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Abstract

On the Compatibility of Two Conjectures Concerning p-adic Gross-Stark Units
by

Shawn Tsosie

We give a proof of the consistency of Dasgupta’s conjectural p-adic formula for Gross-
Stark units with Dasgupta and Spiess’s alternative conjectural formula for these units.
We give details of the proof when F' is a totally real number field of degree 2, which had
been previously proven by Dasgupta and Spiess. We present work towards proving the
case for a general totally real number field. Finally, we give a proof when F' is a totally

real number field of degree 3.
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Introduction

In a series of four papers, [11], [12], [13], and [14] written from 1971 to 1980,
Stark outlined a series of conjectures about the value of the derivative of abelian L-
functions at s = 0. One such conjecture, the Brumer-Stark Conjecture, was stated in

the following manner by Tate:

Conjecture ([7], Conjecture 7.4). Let F' be a totally real number field and let H be
an abelian extension of F. Let S be a non-empty finite set of places that contains the
Archimedean places and a place p which splits completely in H. Let T be an auxiliary
finite set of places which is disjoint from S.

There is a unique © € H* that satisfies the following conditions:
1. u is a p-unit and |u|, = 1 for each Archimedean place v of H;
2. fix a prime P of H which divides p, for all o € Gal(H/F), (/-(c,0) = log [u”|y;
3. u=1 (mod T), ie. if g€ T, then |u—1|; < 1.

Further, in 1988, Benedict H. Gross gave a p-adic refinement of the Brumer-

Stark conjecture.



Conjecture ([7], Conjecture 7.6). We denote the Artin reciprocity map from local class
field theory by

recy : F,* — Ap — Gal(H/F).

Ifue H* C H;}} C Fy is the unit given in the previous conjecture, then we have

recy(u?) = H FesmH/FETTH0) for all o € Gal(H/F).

T€Gal(H/F)
Tlp=0"1

Using Gross’s refinement of Stark’s Conjectures, Samit Dasgupta was led to

an explicit conjectural formula for w in F},*. This formula is given in a definition:

Definition ([4], Definition 3.18). Given a conductor f, let e be the order of p in the
narrow ray class group Gj. So, we have p¢ = (), where 7 is totally positive and 7 = 1
(mod §). If D is a Shintani domain, R = S — {p}, and T satisfies a technical condition,

which will be given later, then we define

up (b, D) := e - pRTUH/F00) zdv(b,D,x) € F
Op—7O0yp

where € is a specific unit of F' that will be defined later, v(b, D, x) is a measure that will

also be defined later, and f denotes the multiplicative integral as defined in Section 3

of [4].

Remark. We note that ur(b, D) is the notation used in [4]. We will specialize to the

case where T' = {\} and so use the notation U, (b, A, D).

In [5], Michael Spiess and Samit Dasgupta gave a conjectural formula for the

minors of the Gross regulator matrix. Suppose that F' is a totally real number field of



degree n and suppose that x : Gal (F/F) — Q is a totally odd character. We take a
fixed prime number p and we fix two embeddings Q C C and Q C Cp. Let H be the
field fixed by ker x and let R be the primes of F' above p, which split in H.

For all p above p, we denote the group of p-units of H by
Up:={ue€ H” :ordgu =0 for all P 1 p}
Further, consider the subsets of U, ® Q:
Upy ={u€lUy®@Q:o(u) =u®x o) for all 0 € G}.

Then

1 peR
dlm@ Up7x =

0 otherwise.

So, if p € R, U, is generated by any non-zero element. We fix a generator and denote
it by wup .

Now, consider the continuous homomorphisms

0p 1= ord, : pr -7

ly :=log,oNormp, g, : F," — Zp.

As p splits completely we can evaluate elements U, with o, and ¢, as U, C H C Hyp =
F,.

In their paper [5], they also introduced a conjectural cohomological formula
for the Gross-Stark units. Suppose that E} is the group of totally positive units of F,

let Fr = Hpe rFp, and let K be a finite extension of QQ, which contains the image of

3



x- There is an action of F; on the space of compactly supported continuous functions

from Fr to K, denoted by C.(Fg, K), given by

(9-N@) = flg~ )
where g € Fy, x € Fg, and f € C.(Fg, K). Further, by restriction this action induces
an action of Ej; on C.(Fg, K).
We are also concerned with the p-adic measures Meas(Fg, K), which are the
p-adically bounded linear forms on C.(Fg, K). The action of E}; on C.(Fg, K) induces

an action on Meas(Fr, K). Further, we have a cocycle, called an Eisenstein cocycle,
Ky € H" 1(Ej;, Meas(Fr, K)),

which will be given a precise definition later.
Given a prime p € R, there are cocycles ¢¢, ¢, € H"(E};, Ce(Fg, K)) that are

defined in terms of the homomorphisms o, and £,. Finally, we let
Y € Hyyr1(ER,Z) = 7.

This ¥ is a generator of the n + r — 1-st homology group.
The cap product sends ry, NV to H.(Ej, Meas(Fg,K)). We take the cap
product of this with ¢, and ¢, to obtain the following element of K:

(_1)#J04 N (ky NDY)

€ K.
co N (Ky NY)

Further, in their paper, they proved the following theorem:

Theorem ([5], Theorem 1.5). If [F': Q] = 2 and p € R, then [5], Conjecture 1.2 is

consistent with [4], Conjecture 3.21.



Further, this theorem gives the following lemma:

Lemma. If [5], Conjecture 1.2 is true, then we have the Gross-Stark unit is given by
the following formula:

Cia N (ky N0) = Up .
where id : F* — F, is the identity homomorphism and

x(b)

Uy = Y Up(6,\,D)® T

[b]EGf

In this work, we will prove the n = 3 and p € R case and we will give work
towards the general n case. We begin by providing background information, including
some background on the cap product and calculating the cap product. We provide some
work towards proving the general case. Afterwards, we then explicitly prove the n = 2
case as motivation towards the proof of the n = 3 case. Finally, we prove the n = 3

case.



Chapter 1

Background

In this section, we will flesh out everything that was mentioned in the intro-
duction. We will give no proofs, but we will include references that contain the relevant

proofs.

1.1 Dasgupta’s Conjectural p-adic Formula for Gross-Stark

Units

Suppose that we have a totally real number field F', whose degree is [F' : Q] = n.
As F is totally real, there are n embeddings ¢+ : F — R. We will fix an ordering for
these embeddings and denote this ordered set of embeddings by I. With this ordering,
we can embed F' into R", via o +— (a),er.

There is an action of F'* on R" via componentwise multiplication. Explicitly,



if a — (a*),er € R" and (z,),e7, then we have

a-(x,)er = (@'z,)er.

If we restrict to the totally positive units of F', which we denote by E, then we get an
action of ET on the positive orthant of R™, which we denote by RZ,.

In 1976, [9], Takuro Shintani showed that there exists a fundamental domain
for the action of E; on RY;,. An explicit formula for this fundamental domain was
proven by Francisco Diaz y Diaz and Eduardo Friedman using topological degree theory,
in a 2014 paper, [6]. In a 2015 paper, [2], this formula was also independently proven
by Pierre Charollois, Samit Dasgupta, and Matthew Greenberg, using a cohomological
argument to reduce it to a result of Pierre Colmez. We will recount the construction of
this domain and how it relates to zeta functions and L-functions.

We begin by defining a Shintani Cone:

Definition 1.1.1. Let vy,...,v, € R™ be a collection of linearly independent vectors in

RZy. Ifv1,...,v, € FNORY, and they generate the simplicial cone:

Cviy...,vp) = {Zaivi Doy > O},
i=1

then we say that C(vi,...,v,) is a Shintani cone.
Further, if D C RY is the finite disjoint union of Shintani cones, then we call
D o Shintani set.

