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Abstract

Quantum Aspects of Spacetime Geometry
by

Gabriel Trevino Verastegui

In this dissertation, we investigate how some properties of quantum mechanics inte-
grate in our description of the geometry of spacetime. This is done both at a theoretical
and phenomenological level. In the first chapter, we give a brief introduction to the de-
velopment of quantum mechanical ideas in our current understanding of spacetime and
gravity. In particular, we motivate the necessity of a holographic description of gravity,
as well as review some of the essential properties of the AdS/CFT correspondence.

In the second chapter, we use this holographic duality to ask how the geometry of a
particular bulk system is encoded in a non-gravitational field theory. In particular, we
review and use the light-cone cuts prescription, which has been proposed as a method
to reconstruct the conformal metric of a holographic spacetime. With this framework,
we explore how additional information about the bulk geometry gets encoded in the
structure of these light-cone cuts. We pay special attention on how the hyperbolic angle
related to a cusp in the light-cone cut encodes information about the matter content of
the spacetime. We provide an explicit numerical example reconstructing the metric for
a four-dimensional spacetime composed by the superposition of a boson star and a gas
of radiation in AdS.

The full bulk path integral in a Lorentzian formulation of holography includes metrics
that violate boundary causality. This leads to the following puzzle: The commutator of
two field theory operators at spacelike-separated points on the boundary must vanish.

However, if these points are causally related in a bulk metric, then the bulk calculation
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of the commutator will be nonzero. It would appear that the integral over all metrics of
this commutator must vanish exactly for holography to hold. This is puzzling since it
must also be true if the commutator is multiplied by any other operator. Upon a careful
treatment of boundary conditions in holography, in the third chapter of this thesis we
show how the bulk path integral leads to a natural resolution of this puzzle.

In chapter four, we explore some phenomenological implications stemming from quan-
tum modifications to a classical theory of gravity. Two new observational windows have
been opened to strong gravitational physics: gravitational waves, and very long baseline
interferometry. This suggests observational searches for new phenomena in this regime,
and in particular for those necessary to make black hole evolution consistent with quan-
tum mechanics. We describe possible features of “compact quantum objects” that replace
classical black holes in a consistent quantum theory, and approaches to observational tests
for these using gravitational waves. This is an example of a more general problem of find-
ing consistent descriptions of deviations from general relativity, which can be tested via
gravitational wave detection. Simple models for compact modifications to classical black
holes are described via an effective stress tensor, possibly with an effective equation of
state. A general discussion is given of possible observational signatures, and of their
dependence on properties of the colliding objects. The possibility that departures from
classical behavior are restricted to the near-horizon regime raises the question of whether
these will be obscured in gravitational wave signals, due to their mutual interaction in
a binary coalescence being deep in the mutual gravitational well. Numerical simulation
with such simple models will be useful to clarify the sensitivity of gravitational wave

observation to such highly compact departures from classical black holes.

1X



Contents

CirEenlin Vitad
[Abstract]

1__Introduction|
(1.1 General Relativity] . . . . ... . ... ... ...
1.2 NETOPY| « - o o e
(1.2.1  Entanglement entropy in black holes| . . . . . .. ... ... ...
(1.3 Holography| . . . ... .. ... ...

1.3.1 Gauge/gravity duality] . . . ... ... ... ... ... ......
1.3.2  AdS/CFT correspondence] . . . . . .. ... ... .........

[1.3.3  Anti-de Sitter spacetime| . . . . . . . ... ...
[L.4  Permissions and Attributionsl . . . . .. ... ... ... L.

vil

viii

2 Reconstruction of an AdS Radiation/Boson Star Bulk Geometry Using

[ Light-cone Cuts|
I TIntroductionl . . . . . . . . . ...
[2.2  Light-cone Cuts| . . . . . . . . . . . ..
2.2.1 Review of the formalisml . . . . . ... .. ... ... .. .....
2.2.2 Cuspangle . ... ... .. ...
2.3 AdS Radiation/Boson Star{. . . . . . ... ... ... ...
231 Modell . . ... . ..

[3.2  Specific examples| . . . ... oo
[3.3  Operator dictionaries| . . . . . . . . . .. ...
3.4 Resolution| . . . . . . . . .




3.5 Discussionl . . . . ..o 73

[4 Exploring strong-field deviations from general relativity via gravita- |
L__tional waves| 76
M1 TIntroductionl . . . . . . . . . . .. 76
4.2 CQO models and observational challenges] . . . . . . .. ... ... ... 81
4.3 Effective approachl . . . . .. . ... oo 85
4.4 Some simplified models for compact quantum objects| . . . . . . . . . .. 89
MA4T Generalitied . . . . . . . .. 89

[4.4.2  Matched polytropes|. . . . . . . ... ... L. 96

[4.5 Gravitational wave tests of compact quantum structuref . . . . . . . . .. 100
[4.5.1 Effective parameters| . . . . . . .. ... ... L. 101

M52 Tovenumberd . . . . . ... ... o 103

[4.5.3  Evolution: eftective models and expectations| . . . . . . . . . . .. 106
................................ 106

[Plunge and Merger| . . . . . . . . ... .o 109

[4.5.4 Quantum dynamics and expectations| . . . . . .. ... ... ... 110

[A° Uncertainty in k, calculations| 113
(Bibliography| 115

X1



Chapter 1

Introduction

We live on an island surrounded by a sea of
ignorance. As our island of knowledge grows,

so does the shore of our ignorance.

John Archibald Wheeler

Perhaps there is nothing in nature as fundamental and conspicuous as the four di-
mensions in which everything occurs: space and time. For Newton to build his Laws
of Mechanics, it was important to have the notion of an absolute time that is in con-
stant flow and exists independently of any observer. This universal time affected every
observer at the same rate, and whenever two events were simultaneous for one observer,
they were simultaneous for all observers. In concert, Newton introduced the notion of
absolute space as the immutable stage on which all events of nature would take place. In
this rigid space, motion was then the result of objects evolving their position according
to the universal time.

This rigid and constant conception of space and time remained in the mainstream
for more than 200 years until Albert Einstein came in 1905 and shook the universe with

his ideas. Inspired by the robustly established equations of electrodynamics, he realized
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Introduction Chapter 1

that the rigidity of space and time as conceived by Newton was not compatible with the
universality of Maxwell’s equations for all inertial frames. In particular, the validity of
these equations for all inertial observers implied the existence of a distinctive speed—the
speed of light—whose value was constant independently of the frame in which it was
measured. To preserve this property in electromagnetism, he argued, space and time
needed to be observer-dependent and two sides of a unified entity: spacetime. Under this
new theory, known as Special Relativity (SR), all clocks would no longer tick at the same
rate; all rulers would no longer measure the same length; the notion of simultaneity would
no longer be absolute. They all became observer-dependent. And similar to Newtonian
mechanics, this is done without preferring any of the inertial observers over the other
ones.

Einstein then took it one step further. He unified his ideas of relativistic spacetime
with gravity. In this new theory, called General Relativity (GR), spacetime became
malleable and dynamical. The gravitational force turned into the effect of the spacetime
geometry on the motion of objects. As John A. Wheeler put it: “spacetime tells matter
how to move; matter tells spacetime how to curve.” GR then, under this paradigm shift,
opened a new avenue for exploring the nature of spacetime. And even though the energy
scales that put GR to its limits are not yet accessible in the experiments performed here
on Earth, they are relevant for understanding the more profound aspects of the fabric of
the universe.

The merging of space with time in SR, and then of spacetime with gravity in GR,
follows from a principle of unification in physics. Indeed, every time two or more ideas
previously thought to be incompatible with each other are united, progress is made in
theoretical physics. This principle of unification has allowed for different theories to
become compatible with each other, and by doing so, revealed new corners in the un-

derstanding of natural phenomena that were previously inaccessible by each independent
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Introduction Chapter 1

theory. Electricity and magnetism, for example, were unified in Maxwell’s equations
which then revealed that light was made of electromagnetic radiation. Classical field the-
ories were then combined with SR and quantum mechanics (QM) to reveal the framework
of quantum field theory (QFT). Once we arrived at QFT, we understood how particles
are not point-like entities but rather excitations of the fundamental fields themselves,
thus explaining how particles can come into existence or annihilate each other.

Even though GR puts forth a profound and elegant description of spacetime, it can-
not be complete to the extent that it has left QM out of the equation. Undoubtedly, if
we are to make progress toward a deeper formulation of spacetime, this will come from
the exploration of the intersection of GR and QM, known as quantum gravity (QG).
Given that GR is a classical field theory, one could ask: why not just quantize it like
the other classical theories? The answer is that the standard perturbative quantization
of GR gives a theory that is non-renormalizable [I 2]. That is, after including all the
appropriate counter-terms to make the perturbation series non-divergent, one is left with
infinitely many parameters that need to be fixed by experiments to have any meaningful
predictive power. Nonetheless, after long mathematical excursions, progress has started
to take shape in the form of the holographic principle [3, 4]. This, in its most general
form, states that a theory of QG has a dual description through a lower-dimensional
quantum theory. The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspon-
dence, discussed in this thesis, has proven to be the leading concrete realization of this
principle [5]. Even though this duality is specific for geometries with a certain type of
boundary condition, recent investigations (see, e.g., [6]) have argued that the insights
learned from this framework can—and must—be exported into more general spacetimes.
We thus take the attitude that by understanding this duality one can extract general
results about how quantum phenomena are involved in the description of spacetime.

In this thesis, we explore some of the connections between quantum mechanics and

3



Introduction Chapter 1

the emergence of spacetime and its geometry. First, we review the history of spacetime
as it was first introduced by Einstein in his theory of GR. We then discuss the basics
of this theory and the different tests and checks that the theory has passed throughout
more than a century. In doing this, we also discuss some of the important limitations
of the theory, as well as how they point us in the directions where new physics can be
explored. Next, we review some of the ideas behind the entropy and thermodynamics of
black holes. In this discussion, we make some important connections between classical
information, causal horizons, and quantum entanglement. In particular, we will find an
important connection between the entropy of an event horizon and the entanglement
structure of a vacuum state. Then, this connection is used to motivate the introduction
of the holographic principle. We next discuss this principle, first as a general property of
QG, and then we will focus on the concrete framework of AdS/CFT.

In Chapter 2, we explicitly use an entry in the AdS/CFT holographic dictionary to
recover the conformal metric of a bulk spacetime. We explain how the framework of
light-cone cuts allows us to reconstruct the geometry inside of the bulk by using only
boundary information. We also explore how some geometrical information—and the
matter content from which it is determined—gets encoded in the structure of the light-
cone cuts. Additionally, this method is illustrated in a concrete numerical example in
which the geometry of a four-dimensional spacetime made from the superposition of a
boson star and a gas of radiation in AdS is recovered. In Chapter 3, a causality puzzle in
the holographic duality will lead us into thinking about how to properly include boundary
causality violating metrics in a full gravitational path integral. After a careful analysis of
this apparent contradiction, we provide a prescription for the bulk path integral in which
this puzzle is resolved. We then explain how this resolution demands for the bulk dual
of the boundary commutator to not be the limit of the naive bulk commutator. Finally,

in Chapter 4 we explore how some of the quantum features of spacetime discussed in
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this thesis require a modification of the predictions from classical GR in the strong
regime. In particular, we argue for the necessity of new phenomena to make black hole
evolution consistent with quantum mechanics. We also explain how these novel effects
could in principle be observed in the gravitational waves signals that LIGO detects from
the merger of black holes. We describe possible features of “compact quantum objects”
that replace classical black holes in a consistent quantum theory, and approaches to
observational tests for these. Simple models for compact modifications to classical black
holes are described via an effective stress tensor, possibly with an effective equation
of state. A general discussion is given of possible observational signatures, and of their
dependence on properties of the colliding objects. Numerical simulation with such simple
models will be useful to clarify the sensitivity of gravitational wave observation to such

highly compact departures from classical black holes.

1.1 General Relativity

Similar to Newtonian physics—and based on our experience with nature—GR de-
clares spacetime to be a continuum. Additionally, spacetime is required to look flat in
the vicinity of any point. This condition is chosen to reflect Einstein’s equivalence prin-
ciple—namely, that local experiments in a freely falling laboratory are indistinguishable
from those done in an inertial frame in flat space. The mathematical object that realizes
these features is that of a manifold. The spacetime, represented by this manifold, is then
allowed to warp in the presence of energy and stresses. The warped spacetime geometry
is encoded by a metric field g, that satisfies Einstein’s field equations.

In this spacetime, the motion of particles is now universal. That is, massive objects in
free-fall follow the same trajectory regardless of their mass. These trajectories are given

by the geodesics of each particular geometry. Indeed, in the presence of different energy
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sources, spacetime can take on a different geometry with a different geodesic structure.
This proposal of a malleable spacetime was—albeit elegant—a radical departure from
the known physics at the time. Therefore, for GR to become accepted by the physics
community it needed to recreate known results as well as propose and confirm novel
predictions.

The first success for the theory came in 1915 with Einstein’s calculation of Mercury’s
orbit from which he found the correct answer for its perihelion precession. In this calcu-
lation, GR correctly added the 43” /century missing from the Newtonian prediction. This
initial result used an approximation that was soon after corroborated with the appear-
ance of the Schwarzschild metric. This spacetime provided an exact solution to Einstein’s
equations describing the geometry of a static and spherically symmetric source.

The next and perhaps more important check arrived four years later. Similar to
how massive particles move according to the warped spacetime, massless particles also
move along geodesics of the spacetime geometry. This implied that light rays traveling
near a massive object (like our Sun) would get deflected by a specific angle computed
by the theory. In May of 1919, Arthur Eddington and his collaborators took pictures
of a particular group of stars before and during a solar eclipse. Their measurements
accurately agreed with the GR prediction, thus providing at the time universal support
for the new ideas introduced by Einstein regarding the nature of spacetime.

In the following years, additional tests were performed and one after the next one all
corroborated the predictions made by GR. In 1959, Robert Pound and Glen Rebka Jr.
measured the gravitational redshift of gamma rays emitted by a solid sample of iron-57
as they traveled 23 meters down from the top of a tower at Harvard University’s Jefferson
laboratory. More accurate tests of the same effect were observed in the spectral lines of
the star Sirius B by the Hubble Space Telescope. Also, in 1966, the Shapiro time delay

was observed by sending radar signals back and forth from Earth to Venus through the
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gravitational well near the surface of the Sun. Today, these well-tested effects of GR
are routinely used by the Global Positioning System (GPS) which employs a network of
satellites in orbit to localize positions on the surface of planet Earth. Without taking
into account the relativistic effects predicted by GR, the accuracy of GPS receivers would
fail at a rate of about 10 km per day [7].

These effects—surprising as they are—do not push GR to its limits. To put some of
the deepest ideas of GR to the test, one has to explore the strong field regime. Notably,
many of these strong field effects have also been extremely well tested. In 1974, Russell
Alan Hulse and Joseph Hooton Taylor Jr. started measuring the dynamics of a binary
pulsar system composed of a pulsar and a neutron star [§]. These very compact objects
orbit around their common center of mass, and by doing so, they lose energy through the
radiation of gravitational waves. The existence of gravitational waves had been predicted
by Einstein since 1916. Subsequent measurements of the orbital period for the pulsar
showed that the system was losing energy at a rate predicted by GR. This observation
hence provided the first indirect evidence for the existence of gravitational waves.

In 2016, a century after they were predicted, gravitational waves were finally detected
directly by the Advanced Laser Interferometer Gravitational-Wave Observatory (aLIGO)
[9]. This observatory uses Earth-based laser interferometry together with advanced noise
reduction techniques to detect the fluctuations in space as a gravitational wave passes
through its 4 km long arms. To successfully detect a gravitational wave, aLIGO needed
to reach an accuracy of 107! meters, or roughly 1/10,000th of the width of a proton.
With its current specifications, aLIGO is designed to detect waves in the range from 10
Hz to 10kHz [10]. This range includes rotating neutron stars as well as the coalescence
of compact binaries, and in particular of stellar black holes, i.e., those produced by
the gravitational collapse of a star. Once a gravitational wave is detected—and after a

very robust noise analysis—the signal is compared to different templates that have been
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numerically simulated using solutions to Einstein’s equations. The success that aLIGO
has had matching their measurements with theoretical predictions of GR further supports
the validity of the theory even in the strong field regime.

The current specifications of aLIGO, however, constrain the type of sources of grav-
itational waves that can detected. To expand this range, both the noise reduction and
the arms length need to be improved. The Laser Interferometer Space Antenna (LISA)
is a proposed gravitational wave detector that improves on these crucial points [11]. By
orbiting in outer space, LISA will be able to have arms with a massive length of roughly
2.5 million km each, as well as eliminate noise from seismic sources. With a much longer
wavelength, LISA will be able to access a lower frequency range which will make it ideal
for the detection of gravitational waves from potential sources that include ultracompact
binaries, supermassive black hole mergers, extreme mass-ratio inspirals, and possibly sig-
nals emitted in the early universe [I2]. The last type is of particular interest because
it could expand our understanding of how quantum fluctuations played a role in the
moments after the Big Bang.

Most recently, the first direct observation of the region near a black hole horizon was
obtained by the Event Horizon Telescope (EHT). This collaboration brings together an
array of many radio telescopes located all around the globe. By combining the data
from each telescope, this network effectively achieves a resolution sufficient to observe
the region around a supermassive black hole at the scale of its event horizon. The two
black holes that can be studied with the EHT are Sagittarius A*, located at the center
of the Milky Way, and M87*, located at the center of the galaxy Messier 87. In the first
image of M87*, published in 2019 [13], a dark shadow is shown at the center of a light
ring. This qualitative image is predicted by GR. The shadow appears as a consequence
of the black hole being illuminated from behind. On the other hand, the light ring could

be composed of light emitted by matter that is orbiting near the horizon, or by light
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coming from the photon ring due to the lensing effect of the black hole. Even though
this first image might not have the resolution needed to clearly disambiguate the source
of the observed light (cf. [14]), it certainly represents a step forward in the exploration
of black hole physics. In March 2021, the EHT released a new image of M87*, this time
in polarized light [15].

In all cases where it has been tested, spacetime behaves as instructed by GR: as a
four-dimensional continuum that gets warped according to Einstein’s equations. Indeed,
more than one hundred years with many successful tests have strengthened GR as the
leading theory for describing spacetime and gravity. Nonetheless, the theory is not flaw-
less. For instance, even though the theory predicts the expansion of the universe, GR
alone cannot explain what happened before or even in the very early moments after the
Big Bang. During this hot and dense period of the universe, quantum mechanical effects
were dominant. Therefore, to fully describe the physics of the Big Bang, a better under-
standing of how quantum effects interact with spacetime at extremely large energy scales
is needed. All that GR has to offer in this limit is a mathematical singularity from which
one cannot continue to evolve in order to learn about the state of the universe before the
Big Bang.

Deep inside of black holes another problem is found. This is because at the center
of each black hole one also finds a singularity, i.e., a region of spacetime with diverging
curvature. Therefore, the evolution of any particle after it reaches the singularity inside
of a black hole is impossible to predict using GR. One conceivable answer to this problem
is that the continuous assumption for spacetime from GR is only a good approximation
up to certain scales, but not all. It is possible that the continuum of spacetime is not
elementary but rather an emergent property. The continuous property of water in fluid
mechanics, for example, is emergent from the interaction of many individual molecules.

While the collection of many water molecules behaves as a fluid, once we reach the
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smallest of scales, it makes no sense to insist in describing the physics of the individual
molecules using the laws of fluid mechanics. A different description is needed.

As we will see, the limitations of GR are not secluded to small scales. In fact, even
at the scale of an event horizon (which for a supermassive black hole can be of order 10°
km!) we will find issues as we try to reconcile the properties of GR with the tenets of
QM [16]. The precise checks and tests that GR has passed throughout the time serve
to reinforce the theory in those regimes where it makes accurate predictions; however,
they also point at the shortfalls of the theory as important areas of research. Indeed,
when a theory that agrees with many measurements fails to describe what happens in a

particular configuration, that’s a place where new physics is to be found!

