorial side, a lot can be deduced about a group once we know it acts interestingly
on a tree. Following this philosophy, we can look for isometric actions of groups on spaces
satisfying some metric version of non-positive curvature, which is the main theme of this
thesis.

In his seminal paper in 1987 [Gro87], Gromov introduced and popularized many no-
tions of non-positive curvature for metric spaces and groups. Among them, the class of
δ-hyperbolic spaces (Section2.3) plays a central role, and since then there has been a very
active and fruitful branch in geometric group theory that studies groups via their isometric
actions on δ-hyperbolic spaces. As an illustration of this, Gromov also defined the class of
(word) hyperbolic groups (Section 2.4); those finitely generated groups whose Cayley graphs
are δ-hyperbolic. These groups generalize finitely generated non-abelian free groups and
fundamental groups of closed hyperbolic manifolds and appear naturally in low-dimensional
topology, geometric topology, representation theory, and combinatorial group theory. If we
allow non-hyperbolicity in some isolated portions of the Cayley graphs we obtain relatively
hyperbolic groups (Section 2.5), generalizing free products and fundamental groups of cusped
hyperbolic manifolds.

In the same article, Gromov introduced CAT(0) cube complexes (Section 2.7), merely as
examples of combinatorial spaces that have local and global non-positively curved behavior.
Since then, groups acting on these spaces have become objects of interest, and they have
been protagonists of some of the most relevant advances in 3-manifold topology in the last
15 years. Building on Haglund-Wise’s theory of special cube complexes and groups [HW08]
(Section 2.8), and the work of Sageev, Groves-Manning, Kahn-Markovic, Wise, and many
others, Agol solved the Virtual Haken and Virtual Fibered Conjectures [Ago13].

This thesis is devoted to the study of hyperbolic and relatively hyperbolic groups, as well
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as CAT(0) cube complexes and groups acting on them. Our work can be described in terms
of 2 independent projects: relatively hyperbolic groups acting on CAT(0) cube complexes,
and deformation spaces for geometric actions of hyperbolic groups.

1.1 Cubulated relatively hyperbolic groups

CAT(0) cube complexes are a particular kind of non-positively curved complexes built by
gluing Euclidean cubes. These spaces are higher-dimensional versions of simplicial trees,
and studying groups acting on them can be seen as a generalized Bass-Serre theory. Groups
acting geometrically on CAT(0) cube complexes (sometimes referred to as cubulable groups)
are better understood than arbitrary CAT(0) groups: they are bi-automatic, satisfy the Tits
alternative, and have the Haagerup property (so they do not have property (T)). On the
other hand, since the work of Sageev, Wise, and others, many groups have been shown to be
cubulable, including small cancellation groups, most 3-manifold groups, limit groups, many
Coxeter groups, and hyperbolic free-by-cyclic groups.

Inside cubulable groups, we have the family of virtually (cocompact) special groups, in-
troduced by Haglund and Wise. These groups have finite index subgroups embedding nicely
into right-angled Artin groups, and so they inherit some of their properties. In particular,
virtually special groups are residually finite, large, linear over Z, satisfy the strong Atiyah
conjecture [Sch14, Thm. 1.2], and have many separable subgroups [HW08]. Our first project
is motivated by the following theorem of Agol, which was the last step in the proofs of the
Virtual Haken and Virtual Fibered Conjectures.

Theorem 1.1.1 (Agol [Ago13, Thm. 1.1]). Let Γ be a hyperbolic group acting properly and
cocompactly on a CAT(0) cube complex X. Then Γ has a finite index subgroup Γ′ acting
freely on X such that Γ′\X is special.

The assumption of hyperbolicity in the theorem above is in some sense necessary, since
there are examples of infinite simple groups acting properly and cocompactly on products of
trees [BM00]. The goal of this first project is to extend Agol’s result to relatively hyperbolic
groups, but even in this case, we must impose some extra assumptions. If a relatively
hyperbolic group is virtually special, then all its peripheral subgroups are also virtually
special, so this is a necessary condition. Our main result asserts that this condition is
(almost) sufficient, and it will be published in [Ore20]. Groves and Manning [GM22] have
also proven it independently via different methods.

Theorem 1.1.2 (Reyes [Ore20, Thm. 1.2], Groves-Manning [GM22, Thm. A]). Let Γ be
a group acting properly and cocompactly on the CAT(0) cube complex X, and suppose Γ is
hyperbolic relative to compatible virtually special subgroups. Then there exists a finite index
subgroup Γ′ < Γ acting freely on X such that Γ′\X is a special cube complex.

The compatibility condition in the theorem above relates the virtually special cubulations
of the peripheral subgroups and the cubulation X of Γ. Its precise definition is given in



CHAPTER 1. INTRODUCTION 3

Section 3.1. This condition is satisfied when Γ is cubulated and hyperbolic relative to
virtually abelian subgroups, and so Theorem 1.1.2 applies for these groups.

Corollary 1.1.3. If Γ acts properly and cocompactly on a CAT(0) cube complex and is
hyperbolic relative to virtually abelian subgroups, then Γ is virtually compact special.

The preceding corollary recovers some remarkable results, such as virtual specialness
of cusped hyperbolic 3-manifolds and of limit groups [Wis21, Sec. 17 & Sec. 18] due to
Wise (see also [CF19] and [GM21]). Another consequence of our main result depends on
the combination theorem for cubulations in small cancellation theory due to Martin and
Steenbock [MS17].

Theorem 1.1.4 (Martin-Steenbock [MS17, Thm. 1.1]). Let F be the free product of finitely
many groups Γ1, . . . ,Γr, and assume each Γi acts properly and cocompactly on the CAT(0)
cube complex Xi. If Γ is a quotient of F by a finite set of relators that satisfies the classical
C ′(1/6)-small cancellation condition over F , then Γ acts properly and cocompactly on a
CAT(0) cube complex X.
Moreover, this complex is constructed in such a way that for each i, there is a Γi-equivariant
combinatorial isometric embedding Ẋi ↪→ X, where Ẋi is the cubical barycentric subdivision
of Xi.

The “moreover” part of the previous theorem is implicit in the construction of X, see
[MS17, Rmk. 3.43] (cf. [JW22, Cor. 4.5]). The group Γ is hyperbolic relative to the free
factors Γ1, . . . ,Γr [Osi06, p. 2 Ex. (II)], and since a compact non-positively curved complex
is virtually special if and only if its cubical barycentric division is virtually special (Corollary
3.2.2), the existence of equivariant isometric embeddings Ẋi ↪→ X imply that the cubula-
tion (Γ, X) satisfies the compatibility condition provided each of the cubulations (Γi, Xi) is
virtually special. Hence Theorem 1.1.2 implies the following combination result.

Corollary 1.1.5. Let F be the free product of finitely many virtually compact special groups.
If Γ is a quotient of F by a finite set of relators satisfying the classical C ′(1/6)-small can-
cellation condition over F , then Γ is also virtually compact special.

We prove Theorem 1.1.2 with an adaptation of Agol’s methods as follows.

1.1.1 A cubulated malnormal hierarchy

One of the main tools in Agol’s proof of Theorem 1.1.1 is Wise’s quasiconvex hierarchy
theorem (Theorem 2.8.6), which says that a hyperbolic group is virtually special if and only
if it can be obtained from finite groups after a finite sequence of (virtual) amalgamations
or HNN extensions over quasiconvex subgroups. Our proof of Theorem 1.1.2 follows Agol’s
approach, and for that we require a notion of hierarchy that is appropriate to relatively
hyperbolic groups.
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Definition 1.1.6. Let CMVH denote the smallest class of cubulated and relatively hyper-
bolic groups (Γ, X) (here Γ acts properly and cocompactly on the CAT(0) cube complex
X) relative to compatible virtually special subgroups, that is closed under the following
operations:

1. ({o}, X) ∈ CMVH for any finite CAT(0) cube complex X, where {o} is the trivial
group.

2. If Γ splits as a finite graph of groups (G,G) satisfying

• each edge/vertex group is convex in (Γ, X);

• if v is a vertex of G then the collection Av := {Γe : e an edge attached to v} is
relatively malnormal in Γv; and,

• if Γv is a vertex group, then it has a convex core Xv ⊂ X with (Γv, Xv) ∈ CMVH,

then (Γ, X) ∈ CMVH.

3. If H < Γ with |Γ : H| <∞ and (H,X) ∈ CMVH, then (Γ, X) ∈ CMVH.

The notation CMVH is meant to be an abbreviation for “cubulated (relatively) malnor-
mal virtual hierarchy”, and the main concepts involved in this definition are explained in
Chapter 2. Note that the compatibility between the peripheral structure on Γ and the split-
ting (G,G) in item (2) above is only reflected in the relative quasiconvexity of edge/vertex
subgroups (which is implied by convexity, see Theorem 2.5.7) and the relative malnormality
of edge groups in the vertex groups. This seems to be a weak assumption when we compare,
for instance, with the quasiconvex, malnormal, and P-fully elliptic hierarchy that requires
fully relative quasiconvexity of edge/vertex groups [Ein19, Sec. 3]. In Section 3.4 we prove
a relative version of Wise’s quasiconvex hierarchy theorem.

Theorem 1.1.7 (Reyes, Relative quasiconvex hierarchy theorem [Ore20, Thm. 1.8]). If
(Γ, X) ∈ CMVH then there is a finite index subgroup Γ′ < Γ acting freely on X such that
Γ′\X is special.

To prove this result we use group theoretical Dehn filling, introduced independently by
Groves-Manning [GM08] and Osin [Osi07] (Subsection 2.5.2). Dehn filling is used to find
plenty of hyperbolic quotients for relatively hyperbolic groups splitting as in item (2) of
Definition 1.1.6. We prove that relative malnormality is promoted to almost malnormality
for sufficiently long Dehn fillings (Theorem 3.3.2), inducing splittings for these quotients. By
Wise’s quasiconvex hierarchy theorem, these hyperbolic quotients turn out to be virtually
special, and hence many double cosets of relatively quasiconvex subgroups are separable
(Proposition 3.4.6). This allows us to apply Haglund-Wise’s double coset criterion, from
which we deduce virtual specialness.

The second main ingredient in Agol’s proof of Theorem 1.1.1 is the “coloring” trick to
produce a hierarchy for a cubulated hyperbolic group. By adapting this argument to the
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relatively hyperbolic setting, we prove the theorem below, which together with Theorem
1.1.7 and Corollary 3.2.2 implies Theorem 1.1.2.

Theorem 1.1.8 (Reyes [Ore20, Thm. 1.9]). If (Γ, X) is cubulated and hyperbolic relative
to compatible virtually special subgroups, then (Γ, Ẋ) ∈ CMVH, where Ẋ is the cubical
barycentric subdivision of X.

While the theorem above is enough to deduce our main result, virtual compact specialness
for relatively hyperbolic groups implies the existence of strong virtual hierarchies, as was
proven by Einstein [Ein19, Thm. 1]. In consequence, Theorem 1.1.2 implies the following.

Corollary 1.1.9. Let (Γ,P) be a cubulated relatively hyperbolic group with compatible virtu-
ally special subgroups. Then there exists a finite index subgroup Γ0 < Γ with induced relatively
hyperbolic structure (Γ0,P0) so that Γ0 has a quasiconvex, malnormal and fully P0-elliptic
hierarchy terminating in groups isomorphic to elements of P0.

The proof of Theorem 1.1.8 follows the exact same steps as that one of Theorem 1.1.1.
For (Γ, X) as in the statement, we use the main theorem in the Appendix of [Ago13] and
Einstein’s malnormal special quotient theorem for relatively hyperbolic groups [Ein19] to
find an infinite-sheeted cover X → Γ\Ẋ, which is a non-positively curved cube complex
with finite embedded walls and “large injectivity radius” (Theorem 3.5.4). This cover is used
as the model to construct our hierarchy. We use the coloring trick to find a convenient Γ-
invariant coloring of the walls of X by finitely many colors, labeled 1, 2 . . . , k. The hierarchy is
described as a sequence Vk+1,Vk, . . . ,V0, where each Vj is a set of locally convex subcomplexes
of the cubical barycentric subdivision of X , probably with multiplicities (Definition 3.7.2).
The sets in Vk+1 are cubical neighborhoods of vertices of X , and at each step, we glue finite
covers of sets in Vj to produce the sets in Vj−1. The gluing is along walls with color j, and
induces a splitting of the fundamental groups of subcomplexes in Vj satisfying item (2) in
the definition of CMVH (Proposition 3.8.12). At the final step, the subcomplexes in V0 are
finite-sheeted covers of Γ\Ẋ, whose fundamental groups belong to CMVH.

1.2 Metric structures on hyperbolic groups

The second project deals with deformation spaces for hyperbolic groups. If Γ is the funda-
mental group of a closed hyperbolic surface, the Teichmüller space of Γ, denoted by TΓ, can
be described as the set of all the proper and cocompact actions of Γ on the hyperbolic plane,
up to Γ-equivariant isometry (Example 4.3.3). Similarly, if Γ is a finitely generated free
group, we can consider Culler-Vogtmann’s outer space C VΓ, which encodes the geometric
actions of Γ on trees (Example 4.3.6). Both Teichmüller and outer spaces have been studied
extensively, and nowadays they (and their generalizations) are standard tools in the under-
standing of mapping class groups, outer automorphism groups of free groups and related
notions in group theory and low-dimensional topology [Bes02; DH18; FM12; GH21; Ota98;
Wie18].



CHAPTER 1. INTRODUCTION 6

The situation differs dramatically in higher dimensions, since by Mostow rigidity, if Γ is
the fundamental group of a closed aspherical manifold M of dimension n ≥ 3, then there
exists at most one hyperbolic structure on M . This gets worse in dimensions n ≥ 5, as
there are examples of such M admitting no negatively curved Riemannian metrics [DJ91,
Thm. 5c.1 and Rmk. on p. 386].

Besides examples coming from geometric topology or representation theory, finding in-
teresting deformation spaces for arbitrary hyperbolic groups is in general complicated, and
most constructions rely on the existence of non-trivial isometric actions on R-trees (see
e.g. [Cla05; GL07; Pau88]). However, since Gromov hyperbolicity is a metric property, it is
natural to consider structures associated to interesting isometric actions of Γ on hyperbolic
metric spaces, under the appropriate equivalence relation. This coarse-geometric perspec-
tive was adopted in [Fur02] by Furman, where he considered the space of all hyperbolic,
left-invariant metrics on Γ that are quasi-isometric to a word metric with respect to a finite
and symmetric generating set of Γ. Since we also want to include hyperbolic groups with
torsion, it is more convenient to consider pseudo metrics instead of metrics.

Definition 1.2.1. For a hyperbolic group Γ, we let DΓ denote the space of all hyperbolic,
left-invariant pseudo metrics on Γ that are quasi-isometric to a word metric with respect to
a finite, generating set.

The relevant object is then the quotient of DΓ under rough similarity, where two pseudo
metrics d, d′ on a set X are roughly similar if there exist k,A > 0 such that |d(x, y) − k ·
d′(x, y)| ≤ A for all x, y ∈ X.

Definition 1.2.2 (Space of metric structures, Furman [Fur02, §1]). Let Γ be a non-elementary
hyperbolic group. The space of metric structures on Γ is DΓ, the set of equivalence classes of
pseudo metrics in DΓ, where two pseudo metrics are in the same class if they are roughly sim-
ilar. Points in DΓ will be called metric structures, and we denote by [d] the metric structure
induced by d ∈ DΓ.

Equivalently, the points in DΓ are represented by proper, cobounded, and isometric
actions of Γ on geodesic hyperbolic spaces, where two such actions represent the same point
in DΓ if and only if there exists a Γ-equivariant rough similarity between the underlying
spaces (Lemma 4.3.2). The space DΓ was defined by Furman in 2002 [Fur02] and has
appeared intermittently in the literature. We can further equip DΓ with a distance, which
was also considered by Fricke and Furman [FF22].

Definition 1.2.3 (Metric on DΓ). Given ρ = [d], ρ = [d∗] ∈ DΓ, we define

Λ(ρ, ρ∗) := inf

{
λ1λ2 : ∃A ≥ 0 s.t.

1

λ1
d− A ≤ d∗ ≤ λ2d+ A

}
,

and
∆(ρ, ρ∗) := log Λ(ρ, ρ∗).
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It is clear that Λ and ∆ are independent of the representatives d and d∗, and that ∆ is
non-negative, symmetric, and satisfies the triangle inequality. It turns out that ∆ is indeed
a metric, and so we can study DΓ from a geometric perspective, similar to what happens
with Teichmüller and outer spaces. In fact, when Γ is a surface group, the restriction of ∆
to TΓ coincides with the (symmetrized) Thurston’s metric [Thu98], and hence the natural
map TΓ → DΓ is a continuous injection (Remark 4.3.26). The work of Francaviglia and
Martino [FM11] implies the same result in the case Γ is a free group, so that the map
C VΓ → DΓ is also continuous and injective. As we will see, many other geometric structures
and deformation spaces induce subsets of metric structures, such as quasi-Fuchsian spaces,
negatively curved Riemannian metrics, Hitchin components (and more generally, spaces of
Anosov representations), geodesic currents, cubulations, random walks, etc.

TΓ T <0
Γ PCurrf (Γ)QFΓ

Figure 1.1: DΓ for Γ a surface group. QFΓ is the quasi-Fuchsian space, TΓ is the Teichmüller
space, T <0

Γ is the space of isotopy classes of marked negatively curved Riemannian metrics
on a closed surface with fundamental group Γ, and PCurrf (Γ) is the space of (projective)
filling geodesic currents on Γ. The purple bubble represents the closure in (DΓ,∆) of the
space of metric structures induced by geometric actions of Γ on CAT(0) cube complexes
considered with the combinatorial distance. Blue dots represent metric structures induced
by word metrics, and green dots represent metric structures induced by Green metrics

Even though the space of metric structure has been present for some time, not much is
known about its global properties. The goal of this project is to study the geometry and
topology of (DΓ,∆), in a similar spirit to what has been done for Teichmüller spaces, outer
spaces, and other deformation spaces associated to hyperbolic groups. We expect the space
of metric structures to be a natural framework to understand classical deformation spaces
from a common perspective, and to develop enough tools to translate techniques and results
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from one deformation space to another. Now we state our results, which are part of the
published paper [Ore23] and the preprint [CR22] which is joint work with Stephen Cantrell.

1.2.1 Topological properties of DΓ and the action of Out(Γ)

A desirable property for a deformation space is contractibility, which is classical for Te-
ichmüller spaces, outer spaces, quasi-Fuchsian spaces, and Hitchin components. Our first
result is that the space of metric structures also satisfies this property.

Theorem 1.2.4 (Reyes [Ore23, Thm. 1.3]). If Γ is non-elementary and hyperbolic, then the
metric space (DΓ,∆) is unbounded, contractible, and separable.

In similar settings, contractibility is in general not immediate, but in our case it will
follow easily from the fact that DΓ is closed under the addition of pseudo metrics (Corollary
4.2.10). Unboundedness is interesting since it holds even when Out(Γ) is finite. We exhibit
an unbounded sequence in DΓ by finding metrics that (almost) kill arbitrarily large powers
of some infinite order element of Γ, with some similarity to group theoretical Dehn filling.
Separability follows by verifying that the set of metric structures induced by word metrics
on Γ is dense in DΓ (Lemma 4.2.12).

Another common feature of the classical deformation spaces we have mentioned is proper-
ness: closed balls are compact. The space of metric structures is quite huge, so to obtain
properness we must look at smaller subsets. A natural way to construct them is by con-
sidering metric structures represented by pseudo metrics with “bounded geometry”. This is
what we do in the next definitions, which depend on concepts that we discuss in Chapter 2.

Definition 1.2.5. For δ, α ≥ 0 we define:

• Dδ
Γ as the space of all metric structures of the form ρ = [d], where d ∈ DΓ is a

δ-hyperbolic pseudo metric with exponential growth rate 1; and

• Dδ,α
Γ as the space of all metric structures of the form ρ = [d], where d is a δ-hyperbolic

and α-roughly geodesic pseudo metric with exponential growth rate 1.

By applying a Bochi-type inequality for sets of isometries of hyperbolic spaces due to
Breuillard and Fujiwara [BF21, Thm. 1.4], we produce appropriate pseudo metrics repre-
senting metric structures for any bounded subspace of Dδ,α

Γ . As a consequence of this, we
get the following result, which gives a unified proof that Teichmüller and outer spaces are
proper. Indeed, the Teichmüller space is contained in D log 2

Γ for Γ a surface group, and the
outer space coincides with D0

Γ when Γ is a free group.

Theorem 1.2.6 (Reyes [Ore23, Thm. 1.5]). For any δ, α ≥ 0, the subsets Dδ
Γ and Dδ,α

Γ are
either empty or proper subspaces of DΓ.



CHAPTER 1. INTRODUCTION 9

We also study the natural action of Out(Γ) on DΓ induced by pullback. This action
is isometric and proper, extending the cases of mapping class group acting on Teichmüller
spaces and Hitchin components and Out(Γ) acting on the outer space for Γ a free group.
When Γ is torsion-free, we apply a recent finiteness theorem due to Besson, Courtois, Gallot
and Sambusetti [Bes+21, Thm. 1.4] to interpret each Dδ,α

Γ as a “thick part” for this action,
as in the case of Teichmüller and outer spaces.

Theorem 1.2.7 (Reyes [Ore23, Thm. 1.6 & Thm. 1.7]). The action of Out(Γ) on DΓ is
isometrically proper. Moreover, if Γ is torsion-free, then the action of Out(Γ) on each Dδ,α

Γ

is proper and cocompact, provided Dδ,α
Γ is non-empty.

1.2.2 Continuity of the Bowen-Margulis currents

In the late 80s, Bonahon introduced the space Curr(Γ) of geodesic currents for Γ a surface
group [Bon88], and later for arbitrary hyperbolic groups [Bon91]. This space consists of
all the Γ-invariant Radon measures on the double Gromov boundary of Γ, and it can be
thought of as a completion of the set of conjugacy classes in Γ. Furman [Fur02] then used
quasiconformal measures to define the Bowen-Margulis map BM : DΓ → PCurr(Γ) into the
space of projective geodesic currents (Subsection 4.3.2). This map generalizes the invariant
measures maximizing the entropy for geodesic flows of closed negatively curved manifolds,
and Furman also showed that BM is injective [Fur02, Thm. 4.1]. When restricted to Dδ

Γ, we
prove that the Bowen-Margulis map is continuous.

Theorem 1.2.8 (Reyes [Ore23, Thm. 1.8]). For any δ ≥ 0 such that Dδ
Γ is non-empty, the

map BM : Dδ
Γ → PCurr(Γ) is continuous.

The main ingredients in the proof of this result are Theorem 1.2.6 and a description
of Bowen-Margulis currents in terms of quasiconformal measures on the Gromov boundary
of Γ. We emphasize the difference between our argument with previous instances of this
result. For (homothety classes of) marked negatively curved Riemannian metrics on closed
manifolds, continuity was shown by using that the geodesic flows on the unit tangent bundles
are Anosov [Kat+89]. On the other hand, the continuity of BM on outer spaces was deduced
from the explicit computation of the Bowen-Margulis currents and the fact that the Gromov
boundaries of non-abelian free groups are Cantor sets [KN07, Thm. A].

1.2.3 Geodesics and the Manhattan boundary

The (symmetrized) Thurston’s metric on outer space is not geodesic [FM11, Sec. 6], and
to the best of the author’s knowledge, is it unknown whether this phenomenon occurs for
Teichmüller spaces. Surprisingly, (DΓ,∆) is geodesic in a very canonical way. In joint work
with Stephen Cantrell, we construct a geodesic bicombing on DΓ consisting of bi-infinite
geodesics.
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Theorem 1.2.9 (Cantrell–Reyes [CR22, Thm. 1.2 & Thm. 4.10]). The space (DΓ,∆) is
geodesic. Moreover, for any two distinct points ρ, ρ∗ ∈ DΓ there exists an unparametrized,
oriented, bi-infinite geodesic σ

ρ∗/ρ
• : R → such that σ

ρ∗/ρ
0 = ρ and σ

ρ∗/ρ
∆(ρ,ρ∗)

= ρ∗, and such that

the assignment σ : (ρ, ρ∗) 7→ σ
ρ∗/ρ
• is continuous, Out(Γ)-invariant, and consistent.

We also show that the points at infinity of the geodesics in the bicombing σ can be
represented by (rough similarity classes of) appropriate pseudo metrics on Γ, which we
collect into the Manhattan boundary.

Definition 1.2.10. Let DΓ be the set of all the unbounded left-invariant pseudo metrics d
on Γ such that there exist λ > 0 and d0 ∈ DΓ such that

(x|y)o,d ≤ λ(x|y)o,d0 + λ (1.1)

for all x, y ∈ Γ, where (·|·)·,d′ denotes the Gromov product for the pseudo metric d′. We also
set ∂MDΓ := DΓ\DΓ.

Definition 1.2.11 (Manhattan boundary). The Manhattan boundary of DΓ is ∂MDΓ, the
quotient of ∂MDΓ under the equivalence relation of rough similarity. Its elements are called
boundary metric structures. The closure of DΓ is DΓ := DΓ ∪ ∂MDΓ.

It might not be evident at first, but the inequality (1.1) is equivalent to d satisfying an
appropriate generalization of bounded backtracking, which has been studied for actions on
R-trees (Lemma 4.7.1). Indeed, we prove that several interesting actions of Γ on hyperbolic
spaces induce elements in ∂MDΓ. In particular, by item (3) below we obtain that ∂MDΓ is
an extension of the Thurston boundary for Teichmüller spaces (Corollary 4.7.13) and the
Culler-Vogtmann boundary for outer spaces (Corollary 4.7.7).

Theorem 1.2.12 (Cantrell–Reyes [CR22, Thm. 1.6]). The following actions induce points
in DΓ.

1. Natural actions on coned-off Cayley graphs for finite, symmetric generating sets, where
we cone-off a finite number of quasiconvex subgroups of infinite index.

2. Non-trivial Bass-Serre tree actions with quasiconvex edge stabilizers of infinite index.
More generally, cocompact actions on CAT(0) cube complexes with quasiconvex wall
stabilizers and without global fixed points.

3. Small actions on R-trees, when Γ is a surface group or a free group.

In the case of surface groups, we can say something stronger since we can embed the
space PCurr(Γ) of projective geodesic currents into DΓ (Corollary 4.7.13). This is done
by analyzing the pseudo metric dµ on the hyperbolic plane for a non-zero geodesic current
µ, defined by Burger, Iozzi, Parreau and Pozzetti [Bur+21, Sec. 4]. This embedding is
consistent with the extension of the symmetrized Thurston’s metric defined on the space
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PCurrf (Γ) of projective filling currents, studied recently by Sapir [Sap22]. In another recent
paper [DM22], Mart́ınez-Granado and De Rosa discuss the pseudo metrics dµ in more detail.

In the case of free groups, item (3) above follows since small actions of free groups on
R-trees have bounded backtracking, which was proven by Guirardel [Gui98, Cor. 2]. In
a forthcoming work [KM], Kapovich and Mart́ınez-Granado show that for freely indecom-
posable hyperbolic groups, small actions on R-trees have bounded backtracking, and hence
induce pseudo metrics in DΓ (Proposition 4.7.6).

1.2.4 Continuous extensions of translation lengths and a
conjecture of Bonahon

We also study the translation length functions for points in DΓ. Each left-invariant pseudo
metric d on Γ induces a (stable) translation length function ℓd : Γ → R (Section 2.2). When
Γ is torsion-free, we prove that for pseudo metrics representing points in DΓ, the translation
length function continuously extends to a function on Curr(Γ). In 1988, Bonahon conjec-
tured that the only isometric actions of a hyperbolic group Γ on R-trees whose translation
length function continuously extends to Curr(Γ) are the ones that are small [Bon91, p. 164].
However, according to item (1) in Theorem 1.2.12, such a continuous extension exists for
every Bass-Serre tree action with quasiconvex edge stabilizers. Since this occurs for funda-
mental groups of some closed hyperbolic 3-manifolds, we answer in the negative to Bonahon’s
conjecture.

Theorem 1.2.13 (Cantrell–Reyes [CR22, Thm. 1.8]). There are hyperbolic groups Γ that
act isometrically on R-trees so that the action is not small and the corresponding translation
length function extends continuously to Curr(Γ).

Organization of the thesis

Chapter 2 introduces the required preliminary material about δ-hyperbolic spaces, hyper-
bolic and relatively hyperbolic groups, subgroup separability, CAT(0) cube complexes and
cubulated groups, and virtually special cube complexes and groups. This chapter is mostly
expository, with a focus on the definitions and examples, so only a few proofs are provided.
Even though some familiarity with geometric group theory and non-positive curvature is
desirable, this chapter is intended to be accessible to a first-year graduate student.

We continue with Chapter 3, in which we discuss cubulated relatively hyperbolic groups
and virtual specialness. The goal is to prove Theorem 1.1.2 (Theorem 3.1.2), by adapting
Agol’s proof of Theorem 1.1.1. In the first sections we introduce compatible virtually special
peripheral subgroups, explain how to deduce Corollaries 1.1.3 and 1.1.5, and prove func-
toriality of the canonical completion/retraction of special cube complexes. Then we move
on to examine group theoretical Dehn filling in more detail, where we prove some results
about (relative) malnormality and weak separation of double cosets of relatively quasiconvex
subgroups. With these results at hand we can prove Theorem 1.1.7 (Theorem 3.4.5). The
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rest of the chapter consists of the proof of Theorem 1.1.8 (Theorem 3.5.1), which closely
follows Agol’s approach in the hyperbolic case.

In Chapter 4 we explore the space of metric structures on hyperbolic groups. The first
sections focus on building the required machinery to study this space, as well as introducing
relevant and motivational examples. Then we analyse the geometry and topology of this
space, as well as some functions associated to it. Here is where we prove Theorem 1.2.4
(Propositions 4.4.1, 4.4.3 and 4.4.13), Theorem 1.2.6 (Theorem 4.4.22), Theorem 1.2.7 (The-
orems 4.4.29 and 4.4.30), Theorem 1.2.9 (Theorems 4.4.4 and 4.4.16), and Theorem 1.2.8
(Theorem 4.5.1). These results are also used to study the Manhattan boundary of the space
of metric structures. We exhibit many examples of boundary metric structures, and in par-
ticular, we prove Theorem 1.2.12 (Corollaries 4.7.7 and 4.7.13, and Propositions 4.7.17 and
4.7.18). Finally, we discuss the continuous extension of the stable translation length function
to the space of geodesic currents, which is used to prove Theorem 1.2.13 (Theorem 4.8.4).

At the end of the thesis, Chapter 5 collects some questions and discusses some possible
future directions for the projects of this work.
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Chapter 2

Preliminaries

We begin with a review of the material that will be used throughout this thesis. Except for
Lemma 2.3.10 and Proposition 2.7.9, all the results in this chapter have already appeared in
the literature, and we will be explicit when slightly different statements are needed. Most of
the results are stated without proof, and examples are included. The interested reader may
want to consult the suggested references.

2.1 Pseudo metric spaces and quasi-isometric maps

We start by discussing pseudo metric spaces and the maps between them that will be of our
interest.

A pseudo metric on a set X is a function d : X ×X → R≥0 satisfying the following for
all x, y, z ∈ X:

1. d(x, x) = 0;

2. d(x, y) = d(y, x); and,

3. d(x, z) ≤ d(x, y) + d(y, z).

A pseudo metric space (X, d) is a set X with a pseudo metric d on X. If in addition d satisfies
that d(x, y) = 0 implies x = y, then d is called a metric and (X, d) is a metric space. If (X, d)
is a pseudo metric space, A ⊂ X is non-empty and R ≥ 0, the R-neighborhood of A is the
set NR(A) = NR,d(A) consisting of all points x ∈ X such that d(x, a) ≤ R for some a ∈ A.
Also, two subsets A,B ⊂ X are C-Hausdorff close (C ≥ 0) if A ⊂ NC(B) and B ⊂ NC(A).
The diameter of A ⊂ X is diam(A) = diamd(A) = sup{d(a, b) : a, b ∈ A} ∈ [0,∞].

Given a group Γ, there are two relevant ways to construct pseudo metrics on Γ. In the
sequel, all the group actions are considered by the left, and o always denotes the identity
group element.
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Example 2.1.1 (Orbit pseudo metrics). Suppose that Γ acts on the pseudo metric space
(X, d) and let w ∈ X be a base-point. We define a pseudo metric dwX = dw(X,d) on Γ according
to

dwX(x, y) := d(xw, yw) for x, y ∈ Γ.

We call this the orbit pseudo metric induced by this action (with respect to w).

Example 2.1.2 (Cayley graphs and word metrics). Let S ⊂ Γ be a generating set. From
this data we define the Cayley graph Cay(Γ, S) as the directed graph whose vertex set is Γ,
and where we attach an edge from x to xs for all x ∈ Γ and s ∈ S. The word length with
respect to S is the function | · |S : Γ → Z≥0 that assigns to x ∈ Γ the minimal number of
edges in a directed edge path in Cay(Γ, S) from o to x. The word metric with respect to Γ
is defined as

dS(x, y) := |x−1y|S for x, y ∈ Γ.

Note that dS is not necessarily symmetric. However, this property is satisfied when S is
symmetric, meaning that s ∈ S if and only if s−1 ∈ S. Under this assumption, dS = doCay(Γ,S),

where o ∈ Γ is seen as a vertex in Cay(Γ, S) and Cay(Γ, S) is endowed the path metric so
that each edge has length 1.

We will consider different classes of maps between pseudo metric spaces.

Definition 2.1.3. Given two pseudo metric spaces (X, dX) and (Y, dY ) and constants λ1, λ2 >
0 and ε ≥ 0, a map F : X → Y is a (λ1, λ2, ε)-quasi-isometric embedding if for any x, y ∈ X
we have

1

λ1
dX(x, y)− ε ≤ dY (Fx, Fy) ≤ λ2dX(x, y) + ε.

We say that F is a (λ1, λ2, ε)-quasi-isometry if in addition there is some C ≥ 0 such that
NC(F (X)) = Y .

We distinguish three subclasses of quasi-isometric embeddings:

• Rough similarities : (λ, λ−1, ε)-quasi-isometries for λ > 0, ε ≥ 0;

• Rough isometries : (1, 1, ε)-quasi-isometries for ε ≥ 0;

• Isometric embeddings : (1, 1, 0)-quasi-isometric embeddings.

We say that two pseudo metrics d, d∗ on a set X are quasi-isometric (resp. roughly
similar or roughly isometric) through the identity if the identity map Id : (X, d) → (X, d∗)
is a quasi-isometry (resp. rough similarity or rough isometry). In most situations, we will
simply say that d and d∗ are quasi-isometric (resp. roughly similar or roughly isometric).
Similarly, we can talk of d and d∗ being quasi-isometric, (λ1, λ2, ε)-quasi-isometric, etc.
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Example 2.1.4 (Finitely generated groups). Let Γ be a finitely generated group, and let
S, T ⊂ Γ be two finite, symmetric generating sets. Then dS and dT are quasi-isometric.
Therefore, we can talk of the quasi-isometry type of a finitely generated group.

Similarly, if F : X → Γ is a map from the pseudo metric space (X, d) into the finitely
generated group Γ, we say that F is a quasi-isometric embedding/quasi-isometry if it satis-
fies that property when Γ is equipped with some word metric with respect to a finite and
symmetric generating set. The same considerations apply to maps of the form Γ → X or
H → Γ, where H is also a finitely generated group.

We will also need some metric version of connectedness for pseudo metric spaces. A
pseudo metric space is geodesic if every two points can be joined by a continuous arc isometric
to an interval of length equal to the distance between the points. Such arcs will be called
geodesic segments. In the discrete setting, a (λ1, λ2, ε)-quasigeodesic in a pseudo metric
space (X, d) is a (λ1, λ2, ε)-quasi-isometric embedding γ : {0, . . . , n} → X, where n is a
non-negative integer and {0, . . . , n} is endowed with its usual distance induced by Z. An
α-rough geodesic is a (1, 1, α)-quasigeodesic, and a rough geodesic is an α-rough geodesic for
some α. Sometimes we will work with pseudo metrics on countable sets, so they cannot be
geodesic (unless they have diameter 0). However, finding enough quasigeodesics or rough
geodesics will suffice.

Definition 2.1.5. The pseudo metric space (X, d) is (λ1, λ2, ε)-quasigeodesic (resp. α-
roughly geodesic) if for any two points x, y ∈ X there is a (λ1, λ2, ε)-quasigeodesic (resp.
α-rough geodesic) γ : {0, . . . , n} → X with γ0 = x and γn = y.

More generally, we will say that a function ψ on X ×X is α-roughly geodesic if for any
x, y ∈ X there exists a sequence x = x0, . . . , xn = y such that

j − i− α ≤ ψ(xi, xj) ≤ j − i+ α (2.1)

for all 0 ≤ i ≤ j ≤ n. In that case, we will say that the sequence x0, . . . , xn is an (α, ψ)-rough
geodesic. Similarly, we can talk about functions on X × X being roughy geodesic/quasi-
geodesic, and of pairs of functions on X ×X being quasi-isometric/roughly similar/roughly
isometric.

2.2 Isometric group actions

Now we turn our attention to group actions on pseudo metric spaces. Given a group Γ, let
conjΓ be the set of conjugacy classes of elements in Γ. Also, let conj′Γ be the set of conjugacy
classes of non-torsion elements of Γ. If there is no ambiguity, we will simply denote these
sets by conj and conj′ respectively. We also use [x] to denote the conjugacy class of x ∈ Γ.

Let Γ act on the pseudo metric space (X, d). We will be most interested when this action
is isometric (or by isometries), meaning that d(gu, gv) = d(u, v) for all x ∈ Γ and u, v ∈ X.
If Γ is finitely generated and acts isometrically on the pseudo metric space (X, d), we say that
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this action is geometric if it is metrically proper and cobounded. Metric properness means
that if B ⊂ X is bounded then there are at most finitely many x ∈ Γ such that xB ∩B ̸= ∅,
and coboundedness means that there is a bounded set B ⊂ Γ such that Γ ·B = X.

Remark 2.2.1. The notion of geometric action used here differs from the one that is usually
considered, where cocompactness is required (see e.g. [Kap23]).

A key property of geometric actions is that the orbit maps define quasi-isometric maps,
so that the large-scale geometry of the group can be recovered from that of the space it is
acting on. This is the content of the Milnor-Schwarz lemma.

Lemma 2.2.2 (Milnor-Schwarz Lemma). Let Γ be a group acting geometrically on the
roughly geodesic metric space (X, d).

1. If the action is cocompact, then Γ is finitely generated and for any finite, symmetric
generating set S ⊂ Γ and w ∈ X, the map Γ 7→ X, x→ xw is a quasi-isometry between
(Γ, dS) and (X, d).

2. If Γ is finitely generated and the action is cobounded, then for any finite, symmetric
generating set S ⊂ Γ and w ∈ X, the map Γ 7→ X, x→ xw is a quasi-isometry between
(Γ, dS) and (X, d).

Note that the quasi-isometries given by the lemma above are Γ-equivariant since for all
x, y, g ∈ Γ and w ∈ X we have dwX(gx, gy) = dwX(x, y).

Isometric group actions induce rough isometry classes of pseudo metrics of the groups
acting on. That is, if Γ acts isometrically on the pseudo metric space (X, d), then for all
u, v ∈ X the orbit pseudo metrics duX and dvX on Γ satisfy |duX − dvX | ≤ 2d(u, v). In this case,
all the pseudo metrics duX are left-invariant, meaning that the left action of Γ on (Γ, duX) is
isometric.

For invariant pseudo metrics on groups, we get useful invariants by analyzing the rates
at which powers of group elements escape from the identity.

Definition 2.2.3. Given a left-invariant pseudo metric d on Γ, its (stable) translation length
function is the map ℓd : conj → R given by the formula

ℓd[x] = lim
n→∞

d(o, xn)

n
, for [x] ∈ conj.

The stable translation length is well-defined by subadditivity, and the function ℓd is
sometimes called the marked length spectrum of d. Similarly, if f is an isometry of a pseudo
metric space (X, d), we use ℓd[f ] to denote the stable translation length of 1 ∈ Z, when Z is
equipped with the pseudo metric dwX(m,n) = d(fmw, fnw) for some (any) w ∈ X.

Note that if d and d∗ are left-invariant pseudo metrics on Γ that are roughly isometric,
then ℓd = ℓd∗ . Therefore, we can define the stable translation length function of an isometric
group action as the translation length function of any of its orbit pseudo metrics. If d, d∗ are
left-invariant pseudo metrics on Γ that are quasi-isometric, then ℓd and ℓd∗ do not necessarily
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coincide. However, in this case we have that for any [x] ∈ conj, ℓd[x] > 0 if and only if
ℓd∗ [x] > 0. Note that ℓd[x] > 0 implies [x] ∈ conj′.

We also need a way of measuring the size of an invariant pseudo metric on a countable
group. We do this by looking at the evolution of the cardinalities of balls around the identity.

Definition 2.2.4. Given a left-invariant pseudo metric d on Γ, the exponential growth rate
of d is defined by

vd = lim sup
n→∞

1

n
log#{x ∈ Γ : d(o, x) ≤ n} ∈ [0,∞].

As before, we can also define the exponential growth rate of an isometric action as the
exponential growth rate of any of its orbit pseudo metrics. The property of having finite
(resp. positive) exponential growth rate is a quasi-isometric invariant among left-invariant
pseudo metrics. For example, if Γ is finitely generated and S is a finite, symmetric generating
subset, then the exponential growth rate vS := vdS is always finite.

2.3 Gromov hyperbolicity

Gromov hyperbolic spaces are a central topic in this thesis, and in this section we introduce
them in the slightly more general setting of pseudo metric spaces. For a more detailed
approach to Gromov hyperbolic spaces, we invite the reader to check the references [CDP90;
DSU17; GH90].

2.3.1 Hyperbolicity and its consequences

Let (X, d) be a pseudo metric space and w ∈ X a base-point. The Gromov product on (X, d)
based at w is the function (·|·)w,d : X ×X → R given by

(x|y)w,d :=
d(x,w) + d(w, y)− d(x, y)

2
.

If there is no ambiguity in the pseudo metric d, we just write (x|y)w instead of (x|y)w,d.

Definition 2.3.1. The pseudo metric space (X, d) is δ-hyperbolic (δ ≥ 0) if for all x, y, z, w ∈
X the following inequality is satisfied:

(x|z)w ≥ min{(x|y)w, (y|z)w} − δ. (2.2)

A pseudo metric space is (Gromov) hyperbolic if it is δ-hyperbolic for some δ ≥ 0. Similarly,
we say that a pseudo metric d on a space X is hyperbolic (resp. δ-hyperbolic) if (X, d) is a
hyperbolic (resp. δ-hyperbolic) pseudo metric space.

Example 2.3.2 (Elementary examples). Trivial examples of hyperbolic spaces include bounded
pseudo metric spaces, and the real line. Such hyperbolic spaces are sometimes called ele-
mentary.
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Example 2.3.3 (R-trees). An R-tree is a geodesic metric space such that every pair of
points is joined by a unique embedded arc. This forces all R-trees to be 0-hyperbolic. In
fact, R-trees are precisely the geodesic 0-hyperbolic spaces. Familiar examples are simplicial
trees equipped with the graph metric, and more generally, metric trees.

Example 2.3.4 (Real hyperbolic spaces). Given n ≥ 2, let (Hn, dHn) be the unique simply
connected, n-dimensional complete Riemannian manifold with constant negative sectional
curvature equal to -1, given by the Killing–Hopf theorem. These are the real hyperbolic
spaces, and they are δ-hyperbolic with δ = log 2 [NŠ16, Cor. 5.4]. Often, we will work
with the 2-dimensional real hyperbolic space H2, which we will simply call hyperbolic plane.
Different descriptions and models for Hn are given in [BH99, Ch. I.2].

Example 2.3.5 (Pinched negatively curved manifolds). Generalizing the example above,
let (M, g) be any simply connected, Riemannian manifold with sectional curvatures at most
−a < 0. If dg denotes the length metric on M induced by g, then (M,dg) is δ-hyperbolic for
δ depending only on a [GH90, Ch. 3].

Non-Example 2.3.6 (Euclidean spaces). The Euclidean plane R2 with its standard metric
is not δ-hyperbolic for any δ, by the existence of homotheties. In consequence, if a pseudo
metric space contains an isometrically embedded copy of R2 then it cannot be hyperbolic.

Among geodesic metric spaces, hyperbolicity is equivalent to having uniformly thin tri-
angles. That is, if (X, d) is a geodesic metric space, then it is δ-hyperbolic for some δ ≥ 0
if and only if for any geodesic triangle in X with vertices x, y, z and geodesic segments
[x, y], [y, z], [y, z], then [x, z] ⊂ Nδ′([x, y] ∪ [y, z]), for δ′ depending only on δ [GH90, Ch. 2,
Prop. 21]. Triangles satisfying the condition above will be called δ′-slim. In the roughly
geodesic setting, hyperbolicity implies the existence of quasi-centers. Given points x, y, z in
a pseudo metric space (X, d), a κ-quasi-center of this triple is a point p ∈ X such that

max {(x|y)p,d, (y|z)p,d, (z|x)p,d} ≤ κ.

We say that p is a (κ, d)-quasi-center if we want to make explicit that p is a κ-quasi-center
with respect to the pseudo metric d. If (X, d) is δ-hyperbolic and α-roughly geodesic, then
any triple of points in (X, d) has a κ-quasi-center, where κ only depends on δ and α [GH90,
Ch. 2, Prop. 21].

Sometimes we want to conclude properties for hyperbolic spaces as if they were geodesic
or roughly geodesic. A way of doing this is by considering the injective hull functor [Lan13],
which allows us to isometrically embed metric spaces into geodesic metric spaces in a way
that is equivariant with respect to the isometry groups. More precisely, given a metric space
(X, d) we can construct another metric space (X̂, d̂), the injective hull of (X, d) and an
isometric embedding i : (X, d) ↪→ (X̂, d̂). The properties that we need are that (X̂, d̂) is
geodesic, δ-hyperbolic if (X, d) is δ-hyperbolic [Lan13, Prop. 1.3], and that any isometry
of X extends uniquely under i to an isometry of X̂ (this follows from functoriality [Lan13,
Prop. 3.7]). In addition, from the proof of [Lan13, Prop. 1.3] we see that if X is roughly



CHAPTER 2. PRELIMINARIES 19

geodesic, then i(X) is coarsely dense in X̂. If (X, d) is a pseudo metric space, we consider the
injective hull of its metric identification. We summarize these properties into the following
proposition.

Proposition 2.3.7 (Lang [Lan13]). If (X, d) is a δ-hyperbolic pseudo metric space, then
its injective hull (X̂, d̂) is δ-hyperbolic and geodesic and there is an isometric embedding
i : (X, d) → (X̂, d̂). In addition, every isometry of (X, d) extends uniquely to an isometry
of (X̂, d̂), and the map i is equivariant with respect to the group of isometries of (X, d).
Moreover, if (X, d) is α-roughly geodesic then Nδ+4α+1(i(X)) = X̂.

One of the main properties of hyperbolic spaces is the Morse lemma, which says that
uniform quasigeodesic with the same endpoints are uniformly close. Since we do not assume
that hyperbolic spaces are geodesic, the version we will consider is the following (cf. [Väi05,
Thm. 3.7]).

Lemma 2.3.8 (Morse Lemma). For any δ, ε ≥ 0 and λ1, λ2 > 0 there exists some C =
C(δ, λ1, λ2, ε) ≥ 0 such that the following holds. Suppose (X, d) is a δ-hyperbolic pseudo
metric space and γ1, γ2 are (λ1.λ2, ε)-quasigeodesics in (X, d) joining the same pair of points.
Then the images of γ1 and γ2 are C-Hausdorff close in (X, d).

A classical consequence of this lemma is that hyperbolicity is preserved under quasi-
isometries among roughly hyperbolic spaces.

Corollary 2.3.9. For any δ, α, ε ≥ 0 and λ1, λ2 > 0 there exists some δ′ = δ′(δ, α, λ1, λ2, ε) ≥
0 such that the following holds. Suppose F : (X, dX) → (Y, dY ) is (λ1.λ2, ε)-quasi-isometric
embedding, that (X, dX) and (Y, dY ) are α-roughly geodesic and that (Y, dY ) is δ-hyperbolic.
Then (X, dX) is δ

′-hyperbolic.

The injective hull functor can be used together with the Morse Lemma 2.3.8 to prove
that hyperbolic quasigeodesic spaces are actually roughly geodesic.

Lemma 2.3.10. For any λ1, λ2 > 0 and ε, δ ≥ 0 there exists α = α(δ, λ1, λ2, ε) ≥ 0 such
that if (X, d) is a (λ1, λ2, ε)-quasigeodesic and δ-hyperbolic pseudo metric space, then (X, d)
is α-roughly geodesic.

Proof. Without loss of generality, we can assume that (X, d) is a metric space. By Propo-
sition 2.3.7, we consider (X, d) as a subset of its injective hull (X̂, d̂), which is δ-hyperbolic
and geodesic. Let γ : {0, . . . , n} → X be a (λ1, λ2, ε)-quasigeodesic, and apply the Morse
Lemma 2.3.8 to obtain a constant C = C(δ, λ1, λ2, ε) ≥ 0 and a geodesic segment γ′ :
[0, d(γ(0), γ(n))] → X̂ joining γ(0) and γ(n) such that γ({0, . . . , n}) and γ′([0, d(γ(0), γ(n))])
are C-Hausdorff close. If j ∈ [0, d(γ(0), γ(n))] is an integer, then there is some ij ∈ {0, . . . , n}
such that d̂(γ′(j), γ(ij)) ≤ C, for which we can assume i0 = 0. In this way, if we define

m = ⌊d̂(γ(0), γ(n))⌋, xj = γ(ij) for 0 ≤ j ≤ m and xm+1 = γ(n), then the sequence
x0, x1, . . . , xm, xm+1 is a (2C + 1)-rough geodesic in (X, d) joining γ(0) and γ(n). As every
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pair of points in X can be joined by a (λ1, λ2, ε)-quasigeodesic, the conclusion follows by
taking α = 2C(δ, λ1, λ2, ε) + 1.

We mention one last consequence of the Morse Lemma 2.3.8, which is that among hyper-
bolic and roughly geodesic pseudo metric spaces, quasi-isometries are also close to preserving
Gromov products. The following proposition appears in [GH90, Ch. 5, Prop. 15 (i) ] in the
case of geodesic metric spaces, and it can be easily adapted to the roughly geodesic setting
by applying Proposition 2.3.7.

Proposition 2.3.11. For all α, δ, ε ≥ 0 and λ1, λ2 > 0 there exists A = A(α, δ, λ1, λ2, ε) ≥ 0
such that the following holds. Let (X, dX), (Y, dY ) be δ-hyperbolic and α-roughly geodesic
pseudo metric spaces, and F : X → Y a (λ1, λ2, ε)-quasi-isometric embedding. Then for all
x, y, w ∈ X:

1

λ1
(x|y)w,dX − A ≤ (Fx|Fy)Fw,dY ≤ λ2(x|y)w,dX + A.

2.3.2 The Gromov boundary

If (X, d) is a δ-hyperbolic pseudo metric space and w ∈ X, there is a well-defined Gromov
boundary ∂X = ∂(X, d) consisting of the equivalence classes of sequences (xn)n in X such
that (xm|xn)w → ∞ as m,n→ ∞, where two sequences (xn)n and (yn)n represent the same
point at infinity if (xn|yn)w → ∞. δ-hyperbolicity implies that the Gromov boundary is
independent of the base-point w. The Gromov product can be extended to X ∪ ∂X via

(p|q)w := inf{lim inf
n→∞

(pn|qn)w : pn → p, qn → q},

where for r ∈ ∂X the notation rn → r means that the sequence (rn)n represents r. In this
way, by (2.2) we get that for all p, q, r ∈ X ∪ ∂X and w ∈ X:

(p|r)w ≥ min{(p|q)w, (q|r)w} − δ. (2.3)

We can also define the Busemann function on X ×X × ∂X according to

βd(x, y; p) := sup{lim sup
n→∞

(d(x, pn)− d(y, pn)) : pn → p} = d(x, y)− 2(x|p)y,d (2.4)

for x, y ∈ X, p ∈ ∂X. δ-hyperbolicity implies that for all x, y ∈ X and p ∈ ∂X we have

|βd(x, y; p) + βd(y, x; p)| ≤ 4δ.

In addition, for all ε, δ > 0 satisfying 0 < εδ < log 2 and w ∈ X there is a metric ϱ = ϱε,w
on ∂X such that for all p, q ∈ ∂X

(2εδ)−1e−ε(p|q)w,d ≤ ϱε,w(p, q) ≤ e−ε(p|q)w,d , (2.5)

see e.g. [Sch06, Thm. 1.2]. These are called visual metrics on ∂X, and induce a canonical
topology on ∂X [GH90, Ch. 7, Prop. 10].
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Example 2.3.12. Let Hn be the real hyperbolic space of dimension n. By using the Poincaré
sphere model, it can be shown that ∂Hn is homeomorphic to a sphere of dimension n− 1.

Example 2.3.13. If T is a locally finite metric tree, then ∂T is homeomorphic to a Cantor
set.

By applying Proposition 2.3.11 it can be shown that among roughly geodesic hyperbolic
spaces, the Gromov boundary is a quasi-isometric invariant (see [GH90, Ch. 7, §4, Prop. 14]).

Proposition 2.3.14. Let (X, dX) and (Y, dY ) be hyperbolic and roughly geodesic pseudo
metric spaces. Then any quasi-isometric embedding F : X → Y naturally extends to a
continuous injective map F : ∂X → ∂Y . In particular, if F is a quasi-isometry, then F is a
homeomorphism.

2.3.3 Isometric actions on hyperbolic spaces

By Proposition 2.3.14, every isometry in a hyperbolic pseudo metric space extends to a
homeomorphism of its Gromov boundary. This allows us to give a dynamical classification
of isometries of hyperbolic spaces. If (X, d) is hyperbolic, then an isometry f of (X, d) is
either:

• Elliptic: if it has bounded orbits.

• Parabolic: if it has unbounded orbits and it has a unique fixed point in ∂X.

• Loxodromic: if it has unbounded orbits and fixes two distinct points in ∂X.

If f is an isometry of (X, d) with unbounded orbits, then it is loxodromic if and only if
ℓd[f ] > 0, in which case the orbit map Z → X, n 7→ fnw is a quasi-isometric embedding
for any w ∈ X. Similarly, if d is a left-invariant and hyperbolic pseudo metric on the group
Γ, then we can talk about elements of Γ acting elliptically/parabolically/loxodromically on
(Γ, d).

As in the case of a single isometry, the behavior of a finite set of isometries of a hyperbolic
space is restricted by the stable translation lengths of the elements in the semigroup they
generate. A modern version of this is the following Bochi-type inequality due to Breuillard
and Fujiwara [BF21]. They proved this result when (X, d) is metric and geodesic, but by
using Proposition 2.3.7 we can also deduce it when (X, d) is just pseudo metric and roughly
geodesic.

Theorem 2.3.15 (Breuillard–Fujiwara [BF21, Thm. 1.4]). There exists a universal constant
K > 0 such that the following holds. Suppose (X, d) is a δ-hyperbolic, α-roughly geodesic
pseudo metric space and S is a finite set of isometries of (X, d). Then

inf
x∈X

max
s∈S

d(sx, x) ≤ 1

2
max
s1,s2∈S

ℓd[s1s2] +Kδ + 4α + 1.
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2.4 Hyperbolic groups

Since hyperbolicity is a quasi-isometric invariant (Corollary 2.3.9), it is natural to look at
finitely generated groups whose Cayley graphs (for finite generating sets) are hyperbolic. In
this way we obtain the class of hyperbolic groups, introduced by Gromov [Gro87] in 1987.
Since then, it has become one of the most studied classes of groups in geometric group theory.
Standard references about hyperbolic groups include [CDP90; GH90].

