
UC Irvine
UC Irvine Previously Published Works

Title
Minimal ring extensions of the integers exhibiting Kochen–Specker contextuality

Permalink
https://escholarship.org/uc/item/0jm0t883

Journal
Journal of Algebra and Its Applications

ISSN
0219-4988

Authors
Cortez, Ida
Morales, Camilo
Reyes, Manuel

Publication Date
2025

DOI
10.1142/s0219498825420174

Copyright Information
This work is made available under the terms of a Creative Commons Attribution 
License, available at https://creativecommons.org/licenses/by/4.0/
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/0jm0t883
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/


3rd Reading

November 27, 2025 9:18 WSPC/S0219-4988 171-JAA 2542017

OPEN ACCESS

Journal of Algebra and Its Applications
(2025) 2542017 (21 pages)
c© The Author(s)
DOI: 10.1142/S0219498825420174

Minimal ring extensions of the integers exhibiting
Kochen–Specker contextuality

Ida Cortez∗,§, Camilo Morales†,¶ and Manuel Reyes ‡,‖

∗Department of Mathematics, Bowdoin College
8600 College Station, Brunswick, ME 04011, USA

†Department of Mathematics, Harvey Mudd College
320 E. Foothill Blvd., Claremont, CA 91711, USA

‡Department of Mathematics, University of California, Irvine
340 Rowland Hall, Irvine, CA 92697-3875, USA

§idac@live.com
¶camorales@g.hmc.edu
‖manny.reyes@uci.edu

Received 11 April 2025
Accepted 21 September 2025
Published 21 November 2025

Communicated by Mohamed Yousif

In fond memory of Professor S. Tariq Rizvi.

This paper is a contribution to the algebraic study of contextuality in quantum theory. As
an algebraic analogue of Kochen and Specker’s no-hidden-variables result, we investigate
rational subrings over which the partial ring of d× d symmetric matrices (d ≥ 3) admits
no morphism to a nonzero commutative ring, which we view as an “algebraic hidden
state”. For d = 3, the minimal such ring is shown to be Z[1/6], while for d ≥ 6 the
minimal subring is Z itself. The proofs rely on the construction of new sets of integer
vectors in dimensions 3 and 6 that have no Kochen–Specker coloring.

Keywords: Kochen–Specker theorem; Kochen–Specker coloring; integer vectors; quantum
contextuality; partial ring.

Mathematics Subject Classification 2020: 05C15, 81P13, 08A55, 11C20

‖Corresponding author.

This is an Open Access article published by World Scientific Publishing Company. It is distributed
under the terms of the Creative Commons Attribution 4.0 (CC BY) License which permits use,
distribution and reproduction in any medium, provided the original work is properly cited.

2542017-1

https://dx.doi.org/10.1142/S0219498825420174
https://orcid.org/0000-0002-5068-7205
https://creativecommons.org/licenses/by-nc/4.0


3rd Reading

November 27, 2025 9:18 WSPC/S0219-4988 171-JAA 2542017

I. Cortez, C. Morales & M. Reyes

1. Introduction

Quantum contextuality [7] is a foundational feature of quantum theory, which has
grown to a widely studied phenomenon since the work of Bell [4] and Kochen–
Specker [10]. Recall that the observables of a quantum-mechanical system are
represented by elements of a noncommutative algebra of operators. For a pair of
observables that do not commute, the uncertainty principle forbids us from simulta-
neously measuring the values of these observables with perfect certainty. Conversely,
a pair of observables is called commeasurable if they commute, so that there is no
such restriction on their simultaneous measurement. Broadly speaking, contextual-
ity in quantum mechanics is the principle that the value of a measured observable
is dependent on the commeasurable observables that happen to be probed by a
measurement apparatus.

Contextuality has been studied through a number of different mathematical
lenses. In recent years this has included sheaf theory [2, 3], Boolean algebra [1, 5],
and topology [11–13]. In this paper we take inspiration directly from Kochen and
Specker’s initial treatment of contextuality in terms of partial algebras, leading to
a ring-theoretic and number-theoretic investigation as we explain below.

In the foundations of quantum physics, a hidden variable theory is an attempt
to reduce the uncertainty of the outcomes of quantum measurements to a statistical
average over classical “hidden variables” that behave deterministically. Kochen and
Specker’s investigation of contextuality centered on the proof that certain noncon-
textual hidden variable theories are impossible to construct. Their formulation of
noncontextual hidden variable theories has a strongly algebraic flavor. We recall
some terminology from [10] in order to state their result.

Let K be a commutative ring. A partial K-algebra is a set A equipped with a
reflexive, symmetric binary relation � ⊆ A×A called commeasurability, along with
partially defined operations +, · : � → A of addition and multiplication as well
as a globally defined scalar multiplication K × A → A, and distinguished elements
0, 1 ∈ A, subject to the following axioms:

(P1) 0 and 1 are commeasurable with all elements of A;
(P2) the partial binary operations are commutative when defined: if a, b ∈ A with

a � b then a + b = b + a and ab = ba;
(P3) all operations preserve commeasurability: if a, b, c ∈ A are pairwise commea-

surable, then (a + b) � c, ab � c, and λa � c for all λ ∈ K;
(P4) if a, b, c ∈ A are pairwise commeasurable, then the set of evaluations of all

polynomials {f(a, b, c) ∈ A | f(x, y, z) ∈ K[x, y, z]} forms a commutative K-
algebra under the restricted operations from A.

Assuming (P1)–(P3), condition (P4) is equivalent to the statement that every set
S ⊆ A of pairwise commeasurable elements is contained in a set C ⊆ A of pairwise
commeasurable elements such that the restriction of all operations makes C into a
commutative K-algebra with additive and multiplicative identities 0 and 1.
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A morphism of partial K-algebras f : A → B is a function that satisfies the
following conditions for any a, b ∈ A:

(M1) f(0) = 0 and f(1) = 1;
(M2) f(λa) = λf(a) for all λ ∈ K;
(M3) a � b ⇒ f(a) � f(b), f(a + b) = f(a) + f(b) and f(ab) = f(a)f(b).

Evidently, if C ⊆ A is a commeasurable subalgebra, then f (co)restricts to a homo-
morphism C → f(C) of commutative K-algebras.