1.2 Entropy

Black hole thermodynamics is crazy, perhaps

crazgy enough to work.

John Archibald Wheeler

The first indication that entropy was central for making progress in understanding the
quantum nature of spacetime originated from the study of black holes. As originally con-
ceived in statistical mechanics, entropy (S) is a measure that quantifies the uncertainty
of a system. It counts the number of possible microscopic configurations of the system
(known as microstates) that are compatible with the observable macroscopic properties
such as temperature, volume, and pressure. The greater the entropy of a system, the
more microstates it can in principle occupy. This, in turn, dilutes our detailed knowledge
of the system. By having more available microstates that are macroscopically indistin-
guishable, we lose track of which particular microstate the system is occupying at any

given time. We thus say that entropy quantifies our ignorance of the system.
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Black holes in GR are fully described by very few parameters. The most general
solution describing a stationary, rotating, and electrically charged black hole in four
dimensions is characterized by its mass M, charge @), and angular momentum J. This is
known as the Kerr-Newman black hole [17,18]. When the charge and angular momentum
are zero, we recover the Schwarzschild black hole as a special case. That this is the most
general solution for black holes in equilibrium was first suggested by John A. Wheeler [19].
He famously referred to this idea with the phrase “black holes have no hair” [20]. This
conjecture was later supported by evidence from several uniqueness theorems [21], 22], 23].
Within GR, this result thus poses that it is impossible to distinguish between two black
holes with the same parameters M, @), and J, even if they were formed via two completely
different collapse processes. Therefore, the number of classical configurations for a black
hole that are compatible with its exterior observables is one. We say that our uncertainty
about the internal details of the system is minimal and thus the entropy is zero. According
to GR, black holes cannot have any non-zero entropy.

This, however, leads to an apparent problem regarding the thermodynamics of our
universe. One could, for instance, consider the following thought experiment. Imagine
taking a box that contains a certain amount of entropy and throwing it into the interior of
a black hole. Since nothing can escape a black hole, the entropy of the box would then no
longer be accessible to any outside observer. The thermal entropy of the universe outside
the hole would decrease. At the same time, we know that the entropy of the hole cannot
increase to account for this loss. Every detail of the infalling object is washed out into a
final configuration that is uniquely determined by M, @), and J. These simple parameters
are not enough to account for the—in principle very complicated—information that was
thrown inside. For an outside observer, entropy would have had decreased and the
second law of thermodynamics would have been violated. This would not only create

issues whenever boxes with entropy are thrown into black holes, but it would also render
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the second law meaningless for outside observers in general.

Jacob Bekenstein, a Mexican-born physicist, worried about this disagreement with
one of the tenets of thermodynamics: in a closed system, entropy must increase irre-
versibly. The solution, he argued, was to assign entropy to a different property of the
black hole to compensate for the loss of entropy on the outside [24]. Bekenstein realized
that when an object gets thrown into a black hole, while the mass of the object is lost in-
side, the area of the horizon increases irreversibly. Indeed, Stephen Hawking had proved
that the surface area of a black hole cannot decrease in any kind of process within GR
[25]. This is akin to the irreversible increase of entropy. Motivated by this connection,
Bekenstein resolved that black holes should have entropy encoded by their horizon area.
This entropy, he explained, was not meant to be a form of thermal entropy, but rather a
measure of how much information is inaccessible from the outside. Namely, the kind of
entropy used in statistical mechanics and information theory.

To get a quantity with units of entropy, the explicit formula included Boltzmann’s
constant kp. Additionally, and to cancel the units of area, the horizon area was divided
by Planck length squared ¢%. The inclusion of the latter was suggested to Bekenstein by
Wheeler who insisted on the role that ¢p should play in an ultimate theory of quantum

gravity ﬂ Bekenstein thus arrived at the following equation [26]:
A
P

where 7 represented a constant of proportionality still unknown to him. Through some
thought experiments, however, he argued that n should be of order one. Therefore, since

(p is very small, this formula assigns an enormous amount of entropy to a black hole,

L As Bekenstein said in his paper [26]: “...must have units of (length)~2. But there is no constant
with such units in classical general relativity. If in desperation we appeal to quantum physics we find
only one truly universal constant with the correct units: A~!, that is, the reciprocal of the Planck length
squared”
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which in turn reflects how irreversible the formation of a black hole is. In this form,
this formula provided an enigmatic connection between gravity, thermodynamics, and
the quantum.

Armed with this formula, Bekenstein turned to solve the original problem of entropy
loss inside of black holes. He proposed a modification to the second law of thermody-
namics. Rather than just the thermal entropy, he proposed that it is in fact the sum of
the black hole entropy Spy (given by its horizon area) and the regular thermal entropy
outside the black hole S,,; that together cannot decrease. With this new prescription,
the entropy observed by an external observer would no longer decrease when the box
with entropy gets thrown into a black hole. This is because even though the entropy of
the outside seems to be going down, the sum of the black hole entropy and the exterior
entropy both together go up. The area increases enough to compensate for the loss of

entropy falling into the hole. This quantity is known as the generalized entropy:

Sgen = SBH + Sout; (12)

and the generalized second law then demands that under any process this entropy cannot
decrease [26]:

dSgen > 0. (1.3)

The generalized entropy is thought-provoking because it combines two types of entropy
that are—on a first look—different in nature. Sy is geometric and measures information
loss, while S,,; deals with ordinary thermal matter and heat fluxes. Additionally, the
area theorem was proved exactly using mathematical theorems, whereas the second law
for thermal systems is meant to hold only to a very good approximation.

At the heart of (|1.3)) lies another puzzle. The increase in area of the black hole in GR

13



Introduction Chapter 1

is determined by the energy of the object that falls to its interior. This energy is given
by the mass of the object together with the velocity and the trajectory that the object
is following. All of this data is independent of the type and amount of entropy encoded
in the object. How then can the horizon area know how much entropy or information
is stored in the object? And how does it always increase enough to compensate for the
entropy that goes inside? To answer these questions, physicists needed to go beyond
the classical theory; and by doing so, they were able to accelerate our understanding of
how classical geometry is related to classical information and, eventually, to quantum
information.

The connection between black holes and thermodynamics was made sharper with the
introduction of the four laws of black hole mechanics [27]. In this paper, general formulas
were derived for the physics of stationary axisymmetric black holes. The four laws of

black hole mechanics are:

Zeroth Law: The surface gravity s of a stationary black hole is constant over the

event horizon.

e First Law:
K
dM = ——dA + QdJ + &dQ). 14
oAt + ®dQ (1.4)
e Second Law: The area A of the event horizon does not decrease with time.

e Third Law: It is impossible to reduce k to zero by a finite sequence of operations.

These equations made explicit how the area of the horizon takes on the role of the
entropy of the black hole. Similarly, in these equations x behaves as the temperature of
the hole. The event horizon of the black hole is said to be a Killing horizon if there exists

a Killing field, x*, that is normal to the black hole horizon. This is always the case for
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stationary black holes. The surface gravity s is then defined as
2 1 a,b
K = (V) (Vaxs). (1)

Physically, k corresponds to the force per unit mass that an observer at infinity must
apply in order to hold a particle at a fixed radius just outside the event horizon. Notice
that by definition x is an intensive quantity locally defined at the horizon. In a non-
spherically symmetric horizon, e.g., in a rotating black hole, there is no a priori guarantee
that x will be constant everywhere on the horizon. Nonetheless, the Zeroth Law shows
that x takes on a constant value at the horizon of a stationary black hole (i.e., a black
hole at equilibrium), thus making it a closer analog to the temperature of a thermal body
at equilibrium.

The presence of k in the First Law was obtained through mathematical manipulation
of the equations describing the Kerr geometry. However, that x belongs on the First
Law can be argued physically as follows [28]. For a thermal system, an influx of heat dQ

causes a change in entropy dS given by
dQ =TdS. (1.6)

From an information theory perspective, the change in entropy measures a change in the
amount of information contained inside the horizon. In particular, the simplest amount
of information that could be added to the black hole would be a generic particle with 2
possible spin states. Since the number of black hole microstates is counted by e*58#/¥5 the
minimum change of entropy after throwing in the particle is then dS,,;, = kg In2. Given
the existence of this minimal change in entropy, there must be a corresponding minimal

amount of heat dQ,,;, = TdS,.;, that could be added to the black hole. One option
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would be a particle with a tiny mass. However, the Compton wavelength for a particle
with a small mass would eventually be larger than the black hole itself. Alternatively,
one could slowly lower a particle very near the horizon so that its Killing energy is almost
zero. The energy of the particle is given by the product of its mass m and the norm of the
Killing vector at that location. At the horizon, the norm vanishes. Near the horizon, the
norm is proportional to the surface gravity x and grows linearly as the proper distance
from the horizon to the center of mass of the object [29]. The minimal value for this
distance is naturally characterized by the size ¢ of the object. The Killing energy of the
particle is then proportional to the product mfk. Since k is determined by the black
hole, one could imagine making this energy arbitrarily small by considering the limit
¢ — 0. However, taking into account QM, the product m/ is bounded from below by the
uncertainty principle. The minimum amount of energy is then given by dQ,,;, ~ hx; and
the corresponding temperature is given by

T .
dSmm ]{ZB In2

(1.7)

This indeed highlights the role of s in the First Law as the temperature.

The similarities found between the four laws of black hole mechanics and the four
laws of thermodynamics were remarkable. However, it was made clear at the time that
these equations were supposed to be taken just as an analog rather than direct evidence
claiming that black holes were thermal objects. If black holes had a real temperature
they would have to radiate. This, in turn, would require particles to come out from inside
the black hole, which is strictly forbidden by general relativity. Furthermore, taking
as a real temperature creates a thermodynamical issue. If a black hole is immersed in a
thermal bath with lower temperature, the black hole will absorb more radiation and thus

more entropy than it can compensate for by increasing its area. This would then violate
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the generalized second law if the black hole couldn’t radiate in thermal entropy. This
was an early suggestion that quantum radiation at this temperature was needed in the
black hole. Additionally, the inclusion of Planck’s constant in both the formula for the
entropy and the temperature suggested the possibility of some quantum process allowing
for this radiation.

The breakthrough came two years later when Stephen Hawking published his seminal
work on the black hole radiation. In [30], Hawking robustly showed how in the presence
of quantum fields a black hole would necessarily radiate particles with a thermal temper-
ature given by Ty = hr/2mkg. This turned out to be the precise temperature needed
to preserve the generalized second law. At the same time, the formula for the black hole
entropy was determined to be Sy = A/4¢%. This radiation occurs because the vacuum
state around the black hole is unstable to form fluctuations outside the horizon that
are correlated with fluctuations on the inside. Physically, this is described as particle
pair creation just outside the horizon with one partner with positive energy escaping to
infinity and thus carrying energy away from the black hole, while the other partner with
negative energy falls to the interior. As Hawking argued, this process will continue until
the black hole evaporates after having radiated all of its mass.

This evaporation of black holes created a troubling puzzle. The process would seem
to allow for information to be destroyed inside of black holes. This is because when an
object—and all of the information that it carries—is thrown inside of a black hole, it can
no longer escape outside the horizon. Meanwhile, the black hole radiates until it fully
evaporates. The radiation, being thermal, doesn’t bring out any information from the
interior. The problem arises once the black hole is gone because at that time all of the
information that was stored in its interior is effectively removed from the universe. This
is troubling because conservation of information is a fundamental principle of physics as

we know it. In particular, consistency with QM demands unitary evolution. Indeed, if
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there exists a region in the universe where unitarity is being violated even a little bit,
then the whole theory would be inconsistent and would have no predictive power [31].
This was referred to as the black hole information paradox. Upon its inception it was
not obvious how this problem could be resolved. However, it quickly became clear that
given its crucial location at the intersection of GR and QM, this was going to become
a resourceful place where the connection between spacetime and quantum phenomena

could be explored.

1.2.1 Entanglement entropy in black holes

Progress was first made by understanding the origin of the entropy Sppy assigned
to black holes. Since the classical theory didn’t offer enough degrees of freedom to
account for this vast entropy, a quantum origin was expected. The problem was that the
Hilbert space associated to a black hole was not yet known, and thus a direct count of
microstates was unavailable. The key insight needed here is that the horizon of a black
hole is not a special region of spacetime. It is, in fact, a smooth region with potentially
small curvature depending on the size of the black hole. Furthermore, the equivalence
principle demands that the experience of an infalling observer as they cross the horizon
is locally indistinguishable from that of an inertial observer in flat space. One then could
ask what the connection is between this seemingly ordinary region of spacetime and the
entropy associated to the radiation of the black hole.

One year after Hawking radiation was introduced, William Unruh found a similar
effect in flat space [32]. Unruh was interested in understanding how a particle detector
would interact with the radiation outside of a black hole. Stationary detectors at a
fixed radius outside the horizon in the Schwarzschild metric follow trajectories that are

analogous to those of uniformly accelerated detectors in Minkowski space. In light of the
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equivalence principle, one would then expect that the physics each one of these detectors
experience is locally indistinguishable from one to the other. Indeed, Unruh found that
accelerated particle detectors will detect particles in the vacuum even in flat spacetime.
A detector that uniformly accelerates with proper acceleration a finds itself immerse in
a thermal bath of temperature T' = ha/2rkp. This is known as the Unruh effectﬂ and
is derived using properties of QFT on a fixed spacetime background [I]. The particle
detector actually reacts to the field states that have positive frequency with respect to its
own proper time and not to some universal time from which the vacuum state is defined.
This might sound inconsistent with the perspective of an inertial Minkowski observer for
which the state of the fields is the actual vacuum state. But in fact, when the accelerating
detector gets excited by absorbing a field quanta, a generic Minkowski observer regards
that process as the emission of a field quanta by the detector [32]. Furthermore, the
energy needed for this emission, according to the inertial observer, is provided by the
field that is accelerating the detector in the first place. In QFT, therefore, the notion
of what a particle is depends on the state of motion of the observer. From this result,
it seems as if this observer-dependence for the state of the fields would prevent from a
unique definition of a ground state. However, in Minkowski spacetime it is possible to
demand for the only physically reasonable detectors to be those following geodesics. By
doing this, they can all agree to define the vacuum as the state of the fields for which
none of them detect any particles.

To further see how the Unruh effect is related to the entropy of a black hole, it is
instructive to analyze the entropy associated to an acceleration horizon. Consider the

Minkowski spacetime written in hyperbolic coordinates (also known as Rindler coordi-

2This, incidentally, is a fitting name since Unruh means restless in German, and this radiation is
observed by a restless detector.

19



Introduction Chapter 1

nates):

ds® = —&%dn* + d&* + dy® + d2? (1.8)

where the range 1 € (—o0, +00) and £ € (0, 4+00) covers only the right wedge = > || of the
full flat spacetime, known as the Rindler wedge (see Fig. [1.1)). These coordinates make
explicit the existence of the timelike Killing vector 9,. Under the symmetry generated
by 0,, known as a Lorentzian boost, the right Rindler wedge gets map onto itself. This
region corresponds to the only part of flat spacetime that is accessible to the Rindler
observers, i.e., uniformly accelerated observers. And the boundary of this region is known
as the acceleration horizon. Accelerated observers in these coordinates are described
by & = constant, and their proper time is proportional to 7. Thus, the 0, Killing
vector provides a natural definition of positive and negative frequency modes for these
accelerated observers. However, it is important to remark that this notion of positive and
negative modes is not the same as the one associated to the usual t-translation symmetry
in Minkowski time used to define the vacuum state for inertial observers (see Fig. |1.2]).

To understand how this acceleration horizon creates a thermal radiation one needs
to consider the vacuum state in Minkowski space. As mentioned before, this state is
defined as the zero-energy eigenstate with respect to the Hamiltonian that generates
t-translations in Minkowski coordinates. Rindler observers, however, only have access
to the state restricted to the right Rindler wedge. The density matrix that describes
the quantum state on the right wedge is then obtained by tracing out all the degrees
of freedom from the left wedge, pr = Tr1]|0)(0|. The result is a mixed density matrix
that takes on the form of a thermal state in equilibrium with respect to the Hamiltonian
that generates the boosts on the Rindler wedge, pr exp(—Q%Hn). Notice that this
thermal state has an associated temperature given by T = f/2m. The local temperature

measured by one of the Rindler observers is found using the observer’s internal clocks,
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Figure 1.1: Minkowski space in Rindler coordinates 7n,&. Notice that the range

n € (—o0,+00) and £ € (0,400) covers only the right wedge = > |t| of the space-

time. This is known as the right Rindler wedge.
and is thus given by T} = ahi/2m = h/27l, where a is the acceleration of the observer
and [ is the proper distance of the observer from the origin. For these Rindler observers,
the acceleration horizon has a physical temperature that diverges as they get closer to
it. If the origin of this temperature is approximated by a thermal gas, i.e., with an

entropy density that scales as s ~ T2 ., then an estimate of the entropy associated to

local>»

the acceleration horizon is obtained as follows:

A
S ~ / dVs = / dAdIT} ., ~ = (1.9)
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Figure 1.2: Left: symmetry generated by the usual t-translation in global Minkowski
time. Right: symmetry generated by n-translations. Notice that under this “boost”

transformation, the right Rindler wedge is mapped onto itself.

where € is a short distance cutoff from the horizon. Notice that the entropy is proportional

to the area of the horizon divided by the square of the natural cutoff of the system.

The result of (1.9) represents a coarse-grained type of entropy associated to the sys-

tem, and as such, should be seen as an approximation to the real value. To obtained the

more precise fine-grained entropy, i.e., a measurement that includes the detailed micro-

scopic description of the system, we must look at the quantum entanglement structure

of the vacuum state. In QFT, the entropy for the density matrix pr is quantified by the
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von Neumann entropy, a fine-grained entropy given by

SVN(PR) = —TT(pRlIlpR). (110)

This quantity measures the entanglement entropy between the degrees of freedom inside
the right Rindler wedge and those outside. The fact that pg is a mixed state reveals the
presence of quantum correlations between the state of the fields inside and outside the
Rindler wedge. Even though the Minkowski vacuum is a pure state, once the spacetime
is partitioned by the acceleration horizon, the state of the fields for the Rindler observers
will be incomplete, i.e., information will be missing from their perspective. Consequently,
they assign a large entropy to their state and describe it as being thermal.

A similar result to (|1.9) was found by Sorkin [33] 34], except that this time it was in
terms of the von Neumann entropy. By using a 3-dimensional lattice of coupled harmonic
oscillators as a toy model, Sorkin was able to show that the entanglement entropy for a
mixed density matrix associated to a subregion of space is proportional to the area of the
boundary of that region. Additionally, the entropy was found to be inversely proportional
to the squared of the cutoff lattice length. Some years later, Ted Jacobson used this idea
to argue that if one takes seriously the relation S ~ A, together with dS = dQ/T
where T' is the Unruh temperature of vacuum, then one can show that the presence of
entanglement entropy necessarily generates gravity [35]. He first argued that if a flux
of energy flowing through an acceleration horizon changes its entropy, then it also must
change its area. The acceleration horizon, however, is defined by the trajectory of null
geodesics. Therefore, if the area of the horizon changes, this implies that there must be
focusing of the null geodesics. This, in turn, reveals the existence of spacetime curvature.
And this is precisely what GR taught us—in the presence of energy fluxes the geometry

of spacetime changes. Indeed, by carefully using the equations for geodesic deviation,
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Jacobson was able to derive Einstein’s equations from this analysis. Additionally, he
found that if S = aA, then Gy ~ 1/a. In other words, it is crucial for the entanglement
entropy to be finite in order to have gravity. And conversely, as we discuss in the next
section, the existence of gravity provides a cutoff for infinite entanglement entropy.
These results present entanglement entropy as one strong candidate for the entropy
of the horizon of a black hole. Similar to the partition of Minkowski spacetime by the
acceleration horizon, in the black hole spacetime the geometrical causal structure provides
a natural partition of the degrees of freedom in the quantum state. The Unruh effect
associated to this horizon is then the origin of Hawking radiation. The difference with
the Minkowski case is that in a non-flat spacetime, like in the Schwarzschild geometry,
it is possible to have two valid geodesic detectors such that for one the state of the fields
looks like vacuum whereas for the other it looks as a many-particle state. Indeed, this
feature of black holes will be part of the motivation in chapter 4. In particular, we will
argue that modifications to our classical description of spacetime are needed even at
large scales of order the horizon size. In the next section, we discuss how the lessons
learned from the study of black hole entropy are important in developing the holographic

principle—which itself is central to our current understanding of QG.