Definition 2.4.1. A finitely generated group Γ is hyperbolic if for some finite, symmetric
generating set S ⊂ Γ the metric space (Γ, dS) is hyperbolic. A hyperbolic group is non-
elementary if it is not virtually cyclic.

Equivalently, by the Milnor-Schwarz Lemma 2.2.2 and Corollary 2.3.9, a finitely generated
group is hyperbolic if and only if it admits a geometric action on a hyperbolic, roughly
geodesic metric space. If Γ is hyperbolic then (Γ, dS) is hyperbolic for any finite, symmetric
generating set S ⊂ Γ since any two such metrics are quasi-isometric. Also, by Proposition
2.3.11, the space ∂Γ := ∂(Γ, dS) is independent of the choice of S, as well as its topology. We
call this the Gromov boundary of Γ, which is a compact metrizable space when Γ is infinite.
Indeed, a hyperbolic group is non-elementary if and only if its Gromov boundary is infinite.

Since the left-action of Γ on (Γ, dS) is by isometries, there exists a natural topological
action of Γ on ∂Γ. If x ∈ Γ is a non-torsion element, then the homomorphism Z → (Γ, dS)
given by n→ xn is a quasi-isometric embedding, and hence x is loxodromic and fixes precisely
two points in ∂Γ [BH99, Cor. III.Γ.3.10].

Example 2.4.2 (Elementary hyperbolic groups). Trivial examples of hyperbolic groups
include finite groups and groups that are virtually Z. These groups are called elementary.

Example 2.4.3 (Free groups). Let S be any set and consider the topological graph GS

given by a single vertex v, where we attach a loop to this vertex for each element of S.
The free group generated by S is F (S), the fundamental group of GS based at v. The
group F (S) acts by Deck transformations on the universal cover of TS of GS, which is a tree
(hence 0-hyperbolic) when endowed with the length metric that assigns length 1 to each edge.
Equivalently, we can consider S∪S−1 as a generating set for F (S) and whose word metric dS
is hyperbolic. When S is finite, F (S) is finitely generated and hence F (S) is hyperbolic. The
rank of F (S) is the cardinality of S, and we usually denote Fn = F ({1, 2, . . . , n}). Usually,
by a free group we will mean a finitely generated free group of rank at least 2.

Example 2.4.4 (Fundamental groups of negatively curved manifolds). Let (M, g) be a
closed Riemannian manifold of negative sectional curvature. Then Γ = π1(M) acts properly

discontinuously and cocompactly by Deck transformations on the universal cover M̃ of M .
If g̃ is the lift of g to M̃ , then this action is by isometries on (M̃, dg̃), hence geometric.

Hyperbolicity of (M̃, dg̃) combined with the Milnor-Schwarz Lemma 2.2.2 and Corollary
2.3.9 imply that Γ is hyperbolic. When M is 2-dimensional (i.e. a surface) and orientable,
we call Γ a hyperbolic surface group, or simply a surface group.
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Example 2.4.5 (Small cancellation groups). Let Γ = ⟨S | R⟩ be a group presentation where
R ⊂ F (S) is a set of freely reduced and cyclically reduced words in the free group F (S) such
that R is symmetric and closed under taking cyclic permutations. A piece with respect to
this presentation is a non-trivial freely reduced word u ∈ F (S) such that there exist two
distinct elements r1, r2 ∈ R that have u as a maximal common initial segment.

Given 0 < λ < 1, the presentation above is said to satisfy the C ′(λ) small cancellation
condition if whenever u is a piece with respect to the presentation and u is a subword of
some r ∈ R, then |u|S < λ|r|S. Finitely generated groups with a presentation satisfying the
C ′(1/6) small cancellation condition are hyperbolic [GH90, Appendix, Thm. 36]. Examples
of these groups include the 1-relator groups Γ = ⟨S | rn⟩ where S is finite, r ∈ F (S) is a
non-trivial cyclically reduced word which is not a proper power in F (S), and n ≥ 6. Indeed,
it can be shown that the 1-relator group with torsion Γ = ⟨S | rn⟩ is hyperbolic for every
n ≥ 2 [New68].

Example 2.4.6 (Free products of hyperbolic groups). If Γ1 and Γ2 are hyperbolic groups,
then the free product Γ1 ∗ Γ2 is hyperbolic. The same holds for some amalgamated free
products of free groups (Theorem 2.4.19).

Example 2.4.7 (Non-linear hyperbolic groups). A group Γ is linear over the field k if there
exists a finite-dimensional vector space V over k and a monomorphism Γ ↪→ GL(V ). A
group is non-linear if it is not linear over any field. In [Kap05], Kapovich produced non-
linear hyperbolic groups as quotients of certain superrigid cocompact lattices in rank-1 Lie
groups. Recent examples of non-linear hyperbolic groups have been constructed as HNN
extensions of such lattices [CST19].

Example 2.4.8 (Hyperbolic groups with property (T)). A countable discrete group Γ has
property (T) if every isometric action of Γ on a real Hilbert space has a fixed point. Exam-
ples of hyperbolic groups with property (T) are lattices in Sp(1, n), the isometry groups of
quaternionic hyperbolic spaces. Indeed, every discrete group with property (T) is a quotient
of a torsion-free hyperbolic group with property (T) [Cor05].

Example 2.4.9 (Exotic hyperbolic fundamental groups of manifolds). Examples of hyper-
bolic groups can be constructed via hyperbolization procedures. For example, in [DJ91,
Thm. 5c.1 and Rmk. on p. 386] Davis and Januszkiewicz constructed for n ≥ 5, a closed,
aspherical manifold with hyperbolic fundamental group, but admitting no negatively curved
Riemannian metric.

Example 2.4.10 (Random groups). Let m ≥ 2 be an integer and consider the free group
Fm = F (Sm), so that Sm has m elements. Let 0 ≤ d ≤ 1 be the density parameter, and let ℓ
be a (large) length. We choose (2m− 1)dℓ times (rounded to the nearest integer) at random
a reduced word of length ℓ in the letters Sm∪S−1

m uniformly among all such words, and let R
be the set of words so obtained. A random group at density d and length ℓ is the group with
presentation G = ⟨Sm | R⟩. A property occurs with overwhelming probability in this model



CHAPTER 2. PRELIMINARIES 24

if its probability of occurrence tends exponentially to 1 as ℓ → ∞. This model of random
groups was introduced by Gromov, who proved what if d < 1/2 then with overwhelming
probability, a random group at density d is infinite, hyperbolic, and torsion-free, and that if
d > 1/2 then with overwhelming probability, a random group at density d is either trivial or
Z/2Z [Gro93]. Results of similar nature hold for other models of random groups.

2.4.1 Strongly Markov structures

Hyperbolic groups are combinatorially well-behaved, and an illustration of this is that they
are strongly Markov: each hyperbolic group Γ and generating S can be represented by a
finite directed graph G called the Cannon graph [Can84]. The graph G comes equipped with
a labeling π that assigns a generator (in S) to each directed edge of G and this labeling
has a variety of useful properties. The triple (G, π, S) is referred to as a strongly Markov
structure on Γ. For a precise definition and list of properties for strongly Markov structures,
see [CT21]. The main property of the Cannon graph is that there is an initial vertex ∗ such
that the labeling map π induces a bijection between the elements in Γ and the finite paths
in G starting at ∗. More precisely, if (e1, . . . , en) is a path determined by consecutive edges
e1, . . . , en in G then the map

(e1, . . . , en) 7→ π(e1)π(e2) · · · π(en)

defines a bijection between the finite paths starting at ∗ and the elements of Γ. Furthermore,
this bijection preserves path/word length, i.e. this map sends paths of length n to elements
of word length n with respect to S. For our purposes, we need to understand the properties
of certain components within strongly Markov structures.

Definition 2.4.11. Let G be a finite directed graph. A (connected) component in G is a
maximal subgraph C of G such that for any two vertices in C we can find a loop in C that
visits both of these vertices.

Each Cannon graph G can be described by a 0− 1 matrix A called the transition matrix.
This matrix is n × n, where n is the number of vertices in G and each row/column in A
corresponds to a vertex. The (i, j)th entry of A is 1 if and only if there is a directed edge
going from the ith to the jth vertex. Likewise, each connected component within G can be
described by a submatrix within the transition matrix for G. We call a component C maximal
if the number of paths of length n belonging to C has the same exponential growth rate as
that of the metric dS, i.e. the number of paths of length n living entirely in C has exponential
growth rate vS. This is the same as saying that the submatrix that describes the component
C has spectral radius evS . Each strongly Markov structure necessarily has (possibly multiple)
maximal components. Suppose we have a strongly Markov structure (G, π, S) on Γ and that
we have fixed a maximal component C. We define

ΓC := {x ∈ Γ : x = π(e1) · · · π(en) for some finite path (e1, . . . , en) living in C}.
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Intuitively, ΓC contains all group elements that can be seen as a finite path in C. The following
result, which is a consequence of a combinatorial property known as growth quasi-tightness,
is crucial to our work.

Proposition 2.4.12. Suppose we have a strongly Markov structure (G, π, S) on a hyperbolic
group Γ and that we have fixed a maximal component C. Then there exists a finite set B ⊂ Γ
such that BΓCB = Γ.

Intuitively this result says that maximal components see all group elements up to thick-
ening by a uniformly bounded amount. This result was originally observed within the proof
Lemma 4.6 in [GMM18]. See [CT21] for a more detailed discussion.

2.4.2 Quasiconvex subgroups

If (X, d) is a geodesic metric space, a subset A ⊂ X is λ-quasiconvex if any geodesic segment
in X with endpoints in A lies in the λ-neighborhood of A. A subset is quasiconvex if it is
λ-quasiconvex for some λ.

Definition 2.4.13. A subgroup H of the hyperbolic group Γ is quasiconvex if for some
finite, symmetric generating set S ⊂ Γ, H is a quasiconvex subset of Cay(Γ, S).

By the Morse Lemma 2.3.8, the definition of quasiconvexity is independent of the chosen
finite generating set S. A related notion is the concept of undistorted subgroup.

Definition 2.4.14. A finitely generated subgroup H of the finitely generated group Γ is
undistorted if the inclusion H ↪→ Γ is a quasi-isometric embedding for any choices of finite
generating subsets of H and Γ.

Among hyperbolic groups, quasiconvex subgroups are the same as undistorted subgroups
[BH99, Cor. III.Γ.3.6], from which we get that cyclic and finite index subgroups of hyperbolic
groups are quasiconvex. Also, the intersection of finitely many quasiconvex subgroups is
quasiconvex [BH99, Prop. III.Γ.3.9], quasiconvex subgroups of hyperbolic groups are also
hyperbolic [BH99, Prop. III.Γ.3.7], and being a quasiconvex subgroup is a transitive relation
among hyperbolic groups.

Example 2.4.15. Every finitely generated subgroup of a finitely generated free group is
quasiconvex. Similarly, it can be proven that every finitely generated subgroup of a surface
group is quasiconvex (see. e.g. [Git97]).

Example 2.4.16. Let M,N be closed negatively curved Riemannian manifolds such that
there is a convex, totally geodesic immersion M → N . Then the group H = π1(M) injects
as a quasiconvex subgroup of Γ = π1(N).
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Example 2.4.17. A remarkable result of Kahn and Markovic asserts that if Γ is the funda-
mental group of a closed hyperbolic 3-manifold (i.e. a torsion-free group acting geometrically
on the 3-dimensional hyperbolic space H3), then it contains many quasiconvex surfaces sub-
groups [KM12], solving the Surface Subgroup Conjecture in the affirmative. Quasiconvex
surface subgroups were also found for cocompact lattices in rank-1 Lie groups [Ham15].

Non-Example 2.4.18. Quasiconvex subgroups of hyperbolic groups have finite height.
That is, if H < Γ is a quasiconvex subgroup, then there is some n such that for any
distinct left cosets g1H, . . . , gnH with gi ∈ Γ, the intersection g1Hg1

−1 ∩ · · · ∩ gnHgn
−1 is

finite [Git+98, Main Thm.]. A generalization of this property is given in Corollary 3.3.11.
In particular, if H ⊴ Γ is an infinite normal subgroup of infinite index, then H is not qua-
siconvex. It is unknown whether there exists a non-quasiconvex subgroup of a hyperbolic
group that has finite height.

Quasiconvex subgroups can also be used to build new hyperbolic groups from old ones.
A subgroup H of a group Γ is malnormal if gHg−1 ∩H is trivial for all g ∈ Γ\H (see also
Subsection 3.3.1). This property is stronger than having finite height. The following is a
particular case of Bestvina-Feighn combination theorem.

Theorem 2.4.19 (Bestvina–Feighn [BF92]). Let Γ1,Γ2 be hyperbolic groups and let H be
a group that embeds as a quasiconvex and malnormal subgroup of both Γ1 and Γ2. Then
Γ1 ∗H Γ2 is hyperbolic.

2.5 Relatively hyperbolic groups

Roughly speaking, relatively hyperbolic groups are those in which non-hyperbolic behavior
can only be found inside some isolated subgroups, which form at most finitely many con-
jugacy classes. Depending on the perspective, there are several (but equivalent) definitions
for relative hyperbolicity [Hru10], some of them valid for arbitrary countable groups. For
convenience, we will restrict to the finitely generated case and introduce relative hyperbol-
icity in terms of cusped spaces. See [GM08] or [Ago13, Appendix A] for more details about
cusped spaces associated to relatively hyperbolic groups.

Let Γ be a group generated by a finite, symmetric set S, and let P = {P1, . . . , Pn} be a
finite collection of subgroups of Γ such that S ∩ Pi generates Pi for every i.

For each P ∈ P , let S0 = S ∩ P\{o}, and for n > 0 let Sn := Sn−1 ∪ {s1s2 ̸= o : s1, s2 ∈
Sn−1}. Given a left coset gP with g ∈ Γ, define the 1-complex H(gP ) as the vertex set
H(gP )(0) = gP × Z≥0 and edges given by:

1. (vertical) If (v, n) ∈ H(gP )(0), then an edge joins (v, n) and (v, n+ 1).

2. (horizontal) If (v, n) ∈ H(gP )(0) and s ∈ Sn, there is an edge from (v, n) to (vs, n) (so
that if for instance, s has order 2, then there are two different edges between (v, n) and
(vs, n)).
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Note that there is a natural way to glue H(gP ) and the Caley graph Cay(Γ, S) along gP =
gP × {0}.

Definition 2.5.1. The cusped space X(Γ,P , S) is obtained from Cay(Γ, S) by gluing all the
complexes H(gP ) for g ∈ Γ and P ∈ P in the previously mentioned way. The group Γ is
hyperbolic relative to P if the cusped space X(Γ,P , S) is hyperbolic when endowed with the
graph metric [Ago13, Rmk. A.13]. In that case, we say that P is a peripheral structure on
Γ.

Remark 2.5.2. With the definition of cusped space given above, the natural isometric action
of Γ on X(Γ,P , S) is free, and the distance function on vertices coincides with the one
constructed in [GM08]. Therefore, the coarse geometry is unchanged, and the classical
results about cusped spaces also hold for this slightly different construction (see [Ago13,
Rmk. A.13]).

If (Γ,P) is relatively hyperbolic, then a parabolic subgroup will be any subgroup of Γ
that can be conjugated into a member of P , and a maximal parabolic subgroup will be
called peripheral subgroup. An element of Γ is loxodromic if it is infinite order and the
group it generates is non-parabolic. This classification is consistent with the one given in
Section 2.3.3. A horoball of X(Γ,P , S) is a full subgraph on the vertices gP ×Z≥R for some
R ≥ 0 and some left coset gP with P ∈ P . Note that peripheral subgroups correspond
to stabilizers in Γ of horoballs. An infinite subgroup of Γ is non-parabolic if and only if it
contains a loxodromic element. Namely, if H < Γ is infinite and with no loxodromics, then
any H-orbit of a point in X(Γ,P , S) is unbounded and H must fix a point in the Gromov
boundary ∂X(Γ,P , S) (see e.g. [DSU17, Thm. 6.2.3]). The action of Γ on ∂X(Γ,P , S) is
geometrically finite [Hru10, Sec. 3], so this fixed point corresponds to a horoball by [Tuk98,
Thm. 3A (a)].

Any finitely generated group is hyperbolic relative to the peripheral structure correspond-
ing to the whole group. Also, any hyperbolic group is hyperbolic relative to any (possibly
empty) finite set of finite subgroups. Also, if (Γ,P) is relatively hyperbolic and each P ∈ P
is hyperbolic, then Γ is hyperbolic [Far98, Thm. 3.8].

Example 2.5.3 (Cusped hyperbolic manifolds). Let M be finite-volume hyperbolic 3-
manifold with cusps. Then Γ = π1(M) is hyperbolic relative to the cusps subgroups, which
are free abelian of rank 2 [Gro87]. For example, the fundamental group of the figure-8
complement is relatively hyperbolic. More generally, if M is a pinched negatively curved
Riemannian manifold of finite volume, then Γ = π1(M) is hyperbolic relative to the cusp
subgroups, which are virtually nilpotent.

Example 2.5.4 (Small cancellation free products). Generalizing Example 2.4.5, let G =
G1 ∗ · · · ∗Gn be the free product of finitely many groups G1, . . . , Gn, which are called the free
factors of G. Every non-trivial element of G can be represented in a unique way as a product
w = h1 · · ·hm, called the normal form, where hi is a non-trivial element in some Gj and no
two consecutive hi, hi+1 belong to the same free factor. The free product length of w is given
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by |w| := m. The normal form of w is weakly cyclically reduced if |w| ≤ 1 or h1 ̸= hm−1. If
u, v ∈ G are such that u = h1 · · ·hm, v = k1 · · · kl, and hm = k−1

1 , then hm and k1 cancel in
the product uv. Otherwise, we say that the product uv is weakly reduced. Now, let R ⊂ G
be a subset whose elements are represented by weakly cyclically reduced normal forms, and
assume that R is stable under taking weakly cyclically reduced conjugates and inverses. Let
Γ := G/⟨⟨R⟩⟩G be the quotient of G by the normal closure of R in G. An element p ∈ G is
a piece if there are distinct relators r1, r2 ∈ R such that the products r1 = pu1 and r2 = pu2
are weakly reduced.

Given 0 < λ < 1, the set R satisfies the C ′(λ) small cancellation condition (over G) if for
every piece p and every relator r ∈ R such that the product r = pu is weakly reduced, we
have that |p| < λ|r|. To avoid pathological cases, let us in addition assume that for all r ∈ R
we have that |r| > 1/λ. If these conditions are satisfied, we say that Γ is a C ′(λ)–group (over
G). As in the hyperbolic case, we have that if Γ is a C ′(1/6) small cancellation quotient
of the free product G1 ∗ · · · ∗ Gn, then the free factors embed as subgroups of Γ, and Γ is
hyperbolic relative to these factors [Osi06, p. 2 Ex. (II)].

Example 2.5.5 (Limit groups). A group Γ is fully residually G (G is a group) if for any
finite set A ⊂ Γ there exists a homomorphism Γ → G that is injective on A. A group is
fully residually free (also called a limit group) if it is fully residually F∞, where F∞ = F (N).
Every finitely generated limit group is hyperbolic relative to its maximal abelian subgroups
[Dah03, Thm. 0.3].

2.5.1 Relatively quasiconvexity

Let H < Γ be a finitely generated subgroup of a relatively hyperbolic group (Γ,P) with
cusped space X = X(Γ,P , S), and suppose there exists a finite set D of representatives for
H-conjugacy classes of the infinite groups of the form H ∩ P g with g ∈ Γ and P ∈ P (we
use the notation Ax = xAx−1). Given D ∈ D, there is a a unique PD ∈ P and some cD ∈ Γ
of shortest word length (with respect to S) so that D = H ∩ P cD

D . Also, assume that each
group in D is finitely generated, and let XH be a combinatorial cusped space for the pair
(H,D) with respect to some compatible finite generating set S ′ of H, in the sense that S ′

is symmetric and S ′ ∩D generates D for each D ∈ D. We extend the inclusion ι : H ↪→ G
to an H-equivariant Lipschitz map ι̌ : X

(0)
H → X as follows: a vertex in a horoball of XH

is a tuple (sD, h, n) with s ∈ H, D ∈ D, h ∈ sD and n ∈ Z≥0, so define its image by
ι̌(sD, h, n) := (scDPD, hcD, n).

Definition 2.5.6. The pair (H,D) is relatively quasiconvex in (Γ,P) if the image ι̌(X
(0)
H ) ⊂

X is λ-quasiconvex for some λ, which will be called a quasiconvexity constant for (H,D) in
(Γ,P). Sometimes we will omit the peripheral structures and simply say that H is relatively
quasiconvex in Γ.

As noted in [GM21, Def. 2.9], this definition is equivalent to other notions of relative
quasiconvexity existing in literature, at least in the finitely generated case [Hru10]. In
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particular, if H < Γ is relatively quasiconvex, then the collection D defined above makes
(H,D) into a relatively hyperbolic group [Hru10, Thm. 9.1], and we call D an induced
relatively hyperbolic structure (or peripheral structure) on H. The characterization of relative
quasiconvexity given above will be particularly helpful in Section 3.3, but for most of our
purposes, the following criterion due to Hruska will suffice.

Theorem 2.5.7 (Hruska [Hru10, Thm. 1.5]). If Γ is finitely generated and H < Γ is an
undistorted subgroup, then H is relatively quasiconvex in (Γ,P) with respect to any possible
peripheral structure P on Γ.

An important subclass of relatively quasiconvex subgroups is given by those which are
full, and in a sense, this is the correct generalization to quasiconvex subgroups of hyperbolic
groups.

Definition 2.5.8. A relatively quasiconvex subgroup H < Γ of a relatively hyperbolic group
(Γ,P) is fully relatively quasiconvex if for any peripheral subgroup P of Γ, the group H ∩P
is either finite or finite index in P .

2.5.2 Dehn filling

Dehn filling was introduced independently by Groves and Manning [GM08] and Osin [Osi07]
as a group theoretical generalization of the corresponding concept to cusped hyperbolic 3-
manifolds, due to Thurston [Thu79].

Definition 2.5.9. Let (Γ,P = {P1, . . . , Pn}) be a relatively hyperbolic group and consider
normal subgroups Ni ⊴ Pi. The group theoretical Dehn filling of Γ (or simply the filling) is
the quotient map

ϕ : Γ → Γ(N1, . . . , Nn) = Γ(N ) := Γ/⟨⟨
⋃

Ni⟩⟩Γ,

where N = {N1, . . . , Nn} is the collection of filling kernels of ϕ. Let P denote the set of
images of the subgroups Pi under ϕ.

Example 2.5.10 (Dehn filling for 3-manifolds). Let M be a finite-volume hyperbolic 3-
manifold with n cusps, so that it is homeomorphic to the interior of a compact 3-manifold
M̂ with boundary a disjoint union of n tori T1, . . . , Tn. Let Γ = π1(M) = π1(M̂), and for each
i let Pi = π1(Ti) be the fundamental group of Ti seen as a subgroup of Γ. If we glue n solid
tori S1, . . . , Sn to M̂ along T1, . . . , Tn, we obtain a closed 3-manifold M with fundamental
group Γ. We identify each Si with S1 × D2 and let ϕi : ∂Si = S1 × S1 → Ti denote the
homeomorphisms in the construction of M . If Ni ⊴ Pi is the subgroup generated by the
image of the loop ϕi({pt} × S1) in Ti, then Γ is hyperbolic relative to P = {P1, . . . , Pn}
and Γ is isomorphic to the Dehn filling Γ(N1, . . . , Nn). A remarkable theorem of Thurston
[Thu79] states that for all but finitely many choices of homeomorphisms ϕ1, . . . , ϕn (up to
isotopy) the closed manifold M admits a hyperbolic Riemannian metric, so in particular Γ
is hyperbolic.
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If H < (Γ,P) is a relatively quasiconvex subgroup, we need further conditions on a filling
to guarantee good properties for the image ofH. In [GM21], Groves and Manning introduced
H-wide fillings as a generalization of H-fillings, but with enough flexibility to behave nicely
even when H is not necessarily full. Let D be an induced peripheral structure on H, such
that every D ∈ D is of the form D = H ∩P cD

iD
for some PiD ∈ P and some cD ∈ Γ of shortest

word length (with respect to a fixed compatible generating set of Γ).

Definition 2.5.11. If S ⊂ (
⋃

P)\{o} is a finite set, then a filling Γ → Γ(N1, . . . , Nn) is
(H,S)-wide if for any D ∈ D, and for any d ∈ D and w ∈ S ∩ PiD , we have cDwc

−1
D ∈ D

whenever dcDwc
−1
D ∈ N cD

iD
.

More generally, if H = {(H1,D1), . . . , (Hk,Dk)} is a collection of relatively quasiconvex
subgroups of Γ, then a filling is (H, S)-wide if it is (Hj, S)-wide for each 1 ≤ j ≤ k.

Given a collection {Ni ⊴ Pi}i of filling kernels of (Γ,P), the induced filling kernels of
(H,D) are the groups of the collection NH = {KD := D ∩ N cD

iD
}D∈D. These groups define

the induced filling
ϕH : (H,D) → (H(NH),D),

with D being the set of images of the elements of D in H(NH) := H/⟨⟨
⋃
DKD⟩⟩H . Note

that there is a natural map from H(NH) into Γ = Γ(N1, . . . , Nn). If Γ → Γ is a Dehn
filling of (Γ,P) with kernel K, and X is a cusped space for (Γ,P) as defined above, then a
combinatorial cusped space for (Γ,P) is obtained from X = K\X by removing self-loops.
This removing process does not affect the metric on the 0-skeleton, so we will ignore this
ambiguity and simply set X = K\X [GM21, p. 4].

Definition 2.5.12. A property P holds for all sufficiently long and H-wide fillings if there
is a finite set S ⊂ (

⋃
P)\{o} so that P holds for any (H,S)-wide filling Γ → Γ(N1, . . . , Nn)

with S ∩ (
⋃
iNi) = ∅. In general, if H is a collection of relatively quasiconvex subgroups of

Γ, then P holds for all sufficiently long and H-wide fillings if there is a finite set S so that
P holds for any (H, S)-wide filling with S ∩ (

⋃
iNi) = ∅.

The next result summarizes the main required properties about wide Dehn fillings of
relatively hyperbolic groups [AGM16, Sec. 7], [GM21, Sec. 3 & Sec. 4].

Theorem 2.5.13. Let (Γ,P) be a relatively hyperbolic group and let X be a cusped space for
(Γ,P), which we assume is δ-hyperbolic. Let H < Γ be a relatively quasiconvex subgroup with
quasiconvexity constant λ with respect to X, and let A ⊂ Γ be a finite set. Then there exist
positive numbers δ′ = δ′(δ) and λ′ = λ′(λ, δ) such that for all sufficiently long and H-wide
fillings ϕ : Γ → Γ := Γ(N1, . . . , Nn):

1. (Γ,P) is relatively hyperbolic.

2. ϕ(A) ∩ ϕ(H) = ϕ(A ∩H).
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3. H := ϕ(H) is relatively quasiconvex in (Γ,P), and λ′ is a quasiconvexity constant for
H with respect to X. In addition, if H is fully relatively quasiconvex, then H is fully
relatively quasiconvex.

4. H is canonically isomorphic to the induced filling H(NH).

To guarantee the existence of wide fillings, we require the notion of separability for subsets
of groups, which will be introduced in Section 2.6. The next definitions are motivated by
[SW15].

Definition 2.5.14. Let (H,D) be a relatively quasiconvex subgroup of the relatively hy-
perbolic group (Γ,P). We say that H is peripherally separable in (Γ,P) if D is separable in
P cD
iD

for every D ∈ D. We say that H is strongly peripherally separable if D′ is separable in
P cD
iD

for any finite index subgroup D′ < D and any D ∈ D.

The existence of wide fillings is then guaranteed by the following lemma.

Lemma 2.5.15 ([GM21, Lem. 5.2]). Let (Γ,P) be relatively hyperbolic and consider a finite
collection H = {(H1,D1), . . . , (Hk,Dk)} of relatively quasiconvex and peripherally separable
subgroups of Γ. Then for any finite set S ⊂ (

⋃
P)\{o} there exist finite index subgroups

Ṅi ⊴ Pi such that any filling Γ → Γ(N1, . . . , Nn) with Ni < Ṅi is (H, S)-wide.

2.6 Separability properties on groups

One of the main properties of groups and their subsets that we will consider is the notion
of separability, which guarantees the existence of plenty of finite index subgroups satisfying
desirable properties. Although it is not explicit in the statements, this concept is key in the
proof of the main results of Chapter 3.

Definition 2.6.1. Let Γ be any group. A subset S of Γ is separable in Γ (or simply separable
if the ambient group Γ is understood) if for any a ∈ Γ\S there exists a finite quotient of Γ
in which the image of a does not lie in the image of S. In particular, a subgroup H < Γ is
separable if it is the intersection of finite index subgroups of Γ. The group Γ is residually
finite if the trivial subgroup {o} is separable.

For separability of subgroups, a topological interpretation is given by Scott’s criterion,
in terms of the existence of finite-sheeted covers.

Proposition 2.6.2 (Scott’s Criterion [Sco78]). Let X be a connected complex with funda-
mental group Γ and let H < Γ be a subgroup with corresponding cover π : XH → X Then
H is separable in Γ if and only if for every compact subcomplex Y ⊂ XH , there exists an
intermediate finite-sheeted cover π1 : XH → X̂, π2 : X̂ → X such that π1 : Y → X̂ is an
embedding.



CHAPTER 2. PRELIMINARIES 32

Example 2.6.3 (Linear groups). Since every non-zero integer is relatively prime to some
prime number, we see that Z is residually finite. In a similar way, by considering the (kernels
of the) quotients GLm(Z) → GLm(Z/pZ) for p prime, the groups GLm(Z) are residually finite
for all m ≥ 1. This argument was pushed further by Mal’cev, who proved that every finitely
generated linear group is residually finite (see [DK18, Ch. 26]).

Example 2.6.4 (Free and surface groups). By Mal’cev’s theorem in the previous example,
we deduce that finitely generated free groups are residually finite, as well as surface groups.
More generally, for these groups every finitely generated subgroup is separable, which can
be proved by using Scott’s Criterion 2.6.2.

Non-Example 2.6.5 (Baumslag-Solitar groups). Givenm,n non-zero integers, the Baumslag-
Solitar group B(m,n) is defined according to the presentation

B(m,n) = ⟨a, b|bamb−1 = an⟩.

The group B(m,n) is residually finite if and only if |m| = 1 or |n| = 1 or |m| = |n| [Mes72].

Non-Example 2.6.6 (Simple groups). Note that infinite, finitely generated simple groups
are never simple. This is because, for finitely generated groups, every finite index subgroup
contains a finite index subgroup that is normal in the ambient group.

Example 2.6.7 (Hopfian groups). A group Γ is Hopfian if any surjective endomorphism of
Γ is an isomorphism. Examples of Hopfian groups include the rational numbers, torsion-free
hyperbolic groups, and finitely generated residually finite groups. On the other hand, the
Baumslag-Solitar group B(2, 3) is not Hopfian. Every finitely generated residually finite
group is Hopfian [Mal40].

Example 2.6.8 (Non-linear, residually finite groups). There are examples of residually finite
groups that are not linear. Among 1-relator groups, the first example was the group with
presentation ⟨a, t|t2at−2 = a2⟩, given by Druţu and Sapir [DS05a]. Recently, Tholozan and
Tsouvalas constructed the first examples of residually finite, non-linear hyperbolic groups
[TT22].

Example 2.6.9 (Maximal subgroups satisfying a law). A group H satisfies a law if there is a
word w(x1, . . . , xn) in the variables x1, . . . , xn and its inverses such that w(h1, . . . , hn) = o for
all h1, . . . , hn ∈ H. If Γ is a residually finite group, then every maximal subgroup satisfying
a given law is separable. In particular, maximal abelian subgroups of residually finite groups
are separable.

Example 2.6.10 (Retracts). A subgroup H < Γ is a retract if there exists an endomorphism
ϕ : Γ → Γ such that ϕ(Γ) = H and ϕ is the identity when restricted to H. Such ϕ is called a
retraction homomorphism. In this setting, we can also deduce separability of double cosets.
The next result is [HW08, Lem. 9.3], and it will be useful in the proof of Lemma 3.2.3.
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Proposition 2.6.11. Let Γ be a residually finite group, and let ϕ : Γ → Γ be a retraction
homomorphism with H = ϕ(Γ). Then H < Γ is a separable subgroup, and if K < Γ is
separable with ϕ(K) ⊂ K, then the double coset HK is separable in Γ.

2.7 CAT(0) cube complexes

In this section we introduce non-positively curved cube complexes, CAT(0) cube complexes,
and cubulated groups. The latter class of groups is particularly well-behaved among CAT(0)
groups, as we will see in Section 2.8 and Chapter 3. For more references about the geometry
of CAT(0) cube complexes and groups acting on them, see [BH99; Sag14].

2.7.1 Cubulated groups

Before discussing cube complexes, we introduce the class of CAT(0) metric spaces.

Definition 2.7.1. Let (X, d) be a geodesic metric space. Given points x, y, z ∈ X and a
geodesic triangle ∆x,y,z ⊂ X with vertices x, y, z, consider a comparison triangle ∆x,y,x ⊂ R2,
consisting of three points x, y, z ∈ R2 such that

d(x, y) = dR2(x, y), d(y, z) = dR2(y, z), and d(z, x) = dR2(z, x),

where dR2 is the Euclidean distance. From this data, there is a natural comparison map
Φ : ∆x,y,z → ∆x,y,z such that x, y, z are sent to x, y, z respectively and each side of ∆x,y,z

is mapped isometrically. The metric space (X, d) is CAT(0) is for any geodesic triangle
∆x,y,z ⊂ X and any comparison map Φ : ∆x,y,z → ∆x,y,z we have

d(p, q) ≤ dH2(Φ(p),Φ(q)) for all p, q ∈ ∆x,y,z.

Remark 2.7.2. If in the definition above we replace R2 with H2 we obtain the class of
CAT(−1) spaces.

CAT(0) spaces are always contractible and uniquely geodesic. A group is CAT(0) if it
acts properly and cocompactly by isometries on a CAT(0) space. For more properties about
CAT(0) spaces and groups, see [BH99].

Example 2.7.3 (Non-positively curved manifolds). A Riemannian manifold is CAT(0) with
respect to its length metric if and only if it is simply connected and its sectional curvatures
are non-positive [BH99, Thm. II.1.1A.6]. In consequence, if Γ is the fundamental group of a
closed Riemannian manifold with non-positive sectional curvatures, then Γ is CAT(0).

Most of the examples of CAT(0) spaces and groups that we will consider come by looking
at cube complexes.
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Definition 2.7.4. A cube complex is a metric polyhedral complex in which all polyhedra are
unit-length Euclidean cubes. Such a complex is non-positively curved (NPC) if its universal
cover is a CAT(0) metric space when endowed with the induced length metric [BH99].

There is a combinatorial description of this property, due to Gromov. Recall that the
link of a vertex v in the complex X is the complex LkX(v) with vertices the edges of X
incident to v, and in which n such edges are the 1-skeleton of an (n − 1)-face in LkX(v) if
and only if they are incident to a common n-cell at v. Also, a flag simplicial complex is a
complex determined by its 1-skeleton: for every complete subgraph of the 1-skeleton there
is a simplex with 1-skeleton equal to that subgraph.

Proposition 2.7.5 (Gromov, see e.g. [BH99, 7, Thm. II.5.2]). A cube complex X is NPC if
and only if the link of each vertex is a flag complex.

An n-cube C = [0, 1]n ⊂ Rn has n-midcubes obtained by setting one coordinate equal to
1/2. Since the face of a midcube of C is the midcube of a face of C, the set of midcubes of
a cube complex X has a cube complex structure, called the wall complex. A wall of X is a
connected component of the wall complex. When X is a CAT(0) cube complex any wall W
is 2-sided and embeds as a convex subspace (with respect to the CAT(0) metric), so we will
not make any distinction between a wall and its embedded image. Also, the complement of
a wall in X has exactly two connected components, whose closures are called half-spaces of
X. Since walls are convex subcomplexes of the cubical barycentric subdivision of X, they
are CAT(0) cube complexes as well. For an edge e in the cube complex X, let W (e) denote
the unique wall it intersects, and say that e is dual to W (e).

As we mentioned, we are interested in group actions on CAT(0) cube complexes.

Definition 2.7.6. Suppose Γ is a group acting properly and cocompactly by cubical isome-
tries on the CAT(0) cube complex X with CAT(0) metric dX . In that case we say that Γ is
a cubulable group and that (Γ, X) is a cubulated group with X being a cubulation of Γ.

Remark 2.7.7. Although in this thesis we will restrict to proper and cocompact actions on
CAT(0) cube complexes, these assumptions can be relaxed and we still can deduce interest-
ing consequences. For example, when Γ is relatively hyperbolic we can consider cubulations
that are non-necessarily cocompact, but cosparse [HW14; SW15]. Also, there has been some
progress in understanding non-proper actions of hyperbolic groups [GM18]. Recently, Ein-
stein and Groves introduced relatively geometric cubulations of relatively hyperbolic groups
[EG20].

If (Γ, X) is a cubulated group, then X is finite-dimensional, locally finite, and Γ is finitely
generated and quasi-isometric to X [She21, Prop. 4.2]. Cocompactness and properness also
imply the following lemma (cf. [Ago13, p. 1052]).

Lemma 2.7.8. If (Γ, X) is a cubulated group, then:

1. There are only finitely many conjugacy classes of torsion elements in Γ.
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2. If Y ⊂ X is a non-empty subset and H < Γ preserves Y and acts cocompactly on it,
then for any R > 0 the set of double cosets

AY,H,R := {HgH : g ∈ Γ, dX(Y, gY ) ≤ R}

is finite.

Proof. Part (1) holds for arbitrary proper and cocompact actions by isometries on CAT(0)
spaces [BH99, Cor. II.2.8 (2)].
For part (2), let g ∈ Γ be such that dX(gY, Y ) ≤ R and let γ be a geodesic segment of length
≤ R+1 joining Y and gY . ConsiderD ⊂ Y a compact subset withH ·D = Y and w1, w2 ∈ H
such that γ intersects w1D in Y and gw2D in gY . Then dX(w

−1
1 gw2D,D) ≤ R + 1, and

so by local finiteness and properness of the action, there is a finite set F ⊂ G such that
w−1

1 gw2 ∈ F . Therefore g ∈ w1Fw
−1
2 ⊂ HFH.

We will also require the following result about cubulated relatively hyperbolic groups,
which is key in the proof of Proposition 3.8.12. We use the notation [p, q] for the geodesic
segment joining the points p and q, and recall that NR(A) denotes the R-neighborhood of
the set A.

Proposition 2.7.9. If (Γ,P) is relatively hyperbolic and cubulated by X, then there exists
δ ≥ 0 such that if h ∈ Γ is loxodromic and preserves two axes γ1, γ2 ⊂ X, then dX(γ1, γ2) ≤ δ.

Proof. Let x ∈ X be a base-point. The map Γ
µ−→ X, g 7→ gx is a quasi-isometry for X

considered with the CAT(0) metric, so there exists some δ′ ≥ 0 such that for any geodesic
triangle ∆ ⊂ X with vertices a, b, c there is some peripheral left coset Q∆ = g∆P∆ with
g∆ ∈ Γ and P∆ ∈ P , such that for any point p ∈ ∆, either:

(i) p lies in the δ′-neighborhood of the union of the sides of ∆ not containing p; or,

(ii) p ∈ Nδ′(Q∆ · x)

(see e.g. [SW15, Thm. 4.1 & Prop. 4.2] or [DS05b, Sec. 8.1.3]). In addition, for such a δ′

there exists some λ ≥ 0 so that if gP and g′P ′ are distinct peripheral left cosets, then

diam(Nδ′(gP · x) ∩Nδ′(g
′P ′ · x)) < λ, (2.6)

see [Ein19, 10, Cor. 2.3].
Let δ := 4δ′, and suppose by contradiction that h ∈ Γ is loxodromic and preserves two

axes γ1, γ2 ⊂ X with r := dX(γ1, γ2) > δ. We claim that there is some peripheral left coset
gP such that γ1 ⊂ Nδ′(gP · x).

By [BH99, Thm. II.2.13], γ1 and γ2 are asymptotic and bound a flat strip isometric to
R × [0, r]. Let a ∈ γ1, and let b be its closest point projection into γ2. Choose an isometry
α : R → γ1 sending 0 to a, and for η > r consider the geodesic triangle ∆η with vertices
a, b, and α(η). After using some Euclidean trigonometry we can prove that the segment



CHAPTER 2. PRELIMINARIES 36

[α(
√
2δ′), α(η/2)] lies outside the δ′-neighborhood of [a, b] ∪ [α(η), b], so by item (ii) above

there exists some peripheral left coset Qη = gηPη with [α(
√
2δ′), α(η/2)] ⊂ Nδ′(Qη ·x). Also,

by (2.6) we have Qη = Qη′ for any η ≥ η′ := max(2λ+2
√
2δ′, r), implying α([

√
2δ′,+∞)) ⊂

Nδ′(Qη′ · x). In fact, by a completely analogous argument, we can prove γ1 ⊂ Nδ′(Qη′ · x),
and so the claim follows with gP := Qη′ .

Now, let L = dX(hx, γ1) which equals dX(h
nx, γ1) for any n ∈ Z. By our previous claim

we have dX(h
nx, gP · x) ≤ L+ δ′ for all n, so by means of the quasi-isometry µ we can find

a constant C ≥ 0 such that
dS(h

n, gP ) ≤ C

for any n ∈ Z, for dS the word metric with respect to some finite, symmetric generating set
S ⊂ Γ. This is our desired contradiction since in that case the infinite cyclic group generated
by h would be bounded in Γ for the word metric d(S∪⋃P), contradicting that h is loxodromic
[HW09, Lem. 8.3 (1)].

b
γ2

α(η/2)α
(√

2δ′
)

α(η)a

Nδ′(Qη · x)

γ1

•

• •• •

Figure 2.1: Proof of Proposition 2.7.9.

2.7.2 Convex subgroups

Let (Γ, X) be a cubulated group, and for W a wall of X let ΓW < Γ denote its setwise
stabilizer. The group ΓW acts properly and cocompactly on W [She21, Rmk. 2.3], and
since W is convex in X for the CAT(0) metric, (ΓW ,W ) is a cubulated group with ΓW is
undistorted in Γ. This is the prototypical example of a convex subgroup.

Definition 2.7.10. If (Γ, X) is a cubulated group, we say that a subgroup H < Γ is convex
in (Γ, X) if there is an H-invariant convex subcomplex Z ⊂ X such that the action of H on
Z is cocompact. Such a subcomplex Z will be called a convex core for H. Similarly to wall
stabilizers, convex subgroups are undistorted.



CHAPTER 2. PRELIMINARIES 37

Definition 2.7.11. If Y is a NPC cube complex and S ⊂ Y is any subset, then the cubical
neighborhood of S is the subcomplex N (S) ⊂ Y consisting of the cubes of Y intersecting S.

If (Γ, X) is a cubulated group and W is a wall of X, then N (W ) is a convex subcomplex
of X [HW08, Lem. 13.4], and hence it is a convex core for ΓW . If in addition Γ is relatively
hyperbolic, and since Γ quasi-isometric to X, by Theorem 2.5.7 every convex subgroup of Γ
is relatively quasiconvex. As a partial converse, Sageev and Wise proved the following result.

Theorem 2.7.12 (Sageev–Wise [SW15, Thm. 1.1]). If (Γ, X) is a cubulated group with Γ
relatively hyperbolic and H < Γ is fully relatively quasiconvex, then for any compact subset
B ⊂ X there exists a convex core Z ⊂ X for H that contains B. In particular, any peripheral
subgroup of Γ is convex.

Remark 2.7.13. When (Γ, X) is cubulated with Γ relatively hyperbolic and P < Γ is a
peripheral subgroup with convex core Z ⊂ X, then for any wall W ⊂ X with W ∩ Z ̸= ∅
we have PW∩Z = P ∩ GW . The inclusion P ∩ ΓW ⊂ PW∩Z is evident, and if e is an edge of
Z dual to W , then e is also dual to the wall W ∩ Z of Z. Therefore, for any g ∈ P with
g(W∩Z) = W∩Z, the edge ge is dual toW∩Z ⊂ W , and hence gW = gW (e) = W (ge) = W ,
implying PW∩Z = P ∩ ΓW .

When dealing with subcomplexes, sometimes it is useful to work with the combinatorial
metric instead. That is, if X is a CAT(0) cube complex, then we consider the path metric
on its 1-skeleton X(1), where each edge has length 1. In this way, a subcomplex of X is
convex for the CAT(0) metric if and only if it is full and its 1-skeleton is convex in X(1) for
the combinatorial metric [HW08, Prop. 13.7]. By abuse of notation, by combinatorial metric
we might also mean the restriction of the combinatorial metric to X(0). The combinatorial
metric can be used, for example, to show that the intersection of convex subgroups is convex.

Lemma 2.7.14. If (Γ, X) is a cubulated group and H1, H2 < Γ are convex subgroups with
convex cores Y1, Y2 ⊂ X respectively and such that Y1 ∩ Y2 ̸= ∅, then H1 ∩ H2 is a convex
subgroup with convex core Y1 ∩ Y2.

Proof. Let x0 be a vertex in the convex subcomplex Y1 ∩ Y2, and let R ≥ 0 be such that if
D ⊂ X(0) is the combinatorial R-ball around x0, then Y1 ⊂ H1 ·D and Y2 ⊂ H2 ·D. Since
X(0) is a proper metric space with the combinatorial distance induced by X(1) and Γ acts
properly on X(0), it can be proven that for any K ≥ 0 there exists some L = L(K) such that

NK(H1 · x0) ∩NK(H2 · x0) ⊂ NL((H1 ∩H2) · x0),

with Nr(S) denoting the combinatorial r-neighborhood of S ⊂ X(0) (cf. [Mar09, Lem. 4.2]).
In particular we have

Y1 ∩ Y2 ⊂ H1 ·D ∩H2 ·D ⊂ NR(H1 · x0) ∩NR(H2 · x0) ⊂ NL(R)((H1 ∩H2) · x0),

implying that H1 ∩H2 acts cocompactly on Y1 ∩ Y2 by the local finiteness of X.
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The lemma above requires two convex cores to intersect, which can be always assumed
after enlarging the convex cores.

Lemma 2.7.15. If (Γ, X) is a cubulated group and H < (Γ, X) is a convex subgroup, then
for any compact set B ⊂ X there is a convex core Y ⊂ X for H such that B ⊂ Y . In
addition, for any two convex cores Y1, Y2 ⊂ X for the subgroup H, there exists a third convex
core Y3 ⊂ X containing both Y1 and Y2.

Proof. Let Y ′ be any convex core forH. SinceX is finite-dimensional, by [HW08, Lem. 13.15]
the iterated cubical neighborhoods N k(Y ′) = N (N k−1(Y ′)) are convex cores for H for all
k ≥ 1, and we can choose k such that Y := N k(Y ′) contains B. The second statement
follows by considering a compact set Bi ⊂ Yi such that H · Bi ⊃ Yi for each i = 1, 2, and
then finding a convex core Y3 containing B1 ∪B2.

2.7.3 Examples of cubulable groups

We end this section by presenting examples of cubulable groups, some of them for which a
cubulation can be hard to describe explicitly.

Example 2.7.16 (RAAGS). If G is a simplicial graph with vertex set V and set of edges
E ⊂ V ×V , then the right-angled Artin group associated to Γ is the group with presentation

AG := ⟨V | [v, w] if and only if (v, w) ∈ E⟩.

That is, AG is generated by the vertices of G, and two of them commute if and only they
are joined by an edge of G. In this way, if G has no edges then AG is a free group and if G
is a full graph then AG is free abelian.

If G is a simplicial graph we can associate it to a cube complex SG in the following way.
We start with a single vertex and we add a loop for each vertex of G. This is the 1-skeleton
of SG. Now, for every maximal n-clique H in G we consider an n-cube whose sides are
labeled by the vertices in H, so that each of its vertices is used as a label and opposite sides
are labeled by the same vertex. to the complex. We see this n-torus as the quotient of a
cube by identifying opposite sides, and the edges of this cube descend to n-loops that can
be identified with the corresponding loops in SG. Finally, we identify any pair of tori whose
edges match in the 1-skeleton of SG. This complex is the Salvetti complex associated to G,
and it can be checked directly that it satisfies Gromov’s Proposition 2.7.5. Moreover, the
fundamental group of SG is exactly AG, so that the universal cover S̃G of SG is a cubulation
for AG when G is finite. Note that if G′ ⊂ G is a full subgraph of G, then SG′ is a locally
convex subcomplex of SG, and hence AG′ is a convex subgroup of (AG, S̃G).

Example 2.7.17 (Cubulating surface groups). There are plenty of 2-dimensional NPC cube
complexes homeomorphic to the closed orientable surface of genus 2, and by considering
finite-sheeted covers we can cubulate every surface group.
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Figure 2.2: Cubulation of a genus 2 surface.

Example 2.7.18 (Cubulable simple groups). Not all cubulable groups are residually finite.
Indeed, Burger and Mozes constructed infinite simple groups acting simplicially, freely and
cocompactly on products of two locally finite trees [BM00]. From this, we also deduce that
residual finiteness is not a quasi-isometric invariant. For more examples of non-residually
finite cubulable groups, see e.g. [Wis07].

If Γ is a finitely generated group, a subgroup H < Γ is codimension-1 if the coset graph
H\Cay(Γ, S) has more than one end for some (any) finite generating subset S ⊂ Γ. For
example, if Γ is cubulated and H < Γ is a wall stabilizer for the wall W such that each half-
space determined by W contains points arbitrarily far from W , then H is codimension-1.

As noted by Sageev [Sag95], codimension-1 subgroups can be used to construct non-
trivial actions on CAT(0) cube complexes. Among hyperbolic groups, Bergeron and Wise
used Sageev’s construction to prove the following criterion for cubulability.

Theorem 2.7.19 (Bergeron–Wise [BW12, Thm. 1.4]). Let Γ be a hyperbolic group and
assume that for any pair of distinct points in ∂Γ there exists a codimension-1 quasiconvex
subgroup H < Γ such that the two points lie in different components of ∂Γ\∂H. Then Γ is
cubulable.

Example 2.7.20 (Free-by-cyclic groups). A group Γ is free-by-cyclic if there exists a free
group F and an automorphism ϕ : F → F such that Γ is isomorphic to the semidirect
product

(F ∗ ⟨t⟩)/⟨⟨ϕ(x) = txt−1∀x ∈ F ⟩⟩.

When F is finitely generated and of rank at least 2, then Γ is hyperbolic if and only if ϕ
is atoroidal, meaning that no positive power of ϕ fixes the conjugacy class of a non-trivial
element in F [BF92; Bri00]. In that case, Hagen and Wise produced plenty of quasiconvex
codimension-1 subgroups, and by Theorem 2.7.19 they deduced that Γ is cubulable [HW15].
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Example 2.7.21 (hyperbolic 3-manifolds). If M is a closed hyperbolic 3-manifold, then
Γ = π1(M) contains many quasiconvex surface subgroups, as mentioned in Example 2.4.17.
All these subgroups are codimension-1, and hence Theorem 2.7.19 implies that Γ is cubulable
[BW12, Thm. 1.5].

Example 2.7.22 (Arithmetic manifolds of simplest type). Let k be a totally real number
field equipped with an identity embedding k ⊆ R, and a non-degenerate quadratic form
q : kn+1 → k. We say that (q, kn+1) is of simplest type if the signature of q is (n, 1) under the
identity embedding k ⊆ R and (n+ 1, 0) for every non-trivial Galois automorphism of k/Q.

In this case, the group Γ = SO(q, kn+1) is a lattice in
∏

σ∈Gal(k/Q) SO(qσ, k
n+1). But since

the map onto the factor corresponding to the trivial element of Gal(k/Q) is an open map,
the image of this lattice is a lattice in SO(q,Rn+1), hence Γ is a lattice in Hn. We call Γ an
arithmetic lattice of simplest type. By applying Sageev’s construction, Bergeron, Haglund
and Wise proved that cocompact arithmetic lattices of simplest type are cubulable [BHW11].

In some cases, Sageev’s construction also allows us to cubulate relatively hyperbolic
groups.

Example 2.7.23 (Small cancellation free products). If Γ is a C ′(1/6)-small cancellation
quotient of the free product G1 ∗ · · · ∗ Gn, and each Gi is cubulated, then Martin and
Steenbock [MS17] showed that Γ is cubulated (Theorem 1.1.4). Indeed, from their proof, it
can be deduced that for each i, the cubulation Xi of Gi embeds as a convex subcomplex of
the cubulation of Γ, so that it is a convex core for Gi.

We will see more examples of cubulable groups in the next section, once we have intro-
duced virtual specialness.

2.8 Virtually special groups

As we saw in Example 2.7.18, the existence of non-trivial finite index subgroups in a finitely
generated group is not immediate from cubulability. However, Haglund and Wise [HW08]
introduced the class of virtually special groups, which is extremely well-behaved among
cubulable groups, particularly in terms of separability.

2.8.1 Characterizations of virtual specialness

The original definition of special cube complexes is in terms of forbidding some pathological
behavior of the walls [HW08, Def. 3.2]. However, to obtain applications in a more explicit
way it is convenient to introduce them in terms of convex embeddings [HW08, Thm. 4.2].

Definition 2.8.1. A connected NPC cube complex X is special if there exists a finite
simplicial graph G and a locally convex, immersion of X into the Salvetti complex SG.
Equivalently, X is special if Γ = π1(X) is a subgroup of some RAAG AG, and X̃ isometrically
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embeds as a convex subcomplex of S̃G that is invariant under the group Γ seen as a subgroup
AG.

Note that in the definition above we do not require the complex X to be finite. In that
case, if X is special then Γ is a convex subgroup of (AG, S̃G) with convex core X̃.

Definition 2.8.2. We say that a cubulated group (Γ, X) is special if Γ acts freely on X and
the (compact) quotient Γ\X is a special cube complex, and that (Γ, X) is virtually special
if there is a finite index subgroup Γ′ < Γ such that (Γ, X) is special.

By abuse of notation, sometimes we will simply say that Γ is (virtually) special without
mentioning the cubulation X, and it will be implicit that the quotient Γ\X is compact.
Since RAAGS are residually finite, the same holds for virtually special groups. Similarly, all
the groups in this class are linear over Z.

In practice, we will not work directly with the definition of virtual specialness given above.
Instead, we present some of their main properties and some criteria for virtual specialness
in the case of cubulated hyperbolic groups. We will extend some of these results in Sections
3.2 and 3.4.

One of the main properties of virtually special groups is the following result by Haglund
and Wise.

Theorem 2.8.3 (Haglund–Wise [HW08, Thm. 1.3, Cor. 7.9 & Prop. 13.7]). If Γ is hyperbolic
and virtually special then every quasiconvex subgroup of Γ is separable. In general, if (Γ, X)
is a virtually special group then every convex subgroup of (Γ, X) is separable.

As a partial converse, they also proved the following characterization of virtual special-
ness, known as the double coset criterion.

Theorem 2.8.4 (Haglund–Wise [HW08, Thm. 9.19]). The cubulated group (Γ, X) is virtu-
ally special if and only if:

(i) ΓW is separable for every wall W ⊂ X; and,

(ii) the double coset ΓW1ΓW2 is separable for any pair W1,W2 of intersecting walls of X.

The second characterization of virtual specialness is the groundbreaking result of Wise,
in terms of the quasiconvex virtual hierarchy QVH (see also [AGM16, Thm. 10.2]).

