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Two different models were analyzed: single phase (homogenous and dispersion) 

and two-phase (Lagrangian-Eulerian model or discrete phase model and the mixture) with 

both constant and temperature dependent properties to further investigate and clarify the 

differences and evaluate the assumption of the single-phase model. The obtained results 

were subjected to an intensive comparison with the available experimental data and 

numerical works in the literature. The influence of some important parameters such as, 

source and sink terms, injected particle mass flow rate, particle diameter, particle type, slip 

velocity, particle forces, Reynolds and Peclet numbers, wave amplitude, constant or 

temperature dependent properties and particle concentration on the heat transfer and flow 

characteristics of nanofluids were determined and discussed in detail. It was observed that 

the two phase Lagrangian-Eulerian model (DPM) overestimated the heat transfer 

coefficient values and the results from the mixture model displayed an unrealistic increase 
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in heat transfer particularly for high particle volume fraction. The proposed single-phase 

approach revealed a very good agreement with the experimental data and the maximum 

difference in the average heat transfer coefficient between the single-phase and DPM was 

found to be 5.9%.  

Particle deposition through porous media was analyzed utilizing the discrete 

particle model (DPM). The Brinkman-Forchheimer extended Darcy model was used for 

the flow inside a saturated porous matrix. The effect of porous permeability (Da=10-8-10-

4), Reynolds number (Re=500-2000), volume concentration (0%, 0.3% and 3%) and 

different particle forces on the deposition rate have been documented. The particle 

adhesion/detachment was solved with respect to the force balance considering drag, 

Saffman lift, Brownian, thermophoresis, gravity and Van Der Waals. Our results reveal 

that the mass deposition rate can be omitted when there is no porous media inside the 

channel. It is found that, the porous permeability has a substantial role on nanoparticle 

mobility and a critical Reynolds number (500≤Re≤1000) exists where the entrapment rate 

is maximized. The impact of different pertinent forces on the deposition was also 

considered, and our results establish that Brownian motion had the most dominant effect 

on the deposition rate in the presence of a porous medium.  
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Chapter 1: Analysis of Single Phase, Discrete and Mixture Models, in Predicting 

Nanofluid Transport 

 

Nomenclature: 

a  particle’s acceleration  

Cp  specific heat transfer, J
kgK

 

cst. constant properties 

D tube diameter, m  

d nanoparticle diameter, nm  

F body force, N  

g gravitational acceleration, 2
m

s
 

Gz Graetz number, 
2VD

L
 

H total enthalpy, kJ
kg

 

h heat transfer coefficient, 2
W

m K
 

k thermal conductivity, W
mK

 

L tube length, m  

m mass, kg  



2 
 

Nu Nusselt number, hD
k

 

P pressure, Pa  

Pr Prandtl number, pC

k
 

q wall heat flux, 2
W

m
 

r radial coordinate, m  

ro tube radius, m  

Re Reynolds number, 
VD

 

Sm, Se source and sink terms 

T fluid temperature, K  

*

T  dimensionless temperature, w

b w

T T
T T

 

t time, s  

V velocity vector, m
s

 

Vdr drift velocity, m
s

 

V  cell volume, 3m  

var. variable properties 

z axial coordinate, m  
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Greek letters: 

 thermal diffusivity, 
2m

s
 

 dynamic viscosity, Pa s  

 density, 3

kg
m

 

 particle volume fraction 

 wall shear stress, Pa  

kB Boltzmann constant, 231.3807 10 J
K

 

 kinematic viscosity, 
2m

s
 

Subscripts: 

av average  

b bulk mean 

bf base fluid 

i inlet 

m mixture 

n total number of particles 

nf nanofluid 

p nanoparticle 

w wall 

o reference to inlet condition  
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1. Introduction 

Nanofluids have shown better heat transfer enhancement and energy saving over 

base fluids in thermal applications [1,2]. Typical nanofluids are mixture of conductive solid 

particles 1- 100 nm in diameter suspended in a base fluid which can be used in several 

applications such as electronic cooling, heat exchangers, automotive and air conditioning. 

The thermal conductivity of the particle materials, such as Al2O3, CuO, Cu are typically 

several orders-of-magnitude higher than the base fluid. As such, even at low 

concentrations, they have shown significant increases in the heat transfer coefficient [2–6].  

Numerical and experimental studies were carried out by many researchers to 

evaluate the effect of utilizing nanofluids as the working fluid to enhance the thermal 

performance. Some analytical and experimental results [4,7] show that using a nanofluid 

as the working fluid is an efficient method to reduce the thermal resistance and entropy 

generation in a heat pipe. Other experimental studies [8–11] have shown that nanofluids 

possess higher heat transfer characteristics than the base fluid particularly for small particle 

diameters. It has been observed [9] that the enhancement in the heat transfer coefficients 

in the developing region is higher than that in the developed region. However, classical 

correlations for pure fluids cannot properly estimate the enhancement in the forced 

convective heat transfer of nanofluids for both constant wall temperature and constant heat 

flux boundary conditions [12,13]. 

Numerical investigation of forced convective heat transfer for water-Al2O3 

nanofluid inside a circular tube under constant wall heat flux were presented by several 

investigators [14–16]. A new concept of combined/hybrid nanofluids based on 
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CNTs+Al2O3, was introduced by Nuim Labib et al. [17]. They used two-phase mixture 

model to study forced convective heat transfer under constant wall heat flux. Their results 

showed that the combined mixture tends to enhance the convective heat transfer 

significantly because CNTs shows higher shear thinning behavior which results in a thinner 

boundary layer. In addition, using Ethylene Glycol as a base fluid instead of water appears 

to be more efficient in enhancing the heat transfer. Moghadassi et al. [18] investigated 

Al2O3/water and hybrid nanofluids with 0.1% volume concentration flowing inside a 

horizontal tube for steady state laminar region (Re<2300). Khanafer et al. [19] presented a 

critical investigation to study the effect of nanoparticle addition, temperature and 

nanoparticle size-dependence on the specific heat capacity of both conventional and molten 

salt-based nanofluids. A general correlation for Al2O3-water nanofluids that takes into 

account the effect of temperature, volume fraction and nanoparticle size was developed 

and verified. Buongiorno [20] theoretically studied the effect of nanoparticle thermal 

dispersion on the energy transfer of nanofluids by considering seven slip mechanisms that 

can produce a relative velocity between the nanoparticles and the base fluid. 

In our study, we investigate forced convective flow of nanofluids inside a circular 

tube under constant wall heat flux boundary condition. Ansys Fluent software [21] is used 

to solve the governing equations by means of a finite volume method. Three models were 

carried out for the simulation: single-phase and two phase (which included both Eulerian-

Lagrangian and mixture models) to evaluate the percentage difference in predicting the 

nanofluid heat transfer coefficient between the investigated models and the physical effects 

of some important parameters on the flow behavior for nanoparticles volume fraction from 
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1% to 4%, taking into account constant and temperature dependent thermophysical 

properties. The results were compared with the experimental data of Wen and Ding [9], 

Kim et al. [11] and the numerical work of Bianco et al. [14]. 

2. Thermophysical properties of the nanofluid for a single-phase model 

Conventional heat transfer fluids such as water have inherently low thermophysical 

properties as compared to solids. Therefore, dispersing colloidal small conductive solid 

particles such as AL2O3 ≤100 nm in diameter can enhance the thermophysical properties 

for the base fluid. The thermophysical properties for the base fluid and alumina particles 

are given in table 1.1. Researchers have proposed several correlations that can allow 

calculating properties such as thermal conductivity, density, viscosity and heat capacity, 

but there are still issues [5] regarding the proper correlations for predicting thermal 

conductivity and viscosity within an acceptable range. Therefore, further studies need to 

be conducted in this field. 

Table 1.1 Physical properties of the base fluid and nanoparticles at Ti=293 K. 

 

2.1.Nanofluid density and specific heat 

Solid-liquid mixture equations for estimating the density and specific heat capacity 

of nanofluids were employed from the following equations [5,22–25]: 

     

Properties Water Al2O3 

Cp (J/kg K) 4182 733 

k (W/m K) 0.6 36 

ρ (kg/m3) 998.2 3880 

µwater = 0.001003 kg/m s   
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(1 )
nf bf p

   = − +  (1) 

(1 )Cp Cp Cp
nf bf p

 = − +  
(2) 

2.2.Nanofluid dynamic viscosity 

2.2.1. Constant properties 

For constant properties, the effective viscosity depends only on the volume 

fraction . A least-square curve fitting, based on some experimental data available in 

the open literature was performed by Maiga et al. [26] leading to the following 

correlation: 

21 7.3 123
nf

bf


 


= + +  

(3a) 

2.2.2. Temperature dependent properties 

The following correlations are used as given in [5]: 

7 2 4 22.9 10 2.0 10 3.4 10T T
nf

 − − −=  −  +         for 1%  

(3b) 

 

7 2 4 23.4 10 2.3 10 3.9 10T T
nf

 − − −=  −  +         for 4%  

2.3.Nanofluid thermal conductivity 

2.3.1. Constant properties 

The same procedure used for the dynamic viscosity is employed. Therefore, for 

example for Al2O3 the following equation is considered [26]: 
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21 2.72 4.97

k
nf

k
bf

 = + +  
(4a) 

2.3.2. Temperature dependent properties 

The following equations are used as suggested by Bianco et al. [14] and Palm 

et al. [27]: 

0.003352 0.3708k T
nf

=  −        for 1%  

(4b) 

 
0.004961 0.8078k T

nf
=  −        for 4%  

The physical properties of the base fluid as a function of temperature can be represented 

as given in Comsol Multiphysics software: 

4 2 7 31.38 0.021224 1.36 10 4.6454 10

10 4 13 5 16 68.904 10 9.08 10 3.8457 10

T T T
bf

T T T

 − −= − +  − 

− − −+  −  + 

 (5) 

5 2 9 30.86908 0.0089488 1.5836 10 7.97543 10k T T T
bf

− −= − + −  +   
(6) 

3. Solution Scheme 

Two way coupling between the fluid and the solid phase is considered during the 

simulation. As such, the fluid can affect the particle motion by drag, and the particles can 

exchange momentum and energy with the continuous fluid. The code is based on finite 

volume method and the SIMPLE algorithm to couple pressure and the velocity fields.  

PRESTO scheme for pressure, QUICK for volume fraction and SECOND ORDER 

UPWIND for other parameters were considered to discretize the governing equations. 
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Nanoparticles injected with two different mass flow rate values (1% and 4%) were 

considered. It was found that increasing the injected particle mass flow rate does not change 

the nanofluid heat transfer coefficient significantly.  

For discrete phase model, the solver completes 220 flow iterations per DPM 

iteration for =1% and =4%. For each discrete-phase iteration, the particle trajectories 

were computed and the interphase exchange of the momentum, heat, and mass in each 

control volume were updated. These interphase exchange terms affect the continuous phase 

when the continuous phase iteration is performed. During the coupled calculation, ANSYS 

Fluent will perform the discrete phase iteration at specified intervals during the continuous-

phase calculation. The coupled calculation continues until the continuous phase flow field 

no longer changes with further calculations. When convergence is reached, the discrete 

phase trajectories no longer change either, since changes in the discrete phase trajectories 

would result in changes in the continuous phase flow field [28]. 

4. Boundary conditions, geometric configuration and grid independence study 

A two dimensional (2D) axisymmetric geometry was considered with a very fine 

mesh near the tube wall to capture the near wall behavior of the nanofluid. A non-uniform 

quadratic mesh is used as shown in figure 1.1 with a relatively coarse mesh in the vicinity 

of the tube axis since the flow properties along the central portion is expected to change 

more gradually. The tube is chosen to be long enough to ensure a fully developed flow at 

the tube outlet section. The tube is subjected to a constant wall heat flux boundary condition 

with a uniform axial velocity and temperature profile for the inlet section. The nanofluid is 
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composed of water and Al2O3 particles with an average size of 100 nm and different 

volume fractions.  

 

Figure 1.1 Geometrical and mesh configurations for the current study. 

 

Figure 1.2 Grid independence results. 
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To perform a grid independence test, four grid densities 15x500, 25x1000, 50x1250 

and 80x1400 were used as shown in figure 1.2. Graphs of local Nusselt number were 

observed for Re=250 and q=5000 W/m2 as well as higher Reynolds numbers. There was 

less than 0.2% difference in the local Nusselt number between the largest grid (80x1400) 

and the second largest grid (50x1250). Therefore, the latter grid is selected for simulation. 

5. Mathematical Modeling 

5.1.Homogenous single-phase approach 

This approach assumes that the nanoparticles can be easily fluidized to reach 

the base fluid velocity, thus the nanofluid is taken as a homogenous fluid flow with 

enhanced thermophysical properties. Further, this model considers both liquid and 

particle phases are in thermal equilibrium and move with the same velocity [29]. The 

dimensional governing equations for steady state single-phase model are as follows 

[14,22,23,30]: 

Continuity, 

. 0V
nf

 
 = 

 
 (7) 

Momentum, 

. .VV P V
nf nf

    
 = − +     

   
 (8) 

and Energy, 
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. .VCpT k T
nf nf

   
 =     

   
 

(9) 

5.2. Lagrangian-Eulerian approach (DPM) 

In the Lagrangian-Eulerian model (or discrete-phase model) the continuous 

phase is treated as a continuum, while the dispersed phase is solved by tracking a large 

number of spherical particles. The dispersed phase can exchange momentum, mass and 

energy with the base fluid. A fundamental assumption made in this model is that the 

dispersed phase is sufficiently dilute such that particle-particle interaction is almost 

negligible. The fluid is considered to be a single fluid with two phases, and the coupling 

between them is strong [28]. 

The following equations represent the mathematical formulation of Lagrangian-

Eulerian two phase model [14,16,22]: 

Continuity, 

. 0V
nf

 
 = 

 
 (10) 

Momentum, 

. .VV P V S
nf nf m

    
 = − +   +   

   
 (11) 

and Energy, 

. .VCpT k T S
nf nf e

   
 =   +   

   
 (12) 
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In the DPM model, the solid phase (particles) and the fluid phase (base fluid) 

are simulated with a full two-phase method. The two sets of equations are linked by 

source/sink terms Sm and Se which represent the integrated effects of the momentum 

and energy exchange with the base fluid as particles are moving through an element of 

Eulerian phase of the base fluid with volume of δV. The source and sink terms are 

updated after a certain number of base fluid iterations. These terms are identically equal 

to zero in the case of single-phase model. 

The momentum exchange between the particles and the base fluid is calculated as [31]: 

1

1

n
S F

m pV p
= 

=

 (13) 

In the Lagrangian reference frame, the trajectories of particles are calculated by 

an integrating method and the force balance equates the particle inertia with the forces 

acting on the particle. The equation of motion of the particle is given by Eq. (14) as in 

Mirzaei et al. [31]: 

dV
p

m F F F F F F F
D g L Br T P vdtp

= + + + + + +  (14) 

where 
pV  is the particle velocity, mp is the particle mass and the right-hand side 

represents the forces acting on the particle which are resistance FD, gravity Fg, 

Saffman’s lift FL, Brownian FBr, Thermophoresis FT, pressure gradient FP and virtual 

mass forces Fv respectively. To solve Eq. (14), we have to specify the proper 

correlations for each force term as follows: 
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- Drag force FD is determined by stokes’ relationship for submicron particles which 

imposes a limitation for the model, because stokes relationship is valid for Red ≤ 0.1, 

where Red is defined as [23]: 

Re

d V Vp cp

d





−

=  (15) 

and, 

( )
18

2
F V V mpD p

d C
p p c




= −  

(16) 

where Cc is the Cunningham correction factor for the stokes’ relationship [32]: 

( )1.1
2 21 1.257 0.4

d

C e
c d

 
 −
 = + +
 
 

 (17) 

where 𝜆=0.17 nm is the mean free path for the base fluid and 
cV is the continuous phase 

velocity.  

- Gravity force Fg is defined as follows: 

g
p

F
g

 



 
− 

 
=  (18) 

- Saffman’s lift force FL is determined by [33]: 
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( )
( )

1
22

1
4

Kv d
ij

F V V pL

d d d
p p lk lk





= −  (19) 

where K=2.594 is the constant coefficient of Saffman’s lift force and dij is the rate 

deformation tensor defined as: 

1

, ,2
d u u
ij i j j i

 
= + 

 
 (20) 

This form of the lift force is intended for small particle Reynolds numbers and is 

recommended only for sub-micron particles [21]. 

- Brownian force FBr is calculated by [28]: 

S
oF

Br i t


=


 (21) 

where 𝜁𝑖 are zero-mean, unit-variance-independent Gaussian random numbers and So 

is: 

216

2 5

vk T
BS

o
p

d C
P c


 



=
 
 
 
 

 

(22) 

where kB is the Boltzmann constant. 

- Thermophoresis force FT is determined using the form suggested by Talbot et al. [34]: 
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26

1

(1 3 ) 1 2 2

k
d C C K

p s t nk
p

F T
T m T

pk
C K C K

m n t nk
p

 



 
 +
 
 

= 
  
  + + +
   

  

 (23) 

where: 

Kn: Knudsen number = 2𝜆/dp  

Cm: momentum exchange coefficient = 1.146 

Ct: temperature jump coefficient = 2.18 

Cs: thermal slip coefficient = 1.147 

- Pressure gradient force Fp is given by: 

.F V V
p p

p





 
 = 
 
 

 (24) 

where V is the axial velocity. 