Note that C(v1, . .., v,) may also be referred to as an F-rational simplicial cone.

We can now state Shintani’s Unit Theorem and we use the version from Jiirgen

Neukirch’s Algebraic Number Theory, [8]:



Theorem 1.1.2 ([9], Proposition 4). Let U be a finite index subgroup of E, then there

exists a Shintani set Dy such that

Ty = U €Dy (disjoint union).
ecU

Explicitly, for all (x,),er € RY, there exists a unique (y,).cr € Dy and a unique e € U

such that
(xL)LEI = (GL?/L)LEI-
This theorem leads us to make the following definition:

Definition 1.1.3. If a disjoint set of Shinani cones, denoted by D, satisfies Theorem

1.1.2 for U, then we say that D is a Shintani domain for U.

We introduce the concept of Colmez perturbation. This allows us to write the
Shintani domain in a relatively simple and clean manner. We do this by defining it
through the characteristic functions. With this method, we also define a generalization
of the fundamental domain: a signed fundamental domain.

Following the exposition given in [2], consider a linear independent collection
of vectors vy,...,v, € R™ Further, let @ € R™ be a vector such that Span(Q) @
Span, 4;(vi) = Span;<;<,(v;) for all 1 < j <r. We define the set Cg(v1,...,v,), which
is the disjoint union of C(v1,...,v,) and some boundaries. If cg(vi,...,v,) is the

characteristic function of Cg(v1,...,v,), then it satisfies:

im0+ Lo(u,,....0,) (W + €Q)  the v; are linearly independent,
cQ(vi, ..., vp)(w) =

0 otherwise.

(1.1)



If uy,...,up—1 is an ordered basis of U, then we an talk about the orientation

of a subset of the basis. We let u;; denote the jth coordinate of the vector u;. We have
Wy, := sign det(log(uij)?];ll) = +1.
For 0 € S,,—1, we let v1, =1 and

Vig = Hvﬂ(j) e U, forall2<i<n.
7<i

To each o, we associate the following constant:
wy = (—1)""tw, sign det(v; ¢ )iz € {0,£1}.

For the perturbation vector, we take e, = (0,...,0,1) € R". With this an

explicit fundamental domain was given by Pierre Colmez:

Theorem 1.1.4 ([3], Lemme 2.2). Suppose that w, =1 for all o € S,,_1, then

[T Cen(vro,... vn0) (1.2)

0ESH_1

is a fundamental domain for the action of U on RY.

Remark 1.1.5. This fundamental domain may be more easily expressed using bar

notation. We will represent it by:

H Ce, (V153 Vng) = H Cen([va(l) | va(n—l)])'

UESnfl O'GSn71
Note that [z | --- | ] denotes the bar notation from group cohomology. That is
(1] | zn] = (L, 21,2129, ..., Z122 -+ - Ty).



Definition 1.1.6 ([2], Definition 1.4). Let U be a finite index subgroup of Ey. If we
have a formal linear combination ), a;C;, where a; € Z and C; is a simplicial cone for
all i, then we say that D =), a;C; is a signed fundamental domain for the action

of U on RY if the following identity holds:

Z ZaiCi(u cx) =1 forall x € RY,,.

uelU 1

The characteristic function of D is 1p =) . a;lc;.

The following theorem was proven by Diaz y Diaz and Friedman in 2014 and

independently by Charollois, Dasgupta, and Greenberg in 2015:

Theorem 1.1.7 ([2], Theorem 1.5). The formal linear combination

Z wocen (Ul,o—, s Un,a)

0ESn—_1
is a signed fundamental domain for the action of U on RZ,.

Now, we can define Shintani zeta functions. We will also introduce an integral
version using a method of Cassou-Nogues.

Let F be a totally real number field of degree n. Further, let Gr = Gal(F/F)
and y : Gr — Q be a totally odd character, that is if o, is a complex conjugation, then
x(0c) = —1. Let H be the fixed field of the kernel of x. We fix a prime p and we let
S be a finite set of primes which contains the Archimedean primes and which contains
the set of primes of F' above p. Suppose that p is a prime that splits completely and is
above p and R =S — {p}.

We make the following assumption before we define the Shintani zeta function:

10



Hypothesis 1.1.8. Let T" be a finite set of primes satisfying the following conditions:
1. T is disjoint from S;

2. suppose that the primes of T" have different residue characteristic from the primes

of S.

Remark 1.1.9. We note that we will almost always take T to be a set containing a

single prime A. Later, we will give a further restriction on A.

Definition 1.1.10. Let § be an integral ideal relatively prime to S and let b be a factional
ideal of F' relatively prime to S and the prime to the residue characteristic of T, that is if
q divides b, then the residue characteristic of q is not equal to the residue characteristic
of any prime of T'.

Let z € b=! such that z = 1 (mod f) and let C be a Shintani cone. Further,

let U be a compact subset of Oy, then for Re(s) > 1, we have:
Cr(6,C,U,s) =Nb—"> Na™* (1.3)

where the sum is taken over all a € (b7 +2)NCNU and (a,R) = 1. We call
Cr(b,C,U,s) a Shintani zeta function.

If X is a prime such that NA = £ > n+ 2, where £ is a rational prime and

T = {\}, then we define:
Crr(b,C,U,s) = Cr(b,C,U,s) — ' 5¢r(bA",C, U, 5). (1.4)

We call this an integral Shintani zeta function.

11



It is not immediately clear that (g7 (b,C,U,s) has a meromorphic continua-
tion, but this was proven in Proposition 1, in Shintani’s 1976 paper, [9]. It is also not
trivial that (r (b, C,U,s) is integral, but this is a corollary to a proposition given by

Dasgupta:

Proposition 1.1.11 ([4], Proposition 3.12). Suppose that T is given as in Definition
1.1.10 and C can be generated from vi,...,v, € Op such that v; € X for all 1 <i <r,
then

Crr(b,C,U,0) € Z[1/¢]
and the denominator of (rr(b,C,U,0) is less than or equal to ACa

If we have a signed fundamental domain, D = ). a;C;, then we have a zeta

function:
CR,T(bv D') U7 S) = Z aiCR,T(b7 Ci7 U? S)'

By [4], Proposition 3.12, (r (b, D,U,0) € Z[1/¢]. If we choose A such that NA > n+2,
then this proposition even implies that (g (b, D,U,0) € Z.

As (gr(b,D,U,0) € Z, we obtain a Z-valued measure for O,. We denote this
measure by

v(b,D,U) :=Crr(b,D,U,0).

Now, let Gj denote the narrow ray class group of conductor f and let H; be
the narrow ray class field of conductor f. Let e be the order of p in Gj so that p¢ = ().

The element 7 is totally positive and congruent to 1 modulo f.

12



Let E(f) denote the totally positive units that are congruent to 1 modulo f.
We are now ready to give Dasgupta’s conjectural p-adic formula for the Gross-Stark

unit.
Definition 1.1.12 ([4], Definition 3.18). Let D be a Shintani domain, then we have

Uy (b, X, D) = ¢(b, D, ) - 7/ (®:P:O) ][ zdu(b, D, 7) € Fy (1.5)
Op

where

e(b,D,ﬂ') — H eu(b,eDﬂw_l'D,Op)
e€E(f)

We note that U, (b, A\, D) is not dependent on choice of 7, as proven in [4],
Proposition 3.19 and under certain conditions, it is independent of the choice of Shintani

domain as proven in [4], Theorem 5.3.