Definition 2.8.5. Let QVH be the smallest class of hyperbolic groups closed under the
operations:

1. {o} ∈ QVH.

2. If Γ = A ∗B C with A,C ∈ QVH and such that B is quasiconvex in Γ, then Γ ∈ QVH.

3. If Γ = A∗B with A ∈ QVH and such that B is quasiconvex in Γ, then Γ ∈ QVH.
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4. If H < Γ with |Γ : H| <∞ and H ∈ QVH, then Γ ∈ QVH.

Theorem 2.8.6 (Wise [Wis21, Thm 13.3]). A hyperbolic group is virtually special if and
only if it belongs to QVH.

Example 2.8.7 (1-relator groups with torsion). In [Wis21, Cor. 19.2], Wise used Theorem
2.8.6 to prove that 1-relator groups with torsion are virtually special, and hence residually
finite, solving a conjecture of Baumslag. More precisely, Wise proved that if Γ = ⟨S|rn⟩
is a 1-relator group with torsion, then its Magnus-Moldavanskii hierarchy is quasiconvex.
Roughly speaking, this hierarchy allows us to describe the free product Γ ∗ Z as an HNN
extension K∗M , where M is a free group and K = ⟨S|rn⟩ is a 1-relator group with torsion
whose complexity is strictly less than that of Γ. Since 1-relator groups with torsion and
complexity 0 are of the form F ∗ Z/nZ for some free group F and some positive integer
n, the proof follows by induction on the complexity. For more details about the proof, see
[Wis21, Ch. 19].

Wise also gave a relative version of Theorem 2.8.6 for groups that are hyperbolic relative
to virtually abelian groups [Wis21, Thm. 15.1]. He used this result to cubulate (and deduce
virtual specialness) for some interesting classes of relatively hyperbolic groups.

Example 2.8.8 (Cusped hyperbolic 3-manifolds). In [Wis21, Thm. 17.4], Wise proved that
the fundamental group of a compact and atoroidal 3-manifold with non-empty boundary is
virtually special. In particular, non-compact, hyperbolic 3-manifolds with finite volume are
virtually special. In this case, cubulability can also be deduced from the existence of plenty
of relatively quasiconvex codimension-1 subgroups, see [CF19].

Example 2.8.9 (Limit groups). Wise also proved that finitely generated limit groups are
virtually special. Indeed, by [KM98], each such group is a subgroup of a group Γk constructed
as follows:

1. Γ0 = {o}.

2. For each k ≥ 0 we have Γk+1 is isomorphic to Γk ∗Ck
Ak, where Ck is a malnormal

abelian subgroup of Γk and Ak = Ck ×Bk is a free-abelian group of finite rank.

By [Wis21, Lem. 18.2], each of the groups Γk is virtually special, and from this Wise deduced
that finitely generated limit groups are virtually special.

2.8.2 Canonical completion and retraction

We continue this section by recalling the canonical completion and retraction, introduced by
Haglund and Wise [HW08, Sec. 6]. We will make use of this construction in the proofs of
Theorems 2.8.3 and 2.8.4.
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Definition 2.8.10. Let f : A→ B be a local isometry of NPC special cube complexes, and
assume that B is fully clean in the sense of [HW08, Def. 6.1] and has simplicial 1-skeleton.
Then there exists a covering map p : C(A,B) → B (of finite degree if A is finite), an injection
j : A → C(A,B) and a cellular map r : C(A,B) → A such that rj = IdA and pj = f . The
covering is defined as follows:

The 0-skeleton of C(A,B) is A(0) × B(0) with j(a) = (a, f(a)) for a ∈ A(0), and r :
A(0) × B(0) → A(0) and p : A(0) × B(0) → B(0) being the projections to the first and second
coordinate, respectively.

Since the 1-skeletons of A and B are simplicial, edges in A and B are determined by their
endpoints. The edges of C(A,B) are of two types:

• Horizontal : pairs of the form {(a, b), (a, b′)} with {b, b′} an edge of B and such that
there is no edge e of A incident to a with f(e) and {b, b′} dual to the same wall.

• Diagonal : pairs of the form {(a, b), (a′, b′)} with {b, b′} an edge of B and e = {a, a′}
an edge of A with f(e) and {b, b′} dual to the same wall (note that {(a′, b), (a, b′)} is
also a diagonal edge).

It follows from this definition that j({a, a′}) = {(a, f(a)), (a′, f(a′))} is a diagonal edge
of C(A,B) for any edge {a, a′} of A. Also, for an edge e = {(a, b), (a, b′)} as above, we define
p(e) = {b, b′} and r(e) = a if a = a′ and e is horizontal, and r(e) = {a, a′} if e is diagonal.

Clearly we have rj = IdA and pj = f at the level of 1-skeletons, and full cleanliness
implies that p is a covering map from C(A,B)(1) onto B(1). It can be proven that any
lifting of the 1-skeleton of a square of B is a closed 4-circuit, so the 2-skeleton of C(A,B) is
constructed in such a way that the boundaries of squares coincide with liftings of boundaries
of squares of B.

The maps p and j then naturally extend to the 2-skeleton, and since any wall of the
2-skeleton of C(A,B) only consists of either horizontal or diagonal edges, we can extend r
to this 2-skeleton by mapping a square Q ⊂ C(A,B) either to a square (if the walls dual
to Q are both diagonal), to an edge (if one wall dual to Q is diagonal and the other one is
horizontal, then collapse the horizontal edge to a point), or to a point (if both walls dual to
Q are horizontal).

There is a unique way to complete this 2-skeleton to produce a NPC cube complex
C(A,B) [HW08, Lem. 3.13], for which we can naturally extend j, r and p to maps satisfying
the desired commuting properties (see [HW08, Cor. 6.7]). We call C(A,B) the canonical
completion of f : A→ B with (canonical) inclusion j and (canonical) retraction r.

Remark 2.8.11. In general, C(A,B) may be a disconnected covering of B. Also, from the
construction above, it follows that if e is an edge of A and e′ is an edge of C(A,B) dual to
the wall W (j(e)), then e′ is diagonal and r(e′) is dual to the wall W (e) ⊂ A. It is not hard
to see that j maps distinct walls of A to distinct walls of C(A,B).

There are two relevant instances of this construction.
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1. Suppose that x ∈ Γ := π1(B) is non-trivial and represented by the loop γ ⊂ B and A is
a convex, compact subcomplex of the universal cover of B containing a lift of γ. Then
the component C of C(A,B) containing j(A) is a finite cover for which γ lifts to a non-
closed curve, so that x is not contained in the finite index subgroup Γ̂ := π(C) < Γ.
Applying this to all the non-trivial elements x ∈ Γ, we deduce that Γ is residually
finite, and this gives a direct proof that virtually special groups are residually finite.

2. Suppose now that B is a (fully clean) compact special cube complex with universal
cover X, so that X is a cubulation of Γ = π1(B). If H < Γ is a convex subcomplex
with convex core Y ⊂ X, then A = H\Y is a compact NPC cube complex and the
inclusion Y ⊂ X induces a local isometry f : A→ B. It follows that A is also special.
The retraction r : C(A,B) → A induces a retraction homomorphism from Γ̂ = π1(C)
onto H = π1(A) < Γ̂ for the component C of C(A,B) containing j(A). Since Γ̂ is
residually finite, by Proposition 2.6.11 we get that H is separable in Γ̂, and hence in Γ.
As being fully clean can be ensured by passing to an appropriate finite-sheeted cover,
this proves Theorem 2.8.3.

In section 3.2 we will extend these results and show that double cosets of convex subgroups
of virtually special groups are separable.

2.8.3 Agol’s Theorem and the Virtual Haken and Fibering
Theorems

The strong separability properties of virtually special groups have relevant applications in
low-dimensional topology. As mentioned in Example 2.7.21, fundamental groups of hyper-
bolic 3-manifolds are cubulable. Therefore, virtual specialness of these groups follows from
the remarkable theorem of Agol (Theorem 1.1.1 in the Introduction), which we restate now.

Theorem 2.8.12 (Agol [Ago13, Thm. 1.1]). Let (Γ, X) be a cubulated group. If Γ is hyper-
bolic, then (Γ, X) is virtually special.

By Theorem 2.8.3, an implication of this is that the quasiconvex surface subgroups in the
fundamental group of a closed hyperbolic 3-manifold constructed by Kahn and Markovic are
separable (Example 2.4.17). Since all these subgroups correspond to surface immersions, we
can use Scott’s Criterion 2.6.2 to promote these immersions to embeddings in finite-sheeted
covers of the 3-manifold. This gives a positive solution to the Virtual Haken Conjecture for
closed hyperbolic 3-manifolds.

Theorem 2.8.13 (Agol, Virtual Haken Theorem [Ago13, Thm. 9.1]). Let M be a closed
hyperbolic 3-manifold. Then it has a finite-sheeted cover M̂ → M such that M̂ contains a
π1-injective, embedded closed surface of negative Euler characteristic.

Theorem 2.8.12 also has consequences for virtual fibering. We say that a 3-manifold
fibers if it is homeomorphic to the mapping torus of the homeomorphism of a surface, and
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that it virtually fibers if it has a finite-sheeted cover that fibers. In [Ago08], Agol gave a
criterion of virtual fibering for 3-manifolds in terms of their fundamental groups. We say
that a group Γ is residually finite rationally solvable (or RFRS ) if there is a sequence of
finite index subgroups Γ = Γ0 > Γ1 > Γ2 > . . . such that Γk ⊴ Γ for each k,

⋂
k Γk = {o},

and ker{Γk → H1(Γk;Q)} ≤ Γk+1 for each k.

Theorem 2.8.14 (Agol, Fibering Criterion [Ago08, Thm. 5.1]). Let M be a compact ir-
reducible orientable 3-manifold with zero Euler characteristic. If π1(M) is RFRS, then M
virtually fibers.

In that same paper, Agol proved that subgroups of RAAGs are virtually RFRS [Ago08,
Cor. 2.3]. As virtually special groups contain finite index subgroups that are contained in
RAAGs, they are also virtually RFRS. Also, since fundamental groups of cusped hyperbolic
3-manifolds are virtually special by the work of Wise (Example 2.8.8), these manifolds are
virtually fibered. Theorem 2.8.12 implies the same result in the closed case.

Theorem 2.8.15 (Agol, Wise, Virtual Fibering Theorem [Ago13, Thm. 9.2]). Let M be a
finite-volume hyperbolic 3-manifold. Then M virtually fibers.

We end this chapter mentioning an application of Theorem 2.8.12 to Cannon’s Conjecture,
which asserts that if Γ is a hyperbolic group with Gromov boundary homeomorphic to a 2-
sphere, then there exists a finite index subgroup Γ0 < Γ such that Γ0 acts geometrically on
H3. In [Mar13], Markovic used the separability of quasiconvex subgroups given by Theorem
2.8.3 to prove Cannon’s conjecture under the assumption that Γ is cubulable (see also [Häı15,
Cor. 1.11]).

Theorem 2.8.16 (Markovic [Mar13, Thm. 1.1]). Let Γ be a hyperbolic cubulable group whose
Gromov boundary is homeomorphic to a 2-sphere. Then there is a finite index subgroup
Γ0 < Γ such that Γ0 acts geometrically on H3.

For more consequences of Theorem 2.8.12 to 3-manifold topology, see [Ago14]. In the
next chapter we will extend Agol’s Theorem 2.8.12 to the setting of relatively hyperbolic
groups.
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Chapter 3

Virtual specialness of relatively
hyperbolic groups

Both hyperbolic and cubulated groups are very well-behaved classes of groups, even among
the CAT(0) groups. These two properties combined have stronger implications, such as the
celebrated Agol’s Theorem 2.8.12. In this chapter we relax the hyperbolicity requirements
and analyze groups acting geometrically on CAT(0) cube complexes which are only assumed
to be relatively hyperbolic. Our goal is to prove Theorem 1.1.2 (now Theorem 3.1.2), which
is an analog of Agol’s theorem in the relative setting. Our main result relies on the notion
of compatibility of virtually special peripheral subgroups, which is discussed in Section 3.1.

Then in Section 3.2 we prove Theorem 3.2.1, which says that double cosets of convex
subgroups of virtually compact special groups are separable. This is done by studying
the functoriality of the canonical completion, and implies Proposition 3.1.3 that is used in
subsequent sections. We discuss Dehn fillings in Section 3.3 where we extend some properties
of H-wide fillings, our main results being Theorems 3.3.2 and 3.3.14. In this section we also
introduce Einstein’s relative malnormal special quotient theorem. These results will be used
in Section 3.4 to obtain hyperbolic virtually special fillings for relatively hyperbolic groups
in CMVH. This will imply Theorem 1.1.7 (now Theorem 3.4.5), a relative analog of Wises’s
quasiconvex hierarchy theorem.

The rest of the chapter consists in proving Theorem 1.1.8 (now Theorem 3.5.1), which
asserts that a cubulated relatively hyperbolic group (Γ, X) with compatible virtually special
peripheral subgroups belongs to CMVH. We do this by adapting Agol’s proof that cubulated
hyperbolic groups belong toQVH. In section 3.5 we construct a quotient cube complex X for
Ẋ with finite embedded walls, which will be used to model the desired hierarchy. We color
the walls of X in Section 3.6, and in Section 3.7 we use this coloring to start the construction
of the cubical polyhedra, an inductively defined collection of (disconnected) cube complexes
with boundary walls that encode the description of (Γ, Ẋ) as a cubulated group in CMVH.
We study these cubical polyhedra in more detail in Section 3.8, and conclude the proof of
Theorem 3.5.1 in Section 3.9, where we show how to perform the inductive construction.
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3.1 Compatible virtually special peripheral subgroups

As we mentioned in the Introduction, we will work with cubulated relatively hyperbolic
groups whose peripheral subgroups are virtually special and compatible, in the sense of the
following definition.

Definition 3.1.1. A cubulated and relatively hyperbolic group (Γ, X) is hyperbolic relative
to compatible virtually special subgroups if for any peripheral subgroup P < Γ there exists a
convex core Z ⊂ X for P such that the cubulated group (P,Z) is virtually special.

From Theorems 2.7.12 and 2.8.3, it follows that if (Γ, X) is relatively hyperbolic and
virtually special, then (Γ, X) is hyperbolic relative to compatible virtually special subgroups.
We recall our main result (Theorem 1.1.2), which tells us that this compatibility condition
is enough to guarantee virtual specialness.

Theorem 3.1.2. Let (Γ, X) be a cubulated group that is hyperbolic relative to compatible
virtually special subgroups. Then (Γ, X) is virtually special.

Since any subgroup or double coset of a finitely generated virtually abelian group is
separable, Theorem 2.8.4 implies that any cubulated group that is hyperbolic relative to
virtually abelian subgroups satisfies Definition 3.1.1. By Theorem 1.1.2, this proves Corollary
1.1.3. In a similar way we can deduce Corollary 1.1.5 from Theorem 1.1.4.

Before starting the proof of Theorem 3.1.2, we need some facts about cubulations with
compatible virtually special peripheral subgroups. First, we observe that the existence of a
virtually special convex core for a convex subgroup implies that any other convex core gives
a virtually special cubulation. This follows from the next proposition, which will be proven
in Section 3.2 as a consequence of Theorem 3.2.1.

Proposition 3.1.3. Let (Γ, X) be a cubulated group and let H < Γ be a convex subgroup
with convex core Y ⊂ X. If (H,Y ) is virtually special, then (H,Y ′) is virtually special for
any other convex core Y ′ ⊂ X for H.

We also note that the property of having compatible virtually special peripheral sub-
groups is preserved under considering convex subgroups. In particular, all the relevant sub-
groups mentioned in points (2) and (3) of Definition 3.4.4 in Section 3.4 (Definition 1.1.6)
are hyperbolic relative to compatible virtually special subgroups.

Lemma 3.1.4. If (Γ, X) is a cubulated group such that (Γ,P) is hyperbolic relative to com-
patible virtually special subgroups, and H < Γ is a convex subgroup with convex core Y ⊂ X,
then (H, Y ) is also hyperbolic relative to compatible virtually special subgroups when endowed
with its induced peripheral structure.

Proof. By Theorem 2.5.7, H is relatively quasiconvex in Γ. Let P < Γ be a peripheral
subgroup such that H ∩ P is infinite, and let U ⊂ Y be a convex core for H ∩ P . We claim
that (H ∩ P,U) is virtually special. If Z ⊂ X is any convex core for P < G, by Proposition
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3.1.3 the cubulation (P,Z) is virtually special, and so by the characterization of special cube
complexes given in [HW12, Def. 2.4] it is enough to show that there is a convex core Z
with U ⊂ Z. But (H ∩ P )\U is compact, so there is a compact subset B ⊂ Z such that
(H ∩ P ) · B = U . Therefore by Theorem 2.7.12 we can choose Z containing B, and hence
containing U .

We end this section noticing that having compatible virtually special subgroups implies
strong peripheral separability of convex subgroups (Definition 2.5.14).

Lemma 3.1.5. Let (Γ, X) be a cubulated group that is hyperbolic relative to compatible
virtually special subgroups. Then any convex subgroup of (Γ, X) is strongly peripherally
separable.

Proof. Let H < Γ be a convex subgroup with convex core Y ⊂ X, and let P < Γ be a
peripheral subgroup with H ∩ P infinite. We claim that if D′ < H ∩ P is a finite index
subgroup, then it is separable in P . To prove the claim, let Z ⊂ X be a convex core for
P , for which we can assume to have non-trivial intersection with Y by Theorem 2.7.12. In
this case, Lemma 2.7.14 implies that D′ is a convex subgroup of (P,Z). But the cubulated
group (P,Z) is virtually special by Proposition 3.1.3, and so the claim follows from Theorem
2.8.3.

3.2 Functoriality of the canonical completion

This section is devoted to proving the following theorem, which generalizes one of the impli-
cations of Theorem 2.8.4. This result will be needed to prove Proposition 3.1.3.

Theorem 3.2.1. Let (Γ, X) be a cubulated virtually special group. Then for any pair H,K <
Γ of convex subgroups the double coset HK is separable in Γ.

Recall that Ẋ denotes the cubical barycentric subdivision of the CAT(0) cube complex
X.

Corollary 3.2.2. Let (Γ, X) be a cubulated group. Then (Γ, X) is virtually special if and
only if (Γ, Ẋ) is virtually special.

Proof. If W ′ is a wall of Ẋ, then ΓW ′ is a finite index subgroup of ΓW for some wall W of
X, hence a convex subgroup of (Γ, X). Therefore, by Theorems 2.8.3, 3.2.1, and 2.8.4, if
(Γ, X) is virtually special then (Γ, Ẋ) is virtually special. The converse follows by a similar
argument.

Our first lemma is a generalization of [HW08, Prop. 9.7]. We follow the exact same
argument, relying on the canonical completion discussed in Section 2.8.

Lemma 3.2.3. If (Γ, X) is a virtually special group, H < (Γ, X) is a convex subgroup and
W ⊂ X is a wall, then HΓW ⊂ Γ is separable.
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Proof. By using Lemma 2.7.15 we can find a convex core Y ⊂ X for H such that Y ∩W is
non-empty, and let a be an edge of Y dual to W and incident to the vertex y ∈ Y . Since Γ
is residually finite, by Lemma 2.7.8 there is a finite index subgroup Γ̂ < Γ acting freely on X
such that X := Ĝ\X is fully clean and special with simplicial 1-skeleton, and such that the
projection X → X maps squares to squares [HW08, Rmk. 6.8]. In that case, if Ĥ = H ∩ Γ̂,
then Y = Ĥ\Y is compact and the composition f : Y → Ĥ\X → X is a local isometry. We
can also assume that ĤW\(W ∩Y ) → Y and Γ̂W\W → Γ̂\X embed as walls, that we denote
respectively by Wa and Wf(a), with a being the image of a under the projection Y → Y . Let
p : C(Y ,X) → X be the canonical completion induced by f , with retraction r and inclusion
map j.

Let Nf(a) ⊂ X denote the cubical neighborhood of Wf(a), which is lifted by p to the
cubical neighborhood Nj(a) of the wall Wj(a) ⊂ C(Y ,X) dual to j(a). By Remark 2.8.11, r
maps any edge of C(Y ,X) dual to Wj(a) to an edge dual to Wa ⊂ Y . In particular, since r
maps cubes to cubes (possibly of lower dimension), we have r(Nj(a)) ⊂ Na, where Na is the
cubical neighborhood of Wa. On the other hand, since X → X maps squares to squares, j
and f also map squares to squares, so in fact we have r(Nj(a)) = Na. Therefore, if y ∈ Y
denotes the projection of y, there is a commutative diagram

(Nj(a), j(y)) (C(Y ,X), j(y))

(Na, y) (Y , y)

⊂

r r

⊂

At the level of fundamental groups, and after considering the corresponding isomorphisms
induced by Γ̂ ∼= π1(X, f(y)), we obtain a retraction homomorphism r∗ : Γ′ → Ĥ, where
Γ′ < Γ̂ is the subgroup corresponding to π1(C(Y ,X), j(y)), and such that r∗(Γ

′
W ) ⊂ ĤW .

It is not hard to see that the group Γ̃W := Γ′
W ∩ r−1

∗ (Γ′
W ) < Γ′ satisfies r∗(Γ̃W ) ⊂ Γ̃W , so

by Proposition 2.6.11 the double coset ĤΓ̃W is separable in Γ′, and hence in Γ since Γ′ < Γ
is of finite index. But Γ′

W = ΓW ∩ Γ′ < ΓW and Ĥ < H are of finite index, and hence

Γ̃W = Γ′
W ∩ r−1

∗ (Γ′
W ) = Γ′

W ∩ r−1
∗ (Γ′

W ∩ Ĥ) < Γ′
W ∩ r−1

∗ (ΓW ∩ Ĥ) = Γ′
W is also of finite

index. We conclude that HΓW is a finite union of translates of ĤΓ̃W , so it is also separable
in Γ.

Corollary 3.2.4. Let (Γ, X) be a virtually special group, and let H < Γ be a convex subgroup
with convex core Y ⊂ X. Then there exists a finite index subgroup Γ′ < Γ such that for any
wall W ⊂ X intersecting Y :

1. If g ∈ Γ′ satisfies gN (W ) ∩ Y ̸= ∅, then in fact gW ∩ Y ̸= ∅.

2. If W ′ is another wall of X intersecting Y and g ∈ Γ′ is such that W ′ = gW , then in
fact W ′ ∩ Y = h′(W ′ ∩ Y ) for some h′ ∈ Γ′ ∩H.
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Remark 3.2.5. When we project down to the corresponding quotients, conclusion (1) of the
corollary above may be thought of as a version of no inter-osculation for a wall and a locally
convex subcomplex of a compact special cube complex [HW08].

Proof. The proof closely follows the idea of [HW08, Lem. 9.14]. LetW1, . . . ,Wn be a complete
set of representatives of H-orbits of walls intersecting Y , and for each i define the sets

I(Γ, Y, i) = {g ∈ Γ: gWi ∩ Y ̸= ∅}, J(Γ, Y, i) = {g ∈ Γ: gN (Wi) ∩ Y ̸= ∅}.

These sets are clearly (H,ΓWi
)-invariant, and also I(Γ, Y, i) ⊂ J(Γ, Y, i), so there are subsets

Ii ⊂ Ji ⊂ Γ such that I(Γ, Y, i) =
⊔
g∈Ii HgΓWi

and J(Γ, Y, i) =
⊔
g∈Ji

HgΓWi
.

Let us prove first that each of the sets Ji is finite. Fix 1 ≤ i ≤ n, and consider finite sets
Di ⊂ N (Wi)

(0) and E ⊂ Y (0) such that N (Wi)
(0) = ΓWi

·D and Y (0) = H · E. Given g ∈ Γ
such that gN (Wi)∩Y is non-empty, there is a vertex v of N (Wi) with gv ∈ Y , and so there
are group elements w ∈ ΓWi

and h ∈ H satisfying wv ∈ Di and hgv ∈ E. In particular,
since the action of Γ on X is proper, the composition hgw−1 lies in the finite set Fi of group
elements g′ ∈ Γ such that g′Di ∩ E ̸= ∅, and hence we can choose Ji ⊂ Fi.

Next, note that since by assumption Wi ∩ Y ̸= ∅, we have HΓWi
⊂ I(Γ, Y, i), so we may

assume o ∈ Ii. The finite set Ji\{o} is then disjoint from HΓWi
which is separable in Γ

by Lemma 3.2.3. Therefore, there exists a finite index normal subgroup Γ̂i ⊴ Γ such that
(
⋃
g∈Ji\{o} gΓ̂i)∩HΓWi

= ∅. We claim that (any finite index subgroup of) Γ̂ :=
⋂
i Γ̂i satisfies

conclusion (1).
Indeed, let W ⊂ X be a wall intersecting Y , and let 1 ≤ i ≤ n and h ∈ H such that

W = hWi. Assume by contradiction that there is some g ∈ Γ̂ such that gN (W ) ∩ Y ̸= ∅
but gW ∩ Y = ∅. Since Γ̂ is normal, this implies h−1gh ∈ Γ̂ ∩ J(Γ, Y, i)\I(Γ, Y, i) ⊂
Γ̂i ∩ J(Γ, Y, i)\I(Γ, Y, i), and hence h−1gh = vgiw, for v ∈ H, gi ∈ Ji\Ii and w ∈ ΓWi

. This
is a contradiction, because otherwise we would have gi((wh

−1)g−1(wh−1)−1) = v−1w−1 ∈
giΓ̂i ∩HΓWi

, and so conclusion (1) follows.
For conclusion (2), since (Γ, X) is virtually special we can assume that Γ̂\X is special,

fully clean, and with simplicial 1-skeleton, so that the composition f : (H ∩ Ĝ)\Y → (H ∩
Γ̂)\X → Γ̂\X is a local isometry. But (H,Y ) is also virtually special, so by using Lemma
2.7.8 (2) and the separability of wall stabilizers in H we can find a finite index subgroup
H ′ < H such that for any further finite index subgroup H ′′ < H ′ and for any wall W ⊂ X
intersecting Y , the map (H ′′ ∩GW )\(W ∩ Y ) → H ′′\Y is an embedding and the image is a
wall of H ′′\Y .

The group H ′ < Γ is convex, hence separable by Theorem 2.8.3, so by a separability
argument we may assume that H ′ ∩ Γ̂ = H ∩ Γ̂. With this in mind, let C be the connected
component of C((H ∩ Γ̂)\Y, Γ̂\X) including (H ∩ Γ̂)\Y , and let Γ′ < Γ̂ correspond to its
fundamental group, which is finite index in Γ since (H ∩ Γ̂)\Y is compact. Also, we have
H ∩ Γ̂ < Γ′, and so H ∩ Γ′ = H ∩ Γ̂. Since the inclusion of (H ∩ Γ′)\Y into C maps distinct
walls to distinct walls (see Remark 2.8.11), our assumptions about H ′ imply that the group
Γ′ satisfies conclusion (2).
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The key ingredient in the proof of Theorem 3.2.1 is the following proposition, which says
that under some mild assumptions, the canonical completion is functorial.

Proposition 3.2.6. Let V ,X, Y , Z be special cube complexes such that the following is a
commutative diagram of local isometries.

V Y

Z X

f

s t

g

(3.1)

In addition, assume that

(i) X and Y are fully clean and have simplicial 1-skeleton.

(ii) t maps distinct walls to distinct walls.

(iii) If e is an edge of X incident to a vertex t(y) of t(Y ) with e dual to a wall intersecting
t(Y ), then e = t(e′) for some edge e′ of Y incident to y.

(iv) For every vertex v ∈ V , if there exist edges e of Y and e′ of Z incident to f(v) and
s(v) respectively and such that t(e) = g(e′), then there is an edge e′′ of V incident to v
and such that e = f(e′′) and e′ = s(e′′).

Then there is a local isometry t̂ : C(V , Y ) → C(Z,X) of the canonical completions commuting
with the corresponding inclusions and projections in the sense that the following diagrams
commute.

V C(V , Y ) V

Z C(Z,X) Z

j

s t̂

r

s

j′ r′

C(V , Y ) C(Z,X)

Y X

t̂

p p′

t

(3.2)

Remark 3.2.7. As we will see below, items (i) (ii) and (iii) in the previous statement can
be obtained for a general commutative diagram of local isometries between compact special
cube complexes after passing to finite coverings. Item (iv) may be achieved if, for instance,
the universal cover of V coincides with the intersection of the universal covers of Y and Z,
when we see these complexes naturally embedded in the universal cover of X.

Proof. We first construct the map t̂ for lower dimensional cubes of C(V , Y ), starting with

the 0-skeleton where we define t̂ : V
(0) × Y

(0) → Z
(0) × X

(0)
by (v, y) 7→ (s(v), t(y)). In

this way, t̂ clearly satisfies (3.2). For the 1-skeleton, we will check that the image under t̂
of a pair of vertices of C(V , Y ) representing a horizontal (resp. diagonal) edge is a pair of
vertices representing a horizontal (resp. diagonal) edge of C(Z,X). Let e = {(v, y), (v, y′)}
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be a horizontal edge of C(V , Y ), for which we claim that the pair {(s(v), t(y)), (s(v), t(y′))}
represents a horizontal edge. Assume by contradiction that there exists an edge b of Z
incident to s(v), with g(b) dual to the wall W ({t(y), t(y′)}) ⊂ X (note that {t(y), t(y′)} is
an edge since X has simplicial 1-skeleton and t is local isometry). The edge g(b) is incident
to g(s(v)) = t(f(v)), so by item (iii), g(b) equals t(b′) for an edge b′ incident to f(v). Item
(ii) then implies that b′ is dual to the wall W ({y, y′}) ⊂ Y , and item (iv) gives us an edge
b′′ of V incident to v with f(b′′) = b′. But this would imply that e is not horizontal, and
this contradiction proves the claim. The case of e = {(v, y), (v′, y′)} diagonal is easier since
t maps walls to walls, and hence g({s(v), s(v′)}) is dual to W ({t(y), t(y′)}). Therefore, the
image of a horizontal/diagonal edge of C(V , Y ) is defined as the expected horizontal/diagonal
edge of C(Z,X), and since the image of an edge under r or r′ only depends on whether the
edge is horizontal or vertical, t̂ also satisfies (3.2) at the level of 1-skeleton.

Now, let Q be a square of C(V , Y ), say with 1-skeleton determined by the vertices
{(vi, yi)}4i=1. By definition, this means that p(Q) is also a square with 0-skeleton {yi}4i=1, and
by item (i) the vertices {t(yi)}4i=1 are the 0-skeleton of the square t(p(Q)) ofX. Since C(Z,X)
is a covering, these vertices lift under p′ to the set {(s(vi), t(yi))}4i=1 that is the 0-skeleton
a square Q′, that we define as the image of Q under t̂. Again, since the image of a square
under a retraction only depends on whether its 1-skeleton consists of horizontal/diagonal
edges, the diagrams (3.2) still commute.

Finally, by [HW08, Lem. 2.5] there is a unique way to extend t̂ to a combinatorial map
C(V , Y ) → C(Z,X), which is clearly a local isometry. Also, since the maps r, r′, p and p′

restricted to a higher dimensional cube depend only on its 2-skeleton, by the uniqueness of
t̂, it must satisfy (3.2).

Remark 3.2.8. In the proof of Theorem 3.2.1 below, we will be interested in the commutative
diagrams of fundamental groups induced by (3.2), so we will only require these diagrams to
commute at the level of 2-skeletons.

Proof of Theorem 3.2.1. Let us use Lemma 2.7.15 to find convex cores Y and Z for H and
K respectively, such that V = Y ∩Z is non-empty. By Lemma 2.7.14 this implies that V is
a convex core for H ∩K. We will prove first that there exists a finite index subgroup Γ̂ < Γ
such that if Ĥ = H ∩ Γ̂ and K̂ = K ∩ Γ̂, then after defining V = (Ĥ ∩ K̂)\V , X = Γ̂\X,
Y = Ĥ\Y and Z = K̂\Z the induced diagram (3.1) is of local isometries and satisfies the
items (i)-(iv) of Proposition 3.2.6.

By [HW08, Cor. 8.9] we can find Γ̂ < Γ of finite index such that item (i) holds, and
by possibly replacing Γ̂ by a further finite index subgroup satisfying Corollary 3.2.4, we can
ensure that Γ̂ also satisfies (ii).
To prove item (iii), let e be an edge of X incident to t(y) for a vertex y ∈ Y , and let ẽ ⊂ X be
a lifting of e incident to the lifting ỹ ∈ Y of y. If e is dual to the wall W (t(b)) ⊂ X for some

edge b ⊂ Y , then there exists a lifting b̃ ⊂ Y of b and some g ∈ Γ̂ such that W (ẽ) = gW (̃b).

Since ỹ ∈ Y , we haveW (̃b)∩Y ̸= ∅ and gN (W (̃b))∩Y ̸= ∅, so by conclusion (1) of Corollary
3.2.4 we have W (ẽ) ∩ Y ̸= ∅ and ẽ ⊂ Y , implying item (iii).
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Finally, let v ∈ V be a vertex lifting to ṽ ∈ V , and let ẽ and ẽ′ be edges of Y and Z
respectively, incident to ṽ and such that there exists some g ∈ Γ̂ with gẽ = ẽ′. Since the
action of Γ̂ is free, we have g = 1 and ẽ = ẽ′ ∈ V . Projecting to the corresponding quotients
we deduce (iv).

Therefore, we are in the assumptions of Proposition 3.2.6, and there is a local isometry
t̂ : C(V , Y ) → C(Z,X) such that the diagrams (3.2) commute. The proof now goes as
in Lemma 3.2.3. If H ′ < Ĥ and Γ′ < Γ̂ are the finite index subgroups representing the
fundamental groups of the (appropriate connected components of the) canonical completions
C(V , Y ) and C(Z,X) respectively, then H ′ < Γ′ and there is a retraction homomorphism
r∗ : Γ′ → Γ′ with image K̂ and such that r∗(H

′) = Ĥ ∩ K̂. Again, we can check that

H̃ := H ′ ∩ r−1
∗ (H ′) satisfies r∗(H̃) ⊂ H̃, and so Proposition 2.6.11 implies that H̃K̂ is

separable in Γ′. Since Γ′ < Γ, H̃ < H and K̂ < K are all of finite index, we conclude that
HK is separable in Γ, completing the proof.

We now see how Theorem 3.2.1 implies Proposition 3.1.3. In fact, by Lemma 2.7.15,
Proposition 3.1.3 follows from the next proposition.

Proposition 3.2.9. Let (Γ, X) be a cubulated group, and let Y ⊂ X be a Γ-invariant convex
subcomplex. If the cubulated group (Γ, Y ) is virtually special, then (Γ, X) is also virtually
special.

Before proving this result, we first recall the definition of gate map projection [BHS17,
Sec. 2].

Definition 3.2.10. Let X be a CAT(0) cube complex, and consider a convex subcomplex
Y ⊂ X. The gate map is defined as the unique cubical map g : X → Y characterized by the
following property: for any point x ∈ X, the wall W ⊂ X separates x from g(x) if and only
if it separates x from Y .

The next lemma is well-known by experts and is implicit, for instance, in [BHS17], so we
provide proof in the absence of a precise reference.

Lemma 3.2.11. Let (Γ, X) be a cubulated group and let Y ⊂ X be a Γ-invariant convex
subcomplex. Then for any convex subcomplex K ⊂ X, its image g(K) ⊂ Y is also a convex
subcomplex. Moreover, if H < Γ preserves K and acts cocompactly on it, then it also acts
cocompactly on g(K).

Proof. Since CAT(0) convexity coincides with combinatorial convexity for subcomplexes, for
the first assertion it is enough to prove that if x, y ∈ X are vertices and β is a combinatorial
geodesic segment in X(1) joining g(x) and g(y), then β = g(α), for some geodesic α joining x
and y. We will prove this by induction on the sum of combinatorial distances d = d(x, g(x))+
d(y, g(y)), where the case d = 0 holds since Y is convex. So, assume that the claim follows
for d ≥ 0, and let x, y ∈ X be vertices with d(x, g(x)) + d(y, g(y)) = d+ 1, for which we can
assume d(x, g(x)) > 0. Thus, let γ be a combinatorial geodesic path in X(1) joining x and
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g(x), and u be the vertex on this geodesic at distance 1 to x. Except for the wall dual to
the edge e determined by x and u, any other wall dual to an edge of γ separates u and g(x),
so g(u) = g(x), and by our inductive assumption there is a geodesic α′ joining u and y, such
that g(α′) = β.

If e separates x from y, the concatenation of e and α′ defines a geodesic α projecting to
β. Otherwise, there is an edge e′ of α′ dual to W (e), say determined by the vertices p and q
with p between u and q. In this case, the segment α′′ of α′ between u and p lies in one of the
sides of N (W (e)) which we know is a convex subcomplex, so every vertex of α′′ lies in an
edge dual to W (e). If we follow the extreme points of these edges lying on the other side of
N (W (e)), we will obtain a geodesic path joining x and q. By concatenating this path with
the segment of α between q and y, we will obtain a geodesic path α (there is no repetition
in the walls dual to α), and it is easy to see that g(α) = β.

The second assertion follows easily since Y is Γ-invariant, and since H\g(K) is the image
of the compact set H\K under the induced projection g : Γ\X → H\Y .

Proof of Proposition 3.2.9. LetW1,W2 ⊂ X be walls with stabilizers Γ1 and Γ2, respectively.
By Theorem 2.8.4, to prove the proposition it is enough to show that Γ1 and Γ1Γ2 are
separable in Γ. Consider then the gate map g : X → Y and the projections g(N (W1)) and
g(N (W2)), which by Lemma 3.2.11 are convex subcomplexes of Y . This same lemma also
implies that each subgroup Γi acts cocompactly on g(N (Wi)), and so Γ1 and Γ2 are convex
subgroups of (Γ, Y ), which by assumption is virtually special. The conclusion then follows
by Theorems 2.8.3 and 3.2.1.

3.3 Relative height and weak separability of double

cosets

In this section we prove some results about Dehn fillings of relatively hyperbolic groups.
We discuss the notions of (relative) height and malnormality, as well as weak separability of
double cosets of relatively quasiconvex subgroups under some assumptions. We also review
Einstein’s malnormal special quotient theorem in the setting of relatively hyperbolic groups.
The main results of the section are Theorems 3.3.2, 3.3.14, and Proposition 3.3.19.

3.3.1 Relative Height, and R-Hulls

The relative height of a relatively quasiconvex subgroup of a relatively hyperbolic group was
introduced by Hruska and Wise [HW09, Def. 8.1] as the appropriate analog of the height for
quasiconvex subgroups of hyperbolic groups [Git+98]. In particular, they proved that the
relative height is always finite. In this subsection we introduce the corresponding version for
a finite collection of relatively quasiconvex subgroups, we show that it is finite, and prove
that it is non-increasing under sufficiently long Dehn filling, extending the results in [GM21,
Sec. 7] (c.f. [Ago13, A.3]).



CHAPTER 3. CUBULATED RELATIVELY HYPERBOLIC GROUPS 55

Definition 3.3.1. Let (Γ,P) be a relatively hyperbolic group and consider a set H =
{H1, . . . , Hk} of distinct relatively quasiconvex subgroups of Γ. The relative height of H in
Γ is the maximum number n ≥ 0 so that there are distinct left cosets {g1Hσ(1), . . . , gnHσ(n)}
with

⋂n
i=1H

gi
σ(i) containing a loxodromic element of Γ.

The following is the main result of the subsection.

Theorem 3.3.2. For all sufficiently long and H-wide fillings, the groups in H = {H1 . . . , Hk}
are all distinct and the relative height of H in (Γ,P) is at most the relative height of H in
(Γ,P).

In the case where H consists of a single subgroup H, Theorem 3.3.2 reduces to [AGM16,
Thm. 7.12] for H-fillings and to [GM21, Thm. 7.15] for general H-wide fillings.

Definition 3.3.3. A collection {H1, . . . , Hk} of distinct subgroups of (Γ,P) is relatively
malnormal if whenever Hi ∩Hg

j contains a loxodromic element, then i = j and g ∈ Hi. The
collection is almost malnormal if Hi ∩Hg

j is finite unless i = j and g ∈ Hi.

Note that relative malnormality is equivalent to relative height at most 1 and that relative
malnormality coincides with almost malnormality when P is empty or consists of finite groups
(in which case Γ is hyperbolic). These observations together with Theorem 3.3.2 imply the
following corollary. Recall that a filling Γ → Γ(N1, . . . , Nn) is peripherally finite if Ni ⊴ Pi
is finite index for each 1 ≤ i ≤ n.

Corollary 3.3.4. Let H = {H1, . . . , Hk} be a relatively malnormal collection of relatively
quasiconvex subgroups of (Γ,P). Then for all sufficiently long and H-wide peripherally finite
fillings, the collection {H1, . . . , Hk} is almost malnormal in Γ.

The proof of Theorem 3.3.2 will take us the rest of the subsection, in which we refine
the techniques from [AGM16] and [GM21] about R-hulls over cusped spaces and relative
multiplicity.

Let X = X(Γ,P , S) be a cusped space for (Γ,P), and let δ ≥ 0 be given by Theorem
2.5.13 (1), so that X and X are δ-hyperbolic and have δ-slim geodesic triangles for all
sufficiently long fillings (see Subsection 2.3.1). The depth of a vertex of X is its distance to
the Caley graph Cay(Γ, S) ⊂ X. Note that the action of Γ on X is depth-preserving.

Definition 3.3.5 (c.f. [GM21, Def. 7.3]). Let ∗̃ = o ∈ Γ ⊂ X, and consider (H,D) < (Γ,P)
a relatively quasiconvex subgroup and R ≥ 0. An R-hull for H acting on X is a connected
H-invariant full subgraph Z̃H ⊂ X satisfying:

1. ∗̃ ∈ Z̃H .

2. If γ ⊂ X is a geodesic with endpoints in the limit set Λ(H), then NR(γ)∩NR(Γ) ⊂ Z̃H .

3. If A is a horoball inX containing a vertex a at depth greater than 0 in the image ι̌(XH),

then Z̃H ∩ A(0) contains every vertex of the maximal vertical ray in A containing a.



CHAPTER 3. CUBULATED RELATIVELY HYPERBOLIC GROUPS 56

4. The action of (H,D) on Z̃H is weakly geometrically finite in the sense of [Ago13, A.27].

By [GM21, Lem. 7.6], R-hulls for the action of H on X exist for any R ≥ 0, and moreover,
we can construct them in such a way that they have only finitely many H-orbits of vertices
at depth 0. Therefore, anytime we consider an R-hull, implicitly we will assume it satisfies
this property. The relevance of R-hulls is that they allow us to extract some algebraic
information about their corresponding relatively quasiconvex subgroups, as we will see in
Proposition 3.3.9 below.

Let Y = Γ\X, and consider an R-hull Z̃H for the action of H on X with quotient
ZH := H\Z̃H . The natural map JH : ZH → Y induces the inclusion H → Γ in the
following way. If ∗H ∈ ZH and ∗ ∈ Y are the respective projections of ∗̃, we obtain canonical
surjections s : π1(ZH , ∗H) → H and s : π1(Y, ∗) → Γ such that the following diagram
commutes

π1 (ZH , ∗H) π1(Y, ∗)

H Γ

(JH)∗

s s (3.3)

with the bottom map being the inclusion.
Let H = {H1, . . . , Hk} be a collection of relatively quasiconvex subgroups, and assume

that Hi ̸= Hj whenever i ̸= j. By Theorem 2.5.13 (3), let λ be a quasiconvexity constant

for each Hj and Hj for all sufficiently long and H-wide fillings. Consider R-hulls Z̃j = Z̃Hj

for each 1 ≤ j ≤ k, with quotients Zj = Hj\Z̃j and maps Jj = JHj
: Zj → Y as above.

Definition 3.3.6 (cf. [Ago13, Def. A.15]). Givenm > 0 and anm-tuple σ = (σ(1), . . . , σ(m)) ∈
{1, . . . , k}m, we write |σ| = m and define

Sσ := {(z1, . . . , zm) ∈ Zσ(1) × · · · × Zσ(m) : Jσ(1)(z1) = · · · = Jσ(m)(zm)}\∆σ

where ∆σ = {(z1, . . . , zm) : ∃i ̸= j s.t. σ(i) = σ(j) and zi = zj} should be understood as
the fat diagonal.

Points in Sσ have a well-defined depth which is the depth of their corresponding images in
Y . Let C be a component of Sσ containing a base-point p = (p1, . . . , pm) at depth 0, and fix
maximal trees Tj in Zj inducing preferred paths βv between ∗j = ∗Hj

and the vertex v ∈ Zj.
The paths βi = βpi give isomorphisms π1(Zσ(i), pi) → π1(Zσ(i), ∗σ(i)), and composing them
with the push-forwards of the projections ωi : (C, p) → (Zσ(i), pi) we obtain homomorphisms
(ωi)∗ : π1(C, p) → π1(Zσ(i), ∗σ(i)). Define then τC,i : s ◦ (ωi)∗ : π1(C, p) → Hσ(i), where
s : π1(Zσ(i), ∗σ(i)) → Hσ(i) is as in (3.3).

Definition 3.3.7 (cf. [GM21, Def. 7.7]). The relative multiplicity of {Jj : Zj → Y }1≤j≤k is
the largest m so that there is some σ with |σ| = m and Sσ containing a component C such
that the group τC,i(π1(C, p)) is infinite non-parabolic for all 1 ≤ i ≤ m.
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Remark 3.3.8. As we mentioned after Definition 3.3.5, we are considering R-hulls with only
finitely many orbits of vertices at depth 0. This implies that for any j, the number rj of
vertices in Zj at depth 0 is finite. In particular, if m > r1 + · · ·+ rk and |σ| = m, then any
tuple in Zσ(1) × · · · × Zσ(m) at depth 0 lies in ∆σ, and consequently the relative multiplicity
of {Jj : Zj → Y }1≤j≤k is bounded by r1 + · · ·+ rk.

The main property of relative multiplicity is given by the following proposition.

Proposition 3.3.9 (cf. [GM21, Thm. 7.8]). For sufficiently large R, depending only on δ and

λ, if each Z̃j is an R-hull for the action of Hj on X, then the relative height of {H1, . . . , Hk}
in Γ is equal to the relative multiplicity of {Jj : Zj → Y }1≤j≤k.

For its proof, we need a preliminary lemma.

Lemma 3.3.10 (cf. [Ago13, Lem. A.37]). Let C be a fixed component of Sσ based at the
point p = (p1, . . . , pm) at depth 0. Then for any 1 ≤ i, j ≤ m there is some gi,j ∈ Γ such that
gi,jτC,j([α])gi,j

−1 = τC,1([α]) for any homotopy class [α] ∈ π1(C, p).

Proof. Recall the paths βi, βj in the construction of the maps τC,i, τC,j. In virtue of the
commutative diagram (3.3), the element τC,i([α]) ∈ Γ coincides with s([(Ii ◦ βi) · (Ii ◦ ωi ◦
α) · (Ii ◦ βi)]). But α is a loop in C, so (Ii ◦ ωi ◦ α) = (Ij ◦ ωj ◦ α), and in particular
(Ii ◦ βi) · (Ij ◦ βj) is a loop in Y based at ∗. This loop defines the element gi,j ∈ Γ, for
which it is easy to check that the requirements are satisfied.

Proof of Proposition 3.3.9. We proceed in the same way as in the proof of [GM21, Thm. 7.8].
First we prove that the relative height is at most the relative multiplicity, so suppose that
the relative height is at least m, and let σ = (σ(1), . . . , σ(m)) and g1Hσ(1), . . . , gmHσ(m) be
distinct left cosets such that

⋂m
i=1H

gi
σ(i) contains a loxodromic element, say h. In [GM21]

it was proven that by choosing an appropriate R, and by replacing h by a power we may
suppose that h has a quasi-geodesic axis γ̃ contained in

⋂m
i=1 giZ̃σ(i). In this case the path γ̃

induces a loop γ : R/Z → Zσ(1) × · · · × Zσ(m) defined by

γ(t) = (πσ(1)(g
−1
1 γ̃(t)), . . . , πσ(m)(g

−1
m γ̃(t))).

Since the cosets giHσ(i) are distinct and Γ acts freely on X, γ misses the fat diagonal ∆σ,
and hence defines a loop in a connected component C of Sσ containing a vertex p at depth
0. It is not hard to see that τC,i(π1(C, p)) contains a conjugate of h for each i, so the relative
multiplicity is at least m.

For the converse, suppose that the relative multiplicity of {Jj : Zj → Y }j is m, and let
σ = (σ(1), . . . , σ(m)) and C be a component of Sσ containing a point p at depth 0, such
that for each 1 ≤ i ≤ m the group Ai = τC,i(π1(C, p)) < Hσ(i) < G contains a loxodromic
element. Consider the elements gi = g1,i ∈ Γ given by Lemma 3.3.10 so that Agii = A1 for
each i, which implies A1 ⊂

⋃m
i=1H

gi
σ(i).

It is only left to show that the cosets giHσ(i) are all different. Indeed, let p = (p1, . . . , pm)
and suppose there exist i ̸= j with giHσ(i) = gjHσ(j), implying σ(i) = σ(j) and gi = gjh
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for some h ∈ Hσ(i). Let β̃i, β̃j be the unique liftings of βi and βj to Z̃σ(i) ⊂ X starting at

∗̃, respectively, and note that g−1
j gi is represented by the loop (Iσ(j) ◦ βj) · (Iσ(i) ◦ βi) in

π1(Y, ∗). This implies p̃j = hp̃i, where p̃i and p̃j are the corresponding endpoints of β̃i and

β̃j, and by projecting back into Zσ(i) we get pi = pj, contradicting p /∈ ∆σ.

The previous proposition together with Remark 3.3.8 implies the following corollary,
generalizing [HW09, Thm. 1.4].

Corollary 3.3.11. If Γ is a relatively hyperbolic group and H is a finite collection of distinct
relatively quasiconvex subgroups of Γ, then the relative height of H in Γ is finite.

Before starting the proof of Theorem 3.3.2 we state the following lemma.

Lemma 3.3.12 ([GM21, Lem. 7.12 & Lem. 7.14]). Suppose (Γ,P) is relatively hyperbolic
and H = {H1, . . . , Hk} is a collection of relatively quasiconvex subgroups of Γ. Then for
all R there is some R′ satisfying the following: for all sufficiently long and H-wide fillings
ϕ : Γ → Γ/K, if Z̃j is an R′-hull for the action of Hj on X for each 1 ≤ j ≤ k, then its

image Z̃j ⊂ X under ϕ is an R-hull for the action of Hj on X and is the embedded image

of (Hj ∩K)\Z̃j.

Proof of Theorem 3.3.2. Let δ be a constant such that the cusped spaces X and X are both
δ-hyperbolic and have δ-slim geodesic triangles for all sufficiently long fillings, and let λ
be a common quasiconvexity constant for the groups Hj, which we may also assume is a
quasiconvexity constant for each Hj in any sufficiently long and H-wide filling ϕ : Γ → Γ/K.
For these fillings, by Theorem 2.5.13 (2),(4) we may assume H i ̸= Hj for all i ̸= j (just take
a set A containing elements in Hi\Hj ∪Hj\Hi for any pair i ̸= j), and also that each Hj is
naturally isomorphic to the image of the induced filling of Hj. Let R be sufficiently large so
that Proposition 3.3.9 applies for δ and λ, and let R′ = R′(R) be given by Lemma 3.3.12.

For each 1 ≤ j ≤ k consider the following commutative diagram

Z̃j X

Z̃j X

Hj Γ

Hj/Kj Γ/K

where Z̃j is an R′-hull for the action of Hj on X, and X = K\X, Kj = K ∩ Hj, and

Z̃j = Kj\Z̃j. From Lemma 3.3.12, Z̃j embeds in X and is an R-hull for the action of Hj/Kj

on X.
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Taking quotients under the respective groups we obtain the diagram

Zj Y

Zj Y

Jj

J j

(3.4)

the vertical maps being homeomorphisms. By our choice of R, Proposition 3.3.9 implies
that the relative heights of H in Γ and of H in Γ coincide with the relative multiplicities of
{Jj : Zj → Y }j and {J j : Zj → Y }j, respectively.

The vertical maps of the diagram (3.4) induce depth-preserving homeomorphisms be-
tween

Sσ = {(z1, . . . , zm) ∈ Zσ(1) × . . . Zσ(m) : Jσ(1)(z1) = · · · = Jσ(m)(zm)}\∆σ

and
Sσ = {(z1, . . . , zm) ∈ Zσ(1) × . . . Zσ(m) : J σ(1)(z1) = · · · = J σ(m)(zm)}\∆σ

for any σ = (σ(1), . . . , σ(m)) with |σ| = m > 0, where ∆σ and ∆σ are the corresponding fat
diagonals.

If πσ : Sσ → Sσ is this homeomorphism, since Hj
∼= Hj/Kj for all j, then for any

component C of Sσ with base-point p at depth 0 and for any 1 ≤ i ≤ m, the following
diagram commutes

π1(C, p) Hσ(i)

π1(C, p) Hσ(i)

τC,i

(πσ)∗ ϕHσ(i)

τC,i

where ϕ : Γ → Γ is the filling map. In particular, if τC,i(π1(C, p)) < Γ contains a loxodromic

element of (Γ,P), then τC,i(π1(C, p)) contains a loxodromic element of (Γ,P) as well, and
therefore the relative height of H in Γ is at least the relative height of H in Γ.

3.3.2 Weak separability of double cosets

In this subsection we study the behavior of double cosets of relatively quasiconvex subgroups
under Dehn filling. Similarly to the peripheral separability we require for a single relatively
quasiconvex subgroup, we need some assumptions on the double cosets.

Definition 3.3.13. LetH, L be relatively quasiconvex subgroups of the relatively hyperbolic
group (Γ,P). The pair H,L is said to be doubly peripherally separable if the double coset
(Hg1 ∩ P )(Lg2 ∩ P ) is separable in P for any g1, g2 ∈ Γ and any peripheral subgroup P < Γ
such that Hg1 ∩ P and Lg2 ∩ P are infinite.
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Our next theorem establishes weak separability for double cosets of doubly peripherally
separable pairs of relatively quasiconvex subgroups under Dehn fillings. This extends [GM21,
Prop. 6.2], where the peripheral subgroups are assumed to be abelian, and hence peripheral
separability and double peripheral separability trivially hold. It also generalizes [GM18,
Thm. 6.4], where it is assumed that the relatively quasiconvex subgroups are full (though
they proved a result for several subgroups, and also allowing some finite subsets removed).

Theorem 3.3.14. Let (Γ,P = {P1, . . . , Pn}) be relatively hyperbolic and let H,L < Γ be
relatively quasiconvex and peripherally separable subgroups of (Γ,P) such that the pair H,L is
doubly peripherally separable. Also, let S ⊂ (

⋃
P)\{o} be a finite set and consider a ∈ Γ\HL.

Then there exist finite index subgroups Ki ⊴ Pi such that for any subgroups Ni < Ki the
filling Γ → Γ(N1, . . . , Nn) = Γ/K is ({H,L}, S)-wide, and moreover a /∈ KHL.

The lemmas below are [MM10, Prop. A.6] and [GM21, Lem. 4.1 & Lem. 4.4], respectively,
where for [GM21, Lem. 4.1] we cite the statement for the case L1 = 10δ.

Proposition 3.3.15. Let H be a relatively quasiconvex subgroup of a relatively hyperbolic
group (Γ,P). For a cusped space X for (Γ,P), there exists a positive constant R such that
for any horoball A in X, if there is a geodesic in X with endpoints in H and intersecting A
in a point at depth R, then H ∩ Stab(A) is infinite.