- Virtual mass force Fv, the force required to accelerate the fluid surrounding the particle 

is expressed as: 

dV
p

F C V Vpv vm dt
p





 
 =  −
  
 

 (25) 

where Cvm is the virtual mass factor with a default value of 0.5. 



17 
 

By solving Eq. (13), the momentum exchange Sm will be available through 

computing the change in the momentum of a particle as it passes through each control 

volume of the Eulerian base fluid. Because of the small scale and high thermal 

conductivity of nanoparticles, the particles can be considered as a lumped system. 

Therefore, the energy balance for a particle can be written as: 

dT
p

m Cp hA T T
p p pdt

 
= − 

 
 (26) 

where, the heat transfer coefficient h is calculated from Ranz and Marshall’s correlation 

[35]: 

11
322 0.6Re Pr

h d
Nu

dk


= = +  (27) 

Once Eq. (26) is solved, it is possible to obtain the energy exchange following the same 

approach used for the momentum equation: 

1

1

dTn p
S m Cp

e pV dtp
= 

=
 (28) 

The main assumption of the DPM approach is represented by the correlations 

used to evaluate the forces and heat transfer coefficient which were originally 

developed for the submicron particles.  

5.3.Mixture model 

This is a simplified multiphase model that uses a single fluid two-phase 

approach, by assuming the coupling between phases is strong, and a local equilibrium 
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between the phases should be reached over a short spatial length scale. In this model, 

each phase has its own velocity vector field and within a given control volume there 

exists a certain fraction for each phase. In addition to continuity, momentum and energy 

equations, mixture model solves the volume fraction equation for the secondary phase. 

It then uses an algebraic expression to calculate the relative velocity between the 

phases. 

The following dimensional equations represent the mathematical description of 

mixture model governing equations [15,17,33]: 

Continuity,  

( ). 0V mm
 =  (29) 

Momentum, 

( ) ( ). . . , ,
1

n
V V P V V Vm m m dr k dr km m k k

k

   
 

 = − +   +   
 

= 

 (30) 

Energy, 

( )( ) ( ). .

1

n
V H P k Tkk k k

k

  + =  
=

 (31) 

and volume fraction equation, 

. . ,V Vm dr pp p p p
      

 = −   
   

 (32) 

where V⃗⃗ m, ρ
m

, µ𝑚 and Hk are expressed as: 
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1

n
V kk k

kV m

m

 




==  

(33) 

1

n

m k k
k

  = 
=

 (34) 

1

n

m k k
k

  = 
=

 (35) 

2

2

vP kH h
k k

k


= − +  (36) 

In the momentum equation (30) �⃗� 𝑑𝑟,𝑘 is the drift velocity for the secondary phase k 

(i.e., nanoparticles) which is defined as: 

,
V V V

dr k k m
= −  

(37) 

The relative velocity (slip velocity) is defined as the velocity of the secondary phase 

(p) relative to the velocity of the primary phase (base fluid): 

V V Vpf p f= −  (38) 

The drift velocity is related to the relative velocity as follows: 

,
1

n
k kV V Vdr p pf fk

k m

 


= − 

=

 (39) 

The relative velocity �⃗� 𝑝𝑓 in the above equation is calculated from Eq. (40) proposed by 

Manninen et al. [36]: 
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2

18

d
p mp p

V apf
f

m drag p

 

 

 
− 

 =  (40) 

where the drag function, f drag, is determined by Schiller and Naumann’s correlation 

[37]: 

0.6871 0.15Re

0.0183Re

p
f
drag

p

 +


= 



 (41) 

The acceleration in Eq. (40) can be expressed as: 

( )a g V Vm m= −    

In this model, only one set of velocity components is solved from the 

differential equations for the mixture momentum, while the velocity of the dispersed 

phase is obtained from the algebraic balance equations. Also, it is important to note that 

the primary phase impresses the secondary phase via drag, while the secondary phase 

in turn influences the primary phase via reduction in the mean momentum. In addition, 

the continuity, momentum and energy equations are solved for the whole mixture rather 

than utilizing the governing equations for each phase independently. 

6. Results and discussion 

Results were first obtained for pure water flow inside a circular tube to evaluate the 

accuracy and reliability of the grid distribution and the model. The obtained local Nusselt 

number was validated with a correlation presented by Churchill and Ozoe [38] with an 

average deviation of under 2% as shown in figure 1.3 for thermally and hydraulically 

Rep ≤ 1000 

Rep ≥ 1000 
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developing flow with a uniform heat flux of 5000 W/m2. The Churchill and Ozoe [38] 

correlation is as follows:  

1
3 3

2

19.041
1 1 1

2 2 26 2 3Pr 34.364 1 1 1
29.6 0.0207 29.6

Gz
Nu

D

Gz Gz

 
  
  
  
  
  = +   
                 +  + +                       

  

 (42) 

Equation (42) agrees within 5% with other investigators numerical data for Pr=0.7 and 

Pr=10 [39].  

 

Figure 1.3 Model validation with Churchill and Ozoe’s correlation [38]. 
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Next, laminar flow of Al2O3/water nanofluid is considered with particle diameter 

dp = 100 nm. Three different models were used in the numerical simulation: single-phase 

homogenous and two phase (Lagrangian-Eulerian and mixture) models for three different 

particle loadings ( =1%, =3% and =4% by volume) and Re=250, 500, 750, 1050 and 

1460 with three different constant wall heat flux boundary conditions, q=5000, 7500 and 

10000 W/m2 considering both constant and temperature dependent properties. The results 

were compared with experimental and numerical data available in the open literature.  

Figure 1.4 (a) and (b) shows the comparison of the wall and bulk fluid temperature 

profiles along the tube axis with Bianco et al. [14] numerical results for q=5000 W/m2 and 

Re= 250 for constant and temperature dependent properties. The average differences in the 

wall temperature between single-phase model and DPM for =1% and =4% and variable 

properties were 0.15% and 0.001% respectively, while the maximum discrepancy between 

the present study and Bianco et al. [14] was found to be 4.3% at tube exit for the discrete 

phase model for =1%. However, the converged solution was kept at the very low relative 

tolerance of 10-6 for all of the equations. If the tolerance was increased to around 10-3 for 

the continuity equation, the wall temperature profiles for all the models would coincide 

with Bianco et al. [14] results. The fluid bulk temperature decreases appreciably with the 

augmentation of the particle volume fraction since the nanoparticles have a beneficial 

effect on the thermal properties of the resulting mixture. For example, the product ρCp 

increases as much as 7.8% for =4% with respect to the base fluid at =0%. Therefore, 

introducing the nanofluid decreases the wall and bulk temperatures over the base fluid as 

shown in figure 1.4 (a).  
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(a) 

 

(b) 

Figure 1.4 Comparison of the wall and bulk temperature profiles along the tube axis with 

Bianco et al. [14] for different volume fractions: (a) Temperature dependent properties and (b) 

Constant properties 
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(a) 

 

(b) 

Figure 1.5 Comparison of the temperature profile along the tube radius at z/L = 0.99 m for 

different volume fractions for q = 5000 W/m2 and Re = 250 with Bianco et al. [14]: (a) 

Temperature dependent properties and, (b) Constant properties. 
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There is a significant difference between the constant and variable properties results 

in Bianco et al. [14] study, as also reported in Özerinç et al. [12]. Figure 1.5 (a) and (b) 

show the temperature profiles across the tube cross section at z/L=0.99 m for =1% and 

=4% and the investigated models for the two cases. It can be noticed that the difference 

between the base fluid and nanofluid temperature dramatically increases as the tube radius 

and volume fraction increases, indicating that higher heat transfer rates with nanoparticles 

is achieved. In the vicinity of the tube wall, it is important to consider a very fine mesh to 

predict the change in the wall temperature accurately. 

Adding nanoparticles to the base fluid can change the radial temperature profile, 

but it is clear from the figure that the single phase model can predict the temperature 

distribution very well in comparison with the two-phase model for constant and 

temperature dependent properties where the average deviation between the investigated 

models for temperature dependent properties for =1% and =4% are 1.3% and 1.8% 

respectively. However, in figure 1.5 the maximum discrepancy between the current study 

and Bianco et al. [14] occurs at  = 1% for constant properties mostly because we used 

relatively finer mesh in the area around the center line and the tube wall. Our results show 

that the nanoparticles have a tendency to migrate toward the tube centerline for developing 

region, while in fully developed region nanoparticles follow the streamlines and remain 

parallel as shown in figure 1.6 (a). It is clearly observed that the velocity profile and 

hydrodynamic entrance length are independent of the concentration values and that the 

nanoparticles move with the fluid velocity. 
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(a) 

 

(b) 

Figure 1.6 Comparison of the radial velocity profiles for the current work with those of Bianco 

et al. [14] for q=5000 W/m2, Re=250 and: (a) z=0.2 m, (b) =4%. 



27 
 

Figure 1.6 (b) shows a comparison of the dimensionless radial velocity profiles for 

the current work with those of Bianco et al. [14] for a volume fraction of =4% along the 

tube radius at different axial locations for Re=250 and q=5000 W/m2. The hydrodynamic 

entry length is given by L h, laminar = 0.06 ReD D which is equivalent to z = 0.15 m from the 

inlet section.  

It can be observed that the nanofluid flow is fully developed at z=0.16 m. It should 

be noted that the dimensional axial velocity profile for the nanofluid increases with an 

increase in the volume fraction for the same Reynolds number because the density and 

viscosity of the nanofluid are the two properties which are directly proportional to the 

nanoparticle volume fraction. Therefore, different nanoparticle volume fractions have 

different mean velocities to enable the Reynolds number to remain constant. It should be 

noted that the nanofluid viscosity increases at a substantially faster rate with an increase in 

nanoparticle concentration as compared to the density. The results are in good agreement 

with Bianco et al. [14]. 

Figure 1.7 (a) and (b) show the comparison of the dimensionless temperature 

profiles for =0% and =4% at several tube locations respectively. A reduction of 2.5% 

in the dimensionless temperature profile at z=0.9 m over the base fluid =0% can be seen, 

indicating a better heat transfer rate between the wall and the fluid. Also, it can be observed 

that when the particle volume fraction increases the Prandtl number increases resulting in 

a longer thermal entrance length. The results are in excellent agreement with Bianco et al. 

[14]. 
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(a) 

 

(b) 

Figure 1.7 Comparison of the dimensionless temperature for the current work with those of 

Bianco et al. [14] for q=5000 W/m2 and Re=250 at different axial locations for: (a) =0% (b) 

 =4%. 
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(a) 

 

(b) 

Figure 1.8 Average heat transfer coefficient as a function of Reynolds number for q=1000 

W/m2 and Re=250 at: (a) constant properties and comparison of current results with those of 

Bianco et al. [14], (b) variable properties 
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As mentioned earlier, particle volume fraction influences the physical properties 

and increases the mixture thermal conductivity. As such, the wall to fluid convective heat 

transfer would be consequently more important, as it is clearly shown in the figure 1.8 (a) 

where there is a higher increase in the average heat transfer coefficient. Particularly when 

=4% and Re=1050 an enhancement of 25.97% in hav with respect to the base fluid =0% 

can be seen. The difference between the single phase and two phase models are higher in 

the case of temperature dependent properties as shown in figure 1.8 (b). The maximum 

discrepancies between the single-phase and discrete phase models for =1% and =4% 

considering variable properties are 5.9% and 3.2% respectively, while 5.5% and 4.6% 

respectively for constant properties. However, two-phase mixture model shows an 

unrealistic increase in the average heat transfer for small changes of the particle volume 

fraction because its thermal predictions are quite different from the other models as shown 

in figure 1.9. The total enthalpy in Eq. (31) for the mixture model increases significantly 

compared to others resulting in high heat transfer values. However, in case of Bianco et al. 

[14] study, 12.3% differences are detected between the single phase and discrete phase 

model for =1% and constant properties. Particularly, the two-phase model leads to 

overestimated values. Considering variable properties, the nanofluid simulation can give 

more accurate results specifically for high volume fraction  > 1%, since it will incorporate 

the changes in the thermal conductivity of the nanofluid with temperature. Our results were 

found to be in good agreement with the numerical work of Bianco et al. [14]. 
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Figure 1.9 Total enthalpy along the axial direction for Re=250, q=10000 W/m2 for different 

models. 
 

The effect of increasing injected particle mass flow rate from 1% to 4% of the fluid 

as a function of Reynolds number are shown in figure 1.10. It is clearly observed that 

increasing particle mass flow rate would not change the average heat transfer coefficient 

for the nanofluid significantly.  

In the single phase model, the effect of gravity, drag on particles and additional 

forces are omitted. However, these forces are present for the case of two phase model [6] 

as source and sink terms in the momentum and energy equations. As such, they may affect 

the wall temperature and ultimately the heat transfer coefficient. As such, the physical 

effects of the additional forces on the average heat transfer coefficient were considered in 

this study and reported in table 1.2. It is clearly seen that the additional force terms do not 
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play a significant role in the results regardless of the imposed heat flux. Therefore, they 

can be ignored when nanoparticles are considered.  

 

Figure 1.10 Effect of the injected particle mass flow rate on the nanofluid average heat transfer 

coefficient as a function of Reynolds number for q=10000 W/m2, =1% and DPM. 

 

Table 1.2 Effect of additional forces on the average heat transfer coefficients for a particle 

concentration of =1%. 

 

Physical effect Lift Brownian Thermophoretic Pressure Virtual All

2.26E-05 2.31E-05 0.00217997

Percentage increase 

250 1.57E-05 0.00277 2.97536E-05 0.00000 0.00000 0.00202177

750

1050

5000 7.95E-05 0.00169 4.12632E-05 1.28E-06 6.83E-05 0.00234402

2.54E-05 0.00082 8.22296E-05

Req(W/m
2
)
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As was shown earlier, the average heat transfer coefficient for the single-phase 

model is quite similar to that of the discrete phase model as shown in figure 1.8 (b). The 

percentage difference in the average relative heat transfer coefficient between the 

investigated models is shown in table 1.3 for =1% and =4% respectively. A maximum 

discrepancy of 5.9% was found between the single-phase model and DPM. When variable 

properties are taken into account the percentage difference decreases appreciably when 

particle volume fraction becomes 4%. However, the two-phase mixture model shows 

higher enhancement in nanofluids heat transfer particularly, for high particle volume 

fraction which makes it unreliable in predicting the values within an acceptable range. The 

single phase homogenous model shows a good agreement in modeling heat transfer in 

nanofluids. We had established that the effect of both source and additional force terms can 

be ignored.  

Table 1.3 Average values of hnf/hbf for Re=250 and different heat fluxes for (a) =1% 

(b) =4%. 

 

To show the reliability of the single-phase model assumption, two comparisons 

with the experimental data of Wen and Ding [9] for local heat transfer coefficient for Re = 

1050 and =1% and Kim et al. [11] for Re= 1460 and =3% for Al2O3/water nanofluid 

q(W/m
2
)

Cst. Var. Cst. Var. Cst. Var. Cst. Var. Cst. Var.

(a) ϕ=1%

5000 1.038 1.068 1.063 1.106 1.358 1.357 2.394 3.580 30.841 27.093

7500 1.038 1.079 1.063 1.122 1.347 1.333 2.404 3.926 29.782 23.489

10000 1.038 1.084 1.067 1.122 1.347 1.351 2.783 3.476 29.776 24.583

(b) ϕ=4%

5000 1.186 1.196 1.190 1.218 1.898 1.805 0.388 1.843 60.077 50.960

7500 1.185 1.213 1.190 1.211 1.898 1.815 0.392 0.099 60.097 49.702

10000 1.186 1.226 1.190 1.228 1.898 1.824 0.395 0.183 60.090 48.792

mixture model

mixture model perc. 

difference% 

compared to SPM

single-phase model 

(SPM)
DPM

DPM perc. 

difference% 

compared to SPM
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flow inside a circular tube subject to a constant wall heat flux were carried out as shown in 

figure 1.11 (a) and (b) respectively.  

It can be observed from figure 1.11 (a) that the mixture model can only predict heat 

transfer values for low particle volume fractions  ≤ 1% and for the developing region, 

while the numerical results from the single-phase model are in a good agreement with the 

measured data for the fully developed region z/D > 66. The maximum discrepancy with 

the experimental data is 5% at z/D=116 for the single-phase model, whereas, the average 

difference between the single-phase and the two-phase (DPM) models is less than 7%. 

Comparison with the recent experimental work of Kim et al. [11] shows that the 

numerical results from the single-phase model provide an excellent prediction for the 

nanofluid local heat transfer coefficient with an average error of 1.1% while mixture model 

failed in estimating the heat transfer values. It is important to note that the difference 

between the single-phase and DPM is relatively negligible as the volume fraction increases 

as shown in figure 1.11 (b) and table 1.3 (b). In figure 1.12 (a) comparison is carried out 

for the average Nusselt number for =1% and different Reynolds numbers for constant 

and temperature dependent properties. The results from the single-phase model for constant 

and variable properties show a good agreement with Bianco et al. [14] and the correlation 

provided by Maïga et al. [26] with a maximum deviation for Re=250. 
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(a) 

 

(b) 

Figure 1.11 Comparison of the present results with the experimental data of: (a) Wen and Ding 

[9], (b) Kim et al. [11]. 
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(a) 

 

(b) 

Figure 1.12 Average Nusselt number as a function of Reynolds for: (a) =1%, (b) =4%. 
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For the case of Re=250 the maximum discrepancies between the single-phase 

constant properties and single-phase variable properties is 4.4%. This difference decreases 

as the volume fraction increases to =4%. Figure 1.12 (b) shows that, the results from the 

single-phase variable properties are in excellent agreement with DPM with a maximum 

deviation of 3.2% for the case of Re = 1050 while the mixture model deviates much more 

over the whole range of Reynolds numbers. 