Kochen and Specker noted that the set of observables O of a given physical
system forms a partial R-algebra. For instance, a d-level quantum system has
observables O = Md(C)sa consisting of self-adjoint d × d complex matrices. If we
define commeasurability to be commutativity of operators as described above, then
O forms a partial R-algebra under addition and multiplication of commuting pairs
of operators, and the subset Md(R)sym of real symmetric matrices forms a partial
subalgebra. More generally, the set of self-adjoint elements of any complex ∗-algebra
of operators on a Hilbert space evidently forms a partial R-algebra, with commea-
surability again defined by commutativity.

A Kochen–Specker hidden variable theory for a system can now be defined con-
cisely as an injective morphism of partial R-algebras

h : O → RΩ,

where O is the partial R-algebra of observables on the system, Ω is a set (viewed as a
space of hidden states [10, p. 62] on which the hidden variables are defined), and RΩ

is the algebra of all real-valued functions on Ω. Note that evaluation at each element
x ∈ Ω composes with h to produce a morphism of partial R-algebras ψx : O → R,
which assigns a definite value to every observable in a way that preserves algebraic
relations between commeasurable observables. Conversely, if sufficiently many such
hidden pure state morphisms ψ : O → R of partial algebras can be produced to
separate distinct observables, we may take the product over these morphisms to
construct a hidden variable theory h : O → RΩ.

Kochen and Specker proved [10, pp. 66 & 70] the following obstruction to any
such hidden variable theory.

Kochen–Specker Theorem ([10]). Let d ≥ 3 be an integer. There is no mor-
phism of partial R-algebras from Md(R)sym to any nonzero commutative R-algebra.
Thus there is no Kochen–Specker hidden variable theory for O = Md(C)sa.

This was achieved by showing the nonexistence of certain colorings on the partial
Boolean algebra of projections, which in turn was deduced from the uncolorability
of vectors that represent rank-1 projections. (The definition of these colorings and
of partial Boolean algebras will be recalled in later sections of this paper.) Further-
more, they exhibited [10, Sec. 6] a hidden variable theory in the case of dimension 2
by constructing an injective morphism of partial R-algebras M2(C)sa → RΩ where
Ω = S2 ⊆ R3 is the unit sphere.
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The formulation of the Kochen–Specker Theorem suggests a purely algebraic
treatment of contextuality in the setting of noncommutative algebra via par-
tial rings, explored in [5, 18]. It was shown in [18] (see also [19]) that Kochen
and Specker’s original result provides an obstruction to the existence of func-
tors that extend the prime spectrum from commutative to noncommutative rings,
in the sense that such functors assign the empty set to the rings Md(C) for
d ≥ 3. These two results were connected by the spectrum of partial prime
ideals.

The problem of extending this result to matrix rings over any base naturally
led to a more detailed study of partial algebras in [5]. By a partial ring we simply
mean a partial Z-algebra. In that paper, the obstruction for spectrum functors was
reduced to Md(Z). However, it was also shown that symmetric integer matrices
have an algebraic analogue of a Kochen–Specker hidden state, taking values in a
finite field, described as follows.

Definition. Let R be a partial ring. An algebraic hidden state (with values in C)
for R is a morphism of partial rings ψ : R → C to a nonzero commutative ring C.

For a commutative ring K, we let Md(K)sym denote the set of symmetric d× d

matrices over K; this forms a partial K-algebra with commeasurability again being
commutativity, and all operations restricted from those of the full matrix algebra.
In the case d = 3, it was proved in [5] that:

• there exist morphisms of partial rings from M3(Z)sym to the finite fields F26

and F36 ;
• there is no morphism of partial rings from M3(Z[1/30])sym to any nonzero com-

mutative ring.

Intuitively speaking, although the 3×3 symmetric matrices defined over Z have
an algebraic hidden state, contextuality (interpreted as the absence of such “hidden
states”) emerges once we extend the base ring to Z[1/30].

This suggests the question of whether there are proper subrings of Z[1/30] for
which algebraic hidden states are forbidden. In fact, the smallest such subring in
dimension d = 3 is Z[1/6], according to the main result of this paper. Furthermore,
for d ≥ 6 contextuality is already present for the partial ring of symmetric integer
matrices. In dimensions 4 and 5, we do not have a final answer, but the our results
suggest that the minimal contextual ring is Z[1/2].

Theorem 1. Let N and d denote positive integers.

(1) The partial ring M3(Z[1/N ])sym has no algebraic hidden states if and only if
N ≡ 0 (mod 6).

(2) If d = 4, 5 and N is even, then Md(Z[1/N ])sym has no algebraic hidden states.
(3) For d ≥ 6, the partial ring Md(Z)sym has no algebraic hidden states.
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The proof of this result depends on the existence of uncolorable sets of integer
vectors. For this reason, Sec. 2 is devoted to the study of Kochen–Specker colorabil-
ity of certain sets of integer vectors. The case of dimension d = 3 relies on a set
constructed in [6] along with a new set constructed in Theorem 3. The case of d ≥ 4
makes use of uncolorable sets in dimension 4 as in any of the references [8, 9, 16].
The proof for d ≥ 6 depends on a set whose uncolorability is verified by computa-
tional methods.

In Sec. 3 we apply the uncolorability of these vector sets to understand exactly
which values of N yield partial rings M3(Z[1/N ])sym that have no prime partial
ideals (Theorem 10). This result on projection colorings is then applied to prove
Theorem 1. We also show that certain partial Boolean algebras of projection matri-
ces over various rings of number-theoretic interest are uncolorable (Corollary 11).

2. Kochen–Specker Colorings of Integer Vectors

Kochen and Specker famously reduced the proof of their no-hidden-variables result
to the construction of a set of vectors in a Hilbert space that cannot be assigned a
certain type of coloring, whose definition we now recall. Let S be a set of nonzero
vectors in an d-dimensional Hilbert space H ∼= Cd. For the purposes of this paper,
a Kochen–Specker (KS) coloring of S is {0, 1}-coloring (i.e. a function S → {0, 1})
satisfying the following conditions:

(KS1) If v, λv ∈ S are collinear vectors (for λ ∈ C\{0}), then v and λv are assigned
the same color;

(KS2) for any orthogonal set of vectors v1, . . . , vm ∈ S, at most one of the vi is
colored 1;

(KS3) if m = d in (KS2), then exactly one of the vi is colored 1.

(This is slightly more general than some definitions in the literature, which require
all vectors in S to belong to an orthogonal basis in S.) Given a subset S0 ⊆ S,
a Kochen–Specker coloring of S restricts to a coloring of S0; thus if S0 has no
Kochen–Specker coloring then also S is uncolorable.