Lemma 3.3.16. Let (Γ,P) be with cusped space X, and let δ be a hyperbolicity constant
for X and for the induced cusped space of any sufficiently long filling. We also assume
that geodesic triangles in all these spaces are δ-slim. Then for any L2 ≥ 10δ, and for all
sufficiently long fillings ϕ : Γ → Γ/K the following holds: if γ is a geodesic in X such that
ϕ(γ) is a loop in X, then:

• there is a horoball A in X so that γ intersects A in a segment [x, y] with x, y ∈ Γ and
containing a point at depth L2, and

• there is some k ∈ K ∩ Stab(A) so that dX(x, ky) ≤ 20δ + 3.

Proof of Theorem 3.3.14. Almost all the work has been done in [GM21, Prop. 6.2], so we
will only check the details where the doubly peripheral separability assumption is required.

By Lemma 2.5.15 there exist finite index subgroups Ṅi ⊴ Pi such that any filling
Γ → Γ(N1, . . . , Nn) with Ni < Ṅi is ({H,L}, S)-wide. The rest of the proof is devoted
to finding finite index subgroups K̇i ⊴ Pi such that a is separated from HL in any filling
Γ → Γ(N1, . . . , Nn) with Ni < K̇i. In that case, the theorem follows by definingKi := Ṅi∩K̇i

for each i.
Consider an induced peripheral structure D on H, with each D ∈ D of the form D =

H ∩ P cD
jD

for some 1 ≤ jD ≤ n and some shortest cD ∈ Γ. Similarly, let E be an induced

peripheral structure on L with each E ∈ E of the form E = L ∩ P dE
kE

for some 1 ≤ kE ≤ n
and some shortest dE ∈ Γ. Also, let X,XH , XL be cusped spaces for (Γ,P), (H,D) and

(L, E) respectively, with induced maps ι̌H : X
(0)
H → X and ι̌L : X

(0)
L → X. Let δ ≥ 1 be a
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hyperbolicity constant for X and for the induced cusped space of any sufficiently long filling
of Γ, and let λ ≥ 2δ+1 be such that the images ι̌H(X

(0)
H ) and ι̌L(X

(0)
L ) are λ-quasiconvex in

X. We assume that δ and λ are integer numbers and geodesic triangles are δ-slim in X or
any cusped space for a sufficiently long filling.

For H and L, consider the constants RH , RL given by Proposition 3.3.15, and define
M = dX(o, a) and L2 = max{20δ +M + λ + 4, RH , RL}. Given 1 ≤ i ≤ n, let Si ⊂ Pi be a
finite set containing

{p ∈ Pi : dX(o, p) ≤ 48δ + 8M + 16λ+ 5}.

Also, consider the collection Ci of pairs of subgroups of Pi of the form (B1, B2) = (Dαc−1
D , Eβd−1

E )
with D ∈ D and E ∈ E such that jD = kE = i, and α, β ∈ Si. Note that there are finitely
many such pairs, and that by assumption for each of them the double coset B1B2 is separable
in Pi. This implies the existence of finite index subgroups K̇B1,B2 ⊴ Pi such that

Si ∩ K̇B1,B2B1B2 ⊂ B1B2. (3.5)

Set K̇i :=
⋂

(B1,B2)∈Ci K̇B1,B2 , for which we expect the separability conditions to hold.

Let Ni < K̇i be filling kernels inducing the filling ϕ : Γ → Γ(N1, . . . , Nn) = Γ/K, for
which we claim that a /∈ KHL. Suppose by contradiction that there is some g ∈ K of the
form g = hla−1 for some h ∈ H and l ∈ L, and assume dX(o, g) is minimal among the
elements of K ∩HLa−1.

Consider a geodesic quadrilateral in X with vertices o, h, hl, g, and let ξ1, ξ2, η and ρ be
the geodesics from o to h, from h to hl, from hl to g and from o to g, respectively. By
assumption g ̸= o.

The map X → X induced by ϕ sends ρ to a loop, so by Lemma 3.3.16 there is a horoball
A in X intersecting ρ in a geodesic segment [x, y] (with x between o and y), such that [x, y]
contains points at depth L2, and there is some k ∈ K ∩ Stab(A) with dX(x, ky) ≤ 20δ + 3.
This implies dX(o, kg) < dX(o, g), since dX(x, ky) ≤ 20δ + 3 and dX(x, y) ≥ 2L2 > 20δ + 4.
Our contradiction will be obtained by showing that kg ∈ HLa−1, contrary to our minimality
assumption on g.

By [GM08, Lem. 3.10] we can assume that the segment [x, y] is a geodesic through A
consisting of a vertical segment down from x, a horizontal segment of length at most 3,
and then a vertical segment with endpoint y. We will make a similar assumption in case A
intersects ξ1 or ξ2. Let x′, y′ be the points on [x, y] directly below x and y, respectively, at
depth 3δ +M + λ. The δ-slim condition applied to the quadrilateral ξ1 ∪ ξ2 ∪ η ∪ ρ implies
that x′ and y′ lie in the 2δ-neighborhood of ξ1 ∪ ξ2 ∪ η, but since η is of length M and has
extreme points at depth 0, in fact x′ and y′ are within 2δ of ξ1 ∪ ξ2.

The geodesics ξ1 and ξ2 join points in H and hL, respectively, and so λ-quasiconvexity
gives us points u0, v0 ∈ ι̌H(X

(0)
H ) ∪ hι̌L(X

(0)
L ) with dX(u0, x

′) ≤ 2δ + λ and dX(v0, y
′) ≤

2δ + λ. The points u0 and v0 lie in A since x′ and y′ have depth greater than 2δ + λ.
Let u, v ∈ A be the points at depth 0 directly above u0 and v0 respectively. We have
dX(u, x) ≤ dX(u, u0) + dX(u0, x

′) + dX(x
′, x) ≤ 2(dX(x, x

′) + dX(u0, x
′)) ≤ 10δ + 2M + 4λ,

and similarly dX(v, y) ≤ 10δ + 2M + 4λ.
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This gives us four cases depending on whether each of u0, v0 are contained in ι̌H(X
(0)
H )

or hι̌L(X
(0)
L ). The cases where u0 and v0 are both contained in ι̌H(X

(0)
H ) or hι̌L(X

(0)
L ) are

completely analogous, and the proof given in [GM21, Prop. 6.2] still works here since it only
requires peripheral separability. As noted at the end of that proof, the case where u0 is
contained in hι̌L(X

(0)
L ) and v0 is contained in ι̌H(X

(0)
H ) essentially becomes the case where

u0, v0 are contained in ι̌H(X
(0)
H ). Therefore, we are only left to deal with the case where u0

is contained in ι̌H(X
(0)
H ) and v0 is contained in hι̌L(X

(0)
L ), which we now check.

We can write u0 = (scDPjD , hucD, n) for some s ∈ H, hu ∈ sD and n ∈ N, where D ∈ D,
and similarly v0 = (htdEPkE , hlvdE,m) for t ∈ L, lv ∈ tE,m ∈ N and E ∈ E . This implies
u = hucD and v = hlvdE. We write c = cD, d = dE, and jD = kE = i, where A is the horoball
based on the coset scPi = htdPi.

The geodesic ξ1 intersects A in a segment with extreme point h1 closer to h. Since we
may assume that x′ lies within 2δ of ξ1, there exists a point h′1 in ξ1 ∩ A directly below h1
and at depth δ+M +λ. By λ-quasiconvexity of ι̌H(XH) we can find some w′ ∈ ι̌H(XH) with
dX(w

′, h′1) ≤ λ, which indeed lies in A, so that the group element w ∈ A directly above w′ is
of the form w = hwc ∈ sDc ⊂ scPi with hw ∈ H and dX(w, h1) ≤ dX(w,w

′) + dX(w
′, h′1) +

dX(h
′
1, h1) ≤ 2δ+2M +4λ. In the same way, if g2 is the extreme point of the segment ξ2∩A

closer to h, then it is directly above the vertex g′2 ∈ A at depth δ+M + λ and there is some
z = hlzd ∈ htEd ⊂ htdPi with dX(g2, z) ≤ 2δ + 2M + 4λ.

Let [h, h′1]∪ [h, g′2]∪ [h′1, g
′
2] be a geodesic triangle in X with [h, h′1] ⊂ ξ1 and [h, g′2] ⊂ ξ2.

Since h′1 and g′2 are at depth δ +M + λ ≥ 3δ + 1 (recall that λ ≥ 2δ + 1), it follows from
[GM08, Lemm. 3.26] that every point of [h′1, g

′
2] is at depth at least 3δ + 1. By the δ-slim

assumption, this implies that the vertex in [h, h′1] directly below h1 at depth δ+1 lies within
δ of a point in [h, g′2], which must lie directly below g2 and at depth at most 2δ + 1. In
particular, dX(h1, g2) ≤ 4δ + 2 and we have dX(w, z) ≤ 8δ + 4M + 8λ+ 2.

Let p = (u−1kv)(z−1w) = (u−1ku)(u−1w)(z−1v)w
−1z. Since k ∈ K ∩ Stab(A) = K ∩ P cD

i

and K is normal, we have u−1ku ∈ K ∩ Pi = Ni ⊴ Pi. Also, note that u−1w ∈ Dc−1
, z−1v ∈

Ed−1
and w−1z ∈ Pi, implying p ∈ NiD

c−1
E(w−1z)d−1

. In addition, dX(u, kv) ≤ dX(u, x) +
dX(x, ky) + d(y, v) ≤ 40δ + 4M + 8λ + 3, so dX(o, p) ≤ dX(w, z) + 40δ + 4M + 8λ + 3 ≤
48δ+8M +16λ+5, and hence p ∈ Si. The pair (D

c−1
, E(w−1z)d−1

) is then in Ci, so in virtue
of (3.5) there exist d̂ ∈ Dc−1

and ê ∈ Ed−1
such that p = d̂(w−1z)ê(z−1w). In consequence,

khl can be written as

khl = u
(
u−1kvz−1w

) (
w−1z

)
v−1hl

= up
(
w−1z

)
v−1hl

= u
(
d̂
(
w−1z

)
ê
(
z−1w

)) (
w−1z

)
v−1hl

= (huc) d̂
(
c−1h−1

w hlzd
)
ê
(
d−1l−1

v h−1
)
hl

=
(
hud̂

ch−1
w h
) (
lz ê

dl−1
v l
)
,

and the last expression lies in HL since d̂c ∈ D and êd ∈ E. Therefore, kg = khla−1 ∈
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HLa−1, implying the desired contradiction and concluding the proof of this case and the
theorem.

The next corollary roughly says that under some mild assumptions, double cosets of
doubly peripherally separable pairs of relatively quasiconvex subgroups are “almost” the
intersection of double cosets of fully relatively quasiconvex subgroups.

Corollary 3.3.17. Let (Γ,P) be relatively hyperbolic and let H,L < Γ be relatively quasi-
convex subgroups such that H,L is a doubly peripherally separable pair. Also, suppose that
Ḣ, L̇ and Ṗ are separable in Γ for any finite index subgroups Ḣ < H, L̇ < L or Ṗ < P , with
P being a peripheral subgroup of Γ.
Then for any a ∈ Γ\HL there exist fully relatively quasiconvex subgroups Ĥ, L̂ with H∩Ĥ <
H and L ∩ L̂ < L of finite index, such that a /∈ HĤL̂L.

Proof. For a,H and L as in the statement, let K1, . . . Kn be the filling kernels given by
Theorem 3.3.14, and let K = K(a,H, L) ⊴ Γ be the kernel of the filling Γ → Γ(K1, . . . , Kn).
Since by assumption each Ki is finite index in Pi and separable in Γ, the subgroups Ki ∩H
are separable in H, and there exists a finite index subgroup Ḣ ⊴ H such that Ḣ ∩ Pi < Ki

for all i, implying Ḣ ∩ P < K for any peripheral subgroup P . Similarly, we can find a finite
index subgroup L̇ ⊴ L so that L̇ ∩ P < K for any peripheral subgroup P .

We claim the existence of parabolic subgroups Q1, . . . , Qs, R1, . . . , Rt < Γ, each of them
a finite index subgroup of a conjugate of some Ki, and such that Ĥ := ⟨Ḣ,Q1, . . . , Qs⟩ and
L̂ := ⟨L̇, R1, . . . , Rt⟩ are fully relatively quasiconvex subgroups of Γ. By assuming this claim,
the corollary follows since a /∈ KHL and

HĤL̂L = H⟨Ḣ,Q1, . . . , Qs⟩⟨L̇, R1, . . . , Rt⟩L ⊂ H⟨Ḣ,K⟩⟨L̇,K⟩L = HḢKL̇L = KHL.

To prove the claim, we will only construct the groups Q1, . . . , Qs, since the groups
R1, . . . , Rt can be found in exactly the same way. Let us choose D0 = {D1, . . . , Ds} an
induced peripheral structure on Ḣ0 := Ḣ with Di = Ḣ ∩ P ci

ji
for some 1 ≤ ji ≤ n

and ci ∈ Γ, and inductively construct Q1, . . . , Qs with each Qi < Kci
ji

of finite index,

such that Di := {Q1, . . . , Qi, Di+1, . . . , Ds} is an induced peripheral structure on Ḣi :=
⟨Ḣ,Q1, . . . , Qi⟩ = ⟨Ḣi−1, Qi⟩.

Assume we have found Ḣi−1 and Q1, . . . , Qi−1, and note that every parabolic subgroup
of Ḣi−1 is a subgroup of K. If Di < Kci

ji
is finite index, define Qi = Di. Otherwise, by

[Mar09, Thm. 1.1] there exists a finite set F ⊂ P ci
ji
\(Ḣi−1 ∩ P ci

ji
) such that for any P ′ < P ci

ji

containing Ḣi−1∩P ci
ji

and disjoint from F , the group ⟨Ḣi−1, P
′⟩ is relatively quasiconvex and

has {Q1, . . . , Qi−1, P
′} as induced peripheral structure. It is then enough to find a subgroup

P ′ < Kci
ji

of finite index, containing Ḣi−1 ∩ P ci
ji

and disjoint from F , so in that case we can
define Qi = P ′.

To find such P ′, note that each infinite parabolic subgroup of Ḣi−1 is Ḣi−1-conjugate
into some group in Di−1, implying Ḣi−1 ∩ P ci

ji
= Di. Also, since Ḣ is separable in Γ, we

have that Di is separable in P ci
ji
. But, by construction Di is contained in K, so in fact Di
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is separable in Kci
ji
, and there exists a finite index subgroup P ′ < Kci

ji
, disjoint from F and

such that P ′ ⊃ Di. This solves the claim, and since each subgroup in Ds is finite index in
some peripheral subgroup, the group Ĥ := Ḣs is fully relatively quasiconvex.

3.3.3 The malnormal special quotient theorem

In this subsection we present a result that will be needed in the proofs of Theorem 3.5.4 and
Proposition 3.8.14. It depends on the relative version of Wise’s malnormal special quotient
theorem, due to Einstein.

Theorem 3.3.18 (Einstein [Ein19, Thm. 2]). If (Γ, {P1, . . . , Pn}) is a relatively hyperbolic
group with Γ cubulated and virtually special, then there exist finite index subgroups Ṗi ⊴ Pi
such that if Γ = Γ(N1, . . . , Nn) is any filling with each Ni < Ṗi of finite index, then Γ is
hyperbolic and virtually special.

By combining Theorem 2.5.13, Lemma 2.5.15, Theorem 3.3.2 and Einstein’s Theorem
3.3.18, we deduce the following.

Proposition 3.3.19. Let (Γ,P) be a relatively hyperbolic group with each P ∈ P being
residually finite, and let H = {H0, H1, H2, . . . , Hk} be a collection of relatively quasiconvex
subgroups of Γ. Assume that the groups H1, . . . , Hk are all distinct and contained in H0,
that Hl is peripherally separable for 0 ≤ l ≤ k, and H0 is strongly peripherally separable.
Consider also a finite set A ⊂ Γ.

Then there exist finite index subgroups Ṗi ⊴ Pi such that for any further finite index
subgroups Nj < Ṗj with Nj ⊴ Pj, the filling ϕ : Γ → Γ = Γ(N ) = Γ(N1, . . . , Nn) satisfies:

1. Γ is hyperbolic.

2. H l = ϕ(Hl) is quasiconvex in Γ and naturally isomorphic to the induced filling Hl(NHl
)

for each 0 ≤ l ≤ k.

3. ϕ|A : A→ Γ is injective and ϕ(A ∩Hl) = ϕ(A) ∩H l for all 0 ≤ l ≤ k.

4. For each l, if Hl is virtually special and strongly peripherally separable, then H l is also
virtually special.

5. For 1 ≤ l ≤ k, H l is isomorphic to the filling induced by H0 → H0.

6. The height of {H1, . . . , Hk} in H0 is at most the relative height of {H1, . . . , Hk} in H0.

Proof. First, consider a peripheral structure D0 = {D0,1, . . . , D0,s0} on H0 induced by Γ so
that D0,i = H0 ∩ P

c0,i
α0,i for some 1 ≤ α0,i ≤ n and some shortest c0,i ∈ Γ. Also, for any

1 ≤ l ≤ k consider a peripheral structure Dl = {Dl,1, . . . , Dl,sl} on Hl induced by (H0,D0),

so that Dl,i = Hl ∩D
dl,i
0,βl,i

for some 1 ≤ βl,i ≤ s0 and some shortest dl,i ∈ H0. Since Dl is also
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a peripheral structure induced by Γ, we have Dl,i = Hl ∩ P
cl,i
αl,i for 1 ≤ αl,i ≤ n and cl,i ∈ Γ.

The equation

Dl,i = Hl ∩ P
cl,i
αl,i = Hl ∩D

dl,i
0,βl,i

= Hl ∩ P
dl,ic0,βl,i
α0,βl,i

then implies
αl,i = α0,βl,i , and (cl,i)

−1dl,ic0,βl,i ∈ Pαl,i
. (3.6)

The relevance of this equation is that if ϕ : Γ → Γ(N1, . . . , Nn) induces the filling ϕ0 :
H0 → H0(K0,1, . . . , K0,s0), then for any 1 ≤ l ≤ k the filling ϕl : Hl → Hl(Kl,1, . . . , Kl,sl)
induced by ϕ is the same as the one induced by ϕ0. Indeed, a filling kernel of ϕl induced
by ϕ is of the form Kl,i = Dl,i ∩ N

cl,i
αl,i , while the one induced by ϕ0 takes the form K

(0)
l,i =

Dl,i ∩K
dl,i
0,βl,i

= Dl,i ∩N
dl,ic0,βl,i
α0,βl,i

. The identity Kl,i = K
(0)
l,i then follows from N

cl,i
αl,i = N

dl,ic0,βl,i
α0,βl,i

,

which is consequence of (3.6) and the fact that Nαl,i
is normal in Pαl,i

.
With that in mind, by Theorem 2.5.13 we can find a finite set S ⊂ (

⋃
P)\{o} such that

all (H, S)-wide and peripherally finite fillings ϕ : Γ → Γ = Γ(N1, . . . , Nn) with S∩(
⋃
Ni) = ∅

satisfy items (1)-(3) (for the injectivity of ϕ|A, include the trivial group into H and consider
the finite set {ab−1 ̸= 1 : a, b ∈ A} ⊂ Γ). For such S, Lemma 2.5.15 gives us finite index
subgroups Ṅj ⊴ Pj such that any filling Γ → Γ(N1, . . . , Nn) with Nj < Ṅj is (H, S)-wide.

Now, let I be the set of 0 ≤ l ≤ k such that Hl is virtually special, and apply Theorem
3.3.18 to each pair (Hl,Dl) with l ∈ I to obtain finite index subgroups Ḋl,i ⊴ Dl,i such that

for any further finite index subgroups D̃l,i < Ḋl,i the filling Hl(D̃l,1, . . . , D̃l,sl) is virtually
special.

Given l ∈ I and 1 ≤ i ≤ sl, there is a chain of inclusions

Ḋl,i ∩ Ṅ
cl,i
αl,i ⊴ Dl,i ∩ Ṅ

cl,i
αl,i < Ṅ

cl,i
αl,i ,

the first one being of finite index. Since Hl is strongly peripherally separable, the group
Ḋl,i is separable in P

cl,i
αl,i , and hence the inclusion Ḋl,i ∩ Ṅ

cl,i
αl,i < Ṅ

cl,i
αl,i is also separable.

Therefore we can find a finite index subgroup Ñγl,i ⊴ Pαl,i
contained in Ṅαl,i

, such that

Ḋl,i ∩ Ñ
cl,i
γl,i = Dl,i ∩ Ñ

cl,i
γl,i . We conclude that Kl,i := Dl,i ∩ Ñ

cl,i
γl,i is contained in Ḋl,i as a finite

index subgroup.
For 1 ≤ j ≤ n, let Ij be the set of pairs (l, i) with l ∈ I and 1 ≤ i ≤ sl, such that

j = αl,i. Let P̃j :=
⋂

(l,i)∈Ij Ñγl,i if Ij ̸= ∅, and P̃j = Ṅj otherwise. Since each Ṗj is of
finite index in Pj and by assumption, the groups Pj are residually finite, we can find finite

index subgroups Ṗ
(1)
j ⊴ Pj contained in P̃j and disjoint from S. By construction, any filling

ϕ : Γ → Γ = Γ(N1, . . . , Nn) with Nj < Ṗ
(1)
j of finite index satisfies the conclusions (1)-(4).

To deal with (5)-(6), note that the groups H1, . . . , Hk are peripherally separable in
(H0,D0), and that each group in D0 is residually finite. Therefore, by applying Theo-
rem 2.5.13, Lemma 2.5.15, and Theorem 3.3.2, and in the same way we constructed the
groups Ṗ

(1)
j above, we obtain finite index subgroups K̇0,i ⊴ D0,i such that for any filling

ϕ0 : H0 → H0(K0,1, . . . , K0,s0) with K0,i < K̇0,i, we have:
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(i) for any 1 ≤ l ≤ k the induced filling ϕl of Hl satisfies kerϕl = kerϕ0 ∩Hl; and,

(ii) the height of {ϕ0(H1), . . . , ϕ0(Hk)} in ϕ0(H0) is at most the relative height of {H1, . . . , Hk}
in H0.

By our strong peripheral separability assumption, and by the same separability argument
used to find the groups Ñγl,i , there exist finite index subgroups Ṗj ⊴ Pj contained in Ṗ

(1)
j ,

and such that D0,i ∩ Ṗ
c0,i
α0,i < K̇0,i for any 1 ≤ i ≤ s0.

By construction, if ϕ : Γ → Γ(N1, . . . , Nn) is a peripherally finite filling withNi < Ṗj, then
it satisfies conclusions (1)-(4). In addition, by (i) we have kerϕ∩Hj = (kerϕ0 ∩H0)∩Hj =
kerϕj , so it also satisfies (5). Finally, note that by the discussion after equation (3.6), the
embedding ϕ0(H0) ↪→ ϕ(Γ) induces isomorphisms ϕ0(Hj)

∼−→ ϕ(Hj) for each j, and so the
height of {ϕ0(H1), . . . , ϕ0(Hk)} in ϕ0(H0) coincides with the height of {ϕ(H1), . . . , ϕ(Hk)} in
ϕ(H0). This fact together with (ii) proves (6).

3.4 A relative quasiconvex hierarchy theorem

One of the main tools in Agol’s proof of Theorem 2.8.12 is Wise’s quasiconvex hierarchy
Theorem 2.8.6. In this section recall the class CMVH for relatively hyperbolic groups
defined in the Introduction. The main result of this section is Theorem 3.4.5 (Theorem
1.1.7), a relative quasiconvex hierarchy theorem for groups in CMVH.

First, we recall the notion of graphs of groups, referring to the work of Bass [Bas93].

Definition 3.4.1. A graph of groups is a pair (G,G) consisting of:

1. a connected, non-empty graph G with vertex set V = V (G), and an oriented edge set
E = E(G) with an involution e 7→ e that switches the orientation of each edge;

2. an assignment G : V ⊔ E → Grp of a group x 7→ Γx = G(x) for any vertex or edge x,
such that Γe = Γe for any edge e; and,

3. a set of attachment monomorphisms ψe : Γe → Γt(e) where t(e) is the terminal vertex
of the edge e.

Given a graph of groups (G,G) we consider the group

F (G,G) = (∗v∈V Γv) ∗ F (E))/N,

where F (E) is the free group generated by the set E and N is the normal subgroup generated
by the relations e−1 = e and eψe(g)e

−1 = ψe(g) for any edge e ∈ E and any g ∈ Γe.

Definition 3.4.2. The fundamental group of (G,G) based at v0 ∈ V is the subgroup

π1(G,G, v0) < F (G,G)
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consisting of the elements of the form

g = g0e1g1e2 · · · engn,

where e1, e2, . . . , en form a circuit in G based at v0 (i.e. t(ei) = t(ei+1) for 1 ≤ i ≤ n− 1 and
t(en) = t(e1) = v0), and gi ∈ Γt(ei+1) for any 0 ≤ i ≤ n, with the convention t(en+1) = v0.

The isomorphism class of π1(G,G, v0) is independent of the base-point, and the canonical
maps from vertex groups into F (G,G) are injective, so we can consider any vertex group as
a subgroup of π1(G,G, v0) by means of choosing a maximal tree of G containing v0.

Definition 3.4.3. We say that a group Γ splits as a graph of groups (G,G) if Γ is isomorphic
to π1(G,G, v0) for some (any) vertex v0 of G.

As we mentioned, we will work with the class CMVH (Definition 1.1.6), whose definition
we recall.

Definition 3.4.4. CMVH is the smallest class of cubulated and relatively hyperbolic groups
(Γ, X) (here Γ acts properly and cocompactly on the cubulation X) relative to compatible
virtually special subgroups, that is closed under the following operations:

1. ({o}, X) ∈ CMVH for any finite CAT(0) cube complex X.

2. If Γ splits as a finite graph of groups (G,G) satisfying:

• each edge/vertex group is convex in (Γ, X);

• if v is a vertex of G then the collection Av := {Γe : e an edge attached to v} is
relatively malnormal in Γv; and,

• if Γv is a vertex group, then it has a convex core Xv ⊂ X with (Γv, Xv) ∈ CMVH;

then (Γ, X) ∈ CMVH.

3. If H < Γ with |Γ : H| <∞ and (H,X) ∈ CMVH, then (Γ, X) ∈ CMVH.

The main result of the section is that groups in CMVH are virtually special (see Theorem
1.1.7).

Theorem 3.4.5. If (Γ, X) ∈ CMVH, then (Γ, X) is virtually special.

A key ingredient in the proof of this theorem is the proposition below, which guarantees
the existence of hyperbolic and virtually special fillings for groups in CMVH.

Proposition 3.4.6. Let (Γ,P = {P1, . . . , Pn}) be a relatively hyperbolic group with each Pi
being residually finite. Suppose Γ splits as a finite graph of groups (G,G) satisfying:

• each edge group is relatively quasiconvex in Γ and peripherally separable;
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• if v is a vertex of G, then the collection Av := {Γe : e attached to v} is relatively
malnormal in Γv; and,

• each vertex group is virtually special and strongly peripherally separable.

Then:

1. Every relatively quasiconvex and peripherally separable subgroup of Γ is separable.

2. Every double coset of a doubly peripherally separable pair of relatively quasiconvex and
strongly peripherally separable subgroups of Γ is separable.

Proposition 3.4.7. Let (Γ,P) and (G,G) be as in the statement of Proposition 3.4.6. Then
there exist finite index subgroups Ṗj ⊴ Pj such that for any further finite index subgroups
Nj < Ṗj there are subgroups Mj < Nj (normal in Pj) with G = Γ(M1, . . . ,Mn) hyperbolic
and virtually special.

Remark 3.4.8. Since we are restricting to finitely generated groups, relative quasiconvexity
of edge groups implies relative quasiconvexity of vertex groups [BW13, Lem. 4.9].

Before proving Proposition 3.4.7, we need a lemma. Item (2) below will be used in the
proof of Proposition 3.8.14.

Lemma 3.4.9. Let G be a group splitting as a finite graph of groups (G,G) with hyperbolic
vertex groups, and edge groups quasiconvex in their corresponding vertex groups. Suppose
that either:

1. for each vertex v ∈ V = V (G) the collection Pv := {Γe : e is an edge attached to v} is
almost malnormal in Γv; or,

2. G is bipartite with V (G) = V1⊔V2 and each edge joining vertices of V1 and V2, and such
that for each v ∈ V1 the collection Pv := {Γe : e is an edge attached to v} is almost
malnormal in Γv.

Then G is hyperbolic and the edge groups are quasiconvex in G.

Proof. Since edge groups are quasiconvex in the vertex groups, by almost malnormality the
pair (Γv,Pv) is relatively hyperbolic for each v ∈ V (resp. v ∈ V1) [Osi06]. Also, for v ∈ V2
consider the trivial peripheral structure (Γv, {Γv}). With these conventions, each edge group
is maximal parabolic in the vertex groups of V (resp. V1), and no two of them are conjugate
into a common vertex group Γv with v ∈ V (resp. v ∈ V1) unless they are finite. Therefore,
we are in the assumptions of [BW13, Cor. 4.6] (resp. [BW13, Cor. 1.5]), and hence G is
hyperbolic relative to

⋃
v∈V Pv − {repeats} (resp. {Gv : v ∈ V2}), and the edge groups are

quasiconvex in some peripheral subgroup of G. In both cases G will be hyperbolic relative
to hyperbolic groups, hence hyperbolic as well (see e.g. [Far98, Thm. 3.8]), and edge groups
will be quasiconvex since the peripheral subgroups are quasiconvex in G.
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Proof of Proposition 3.4.7. Let us fix a vertex v0 ∈ V = V (G), an isomorphism Γ ∼=
π1(G,G, v0), and a maximal tree T of G containing v0 that induces embeddings of the ver-
tex/edge groups of (G,G) into Γ. For each vertex of G, apply Proposition 3.3.19 to the
collection Av and the group Γv, to find finite index subgroups Ṗj(v) ⊴ Pj such that for any
choice of peripherally finite filling kernels N = {N1, . . . , Nn} with Ni < Ṗi(v), the filling
ϕ : Γ → Γ = Γ(N1, . . . , Nn) satisfies:

• Γ is hyperbolic.

• Γv := ϕ(Γv) is virtually special, quasiconvex (hence hyperbolic) in Γ, and isomorphic
to the image of the induced filling ϕv : Γv → Γv(Nv).

• The collection Av of images under ϕ of groups in Av is almost malnormal in Γv.

• Each Γe := ϕ(Γe) in Av is naturally isomorphic to the image of the filling ϕe : Γe →
Γe(Ne) induced by both ϕ and ϕv (that is, kerϕe = kerϕv ∩ Γe = kerϕ ∩ Γe).

For 1 ≤ j ≤ n define Ṗj :=
⋂
v∈V Ṗj(v), which is a finite index normal subgroup of Pj, and

consider finite index subgroups Nj < Ṗj inducing the filling ϕ : Γ → Γ = Γ(N1, . . . , Nn).
To construct G, consider a new graph of groups (G,G) with the same underlying graph

G, with G assigning the group Γx to each x ∈ V ⊔ E, and with attaching maps being the
inclusions ψe : Γe ↪→ Γt(e) induced by ϕ. Define G as π1(G,G, v0), and choose embeddings of
the vertex groups according to the same maximal tree T . This choice of embeddings induces
commuting diagrams

Γe Γe

Γt(e) Γt(e)

ϕe

φe φe

ϕt(e)

all of them together inducing a homomorphism of graphs of groups (see e.g. Bass [Bas93])

Φ : Γ → G

such that Φ(x) = ϕv(x) for any vertex v and any x ∈ Γv.
By our choice of ϕ, the splitting (G,G) of G satisfies the assumptions of Lemma 3.4.9 (1),

and so G is hyperbolic and the edge groups Φ(Γe) = Γe are quasiconvex in G. In addition, by
assumption, the vertex groups of (G,G) are hyperbolic and virtually special, and so Theorem
2.8.6 implies that G is virtually special.

Finally, we need to show that kerΦ = ⟨⟨
⋃
jMj⟩⟩Γ for some Mj ⊴ Pj contained in Nj. To

do this, first, note that kerΦ = ⟨⟨
⋃
v∈V kerϕv⟩⟩Γ, and that for each v we have the identity

kerϕv = ⟨⟨
⋃
D∈Dj

KD⟩⟩Γv , with Dv being a peripheral structure on Γv induced by (Γ,P) and

{KD}D∈Dv being the filling kernels induced by ϕ.
Suppose each D ∈ Dv is of the form D = Γv ∩ P cD

iD
with 1 ≤ iD ≤ n and cD ∈ Γ, so that

KD = H ∩D∩N cD
iD

. For 1 ≤ j ≤ n, let Dj denote the set of all D ∈
⋃
v Dv such that iD = j,
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and define Mj := ⟨⟨
⋃
D∈Dj

KcD
−1

D ⟩⟩Pj
if Dj is non-empty, and Mj := {o} otherwise. Note

that Mj < Nj for each j. We claim that ⟨⟨
⋃
jMj⟩⟩Γ = ⟨⟨

⋃
v∈V kerϕv⟩⟩Γ for these choices of

Mj.
For the inclusion “⊂”, it is enough to show Mj ⊂ ⟨⟨

⋃
v∈V kerϕv⟩⟩Γ for any j, which holds

because when Dj is non-empty, we have

Mj = ⟨⟨
⋃

D∈Dj

K
c−1
D
D ⟩⟩Pj ⊂ ⟨⟨

⋃
D∈Dj

K
c−1
D
D ⟩⟩Γ = ⟨⟨

⋃
D∈Dj

KD⟩⟩Γ ⊂ ⟨⟨
⋃
v∈V

⋃
D∈Dv

KD⟩⟩Γ ⊂ ⟨⟨
⋃
v∈V

kerϕv⟩⟩Γ.

On the other hand, for any v ∈ V we obtain

kerϕv = ⟨⟨
⋃

D∈Dv

KD⟩⟩Γv ⊂ ⟨⟨
⋃

D∈Dv

KD⟩⟩Γ ⊂ ⟨⟨
⋃

D∈Dv

K
c−1
D
D ⟩⟩Γ ⊂ ⟨⟨

⋃
j

⋃
D∈Dj

K
c−1
D
D ⟩⟩Γ = ⟨⟨

⋃
j

Mj⟩⟩Γ,

which proves “⊃”.

Proof of Proposition 3.4.6. To prove conclusion (1), let H be a relatively quasiconvex and
peripherally separable subgroup of Γ and consider a ∈ Γ\H, which we want to separate
from H in a finite quotient of Γ. Instead of using Dehn filling directly on H, we will use
[SW15, Cor. 6.3] and the peripheral separability of H to find a fully relatively quasiconvex
subgroup Ĥ < Γ containing H and such that a /∈ Ĥ, so now it is enough to separate a
from Ĥ. By Theorem 2.5.13 (1)-(3) there exists a finite set S ⊂ (

⋃
P)\{o} such that for

any (Ĥ, S)-wide filling ϕ : Γ → Γ = Γ(N1, . . . , Nn) with S ∩ (
⋃
j Nj) = ∅, the pair (Γ,P) is

relatively hyperbolic with Ĥ = ϕ(Ĥ) fully relatively quasiconvex in (Γ,P) and ϕ(a) /∈ Ĥ.
Since the groups Pj are residually finite, there exist finite index subgroups Qj ⊴ Pj with

each Qj being disjoint from S. Also, since Ĥ is fully relatively quasiconvex, it is peripherally
separable and by Lemma 2.5.15 there exist finite index subgroups Ṅj ⊴ Pj such that any

filling Γ → Γ(N1, . . . , Nn) with Nj < Ṅj for each j is (Ĥ, S)-wide.
Let Ṗj ⊴ Pj be given by Proposition 3.4.7, and set Nj := Ṅj∩ Ṗj∩Qj ⊴ Pj. By construc-

tion, ϕ : Γ → Γ = Γ(N1, . . . , Nn) is an (Ĥ, S)-wide filling factoring through the (Ĥ, S)-wide
filling Φ : (Γ,P) → (G,P), with (G,P) relatively hyperbolic, Φ(Ĥ) fully relatively quasicon-
vex in (G,P) and Φ(a) /∈ Φ(Ĥ) (here P denotes the set of images of groups in P under Φ).
Also, G is hyperbolic and virtually special, and therefore, to solve the problem it is enough
to show that Φ(Ĥ) is separable in G.

By Theorem 2.8.3 it suffices to show that Φ(Ĥ) is quasiconvex in G, i.e. that Φ(Ĥ) is
relatively quasiconvex in (G, ∅). But (G,P) is an extended peripheral structure for (G, ∅),
and so by [Yan14, Thm. 1.3] it is enough to show that Φ(Ĥ) ∩ Φ(P ) is quasiconvex in G
for any peripheral subgroup P ⊂ Γ. This last statement follows from the quasiconvexity
of Φ(P ) in G [DS05b, Lem. 4.15], and the full relative quasiconvexity of Φ(Ĥ) in G, since
quasiconvexity is stable under finite index inclusions.

Now, let H,L < Γ be relatively quasiconvex and strongly peripherally separable sub-
groups such that H,L is doubly peripherally separable, and consider a ∈ Γ\HL. Conclusion
(1) implies that the peripheral subgroups of Γ are separable, as well as any of their finite
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index subgroups. In addition, by our strong peripheral separability assumption, any finite
index subgroup of H or L will be peripherally separable, hence also separable. Therefore, H
and L satisfy the assumptions of Corollary 3.3.17, a so there are fully relatively quasiconvex
subgroups Ĥ and L̂ with H∩Ĥ < H and L∩L̂ < L of finite index, and such that a /∈ HĤL̂L.

Thus, to prove conclusion (2) we only need to verify that HĤL̂L is separable, and since
this set is a finite union of translates of ĤL̂, it is enough to show that double cosets of fully
relatively quasiconvex subgroups are separable. This can be done in the same way as in the
proof of conclusion (1), by using Proposition 3.4.7 together with Theorem 3.3.14 and the
separability of double cosets of quasiconvex subgroups of hyperbolic virtually special groups
[Min06, Thm. 1.1]. Details are left to the reader.

Remark 3.4.10. The last part in the proof of conclusion (2) can also be deduced directly
from [McC19, Cor. 4.4].

Proof of Theorem 3.4.5. Let (Γ, X) be a cubulated group in CMVH. We will prove that
(Γ, X) is virtually special by induction on the minimal number of operations (1)− (3) used
in a description of (Γ, X) (see Definition 3.4.4), where clearly ({o}, X) is virtually special if
X is a finite CAT(0) cube complex.

First, suppose that H < Γ is of finite index with (H,X) ∈ CMVH. Our inductive
assumption implies that (H,X) is virtually special, so clearly (Γ, X) is also virtually special.

Now, let Γ be splitting as a finite graph of groups (G,G) such that:

• if u ∈ V (G) ⊔ E(G) then Γu has convex core Xu ⊂ X;

• if v ∈ V (G) then (Γv, Xv) ∈ CMVH (and hence (Γv, Xv) is virtually special by our
inductive assumption and Lemma 3.1.4); and,

• Av is relatively malnormal in Γv for any v ∈ V (G).

To show that (Γ, X) is virtually special we will use Theorem 2.8.4, but first, we need to show
that Γ satisfies the hypotheses of Proposition 3.4.6. This follows because by our compatibility
assumption, the peripheral subgroups are residually finite and because by Lemma 3.1.5, all
convex subgroups of (Γ, X) are strongly peripherally separable.

Therefore, (Γ, X) satisfies Proposition 3.4.6, so any relatively quasiconvex and periph-
erally separable subgroup of Γ is separable, as well as any double coset of a doubly pe-
ripherally separable pair of relatively quasiconvex and strongly peripherally separable sub-
groups. In particular, the wall stabilizers of (Γ, X) are separable, so by Theorem 2.8.4 it
is enough to show that the pair ΓW1 ,ΓW2 is doubly peripherally separable for any pair of
walls W1,W2 ⊂ X. To prove this, let g1, g2 ∈ Γ and let P < Γ be a peripheral subgroup
so that Γg1−1W1

∩ P = (ΓW1)
g1 ∩ P and Γg2−1W2

∩ P = (ΓW2)
g2 ∩ P are both infinite. By

Theorem 2.7.12 choose a convex core Z ⊂ X for P such that g1
−1W1 ∩ Z and g2

−1W2 ∩ Z
are both non-empty, so that (P,Z) is virtually special by Proposition 3.1.3. The subgroups
Γg1−1W1

∩P and Γg2−1W2
∩P are then convex in (P,Z) by Remark 2.7.13, and the conclusion

follows from Theorem 3.2.1.
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3.5 Construction of the complex with finite walls

The goal of this and the next sections is to prove the following theorem (Theorem 1.1.8),
which combined with Theorem 3.4.5 allows us to deduce Theorem 3.1.2.

Theorem 3.5.1. If (Γ, X) is cubulated and hyperbolic relative to compatible virtually special
subgroups, then (Γ, Ẋ) ∈ CMVH, where Ẋ is the cubical barycentric subdivision of X.

The proof proceeds by induction on the dimension of X (the 0-dimensional case is ev-
ident). Henceforth, throughout the rest of this chapter, we will work under the following
assumptions.

Assumption 3.5.2. (1) (Γ, X) is a cubulated relatively hyperbolic group with compatible
virtually special peripheral subgroups.

(2) (H, Ẏ ) ∈ CMVH for every cubulated and relatively hyperbolic group (H,Y ) with
compatible virtually special peripheral subgroups and such that dimY < dim Ẋ = dimX.

(3) δ is the constant for (Γ,P) and Ẋ given by Proposition 2.7.9.
(4) R is a number satisfying R ≥ δ + 2

√
dimX.

Remark 3.5.3. From Corollary 3.2.2, (Γ, Ẋ) is also hyperbolic relative to compatible virtually
special subgroups.

Let W1, . . . ,Wm be a complete set of representatives of Γ-orbits of walls in Ẋ. The
following is the main result of the section.

Theorem 3.5.4. There exists a torsion-free normal subgroup K ⊴ Γ such that the quotient
cube complex X := K\Ẋ satisfies:

1. Γ acts cocompactly on X .

2. All walls of X are finite.

3. If W is a wall of Ẋ then the R-neighborhood NR(W ) quotiented by K ∩ ΓW embeds in
X . In particular, all walls of X are embedded, and distinct walls in Ẋ which are less
than R apart map to distinct walls in X .

We will need the following weak separability result for virtually special quasiconvex sub-
groups of hyperbolic groups, which is the main result in the Appendix of [Ago13].

Theorem 3.5.5 (Agol–Groves–Manning [Ago13, Thm. A.1]). Let Γ be a hyperbolic group
and H < Γ be a quasiconvex virtually special subgroup. Then for any g ∈ Γ\H there is a
hyperbolic group G and a surjective homomorphism ψ : Γ → G such that ψ(g) /∈ ψ(H) and
ψ(H) is finite.
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Proof of Theorem 3.5.4. For every 1 ≤ i ≤ m, consider a complete set Ai of representatives
of double cosets ΓWi

gΓWi
with g /∈ ΓWi

and dẊ(Wi, gWi) ≤ 2R. Also, choose a complete set
T ⊂ Γ of representatives of conjugacy classes of non-trivial torsion elements of Γ. These sets
are finite by Lemma 2.7.8. Set H = {ΓW1 , . . . ,ΓWm}.

As a first step, since each subgroup ΓWi
is convex in (Γ, Ẋ), Lemma 3.1.5 and Proposition

3.3.19 imply that we can find a peripherally finite Dehn filling ϕ : Γ → Γ = Γ(Ṗ1, . . . , Ṗn)
so that Γ is hyperbolic, each Γi := ϕ(ΓWi

) is quasiconvex, virtually special and disjoint from
ϕ(Ai), and o /∈ ϕ(T ).

Our second step is to find a quasiconvex and virtually special subgroup H < Γ such that
H ∩ Γi < Γi is finite index for 1 ≤ i ≤ m. We will do this by inducting on k, and finding for
each 1 ≤ j ≤ m a quasiconvex and virtually special subgroup Hj < Γ such that Hj ∩Γi < Γi
is finite index for 1 ≤ i ≤ j. For the base case we choose H1 = Γ1.

Suppose we have found Hj, and consider the intersection L = Hj ∩ Γj+1. By Gitik’s
ping-pong theorem [Git99, Thm. 1], there exists a finite set F ⊂ (Hj ∪ Γj+1)\L such that

if H̃j < Hj and Γ̃j+1 < Γj+1 are finite index subgroups with H̃j ∩ Γ̃j+1 = L, and H̃j, Γ̃j+1

disjoint from F , then ⟨H̃j ∪ Γ̃j+1⟩ is quasiconvex in Γ and isomorphic to H̃j ∗L Γ̃j+1. The

existence of finite index subgroups H̃j < Hj and Γ̃j+1 < Γj+1 disjoint from F is guaranteed by
subgroup separability since by assumptionHj, Γj+1 are virtually special and L is quasiconvex
in both groups, so we can apply Theorem 2.8.3.

Define Hj+1 := ⟨H̃j ∪ Γ̃j+1⟩. By construction Hj+1 ∩ ΓWi
is finite index in ΓWi

for 1 ≤
i ≤ j + 1. The virtual specialness of Hj+1 follows from Theorem 2.8.6 and the isomorphism

Hj+1
∼= H̃j∗LΓ̃j+1, where H̃j and Γ̃j+1 are virtually special (finite index subgroups of virtually

special groups), and L is quasiconvex in Hj+1 since both H̃j and Γ̃j+1 are quasiconvex
subgroups of Γ. The induction is then complete, so we define H := Hm.

Before ending the proof, and after possibly replacing H by a finite index subgroup, we
can assume that H does not intersect ϕ(T ). This is because H is virtually special, hence
residually finite, and ϕ(T ) is finite. This modification does not affect the expected properties
for H.

For 1 ≤ i ≤ m, let N i = H ∩ Γi, and define Ni := ϕ−1(N i) ∩ ΓWi
< ΓWi

. Note
that Ni is finite index in ΓWi

for each i, so Ni acts cocompactly on Wi, and by Lemma

2.7.8 (2) there is a finite set Ãi of representatives of double cosets NigNi with g /∈ Ni and

dẊ(gWi,Wi) ≤ 2R. We claim that ϕ(Ãi) ∩ N i = ∅ for each i. Indeed, let a ∈ Ãi, and
suppose first that a /∈ ΓWi

. In that case, a = g1bg2 for some b ∈ Ai and g1, g2 ∈ ΓWi
,

implying ϕ(a) = ϕ(g1)ϕ(b)ϕ(g2) /∈ Γi ⊃ N i since by construction ϕ(b) /∈ Γi. In the case
a ∈ ΓWi

, the conclusion follows from the definition of Ni. Proven our claim, the groups
N i are quasiconvex in H, hence separable by Theorem 2.8.3, and we can find finite index
subgroups Ĥi < H such that Ĥi∩Γi = N i and Ĥi∩ϕ(Ãi) = ∅ for all i. Note that the groups
Ĥi are quasiconvex in Γ and virtually special.

Now we construct K. For each 1 ≤ i ≤ m and each g ∈ ϕ(Ãi) we apply Theorem 3.5.5
to find a quotient homomorphism φg of Γ with φg(Ĥi) finite and φg(g) /∈ φg(Ĥi). Similarly,
for each g ∈ ϕ(T ) we construct a quotient homomorphism τg of Γ with τg(g) /∈ τg(H) and
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τg(H) finite.

Define K := ϕ−1
((⋂

g∈
⋃

i Ãi
kerφg

)
∩
(⋂

g∈T ker τg

))
⊴ Γ and X := K\Ẋ. Note that K

is disjoint from T , hence torsion-free, so X is a cube complex. Clearly Γ acts cocompactly on
X , so (1) holds, and by construction K ∩ΓW is finite index in ΓW for each wall W , implying
(2). Finally, if x, y ∈ NR(Wi) and k ∈ K are such that x = ky, then dẊ(kWi,Wi) ≤ 2R. So

if k /∈ Ki, there is some g ∈ Ãi with k = h1gh2 for some h1, h2 ∈ Ni. But this is impossible
since it would imply

φϕ(g)(ϕ(g)) = (φϕ(g) ◦ ϕ)(h−1
1 kh−1

2 ) = (φϕ(g) ◦ ϕ)(h−1
1 h−1

2 ) ∈ φϕ(g)(N i) ⊂ φϕ(g)(Ĥi).

Therefore, k ∈ Ni ⊂ ΓWi
and the map (K ∩ ΓWi

)\NR(Wi) → X is an embedding for all
1 ≤ i ≤ m. Property (3) then follows from the normality of K and by considering translates
of the Wi.

The point of working with Ẋ instead of X, is that for every wall W of Ẋ, the subgroup
ΓW does not exchange the sides of W . This allows us to find a Γ-equivariant co-orientation
on the walls of Ẋ, that is, a labelling W+ and W− for the half-spaces of each wall W of Ẋ,
such that (gW )± = g(W±) for any g ∈ Γ and for any wall W ⊂ Ẋ.

Let q : Ẋ → X denote the quotient map from Theorem 3.5.4. This map will send a
vertex x (resp. an edge e and wall W ) of Ẋ to a vertex x (resp. an edge e and wall W of
X ).

3.6 Coloring walls in X
We keep working with the notation of the previous section. Now we proceed to coloring the
walls of X , in the same way as in [Ago13, Sec. 5].

Definition 3.6.1. Let G(X ) be the simplicial graph with vertices the walls of X and with an
edge joining the walls W 1 and W 2 if and only dX (W 1,W 2) ≤ R, with dX being the induced
(locally CAT(0)) distance on X and R as in Theorem 3.5.4.

There is a natural action of Γ on G(X ), and since X is locally finite and with finite walls,
there are only finitely many Γ-orbits of vertices in G(X ). This implies that there exists some
k such that the degree of any vertex of G(X ) is bounded above by k, and also that Γ acts
cocompactly on G(X ).

Definition 3.6.2. A coloring of G(X ) is a map c : V (G(X )) → {1, . . . , k + 1} such that if
W 1,W 2 ∈ V (G(X )) are adjacent walls, then c(W 1) ̸= c(W 2). Let Ck+1(G(X )) denote the
set of colorings, which is non-empty since vertices of G(X ) have degree ≤ k.

The action of Γ on G(X ) induces an action on Ck+1(G(X )) via pullback g : c 7→ gc :=
c ◦ g−1 for each g ∈ Γ. We use this action to define several equivalence classes related to
Ck+1(G(X )), following the notation of [She21, Def. 6.2].



CHAPTER 3. CUBULATED RELATIVELY HYPERBOLIC GROUPS 75

1. If W is a wall of Ẋ, define the equivalence class [c]W of c ∈ Ck+1(G(X )) as

[c]W := {c′ ∈ Ck+1(G(X )) : c = c′ on the ball of radius c(W ) in G(X ) centered at W}.

2. If e is an edge of Ẋ dual to the wall W , then [c]e := [c]W for any c ∈ Ck+1(G(X )).

3. If x is a vertex of Ẋ we define [c]x :=
⋂
{[c]e : e incident to x}.

4. We also define equivalence classes on V (Ẋ) × Ck+1(G(X )) and E(Ẋ) × Ck+1(G(X ))
according to [e, c] := {e} × [c]e and [x, c] := {x} × [c]x.

There are natural actions of Γ on these sets of equivalence classes, given by g[e, c] := [ge, gc]
and g[x, c] := [gx, gc]. For each edge e, the class [−]e depends only on the colors of vertices
in some (k + 1)-ball of G(X ), so there are only finitely many equivalence classes [−]e, and
similarly for [−]x. Since there are finitely many Γ-orbits of edges and vertices in Ẋ, there
are only finitely many Γ-orbits of equivalence classes on E(Ẋ) × Ck+1(G(X )) and V (Ẋ) ×
Ck+1(G(X )).

3.7 Cubical polyhedra and the gluing construction

We continue with the notation from the previous two sections. In this section we introduce
the main construction used to prove Theorem 3.5.1. As in [She21, Sec. 7 & Sec. 8], we will
mainly work with the universal covers instead of the “cubical polyhedra” used in [Ago13], so
our notation will be similar to that from [She21]. Inductively, we will construct non-empty
sets Vk+1, . . . ,V0, where each Vj is a finite collection of triplets (Z,H, (cx)) satisfying:

• Z ⊂ Ẋ is a non-empty intersection of half-spaces (thus closed and convex);

• for each vertex x ∈ Z we have a coloring cx ∈ Ck+1(G(X )); and,

• H < Γ acts freely and cocompactly on Z, and chx = hcx for each h ∈ H and vertex
x ∈ Z.

The subset Z ⊂ Ẋ is not a subcomplex of Ẋ, but H also acts cocompactly on its cubical
neighborhood N (Z). Since Z is the intersection of half-spaces, the vertices inside Z span a
convex subcomplex. The cubical neighborhood of this subcomplex is, therefore, convex, and
also equals N (Z), so we have proven:

Lemma 3.7.1. N (Z) is a convex subcomplex of (Γ, Ẋ), hence a convex core for H.

We permit Vj to contain duplicates of some triplets, and sometimes we will write Z ∈ Vj
instead of (Z,H, (cx)) ∈ Vj, and also (Z,H, (cx);α) ∈ Vj to make explicit that there are
exactly α ∈ N duplicates of (Z,H, (cx)) in Vj.

Definition 3.7.2. We require each triplet (Z,H, (cx)) ∈ Vj to satisfy four conditions:
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1. If e ∈ E(Ẋ) joins vertices x, y ∈ Z ∈ Vj, then [e, cx] = [e, cy].

2. If e ∈ E(Ẋ) joins the vertices x ∈ Z ∈ Vj and y ∈ Ẋ, then y ∈ Z if and only if

cx(W (e)) > j.

3. If (Z,H, (cx)) ∈ Vj, then (H,N (Z)) ∈ CMVH, when H is endowed with the peripheral
structure induced from (Γ,P) (see Lemma 3.1.4).

4. For e ∈ E(Ẋ) with endpoints x+ ∈ W (e)+ and x− ∈ W (e)−, and c ∈ Ck+1(G(X )),
define

V±
j (e, c) := {(H · x, Z) : x ∈ Z ∈ Vj, and ∃g ∈ Γ s.t. gx = x±, [e, gcx] = [e, c]},

where duplicates of Z ∈ Vj are counted separately. The collection Vj must satisfy the
Gluing Equations

|V+
j (e, c)| = |V−

j (e, c)|

for any e ∈ E(Ẋ) and c ∈ Ck+1(G(X )).

Remark 3.7.3. By Property (1), for an edge e intersecting Z we can consider a coloring
ce ∈ Ck+1(G(X )) (in fact an equivalence class), such that if e is incident to x ∈ Z then
[e, ce] = [e, cx].

Let us see how the existence of V0 implies Theorem 3.5.1. Consider an arbitrary triplet
(Z,H, (cx)) in V0. By conditions (1)-(2) of V0, any vertex of Ẋ is contained in Z, and
since Z is intersection of half-spaces, we must have N (Z) = Z = Ẋ. But then H < Γ
acts cocompactly on Ẋ, implying that H is of finite index in Γ. Condition (3) implies that
(H, Ẋ) ∈ CMVH, so (Γ, Ẋ) also belongs to CMVH.

The rest of the chapter concerns the inductive construction of the sequence Vk+1,Vk, . . . ,V0.
In the hyperbolic case, the existence of Vk+1 was given by Agol by means of an ingenious
argument regarding invariant measures on G(X ) [Ago13, Sec. 7] (see also [She21, Lem. 7.1]).
Definition 3.7.2 (3) differs from that in [She21] since it uses CMVH rather than QVH, but
the proof of [She21, Lem. 7.1] still applies to CMVH since the groups H used there are
finite. Therefore we obtain:

Proposition 3.7.4. There exists Vk+1 satisfying all the conditions (1)-(4) of Definition
3.7.2.