The temperature gradient can result in a significant decrease in the viscosity within 

the boundary layer leading to the heat transfer enhancement [19] as can be seen in figures 

1.13 (a) and (b). The substantial increase in heat transfer coefficient at the entry region and 

the enhancement strongly depends on the particle volume fraction.  

An average enhancement of 19.6% and 6.8% in heat transfer coefficient for =4% 

and =1% respectively over the base fluid can be seen in figure 1.13 (c) for variable 

properties and 3.8% and 18.6% for constant properties. The results are in good agreement 

with Bianco et al. [14] and the maximum discrepancy of 2% in heat transfer coefficient for 

a volume fraction of =1% for the constant property case. The two-phase (DPM) model 

slightly overestimates the heat transfer coefficient specifically for low volume fractions as 

shown in figure 1.13 (d) and reported in table 1.4, while two-phase mixture model provides 

an unrealistic value. Also, it can be clearly observed from figure 1.13 (c) that the difference 

between the constant and variable properties increases along the tube axis for all values of 

the volume fractions, which means that the constant property assumption could give an 

erroneous result particularly for low volume fractions i.e.,  < 1%. 
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 Figure 1.13 Heat transfer enhancement along the axial direction for Re=250 and q=5000 W/m2: (a) variable 

properties, (b) constant properties, (c) single phase model, (d) difference between single phase and two phase models 

for variable properties. 
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Table 1.4 Average and relative heat transfer coefficients for Re=250 and q=5000 W/m2 for 

different models. 

 

 

However, as the temperature increases the viscosity near the wall decreases due 

to the higher temperature gradient leading to lower wall shear stresses for variable 

property assumption as shown in table 1.5 where an average wall shear stress for 

different particle concentrations for Re=250 and q=5000 W/m2 is reported. When the 

particle concentration increases the average shear stress also increases. For all of the 

cases studied here, the values from constant properties are higher than those from 

variable properties and values from the two phase DPM model are higher than those for 

the single-phase model. 

 

 

Model Φ(%) hav [W/m
2
K] hnf/hbf Nuav Nunf/Nubf

H2O Cst. 351.420 1 5.886 1

Var. 373.734 1 6.260 1

single-phase Cst. 364.771 1.038 6.110 1.038

Var. 399.024 1.068 6.684 1.068

DPM Cst. 373.505 1.063 6.256 1.063

Var. 413.310 1.106 6.923 1.106

mixture model Cst. 477.275 1.358 7.995 1.358

Var. 507.131 1.357 8.495 1.357

single-phase Cst. 416.650 1.186 6.979 1.186

Var. 446.967 1.196 7.487 1.196

DPM Cst. 418.269 1.190 7.006 1.190

Var. 455.206 1.218 7.625 1.218

mixture model Cst. 666.966 1.898 11.172 1.898

Var. 674.744 1.805 11.302 1.805

0

1

1

4

4

1

4
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Table 1.5 Average wall shear stress for Re=250 and q=5000 W/m2 for different models. 

 

 

Figure 1.14 Pressure drop along the axial direction for different volume fractions. 

Model Φ(%) τav (pa) τnf/τbf

H2O Cst. 0.020 1

Var. 0.015 1

single-phase Cst. 0.023 1.145

Var. 0.017 1.185

DPM Cst. 0.032 1.571

Var. 0.024 1.630

mixture model Cst. 0.031 1.533

Var. 0.026 1.795

single-phase Cst. 0.041 2.008

Var. 0.030 2.032

DPM Cst. 0.050 2.476

Var. 0.041 2.836

mixture model Cst. 0.030 1.489

Var. 0.026 1.795

0

1

4

4

1

1

4
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An average increment of 16.9% and 120% in pressure drop for the volume fractions 

of =1% and =4% respectively over the base fluid =0% was observed in figure 1.14. 

Addition of nanoparticles increases the density and viscosity of the nanofluid and 

consequently results in a pressure drop penalty. Thus, larger values of particle volume 

fraction can influence the pressure drop remarkably and restricts their applications for the 

thermal systems working under limited pumping power condition [29], such as the case for 

electronic cooling. 

7. Conclusions 

    Three different models were analyzed in the current study: single-phase, mixture 

and discrete phase models considering both constant and temperature dependent properties 

to investigate differences in hydrodynamic and thermal characteristics between the cited 

models for nanofluids transport. Results when variable properties were taken into account 

displayed higher heat transfer enhancements and Nusselt numbers for nanofluids. The 

maximum deviation between single-phase and DPM was found to be 5.9%. Results also 

displayed that the two-phase mixture model did not properly predict the heat transfer results 

when variable properties were taken into account. It was found that, particles follow the 

fluid streamlines and the effect of additional forces on particles can be ignored, particularly 

for 1%<  ≤ 4%. In terms of the computational time and CPU usage, due to poor 

convergence criteria for DPM since the entire residual jumps up at each update of source 

terms in momentum and energy equations to obtain a converged solution, it took a far 

longer time for the continuity equation to reach the convergence limit with thousands of 
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iterations, while the single-phase model could provide the results within few minutes. The 

results for the heat transfer coefficient showed that inclusion of nanoparticles provided 

considerable enhancement over the base fluid. However, nanofluids introduced a pressure 

drop penalty and increased the wall shear stress. The results clearly established that the 

single-phase model could provide a fast and low cost method for analyzing nanofluids, 

since it only requires information about the mixture thermophysical properties without 

reference to the particles and the base fluid separately. A comprehensive comparison was 

done with the experimental and numerical works and it was found that the single-phase 

model is in a good agreement with the experimental data from Kim et al. [11] and Wen and 

Ding [9] and Miaga et al. [26] correlation and numerical study of Bianco et al. [14]. The 

number of source term updates in DPM simulations had a significant impact in increasing 

the required CPU time. It was established that the single-phase model can predict 

nanofluids transport attributes within an acceptable range without the need for using the 

two-phase models.  
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 Chapter 2: Analysis of Nanofluid Transport Through a Wavy Channel 

 

Nomenclature: 

a  particle’s acceleration  

C
f

 skin friction 

Cp  specific heat transfer, J
kgK

 

cst. constant properties 

d nanoparticle diameter, nm  

F body force, N  

g gravitational acceleration, 2
m

s
 

H height, m  

h heat transfer coefficient, 2
W

m K
 

k thermal conductivity, W
mK

 

L length, m  

m mass, kg  

Nu Nusselt number, hD
k

 

P pressure, Pa  
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Pe Peclet number, Re Pr  

Pr Prandtl number, pC

k
 

q wall heat flux, 2
W

m
 

R radius, m  

r radial coordinate, m  

Re Reynolds number, 
VD

 

Sm, Se source and sink terms 

T fluid temperature, K  

t time, s  

U axial velocity, m
s

 

V velocity vector, m
s

 

Vdr drift velocity, m
s

 

V  cell volume, 3m  

var. variable properties 

X dimensionless, x
H

 

x axial coordinate, m  
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Greek letters: 

 wave amplitude, m  

 dynamic viscosity, Pa s  

 density, 3

kg
m

 

 particle volume fraction 

kB Boltzmann constant, 231.3807 10 J
K

 

 kinematic viscosity, 
2m

s
 

λ mean free path, m  

Subscripts: 

av average  

bf base fluid 

c continuous  

d dispersion  

eff effective  

m mixture 

n total number of particles 

nf nanofluid 

o reference to inlet condition 

p nanoparticle 
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1. Introduction 

Fluid flow with heat exchange through tubes and channels is commonly used in 

many engineering applications such as power generation, solar collectors and chemical 

processing. Utilizing special surface geometries like a wavy or corrugated channel can 

potentially lead to an increase in heat transfer efficiency by promoting mixing due to 

growing recirculation regions near the wavy wall [1]. Further enhancement can be achieved 

by adding nanometer size particles such as Al2O3 and CuO, usually dp ≤ 100 nm to the base 

fluid. This production of conductive fluids with nanoparticles are known as “nanofluids” 

[2].  

For many engineering applications, the nanofluid has shown an increase in the rate 

of heat transfer and thermal conductivity based on various  experimental and theoretical 

studies [3–10]. Khanafer and Vafai [11] have presented a theoretical investigation of the 

thermophysical characteristics of nanofluids and their effect on the thermal performance. 

The effective thermal conductivity of nanofluids increases as the volume fraction and 

temperature increases, but it decreases with an increase in the particle diameter. The 

effective viscosity of nanofluids is directly proportional to the volume fraction while it 

decreases with an increase in the temperature. Darvanjooghi and Esfahany [12] 

experimentally investigated the effect of thermophysical properties of SiO2 nanoparticles 

on thermal conductivity of silica-ethanol nanofluid. Their experiments revealed that the 

thermal conductivity enhances with an increase in volume fraction and temperature. 
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To improve the thermal performance, researchers [13–18] have studied the effect 

of using nanofluids in heat pipes with different types of base fluids and nanoparticles. 

Ghanbarpour et al. [19] conducted an analytical and experimental study to examine the 

effect of nanoparticles on the thermal performance of a cylindrical heat pipe. They found 

that both the thermal resistance and entropy generation is reduced by using nanofluids in a 

heat pipe. Albojamal and Vafai [20] investigated the nanofluid flow inside horizontal tubes 

under different boundary conditions and particle volume fractions. In their analysis, they 

showed that the heat transfer coefficient increases as the particle volume fraction and 

Reynolds number increases, while as expected it is accompanied by a higher pressure drop 

and wall shear stress values. Also, the maximum average difference in the heat transfer 

prediction between the single phase and DPM was found to be 5.9%. A comparison 

between the effect of using three different types of two phase models (VOF, Eulerian, 

mixture) and the single phase on the heat transfer of Al2O3 – water nanofluid flowing inside 

a horizontal tube under constant wall heat flux boundary condition were numerically 

studied by Akbari et al. [21]. Their results showed that the single and two phase models 

predict nearly the same hydrodynamic fields but with different thermal behavior for the 

nanofluids. The predicted enhancement from the single phase and two phase approaches 

were different and none of them is equal to the corresponding experimental results mainly 

because they only considered the base fluid properties as a function of temperature and 

reflect that to the nanofluid. Also, they have indicated that the two phase model over-

predict the convective heat transfer when the volume fraction increases.  
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Geometrical configuration also plays a significant role in heat transfer enhancement 

and flow features. There are few works in the open literature that consider nanofluid flow 

inside a wavy channel. Researchers [22–25] have numerically studied the fluid flow and 

heat transfer in a wavy channel under different wall conditions and Reynolds numbers. It 

has been found that the wall waviness geometric parameters, Reynolds number and Prandtl 

number have a direct effect on the heat transfer performance. For these type of geometrical 

structures, the mixing between the core and wavy wall fluids increases the heat transfer 

rate. Rush et al. [26] experimentally investigated the heat transfer and flow behavior of 

laminar and transitional flows in sinusoidal wavy channels. Few numerical studies [27–32] 

have been conducted for different types and models of nanofluids flow in channels. 

The present study focuses on the nanofluid flow inside a horizontal tube and wavy 

channel under constant wall temperature boundary condition. Four different models were 

considered in our simulation: single phase (homogenous and dispersion) and two phase 

(Lagrangian-Eulerian and mixture) models for Al2O3 and CuO – water nanofluid 

considering the effect of both constant and temperature dependent thermophysical 

properties. Our study is conducted for a Reynolds number range of (200 - 1000), volume 

fraction range of (Φ=1 - 4% by volume) and for different particle diameters (dp) and wave 

amplitudes (α). The software Ansys fluent [33] is used to discretize the governing equations 

using a finite volume method. The results were first compared with the experimental and 

theoretical data of Mojarrad et al. [34] and Zeinali et al. [35] respectively for the nanofluid 

flow inside horizontal tube and with the work of Wang and Chen [36] for the wavy channel. 
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2. Problem description, grid independence and boundary conditions 

Two-dimensional symmetrical flow within the channel was considered in this 

study. Figure 2.1 (a) displays the wavy channel of height 2H and a total length L analyzed 

in this work. Uniform axial velocity and temperature profiles exist at the channel inlet. The 

entrance and exit sections of the channel have straight smooth walls with wavy 

configuration in the middle section. The geometric shape of the bottom wavy wall is 

defined by the following profile form: 

( )( ) sin 2 /s x H x L L
s w

  = − − −
  

 (1) 

where:   

L x L
s e

  , 

The difference between L
e

 and L
s

 is the length of the wavy wall channel. The 

nondimensional axial coordinate is define as X x / H= . 

A non-uniform quadratic mesh with highly grid clustering factor near the channel 

wall has been used in all cases to capture the flow behavior, wall heat flux and particle 

movement. Figure 2.1 (b) shows a sample of the grid distribution used in the present 

computation with a zoom view segment. For grid independence test, the local Nusselt 

number along the wavy wall for different grid sizes (15x100, 25x200, 50x300 and 70x400) 

at Re=600 and 0% =  were examined as shown in figure 2.2. As it can be seen, the grid 
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size of 50x300 can provide the required accuracy for our simulation. As such, it was 

adopted for the rest of the calculations in the present study. 

 

(a) 

 

(b) 

Figure 2.1. (a) Geometrical configuration consider in the current study, (b) mesh distribution. 

The required boundary conditions for solving the governing equations 

corresponding to the geometry shown in Fig. 1 (a) are given as follows: 

 

Highly packed mesh  
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(i) At the inlet section: 

T T ,u U , v 0
o o

= = =  (2a) 

(ii) Along the symmetric axis: 

u = U
max

, symmetry (2b) 

(iii) Along the bottom wavy wall: 

u v 0,T T
w

= = =  (2c) 

(iv) At the exit section: 

u v T
0, 0, 0

x x x

  
= = =

  
 

(2d) 

 

Figure 2.2 Grid independence test for Re=600 and α=0.2. 
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3. Numerical approach  

ANSYS Fluent software [33] was utilized to discretize the partial differential 

equations that govern the single phase and two phase flow through heated wavy channel 

with the boundary conditions defined in the prior section by means of the finite volume 

method. The code is based on the SIMPLE algorithm [37] for pressure-velocity coupling. 

PRESTO for pressure ,QUICK for volume fraction and SECOND ORDER UPWIND for 

the remaining parameters. Two way coupling between the solid and liquid phases were 

considered for Lagrangian-Eulerian model (DPM). As such, the fluid can affect the particle 

motion by drag, and the particles can exchange momentum and energy with the continuous 

fluid. Since this algorithm depends on linking nonlinear systems of governing equations, 

the solution procedure involves iteration steps until the result converges. At each iteration 

the under-relaxation factor for velocities, pressure and temperature is employed to control 

the update of computed variables. The convergence criterion for all the dependent variables 

were kept at a very low relative tolerance 10-6. 

4. Thermophysical properties of the nanofluid 

Conventional fluids such as water or ethylene-glycol have inherently low thermal 

conductivity compared to solids. Therefore, dispersing small colloidal solid particles for 

example, alumina or copper oxide can enhance the overall base fluid’s thermal 

conductivity. Table 2.1 provides the thermophysical properties for the base fluid and the 

nanoparticles. 
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Table 2.1 Thermophysical properties of the base fluid and nanoparticles at Ti=293 K for Al2O3 

[20] and Ti=300 K for CuO [35]. 

Properties Water Al2O3 CuO

Cp (J/kg K) 4182 733 535.6

k (W/m K) 0.6 36 69

ρ (kg/m
3
) 998.2 3880 6350

 

µwater = 0.001003 (kg/m s) 

4.1. Effective density and heat capacity 

Solid-liquid mixture rule was used for estimating the nanofluid density as discussed 

in Albojamal and Vafai [20]. For the heat capacity, thermal equilibrium between the 

nanoparticles and the base fluid phase is assumed [11]: 

( )1
eff bf np

   = − +  (3) 

( ) ( ) ( )1 c c
bf np

c
eff

eff

   



− +
=  

(4) 

4.2.Effective dynamic viscosity 

4.2.1. Constant properties 

A general correlation based on a least-square curve fitting of some experimental 

data available in the literature for Al2O3 and CuO water based nanofluid has been done 

by Maiga et al. [38] and Nguyen et al. [39] respectively. For constant properties, the 

effective viscosity depends on the particle volume fraction and the base fluid viscosity 

as follows: 
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( )21 7.3 123
eff bf

   = + +         - For Al2O3/water (5) 

and, 

 
0.148

0.904e
eff bf


  =  

 
       - For CuO/water 

(6) 

4.2.2. Variable properties  

A general correlation that takes into account the effect of the volume fraction, 

nanoparticle’s diameter and temperature for the effective viscosity of Al2O3 and CuO-water 

was developed by Khanafer and Vafai [11] using various experimental data found in the 

literature and is given as follows: 

228.837 20.4491 0.574 0.1634 23.053
2

2 3
30.0132 2354.735 23.498 3.0185

3 2 2

eff T T

T d d
np np


  

  


= − + + − +

+ − + −

   - For Al2O3/water 
(7) 

  

8.4312 524.7147 20.4262 0.898 0.2217
2

2
34.7329 70.3105 0.0176 5559.4641

2 3

eff T T

T T T

  

  


= − + + + −

− + + −

 - For CuO/water 
(8) 

( )1% 9%,20 T 70,13 131 .oC nm d nm
np
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4.3. Effective thermal conductivity 

4.3.1. Constant properties 

The same procedure used by Khanafer and Vafai [11] is employed again to account 

for the effective thermal conductivity as follows:  

( )

47
1.0 1.0112 2.4375 0.0248

0.613

k
np

k k
eff bfd nm

np

  

    
    = + + −
        

 
(9) 

2 96.5%R = ,                                                                                                                                        

The above equation is a general correlation that can be used for the both types of 

nanoparticles Al2O3 and CuO under different conditions of particle diameter and 

volume fractions. 