Kochen and Specker’s no-hidden-variables theorem was proved by demonstrat-
ing the existence of a set of 117 three-dimensional vectors for which there is no
KS coloring. Since then, a wide variety of KS uncolorable vector sets of varying
dimensions have been found. The proof of Theorem 1 relies on the existence of
Kochen–Specker uncolorable sets of integer vectors, i.e. vectors whose entries are
all integers. Some of the best-known KS vector sets in fact consist of integer vectors.
This includes the collections of vectors in dimension 4 with entries in {−1, 0, 1} ⊆ Z,
given by Peres [16], Kernaghan [9] and Cabello, Estebaranz, and Garćıa-Alcaine [8].
Similarly, the smallest known uncolorable vector set in dimension 3, due to Con-
way and Kochen [17, pp. 114, 197], consists of integer vectors on the cube with
vertices (±2,±2,±2). Another uncolorable set of 37 integer vectors in dimension 3
was produced by Bub [6]. More recently, large numbers of integer KS vector sets
were produced computationally by Pavičić [14] and Pavičić-Megill [15].
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In this section we construct KS-uncolorable sets of integer vectors that have
noteworthy number-theoretic features. The important feature of these sets of vectors
are described in terms of a numerical value associated to the sets, which we now
define. Let q : Zd → Z≥0 denote the Euclidean quadratic form, defined on a column
vector v = (v1, . . . , vd)T by

q(v) = ‖v‖2 = vT v = v2
1 + · · · + v2

d.

If S ⊆ Zd is a Kochen–Specker uncolorable set of integer vectors, we will be inter-
ested in the numerical invariant

N(S) := lcm{q(v) | v ∈ S}.

If v is an integer column vector, then the orthogonal projection onto the line through
v is given by the matrix

Pv = q(v)−1 v vT ,

whose entries are evidently rational and lie in the subring Z[1/q(v)] ⊆ Q. Thus for
all v ∈ S, the projection matrix Pv has entries in Z[1/N(S)].

For instance, if S1 denotes any of the sets of four-dimensional integer vectors
in [8, 9, 16], then satisfies q(S1) = {1, 2, 4} and thus N(S1) = 4. Similarly, for the
set S2 ⊆ Z3 constructed in [6], we have q(S2) = {1, 2, 3, 5, 6, 30} so that N(S2) = 30.
The Conway–Kochen set S3 ⊆ Z3 is traditionally represented [17, p. 114] by vectors
on the cube with vertices (±2,±2,±2), so that it satisfies q(S3) = {4, 5, 6, 8, 9, 12}
and N(S3) = 360. However, some of these vectors such as (2, 2, 2) = 2 · (1, 1, 1) or
(2, 0, 0) = 2 · (1, 0, 0) can be replaced by a smaller collinear integer vector to obtain
an equivalently uncolorable set S4 ⊆ Z3 that satisfies q(S4) = {1, 2, 3, 5, 6, 9} and
N(S4) = 90.

Given a fixed positive integer N , we may take the reverse perspective and ask: is
there an uncolorable set of integer vectors whose corresponding projection matrices
have entries in Z[1/N ]? Given the prime factorization N =

∏
pei

i , recall that the
radical is defined as radN =

∏
pi. Note that the rings Z[1/N ] = Z[1/ radN ]

coincide, to answer this question it suffices to consider only squarefree values of N .
For positive integers N and d, we define

Sd(N) = {v ∈ Zd : q(v) is a unit in Z[1/N ]}

= {v ∈ Zd : q(v) divides a power of N}.

Note that Sd(N) is also the set of those v ∈ Zd such that the primes occurring in
the factorization of q(v) form a subset of those occurring in N , and that Sd(N) =
Sd(rad N). As above, if v ∈ Sd(N) then its corresponding projection matrix satisfies
Pv ∈ Md(Z[1/N ]).

We wish to address the following:

Question 2. For which positive squarefree integers N and dimensions d ≥ 3 is the
set of vectors Sd(N) Kochen–Specker uncolorable?

2542017-6



3rd Reading

November 27, 2025 9:18 WSPC/S0219-4988 171-JAA 2542017

Ring extensions exhibiting Kochen–Specker contextuality

In contrast to much of the existing literature on KS uncolorable vector sets, we
are not interested in isolating minimal uncolorable sets. Rather, we are interested
in the number-theoretic question of which integers N give rise to uncolorable or
colorable sets in a given dimension. For instance, given the sets S2 of Bub and S3

or S4 of Conway–Kochen discussed above, we have S2, S3, S4 ⊆ S3(30), so each of
these vector sets independently shows that S3(30) has no KS coloring. Although S3

and S4 have fewer vectors, from the perspective of this number-theoretic measure
we will prefer to work with the set S2 because N(S2) = 30 while N(S4) = 90.

It is clear that if an integer M divides N , then Sd(M) ⊆ Sd(N). It follows that
for M | N :

Sd(N) colorable ⇒ Sd(M) colorable,

Sd(M) uncolorable ⇒ Sd(N) uncolorable.

We will use these implications freely below.

2.1. Uncolorability in dimension 3

We first focus on the classical case of dimension d = 3. It was shown in [5, Theo-
rem 3.4] that if N is not divisible by 2 or not divisible by 3, then S3(N) has a KS
coloring. As an immediate consequence,

if S3(N) is KS uncolorable, then 6 divides N .

On the other hand, Bub’s uncolorable set S ⊆ Z3 with N(S) = 30 implies that

if 30 divides N , then set S3(N) is KS uncolorable.

In light of the above facts, one might naturally guess that S3(6) has no Kochen–
Specker coloring. However, to date we have not managed to find a proof or refutation
of this statement. Lacking such an answer, we wondered whether there exists an
integer N , divisible by 6 but not 5, such that S3(N) is KS uncolorable. In this
subsection we exhibit just such an example, for the specific value

N = 2 · 3 · 7 · 11 = 462.

This will be proved by constructing an uncolorable subset Q ⊆ S3(462), which
we now describe. When considering Kochen–Specker colorings of sets of vectors,
each vector is intended to represent the rank-one projection onto the line through
that vector. For this reason it suffices to consider sets of pairwise noncollinear
vectors. When restricting attention to integer vectors, this means that we may
consider only those vectors whose entries have greatest common divisor equal to 1.
We will call such integer vectors primitive.

Furthermore, for each nonzero vector v, our vector sets need to only contain
one of the two vectors {v,−v}. For convenience, we will say that a vector v =
(v1, v2, v3) ∈ Z3\{0} is well-signed if either:

• v has only one nonzero entry which is positive,
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• v has two nonzero entries and its first nonzero entry is positive, or
• v has three nonzero entries, at least two of which are positive.