1.3 Holography

One of the most profound lessons that came from the study of black hole entropy
is the holographic principle. In its most general form, it states that—in a theory that
contains gravity—the description of a region of space and all the matter inside is fully
encoded on its lower-dimensional boundary. This was first advanced by Gerard ‘t Hooft
using general properties of black holes [3]. He started his argument by noticing that the

maximum possible entropy that can be stored in a spherical region (with surface area A)
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is given by the entropy of the black hole with that same size. Indeed, if it was possible
to have more entropy without having a black hole, it would necessarily have to be in
the form of some matter with lower energy than the mass of the black hole. One could
then add into that region the remaining energy needed to create the black hole. Since
the resulting black hole has less entropy by assumption, this process would violate the
second law of thermodynamics. Therefore, this contradiction strongly suggests that the
entropy of the region enclosed by the surface A is bounded from above by the entropy of

the black hole given by:
A

Sma:t = 4FLG

(1.11)

This, in turn, provides an upper bound on the amount of information a region of space
can store. ‘t Hooft used this idea to propose that microscopic black holes implement a
physical cut-off at small scales.

For a typical non-gravitational quantum system, the maximum entropy for a region
counts the number of degrees of freedom inside of it. In a system with n spins, for
example, the dimension of the Hilbert space is given by N = 2. The maximum entropy
for a state is then S, = In N ~ n. On a spin-lattice, this entropy scales as the volume
of a given region. Putting a tighter bound on the maximum entropy that scales not as
the volume but as the area instead thus limits the number of physical degrees of freedom
in that region.

Gravity is essential to provide this bound. Since the volume of a region typically
scales faster than its surface area, one could try to violate this bound by extensibly
increasing the volume of a region and the entropy contained in it. Alternatively, since
higher entropy in a fixed volume requires access to higher energy states, one could fix
the volume first and then increase the entropy by adding energy to the inside. In both

cases, however, a black hole will form before the bound is surpassed. In other words, a
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black hole is the object that has the largest number of states in a gravitational theory.
In this way, gravity implements a natural cut-off for highly energetic states.

't Hooft took this as an indication for a fundamental property in a theory of QG:
given any closed region, all internal degrees of freedom can be entirely represented on its
surface. This is analogous to how a hologram encodes a 3D image in a 2D surface. He
even argued that this property should be taken to the extreme in which the surface area
is pushed all the way to infinity so that the enclosed region contains the whole universe.
Under this holographic principle, the entirety of the degrees of freedom in the bulk are
also encoded on its boundary. Leonard Susskind supported this argument soon after by
providing a proposal on how this holographic principle could be realized in string theory

4.

1.3.1 Gauge/gravity duality

The most concrete realization of holography corresponds to the Gauge/Gravity du-
ality. In its most general version, this duality states that a theory of QG can be found
within every non-Abelian gauge theory [36]. In order to have gravitational interactions,
we would need to find the graviton—a spin-two particle—hidden in the field theory. The
most feasible possibility for this to happen would be to have the graviton as a composite
state of two spin-one gauge bosons. However, such an option would seem to be explic-
itly forbidden by the Weinberg-Witten no-go theorem [37]. In fact, the loophole that is
needed here is provided by the holographic principle: namely, that the gravitational the-
ory we are looking for lives in a different, higher dimensional spacetime. Therefore, the
graviton would not propagate in the same spacetime as the gauge bosons. Remarkably,
this holographic insight turns out to be allowed.

For this duality to take form, we would need to find an extra dimension within the
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degrees of freedom of the gauge theory. Many results from gauge theory suggest that the
energy scale has the properties needed to act as the extra dimension r. In particular,
it is known that the renormalization group for these theories is local with respect to
the energy [30]. Indeed, following the heuristics from before we find that if the gauge
theory is four-dimensional, then this energy scale r, together with the position x* of
the center of mass for the composite state, give five coordinates for the location of the
graviton. One could then think of this as the higher-dimensional spacetime on which the
gravitational interactions take place. Furthermore, it is known that these dualities work
best in scale invariant QFT, also known as conformal field theory (CFT). Then, this
additional assumption allows us to find the geometry of this five-dimensional spacetime.
This is because the metric of this spacetime needs to be invariant under uniform rescaling
of x# — Az*. At the same time, the energy scale needs to transform as r — r/\.
These symmetries must be present in a geometry that also preserves the usual Poincaré

invariance on z*. The most general metric that satisfies these symmetries is

7,2

L2
ds® = T—er2 + ﬁnwdx”dx” (1.12)

which is called Anti-de Sitter space (or AdS) in Poincaré coordinates, where L is AdS
radius.

We want a limit in which classical gravity is recovered. For this to happen, the char-
acteristic length scale of the spacetime must be larger than the Planck length. Therefore,
we require L > (p. Then, the characteristic black hole in this spacetime will have size
of order L. Its entropy, in turn, will be of order Sy ~ L?/¢%, and thus very large. To
match this entropy in the field side, we then need many degrees of freedom available.
Particularly, in gauge theories with a SU(N) symmetry, this is possible by taking a large

N limit. Indeed, 't Hooft showed us [38] that the sensible way of taking the N — oo
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limit in these theories involves keeping A = ¢%,,N fixed. Here, gy is the coupling
constant and A is the coupling strength of the gauge theory. Not only do we want A
to be fixed, but we also want it to be very large. Intuitively, this is because we need
an effective strong-coupling in order for the composite state of two spin-one particles on
the field theory to look like a single spin-two particle in the gravitational theory. The
correct limit then is N — oo together with A = fixed > 1. Indeed, 't Hooft had already
discovered that under these conditions a 1/N perturbation series of the gauge theory
resembles a perturbative string expansion [38]. And in fact, in the examples where this
duality is understood, the gauge theory is not dual to gravity alone, but instead to string

theory—a theory of quantum gravity.

1.3.2 AdS/CFT correspondence

We now focus on the explicit construction of the AdS/CFT correspondence introduced
by Juan Maldacena [5]. In this construction, a type-IIB string theory on AdSs x S° (the
bulk theory) is dual to a N/ = 4 supersymmetric Yang-Mills (YM) theory with SU(N)
gauge group in four dimensions (the boundary theory). The SU(N) YM theory is a
simplified toy model that does not describe our universe. However, it shares many prop-
erties with quantum chromodynamics (which describes the strong force) and, therefore,
some of these lessons can find real-world applications in the realm of condensed matter
and nuclear physics. Importantly, this gauge theory on the boundary does not include
gravity—that is, independently of this duality. The type-I1IB string theory, on the other
hand, represents a full theory of QG in the bulk. The “IT” refers to the existence of two
gravitinos. In contrast to type-IIA string theory, the two gravitinos in type-IIB have the
same chirality and, as such, the theory is only defined on orientable spacetimes. The

fields in this theory include a metric, a dilaton, a Neveu-Schwarz field (NS), and various
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Ramond-Ramond gauge fields (RR). These RR and NS gauge fields should be thought
of as higher-dimensional analogs of the gauge field in a Maxwell-Einstein theory. Even
though the string theory lives in a ten-dimensional space, the gravitational theory is ef-
fectively five-dimensional with the other five compact dimensions represented by the S°
frequently playing a secondary role in the duality.

The reason for using type-I1IB supergravity (the low energy limit of type-IIB string
theory) is that the theory admits Dp—brane solutions of odd p [39]. In terms of the usual
p + 1 coordinates x| parallel to the brane and the 9 — p coordinates x; perpendicular to
the brane, the string metric of these brane solutions is given by

ds?

string

= H'?daf + H)?da’, (1.13)
where H,, is only a function of x, and solves
O H, = —(7—p)Qs_prg P60 P (z,). (1.14)

Here, 79 has units of length and parameterizes the strength of the source. 5, is the
volume of a unit (8 — p)—sphere. As we mentioned, type-1IB supergravity has D1-,
D3-, D5-, and D9-branes. The “D” is related to the fact that these branes serve as
Dirichlet boundary conditions for strings in string perturbation theory. Of these, the
D3-branes are of particular interest because they have a smooth horizon. For p = 3, one
finds Hy = 1+ r3/r*. Additionally, near the horizon the geometry takes on the form
of AdSs x S° with radius L given as a function of the source in . This situation
is analogous to the near-horizon limit of extremal Reissner-Nordstrom black holes in
Maxwell-Einstein theory for which the geometry becomes AdS, x S? [40].

The explicit AdS/CFT construction considers a stack of N coincident D3-branes.
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Since these branes act as boundaries for string world-sheets, each additional brane adds
a factor of the coupling g;. Then, string perturbation theory on this system is good when
gsN < 1. In this weak-coupling regime, and after taking the low energy limit where
the field theory on the brane decouples from the bulk, one is left with massless open
strings attached to the branes. These are described by a N' = 4 SU(N) four-dimensional
gauge theory. The gauge coupling and the string coupling in this limit are related by
g%y = 4mgs. On the other hand, going to the strong-coupling regime g, N > 1, one finds
a low energy limit by approaching the near-horizon geometry of the branes. It is in this
region that one discovers type-IIB string theory in AdSs x S°. The categorical statement
of the AdS/CFT correspondence is that these two limits are dual to each other [5l, 41].
In fact, even though it has not been proven conclusively, mounting evidence strongly
suggests that this duality is true even at the non-perturbative level. This is the attitude
that we take on this thesis.

These D3-branes, as three-dimensional objects immerse in ten dimensions, are sur-
rounded by a five-sphere. Then, they carry a charge that sources a flux from Fj, a
five-form field strength. This is similar to the two-form field strength F),, from electro-
magnetism. We say that these branes have both electric and magnetic fields. Following
a similar argument to Dirac’s quantization of magnetic monopoles, one can see that this
flux from the D3-branes is quantized. Since each of the N branes contribute to this
flux, the integral f o5 F5 1s proportional to N. Then, this connection between N and Fs,
together with the equations of motion derived from the IIB supergravity action, can be
used to express the radius L of the AdSs x S° geometry found in the near-horizon limit

as
4

L
= Args N (1.15)

s

where /; is the string length and is related to the Planck length by /p = gi/ ¢,. This
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relation allows us to see the complementary limits of this duality. Indeed, we have
L)t} = 4ng,N = ¢%,;N = \. Therefore, in the large N limit, and when A > 1, the
gauge theory is strongly coupled and gravity behaves classically. Alternatively, when
A < 1, the gauge theory is now weakly coupled and the gravitational theory is no longer

classical.

1.3.3 Anti-de Sitter spacetime

Given its prominent role in the gauge/gravity duality, here we review some properties
of empty Anti-de Sitter (AdS) spacetime. This geometry is a maximally symmetric
Lorentzian manifold with constant negative scalar curvature. In d + 1 dimensions, it is
an exact solution of Einstein’s equations in vacuum with a negative cosmological constant
given by A = —(d — 1)d/(2L?). As mentioned before, the length parameter L is known
as the AdS radius. To visualize the d +1 AdS geometry, it is convenient to embed it in
a higher-dimensional flat space. For this purpose, we use flat M*¢ which has two time
coordinates T, T?, and d space coordinates X', ..., X¢ In this ambient spacetime,

consider the d + 1-dimensional hyperboloid of radius L given by

d
(T + (17 = > (X')* = L2 (1.16)

i=1
Notice that this hyperboloid is invariant under rotations in the 772 plane, as well
as under two independent sets of isometries given by the SO(d, 1) Lorentz group—one
for each set {T", X'} and {12, X'}, respectively. Altogether, this hyperboloid enjoys a
total of (d + 1)(d + 2)/2 symmetries given by the SO(d,2) group. To find the AdS;i;

geometry, we need to first get the induced line element on this hyperboloid. For this,

consider the parametrization given by T' = v/L? + r2cos(7/L), T? = /L? + r?sin(r/L),
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and 72 = ", (X*)%. Then, one finds that the induce metric on the hyperboloid is

dr?

m + T’QdQZ_l (1.17)

dS?‘lde+1 = —(r*/L* 4+ 1)dr* +

where d2% | is the metric of the unit (d — 1)-sphere. In this parametrization, however,
the time coordinate 7 is periodic with period 27. This is an issue because it allows the
existence of closed timelike curves. This can be solved by choosing to extend the range
of 7 so that it takes values on all of R. This is known as the universal covering space of
the hyperboloid (see Fig. . With this choice of coordinates, is known as the
d 4+ 1 AdS spacetime in global coordinates.

Notice that for large values of r we find that g,, increases. This is an indication that
the gravitational potential for a massive particle grows as it moves away from r = 0.
In fact, an explicit calculation of geodesics in this geometry shows that the motion of a
massive particle that is put at rest at some large r will be oscillatory around the origin.
This confining property of AdS makes of this geometry a toy model for gravity in a
box. Massive particles with finite energy cannot reach infinite . Additionally, massless
particles can go to infinity and return to the origin in finite time.

To visualize the boundary structure of AdS, it is useful to introduce a new radial
coordinate given by R = arctan(r/L). The range of this coordinate is from 0 to /2,
with R = 7/2 representing the boundary at infinity. With this coordinate, the AdS
metric becomes

12

1
2 2 2 2

Inside the bracket one finds the conformal metric for global AdS, which defines a smooth

manifold with a timelike boundary. At R = 7/2, the geometry for the conformal bound-
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Figure 1.3: Top: d + 1 hyperboloid embedded in flat M>? where 72 = Y (X)?
represents the d spacial directions. The coordinate 7 is periodic with period 27 which
leads to the existence of closed timelike curves. Bottom: Universal covering space of
the d + 1 hyperboloid.

ary (as shown in Fig. is just that of a flat cylinder R x S9!, known as the Einstein
Static Universe (ESU).

Another useful set of coordinates to describe AdS is known as the Poincaré co-
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Figure 1.4: Anti-de Sitter spacetime and the ESU conformal boundary.

ordinates. We start with the hyperboloid in ((1.16), and introduce coordinates ¢ =
LT?/(T' + X%, 2 = L*/(T* + X9), and 2 = LX*/(T' + X%) for i = 4,...,d — 1.

In these coordinates, we find

d—1

dshas,,, = 5—22 dz* — dt* +) (dz')*] . (1.19)

i=1

Notice that this is the same metric introduced in with z = L?/r. Unlike the global
coordinates, these coordinates do not cover all of AdS. They cover a portion called the
Poincaré patch. Once again, inside the bracket we find the conformal metric for AdS,
this time in Poincaré coordinates. The boundary is now located at z = 0, and is given by
the four-dimensional Minkowski spacetime (see Fig. [1.5). This, in turn, makes explicit

the Poincaré symmetry associated to the coordinates t,z¢. Finally, since the Poincaré

patch is contained in global AdS, we find that the ESU has a diamond patch that is
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[
A

Figure 1.5: Right: Poincaré diamond patch in the ESU. Left: The z = 0 conformal
boundary of the Poincaré patch is the Minkowski spacetime.

conformally equivalent to four-dimensional Minkowski spacetime.

1.4 Permissions and Attributions

1. The content of Chapter 2 has previously appeared in the Journal of High Energy

Physics [42]. It is reproduced here with the permission of the International School of
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Chapter 2

Reconstruction of an AdS
Radiation/Boson Star Bulk

Geometry Using Light-cone Cuts

Remember to look up at the stars and not
down at your feet. Try to make sense of what
you see and wonder about what makes the

universe exist. Be curious.

Stephen Hawking

2.1 Introduction

The AdS/CFT correspondence [5, 41], first conjectured by Maldacena in 1997, pro-
vides a relation between gravitational theories with (d+ 1)—dimensional spacetimes that
are asymptotically anti-de Sitter, and a d—dimensional non-gravitational gauge theory.

This proposal has been one of the most important attempts to understand the inter-
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play of quantum mechanics with gravity beyond the semi-classical approximation. One
important program has been the development of the dictionary that describes how ge-
ometrical properties from the gravitational side get encoded in the information of the
gauge theory. In principle, any physical quantity in the bulk theory should be obtainable
from an observable in the boundary theory.

Perhaps the most remarkable element to consider is how the AdS/CFT correspon-
dence changes our understanding of the nature of the metric. On the basis of this
correspondence, many authors advocate for the emergence of the spacetime metric from
fundamental quantum effects. For example, some approaches use the quantum entangle-
ment in the dual field theory to recover information about the bulk metric [44] [45] 146, 47,
48,1491 505 [51), 52] 53], where the entanglement entropy is the dual quantity to the area of
extremal surfaces in the bulk. To reconstruct the metric, these techniques compare the
entanglement entropy of neighboring regions in the boundary. On the other hand, some
other attempts [54, [55] make use of the equations of motion in the bulk.

A new approach for reconstructing the bulk geometry from information in the bound-
ary was recently introduced [56]. It was shown how the conformal metric of a holographic
spacetime can be recovered from a set of distinguished spatial slices of the conformal
boundary, known as “light-cone cuts.” Using these light-cone cuts, the conformal metric
is reconstructed point by point in the bulk. The prescription shows how the metric can
be recovered purely from the location of the light-cone cuts in the boundary. These light-
cone cuts can be obtained from the dual field theory by analyzing the divergent behavior
of n-point functions in the boundary, following a prior work in [57, 68, 59]. Indeed,
the n-point boundary correlation function has a divergence when all the points are null
related to a single bulk vertex point, and energy-momentum at the vertex is conserved.

This property can be used to determine the location of the vertex. This technique can
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be applied to almost] any point inside the causal wedge of the conformal boundary.

It is of interest to inquire how the information gets encoded in the geometry of these
slices in the boundary, apart from their location. Intuitively speaking, the light-cone cut
of a bulk point p is given by the collection of points ¢ in the boundary that are strictly
null related to p, i.e., points ¢ for which there exists a null curve connecting p to ¢ but
not a timelike curve. In general, matter in the spacetime creates a gravitational lensing
effect on the null light rays. If two null geodesics intersect, they form a caustic in the
bulk. A point ¢ at the intersection of the boundary with any null geodesic that crosses a
caustic inside the spacetime will fail to be strictly null related to p. The presence of these
caustics creates a cusp in the light-cone cut at the boundary. This cusp is a distinguished
conformal feature of the light-cone cut that encodes properties of the matter content of
the bulk.

We want to understand in detail how the matter content is encoded in the cusp. The
simplest case to provide an example for this method consists of a spherically symmetric
and static spacetime. We consider the instructive case of a superposition of a radiation
star and a boson star, in asymptotic AdS,. For one radiation star, the geometry is pa-
rameterized by its central density p., which determines the total mass of the spacetime
Mroiq- This mass can be recovered from an integral at infinity, allowing for p. to be
recovered. To study a non-trivial example, we add a complex scalar field in the space-
time, creating a radiation/boson star in AdS. As shown in [60], boson stars in AdS are
parameterized by the central value of the scalar field ¢., which is also correlated to the
total mass measured in the boundary. By considering the superposition of both of them,
the total mass is now parameterized by p. and ¢.. In this case, knowing the total mass

from the boundary only provides a relation between both parameters; however, it does

IFor static black holes, bulk vertices inside the photon sphere will in general fail to conserve energy-
momentum from null related points at the boundary.
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not allow one to completely identify the spacetime. We will use the angle of the cusp
to find a second relation between the parameters, which allows the identification of the
matter content of the spacetime.