4.3.2. Variable properties  

    For Al2O3-water the following equation is used which is given by Khanafer and 

Vafai [11]: 

( )

( )

( )

0.2246 0.0235

10.73830.9843 0.398

2
3.9517 34.034 32.509

3 2

T
eff

d nm T
np bfk k

eff bf

T T T






  

 
    
   + 
   

 =    
 
 
 − + +
 
 

 
(10) 

where, ( )bf T in the above equation is the base fluid viscosity as a function of 

temperature and it is given as [20]: 
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4 2 7 3 10 41.38 0.021224 1.36 10 4.6454 10 8.904 10

13 5 16 69.08 10 3.8457 10

T T T T
bf

T T

 − − −= − +  −  + 

− −−  + 

 
(11) 

and, for the base fluid thermal conductivity ( )k T
bf

: 

5 2 9 30.86908 0.0089488 1.5836 10 7.97543 10k T T T
bf

− −= − + −  +   
(12) 

For CuO-water, the following correlation provided by Corcione [40] for oxide and 

metal nanoparticles suspended in water or EG based nanofluids with 1.86% standard 

deviation is employed as follows: 

10 0.03

0.4 0.66 0.661.0 4.4Re Pr

k
T np

k k
eff np bf bfT k

fr bf



 
    
   = + 
   

     
 

 
(13) 

2

Re
2

K T
bf B

np
d

bf np




=  

10nm d 150
np

nm  , 294 324K T K   

where: 

K
B

: Boltzmann constant, 1.308x10-23 [J/K] 

T
fr

: is the freezing point of base fluid [K] 
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5. Mathematical modeling 

5.1. Single phase models 

5.1.1. Conventional single phase model 

The numerical analysis of single phase approach is based on the classical 

governing equations in which the transport coefficients of regular fluid are replaced by 

the effective thermophysical coefficients of the nanofluid. In this approach, the 

nanoparticles suspended in the base fluid are considered to have uniform size and 

shape. Furthermore, it is assumed that both particle and liquid phases are in thermal 

equilibrium and there is no slip-velocity between them, thus the nanofluid is treated as 

a homogeneous fluid [20]. Accordingly, in this study the results obtained from the 

homogeneous single phase are based on the following governing equations: 

Continuity, 

ρ V = 0
eff

 
  

 
 (14) 

Momentum, 

( )P
eff

ρ VV = + μ V
eff

 
 −   

 
 (15) 

Energy, 

C VT k T
p effeff


    

  =            

 
(16) 
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5.1.2. Thermal dispersion single phase model 

This model assumes that the relative motion of the nanoparticles with respect to the 

base fluid introduces a perturbation for both temperature and velocity of the nanofluid 

(T and V , respectively). Therefore, the intrinsic phase averages are given as [41]: 

T T T= +  (17a) 

V V V= +  (17b) 

where: 
1

T TdV
V

V

=  , 
1

V VdV
V

V

=  and 0T = . 

By neglecting the boundary surfaces between the fluid and the nanoparticles which are 

very small and substituting the above values of T and V in Eq. (16) and rearranging, 

results in the following equation: 

C VT k T C VT
p eff peff eff

 
        

  =    −                     

 
(18) 

The second term on the right side of Eq. (18) indicates the effect of the thermal 

dispersion in the energy equation. While continuity and momentum equations remain 

the same as in the conventional single phase model. 

The heat flux induced by the thermal dispersion in the nanofluid flow can be 

represented as [41]: 
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q C VT k T
d p deff

 
= = −  

 
 

(19) 

where k
d

is the coefficient of the dispersed thermal conductivity. As such, Eq. (18) 

can be rewritten as follows:  

C VT k k T
p eff deff


    

  =   +          

 
(20) 

Mokmeli and Saffar-Avval [42] proposed a modified dispersed thermal conductivity 

for the nanofluid that takes into account the effect of the radial dispersion which is 

considered in this study as: 

uR xk C C
d d p d reff p




  
=        

 
(21) 

Here, C
d

 is an unknown constant which should be determined by matching the 

experimental data. It should be noted that the dispersion model is an adjustable model, 

by increasing C
d

 the overall thermal conductivity will increase leading to heat transfer 

enhancement. Also, there are no specific values for C
d

in the literature that can be 

utilized for the simulations. 
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5.2. Two phase models 

5.2.1. Lagrangian-Eluerian model or (DPM) 

In the Lagrangian-Eulerian model, also known as the discrete-phase model (DPM) 

the Eulerian representation is used to solve the continuous phase transport equations, 

while the Lagrangian frame is used to solve for the secondary phase trajectories. The 

second phase consists of spherical particles and can exchange momentum, mass and 

energy with the continuous phase. The basic assumption made in this model is that the 

dispersed phase is sufficiently dilute such that particle-particle interactions are almost 

negligible. 

The governing equations representing the mathematical description of Lagrangian-

Eulerian two phase model are as follows: 

Continuity, 

0V
eff

 
 = 

 
 

(22) 

Momentum, 

VV P V S
eff eff m

    
 = − +   +   

   
 

(23) 

Energy, 
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C VT k T S
p eff eeff


    

  =    +         

 
(24) 

In the above equations, source/sink terms S
m

and S
e

represent the integrated 

effects of momentum and energy exchange with the base fluid respectively. For the 

single phase model, these terms are equal to zero. 

The momentum exchange S
m

between the particles and the base fluid is calculated as: 

1

1

n
S F pm V p

= 
=

 
(25) 

The computation of the particle trajectories utilizing Lagrangian formulation 

are calculated by an integration method. The equation of motion of the particle is 

expressed as: 

dV p
m F F

p D gdt
= +  (26) 

where m
p

 is the particle mass, V
p

 is the particle velocity and the right-hand side 

represents the forces acting on the particle which are resistance F
D

and gravity F
g

respectively. The effects of other forces such as Saffman’s lift FL, Brownian FBr,  

Thermophoresis FT, pressure gradient FP and virtual mass forces Fv were ignored 

because they do not have any significant effect on the final results as shown by 

Albojamal and Vafai [20]. Therefore, we only considered the relevant forces.  
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To solve Eq. (26), the drag and gravity forces should be determined as follows: 

( )
18

2
F V V mpD p

d C
p p c




= −  

(27) 

where Cc is the Cunningham correction factor for the stokes’ relationship [43,44]: 

( )1.1
2 21 1.257 0.4

d

C e
c d

 
 −
 = + +
 
 

 
(28) 

where 𝜆=0.17 nm, is the mean free path for the base fluid. 

The gravity force is given as: 

g
p

F
g

 



 
− 

 
=  (29) 

By solving Eq. (26), the momentum exchange Sm will be available through computing 

the change in the momentum of a particle as it passes through each control volume of 

the Eulerian base fluid. Because of the small scale and high thermal conductivity of 

nanoparticles, the particles can be considered as a lumped system. Therefore, the 

energy balance for a particle can be written as: 

dT
p

m C hA T T
p p p pdt

 
= − 

 
 (30) 
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where, the heat transfer coefficient h is calculated from Ranz and Marshall’s correlation 

[45]: 

11
322 0.6Re Pr

h d
Nu

dk


= = +  (31) 

where, 

Re

d V Vp cp

d





−

=  (32) 

and, V c  is the continuous phase velocity. 

The energy exchange, Se is calculated following the same approach used for the 

momentum exchange, Sm: 

1

1

dTn p
S m C

e p pV dtp
= 

=

 
(33) 

The main assumption used in the DPM approach is represented by the correlations used 

to evaluate the forces and heat transfer coefficient which were originally developed for 

the submicron particles. 

5.2.2. Mixture model 

This model is based on single fluid two phase approach, by considering a strong 

coupling between the phases. Each phase has its own velocity vector field and within a 

given control volume there exists a certain fraction for each phase. In addition to 
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continuity, momentum and energy equations, mixture model solves the volume fraction 

equation for the secondary phase. It then uses an algebraic expression to calculate the 

relative velocity between the phases. 

The dimensional equations that represent the mathematical formulation of the mixture 

model are as follows: 

Continuity,  

( ). 0V mm
 =  

(34) 

Momentum, 

( ) ( ). . . , ,
1

n
V V P V V Vm m m dr k dr km m k k

k

   
 

 = − +   +   
 

= 

 
(35) 

Energy, 

( )( ) ( ). .

1

n
V H P k Tkk k k

k

  + =  
=

 
(36) 

Volume fraction equation, 

. . ,V Vm dr pp p p p
      

 = −   
   

 
(37) 

where andV ,ρ ,μ   H
m m m K

 are expressed as: 
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1

n
V kk k

kV m

m

 




==  (38) 

1

n

m k k
k

  = 
=

 
(39) 

1

n

m k k
k

  = 
=

 
(40) 

2

2

vP kH h
k k

k


= − +  (41) 

where V
dr,k

 in Eq. (35) is the drift velocity for the disperse phase k (i.e., nanoparticles) 

which is defined as: 

V V V
dr,k k m

= −  
(42) 

The relative velocity (slip velocity) is defined as the velocity of the secondary phase 

(p) relative to the velocity of the primary phase (base fluid): 

V V Vpf p f= −  
(43) 

The drift velocity can be presented in terms of the relative velocity as follows: 
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,
1

n
k kV V Vdr p pf fk

k m

 


= − 

=

 
(44) 

The relative velocity 
pfV  can be written as [46]: 

2

18

d
p mp p

V apf
f

m drag p

 

 

 
− 

 =  (45) 

where 
dragf  is determined from Schiller and Naumann’s correlation [47]: 

1+ 0.15

0.0183

0.687 Re 1000Re pp
f
drag Re 1000Re pp

 


= 




 
(46) 

The total acceleration in the above equation can be expressed as: 

( )a g V V
m m

= −   
(47) 

It should be noted that only one set of velocity components is solved from the 

differential equations for the mixture momentum, while the velocity of the dispersed 

phase is obtained from the algebraic balance equations. 

6. Validation 

There are no experimental data available in the open literature for the nanofluids 

flow inside a wavy channel. To evaluate the accuracy and reliability of the grid distribution 

our model was compared with the experimental and numerical data of Mojarrad et al. [34] 
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(a) 

 

(b) 

Figure 2.3 Comparison of different models for nanofluid flow inside a horizontal tube subject 

to a constant wall temperature with the works presented in [34-35] respectively for: (a) 

Al2O3/water at =1% and dp=30 nm, (b) CuO/water at =2% and dp=50-60 nm. 
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for Al2O3/ water flow inside a circular tube of 12.4 mm in diameter, =1% and 

dp=30 nm subject to a constant wall temperature boundary condition. The obtained average 

heat transfer enhancement (hr) was validated for the Reynolds number range of 657 ≤ Re 

≤ 2300, and different models as shown in figure 2.3 (a). It can be seen that the mixture 

model overestimates the rate of heat transfer enhancement while the single phase model 

with constant properties underestimate the hr values. DPM and dispersion models provide 

a very good agreement with the experimental data, while single phase model with 

temperature dependent thermal conductivity and viscosity provides an acceptable 

prediction with a maximum discrepancy of 7.5% from the experimental data. 

Another validation for CuO/ water nanofluid with the experimental data of 

Zeinali et al. [35] at =2% and dp=50-60 nm is presented in figure 2.3 (b) for constant 

wall temperature. Again, a similar behavior is noticed as in the case of Al2O3 except that 

the difference between the DPM and conventional single phase model with variable 

properties diminish as the Peclet number and volume fraction increase. It should be noticed 

that the thermal dispersion model has an adjustable factor Cd in Eq. (21) which is 

determined by matching the experimental data. Essentially there are no established 

reference values for Cd in the open literature. Therefore, further studies need to be 

conducted in this field. For the nanofluid flow simulation inside a horizontal tube, single 

phase and Lagrangian-Eulerian (DPM) models with variable properties can be considered 

as an accurate way to obtain the results compared with the others. For DPM a very large 

number of particles need to be tracked and at each iteration the source/sink terms in the 

momentum and energy equations need to be updated. This results in a much longer 
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computational time to obtain the DPM results as compared to the single phase method. 

Therefore, single phase homogenous model with properly chosen thermal conductivity and 

viscosity correlations as a function of temperature can be used to provide an acceptable 

prediction for the hydrodynamic and thermal behaviors of the nanofluid transport while 

requiring substantially less CPU and memory usage. Our results are in a very good 

agreement with Mojarrad et al. [34] and Zeinali et al. [35]. 

7. Results and discussion 

Nanofluid transport of Al2O3 and CuO - water is considered inside a wavy 

channel under constant surface temperature. Four different models were carried out in 

our simulation: single phase (homogenous and thermal dispersion) and two phase 

(Lagrangian-Eulerian or DPM and mixture) models considering both constant and 

temperature dependent properties for three different particle volume fractions ( =0%, 

=1% and =4% by volume) and Reynolds number (200, 600 and 1000) for the 

particle diameter range dp=30-100 nm and various wave amplitude. The obtained 

results from the wavy configuration compared with the work of Wang and Chen [36] 

are shown in figure 2.4 for different Reynolds numbers. An excellent agreement 

between our results and those of Wang and Chen [36] can be observed in figure 2.4. 
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Figure 2.4 Comparison with the numerical local Nusselt numbers results of Wang and Chen 

[36] for α=0.2. 

Figure 2.5 shows the variation of the local Nusselt number along the wavy wall 

at two different wave amplitudes for Re=1000. For plain channel (α=0) the local Nusselt 

number increases sharply at the inlet and decreases uniformly with the axial distance. The 

rate of heat transfer enhancement for α=0.2 was found to be 56% over the plain channel 

(α=0). Also, it can be seen from figure 2.5 that the flow is not thermally developed yet. 

Figure 2.6 (a) shows the local Nusselt number values along the bottom wavy wall for 

Re=600 for different volume fractions for constant and variable properties. An increase in 

the particle volume fraction will result in thinner boundary layer near the channel wall 

which influences the temperature gradient and thermophysical properties of the nanofluid 



75 
 

by increasing the thermal conductivity and dynamic viscosity which in turn increases the 

rate of heat transfer and the pressure drop. 

 

Figure 2.5 The effect of the wave amplitude on the local Nusselt number for Re=1000. 

The average increments in the Nusselt number for =1% and =4% are 3% and 

15% respectively, as shown in figure 2.6 (b) for Re=200. As shown in figures 2.3 (a) and 

(b), two phase mixture model overestimate the rate of heat transfer enhancement and the 

differences between constant and variable properties become insignificant and can be 

ignored with the augmentation of the particle volume fractions as shown in figure 2.6 (a) 

for single phase model and table 2.2 for different models. As such, the results from the 

wavy wall investigation will be based on the constant properties assumption. 
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Table 2.2 Average and relative Nusselt number values for different volume fraction and 

models at Re=1000 for the wavy channel. 

Model Φ (%) Nuav Nunf/Nubf

Percentage difference 

compared to SPM (%)

cst. 17.43 1.00 ___

var. 18.04 1.00 ___

cst. 18.08 1.04 0.00

var. 18.41 1.02 0.00

cst. 20.90 1.20 0.00

var. 21.52 1.19 0.00

cst. 18.11 1.04 0.00

var. 18.44 1.02 0.00

cst. 20.67 1.19 0.84

var. 21.68 1.20 0.84

cst. 17.94 1.03 0.97

var. 18.11 1.01 0.99

cst. 20.84 1.20 0.00

var. 21.41 1.18 5.31

cst. 23.51 1.35 29.81

var. 24.19 1.34 31.37

cst. 36.22 2.08 73.33

var. 36.95 2.05 72.27

1

4

mixture

4

DPM

0

1

4

SPM

1

4

dispersion

1

 

Variations of local Nusselt number for the bottom wavy wall is shown in figures 

2.7 (a) and (b) for =1% and =4% respectively. Figures 2.8 (a) and (b) shows the 

variation of the average Nusselt number as a function of Reynolds for different models at 

=1% and =4% respectively. As expected, the average Nusselt number increases with 

an increase in the Reynolds and the particle volume fractions. The maximum amount of 

enhancement over the base fluid ( =0%) at Re=1000 was found to be 20% for =4% for 

SPM, Dispersion and DPM models. 
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(a) 

 

(b) 

Figure 2.6 The effect of particle volume fraction on the rate of heat transfer along the bottom 

wavy wall for: (a) local Nusselt number values at Re=600, (b) enhancement in the nanofluid 

Nusselt number at Re=200. 
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(a) 

 

(b) 

Figure 2.7 Local Nusselt number values along the wavy channel’s axial direction for different 

models (Re=200) for: (a) =1%, (b) =4%. 
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(a) 

 

(b) 

Figure 2.8 Average Nusselt number as a function of Reynolds number for: (a) =1%, (b) 

=4%. 
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Figure 2.9 shows the variations of the local skin friction and pressure drop along 

the bottom wavy wall for different volume fractions and models at Re=200 and Re=600. 