For instance, the vectors (1, 0, 0), (0, 1,−1), (1, 1, 1) and (1,−1, 1) are well-signed
while (−1, 0, 0), (0,−1, 1), (−1,−1,−1) and (−1, 1,−1) are not. It is clear that for
each v ∈ Z3\{0}, exactly one of v or −v is well-signed. It follows that if a set
S ⊆ Z3 consists of primitive, well-signed vectors, then the vectors in S must be
noncollinear.

For n = 1, 2, 3, 6, 21, 33, 77, we will define subsets Qn ⊆ S3(462) such that every
v ∈ Qn satisfies q(v) = n. For the values n = 1, 2, 3, 6, 21, we let Qn denote the set
of all well-signed primitive integer vectors v such that q(v) = n. It follows that:

• Q1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}.
• Q2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1), (1,−1, 0), (1, 0,−1), (0, 1,−1)}.
• Q3 = {(1, 1, 1), (1, 1,−1), (1,−1, 1), (−1, 1, 1)}.
• Q6 contains 12 such vectors, and they are the well-signed vectors whose entries

up to sign are 1, 1, 2.
• Q21 contains 24 vectors, and they are the well-signed vectors whose entries up to

sign are 1, 2, 4.

For the remaining values n = 33, 77, we define the sets as follows.

• Q33 is the set of all well-signed vectors whose entries up to sign are 2, 2, 5. There
are 12 vectors in this set.

• Q77 is the set of all well-signed vectors whose entries up to sign are 2, 3, 8. There
are 24 vectors in this set.

As in the previous cases, the vectors v ∈ Qn are all well-signed and primitive,
satisfying q(v) = n. However, there are certain vectors with the “correct” value of
q(v) that are excluded from these sets, such as (1, 4, 4) /∈ Q33 and (4, 5, 6) /∈ Q77.

Finally, we will define Q ⊆ S3(462) to be the disjoint union

Q = Q1 ∪ Q2 ∪ Q3 ∪ Q6 ∪ Q21 ∪ Q33 ∪ Q77. (�)

This is a set of 85 integer vectors that are primitive, well-signed and thus non-
collinear. This set and its uncolorability were discovered using Mathematica soft-
ware.a However, we are able to produce a human-readable proof of this fact as
follows.

Theorem 3. There is no Kochen–Specker coloring of Q ⊆ S3(462).

Proof. Assume toward a contradiction that Q has a KS coloring. Because Q

is invariant under permutation of coordinates, we may assume without loss of

aThe code is publicly available at https://github.com/manny-reyes/Kochen Specker Colorabil-
ity/tree/main/462 vector set.
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generality that in the orthogonal triple

{(1, 0, 0), (0, 1, 0), (0, 0, 1)}

the vector (1, 0, 0) is colored 1 while the other two are colored 0. It follows that in
the triple

{(1, 0, 0), (0, 1, 1), (0, 1,−1)}

the second and third vectors must be colored 0. We also see that in the orthogonal
triple

{(0, 1, 0), (1, 0, 1), (1, 0,−1)}

either the second or third vector must be colored 1. Because multiplication by the
diagonal reflection matrix Rz = diag(1, 1,−1) leaves the coordinate axes invari-
ant while interchanging the vectors (1, 0,±1), we may again assume without loss
of generality that (1, 0, 1) is colored 0 and (1, 0,−1) is colored 1. Finally, in the
orthogonal triple

{(0, 0, 1), (1, 1, 0), (1,−1, 0)}

either the second or third vector must be colored 1. Since multiplication by the
reflection matrix Ry = diag(1,−1, 1) again leaves the coordinate axes and the
lines through (1, 0,±1) invariant while interchanging the vectors (1,±1, 0), we may
assume without loss of generality that (1, 1, 0) is assigned 0 and (1,−1, 0) is 1.

To summarize, we are assuming without loss of generality the following assign-
ments of colors:

• Color 1 : (1, 0, 0), (1, 0,−1), (1,−1, 0)
• Color 0 : (0, 1, 0), (0, 0, 1), (0, 1, 1), (0, 1,−1), (1, 0, 1), (1, 1, 0).

We now deduce the following sequence of colorings from the listed orthogonal triples:

{(1, 0,−1), (1,−1, 1)} orthogonal ⇒ (1,−1, 1) 
→ 0,

{(0, 1, 1), (1,−1, 1), (2, 1,−1)} orthogonal ⇒ (2, 1,−1) 
→ 1,

{(2, 1,−1), (−3, 8, 2)} orthogonal ⇒ (−3, 8, 2) 
→ 0.

In a similar manner, we have the following colorings:

{(1,−1, 0), (1, 1,−1)} orthogonal ⇒ (1, 1,−1) 
→ 0,

{(1, 0, 1), (1, 1,−1), (−1, 2, 1)} orthogonal ⇒ (−1, 2, 1) 
→ 1,

{(−1, 2, 1), (4, 1, 2)} orthogonal ⇒ (4, 1, 2) 
→ 0,

{(1,−1, 0), (2, 2,−5)} orthogonal ⇒ (2, 2,−5) 
→ 0,

{(4, 1, 2), (2, 2,−5), (−3, 8, 2)} orthogonal ⇒ (−3, 8, 2) 
→ 1.

But this contradicts the previous deduction that (−3, 8, 2) must be colored 0, com-
pleting the proof.
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2.2. A computational method for detecting uncolorability

Our further explorations into the uncolorability of Sd(N) were aided by computer
searches. This consists of generating the vectors v ∈ Sd(N) such that q(v) divides
N e for some power e ≥ 1, and testing whether the set of vectors is colorable or
not. In order to test colorability of the vectors, we have found it useful to apply the
method of [20, Construction 3.1.3] to convert the question of whether a Kochen-
Specker coloring exists into an integer linear programming problem. We describe
that method below.

Fix a finite set of nonzero vectors S = {vj}s
j=1 ⊆ Cd. Let GS denote the

orthogonality graph of S, whose vertices are the vectors in S and where there is an
edge connecting v, w ∈ S if and only if v ⊥ w. Let {Ci}r

i=1 be an enumeration of
the maximal cliques of the graph GS ; in other words, these are the maximal subsets
of V consisting of pairwise orthogonal vectors. We necessarily have |Ci| ≤ d since
orthogonal sets of nonzero vectors are linearly independent.

Define an r × s matrix M = (mij) by setting

mij =

{
1, vj ∈ Ci,

0, vj /∈ Ci.