The paper is organized as follows: in Section we give a brief review of the light-
cone cuts formalism, followed by the definition of a hyperbolic angle in the presence of
a cusp on the light-cone cut. Next, Section discusses the model for a 4-dimensional
boson star in AdS superposed with a gas of radiation. We provide numerical results that
show how this geometry can be reconstructed from information on the boundary. We

conclude in Section 2.4]

2.2 Light-cone Cuts

2.2.1 Review of the formalism

This section provides a review of the pertinent properties of the light-cone cut for-
malism. We will follow the construction of [56].

The chronological future of a point p, I (p), is defined as the collection of all points
that are connected to p by a past-directed timelike curve. To include null curves, the
causal future J*(p) of p is defined to be the set of all points connected to p through a past-
directed timelike or null curve. Likewise, the chronological and causal past of a point p,
I~ (p) and J~(p) respectively, can be defined. We denote by M an asymptotically locally
AdS spacetimef] with conformal boundary M. In this construction, the spacetime M is
assumed to be C?, connected, maximally extended, and AdS hyperbolic. In this work,
we adopt the definition of AdS hyperbolic from [62]. This requirement corresponds to

the absence of closed causal curves, together with the following condition: for any two

2We adopt the definition of asymptotically locally AdS spacetime from [61].
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Cp)

Figure 2.1: Left: Past and future light-cone cuts for a point p in pure anti-de Sitter
geometry. Right: With matter content or a black hole in the bulk, the past light-cone
cut C~(p) is continuous, but fails to be smooth in the cusp created by gravitational
lensing.

points in the bulk {p, ¢}, if the AdS boundary has been conformally compactified, then
the set J™(p)NJ~(q) is compact. The “future light-cone cut” of a point p € M, denoted
by C*(p), is defined as the intersection of the boundary of the causal future of p with
OM: C*T(p) = 0J (p)NOM. The past light-cone cut of a point p, C~(p), can be obtained
analogously. Figure [2.1] illustrates both the future and past light-cone cuts for a point
inside pure AdS spacetime.

Some relevant properties of the light-cone cuts proved in [56] include:
e C*(p) is a complete spatial slice of OM.

e C*(p) is a continuous set.

e O*(p) is O everywhere except on at most a measure zero set.

e O*(p) correspond to a unique bulk point: C*(p) and C*(q) agree on an open set

if and only if C*(p) = C*(q).
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It is important to notice that, when gravitational lensing is present, the light-cone
cut is not given by the intersection of the entire light-cone with the boundary. The
future light-cone of a point p is defined as the set of all future-directed null geodesics
fired from p. For a generic spacetime, null geodesics can focus and intersect, creating
caustics. When a caustic is produced, the null geodesics leave the boundary of J*(p),
and their intersection with dM do not belong to the future light-cone cut of the point
p. This property of caustics in general geometries implies that the light-cone cuts are
not necessarily smooth slices of M. Moreover, even though the light-cone cuts are

continuous, the presence of cusps in the cut will yield points where it fails to be C*. See

(b) in Figure [2.1| for an illustration.

2.2.2 Cusp angle

The presence of cusps in light-cone cuts is a feature of general spacetimes due to the
effect of gravitational lensing on the light rays. The details of these cusps are determined
by the distribution of matter in the bulk. Therefore, features of the matter content inside
the spacetime are expected to be encoded in the structure of the cusp at the boundary.
To parameterize the cut, we define a deficit angle for the cusp in the light-cone cut. This
angle will represent a conformally invariant attribute of the light-cone cut that can be
measured at the boundary.

In four dimensional geometries, the light-cone corresponds to a 3-dimensional Lorentzian
hypersurface. For spherically symmetric spacetimes, using coordinates {t,r, 6, ¢}, we can
further restrict the analysis to the equatorial plane § = 7/2, reducing the light-cone to
only two dimensions. We now introduce a new radial coordinate p = arctan(r/L), where
L is the AdS radius, locating the boundary at p = 7/2. After a conformal rescaling, the

metric in the boundary is chosen to be the Einstein Static Universe, that is, the static
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cylinder R x S?. Therefore, for d = 4, the conformal boundary metric restricted to the

equatorial plane is given by

ds3y = —dt* + dp? (2.1)

For this Lorentzian space, we can naturally define a hyperbolic angle. Let u and v be
two spacelike vectors living in the boundary. We define the hyperbolic angle 5 between

them by:

|u - vl
V|- ullv - vl

This angle corresponds to the absolute value of the boost parameter of the Lorentz

cosh f = (2.2)

transformation that relates both vectors, taking values in the interval [0, 00). The velocity

of the associated boost is given by v = + tanh .

2.3 AdS Radiation/Boson Star

The set of light-cone cuts enable us to recover the conformal metric of the bulk
spacetime. We now study how properties of this geometry get encoded in the structure
of the light-cone cuts at the boundary, specifically in the hyperbolic angle of the cusp,
and how to use that information to reconstruct the bulk metric.

According to the AdS/CFT dictionary, each bulk field has an associated dual operator
in the boundary theory. Given a state in the CFT, for each non-vanishing one-point
function of an operator in the boundary there exists a corresponding field in the bulk
theory. In addition, when these one-point functions are static and spherically symmetric,
their respective bulk fields will share these symmetries.

The simplest example of a static and spherically symmetric geometry that includes

42



Reconstruction of an AdS Radiation/Boson Star Bulk Geometry Using Light-cone Cuts Chapter 2

matter is a perfect fluid with a radiation equation of state. This acts as an idealized model
for a star in AdS. For these geometries, an examination of the non-vanishing correlation
functions of the dual operators in the boundary will exhibit the presence of a massless
field in the bulk. In our approximation, we will consider a state of radiation of that field,
modeled by a perfect fluid. These solutions form a one-parameter family, characterized
by their central density p.. One characteristic of these solutions is that the total mass
is a function of the central density, My = Mrotar(pe). The mass of the star can be
computed as an integral at infinity, and thus the central density can be recovered from
information on the conformal boundary. In order to provide a non-trivial example, where
the cusp angle provides additional information, we will study the superposition of this
radiation star with a boson star.

Boson stars with a negative cosmological constant have been studied for many years
[63, [60]. In particular, the spherically symmetric solutions form a family parameterized
by the central value of the scalar field ¢.. Similar to the case of a radiation star, the
total mass of the geometry is a function of ¢.. By adding a complex scalar field to the
spacetime, we introduce a degeneracy in solutions with the same total mass but different
pe and ¢.. Computing the mass at the boundary provides a relation between the 2
parameters. The cusp angle provides a second relation between these parameters, and

thus the spacetime will be uniquely identified.
2.3.1 Model
The action of an AdS radiation/boson star in four dimensions is given by

1
S pu—
87TG4

/ d4x (\/ —g%(R - 2A) + Eboson + ‘Crad) (23)
My
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where the cosmological constant is given by A = —3/L?, with L the AdS radiusﬂ. This
action describes the evolution of a complex scalar field ® minimally coupled to gravity,

superposed with a gas of radiation. The Lagrangian density for a complex scalar field is

defined by

Lioson =V —9 (g'uyq):kp,cb,l/ + V(@)) (24)

where V(@) is the potential for the scalar field, and ®* denotes the complex conjugate
of the field. We will restrict ourselves to a potential without any self-interaction terms.
For our case V(®) = u?®*®, where y is the mass of the scalar field. The Lagrangian
density is invariant under the transformation of the scalar field by a global phase,

® — de; this symmetry gives rise to a conserved current

JH=ig" (DD — P ,P%) (2.5)

The corresponding conserved charge can be identified as the number of scalar particles,

N = / d>x/—gJ" (2.6)

Varying the action ([2.3)) with respect to the fields g,,, and ® yields the field equations

1
R~ 2w~ 30, = 85Gy [T+ T/). 27)

?® — p*® = 0, (2.8)

3In this paper we use ¢ = L = 1.
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respectively. Here,

Trot = p(ryu, + p(r) (g + ) (2.9)

is the stress-energy tensor for a perfect-fluid gas of radiation, where in four dimensions

the pressure is related to the energy density by p(r) = p(r)/3; and

T[l:gson _ auq)*aycp + auq)*auq) — G (aaq)*aaq) +M2’(I)|2) (210)

is the stress-energy tensor for a boson star, where ® = ¢; + i¢, is a complex scalar field

—wt Tn these solutions, both stress-energy tensors

assumed to be harmonic ® = ¢(r)e
are spherically symmetric and time independent. It is advantageous to use the metric in

the form

ds* = — f(r)dt* + h(r)dr® 4+ r*dS2 (2.11)

where f(r) and h(r) are functions of the radial coordinate r, and d€23 is the line element
of a 2-sphere. From the ¢t component of equation (2.7)), using the ansatz ® = ¢(r)e~*,

and setting 87G4 = 1, we obtain

f(@r) (h(r) [=1 4 h(r) + 3r*h(r)] + rh'(r))
r2h2(r)

Fr)p(r) +2w*| @ + f(r) (—

W [¢'(r))”

f(r)@l - nr) + 1| | ) (2.12)

where the prime denotes derivative with respect to r. Similarly, from the rr component

of equation ([2.7)), we obtain
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_ (3+ Ti ) hr) 4 LETL @I

AU 206 = hir) (— o+ C10)

LT

+ u2|‘1>|2> , (2.13)

Additionally, the scalar field equation of motion (2.8) yields

f'(r) W (r) 2 | ) — 20 =
2f(r)h(r) 2h2(r)+rh(r)}¢(r> pro(r) =0 (2.14)

One further condition can be obtained from conservation of the stress-energy tensor.
Assuming that the scalar field satisfies its equation of motion, the bosonic stress-energy
tensor from equation is necessarily conserved. Consequently, by requiring that the
divergence of the total stress-energy tensor vanishes, an expression for the conservation
of the radiation stress-energy tensor is obtained,

VTH =V lp(r)u? + p(r) (9 + wu?)] =0 (2.15)

rad —

A useful expression is given by the radial component v = 1:

2 =— (2.16)

From equations (2.12)), (2.13)), (2.14), and (2.15), one can solve for the coefficients of

the metric, f(r) and h(r), the radiation density p(r), and the radial component of the

scalar field ¢(r). To solve these equations we need to impose appropriate boundary

conditions. By requiring a regular, non-singular spacetime at the origin, the components

of the metric must satisfy f(0) = 1, and h(0) = 1. Additionally, we demand the solution
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to be asymptotically AdS,, giving the following boundary conditions at infinity:

f(oo) — {1+r2+(9( )], (2.17)

S|l 3|

h(co) — {1—1—7’2—1—0( )]_1, (2.18)

The boundary conditions for the scalar field are ¢(0) = ¢., and ¢'(0) = 0, where ¢, is
the central value of the scalar field. For the radiation energy density we have p(0) = p,
with p. the value at the origin. For each value of the scalar field mass pu, this family of
solutions is described by two parameters: ¢. and p.. Henceforth, we will set p = 1.
Given a family of solutions, it is important to identify the configurations that yield
a stable solution. Figure 2.2 shows the total mass Mr., of the star as a function of ¢,
for different values of p.. In the pure boson star case p. = 0, the total mass is not a
monotonic function of ¢.. This suggests the onset of a dynamical instability. Studies have
been done discussing the stability of boson stars in 4 dimensions with A = 0, [64], [65], [66].
The transition between stability and instability of these solutions is located at the critical
points in a plot of the mass as a function of the central value of the scalar field ¢.. For
boson stars in AdS, the stability of solutions was studied in [60], with similar results:
the maximum mass M,,,, represents the boundary between the regions of stability and
instability. In essence, the transition from stable to unstable occurs when the solution
admits a static perturbation (vanishing frequency w = 0) that doesn’t change the mass of
the solution. Likewise, as noted in [67], the self-gravitating gas of radiation has a similar
behavior: for large central densities p., the mass becomes a non-monotonic function of p.,
suggesting the onset of a radial instability located at the maximum of the mass function.
Following these results, in order to stay in a regime of stable configurations, only stars

with p. < 0.6 and ¢. < 0.6 will be considered.
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Figure 2.2: Mass of the spacetime as a function of ¢. and p..

2.3.2 Geodesics

The metric given by equation has Killing fields associated to the time-translation
symmetry and the azimuthal-rotation symmetry. In spherical coordinates (t,r,6, ),
these correspond to & = (1,0,0,0) and n = (0,0,0, 1), respectively. These Killing fields
give rise to the energy (e) and angular momentum () as conserved quantities along any
geodesic.

Let ut = (£,7,0, %) be the four velocity of a given geodesic. Then, the normalization
condition corresponds to g, u’u” = k, with kK = —1 for timelike geodesics, k = +1 for
spacelike geodesics, and x = 0 for null geodesics. In our case, as we are interested in null

geodesics that reach out to infinity, the normalization condition in terms of the energy
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and angular momentum reads

1

SE— 2.19
r2sin? 6 ( )

f(r)h(r)r? = e* — f(r)r292 — f(r)

Taking advantage of the spherical symmetry, it is convenient to restrict ourselves to the
equatorial plane § = 7/2. In general, the geodesics will be parameterized by both e and
[. For null geodesics, it is possible to express these equations in terms of one parameter,
which is @ = e/l. By applying the chain rule, the geodesic equations can be written as
functions of the radial coordinate:

de 1] f(r)h(r) dt a | f(r)h(r)

dT:iT_Q a2 —=V(r) %Zif(r) a2 —=V(r)

(2.20)

with V(r) = f(r)/r%. Then, in order to find the intersection of the light-cone with the
boundary, it suffices to integrate these expressions out to infinity. In these equations,
the sign depends on the radial component of the tangent vector at the initial point. For
an ingoing radial component, we must use the negative sign; conversely, for an outgoing

radial component, the positive sign is chosen.

2.3.3 Recovering the metric

Now we can analyze the process of recovering the geometry of our model of a radi-
ation/boson star in AdS. First, the total mass My, of the spacetime can be obtained
through a boundary integral. Similar to the flat case, the asymptotic bulk metric can
be expressed as ds* = dsj + hy,daztdz” | where ds3 describes the asymptotic AdS met-
ric, and h,, represent the deviations from it. The mass and other conserved quantities
are expected to be obtained from information encoded in h,,. One approach for locally

asymptotically AdS, geometries has been proposed in [68]. The mass and the angular
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momentum can be obtained as Noether charges for the asymptotic Killing fields, 9/0t
and 0/0p. Many authors have discussed different methods, including a Hamiltonian for-
malism, to compute the mass in asymptotically AdS spacetimes; for a further discussion,
see [60] 69, [70] [71], [72, 68, [73], [74]. These different methods give equivalent results. By
calculating the total mass of the spacetime Mrorar = Mrotai(pe, ¢c), We obtain a relation
between p. and ¢..

The next step is to use S from equation , the angle of the cusp in the light-cone
cuts, to get a second relation and disambiguate for the exact value of both parameters.
In this analysis, we use the cusp in the future light-cone cut C*(p). For fixed p. and ¢,
the angle of the cusp can only depend on the initial position of the point p, given by the
radial coordinate ry. This quantity relies upon the choice of a coordinate system for the
bulk. We can find a more invariant description of the point using the time coordinate on
the boundary by considering the difference At = t,,42 — timin, Where t,,;, and t,,,, are the
time coordinates of the first and last point to reach the boundary in the light-cone cut,
respectively. For a point p located in the middle of the spacetime, spherical symmetry
guarantees a spherically symmetric light-cone cut. In this case, the time coordinate in the
boundary is the same for every point in the light-cone cut; hence At = 0. As the point
p moves towards the boundary, the difference At increases, and in the limit rp — oo
we recover the result associated to the light-cone cut being traced by a null geodesic
traveling in the boundary, namely At = 7. For the AdS radiation/boson star, the time
difference is a monotonic function of the initial position rq. Therefore, the position of
the point p, and its respective light-cone cut, can be parameterized by At.

Using the static time coordinate in the bulk ¢y, there is a preferred rest frame in
the dual theory for which the bulk Killing vector 9/t has unit norm when it gets
extended to the boundary. This provides a natural choice of time coordinate ¢ in the

boundary theory.
50



Reconstruction of an AdS Radiation/Boson Star Bulk Geometry Using Light-cone Cuts Chapter 2

Mass = 0.140

14}

E’ﬂ) ¢c = 0.55, pc = 0.10

7 ¢c = 0.54, pc = 0.12

o éc = 0.53, pc = 0.13

08" ¢c =0.52, pc = 0.15

, ¢c = 0.51, pc = 0.16

T ¢c = 0.50, pc = 0.18
0.60.8 1.0 1.2 1.4 1.6 1.8 2.0

At = time Max - time Min

Figure 2.3: Plot of the angle 5 vs At for solutions with different values of p. and ¢,
and total mass My = 0.140.

1.0

o Mass = 0.140

-

o ¢c =0.55, pc = 0.10
XY
< ¢c =0.54, pc =0.12
¢c =0.53, pc =0.13
¢c =0.52, pc = 0.15
0.7+
¢c =0.51, pc = 0.16
¢c =0.50, pc =0.18
0.6
0.8 0.9 1.0 1.1 1.2 1.3 1.4 15

At = time Max - time Min

Figure 2.4: Close-up to the plot of the angle 8 vs At for solutions with different values
of p. and ¢., and total mass My = 0.140.
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Figure 2.5: Close-up to the plot of the angle 8 vs At for solutions with different values
of p. and ¢., and total mass My = 0.152.
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Figure 2.6: Close-up to the plot of the angle 8 vs At for solutions with different values
of p. and ¢., and total mass My = 0.159.
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For a fixed My = My, different parameters p. and ¢. yield a different plot § vs At.
These plots for geometries with M, can be compared: if none of the plots coincide with
each other, identifying the particular plot gives the specific values of the parameters.
Figure [2.3| shows the plot of the cusp angle as a function of At, for different values of
pe and ¢, all for the same total mass Mry, = 0.140. As the radial coordinate of the
bulk point approaches the origin, At goes to zero, the cusp becomes flat, and the angle
[ approaches zero. Conversely, as the radial coordinate of the bulk point approaches the
boundary, At reaches the maximum value of 7 and the cusp angle becomes infinite. The
latter case corresponds to the light-cone cut being created by light rays traveling in the
boundary. The numerical results show that for the same mass, different values of p. and
¢. yield distinct curves. Figure 2.4 shows a close-up view of Figure [2.3], in which different
geometries with the same mass Mry, = 0.140 are compared. As we can see in Figure[2.4],
there exists a region in the plots where each solution can be clearly identified: for a fixed
value of At in this region, each solution has a different angle 5. Figure and show
the same pattern for solutions with total mass of Mpy = 0.152 and Mre = 0.159,
respectively. As discussed at the end of section all the solutions considered in
these figures have parameters ¢. and p. within the region of stability. These numerical
results exhibit how the cusp angle can be used to recover a second relation between the
two parameters. Thus, the matter content and the geometry of this non-trivial bulk

spacetime can be reconstructed purely from boundary information.

2.4 Discussion

We have presented a non-trivial example in which the geometry of the bulk can be
reconstructed entirely from information in the boundary. We have used the light-cone

cut construction of [56] and explored more features of the light-cone cuts. In the presence
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Figure 2.7: Intersection of the light-cone and OM for: Left: Self-gravitating radiation

gas in AdS; Right: AdS Eternal Black Hole.
of matter, gravitational lensing will create caustics in the spacetime, generating cusps in
the light-cone cuts. In this paper, we have explored and taken advantage of these cusps.
By using the deficit angle of these cusps, we have included additional information from
the boundary that allowed us to reconstruct the geometry of a superposition between a
radiation and a boson star.

