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      Nanoengineering has revolutionized the development of new thermoelectric 

materials in recent decades. Decoupling thermal and electrical transport in thermoelectric 

materials has allowed unprecedented thermal conductivity reductions without significantly 

affecting the electrical properties, leading to an improvement of the thermoelectric 

performance far beyond classical bulk materials. This doctoral research focuses on 

understanding phonon transport in complex nanomaterials to guide optimal designs of 

thermoelectric energy harvesting systems. 

Nanostructuring a material reduces its thermal conductivity through size effects, which 

can lead to significant improvements in thethermoelectric figure of merit. Most remarkably, 

nanostructuring vastly improves the efficiency of materials that were traditionally 

considered inneficient thermoelectric materials because of their large thermal conductivity, 

the largest proponent of which is silicon. This thesis studies several mechanisms to reduce 

the thermal conductivity of silicon and improve its thermoelectric efficiency by increasing 

phonon scattering. Although significant thermal conductivity reduction due to phonon size 
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effects has been observed in simple silicon nanostructures, the presence of various 

geometric parameters in complex nanostructures complicates the understanding of the 

governing mechanisms. To investigate phonon-boundary scattering phenomena in silicon 

nanostructures, we expand the framework of Monte Carlo ray tracing simulations from just 

porous structures to composite and nanograined materials. First, the results for several 

symmetric and asymmetric pore shapes are used to develop a generalized characteristic 

length based on geometrical parameters. The generalized characteristic length explains 

phonon transport in nanoporous structures as a product of the surface-to-volume ratio, the 

neck-to-pitch ratio and the porosity, with the neck playing a primary role in the thermal 

conductivity reduction. This analytical model not only matches well with the simulation-

generated thermal conductivity data but also with the previously reported data of silicon 

nanomeshes with varying pore shapes, which indicates that the generalized characteristic 

length presented in this thesis can be used to guide optimal material designs. Second, the 

results for nanocomposite structures show that nanocomposite materials can achieve 

thermal conductivity reductions by the same order of magnitude than porous structures if 

the interfacial boundary resistance is large enough – with the advantage of maintaining or 

improving the mechanical properties and potentially increasing the electrical conductivity. 

Third, the ray tracing simulation results on nanograined silicon show that reducing the 

material grain size is also an effective mechanism to decrease the thermal conductivity. 

Moreover, the results for ideal grain structures show that significant thermal anisotropy can 

be achieved using elongated grains, which could be obtained by using nanowires as 

precursor for bulk materials.  
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Complex nanostructures that combine several scattering mechanisms are thus very 

promising to further enhance the thermoelectric figure of merit. Electrodeposition is a good 

methodology to tweak the composition of traditional thermoelectric materials and control 

their degree of crystallization. In this thesis, we study the thermal conductivity and changes 

in the figure of merit of electrodeposited antimony telluride thin films with different silver 

concentrations. The results reveal that precipitates of secondary phases into the antimony 

telluride matrix can delay the antimony telluride crystal formation, thus reducing the 

thermal conductivity of the films and improving their power factor, largely increasing the 

thermoelectric figure of merit. However, creating or maintaining these nanostructures in 

bulk materials is often expensive and challenging. To overcome this obstacle, this thesis 

presents a fabrication procedure to synthesize silicon nanowires from 10 to 250 nm in 

diameter, up to 70 µm long, and with embedded nickel silicide rhomboidal nanoinclusions 

from 2 to 100 nm in size. This fabrication process is scalable and can easily mass-produce 

nanowires for use as bulk material precursor. The results on the thermal conductivity of 

single nanowires unexpectedly show that the inclusions decrease the thermal conductivity 

of the nanowires sharply at high temperatures. While the thermal conductivity reduction is 

beneficial for high-temperature thermoelectric applications, the trend does not follow any of 

the known phonon scattering mechanisms. These results evidence that experimental 

research on complex nanostructures is vital for the development of new understanding and 

encouragement of future investigations. 
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CHAPTER 1:  INTRODUCTION 

1.1. Brief History of Thermoelectrics  

1.1.1. Thermoelectric Effects 

Thermoelectricity describes direct conversion between thermal and electrical energy 

and encompasses three separately identified physical phenomena: the Seebeck effect, the 

Peltier effect, and the Thomson effect.[1], [2] Two centuries ago, Thomas Seebeck observed 

that a magnetic field was generated if a junction was heated between two connected 

dissimilar conductors, which was due to a voltage drop created between the hot and cold 

ends. The Seebeck coefficient S, named after him, is defined as 

𝑆 = −
Δ𝑉

Δ𝑇
=

𝑉+−𝑉−

𝑇𝐻−𝑇𝐶
  ,  (1.1) 

where the voltages and temperatures are indicated in Figure 1-1. 