Definition 1.1.13. If D is a Shintani domain and x : Gal(F/F) — Q is a totally odd

character, then we have

Upro= Y Up(6,A,D)® 1—X§<[]()A)€

[b]EGf
1.2 Dasgupta and Spiess’s Conjectural formula for the Gross
p-adic Regulator

1.2.1 The Eisenstein Cocycle

Definition 1.2.1 ([5]). Suppose that we have the following:

13



a totally odd character x : Gal(F/F) — Q;

a rational prime p;

a set of primes of F' which are totally split and which divide p;

the ring of R-integers of F', O r;

a fractional ideal b of F relatively prime to S;

the Op r-module generated by b, br = b ®o, OF R;
e a compact open subset U of Fr := HpeR Fy;
e any union of simplicial cones C' of RZ.

Then a Shintani L-function, denoted by L(C,x,b,U, s) is the meromorphic continu-

ation of

3 x((¢))
N S
. N¢
where the sum is taken over & € C'N bl_%l, €U, and (§,S\R)=1.

Let A be a prime of F', such that no primes of S have the same residue char-

acteristic of A, N\ = £, where £ is a rational prime, and £ > n+ 2. Then the integral

Shintani L-function is a twisted version of a Shintani L-function given by
L(C,x,b,U,0) := L(C, x, bA™L, U, s) — x(\E°L(C, x, b,U, s).

Remark 1.2.2. Shintani showed that the Shintani L-function has a meromorphic con-
tinuation to C. Further, Cassou-Nogues showed that L,(C,x,b,U,s) is integral at
s =0.

14



Definition 1.2.3. Let k be the cyclotomic field generated by the image of x. The space
of k-valued distributions, the vector space of linear forms C.(Fr,k) — k, is denoted by

Dist(Fr, k). There is an action of F; on Dist(Fg, k) given by

(2 - w)(U) = n(a'0).

Proposition 1.2.4 ([5], Proposition 2.1). If x1,...,z, are elements of E}; and x is the
n X n matriz with columns given by the images of x;, 1 < i < n, in RY,, and U is a

compact open subset of Fr, then we have a measure:
Lo (T15 - 2n)(U) :=sgn(x) L(C*(z1, ..., xn), X, b, U, 0),

here sgn(x) := sign(det(x)). Further, the class defined by iy, is a homogeneous (n—1)-
cocycle, i.e.

[y n] € H' H(ES, Dist(Fg, k).

Remark 1.2.5. The result of Cassou-Nogues shows that U — Ly(C,x,b,U,0) is Z-
valued and so p-adically bounded, hence it defines a p-adic measure.

Let B be the prime of k above p that corresponds to the embedding k < Q <
Cp, then we denote kg by K. Thus U — Ly (C, x,b,U, 0) gives a p-adic measure and so
an element of Meas(Fg, K).

We define the function (E)" — Meas(Fg, K) via
(ER)" 2 (21,-.. 2n) = (U sgn(x) La(C* (21, ., @), X, b,U,0))

which we denote by fiypx. From [5], Proposition 2.1, it follows that ry s x 1= [fy,6,] €

H"1(E},Meas(Fg, K)). This leads us to the next definition.

15



Definition 1.2.6. The Eisenstein cocycle associated to x and X is given by

h
X(bl) n—
Ky, ) = Z: me’bi)\ € H" Y(E}, Meas(F}, K))
where {b1,...,b,} is a set of integral ideals that are representatives of the elements of

the narrow class group of O R.

Proposition 1.2.7. The element k,  does not depend on the choice of representative

of the narrow class group.

Proof. This is a routine calculation, which we will quickly go through.

Suppose that {b1,...,bx} and {a1,...,a,} are two sets of representatives of
the narrow ray class group numbered such that bia;l = (a;) or b; = a;a;, where a; is
totally positive and a; € O p.

If £ € b;, then & = a;q;, where a; € a;. So, we have

= N¢& Naj £<Naj  Ngj

]

(&) _ x(as) X(ai)—X(ai)L(C7X7ai7U75)'

Thus
L(Ca X bia U> O) = X(al)L(C> X, Qi, U7 O)
This gives us
h h
Z X(bZ)L(Ca X b’iv Ua 0) = Z X(bZ)X(al)L(C7 X, A4, U7 0) = Z X(az)L(Ca X, Qq, U7 0)
i=1 i=1 i=1
A similar calculation shows that
h h

Z X(bZ)L(C7 X bi)‘ila U’ O) = Z X(bl)X(al)L(Cv X5 G4, U7 0) = Z X(aZ)L(C7 X aiAilv Uu 0)
i=1 =1 i=1

Therefore, x,,) is independent of the choice of set of representatives. O

16



1.2.2 Shintani Zeta Function Cocycle

We introduce a formulation of a cocycle based on the Shintani zeta function.
The construction is similar to the construction of &, x, but there are key differences.

We recall the definition of a Shintani zeta function. If we are given an integral
ideal f, a fractional ideal b of F' that is relatively prime to S, J, a subset of R, a
union of simplicial cones C, a compact open subset U of Fy := Hpe g Fp, then it is the

meromorphic continuation of the summation
¢((C,b,U,s) =Nb"> Na~*, Re(s) > 1,
(0%

where the sum is taken over o € b;l =0 ®o, Opy,a € C,a €U, a=1 (mod §),
and (o, S\ R) = 1. If we take A as in the definition of the integral Shintani L-function,

then we have a twisted Shintani zeta function
G(C,b,U,s) == C(C,b,U,s) — £175¢(C,bA"L, U, 5)

which is integral at s = 0.
Now, as before let § be the conductor of H/F and let E(f) denote the totally
positive units which are congruent to 1 modulo § and E(f); denote the group of totally

positive J-units which are congruent to 1 modulo f.

Definition 1.2.8. For x1,...,x, € E(f); and U a compact open subset of Fy, then we

set

ygj{A(ml, ooy ) (U) = sgn(z)O\(C* (21, .. ., xy), b,U, 0).

17



This element defines a class in H" " Y(E(f) s, Meas(Fy, K)). We denote this class by
o = [42] € H'HE(f)., Meas(Fy, K)).

The variant Eisenstein cocycle is defined as

J X(b) J
WA T Z 1— X()\)gwfyb,k'
[b]EGf

Remark 1.2.9. The reason that wf‘{b7/\ € H" Y(E(f);,Meas(F;, K)) is because (\(C, b, U, 0) €
Z and so it is p-adically bounded and therefore a measure.
Further, we note that w{ y and k, ) are compatible in a sense that will be made

more precise later. First, we need to introduce a specific cycle and cocycle.

1.2.3 Elements of H"(F,C.(F}, K))

We begin by introducing a continuous homomorphism g : F,* — K and f €
Ce(Fy,Z). Also, we have an action of F,* on C¢(Fy,Z) given by (a- f)(z) = f(a 'z),
where a € F,* and = € F,.

We use this action to extend g to a continuous function of F,, — K. Specifically,

given a € F,*, we take the function
F, - K
= (f(z) = (a- f)(x)g(x).
This gives us a map

Fy — C.(Fp, K)

a — (a-flgla)+(f —a-fg.
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We denote this by zfg : Fy* — Ce(Fp, K).
Proposition 1.2.10. The class defined by zy 4 is a 1-cocycle. That is
[vag] € Hl(Fan CC(FP’ K)).
Proof. We wish to show given a,b € F,*, we have
zf,g(ab)(x) = zp4(a)(x) + a - zf,4(b)(2).

This is a straightforward calculation.

First, we have

zp.g(ab)(x) = (ab- f)(x)g(ab) + (f(x) — (ab- f)(x))g(x)

by definition.

Next, we also have

zrgla)() +a-zp,(0)(x) = (a-f)(x)g(a) + (f(z) = (a- f)(x))g(x)

19



Finally, this gives us

zrg(a)(@) +a-zp4(0)(x) = (ab- f)(z)g(ab) + f(x)g(x) — (ab- f)(x)g(x)

= zpg(ab)(x).