When the particle volume fraction or the Reynolds number increases the average skin 

friction and pressure drop also increases as shown in figures 2.9 (a) and (b) respectively. 

The value of the skin friction is directly proportional to the velocity gradient where it 

increases in the throat region and decreases in the expansion section. The maximum 

average increment in the skin friction over the base fluid =0% was 14% and 98% for     

=1% and =4% respectively. Thus, a larger particle volume fraction can substantially 

influence the pressure drop leading to an increase in the pumping power. 

Figure 2.10 (a) shows the streamline (left) and isotherm (right) contours for 

nanofluid flow in a wavy channel at three different Reynolds numbers. As expected, the 

Reynolds number plays a significant role in determining the flow pattern. As can be seen 

the flow reversal in the cavities leads to the recirculation zones. These recirculation zones 

demonstrate the benefit of the wavy configuration over the plain channel in heat transfer 

enhancement as shown previously in figure 2.5. At high Reynolds numbers, as expected, 

the size of recirculation zones increases. Figure 2.10 (b) shows the velocity contours and 

the enlarged view of the velocity vectors at =4% and Re=200 for a fully developed flow. 

As mentioned earlier the vortices in the cavities lead to enhanced mixing between the fluid 

flow in the core region and the heated wall.
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

 Figure 2.9 Local skin friction and pressure drop values along the bottom wavy wall for: (a, b) single phase at 

different particle concentrations, (c, d) different models at =4%. 

 

 

8
1
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(a) 

  

 Re=200 

 

  

 Re=600 

 

  

 Re=1000 

(b) 

 

Figure 2.10 (a) Streamline (left) and isotherm (right) contours at different Reynolds numbers at 

=4%, (b) velocity vector distribution for =4% for single phase model at Re=200. 
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(a) 

 

(b) 

Figure 2.11 (a) Comparison of temperature contours for pure fluid ( =0%, solid lines) and 

nanofluid ( =4%, dash-dot lines) at Re=1000. (b) wall heat flux along the wavy wall for 

Re=1000. 
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It should be noted that, the nanofluid viscosity increases at a substantially faster 

rate with an increase in nanoparticle concentration as compared to the density. Therefore, 

different nanoparticle volume fractions are based on different mean velocities to enable the 

Reynolds number to remain constant. As such, the dimensional axial velocity for nanofluid 

has to increase with an increase in the particle volume fraction to result in the same 

Reynolds number. As seen in figure 2.11 (a), the isothermal lines for the nanofluid =4% 

(dash-dot lines) are lower than those for the pure fluid =0% (solid lines). Thus, the 

temperature gradient between the wall and the adjacent fluid increases with an increase in 

the particle volume fraction resulting in higher values of the wall heat flux which is partly 

due to the higher axial velocity to create the same Reynolds number as it can be seen in 

figure 2.11 (b). 

In order to illustrate the influence of nanoparticale size on the heat transfer 

performance, a parametric study was conducted with 2 3Al O water− nanofluid for 30, 60 

and 100 nm particle sizes. The results are shown in figure 2.12 (a) for a local Nusselt 

number along the axial wavy channel at Re=1000 and 1% =  using a single phase model. 

It can be seen that the local Nusselt number is higher for smaller diameter nanoparticales. 

The reason is that the thermal conductivity enhancement is related directly to the surface 

area of the particles. As such, more smaller particles have to be used to create the same 

volumetric concentration. This translates into more surface area for the thermal energy 

transfer. Therefore, particle size plays an important role in the thermal behavior of the 

nanofluids. This connection is confirmed by the empirical correlations Eqs. (9) and (10) 
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for constant and variable properties respectively. Figure 2.12 (b) shows a comparison 

between alumina and copper oxide particles for 4% = . 

 

(a) 

 

(b) 

Figure 2.12 Local Nusselt number along the channel’s axial direction at Re=1000 for the 

single phase model: (a) different particle diameters at =1%, (b) comparison between alumina 

and copper oxide water based nanofluid at =4%. 
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8. Conclusions 

Nanofluid flow and heat transfer inside a wavy channel and a horizontal tube 

under constant wall temperature condition were analyzed in this study. Four different 

models were studied and compared: single phase (homogenous and dispersion) and two 

phase (mixture and DPM) considering constant and temperature dependent properties. The 

main findings of this work can be summarized as follows: 

i. Temperature dependent assumption provides better estimations for nanofluid heat 

transfer enhancement in horizontal tubes. While this effect can be ignored in 

wavy channel due to the high mixing and generated recirculation zones.  

ii. Single phase homogenous and DPM models with properly chosen thermal 

conductivity and viscosity correlations can be considered as accurate methods 

and more dependable in nanofluid simulations compared to others. 

iii. As expected, the homogenous single phase model requires less running time, 

CPU and memory usage. Therefore, it can be used to predict nanofluids 

transport attributes and obtain the results within an acceptable accuracy without 

the need for using the two phase models.   

iv. The pressure drop increases as the volume fraction and Reynolds number 

increases.  

v. The maximum enhancement over the base fluid in this study is 20% at Re=1000 

and  4% = . 

vi. Our results have been successfully validated and compared with the available 

experimental and numerical data in the literature. 
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Chapter 3: Thermal Management of Transverse Magnetic Source Effects on 

Nanofluid Natural Convection in a Wavy Porous Enclosure 

 

Nomenclature: 

A amplitude of the wavy surface 

Bo external magnetic field, Tesla 

Cp specific heat transfer, J
kgK

  

Da Darcy number 2

H

K
D

 
 
 

 

g gravitational acceleration, 2
m

s
 

Ha Hartmann number, 
0 f f=Ha B L   

 
 

k thermal conductivity, W
mK

 

K porous media permeability, 2m  

L length and height of the enclosure, m  

n undulation number 

Nux
 local Nusselt number, nf

f

k

k X

 
 
 


−
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Num mean Nusselt number, 
0

1 s

xdsNu
S

 
 
 

  

p pressure, Pa  

P dimensionless pressure 

Pr Prandtl number, f

f





 
 
 

 

Ra Rayleigh number,
( ) 3

f

f f

chg T T L

 

 −
 
 

  

T temperature,  K  

u, v velocity components in x, y directions,  /m s  

U, V dimensionless velocity components 

x, y Cartesian coordinates,  m  

X, Y dimensionless coordinates,  m  

Greek Letters 

  thermal diffusivity, 2 /m s    

   thermal expansion coefficient, 1 K    

  nanoparticles volume fraction 
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  dynamic viscosity,   Pa s     

   kinematic viscosity, 2 /m s    

  dimensionless vorticity 

  porosity 

  dimensionless temperature 


  density, 

3/kg m    

   electrical conductivity, /S m      

  dimensionless stream function 

  

Subscripts 

c cold 

bf fluid 

h hot 

m mean 

nf nanofluid 

p particles 
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1. Introduction 

  
Natural convective heat transfer and flow behavior within enclosures filled 

with saturated porous media have been extensively investigated numerically and 

experimentally by researchers in the past due to their applications [1–7]. Such applications 

include electronic cooling, flat-plate condensers and solar collectors. Porous media in a 

partially or completely filled domain has shown an insulation characteristic in many 

practical cases [8–10]. Therefore, a porous medium can significantly impact the fluid 

motion and suppress convective heat transfer because of the large surface area available 

for frictional resistance that retards the movement. The magnetic field effect on the rate of 

thermal transmission within cavities filled with magnetohydrodynamic (MHD) fluids has 

been investigated by several investigators [11–13]. Their results indicate that the Lorentz 

force substantially alters the fluid flow within the domain when a magnetic field is 

imposed. Therefore, this force can affect the heat and flow characteristics. 

Many researchers [14–18] have studied the impact of different geometrical 

configurations and thermal boundary conditions on free convective flow. For instance, 

Khanafer et al. [19] numerically investigated free convection flow in an enclosure with a 

vertical wavy left wall and fully filled with a porous media utilizing Galerkin finite element 

technique. The horizontal walls were kept insulated and various flow models for the porous 

structure were considered. The results indicated that the amplitude of the wavy wall and 

undulation numbers impact thermal transmission within the enclosure. In addition, the 

intensity of convection was detected to increase with an increase in the Rayleigh number. 

Sathiyamoorthy et al. [20] and Basak et al. [21] have both numerically studied square 
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enclosures filled with a porous material utilizing penalty finite element technique for 

linearly, uniformly and sinusoidally heated walls. Their results showed approximately 15% 

decrement in the thermal boundary layer development inside the enclosure compared to 

uniform heated walls. Further, strong secondary circulations were observed which 

enhanced the local mixing at the bottom half of the enclosure for a uniformly heated 

condition. Mahmud et al. [22] numerically predicted fluid flow and heat transfer in a cavity 

surrounded by two differentially heated wavy walls and two insulated smooth walls. The 

governing equations were solved utilizing the finite volume technique for different wave 

and aspect ratios (defined by height/average width). Their results show that a higher energy 

transport can be achieved for the lower surface waviness. 

Recent developments in nanotechnology suggest that the dispersal of nanoparticles 

(10-100 nm) in a traditional fluid can significantly improve the thermal conductivity to 

form  so-called nanofluids which has some significant implications for increasing the 

thermal performance [23–25]. Also, nanoparticles are easily suspended in the base fluids 

and able to produce a stable mixture compared to microparticles. In recent years, several 

studies [26–32] have focused on nanofluids flow in different geometries. Prior cited 

investigations have shown that the thermal performance is improved when the 

nanoparticles are introduced into the fluid domain. An external magnetic source in the 

presence of nanoparticles driven by free convection in enclosures has attracted researches 

attention over the past decade [33–35]. Some of these investigations have focused on the 

steady free convection of nanofluid in a square enclosure under a uniform and periodic 

magnetic source. It has been shown that higher particle volume concentrations could either 
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negatively or positively affect the energy transport improvement depending on the 

operating values of the Rayleigh and Hartmann numbers. Sheremet et al. [36] studied Cu-

water nanofluid in a two-dimensional square enclosure filled with a saturated porous 

medium using the Darcy–Boussinesq approximation. Their results demonstrated that both 

the solid volume fractions and matrix porosity substantially affect the average Nusselt 

number.  A thorough literature review reveals that there has been no study so far that has 

focused on thermal management of magnetic source effect on nanofluids flow through 

porous media in the presence of natural convection in a wavy enclosure. Therefore, this 

work is an investigation of the impact of irregular surface, porous medium, nanofluid and 

a magnetic source on the flow and thermal characteristics within an enclosure for different 

Rayleigh, Darcy and Hartmann numbers using an ADI-finite difference approach. 

2. Mathematical representation 

The 2D natural convection flow in a wavy enclosure with an average width equal 

to the height filled with a saturated porous matrix and nanofluid is studied. The physical 

model under the current study is schematically depicted in figure 3.1(a). The square shape 

enclosure comprises of two perpendicular wavy walls and two smooth horizontal walls. 

Moreover, the horizontal walls are completely insulated while the left and right walls are 

maintained at uniformly high and low temperatures, respectively. The profile for the 

perpendicular wavy walls follows the expression presented below: 

( )1 cos 2Y A n X 
 = −  (1) 

where A symbolizes the wave amplitude and n designates the undulation number. 
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(a) 

 

(b) 

Figure 3.1 (a) schematic of the geometry under the present study, and (b) elliptic grid. 

The flow domain is considered to be steady, incompressible, viscous and laminar. 

In addition, the porous structure is considered as uniform, isotropic and locally in thermal 

equilibrium (LTE) with the nanofluid. The Brinkman–Forchheimer–extended Darcy law is 

adapted for the flow features in the permeable medium. Moreover, the host fluid (pure 
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water) and the nano-scaled particles (Al2O3) are thermally stabilized and both have equal 

velocities. The density in the buoyancy term depends on the Boussinesq approximation. 

Table 3.1 presents the properties of Al2O3, which consist of a colloidal solid with an average 

diameter of 100nm and pure water. 

Table 3.1 Thermo-physical properties of water and nanoparticles [46]. 

 

3
(kg / m )  (J / kg K)pC  (W / m K)k  -1

(K )β  

Pure water 997.1 4179 0.613 21×10-4  

Alumina  (Al2O3) 3970 765 40 0.58×10-5 

 Based on the presumptions mentioned above, the continuity, momentum and 

energy equations are shown below [37,38]: 
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where, 2 2u v= +v and F is the Forchheimer coefficient, and it can be expressed as [39]: 

1.75

3150

F



=
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The relevant boundary conditions that govern the above equations according to the 

wavy enclosure presented in figure 3.1 (a) can be stated as: 

0         at y=0, 0
T

u v x L
y


= = =  

  
(7a) 

0         at =L, 0
T

u v y x L
y


= = =  

  
(7b) 

0,        at =0, 0
h

u v T T x y L= = =    
(7c) 

0,        at =L, 0cu v T T x y L= = =    
(7d) 

The effective properties of nanofluid are taken based on empirical correlations and 

experimental models [40–42]: 

( )nf f p1= − +     (8a) 

( ) ( )( ) ( )
nf f p

1= − +p p pC C C      (8b) 

( ) ( )( ) ( )
nf f p

1= − +        (8c) 

( )
nf

nf

nf
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p

k

C



 

(8d) 
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( ) ( )

p f f pnf

f p f f p

k +2k - 2 k - kk
=

k k +2k + k - k
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 (8g) 

The governing equations (Eqs. (2-5)) are transformed into a dimensionless form by 

combining the parameters presented below: 

 

(9) 

Also, the stream and vorticity functions (  and   ) are presented as follows: 

,   V=- ,   =
 
 
 

   
= −

   

V U
U

Y X X Y

 
  

(10) 

Thus, continuity Eq. (2) can be written as: 
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2 2X Y

 


 
+ = −

 
 

(11) 

By differentiating x-momentum Eq. (3) about the y-axis and y-momentum Eq. (4) with 

respect to the x-axis, then deducting the resulting equations from each other and using Eqs. 

(9) and (10) provides the vorticity transport equation, which can be presented as follows: 
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where Pr, Da, Ra and Ha are representing the Prandtl, Darcy, Rayleigh and Hartmann 

numbers, respectively. 

The dimensionless energy Eq. (5) is normalized as: 

2 2

nf

2 2

f

 
 
 

   
+ = +

   
U V

X Y X Y

   


 
(13) 

Then the non-dimensionalized boundary conditions become: 

2

2
0,   =          at =0, 0 1U V Y X

Y Y


 


= = = = −  

 
 

(14a) 

2

2
0,   =          at =1, 0 1U V Y X

Y Y


 


= = = = −  

 
 

(14b) 
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2
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= = = = −  


U V X Y
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(14c) 

2

2
,   0,   0 =         at =1, 0 1


= = = = −  


U V X Y
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(14d) 

The heat transfer  is illustrated by means of Nusselt number. Therefore, the local, 

Nux along the wavy hot side is determined as: 

nf

f 0=

 
 
 


= −


X

x

k
Nu

k X


 

(15) 

Eventually, the mean value of Num is computed by: 

0

1 s

m xdsNu Nu
S

=   
(16) 

where S denotes the real length of the wavy wall, while s represents its coordinate.  
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3. Numerical solution and grid independence 

Due to the irregular wavy boundaries, the physical domain was converted into a 

regular computational field with a constant step size. In this study, the non-orthogonal 

elliptic grid shown in figure 3.1 (b) was generated by using the Poisson’s equation [43]. 

The general grid transformation in terms of the curvilinear coordinates (i.e.  and   ) is 

given as: 

1
=

−

X

Y
  

(17a) 

 =
1−

Y

X
  

(17b) 

The stream function, vorticity transport, and energy Eqs. (11)-(13) are converted into a 

body-fitted coordinate system with the help of Eq. (17), and the final form of these 

equations can be defined as follows: 

2 2 2

2 2
2+ + + = −
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A C H G B J

    


    
 

(18) 

 

(19) 

2 2 2

2 2
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A C H G B J

    


    
 

(20) 

J represents the Jacobian of the transformation and; 
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,  ,    = ,   + ,  +
−    

= = = =
   

T T T B C A B
A B C G H

J J J

  

   
 

(21) 

where, 

2 2 2 2
,   ,   = + = + = +T T TX Y X X Y Y X Y           

 

The numerical solution was implemented by solving the system of steady-state Eqs. 

(18 - 20) with the corresponding boundary conditions mentioned in Eq. (14). A finite 

difference technique is employed to convert the differential equations into algebraic 

expressions. The second-order central difference scheme is implemented for diffusive 

terms, whereas the first-order upwind arrangement is utilized for the convective terms. Line 

successive under relaxation (LSUR) approach is used to obtain the linear stream function 

equation. The obtained linear algebraic equations for the energy and vorticity are obtained 

based on the alternative direction implicit (ADI) technique. Thereafter, the convergence 

criteria for the stream function, vorticity, and temperature are set to be less than 10-5. A 

MATLAB code is developed to solve the current problem. 