 

Figure 1-1. Schematics of thermoelectric effects 
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A complementary effect was found by Peltier in 1835: when an electrical current is 

applied between two dissimilar conductors the temperature at the junctions changes. The 

temperature change is directly proportional to the applied current 𝐼 and a Peltier coefficient 

𝛱, defined as  

𝑄 = Π𝐼,  (1.2) 

where 𝑄 is the heat flow rate. Later, in 1851, Lord Kelvin – whose name was William 

Thomson – identified a relationship between the Seebeck and Peltier coefficients, predicted 

a third thermoelectric effect, known as the Thomson effect, and subsequently demonstrated 

it experimentally. The Thomson coefficient 𝛫 measures the heating or cooling of a single 

conductor when a current is passed through the material in the presence of a fixed 

temperature gradient. The generated heat �̇�, which is proportional to both the temperature 

gradient and the current density 𝐽, is given by 

�̇� = −𝛫𝐽𝛻𝑇.  (1.3) 

The Thomson effect derives from the fact that the Seebeck coefficient is temperature 

dependent; thus, both Peltier and Thomson coefficients can be derived from the Seebeck 

coefficient as 

𝛫 = 𝑇
𝑑𝑆

𝑑𝑇
  (1.4) 

and 

𝛱 = 𝑆𝑇.  (1.5) 
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1.1.1. Thermoelectric Materials 

Based on these thermoelectric effects, thermoelectric materials can be used for both 

electrical power generation and refrigeration.[3] The most notable application of 

thermoelectric materials has been Radioisotope Thermoelectric Generators (RTGs) as the 

one seen in Figure 1-2. RTGs are based on a nuclear material core that generates heat and a 

thermoelectric shell that converts this heat into electricity. They have been used in several 

space missions from Cassini to Perseverance to provide stable, reliable energy without any 

moving (and thus easy to break) parts. 

 

Figure 1-2. Schematics of a radioisotope thermoelectric generator. 

The performance of thermoelectric materials is usually defined using the 

thermoelectric figure of merit 𝑧𝑇 which can be computed as[4] 

𝑧𝑇 =
𝜎𝑆2

𝜅
𝑇 ,  (1.6) 

where 𝜎 is the material’s electrical conductivity and 𝜅 is its thermal conductivity. For a given 

thermoelectric device, the average 𝑧 and temperature are used instead and the 
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thermoelectric figure of merit is denoted as 𝑍�̅�. The device’s thermoelectric figure of merit 

is related to the efficiency of the system 𝜂 as  

𝜂 =
𝑇𝐻−𝑇𝐶

𝑇𝐻

√1+𝑍�̅�−1

√1+𝑍�̅�+
𝑇𝐶
𝑇𝐻

.  (1.7) 

Notice that the first term in Eq. (1.7) is the ideal Carnot efficiency and the second term 

is the maximum reversibility of the thermodynamic process. Until early 2000s, 𝑧𝑇 values 

were limited to 1, which yields a very low efficiency compared to other thermodynamic 

power generation techniques as seen in Figure 1-3. The difficulty in improving the 𝑧𝑇 derives 

from the inherent relationships between the thermoelectric properties in classic bulk 

materials: increasing the electrical conductivity above a certain threshold decreases the 

Seebeck coefficient and reducing the thermal conductivity also reduces the electrical 

conductivity. Thus, the efficiency of thermoelectric devices is usually low; even for the most 

modern Multi-Mission RTG (MMRTG), the efficiency is only of about 8%.[5] 

Many materials have been explored to generate thermoelectricity, but they were 

initially obtained empirically through countless attempts based on personal experience. 

Therefore, the improvements on the thermoelectric efficiency were very slow until the 

1950s, when the basic science of thermoelectric effects was established and heavily doped 

semiconductors like bismuth tellurides, lead tellurides and silicon germanides were widely 

recognized as excellent thermoelectric materials.[6], [7]  
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Figure 1-3. Thermodynamic efficiency of thermoelectric devices with increasing ZT compared to other power generation 

technologies. 