In the next sections, we will need to modify our collections Vj, and for that, we will use
the following lemma.

Lemma 3.7.5. Let Vj consist of the weighted triplets (Z,H, (cx));αZ) and for each Z
consider a finite index normal subgroup H0 ⊴ H of index iZ. Then after replacing each
(Z,H, (cx);αZ) by (Z,H0, (cx); (

∏
Z′ ̸=Z iZ′)αZ), the collection Vj still satisfies properties (1)-

(4).
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Proof. Properties (1) and (2) are immediate. To verify (4), let e be an edge of Ẋ, c ∈
Ck+1(G(X )) be a coloring, and let Ṽ±

j (e, c) be the set of pairs (H0 ·x, Z) such that (H ·x, Z) is
in V±

j (e, c). The contribution of a triplet (Z,H0, (cx)) to Ṽ±
j (e, c) is iZ times the contribution

of a triplet (Z,H, (cx)) to V±
j (e, c). Let C̃

±
Z and C±

Z denote these contributions, respectively.
Then if we choose α̃Z :=

∏
Z′ ̸=Z iZ′αZ , we have

∣∣∣Ṽ+
j (e, c)

∣∣∣ =∑
Z

α̃ZC̃
+
Z =

(∏
Z

iZ

)∑
Z

αZC
+
Z =

(∏
Z

iZ

)∑
Z

αZC
−
Z =

∑
Z

α̃ZC̃
−
Z =

∣∣∣Ṽ −
j (e, c)

∣∣∣ ,
so the gluing equations are also satisfied by the modified Vj. Finally, property (3) follows
from the lemma below that will also be used in Section 3.9.

Lemma 3.7.6. If (H, Y ) ∈ CMVH and H0 ⊴ H is a finite index normal subgroup, then
(H0, Y ) ∈ CMVH.

Proof. The lemma follows by induction on the minimal number of operations (1)− (3) used
in a description of (H,Y ) as a group in CMVH, after noting that finite index subgroups
of convex subgroups are convex, and that if (H,Y ) splits as a graph of groups satisfying
the properties of condition (3) in Definition 3.4.4, then the induced splitting of (H0, Y ) also
satisfies (3) when H0 is considered with the induced peripheral structure, see e.g. [AGM16,
Prop. 3.18].

Definition 3.7.7. Any change of Vj by first considering finite index subgroups H0 ⊴ H for
each (Z,H, (cx)) and then duplicating the triplets (Z,H0, (cx)) as in the previous lemma will
be called a virtual modification of Vj.

3.8 Boundary walls and graphs of groups

We keep the notation from the previous sections. We assume the existence of a collection
Vj as in Definition 3.7.2, and in this section we consider (Z,H, (cx)) ∈ Vj. We will introduce
the main definitions that will be used in Section 3.9 to construct Vj−1 from Vj.

Definition 3.8.1. A boundary wall of Z is a wall W dual to an edge e crossing out of Z.
By property (2) of Definition 3.7.2 and Remark 3.7.3, W is a boundary wall if and only if
W = W (e) for an edge e intersecting Z and ce(W (e)) ≤ j.

The next lemma is implicit in [Ago13, p. 1062] and is stated as the Zipping Lemma in
[She21, Lem. 8.4].

Lemma 3.8.2. If W = W (e1) = W (e2) is a boundary wall of Z with e1, e2 edges crossing
out of Z, then [ce1 ]W = [ce2 ]W .

Remark 3.8.3. By the lemma above, the color ce(W ) is independent of the choice of e, and
should be thought of as the color of the boundary wall W .
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Definition 3.8.4. Let W be a boundary wall of Z with color j in the sense of the previous
remark. We say that W is a j-boundary wall of Z, and that P (W ) := W ∩ Z is the portal
of W leading to Z. If an edge e dual to W crosses out of Z, then we say that e is dual to
P (W ).

The next lemmas are from [She21].

Lemma 3.8.5 ([She21, Lem. 8.6]). A vertex in Z ∈ Vj cannot be incident to distinct edges
dual to j-boundary walls.

Definition 3.8.6. For a wallW in X and c ∈ Ck+1(G(X )), let B(W, c) := W ∩c−1([1, j]) be
the intersection of W with other walls in X colored ≤ j by c (j is fixed in this section). We
define W split along c by W − c := W −B(W, c), and for a vertex x in W , we let (W − c)(x)
denote the component of W − c containing x.

Lemma 3.8.7 ([She21, Lem. 8.10]). Let W be a j-boundary wall with portal P = Z∩W and
let e be an edge dual to P with midpoint x0. Let P̊ denote the interior of P as a subspace of
W . Then the following holds.

1. The quotient map q : Ẋ → X restricts to a universal covering map

q|P̊ : P̊ → (W − ce)(x0).

2. (W − ce)(x0) = (W − c)(x) for any other vertex x ∈ P of W and any c ∈ [ce]W .

3. The group of deck transformations of q|P̊ is KP := {g ∈ K : gx0 ∈ P} = StabK(P )
(where K is from Theorem 3.5.4), hence KP acts cocompactly on P .

If P is a portal leading to (Z,H, (cx)), let HP denote its setwise stabilizer in H. Suppose
P lies in the wall W and let x ∈ P and h ∈ H be such that hx ∈ P . If x′ is the vertex
closest to x in P , then x′ is the midpoint of the edge e dual to P with he also dual to
P ⊂ W , implying hx′ ∈ P , hW = W , and hP = h(Z ∩W ) = Z ∩W = P . We conclude
that h ∈ HP , so the map HP\P → H\Z is an embedding, and also that HP acts properly
and cocompactly on P because H\Z is compact.

This last observation and properness of the action of Γ on Ẋ, together with the previous
two lemmas, imply that HP ∩K is finite index in HP for any portal P leading to (Z,H, (cx)).
Thus we can use Lemma 3.7.5 to modify our set Vj.

Corollary 3.8.8. We can virtually modify Vj (in the sense of Lemma 3.7.5) so that HP < K
for any portal P leading to Z.

Proof. Let P1, . . . , Pk be a set of representatives of H-orbits for portals of Z, and note that
by Lemma 3.7.5 it is enough to replace H by a finite index normal subgroup H0 ⊴ H such
that H0 ∩ HPi

∩ K = H0 ∩ HPi
for each i. But each HPi

∩ K is finite index in HPi
, so we

just need each subgroup HPi
∩K to be separable in H, which is true by Theorems 2.8.3 and

3.4.5 since (H,N (Z)) ∈ CMVH and all the subgroups HPi
∩ K are convex in (H,N (Z))

(they preserve the convex subcomplexes N (Pi) ∩N (Z) respectively).
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Definition 3.8.9. We say that two portals P and P ′ leading to (Z,H, (cx)), (Z
′, H ′, (c′x)) ∈

Vj respectively are compatible if there are edges e and e′ dual to P and P ′ respectively such
that [e, ce] ∈ Γ · [e′, c′e′ ].

Let P and P ′ be compatible portals as above, say lying in walls W and W ′. Take g ∈ Γ
and edges e and e′ dual to P and P ′ such that [e, ce] = g[e′, c′e′ ], and let x0 and x′0 be the
midpoints of e and e′. We have e = ge′, W = gW ′ and x0 = gx′0. At the level of X the
action of g translates to

g(W
′ − c′e′)(x

′
0) = (W − gc′e′)(x0) = (W − ce)(x0)

where we used Lemma 3.8.7 (2) and the fact that [ce]W = [gc′e′ ]W .

Since q restricts to coverings for P̊ and P̊ ′, we deduce that g restricts to a cube isomor-
phism P ′ → P which is equivariant with respect to the group isomorphism KP ′ → KP ; k 7→
gkg−1. This induces an isomorphism KP ′\P ′ ∼−→ KP\P .

Compatibility of portals can be described in terms of the following lemma.

Lemma 3.8.10 ([She21, Lem. 9.2]). Portals P and P ′ leading to (Z,H, (cx)), (Z
′, H ′, (c′x)) ∈

Vj are compatible if and only if there exists g ∈ Γ such that

{[e, ce] : e is dual to P} = g{[e′, c′e′ ] : e′ is dual to P ′}.

In particular, compatibility of portals is an equivalence relation.

Following the notation from [She21], in the case of P, P ′ and g as above we say that P is
a g-teleport of P ′.

3.8.1 The graph of groups (A,A)

As we saw previously, compatible portals P and P ′ leading to (Z,H, (cx)), (Z
′, H ′, (c′x)) ∈ Vj

are isomorphic and induce an isomorphismKP ′\P ′ → KP\P . However, we would like to glue
H ′\Z ′ and H\Z along H ′

P ′\P ′ and HP\P , which are only isomorphic up to a finite-sheeted
cover by Corollary 3.8.8. If we want isomorphisms g : H ′

P ′\P ′ → HP\P we need to virtually
modify Vj again, and for that, we will construct a graph of groups.

Definition 3.8.11. Let (A,A) be the finite bipartite (and possibly disconnected) graph of
groups defined as follows.

• Type I vertices of A are triplets (Z,H, (cx)) ∈ Vj with corresponding vertex group H.
Here repeated triplets are counted separately.

• Type II vertices of A are portals {Pi} forming a complete set of representatives for the
compatibility classes of portals, with corresponding vertex groups KPi

.
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• Edges attached to the Type I vertex (Z,H, (cx)) will be portals P leading to (Z,H, (cx)) ∈
Vj, such that we choose just one P from each H-orbit of portals (repeated triplets will
have the same conjugacy representatives). The edge P will be attached to the Type II
vertex in its compatibility class of portals, and its edge group will be HP .

For a portal P leading to (Z,H, (cx)), the injection of the edge group HP into its type
I vertex group is just the inclusion HP ↪→ H, while the map into a type II vertex group is

the composition HP ↪→ KP
g(−)g−1

−−−−→ KPi
, where g ∈ Γ is so that Pi is a g-teleport of P (for

the case g : Pi → Pi we take g = 1, and same portals corresponding to repeated triplets will
have the same choice of g).

The next proposition may be thought of as a relative version of the acylindricity of the
graph of groups A proven in the absolute case (cf. [Ago13, p. 1063] and [She21, Lem. 8.8]).
The proof is practically the same, the only difference is that we require Proposition 2.7.9.

Proposition 3.8.12. If (Z,H, (cx)) is a type I vertex group of (A,A), then the collection

{HP : P is an edge attached to Z}

is relatively malnormal in H. That is, if P1 and P2 are edges attached to Z and h ∈ H is so
that HP1 ∩Hh

P2
contains a loxodromic element, then P1 = P2 and h ∈ HP1.

Proof. Assume λ ∈ HP1 ∩HP2 is a loxodromic element, in which case we claim that P1 = P2.
If W1 and W2 are the walls containing P1 and P2 respectively, then it is enough to prove that
W1 = W2, since that implies P1 = Z ∩W1 = Z ∩W2 = P2.

The element λ acts freely on P1 and P2, so it acts loxodromically on them, and there exist
axes γi ⊂ Pi ⊂ Wi in which λ acts by non-trivial translation. These axes are asymptotic in Z,
thus γ1 and γ2 bound a flat strip in Z of width r ≥ 0. Since λ is loxodromic, by Proposition
2.7.9 we have r ≤ δ. Let us assume W1 ̸= W2, so that W 1 ̸= W 2 and dX (W 1,W 2) ≤ δ ≤ R
(by Assumption 3.5.2), and get a contradiction by showing that W 1 and W 2 are colored
equal by some coloring.

If p is any point in P1, then it is contained in a cube C of Ẋ and we can find a vertex x ∈ Z
incident to an edge dual to P1, with dẊ(p, x) ≤ 1

2

√
dimC ≤ 1

2

√
dimX. The same is true for

P2, so there are vertices x1, x2 ∈ Z with each xi being incident to an edge dual to Pi so that
the geodesic segment α joining x1 and x2 has length at most δ +

√
dimX. By considering

the sequence of cubes that α travels through, we can find an edge path β in Z from x1 to x2
with β ⊂ N√

dimX(α). Let e1, . . . , es be the edges of β, and x1 = y1, y2, . . . , ys+1 = x2 be their

vertices, with ei joining yi and yi+1. Since R ≥ δ+2
√
dimX (by Assumption 3.5.2) we have

dX (W (ei),W 1) ≤ dẊ(W (ei),W1) ≤ R for all 1 ≤ i ≤ s, and so W (ei) and W 1 are adjacent
vertices in G(X ). For each 1 ≤ i ≤ s, from property (1) of Vj we deduce [cyi ]ei = [cyi+1

]ei , so
cyi(W 1) = cyi+1

(W 1) and hence cx1(W 1) = cx2(W 1) = j, because W1 and W2 are j-boundary
walls. Thus cx2 is a coloring with cx2(W 1) = cx2(W 2), contradicting W1 ̸= W2.

To finish the proposition, let P1 and P2 be edges attached to (Z,H, (cx)) and h ∈ H be
such that HP2 ∩Hh

P2
= HP1 ∩Hh

P2
contains a loxodromic. By our previous claim, we obtain
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P1 = hP2, and since different edges correspond to distinct representatives of H-orbits of
portals we must have P1 = P2, implying h ∈ HP1 .

Definition 3.8.13. Let G = Gc be the fundamental group of a connected component
(Ac,Ac) of (A,A) with respect to some vertex w0 of Ac, and fix a maximal subtree T of
Ac containing w0 that fixes inclusions of the edge/vertex groups of (Ac,Ac) into G.

Proposition 3.8.14. Let Γe0 be an edge group of (Ac,Ac) attached to the type II vertex
group Γv0, and let a ∈ Γv0\Γe0 ⊂ G. Then there exists a finite index subgroup Ġe0,a < G
containing Γe0 with a /∈ Ġe0,a.

Proof. The proof is almost the same as the one given for Proposition 3.4.7, so we just give
a sketch of it. Recall that by Lemma 3.1.5, each vertex/edge group is convex and strongly
peripherally separable in Γ, so by several applications of Proposition 3.3.19 we can find finite
index subgroups Ṗj < Pj such that the filling ϕ : Γ → Γ = Γ(N = {Ṗ1, . . . , Ṗn}) satisfies:

• Γv := ϕ(Γv) is hyperbolic and virtually special, and isomorphic to the image of the
induced filling ϕv : Γv → Γv(Nv) for any vertex v of Ac (images of type II vertex
groups will be virtually special because every type II vertex is a finite index extension
of an edge group, which is virtually special by Theorem 3.4.5, Corollary 3.2.2 and our
inductive assumption, see the beginning of Section 3.5).

• The image Γe := ϕ(Γe) of the edge group Γe of (Ac,Ac) with terminal vertex of type I
is naturally isomorphic to the image of the filling ϕe : Γe → Γe(Ne) induced by both ϕ
and ϕt(e) (that is, kerϕe = kerϕt(e) ∩ Γe = kerϕ ∩ Γe).

• The collection of images under ϕ of groups in {Γe : e attached to v} is almost malnor-
mal in Γv for any type I vertex v of Ac.

• ϕ(a) /∈ Γe0 .

We then consider the graph of groups (Ac,Ac) with the same underlying graph Ac, and
Ac assigning the group Γx to each vertex/edge x of Ac, and with attaching maps induced
by ϕ and the attaching maps of (Ac,Ac) (every attaching map of (Ac,Ac) is composition
of inclusions and conjugations in Γ). Let G = π1(Ac,Ac, w0) and choose embeddings of
edge/vertex groups according to the same maximal subtree T of Ac.

The homomorphism ϕ restricted to each edge/vertex group induces a homomorphism
Φ : G → G such that Φ(x) = ϕv(x) for any vertex v of Ac and for any x ∈ Γv, and since
the splitting (Ac,Ac) of G satisfies the assumptions of Lemma 3.4.9 (2), G is hyperbolic and
Γe0 is quasiconvex in G. Then Theorem 2.8.6 implies that G is virtually special, and since
Φ(a) = ϕ(a) /∈ Γe0 = Φ(Γe0), Theorem 2.8.3 gives us the separability of Φ(Γe0) in G, and
hence the existence of Ġa,e0 .
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Corollary 3.8.15. There exists a finite index subgroup Nc ⊴ Gc such that if Γe < Gc is an
edge group attached to (and hence contained in) the type II vertex group Γv < Gc, then

Γe ∩ Nc = Γv ∩ Nc. (3.7)

Proof. Recall that an edge group Γe is finite index in the type II vertex group Γv it is
attached to. So, for each edge e let Se ⊂ Γv\Γe be any finite set of representatives of
non-trivial left cosets of Γe in Γv. By Proposition 3.8.14, for each a ∈ Se there is a finite
index subgroup Ġa,e0 < Gc separating Γe from a, and so the intersection of the finitely many
conjugates of Ġa,e0 in Gc is a finite index normal subgroup, that we denote Ne,a. The group
N :=

⋂
e∈E(Ac)

⋂
a∈Sv

Ne,a then satisfies the required identities from (3.7).

3.9 Constructing Vj−1 from Vj
In this section we continue with the notation from the previous sections. Our goal is the
construction of Vj−1 from Vj, which implies Theorem 3.5.1.

Let (Ac,Ac) be a component of the graph of groups (A,A) with fundamental group Gc,
as in Definition 3.8.11, and let Nc ⊴ Gc be given by Corollary 3.8.15. For each type I vertex
group H of (Ac,Ac), define Ĥ := Nc ∩ H ⊴ H and see these groups as subgroups of Γ.
After doing this for each connected component (Ac,Ac) of (A,A) we obtain a finite index
subgroup of H for each (Z,H, (cx)) ∈ Vj and so Lemma 3.7.5 gives us a virtual modification

V̂j of Vj with triplets (Z, Ĥ, (cx)).

We will use V̂j to construct a (possibly disconnected) graph of spaces (S,S). As before,
let {Pi} be the set of type II vertices of A, and for each (Z, Ĥ, (cx)) ∈ V̂j choose a set BZ
of representatives of portals leading to Z, with exactly one portal P for each Ĥ-orbit of
translates of portals (with same representatives for repeated triplets). Set B :=

⊔
Z∈V̂j

BZ ,
and choose the representatives of portals in such a way that each edge of A lies in B.

As in [She21, Def. 9.11], the size of an edge P of A is defined by

sz(P ) := |{HP · e : e is an edge dual to P}|,

where P leads to (Z,H, (cx)) ∈ Vj. Similarly, for P ∈ B leading to (Z, Ĥ, (cx)) ∈ V̂j, define
the size of P as

ŝz(P ) := |{ĤP · e : e is an edge dual to P}|,

where ĤP := Ĥ ∩ HP is the stabilizer of P in Ĥ. Note that ŝz(P ) = |HP : ĤP | · sz(P ) for
any edge P of A attached to (Z,H, (cx)). Also, by equation (3.7), ŝz(P ) = ŝz(P ′) whenever
P, P ′ ∈ B are compatible portals.

If P is a portal leading to Z and contained in the wall W , with Z in either Vj or V̂j,
and Pi is a g-teleport of P contained in the wall Wi that is a type II vertex group of A,
we say that P is a P+

i -portal if gZ ∩ W+
i ̸= ∅, and a P−

i -portal if gZ ∩ W−
i ̸= ∅. For

Z ∈ Vj define AZ(Pi,±) as the set of P±
i -portals P leading to Z which are an edge of A, and
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let A(Pi,±) :=
⊔
Z∈Vj

AZ(Pi,±). The sets BZ(Pi,±) for Z ∈ V̂j and B(Pi,±) are defined
similarly.

Before defining (S,S) we need some combinatorial results.

Lemma 3.9.1 ([She21, Lem. 9.13]). If Pi is a type II vertex of A then∑
P∈A(Pi,+)

sz(P ) =
∑

P∈A(Pi,−)

sz(P ).

Corollary 3.9.2. For each type II vertex Pi of A, the number of P+
i -portals P in B equals

the number of P−
i -portals P in B.

Proof. Let s := ŝz(P ) be the size of any portal P in B compatible with Pi. From the proof
of Lemma 3.7.5, it follows that there exists a positive integer d such that for each triplet
(Z,H, (cx)) ∈ Vj there are d/|H : Ĥ| triplets of (Z, Ĥ, (cx)) in V̂j. Also, if P is any portal

leading to (Z,H, (cx)), then the set ofH-orbits of P is the disjoint union of |H : Ĥ|/|HP : ĤP |
Ĥ-orbits of translates of portals. With this in mind we have

∑
P∈B(Pi,+)

1 =
∑
Z∈V̂j

∑
P∈BZ(Pi,+)

1 =
∑

(Z,H,(cx))∈Vj

d

|H : Ĥ|

 ∑
P∈BZ(Pi,+)

1


=

∑
(Z,H,(cx))∈Vj

d

|H : Ĥ|

 ∑
P∈AZ(Pi,+)

|H : Ĥ|
|HP : ĤP |


=
d

s

∑
(Z,H,(cx))∈Vj

 ∑
P∈AZ(Pi,+)

ŝz(P )

|HP : ĤP |


=
d

s

∑
(Z,H,(cx))∈Vj

 ∑
P∈AZ(Pi,+)

sz(P )


=
d

s

∑
P∈A(Pi,+)

sz(P ).

The same is true for the P−
i -portals, and so the conclusion follows by Lemma 3.9.1.

Definition 3.9.3. Let (S,S) be the graph of spaces defined as follows.

• The vertices of S will be the triplets (Z, Ĥ, (cx)) ∈ V̂j, with corresponding vertex spaces

Ĥ\Z.

• If Pi is a type II vertex of A, by Corollary 3.9.2 there exists a perfect matching between
B(Pi,+) and B(Pi,−). If p := (P, P ′) is an oriented pair given by this matching with
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P and P ′ leading to (Z, Ĥ, (cx)) and (Z ′, Ĥ ′, (c′x)) respectively, then P is a gp-teleport
of P ′ for some fixed gp ∈ Γ, and there are embeddings

Ĥ ′
P\P

′ ↪→ Ĥ ′\Z ′, and Ĥ ′
P ′\P ′ gp−→ ĤP\P ↪→ Ĥ\Z, (3.8)

where Ĥ ′
P ′\P ′ gp−→ ĤP\P is an isomorphism for gP chosen appropriately, due to Corol-

lary 3.8.15.

• The edges of S are oriented pairings p := (ĤP , Ĥ
′
P ′) attached to Z and Z ′ as above,

with edge spaces Ĥ ′
P ′\P ′ and attaching maps given by (3.8). For the reverse pairing

p = (P ′, P ), the attaching maps are constructed in the same way with gp = g−1
p .

Consider a component (Sc,Sc) of (S,S), with underlying space Tc obtained by gluing

vertex spaces along images of attaching maps. We want to construct an embedding T̃c ↪→ Ẋ
of the universal cover of Tc into Ẋ.

First of all, fix a base-point x ∈ Z for each (Z, Ĥ, (cx)) ∈ V̂j. If Ĥ\Z and Ĥ ′\Z ′ are
vertex spaces joined by the oriented edge p = (P, P ′) then, up to homotopy, there exists a
unique path αp in Z ∪ gpZ ′ from x to gpx (this is because Z ∪ gpZ ′ is simply-connected). Let

βp be the projection of αp into Tc via Z → Ĥ\Z and Z ′ → Ĥ ′\Z ′. We can choose our paths

so that βp is the reverse path of βp. Also, for each (Z, Ĥ, (cx)) and h ∈ Ĥ let γh be a loop

in Ĥ\Z lifting to a path from x to hx.
Fix a base vertex (Z0, Ĥ0, (cx)0) of Sc, and for edges p1, . . . , pn in Sc forming a path

through vertex spaces
Ĥ0\Z0

p1−→ Ĥ1\Z1
p2−→ . . .

pn−→ Ĥn\Zn,

and hi ∈ Ĥi for i = 0, 1, . . . , n, consider the concatenation

γ = γh0 · βp1 · γhn−1 · · · βpn · γhn , (3.9)

which gives a path in Tc. Note that every path in Tc between (projections of) base-points of
vertex spaces and starting in Ĥ0\Z0 is homotopic to a path of this form. For each such γ,
we define

g(γ) = h0gp1h1 · · · gpnhn,

and we take T̃c ⊂ Ẋ to be the union of all the possible Γ-translates g(γ)Zn. The covering

map µ : T̃c → Tc restricts to g(γ)Zn by

µ : g(γ)Zn
g(γ)−1

−−−−→ Zn → Ĥn\Zn → Tc.

Lemma 3.9.4 ([She21, Lem. 9.17 & Lem. 9.20]). µ : T̃c → Tc is a universal covering map

and T̃c ⊂ Ẋ is a non-empty intersection of half-spaces.
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For a loop γ as in (3.9) and g(β)Z in T̃c, we have that g(γ)g(β) = g(γ · β), hence

g(γ)g(β)Z = g(γ · β)Z ⊂ T̃c. This holds for all translates g(β)Z in T̃c, thus g(γ)T̃c = T̃c and
µ ◦ g(γ) = µ.

Define
H(Tc) := {g(γ) : γ is a loop of form (3.9)} < Γ.

Since g(γ)g(β) = g(γ · β) for any loop γ and path β, H(Tc) is a subgroup of Γ preserving

T̃c. Moreover, µ ◦ g(γ) = µ for every g(γ) ∈ H(Tc), so H(Tc) is a subgroup of the group
of Deck transformations of µ. In addition, by construction the orbit of the base-point x0
of Z0 is H(Tc) · x0 = µ−1(µ(x0)), implying that H(Tc) ∼= π1(Tc) is the full group of Deck

transformations of µ, and hence it acts freely and cocompactly on T̃c.
Finally, if x ∈ Z is any vertex with (Z, Ĥ, (cx)) ∈ V̂j and γ is as in (3.9), then we endow

g(γ)x with the coloring cTcg(γ)x := g(γ)cx. It is evident that H(Tc) preserves these colorings.

Definition 3.9.5. Let Vj−1 consist of the set of triplets (T̃c, H(Tc), (cTcx )), with one triplet
for each underlying space Tc for a component (Sc,Sc) of (S,S).

The next proposition is our last step in the proof of Theorem 3.5.1.

Proposition 3.9.6. Vj−1 satisfies all the desires properties (1)-(4) of Definition 3.7.2.

Proof. For properties (1) and (2), the proof is the same as in [She21, p. 34] so it will be
omitted.

To show property (3), we first note that by Lemma 3.1.4 each subgroup H(Tc) is convex
in Γ with convex core N (T̃c), so it is also hyperbolic relative to compatible virtually special
subgroups by Lemma 3.7.1. In addition, since any edge space embedding into a vertex
space of (Sc,Sc) is π1-injective, by Van Kampen’s theorem there is an induced splitting
(Sc,Uc) of H(Tc) ∼= π1(Tc) with vertex groups Ĥ for (Z, Ĥ, (cx)) ∈ V̂j, and with edge groups

of the form ĤP
∼= Ĥ ′

P ′ for each edge p = (P, P ′) with P, P ′ leading to (Z, Ĥ, (cx)) and

(Z ′, Ĥ ′, (c′x)) respectively. By Assumption 3.5.2 and Lemma 3.7.6, each cubulated vertex
group (Ĥ,N (Z)) of (Sc,Uc) is in CMVH, and by construction N (Z) is the Γ-translate of

a convex subcomplex of N (T̃c). The same is true for the embedding of an edge group into
H(Tc) since it acts cocompactly on a translate of the cubical neighborhood N (P ) of a portal

P , which is a convex subcomplex of N (T̃c). This implies that each vertex/edge group is

convex in (H(Tc),N (T̃c)). Finally, note that the conclusion of Proposition 3.8.12 holds also
for vertex groups in (Sc,Uc), and hence the collection of embeddings of edge groups into a

vertex group of (Sc,Uc) is relatively malnormal. Therefore (H(Tc),N (T̃c)) ∈ CMVH.
For property (4), note that since each Tc is obtained by gluing quotients Ĥ\Z for

(Z, Ĥ, (cx)) ∈ V̂j with each triplet being used in exactly one component Tc (repeated
triplets are counted separately), there is a canonical bijection Λ from the set of vertices
of
⊔

(Z,Ĥ,(cx))∈V̂j
Ĥ\Z onto the set of vertices of

⋃
c Tc, where c runs among the components

of (S,S) (here, by vertex we mean an image of a vertex of Ẋ contained in some Z). Also,
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any vertex of some T̃c takes the form x̃ = g(γ)x for some path γ as in (3.9) and some ver-
tex x ∈ (Z, Ĥ, (cx)) ∈ V̂j. Since by definition cTcx̃ = g(γ)cx, Λ restricts to a bijection from
V±
j (e, c) onto V±

j−1(e, c) for any equivalence class [e, c] with e an edge and c a coloring. Since
Vj satisfies the gluing equations, Vj−1 also does.
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Chapter 4

The space of metric structures on
hyperbolic groups

Let Γ be a non-elementary hyperbolic group. If Γ is either a surface group or a free group,
there are contractible spaces parametrizing nice geometric structures on Γ, namely the Te-
ichmüller space TΓ and the Culler-Vogtmann outer space C VΓ, respectively. These spaces
have been fundamental tools for understanding surface and free groups, as well as their
outer automorphisms groups. However, for a general hyperbolic group, there are no analogs
of these constructions, unless the group satisfies very strong topological/geometric/algebraic
assumptions. In general, these assumptions do not hold, so one might wonder to what extent
significant deformation spaces exist for arbitrary hyperbolic groups.

The goal of this chapter is to study a deformation space that is valid for any non-
elementary hyperbolic group Γ. We study the space of metric structures DΓ, which param-
eterizes the geometric actions of Γ on Gromov hyperbolic spaces. This space is equipped
with a natural metric, so that DΓ contains embedded copies of Teichmüller space for Γ a
surface group (indeed, copies of quasi-Fuchsian space and all Hitchin components) and of
outer space when Γ is a free group.

In Section 4.1 we study the class DΓ of pseudo metrics on Γ and introduce Manhattan
curves, which are our main tool to analyze these pseudo metrics. We push this analysis
further in Section 4.2, where we introduce the larger class Dhf

Γ of hyperbolic distance-like
functions. Our main result there is Theorem 4.2.14, which relates optimal quasi-isometry
constants for hyperbolic distance-like functions and their marked length spectra. The space of
metric structures is defined in Section 4.3, as well as its metric. There we also explain various
ways to describe metric structures and discuss many constructions inducing subspaces of DΓ.
In Section 4.4 we prove some topological and metric properties about DΓ. In particular, we
prove Theorem 1.2.4 (now Propositions 4.4.1, 4.4.3 and 4.4.13), Theorem 1.2.6 (now Theorem
4.4.22), Theorem 1.2.7 (now Theorems 4.4.29 and 4.4.30), and Theorem 1.2.9 (now Theorems
4.4.4 and 4.4.16). Continuity properties of functions associated to DΓ are studied in Section
4.5, where we prove Theorem 1.2.8 (now Theorem 4.5.1). In Section 4.6 we discuss the
Manhattan boundary by introducing the class DΓ, also consisting of pseudo metrics on Γ, and
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interpreting it as limits at infinity of Manhattan geodesics. Many examples of points in this
boundary are presented in Section 4.7, where we prove Theorem 1.2.12 (now Corollaries 4.7.7
and 4.7.13, and Propositions 4.7.17 and 4.7.18). Finally, Section 4.8 studies the extension of
the marked length spectrum of pseudo metrics in DΓ to the space of geodesic currents, and
we use this to prove Theorem 1.2.13 (now Theorem 4.8.4). Most of the results of Section
4.3, Subsections 4.4.1, 4.4.4 and 4.4.5, and Section 4.5 are part of the paper [Ore23], whereas
Section 4.2, Subsections 4.4.2 and 4.4.3, and Sections 4.6, 4.7 and 4.8 are included in the
preprint [CR22], joint work with Stephen Cantrell.

Unless otherwise explicit, throughout this chapter Γ will denote a non-elementary hyper-
bolic group.

4.1 Hyperbolic pseudo metrics on Γ

In this section we discuss the space DΓ consisting of well-behaved pseudo metrics on Γ. To
understand this space from a global perspective, one of our main tools will be the Manhattan
curves, which we also introduce.

4.1.1 The class DΓ

We start this subsection by recalling the definition of the set DΓ given in the Introduction.

Definition 4.1.1. DΓ is the set of all the left-invariant pseudo metrics on Γ that are hy-
perbolic and quasi-isometric to a word metric for a finite, symmetric generating subset of
Γ.

Remark 4.1.2. In the definition above, all the assumptions for pseudo metrics in DΓ are
necessary. Indeed, as long as Γ is infinite, for any d ∈ DΓ the new pseudo metric

d′(x, y) := d(x, y) + log(1 + d(x, y))

is left-invariant and quasi-isometric to d, but it is not hyperbolic [BHM11, Sec. A.4].

Remark 4.1.3. For any pseudo metric d in DΓ and x, y ∈ Γ, we have d(x, y) = d(y−1x, o) ≥
ℓd[y

−1x]. Since ℓd[y
−1x] > 0 when y−1x is non-torsion, we deduce that the subgroup {x ∈

Γ : d(o, x) = 0} is torsion [BH99, Cor. III.Γ.3.10], hence it is finite. In particular, if Γ is
torsion-free, then any pseudo metric in DΓ is a genuine metric.

Natural examples of pseudo metrics in DΓ are word metrics with respect to finite and
symmetric generating sets. More generally, if Γ acts geometrically on the geodesic metric
space (X, d), then for any w ∈ X the orbit pseudo metric dwX belongs to DΓ. This follows
from the Milnor-Schwarz Lemma 2.2.2 and Corollary 2.3.9. Less obvious examples can be
constructed from random walks on Γ.



CHAPTER 4. METRIC STRUCTURES ON HYPERBOLIC GROUPS 89

Example 4.1.4 (Green metrics). Let λ be a probability measure on Γ, and assume that the
support of λ is finite and generates Γ, and that λ(x) = λ(x−1) for all x ∈ Γ (under these
assumptions we say that λ is admissible). Then we consider the random walk (Zn)n≥0 on Γ
with transition probabilities given by λ. That is, P(Zn+1 = Znx) = λ(x) for all x ∈ Γ. From
this data, the Green metric on Γ is defined according to

dλ(x, y) := − logP(∃n s.t. xZn = y)

for x, y ∈ Γ. If λ is admissible, Blachère, Häıssinsky and Mathieu proved that dλ ∈ DΓ

[BHM11, Coro. 1.2].

We will see more examples of pseudo metrics belonging to DΓ in Subsection 4.2.1. Since
all the pseudo metrics belonging to DΓ are quasi-isometric to each other, their marked length
spectra can be uniformly compared among infinite order elements (recall Definition 2.2.3).
Therefore, the next definition makes sense, following [CT21].

Definition 4.1.5. Given two pseudo metrics d, d∗ ∈ DΓ, we define its (positive) dilation by
the formula

Dil(d, d∗) := sup
[x]∈conj′

ℓd[x]

ℓd∗ [x]
∈ (0,∞), (4.1)

Recall that conj′ = conj′Γ is the set of all the conjugacy classes of infinite order elements
of Γ. The dilation satisfies

Dil(d, d∗∗) ≤ Dil(d, d∗)Dil(d∗, d∗∗) for all d, d∗, d∗∗ ∈ DΓ.

4.1.2 Manhattan curves

In this subsection we discuss the Manhattan curves, which are primordial tools for our study
of pseudo metrics in DΓ. These curves were first introduced by Burger for the displacement
functions associated to isometric actions on rank-1 symmetric spaces [Bur93]. In our setting,
the main references are the works of Cantrell and Tanaka [CT22; CT21].

Definition 4.1.6. Consider two pseudo metrics d, d∗ ∈ DΓ. TheManhattan curve associated
to the pair d, d∗ is the boundary of the convex set

CMd∗/d =

{
(a, b) ∈ R2 :

∑
x∈Γ

e−ad∗(o,x)−bd(o,x) <∞

}
.

Convexity of CMd∗/d follows from Hölder’s inequality. The Manhattan curve for d, d∗ can be
parameterized using a function θd∗/d : R → R which is defined in the following way. For each
t ∈ R let θd∗/d(t) be the critical exponent of

s 7→
∑
x∈Γ

e−td∗(o,x)−sd(o,x). (4.2)

By abuse of notation, we will also call θd∗/d the Manhattan curve for d, d∗.
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The next result summarizes the main properties of the Manhattan curves for pseudo
metrics in DΓ.

Theorem 4.1.7 (Cantrell–Tanaka [CT21]). For d, d∗ ∈ DΓ we have the following:

1. θd∗/d is convex, decreasing, and continuously differentiable.

2. θd∗/d goes through the points (0, vd) and (vd∗ , 0) and is a straight line between these
points if and only if d, d∗ are roughly similar.

3. We have
−θ′d∗/d(vd∗) ≤

vd
vd∗

≤ −θ′d∗/d(0),

and both equalities occur if and only if d and d∗ are roughly similar.

4. We have

lim
t→−∞

θ(t)

t
= −Dil(d∗, d) and lim

t→∞

θ(t)

t
= −Dil(d, d∗)

−1 .

5. d, d∗ are roughly similar if and only if they have proportional marked length spectra.

Remark 4.1.8. In fact, for certain pairs of pseudo metrics d, d∗ ∈ DΓ, the associated Man-
hattan curve is known to be analytic [CT22]. This is the case for pairs of word metrics or
Green metrics.

Manhattan curves can be used to define invariants for pairs of pseudo metrics in DΓ, such
as in the next definition.

Definition 4.1.9. Given two pseudo metrics d, d∗ in DΓ, the mean distortion of d∗ over d
is the quantity

τ(d∗/d) = lim
r→∞

1

#{x ∈ Γ: d(o, x) ≤ r}
∑

d(o,x)≤r

d∗(o, x)

r
. (4.3)

This limit is well-defined [CT21, Thm. 1.2], finite, and positive. The mean distortion
has been considered in the case that d and d∗ are word metrics [CF10] and appears in the
study of automorphisms of hyperbolic groups as the generic stretching factor [KKS07]. The
relation between the mean distortion and the Manhattan curve if given by the identity

τ(d∗/d) = −θ′(0) (4.4)

for all d, d∗ ∈ DΓ. In particular, from item (3) of the theorem above we have the inequality

vd
vd∗

≤ τ(d∗/d), (4.5)

where the equality occurs if and only if d and d∗ are roughly similar. Also, it follows from the
definition of the Manhattan curve that θ−1

d∗/d
= θd/d∗ and so by the inverse function theorem

we have that
−θ′d∗/d(vd∗) = (−θ′d/d∗(0))

−1 = τ(d/d∗)
−1.
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Example 4.1.10. Given a probability measure λ on Γ, its entropy is given by

hλ = lim
n→∞

− 1

n

∑
x∈Γ

λ∗n(x) · log(λ∗n(x)) ∈ [0,∞],

where λ∗n denotes the nth convolution of λ and the entropy is well-defined by subadditivity.
Similarly, given a left-invariant pseudo metric d on Γ, the drift of d with respect to λ is the
number

lλ = lλ(d) = lim
n→∞

1

n

∑
x∈Γ

λ∗n(x) · d(o, x) ∈ [0,∞].

If d ∈ DΓ and λ is an admissible probability measure on Γ with corresponding Green
metric dλ, then both hλ and lλ are positive and we have

τ(d/dλ) = lλ/hλ.

Since Green metrics for admissible probability measures have exponential growth rate 1
[BHM08, Rmk. 3.2], in this case the inequality (4.5) reduces to the fundamental inequality
[BHM08, Prop. 3.4]

hλ ≤ lλ(d)vd.

4.2 Hyperbolic distance-like functions

In this section we introduce hyperbolic distance-like functions, a class of functions on Γ× Γ
that extends the class DΓ. As we will see, these functions appear naturally in a variety of
contexts (see also Section 4.7), and most of the results about pseudo metrics belonging to DΓ

can be proven for functions in this class. The main result of this section is Theorem 4.2.14,
which recovers the dilation of hyperbolic distance-like functions as an optimal quasi-isometry
constant.

4.2.1 The class Dhf
Γ

We start with the definition of a hyperbolic distance-like function.

Definition 4.2.1. A hyperbolic distance-like function on Γ is a function ψ : Γ × Γ → R
satisfying the following:

1. Positivity: ψ(x, y) ≥ 0 and ψ(x, x) = 0 for all x, y ∈ Γ.

2. Triangle inequality: ψ(x, z) ≤ ψ(x, y) + ψ(y, z) for all x, y, z ∈ Γ.

3. Γ-invariance: ψ(gx, gy) = ψ(x, y) for all g, x, y ∈ Γ.
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4. For any d0 ∈ DΓ and C ≥ 0 there exists D ≥ 0 such that the following holds: if
x, y, w ∈ Γ are such that (x|y)w,d0 ≤ C, then the Gromov product for ψ satisfies

(x|y)w,ψ :=
(ψ(x,w) + ψ(w, y)− ψ(x, y))

2
≤ D.

Let Dhf
Γ denote the set of all the hyperbolic distance-like functions on Γ.

The following lemma is immediate from the definition of hyperbolic distance-like function.

Lemma 4.2.2. If ψ, ψ∗ ∈ Dhf
Γ , then ψ + ψ∗ ∈ Dhf

Γ .

By Proposition 2.3.11 we have DΓ ⊂ Dhf
Γ . Also, if S ⊂ Γ is a (non-necessarily symmetric)

set that is finite and generates Γ as a semigroup, then its (right) word metric

dS(x, y) := |x−1y|S

belongs to Dhf
Γ and is quasi-isometric to any pseudo metric in DΓ. More examples of hy-

perbolic distance-like functions come from Anosov representations, which we briefly recall.
Suppose Γ is a (non-necessarily hyperbolic) finitely generated group equipped with a finite
generating set S.

Definition 4.2.3. A representation ρ : Γ → PSLm(R) is said to be j-dominated for j ∈
{1, . . . ,m− 1} if there exist constants C, µ > 0 such that

σj(ρ(x))

σj+1(ρ(x))
≥ Ceµ|x|S for all x ∈ Γ. (4.6)

Here, for A ∈ PSLm(R), σ1(A) ≥ σ2(A) ≥ . . . ≥ σm(A) represent the singular values of A.
This condition was studied by Bochi, Potrie and Sambarino in [BPS19], where they showed
that being 1-dominated is equivalent to being projective Anosov, as defined for surface groups
by Labourie in [Lab06] and extended to all groups in [GW12]. It is known that for a group
to admit a 1-dominated representation, it must be hyperbolic [BPS19, Thm. 3.2]. As we
continue we will stop using the term 1-dominated and will instead use projective Anosov.
The following result is due to Cantrell and Tanaka.

Lemma 4.2.4 (Cantrell–Tanaka [CT22, Lem. 7.1]). If ρ : Γ → PSLm(R) is a projective
Anosov representation and ∥ · ∥ is a norm on Rm, then the function

ψρ(x, y) := log ∥ρ(x−1y)∥

belongs to Dhf
Γ and is quasi-isometric to any pseudo metric belonging to DΓ.
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Note that a representation ρ : Γ → PSLm(R) is j-dominated if and only if its jth
exterior power representation Λj ρ : Γ → PSL(mj )

(R) is 1-dominated. Also, by considering

the inequality (4.6) for x−1 instead of x, we see that ρ is j-dominated if and only if it is
(m − j)-dominated. Combining these observations with the fact that ∥Λm−1A∥ = ∥A−1∥
for all A ∈ PSLm(R) and ∥ · ∥ any Euclidean norm on Rm, by Lemma 4.2.4 we deduce the
following corollary.

Corollary 4.2.5. Let ρ : Γ → PSLm(R) be a projective Anosov representation and ∥ · ∥ be
a norm on Rm. Then

dρ(x, y) := ψρ(x, y) + ψΛm−1 ρ(x, y) = log ∥ρ(y−1x)∥+ log ∥ρ(x−1y)∥

defines a pseudo metric on Γ that belongs to DΓ.

Remark 4.2.6. The hyperbolicity of dρ was also proven by Dey and Kapovich [DK22, Cor. 4.8].

Example 4.2.7 (Hitchin representations). Let Γ be a surface group, and fix m ≥ 2. A
representation of Γ into PSLm(R) is m-Fuchsian if it is the composition of a Fuchsian rep-
resentation of Γ into PSL2(R) and an irreducible representation of PSL2(R) into PSLm(R).
A representation ρ : Γ → PSLm(R) is Hitchin if it can be continuously deformed to an m-
Fuchsian representation. Labourie showed in [Lab06] that Hitchin representations are Borel
Anosov, meaning that they are j-dominated for all 1 ≤ j ≤ m− 1.

We will see more examples of hyperbolic distance-like functions in Section 4.7 once we
have defined the class DΓ, while for the rest of this subsection we discuss some properties of
functions in Dhf

Γ . A key fact is that these functions are roughly geodesic, in the sense that
they satisfy condition (2.1) for some α ≥ 0.

Proposition 4.2.8. If ψ ∈ Dhf
Γ then ψ is roughly geodesic. Moreover, for every d0 ∈ DΓ

and α0 ≥ 0 there is some α ≥ 0 such that if x = z0, . . . , zm = y is an (α0, d0)-rough geodesic,
then we can find a non-decreasing subsequence 0 = i(0) ≤ i(1) ≤ · · · ≤ i(n) = m such that
zi(0), . . . , zi(n) is an (α, ψ)-rough geodesic.

In particular, we deduce that pseudo metrics in DΓ are roughly geodesic. Conversely,
if d is a roughly geodesic and left-invariant pseudo metric on Γ that is quasi-isometric to
pseudo metrics in DΓ, then it is hyperbolic by Corollary 2.3.9. These observations imply the
following corollaries.

Corollary 4.2.9. Every pseudo metric in DΓ is roughly geodesic. Indeed, if a left-invariant
pseudo metric on Γ is quasi-isometric to pseudo metric in DΓ, then it belongs to DΓ if and
only if it is roughly geodesic.

Corollary 4.2.10. If d, d∗ ∈ DΓ, then d+ d∗ ∈ DΓ.

The proof of Proposition 4.2.8 requires the following lemma.
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Lemma 4.2.11. Let a0, . . . , am be a sequence of real numbers and L ≥ 0 be such that a0 ≤ am
and |ai − ai+1| ≤ L for 0 ≤ i < m. Assume that [a0, am] ∩ Z = {k, k + 1, . . . , k + n}. Then
there exists a non-decreasing subsequence 0 = i(0) ≤ i(1) ≤ · · · ≤ i(n) = m such that∣∣(k + j)− ai(j)

∣∣ ≤ (L+ 2)/2 for all 0 ≤ j ≤ n.

Proof. First, we observe that for a0, . . . , am and L as in the statement, for any t ∈ [a0 −
L/2, am+L/2] there exists 0 ≤ j ≤ m such that |t−aj| ≤ L/2. With this in mind, we define
i(0) = 0, and suppose we have found i(0) ≤ · · · ≤ i(j) such that |(k+ s)− ai(s)| ≤ (L+1)/2
for 0 ≤ s ≤ j. Assume also that k + j + 1 ≤ am. If ai(j) > (k + j + 1)− (L+ 1)/2, then we
can choose i(j + 1) = ij. If ai(j) ≤ (k + j + 1) − (L + 1)/2, then by our observation there
exists some i(j) ≤ l ≤ m such that al ∈ [ai(j) + 1, ai(j) + L+ 1], and we choose i(j + 1) = l.
Finally, we can assume i(n) = m.

Proof of Proposition 4.2.8. Let d0 ∈ DΓ, and let x = z0, . . . , zm = y be an (α0, d0)-rough
geodesic. Let L := max{ψ(o, u) : d0(o, u) ≤ 1 + α0}, which is finite because Γ is finitely
generated and d0 is proper. Since ψ is Γ-invariant and satisfies the triangle inequality, the
sequence ai := ψ(z0, zi) satisfies the assumptions of Lemma 4.2.11. Therefore, for each integer
j between 0 and ψ(o, y) there exists some xj := zi(j) with |ψ(x, xj)− j| ≤ (L+2)/2 and such
that i(j) ≤ i(j+1) for all j. Let us suppose this sequence is x = x0, . . . , xn = y, which lies in
an (α0, d)-rough geodesic. From this we obtain (x|xj)xi,d0 ≤ 3α0/2 for 0 ≤ i ≤ j ≤ n. But ψ
is a hyperbolic distance-like function, implying that (x|xj)xi,ψ ≤ D for some D independent
of the sequence. We conclude ψ(xi, xj) ≤ 2D+ψ(x, xj)−ψ(x, xi) ≤ j − i+2D+L+2 and
ψ(xi, xj) ≥ ψ(x, xj)− ψ(x, xi) ≥ j − i− (L + 2), and x0, . . . , xn is an (α, ψ)-rough geodesic
with α := 2D + L+ 2.

We will also need the fact that any hyperbolic distance-like function can be “approxi-
mated” by word metrics. The next lemma is a variation of [Bes+21, Lem. 4.6].

Lemma 4.2.12. Let ψ ∈ Dhf
Γ be a hyperbolic distance-like function that is α-roughly geodesic.

For n > α + 1, let Sn := {x ∈ Γ : ψ(o, x) ≤ n}. Then Sn generates Γ as a semigroup and
for all x, y ∈ Γ we have

(n− α− 1)dSn(x, y)− (n− 1) ⩽ ψ(x, y) ≤ ndSn(x, y).

Remark 4.2.13. We do not require ψ to be quasi-isometric to a pseudo metric in DΓ, so the
sets Sn in the lemma above can be infinite. Also, note that if ψ is symmetric, then all the
sets Sn are symmetric. Therefore, if d ∈ DΓ then all the sets Sn are finite and symmetric.

Proof. Let n > α+1 be such that Sn generates Γ. If x, y ∈ Γ are such that dSn(x, y) = k > 0,
then x−1y = x1 · · ·xk with xi ∈ Sn, and hence ψ(x, y) ≤ ψ(o, x1) + · · ·ψ(o, xk) ≤ nk =
ndSn(x, y). This proves the second inequality.

For the first inequality, let x, y ∈ Γ and consider an (α, ψ)-rough geodesic sequence
x = x0, . . . , xl = y, so that j − i− α ≤ ψ(xi, xj) ≤ j − i+ α for all 0 ≤ i ≤ j ≤ l. Let m be
the greatest integer with m+ α ≤ n (note that m is positive), and say l = mk + r with k, r
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integers such that 0 ≤ r < m. If we define yj = x−1
m(j−1)xmj for 1 ≤ j ≤ k and yk+1 = x−1

mky,

then x−1y = y1 · · · yk+1, and each yj lies in Sn, so that dSn(x, y) ≤ k + 1. This implies

ψ(x, y) ≥ l − α ≥ mk − α ≥ (n− 1− α)(dSn(x, y)− 1)− α

= (n− 1− α)dSn(x, y)− (n− 1).

4.2.2 Optimal quasi-isometry constants

In this subsection we introduce the stable translation length of hyperbolic distance-like func-
tions, as well as their dilations, extending Definition 4.1.5. Then we prove Theorem 4.2.14,
whose proof relies on the existence of strongly Markov structures on non-elementary hyper-
bolic groups.

Similarly as in the case of pseudo metrics in DΓ, for hyperbolic distance-like functions
ψ, ψ∗ ∈ Dhf

Γ we define the stable translation length function

ℓψ[x] := lim
n→∞

1

n
ψ(o, xn) for x ∈ Γ,

and the dilation of ψ and ψ∗:

Dil(ψ, ψ∗) := inf{λ > 0: ℓψ[x] ≤ λℓψ∗ [x] for all [x] ∈ conj} ∈ [0,∞],

where we define Dil(ψ, ψ∗) = ∞ if no such λ exists. Our main result states that for hyperbolic
distance-like functions, the dilations are the optimal multiplicative errors for quasi-isometries
between them.

Theorem 4.2.14. Let ψ, ψ∗ ∈ Dhf
Γ be such that Dil(ψ∗, ψ) < ∞. Then there exists C ≥ 0

such that for any x, y ∈ Γ

ψ∗(x, y) ≤ Dil(ψ∗, ψ)ψ(x, y) + C.

As an immediate consequence, we extend the (weak) marked length spectrum rigidity,
known for pseudo metrics in DΓ, generalizing item 5 of Theorem 4.1.7.

Corollary 4.2.15. For ψ, ψ∗ ∈ Dhf
Γ the following are equivalent:

(i) There exists C ≥ 0 such that |ψ(o, x)− ψ∗(o, x)| ≤ C for all x ∈ Γ.

(ii) ℓψ[x] = ℓψ∗ [x] for all [x] ∈ conj.

From Theorem 4.2.14 we also obtain corollaries to Anosov representations, when we
combine it with Lemma 4.2.4.

Corollary 4.2.16. Suppose that ρ and ρ∗ are two projective Anosov representations (not
necessarily of the same dimension). Then there exists C ≥ 0 such that for every x ∈ Γ we
have

Dil(ψρ, ψρ∗)
−1 log ∥ρ(x)∥ − C ≤ log ∥ρ∗(x)∥ ≤ Dil(ψρ∗ , ψρ) log ∥ρ(x)∥+ C.
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Corollary 4.2.17. Suppose that ρ : Γ → PSLm(R) is projective Anosov and S ⊂ Γ is any
(not necessarily symmetric) finite generating set. Then there exists a constant C ≥ 0 such
that for all x ∈ Γ we have

Dil(dS, ψρ)
−1|x|S − C ≤ log ∥ρ(x)∥ ≤ Dil(ψρ, dS)|x|S + C.

Remark 4.2.18. (1) It may be possible to prove these results using ideas involving the semi-
simplification representation discussed by Tsouvalas in [Tso20].
(2) The corollaries above complement the spectral rigidity results of Bridgeman, Canary,
Labourie and Sambarino [Bri+15], and Cantrell and Tanaka [CT22].

The rest of the subsection is devoted to the proof of Theorem 4.2.14. To this end, we
fix a finite, symmetric generating set S ⊂ Γ with word metric dS, and let ℓS = ℓdS denote
the stable translation length function for this metric. Similarly, (·|·)S denotes the Gromov
product for dS based at the identity o, and | · |S denotes the word length with respect to S.
We start with a lemma.

Lemma 4.2.19. There exist constants C ′, R′ ≥ 0 such that for any x ∈ Γ there is some
γx ∈ Γ such that dS(x, γx) ≤ R′ and

(γ−mx |γnx )S ≤ C ′ for all m,n ≥ 0.

Proof. Let A = (G, π, S) be a strongly Markov automatic structure on Γ. If C is a maximal
recurrent component of the transition matrix for G, then by Proposition 2.4.12 there is a
finite set B ⊂ Γ such that BΓCB = Γ. Since C is finite and recurrent, there is some N such
that every two vertices in C can be joined by a directed path in C of length at most N .

Let x ∈ Γ, and write x = s1rs2 for s1, s2 ∈ B and r ∈ ΓC. Suppose that r = π∗(ω), for
ω a path in C with initial vertex v and final vertex v′, and let ω′ be a directed path in C of
length at most N from v′ to v. Then ωω′ is a loop in C, and consider w = π∗(ω

′).
Define γx = s1rws1

−1. Then

dS(x, γx) = dS(s2, ws1
−1) ≤ N + 2max

t∈B
|t|S =: R′,

and since (ωω′)m is also a loop in C for each m ≥ 1, the word (rw)m is geodesic (Γ, S) and
for m,n ≥ 1 we get

(γ−mx |γnx )S =
|s1γmx s−1

1 |S + |s1γnxs−1
1 |S − |s1γm+n

x s−1
1 |S

2
≤ 3|s1|S ≤ 3max

t∈B
|t|S =: C ′.