The mesh distribution must be chosen to adequately capture particle movement and 

flow behavior within the porous medium, particularly near the wall regions. Therefore, a 

combination of different grid sizes was conducted in order to achieve mesh reliability and 

the required computational time. In this context, six different sets of grids (i.e., 40x40, 

60x60, 80x80, 100x100, 120x120 and 140x140) with fine mesh considered on the 

boundaries were adapted as shown in figure 3.1(b), for Ra=106,  =0 (Pure water), A=0.05 

and Ha=0. Table 3.2 shows that a 100x100 grid size provides an acceptable error margin 
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of 0.1422% and 0.3303% for the Num and 
max

 , respectively, compared to the last two 

grid sizes. 

Table 3.2 Grid independence test. 

Grid size Num Error (%) 
max

  Error (%) 

40x40 8.0294  19.6811  

60x60 7.8097 2.7354 19.2427 2.2275 

80x80 7.7864 0.2987 19.1021 0.7309 

100x100 7.7753 0.1422 19.0390 0.3303 

120x120 7.7709 0.0567 19.0011 0.1990 

140x140 7.7699 0.0129 18.9788 0.1174 

 

4. Results and discussion 

4.1. Validations 

The code reliability and accuracy were tested by validating our results with the 

available open literature for an enclosure uniformly heated along the left wall. Table 3.3 

shows that the obtained Num is within the acceptable error margins compared to Basak et 

al. [21], Lauriat et al. [44] and Nithiarasu et al. [45] works, respectively for Pr=0.71-1, 

Da=10-4-10-6 and Ra=104-109. Furthermore, the code was successfully verified for different 

boundary conditions including uniformly and sinusoidally heated walls within the square 

hollow enclosure filled with a porous matrix, as indicated in figure 3.2. The Darcy-

Forchheimer model without the Forchheimer’s inertia term was considered in their model 

for Da=10-4 and 10-5, Ra=106 and Pr=0.71. It is clearly shown that our outcomes presented 

as lines coincide and are within an acceptable range with Basak et al. [21] results. 
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Table 3.3 Comparison of the mean Nusselt number (Num) with the previous works for an 

enclosure with uniform heating at the wall θ (X, 0) =1 and (ε=0.9). 

 Pr Da Ra 

  104 105 106 
Basak et al. [21] 

0.7 10-4 
5.363 5.386 7.157 

Present Study 5.442 5.452 7.384 

   107 108 109 
Nithiarasu et al [45] 

1 10-6 

1.08 3.01 12.2 

Lauriat et al [44] 1.07 3.06 13.2 

Present Study 1.078 3.00 12.327 

 

 

Figure 3.2 Variation of the local Nusselt number at the bottom wall for Ra=106 and Pr=0.71, 

lines (present study), and markers (Basak et al. [21]). 

4.2. Streamlines and isotherms features 

Rayleigh and Hartmann's numbers effects on the stream function and temperature 

distributions for conventional fluid and Al2O3-water for Da=10-2 and A=0.05 are presented 

in figures 3.3 (a, b). The contour lines for the volume concentrations  =0% and  =4% are 
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noticeably similar in both thermal and flow behavior, but with a slight offset in all cases.  

The variances are more evident in terms of the maximum recorded values for the stream 

function. As the working fluid close to the heated wall gains heat and its density reduces, 

the low dense fluid-particles rise and force to move towards the cold region, resulting in a 

clockwise circulation in the enclosure. This movement of fluid-particles from the hot to 

cold sides is due to the growth of the buoyancy force. Our results show that the circulation 

zones strongly depend on both Ra and Ha numbers, whereby the intensity of these zones 

increases as the Ra increases and decreases as the Ha increases. For example, as the 

Rayleigh number increases, clockwise flow feature is noticed and the span width of the 

circulation zone developed horizontally to fill the entire cavity as shown in figure 3.3(a). 

By raising the Hartmann number, the magnetic field intensity increases (i.e. Lorentz force), 

and that leads to obstructing the movement of the fluid-particles. The Hartmann number 

has a substantial influence on the flow distribution, particularly for Ra=104-105. 

Up until Ra=104, the heat transfer is mainly dominated by conduction; hence the 

isothermal lines are quite uniform and almost in parallel to the wavy walls. As discussed 

earlier, an increase in Ra will alter the flow field, and therefore, deform the isothermal lines 

to be inclined horizontally and the convection heat transfer becomes more dominant. 

Further, the distribution of the isotherms is also influenced by the Hartmann number. It can 

be seen that the curvature of the isothermal lines tends to move from horizontal to vertical 

coordinates at a higher Hartmann number, which indicates an increase in the conduction 

heat transfer over the convection. However, Hartmann's number effect on the temperature 

contours diminishes and becomes negligible at higher Ra values.  
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(b) 

Figure 3.3  Effect of varying Rayleigh and Hartman numbers on (a) streamlines and (b) 

isotherms for Da=10-2  pure water (___) and nanofluid  =0.04 (---) at A=0.05. 
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(b) 

Figure 3.4  Effect of varying amplitudes and Hartmann numbers on (a) streamlines (b) 

isotherms for Da=10-3 pure water (___) and nanofluid  =4% (---) at Ra=105. 
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The influence of the wave amplitude and the Hartmann number on the streamlines 

and temperature distributions, is illustrated in figure 3.4 for Ra=105 and Da=10-3. The 

enclosure is fully saturated and filled with a porous medium in addition to nanofluid at 

different volume concentrations in the range of =0-4%. As the wave amplitude and 

Hartmann number increase, the strength of circulations become weaker, as demonstrated 

by the maximum recorded values of the stream function. It can be seen clearly that the 

streamlines are remarkably influenced by an increase in the Hartmann number in the 

presence of the porous structure, especially in the lateral direction. The majority of the 

streamlines are moved towards the middle part inside of the enclosure. This is a clear 

indication that the flow regime has been dominated by conduction. Furthermore, the 

isotherms tend to align vertically when the wave amplitude changes from 0.025 to 0.1 for 

 =0% and  =4%, respectively, as indicated in figure 3.4 (b). Therefore, the Hartmann 

number and surface amplitude both play an essential role in the thermal-hydrodynamic 

characteristics. While the flow and heat transfer characteristics are barely influenced by the 

solid volume concentration in free convection within the porous enclosure.  

4.3. Velocity and temperature variations 

The variation of dimensionless temperature (left) and velocity (right) along the 

horizontal mid-section of the wavy enclosure at various Rayleigh, Darcy and Hartmann 

numbers for  =2% and A=0.05 are portrayed in figure 3.5. This figure shows that the 

vertical velocity component is a strong function of the Rayleigh and Darcy numbers.  
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Figure 3.5 Variation of dimensionless temperature and velocity along the wavy channel at 

Y=0.5 for Rayleigh 107 (solid lines) and 104 (lines+symbols) at different Hartmann numbers 

for  =2% and A=0.05. 
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For Ra=104, this component is almost constant throughout the mid-section, while 

for Ra=107, the velocity profile near the wavy walls is at higher values. In addition, the 

velocity propagation is a weak function of the Hartmann number, especially for Da < 10-3. 

However, for the clear case (without porous media) higher temperatures and velocity 

gradients are observed close to the wavy surfaces, and thus, a higher coefficient of heat 

transfer is developed compared to the porous filled enclosure. 

4.4. Heat transfer characteristics 

The effect of wavy surface amplitude and nanoparticle concentrations on the local 

Nusselt number in a permeable enclosure for Ra=105, Da=10-2 and Ha=20 are presented in 

figure 3.6.  

 

Figure 3.6 Effect of different amplitudes and particle volume fractions on the local Nusselt 

number along the heated wall for Ra=105, Da=10-2 and Ha=20. 
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As distinctly shown, the wave amplitude for A=0.025 has a higher heat transfer rate of 

40.9%, 28.8% and 12.7% as compared to A=0.1, 0.075 and 0.05, respectively. While 

increasing the amplitude, for instance, A=0.1 exhibits higher local Nusselt number 

variation due to streamlines formation near the wavy surface. In addition, particle loading 

of  =4% has slightly to no impact on the Nu values. 

Local Nusselt number along the left wavy wall for different Da is portrayed in 

figure 3.7 for Ra=105, Ha=40, A= 0.05 and two solid volume fractions  =0% and  =4%.  

 

Figure 3.7 Effect of the Darcy numbers and particle volume fractions on the local Nusselt for 

Ra=105, Ha=40 and A=0.05. 
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altering the Darcy number has a noteworthy influence on the local Nusselt number. 

Furthermore, as the Darcy number increases from Da=10-4 to Da=10-2, the Nusselt number 

increases everywhere due to the increased flow permeability and ease of fluid flow. With 

the decrease of Da, for instance (Da=10-4), the Nusselt number values become nearly 

constant and uniform, which indicates that a higher resistance occurs between the solid 

matrix and fluid. 

 

Figure 3.8 Mean Nusselt number at different Rayleigh for pure water ( =0%) and A=0.05. 

Figure 3.8 presents the effect of Rayleigh, Darcy and the Hartmann numbers on the 

mean Nusselt number at A=0.05 and =0. Generally, the mean Nusselt number increases 

as the Rayleigh number increases. For Ra ≤ 105, the rate of heat transfer is dominated by 

conduction, especially at low Darcy numbers, while for Ra >105, the convection heat 

transfer will dominate. For a given Da, the rate of decrement in the Num with the Ra is 
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more significant for Da ≤ 10-4 due to the temperature and velocity formation, as shown 

previously in figure 3.5. For example, the maximum difference detected over the clear case 

at Ra=107 is found to be 43% for Ha=0. Furthermore, it can be noticed that the Num is 

independent of the Hartmann number at Da=10-4. In addition, the results for the remaining 

Darcy numbers considered in the current work are listed in table 3.4. 

Table 3.4 Mean Nusselt Number at various Rayleigh, Hartmann and Darcy numbers for A=0.05 

and  =0.02. 

Ra  
Da=10-2  Da=10-3 

Ha=0 Ha=20 Ha=40  Ha=0 Ha=20 Ha=40 

104 1.448 1.178 1.050  1.048 1.039 1.027 

105 3.474 2.931 2.106  2.073 1.915 1.610 

106 7.613 7.130 6.082  6.068 5.786 5.120 

107 15.889 15.536 14.609  14.628 14.347 13.591 

The mean Nusselt number decreases as the wave is amplified for those Rayleigh 

numbers listed in table 3.5. Furthermore, at Ra ≥ 106, the maximum stream function 

increases with the wave amplitude increment to indicate that the flow characteristic is 

primarily dominated by convection. For instance, the maximum decrement in Num is found 

to be 29.6%, while 7% is the maximum increment in the stream function as compared to 

A=0.025 for  =2% and Ha=20. 

Table 3.5 Mean Nusselt number and maximum stream function at various wave amplitudes and 

Rayleigh numbers for  =0.02, Ha=20 and Da=10-3. 

  
A=0.025 A=0.05 A=0.075 A=0.1 

Maximum 

decrement % 

Ra=104 Num 1.0972 1.0389 1.0231 1.0621 6.75 

  𝜓 max 0.5157 0.4942 0.4597 0.4099  

Ra=105 Num 2.1146 1.9151 1.7482 1.6600 21.49 

  𝜓 max 3.6590 3.6121 3.5079 3.3118  

Ra=106 Num 6.6245 5.7864 5.1213 4.5845 30.79 

  𝜓 max 12.4993 12.5110 12.5538 12.5901  

Ra=107 Num 15.8399 14.3467 12.4250 11.1450 29.64 

  𝜓 max 30.9202 31.5371 32.4354 33.2642  
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Figure 3.9 Rate of Nusselt number enhancement for different particle volume fractions without 

porous media (clear case) and A=0.05. 
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a result that leads to a substantial effect on the suppression of the buoyant flows of the 

nanofluids.  

5. Conclusions 

An investigation of Natural convection thermal transport within a sinusoidal 

enclosure filled with a porous matrix and nanofluid is presented in this paper.  Particle 

volume concentrations of  =0% (pure fluid) and  =2-4% (alumina-water) exposed to an 

external magnetic source have been considered. The obtained results revealed the 

following: 

1-  Pure fluid and nanofluid both have the same thermal and flow behavior, and the 

differences are more evident in terms of maximum recorded values for the stream 

function. 

2- At high Hartmann numbers (Ha>40) and low Rayleigh numbers (Ra ≤ 105), the 

isotherm lines tend to move from horizontal to the vertical direction, which 

indicates a reduction in convection flow dominancy. While for Ra ≥ 106, the 

subjected magnetic field does not play a substantial role in the temperature contour 

configuration. 

3- The surface amplitude and Darcy number have a major effect on the heat transfer 

reduction. 

4- For Da < 10-3, the impact of Ha in the presence of nanoparticles becomes 

insignificant and can be ignored. 
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5-  For Ra ≤ 105, thermal conduction behavior is dominant, particularly at low Darcy 

(Da≤10-4) numbers, while for Ra ≥ 106, the convection heat transfer will dominate. 

6-  A maximum reduction in the mean Nusselt number was found to be 43% compared 

to the clear case at Ra=107 and Ha=0. 

7-  A critical value for the Rayleigh number is found to be Ra=105 that provides the 

maximum decrement in the Nusselt number ratio, especially at Ha=40. 
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Chapter 4: Analysis of Particle Deposition of Nanofluid Flow Through Porous 

Media 

Nomenclature: 

cC  Cunningham correction factor 

Cp  specific heat transfer, J
kgK

 

dp particle diameter, nm  

do particle-surface separation distance, m  

Da Darcy number, 2

H

K
D

 
 
 

 

DH hydraulic diameter, m  

DT Thermophoresis coefficient 

F Forchheimer coefficient 

FB Brownian force, 2
m

s
 

FT Thermophoresis force, 2
m

s
 

FL Saffman lift force, 2
m

s
 

FL,eff effective lift force, 2
m

s
 

FD drag force, 2
m

s
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Fstick adhesion force, 2
m

s
 

Gw Gaussian weight function 

g gravitational acceleration, 2
m

s
 

H channel height, m  

HP block height, m  

Ho Hamaker constant, J  

h heat transfer coefficient, 2
W

m K
 

K permeability of the porous blocks, 2m  

k thermal conductivity, W
mK

 

Kn Knudsen number 

KB Boltzmann constant, 
2

2
mkg

s K
 

L channel length, m  

Lo entrance length, m  

Le length after the last block, m  

mp particle mass, kg  

Np number of particles 

Nu Nusselt number, HhD
k
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P dimensionless pressure 

p pressure, Pa  

Pr Prandtl number, pC

k
 

q wall heat flux, 2
W

m
 

Rc thermal conductivity ratio 

Re Reynolds number, HVD
 

Sm, Se source and sink terms, 3
W

m
 

Sp Spacing between porous blocks, m  

T fluid temperature, K  

Δtp particle time step, s  

U dimensionless axial velocity 

uo axial velocity, m
s

 

V dimensionless transverse velocity 

v transverse velocity, m
s

 

X dimensionless axial coordinate 

x axial coordinate, m  

Y dimensionless transverse coordinate 
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y transverse coordinate, m  

Greek letters: 

ε porosity 

  particle volume concentration  

μ fluid dynamic viscosity, Pa s  

θ dimensionless temperature 

θparticle particle variable 

λ mean free path, m  

ρ density, 3

kg
m

 

  kinematic viscosity, 2
m

s
 

ζi Random function 

Subscripts 

eff effective  

p particle 

m mean 

n total number of particles 

nf nanofluid 

w wall 

o reference to pure fluid 
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1. Introduction  

Over the past three decades, nanofluids thermal and hydrodynamic performance 

have been widely investigated experimentally and numerically by researchers around the 

globe to come up with a more robust understanding and to evaluate their characteristics in 

different applications. Numerous studies [1–6] have shown heat transfer improvement and 

energy saving over the conventional fluids as nanoparticles are easily suspended in base 

fluid and able to produce a stable mixture compared to microparticles. In recent years, few 

studies [7,8] on particle migration inside vertical and inclined tubes have been conducted 

to estimate the impact of particle deposition on thermal performance. Some of the results 

hypothesized that the nanoparticles wall boundary condition differs from the host fluid and 

no deposition was found in vertical tubes [7]; hence nanoparticles did not interact with the 

wall or met the boundary conditions. While others emphasized the importance of 

implementing 3D analysis for nanofluid flow when particle tracking is essential compared 

to axisymmetric 2D simulations, particularly with the existence of gravity in the 

Lagrangian frame [7,9]. Also, a critical angle of 30o that provides a maximum deposition 

for mixed convection flow of alumina-water through an inclined circular tube was found 

for volume fractions of 1%, 3% and 5%. Their outcomes revealed that the heat transfer 

coefficient was minimal for low inclination angles 0-35% and decreased substantially after 

40% [8].  