Proposition 1.2.11. If f, f' € C.(F,,Z) such that f(0) = f'(0), then [zf4] = [2f/ 4].

Proof. We calculate z¢4(a)(z) — zf 4(a)(x) and we show that if f(0) = f/(0), then this
gives us a 1-coboundary.

We have

zpg(a)(@) — zp gla)(z) = (af)(z)g(a) + (f(z) —a- f(x))g(x)

If f(0) = f'(0), then (f'(z) — f(x))g(z) € Cc(Fy, K). Therefore, it is a 1-

coboundary. 0

Remark 1.2.12. This means we can choose an f that is amenable to calculation. To

that end, we will choose f such that f = 1;¢,. This choice will simplify our calculations.

We will now construct an element of H"(Fy;,C.(Fg, K)), where r = #R. Let
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R={p1,...,p,} and let J C R, then we define c,, ¢, ; € H"(F,*, Co(Fp, K)) via:

Co = Cop U---Ucopr
cg = Cgyy Ur-Ucg,,
where
by, itieJ
9i =
op;, & J.

1.2.4 Generators of H,, 1(Ej,Z) and H, 4 1(E(f)s,Z)

We will provide a brief outline of the construction of ¥ € Hy4r—1(Ey,Z) and

V€ Hyya-1(E(f)s,Z), where d = #J. For further details, see Spiess’s Remark 2.1 in

[10].
Let €1,...,€n1r—1 be a Z-basis for £, then
9=+ > sgn(0)eom) | | omir)
€S i1
A similar construction is given for ¢ € Hy1q-1(E(f)s,Z). We take a Z-basis
€1y, €ntd—1 for E(f)s. This gives us

O =% D sen(o)eon) | | omrd-n)-

Uesn+d—l
1.2.5 Dasgupta and Spiess’s Conjectural Formula for the Gross-Stark

Units

We are now ready to state the conjecture of Dasgupta and Spiess:
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Conjecture 1.2.13 ([5], Conjecture 1.2). We have

_gp(up,x) _ (_1)dcfm N (ky NY) c K.
op (up,x) Cop M (kxy NY)

Proposition 1.2.14 ([5], Proposition 3.5). The element (—l)d% is independent
op

of the choice of A.

Further, the Eisenstein cocycle &, ) is compatible with the variant Eisenstein

cocycle wi y in the following sense:

Proposition 1.2.15 ([5], Proposition 3.6). Let ¥ € H,1q4—1(E(f)s,Z) be a generator,
then

(_1)dw = (- aC N (Wi)\ N)
Cop N (Ky ND) Cop N (W, N V)

Remark 1.2.16. We finish by noting that we will specialize to the case when J = {p}.

Thus, we will drop the J from all notations, e.g. we will write w, ) in place of wi )\ Or

E(f)p in place of E(f).
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Chapter 2

The General Case

2.1 Reduction of the Shintani domain

In this section, we set up the general case. That is, we will show that

cg N (K x NY) = g(Up,y)

where g : Fy — K is an arbitrary continuous homomorphism. We do this in several
steps. First, we note that by [5], Proposition 3.6, we can calculate ¢y M (wy,xNY"). Then,
we reduce to the case

cg N (won NY') = g(Up(b, A, D)).

Next, we reduce to the case of a finite-index subgroup V' of E(f) such that w, = 1 for
all ¢ € S,,_1, where w, was defined in Section 1.1. This subgroup is guaranteed to exist
by a theorem of Pierre Colmez, which will be stated more precisely. Then, we will show

my

that given a Z-basis €1,...,e,—1 of V. C E(f), € € V with e = [[, €, and !l e D,
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then the following holds: if eD N7~ 1D # (), then m; € {0,1} for 1 <i <n—1. We
remark that we can always take 7! € D, because D is a fundamental domain. This
means that we can multiply by a unit of E(f) to move 7~! into D. Finally, we show

that the conjecture is true if a certain identity of the measures is true.

Proposition 2.1.1. If the following holds:

cg N (wb)\ N 19’) = g(L{p(b, /\,D)),

then Congecture 1.2.13 is true for J = {p}.

Proof. As
(b)
D= DL T (e
[b]EGf
and
x(b)
Upy= D Up(b,\D)® i
[b]EGf X
then we have
b
CgN(wand) = > 1_X§<())\)£Cg N (wpx N D)
[b]GGf
x(b)
= Y ————g(Uy(b,\, D))
ee x(A)e

b
10> 1X()®Up(b,/\,D)
[b]EGf

= gUpx)-

Therefore, Conjecture 1.2.13 is true for J = {p}. O

24



Next, we wish to show that we can work with a finite index subgroup of E(f)
that has a nice Shintani domain. This subgroup is generated by elements €1, ..., €,-1

such that if o € S,,_1, then
signdet([ey(1) | -+ | [€5(n—1)]) = sgn(0).
This is given by:

Theorem ([3], Lemme 2.1). There exists a finite subgroup V' of E(f), free of rank n —1

generated by €1,...,€,-1 € E(f) such that if 0 € S,,_1, then

signdet([e;(1) [ -+ - [ [€o(n—1)]) = sgn(0). (2.1)

Definition 2.1.2. If a finite index subgroup V' of E(f) satisfies Equation 2.1, then we

call V' a Colmez subgroup.

Now, we are going to show that only specific units of E(f) have non-empty

intersection with 7= 1D.

Lemma 2.1.3. Let V be a finite index subgroup of E(f) and let €1,. .., €,—1 be a Z-basis

for V.. Further, let D be a Shintani domain for V and n=* € D, then for e = [[; €
DN D=0
unless m; € {0,1}, 1 <i<n-—1.

Proof. This follows because D is a fundamental domain which has the form:

Z wacen (U1,07 ceey Un,a)

O'ESn—l
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where v1 4, ...,v,, are given in Section 1.1. As 71 € D, then we have W‘lvi,g € v; oD

and v, = H;;ll €s(j)- S0 unless m; € {0,1}, we must have
DN D =.
0

We now show that if Conjecture 1.2.13 is true for a finite index subgroup V,
then it is true for E(f). As a consequence, we obtain as a corollary that if Conjecture

1.2.13 is true for a finite index subgroup V, then it is true for E(f)

Proposition 2.1.4. If Conjecture 1.2.13 is true for a subgroup V of E(f), then it is
true for E(f).
Specifically, if we have ¥, € Hn(V & (7),Z) and ¥ € Hyp(E(f)p,Z), w €

H""Y(E(f),Meas(Fp, K)), and wy € H"1(V,Meas(Fy, K)). Then if
cg N (wy NYY) = g(Uy (b, X, Dy))
then
cg N (wn¥') = gUy(b,\,D)).
Here, Dy is a Shintani domain for V. and D is a Shintani domain for E(f)
Proof. We mimic the proof of [2], Theorem 1.5 given by Charollois, Dasgupta, and

Greenberg.

We have the following diagram:

HY(V,Meas(Fy, K)) x Ho(V & (n),Z) —2 Hy(E(f) @ (r), Meas(F,, K))

I‘GST iCOI‘eS JVCOI'GS

H"Y(E(f), Meas(Fy, K)) x Ha(E(f) @ (r),Z) = Hi(E() ® (1), Meas(F, K)).
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We also have the commutative diagram:

HYF),Co(Fp, K)) x  Hi(V @ (r),Meas(Fp, K)) " K

] = l

HY(E(f),C.(Fy,K)) x Hy(E(f) ® (r),Meas(Fp, K)) 2 K.