The light-cone cuts of the AdS radiation/boson star have the structure of the image
(a) in Figure[2.7] In this figure we plot the intersection of the complete light-cone with the
boundary of the spacetime; we will refer to this subset of the boundary as the “extended
light-cone cut”. This image shows the existence of three angles: one in the cusp of the
light-cone cut, and two more angles on the top of the extended light-cone cut, one on each

side. In the latter case, one can use equations ([2.20)) to find the value of the coordinates
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t and ¢ of the null geodesic at the boundary. The locus of points (¢pnady, ¥Bndy) describes
a curve in the boundary as a function of a. As mentioned in [67], the slope of this curve
is given by (dt/dy)pndy = 1/a. Indeed, in the case of an AdS radiation/boson star, we
have obtained numerically this same result. This shows that the derivative of the curve
on each side of the meeting point of the top angles arrives with the same value, giving a
cusp with zero angle. Therefore, these additional angles don’t contribute any additional
information about the matter content of the spacetime.

Another feature of the bulk that can be identified from the light-rays structure is
the existence of ultracompact objects. An ultracompact object is defined as one with
a radius smaller than 3/2 its Schwarzschild radius, and so it exhibits a photon sphere.
Defined this way, black holes are ultracompact objects, but there are also other non-
black holes objects that admit a photon sphere [75]. The presence of a photon sphere
leaves a characteristic imprint in the extended light-cone cut. The intersection of the
boundary 0M and the light-cone of a point p located outside the photon sphere radius
R = 3Rgscnw/2 is generated by all the null geodesics that remain outside of the photon
sphere. The geodesics that pass close to this sphere will travel around the object several
times before coming out to infinity. Given that they can travel arbitrarily close to this
orbit, these geodesics experience a considerable time dilation, and so the time that it
takes for one of these geodesics to come back out to infinity can be arbitrarily large. This
effect leaves a signal in the form of an ongoing, extended light-cone cut, which intersects
itself an infinite number of times. On the other hand, for non-ultracompact objects, the
intersection of the light-cone with the boundary of the spacetime will be finite. Figure
2.7| shows the extended light-cone cuts for two different asymptotically AdS geometries:
(a) a self-gravitating radiation star, and (b) an eternal black hole. In the first case, the
extended light-cone cut is finite; in the second case, this extended cut intersects itself

an infinitely number of times, and it is unbounded in the time direction. Using this
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feature, and having access to the extended light-cone cut, one can identify ultracompact
objects in the bulk from information in the dual theory at the boundary. A different
approach to probe ultracompact objects in the bulk was studied in [67]. In this previous
work, the authors discussed the relation between singularities of two-point functions and
several causal properties of the bulk spacetime. In particular, they considered points in
the boundary that are connected causally by a bulk null geodesic. With these “bulk-cone
singularities”, they argued how to use them to probe the bulk geometry in the context
of different asymptotically AdS spacetimes, including ultracompact objects. For a recent
discussion on how to extend the light-cone cuts framework to reconstruct the metric of
the additional compact dimensions in any asymptotically locally AdS, x S* spacetime,
see [76].

An avenue of interest for future work would be to consider how the light-cone cuts

could be used to identify black holes from other ultracompact objects.
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Chapter 3

Boundary Causality Violating

Metrics in Holography

Time, space, and causality are only metaphors
of knowledge, with which we explain things to

ourselves.

Friedrich Nietzsche

3.1 Introduction

A bulk description of nonperturbative quantum gravity is not yet available. A popular
approach is to consider a path integral over all bulk metrics. We will investigate some
aspects of this approach. It is possible that the metric will turn out to be only a low-
energy approximation of some other fundamental degrees of freedom. Our results will
plausibly apply in that case also, since the issues we address can all be described by
metrics with curvature well below the Planck (and string) scale.

We thus begin with a Lorentzian formulation of holography, in which one integrates
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over all asymptotically anti-de Sitter (AdS) spacetimes and matter fields (with certain
boundary conditions) to compute correlation functions in a dual quantum field theory.
One often works in a large N or semiclassical limit in which one only includes classical
supergravity solutions and small perturbations of them. Classically, spacetimes satisfy
the null energy condition so the Gao-Wald theorem [77] ensures that the bulk preserves
boundary causality. In other words, the fastest way to send a signal between two observers
on the boundary is via a path that stays on the boundary. No trajectory that enters
the bulk can arrive sooner. Semiclassically, the achronal averaged null energy condition
ensures boundary causality [78][1]

However, in full quantum gravity (finite N), the bulk path integral will include met-
rics that violate boundary causality. That is, two boundary points that are spacelike-
separated with respect to the boundary metric can nevertheless be timelike-separated
with respect to the bulk metric. These boundary causality violating metrics are not
“rare”. If a point p is timelike-related to another point ¢ in one bulk metric, it remains
timelike-related in any nearby metric. So these metrics include open sets in the space
of all metrics. Given this, one might worry that they would contribute to a causality
violating process in the dual field theory. Any small nonzero contribution would clearly
be a problem. We stress that these bulk metrics are causally well-behaved as bulk ge-
ometries. There are no closed timelike curves or any other causal pathology, and (as
already mentioned) the curvature is everywhere small compared to the Planck or string
scale. So there is no reason to exclude them from the bulk path integral.

Consider, for example, the commutator of a dual field theory operator O at two
spacelike-separated points on the boundary: [O(z),O(y)]. This must clearly vanish
identically, but holography says that it should be given by a bulk path integral over

metrics and a matter field ¢ dual to O. If one computes the commutator [¢(p), ¢(q)] in

LA necessary and sufficient geometric condition for boundary causality is given in [79].
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each metric g, and then follows the standard limiting procedure of taking p — x and
q — y, one expects a nonzero answer whenever x and y are causally related with respect
to gP] This is not yet a contradiction, since we must still integrate this answer over
metrics g weighted by €™ and it could be that this vanishes exactly.

However, it is not just one quantity that must integrate to zero exactly. In principle,
O can be any operator in the dual field theory, and one can multiply the commutator by
any other operator. The corresponding bulk expressions would all be nonzero for some
boundary causality violating bulk metrics g, but their integrals over metrics must still
vanish identically. Since the gravitational weighting ¢™ and measure are independent
of the operator being considered, it is difficult to see how this is possible.

By studying the boundary conditions for the bulk path integral computation of com-
mutators, we identify an ambiguity whenever the boundary theory is causal and unitary.
We show that there is a way to fix this ambiguity so that boundary causality is manifestly
preserved.

We begin by giving some examples of boundary causality violating metrics and show-
ing that they can easily have the same action as pure AdS. This suggests that they are
not immediately suppressed by oscillations of €™, We then briefly review two operator

Y

dictionaries in holography, namely the “differentiate dictionary” and the “extrapolate

dictionary”. After these preliminaries we explain our resolution of this causality puzzle.

2While there are special cases where the commutator vanishes for timelike-separated points (such as
free massless fields in even-dimensional Minkowski spacetime), this is generically not the case.
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3.2 Specific examples

Consider the following family of static, spherically symmetric, four-dimensional met-

rics parameterized by b € R,
gy = —fo(r) dt® + fo(r)~"dr? 4 r* dO3. (3.1)

The associated spacetime M is guaranteed to be asymptotically AdS with radius of cur-
vature ¢ by demanding that f,(r) & r2/¢* to leading order at large r, with the conformal
boundary M corresponding to r — oo. To avoid conical singularities, differentiability
at r = 0 requires f,(0) =1 and f;(0) = 0. We connect this family at b = 0 to global AdS,
by setting fo(r) = 1+7%/¢%. In pure AdS, any two boundary points are null-separated on
the boundary if and only if they are null-separated in the bulk. To see what properties
the function f, must have for the metrics in to violate boundary causality, we now
look at how the light cone in the bulk “opens up” or “closes” with respect to the light
cone in pure AdS. Taking advantage of the spherical symmetry, it is convenient to restrict
the analysis to radial null geodesics. Any such curve obeys dt = £ f,(r)~!dr and thus its

crossing time from boundary to boundary is

 dr
=2 5o (3.2)

Violating boundary causality then corresponds to opening up the light cones so that
too < t2% = 7. Clearly, one sufficient condition is for f,(r) to be greater than the pure
AdS value fo(r) everywhere [

In Einstein gravity, the full gravitational bulk action for these geometries contains an

3Tt was noted in [80] that metrics of the form (3.1I)) have R.pkk® = 0, for all radial null geodesics
with tangent k®. This is in fact not sufficient to apply the Gao-Wald time delay theorem [77].
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Einstein-Hilbert term, a Gibbons-Hawking boundary term, and the appropriate counter-
terms. In four-dimensions, and with a negative cosmological constant A = —3/¢%, the

bulk action is given by [81] [82]

5216;G/M\/—_9<R+€%>+L K — ﬁ(%+§7€)7 (3.3)

87TG OM 87TG OM

where 7 is the induced metric on M, regulated to a hypersurface of constant r = ¢/e.
Additionally, K is the trace of the extrinsic curvature of this hypersurface, and R is
the Ricci scalar of «. For the metrics in , the action integrates exactly to a
boundary term evaluated at the cutoff surface. By enforcing AdS asymptotics to leading
order, we can in general write f,(¢/¢) = ¢ 2(1+ fy(€)) with f, some function only required
to satisfy lim._ fb(e) = 0. The action then reduces to

r lim &

S =—-——
4G 50 €

(3.4)

where T is a time interval between two fixed-t hypersurfaces. This shows that any
correction f, to pure AdS with | f,(¢)| decaying to zero faster than linear in € can be chosen
to violate boundary causality (by making integrate to to, < m) while keeping the
same action as AdS. In the remainder of this section we explore some explicit examples.

For convenience, set £ = 1. A simple example which satisfies our boundary conditions

and violates boundary causality is given by (3.1])) with

7"2

147

folr) =r*+1+0 (3.5)

As discussed above, these metrics violate boundary causality as long as b > 0 so that

fo(r) > fo(r) everywhere. Another example that shows explicitly how the light cone
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opens up in the bulk is given by (3.1) with

b
b— (1+(1+b2)2r2>2 ’

fo(r)=(*+1) |1 - (3.6)

4r

again with b = 0 corresponding to pure AdS. For these metrics, the integral (3.2) can be

computed exactly to obtain

too = — smb____ (3.7)
(1+06%) (2 +b?)

so boundary causality is clearly violated for b > 0.

These static configurations only contribute to a path integral where the initial and
final surfaces have induced metric dr?/fy(r) + r2dQ3. So one might ask if there are
examples which violate boundary causality and have a simple classical solution interpo-
lating between these initial and final surfaces. The answer is yes. The metric induced
on a spacelike surface ¢ = bh(r) in global AdS has the desired form with fu(r) > fo(r).
To satisfy our asymptotic boundary condition, 2 must fall off like 1/r% or faster. As a
concrete example, one can take h(r) = (r? + 1)~ which leads to

(2 + 1)2 — 4552

fo(r) = (3.8)

defined for b* < 1. Global AdS clearly interpolates between two such surfaces.
Alternatively, to match a standard static surface in AdS, one can simply make the
parameter b in our earlier examples time-dependent near the initial and final surfaces and
set it to zero on them. More generally, one can match any given initial and final metric
by making g@) time-dependent near those boundaries without affecting the causality

violating region in the middle. Furthermore, since the action is a global property of
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the spacetime, we can modify the metric away from the causality violating region while
making the action take any value we want, e.g., the same as pure AdS.

The set of metrics with the same action as AdS is a codimension-one surface in the
space of metrics. So the metrics can vary in many ways without changing S,;. Fur-
thermore, if boundary causality is violated in one metric g, it is violated in an open
neighborhood of g. This is because if x is timelike-related to y in one metric, it remains
timelike-related in all nearby metrics. So there are many causality violating metrics that
are not suppressed by €™ in the path integral.

Although we have focused on four-dimensional examples, it is clear that similar ex-

amples exist in all dimensions greater than two.

3.3 Operator dictionaries

Perhaps the most general and explicit statement of a holographic duality which makes
sense irrespective of energy scale is as an equivalence between partition functionsE] We
thus take the proposal of [80, [41] as a well-established starting point, and postulate

equivalent bulk and boundary partition functions,

Zbulk[¢0] = Zbdy[(b()]a (39>

as a general statement of holographic duality. Here, Zyq, is defined on some fixed

Lorentzian manifold (B, 7), whereas the bulk theory has Z,,x path-integrated over space-

4Recent discussions have cast doubt even on this basic original postulate — see e.g. [83], 84} 85] for more
details on the gravity/ensemble interpretation of the AdS/CFT correspondence. Concrete examples of
these subtleties have mostly arisen within two-dimensional models of gravity, where there is not a sharp
and general sense in which the bulk can violate boundary causality. Nonetheless, were these to extend
to higher-dimensions, we would still expect our arguments to apply: The vanishing of commutators at
spacelike separation will be preserved under ensemble averages over reasonable theories, and our analysis
of the bulk side would be unchanged.
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times (M, g) having (B, ~) as their conformal boundary. The notation ¢y should be un-
derstood as a placeholder for all boundary conditions for dynamical fields on the bulk
side, and as sources of operator deformations of the action on the boundary side. To
make progress beyond the formal statement of , most work in the literature restricts
to a saddle point approximation or perturbative corrections to it in a large N expansion.
Here we test one aspect of as a statement of holography in full quantum gravity,
i.e., nonperturbatively in G.

In order to study real-time correlation functions, it is assumed that applies in
Lorentzian signature. From the standpoint of the boundary theory, clearly Zyqy[¢o] is

just a standard field-theoretic generating functional. Explicitly [41],

Zpay|do] = <exp{im/B > o @a}> , (3.10)

bdy

where (- ), 4y denotes the boundary path integral over quantum fields, and each O, is
a gauge-invariant operator sourced by ¢§. In light of (3.9), the bulk object Zpuu[¢po]
may be regarded as a generating functional of boundary correlation functions as well. As

such, a general time-ordered n-point correlation function may be computed via

1 0 6 Zpuk|oo]
<T0n(‘rn> e Ol(x1)>bdy T im™ 5¢8($n> T (5¢(1)(I1) Zbulk[o] b0 ) (311)

where 7 denotes the time-ordering operator with respect to boundary time. The rationale
so far is the one first proposed by [86] [41] and later coined the “differentiate dictionary”
in [87]. Observe that, as presented here, this differentiate dictionary is an immediate
implication of the basic postulate .

In practice though, one usually takes a leap and follows the logic of [88] (and implicitly

[89]) to argue that a boundary correlator should be nothing but an appropriate limit of

64



Boundary Causality Violating Metrics in Holography Chapter 3

bulk ones. More specifically, if ¢ is the bulk field dual to O and the latter has conformal
dimension A, then one may proposdﬂ

(On(wn) -+ O1(21)) gy & /Dg €™M Jim 220 B (g (2, 2) - - - 1 (1, z))y,  (3.12a)

z—0

where () , stands for the bulk path integral over quantum fields in a fixed metric g, and
(x, z) are Fefferman-Graham coordinates [90] as canonically defined near the conformal
boundary of any asymptotically locally AdS spacetime. (These provide a diffeomorphism
invariant location for the bulk operators.) Alternatively, one could have chosen to switch

the metric integration and the z — 0 limit and write

(On(@n) -+ O1(1)) gy x £l£I(l) 720 Ba /Dg ™5 (p (2, 2) - b1 (21, z)),-  (3.12b)

We will consider both of these options below. While physically both and
seem like reasonable proxies for boundary correlators, it is not obvious that they are
equal, or whether they are mathematically consistent with .

The prescriptions in are equivalent when gravity is treated semiclassically, and
in this case were referred to as the “extrapolate dictionary” in [87], where their consistency
with the differentiate one was carefully studied. Their findings established a nontrivial
perturbative equivalence between these two dictionaries for self-interacting scalar fields
in a fixed background with Euclidean AdS asymptotics[f| Our main deviation from [87]
is to study Lorentzian physics and at a nonperturbative level.

Let z and y be two boundary points at spacelike separation with respect to the

5Time-ordering operators are intentionally dropped from this expression. Whereas on the boundary
the time order is solely dictated by the insertion points, in the bulk it subtly depends on the integrated-
over metric in the gravitational path integral. This will be addressed in Section

6They argued for their equivalence also with perturbative gravity in the bulk turned on, though some
caveats arise in this case. Either way, as they carefully acknowledge, their considerations are intrinsically
perturbative in nature.
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boundary metric. In this case, the commutator of local operators inserted at these points
clearly vanishes from the standpoint of the CFT. In the bulk, unless otherwise stated,
it will in general be assumed that the theory has a perfectly well-defined and physical
semiclassical limit whose on-shell metrics obey boundary causality. Despite this, there
appears to be a problem with the extrapolate dictionary stemming from the presence
of off-shell contributions to the gravitational path integral that do violate boundary
causality.

Since both alternatives in appear to have similar problems, we consider ((3.12al)
for definiteness here. For a commutator of an operator O at two points z and y which

are spacelike-separated with respect to the boundary metric, (3.12a)) becomes

0 = ([0(x), Ow)]} s / Dy ™ tim 2 ([6(2,2). 6, ), (3.13)

Since the commutator on the right vanishes in all metrics that respect boundary causality,
the integral over g can only receive contributions from bulk metrics for which x and
y are causally related. As we have seen, these contain open sets of metrics and will
generically yield nonzero commutators. However, if the extrapolate dictionary was valid,
the integral on the right would have to vanish. Furthermore, any operator-valued function
of the commutator that vanishes on the boundary when the commutator does should also
vanish in the bulk. In other words, there are infinitely many integrals like which
the extrapolate dictionary says should give zero. Since the weighting €™ and measure
are the same while the integrands change, we do not expect all such path integrals to be
identically zero. It thus appears that the extrapolate dictionary is not consistent with

boundary causality.
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3.4 Resolution

In the previous section, we have discussed the two holographic dictionaries and il-
lustrated how the application of the extrapolate dictionary appears to lead to a causal
issue. In this section, we will explain a subtlety that was omitted from the above discus-
sion. With a proper interpretation of this subtlety, both dictionaries are consistent with
boundary causality.

The easiest way to understand the commutator uses path integrals, i.e.,

([6(p), o(@)]), = (o(p)9()), — (6(q)9 (D)), , (3.14)

each term computed via a path integral over field space. Here we have used the notation
for a bulk computation on a fixed metric g, but our discussion here is general: Replacing
(M, g) with (B,~) does the job for the boundary field theory. Now, the path integral on
the original manifold always computes a time-ordered correlator. To compute an out-of-
time-order correlator, one needs to manufacture from the original manifold a timefold. It

can be done as follows. Consider the n-point function for a field ¢,

(0+]0(pn) - - - (p2) @ (p1)[D-) (3.15)

where ¢4 are the initial and final states on Cauchy surfaces Ziﬂ Starting at ¥_, one
should use the forward evolution operator U up to a Cauchy surface containing p;, at
which point ¢(p;) can be inserted. To continue while preserving the ordering, one should

then evolve to ps before inserting the second operator ¢(ps). If py is to the future of

"Standard procedures exist for defining the initial and final states in the bulk given the initial and
final states on the boundary. For instance, if the boundary initial state is vacuum, we can pre-pare
the corresponding bulk initial state using a Euclidean path integral with no operator insertion (and
“post-pare” the final state similarly). More generally, the boundary contour contains both Euclidean
and Lorentzian sections, and it serves as boundary conditions for the bulk path integral [91] [92].
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Figure 3.1: Inequivalent timefolds for the computation of two-point correlation func-
tions involving a field operator ¢ inserted with different time orderings. It is assumed
that point ¢ is to the future of p, where p and ¢ respectively lie at times ¢ and ¢5, with
to > t1. The left figure illustrates the computation of a standard time-ordered correla-
tor (¢(q)p(p)), where time-folding is trivial and time-evolution is simply implemented
by U everywhere. In contrast, the right figure shows the nontrivial timefold required
for the computation of the out-of-time-order correlator (¢(p)é(q)), where backwards
time-evolution via YT is needed between insertions. Generically, these give different
results and thus one expects ([¢(p), #(q)]) # 0.

p1, one could just use U again, but if ps is to the past of p;, one should evolve back
with the backwards evolution operator U' to where p, is for the insertion of ¢(py). Then
this procedure should be repeated until all n insertions are carried out properly before
finally evolving to ¥, . The whole process then creates what is called a timefold, a new
zigzagged spacetime that ensures the correct ordering of operators. On each backward
component, the path integral has a weighting e~ ™5 in contrast to the usual weighting
e™% on the forward components. Fig. gives an example of this. Then, if the two
points are timelike-related, the commutator, being a difference between two correlators

computed on distinct timefolds, will be generically nonzero. In the case of spacelike-

separated points, however, the two points can be inserted on the same Cauchy surface.
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This means that the same timefold qualifies for computation of either ordering, yielding
a vanishing commutator. We emphasize again that the discussion here applies to both
boundary commutators ([O(z), O(y)]);,q, and bulk commutators ([¢(z, ), ¢(y, 2)]), on a
specific metric, and therefore one has both boundary timefolds and bulk timefolds.