Although nanoparticles have shown advantages in thermal applications, there are 

still several important aspects that need to be studied regarding nanofluid’s particle 

deposition. To establish a solid base for nanofluids use in porous media applications such 
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as electronic cooling, it is crucial to understand particle distribution/deposition and their 

impacts on the thermal and hydrodynamic fields. Most of the studies related to porous 

media and metal foam have focused on heat removal enhancement with very few 

investigations looking into particle migration in packed-bed reactors, deposition from 

crude oil and pool boiling [10–13]. For example, prior research investigations have cited 

heat transfer enhancement in a partially heated channel with a single and a group of metallic 

foam [10]. Their results demonstrated a high potential for the porous structure to perform 

as a heat sink in electronic cooling and thermal solar collector. Furthermore, blocks 

substantially alter the flow pattern depending on the permeability of the porous medium 

and the apparition of recirculation zones will significantly affect the heat transfer under 

certain circumstances [11,14]. Shahid et al. [15] investigated micro-sized particles (0.7-

20μm) and plugging phenomenon in reactors. 2D Eulerian-Eulerian model was considered 

for all three phases. i.e., liquid, catalyst and fine particles. Burdick et al. [16] studied the 

particle detachment from surfaces using critical particle Reynolds number at which particle 

removal occurs, while particles remain bind to a surface below the critical value. Their 

results indicated rolling was the primary mechanism in laminar flow that sweep out the 

particles from targeted surfaces. Asphaltenes deposition from crude oil flow in a shell and 

tube heat exchanger using DPM has been carried out by Emani et al. [9]. The effects of 

particle velocity and temperature gradients in the radial direction on asphaltenes deposition 

were investigated. Their results showed larger particle sizes, low fluid velocities and higher 

temperature gradients resulted in higher mass deposition rate. Unsteady Eulerian two-fluid 

model was used by Mahdavi et al. [17] to simulate the liquid and vapor flows of nanofluid 
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pool boiling around a two-dimensional horizontal cylinder. Four tubes were considered 

with different orientation angles and pitch distances. It was found that deposition is a strong 

function of the applied thermal boundary condition and that the heat transfer coefficient 

increases with expanding the horizontal gaps between cylinders and then decreasing to a 

specific value.  

Flow of nanoparticles in the presence of a porous medium is complicated from the 

analytical point of view, and the injected Nano-sized particles (1-100nm) can noticeably 

extend this complexity. Recently, the technique of using both nanofluid and porous media 

has received considerable attention and based on the most recent review papers [18,19], 

more studies are required to be conducted in this field. Various aspects regarding nanofluid 

simulation using different models, empirical correlations and boundary conditions have 

been discussed in detail in earlier works [1,2]. Thus, the results from this work are 

presented in two parts. First, we focus on thermal and hydrodynamic analysis in porous 

media using a two-dimensional model under different configurations. The results were 

successfully validated with the numerical, experimental and analytical work of Chikh et al. 

[11], Hunt and Tien [20] and Vafai and Kim [13], respectively. The next focus is turned on 

the particle adhesion/detachment based on force balance and momentum using discrete 

particle model in a three-dimensional frame inside a channel with three equidistance porous 

blocks attached to the bottom wall.  
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2. Mathematical formulation 

2.1. Geometrical representation 

Figure 4.1 shows the geometries considered in the current study. For the 2D 

configuration, dimensionless analysis is carried out with uniform velocity and 

temperature profiles considered at the inlet domain. Heat flux is applied directly on the 

attached porous blocks or along the absorber plate while the rest of the domain is 

considered to be insulated, as shown in figures 4.1a and 4.1b, respectively. The blocks 

height HP=0.25H and the distance between blocks Sp are assumed to be constant. 

However, the conclusions we have established in this study remain valid taking into 

account their variations.  

While for the particle deposition model, a 3D dimensional analysis is utilized 

to embed the Lagrangian frame into the Eulerian field and an adiabatic entrance region 

of 400 mm is being used for the flow to fully develop. Particles are injected as a surface 

at the inlet domain with a flow rate corresponding to the required volume concentration. 

Host fluid and nanoparticles are both assumed to have the same temperature and 

velocity with no-slip condition applied at the wall. The channel is chosen to be long 

enough after the last porous block so that fully developed flow can be achieved at the 

channel exit. The following boundary conditions are applied: 

Inlet: 
Re

u Uo
D

H

 m/s, T=To=293 K 

Insulated wall: q=0 W/m2 for 0 ≤ z ≤ 400mm 

Under the porous blocks: q=1000 W/m2 for 400 ≤ z ≤ Le mm. 
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Figure 4.1 Geometrical representation of the problem under current study, (a) blocks mounted at 

the bottom wall while heat applied intermittently, (b) blocks attached to the top wall while heat 

applied continuously and (c) mesh distribution with cross-section at the middle of a porous block 

for deposition analysis. 
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2.2. Nanofluid thermophysical properties 

One of the recognized aspects in the discrete particle modeling is that it allows 

for the material properties to be entered separately for the metal-based porous matrix, 

the solid phase which consists of colloidal particles of Al2O3 with an average diameter 

of 40nm and the host fluid, which is considered as pure water in this study. Therefore, 

there is no need to encounter empirical equations to estimate the effective physical 

properties. Typical volume concentrations of 0%, 0.3% and 3% were considered in the 

deposition model. Table 4.1 shows the thermophysical properties of the nanofluid and 

the porous matrix.  

Table 4.1 Thermo-physical properties of water, porous blocks and nanoparticles. 

 

3
(kg / m )  c (J / kg K)p

 (W / m K)k  

Host fluid 998.2 4182 0.6 

Alumina (Al2O3) 3880 733 36 

Porous solid 2719 871 218 

μo=0.001003 (kg/m.s) 

2.3. Pure fluid with porous media 

For this part, we consider a 2D steady, incompressible heat transfer and fluid 

flow between two identical plates in the presence of porous blocks attached to the 

bottom and top walls subjected to intermittent and continuous heat flux boundary 

conditions as shown in figures 4.1(a, b). The porous matrix is assumed to be 

homogeneous, isotropic and in local thermal equilibrium (LTE) with the solid matrix. 

The momentum equation for the porous region is represented by the Brinkmann-
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Forchheimer extended Darcy equation. The continuity, momentum and energy 

equations are solved for the fluid and the porous regions as follows: 

0
u v

x y
 (1) 

2 21 1

2 2 2

u u p u u F
u v u u u

x y x K Kx y
 (2) 

 (3) 

 (4) 

where 2 2u u v , and F is the Forchheimer coefficient and 

can be given as [14]: 

 
(5) 

The pertinent boundary conditions for the above equations according to figures 4.1 a 

and 1b are the following: 

at x=0, u=uo, v=0, T=To (6a) 

at y=0 or y=H, (u=v=0), 
0

0,

{
o e

eff

q
L L L

k

elsewhere

y H

T

y
 (6b) 

at x=L, 0
u

x
, v=0, 0

T

x
 (6c) 
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The matching interface meshing between the fluid and porous zone is invoked 

to ensure the continuity of velocity and temperatures at fluid-porous interfaces. 

The governing equations (1-4) are written in the dimensionless form by combining the 

non-dimensional parameters below: 

               

where Dh=2H 

                                

eff
c

k
R

k
                         

             

Therefore, the conservation equations for the continuity, momentum and energy, 

respectively become:  

 (7) 

 (8) 

 (9) 



137 
 

 (10) 

The non-dimensional boundary conditions then become: 

- at X=0 

U=1, V=0, θ=θo=0 (11a) 

- at Y=0 or Y=1/2 

U=V=0, 
1

0
1

2
0,

{
o eL L L

Rc

elsewhere
y

Y
 (11b) 

- at X=L/Dh 

, V=0,  (11c) 

The rate of heat removal is presented by employing the non-dimensional form 

of the local Nusselt number:  

 (12) 

where the mean temperature (θm) is given by the expression below: 

 (13) 

2.4. Nanofluid with porous media 

For nanoparticle deposition, a 3D analysis is implemented using the 

Lagrangian-Eulerian two-phase model or discrete particle model (DPM). An algorithm 
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is implemented incorporating the wall/porous jump boundary conditions to capture 

wall-nanoparticle interaction to determine whether particle sticks, detaches or rebounds 

off the wall with the normal and tangential coefficient of restitution applied to the 

velocity of the reflected particles. Newton’s law of motion is used to solve the 

nanoparticle velocity separately in the Lagrangian frame. The source Sm and sink Se 

terms which represent the amount of momentum and energy exchange, respectively, 

between the continuous and discrete phase are introduced and coupled with the 

conservation equations as follows: 

 (14) 

 (15) 

 (16) 

The momentum source term in Eq. (15) is given as follows [1,19]: 

 (17) 

where n is the total number of particles in a given cell volume δV. The force balance 

equates the rate of change of particle velocity with the forces acting on the particle as 

in Albojamal and Vafai [2]: 

 (18) 
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where pV is the particle velocity and the right-hand side represents the forces acting on 

the particle, which are the drag, gravity, Saffman’s lift, thermophoresis and Brownian, 

respectively. The effects of the pressure gradient and virtual mass forces are considered 

negligible [21]. Eq. (18) is used to obtain the particles trajectory and the velocity field 

by calculating the forces acting on them. Next, all the gathered outcomes about the 

particles are utilized to obtain the momentum source term in Eq. (17). Eventually, Sm 

is updated in the momentum Eq. (15) at every DPM interval.  

- Stoke’s relationship is used to account for the drag force DF exerted by the fluid 

viscous layer [22] 

-                                                                                                                            (19) 

where the Cunningham slip correction factor for the Stoke’s law, Cc is given by 

  (20) 

The Knudsen number, Kn, is provided by λ/dp, where λ=0.17 nm denotes the 

mean free path for the host fluid. Due to the small particle diameter encountered in Eq. 

(20) and since Kn=0.00425 <<0.1, the Cunningham slip factor can assume to be Cc=1. 

This is a clear indication that there is no difference between the drag forces near or 

away from the channel walls and can be omitted when Nano-sized particles are 

involved. Therefore, the particle-wall interaction would be the dominant effect.  

- The gravitational force is given by: 
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                                                                                                                                                 (21) 

- Saffman’s lift force is essential in analyzing particle detachment/adhesion and is 

determined by [23]: 

                                                                                                        (22) 

where K=2.594 is a constant of Saffman’s lift force and σij denotes the deformation 

tensor defined as: 

                                                                                                                  (23) 

- Thermophoresis effect exists when the differential velocity on a molecular scale 

occurs around the particles and results in a force that pushes them towards colder 

sides when a temperature gradient across the flow field exists.  The effect of 

thermophoresis is defined as [24]: 

                                                                                                                                                                (24)

                                                                                                             (25) 

- The last term in momentum source is the Brownian effect which accounts for the 

random movement of particles in the host fluid dependent on the kinetic energy and 

temperature of the particles and given as [25]: 

                                                                                                                 (26) 
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where ζi denotes the unit-variance independent Gaussian number with mean value 

zero and KB is the Boltzmann constant.  

By solving Eq. (17), Sm will be available by calculating the change in the 

momentum of the particle as it passes through each cell control volume of the Eulerian 

base fluid. Therefore, the smaller the size that a parcel passes through, the shorter the 

time step, which requires very fine mesh at the inlet to improve the solution 

convergence, particularly when employing DPM [7]. Ultimately, by neglecting the 

radiation heat transfer and internal particle resistance, the energy exchange between the 

particles and the base fluid can be written as: 

 (27) 

The right-hand side is the convection and conduction heat transfer, respectively, 

between the surrounding displaced fluid in contact with the solid nanoparticle.  

Ranz and Marshall’s correlation [26] is used for calculating the heat transfer coefficient 

as follows: 

 (28) 

Once the Fluent solver passes the particle temperature to Eq. (27), we can obtain 

the energy exchange following the same approach used to evaluate Sm for the 

momentum equation where Se defined as follows: 

 (29) 
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3. Numerical, grid independence and deposition analysis 

Nanofluid Particle deposition and distribution in the presence of porous media 

attached to a heated wall inside a channel for different particle volume concentration is 

investigated. 2D and 3D models were both considered in this study, as shown in figure 4.1. 

The variable mesh distribution must be refined enough to adequately capture near-wall 

region and boundary conditions with substantially finer mesh used for the porous blocks 

and near the walls. A mesh independence study for the 3D deposition model was 

accomplished in terms of the average percentage of wall/porous particle deposition as the 

convergence criterion. Table 4.2 shows different mesh distributions examined in this study. 

Table 4.2 Grid independence study at Da=10-8. 

Number 

of nodes 
Deposition % 

Deviation from 

selected grid % 

66,495 0.702 ± 0.3% 61 

150,052 1.372 ± 0.25% 23.7 

256,675 1.705 ± 0.25% 5.277 

463,932 1.781 ± 0.2% 1.165 

1,246,551 1.802 ___ 

3,450,402 1.815 ± 0.2% 0.716 

 

The commercial software ANSYS [27] was utilized with the help of User-Defined 

Functions (UDFs) to modify the wall/porous jump boundary conditions and to account for 

the drag, boundary and inertia effects in the momentum equations. The governing 

equations were solved by a finite volume method. Due to the compiled and interpreted 

UDFs in addition to the large number of nanoparticles that were injected and tracked at 

every DPM iteration interval, an interactive job was submitted to a computer cluster via 

VNC-server to facilitate the high performance required to achieve the convergence limit ≤ 
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10-6. The solid phase is considered to be interacting with the continuous phase (water) 

during the coupled, interactive calculation. In addition, energy Eq. (27) is employed via 

UDF for convergence purposes. The SIMPLE algorithm for pressure-velocity coupling 

was utilized. STANDARD scheme for pressure field, QUICK for volume fraction and the 

SECOND ORDER UPWIND for other parameters were implemented to discretize the 

governing equations. For closer coupling between the dispersed and continuous flow, the 

following steps should be considered for steady flows in DPM: 

A. Increase underrelaxation factor for discrete phase 

B. Decrease number of continuous phase calculations between trajectory 

calculations 

C. Lower the underrelaxation factors for the continuous phase to improve the 

stability of the coupled calculations. 

Furthermore, the two-way coupling is accomplished and the solution is considered to be 

converged when both discrete and continuous phases stop changing with further 

calculations [28]. 

Since none of the  ANSYS built-in wall boundary conditions (reflect, trap, escape, 

wall-jet, wall-film and interior) accurately represent the deposition criterion due to particle-

wall interaction in the presence of porous media, a deposition model was programmed and 

written in C and dynamically linked with the solver and incorporated within Fluent based 

on force balance and detachment theory, which will serve as a boundary condition for the 

particle-porous media and particle-wall interactions.  
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When the particle approaches the wall/porous jump interior, two different cases can 

happen to the particle fate which are: 

1- Particle sticking 

There are two main forces considered in this study that contribute to spherical 

particles of constant diameter adhere/deposit on a smooth surface, as shown in 

figure 4.2a. These are: 

• Van der Waals force – Arises due to molecular interaction between solid 

surfaces.  

• Gravitational force 

Therefore, the total sticking force witnessed by a particle when it strikes the wall 

can be estimated as the sum of the Van der Waals and Gravitational forces [29]:  

                                                                                                                            (30) 

                                                                                                                                           (31) 

where, Ho and do denote the Hamaker constant ( J), and the particle-

surface separation distance at contact (the Lennard-Jones separation distance, 

0.4nm). On the other hand, the forces that cause the particle to lift off and counter 

the effect of Eq. (30) called the effective lift force, FL,eff, which includes the 

Saffman’s lift, thermophoresis and Brownian forces as defined by Eqs. (22), (24) 

and (26), respectively can be represented as 

, L T BL eff
F F F F                                                                                                                                      (32) 
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(a) 

 

(b) 

Figure 4.2 (a) schematic showing the sticking and detachment forces exerted on 

particles, and (b) identification of level arms related to rolling criterion. 

The net effect of Eqs. (30) and (32) will determine whether the particle 

attaches to the wall or the porous interior after each particle interaction. Considering 

the Van Der Waals force order of magnitude 10-9, it can be expected that Fstick>FL, 

eff due to Hamaker and the equilibrium distance values involved in Eq. (31). The 
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gravitational force has an order of magnitude 10-22 and can be omitted compared to 

FVDW.  

2- Particle detachment 

When a group of solid particles is passed over a surface, a drag force, a lift force 

and an external moment of surface stresses are generated, which act to remove the 

adhering particle from the surface [16].  Therefore, when the applied forces 

overcome the adhesion forces, particles may lift off, slide or roll on the surface. It 

should be noted that when particle rebound off the boundary in question, a 

tangential and normal coefficient of restitution are applied that define the amount 

of the momentum in the direction normal or tangential to the wall that is retained 

by the particle after the collision with the boundary [30]. However, detachment 

process occurs when the fluid dynamic momentum in the viscous sublayer exceeds 

the momentum exerted on the particle by the sticking force. Therefore,  

• Particle lift off when:  

FL,eff ≥ Fstick (vertical force balance) 

• Particle slides when:  

FD ≥ (Fstick + FL) (horizontal force balance) 

• Particle rolling criterion occurs when: 

 (moment balance is shown in figure 4.2b) 

where,  

                                                                                                                     (33) 
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And, the constant E=0.943993 account for the effect of surface on the 

moment [16]. Figure 4.3 shows the flow chart for the deposition model. 

 

Figure 4.3 Deposition model flow chart. 

 

Geometry and meshing  

Activate DPM interaction for coupled calculation, set DPM 

interval, flow rate, tracking parameters… etc. 