Lemma 4.2.20. Let γ : Γ → Γ, x 7→ γx be the assignment from Lemma 4.2.19. Then for any
ψ ∈ Dhf

Γ there exist C0, R0 ≥ 0 such that for any x ∈ Γ we have max(ψ(x, γx), ψ(γx, x)) ≤ R0

and
(γ−mx |γnx )o,ψ ≤ C0

for all m,n ≥ 0. In particular we have ψ(o, γx) ≤ ℓψ[γx] + 2C0 for all x ∈ Γ.
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Proof. Let C ′, R′ be the constants from Lemma 4.2.19. Then for any x ∈ Γ we have
dS(x, γx) ≤ R′ and (γ−mx |γnx )S ≤ C ′ for all m,n ≥ 0. If ψ is a hyperbolic distance-like
function, let C0 ≥ 0 (resp. R0 ≥ 0) be such that (x|y)S ≤ C ′ (resp. (x|y)S ≤ R′) implies
(x|y)o,ψ ≤ C0 (resp. (x|y)o,ψ ≤ R0/2) for all p, q ∈ Γ. Therefore, for all x ∈ Γ we have
max(ψ(x, γx), ψ(γx, x)) ≤ 2(x−1γx|x−1γx)o,ψ ≤ R0 and

ψ(o, γmx ) + ψ(o, γnx ) ≤ ψ(o, γm+n
x ) + 2C0 (4.7)

for all m,n ≥ 0, which proves the first assertion of the lemma. For the second assertion, we
apply (4.7) to m = 1 and obtain ψ(o, γx) ≤ ψ(o, γn+1

x )− ψ(o, γnx ) + 2C0 for all n. By adding
these inequalities for 0 ≤ n ≤ k we get

(k + 1)ψ(o, γx) ≤ ψ(o, γk+1
x ) + 2(k + 1)C0.

The proof concludes after dividing by (k + 1) and letting k tend to infinity.

Corollary 4.2.21. There exists a finite set B ⊂ Γ such that the following holds. Given
ψ ∈ Dhf

Γ there exists C1 ≥ 0 such that for any x, y ∈ Γ we have

ψ(x, y) ≤ max
u∈B

ℓψ[x
−1yu] + C1.

Proof. Let R′ ≥ 0 and x 7→ γx be as in Lemma 4.2.19. Suppose they are induced by the
generating set S ⊂ Γ, and set B := {u ∈ Γ: dS(o, u) ≤ R′}. If ψ ∈ Dhf

Γ and C0, R0 are the
constants found in Lemma 4.2.20, we set C1 := 2C0 + R0. Since for all x, y ∈ Γ we have
yx−1γx−1y ∈ B, we deduce

ψ(x, y) = ψ(o, x−1y) ≤ ψ(o, γx−1y) +R0 ≤ ℓψ[γx−1y] + 2C0 +R0 ≤ max
u∈B

ℓψ[x
−1yu] + C1.

Proof of Theorem 4.2.14. Let B ⊂ Γ be the finite set given by Corollary 4.2.21, and let C1

be the corresponding constant for ψ∗. Then for any x, y ∈ Γ we get

ψ∗(x, y) ≤ max
u∈B

ℓψ∗ [x
−1yu] + C1

≤ Dil(ψ∗, ψ) ·max
u∈B

ℓψ[x
−1yu] + C1

≤ Dil(ψ∗, ψ) · ψ(x, y) +
(
C1 +Dil(ψ∗, ψ) ·max

u∈B
ψ(o, u)

)
,

This concludes the proof since the last term on the right-hand side is finite and independent
of x, y.

4.3 The space of metric structures

In this section we introduce the space of metric structures on Γ, which is the main con-
struction of the chapter. It was previously defined by Furman in [Fur02], and it can be
understood as the deformation space for geometric actions of Γ on geodesic spaces. We will
present several characterizations and examples of metric structures, and will introduce a
natural metric on this space.
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4.3.1 The space DΓ

The space DΓ is already rich enough to parameterize geometric actions of Γ, but in principle,
there are infinitely many pseudo metrics inDΓ with the same asymptotic geometry. If we only
want to keep track of the large-scale behavior of these pseudo metrics, it is more convenient
to consider equivalence classes under rough similarity. We recall the definition of DΓ from
the Introduction.

Definition 4.3.1. The space of metric structures on Γ is the set DΓ of rough similarity
equivalence classes of pseudo metrics in DΓ. The class of d ∈ DΓ will be denoted by [d], and
points in DΓ will be called metric structures.

Each geometric action of Γ on a geodesic hyperbolic space induces a metric structure.
Indeed, if we consider such an action of Γ on (X, d), then all the orbit pseudo metrics dwX with
w ∈ X are roughly isometric and belong to DΓ, and hence ρX := [dwX ] ∈ DΓ is independent
of the choice of w and invariant under rescaling of the metric d on X. In fact, every metric
structure can be recovered in this way, as the next lemma shows.

Lemma 4.3.2. The assignment (X, d) 7→ ρX = [dwX ] induces a bijection from the set of
equivalence classes of geometric actions on Γ under Γ-equivariant rough similarity onto DΓ.

Proof. We just need to define an inverse to the assignment in the statement. Indeed, if
d ∈ DΓ we let i : (Γ, d) → (Xd, d̂) be the injective hull of (Γ, d) given by Proposition 2.3.7.
Since d is hyperbolic and roughly geodesic, we have that the induced isometric action of Γ
on (Xd, d̂) is geometric, and hence d = doXd

for o = i(o) ∈ Xd. By an axiom of choice-like

argument, if d and d∗ are roughly similar, we can construct a Γ-equivariant map from (Xd, d̂)
to (Xd∗ , d̂∗), which must be a rough similarity.

From the lemma above we can give an alternative definition of DΓ as the quotient space
of the class of all the geometric actions of Γ on geodesic metric spaces, under the equivalence
relation of Γ-equivariant rough similarity. However, in practice it is more convenient to see
metric structures as classes of pseudo metrics on Γ. By item 5 of Theorem 4.1.7, we can also
characterize metric structures in terms of their marked length spectra: two metric structures
ρ = [d], ρ∗ = [d∗] coincide if and only if ℓd and ℓd∗ are proportional. This was first proven
by Krat [Kra01, Thm. 1.1] in the case of pseudo metrics induced by geometric actions on
proper geodesic spaces. We will recover this result as a consequence of Proposition 4.3.21.

The space of metric structures encodes many interesting deformation spaces for actions
of hyperbolic groups, as we will see in the following examples.

Example 4.3.3 (Teichmüller space). Suppose S is a closed orientable surface of negative
Euler characteristic and Γ is isomorphic to the fundamental group of S. A marked negatively
curved Riemannian (resp. hyperbolic) metric is a pair (g, ϕ), where g is a Riemannian metric
on S with negative sectional curvatures (resp. constant negative curvature equal to -1) and
ϕ : Γ → π1(S) is an isomorphism. Two marked negatively curved metrics (g, ϕ), (g∗, ϕ∗) are
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equivalent if there exists a homothety f : (S, g) → (S, g∗) that is isotopic to the identity and
such that f∗ ◦ ϕ = ϕ∗.

Definition 4.3.4. The Teichmüller space of S is the space TS of equivalence classes or
marked hyperbolic metrics on S.

A marked hyperbolic metric (g, ϕ) induces a geometric action of Γ on the hyperbolic plane
H2 by orientation-preserving isometries, via Deck transformations on the universal cover of
(S, g) and composing with ϕ. If two marked hyperbolic metrics (g, ϕ), (g∗, ϕ∗) are equivalent
(related by the isometry f), then the induced geometric actions ρ, ρ∗ : Γ → Isom(H2) are
Γ-equivariant : the lift f̃ of f to the universal cover of S induces an isometry f : H2 → H2

such that f(ρ(x)w) = ρ∗(x)f(w) for all w ∈ H2 and x ∈ Γ. Conversely, if such Γ-equivariant
isometric f exists, then projecting down to S we obtain an isometry f : (S, g) → (S, g∗) that
induces the identity on π1(S), and hence is isotopic to the identity.

In conclusion, we get a description of TΓ as the space of equivalence classes of orientation-
preserving geometric actions of Γ on H2, where we mod out by Γ-equivariant isometry. In
particular, TS only depends on Γ, and hence we will use the notation TΓ to denote the
Teichmüller space of S. Since H2 is geodesic, from this description we also get a natural
map TΓ → DΓ. In fact, by the solution of the marked length spectrum rigidity conjecture
for negatively curved Riemannian metrics [Cro90; Ota90], two marked negatively curved
Riemannian metrics on S are equivalent if and only if their corresponding marked length
spectra are homothetic. This implies that DΓ contains a copy of the space of all marked
negatively curved Riemannian metrics on S up to equivalence, and in particular, the map
TΓ → DΓ is injective.

Example 4.3.5 (Negatively curved metrics). Generalizing the example above, if Γ is iso-
morphic to the fundamental group of a closed negatively curved manifold M , we can talk of
marked negatively curved Riemannian metrics onM . If T <0

M denotes the space of the equiv-
alence classes of such metrics, then we get a natural map from TM into DΓ. Whether this
map is injective is equivalent to a positive solution to the mark length rigidity conjecture,
which is known to be true only in dimension 2 by Otal and Croke [Cro90; Ota90].

Example 4.3.6 (Outer space). Let Γ be a free group. As in the case of closed surfaces, we
can define a marked metric graph as a pair (G, ϕ), where G is a metric graph with each vertex
of valence at least 3 and ϕ : Γ → π1(G) is an isomorphism. As above, two marked graphs
(G, ϕ), (G∗, ϕ∗) are equivalent if there exists a homothety f : G→ G∗ such that f∗ ◦ϕ = ϕ∗.

Definition 4.3.7 (Culler–Vogtmann [CV86]). The outer space of Γ is the space C VΓ of
equivalence classes of marked metric graphs.

By a lifting procedure as in the case of surfaces, we can also describe C VΓ as the space of
equivalence classes of geometric and minimal actions of Γ on metric trees, up to Γ-equivariant
homothety. In this case we also get a natural injective map from DVΓ into DΓ [FM11].
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From the examples above, we can see DΓ as a “thickened” version of Teichmüller and
outer spaces for general non-elementary hyperbolic groups. This will be also justified once
we define a metric on DΓ (see Remark 4.3.23).

Example 4.3.8 (Quasi-Fuchsian space). We can also generalize Teichmüller space from the
point of view of representation theory. For Γ a surface group, a representation ρ : Γ →
PSL2(C) = Isom+(H3) is quasi-Fuchsian if for some (any) w ∈ H3 the map x 7→ ρ(x)w
defines a quasi-isometric embedding from Γ into H3. If ρ is quasi-Fuchsian, the induced
action of Γ on H3 is not cobounded, but it has a convex core. That is, there exists a Γ-
invariant convex subset X ⊂ H3 such that the action of Γ on X is geometric. In this way,
the representation ρ induces a metric structure on DΓ.

The quasi-Fuchsian space of Γ is the space QFΓ of quasi-Fuchsian representations of Γ,
quotiented by conjugation in PSL2(C). It is clear that in this way we obtain a natural map
from QFΓ into DΓ that extends the inclusion of TΓ. By the work of Burger [Bur93], this
map is also injective. If Γ is isomorphic to the fundamental group of the closed surface S,
Fricker and Furman showed that the intersection in DΓ of QFΓ and T <0

Γ is precisely TΓ

[FF22, Thm. A].

Example 4.3.9 (Hitchin components). For Γ a surface group and m ≥ 2, let Hm
Γ denote

the space of Hitchin representations of Γ into PSLm(R), up to conjugation in PSLm(R). By
the Hitchin rigidity of Bridgeman, Canary, Labourie and Sambarino [Bri+15, Cor. 1.5], the
assignment ρ 7→ [dρ] given by Corollary 4.2.5 induces an injection from Hm

Γ into DΓ.

In general, it is hard to decide whether two given metric structures are the same. A
useful invariant is the notion of arithmeticity.

Definition 4.3.10. A pseudo metric d ∈ DΓ has arithmetic marked length spectrum if the
set {ℓd[x] : [x] ∈ conj} is contained in a discrete subgroup of R. Otherwise, we say that the
spectrum of d is non-arithmetic. Similarly, we can talk of a metric structure on DΓ having
arithmetic or non-arithmetic marked length spectrum.

For example, the marked length spectrum of word metrics for finite, symmetric generating
sets is always arithmetic [BH99, Thm. III.Γ.3.17], as well as metric structures associated to
geometric actions on CAT(0) cube complexes with the combinatorial metric [Hag21]. On
the other, Gouëzel, Mathéus and Maucourant proved that if Γ is not virtually free and d is a
Green metric for an admissible probability measure on Γ, then d has non-arithmetic marked
length spectrum. Their proof shows something stronger: if d ∈ DΓ is strongly hyperbolic (see
e.g. [NŠ16]) and Γ is not virtually free, then d has non-arithmetic marked length spectrum.
This is the case for all the orbit pseudo metrics associated to geometric actions on CAT(−1)
spaces, so in particular points in T <0

M and QFΓ are non-arithmetic.
Producing invariants that detect different metric structures with non-arithmetic marked

length spectra is much more difficult. For example, for a surface group Γ it is unknown
whether there exists a metric structure induced by a Green metric associated to an admissible



CHAPTER 4. METRIC STRUCTURES ON HYPERBOLIC GROUPS 101

probability measure on Γ that belongs to TΓ. Recently, there has been some progress in this
question, see [KT22].

4.3.2 Characterizing metric structures from measures

In this subsection we introduce quasiconformal measures and geodesic currents, which can
be understood as the (measure-theoretical) traces at infinity of pseudo metrics in DΓ. In-
deed, under the expected equivalence relations, these objects completely characterize metric
structures. Recall that since Γ is non-elementary, its Gromov boundary ∂Γ is an infinite
compact metrizable space with a natural topological action of Γ.

Definition 4.3.11. Let d ∈ DΓ. A Borel probability measure ν on ∂Γ is quasiconformal for
d if xν ≪ ν for all x ∈ Γ and there exists a constant C ≥ 1 such that for every x ∈ Γ and
ν-almost every p ∈ ∂Γ we have

C−1e−vdβ(x,o;p) ≤ dxν

dν
(p) ≤ Ce−vdβ(x,o;p), (4.8)

where β = βd is the Busemann function for d (see Subsection 2.3.2).

It is clear that if d, d∗ ∈ DΓ are roughly similar, then ν is quasiconformal for d if and
only if it is quasiconformal for d∗. In [Coo93], Coornaert proved the following for arbitrary
d ∈ DΓ:

• d admits a quasiconformal measure.

• If ν1, ν2 are quasiconformal measures for d, then they are equivalent, in the sense that
there is some C ≥ 1 such that C−1ν2(A) ≤ ν1(A) ≤ Cν2(A) for any A ⊂ ∂Γ Borel.

• Every quasiconformal measure ν for d is ergodic: if A ⊂ ∂Γ is a Γ-invariant Borel
subset, then either ν(A) = 0 or ν(A) = 1.

Moreover, the multiplicative constant in (4.8) can be chosen uniformly in the following
sense: for all δ ≥ 0 there is some Dδ ≥ 1 such that any δ-hyperbolic pseudo metric d ∈ DΓ

with vd = 1 admits a quasiconformal measure ν such that for all x ∈ Γ and ν-almost every
p ∈ ∂Γ we have

D−1
δ e−βd(x,o;p) ≤ dxν

dν
(p) ≤ Dδe

−βd(x,o;p). (4.9)

This uniformity is crucial in our proof of Theorem 4.5.1 (see Proposition 4.5.3).
Quasiconformal measures indeed characterize metric structures. That is, two pseudo

metrics belonging to DΓ determine the same metric structure if and only if they have equiv-
alent quasiconformal measures. To show this, let ν be any Borel probability measure on
∂Γ that is quasi-invariant in the sense that for all x ∈ Γ there is some C ≥ 1 such that
C−1ν ≤ xν ≤ Cν. Then we can define the pseudo metric dν on Γ according to

dν(x, y) = max

(
log

∣∣∣∣∣∣∣∣dxνdyν

∣∣∣∣∣∣∣∣
∞
, log

∣∣∣∣∣∣∣∣dyνdxν

∣∣∣∣∣∣∣∣
∞

)
.
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It is immediate that dν is left-invariant and that the rough similarity class of dν only depends
on the measure class of ν. The key property is that if ν is quasiconformal for d ∈ DΓ, then
dν is roughly isometric to vdd [BHM11, Lem. B.6].

Example 4.3.12 (Lebesgue measure). Let Γ be a group acting geometrically on the n-
dimensional real hyperbolic space Hn for n ≥ 2. This action identifies (up to conjugacy) the
boundary ∂Γ with the (n− 1)-dimensional round sphere Sn−1, and let ν ∈ Prob(∂Γ) be the
pullback of Lebesgue measure under this identification. Then ν is quasiconformal for any
orbit pseudo metric for this action.

Example 4.3.13 (Cylinder measures). Let Γ = F (a1, . . . , ak) be a free group with free basis
a1, . . . , ak and let S = {a±1 , . . . , a±k } induce the word metric d = dS ∈ DΓ. Then ∂Γ can be
identified with the subset of SN consisting of the infinite sequences (x1, x2, x3, . . . ) such that
xi+1 ̸= x−1

i for all i. Given y1, . . . , yn ∈ S such that yi+1 ̸= y−1
i for 1 ≤ i ≤ n − 1, the

cylinder C[y1, . . . , yn] is the subset of all the sequences (x1, x2, . . . ) in ∂Γ such that xi = yi
for 1 ≤ i ≤ n. The cylinder measure on ∂Γ is the unique Borel probability measure ν such
that

ν(C[y1, . . . , yn]) =
1

2k
· 1

(2k − 1)n−1

for all n ≥ 1 and all the cylinders C(y1, . . . , yn) as above. This measure is quasiconformal
for dS.

Example 4.3.14 (Harmonic measures). Let λ be an admissible probability measure on Γ
with corresponding Green metric dλ. If (Zn)n≥1 is the random walk on Γ with transition
probabilities λ, then for almost every trajectory the limit Z∞ = limn Zn ∈ ∂Γ exists. The
harmonic measure νλ is the hitting measure of Z∞. That is,

νλ(A) = P(Z∞ ∈ A)

for every Borel set A ⊂ ∂Γ. The harmonic measure νλ is quasiconformal for the Green metric
dλ [BHM11, Sec. 3.4].

There is another class of measures that are related to pseudo metrics in DΓ. They are
defined on the double boundary of Γ, which is the set ∂2Γ of ordered pairs of distinct points
in ∂Γ, endowed with the expected topology and the diagonal action of Γ.

Definition 4.3.15. A geodesic current on Γ is a locally finite, flip-invariant, and Γ-invariant
measure η on ∂2Γ, meaning that η(K) is finite for any compact subset K ⊂ ∂2Γ. flip-
invariance means that η is invariant under the involution (p, q) ↔ (p, q) on ∂2Γ. We let
Curr(Γ) denote the space of geodesic currents equipped with the weak-∗ topology.

That is, a sequence (ηn)n of geodesic currents converges to the geodesic current η if and
only if

∫
fdηn →

∫
fdη for every compactly supported continuous function f ∈ Cc(∂

2Γ). We
will also consider the quotient space PCurr(Γ) := (Curr(Γ)\{0})/R+ of projective geodesic
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currents endowed with the quotient topology, which makes it into a compact metrizable
space [Bon91, Prop. 6].

Geodesic currents were introduced by Bonahon, first for surface groups [Bon88], and
later for general hyperbolic groups [Bon91], and were used to give a new interpretation of
Thurston’s compactification for Teichmüller spaces (see also Example 4.7.10). In the case
of negatively curved manifolds, geodesic currents can be understood in terms of invariant
measures on the geodesic flow [Kai90, Thm. 2.2]. Let us examine this case in more detail.

Example 4.3.16 (Currents from geodesic flows). Let M be a closed manifold endowed
with the Riemannian metric g. The geodesic flow associated to g is the continuous flow
φt : T

1M → T 1M on the unit tangent bundle of M defined as follows: for a unit tangent
vector v ∈ T 1M , consider the oriented Riemannian geodesic in γ : R → (M, g) such that
tangent vector of γ at γ(0) is v. Then φt(v) is defined as the unit vector tangent to γ at
γ(t).

Let µ be a Borel (φt)t-invariant probability measure on T 1M . If Γ is isomorphic to
π1(M), then given a marking ϕ for g we obtain an isometric action of Γ on the universal

cover (M̃, g̃) of (M, g), and hence on the unit tangent bundle T 1M̃ . We lift µ to a Γ-

equivariant, locally finite measure µ̃ on T 1M̃ . The marking also induces a Γ-equivariant
homeomorphism between ∂2Γ and the space G(M̃) of oriented geodesics on M̃ , since each

of these geodesics is uniquely determined by it endpoints in ∂M̃ . In this way we obtain a
continuous Γ-equivariant map π : T 1M̃ → ∂2Γ, where we send a unit tangent vector v to
the pair (v−, v+) determined by the geodesic v is tangent to, with v pointing towards v+.

It turns out that there exists a unique geodesic current ηµ ∈ Curr(Γ) such that for every

Borel subset A ⊂ T 1M̃ we have

µ̃ =

∫
π(A)

Leb(p,q)(π
−1((p, q)))dηµ(p, q),

where Leb(p,q) is the Lebesgue measure along the geodesic in (M̃, g̃) determined by (p, q).
The assignment µ 7→ ηµ induces a bijection from the space of Borel probability measures

on T 1M that are invariant under the geodesic flow and PCurr(Γ).

The space of geodesic currents can also be thought of as a completion of the space of
conjugacy classes of Γ in the following sense: if [x] ∈ conj′ is the conjugacy class of the non-
torsion element x ∈ Γ, then x = yn for some n ̸= 0 and y ∈ Γ a primitive element. If y∞, y−∞
denote the two points in ∂Γ that are fixed by y, then the set A[y] = {(gy∓∞, gy±∞) : g ∈ Γ}
is a discrete, Γ-invariant subset of ∂2Γ. In this way, the rational current associated to [y] is
given by

η[y] =
∑

(p,q)∈A[y]

δ(p,q),

(here δ denotes the Dirac measure) and similarly we define η[x] = |n|η[y]. The set {λη[x] : λ >
0, [x] ∈ conj′} turns out to be dense in Curr(Γ) [Bon91, Thm. 7].
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Given ρ ∈ DΓ, we can construct a projective geodesic current BM(ρ) ∈ PCurr(Γ) as
follows. If ρ = [d] and ν is a quasiconformal measure for d, there exists a geodesic current η
in the same measure class of ν ⊗ ν, and any other geodesic current in this measure class is
a positive multiple of η.

Indeed, if d is δ-hyperbolic and has exponential growth rate 1 and ν satisfies (4.9) with
respect to d, then there is a constant R = Rδ depending only on δ and Dδ and a geodesic
current η satisfying

R−1

∫
A

e2(p|q)o,ddν(p)dν(q) ≤ η(A) ≤ R

∫
A

e2(p|q)o,ddν(p)dν(q) (4.10)

for any Borel subset A ⊂ ∂2Γ, see e.g. [Fur02, Sec. 3]. This induces a projective geodesic
current, which turns out to be independent of the choices of d and ν (see [Fur02, Prop. 3.1]).

Definition 4.3.17. Given ρ = [d] ∈ DΓ with vd = 1, the Bowen-Margulis current is the
unique projective geodesic current BM(ρ) ∈ PCurr(Γ) represented by a geodesic current η
satisfying condition (4.10) above for some R ≥ 0 and every Borel subset A ⊂ ∂2Γ.

Example 4.3.18 (Measures maximizing the entropy). Let (ϕ, g) be a marked negatively
curved Riemannian metric on the closed manifold M with fundamental group isomorphic to
Γ. The geodesic flow on T 1M is Anosov [Ano69], and hence it has a unique flow-invariant
probability measure maximizing the entropy, that we call µBM . Under the correspondence
explained Example 4.3.16, the measure µBM is assigned to the Bowen-Margulis current of
the metric structure induced by the marking (g, ϕ) [Kai90, Sec. 3.5].

In [Fur02, Thm. 4.1], Furman proved that the Bowen-Margulis map BM : DΓ →
PCurr(Γ) is injective for any non-elementary hyperbolic group Γ. This can be seen as a
characterization of metric structures in terms of geodesic currents.

4.3.3 The symmetrized Lipschitz metric

In this subsection we give a topology to the space DΓ by recalling the (symmetrized) Lipschitz
metric ∆ on DΓ that we defined in the Introduction. This metric quantifies how far are two
quasi-isometric pseudo metrics from being roughly similar.

Definition 4.3.19. Given ρ = [d], ρ∗ = [d∗] ∈ DΓ, we define

Λ(ρ, ρ∗) := inf{λ1λ2 : ∃A ≥ 0 s.t.
1

λ1
d− A ≤ d∗ ≤ λ2d+ A}, (4.11)

and
∆(ρ, ρ∗) := log Λ(ρ, ρ∗).

The quantities Λ and ∆ are well-defined, and if ∆(ρ, ρ∗) = 0 then d and d∗ have propor-
tional marked length spectra, and hence ρ = ρ∗ by item 5 of Theorem 4.1.7. We can easily
verify that ∆ satisfies all the other axioms of a metric.
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Corollary 4.3.20. ∆ defines a metric on DΓ.

A key property of the metric ∆ is that the optimal quasi-isometry constants λ1, λ2 in
(4.11) are given by the dilations of d and d∗. This is the content of the next proposition,
which is a direct consequence of Theorem 4.2.14.

Proposition 4.3.21. For any d, d∗ ∈ DΓ there exists C ≥ 0 such that

Dil(d, d∗)
−1(x|y)o,d − C ≤ (x|y)o,d∗ ≤ Dil(d∗, d)(x|y)o,d + C (4.12)

for all x, y ∈ Γ. In particular, for all x, y ∈ Γ we have

Dil(d, d∗)
−1d(x, y)− C ≤ d∗(x, y) ≤ Dil(d∗, d)d(x, y) + C. (4.13)

Proof. Let d, d∗ ∈ DΓ ⊂ Dhf
Γ , so that they are hyperbolic distance-like functions satisfying

Dil(d, d∗),Dil(d∗, d) <∞. Then by Theorem 4.2.14 there is A ≥ 0 such that

Dil(d, d∗)
−1d(x, y)− A ≤ d∗(x, y) ≤ Dil(d∗, d)d(x, y) + A

for all x, y ∈ Γ. This proves (4.13), and then (4.12) follows from Proposition 2.3.11.

Corollary 4.3.22. For any d, d∗ ∈ DΓ we have

Λ([d], [d∗]) = Dil(d, d∗)Dil(d∗, d).

Proof. By Proposition 4.3.21 we have Λ([d], [d∗]) ≤ Dil(d, d∗)Dil(d∗, d), and the converse
follows since d∗ ≤ λd+ A for d, d∗ ∈ DΓ and λ,A > 0 implies Dil(d∗, d) ≤ λ.

Remark 4.3.23. From the corollary above we deduce that for Γ a surface group, the restriction
of ∆ to TΓ coincides with the (symmetrized) Thurston’s metric [Thu98], so that the inclusion
TΓ → DΓ is a continuous embedding. By the work of Francaviglia and Martino [FM11], the
analogous continuity result holds for a free group Γ, so that the injection C VΓ → DΓ is also
continuous. In the setting of arbitrary hyperbolic groups, this metric ∆ also appeared in
[FF22].

In some cases we will deal with pseudo metrics with exponential growth rate 1. For these
pseudo metrics, the logarithm of the dilation is always non-negative.

Lemma 4.3.24. For all d, d∗ ∈ DΓ, if vd = vd∗ = 1 then Dil(d, d∗) ≥ 1.

Proof. By Proposition 4.3.21 we can find C ≥ 0 such that d(o, x) ≤ Dil(d, d∗)d∗(o, x) + C
for any x ∈ Γ. In particular we have

{x ∈ Γ : d∗(o, x) ≤ n} ⊂ {x ∈ Γ : d(o, x) ≤ Dil(d, d∗)n+ C}
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for all n ≥ 0, implying that

1 = vd∗ = lim
n→∞

log#{x ∈ Γ : d∗(o, x) ≤ n}
n

≤ lim
n→∞

log#{x ∈ Γ : d(o, x) ≤ Dil(d, d∗)n+ C}
n

≤ Dil(d, d∗) lim
n→∞

log#{x ∈ Γ : d(o, x) ≤ n}
n

= Dil(d, d∗).

The previous lemma motivates the following definition.

Definition 4.3.25. For ρ ∈ DΓ, we set ρ̂ := {d ∈ ρ : vd = 1}.

Remark 4.3.26. Given ρ, ρ∗ ∈ DΓ one can define

∆+(ρ, ρ∗) = logDil(d, d∗),

where d ∈ ρ̂ and d∗ ∈ ρ̂∗. Lemma 4.3.24 then tells us that ∆+ is non-negative, and by
Theorem 4.1.7 we get that it is an asymmetric distance on DΓ (i.e. ∆+(ρ, ρ∗) = 0 implies
ρ = ρ∗). In the case Γ is a surface group and ρ, ρ∗ ∈ TΓ ⊂ DΓ, since cocompact lattices in H2

have exponential growth rate 1, from (4.1) we get that ∆+(ρ, ρ∗) is equal to the asymmetric
Thurston’s distance of ρ and ρ∗ [Thu98]. The content of Lemma 4.3.22 is then that ∆ is
twice the symmetrization of ∆+.

4.4 Geometry and topology of DΓ

In this section we study metric and topological properties of the metric space (DΓ,∆),
in analogy with Teichmüller and outer spaces. We prove that (DΓ,∆) is unbounded and
separable in Subsection 4.4.1, geodesic and contractible in Subsection 4.4.2, and has a natural
geodesic bicombing in Subsection 4.4.3. We also discuss the subspaces Dδ

Γ and Dδ,α
Γ in

Subsection 4.4.4, and study the isometric action of Out(Γ) on DΓ in Subsection 4.4.5. Recall
that Γ is always a non-elementary hyperbolic group.

4.4.1 DΓ is unbounded and separable

We start by proving that (DΓ,∆) is an unbounded metric space. In particular, DΓ is always
infinite.

Proposition 4.4.1. The metric space (DΓ,∆) is unbounded.

Proof. Given x ∈ Γ a non-torsion element, it is enough to construct a sequence (ρn)n ⊂ DΓ

and dn ∈ ρ̂n such that ℓdn [x] → 0 as n→ ∞. To do this, fix S a finite, symmetric generating
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set for Γ, and for x ∈ Γ as above consider the sequence of sets Sn = S ∪{xn, x−n} and define
ρn = [dSn ]. If dn = vSndSn for all n, we have vdn = 1 and

ℓdn [x] = vSnℓdSn
[x] ≤ vSn|xn|Sn

n
≤ log(#S + 1)/n,

and hence ℓdn [x] tends to 0 and ∆(ρn, ρ1) tends to infinity as n tends to infinity.

Remark 4.4.2. Unboundedness of DΓ can also be deduced from Theorem 4.4.4.

Also, by Lemma 4.2.12 we deduce that any point in DΓ can be approximated by a
sequence of metric structures induced by word metrics.

Proposition 4.4.3. The set {[dS] ∈ DΓ : S ⊂ Γ is finite, symmetric, generating} is dense
in (DΓ,∆). In particular, (DΓ,∆) is separable.

Proof. Let d ∈ DΓ be α-roughly geodesic, and for n > α + 1 let Sn = {x ∈ Γ : d(o, x) ≤ n}.
Lemma 4.2.12 implies that Dil(d, dSn) ≤ n and Dil(dSn , d) ≤ 1

n−α−1
, so that ∆([d], [dSn ]) ≤

log
(

n
n−α−1

)
, which tends to 0 as n tends to infinity.

4.4.2 DΓ is geodesic

In this subsection we apply Proposition 4.3.21 to prove that (DΓ,∆) is a geodesic metric
space. Indeed, every pair of distinct metric structures lie in a bi-infinite geodesic. The
following is the main result of the subsection.

Theorem 4.4.4. For any pair d, d∗ ∈ DΓ such that [d] ̸= [d∗] ∈ DΓ, there exists a continuous,

injective map ρ• = ρ
d∗/d
• : R → DΓ satisfying:

(i) ρ0 = [d] and ρvd∗ = [d∗] where vd∗ is the exponential growth rate of d∗;

(ii) ∆ (ρr, ρt) = ∆ (ρr, ρs) + ∆ (ρs, ρt) for all r < s < t; and,

(iii) limt→∞ ∆(ρt, ρvd∗ ) = limt→−∞ ∆(ρt, ρ0) = ∞.

In particular, we get another proof that DΓ is unbounded. The result above seems
surprising when we contrast it with the case of outer space, which is not geodesic for the
symmetrized Lipschitz metric [FM11, Sec. 6].

Throughout this subsection we fix two pseudo metrics d, d∗ ∈ DΓ, which we assume are
not roughly similar, and let θ = θd∗/d : R → R be the Manhattan curve for d, d∗. The core
of the theorem above is the following proposition.

Proposition 4.4.5. For any t ∈ R there exists a pseudo metric dt = dθt ∈ DΓ and some
Ct ≥ 0 such that

|dt − (td∗ + θ(t)d)| ≤ Ct.
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The constants Ct can be chosen so that

Ct =


0 if 0 ≤ t ≤ vd∗ ,
−θ(t)C if t > vd∗ ,
−tC if t < 0,

where C is a constant depending only on d and d∗.

Remark 4.4.6. (1) By the definition of θ we see that vdt = 1 for all t ∈ R.
(2) For any t ∈ R, the quasiconformal measures µt,θ(t) from [CT21, Cor. 2.10] are actually
quasiconformal for dt in the sense of Definition 4.3.11.

For the proof of Proposition 4.4.5 we will use the notation Dd∗,d = Dil(d∗, d), Dd,d∗ =

Dil (d, d∗), and for t ∈ R we define d̂t := td∗ + θ(t)d.

Lemma 4.4.7. If t > vd∗, then θ(t)Dd,d∗ + t > 0.

Proof. Consider the function g(r) = −θ(r)/r on (0,∞). Since g(r) tends to D−1
d,d∗

as r → ∞
by Theorem 4.1.7 (4), it is enough to show that g is strictly increasing. As θ is differentiable,
we can compute

g′(r) =
−θ′(r) · r + θ(r)

r2
,

which gives g′(r) > 0 for all 0 < r ≤ vd∗ since θ′(r) < 0 ≤ θ(r). Also, θ is strictly convex
and decreasing, so for 0 < r < s we have

θ′(r)(s− r) < θ(s)− θ(r) < θ′(s)(s− r),

implying that

−s2g′(s) = θ′(s)s− θ(s) > θ′(s)r − θ(r) > θ′(r)r − θ(r) = −r2g′(r). (4.14)

As we already checked g′(r) > 0 for 0 < r ≤ vd∗ , by (4.14) we deduce that g is increasing,
concluding the proof of the lemma.

Proof of Proposition 4.4.5. There are three cases to consider.
Case 1) If 0 ≤ t ≤ vd∗ , then d̂t ∈ DΓ by Corollary 4.2.10, so we take dt = d̂t and Ct = 0.

Case 2) If t > vd∗ . We use the notation (·|·) = (·|·)o,d, (·|·)∗ = (·|·)o,d∗ , and (̂·|·)t =
t(·|·)∗ + θ(t)(·|·). By Proposition 4.3.21 there is a constant C ≥ 0 such that

(x|y) ≤ Dd,d∗(x|y)∗ + C

for all x, y ∈ Γ. Therefore, for all x, y ∈ Γ we have

(̂x|y)t = t(x|y)∗ + θ(t)(x|y)
= [t+Dd,d∗θ(t)] (x|y)∗ − θ(t) [Dd,d∗(x|y)∗ − (x|y)]
≥ [t+Dd,d∗θ(t)] (x|y)∗ + θ(t)C.

(4.15)
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Since d̂t is Γ-invariant, by (4.15) and Lemma 4.4.7, the function

dt(x, y) :=

{
d̂t(x, y)− 2θ(t)C if x ̸= y

0 otherwise

is a Γ-invariant pseudo metric on Γ. By (4.15) and Lemma 4.4.7 we also get that dt is
quasi-isometric to d∗, and hence to any word metric.

Finally, if (·|·)t denotes the Gromov product for dt based at the identity element, then
for all x, y ∈ Γ we have

(x|y)t ≤ (̂x|y)t + |θ(t)|C ≤ t(x|y)∗ + |θ(t)|C,

and hence dt is roughly geodesic and hyperbolic by Proposition 4.2.8 and Corollary 2.3.9,
concluding that dt ∈ DΓ. From the definition of dt, we see that Ct = −2θ(t)C works.

Case 3) If t < 0, let ψ be the Manhattan curve for d∗, d. Then ψ = θ−1, t = ψ(s) for

some s > vd, and d̂t = d̂θt = d̂ψs , so the conclusion follows from Case 2.

Given t ∈ R, let ρt = ρθt = [dt] ∈ DΓ be the metric structure induced by the pseudo
metric dt from Proposition 4.4.5. Let ρ = [d] = ρ0 and ρ∗ = [d∗] = ρvd∗ .

For the rest of the subsection we will use the notation Ds,t = Dil (ds, dt) and ∆s,t =
∆(ρs, ρt) for s, t ∈ R, so that ∆s,t = log (Ds,tDt,s). We will also use the notation v = vd and
v∗ = vd∗ , so that d0 = vd and dv∗ = v∗d∗. Theorem 4.4.4 then follows from the following
estimates.

Proposition 4.4.8. For any t ∈ R we have

D0,t =

{
v (tDd∗,d + θ(t))−1 if t < 0

v
(
tD−1

d,d∗
+ θ(t)

)−1
if t > 0

Dt,0 =

{
v−1(tD−1

d,d∗
+ θ(t)) if t < 0

v−1(tDd∗,d + θ(t)) if t > 0

Dv∗,t =

{
v∗
(
θ(t)D−1

d∗,d
+ t
)−1

if t < 0

v∗ (θ(t)Dd,d∗ + t)−1 if t > 0

Dt,v∗ =

{
v∗

−1(θ(t)Dd,d∗ + t) if t < 0

v∗
−1(θ(t)D−1

d∗,d
+ t) if t > 0

and hence

e∆t,0 =



(
tD−1

d,d∗
+ θ(t)

tDd∗,d + θ(t)

)
if t < 0(

tDd∗,d + θ(t)

tD−1
d,d∗

+ θ(t)

)
if t > 0

e∆t,v∗ =



(
θ(t)Dd,d∗ + t

θ(t)D−1
d∗,d

+ t

)
if t < v∗(

θ(t)D−1
d∗,d

+ t

θ(t)Dd,d∗ + t

)
if t > v∗.
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We begin the proof of Proposition 4.4.8 with some lemmas. For two functions f , g on a
set X, the notation f ≲ g means that there is some C ≥ 0 such that f(x) ≤ g(x) +C for all
x ∈ X. We also write f ≂ g if f ≲ g and g ≲ f .

Lemma 4.4.9. If t > 0, then

(i) D0,t = v
(
tD−1

d,d∗
+ θ(t)

)−1
, and

(ii) Dt,0 = v−1(tDd∗,d + θ(t)).

If t < v∗, then

(iii) Dt,v∗ = v∗
−1(θ(t)Dd,d∗ + t), and

(iv) Dv∗,t = v∗
(
θ(t)D−1

d∗,d
+ t
)−1

.

Proof. We have d ≲ Dd,d∗d∗, and hence

dt ≂ td∗ + θ(t)d ≳
(
tD−1

d,d∗
+ θ(t)

)
d = v−1

(
tD−1

d,d∗
+ θ(t)

)
d0.

By Lemma 4.4.7, tD−1
d,d∗

+ θ(t) ≥ 0, and so D0,t ≤ v
(
tD−1

d,d∗
+ θ(t)

)−1
. The reverse inequality

of (i) is similar. From d0 ≤ D0,tdt we get

d = v−1d0 ≲ v−1[D0,ttd∗ +D0,tθ(t)d]

and hence (
1− v−1D0,tθ(t)

)
d ≲ v−1D0,ttd∗. (4.16)

The left hand side of (4.16) is positive for t ≥ v∗, and for 0 < t < v∗ we have

v−1

(
1 +

t

θ(t)
D−1
d,d∗

)
d0 =

(
1 +

t

θ(t)
D−1
d,d∗

)
d ≲ d+

t

θ(t)
d∗ ≂ θ(t)−1dt.

We deduce

D0,t ≤ vθ(t)−1

(
1 +

t

θ(t)
D−1
d,d∗

)−1

< vθ(t)−1

and the left hand side of (4.16) is positive for any t > 0. This gives

Dd,d∗ ≤ v−1D0,tt
(
1− v−1D0,tθ(t)

)−1

or equivalently D0,t ≥ v
(
tD−1

d,d∗
+ θ(t)

)−1
.

We can prove (ii) in the same way, and identities (iii) and (iv) follow from (i) and (ii)
applied to ψ = θ−1, and noting that Dv∗,t = Dθ

v∗,t = Dψ
0,s and Dt,v∗ = Dψ

s,0, for s = θ(t).

Lemma 4.4.10. If r < s < t, then

Dr,t = Dr,s ·Ds,t and Dt,r = Dt,s ·Ds,r.
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Proof. For the case when r = 0 and t = v∗, the conclusion follows easily from Lemma 4.4.9.
For the general case, let ψ be the Manhattan curve for dr, dt, such that

dψa ≂ adt + ψ(a)dr ≂ (at+ ψ(a)r) d∗ + (aθ(t) + ψ(a)θ(r))d

for every a ∈ R. In particular, ψ satisfies

θ(at+ ψ(a)r) = aθ(t) + ψ(a)θ(r)

for every a ∈ R. Note that dψ0 ≂ dr and d
ψ
1 ≂ dt, and that λ(a) := at+ψ(a)r is an increasing

bijection on R such that dψa ≂ dθλ(a) for all a. Since vdt = 1, the general case then follows

from the first case applied to ψ and the value 0 < s̃ < 1 satisfying λ(s̃) = s.

Lemma 4.4.11. If t < 0, then

(i) D0,t = v (tDd∗,d + θ(t))−1, and

(ii) Dt,0 = v−1(tD−1
d,d∗

+ θ(t)).

Also, if t > v∗, then

(iii) Dt,v∗ = v−1
∗ (θ(t)D−1

d∗,d
+ t), and

(iv) Dv∗,t = v∗ (θ(t)Dd,d∗ + t)−1.

Proof. From Lemmas 4.4.9 and 4.4.10, for t < 0 we have

D0,t = Dv∗,t/Dv∗,0 = v (tDd∗,d + θ(t))−1 and Dt,0 = Dt,v∗/D0,v∗ = v−1(tD−1
d,d∗

+ θ(t)).

Identities (iii) and (iv) are deduced in an analogous way.

Proof of Proposition 4.4.8. Lemmas 4.4.9 and 4.4.11 imply the result, since from them we
can already verify the formulas for ∆t,0 and ∆t,v∗ .

Proof of Theorem 4.4.4. For each t ∈ R, let ρt = [dt] as above, for which statement (i) holds
by definition and statement (ii) follows from Lemma 4.4.10. For statement (iii) we compute

lim
t→∞

e∆t,v∗ = lim
t→∞

(
θ(t)D−1

d∗,d
+ t

θ(t)Dd,d∗ + t

)
= lim

t→∞

(
1 + θ(t)

t
D−1
d∗,d

1 + θ(t)
t
Dd,d∗

)
= lim

t→∞

(
1−D−1

d,d∗
·D−1

d∗,d

1−D−1
d,d∗

·Dd,d∗

)
= ∞,

where we used limt→∞
θ(t)
t

= −D−1
d,d∗

by Theorem 4.1.7 (4). Similarly limt→−∞∆t,0 = ∞.
Finally, note that ∆0,t and ∆v∗,t are continuous functions on t, so that lims→t∆s,t = 0 for

any t. Since [d] ̸= [d∗], we have Dd,d∗Dd∗,d > 1 and from Proposition 4.4.8 we deduce that
∆s,t > 0 for s ̸= t, and hence ρθ• is continuous and injective.
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Remark 4.4.12. From Proposition 4.4.8 we deduce that

0 < tDd∗,d + θ(t) ≤ v for t < 0, and 0 < tD−1
d,d∗

+ θ(t) ≤ v∗D
−1
d,d∗

for t > v∗.

Therefore,

θ(t) = −tDd∗,d +O(1) and θ(−t) = tD−1
d,d∗

+O(1) as t→ −∞,

which generalizes [CT21, Prop. 4.22] to arbitrary pairs of pseudo metrics d, d∗ ∈ DΓ.

From the proof of Theorem 4.4.4 we can deduce that DΓ is contractible. This fact
combined with Propositions 4.4.1 and 4.4.3 imply Theorem 1.2.4 from the Introduction.

Proposition 4.4.13. (DΓ,∆) is contractible.

Proof. Fix ρ0 ∈ DΓ and d0 ∈ ρ̂0. We will construct a map H : DΓ × [0, 1] → DΓ which is
constant at t = 0 and the identity at t = 1 as follows. For each ρ ∈ DΓ consider some d ∈ ρ̂,
and given t ∈ [0, 1], let ρt := [td + (1 − t)d0]. By Corollary 4.2.10, dt ∈ DΓ and its rough
isometry class is independent of the choice of d0 and d, so that ρt is well-defined. It follows
that H(ρ, 0) = ρ0 and H(ρ, 1) = ρ for all ρ, and in the same way as we deduced Proposition
4.4.8, we can verify that H is continuous.

Remark 4.4.14. In general, (DΓ,∆) is not uniquely geodesic. For instance, let Γ = F3 be
the rank-3 free group with free basis a1, a2, a3 and let S = {a±1

1 , a±1
2 , a±1

3 }. Given a triplet
of positive numbers λ = (λ1, λ2, λ3), let | · |λ : Γ → R be given by

|x|λ := inf

{
n∑
j=1

λij : x = aε1i1 · · · a
εn
in
, εj ∈ {±1}, 1 ≤ ij ≤ 3

}

if x ̸= o and |o|λ := 0. Then dλ(x, y) := |x−1y|λ defines a pseudo metric on Γ belonging to

DΓ. If λ
′
= (λ′1, λ

′
2, λ

′
3) is another triplet of positive numbers, we can verify that

Dil(dλ, dλ′) = max

(
λ1
λ′1
,
λ2
λ′2
,
λ3
λ′3

)
,

so in particular we have

∆([d(1,1,1)], [d(1,2,3)]) = ∆([d(1,1,1)], [d(1,a,2)]) + ∆([d(1,a,2)], [d(1,2,3)])

for all 4/3 ≤ a ≤ 2. The only value a for which [d(1,a,2)] lies on the geodesic for [d(1,1,1)], [d(1,2,3)]
given by Theorem 4.4.4 is a = 3/2, and for any other such value a we can construct a
geodesic from [d(1,1,1)] to [d(1,2,3)] passing through [d(1,a,2)] (for example, we can concatenate
the geodesic segments from [d(1,1,1)] to [d(1,a,2)] and from [d(1,a,2)] to [d(1,2,3)] given by Theorem
4.4.4).
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4.4.3 The geodesic bicombing

By appropriately reparametrizing the curves ρ
d∗/d
• given by Theorem 4.4.4 we can produce

a geodesic bicombing on DΓ consisting of bi-infinite geodesics.

Definition 4.4.15. For two distinct metric structures ρ = [d], ρ∗ = [d∗] in DΓ, theManhattan

geodesic of the pair ρ, ρ∗ is the map σ
ρ∗/ρ
• : R → DΓ given by the arc-length reparametrization

of the map ρ
d∗/d
• such that σ

ρ∗/ρ
0 = ρ and σ

ρ∗/ρ
∆(ρ,ρ∗)

= ρ∗.

More precisely, if ρ = [d] and ρ∗ = [d∗], then σ
ρ∗/ρ
t equals ρ

d∗/d
γ(t) , where γ(t) is the unique

number such that
∆(ρ, ργ(t)) = t and t · γ(t) ≥ 0. (4.17)

Manhattan geodesics are well-defined, since for ρ and ρ∗ as in the preceding definition,
the image ρd∗/d(R) ⊂ DΓ and the orientation of the curve ρ

d∗/d
• do not depend on the

representatives d and d∗. The next theorem summarizes some properties of the bicombing
given by the Manhattan geodesics.

Theorem 4.4.16. The geodesic bicombing (ρ, ρ∗) 7→ σ
ρ∗/ρ
• satisfies the following.

• Continuity: if ρn → ρ, ρn∗ → ρ∗ and ρ ̸= ρ∗ in DΓ, then σ
ρn∗ /ρ

n

• converges to σ
ρ∗/ρ
•

uniformly on compact subsets of R.

• Consistency: if ρ ̸= ρ∗ and τ = σ
ρ∗/ρ
s , τ∗ = σ

ρ∗/ρ
s∗ for s ̸= s∗, then

σ
τ∗/τ
t = σ

ρ∗/ρ
T (s,s∗,t)

where T (s, s∗, t) = t

(
s∗ − s

∆(τ, τ∗)

)
+ s for each t ∈ R.

Remark 4.4.17. The geodesic bicombing above also satisfies Out(Γ)-invariance, see Remark
4.4.28. Therefore, Theorems 4.4.4 and 4.4.16 imply Theorem 1.2.9 from the Introduction.

Proof. To prove continuity, consider sequences ρn = [dn] and ρn∗ = [dn∗ ] in DΓ converging
to ρ = [d] and ρ∗ = [d∗] as n tends to infinity, respectively. We can assume that d, d∗, d

n,
and dn∗ have exponential growth rates equal to 1 for all n. Under this assumption, if we let
θn = θdn∗ /dn and θ = θd∗/d then θn converges to θ uniformly on compact subsets of R (see also

the proof of Theorem 4.5.6. From this we deduce that if ρn• = ρ
dn∗ /d

n

• , then ρn• converges to
ρ• uniformly on compact subsets of R. Continuity follows from this property and (4.17).

Finally, consistency follows from the fact that if ρ = [d] ̸= ρ∗ = [d∗] ∈ DΓ and τ =

τ∗ ∈ σρ∗/ρ(R), then στ∗/τ (R) = σρ∗/ρ(R). To prove this fact, say τ = [d] = ρ
d∗/d
s and

τ∗ = [d∗] = ρ
d∗/d
s∗ for some s ̸= s∗. Then

h(d)d ≂ sd∗ + θ(s)d and h(d∗)d∗ ≂ s∗d∗ + θ(s∗)d,
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and if θ = θd∗/d, then for all t ∈ R we get

td∗ + θ(t)d ≂ th(d∗)
−1(sd∗ + θ(s)d) + θ(t)h(d)−1(s∗d∗ + θ(s∗)d)

= [th(d∗)
−1s∗ + θ(t)h(d)−1s]d∗ + [th(d∗)

−1θ(s∗) + θ(t)h(d)−1θ(s)]d.

This implies the identity θ(α(t)) = β(t), for α(t) = th(d∗)
−1s∗ + θ(t)h(d)−1s and β(t) =

th(d∗)
−1θ(s∗) + θ(t)h(d)−1θ(s). Since s ̸= s∗, α and β are bijections on R, such that ρ

d∗/d
t =

ρ
d∗/d
α(t) for all t. This concludes the proof of the fact, and hence the theorem.

4.4.4 The subspaces D δ
Γ and D δ,α

Γ

In this subsection we study the (family of) subspaces (Dδ
Γ)δ and (Dδ,α

Γ )δ,α of DΓ. The main
result of the section is Theorem 4.4.22, which implies Theorem 1.2.6 from the Introduction.
We first recall the definition of these subspaces.

Definition 4.4.18. • Given δ ≥ 0, let Dδ
Γ be the space of all metric structures ρ = [d]

such that d is a δ-hyperbolic pseudo metric with exponential growth rate 1.

• Given δ, α ≥ 0, let Dδ,α
Γ be the space of all metric structures ρ = [d] such that d is a

δ-hyperbolic and α-roughly geodesic pseudo metric with exponential growth rate 1.

Example 4.4.19. If Γ is a free group, then D0
Γ is exactly the outer space C VΓ. Indeed,

if d ∈ DΓ is 0-hyperbolic, then the injective hull (Γ, d)
i
↪−→ (X, d̂) is a complete R-tree. If

T ⊂ X is the union of the axes of all the non-trivial elements of Γ, then T is also an R-tree,
with each vertex of finite valence since d is proper. The action of Γ on T is then geometric
and minimal, and hence [d] = ρT ∈ C VΓ. Conversely, we have that D0

Γ is non-empty if and
only if Γ is virtually free.

Example 4.4.20. If Γ is a surface group, then the exponential growth rate of any geometric
action of Γ on H2 is 1. Since H2 is log 2-hyperbolic [NŠ16, Cor. 5.4] we deduce that TΓ is con-
tained in D log 2

Γ . Similarly, the exponential growth rate of any quasi-Fuchsian representation
of Γ equals the Hausdorff dimension of its limit set in the 2-sphere with its standard metric
(see e.g. [Sul79, Thm. 7]). As H3 is also log 2-hyperbolic, we deduce that QFΓ ⊂ D log 4

Γ .

Example 4.4.21 (Bounded subsets of negatively curved metric structures). Let M be a
closed manifold with fundamental group isomorphic to Γ and let B be a bounded set of
negatively curved Riemannian metrics on M in the following sense: there exists C ≥ 1 and
g0 ∈ B such that

C−1g0(v, v) ≤ g(v, v) ≤ g0(v, v)C

for every tangent vector v ∈ TM and g ∈ B. If g̃ is the lifting of g to the universal cover M̃
of M , then we have

C−1dg̃0 ≤ dg̃ ≤ Cdg̃0 (4.18)



CHAPTER 4. METRIC STRUCTURES ON HYPERBOLIC GROUPS 115

for every g ∈ B, where dg̃ denotes the induced length distance on M̃ . In particular, the
diameter of (M, g) is uniformly bounded as a function of g ∈ B. In addition, if dg̃0 is δ0-

hyperbolic, then Corollary 2.3.9 implies that dg̃ is δ̂-hyperbolic for all g ∈ B, for δ̂ depending
only on δ0 and C.

Now, fix any marking ϕ of Γ, which induces an isometric action on M̃ . By (4.18) we

deduce that the exponential growth rate of the action of Γ on (M̃, dg̃) is uniformly bounded
for g ∈ B. We conclude that there exist δ, α ≥ 0 such that the set of metric structures on Γ
induced by the marked metrics (g, ϕ) with g ∈ B is contained in Dδ,α

Γ .

The following is the main result of the subsection, which by Examples 4.4.19 and 4.4.20
generalizes the properness of Teichmüller, quasi-Fuchsian, and outer spaces. Recall that a
metric space is proper if its closed balls are compact.

Theorem 4.4.22. For any δ, α ≥ 0 we have that:

(i) Dδ
Γ is either empty or a proper subspace of (DΓ,∆), and;

(ii) Dδ,α
Γ is either empty or proper.

In particular, Dδ
Γ and Dδ,α

Γ are always complete subspaces of DΓ. The rest of the subsec-
tion is devoted to the proof of this theorem, where a key ingredient is Theorem 2.3.15. Our
first lemma will be used to find good representatives for metric structures.

Lemma 4.4.23. Let S ⊂ Γ be a finite, symmetric generating set, and B ⊂ Dδ,α
Γ a bounded

subset. Then there exists some C ≥ 1 depending only on B and S, such that for every ρ ∈ B
there exists a δ-hyperbolic and α-roughly geodesic pseudo metric dρ ∈ ρ̂ satisfying

C−1dS(x, y)− C ≤ dρ(x, y) ≤ CdS(x, y) (4.19)

for all x, y ∈ Γ.