Let
⇀

1 be the r-dimensional vector with all entries 1, and define b = (bi)r
i=1 by

bi =

{
1, |Ci| = d,

0, |Ci| < d.

Then a Kochen–Specker coloring of V is equivalent to a solution (xj) ∈ {0, 1}s to
the integer linear programming problem (with zero constraint function)

b ≤ Mx ≤
⇀

1 .

Indeed, values xj correspond to the color of the vector vj . The ith entry of the
matrix product

∑s
j=1 mijxj counts the number of vectors in Ci that are colored 1.

The upper bound ensures that each clique has at most one vector assigned value 1,
while the lower bound ensures that each orthogonal basis in V has exactly one
vector assigned value 1.

We implemented this method using Python code.b For a positive integer N and
dimension 3 ≤ d ≤ 6, the algorithm proceeds as follows:

(1) Produce the set S all primitive integer vector solutions x = (x1, . . . , xd) to∑d
i=1 x2

i = m for every m | N . Remove from S any solution x whose first
nonzero entry is negative, to guarantee that no two vectors are collinear. (This
uses a diophantine equation solver from the package SymPy.)

(2) Produce the orthogonality graph GS of this set of vectors by computing all dot
products of pairs in S. (The graph is a class in the NetworkX package.)

bThe code can be found in the folder https://github.com/manny-reyes/Kochen Specker Colorabil-
ity/tree/main/Dimension d vector coloring.
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Table 1. Colorability of vectors v ∈ S3(N) with
q(v) ≤ Ne, where p denotes a prime.

N e Result

6 10 Colorable
30 = 6 · 5 1 Uncolorable
6 · p,
p ∈ {7, 11, 13, . . . , 103} 2 Colorable
462 = 6 · 7 · 11 1 Uncolorable
714 = 6 · 7 · 17 1 Uncolorable
6 · 7 · p,
p ∈ {13, 19, 23, . . . , 103} 1 Colorable

(3) Enumerate all maximal cliques of GS . (This is a built-in function of NetworkX.)
(4) Produce the matrix M and lower bound vector b defined above.
(5) Check whether the integer linear programming problem b ≤ Mx ≤

⇀

1 has a
solution. (This uses the mixed integer linear programming function of SciPy.)

Using this code we have been able to explore whether Sd(N) is colorable for
various values of N across dimensions 3 ≤ d ≤ 6. Some of our computational
findings in dimension d = 3 are summarized in Table 1. Our computations verify
those of [20, §3.3.1] for all overlapping values of N , including the interesting fact
that S3(714) is uncolorable.

This method of testing colorability can be adapted in a straightforward way
from colorings of vectors to colorings of projection matrices over, say, finite fields
(as defined in Sec. 3 below). Let S be the set of projection matrices in question,
with the zero matrix removed for convenience. One then produces the orthogonality
graph GS for that set of matrices. One then finds the maximal cliques of GS and
defines a similar matrix M . With the zero matrix removed, the maximal cliques
are pairwise orthogonal sets of projections that sum to the identity matrix. In this
case the lower and upper bound vectors both equal

⇀

1, and we are in fact seeking a
solution x ∈ {0, 1}r to Mx =

⇀

1.

2.3. Uncolorability in dimensions d ≥ 4

In this subsection we will address Question 2 in higher dimensions. A natural first
question is whether there is any relationship between KS colorability in a given
dimension and that in higher dimensions. The following lemma tells us that uncol-
orability passes directly to higher dimensions.

Lemma 4. Let N and d be positive integers. If Sd(N) is KS-uncolorable then
Sd+k(N) is also KS-uncolorable for all integers k ≥ 0.

Proof. The method of proof is similar to that of [5, Lemma 2.17]. Assume that
Sd(N) is KS-uncolorable; proceeding by induction, it suffices to show that Sd+1(N)
is also KS-uncolorable.

2542017-11



3rd Reading

November 27, 2025 9:18 WSPC/S0219-4988 171-JAA 2542017

I. Cortez, C. Morales & M. Reyes

Assume toward a contradiction that there is a KS coloring c : Sd+1(N) → {0, 1}.
Then one of the standard basis vectors e1, . . . , ed+1 is colored 1 while the rest are
colored 0. Assume without loss of generality that c(ed+1) = 0. Let U : Cd ↪→ Cd+1

be the isometry U(v) = (v, 0) that appends zero as the last entry. This preserves
inner products, and it restricts to a map U : Zd ↪→ Zd+1 that preserves dot products.
In particular, q(U(v)) = q(v) for v ∈ Zd. Thus we have an injective map

U : Sd(N) ↪→ Sd+1(N),

that perserves orthogonality.
This induces a coloring c ◦U : Sd(N) → {0, 1}, and properties (KS1) and (KS2)

are obviously inherited from the coloring c. To see that axiom (KS3) is also satisfied,
suppose that v1, . . . , vd ∈ Sd(N) are orthogonal. Then U(v1), . . . , U(vd), ed+1 ∈
Sd+1(N) are also orthogonal. Because c(ed+1) = 0, we must have c(U(vi)) = 1
for some i. Thus c ◦ U is a Kochen–Specker coloring of Sd(N), contradicting the
hypothesis.

We have used the method of Sec. 2.2 to investigate colorability of Sd(N) for the
range of dimensions d = 4, 5, 6. Some of these findings are summarized in Table 2.
The most notable discovery is the uncolorability of S6(3), which we record in the
theorem below. The uncolorable set consists of those vectors v ∈ Z6 such that
q(v) ∈ {1, 3}. Choosing a single representative out of each pair ±v of such vectors
on the same line yields a set of 86 vectors. (This includes the six standard basis
vectors, and

(
6
3

)
·22 = 80 other vectors with three nonzero entries that are ±1 with,

say, their first entries positive.) We have not searched to find the smallest possible
uncolorable subset of these vectors.

Theorem 5. Let d be a positive integer.

(1) For d ≥ 4, the set Sd(2) has no Kochen–Specker coloring.
(2) For d ≥ 6, the set Sd(3) has no Kochen–Specker coloring.

Proof. (1) As noted earlier, there is a KS uncolorable set S ⊆ Z4 constructed
in [16] such that N(S) = 4. Thus S4(2) ⊇ S is also uncolorable. The case d ≥ 4
now follows from Lemma 4.

(2) As shown in Table 2, the set of vectors v ∈ S6(3) satisfying q(v) ∈ {1, 3} is KS
uncolorable. So the result follows from Lemma 4 again.