In the search for materials with a high thermoelectric figure of merit, there emerged 

two leading concepts: the examination of complex crystal structures with low lattice thermal 

conductivities and the investigation of low-dimensional structures to decouple thermal and 

electrical transports. The effort to explore complex materials originated from the idea that 

an ideal thermoelectric material should combine the low thermal conductivity of a glass with 

the electronic properties of a single crystal. This "phonon glass electron crystal" (PGEC) 

approach,[8] was theorized to be attainable in materials with complex symmetry and crystal 

structure, where the voids (vacancies) and rattlers (atoms located in "cages" of the 

structures with large atomic displacement parameters) act as highly effective phonon 

scattering sites and reduce the lattice thermal conductivity. This approach encouraged a 

significant amount of studies in complex materials systems such as Skutterudites,[8], [9] 

Zintl phases,[10] and Clathrates[11] for which peak ZT values from 1.0 to 1.5 were obtained.  
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In the early-1990s it was theorized that low-dimensional materials could significantly 

improve the ZT as a result of an enhanced Seebeck coefficient through quantum confinement 

of charge carriers.[12] Soon after, significant increases in zT were reported in thin film 

structures based on Bi2Te3-Sb2Te3 superlattices[13] and PbTe-PbSe quantum dot 

structures.[14] However, the large zT enhancement was not due to the improvement in the 

Seebeck coefficient, but because of a large decrease in the lattice thermal conductivity 

resulting from interfacial scattering of phonons. These results prompted large amounts of 

research in the field of low-dimensional thermoelectric materials, including nanowires,[15], 

[16] nanomeshes,[17] and superlattices.[18] Large zT improvements have been achieved 

these past decades by combining different approaches, as seen in Figure 1-4. [6] 

 

Figure 1-4. Evolution of thermoelectric figure of merit over the years (taken from Tan et al.[6]). 
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1.2. Thermal Conductivity Reduction Mechanisms 

The thermal conductivity of a material 𝜅 is composed of the energy transported by the 

vibration of the atomic lattice (quantified as phonons) and the energy transported by the 

electrons 

𝜅 = 𝜅𝑙𝑎𝑡 + 𝜅𝑒𝑙 ,  (1.8) 

The electron contribution to the thermal conductivity can be computed using the 

Wiedemann-Franz law as   

𝜅𝑒𝑙 = 𝐿𝜎𝑇 ,  (1.9) 

where L is the Lorentz number, 𝜎 is the electrical conductivity, and 𝑇 is the temperature. The 

lattice thermal conductivity  𝜅𝑙𝑎𝑡  is classically computed as  

𝜅𝑙𝑎𝑡 =
1

3
𝑐𝑣Λ ,  

(1.1

0) 

where 𝑐 is the heat capacity, 𝑣 is the phonon group velocity and Λ is the phonon mean free 

path. Since heat capacities do not vary widely between materials, the key to having a small 

thermal conductivity is having a small group velocity and phonon mean free path. The 

phonon group velocity depends mainly on the atom’s mass and the lattice spacing and is thus 

difficult to engineer (although acoustic softening is possible under certain conditions).[16] 

Therefore, reducing the phonon mean free path is critical to reduce the thermal conductivity.  

The phonon mean free path indicates the average distance that a phonon can travel 

before being scattered, is dependent on the phonon frequency, and can be estimated using 

the relaxation time approximation to the Boltzmann equation when the scattering events are 

independent as  



8 

 

Λ−1(ω) = Λ𝑖
−1(ω) + Λ𝑢

−1(ω) + Λ𝑒
−1(ω) + Λ𝑏

−1(ω) + ⋯  ,  (1.11) 

where the subindexes refer to common phonon scattering mechanisms: impurities, Umklapp 

(other phonons), electrons, and boundaries. Increasing any of these scattering mechanisms 

can decrease the phonon mean free path and the thermal conductivity but given that bulk 

material’s phonon scattering is governed by Umklapp processes that increase with the 

temperature, it is easier to reduce the thermal conductivity at low temperatures. 

Doping has been proven to decrease the lattice thermal conductivity because it 

introduces impurities and more free electrons, but it also increases the electrical 

conductivity. Therefore, there is always an optimum doping level beyond which doping will 

decrease the thermoelectric figure of merit. However, recent fabrication techniques allow 

doping beyond the soluble limit so the material precipitates secondary phases. These 

secondary phases can scatter the phonons of the main phase (also known as matrix) and 

decrease the overall thermal conductivity.  