Compile and interpret UDFs and select the 

source terms for DPM & cell zones  

Momentum & heat 

coupled solution  

Rest UDMs and select the DPM boundary condition at 

the wall and porous jump from the pre-compiled UDF 

Results post-processing 

Perform particle 

trajectory calculation  

Apply force balance  

Add particle mass to UDM, 

print external sticks.txt file 

and abort trajectory 

Continue trajectory 

Next particle 

Apply normal and 

tangential coefficient 

of restitution  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

Start ANSYS 19.2 

Convergence 

Arrive at 

wall 

Particle 

sticks 

Particle left 

domain 

All particle 

solved 

Stop 

Yes 

No 

Yes 

No 

No 

Yes 

Yes 

No 

No 
Yes 

Particle 

detachment 

No 

Yes 



148 
 

In addition, nanoparticles are injected uniformly at the fluid inlet domain. Slip 

velocity between the host fluid and nanoparticles introduced in the vicinity of the 

wall due to boundary layer formation and porous obstacles is taken into account to 

consider the nanoparticle distribution effects in a particular cell volume on the 

parcels in the neighborhood. The node-based averaging method with Gaussian 

distribution function is used to solve the momentum and heat equations for a single-

point particle, which will act as a representative of the entire nanoparticles in a 

given parcel and extend the distribution effects to others. The Gaussian distribution 

function is employed to interpolate the impact of neighboring cells volume on the 

centroid of the given cell [31]: 

                                                                                                                                                  (34) 

                                                                                                                                                            (35) 

                                                                                                                                                                 (36) 

                                                                                                            (37)                                                                                                                                                                                                                                                      

where and px are particle variable affected by nodes in 

the neighborhood, number of particles in the cell, Gaussian weight function, 

particle variable in the node, characteristic length of the cell, particle time step, 

length scale, cell location in the neighborhood and particle location in a given cell.  
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4. Results and discussion 

4.1. Pure water with porous blocks 

First, a 2D dimensionless analysis was conducted to validate our model and 

findings. Figures 4.4 (a, b) display a comparison between our results with Chikh et al. [11] 

work for Pr=0.7, Re=500, Rc=100, ε=1 and Da=10-3-10-5 for a parallel plate channel 

partially filled with three equidistant porous blocks subject to a constant heat flux from 

below while the remaining walls are kept insulated. 

 

Figure 4.4 Dimensionless wall temperature validation with Chikh et al. [11] results for Pr=0.7, 

Rc=100, ε=1, and Re=500 considering (a) Darcy’s law and, (b) Brinkman-Forchheimer 

extension of Darcy law, (c) experimental comparison of Nuavg with Hunt and Tien [20] work, 

(d) analytical comparison of dimensionless velocity profile with Vafai and Kim [13] work. 

  

(a)  (b) 
  

(c) (d) 
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The porous medium is assumed to be homogenous, isotropic, saturated and in local 

thermal equilibrium with the solid matrix. The thermophysical properties for the porous 

matrix and fluid are assumed to be constant. As can be seen from figure 4.4a, considering 

only the inertia effect underestimates the dimensionless wall temperature (θw), particularly 

at higher Darcy number compared to Brinkman-Forchheimer extension of the Darcy law 

figure 4.4b. Therefore, Fluent momentum equations have been modified via user defined 

function implementing DEFINE_SOURCE macro to account for the inertia, drag, and 

boundary effects. To further extend our model and grid reliability, additional comparison 

with experimental and analytical works were carried out, as shown in figures 4.4 (c, d) for 

a channel fully filled with saturated porous media. It is clearly demonstrated our numerical 

results are in a very well agreement with Hunt [20] and Vafai, and Kim [13] works, 

respectively. 

Figure 4.5 compares the dimensionless wall and mean temperatures for a channel 

intermittently and continuously heated along the porous surface for blocks mounted at the 

bottom and upper walls for Pr=7, Re=500, Da=10-5-10-7 and ε=0.6. By maintaining the 

same height (Hp=H/4), width (Wp=H), and distance between the porous blocks (Sp=H), the 

heat applied continuously along the top surface yields to heat transfer augmentation and 

higher wall and mean temperatures compared to the partially heated blocks. However, the 

streamlines are significantly distorted in the channel with the existence of porous blocks, 

as can be seen from figures 4.6 (a, b). 
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Figure 4.5 Dimensionless temperature for Pr=7, Re=500, ε=0.6 and different Darcy number, 

(a) heat applied intermittently, (b) heat applied continuously, and (c) dimensionless mean 

temperatures. 

The porous blocks act as a solid for lower Darcy number Da ≤ 10-5, and the wall 

temperature significantly increases for the first, second and third blocks by 38.71%, 

42.38% and 35.35%, respectively, when continuously heated, for Da =10-5, compared to 

intermittently heated walls. Therefore, higher local Nusselt numbers can be expected from 

the intermittent heat source, as depicted in figure 4.7a, which in their generic form are used 

in electronic cooling applications. Also, it can be noticed from that figure, Nux is peaked at 

the leading edge of the top surface of the first porous block attached to the heat source due 

  

(a) channel intermittently heated (b) channel continuously heated 

  

(c) dimensionless mean temperature  
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to thermal boundary layer development, as shown in figures 4.6 (c, d) and drops steeply 

toward the leading edge, where the primary flow and counterclockwise vortices meet and 

the minimum Nux is reached due to an almost stagnant flow field. 

 

 

Figure 4.6 Flow and heat representations within porous blocks for Pr=7, ε=0.6 and Re=1000 

and different Darcy numbers, (a-b) streamlines, and (c-d) isotherms. 

  

(a) Da=10-7 
 
 

 

(b) Da=10-4 
 

 
 
 

(c) Da=10-7 

 
 

(d) Da=10-4 
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Figures 4.7 (c, d) show the rate of Nusselt number enhancement compared to the 

clear case (without a porous medium) along the channel for the two configurations under 

current study. 

 

 

Figure 4.7 Heat transfer and pressure drop rate along the channel for pure water and Da=10-7-

10-5 at different blocks configuration. (a) local Nusselt number, heat applied intermittently, (b) 

local Nusselt number, heat applied continuously, (c) Nu enhancement compared to pure water, 

heat applied intermittently, and (d) Nu enhancement compared to pure water, heat applied 

continuously. 

 

  

(a)  (b)  
  

(c)  (d)  
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(a) 

 

(b) 

Figure 4.8 Pressure drop representations for Re=1000; (a) along the channel for different 

Darcy numbers, and, (b) at the middle plane between the porous blocks for Da=10-4. 
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Figure 4.7c shows higher enhancement in Nusselt number of 2.46 for the first block 

for Da=10-5 while the second and third blocks tend to be the same due to the relative 

pressure drop between the primary fluid and the area between the porous blocks as can 

been seen from Figures 4.8 (a, b). Since only about 2% of the flow penetrates through the 

blocks and most of it through the first one due to recirculation zones apparition, as 

discussed earlier in figure 4.6 and also shown by Chikh et al. [11] and Davalath and 

Bayazitoglu [32]. The average Nusselt number from the first, second and third regions is 

2.06, 1.59 and 1.55, respectively, for Da=10-5. Hence, an increase of 2.29% and 2.46% is 

noticed in the Nusselt for the first block compared to the others. While for Da < 10-5, the 

enhancement rate is almost a constant value over the three porous blocks, particularly when 

heat is applied continuously, as depicted in figure 4.7d. The suction pressure effect results 

in a reattached flow behind the blocks, as clearly shown in figure 4.6 and figure 4.8 with a 

maximum Nusselt enhancement of 1.71 at Da=10-7. 

4.2.Nanofluid with porous blocks 

The blocks attached to the bottom wall showed a better heat transfer rate per above 

discussion. It was crucial to implement 3D analysis in the particle tracking model [7], 

especially with the presence of gravity in the Lagrangian frame. Therefore, a 3D study has 

been conducted for nanoparticle tracking in the presence of porous blocks attached to the 

bottom wall and discrete heat sources considering particle-wall interaction/adhesion via 

modified DPM/porous jump interior wall boundary conditions. Table 4.3 (a, b) shows the 

effect of particle deposition on the rate of Nuavg enhancement for different DPM particle  
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Table 4.3 Rate of average Nusselt number enhancement for Re=1000, ε=0.6, constant heat 

flux, and different particle volume fractions. 

(a) 0% and 0.3% vol. 

case  HP/H 
Heated 

walls 

Nuavg, o 

0% 

vol. 

Nuavg, nf 

0.3% 

vol.  

[Nuavg, nf/Nuavg, o]  

enhancement rate 

% 

Deposition  

clear case 

(no porous 

media) 

0 

1 32.09 34.19 6.15 

0.006% 2 22.46 23.83 5.72 

3 19.23 20.44 5.93 

Da=10-8 

0.25 

1 40.31 40.24 -0.17 

0.064% 2 34.40 34.38 -0.06 

3 31.85 31.74 -0.35 

Da=10-7  

1 40.46 40.39 -0.17 

0.052% 2 34.47 34.44 -0.10 

3 31.91 31.82 -0.28 

Da=10-5 

1 53.90 51.96 -3.73 

0.037% 2 41.07 39.92 -2.87 

3 36.78 35.99 -2.20 

Da=10-4 

1 96.70 108.99 11.28 

0.010% 2 59.47 60.72 2.06 

3 48.99 50.29 2.59 
 

(b) 0% and 3% vol. 

case  HP/H 
Heated 

walls 

Nuavg, o 

0% 

vol. 

Nuavg, nf 

3% vol.  

[Nuavg, nf/Nuavg, o]  

enhancement rate 

% 

Deposition  

clear case 

(no porous 

media) 

0 

1 32.09 38.63 16.94 

0.143% 2 22.46 26.81 16.21 

3 19.23 23.13 16.85 

Da=10-8 

0.25 

1 40.31 40.67 0.89 

1.802% 2 34.40 34.85 1.29 

3 31.85 31.91 0.19 

Da=10-7  

1 40.46 41.69 2.96 

1.761% 2 34.47 36.07 4.43 

3 31.91 32.52 1.88 

Da=10-5 

1 53.90 59.63 9.61 

0.471% 2 41.07 43.03 4.56 

3 36.78 38.28 3.91 

Da=10-4 

1 96.70 109.98 12.07 

0.346% 2 59.47 64.96 8.45 

3 48.99 54.52 10.14 
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mass flow rates (0%, 0.3% and 3% particle volume fraction) subject to a constant heat flux 

for Re=1000 and HP=0.25H. 

For the clear case (without porous media), the heat transfer rate increased with the 

particle volume fraction increment with a maximum recorded rate of 16.94% at the heated 

wall one and =3%. However, the average particle mass deposition rate is very low for 

the clear case and minimal particles met the wall conditions. Therefore, the deposition 

effect can be omitted in the horizontal channel simulation as the particles will be 

concentrated more around the centerline of the channel and accelerate the fluid velocity 

without significant interaction with the near-wall regions. It should be noted that erosion 

over time may exist, but it is not part of this study. 

The deposition analysis plays an essential role in the presence of the porous matrix, 

and the rate of enhancement in the Nuavg for different volume concentrations are shown in 

table 4.3 (a, b). For low particle volume fraction, the heat transfer enhancement decreases 

significantly when the permeability increases from Da=10-8 to 10-5. Since the blocks tend 

to act as a solid within that range, our results show that the particles are more 

concentrated/interacting with the fluid-porous interface resulting in higher wall 

temperature. Increasing the Darcy number to 10-4 results in a  Nusselt number enhancement 

of 11.28% for =0.3% with more ease for particles to penetrate and escape the domain 

and carry over the heat from the porous blocks to the main fluid area. Also, it can be noticed 

that increasing the permeability decreases the average rate of particle deposition. This 

becomes more significant for higher Darcy numbers Da ≥ 10-4, where the secondary flow 

region between the blocks diminishes. Our results also show that for lower Darcy numbers 
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(Da ≤ 10-5) and particle volume concentrations ( <1%), no heat transfer enhancement was 

found over the pure water ( =0%), and particle injection/tracking can be omitted. 

However, increasing the particle injection rate will increase the number of particles being 

tracked and, therefore, increases the volume concentration. It should be noted that higher 

volume concentration requires an adjusted tracking scheme, DPM sources update per fluid 

iteration, and smaller particle time step for the same domain length factor (L), as shown in 

Eq. (36). Which means longer time and CPU usage with the modified particle-wall 

boundary conditions. A large number of particles are being tracked and increasing volume 

concentration to 3% shows an improved rate of heat transfer for the entire range of Darcy 

numbers in the current study with a minimal enhancement for the higher mass deposition 

cases. Also, injected nanoparticle at higher rate enhances the heat transfer from the second 

and third porous blocks, particularly for Da ≥ 10-5. Particles may cluster and accumulate 

more inside the porous matrix and on the fluid-porous interface with time, and the average 

deposition may increase up to 20%. However, DPM could not predict/report nanoparticles 

clustering.  

Because the Brownian motion is considered in this study, a non-uniform 

distribution of nanoparticles across the flow sections can be noticed with more particle 

concentration on the fluid-porous interface, near-wall region and centerline in the presence 

of the porous matrix. The extend of parameter a  in the Gaussian distribution function is 

chosen to be 6 as successfully used in Kaufmann et al. study [33]. Figure 4.9 shows the 

distribution of nanoparticles volume fraction at (a) inlet and (b) outlet of each porous block 

for Da=10-7-10-4 and =3%. For high permeability structure, particles can penetrate about 
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85% of the blocks in the Y-direction at the inlet. Furthermore, particles can advance about 

12% and 3% of the total porous layer length in the Z-direction of the first and third porous 

blocks, respectively. However, for Da ≤ 10-7, particles are highly concentrated on the fluid-

porous interface layer and are able to approach and interact more with the top wall region, 

as depicted in Figures 4.9 and 4.10, respectively. 

 

Figure 4.9 Distribution of nanoparticles volume concentration at different planes and Darcy 

numbers for Alumina-water nanofluid. 
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Figure 4.10 Nanoparticle distribution along the porous-fluid interface for block 1 and 3 for 

different Darcy numbers. 

The variation of particle temperature and velocity with time for particles released 

at different distances (a) Y= 0.25HP and (b) Y=0.5H are shown in figure 4.11. It can be 

observed that the particles are taking a long time close to the bottom wall compared to the 

D
a=

1
0

-4
 

  
   

D
a=

1
0

-7
 

  

 
Porous block 1 Porous block 3 

 

V
o

lu
m

e 
co

n
ce

n
tr

at
io

n
 

V
o

lu
m

e 
co

n
ce

n
tr

at
io

n
 

V
o

lu
m

e 
co

n
ce

n
tr

at
io

n
 

V
o

lu
m

e 
co

n
ce

n
tr

at
io

n
 



161 
 

ones in the middle due to gravity and secondary flow region effects. Also, particles for the 

case of Da=10-4 have more tendency to penetrate the porous blocks and release more heat 

to the primary fluid compared to Da=10-7 and move at a faster rate in the channel centerline 

area. 

 

Figure 4.11 Change of particle temperature and velocity with time for Da=10-7-10-4, and 3% 

volume concentration. (a) particles released at distance Y= 0.25HP and, (b) particles released at 

distance Y= 0.5H. 

  

(a) Y=0.25HP 
  

(b) Y=0.5H 
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Figure 4.12 shows the deposition rate as a function of the Reynolds and Darcy 

numbers for 3% particle concentration. As mentioned earlier, particles and the fluid are 

assumed to have same velocity when setting up the particle surface injection at the inlet. 

Therefore, increasing the Reynolds number to Re >1000 reduces the rate of mass 

deposition while the volume concentration is kept constant. Results also show that the 

maximum entrapment is between 500< Re <1000, which is due to the effect of the 

secondary flow between the blocks and the momentum exerted by the fluid on the adhered 

particles. It is found that a low Darcy number provides a higher deposition rate, particularly 

for high particle volume concentration, as shown in figure 4.13a and discussed in table 

4.3b. 

 

Figure 4.12 Deposition rate at different Reynolds numbers and porosities for 3% volume 

concentration and dp=40 nm. 
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(a) 

 

(b) 

Figure 4.13 (a) Deposition rate for different Darcy numbers and particle volume fractions, (b) 

effect of rebound forces on relative deposition for 3% volume concentration. 
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5. Conclusions  

The particle entrapment/migration, fluid flow and heat transfer features of 

nanoparticles for nanofluid transport through porous media were investigated using the 

discrete particle model (DPM). A typical channel subject to a constant heat flux at the top 

and bottom walls is considered. Two different types of nanoparticle mass deposition on 

heated walls were considered: the clear case (without porous blocks) and in the presence 

of a porous matrix utilizing the Eulerian-Lagrangian discrete particle model. The 2D 

dimensionless analysis was considered first for pure water with porous blocks attached to 

the heated walls. Next, the 3D frame was employed to track particles for the deposition 

model since this is crucial in nanofluid flow analysis.  

The average deposition rate for the clear case (no porous media) was found to be 

minimal and the deposition in the channel can be neglected. However, the presence of a 

porous matrix has a substantial role in nanoparticle migration and there exists a critical 

Reynolds number (500 < Re < 1000) where the nanoparticle entrapment rate is maximized. 

For low particle volume concentration <1%, the enhancement rate in the average Nusselt 

number decreases with the injected nanoparticles compared to only pure water when Da ≤ 

10-5. Increasing the porous matrix permeability to Da ≥ 10-4 reduces the particle deposition 

due to the diminishing secondary flow region which causes the particles to advance further 

through the first block. In addition, increasing the particle concentration to 3% and thus 

enhancing the number of particles being tracked lead to deposition increment but at the 

same time an improved rate of heat transfer, particularly from the second and third blocks. 

The heat applied continuously along the top surface where the porous blocks are attached 
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results in heat transfer augmentation and higher wall and mean temperatures compared to 

the partially heated blocks.  

Also, our results have revealed that the Brownian force was the most dominant 

effect on the particle deposition, whereby its omission resulted in a 48% difference in the 

relative deposition.  Generally, particles closer to the bottom wall and porous surface took 

a long time to escape the fluid domain compared to the ones along the centerline. 
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