Table 2. Colorability of vectors v ∈ Sd(N) with q(v) ≤ Ne.

d N e Result

4 2 2 Uncolorable
4 p ∈ {3, 5, . . . , 13} 3 Colorable
5 p ∈ {5, 7, 11, 13} 2 Colorable
6 3 1 Uncolorable
6 p ∈ {5, 7, 11, . . . , 19} 1 Colorable
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Table 3. Colorability
of Proj(Md(F2)).

d Result

3 Colorable
4 Colorable
5 Uncolorable

The dimension d = 4, 5 results in Table 2 suggested to us the possibility that
Sd(N) might be KS-colorable for odd N in these dimensions. This led us to apply
the method described Sec. 2.2 to investigate whether the projection matrices over
the field F2 with two elements were Kochen–Specker colorable.c Our findings are
recorded in Table 3.

Colorability in dimension 4 verifies this guess, but the approach via projection
matrices was complicated by the uncolorability in dimension 5. Nevertheless, we
were able to verify our initial guess with an explicit proof in both of dimensions 4
and 5 as follows.

Proposition 6. If N is an odd integer and d = 4, 5, then Sd(N) has a Kochen-
Specker coloring. In fact, there is a coloring of the set Od =

⋃
2�N Sd(N).

Before proving the result, we set up some notation. Below we consider the
ordinary dot product of vectors in the F2-vector spaces Fd

2. We define the following
set of d-dimensional vectors over the field with two elements:

Sd(F2) = {v ∈ Fd
2 | v · v �= 0}

= {v ∈ Fd
2 | v has an odd number of nonzero entries}.

Denote the canonical surjection π : Zd � (Z/2Z)d = Fd
2 by v 
→ v; with a slight

abuse of notation we use the same notation for all d ≥ 1. Note that this is compatible
with the dot product of vectors in the sense that for all v, w ∈ Zd,

v · w = v · w.

In particular, this means that π preserves orthogonality of vectors. Furthermore,
if q(v) = v · v is odd, then π(v) ∈ Sd(F2). This means that π restricts to an
orthogonality-preserving map

π : Od =
⋃
2�N

Sd(N) → Sd(F2).

Proof of Proposition 6. We let e1, . . . , ed ∈ Fd
2 denote the standard basis vectors

below.

cThis code is available at https://github.com/manny-reyes/Kochen Specker Colorability/tree/
main/Projection coloring.
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Case d = 4: For i = 1, . . . , 4 define vectors fi = (1, 1, 1, 1) − ei, so that fi has a
zero in the ith component and ones in all other components. Then we have

S4(F2) = {e1, e2, e3, e4, f1, f2, f3, f4},

One can easily verify that ei is orthogonal to fj if and only if i = j, and that the only
orthogonal quadruples of vectors in this set are {e1, e2, e3, e4} and {f1, f2, f3, f4}.
The coloring c : S4(F2) → {0, 1} that sends e1, f2 
→ 1 and all other vectors to zero
clearly satisfies the conditions (KS2)–(KS3) of a Kochen–Specker coloring.

Now if we compose the orthogonality-preserving map above with this coloring,
we obtain a coloring

c ◦ π : O4 → S4(F2) → {0, 1}.

Because π preserves orthogonality, axioms (KS2) and (KS3) still hold for this col-
oring. The fact that (KS1) still holds follows from the fact that collinear vectors in
Sd(N) must be of the form v and λv where λ is an integer dividing a power of N ;
this means λ is odd, so that π(λv) = π(v) and both vectors are assigned the same
color. Thus this is a Kochen–Specker coloring of O4.

Case d = 5: Denote g = (1, 1, 1, 1, 1), and for any pair of integers 1 ≤ i < j ≤ 5
we define the vector fij = g − ei − ej to have zeros in the ith and jth coordinates
and ones in the other three coordinates. For notational covenience, we also denote
fji = fij . This time we have

S5(F2) = {ei | i = 1, . . . , 5} ∪ {fij | 1 ≤ i < j ≤ 5} ∪ {g}.

There are 6 orthogonal quintuples in this family. One is the standard basis
{e1, . . . , e5}, and the others are of the form {ei} ∪ {fij | j �= i} for each i =
1, . . . , 5. For instance, one such orthogonal set is {e1, f12, f13, f14, f15}. The col-
oring c : S5(F2) → {0, 1} that sends e1, f23, f45 
→ 1 and all other vectors to 0
satisfies (KS2) and (KS3), so that as before we may compose c ◦ π : O5 → {0, 1} to
obtain a Kochen–Specker coloring.

This has the curious consequence that Question 2 can be fully answered in
dimensions 4 and 5, a situation which seems unique to those dimensions.

Corollary 7. For d = 4, 5 and any positive integer N, the set Sd(N) is Kochen–
Specker uncolorable if and only if N is even.

3. Consequences for Symmetric Matrices Over
Commutative Rings

We now apply the results of Sec. 2 to the study of contextuality in the purely
algebraic setting, culminating in a proof of Theorem 1. The link from vector col-
orings to algebraic hidden states occurs in a multi-step process: uncolorability of
vectors implies uncolorability of projection matrices, which in turn implies that a
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certain spectrum is empty (Lemma 8), which finally implies the nonexistence of
morphisms to commutative rings. To explain these connnections, we briefly provide
several definitions from [10, Sec. 2] and [5, Sec. 2] to which readers are referred for
more details.

A partial Boolean algebra is a set B equipped with a reflexive, symmetric binary
operation � of commesaurability, distinguished elements 0, 1 ∈ B, a unary operation
¬ of negation, and partially defined binary operations of meet ∧ and join ∨ for
commeasurable pairs of elements, such that every pairwise commeasurable set S ⊆
B is contained in a pairwise commeasurable set C ⊆ B containing 0 and 1 for which
the restricted negation, meet, and join make C into an ordinary (“total”) Boolean
algebra. The colorings of Kochen and Specker correspond to homomorphisms of
partial Boolean algebras B → 2, where 2 = {0, 1} is the ordinary two-element
Boolean algebra. We simply refer to such morphisms as Kochen–Specker colorings
of a partial Boolean algebra as in [5, Theorem 2.13].

If K is a commutative ring, then the symmetric (under the transpose operation)
idempotent elements of the matrix ring Mn(K) will be called projections by analogy
with the case of real matrices. The set of all projections Proj(Mn(K)) forms a partial
Boolean algebra, where commeasurability is given by commutativity in Mn(K),
negation is the complement ¬ e = I − e, and meet and join are given by e∧ f = ef

and e ∨ f = e + f − ef . For K = R, this yields the usual partial Boolean algebra
of projection matrices. (A suitable modification to the case where K is equipped
with an involution allows one to recover the partial Boolean algebra of complex
projection matrices, as well.)