The introduction of boundaries has been the most successful nanoengineering 

technique to date to reduce the thermal conductivity. There are different types of boundaries 

that exhibit different scattering mechanisms: pores, inclusions, grains, dislocations… Simple 

nanomaterials like films, nanowires, nanomeshes, and nanograins have been studied, 

however; combining different mechanisms will usually result in larger thermal conductivity 

reductions and thus experiments on more complex nanomaterials are needed.  
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1.3. Outline of Doctoral Research 

This thesis develops and expands the understanding of various theoretical models for 

thermal conductivity reduction as well as explores different experimental materials. 

Chapters 2 to 4 dive into an investigation of the phonon scattering mechanisms in materials 

with large intrinsic phonon mean free path using Monte Carlo ray tracing simulations and 

use Si as an example for thermal conductivity calculations. The effect of pores with various 

symmetric and asymmetric shapes is studied in Chapter 2 in detail. In Chapter 3, the results 

for porous structures are compared to having thermally stable inclusions instead. Chapter 4 

develops and verifies a new simulation algorithm to study the effect of elongated grain 

boundaries. Chapter 5 explores the possibilities offered by doping antimony telluride 

materials beyond the solubility limit using electroless deposition and exemplifies how 

thermal conductivity reductions can improve the thermoelectric figure of merit. Chapter 6 

focuses on the fabrication and thermal characterization of silicon nanowires with nickel 

silicide nanoinclusions. Finally, Chapter 7 offers concluding remarks on the integration of 

these techniques and opportunities for further research advancements. 
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CHAPTER 2:  POROUS SILICON 

2.1. Size Effects in Silicon  

Size effects have been extensively validated using Si because of its unique phonon and 

electron spectra and mature fabrication methods, which can be leveraged to reduce the 

lattice thermal conductivity without significantly affecting the electrical properties.[19]–

[21] Experimental work on polysilicon[22], [23] and Si nanoporous structures[24]–[27] has 

shown lattice thermal conductivity reductions beyond classical models (e.g., due to phonon 

ballistic thermal transport[28] or thermally dead volume[27]). However, the influence of 

different geometrical parameters in reducing the phonon mean free path in complex 

structures (e.g., nanomeshes) is still under debate.  

There are multiple analytical predictions in the literature that estimate Λ𝐵 of porous thin 

films. The most widespread methodology to estimate Λ𝐵 uses the average distance a particle 

can travel before being scattered by a pore surface, which requires the pore shape to be 

symmetric and does not accurately explain the experimental findings as we will see later in 

this paper. Non-weighted Monte Carlo (MS) simulations[29] have been effective in 

predicting Λ𝑔𝑒𝑜 that closely resemble those estimated using optical thin limit of the mean 

beam length (MBL) for some geometries.[30], [31] The line of sight has also been identified 

as an important parameter in driving thermal conductivity reduction.[32] Others have 

emphasized the neck size (minimum distance between two adjacent pores) as the driving 

parameter for the thermal conductivity reduction in porous nanostructures.[33]–[35] Our 

recent computational and modeling efforts using heat flux-driven Monte Carlo ray tracing 
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(MCRT) simulations – where phonon trajectory has a preference towards the direction of the 

heat flux as opposed to completely random non-weighted trajectories– also indicate the neck 

size playing a critical role in thermal conductivity reduction.[36], [37] While effective lengths 

for circular pores derived from fitting MC simulations are available in the literature,[30], [38]  

none so far can explain the majority of the available experimental data. In particular, the 

experimental results for larger porosities and smaller neck sizes fail to follow the predicted 

values of any of the available analytical models.  

Despite that most experimental and computational work has been focused on spherical 

or circular pores, nano-meshes can also exhibit other pore shapes like rectangular and 

triangular pores while silicide inclusions can be diffusively grown to exhibit diamond shapes. 

Moreover, a recent Si nanomesh with Pacman-like holes demonstrated extreme thermal 

conductivity reductions from these asymmetric pores.[39] Given non-circular and 

asymmetric shapes, most of the analytical formulations proposed in the literature require an 

average cross-section that might not be straight forward or even feasible to calculate for 

complicated geometries. Thus, a more accurate and generic expression to compute Λ𝐵 is 

needed to understand and provide future engineering guidance in the thermal conductivity 

reduction of complex nano-structures.  