In general, the field theory Z,q4y is naturally defined on some manifold B, and Zyqy[B, ¢o|
is the generating functional of time-ordered correlation functions on B. To compute an
out-of-time-order correlator, one needs to extend Zq, to an appropriate timefold space-
time F constructed out of B as described above. Then Z,4y[F, ¢] would allow one to
compute the desired correlator. The statement of holography at the level of partition

functions must account for this. Hence one has to more explicitly rewrite (3.9) as

Zouik[F, o] = Zvay[F, ¢ol, (3.16)

where now Zy,, [ F, ¢o] path-integrates over all metrics with the timefold F as conformal
boundary, and boundary conditions ¢q appropriately distributed on F.

For a causal and unitary boundary theory, if x and y are spacelike-separated, (O(y)O(x))
can be computed on either a trivial timefold (i.e. the original spacetime with no foldings),
or a nontrivial timefold with O(x) on the first sheetfland O(y) on the second sheet (or vice
versa) with the same result. This is just the statement that evolution forward and back —
without operator insertions — is the identity. It is not obvious that the corresponding bulk
partition functions will agree since we do not know (independent of holography) that the
gravitational path integral describes unitary evolution. This leads to a potential ambigu-
ity in the definition of Zy,. Since we are trying to understand how a basic property of
the boundary theory follows from the bulk path integral, we have to resolve this ambigu-

ity. If the boundary theory is causal and unitary, we adopt a minimal timefold approach,

8We will call the regions of spacetime separated by the creases the “sheets” of the timefold.
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in which a fold is introduced only when needed to represent operators at causally-related
points where the later operator appears first in the correlator. When folding minimally,
backward evolution just needs to sweep causal diamonds between insertions at non-time-
ordered points (including small neighborhoods for spacelike creases). Minimal timefolds
are introduced to disambiguate inequivalent computations which should nonetheless give
equivalent results—if the boundary theory is acausal or non-unitary, however, results will
generically disagree and the minimal-timefold prescription does not apply.

We now show that with the minimal timefold, both the differentiate and extrapolate
dictionaries predict no violation of boundary causality. Consider first the differentiate
dictionary. Equation tells us how the time-ordered correlators on the boundary are
computed from the bulk, but we have so far not included out-of-time-order correlators

in this equality. Extending the dictionary to general n-point functions, one has

18 5 ZoulF, o]
<On(xn) e 01 (l‘l)>bdy o im" 5¢8(In) o 5@56(561) Zbulk[]:a O] $o=0 ! (317)

where F is a minimal boundary timefold constructed so as to order the operator insertions
as given (cf. when the left-hand side is time-ordered so F is just the trivial timefold
B). If  and y are two spacelike-separated points on the boundary, the minimal timefold
for a two-point correlator is trivial, i.e., it is just the original spacetime. Since this is
true regardless of the order of the operators, the only difference between the two terms
in the commutator is the order in which one takes the derivatives with respect to ¢q.
Since these derivatives commute, the commutator obviously vanishes. Note that this is
completely independent of whether x and y are causally related with respect to some bulk
metrics. All we use is that the integral over all metrics and matter fields is some function
of the boundary conditions ¢y on a trivial timefold. If z and y are causally related on

the boundary, the situation is different. In that case, the two terms in the commutator
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require different minimal timefolds: a trivial one F for the time-ordered correlator, and
a nontrivial one F', for the out-of-time-order correlator. In the latter case, the source for
the earlier operator is moved to the second sheet, so the commutator can be nonzero.

We now turn to the extrapolate dictionary (3.12)). Consider first ([3.122). For a bulk
metric relating = and y causally, one would expect (¢(x, z)p(y, z)>g # (o(y, 2)(x, z)>g, as
a result of being computed on different bulk timefolds. This nonzero commutator on g is
the origin of the casuality puzzle. However, there is a subtlety: The boundary condition
on g must be the same as for the differentiate dictionary. Namely, one must have a trivial
boundary timefold when x and y are spacelike-related on the boundary. If one computes
the commutator by a path integral over fields on the bulk metric g, the causality puzzle
is resolved as follows. Recall that a field path integral on a trivial timefold always gives
the time-ordered correlator. So when the two operators are in the asymptotic region,
inside the bulk path integral each of the two terms in the commutator should
come with a time-ordering with respect to g, (Té(z, 2)é(y, 2)), = (Té(y, 2)d(x, 2)),,
yielding a vanishing commutator. Indeed, if the two points are timelike-related in the
bulk, in the limit 2 — 0 a non-time-ordered correlator would require a bulk metric
with a nontrivial timefold asymptotically, violating our boundary condition. In this
case, the naive bulk commutator ([¢(z, 2), ¢(y, 2)]), plays no role in computing the CFT
commutator ([O(z), O(y)])}ay-

Even with no timefold on the boundary, the bulk path integral includes timefolds
that become trivial asymptotically| Intuitively, the amount of time that one evolves
backward goes to zero as z — 0. This has no effect on the differentiate dictionary,
since the differential operators only act on the boundary conditions. However, for the

extrapolate dictionary, it introduces an ambiguity in the location of the bulk operators

9This is closely related to the fact that the bulk path integral should impose gravitational constraints
which necessitates integration over both positive and negative lapse [93]. We thank Don Marolf for
discussion about this point.
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¢. If there are different sheets of the bulk timefold, then one has to specify which sheet
the operator is on, in addition to giving its location on the sheet. If we use one
expects this ambiguity to have no effect since we take the limit z — 0 for each metric
where the timefold becomes trivial.

In contrast, if we use there is a potential problem. For any nonzero z, there are
bulk metrics where for timelike-separated points (z, z) and (y, z) there is a timefold that is
trivial asymptotically, but both the time-ordered and out-of-time-order correlators can be
obtained by placing the operators on different sheetsm In other words, the bulk contains
a timefold that allows a nonzero commutator, but in the region outside the location of
the operators, the timefold decays and completely disappears at the boundary. Under
these conditions, it would appear that the integrand of can be nonzero, and one
again is left with the puzzle of why the integral over metrics vanishes exactly.

However this conclusion follows only if we allow the bulk operators to move from one
sheet of a timefold to another depending on the order of operators in a correlator. Since
the choice of sheet is not fixed by the boundary correlator that we are trying to reproduce,
one can adopt the rule that one fixes the ambiguity in the extrapolate dictionary by
picking one sheet of a timefold for each operator independent of the location of the
operator in the correlator. With this understanding, the integrand in remains
zero for each ¢, consistent with boundary causality.

Finally, we extend the example of time-ordering the bulk path integrand when the
two points are spacelike-separated on the boundary to general n-point functions and to

allow for timefolds in the bulk interior. The two versions of the extrapolate dictionary

10We are using the fact that since the bulk timefolds do not have to be minimal, a nonzero commutator
can be obtained from a single timefold, by moving the earlier operator from one sheet to another. For
example, on the right-hand side of Fig. one can compute the commutator by moving ¢(p) to the
first sheet.
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then read

(On(@n) - O1(1)) gy X /Dg ™ llir(l) zXaBa (P (2, 2) - - Py (a1, z)),, (3.18a)

(Ou(n) 01 (1)) o lim 250 / Dy ™o (P (i, 2) (a1, 2),,  (3.18b)

where g is restricted to metrics that asymptote to the minimal boundary timefold required
to order the field theory correlator correctly (just as for the differentiate dictionary in
(3.17)) and P is the ordering operator enforced by the field path integral on g, which

reduces to the time-ordering operator 7 when g is a trivial timefold (cf. the order followed

by the arrows in Fig. [3.1]).

3.5 Discussion

In this paper, we have explained how the bulk theory manages to respect causality of
a unitary boundary theory despite the bulk path integral involving boundary causality
violating metrics. To do so, we formulated the bulk computation of correlators using
minimal timefolds, where it becomes manifest that boundary microcausality prevails,
i.e., local operators still commute at spacelike separation. With non-minimal timefolds
we would still expect microcausality to hold so long as the boundary theory is causal and
unitary. This way, however, one would have to rely on unexpected cancellations in the
integral over metrics—in this sense, minimal timefolds are nothing but a simpler repre-
sentation of the problem (cf. charge conservation via symmetry arguments vs checking
all orders in perturbation theory).

Our results apply to both the differentiate dictionary as given in (3.17) and the
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extrapolate dictionary in the form . It also applies to the latter if one integrates
first, with a suitable rule for how to place operators on bulk timefolds that are trivial at
the boundary. The basic reason for this is that a nonzero commutator for two asymptotic
bulk operators requires a bulk timefold that is nontrivial at infinity, but the minimal
timefold for two spacelike-separated points on the boundary is trivial. So the bulk dual
of the commutator of two field theory operators at spacelike-separated points vanishes.

The bulk dual of the commutator of two stress energy tensors on the boundary does
not require any bulk matter fields. Nevertheless our argument using the differentiate
dictionary still applies. Since the boundary metric is the source for the stress tensor, one
should compute the path integral over bulk geometries with a general boundary metric.
One then functionally varies the boundary metric at the location of the stress tensors. If
the stress tensors are spacelike-related, there is no timefold on the boundary and hence the
commutator vanishes. (There is an issue with even defining the extrapolate dictionary
nonperturbatively in this case arising from the apparent need to split the degrees of
freedom in the metric into background and fluctuations.) Our argument also applies to
fermionic operators which anticommute at spacelike separations. For the differentiate
dictionary, the difference in sign arises since the sources for these operators are also
fermionic and hence their variations anticommute.

Although there is no problem with commutators at spacelike-separated points, bound-
ary causality violating metrics do contribute to general field theory correlators. It would
be interesting to understand what, if any, are the implications of this quantum gravity
effect. We do not believe there are examples of holography in which a bulk classical
solution violates boundary causality, but if there are, the boundary theory would have
to be acausal or non-unitary. In this case, computations are timefold-dependent and our
resolution does not apply.

Our discussion in this paper has been motivated by the microcausality property of the
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boundary field theory, which requires local operators to commute at spacelike separation.
However, there are other properties the field theory is expected to have, and they in
general impose further constraints on the bulk state classically and semiclassically. For
example, the invariance of von Neumann entropy under unitary transformations requires
the causal wedge be contained within the entanglement wedge [62,04]. (This is a stronger
requirement as it implies the boundary causality condition [78].) As another example, a
stricter causality requirement states that, for two bulk points causally connected in the
bulk, boundary regions encoding each of the two points cannot be totally spacelike [95].
(This extends our discussion of the commutator between local operators to operators
with support in a subregion.) Just like what we have been discussing, perturbatively
it is expected that bulk states in physical theories will satisfy these conditions, but
in a nonperturbative quantum gravitational path integral there will be configurations
violating them. An interesting future direction would be to understand how the bulk

path integral preserves these properties.
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Chapter 4

Exploring strong-field deviations
from general relativity via

gravitational waves

The years of anxious searching in the dark,
with their intense longing, their alternations of
confidence and exhaustion, and final
emergence into light—only those who have

experienced it can understand that.

Albert Einstein

4.1 Introduction

With a steadily increasing number of gravitational wave observations from coalescing
binaries[96], and with imminent new data from very long baseline interferometric (VLBI)
observations of apparent black holes[97], we have entered a new era of observationally
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testing strong-field gravity. As it endures increasingly precise tests in this strong field
realm, general relativity (GR) so far appears to be holding firm.

Modifications to the classical behavior of black holes are of course possible, and many
models with such modified behavior have been considered, with various motivations.
But there is one very compelling reason to believe that a classical description of black
holes must ultimately be modified: such a description appears inconsistent with quantum
mechanics, which is thought to govern all physical phenomena. At first it was believed
that this might only be important very near the center of a black hole, or in the late stages
of black hole evaporation, and would be irrelevant outside the horizon of large black holes.
However, deeper examination of the requirement of consistency of black hole evolution
with quantum mechanics has led to a widespread view[98, 99| [100], 10T, 102, 103, 104]
that there need to be important corrections to classical black hole behavior at horizon
scales. This is due to the requirement that for ultimate unitarity of black hole evolution,
information needs to transfer out of a black hole while it is still of macroscopic size, in
direct contradiction with a description based on classical geometry, together with small
perturbations due to local quantum fields.

This raises a key question: can the modifications to classical behavior necessary for
quantum consistency have observable effects7[| Of course, often when physics has opened
new observational regimes, new phenomena have been found, so it is important to model
and investigate possible new phenomena in the strong gravity regime, independent of
this question. But, quantum consistency serves as a particularly important motivator to
focus on the specific class of effects that can restore consistency between the existence of
black hole-like objects and quantum mechanics.

This leads to a particular focus on the near-horizon region, r ~ 2M for a black hole

IFor some earlier discussion of this question, see [105] [106, [T07]. For other discussion of tests for
deviations from GR for black holes, see e.g. [108| 109, 110, 111].
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without spin. The origin of the unitarity problem (in some views, really a crisis) is in
the physics of Hawking radiation, which can be thought of as originating neaify| r ~ 3M.
Quantum consistency strongly motivates the possibility of new quantum effects in this
region, or closer to the horizon[I03].

A variety of scenarios have been considered for near-horizon modifications necessary
for quantum consistency. The resulting objects, whose description is supposed to be
consistent with quantum mechanics, have varying degree of departure from the classical
black hole (CBH) description, depending on the scenario. In order not to prejudice a
particular scenario at the outset, but given their quantum origin, we will refer to these
objects generically as compact quantum objects (CQOS)EI

A central question then becomes what non-CBH properties CQOs have, and how these
might be detected. While VLBI is expected to provide an important WiIldOWEI this paper
will focus on gravitational waves. In order to predict the gravitational wave signature
of coalescence resulting from a particular scenario or model, one needs to describe the
full nonlinear evolution of the binary, analogous to the nonlinear evolution of GR. This
problem of nonlinear evolution is a first challenge. This is particularly true given that
while existing models for CQOs exhibit some of the behavior important for quantum
consistency, they are not yet derived from a more complete underlying theory of quantum
gravity. This is an example of a more general problem in observationally testing GR — the
lack of good foils or alternatives to GR for describing nonlinear evolution of alternatives
to CBHs, in the strong-gravity regime.

A second challenge for tests of highly compact objects is what we call the problem

2For recent discussion, see [112].

3A related terminology is exotic compact object (ECO). A CQO is intended to be something more
specific than an ECO, since CQOs are presumed to owe their existence to the quantum dynamics
necessary to make quantum evolution consistent for CBH-like objects — and quantum mechanics is
certainly not exotic.

4Some discussion of this appears in [105] 113} [107].
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of gravitational obscuration. Suppose we consider the collision of two objects that differ
from CBHs only in a region close to the horizon. We might in general expect there to
be little deviation from GR in the gravitational wave signal until the discrepant regions
meet. However, this happens when the two objects are deep inside a gravitational well
and we might expect that if the objects coalesce to form an object with horizon-like
behavior, most of the discrepant signal is also absorbed into this final object and is not
observed at infinity[106]. This potentially considerably lowers observational sensitivity.

Of course, it may be that there are signatures of CQO properties from inspiral,
and CQO behavior may also affect observations by changing absorption and reflection
probabilities for gravitational waves, but these may be more subtle effects.

Note that this discussion contrasts with another proposal for modifications to the
CBH signal, that of gravitational echoes[114, 115, 1T16]. The key difference arises from
the fact that the echo story assumes that the two objects coalesce to immediately form
an object that does not have horizon-like behavior, e.g. by having or rapidly developing
a “hard” barrier, from which the echoes reflect. This represents a more extreme de-
parture from CBH behavior than appears to be required for quantum consistency. We
instead focus on the possibility that the effects needed for a reconciliation with quantum
mechanics involve less drastic departure from CBH behavior.

A goal of this paper is to begin work to investigate these related problems, in some
simple models for departure from CBH behavior. In fact, a first model for a departure
from a CBH merger is a merger of neutron stars, whose gravitational signatures exhibit
important features | Of course neutron stars cannot have the masses seen in many recent
detections, so more general models are needed. But this suggests one general approach
to investigating departures from CBHs that have consistent nonlinear evolution, namely

to parametrize them in terms of an effective stress tensor, and in even simpler models, in

°See, e.g., [117].
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terms of an effective equation of state (EOS). Such models, if they produce objects with
relevant masses, begin to provide simple foils for coalescence of CBHs.

After further discussion of motivation and CQO scenarios in the next section, section
III will describe such an effective approach and its use to formulate simple models to
test aspects of possible modifications to CBH behavior, such as with CQOs. Section
IV will investigate spherically-symmetric solutions for such models, and in particular
those with an EOS that permits them to be highly compact, in line with preceding
comments. Section V will discuss parameters and features of such solutions, and their
possible connection to observable deviations in gravitational wave signatures. While the
models we study are limited in their ability to capture possible CQO properties, they
should allow initial investigation of some of the basic questions regarding gravitational
wave sensitivity to very compact departures from CBHs.

In particular, one ultimate goal is to understand how sensitive gravitational wave
observations can be to highly compact deviations from CBHs, given the obscuration
question. The models we describe provide a way to set up the problem, but probably
the best way to test the role of obscuration — and other aspects of sensitivity to highly-
compact deviations — is through numerical evolution of the kinds of solutions that we
provide. This is an important step for future work.

In short, now that strong gravitational physics is an observational subject, it is im-
portant to try to parameterize possible deviations from the predictions of GR, and to test
them against observation. This paper will begin to investigate some models for certain

kinds of deviation from classical black hole behavior, in an effective approach.
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4.2 CQO models and observational challenges

Gravitational dynamics has been quantitatively well tested primarily in weak-field
regimes, perturbatively close to flat space (for a recent review, see [118]). This leaves as
an important question the possibility of deviations from GR in strong-field regimes. GR
is a mathematically beautiful and compelling framework, and it is commonly believed
that it will be significantly modified only in strong curvature regimes. However, there
are forceful arguments for some modification of the combined frameworks of GR and
local quantum field theory (LQFT) in situations where classical GR predicts a black hole
horizon would form. The vicinity of such horizons can also be thought of as strong-
field regions; although for big black holes they are not expected to have high curvatures,
the metric near a black hole horizon corresponds to a large perturbation of an ambient
Minkowski space in which the black hole resides.

A primary motivation to expect such modification is the combination of facts: 1)
black hole-like objects appear to exist and 2) attempts to describe black holes as objects
in a quantum Universe, based on a combination of LQFT and GR, appear to produce
a contradiction with basic principles of quantum mechanics. After much exploration of
this “information paradox” or “unitarity crisis,” many who have thought deeply about
this puzzle have concluded that modifications to GR+LQFT are required, not just at
very short distances, but, in the context of black holes, at scales given by the horizon
size, which can be arbitrarily large for big black holes. This appears to be the most
conservative approach to reconciling the existence of compact objects that have basic
features of classical black holes with quantum mechanics.