Bridging the gap between colorability of projections and morphisms of partial
rings requires prime partial ideals, as defined in [18]. Let R be a partial ring. A
subset I ⊆ R is a partial ideal if it satisfies the following conditions for all a, b ∈ R:

• a, b ∈ I and a � b ⇒ a + b ∈ I,
• b ∈ I and a � b ⇒ ab ∈ I.

A partial ideal P ⊆ R is prime if it additionally satisfies 1 /∈ P and, for all a, b ∈ R,

• a � b and ab ∈ P ⇒ a ∈ P or b ∈ P .

It is straightforward to see that a subset P ⊆ R is a (prime) partial ideal if and
only if, for every commeasurable total subring C ⊆ R, the intersection C ∩ P is a
(prime) ideal of C.

The partial spectrum p-Spec(R) is defined to be the set of all prime partial
ideals of R. This forms a contravariant functor from the category of partial rings
to the category of sets in the usual way, where a morphism f : R → S induces
a map p-Spec(S) → p-Spec(R) by P 
→ f−1(P ). The link between the partial
spectrum of R and Kochen–Specker colorings is given by the following observation
from [5, (2.15)] . If there exists a prime partial ideal P ∈ p-Spec(R), then we
obtain a Kochen–Specker coloring on the partial Boolean algebra B = Idem(R) of
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idempotents in R, given by the following assignment for e ∈ B:

e 
→
{

0, e ∈ B ∩ P,

1, e ∈ B\P.

On the other hand, if p-Spec(R) = ∅ then there is no morphism of partial rings
R → C for any nonzero commutative (total) ring C by [5, Lemma 2.4]. In this way,
the nonexistence of prime partial ideals can be viewed as an algebraic manifestation
of contextuality.

Note that if K is a commutative ring and R = Mn(K)sym is a partial algebra of
symmetric matrices, then the partial Boolean algebra of idempotents recovers the
partial Boolean algebra of projections discussed above: Idem(R) = Proj(Mn(K)).
Thus uncolorability of Proj(Mn(K)) implies that there is no morphism of partial
rings Mn(K)sym → C for any nonzero commutative ring C.

We record the following sequence of implications relating KS uncolorability to
an empty partial spectrum.

Lemma 8. For positive integers N and d, consider the following statements:

(i) Sd(N) has no Kochen–Specker coloring;
(ii) Proj(Md(Z[1/N ])) has no Kochen–Specker coloring;
(iii) Md(Z[1/N ])sym has no prime partial ideals.

Then (i) ⇒ (ii) ⇒ (iii).

Proof. (i) ⇒ (ii): Each vector in Sd(N) defines a rank-1 projection in Md(Z[1/N ]),
with orthogonality of vectors corresponds to orthogonality of the associated pro-
jections. Thus every Kochen–Specker coloring Proj(Md(Z[1/N ])) → {0, 1} induces
a corresponding KS coloring of Sd(N). If Sd(N) is KS uncolorable, this means that
the projections of Md(Z[1/N ]) are also KS uncolorable.

(ii) ⇒ (iii) is proved in [5, Corollary 2.16].

The next lemma explains how uncolorability of Sd(M1) and Sd(M2) can be
used to deduce information about Md(Z[1/N ])sym where N = gcd(M1, M2). The
statement is phrased a bit more generally.

Lemma 9. For an integer d ≥ 3, suppose that M1, . . . , Mr are positive integers
such that each p-Spec(Md(Z[1/Mi])sym) = ∅. Then for any integer N divisible by
M = gcd(M1, . . . , Mr), the partial ring Md(Z[1/N ])sym has no prime partial ideals.

Proof. Assume toward a contradiction that there exists a prime partial ideal
P ′ ∈ p-Spec(Md(Z[1/N ])sym). Restricting to the partial subring Md(Z[1/M ])sym ⊆
Md(Z[1/N ])sym, we obtain a prime partial ideal P = P ′ ∩ Md(Z[1/M ])sym. Fix
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1 ≤ i ≤ r, and note that Z[1/M ] ⊆ Z[1/Mi] because M divides Mi. We claim that

MiId ∈ P.

Denote Q = { 1
Me

i
·x |x ∈ P, e ≥ 0} ⊆ Md(Z[1/Mi])sym. It is straightforward to verify

that Q is also a partial ideal of the partial ring R = Md(Z[1/Mi])sym, and that it
still satisfies the condition that if r, s ∈ R are commeasurable and rs ∈ Q, then r or
s lies in Q. But p-Spec(R) = ∅, so Q cannot be a prime partial ideal. This is only
possible if Q = R. Thus Id ∈ Q, from which it follows that (MiId)e = M e

i · Id ∈ P

for some i ≥ 0. Because P is prime, it follows that MiId ∈ P as claimed.
Finally, use Bézout’s identity to write M =

∑
ciMi for some ci ∈ Z. Because

the elements MiI ∈ Md(Z[1/M ])sym are pairwise commeasurable and P is a partial
ideal, we must have

MId = c1(M1Id) + · · · + cr(MrId) ∈ P.

But then Id = ( 1
M Id)(MId) ∈ P , contradicting that P (and thereby P ′) is prime.

Using the strategies described above, can apply the results of Sec. 2 to charac-
terize exactly which of the rings of the form K = Z[1/N ] (i.e. finitely generated
subrings of Q) have p-Spec(M3(K)sym) = ∅. We also have partial information in
dimensions 4 and 5, and the strongest possible result holding for dimensions d ≥ 6.

Theorem 10. Let N and d denote a positive integers below.

(1) The partial ring M3(Z[1/N ])sym has a prime partial ideal if and only if N is
not divisible by 6.

(2) For d = 4, 5, if N is even then p-Spec(Md(Z[1/N ])) = ∅.
(3) If d ≥ 6, then p-Spec(Md(Z)) = ∅.

Proof. (1) If N is not divisible by 6, then it is relatively prime to 2 or 3 (possibly
both). This means that N is a unit modulo 2 or 3, so that we have a ring homo-
morphism from Z[1/N ] → Fp, and consequently a morphism M3(Z[1/N ])sym →
M3(Fp)sym, for either p = 2, 3. By [5, Theorem 3.4] there exists a prime partial
ideal of M3(Fp)sym for each of these values of p, and its preimage gives a prime
partial ideal of M3(Z[1/N ])sym.