These diagrams are commutative thanks to [1], pp. 112-114. Further, thanks

to [1], pp. 112-114 and [1], Section 3, Prop. 9.5, we have the following identities:

cores(dy,) = [E(f): V] (2.2)

res(w) = wy. (2.3)
As cores(V,) = [E(f) : V]9, and res(w) = wy, then we have
cg N (wy NYY) = [E(f) : V]eg N (wnd').
So, we must show that
9(Up (b, A, D)) = [E(f) : V]g(Up(b, A, D))
or, alternatively, we may show the stronger equality
Uy (b, \, Dy) = Uy (b, X, D)IEDV],

By a result of Colmez in Section 2 of [3], we have [E(f) : V](\(b,D,U,s) =
(6, Dy,U,s). In terms of our measure [E(f) : V]v(b,D,U) = v(b,Dy,U) where
v(b,D,U) = (\(b,D,U,0) and v(b,Dy,U) = (\(b, Dy, U,0).

This immediately implies that

alEF):V]v(6,D,0p) _ v (b,Dy,0p)
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and

(E(f):V]
(7[ xdy(b,D,a:)> :][ xdv(b, Dy, x).
(o (o

To finish we must show that
e(b, D, m)PDV] = ¢(b, Dy, 7)

or
H 6[E(f):V]I/(EDI’Wr_lD)(Op) — H 6IJ(EDVﬁﬂ_lDV)(Op) (24)
eeE(f) ecV

To that end, we first let €1,...,€,-1 be a Z-basis for E(f) and let V be a finite

subgroup of E(f) with
EG)/V 2 Z/0Z % - - X L/bp17Z.

We take a Z-basis of V to be €)', ... "' If D is a Shintani domain for E(f), then we

Y n—1 -

take a Shintani domain for V' given by
Dy = el ey,
Ji

where the union and product are taken over 0 < j; < b; — 1 for 1 <i<n—1.

We calculate €(b, Dy, ) and to that end, we have

e(b,Dy,m) = He”(b’epvmilpv’op) (2.5)
ecV

k by _1kp—
Loe "V =1pyne=1Dy ,0p)

byl b1k 1 V(b,e?l o
n—1Rn—
= H (61 BTSN | > (2.6)
kEanl
b

n—1 bk 13
biv(b,et e m 1 = lpy Ar=1D, O
— I | | | eiz ( 1 n—1 P). (27)

=1 kje{(],l},j;éi
k=1
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The last equality follows from the calculation used to derive Equation 2.19 in Conjecture

2.2.1.

On the other hand, we calculate €(b, D, ). We have

E(b,D,ﬂ') _ H eu(b,e'DﬁTr’lp,Op) (28)
ecE(f)
ekn*lDﬂﬂ"lD,Op)

k kn,1 V(b’ellcl‘“ n—1
= H (611 € ) (2.9)

kezn—1
n—1 k k
v(b,erle " T1DAR—1D,0
- I1 I &O o . (2.10)
7
i=1 k;€{0,1}
ki=1

Again, the last equality follows from the calculation used to derive Equation 2.19 in
Conjecture 2.2.1.

Combining Equations 2.4, 2.7, and 2.10, we must show the following equality:

b > w(e iy naipy, 0,) (2.11)
ki (0.1}, 5i
=by- by Z v(b, e ... efL"_TD N7~ 'D,0p) (2.12)
kye{0.1}.5%i
ki=1

We note that v(b,eC,Oy) = v(b,C,Oy), where C' is a Shintani cone. This is

due to the fact that Ne = 1.
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We reduce the Equation 2.11. We have

i Y. w(o R Dy N aTIDy, ) (2.13)

n—1
kje{0,1},5#4
ki=1

mj—1
— b Z Z l/(b, 61111+k1 . .EgLn_fll"!‘knle N 71'_16(111 . E?Ln:llfD, Op) (2'14)

k;j€{0,1},j#i a;j=0
ki=1 J#t

mj—l

=b Y. > v e 'DNrTD,0,)  (2.15)

k;€{0,1},j#i a;=0
ki=1 Jj#i

=b Y [T | vo.el - -er'DNa'D,0p)  (2.16)
kie{0.1) g \ii
=1

=by---bp1 Z (b, e .. -efL"_’llD N7 'D,0,). (2.17)

k;j€{0,1},j#i
ki=1

Thus, we see that we have equality and so the proposition holds. O

Corollary 2.1.5. If Conjecture 1.2.13 is true for a Colmez subgroup V' of E(f), then

it is true for E(f).

2.2  Explicit Calculation of ¢, N (wp ) N )

We calculate cg N (wp )y N ') explicitly. We do not make the assumption that

we are working with a Colmez subgroup.
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The explicit calculation of ¢4 N (wpx N V') is given below:

cgN(weaNV) = ¢gN <wb AN Z sgn(o 0(1 o] 90(71)])

oESy
= > sen(e)eg N (@or N [8o1) |-+ | Oom)
o€ESy
B (,;:n () /Fp ¢g(05(1))dBa1y v\ ([Bo2) |+ | Oo(m)]))
- - SZ ) [ comatmnae || eroenl)
_Z Z sgn(T / Cg(fk)d(eka,A([eﬁ(l) |- ] 9]:(%1)]))
k=17€S,_1
= Te%; 1Sgn(7) /Fp 7 eg(m)dwea(le-qy | -+ | €xn-1)))
5w ) el - 0 )
k=17€SH_1

WheretherforlSign—land2§k;gnaregivenbyHIf:Wfor2§kgnand

€i+1 for ¢ Z k
ok —

)

€ for i < k.
The first three equalities follow from straightforward cap product calculations.
The fourth equality follows, because we are splitting up the summation into the case
where 0,;) = 7 and the case where 0,y # m. The fifth equality follows from the
fact that the action of E(f), on a measure is given by (z - u)(U) = p(x~U) and the

calculation:

f(z)d(Ov(z)) = hm Z flay)u@™ V) = hmz f(lzy)u(V)

) Vey Vey
= lim > 07 fav)u(V) = | 07" f(x) du(),
vey 12
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where the limit is taken over covers of F}, ordered by refinement.

We now calculate

/ W_lcg(ﬂ)d(w([eTu) |- | &rmn=n)]))
Fy

and

[ atentendd(uith |-+ | 05

Fy

1

To that end, we calculate 7' ¢,(7) and e,zlcg(ek) by calculating it for zf 4, where f =

1

1z0,. For m~¢cy(m), we have

T ley(m) = 7 (7 (1r0,)) - 9(7) + 7 (Lro, — Lr20,) - 9
= lro, 9(m) + (lo, — 1z0,) - g

1r0, - 9(m) + 10, - g

For €, '¢cy(er), we have

6 cgler) = € (elro,) - gler) + € (lno, — lero,) - g
= 17T0p . g(ﬁk) + 6[;1(17(0;3 — 17r0p) - g

17r(9p ’ Q(Ek)
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Inputting these back into our cap product calculations gives us

N (wpan?) = — ; () /F ey (dvaller || eeon])
Y sl / e eqlen)dvon([B5y | -+ 65,1
k=17€S,_1
- SZ sen() /F o, (@)g(m)
+lo, @)@ dworlerw | | eron)) (@)
Y str / Lo, (@)9(e)dwor (5 | - | 85 )]) (@)
k=17€S,_1

_— /F Lroy (@)g(7) + 1o, ()g(z) du(b, D, )

—Z 3" sen(mgleron([9 [ |05 1))

k= ITESn 1

= —v(b,D,m0,)g(m) — g <]{) xdv(b, D, x))

—Z 3 sen(mglenvon((0) | |05, 1))(Op).

k=17€S,_1

1

The second equality follows, because we just input 7 'cy(7) and €, ‘cy(ex).