A number of proposals have been considered for modifications to the GR+LQFT
description at a scale given by the radius R of a classical black hole (BH) horizon, or at

even larger scales, while respecting quantum principles. These can be divided into some
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broad scenarios for CQOs:

1. Massive remnants. A very general scenario was proposed in [98]: at some stage
in its evolution, a BH transitions to a new kind of star-like “massive remnant,”
truncating the Schwarzschild spacetime outside the would-be horizon, analogous
to, e.g., a neutron starﬁ In such a scenario the new physics outside the horizon is
assumed to be characterized by some short (microscopic) distance scales, and thus
be “hard;” one measure of this is typical momentum transfer to infalling matter[]
A number of more specific variants of this basic hard picture have been proposed.
These include gravastars[119], fuzzballs[101], firewalls[103], and Planck stars[120].

These may differ in their evolution subsequent to the transition.

2. Soft gravitational atmospheres. Another possibility is a “softer” departure from
CBHs, in a near-horizon “atmosphere” region, which is similar to the near-horizon
region of a CBH and in particular permits infalling observers to pass without un-
due violence[102), 121}, 122] [123] 124]. The characteristic softness scale should be
determined by a distance scale that at the least grows with black hole radius. The
deviations present in the atmosphere are constrained by the fact that interactions
with them must suffice to transfer information from the BH state to the environ-
ment of the BH, so that evolution is unitary. If these interactions are assumed to
couple universally to all fields, two variants have been described. One is “strong”
[123], with an effective description of the atmosphere in terms of O(1) but soft
state-dependent metric fluctuations. A more minimal scenario is the “weak” sce-
nario of [124], in which very small state dependent metric fluctuations are found to

be sufficient to transfer information.

6 A variant proposal is that such a massive remnant forms before a BH can form.
"Either the gravitational field may be characterized by hard scales, or other fields or structure may
be characterized by such hard scales.
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3. Long distance modification of locality. A third possibility is modification to the
locality structure of LQFT on scales > R. A standard example of this is the
ER=EPR proposal[125], [104], where mere entanglement of remote degrees of free-
dom is interpreted as corresponding to formation of a connection between them via

a spacetime bridge.

In each of these scenarios for CQO behavior, a very interesting and important question
is whether the required new effects could have any observational implications. This
question becomes even more compelling with growing prospects for testing strong field
gravity, both through gravitational wave observation with LIGO/VIRGO, and in the
future with LISA, and with VLBI, specifically with EHT.

These two observational approaches have key differences. VLBI effectively provides
an electromagnetic picture of the geometry, resulting from passage of light from, e.g.
accreting matter, through the region near the (would-be) horizon. Thus, all that is
required of a scenario is a prediction of how light propagates or interacts with the CQO
replacement of a CBH. For example, in the “soft, strong” proposal of [123], one can
perform ray-tracing through the perturbed geometry to determine possible modifications
of images that could be visible to EHT[113]. Similar predictions of electromagnetic
images are in principle possible from any other sufficiently explicit scenario.

As noted, tests of scenarios via gravitational waves (GWs) face the problem of non-
linear evolution; they require dynamics as opposed to simply providing “snapshots” of
the configuration. Specifically, the prediction of the GW signal requires prediction of the
full nonlinear evolution of the CQOs, analogous to the nonlinear evolution of GR. Al-
though one or more of the broad scenarios outlined above may produce a logically-viable
description of the quantum behavior, none of them is yet advanced enough to be based

on an understanding of underlying gravitational dynamics that is sufficiently developed
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to make predictions about the nonlinear evolution of CQO replacements for CBHs.

The second problem described above, obscuration, is also a potentially important
challenge to using GWs as probes of novel structure that could modify a CBH. Specif-
ically, suppose a CBH is replaced by a CQO departing from CBH behavior out to a
radiuf| R, = R+ AR,. When two such objects collide after the end of inspiral, one
naively expects significant modification to the GW signature from the regime where the
modified structures come close to touching[106]. But, if AR, < R, this occurs when the
CQOs are deep within their mutual gravitational well, suggesting that a significant part
of the signal modification may be absorbed in the final object, if it indeed has basic fea-
tures of a CBH. This seems particularly clear if AR, < R. Indeed, there are arguments
that much of the final GW signal from coalescence of BHs is generated in the vicinity
of the light ring of the final BH[I14] (though for some counterpoints, see [126]). So,
an important question is to what extent GW observations can be sensitive to possible
near-horizon quantum structure.

Given the growing and anticipated amount of GW data and the lack of predictions of
nonlinear evolution for complete quantum scenarios, one reasonable approach is to begin
by exploring the questions of sensitivity of observations to new structure and obscuration
in simple models for modification of CBH behavior. Specifically, if a CBH is replaced by
a CQO with different properties, how much effect can this have on the GW signal — how
sensitive are GW observations to any modification of structure in the near-horizon region?
Since answering this question requires nonlinear evolution of the CQQOs, one simple way
to begin to explore this question is to assume that whatever the full description is of
their configuration, it can be approximately described as possessing an effective four-

dimensional metric g,,, and that departures from the vacuum Einstein equations can

8For spherically symmetric objects, this can be precisely defined in terms of the standard
Schwarzschild coordinate r, using the match to the Schwarzschild solution at r > R,.
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be consistently and approximately summarized by an effective stress tensor source, 7),,,
in these equations.ﬂ If this stress tensor satisfies certain consistency conditions, such as
conservation, this provides a model for how to incorporate modifications to CBH behavior
with consistent nonlinear evolution.

Various specific models for departure from BH predictions for GW signatures have
also been considered, including boson and fermion stars (see e.g. [127), 128, 129]) and
Proca stars[I30]. However, the resulting solutions have characteristic sizes determined
by mass parameters of the underlying theory, so do not provide models for quantum

behavior of BHs of arbitrary size, and also do not typically achieve the highest range of

compactness. For this reason, we explore other forms of the stress tensor.

4.3 Effective approach

The complete quantum description of CQOs replacing BHs is so far unknown, and
may at the fundamental level involve different quantum variables than a four-dimensional
metric. However, in order to test sensitivity to departures from classical GR, we will
assume the existence of a quantum variable g,, that plays the role of an effective four-
dimensional metric, such that (g, (z)) is well behaved (non-planckian) in a typical state.
This may or may not be true in various scenarios — for example in the cases of fuzzballs or
firewalls, if a consistent fundamental description even exists for either of these proposals
in situations corresponding to large, non-extremal BHs. In either a general such massive
remnant scenario, or in that of a soft gravitational atmosphere, there may also be other
quantum degrees of freedom that are excited in the vicinity of the would-be horizon.

We will model the effect of these, and of possible corrections to classical Einsteinian

9In a full quantum theory, these are significant assumptions.
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evolution, using an effective stress tensor,
(Gulgl) = 87G(T,w) - (4.1)

If the underlying fundamental theory were a field theory, this would arise from an action

S = /d4x\/—_g (% - .c) (4.2)

where £ is a lagrangian summarizing other degrees of freedom as well as, for example,

higher-curvature terms. The effective stress tensor is then

2 9
T, — ——— e /=gL . A,
. \/—_959‘“’/6[m 9 43)

While the origin of the quantum evolution law in a more fundamental description of
quantum gravity may not be from such an action, e.g. in the case of a soft gravitational
atmosphere, working with an effective stress tensor gives an approach to test sensitivity
to some types of near-horizon deviations from CBH behavior. Such an effective stress

tensor must obey certain consistency conditions; one is conservation,

(VAT,) =0 . (4.4)

We ultimately wish to study coalescence of two CQOs in such a model, governed by
the evolution law (4.1]). We begin by considering the description of the individual objects.
In the spherically-symmetric static case, with zero angular momentum, the stress tensor

in spherical coordinates =" = (t,r,0, ¢) must take the form

<T15L> = diag[p(r),pr(r),pe(r),p(,(r)] : (45)
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The underlying quantum dynamics then determine p, p,., pg, subject to conservation (4.4)),
as well as other consistency conditions. To proceed further, we need more information
about relations between these variables, and the metric.

If the properties of the CQO can be described in this fashion, at least approximately,
the relations between p,p,,pg, and g,, would depend on the currently unknown full
quantum dynamics. A goal of this paper is to begin to investigate sensitivity to such
dynamics, replacing CBH behavior in the near-horizon region. Since a primary question
is how much of the signal from colliding compact objects is absorbed into the final BH,
we can start to explore this sensitivity by considering simplified models for CQOs. One
highly simplified but pragmatic approach is to assume that the quantum stress tensor is
well-approximated by , and moreover behaves like an isotropic ideal fluid with an

equation of state,

pr = Do = Dp(p) - (4.6)

In this case, one additional plausible consistency condition is that the speed of sound not

exceed the speed of light, requiring

P <1. (4.7)

For consistency with quantum mechanics, CBHs of arbitrary size must ultimately
be replaced by CQOs. As noted above, this is not true for various specific microscopic
models for £, such as boson stars (see [I31], and references therein), which have maximum
masses that depend on the mass of the boson that is coupled to GR to find non-trivial
solutions. A way to ensure the existence of solutions at arbitrary mass is if the effective
dynamics has a scaling symmetry.

The basic scaling transformation replaces the metric configuration g, (z) with a new
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configuration,

Iu (%) = G () = G (M) - (4.8)

This leaves the Minkowski metric invariant, but rescales perturbations of it:
ds® = [N + h(2))dz"dz” — d3* = [, + by, (\z)|d2tdz” . (4.9)

For example, this transformation maps the Schwarzschild solution with mass M to a

solution with mass M/A. A change of integration variables shows that
N — ~ 1 1
Slg] = /d‘lx\/—gR = ﬁ/d‘lx\/—gR = FS[Q] : (4.10)
but of course the vacuum equations are invariant:
Gu() = NGy, =0 . (4.11)

With a source, the equations will be scale invariant if the scaling transformation also
acts as

T — Ty () = N2T,, () (4.12)

For example, the stress tensor of a massless scalar,

1
T,uu = u¢au¢ - §guu(a¢)2 (413)

satisfies this condition, but it is violated if there is a scalar mass present.
For the stress tensor (4.5)), there will be static solutions of all scales if given a solution
p(z), p-(2), pa(x), there is a solution N2p(Ax), A2p,(Ax), \2pg(Ax). This is clearly violated

by a given fixed equation of state, (4.6). Thus, to have solutions of all scales, one
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must consider a family of equations of state; this is more plausible if (7)) summarizes
some general properties of CQOs, as opposed to being determined directly by a specific

microphysical £. We return to this point later.

4.4 Some simplified models for compact quantum
objects

New effects associated to a CQO replacement of a classical BH are plausibly only
significant in the strong gravity region, near the would-be horizon of the classical BH. As
was noted above, this raises the question of gravitational obscuration of any modification
to the classical GR signal resulting from the collision of two such objects. In order to
explore this question, we first explore possible compact solutions, in the effective approach

outlined above.

4.4.1 Generalities

The general static, spherically-symmetric metric can be written
ds® = —e*dt? + 2 dr? 4 1% (dh? + sin® 0d¢?) ; (4.14)

we assume this form for the effective metric (g,,). One commonly introduces an effective

mass m(r) by
2m(r)
o

e 2Ar) — 1

(4.15)
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With the stress tensor (4.5)), Einstein’s equations (4.1]) take the form (see, e.g., [132])

m = 4rrip (4.16)
1
o= - (47?7“2pr + m) e (4.17)
r r
1
w+ (= N) (u’+;> = Smpge* (4.18)
where we use units with G = 1 and prime denotes the r derivative. The Tolman-

Oppenheimer-Volkov (TOV) equation generalizes to

, 2

P =—i(pr+p) — ;(pr —po) =

1 m 2
_;(pr +p) <47TT’2pr + 7) e — ;(pr —pg) . (4.19)

If a solution of these equations has vanishing (T#) outside a radius R,, and has total
mass M, we can define the compactness of the solution to be C' = M/R,. Our focus is
on sensitivity to merger of highly-compact solutions. While it is possible to find more
compact anisotropic solutions[I32] 133] (see also [134] [I35] for recent discussions), we
defer exploring these to future work and instead focus on the simpler isotropic case,
pr = pg = p. In that case, the preceding equations can be shown to imply that, for

positive p and p, the compactness is limited by the Buchdahl bound[136],
C<4/9. (4.20)

However, the Buchdahl bound is not achievable using a physical equation of state
(EOS). Specifically, the stiffest EOS satisfying the constraint (4.7)) on the speed of sound
is

p—po, i p>po
p= (4.21)
07 if P <po,
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where pg is an EOS parameter. It has been shown[I37] that this EOS yields the isotropic
solutions with the highest compactness[I38] satisfying the causality condition (|4.7)) m The

surface of these solutions is the radius R, where p reaches pg, and the pressure vanishes.

M
0.085 i
| M = 0.085128
r L J
0.080 -
L M = 0.080976
0.075 i
0.070 -
0.065 -
0.060 i
L L L L A
5 10 15 20

Figure 4.1: Mass vs. central density parameter A for solutions with the maximally

stiff equation of state (4.21]).

It is worth describing this most compact case further, since these provide first candi-
date toy models for highly compact CQOs. The solutions may be found by specifying a
central density p. = Apy and integrating the TOV equations outward from r = 0.
Plots of the total mass M and compactness C' of the resulting solutions as a function of
central density parameter A are shown in figs. and radial profiles of the density
p and mass within a given radius are shown in figs. [4.3] Linear stability properties

change at the point where dM/dp. = 0, and so the higher density solutions are expected

10This EOS has been frequently studied for the purpose of determining a theoretical maximum mass

and radius for neutron stars; see e.g. [139] 140, 14T, 142 [143], 144].
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to be unstable. This gives a maximum compactness C), = 0.354.

Cc
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C = 0.35404
0.350 -
0.345 -
0.340 -
| | | | A
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Figure 4.2: Compactness vs. central density parameter A for solutions with the
maximally stiff equation of state (4.21)).

The mass of the maximally compact solutions is determined in terms of the EOS

parameter py as
~0.085 ct

Vv G?po ’

and these have A,, = 3.029. So, if we want to describe such compact solutions with

M,, (4.22)

arbitrary masses, we need to consider a family of effective equations of state (4.21) with
varying po. The scaling transformation (4.12)) acts as pg — po = A\?pp, and correspond-
ingly from (4.22))

M,
M, - —=
A

, (4.23)
as is seen with the Schwarzschild solution.
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Figure 4.3: Density profile for solutions with the maximally stiff EOS (4.21)). Upper
(red) curve corresponds to solution with maximal C' (A = 6.211); lower (blue) curve
corresponds to solution with maximal mass (A = 3.029). Vertical dotted lines mark
the Schwarzschild radii corresponding to the total mass of the solutions.
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Figure 4.4: Mass profile m(r) for solutions with the maximally stiff EOS (4.21). Upper
(red) curve corresponds to solution with maximal C' (A = 6.211); lower (blue) curve
corresponds to solution with maximal mass (A = 3.029). Vertical dotted lines mark
the Schwarzschild radii corresponding to the total mass of the solutions.
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Since these solutions have compactness C' > 1/3, they are inside their light rings
at r = 3M. This suggests that departures of the GW signal due to a merger of two
of these from the signal from two equal mass CBHs may be strongly obscured. An
important test of this would be to calculate the gravitational wave form arising from such
a merger; a useful project would be to do so with numerical simulation. However, there
are also present practical limitations on such numerical simulationd'’| and in particular
the discontinuity in dp/dp can be problematic for certain standard simulation routines.
For this reason, the next subsection will consider solutions with improved continuity
properties; it will also turn out that certain properties depend on how the density drops
to zero.

Another possible issue for solutions that lie inside their light rings is that of possible
non-linear instability[145, [146], 147], due to the trapping behavior of the effective grav-
itational potential of such a solution. This remains a subject for further exploration,
and of course relies on a classical analysis which may not apply to CQOs. A pragmatic
approach is to study evolution of binaries of such solutions, for example initiated not far
from the orbital radius of plunge/merger; if instabilities are relevant on such timescales,
they should be evident in the evolution. In addition, such objects can become linearly
unstable once they acquire spin[148| [149]. If instabilities interfere with use of such so-
lutions for testing GW departures, another approach is to adjust p. just to the point
where a light ring or instability ceases to exist; the resulting solutions are still expected
to be highly compact, and to still provide information about gravitational obscuration

of signals from mergers of CQOs.

1\We thank L. Lehner and D. Neilsen for discussions on this.
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4.4.2 Matched polytropes

Improved continuity properties can be achieved by considering an EOS correspond-
ing to the stiffest EOS (4.21]) at high energy densities, but which then transitions to a

polytropic EOS at an energy density Bpg, with B > 1;

p = Po; if p > Bpo
p= (4.24)

K(p/po)?, if p<Bpo .

Here K and ~ are fixed by the requirement that p and its first derivative be continuous

at Bpo, so that the EOS is C*:

oo (4.25)

__2 4.26
Y= B (4.26)

The improved continuity properties of suggest that the corresponding solutions
are potentially useful, particularly for simulation with numerical GR. These have similar
features to those of the maximally compact case , and in particular can achieve very
high compactness. They are also in some ways similar to models of neutron stars based on
hybrid EOSs, but we will consider EOS parameters attaining much higher compactness
than that of neutron stars, or of other simple EOSs such as a purely polytropic EOS.

It is important to emphasize that our p is the energy density of the solution (that is,
TP in Schwarzschild coordinates). In the modeling of neutron stars, the term ‘polytrope’
is often used for simple toy EOSs where the pressure is a monomial of a ‘rest mass
density’ p,, instead. In that context, the neutron star is composed of matter with a

conserved quantum number, namely baryon number. Then parametrizing the rest mass
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density as p,, = mpn, with m; a fixed average baryon mass and n a conserved baryonic
number density, allows for this additional conservation law to be accounted for when
dynamics are turned on. The energy density is then related to this number density and
pressure using an argument based on the first law of thermodynamics. For example, see
[150] on the use of piecewise-polytropic EOSs to model general NS EOSs, and [I51] has
considered matching the extremal EOS onto such an EOS. Of course our EOSs,
as toy models of quantum-gravitational corrections to CBHs, need not have any such
conserved quantities (and surely should not have exactly-conserved baryon number).
Matching our extremal core EOS to an envelope EOS where the pressure is a monomial
of the energy density should allow for a unified numerical treatment of the two different
regions of the solution.

Specifically, one can once again solve Einstein’s equations together with the TOV
equation. The EOS is now determined by py and B. For a given EOS, spherically-
symmetric, static solutions are determined by the central density p. = Apy. These
solutions have cores with the linear EOS in , and envelopes with the polytropic
EOS in (4.24). Example profiles of these solutions are shown in fig. 4.5, The compactness
of these solutions, as a function of A and B, is shown in fig. E Clearly solutions exist,
for a range of B, with compactness C' > 1/3. The maximal compactness for such linearly-
stable solutions is obtained in the (singular) limit of the EOS, B — 1. As before, we
expect the mass of such solutions to scale as M oc 1/,/po.

The C* EOS thus furnishes solutions that may possibly be more suitable for

simulation of inspiral and merger via numerical GR methods. We next turn to discussion

12While the matched polytropic EOS is well-defined up to the line A = B, as B — A the solutions
become predominantly composed of the polytropic envelopes, which leads to lower compactness and also
to longer numerical integration time. In Figure the upper cutoff corresponds to solutions where the
outer radius of the solution was at three times the radius of the inner boundary, so the omitted solutions
are > 3/4 envelope in terms of radial extent. As is evident, the plotted region contains the parameter
space of greatest interest, namely where the solutions are both ultracompact and linearly stable.
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Figure 4.5: Density vs. radius curves for matched solutions with EOS (4.24), with
range of B from 1.3 to 2.2 (lower, blue curves), and for corresponding extremal solution

with EOS (4.21)) (upper, red curve).
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- 0.36

- 0.26

Figure 4.6: Compactness of matched solutions with EOS (4.24), as a function of the
parameters A and B. The red line denotes the stability boundary, where dM /dp.
vanishes; solutions to the left of this line are expected to be linearly stable. The green
line demarcates compactness C' = 1/3.
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of some general aspects of such evolution.