Proof. Since B is bounded, there exists some Λ ≥ 1 such that for all ρ ∈ B, d ∈ ρ̂ and
[x] ∈ conj, we have

Λ−1ℓS[x] ≤ ℓd[x] ≤ ΛℓS[x], (4.20)

where ℓS = ℓdS . Now, for each ρ ∈ B, let d′ρ ∈ ρ̂ be a δ-hyperbolic and α-roughly geodesic
pseudo metric. We want to modify these pseudo metrics so that they satisfy (4.19) for some
C independent of ρ. To do this, for any ρ ∈ B we apply Theorem 2.3.15 to the finite set S
and the pseudo metric d′ρ to find a point zρ ∈ Γ such that

max
s∈S

d′ρ(szρ, zρ) ≤
1

2
max
s1,s2∈S

ℓd′ρ [s1s2] +Kδ+4α+1 ≤ Λ

2
max
s1,s2∈S

ℓS[s1s2] +Kδ+4α+1, (4.21)

where in the last inequality we used (4.20). We define C1 as the last term in (4.21), which
is independent of ρ ∈ B. In this way, the pseudo metric dρ(x, y) := d′ρ(xzρ, yzρ) is also
left-invariant, δ-hyperbolic and α-roughly geodesic, and for each x, y ∈ Γ we have

dρ(x, y) ≤ C1dS(x, y). (4.22)
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For the other inequality in (4.19), we apply Corollary 4.2.21 to ψ = dS to find a finite set
U ⊂ Γ and a constant C2 ≥ 0 such that

dS(x, y) ≤ max
u∈U

ℓS[x
−1yu] + C2

for all x, y ∈ Γ. This last inequality together with (4.20) and (4.22) imply that for ρ ∈ B
and all x, y ∈ Γ

dρ(x, y) ≥ max
u∈U

dρ(x
−1yu, o)−max

u∈U
dρ(u, o)

≥ max
u∈U

ℓdρ [x
−1yu]− C1max

u∈U
dS(u, o)

= max
u∈U

ℓd′ρ [x
−1yu]− C1max

u∈U
dS(u, o)

≥ Λ−1max
u∈U

ℓS[x
−1yu]− C1max

u∈U
dS(u, o)

≥ Λ−1(dS(x, y)− C2)− C1max
u∈U

dS(u, o)

= Λ−1dS(x, y)−
(
Λ−1C2 + C1max

u∈U
dS(u, o)

)
,

and inequality (4.19) holds for all ρ in B, with C = max(C1,Λ,Λ
−1C2+C1maxu∈U dS(u, o)).

Now we begin the proof of Theorem 4.4.22. Our first step is to prove completeness of
Dδ,α

Γ .

Proposition 4.4.24. For all δ, α ≥ 0 the set Dδ,α
Γ is either empty, or a complete subspace

of DΓ.

Proof. Assume that Dδ,α
Γ is non-empty and let (ρn)n ⊂ Dδ,α

Γ be a Cauchy sequence of metric
structures, for which we expect it to converge to some ρ∞ ∈ Dδ,α

Γ .
Let S ⊂ Γ be a finite, symmetric generating set. The sequence ρn is bounded, and hence

by Lemma 4.4.23 there exists a constant C ≥ 1 independent of n, and δ-hyperbolic and
α-roughly geodesic pseudo metrics dn ∈ ρ̂n such that for each x, y ∈ Γ we have

C−1dS(x, y)− C ≤ dn(x, y) ≤ CdS(x, y). (4.23)

This last inequality allows us to find a subsequence (nk)k such that for each x, y ∈ Γ, the
sequence dnk

(x, y) has a limit, so that for x, y ∈ Γ we define d∞(x, y) := limk dnk
(x, y). To

conclude the result, there are some claims to verify:
Claim 1: d∞ ∈ DΓ.
Clearly, d∞ is a left-invariant pseudo metric on Γ. Since each dn is δ-hyperbolic, d∞ is

also δ-hyperbolic, and it is quasi-isometric to dS as a consequence of (4.23), so that d∞ ∈ DΓ.
Claim 2: The sequence ρn converges to ρ∞ := [d∞].
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We first prove that ℓdnk
[x] converges to ℓd∞ [x] for all [x] ∈ conj. Let x ∈ Γ, for which we

have

ℓd∞ [x] = lim
m→∞

d∞(o, xm)

m
= lim

m→∞

limk dnk
(o, xm)

m
≥ lim sup

k
ℓdnk

[x],

where in the last inequality we used that ℓd[x] = infm≥1
d(o,xm)
m

for all d ∈ DΓ and x ∈ Γ. For
the inequality ℓd∞ [x] ≤ lim infk ℓdnk

[x] we use [Ore18, Thm. 1.1], which implies that

ℓd[x] = sup
m≥1

(
d(o, x2m)− d(o, xm)− 2δ

m

)
for each δ-hyperbolic pseudo metric d ∈ DΓ. From this we get

ℓd∞ [x] = lim
m→∞

(
d∞(o, x2m)− d∞(o, xm)− 2δ

m

)
= lim

m→∞

(
limk(dnk

(o, x2m)− dnk
(o, xm)− 2δ)

m

)
≤ lim inf

k
ℓdnk

[x].

This convergence implies that for all n and [x] ∈ conj

(lim sup
k→∞

Dil(dn, dnk
))−1ℓdn [x] ≤ ℓd∞ [x] ≤ lim sup

k→∞
Dil(dnk

, dn)ℓdn [x]. (4.24)

As each dn has exponential growth rate 1, by Proposition 4.3.22 and Lemma 4.3.24 we have
that

max(Dil(dn, dm),Dil(dm, dn)) ≤ Λ(ρm, ρn) (4.25)

for all m,n. Also, since (ρn)n is Cauchy, the sequence Λn := lim supk→∞ Λ(ρnk
, ρn) tends to

1, and hence ρn converges to ρ∞.
Claim 3: ρ∞ ∈ Dδ,α

Γ .
We already proved that d∞ is δ-hyperbolic, so we now show that vd∞ = 1. Indeed, for

each d ∈ DΓ, the quantity vd is also the critical exponent of

b 7→
∑

[x]∈conj′
e−bℓd[x],

(see Equation (4.2), the case t = 0). Applying this to d∞ and each dn, and using (4.24) and
(4.25), we get that

Λ−1
n vdn ≤ vd∞ ≤ Λnvdn

for all n. Since vdn = 1 for each n and Λn tends to 1, we deduce vd∞ = 1.
We are only left to show that d∞ is α-roughly geodesic. To do this, fix x ∈ Γ, and for

each k, let o = x0,k, x1,k, . . . , xrk,k = x be an (α, dnk
)-rough geodesic joining o and x. By

(4.23) we have rk ≤ α + dnk
(o, x) ≤ α + C|x|S, so that the sequence (rk)k is bounded, and

after replacing nk by a further subsequence and reindexing, we can assume that rk = r for
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all k. From this, it is enough to prove that for all 0 ≤ j ≤ r, the sequence (xj,k)k is bounded
in d∞, since in that case, and after extracting a subsequence, the constant sequence of points
xj = xj,k will define an (α, d∞)-rough geodesic joining o and x.

To prove this, note that for 0 ≤ j ≤ r and any k we have dnk
(o, xj,k) ≤ j + α, so it is

enough to show that for all y ∈ Γ and k we have

d∞(o, y) ≤ A′dnk
(o, y) +B′,

for some constants A′, B′ independent of y and k. For this we apply Corollary 4.2.21 to ψ =
d∞ to get a finite set V ⊂ Γ and a constant E ≥ 0 such that d∞(o, y) ≤ maxv∈V ℓd∞ [vy] +E
for all y. Therefore, by this and (4.23) we obtain

d∞(o, y) ≤ max
v∈V

ℓd∞ [yv] + E

≤ Λ(ρ∞, ρnk
)max
v∈V

ℓdnk
[yv] + E

≤ Λ(ρ∞, ρnk
)dnk

(o, y) + E + Λ(ρ∞, ρnk
)max
v∈V

dnk
(o, v)

≤ Λ(ρ∞, ρnk
)dnk

(o, y) + E + CΛ(ρ∞, ρnk
)max
v∈V

|v|S,

and the conclusion follows since the sequence k 7→ Λ(ρ∞, ρnk
) is bounded. This completes

the proof of Claim 3 and the proposition.

Proposition 4.4.25. For each δ, α ≥ 0, the set Dδ,α
Γ is either empty or a proper subspace

of DΓ.

Proof. Assume Dδ,α
Γ is non-empty. Then it is complete by Proposition 4.4.24, so it is enough

to show that for any bounded set B ⊂ Dδ,α
Γ and any ε > 0, B can be covered by finitely

many subsets of diameter at most ε.
Let S ⊂ Γ be a finite, symmetric generating set. As B is bounded and contained in

Dδ,α
Γ , by Lemma 4.4.23 we can find some C ≥ 1 such that for every ρ ∈ B there is some

δ-hyperbolic and α-roughly geodesic pseudo metric dρ ∈ ρ̂ satisfying

C−1dS(x, y)− C ≤ dρ(x, y) ≤ CdS(x, y) (4.26)

for all x, y ∈ Γ.
Now, for every ρ ∈ B and n ≥ 0, let Sn,ρ := {x ∈ Γ : dρ(o, x) ≤ n}. By (4.26), for every

ρ ∈ B we have S ⊂ SC,ρ, so that Sn,ρ generates Γ for all n ≥ C. Therefore, by Lemma 4.2.12
we have that for all ρ ∈ B, n ≥ max(C, α + 2) and x ∈ Γ:

(n− 1− α)dSn,ρ(o, x)− (n− 1) ≤ dρ(o, x) ≤ ndSnρ
(o, x).

Given ε > 0, let n0 ≥ max(C, α + 2) be such that n0

n0−1−α < eε/2, and let A ⊂ DΓ be the set
of all the metric structures [dT ], with T a finite generating set contained in {x ∈ Γ : |x|S ≤
Cn0 + C2}. Note that A is finite.

By (4.26) we obtain that [dSn0,ρ
] ∈ A for every ρ ∈ B, and that ∆(ρ, [dSn0,ρ

]) ≤
log( n0

n0−1−α) < ε/2, so that B is covered by the finite collection of balls {τ ∈ DΓ : ∆(σ, τ) ≤
ε/2} with σ ∈ A.
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To finish the proof of Theorem 4.4.22, we are left to show that Dδ
Γ is either empty or

proper for any δ ≥ 0. In virtue of Proposition 4.4.25, it is enough to prove that bounded
subsets of Dδ

Γ are contained in Dδ,α
Γ for some α ≥ 0. The following lemma is an adaptation

of Lemma 4.4.23 for bounded subsets of Dδ
Γ.

Lemma 4.4.26. Let S ⊂ Γ be a finite, symmetric generating set, and B ⊂ Dδ
Γ a bounded

subset. Then there exists some C ≥ 1 depending only on B and S, such that for every ρ ∈ B
there exists a δ-hyperbolic pseudo metric dρ ∈ ρ̂ satisfying

C−1dS(x, y)− C ≤ dρ(x, y) ≤ CdS(x, y)

for all x, y ∈ Γ.

Sketch of proof. For each ρ ∈ B, let d′ρ ∈ ρ̂ be a δ-hyperbolic pseudo metric, and by Proposi-

tion 2.3.7 consider its injective hull iρ : (Γ, d
′
ρ) ↪→ (Xρ, d̂ρ) which is δ-hyperbolic and geodesic.

By this same proposition, Γ also acts isometrically on (Xρ, d̂ρ), and the isometric map iρ is
Γ-equivariant.

As in the proof of Lemma 4.4.23, we can use that B is bounded and apply Theorem
2.3.15 to the set S and each (Xρ, d̂ρ), to find a constant C ≥ 1 such that for any ρ ∈ B there
is a point zρ ∈ Xρ satisfying

C−1dS(x, y)− C ≤ d̂ρ(xzρ, yzρ) ≤ CdS(x, y)

for all x, y ∈ Γ. The proof is completed by taking dρ(x, y) := d̂ρ(xzρ, yzρ) for x, y ∈ Γ and
ρ ∈ B, details are left to the reader.

Proposition 4.4.27. For any δ ≥ 0, if B ⊂ Dδ
Γ is bounded, then B ⊂ Dδ,α

Γ for some α.

Proof. Let S ⊂ Γ be a finite, symmetric generating set. We apply Lemma 4.4.26 to S and
B to find a constant C ≥ 1 such that for any ρ ∈ B there is a δ-hyperbolic pseudo metric
dρ ∈ ρ̂ satisfying

C−1dS(x, y)− C ≤ dρ(x, y) ≤ CdS(x, y)

for all x, y ∈ Γ. In particular, for each ρ ∈ B, any pair of points in (Γ, dρ) can be joined
by a (C,C,C)-quasigeodesic. Therefore, by Lemma 2.3.10 applied to each (Γ, dρ) we deduce
that there is some α ≥ 0 such that for every ρ ∈ B, the pseudo metric dρ is δ-hyperbolic and
α-roughly geodesic, which concludes the proof of the proposition.

4.4.5 The action of Out(Γ)

One of the main properties of Teichmüller space and outer space is that they admit proper
isometric actions of Out(Γ), where Γ is a surface or a free group respectively. In our more
general setting, there is a natural isometric action of Out(Γ) on (DΓ,∆) via pullback: if
ϕ ∈ Aut(Γ) and d ∈ DΓ, then ϕ([d]) = [ϕ(d)], where ϕ(d)(x, y) = d(ϕ−1x, ϕ−1y) for all
x, y ∈ Γ. This action is clearly isometric for the metric ∆, and if ϕ ∈ Inn(Γ) then ϕ acts
trivially on DΓ so that the action descends to an isometric action of Out(Γ).
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Remark 4.4.28. It is easy that the action of Out(Γ) preserves the Manhattan geodesic bi-

combing σ• introduced in Section 4.4.3, in the sense that ϕ ◦ σρ∗/ρ• = σ
ϕ(ρ∗)/ϕ(ρ)
• for any

ϕ ∈ Out(Γ) and ρ ̸= ρ∗ in DΓ. This follows since for any d, d∗ ∈ DΓ and ϕ ∈ Aut(Γ) we have

ρ
ϕ(d∗)/ϕ(d)
• = ϕ ◦ ρd∗/d• .

Extending the cases of Teichmüller and outer spaces, the action of Out(Γ) on DΓ is
proper.

Theorem 4.4.29. The action of Out(Γ) on DΓ is isometric and metrically proper. That
is, for any ρ ∈ DΓ and R ≥ 0, there exist at most finitely many ϕ ∈ Out(Γ) such that
∆(ρ, ϕ(ρ)) ≤ R.

Proof. To prove the assertion, suppose by contradiction that there exists some ρ ∈ DΓ, some
R > 0 and infinitely many ϕ ∈ Out(Γ) such that ∆(ρ, ϕ(ρ)) ≤ R. Consider d ∈ ρ̂ and let
A ⊂ Aut(Γ) be a complete set of representatives of the elements ϕ ∈ Out(Γ) such that
ℓϕ(d) ≤ eRℓd, which is infinite by assumption.

Let S ⊂ Γ be a finite, symmetric generating set, and for ϕ ∈ A consider the quantity
λϕ = infx∈Γmaxs∈S d(x, ϕ

−1(s)x). As A is infinite, the set {λϕ}ϕ∈A is unbounded, see e.g.
[Pau91, p. 338]. On the other hand, since each pseudo metric ϕ(d) is δ-hyperbolic and α-
roughly geodesic for some uniform δ and α, by Theorem 2.3.15 there exists a constant L > 0
such that for all ϕ ∈ A we have

λϕ ≤ L+
1

2
max
s1,s2∈S

ℓϕ(d)[s1s2] ≤ L+
eR

2
max
s1,s2∈S

ℓd[s1s2].

The last term does not depend on ϕ, implying the desired contradiction.

The situation is also interesting when we restrict to the Out(Γ)-invariant subspaces Dδ
Γ

and Dδ,α
Γ for δ, α ≥ 0, since by Theorem 4.4.22, metric properness of the action implies

proper discontinuity. Indeed, when Γ is torsion-free, we can prove cocompactness for the
action on Dδ,α

Γ . The next theorem combined with Theorem 4.4.29 implies Theorem 1.2.7
from the Introduction.

Theorem 4.4.30. Assume Γ is torsion-free, and let α, δ ≥ 0 be such that Dδ,α
Γ is non-empty.

Then the action of Out(Γ) on Dδ,α
Γ is cocompact. In particular, if Out(Γ) is finite then Dδ,α

Γ

is compact.

Example 4.4.31 (Thick part for Teichmüller space). Let S be a closed orientable surface
with fundamental group isomorphic to Γ, and let ε > 0. A thick part for TΓ is the set
TΓ,ε of points in TΓ represented by a marked hyperbolic metric whose closed geodesics have
lengths at least ε. Since the mapping class group of S is a finite index subgroup of Out(Γ),
it follows from Mumford’s compactness theorem [Mum71] that the action of Out(Γ) on TΓ,ε

is cocompact. In consequence, by Proposition 4.4.27 and Example 4.4.20 we can find αε ≥ 0
such that TΓ,ε ⊂ D log 2,αε

Γ . Since Γ is torsion-free, Theorem 4.4.30 applies, and indeed we

have that for all δ, α ≥ 0 there exists C = C(δ, α, ε) ≥ 0 such that Dδ,α
Γ is contained in the

C-neighborhood of TΓ,ε in (DΓ,∆).
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Example 4.4.32 (Thick part for outer space). Let Γ be a free group, and let ε > 0. As in
the case of surface groups, we can define a thick part for C VΓ as the set C VΓ,ε of the points
in C VΓ represented by a marked graph (G, ϕ) such the minimal length of a loop in G is at
least ε times the sum of the lengths of edges of G. In this case the action of Out(Γ) on C VΓ,ε

is also cocompact, and as in the example above we deduce that for all δ, α ≥ 0 there exists
C = C(δ, α, ε) ≥ 0 such that Dδ,α

Γ is contained in the C-neighborhood of C VΓ,ε.

For the proof of Theorem 4.4.30 we need some notation. A marked group is a pair (Γ, S)
where Γ is a group and S ⊂ Γ is a finite, symmetric generating subset. If Γ is hyperbolic, we
say that (Γ, S) is δ-hyperbolic if the word metric dS is δ-hyperbolic. Similarly, the exponential
growth rate of (Γ, S) is v(Γ, S) = vS. An isomorphism of marked groups ϕ : (Γ, S) → (Γ′, S ′)
is an isomorphism ϕ : Γ → Γ′ such that ϕ(S) = S ′ and the restriction ϕ|S is injective, and
two marked groups are isometrically isomorphic if there exists an isomorphism of marked
groups between them. Note that the isomorphism of marked groups induces an isometry
(Γ, dS) → (Γ′, dS′), and when Γ = Γ′, the corresponding element in Out(Γ) induced by ϕ
maps [dS] to [dS′ ].

The key ingredient in the proof is the following finiteness result, which is a particular
case of a theorem of Besson, Courtois, Gallot and Sambusetti.

Theorem 4.4.33 (Besson-Courtois-Gallot-Sambusetti [Bes+21, Thm. 1.4]). Let Γ be a non-
elementary, torsion-free hyperbolic group. For any δ,H ≥ 0 there are only finitely many
marked groups (Γ, S) (up to isometric isomorphism) such that (Γ, S) is δ-hyperbolic and
v(Γ, S) ≤ H.

Proof of Theorem 4.4.30. Assume Dδ,α
Γ is non-empty, and let ρ ∈ Dδ,α

Γ and dρ ∈ ρ̂ be a δ-
hyperbolic and α-roughly geodesic pseudo metric representative. For this pseudo metric we
have that Sρ := {x ∈ Γ : dρ(o, x) ≤ 2 + ⌊α⌋} generates Γ. Lemma 4.2.12 then implies that

(1 + ⌊α⌋ − α)dSρ(x, y)− (n− 1) ≤ dρ(x, y) ≤ (2 + ⌊α⌋)dSρ(x, y)

for all x, y ∈ Γ. Thus, we get that ∆(ρ, [dSρ ]) ≤ R := log( 2+⌊α⌋
1+⌊α⌋−α). In addition, we also

get v(G,Sρ) ≤ (2 + ⌊α⌋)vdρ = 2 + ⌊α⌋, and by applying Corollary 2.3.9, we can deduce

that (Γ, Sρ) is δ̃-hyperbolic, for δ̃ depending only on δ and α. From this, we can apply
Theorem 4.4.33 and conclude that there is a finite set (Γ, S1), . . . , (Γ, Sk) of marked groups
such that each marked group (Γ, Sρ) with ρ ∈ Dδ,α

Γ is isometrically isomorphic to some

(Γ, Si). Define K as the intersection of Dδ,α
Γ with the closure of the union of the closed balls

in DΓ of radius R and with centers [dS1 ], . . . , [dSk
], which is compact by Proposition 4.4.25.

As marked isomorphisms are induced by automorphisms of Γ exchanging the corresponding
word metrics, and since Out(Γ) acts isometrically, we get Dδ,α

Γ = Out(Γ) ·K and conclude
the proof of the theorem.
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4.5 Continuity results

In this section we prove continuity results for some relevant functions on DΓ. These are the
Bowen-Margulis map (Theorem 4.5.1), the mean distortion (Theorem 4.5.6), the hyperbolic-
ity constant functional (Proposition 4.5.8), and the visual dimension functional (Proposition
4.5.10). Theorem 4.5.1 confirms Theorem 1.2.8 from the Introduction.

4.5.1 Continuity of the Bowen-Margulis map

In Definition 4.3.17, we introduced the (projective) Bowen-Margulis currentBM(ρ) ∈ PCurr(Γ)
associated to the metric structure ρ ∈ DΓ. If Γ is a surface group and ρ ∈ TΓ, the Bowen-
Margulis current BM(ρ) has a canonical normalization in Curr(Γ), which coincides with the
Liouville current of ρ (see Example 4.7.9). The work of Bonahon [Bon88] then implies that
the Bowen-Margulis map BM : TΓ → PCurr(Γ) is continuous. Similar continuity results
for the Bowen-Margulis current still hold if we consider marked (variable) negatively curved
metrics on surfaces [Kat+89] (indeed, sufficiently regular perturbations of the metric will
give higher regularity of the Bowen-Margulis current). In the case of a free group Γ, the
continuity of BM : C VΓ → PCurr(Γ) is due to Kapovich and Nagnibeda [KN07, Thm. A].
Our next theorem generalizes all these previous continuity results.

Theorem 4.5.1. For any δ ≥ 0 such that Dδ
Γ is non-empty, the Bowen-Margulis map

BM : Dδ
Γ → PCurr(Γ) is continuous.

For the proof of this result we fix a sequence (ρn)n ⊂ Dδ
Γ converging to ρ∞. Our goal

is to prove that BM(ρn) converges to BM(ρ∞) in PCurr(Γ). As PCurr(Γ) is metrizable,
our strategy will be to prove that each subsequence of (BM(ρn))n has a further subsequence
converging to BM(ρ∞).

Fix a finite, symmetric generating set S ⊂ Γ. By Proposition 4.4.27, there exists some
α ≥ 0 such that ρn ∈ Dδ,α

Γ for all n, and by Lemma 4.4.23 we can find a constant C ≥ 1 and
δ-hyperbolic, α-roughly geodesic pseudo metrics dn ∈ ρ̂n such that

C−1dS(x, y)− C ≤ dn(x, y) ≤ CdS(x, y) (4.27)

for all n and all x, y ∈ Γ.
We consider a subsequence of (ρn)n, that for simplicity we still denote by ρn. Due to our

assumptions, and after extracting a further subsequence, we can assume that dn converges
pointwise to a pseudo metric d∞ ∈ ρ̂∞, so that d∞ is also δ-hyperbolic and α-roughly geodesic
and satisfies (4.27) with d∞ in the place of dn. The next lemma will guarantee a good large-
scale convergence of the pseudo metrics dn, and might be considered as a characterization
of convergence of metric structures in terms of pointwise convergence of convenient pseudo
metric representatives.
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Lemma 4.5.2. Let δ, α ≥ 0 and (dn)n ⊂ DΓ be a sequence of δ-hyperbolic, α-roughly geodesic
pseudo metrics on Γ. Suppose that dn converges pointwise to a pseudo metric d∞, also δ-
hyperbolic and α-roughly geodesic. Then for any ε > 0 there is some n0 such that if n ≥ n0

and x ∈ Γ then
dn(o, x) ≤ (1 + ε)d∞(o, x) + 3α + 1.

In addition, suppose that there exist A,B ≥ 1 such that d∞ ≤ Adn + B for all n. Then for
any ε > 0 there is some n1 such that if n ≥ n1 and x ∈ Γ then

d∞(o, x) ≤ (1 + ε)dn(o, x) + 3α + 1.

Proof. Without loss of generality we can assume that ε ∈ (0, 1), and for x ∈ Γ consider an
(α, d∞)-rough geodesic o = x0, . . . , xm = x joining o and x. Given L > 2α+ε

2ε
an integer, let n0

be such that |dn(p, q)−d∞(p, q)| < ε/2 for all n ≥ n0 and all p, q such that d∞(p, q) ≤ L+α.
If m = sL+ r with s, r non-negative integers and 0 ≤ r < L, then

dn(o, x) ≤
s−1∑
i=0

dn(xiL, x(i+1)L) + dn(xsL, xm)

≤
s−1∑
i=0

(
d∞(xiL, x(i+1)L) + ε/2

)
+ d∞(xsL, xm) + ε/2

≤ s(L+ α + ε/2) + (r + α + ε/2)

= m+ (s+ 1)(α + ε/2)

≤ d∞(o, x) + α + (s+ 1)(α + ε/2).

Since s ≤ d∞(o, x)/L+ α/L we deduce

dn(o, x) ≤ (1 + α/L+ ε/(2L))d∞(o, x) + α+ (α/L+ 1)(α+ ε/2) ≤ (1 + ε)d∞(o, x) + 3α+ 1,

where we used α/L+ ε/(2L) < ε < 1. This proves the first statement.
The second statement is proven similarly, where we choose n1 such that |dn(p, q) −

d∞(p, q)| < ε/2 for all n ≥ n1 and all p, q such that d∞(p, q) ≤ A(L + α) + B, where
L > 2α+ε

2ε
is an integer, and x0, . . . , xm is now an (α, dn)-rough geodesic with n ≥ n1.

After extracting a subsequence, by Lemma 4.5.2 we can assume that there is a decreasing
sequence Λn → 1 such that

Λ−1
n d∞ − 3α− 2 ≤ dn ≤ Λnd∞ + 3α + 1 (4.28)

for all n. By Proposition 2.3.11 this implies that

Λ−1
n (·|·)·,d∞ −Q ≤ (·|·)·,dn ≤ Λn(·|·)·,d∞ +Q (4.29)

for all n, where Q is a constant independent of n.
Given n, let νn be a quasiconformal measure for dn with uniform multiplicative constant

D = Dδ as in (4.9). As ∂Γ is compact metrizable, and after extracting a subsequence, we
can assume that νn weak-∗ converges to ν∞. We claim that ν∞ is quasiconformal for d∞.
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Proposition 4.5.3. There is a constant M ≥ 1 such that for all x ∈ Γ and all f ∈ C(∂Γ)
with f ≥ 0:

M−1

∫
f(p)e−βd∞ (x,o;p)dν∞(p) ≤

∫
f(p)dxν∞(p) ≤M

∫
f(p)e−βd∞ (x,o;p)dν∞(p). (4.30)

In consequence, ν∞ is quasiconformal for d∞.

We will need the next lemma, which is an immediate consequence of (2.3).

Lemma 4.5.4. Let d ∈ DΓ be δ-hyperbolic. Then for all x ∈ Γ, the functions hx, hx : ∂Γ → R
defined by

hx(p) := lim sup
q→p

e(x|q)o,d , hx(p) := lim inf
q→p

e(x|q)o,d

are upper and lower semi-continuous respectively, bounded above by ed(x,o), and satisfy the
inequalities

hx(p) ≤ hx(p), e−δhx(p) ≤ e(x|p)o,d ≤ eδhx(p)

for all p ∈ ∂Γ.

Proof of Proposition 4.5.3. quasiconformality follows immediately from (4.30) since ν∞ is
regular. We will only prove the second inequality in (4.30), as the first one is proven in the
same way. Let f ∈ C(∂Γ) with f ≥ 0 and x ∈ Γ. By inequalities (4.9) and (2.4) we get∫

fdxν∞ = lim
n→∞

∫
fdxνn = lim

n→∞

∫
f
dxνn
dνn

dνn

≤ D lim sup
n→∞

∫
f(p)e−βdn (x,o;p)dνn(p)

= D lim sup
n→∞

(
e−dn(x,o)

∫
f(p)e2(x|p)o,dndνn(p)

)
.

Since the sequence (Λn)n is monotone, by (4.28) and (4.29) we obtain∫
fdxν∞ ≤ De3α+2Q+2 lim sup

n→∞

(
e−Λ−1

n d∞(x,o)

∫
f(p)e2Λn(x|p)o,d∞dνn(p)

)
≤ De3α+2Q+2e−d∞(x,o) lim inf

k→∞
lim sup
n→∞

(∫
f(p)(e2(x|p)o,d∞ )Λkdνn(p)

)
.

At this point, we would like to use the convergence νn
∗
⇀ ν∞ to deduce

lim sup
n→∞

(∫
f(p)(e2(x|p)o,d∞ )Λkdνn(p)

)
=

∫
f(p)(e2(x|p)o,d∞ )Λkdν∞(p).

However, the function p → (e2(x|p)o,d∞ )Λk is not necessarily continuous, so this last equation
might not hold. Instead, we consider the function h = hx : ∂Γ → R from Lemma 4.5.4
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with respect to d = d∞. Since ∂Γ is metrizable and h is upper semi-continuous, there
exists a decreasing sequence hm of continuous functions on ∂Γ that converges pointwise to
h. Moreover, since h is bounded, we can assume that the sequence hm is uniformly bounded.
Therefore, the convergence νn

∗
⇀ ν∞ and the dominated convergence theorem yields

lim sup
n→∞

(∫
f(p)(e2(x|p)o,d∞ )Λkdνn(p)

)
≤ e2Λkδ lim sup

n→∞

(∫
f · (h)2Λkdνn

)
≤ e2Λkδ lim inf

m→∞
lim sup
n→∞

(∫
f · (hm)2Λkdνn

)
= e2Λkδ lim inf

m→∞

(∫
f · (hm)2Λkdν∞

)
= e2Λkδ

∫
f · (h)2Λkdν∞

≤ e4Λkδ

∫
f(p)(e2(x|p)o,d∞ )Λkdν∞(p).

Combining these two inequalities, and applying the dominated convergence theorem to the
sequence k 7→ (p 7→ f(p)(e2(x|p)o,d∞ )Λk) we deduce∫

fdxν∞ ≤ De4δ+3α+2Q+2

∫
f(p)e−d∞(x,o)+2(x|p)o,d∞dν∞(p)

= De4δ+3α+2Q+2

∫
f(p)e−βd∞ (x,o;p)dν∞(p),

where in the last inequality we used (2.4). Since M = De4δ+3α+2Q+2 is independent of f and
x, the conclusion follows.

As the quasiconformal measures νn satisfy (4.8) and each dn is δ-hyperbolic, by (4.10)
there exists R > 0 such that for every n there is a geodesic current ηn representing BM(ρn)
and satisfying

R−1

∫
A

e2(p|q)o,dndνn(p)dνn(q) ≤ ηn(A) ≤ R

∫
A

e2(p|q)o,dndνn(p)dνn(q) (4.31)

for any Borel subset A ⊂ ∂2Γ.

Lemma 4.5.5. After taking a subsequence, ηn weak-∗ converges to a positive Radon measure
ω.

Proof. Since ∂2Γ is locally compact and metrizable, it is σ-compact, so it is enough to show
that for any compact set C ⊂ ∂2Γ with non-empty interior, the sequence (ηn(C))n is bounded
by above and below by positive constants. For the upper bound, we apply (4.31), (4.29) and
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the monotonicity of (Λn)n to obtain

ηn(C) ≤ R

∫
C

e2(p|q)o,dndνn(p)dνn(q)

≤ R

∫
C

e2Λ1(p|q)o,d∞+2Qdνn(p)dνn(q)

≤ R sup
(p,q)∈C

(
e2Λ1(p|q)o,d∞+2Q

)
(νn ⊗ νn)(C) ≤ R sup

(p,q)∈C

(
e2Λ1(p|q)o,d∞+2Q

)
.

The last quantity is finite by compactness of C and is independent of n.
For the lower bound, we may assume that C contains a non-empty open set U = U1×U2

with each Ui ⊂ ∂Γ, so that the convergence νn
∗
⇀ ν∞ gives

lim inf
n

ηn(C) ≥ lim inf
n

ηn(U) ≥ R−1 lim inf
n

νn(U1)νn(U1) ≥ R−1ν∞(U1)ν∞(U2).

The last term is positive since the measure ν∞ has full support, and hence the sequence
(ηn(C))n is bounded below by a positive number.

Now we finish the proof of Theorem 4.5.1, for which we are left to show that ω represents
BM(ρ∞). Indeed, given f ∈ Cc(∂

2Γ) with f ≥ 0, by (4.31) and (4.29) we have∫
fdω = lim

n→∞

∫
fdηn

≤ R lim sup
n→∞

∫
f(p, q)e2(p|q)o,dndνn(p)dνn(q)

≤ Re2Q lim inf
k→∞

lim sup
n→∞

(∫
f(p, q)e2Λk(p|q)o,d∞dνn(p)dνn(q)

)
.

Let ε > 0 be such εδ < log 2, and let ϱε be a visual metric on ∂Γ satisfying (2.5) with re-
spect to d∞. As f has compact support in ∂2Γ, the functions (p, q) 7→ f(p, q)(ϱε(p, q)

−1/ε)2Λk

are continuous on (∂Γ)2 and uniformly bounded. Also, since νn
∗
⇀ ν∞ and ∂Γ is separa-

ble, νn ⊗ νn weak-∗ converges to ν∞ ⊗ ν∞ [Bil99, Thm. 2.8]. Therefore, by the dominated
convergence theorem we obtain∫

fdω ≤ Re2Q lim inf
k→∞

lim sup
n→∞

(∫
f(p, q)(ϱε(p, q)

−1/ε)2Λkdνn(p)dνn(q)

)
≤ Re2Q lim inf

k→∞

(∫
f(p, q)(ϱε(p, q)

−1/ε)2Λkdν∞(p)dν∞(q)

)
≤ Re2Q

∫
f(p, q)ϱε(p, q)

−2/εdν∞(p)dν∞(q)

≤ Re2Q(2εδ)2/ε
∫
f(p, q)e2(p|q)o,d∞dν∞(p)dν∞(q).
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As ν∞ is quasiconformal for d∞, we can find a measure η∞ representing BM(ρ∞) in the same
class of e2(p|q)o,d∞dν∞(p)dν∞(q) and with essentially uniformly bounded Radon-Nikodym
derivatives, and hence there is a constant L ≥ 1 independent of f such that∫

fdω ≤ L

∫
fdm∞.

In the same way, we can prove that there is a constant L′ such that
∫
fdη∞ ≤ L′ ∫ fdω,

implying that ω and η∞ are absolutely continuous with respect to each other and that the
Radon-Nikodym derivative dω

dη∞
is essentially bounded by above, and by below by a positive

number. To conclude the proof of Theorem 4.5.1, note that ω is Γ-invariant (resp. flip-
invariant), being the limit of Γ-invariant (resp. flip-invariant) measures, and that η∞ is
Γ-ergodic [BF17, Thm. 1.4]. In consequence, dω

dη∞
is constant almost everywhere, and there

is some λ > 0 such that ω = λη∞, so that BM(ρn) → BM(ρ∞).

4.5.2 Continuity of the mean distortion

Given metric structures ρ, ρ∗ ∈ DΓ, we define the mean distortion of ρ∗ over ρ by

τ(ρ∗/ρ) = τ(d∗/d),

where d ∈ ρ and d∗ ∈ ρ have exponential growth rate 1 and τ(d∗/d) is the mean distortion
of d∗ over d introduced in Subsection 4.1.2. It follows from (4.5) that τ(ρ∗/ρ) ≥ 1, with
equality if and only if ρ = ρ∗. It is also clear from (4.3) that τ(ρ∗/ρ) is continuous in the
variable ρ∗, and the next theorem states that it is actually continuous in both variables.

Theorem 4.5.6. The mean distortion τ : DΓ × DΓ → R is continuous.

Proof. Given d, d∗ ∈ DΓ, the recall that the Manhattan curve θ = θd∗/d for d, d∗ is the
function θ : R → R which maps a to the critical exponent of

b 7→ Pd,d∗(a, b) :=
∑
x∈Γ

e−ad∗(x,o)−bd(x,o).

Now, consider ρ, ρ∗ ∈ DΓ and sequences (ρn)n, (ρ
n
∗ )n in DΓ converging to ρ and ρ∗ respectively,

for which we claim that τ(ρn∗/ρ
n) tends to τ(ρ∗/ρ). For each n ≥ 1 choose representatives

dn ∈ ρ̂n and dn∗ ∈ ρ̂n∗ , and let θn be the Manhattan curve for the pair dn, dn∗ . Similarly,
choose d ∈ ρ̂ and d∗ ∈ ρ̂∗ and let θ be the Manhattan curve for d, d∗. From (4.4) we obtain
τ(ρn∗/ρ

n) = −θ′n(0) and τ(ρ∗/ρ) = −θ′(0), so it is enough to show that θ′n converges to θ′

pointwise.
Let (Λn)n and (Cn)n be sequences such that Λn → 1 and satisfying

Λ−1
n d− Cn ≤ dn ≤ Λnd+ Cn and Λ−1

n d′ − Cn ≤ d′n ≤ Λnd
′ + Cn (4.32)
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for all n. For any a, b ∈ R, from (4.32) we get

e−(|a|+|b|)CnPd,d∗(max(Λna,Λ
−1
n a),max(Λnb,Λ

−1
n b)) ≤ Pdn,dn∗ (a, b),

so that
θ(max(Λna,Λ

−1
n a)) ≤ max(Λnθn(a),Λ

−1
n θn(a)),

and by the same argument, we also get

θ(min(Λna,Λ
−1
n a)) ≥ min(Λnθn(a),Λ

−1
n θn(a)).

Continuity of θ then implies that θn converges pointwise to θ, and since θ is differentiable
and all the curves θn are convex and differentiable, we conclude that θ′n converges pointwise
to θ′, as desired.

4.5.3 The hyperbolicity constant and visual dimension
functionals

It is natural to define functions on DΓ by minimizing over quantities that we can asso-
ciate to metric structure representatives. An illustration of this is considering the optimal
hyperbolicity constant (up to normalization).

Definition 4.5.7. Let δ : DΓ → R be the function that sends ρ ∈ DΓ to the infimal δ such
there exists a δ-hyperbolic pseudo metric d ∈ ρ̂. This is the hyperbolicity constant function.

Note that δ(ρ) is actually a minimum. Indeed, if dn ∈ ρ̂ is a sequence with each dn
being δn-hyperbolic and δn converging to δ(ρ), then an argument similar as in the proof of
Proposition 4.4.24 allows us to assume that, after conjugating the pseudo metrics dn and
extracting a subsequence, the sequence dn pointwise converges to d∞ ∈ ρ̂, and hence d∞ is
δ(ρ)-hyperbolic. The same argument shows the following.

Proposition 4.5.8. The hyperbolicity constant functional δ : DΓ → R is lower semi-
continuous.

For example, if Γ is a free group then δ(ρ) = 0 if and only if ρ ∈ C VΓ (see Example
4.4.19). This allows us to recover the outer in a purely coarse geometric way. Similarly, for
Γ a surface group we have δ(ρ) ≤ log 2 for any ρ ∈ TΓ (see Example 4.4.20).

We can define another functional on DΓ in terms of invariants associated to metrics on
∂Γ. For ρ = [d] ∈ DΓ, we say that the metric ϱ on ∂Γ is visual for ρ if there exists some
ε > 0 and C ≥ 1 such that

C−1e−ε(p|q)o,d ≤ ϱ(p, q) ≤ Ce−ε(p|q)o,d (4.33)

for all p, q ∈ ∂Γ (see Subsection 2.3.2). Note that this definition is independent of the
representative d.
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Definition 4.5.9. Let dim : DΓ → R be the function that sends ρ ∈ DΓ to the infimal
Hausdorff dimension of a visual metric for ρ on ∂Γ. This is the visual dimension functional.

If the metric ϱ on ∂Γ satisfies (4.33) and ν is a quasiconformal metric for d, then the
measure metric space (∂Γ, ϱ, ν) is vd/ε-Ahlfors regular, meaning that there exists some D ≥ 1
such that for all p ∈ ∂Γ and every 0 < r ≤ diam(∂Γ, ϱ) we have

D−1rvd/ε ≤ ν({q ∈ ∂Γ: ϱ(p, q) ≤ r}) ≤ Drvd/ε,

see e.g. [BHM11, Thm. 2.3]. In consequence, the Hausdorff dimension of ϱ is vd/ε and hence
dim(ρ) can be recovered as the infimal ε−1 such that there exists a metric on ∂Γ satisfying
(4.33) for some d ∈ ρ̂. From this perspective, we have the identity

dim(ρ) = −Ku(Γ, d)
−1/2,

where d ∈ ρ̂ is arbitrary and Ku(Γ, d) is the asymptotic upper curvature of (Γ, d) introduced
by Bonk and Foertsch [BF06, Def. 1.2 & Thm. 1.5]. Indeed, from this identity and [BF06,
Prop. 3.4] we deduce that

e−∆(ρ,ρ∗) dim(ρ) ≤ dim(ρ∗) ≤ e∆(ρ,ρ∗) dim(ρ) (4.34)

for all ρ, ρ∗ ∈ DΓ. This last inequality implies the continuity of the visual dimension func-
tional.

Proposition 4.5.10. For any Γ the visual dimension functional dim : DΓ → R is continu-
ous. Indeed, either:

1. Γ is virtually free and dim(ρ) = 0 for every ρ; or,

2. Γ is not virtually free, dim(ρ) ≥ 1 for every ρ and

| log dim(ρ)− log dim(ρ∗)| ≤ ∆(ρ, ρ∗)

for all ρ, ρ∗.

Proof. If Γ is virtually free, then D0
Γ is non-empty, and by (2.5), for points in D0

Γ we can
construct visual metrics of arbitrarily small Hausdorff dimension. Then dim vanishes on D0

Γ,
so it is constant on DΓ by (4.34).

On the other hand, if Γ is not virtually free, then the topological dimension of ∂Γ is
at least 1 (see e.g. [KB02, Thm. 6.5 & Thm. 8.1]). Since the topological dimension is a
lower bound for the Hausdorff dimension of any Ahlfors regular metric compatible with the
topology, we have that dim(ρ) ≥ 1 for all ρ ∈ DΓ. The second assertion then follows from
(4.34).
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The hyperbolicity and visual dimension functionals are related by the inequality

dim(ρ) ≤ 1

log 2
δ(ρ) (4.35)

valid for any metric structure ρ, which follows from (2.5). By looking at virtually free groups,
from Proposition 4.5.10 we see that this inequality is not achieved in general. This inequality
also allows us to compute the visual dimension for uniform lattices in real hyperbolic spaces.

Corollary 4.5.11. Let Γ act geometrically on the real hyperbolic space of dimension n, so
that this action induces a metric structure ρHn ∈ DΓ. Then

inf
ρ∈DΓ

dim(ρ) = dim(ρHn) = n− 1.

Proof. The action of Γ on Hn has exponential growth rate n − 1, and since Hn is log 2-
hyperbolic we have ρHn ∈ D (n−1) log 2

Γ and dim(ρHn) ≤ n−1 by (4.35). The reverse inequality
follows since the topological dimension of ∂Γ = ∂Hn is n− 1.

4.6 The Manhattan boundary

In this section we study the Manhattan boundary of DΓ, which encodes the limits at infinity
of Manhattan geodesics. This is done by extending the space DΓ and allowing pseudo metrics
not necessarily quasi-isometric to a word metric. We start by recalling the definition of DΓ

and ∂MDΓ from the Introduction.

Definition 4.6.1. DΓ is the set of all the left-invariant pseudo metrics d on Γ such that its
stable translation length function is non-constant and there are λ > 0 and d0 ∈ DΓ such that

(x|y)o,d ≤ λ(x|y)o,d0 + λ (4.36)

for all x, y ∈ Γ. We also have ∂MDΓ := DΓ\DΓ.

Note that DΓ ⊂ Dhf
Γ , so pseudo metrics in DΓ are roughly geodesic by Proposition 4.2.8.

Also, since hyperbolicity is preserved under quasi-isometry among roughly geodesic metric
spaces, we have that DΓ ⊂ DΓ. Moreover, a pseudo metric in DΓ belongs to DΓ if and only
if it is quasi-isometric to a word metric.

Definition 4.6.2. The Manhattan boundary of DΓ is the set ∂MDΓ of rough similarity
equivalence classes of pseudo metrics in ∂MDΓ, and we call its elements boundary metric
structures. The (Manhattan) closure of DΓ is DΓ := DΓ ∪ ∂MDΓ.

As in the case of DΓ, we will use the notation [d] for the rough similarity class of d ∈ DΓ.
The goal of this section is to describe the points in ∂MDΓ as limits of Manhattan geodesics in
DΓ. First, we apply Proposition 4.3.21 to deduce that for any two pseudo metrics d, d∗ ∈ DΓ
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that are not roughly similar, there exist pseudo metrics d∞, d−∞ ∈ ∂MDΓ which are roughly
isometric to Dil(d, d∗)d∗ − d and Dil(d∗, d)d− d∗, respectively.

Let d, d∗ ∈ DΓ be a pair of non-roughly similar pseudo metrics, let θ be its Manhattan
curve, and t 7→ ρt = [dt] be the reparametrization of the Manhattan geodesic for ρ = [d], ρ∗ =
[d∗] defined in terms of θ, according to Proposition 4.4.5. We will use the notation ≂ from
Subsection 4.4.2.

Proposition 4.6.3. There are left-invariant pseudo metrics d−∞ = dθ−∞ and d∞ = dθ∞ on
Γ and a constant C ≥ 0 such that

|d∞ − (Dil(d, d∗)d∗ − d)| ≤ C and |d−∞ − (Dil(d∗, d)d− d∗)| ≤ C. (4.37)

The pseudo metrics d∞ and d−∞ satisfy:

1. ℓ∞ := ℓd∞ = lim
t→∞

1

−θ(t)
ℓdt and ℓ−∞ := ℓd−∞ = lim

t→−∞

1

−t
ℓdt ; and,

2. they both belong to ∂MDΓ.

Proof. By Proposition 4.3.21, there is a constant C ′ ≥ 0 such that

Dil(d, d∗)
−1(x|y)o,d −Dil(d, d∗)

−1C ′ ≤ (x|y)o,d∗ ≤ Dil(d∗, d)(x|y)o,d + C ′

for all x, y ∈ Γ. Therefore, as in the proof of Proposition 4.4.5, the functions

d∞(x, y) :=

{
Dil(d, d∗)d∗(x, y)− d(x, y) + 2C ′ if x ̸= y

0 otherwise

and

d−∞(x, y) :=

{
Dil(d∗, d)d(x, y)− d∗(x, y) + 2C ′ if x ̸= y

0 otherwise

define left-invariant pseudo metrics on Γ verifying (4.37) with C = 2C ′.
Now we check the desired properties for d−∞ and d∞.
First, we compute

lim
t→∞

1

−θ(t)
ℓdt = lim

t→∞

(tℓd∗ + θ(t)ℓd)

−θ(t)
= Dil(d, d∗)ℓd∗ − ℓd,

where we use limt→∞
t

−θ(t) = Dil(d, d∗). Similarly, the identity limt→−∞
θ(t)
−t = Dil(d∗, d) gives

the analogous result for ℓ−∞. The functions ℓ∞ and ℓ−∞ are non-constant since d and d∗ are
not roughly isometric, and d∞ and d−∞ satisfy (1).

In addition, we have

(x|y)o,d∞ ≤ Dil(d, d∗)(x|y)d∗ + C/2 and (x|y)o,d−∞ ≤ Dil(d∗, d)(x|y)o,d + C/2,
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so d∞ and d−∞ belong to DΓ.
Finally, by the definition of Dil(d, d∗) there is a sequence [xn] ∈ conj such that

ℓd[xn] ≥
(
Dil(d, d∗)−

1

n

)
ℓd∗ [xn] > 0

for all n, and hence

ℓ∞[xn] = Dil(d∗, d)ℓd∗ [xn]− ℓd[xn] ≤
1

n
ℓd∗ [xn].

This implies that d∞ is not quasi-isometric to d1. Similarly, d−∞ is not quasi-isometric
to d0, which proves that d−∞, d∞ ∈ ∂MDΓ, and hence (2).

The proposition above motivates the following definition.

Definition 4.6.4. If σ = σ
ρ∗/ρ
• is the Manhattan geodesic for the pair ρ = [d], ρ∗ = [d∗] with

ρ ̸= ρ∗, the limit at infinity of σ is the unique boundary metric structure σ
ρ∗/ρ
∞ ∈ ∂MDΓ such

that every pseudo metric representing σ
ρ∗/ρ
∞ is roughly similar to Dil(d, d∗)d∗−d. Analogously,

the limit at negative infinity of σ is the unique boundary metric structure σ
ρ∗/ρ
−∞ whose pseudo

metric representatives are roughly similar to Dil(d∗, d)d− d∗.

As we will see now, every boundary metric structure is the limit at infinity of some Man-
hattan geodesic. Indeed, we can choose this geodesic to contain any given metric structure
in DΓ.

Theorem 4.6.5. For any ρ ∈ DΓ and ρ∞ ∈ ∂MDΓ, there exists some ρ∗ ∈ DΓ such that

ρ∞ = σ
ρ∗/ρ
∞ . Moreover, if ρ′∗ ∈ DΓ satisfies ρ∞ = σ

ρ′∗/ρ∞ then ρ′∗ ∈ σρ∗/ρ(0,∞).

We need a preliminary lemma.

Lemma 4.6.6. If d ∈ DΓ and d∞ ∈ ∂MDΓ, then d+ d∞ ∈ DΓ.

Proof. Clearly, d+ d∞ is a left-invariant pseudo metric on Γ. It also satisfies (4.36) for some
λ > 0 and d0 ∈ DΓ, since d and d∞ do. Therefore, d+d∞ is roughly geodesic by Proposition
4.2.8 and quasi-isometric to a word metric, so it is hyperbolic by Corollary 2.3.9. This
concludes the proof of the lemma.

Proof of Theorem 4.6.5. Let ρ∞ = [d∞] and ρ = [d]. Define d∗ := d+ d∞, which is a pseudo
metric in DΓ by Lemma 4.6.6. Since d∞ ∈ ∂MDΓ, we have that d and d∗ are not roughly
similar.

We claim that Dil(d, d∗) = 1. Indeed, since d = d∗ − d∞ ≤ d∗, we get Dil(d, d∗) ≤ 1. In
addition, by Proposition 4.3.21 there is some C ≥ 0 such that

(1−Dil(d, d∗))d∗ ≤ d∗ − d+ C = d∞ + C,

and since d∞ is not quasi-isometric to a word metric, we get Dil(d, d∗) ≥ 1.
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Therefore, by our claim we deduce d∞ = Dil(d, d∗)d∗ − d, and ρ∞ = σ
ρ∗/ρ
∞ for ρ∗ = [d∗].

Finally, suppose that ρ∞ = σ
ρ̃∗/ρ
∞ for some ρ̃∗ = [d̃∗]. Then there exists λ > 0 such that

λ(d∗ − d) = λd∞ ≂ Dil(d, d̃∗)d̃∗ − d.

We get
vd̃∗ d̃∗ ≂ vd̃∗λDil(d, d̃∗)

−1d∗ + vd̃∗(1− λ)Dil(d, d̃∗)
−1d,

and we conclude ρ̃∗ = ρ
d∗/d
t for t = vd̃∗λDil(d, d̃∗)

−1 > 0, so that ρ̃∗ ∈ σρ∗/ρ(0,∞).

From the proof of Theorem 4.6.5 we deduce:

Corollary 4.6.7. For any d∞ ∈ ∂MD and d ∈ DΓ there exists d∗ ∈ DΓ such that

d∞ = Dil(d, d∗)d∗ − d.

We end this section by characterizing when two boundary metric structures are the
positive and negative limits of a Manhattan geodesic.

Definition 4.6.8. Two boundary metric structures ρ, ρ∗ ∈ ∂MDΓ are transverse if for some
(any) d ∈ ρ and d∗ ∈ ρ∗ we have d+ d∗ ∈ DΓ.

Proposition 4.6.9. The boundary metric structures ρ, ρ∗ ∈ ∂MDΓ are transverse if and only
if there is a Manhattan geodesic σ• such that ρ = σ−∞ and ρ∗ = σ∞.

Proof. Suppose first that ρ = σ−∞ and ρ∗ = σ∞ for σ• = σ
τ∗/τ
• the Manhattan geodesic

for τ = [d], τ∗ = [d∗], so that d and d∗ are not roughly similar. We consider d−∞ ∈ ρ and
d∞ ∈ ρ∗, which up to rescaling, we can assume satisfy

d∞ ≂ Dil(d, d∗)d∗ − d and d−∞ ≂ Dil(d∗, d)d− d∗,

where ≂ is the notation introduced right before Lemma 4.4.9. In particular, we have

d∞ + d−∞ ≂ (Dil(d∗, d)− 1)d+ (Dil(d, d∗)− 1)d∗,

and this last pseudo metric is in DΓ since Dil(d, d∗) ·Dil(d∗, d) > 1. This implies that ρ and
ρ∗ are transverse.

For the reverse implication, suppose that ρ = [d−∞] and ρ∗ = [d∞] in ∂MDΓ. By assump-
tion, ad∞ + bd−∞ ∈ DΓ for any a, b > 0, and in particular the pseudo metrics

d := d∞ + 2d−∞ and d∗ := 2d∞ + d−∞, (4.38)

belong to DΓ. We have that d and d∗ are not roughly isometric, since otherwise we would get
d ≂ λd∗ for some λ > 0 and hence (1− 2λ)d∞ ≂ (λ− 2)d−∞, contradicting d∞ + d−∞ ∈ DΓ.

From (4.38) we get

d = d∞ + 2d−∞ = d∞ + 2(d∗ − d∞) = 2d∗ − 3d∞,
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and 2d∗−d = 3d∞ ≥ 0. This gives d ≤ 2d∗ and hence Dil(d, d∗) ≤ 2. But, if 2 = Dil(d, d∗)+α
for some α > 0, then we would have

3d∞ = 2d∗ − d = (Dil(d, d∗) + α)d∗ − d = αd∗ + (Dil(d, d∗)d∗ − d) ≳ αd∗,

contradicting that d∞ ∈ ∂MDΓ. We obtain Dil(d, d∗) = 2, and by the same argument we
deduce Dil(d∗, d) = 2.

To conclude the result, if σ• = σ
τ∗/τ
• is the Manhattan geodesic for τ = [d] and τ∗ = [d∗],

then by Proposition 4.6.3 there are pseudo metrics dσ±∞ ∈ ∂MDΓ representing σ±∞ and
satisfying

dσ∞ ≂ Dil(d, d∗)d∗ − d = 2d∗ − d = 3d∞,

dσ−∞ ≂ Dil(d∗, d)d− d∗ = 2d− d∗ = 3d−∞.

We get that dσ∞ is roughly similar to d∞ and dσ−∞ is roughly similar to d−∞, so that ρ = σ−∞
and ρ∗ = σ∞, as desired.

Corollary 4.6.10. If [d∞], [d−∞] ∈ ∂MDΓ are transverse, then there exist d, d∗ ∈ DΓ such
that

d∞ ≂ Dil(d, d∗)d∗ − d and d−∞ ≂ Dil(d∗, d)d− d∗.

4.7 Examples of boundary metric structures

Many interesting and widely studied isometric actions on hyperbolic spaces induce pseudo
metrics in DΓ, and the same holds for ∂MDΓ. In this section we provide concrete examples
of pseudo metrics in DΓ and ∂MDΓ. From this we will deduce that when Γ is a surface
(resp. free group), the Manhattan boundary is an extension of the Thurston (resp. Culler-
Vogtmann) boundary for Teichmüller (resp. outer) space, see Corollaries 4.7.7 and 4.7.13.
Theorem 1.2.12 from the Introduction will be a consequence of Corollaries 4.7.7 and 4.7.13
and Propositions 4.7.17 and 4.7.18.