2.2. Simulation Framework: Heat Flux-Driven Monte Carlo Ray Tracing  

The phonon scattering rate due to the boundaries τb considers all the geometric 

constrains (pore edges, membrane thickness 𝑡, and membrane width 𝑊), which are 

integrated using Matthiessen’s rule such as [36] 
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ΛB = 𝑣𝑔𝜏𝑏 = (Λ𝑝𝑜𝑟𝑒𝑠
−1 + 2 cos 𝜃 /𝑡 + 2 cos 𝜑 /𝑊)

−1
,  (2.1) 

where 𝑣𝐺  is the phonon velocity, and 𝜃 and 𝜑 are the angles between the phonon trajectory 

and the cross-plane vertical and horizontal directions, respectively. Λ𝑝𝑜𝑟𝑒𝑠 is computed using 

the average phonon transmission coefficient 〈𝒯(𝜔)〉 given by ray tracing simulations with 

MC integration.[28] Briefly, phonons are injected on the left wall of the unit cell with a 

trajectory probability that follows a normal distribution with the heat flux direction being 

the mean. The phonon trajectory is tracked through the nanostructure – where the collisions 

with pore boundaries are assumed to be diffused – until it reaches the end of the simulation 

domain or returns to the injection wall. 〈𝒯(𝜔)〉 is thus the ratio between the transmitted 

phonons and the total number of injected phonons. 𝛬𝑔𝑒𝑜 is then determined at the long-

length limit where it saturates to the diffuse limit[28] as 

Λ𝑔𝑒𝑜 =
3𝐿〈𝒯〉

4𝑓
,  (2.2) 

To compute the thermal conductivity of Si nanomeshes 𝜅, we combine Landauer 

formalism[40], [41] and the kinetic theory[42] such that 

𝜅(𝑇) =
𝐺𝐿

𝑓𝐴
 =

1

6𝜋2
∑ ∫ ℏ𝜔

𝜕𝑓𝐵𝐸

𝜕𝑇
𝑣𝑔

2(𝜔, 𝑛)𝜏(𝜔, 𝑛)𝐷(𝜔, 𝑛)𝑑𝜔𝑛 ,  (2.3) 

where 𝐺 is the thermal conductance 𝐺(𝜔) =
𝐴

4
∫ 𝐶𝑣〈𝒯〉𝑣𝑔𝑑𝜔, f is the shape-dependent 

porosity correction factor computed with finite element simulations (see next section), A is 

the cross-sectional area, L is the simulation length, n are the different phonon modes, ℏ is the 

reduced plank constant, 𝜔 is the phonon angular frequency, 𝑓𝐵𝐸  is the Bose-Einstein 

distribution, 𝑣𝑔 is the phonon group velocity, 𝜏 is the phonon relaxation time, and 𝐷(𝜔, 𝑛) is 

the phonon density of states. Since we assume a constant phonon dispersion relation but 
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extremely small characteristic dimensions might result in strong elastic softening in Si,[43] 

our results are only valid down to minimum neck sizes of 10 nm. As suggested by previous 

works with Si nanostructures[44]–[49] and most recently with Si nanomeshes[28], the 

optical branches contribution  to the thermal conductivity associated with the neck sizes 

used in this work remains negligible up to 1000 K. Hence, we only consider the longitudinal 

acoustic (LA) branch and the two transverse acoustic (TA) branches. We use the full phonon 

dispersion relation and combine the different phonon scattering mechanisms via 

Matthiessen’s rule under relaxation time approximation, in which 𝜏−1 = 𝜏𝑏
−1 + 𝜏𝑈

−1 + 𝜏𝑖𝑚𝑝
−1 , 

where the subscripts denote phonon-boundary, -Umklapp, and -impurity scattering, 

respectively. We use the expressions of relaxation time detailed previously[28] to compute 

Umklapp and impurity scatterings, which are 𝜏𝑈
−1 = 𝑃𝜔2𝑇exp (−

𝐶𝑈

𝑇
) and 𝜏𝑖𝑚𝑝

−1 = 𝐶𝐼𝜔4, 

where 𝑃 = 1.53 × 10−19 s

K
, 𝐶𝑈 = 144 K, and 𝐶𝐼 is uniquely fitted to each previously reported 

thermal conductivities of the nonporous membranes (see supplementary information for list 

of used 𝐶𝐼).   