The third equality follows from the fact that the Shintani domain for E(f) is

> sgn(r)signdet (e, 1y | - | ernn))ce, (ler@y | -+ | €r(no)])
T€S7L71
and plugging — > s [exq) | -+ | €r(n—1)] into vy 1 gives us the first integral. The

second integral comes from the elementary fact that f ly dp = p(U), where 1y is the
characteristic function of U. Finally, the fourth equality follows from the previous fact

about [ 1y du and the fact that g : F, — K is a continuous homomorphism.
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On the other hand, we calculate g(U,(b, A, D)). This is

gUy(b,\, D)) = g(e(b,D,Tr)-Tr”(b’D’O")-][ :cdu(b,D,x))
Op

= g(e(6,D, 7)) + g(x" P + g (f x dv(b, D, x))
Op
— 4(e0.D.m) + (0.0, 0p)g() + (f wav(oD.2))
Op
We see that modulo a sign ¢4 N (wp x NY') = g(Uy (b, A, D)) if
n—1
g(e(b, D, m)) = sgn(r)g(er)von(07) | -+ | 051y (Op)-
k=171€S,_1
Further, we have
g(e(6, D) = g| J] ¢®P PO
ccE(f)
= Z v(b,eD N7 1D, 0p)g(e)
e€E(f)
= > e gD DOl )

(k1,...,k’n_1)EZ"_l

n—1
= Zg(ei) Z v(b, el ---enmf{lDﬁﬂ'_lD,(’)p).
i—1 m;€{0,1},j7i

mizl
This last equality is because of Proposition 2.1.3.

This leads us to the following conjecture that we will prove in the n = 2 and

n = 3 case, but not for the general case.

Conjecture 2.2.1. The following equality holds:

n—1
DY sen(mgler)vor(B5ay [ |65, 1)(O) (2.18)
k=11€S,_1
n—1
=> gle) Y. v DNTTID,0p). (2.19)
=1 mjiiof_l}i,j#
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Chapter 3

The n =2 and n = 3 case

3.1 The n =2 case

This particular case has already been proven by Dasgupta and Spiess. We
follow their proof, but fill in some details. In this section, we prove it for E(f) and we
do not make any assumptions that € is in a finite index subgroup. We alsolet 74 : FF — R
and 75 : ' — R be an ordering of embeddings of F' into R.

In the n = 2 case, we choose € such that sgn(l,e) = 1 (i.e. an € such that
€2 > ¢€™). Then D= C(1,¢) UC(e).

We choose 7 such that m € D. We can do this as D is a fundamental domain

for the action of € and since () = (¢"7). Thus we have

¥ =[r]|e€ —le] 7]
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As b, f, and X are fixed, we will set w = wjp . Calculating explicitly gives us

cg N (wipx N V) = ¢gN(wnd)
= ¢gN(wNir]|e)—cgN(wnle| )
= ey (I mw(l,e) — ¢y ([ @ w(l 7))
= / cg(m) () d(mw(L, €))(z) —/ cg(e)() d(mw(l,m))(x)
Fy Fy
= / 7 ey () (2) dw(1, €) () —/ e teg(e)(z) dw(l, ) ().
Fy

Fy

To finish the calculation, we must first compute
7 ey(m)(z) and e ley(e)(x).

For m~1ey(m)(x), we have

1 leg(m)(x) = 7 (7 1eo, (2))g(7) + (Lro, (2) = 7 - 1r0,)g(x))

= 1z, (2)9(m) + (1o, () — Lro, (z))g(7z)

= lro,(2)9(m) + (1o, () = Lxo, (2))g(7) + (1o, (z) — 10, (2))g(x)
= 1o, (x)g(m) + (1o, () — Lro,(x))g(x)

= loy(x)g(m) + (1o, ()9 (),

Where Op = Op — WOP

For e tey(€)(z), we have

e leg(e)(@) = € (e 1ro,(2)9(e) + (Ixo, — elro, (2))g(w))
= 1xo,(z)g(e).
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So,

T eg(m)(2) dw(1, €) (2)

P

€ leg(€) (@) dw(1,m)(x)

lo,(x)g(m) + (1o, ())g(x) dw(1, €)(x)

o

Lro, (x)g(€) dw(1, m)(z)

TS

p

= g(m)signdet(1,e€)v(b,D,Op) + signdet(1,€)g (7[
@P

xdv(b, D, :c)>

+ g(e)signdet(1,m)v(b, D, 7O,)

— g(m)u(6,D,0,) + g <7[

Oy

xdv(b, D, x)) + g(e)v(b, D, 7O,).
The above equalities are justified, because
€?>¢e¢t and 72>,
so sign(1,€) = sign(1,7) = 1. We also have
wrp (1, €) = [roa(1, €)]
So, we have

v(b,C*(1,¢),U) = sgn(l,€)(x\(C*(1,¢€),b,U,0)
= C/\(D767U70)

= u(b,D,U).
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Now, we calculate
g(Z/{p(b,)\,D)) =g (61,,)\’9,” -7 (6.D.0p) 7[ xdu(b,D,:r))
Oy
= gleprpr)+9 (Wu(bp,@p)) +g (7[ xdu(b,D,x))
Oy

= g| [ &P PO | + g(m)v(b,D, Op)
€ B(f)

v og (7{% xdu(b,D,x))

= g(e) (Z v(b, "D N7 D, (’)p)> + g(m)v(b, D, Oy)

ne”l

+ g (]é)p xdy(b,D,az)) .

To finish up, we want to show that

Z nv(b, "D N7 1D, 0p) = —1p A (1,7)(7Op).
nez

To that end, we must calculate

DN ID.

We have

"D = "C*(1,€) = C* (", ")

and

7D =7710%(1,e) = C*(n L w7 le).
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We claim that we have the following equality:

C*(En,6n+1) N C*(W_l,’fr_le) — C*(l,ﬂ'_l) n—=—1

0 otherwise.

First, we need a couple lemmas:
Lemma 3.1.1. If x1 # x9 and x3?/x3" > x1? /21", then
a € C*(r1,22) = C(x1,72) U C(72)

if and only if

r? o«
T2 5 T
T1 —
T3

a™ x
Proof. Suppose that a € C*(x1,x2), then a = ajx; + agxe, with a; > 0 and ag > 0
and o™ = a12® + agry’. We show x32 /23 > o™ /a™. We have x3?/x5" > x7? /27" and

T2 .T1

a; > 0 and so ayz]'xy? > ajxPzy'. We add agxy' x5 to both sides to get

T 2

T, T T T T, T
a1$11$22 _’_a2$21x2 1 1,72

.
> a121°Ty" + a2x5' Ty

which is

13 (e +ap) > a3 (@] + axa)

or

1'72—20471 Z 047-21;72-1

which gives us the inequality z3?/x3' > o™ /a™.
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For o™ /a™ > x7?/x7', from x3? /x5! > x7?/x]" and az > 0 we have

asxy’xyt > agwy' xl’

and adding a;z]*z1" to both sides, we get

arzxyt + agrP el > arxayt + agwy o

and so
T1 T2 T2 T2 T1 T1
1 (a2 + agzy?) > x (a2 + agzy})
T1 T T2 T 3 3 3 : T T T2 T1
thus 27'a™ > 27?a™, which gives us the inequality o™ /a™ > «7? /27"
Now, suppose that 3 /x5! > o™ /a™ > z1? /zT'. As x1 and x3 are not collinear
by assumption, they form a basis of R?. So, a = a1z + agxo, which means we wish to

show a; > 0 and ag > 0. This is a result of a similar calculation. O

By assumption 7 € D and so €2/e™ > w7 /x™ > 1. Thus, we see that

1> (mH?2/(m=H™ > (e H2 /(e ). Thus, 771 € C*(1,e7!) = ¢ !'D. This also

shows that 7—1le € D.