Now suppose that N is divisible by 6. By [6], the set S3(30) has no Kochen–
Specker coloring, and by Theorem 3 the set S3(462) has no Kochen-Specker coloring.
Because 6 = gcd(30, 462), it follows from Lemma 9 that M3(Z[1/N ])sym has no
prime partial ideals.

(2) If N is even, then Sd(N) ⊇ Sd(2) has no Kochen–Specker coloring by Theorem 5.
It follows from Lemma 8 that Md(Z[1/N ])sym has no prime partial ideals.

(3) Uncolorability of S4(2) as in part (2) above implies that Proj(M4(Z[1/2])) has
no KS coloring. It follows from [5, Lemma 2.17(3)] that Proj(M6(Z[1/2]) also has
no KS coloring. As shown in Theorem 5, S6(3) also has no KS coloring. Because
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1 = gcd(2, 3), Lemmas 8 and 9 imply that M6(Z)sym has no prime partial ideals.
The claim for Md(Z)sym with d ≥ 6 now follows from [5, Lemma 2.17(4)].

We are finally ready to prove our main result from Sec. 1.

Proof of Theorem 1. (1) First suppose that 6 | N . By Theorem 10 and [5,
Lemma 2.4], there is no morphism of partial rings M3(Z[1/N ])sym → C for any
nonzero commutative ring C.

Now suppose that p � N for either p = 2, 3. Then the (unique) ring homo-
morphism Z[1/N ] → Fp induces a morphism of partial rings M3(Z[1/N ])sym →
M3(Fp)sym. There exists a morphism of partial rings M3(Fp)sym → Fp6 as in the
proof of [5, Theorem 3.5]. Composing these maps gives a morphism of partial rings

M3(Z[1/N ])sym → Fp6

to a commutative ring, proving the claim.

(2–3) The nonexistence of morphisms of partial rings in these cases follows directly
from [5, Lemma 2.4] and Theorem 10.

In Theorem 1(2), there is the remaining question of whether one can construct an
algebraic hidden state for Md(Z[1/2])sym in dimensions d = 4, 5. The construction
in the case of dimension 3 began with a coloring Proj(M3(F3)), which was extended
using [5, Appendix A] to a morphism of partial rings to an extension of F3. But that
method of extension relied crucially on the three-dimensionality of the situation.
It is conceivable that a similar method could leverage a coloring such as that of
Proposition 6 to define a morphism of partial rings. But such an approach would
still require some fresh insights, so we do not pursue it further in this paper.

The results of Sec. 2 also allow us to investigate KS colorability of projections
over some rings of number-theoretic interest. This was explored to some extent
in [5], including for finite fields of prime order. We are now able to extend this
treatment to p-adic numbers and localizations of the ring of integers in a unified
way. For a prime p, let Fp = Z/pZ denote the field with p elements, let Zp denote
the ring of p-adic integers, and let Z(p) = {a/b ∈ Q | a, b ∈ Z, p � b} denote the
localization of the integers at the prime ideal (p).

Corollary 11. Let p be a prime, and let R denote any of the rings Fp, Z(p), or Zp.
Then:

(1) Proj(M3(R)) has a Kochen–Specker coloring if and only if p = 2, 3.
(2) Proj(M4(R)) has a Kochen–Specker coloring if and only if p = 2.
(3) Proj(M5(R)) has no Kochen–Specker coloring for p > 2.
(4) For d ≥ 6, Proj(Md(R)) has no Kochen–Specker coloring.

Proof. (1) For each prime p we have injective and surjective ring homomorphisms
Z(p) ↪→ Zp � Fp. These induce homomorphisms between their corresponding
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matrix rings, which restrict to morphisms of partial Boolean algebras

Proj(M3(Z(p))) → Proj(M3(Zp)) → Proj(M3(Fp)).

For p = 2, 3 it follows from [5, Theorem 3.4] that Proj(M3(Fp)) has a Kochen-
Specker coloring. By lifting along the morphism Proj(M3(Zp)) → Proj(M3(Fp))
(see also [5, Theorem 2.13]), we obtain a coloring of the 3 × 3 projection matrices
over Zp and Z(p).

For p = 5, we have Z[1/462] ⊆ Z(5) and for p > 5 we have Z[1/30] ⊆ Z(p).
In light of Lemma 8, the 3 × 3 projection matrices over Z[1/462] are uncolorable
by Theorem 3, while those over Z[1/30] are uncolorable by [6]. In either case, we
can embed an uncolorable set in Proj(M3(Z(p))), and the image of this set remains
uncolorable over Zp and Fp.

(2–4) For p > 2 we have Z[1/2] ⊆ Z(p), and if d ≥ 4 then Proj(Md(Z[1/2])) is uncol-
orable by Theorem 5 and Lemma 8. The proof of (2) is completed by noting that
Proj(M4(F2)) is colorable according to Table 3, from which Proj(M4(R)) inherits a
coloring as in part (1). The proof of (4) is completed by noting that Z[1/3] ⊆ Z(2)

and again combining Theorem 5 with Lemma 8.

In spite of the fact that Theorems 1 and 10 give precise characterizations for all
values of N in dimensions d = 3 and d ≥ 6, Question 2 remains wide open for those
same dimensions. (It seems almost an accident that the question can be answered
precisely for d = 4, 5 as in Corollary 7.) We close with some observations related to
this number-theoretic coloring problem.

If S3(6) has no KS coloring, this would provide a clean, parallel answer to the
question in the sense that S3(N) would be KS uncolorable if and only if 6 |N .
It would also provide a more straightforward proof of Theorem 10 (and thereby
Theorem 1) without the need to refer to both of the sets S3(30) and S3(462).

However, our computational exploration (Table 1) has failed to produce an
uncolorable set in S3(6) to very large norm, suggesting that perhaps this set has a
KS coloring. If S3(6) turns out to be KS colorable, it is far from clear what property
would separate those values of N that produce KS colorable sets from those that
do not. For instance, it was shown by Salt [20, Table 3.2] that S3(714) is also KS
uncolorable, where 714 = 2 · 3 · 7 · 17.

Below are some naive but seemingly difficult questions that highlight how much
mystery remains in Question 2:

• Is there any value of d such that there exist infinitely many squarefree integers
{Ni}∞i=1 with Sd(Ni) uncolorable and Ni � Nj for i �= j?

• Given any integer N ≥ 2, does there exist d sufficiently large such that Sd(N) is
KS uncolorable?

A resolution of either of these questions would undoubtedly require intriguing
number-theoretic insights.
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