4.5 Gravitational wave tests of compact quantum
structure

If consistency with quantum mechanics dictates that CBHs are replaced by compact
quantum objects with different properties, it is important to understand the possible
sensitivity of gravitational wave observations, with LIGO/VIRGO or LISA, to this new
structure. Since we don’t yet have a first-principles description of such objects that
follows from a complete quantum theory of gravity, a first step is to find approximate or
effective characterizations of the deviations from CBH behavior, and try to determine how
these deviations might manifest themselves in modifications to GW signals["| Indeed,
precisely because we don’t yet have a complete quantum theory describing black hole-
like objects, any observational (or experimental) evidence for deviations from GR could
provide extremely useful guidance, and should be searched for by all available means. A
way to begin to understand and characterize such possible deviations is by introducing
parameterizations of structure and dynamics of objects replacing CBHs, and investigating
the GW sensitivity and how it depends on those parameterizations. This can help focus
the search for possible departures from GR. In cases where we can provide tractable
models for the new dynamics, these can be investigated with numerical GR methods.

We can distinguish three levels of detail in characterizing behavior of candidate CQOs:
their description in terms of simple effective parameters, modeling of such objects in

toy models or effective dynamical descriptions, and a complete description in a more

13In the regime where departures from GR are small, including inspiral and plunge up to the point of
significant interactions, useful approaches may include the post-Einsteinian framework[I52] or effective
field theory[I53].
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fundamental theory of quantum gravity.

4.5.1 Effective parameters

The first level of detail focuses on the sizes of certain key parameters[105] 106, [107].
For example, the departure of CQO structure from that of a CBH may extend to a
characteristic radius R, = R + AR, outside the horizon radius R of the CBH with the
same mass[Y] The CQO structure may also be “hard” or “soft.” A characteristic of this
distinction is the typical spatial variation scale, or momentum transfer scale for particles
as they scatter from the structure; a simple parameterization of this is as 1/L, where L is
a length scale describing the variation of the structure. Obviously L < AR,, and L may
be much smaller, e.g. a microscopic size. Another characteristic is the strength A of the
departures from GR; a benchmark for this is the amplitude for scattering of excitations
from a CQO to depart from scattering from a CBH. A fourth parameter is the timescale
T, at which a CQO exhibits behavior departing from that of a CBH. In order for CQO
dynamics to resolve quantum problems with BHs, this timescale is expected to lie in the
range from ~ Rlog R — a short timescale in astrophysical terms — to ~ R3, much longer
than the age of the Universe for stellar-sized or larger BHs. Other potentially important
parameters include tidal deformability, quantified by the Love numbers, and absorption
cross sections, which can depend on wavelength.

These parameters play an important role in governing expected departure from GR
predictions for GW signals. For example, departures will only be found for CQOs with
age longer than T,. For such CQOs, changes in Love numbers can lead to small de-
partures in the GW signal from inspiral. Then, as CQOs plunge to merger, important

departures from GR behavior can be expected at CQO separations ~ 2(R+ AR, ), where

“For simplicity we ignore spin dependence, but in the more general spinning case the “height” AR,
of the gravitational atmosphere may vary e.g. by an order one amount as a function of angle.
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the structures come into contact. This expectation holds for strong departures, A ~ 1,
but not necessarily if A < 1, and the departures are expected to depend on other efective
parameters such as L. A model for such departures[107] is merger of neutron stars, which
give an example of large deviations in GW signals from those of CBHs, due to hard, O(1)
structure outside the would-be horizon.

For example, a typical massive remnant scenario has hard (L microscopic), A ~ 1
structure, but without a more detailed model, AR, could range from microscopic values
to 2 R. Only in the latter case would one expect significant modifications to GW
signalsm Love numbers and absorption cross sections also depend on the details of the
model.

The soft gravitational atmosphere case has AR, ~ L ~ R, or more generally AR, ~
R?, L ~ RP, for some p,q > 0, to achieve “soft” scales for large CQOs. There are
two variants, the strong one[I123] with A ~ 1, and the weak one[I24] with A ~ 1/v/N,
where N characterizes the large number of internal states. The strong case is expected
to modify the GW signal, but also the weak case can lead to modified absorption cross
sections of GWs with wavelength ~ R, and thus also yield departures in gravitational
wave signals.

The EOS-based models considered in the preceding section also illustrate possible such
parameters. The departures from the Schwarzschild metric extend over scales AR, ~ R,
as can be seen from figs. [4.3] Likewise, the characteristic variation scale of the

geometry of these solutions is L. ~ R; the gravitational departures are “soft” in this

sense. Note, however, that if the EOS (4.21)) or (4.24) gives an effective description of

fluctuations of the geometry or other fields at microscopic distances, then in this more

fundamental dynamics L < R. This could then reveal itself in the interaction properties

15This assumes that massive remnants merge to form BHs, and that T, 2 Rlog R; exceptions will be
discussed below.
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of two such objects. This can be illustrated by the analogous collision of two neutron
stars. The macroscopic geometries of the neutron stars vary on scales L 2 R. However,
when the surfaces of neutron stars approach in a collision, the interactions of the neutron
condensates of the two stars are important, and are characterized by hard scales L < R.
Absorption into or scattering from such objects, if it involves interactions other than with
the macroscopic gravitational field, may also be characterized by scales L < R. With
such hard structure, the models of section behave like massive remnants, although if
one considers only their average gravitational field they behave more like soft gravitational

atmospheres.

4.5.2 Love numbers

Love numbers, characterizing tidal deformability, are particularly relevant parameters
for investigating deviations during inspiral. With an EOS such as or , one
may calculate these. For the case of the matched EOS ([£.24)), a plot of the numerically-
calculated Love number ks is shown in fig. [£.7, We calculate the ¢ = 2 polar tidal Love
number (TLN) using the method outlined in [I54]["% it is defined as ky = 3AM /2,
where A is the proportionality constant between the quadrupole moment ) and tidal
field £, Qi; = —AE&;;. The definition of ky is normalized to the mass of the objects
(rather than the radius), as proposed in [156], since generic models of CQOs need not
have well-defined radii.

We utilize Mathematica [I57] to numerically solve the TOV equations for the matched
polytropes and then to calculate the first-order £ = 2 response to an external quadrupolar
tidal field. This allows us to calculate the TLN ks which encodes information about the
internal structure of the object. As explained in [I54], this constant is sensitive to the

boundary conditions imposed at the outer radius of the star R. As seen in Figure [4.7]

6For a general analysis of £ > 2, see [I55].
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Figure 4.7: Love number ks of matched solutions with EOS (4.24)), as a function of
the parameters A and B.
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values of ks range from ~ 2 — 6 in the region of parameter space in which the solutions
are ultracompact and linearly stable. We will comment below in 4.5.3| on the physical
effects of ky during merger, and its measurability. (Discussion of uncertainty in these

calculations of ks appears in the appendix.)

k2
10+~

— B =1
B=1+¢€

1.5 2.0 2.5 3.0 3.5 4.0

Figure 4.8: Tidal Love numbers of the extremal solutions with EOS (4.21)) (“B =1"),
compared to those with the matched EOS (4.24)), in the limit approaching B = 1.

It is important to note that while our matched polytropes have a continuous family
of EOSs parametrized by B, the solutions of the TOV equations with these EOSs are not
continuous in the limit B — 1. This is visible already in Figure[4.5] where one can see that
the outer radius of the extremal EOS B = 1 has p(R) = po, whereas the energy density
falls to zero at the outer radius for any B # 1. As the TLN is sensitive to the boundary
conditions at » = R, this difference in boundary behavior significantly affects the TLN
calculation. In Figure[4.8/we show the TLNs of the extremal solutions and of the matched
polytropic solutions in the limit B — 1 and find that the presence of the envelope roughly

doubles the TLN, even in the limit of vanishing size. This serves as one illustration of
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the necessity of including parameters beyond AR, in an effective description of CQOs,
as despite having the same compactnesses, the macroscopic, observable effects of these

objects in inspiral differ significantly.

4.5.3 Evolution: effective models and expectations

The effective parameters described above may be useful in characterizing the signal
departures from that of CBHs. For a more precise determination of these departures, one
needs to consider the second level of detail, using models for dynamics of CQOs. Details
of dynamics can be important; for example, even in the massive remnant scenario with
AR, ~ R, GW signal departures may be suppressed through gravitational obscuration
(absorption into the final BH). One approach to such dynamics is via evolving solutions
with effective EOSs.

Thus, for example, we would like to understand departures from CBH behavior in the
gravitational wave signal arising from the collision of two solutions with effective EOS
(4.21) or . Ideally, this could be addressed via numerical simulation of the inspiral
and merger of two such solutions. In turn, understanding the signal departure then can
give further insight into the roles of the effective parameters AR,, L, and ko, in governing
gravitational wave signals from other models for CQOs.

In fact, given the parameters we have discussed, we can describe some anticipated

features of this evolution and the signal departures.

Inspiral

To begin with, consider the inspiral phase. Here, the principal modification to the
GW signal is expected to arise from the tidal deformability of the compact objects, as

parameterized by the Love number ko, and there is a clear and precise connection between
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this parameter and the predicted signal deviation.
This TLN affects the signal at fifth post-Newtonian order and adds linearly to the

phase of the waveform in frequency-space as

h(f) = A(f)elbrrD+ornN] (4.27)

where f is the frequency, A is the amplitude, ¥ pp is the would-be phase for a merger of
point particles, and ¥rp the effect from the tidal deformability of the merging objects.

This is related to the TLN ky as [158]

3 00 My M
Yrp(f) = —gujw Knﬁi + M) MIEY +1 & 2} : (4.28)

where v = (T M f)'/? is the inspiral velocity, M and u are the total and reduced masses
of the binary, and M; and k:;i) are the individual masses and TLNs. This effect has been
used to constrain the tidal deformability of neutron stars [I59], which places nontrivial
constraints on the neutron star EOS already from the first observation of a binary merger
(see e.g. [160]).

The TLNs of static CBHs vanish exactly. This interesting result was first noted in
[161], and further studied in [162, [163] 164} 165] 166) 167]. Contrastingly, other compact
objects generically have non-zero tidal deformability, which makes this effect a good
discriminating feature (as suggested in [I68]). Ref. [I56] used Fisher matrix methods to
systematically compute the sensitivity of GW detectors to this parameter for compact
objects, and finds broadly that Advanced LIGO at design sensitivity may be able to
constrain TLNs down to ko ~ 100 across a broad range of binary masses; the analysis of

[169] used similar methods and is in broad agreementE] We thus use this number as a

17"The effect of tidal deformations in modifying the “contact frequency” has also been used to constrain
some simple models of boson stars (which are not ultracompact) as being the sources of LIGO’s ‘black
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benchmark for near-term sensitivity to tidal effects. Neutron star models have tidal Love
numbers of this magnitude. However, it is clear from Figure that the tidal effects of
the present very compact CQO models are far too small to be measurable with Advanced
LIGO. In [156], a study of compact objects with AR, ~ Ip found ky ~ O(1073), together
with a universal logarithmic dependence of the TLNs on the location of the surface in
the AR, — 0 limit, in agreement with ky = 0 for CBHs[®¥| In order to distinguish a
CQO merger from a CBH merger by its tidal deformability alone, space-based detectors
appear necessary. The possibility of observing strong gravity effects with these machines
should serve as additional motivation for their construction, as well as for further detailed
study of their capabilities[I72], 156, 173]. Ref. [I56] shows that current designs of future
space-based GW detectors may be able to do up to two orders of magnitude better in
optimistic detection scenarios, though it has recently been pointed out in [I72] that the
effect of tidal heating dominates for LISA binaries. (Ref. [I73] suggests even greater LISA
sensitivity to highly-spinning objects.) It may also be possible to extract signatures of
departures from CBHs by “stacking” signals from multiple events, as in [174][F]

The structure of objects of moderate compactness can also significantly shift the end
of inspiral — objects can for example begin to interact before they reach what would be the
ISCO for CBHs[I75, 127]. However, while further investigation is warranted, such effects
are not expected to be important for objects with compactness in the range C' 2 1/3.
Such objects are expected to have important modifications due to later interactions after
they have entered the plunge phase, as they begin to merge. This observation and
the preceding challenges emphasize the importance of moving past inspiral and gaining

detailed understanding of the behavior of CQOs during plunge, where their deviations

hole’ mergers [I70], though this does not take advantage of all of the constraining power of the effects
of tidal deformability.

18For work to distinguish tidal parameters for neutron stars see [160} [171].

19Tt also may be worth using such methods with binary neutron star templates even at high masses, to
explore for possible departures. We thank L. Lehner for pointing out the possible role of such stacking.
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from CBHs will be more pronounced.

Plunge and Merger

Larger deviations are expected when the model CQOs approach the point where they
merge. For equal mass CQOs with mass M, inspiral transitions to plunge at a separation
d ~ 24M, corresponding to the mutual innermost stable circular orbit. So objects with
compactness 2 1/12 will have a plunge phase, terminated by this merger at separation
d ~ 2R,. The GW signal departs from that of a CBH collision both because the objects
encounter the gravitational field modifications, and because they increasingly disrupt
each other’s structure. Neutron star collisions, for example as modeled in [I17], furnish
an example of some of these possible modifications[I06]. In neutron star simulations,
one finds a significant increase in the GW amplitude when the stars begin to merge (see
e.g. fig. 2 of [I17]), but a decrease in the emitted power spectrum; a scaled up version of
the examples of [117], using the scaling transformation , , for example, already
appears inconsistent with LIGO data.

While similar features are expected for simple CQO models, such as those given
above, CQOs may be much more compact than neutron stars, which have compactnesses
C < 1/5. In the case where the compactness approaches, or exceeds, C' = 1/3, one
expects some signal obscuration, as noted above, since the departures due to merger are
generated “deep in the gravitational potential.” This is not necessarily a sharp boundary.
Indeed, such a configuration has a significant angular momentum; this means for example
that the prograde and retrograde light rings of the ultimate object have different radii.
If one assumes that most of the perturbations are prograde, the fact that the prograde
light orbits tend to cluster towards » ~ M for high spin then suggests the possibility of
reduced obscuration. One also expects the GW signal to depend on other details of the

model for the colliding objects, including how their structure interacts.
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Given the uncertainties, a particularly interesting project would be to simulate the
CQO models described above via numerical methods. It appears that already some
important questions — such as the role of obscuration — can begin to be addressed even
in the simple models with effective EOS given in section [4.4, An example of a concrete
question is whether recent GW detections — e.g. the first LIGO detection of a merger
of two ~ 30M objects — are capable of distinguishing a CBH merger from a merger of
objects governed by the EOS (4.24), if the EOS parameters are such that the solutions
are highly compact, C' 2 1/3. We hope to see such models studied via numerical GR
in the near future. As an intermediate step, it may also be possible to formulate hybrid
waveforms which approximately capture important aspects of the GW signatures for
model CQOs, by matching tidally-corrected inspiral waveforms to parameterizations of

waveforms for plunge and merger, and then to the quasinormal regime[I76].

4.5.4 Quantum dynamics and expectations

We would of course like to be describing CQO evolution within the context of a com-
plete quantum theory of quantum gravity, providing a consistent description of quantum
analogs of black holes, but the field has not sufficiently advanced. The models described
above may supply some insight into how sensitive observations are to this more com-
plete quantum dynamics. However, a key question is how accurately the models capture
important features of the full quantum evolution.

As was noted in section [4.2] there are multiple contenders for scenarios for the quan-
tum completion of black hole evolution.

In the massive remnant category, one possibility that has been repeatedly considered
is that of a massive remnant with AR, < R. Firewalls[I03] fit in this category. If there

is a viable fuzzball scenario, it is not known if it produces AR, ~ R or AR, < R,
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but the latter has been suggested[177] and would fit in this category. Such objects
have also been considered, and given the name “ClePhOs,” in [109]. However, there is
so far no dynamical theory or effective model that produces any of these objects, and
allows study of their evolution, and an important question is whether such configurations
can exist in a consistent description. Possibly, such highly-compact solutions could be
modeled with an anisotropic stress tensor[134], avoiding the Buchdahl bound ([4.20]), with
a stress tensor violating other conditions (e.g. gravastars), or by other means. If such a
highly compact configuration does give the correct physics, it is important to develop a
consistent dynamical description for it, even if it is in an effective model.

If such configurations were physical, the next question is whether observations would
be sensitive to their features. The case AR, < R appears difficult, although there is
possible sensitivity through TLNs[I73]. Electromagnetic images are determined by tra-
jectories of photons in the vicinity of the light ring, and so are not necessarily sensitive to
such a configuration. Likewise, given the preceding discussion surrounding obscuration,
it appears even less likely that the collision of two such highly-compact objects would
substantially alter gravitational wave signals.

Of course, one proviso in this is if such objects coalesce to form another such object
that does not behave like a black hole. There is no compelling reason for this to happen;
if such objects exist, they are plausibly expected to coalesce to form black holes that later
transition to a ClePhO, after a time at least ~ Rlog R. But, if a ClePhO were to form
promptly, at times < Rlog R, then it could be possible for the surface of the object to
reflect gravitational waves, and produce echoes[114] [1T5] [TT6] of its formation. However,
such a scenario obviously requires a sequence of non-trivial assumptions.

A promising alternative to such a hard scenario is that of a soft gravitational atmosphere[123]
124]. This can be described in terms of metric perturbations h (or, more generally, other

field perturbations) that depend on the quantum state of the black hole. It is not clear
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how a soft atmosphere scenario could have dynamics summarized in terms of an effective
EOS. The strong version of [123] has perturbations with size (h) ~ 1, and thus could pos-
sibly yield an observational signal, but the more complete nonlinear dynamics is needed
for its prediction ]

The weak scenario of [124] involves perturbations such that (h) can be exponentially
small in the black hole entropy, representing a smaller departure from a GR-based descrip-
tion. While this may seem more plausible, it naively looks problematic for observation.
However, due to the large number of black hole internal states, quantum scattering and
absorption cross sections from such an object can receive O(1) corrections, which are
particularly important for modes with wavelength ~ R; this follows from an extension of
the estimates for transition rates given in [124] to the case with scattered radiation. If
these provide the leading quantum corrections, that can produce an observational effect
on gravitational wave modes, which in a merger typically have wavelengths characterized
by the same scale. It may be possible to parameterize such absorption effects and analyze
their effects on the gravitational signal. This may be even more straightforward in the
case of extremal mass ratio binaries where absorption into the larger mass object can be
parameterized and its effect on the coalescence and radiation inferred[I78, 179]@ these

investigations are left for future work.

20Possible electromagnetic signals are discussed in [113].
2'We thank S. Hughes for a discussion on this question.
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Appendix A

Uncertainty in k9 calculations

The main source of uncertainty in our calculation of ky comes from the determination
of the outer radius R, which is defined as the location at which the pressure vanishes.
Due to the stiffness of our envelope EOS, the energy density falls quite steeply near the
outer radius - especially as B — 1, as seen in Figure [4.5] As a result, our numerical
implementation of the TOV equations turns into a ‘stiff system of differential equations’,
which causes Mathematica’s numerical solution to fail at Re,q, some small distance before
the true outer radius R — Reng <€ R, when the pressure has not yet reached precisely
zZero.

For a rough sense of the uncertainty this gives our calculation, we extrapolate the
quickly-falling pressure past the point at which the solution fails and find where it hits
zero. We assign an outer radius uncertainty AR to be the difference between this radius
and where the solution stopped at R.,q. We then assign an uncertainty to the TLN of
Aky = ky(Rena) AR, where £ is the derivative of the TLN with respect to the outer
radius at which it is calculated. While AR is very small, the TLN is sensitive exactly to
the behavior of the solution at the boundary, which changes rapidly, so it is not obvious

a priori that the resulting uncertainty should be negligible. Nevertheless, in Figure
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we plot the percent uncertainty % x 100, which suggests that the calculation is

under reasonable control everywhere.
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