We now want to show that

C*(1L,e)NC*(n 1 rte) = C* (1,7 te);

C*e L,y nCc*(n L nte) = C* (1, n te);
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C*(e™, "™y nCH(n~t nte)

Il
=

for n # 0, —1.

For the first one, C*(1,7 1) C C*(1,¢) and C*(1,7 ) C C*(n~ 1,7 te),
because for the first one, 7~le € D and for the second one 1 € C*(7 1, 77 L¢) (using the
lemma and (7~ 1) /(7 1) > 1 > (=12 /(= 1)™).

We use the lemma to prove the inverse inclusion. If o € C*(1,e)NC* (7~ 1, 77 1e),

then we have the two inequalities:

€?fe" > a™/a™ >1

(x )™/ (x 7)™ > a™/a™ > (aT )R/ (a )T
These two inequalities become the inequality
(r7le2/(r o)™ > a™/a™ > 1

and so a € C*(1, 7 e).

We now want to show C*(1,e 1) N C*(x~ 1,7 t) = C*(z=1,1). We have
C*(n71,1) c C*(m~ 1,77 e) as 1 € C*(n~ 1,7 te), by using the lemma. We also have
C*(m=41) c C*(e74, 1), because 71 € C*(e™1,1).

We now show that C* (e~ 1, 1)NC* (7=, 77 te) C C*(n71,1). If a € C*(e 1, 1)N
C* (=1, 7€), then we have the inequalities 1 > a™/a™ > (e )2 /(e” )™ and (77 1e)2/(7r1e)™ >

a™/a™ > (r~1™ /(z71)™. These inequalities reduce to

) —1\72
1 2 af > (Tr ) ’
Tl (7-[-—1)7'1
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thus o € C*(771,1).
Finally, C*(e", "™ N C* (7=, 7 te) = 0 for n # 0, —1, because D is a funda-
mental domain and 77! € €7D and 77 'e € D.

We see that

—v(b,e DN ~1D,0y)

H emj(b,e"Dﬂﬂ_lD,Op) — ezneznu(b,en’l)ﬁﬂ'_ll),op) — ¢

nel

But, we have
—v(b,e ' DNTID,0,) = —v(b,C* (71, 1),0,)
= —upa(1, 7 ) (Op).
By the 1-cocycle condition for w, we have
0=v(1,1)=v(l,ar ) =7 w1, n)+ v,z ).

Thus —v(1, 77 1) (0p) = 7w (1,7)(Op) = v(1,7)(7O,).

Putting this all together we see that
9(coapar) = gle PP = —g(eu(b,e DN T D, 0p) = (1, m)(7O,)g(c).
So, this gives us the desired equality:

cg N (wio N ) = g(Uy (b, X, D)).

3.2 n =3 case

We prove the case when n = 3. In this case, we prove a lemma that states that

Conjecture 2.2.1 is true in the case n = 3. The validity of this conjecture then implies
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that Conjecture 1.2.13 is true in the case n = 3. To that end, we must show that the
we (21, ..., 2,)(Op) are equal for various specific values of 1, ..., z,. This will be done
by showing that certain Shintani cones are equivalent modulo the action of a unit. As
the measures are invariant under the action of a unit, this means that the measures are

equal.

Theorem 3.2.1. Conjecture 1.2.13 is true when n = 3.

Proof. The validity of this statement depends on whether or not Conjecture 2.2.1 is

true for n = 3. This will be show in Lemma 3.2.2. O]

Lemma 3.2.2. Conjecture 2.2.1 is true when n = 3.

Proof. By Corollary 2.1.5 we may suppose that we are working with a Colmez subgroup.

Further, from the calculations in Section 2.2, we must show that the following equations

are true:
Z an,A,E?egLme—lp(Op)
n,me”L
= - Sgn(L T, 7r62)l/b,>\,c*(1,7r77'(62) (WOP) + Sgn(la €2, EZﬂ-)”b,)\,C*(l,EQ,T(GQ) (T‘-OP)
and

Z me,A,e{LeQ"anle(Op)

nme”Z

= sgn(l, m, me1) vy x 0% (1,m,me1) (TOp) — 880 (1, €1, T€1)Vp A 0 (1,61,me1) (TOp)

then we are finished for the n = 3 case.
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Due to the action of 7 on the measure and the fact that the sgn function is

invariant if we multiply any column by a positive number, we have
- SgIl(l, U 71—62)”5,/\,0*(1,71’,7!‘62) (WOP) + Sgn(lv €2, EQW)VB,A,C*(].,EQ,TFEQ) (TFOP)
= - Sgn(ﬂ-ia 1, 62)]/[)7A,C*(7T_1,1,62) (OP) + Sgn(ﬂ-ilv 7771627 62)Vb,)\,0*(7r—1,7r—162,62) (OP)
and
- Sgn(la T, Wel)l/b,)\,C’*(l,mwel) (WOP) + Sgn(L €1, Wel)yb,)\,C’*(l,el,wq) (WOP)
= Sgn(ﬂ-ila 1, 61)Vb,)\,C'* (m=1,1,€1) (OP) - Sgn(ﬂ'*l, ﬂ-ilel? el)yb,A,C*(ﬂ717W71€1,El) (OP)

We suppose that 7—! € D. We also note in this case that eley’D N 7D =10

unless n = 0,1 and m = 0,1 by Lemma 2.1.3. That means that we must prove

VorerDnn—1D(Op) + Vo 2 er 650071 (Op)
= - Sgn(L ™, 7TE?)l/b,)\,C*(7r*1,1,52) (Op>

+ Sgn(lv €2, 627T)Vb,)\70* (m=1m—leg,e2) (OP)

and

Vb,)\,egDﬂﬁle(OP) + Vb,A,elezDﬁwle(Op)
= Sgn(la T, 7-‘-el)l/b,/\,C’*(7r*1,1,61) (OP)

- Sgﬂ(l, €1, 71-el)yb,)\,C* (m=1m—ler,er) (OP)

Further, these two equalities are true if we can show that:

161'DOW*1D + 16162Dﬂ7r*1'D
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and
losr11,e) T lov(n1 m1e,e)

are equivalent modulo the action of a unit. We must also show that

162Dﬂ7r_1'D + 16162’Dﬁﬂ'_1D

Les(r-11,e) T Low(r1 r1ere1)

are equivalent modulo the action of a unit. This is because wy ) is invariant under the
action of E(f). Additionally, this is because we are working with a Colmez subgroup

and the fact that 7—! € D, thus

—sgn(r 11, e) =sgn(n L m ey, e0) = sgn(n 7t 1,e1) = —sgn(n ey, €q) = 1.
(3.1)
Determining this means that we have to determine what the generating cones
of e DN 7D, DN D, and e1eaD N7~ !'D are. To find these generating cones,
we need to look at the intersection of two planes. This intersection will define a line
and we can take the positive ray to define our Shintani cone. We have to look at the

intersection of the planes:

the plane defined by 7! and 7~ 'e; and the plane defined by €; and €;eg;

1

the plane defined by €1¢e5 and 6%62 and the plane defined by 77 'e; and 7 tejes;

1

the plane defined by 7~ 'es and 7 €€y and the plane defined by €jes and eleg;

the plane defined by 7! and 7~ 'ey and the plane defined by €3 and €jeo;

45



1

e the plane defined by 7~ 61_1 and 7! and the plane defined by 1 and e;

1

e the plane defined by 7~ 651 and 7! and the plane defined by 1 and ¢;.

If a,b, c, and d are vectors in R3 and ¢, 7, s, and ¢ are real scalars, then we can

find the line defined by the intersection of the planes aq + br = c¢s + dt by reducing the

(ab e a).