4.7.1 Useful criteria

In general, verifying condition (4.36) in Definition 4.6.1 is not at all direct. Instead, we will
rely on the following criterion, which will be used in subsequent subsections.

Lemma 4.7.1. A left-invariant pseudo metric d on Γ belongs to DΓ if and only if ℓd is
non-identically zero and additionally:

(i) d is α-roughly geodesic for some α ≥ 0; and,

(ii) if d0 ∈ DΓ is α0-roughly geodesic, then there exists some C ≥ 0 such that if γ ⊂ Γ is
an (α0, d0)-rough geodesic with endpoints x, y, then γ is C-Hausdorff close in d to an
(α, d)-rough geodesic with endpoints x, y.
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This lemma follows immediately from the next statement.

Lemma 4.7.2. Let d0 and d be left-invariant pseudo metrics on Γ, and assume d0 ∈ DΓ is
δ0-hyperbolic and α0-roughly geodesic. Then the following conditions are equivalent:

1. There exists λ > 0 such that

(x|y)w,d ≤ λ(x|y)w,d0 + λ for all x, y, w ∈ Γ.

2. d is α-roughly geodesic for some α, and there is C > 0 such that for all x, y ∈ Γ
the following holds: if γ is an (α0, d0)-rough geodesic with endpoints x, y, and β is an
(α, d)-rough geodesic with endpoints x, y, then β and γ are C-Hausdorff close in the
pseudo metric d.

Remark 4.7.3. By applying similar computations as in the lemma above, it can be proven
that indeed every pseudo metric in DΓ is hyperbolic. Details are left to the reader.

Proof. Suppose first that d satisfies (1), so that it is α-roughly geodesic by Proposition 4.2.8.
To prove (2), let γ and β be (α0, d0) and (α, d)-rough geodesics respectively, with endpoints
x, y ∈ Γ. We claim that these geodesics are C-Hausdorff close in d for some C independent
of β and γ.

To this end, let u ∈ γ, so that (x|y)u,d0 ≤ 3α0/2 and by (1) we get (x|y)u,d ≤ 3λα0/2+λ.
As in the proof of Lemma 4.2.11 we can find some v ∈ β such that

|d(x, u)− d(x, v)| ≤ 3λα2 + 2λ+ α + 1, (4.39)

and hence
|d(u, y)− d(v, y)| ≤ 6λα2 + 4λ+ 4α + 1. (4.40)

Also, by δ0 hyperbolicity of d0 we have

min{(x|v)u,d, (v|y)u,d} ≤ λ(x|y)u,d0 + λδ0 + λ ≤ 3λα0/2 + λδ0 + λ. (4.41)

Independently on which Gromov product achieves the minimum on the left-hand side of
(4.41), by applying inequalities (4.39) or (4.40) we end up concluding that d(u, v) ≤ λ(9α0+
2δ0 + 6) + 4δ + 1 =: C1. This implies that γ is contained in the C1-neighborhood of β with
respect to d.

Now take v ∈ β, so that (x|y)v,d ≤ 3α/2. By Proposition 4.2.8, we can deduce that there
exists D ≥ 0 independent of β and γ and some u ∈ γ such that

max(|d(x, u)− d(x, v)|, |d(u, y)− d(v, y)|) ≤ D.

As before, we can conclude that d(u, v) ≤ C2 for some uniform C2, and hence α and β are
C-Hausdorff close with respect to d, for C = max(C1, C2). This proves our claim and the
implication (1) ⇒ (2).
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Conversely, suppose d satisfies (2) so that it is α-roughly geodesic for some α ≥ 0. Let
x, y, w ∈ Γ, and let p be a (κ0, d0)-quasi-center for x, y, w. We claim that p is a (κ̃, d)-quasi-
center for x, y, w, with κ̃ independent of x, y, w.

Let γ1, γ2, γ3 be (α0, d0)-rough geodesics joining x and y, y and w, and w and x, respec-
tively. Then there is some D0 depending only on δ0, α0 and κ0 such that d0 (p, γi) ≤ D0 for
i ∈ {1, 2, 3}. If β1, β2, β3 are (α, d)-rough geodesics joining x and y, y and w, and w and x,
respectively, then by (2), there is some C ≥ 0 depending only on d0 and d such that βi and
γi are C-Hausdorff close in (Γ, d).

Also, since d0 is quasi-isometric to a word metric and Γ is finitely generated, we can find
some λ0 > 0 such that d ≤ λ0d0 + λ0. In particular we get

d (p, βi) ≤ λ0D0 + λ0 + C

for all i ∈ {1, 2, 3}, implying

max {(x|y)p,d, (y|w)p,d, (w|x)p,d} ≤ 3α/2 + λ0D0 + λ0 + C.

Therefore, p is a (κ̃, d)-quasi-center, with κ̃ = 3α/2+λ0D0+λ0 +C, which proves the claim.
From this, we deduce

(x|y)w,d ≤ κ̃/2 + d(p, w) ≤ κ̃/2 + λ0d0(p, w) + λ0

≤ κ̃/2 + λ0 [κ0 + (x|y)w,d0 ] + λ0

= λ0(x|y)w,d0 + λ0 + λ0κ0 + κ̃/2,

and d satisfies 1) with λ = λ0 + λ0κ0 + κ̃/2.

We also need a criterion that guarantees non-triviality of the stable translation length.

Lemma 4.7.4. Let d be a left-invariant, δ-hyperbolic, and α-roughly geodesic pseudo metric
on the (non-necessarily hyperbolic) group Γ. Then ℓd is non-identically zero if and only if
(Γ, d) is unbounded.

Proof. It is enough to prove that if diam(Γ, d) ≥ L := 9α+12δ+2, then there is some x ∈ Γ
with ℓd[x] > 0. To this end, let x ∈ Γ be such that d(x, o) ≥ L. By our α-rough geodesic
assumption there is some u ∈ Γ such that if we set v := u−1x, then

|d(v, o)− d(x, o)/2| ≤ (3α + 1)/2 and d(u, o) + d(v, o) ≤ d(x, o) + 3α.

Also, by [Ore18, Thm. 1.2] applied to f = u, g = v and with base-point the identity element
o ∈ Γ, we get

d(x, o) ≤ max

{
d(u, o) + ℓd[v], d(v, o) + ℓd[u],

d(u, o) + d(v, o) + ℓd[x]

2

}
+ 6δ.

Therefore, either some of the elements x, u, v have positive stable translation lengths, or

L ≤ d(x, o) ≤ max

{
d(u, o), d(v, o),

d(u, o) + d(v, o)

2

}
+ 6δ ≤ d(x, o)/2 + (9α + 1)/2 + 6δ,

which is a contradiction since L > 9α + 1 + 12δ.
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We also require the following lemma, which asserts that DΓ is closed under equivariant
quasi-isometry among roughly geodesic pseudo metrics. It is an immediate consequence of
Corollary 2.3.9 and Proposition 2.3.11.

Lemma 4.7.5. Let d ∈ DΓ, and let d̃ be a roughly geodesic, left-invariant pseudo metric on
Γ such that the identity map id : (Γ, d) → (Γ, d̃) is a quasi-isometry. Then d̃ ∈ DΓ, and
d ∈ ∂MDΓ if and only if d̃ ∈ ∂MDΓ.

4.7.2 Bounded backtracking and actions on R-trees
Some hyperbolic groups act naturally and non-trivially on R-trees, see for instance [BF95],
[Pau91]. Extending the definition given in [Gab+98], we say that the isometric action of the
hyperbolic group Γ on the R-tree (T, dT ) has bounded backtracking if the following holds: for
some (any) finite, symmetric, generating subset S ⊂ Γ and some (any) p ∈ T , there exists
C ≥ 0 such that if γ ⊂ Γ is a geodesic in dS joining o and x, then γ · p is C-Hausdorff close
to the geodesic in T joining p and xp. The next proposition relates bounded backtracking
and pseudo metrics belonging to DΓ.

Proposition 4.7.6. Suppose Γ acts isometrically on the R-tree T , so that the action has no
global fixed point. Then the orbit pseudo metrics for the action of Γ on T belong to DΓ if
and only if the action has bounded backtracking. In particular, when Γ is not virtually free,
isometric actions with bounded backtracking induce pseudo metrics belonging to ∂MDΓ.

Recall that an action of a hyperbolic group on an R-tree is small if the pointwise stabilizer
of any set of two points in the R-tree is virtually cyclic. When Γ is a finitely generated non-
abelian free group, Guirardel showed that every small, minimal, and isometric action of Γ
on an R-tree has bounded backtracking [Gui98, Cor. 2]. In addition, the Culler-Morgan
compactification C V Γ of the outer space coincides with the space of (rough similarity)
classes of orbit pseudo metrics induced by very small isometric actions of Γ on R-trees
[BF93, Thm. 2.2]. Therefore, from Proposition 4.7.6 we deduce that C V Γ naturally injects
into DΓ.

Corollary 4.7.7. Let Γ be a finitely generated non-abelian free group acting isometrically
on the R-tree T so that the action is small. Then the orbit pseudo metrics induced by this
action belong to DΓ. In particular, there exists a natural injective map C V Γ ↪→ DΓ that
sends the Culler-Vogtmann boundary ∂C VΓ into ∂MDΓ.

For the proof of Proposition 4.7.6, we need a preliminary lemma.

Lemma 4.7.8. Let Γ be a (not necessarily hyperbolic) finitely generated group acting isomet-
rically on the R-tree (T, dT ). Then for any p ∈ T , the pseudo metric dpT (x, y) = dT (xp, yp)
on Γ is hyperbolic and roughly geodesic.
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Proof. Clearly, d is hyperbolic. To show it is roughly geodesic, let S ⊂ Γ be a finite,
symmetric generating set, and let ϕ : Cay(Γ, S) → T be the unique Γ-equivariant map such
that ϕ(o) = p, and each edge from o to s ∈ S in Cay(Γ, S) is linearly mapped to the geodesic
in T joining p and sp. Then ϕ is L-Lipschitz, with L = maxs∈S dT (p, sp).

Now, let x, y ∈ Γ, and let [x, y]T denote the unique geodesic segment in T joining xp
and yp. Since ϕ is continuous, for any geodesic segment γ ⊂ Cay(Γ, S) joining x and y,
the image ϕ(γ) contains [x, y]T . Therefore, if xp = p0, p1, . . . , pn = yp is a 1-rough geodesic
in T , then for any i there is some qi ∈ γ such that dT (pi, ϕ(qi)) ≤ 3/2. Also, for each qi
there is some vertex xi ∈ Γ such that dS(qi, xi) ≤ 1, and hence dT (pi, xip) = dT (pi, ϕ(xi)) ≤
dT (pi, ϕ(qi)) + dT (ϕ(qi), ϕ(xi)) ≤ 3/2 + L/2. If we choose x0 = x and xn = y, we conclude
that the sequence x = x0, x1, . . . , xn = y is a (4 + L, dpT )-rough geodesic joining x, y ∈ Γ,
which completes the proof.

Proof of Proposition 4.7.6. Let Γ act on the R-tree (T, dT ) as in the statement, and for p ∈ T ,
consider the pseudo metric dpT . This pseudo metric has non-constant stable translation length
function since the action has no global fixed point. As a consequence of Lemma 4.7.8, dpT
also satisfies property (i) of Lemma 4.7.1. Therefore, the theorem follows by Lemma 4.7.1,
since dpT satisfying property (ii) of that lemma is equivalent to the action having bounded
backtracking.

4.7.3 Liouville embedding of the space of projective geodesic
currents

Throughout this subsection let Γ be a surface group, and fix a geometric action of Γ on the
hyperbolic plane (H2, dH2) with quotient surface S (i.e., a marking ϕ). In this case the space
of geodesic currents Curr(Γ) can be equipped with an intersection number

i : Curr(Γ)× Curr(Γ) → R.

This function was introduced by Bonahon [Bon88] and can be characterized by the following
properties:

• it is continuous and symmetric;

• i(λ1η1, λ2η2) = λ1λ2i(η1, η2) for all for all η1, η2 ∈ Curr(Γ) and λ1, λ2 ≥ 0; and,

• if [x], [y] ∈ conj′ are conjugacy classes represented by closed geodesics γ[x], γ[y] (with
respect to any hyperbolic metric on S), then i(η[x], η[y]) is the geometric intersection
number of γ[x] and γ[y] on S (here η[x], η[y] are the corresponding rational currents).

The action of Γ on H2 induces a Γ-equivariant bijection between the set G of geodesics in
H2 and ∂2Γ. In this way, we consider geodesic currents as measures on G that are Γ-invariant,
flip-invariant, and locally finite.



CHAPTER 4. METRIC STRUCTURES ON HYPERBOLIC GROUPS 139

Following [Bur+21, Sec. 4], to each µ ∈ Curr(Γ) we construct the pseudo metric dµ on
H2 as follows: for p, q ∈ H2, let [p, q] denote the closed geodesic interval in H2 joining p and
q, and we also define (p, q] = [p, q]\{p} and [p, q) = [p, q]\{q}. If I ⊂ H2 is any subset, we
let G⊥

I denote the set of geodesics in H2 intersecting I exactly once. In this way, the pseudo
metric dµ is given by

dµ(p, q) =
1

2
(µ(G⊥

[p,q)) + µ(G⊥
(p,q])).

In [Bur+21, Prop. 4.1] it was proven that dµ is indeed a straight pseudo metric, meaning
that for p, r ∈ H2 and q ∈ [p, r] it holds that

dµ(p, r) = dµ(p, q) + dµ(q, r).

This fact together with [Bur+21, Lem. 4.7] implies that

i(µ, η[x]) = ℓdµ [x] (4.42)

for all µ ∈ Curr(Γ) and [x] ∈ conj.
This construction can be seen as an inverse map to some geodesic currents encoding

different geometric structures associated to S and Γ. Now we review some examples of such
currents, for which a more detailed discussion appears in [DM22].

Example 4.7.9 (Liouville currents). Let g be a negatively curved Riemannian metric on S.
The Liouville measure νg on T

1S is given locally by the product of the Riemannian volume
on (S, g) and the usual Lebesgue measure on the unit sphere, and normalized so that it is
a probability measure. This measure is invariant under the geodesic flow on T 1S, so as in
Example 4.3.16, the action of Γ on S̃ induces the Liouville current Lg = L(g,ϕ) ∈ Curr(Γ).
This current has full support, has no atoms, and satisfies

i(Lg, η[x]) = ℓ(S̃,g̃)[x] for all [x] ∈ conj.

The Liouville current induces an injective map from T <0
S into PCurr(Γ), which is an

embedding when restricted to TS = TΓ [Bon88]. For a description of Lg in terms of cross-
ratios, see [DM22, Sec. 2.3.3].

Example 4.7.10 (Measured laminations). A non-zero geodesic current α ∈ Curr(Γ) is a
measured lamination if i(α, α) = 0. Equivalently, α is a geodesic lamination if any two pairs
of distinct geodesics γ1, γ2 ∈ G in the support of α are disjoint. If α is a geodesic lamination,
then the complement in H2 to the set of geodesics in the support of α consists of simply
connected open subsets, and from this data, we can produce an isometric action of Γ on
an R-tree Tα. This is the tree dual to the lamination α. It can be checked that the metric
identification of (H2, dα) is Γ-equivariantly isometric to Tα (see e.g. [DM22, Appendix A]).
In particular, we have

i(α, η[x]) = ℓTα [x] for all [x] ∈ conj.

Bonahon proved in [Bon88] that when projected to PCurr(Γ), the set of projective measured
laminations is the boundary of the image of TΓ in PCurr(Γ) discussed in Example 4.7.9.
This gives a description of the Thurston boundary of TΓ.
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Example 4.7.11 (Currents for Hitchin components). If ρ : Γ → PSLm(R) is a Hitching
representation of Γ in the sense of Example 4.2.7, Martone and Zhang associated in [MZ19]
a geodesic current ωρ ∈ Curr(Γ) satisfying

i(η[x], ωρ) = ℓdρ [x]

for all [x] ∈ conj, where dψ is the pseudo metric from Corollary 4.2.5 [MZ19, Thm. 1.1 &
Thm. 3.4]. They also constructed geodesic currents dual other types of Anosov representa-
tions [MZ19, Sec. 3].

From equation (4.42) and the work of Otal [Ota90] and Croke [Cro90], we see that two
pseudo metrics dµ and dµ′ on H2 are roughly isometric if and only if µ = µ′. For non-
zero geodesic currents, these pseudo metrics induce metric structures in DΓ. Recall that a
geodesic current η ∈ Curr(Γ) is filling if i(η, µ) > 0 for any non-zero current µ ∈ Curr(Γ).

Proposition 4.7.12. Let Γ be a surface group acting geometrically on H2. Then for any
non-zero geodesic current µ ∈ Curr(Γ), the orbit pseudo metrics induced by the action of Γ
on (H2, dµ) belong to DΓ, and they belong to DΓ if and only if µ is filling.

Since measured laminations are never filling, Example 4.7.10 implies the next corollary.

Corollary 4.7.13. The assignment µ 7→ ρ(H2,dµ) induces an injective map from the space

PCurr(Γ) of projective geodesic currents into DΓ. This map sends the Thurston boundary
∂TΓ into ∂MDΓ.

Remark 4.7.14. All the actions of Γ on R-trees dual to geodesic laminations are small.
Conversely, by Skora’s theorem [Sko96] every such small action arises in this way, and hence
the Thurston boundary of Teichmüller space ∂TΓ can be described as the space of (rough
similarity) classes of orbit pseudo metrics induced by small isometric actions of Γ on R-trees.
Therefore, Proposition 4.7.6 and Corollary 4.7.13 imply that if Γ is a surface group, then
every small action of Γ on an R-tree induces pseudo metrics in DΓ.

We begin the proof of Proposition 4.7.12, for which we fix a non-zero current µ ∈ Curr(Γ).

Lemma 4.7.15. There exists λ0 > 0 such that

dµ(p, q) ≤ λ0dH2(p, q) + λ0 for all p, q ∈ H2.

Proof. Given A ≥ 0, we claim that there exists BA ≥ 0 such that dH2(p, q) ≤ A implies
dµ(p, q) ≤ BA. Indeed, since the action of Γ on H2 is cocompact, there exists a compact set
K ⊂ H2 such that if dH2(p, q) ≤ A, then xp, xq ∈ K for some x ∈ Γ. The set GK ⊂ G of
geodesics intersecting K is compact, so that BA := µ (GK) is finite. Therefore, if p, q ∈ H2

satisfy dH2(p, q) ≤ A and x is as above, we deduce that dµ(p, q) = dµ(xp, xq) ≤ µ (GK) = BA,
which proves the claim.
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Let λ0 := B1. If p, q ∈ H2 and n = ⌊dH2(p, q)⌋, let p = p0, p1, . . . , pn ∈ [p, q] be such that
dH2 (p, pi) = i for all 0 ≤ i ≤ n. We get

dµ(p, q) ≤ dµ (p0, p1) + · · ·+ dµ (pn−1, pn) + dµ (pn, q) ≤ (n+ 1)λ0 ≤ λ0dH2(p, q) + λ0,

as desired.

Proof of Proposition 4.7.12. Let µ ∈ Curr(Γ) be non-zero, and let λ0 be the constant from
Lemma 4.7.15. We claim that there exists λ1 > 0 such that

(p|q)w,dµ ≤ λ1(p|q)w,dH2 + λ1 (4.43)

for all p, q, w ∈ H2. To this end, let m be a (κ, dH2)-quasi-center for p, q, w, with κ indepen-
dent of this triple. If u is the point in [p, q] closest to m, then dH2(m,u) ≤ (p|q)m,H2 ≤ κ, so
that dµ(m,u) ≤ λ0κ+ λ0. Since dµ is straight, we also have

dµ(p,m) + dµ(m, q) ≤ 2λ0κ+ 2λ0 + dµ(p, u) + dµ(u, q) = 2λ0κ+ 2λ0 + dµ(p, q),

and hence (p|q)m,dµ ≤ κ̃ := λ0κ + λ0. Similarly, we obtain (p|w)m,dµ , (w|q)m,dµ ≤ κ̃, so that
m is a (κ̃, dµ)-quasi-center for p, q and w. In particular, we deduce (p|q)w,dµ ≤ dµ(w,m) + κ̃
≤ λ0(p|q)w,dH2 + λ0 + κ̃+ 2λ0κ, which proves the claim with λ1 = λ0 + κ̃+ 2λ0κ.

Now take w ∈ H2 and let dwµ , d
w
H2 be the corresponding orbit pseudo metrics induced

by the action of Γ on H2. These pseudo metrics also satisfy a version of (4.43), and since
dwH2 ∈ DΓ we see that dwµ satisfies the inequality (4.36) in Definition 4.6.1. Also, since µ is

non-zero, there exists x ∈ Γ such that i
(
µ, η[x]

)
= ℓdµ [x] > 0, implying dwµ ∈ DΓ.

Finally, if η ∈ Curr(Γ) is any filling current (for example, a Liouville current for a marked
negatively curved Riemannian metric), then i(η, β) > 0 for all β ∈ Curr(Γ)\{0}, and hence
the function Φ : PCurr(Γ) → R≥0 given by

[β] 7→ i(µ, β)

i(η, β)

is well-defined, continuous, and positive. Since PCurr(Γ) is compact and i(η, η[x]) = ℓdH2 [x]
for all [x] ∈ conj, we deduce that µ is filling if and only if there exists A > 0 such that
ℓdµ [x] ≥ AℓdH2 [x] for all [x] ∈ conj, which happens if and only if dwµ ∈ DΓ.

4.7.4 Combinatorial examples

In this subsection we provide examples of (boundary) metric structures of combinatorial
nature. We start with a connected graph X with graph metric dX , and let K = {Xj}j∈J be
a family of subgraphs of X. From this data, we construct the connected graph XK obtained
by adding to X the new edges ex,y,j with endpoints x, y whenever j ∈ J and x, y are vertices
of Xj (thus X is a subgraph of XK). Let dX,K be the simplicial metric on XK. The following
result is due to Kapovich and Rafi, and will be used along with Lemma 4.7.1 to find examples
of pseudo metrics in DΓ.
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Proposition 4.7.16 (Kapovich–Rafi [KR14, Prop. 2.6]). Let X be a connected graph such
that the simplicial metric dX is hyperbolic, and let K be a family of uniformly quasiconvex
subgraphs of X. Then (XK, dX,K) is also hyperbolic, and there is a constant C ≥ 0 such that
whenever x, y ∈ X(0), [x, y]X is a dX-geodesic from x to y in X and [x, y]X,K is a dX,K-geodesic
from x to y in XK, then [x, y]X and [x, y]X,K are C-Hausdorff close in (XK, dX,K).

Now, let S ⊂ Γ be a finite, symmetric generating set with Cayley graph (Cay(Γ, S), dS).
If H is a set of subgroups of Γ, the coned-off Cayley graph (Cay(Γ, S,H), dS,H) is defined
as follows. For each left coset xH with x ∈ Γ and H ∈ H, add a new vertex v(xH) to
Cay(Γ, S), and add an edge of length 1/2 from this new vertex to each element of xH.

When we cone-off finitely many quasiconvex subgroups, the orbit pseudo metrics induced
by the action of Γ on the corresponding coned-off Cayley graphs will belong to DΓ.

Proposition 4.7.17. Let H be a finite set of quasiconvex subgroups of Γ, and for a finite,
symmetric generating set S ⊂ Γ, consider the coned-off Cayley graph Cay(Γ, S,H). If all the
subgroups in H are infinite index in Γ, then the orbit pseudo metrics induced by the action
of Γ on Cay(Γ, S,H) belong to DΓ. In addition, these pseudo metrics belong to ∂MDΓ if and
only if some subgroup in H is infinite.

Proof. By Lemma 4.7.5, the conclusion of the proposition is independent of the chosen finite
generating set S, so without loss of generality we can assume S contains finite generating
sets for each H ∈ H. In this way, for each H ∈ H, we can consider its Cayley graph
Cay(H,S ∩ H) as a subgraph of Cay (Γ, S). Therefore, we can apply Proposition 4.7.16
to X = Cay(Γ, S) and K = {xCay(H,S ∩ H) : x ∈ Γ, H ∈ H}, so that the inclusion
Cay(Γ, S) → XK maps geodesics in Cay(Γ, S) uniformly close to geodesics in XK. Since
XK is geodesic by construction, any orbit pseudo metric from the isometric action of Γ on
(XX , dX,K) will be roughly geodesic, and hence will satisfy properties (i) and (ii) of Lemma
4.7.1. As all the subgroups H ∈ H are infinite index in Γ, (XK, dX,K) is unbounded, so by
Lemmas 4.7.1 and 4.7.4 the orbit pseudo metrics induced by the action of Γ on (XK, dX,K)
belong to DΓ.

Finally, since the coned-off Cayley graph Cay(Γ, S,H) is both geodesic and Γ-equivariantly
quasi-isometric to XK, by Lemma 4.7.5 we conclude that orbit pseudo metrics induced by
the action of Γ on Cay(Γ, S,H) belong to DΓ as well. It is clear that these pseudo metrics
belong to DΓ if and only if all the subgroups in H are finite.

We can apply the proposition above to show that cocompact actions on CAT(0) cube
complexes induce pseudo metrics in DΓ, as long as the wall stabilizers are quasiconvex.

Proposition 4.7.18. Let X be CAT(0) cube complex with combinatorial metric dX(1) on
X(1), and assume Γ acts cocompactly on X by simplicial isometries. Also, suppose that:

1. wall stabilizers are quasiconvex; and,

2. the action has no global fixed point.
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Then the orbit pseudo metrics for the action of Γ on (X(1), dX(1)) belong to DΓ. In addition,
they belong to ∂MDΓ if and only if some vertex stabilizer is infinite.

Specializing the proposition above to 1-dimensional CAT(0) cube complexes, we obtain
that Bass-Serre tree actions with quasiconvex edge groups induce pseudo metrics in DΓ.

Corollary 4.7.19. Let T be a Bass-Serre tree for a finite graph of groups decomposition of
Γ. Suppose this action satisfies:

1. the edge subgroups are quasiconvex in Γ; and

2. the vertex subgroups are infinite index in Γ.

Then the orbit pseudo metrics for the action of Γ on T belong to DΓ. In addition, they belong
to ∂MDΓ if and only if some vertex stabilizer is infinite.

Proof of Proposition 4.7.18. Let H be a complete set of representatives of the conjugacy
classes of vertex stabilizers for the action of Γ on X. This set is finite, and since wall
stabilizers are quasiconvex, by [GM18, Thm. A] all the subgroups in H are quasiconvex.
Also, since the action of Γ on X is cocompact and has no global fixed point, it has unbounded
orbits, so all the subgroups in H are infinite index in Γ. Therefore, Proposition 4.7.17 applies
to H, and hence the orbit pseudo metrics induced by the action of Γ on the coned-off Cayley
graph Cay(Γ, S,H) belong to DΓ.

To conclude the result, by [CC07, Thm. 5.1], (X(1), dX(1)) is Γ-equivariantly quasi-
isometric to Cay(Γ, S,H), and the first conclusion follows from Lemma 4.7.5. The second
conclusion follows from the cocompactness of the action since in this case, properness is
equivalent to the finiteness of all the vertex stabilizers.

4.7.5 An exotic example

So far, most of the examples of pseudo metrics d in ∂MDΓ that we have exhibited satisfy
ℓd[x] = 0 for some non-torsion conjugacy [x] ∈ conj′. We end this section by showing an
example of a boundary pseudo metric for which this property does not hold. In [Kap16],
Kapovich constructed an example of a hyperbolic graph (Y, dY ) and an isometric action of
the rank-2 free group Γ = F (a, b) on Y satisfying the following properties:

(1)Y The action is acylindrical.

(2)Y The action is purely loxodromic. That is, every non-trivial element of F (a, b) acts
loxodromically on Y .

(3)Y If x ∈ F (a, b) is non-trivial, then ℓY [x] ≥ 1/7.

(4)Y For any p ∈ Y , the orbit F2 · p ⊂ Y is quasiconvex in Y .



CHAPTER 4. METRIC STRUCTURES ON HYPERBOLIC GROUPS 144

(5)Y For any p ∈ Y , there exists C ≥ 1 such that for any x, y ∈ F (a, b), if γ is the vertex set
of a geodesic joining x and y in Cay(F (a, b), {a±, b±}), and if β is a geodesic joining
xp and yp in Y , then γ · p and β are C-Hausdorff close in Y .

(6)Y For any p ∈ Y , the orbit map F (a, b) → Y , x→ xp, is not a quasi-isometric embedding.

Given p ∈ Y we consider the orbit pseudo metric d := dpY on Γ. Since Y is hyperbolic, d is
also hyperbolic, and property (4)Y implies that d is roughly geodesic, so that d satisfies (i) in
Lemma 4.7.1. Similarly, (5)Y implies (ii) and (2)Y implies that ℓd is non-trivial. Therefore,
by Lemma 4.7.1 we get that d ∈ DΓ. In addition, by (6)Y , d is not quasi-isometric to a word
metrics, so we indeed obtain:

Proposition 4.7.20. The orbit pseudo metrics induced by the action of F (a, b) on Y de-
scribed above belong to ∂MDF (a,b).

4.8 Marked length spectrum in DΓ

In this section we deduce some results about the stable translation length function for pseudo
metrics inDΓ. We apply these results to some of the examples found in Section 4.7 to disprove
a conjecture of Bonahon about the marked length spectra of small actions on R-trees. This
proves Theorem 1.2.13 in the Introduction.

4.8.1 Continuous extension of the stable translation length
function

Given a function F : conj → R≥0 satisfying F [xn] = |n|F [x] for all [x] ∈ conj and n ∈ Z,
we can ask whether it extends continuously to a function on Curr(Γ). That is, whether
there exists a continuous function F : Curr(Γ) → R such that F (λnη[xn]) converges to F (η)
whenever λn > 0 and [xn] ∈ conj are sequences such that λnη[xn] converges to the geodesic
current η.

When Γ is torsion-free and d is the orbit pseudo metric induced by geometric action on
a geodesic metric space, Erlandsson, Parlier and Souto proved that ℓd extends continuously
to Curr(Γ) [EPS20, Thm. 1.5]. This result can be extended to any pseudo metric in DΓ.

Proposition 4.8.1. If Γ is virtually torsion-free, then for any d ∈ DΓ, its stable translation
length ℓd extends uniquely to a continuous function ℓd : Curr(Γ) → R.

Proof. Suppose first that Γ is torsion-free. By [EPS20, Thm. 1.5], the result follows if d ∈ DΓ

is a word metric. For arbitrary d ∈ DΓ, we apply Proposition 4.4.3 to find a sequence of word
metrics dn ∈ DΓ such that Λn := ∆([d], [dn]) tends to 1 as n tends to ∞. By choosing λn > 0
such that vλndn = vd for each n, by Lemma 4.3.24 we have Λn

−1ℓλndn ≤ ℓd ≤ Λnℓλndn for all
n, and hence the functions log ℓλndn : Curr(Γ) → R converge uniformly to some function f .
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Continuity of each ℓdn then guarantees the continuity of ef , which is the desired extension
of ℓd to Curr(Γ).

Suppose now that d ∈ ∂MDΓ, and given d0 ∈ DΓ, let d1 ∈ DΓ be such that

ℓd = Dil(d0, d1)ℓd1 − ℓd0 ,

which can be found by Corollary 4.6.7. By our first case, the stable translation lengths ℓd0
and ℓd1 can be extended continuously to Curr(Γ), so the same holds for ℓd.

In the general case that Γ contains the torsion-free group Γ0 as a finite index subgroup,
the conclusion follows since every geodesic current on Γ is a geodesic current on Γ0. In all
these cases, uniqueness is deduced from the density of rational currents [Bon91, Thm. 7].

Remark 4.8.2. In a forthcoming preprint of Kapovich and Mart́ınez-Granado, the conclusion
of the proposition above is obtained without the virtual torsion-free assumption [KM].

The corollary above implies that when Γ is virtually torsion-free, there exists a left-
invariant pseudo metric d0 on Γ, quasi-isometric to a word metric, for which ℓd0 does not
extend continuously to Curr(Γ) (in particular, d0 is not hyperbolic, cf. [BHM11, Prop. A.11]).
Indeed, let ϕ : Γ → Γ be a non-elementary hyperbolic quotient of Γ with infinite kernel, which
can be constructed from group theoretical Dehn filling. Given any pseudo metric d ∈ DΓ,
consider the pseudo metric d(x, y) = d(ϕ(x), ϕ(y)) on Γ. The same argument as in the
proof of [Bon91, Prop. 11] implies that the marked length spectrum ℓd does not extend
continuously to Curr(Γ). Therefore, for d1 ∈ DΓ, the metric d0 = d + d1 is left-invariant
and quasi-isometric to the word metric, and by Corollary 4.8.1 its marked length spectrum
ℓd0 = ℓd + ℓd1 does not extend continuously to Curr(Γ).

At this point, we may wonder if continuity is the main obstruction for a stable translation
length function to represent a point in DΓ. That is, if d is a left-invariant pseudo metric
on Γ quasi-isometric to pseudo metrics in DΓ and ℓd extends continuously to Curr(Γ), does
there exist d̂ ∈ DΓ such that ℓd = ℓd̂? The following example shows that it is not the case.

Example 4.8.3 (A bad pseudo metric). Let Γ = F (a, b) be a rank-2 free group freely
generated by a, b, and consider generating sets S = {a±, b±} and T = {a±, (ab)±}. Let d be
the metric d(x, y) = max{dS(x, y), dT (x, y)} on Γ, which is left-invariant and quasi-isometric
to pseudo metrics on DΓ. Note that ℓd[x] = max{ℓS[x], ℓT [x]} for all [x] ∈ conj, so that ℓd
extends continuously to Curr(Γ). We claim that there is no pseudo metric in DΓ with stable
translation length equal to ℓd.

First we prove that d /∈ DΓ. To do this, consider the sequences xn, yn ∈ Γ, n ≥ 1 given by
xn = b−n and yn = (ab)n. It can be checked that d(xn, o) = |xn|T = 2n, d(o, yn) = |yn|S = 2n
and d(xn, yn) = |bn(ab)n|S = |bn(ab)n|T = 3n for all n, and hence (xn|yn)o,d = n/2 tends to
infinity ad n → ∞, whereas (xn|yn)S = 0 for all n ≥ 1. This shows that d does not satisfy
Definition 4.2.1 of a hyperbolic distance-like function, and in particular d does not belong
to DΓ.

Now, assume for the sake of contradiction that ℓd = ℓd̂ for some d̂ ∈ DΓ. By Corollary

4.2.21 there is a finite set B ⊂ Γ and a constant C > 0 such that for all d∗ ∈ {dS, dT , d̂} and
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x, y ∈ Γ we have
d∗(x, y) ≤ max

u∈B
ℓd∗ [x

−1yu] + C.

We can verify that the inequality above is also verified for d∗ = d, and hence for all x, y ∈ Γ
we get

d(x, y) ≤ max
u∈B

ℓd[x
−1yu] + C = max

u∈B
ℓd̂[x

−1yu] + C ≤ max
u∈B

d̂(x, yu) + C ≤ d̂(x, y) +D

for D = C + maxu∈B d̂(o, v). Similarly, we can find D′ such that d̂(x, y) ≤ d(x, y) +D1 for
all x, y, implying that d and d̂ are roughly isometric. This is the desired contradiction since
this would imply that d ∈ DΓ.

By the same argument, we can prove that the stable translation length function of d̃ =√
d2S + d2T is continuous, but not the stable length function of any pseudo metric in DΓ.

4.8.2 Application: Counterexamples to a conjecture of Bonahon

As we saw in Corollaries 4.7.7 and 4.7.13 (see also Remark 4.7.14), many small actions of
hyperbolic groups on R-trees induce pseudo metrics in DΓ, and hence their translation length
functions extend continuously to Curr(Γ) by Proposition 4.8.1. In [Bon91, p. 164], Bonahon
conjectured that the converse of this should hold. That is, the only isometric actions of
a hyperbolic group Γ on R-trees whose stable translation length continuously extends to
Curr(Γ) are those that are small. However, according to Corollary 4.7.19 and Proposition
4.8.1, such a continuous extension exists for every Bass-Serre tree action with quasiconvex
edge subgroups. As we can construct examples of splittings over quasiconvex, non-virtually
cyclic subgroups, we settle Bonahon’s conjecture in the negative and confirm Theorem 1.2.13.

Theorem 4.8.4. There exist hyperbolic groups Γ for which there is a minimal, isometric
action of Γ on an R-tree (T, dT ) such that:

1. the action is not small; and,

2. the stable translation length ℓT extends continuously to Curr(Γ).

Example 4.8.5. If M0 is any closed hyperbolic 3-manifold, there exists a finite cover M of
M0 and an embedded, incompressible connected, closed surface S ⊂M0 such that H = π1(S)
is quasiconvex in Γ = π1(M). Cutting M along S gives us a splitting of Γ over H, and
the stable translation length of the Bass-Serre tree corresponding to this splitting extends
continuously to Curr(Γ) by quasiconvexity of H. The action of Γ on this tree is not small.

Example 4.8.6. Generalizing the example above, let (Γ, X) be any cubulated hyperbolic
group having a non-virtually cyclic wall stabilizer H < Γ of infinite index, and assume it
stabilizes the wall W ⊂ X. By Agol’s Theorem 2.8.12 there exists a finite index subgroup
Γ0 < Γ such that if H0 := H ∩ Γ0, then Γ0\X is a special cube complex and H0\W is an
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embedded, two-sided wall of Γ0\X that does not self-osculate. This implies that Γ0 splits
overH0, and sinceH0 is non-virtually cyclic, the action of Γ0 on the corresponding Bass-Serre
tree is also a counterexample to Bonahon’s conjecture.

The theorem above suggests that for actions of hyperbolic groups on R-trees, instead
of asking for the more restrictive assumption of having virtually cyclic interval stabilizers,
we should only impose quasiconvex interval stabilizers. It seems reasonable to expect that,
when non-trivial, all these actions induce (boundary) metric structures. Also, this would
allow us to work with hyperbolic groups admitting no non-trivial small actions on R-trees
(see e.g. [Gui00]).
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Chapter 5

Questions and future directions

In this chapter we mention some questions that arise from the projects discussed above,
and that the author considers worth investigating. Some of them are works in progress,
in collaboration with Nic Brody, Stephen Cantrell, Dı́dac Mart́ınez-Granado, and Gabriel
Pallier.

Redundancy of the compatibility assumption in Theorem 1.1.2. The criterion
of virtual specialness for cubulated relatively hyperbolic groups given by Theorem 1.1.2
depends on the compatibility of virtually special peripheral subgroups (Definition 3.1.1). It
may happen that this condition is always satisfied if we assume virtually special peripheral
subgroups. This is equivalent to a positive answer to the following question.

Question 5.1. Let X, Y be compact NPC cube complexes that are homotopy equivalent, and
assume X is special. Does Y have a special finite-sheeted cover?

By Theorem 1.1.2, the question above has a positive answer when Γ ∼= π1(X) ∼= π1(Y ) is
hyperbolic relative to virtually abelian subgroups. Also, by Haglund-Wise’s Criterion 2.8.4
and Theorem 3.2.1, the conclusion holds if the cubulations (Γ, X̃) and (Γ, Ỹ ) have the same

sets of convex subgroups, where X̃, Ỹ are the corresponding universal covers. By the recent
work of Fioravanti, Levcovitz and Sageev [FLS22], this last condition holds when Γ is a
twistless right-angled Artin group (for example, if Out(Γ) is finite) [FLS22, Thm. A] or Γ is
a right-angled Coxeter group without loose squares [FLS22, Cor. C].

Relaxing the cocompactness assumption in Theorem 1.1.2. In general, Sageev’s
construction does not give cocompact cubulations for relatively hyperbolic groups, but only
relatively cocompact ones [HW14, Sec. 7]. It would be desirable to have a version of Theorem
1.1.2 in this setting, and in the case of virtually abelian peripheral subgroups, the notion to
consider is that of cosparse actions [Wis21, Sec. 7.e].

A quasiflat F is a locally finite CAT(0) cube complex with a proper and cubical action
by a finitely generated virtually abelian group P with only finitely many P -orbits of walls. If
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(Γ,P = {P1, . . . , Pn}) is relatively hyperbolic with each Pi being virtually abelian, then the
action of Γ on the CAT(0) cube complex X is cosparse if there exists a compact subspace
K ⊂ X and quasiflats F1, . . . , Fn ⊂ X satisfying:

• For each i the group Pi is the setwise stabilizer of Fi in Γ.

• X = Γ · (K ∪
⋃
i Fi).

• For each i there is a compact set Ki ⊂ X such that (Fi ∩ Γ ·K) ⊂ Pi ·Ki.

• For all i, j and g ∈ Γ, either (Fi ∩ gFj) ⊂ Γ ·K or else i = j and Fi = gFj.

Question 5.2. Let Γ be a relatively hyperbolic group with virtually abelian peripheral sub-
groups, and let it act cosparsely on the CAT(0) cube complex X. Does there exist a finite
index subgroup Γ′ < Γ acting freely on X such that the quotient Γ′\X is special?

More generally, we can ask the following (cf. [Ago14, Sec. 11, Question 9]).

Question 5.3. Let Γ be a group acting properly and by cubical isometries on the CAT(0)
cube complex X. Assume that Γ is hyperbolic (relative to virtually abelian subgroups) and
that its action on X has only finitely many Γ-orbits of walls. Does there exist a finite index
subgroup Γ′ < Γ acting freely on X such that the quotient Γ′\X is special?

Producing cubulations from the relative quasiconvex hierarchy theorem. In The-
orems 1.1.7 and 1.1.8 we work with the class CMVH of relatively hyperbolic groups (Def-
inition 1.1.6). We impose these groups to be cubulated, but a priori this condition is not
required for the hyperbolic groups in the class QVH. We wonder if the cubulation assump-
tion in the definition of CMVH can be dropped somehow. Inspired by Proposition 3.4.6, a
tempting conjecture is the following.

Conjecture 5.4. Let (Γ,P = {P1, . . . , Pn}) be a relatively hyperbolic group with each Pi
being residually finite, and suppose Γ splits as a finite graph of groups (G,G) satisfying:

• each edge/vertex group is relatively quasiconvex and strongly peripherally separable
(Definition 2.5.14), and each pair of edge/vertex groups is doubly peripherally sepa-
rable (Definition 3.3.13);

• each vertex group Γv has a cubulation Xv such that (Γv, Xv) is virtually special;

• if e is an edge attached to the vertex v of G, then Γe is convex in (Γv, Xv);

• if P < Γ is a peripheral subgroup and Γv is a vertex group, then P ∩ Γv is convex in
(Γv, Xv); and,

• if v is a vertex of G then the collection Av := {Γe : e an edge attached to v} is relatively
malnormal in Γv.
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Then Γ has a cubulation X such that each vertex group Γv is convex in (Γ, X) with a convex
core Γv-equivariantly isometric to Xv.

Of course, it might happen that more assumptions are necessary, or that the cubulation
in the conclusion is not necessarily cocompact. See e.g. [Wis21, Thm. 15.1 & Conj. 15.5].

Dense subsets of DΓ. For Γ a non-elementary hyperbolic group, we saw in Proposition
4.4.3 that metric structures induced by word metrics of finite symmetric generating sets form
a dense subset of DΓ. We can ask if there are other classes of pseudo metrics inducing dense
subsets of metric structures.

A natural candidate is the set of metric structures induced by Green metrics. Suppose
ρ = [d] ∈ DΓ is such that vd = 1, and let µn be the uniform probability measure on the set
Sn = {x ∈ Γ: d(o, x) ≤ n} with Green metric dn = dµn . The work of Gouëzel, Mathéus and
Maucourant [GMM18, Thm. 1.4] implies that τ(d/dn) = lµn(d)/hµn tends to 1 as n tends to
∞. Therefore, the density of metric structures induced by Green metrics would follow from
a positive answer to the following question.

Question 5.5. Let ρ ∈ DΓ and let (ρn)n ⊂ DΓ be a sequence satisfying τ(ρ/ρn) → 1 as
n→ ∞. Does it hold that ρn converges to ρ in (DΓ,∆) as n→ ∞?

When Γ is cubulable, another candidate is the set of metric structures induced by geo-
metric actions of Γ on CAT(0) cube complexes with the combinatorial metric.

Question 5.6 (Futer–Wise [FW21, Question. 7.8]). Let Γ be a hyperbolic group, and let
D cub

Γ ⊂ DΓ be the subset of metric structures induced by geometric actions on CAT(0) cube
complexes. If D cub

Γ ⊂ DΓ is non-empty, is it dense in DΓ?

In a forthcoming work with Nic Brody, we approximate by cubulations uniform lattices
in the hyperbolic space Hn for n = 2, 3, as well as uniform arithmetic lattices of simplest type
in arbitrary dimensions, as conjectured by Futer and Wise [FW21, Conj. 7.7]. By applying
a theorem of Brooks [Bro86, Thm. 1], we can also approximate by cubulations points in the
quasi-Fuchsian spaces of surface groups. More precisely, we claim the following.

Claim 5.7 (Brody–Reyes). For ρ ∈ DΓ, suppose that either:

• Γ is a surface group and ρ ∈ PCurrf (Γ) ∪ QFΓ;

• ρ represents a geometric action of Γ on H3; or,

• ρ represents a geometric action of Γ on Hn and Γ is of simplest type.

Then ρ belongs to the closure of D cub
Γ in (DΓ,∆).
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More examples of pseudo metrics in DΓ. As we saw in Sections 4.3 and 4.7, many
non-trivial actions of Γ on R-trees represent points in DΓ. In addition, many of the examples
of pseudo metrics in DΓ are induced by acylindrical actions. Recall that an action of Γ on
the hyperbolic metric space (X, d) is acylindrical if for all R ≥ 0 there exist L ≥ 1 and
M ≥ 1 such that whenever p, q ∈ X satisfy d(x, y) ≥ L then

#{x ∈ Γ: d(p, xp) ≤ R and d(q, xq) ≤ R} ≤M.

We suspect that all these types of actions induce (boundary) metric structures.

Conjecture 5.8. Let Γ act isometrically and coboundedly on the hyperbolic and geodesic
metric space (X, d). Suppose that the action has at least one loxodromic element, and that
either:

• (X, d) is an R-tree and the action is small; or,

• the action is acylindrical.

Then the orbit pseudo metrics induced by the action of Γ on (X, d) belong to DΓ.

Topological properties of DΓ. There are still some desirable properties for the space of
metric structures that need to be studied. The most basic one is related to the completeness
of DΓ.

Question 5.9. If (DΓ,∆) complete?

Another aspect not covered in this thesis is about defining topologies on ∂MDΓ and DΓ.
In a future project with Stephen Cantrell, we define a “sphere” topology on ∂MDΓ, making
it homeomorphic to any sphere of positive radius in DΓ. In the same way, we can endow DΓ

with a topology so that it is homeomorphic to any closed ball of positive radius in DΓ. We
prove that ∂MDΓ (and hence DΓ) is not compact for the sphere topology, which implies that
DΓ is not proper. This also has strong consequences for the topological homogeneity of DΓ.

Claim 5.10 (Cantrell–Reyes). The space (DΓ,∆) satisfies the following properties:

• It is topologically homogeneous.

• It is not proper.

• All the closed balls of positive radius in (DΓ,∆) are homeomorphic to each other.

• All the spheres of positive radius in (DΓ,∆) are homeomorphic to each other.
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For these topologies, it is natural to ask how relevant subspaces of DΓ sit as topological
subspaces of DΓ. For example, it can be proven that T Γ = TΓ ∪ ∂TΓ and C V Γ = C VΓ ∪
∂C VΓ embed as closed (indeed, compact) subspaces of DΓ for Γ a surface and a free group,
respectively. However, the existence of quasi-Fuchsian representations converging to non-
Fuchsian ones in the representation variety implies that for Γ a surface group, the closure
of Dδ

Γ is not compact for any δ ≥ log 4. We expect this behavior to be particular to 2-
dimensional manifolds.

Conjecture 5.11. Let Γ be the fundamental group of a closed negatively curved Riemannian
manifold of dimension at least 3 (or more generally, a hyperbolic PDn group for n ≥ 3).
Then Dδ

Γ is compact for every δ ≥ 0.

Question 5.12. What non-elementary hyperbolic groups Γ satisfy that there exists some δ0
such that the closure of Dδ

Γ in DΓ is non-compact for any δ ≥ δ0?

We also expect a better behavior for the subspaces Dδ,α
Γ .

Conjecture 5.13. The closure of Dδ,α
Γ in DΓ is compact for every δ, α ≥ 0 such that Dδ,α

Γ

is non-empty.

By Theorems 1.2.6 and 1.2.7, this question is only interesting if Γ has torsion or Out(Γ) is
infinite. Also, by adapting the argument in [KL15], a positive answer to the question above
would imply the following, generalizing [KL15, Thm. 1.6].

Conjecture 5.14. For any non-elementary hyperbolic group Γ and d ∈ DΓ there exists
λd > 0 such that for any ϕ ∈ Aut(Γ) we have

λd ≤
τ(ϕ(d)/d)

Dil(ϕ(d), d)
≤ 1,

where ϕ(d)(x, y) = d(ϕ−1x, ϕ−1y).

Some of the questions above can be addressed by studying the relationship between
the sphere topology and other topologies, such as the length topology or the equivariant
Gromov-Hausdorff topology (see also [DM22, Conj. 10.6]).

Minimizing functionals on DΓ. As we saw in Subsection 4.5.3, we have a visual dimen-
sion functional dim : DΓ → R. Since dim(ρ) is an upper bound for the Hausdorff dimension
for any metric on ∂Γ that is visual for ρ ∈ DΓ, we have the inequality

inf
ρ∈DΓ

dim(ρ) ≥ AR(∂Γ), (5.1)

where AR(∂Γ) is the Ahlfors regular conformal dimension of ∂Γ endowed with its canonical
quasisymmetric gauge (see e.g. [BK02]).
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Question 5.15. For what hyperbolic groups is the inequality in (5.1) an equality?

By Proposition 4.5.10 and Corollary 4.5.11, the equality holds when Γ is a free group
or admits a geometric action on Hn for some n. Similarly, we can ask for the set of metric
structures minimizing the hyperbolicity constant functional δ : DΓ → R. Let δΓ be the
infimum of δ(ρ) among all ρ ∈ DΓ, and set Dmin

Γ := DδΓ
Γ .

Conjecture 5.16. Let Γ be a hyperbolic group.

• If Γ is a surface group then Dmin
Γ = TΓ.

• If Γ acts geometrically on Hn and n ≥ 3, then Dmin
Γ is the finite set of metric structures

induced by the geometric actions of Γ on Hn.

Question 5.17. Let Γ be such that Dmin
Γ is non-empty. Is Dmin

Γ finite-dimensional? Does
Dmin

Γ have only finitely many connected components?

Hyperplane geodesic currents. For a surface group, many metric structures can be
represented in terms of geodesic currents, via the pairing given by the intersection number
(see Subsection 4.7.3). In an ongoing project with Dı́dac Mart́ınez-Granado, we attempt
to extend this construction, and understand cubulations on arbitrary hyperbolic groups via
their dual “hyperplane geodesic currents”.

We also want to construct a continuous intersection number by pairing hyperplane
geodesic currents and geodesic currents. To define these objects canonically, it is convenient
to understand walls of cubulations in terms of their limit sets in the Gromov boundary,
which are closed subsets whose complements in the boundary are split into two open sets
(cf. [BW12]). If this construction succeeds, we might get some ideas to answer Question 5.6.

Deformation spaces for non-hyperbolic groups. For a hyperbolic group Γ, a pseudo
metric on Γ belongs to DΓ if and only if it is left-invariant, quasi-isometric to a word metric
in DΓ, and roughly geodesic (see Corollary 2.3.9). Therefore, it is natural to consider this as
a potential definition of DΓ for finitely generated groups that are non-necessarily hyperbolic.
That is, if Γ is a finitely generated group, we let DΓ be the space of rough similarity classes
of left-invariant pseudo metrics on Γ that are roughly geodesic and quasi-isometric to word
metrics for finite symmetric generating subsets of Γ.

We expect this definition to be appropriate for relatively hyperbolic groups, and poten-
tially for acylindrically hyperbolic groups. In a forthcoming work with Gabriel Pallier, we
plan to study the space DΓ (as well as the pseudo metric ∆) when Γ is virtually abelian, the
Heisenberg group (and some other nilpotent groups), or a uniform lattice in a higher rank
semi-simple Lie group.
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The space of hyperbolic structures on Γ. By definition, all the pseudo metrics in DΓ

are quasi-isometric to each other, but that is not the case for pseudo metrics in DΓ. For a
non-elementary hyperbolic group Γ, we let HΓ be the set of quasi-isometry classes of pseudo
metrics in DΓ. That is, two pseudo metrics d, d∗ ∈ DΓ determine the same point in HΓ if
the identity map (Γ, d) → (Γ, d∗) is a quasi-isometry. This is the space of hyperbolic metric
structures on Γ. Note that this space is naturally a subset of the space H(Γ) of hyperbolic
structures on Γ introduced by Abbot, Balasubramanya and Osin [ABO19]. In particular,
HΓ has a natural partial order ⪯: if h, h∗ ∈ HΓ are represented by pseudo metrics d, d∗ ∈ DΓ

respectively, then h ⪯ h∗ if and only if there exists λ > 0 such that d ≤ λd∗ + λ.
If S is a closed orientable surface, we can see every conjugacy class in Γ = π1(S) repre-

senting a simple closed curve in S as a point in HΓ. Indeed, for such conjugacy class [x],
the group Γ splits over the cyclic group generated by x, and we can define h[x] as the point
in HΓ represented by any Bass-Serre tree corresponding to such splitting. The assignment
[x] 7→ h[x] is well-defined and induces an embedding of the vertex set of the curve graph CS
into HΓ. Since the automorphism group of the graph CS is exactly Out(Γ) [Iva97], we ask
whether the same holds to the poset (HΓ,⪯).

Question 5.18. Is Aut(HΓ,⪯) equal to Out(Γ)?

The natural isometric action of Out(Γ) on the curve graph CS motivates the following
question.

Question 5.19. For arbitrary Γ, does there exist a reasonably interesting Out(Γ)-invariant
metric on HΓ?

Given a point h ∈ HΓ represented by the pseudo metric d, we define

Kh := {η ∈ PCurr(Γ) : ℓd(η′) = 0 for some (any) η′ representing η},

which is a non-empty compact subset of PCurr(Γ) that is independent of the representative
d of h. By [ABO19, Thm. 2.14], we have that h ⪯ h∗ if and only if Kh ⊂ Kh∗ .

Question 5.20. Can we give a reasonable description of the set {Kh : h ∈ HΓ}?

Question 5.21. Can the set Kh help us determine whether h ∈ HΓ is induced by an action
of Γ on an R-tree?
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[DS05a] C. Druţu and M. Sapir. “Non-linear residually finite groups”. J. Algebra 284(1)
(2005), 174–178. url: https://doi.org/10.1016/j.jalgebra.2004.06.025.
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Québec (2021). url: https://doi.org/10.1007/s40316-021-00186-2.

[HW12] F. Haglund and D. T. Wise. “A combination theorem for special cube com-
plexes”. Ann. of Math. (2) 176(3) (2012), 1427–1482. url: https://doi.org/
10.4007/annals.2012.176.3.2.

[HW08] F. Haglund and D. T. Wise. “Special cube complexes”. Geom. Funct. Anal. 17(5)
(2008), 1551–1620. url: https://doi.org/10.1007/s00039-007-0629-4.
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