The phonon coherence and wave effects are not considered in our simulations because 

the geometries of interest in this study are much larger than the length scale where phonon 

wave-interference may become significant.[28], [31]  

2.3. Shape Factor 

The shape factor of all studied shapes is established by using finite elements simulations 

to obtain the thermal conductivity of Si with the given pore shape and porosity 𝜙. For varying 
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porosities, the shape factor relationship with the porosity can be fitted using a relationship 

of the form  

𝑓 =
1−𝑎𝜙

1+𝑎𝜙
,  (2.4) 

where 𝑎 is the fitting parameter and would be 1 for the simplified Eucken’s relationship. Very 

small or very large pore elongation ratios result in a large deviation from Eucken’s formula 

as seen in Figure 2-1. Each pore shape is used to derive the phonon-boundary mean free path 

from the ray tracing results as seen in Figure 2-5.  

 

Figure 2-1. Schematics of pore shapes types a, b, and e with small and large elongation ratios (H/V) and the corresponding 

pore shape fitting parameter for different elongation ratios.  

Given that U-shapes contain thermally dead volume as seen in Figure 2-2, their shape 

factor are extremally small compared to other pore shapes of the same porosity. Similarly, 
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we can see in the heat gradient across the structure with Pacman-like holes with inset 

showing no heat gradient inside the Pacman “mouth”. T-shapes are a less extreme case and 

since the thermally dead volume is connected to the heat pathway, it is difficult to identify 

and compare heat gradients. The shape factors for shapes with thermally dead volume and 

their “full” counterparts are detailed in Figure 2-3A as a function of diameter or side (𝐿1 in 

Figure 2-4Figure 2-4. Schematics of the eight different studied shape types). These shapes 

result in a very low shape factor (and thus thermal conductivity) with a low structural 

porosity. The aspect ratio for these shapes is kept the same as shapes 6a, 7, 8a, and 8b in 

Figure 2-4.  Large thermal dead volumes results in an effective thermal porosity much larger 

than the geometrical porosity, which in the case of U-shape pores approaches the porosity 

given by the rectangle that we would get by closing the U-shape, and in extremally large 

mean free paths that do not follow the trend given by other pore shapes. More investigation 

is needed to see if the present ray tracing simulations are able to deal with materials that 

contain thermally dead volume. 
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Figure 2-2. Finite element simulations with normalized temperature for pore shapes with thermally dead volume. 

 
Figure 2-3. Shape factors for shapes with thermally dead volume and their “full” counterparts. 
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2.4. Results for Symmetric and Asymmetric Pore Shapes  

We first focus on how different pore shapes affect Λ𝑝𝑜𝑟𝑒𝑠 while keeping the pitch size and 

porosity constant at 100 nm and 25%, respectively. For this purpose, we study eight different 

pore shape types: ellipses, squares, hexagons, diamonds, triangles, T-, U-shapes, and 

Pacman-like shapes (shape types a to g in Figure 2-4). We have selected these shapes to 

include all the pore shapes with reported thermal conductivity data as well as some 

asymmetric shapes, shapes with thermally dead volume, and shapes that would result from 

fabrication imperfections. All the studied shapes, their relevant dimensions, and shape factor 

are detailed in Figure 2-4.  
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Figure 2-4. Schematics of the eight different studied shape types and their relevant dimensions.  

We first used common parameters, such as the neck size and the interface density, to 

explain the changes in Λ𝑝𝑜𝑟𝑒𝑠. Figure 2-5 shows the ray tracing results for pore shapes 

detailed in Figure 2-4 and the equivalent mean free path once the shape factor is applied as 

a function of the neck size (A and C) and interface density (B and D). Temperature gradient 

in U- and T-shape porous structures (E) clearly showing no gradient inside the U-shpaed 

pore indicating thermally dead volume and resulting in a much larger than expected mean 

free path due to the effective thermal porosity. While these isolated parameters cannot 

holistically explain the results obtained by all shapes, it reveals two consistent trends: (1) 
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for each shape type, Λ𝑝𝑜𝑟𝑒𝑠 decreases with decreasing neck size; and (2) for different shape 

types with similar neck size, Λ𝑝𝑜𝑟𝑒𝑠 decreases with increasing interface density. Additionally, 

U-shapes, and Pacman-like shapes follow these trends in terms of ballistic transport as 

captured by the MCRT results (Λ𝑝𝑜𝑟𝑒𝑠𝑓), but since these pore shapes induce thermally dead 

volume (a portion of the material where the heat cannot flow through as seen in Figure 2-5 

and Figure 2-3) they present low shape factors similar to the shape factor given by their 

effective porosity as seen in Figure 2-3. An increase in the Sharvin resistance might also play 

a factor.[50] Λ𝑝𝑜𝑟𝑒𝑠 for these shapes is therefore higher than expected for the given geometry, 

especially U-shaped pores because of their large thermally dead volume.  