If a, b, and c are linearly independent, then the matrix reduces to

following matrix:

det(—d,b,—c) det(b,c,d)
100 Set(a,b,fcc): 100 _dZt(a,I?),c)
d t( 7_d7_ ) d t( ) ad)
010 - c(i?etz(ia,b,fc(): ot 0 10 _dgt(z,ﬁ,c)
det(a,b,—d) det(a,b,d)
00 1 Tiae o 00 1 Gi@be

So, the basis of the line defined by the intersection of the planes is given by det(b, c,d)a+
det(a,c,d)b = —det(a, b,d)c + det(a, b, c)d.
With this result, we can determine the line that intersects the planes and hence

a decomposition of the Shintani cone. So, with this, we get the following elements

ler,c = €1, and d = €1€g, s0

e wehavea=7n"tb=n"

v o= det(ﬂ_lel,el,eleg)ﬂ_l+det(7r_1,61,6162)7r_161

= —det(m Y7 e, eren)er + det(m T, ey, € )eq€n;

e we have a =7"le;,b = 1 lejea, ¢ = €16, and d = 6%62, SO

-1 2 -1 -1 2 -1
vo = det(m “er1€9,€1€9,€7€2)m €1 + det(m €, €162, €7€2)TT €169
= — det(ﬂ'*lel, 7 leren, 6%62)6162 + det(ﬂ'*lel, 7 leren, 6162)6%62;
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e we have a =71 leg, b = 1 lejeg, ¢ = €169, and d = 616%, SO

2 2N, _—1
v3 = det(n™ 6162,6162,6162) 62+det( 62,6162,6162) €1€9

-1 2 -1 2.
= —det(r leo, 7 Lereg, €1€5)e1€x + det(m™ leo, 7 Lereg, €1€2)€1€5;

e wehavea=7"'b=7n"ley,c =€, and d = €€, 50

va = det(n™ 62,62,6162) -l—det( 62,6162) ey

= - det(Tr_l, 7 leg, €1€2)€2 + det(w‘l, 7 ey, €2)€1€2;

e we have a = w‘lefl,b =nlc=1andd = e, s0

5 = det(m ! Le)m tert +det(nm el 1, e0)n !

= - det(ﬂflel_l, 71 €)1 + det(ﬂ'*lel_l, 71 1)eo;

-1 -1

e we havea =7 Gz_l,b:ﬂ' ,c=1,and d = €, so

Y6 = det(m ' 1 e)m teyt +det(nm ey 1, e) !

= —det(rte; L, m L e)l +det(m e 1)e

Further, we note that these are the correct constants, because all of the various determi-
nants are positive, due to Equation 3.1 and the fact that we are working with a Colmez
subgroup. Thus all of the elements are in RZ.

We have the decomposition of the Shintani domains (e;D N7~ D) U (e162D N

771D) and (D N7 D) U (162D N~ 1D) given by:

i 161Dﬁ7T_1D = 10(’}/1,#_161,’}'2) + 1C(w1,72,6162);
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i 162Dﬂ7r—1D = 1C’('y4,7r—162;yg) + 10(’74761627’73);
b 16162’Dﬂ7r—1D = 10(6162,’}/2,71'_16162) + 10(6162,73,7r_16162)'

We have two sets of Shintani domains who have the following characteristic

functions:
® lor11e) T lom1n1ee) and
® lotr-11,60) t o1 rte )
These Shintani domains decompose into:
* lor 6 T lo@1m6a) T 1o em) T 1oE@mata), and

° 10(177r’1,75) + 10(7T711“/5,62 + 1C(7r*1,74,52) + 10("/4,62,7T*162)’

respectively.
We want to show that (€1€2) - 1o(1,7-1,15) = 10(eren,mLeren,re), Which amounts
to showing that ejeays = v2. We note that as Nme = 1, where € is a totally positive

unit, then we have det(x1, x2, x3) = det(exy, exa, exs). We have

€16276 = det(w_l, 1, 61)71'_161 + det(w_legl, 1, 61)77'_16162
= det(ﬂ'716162, €1€2, 6%62)71’7161 + det(ﬂflel, €1€9, 6%62)71’716162

= 72

as desired.
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Next, we want to show that €2 - 1o(c, 41, 7-1¢;) = 1C(eren,ys,mlerer)- This means

that we want to show that esy; = v3. We have

—1 1
ey = det(n” 61,61,6162) 62—|—det(7T L €1, €1€2)T " €1€2
= det(rle 37 Leg + det(n™ Hpt
= 1€2, €1€2, €1€3)T ey e 6276162,6162 €1€2
= 73,
as desired.

We also wish to show that €2-1c(v5,71,7) = Lo(ram—tenys) @0 €210 (v4.61,71) =

Lo(ys,e1ea,7s)- Thus, we would like to show that e2y6 = 74 and €21 = v3. For €276 = 4,

we have the following calculation:

€% = det(w_l,l,el) +det( 62 1, €1)m le,
= det(n ey, e, e1e2)m L + det(m L, €a, e160)m ey

= 74
as desired. For esy; = 3, we have the following calculation:

—1
€Y1 = det( 61,61,6162) 62 —i—det( 61,6162) €1€9
= det 2 det Hrt
= det(n™ 6162,6162,6162) ley + de (m™ 62,6162,6162) €1€9

= 73

as desired.
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This means that

Vb,)\,egDﬂﬁle(OP) + Vb,A,elezDﬁwle(Op) =
—sgn(1,m, 7T61)Vb7)\7c*(7r—171751)(Op) +

Sgn(l’ €1, 7761)7/[1,)\,0*(71’_1,7r—161,61) (OP)

Now, we show other decomposition. To that end, we want to show that (ejez)-

Lo ysm—1) = Lo(erenys,mleres)- 1t suffices to show that €1e275 = 3. We have

€1€27Y5 = det(w_l, 1, 62)71'_162 + det(w_lefl, 1, 62)77'_16162
= det(w_leleg, €1€2, eleg)ﬂ_leg + det(ﬂ_leg, €1€9, eleg)ﬂ_lqeg

= 73

as desired.

Now, we want to show that €; - 15 = 1C(crea,yo,mLeren)- LU suffices to

€2,74,m Lea)
show that €174 = y2. We have
— d —1 —1 d -1 —1
€174 = det(m "€, €9, €169)m €1 +det(m T, €a, €1€2)T €169
= - det(e%ez, €1€2, 7T_161€2)7T_161 + det(ﬂ_lel, €1€2, 6%62)7‘('_16162
= 72,
as desired.

We wish to show that €1 - 1oty r-14) = Loty a0d €1 1o(s.e0,00) =

Loty erenye)- This means that we need to show that €;v5 = v1 and €174 = 2. For
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€175 = 71, we have the following calculation:

ey = det(n 1, e)n !t + det(w_lel_l, 1,e)m ey
= det(ﬂflel, €1, 6162)7’(71 + det(ﬂ'*l, €1, 6162)7‘(’7161

= 71,

as desired. For €174 = 2, we have the following calculation:

1 -1 1 1
€174 = det(m €9, €9, €169)m €1 +det(m T, €2, €162)T €162
= det(wfleleg, €1€9, e%@)%flel + det(ﬂ'*lel, €1€2, 6%62)7‘(’716162
= det(eea, 6%62, 7T_161€2)7T_161 + det(eg €2, 6%62, 7T_161)7T_1€1€2

= 72

as desired.

All this put together means that we have

- Sgn(lv ™, WEQ)Vb,A,C*(l,ﬂ',WeQ) (WOP) + Sgn(L €2, 627T)1/b,)\,0*(1,62,7r62) (WOP) =

- Sgn(l’ T, 7-[-62)VE),)\,C'*(71'*1,1,62)((,)1:') + Sgn(la €2, GQW)VB,)\,C*(W*1,ﬂflez,eg) (OP)

Therefore, we have shown the n = 3 case.
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