 
Figure 2-5. Ray tracing results and pore-boundary mean free path for each pore shape as a function of the neck size and 

the interface density 
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We use the reported thermal conductivity of the membranes with Pacman-like pore 

shapes to try to establish the validity of the current simulation framework to study pore 

shapes with thermally dead volume. The reported values[39] were modified to provide 

effective thermal conductivity with the shape factors reported in the paper. We simulated 

the exact pore shapes reported with all the different diameters. We can see in Figure 2-6 how 

the predicted values for Pacman-like shapes are really close to the circular pores, while the 

long Pacman shapes would give substantially lower effective thermal conductivity. The 

thermal conductivity predictions are not far from the reported values, but it is difficult to 

establish validity from few data points that fluctuate. More experimental data points with 

shapes with larger thermally dead volumes (like U-shapes) would be necessary to confirm 

the validity of MCTR for this kind of geometries.   

 
Figure 2-6. Comparison between the reported thermal conductivity of membranes with circular, pacman and long pacman 

shapes[39] and the predicted thermal conductivity values obtained using Monte Carlo ray tracing simulations. 
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2.5. Analytical Formulation Derivation  

As explained by Minnich and Chen[51], the mean free path for a completely random 

medium could be computed as the average probability to find a pore for a travelled distance, 

which can be computed as the inverse of the average cross-section per unit volume (𝑆𝐶/𝑉). 

Given that some pore shapes are not symmetric and might be difficult to compute their 

average cross-section, we use the surface density instead and compute the average ratio 

between the two for circular, square, hexagon and triangular shapes. We find that 𝜋 is a good 

approximation and we show that even the average cross-sectional density cannot explain all 

the results for different shapes.  

 

Figure 2-7. Comparison between cross-sectional and surface density (A) and phonon-pores mean free path (B) 

We notice in Figure 2-5 that the neck size plays a dominant role but that the interface 

density can play a secondary role. To better understand the significance of the neck size, we 

counted the number of collisions that each of half a million phonons took to get transmitted 

to a circular pore structure of 7 µm. The results showed that 8.5% of the transmitted 

phonons did so without colliding without any surface, 9% collide less than 10 times, and 12% 
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of the phonons collided less than 100 times as showed in Figure 2-8. This indicates that while 

the whole geometry determines the final phonon mean free path, the neck size is around 10 

% more important than any other geometric factor. 

 

Figure 2-8. Histogram of the number of collisions that took half a million phonons to get transmitted through a 7 µm long 

circular porous structure with 25% porosity  

We evaluated several porosity functions to determine the which one explains best the 

porosity-dependent results as seen in Fig. S7.  The phonon mean free path due to the collision 

with the pores is presented as a function of the effective length as defined in the main text 

Eq. (2) but substituting 𝜙1/3 for the indicated function in each case. We see that the results 

given by 𝜙1/3 and (1 − 𝜙)−2.5 are the only quasi-linear ones, but the latter underpredicts the 

results for porosities larger than 5% while the former severely underpredicts the results for 

porosities smaller than 3%. The difference between the two porosity functions is shown in 

Fig. S8. Eq. (3) for (1 − 𝜙)−2.5 at 25% porosity would be Λ𝑝𝑜𝑟𝑒𝑠 = 1.09𝜋
𝑉

𝑆

𝑁1

𝑃
(1 − 𝜙)−2.5  and 

the best fit for the porosity-dependent results would be 0.94. All simulation results 
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compared to a prediction of  Λ𝑝𝑜𝑟𝑒𝑠 = 𝜋
𝑉

𝑆

𝑁1

𝑃
(1 − 𝜙)−2.5 are shown in Fig. S8. The average 

prediction error for the two porosity functions is 8.6% and 9.2%, respectively for 𝜙1/3 and 

(1 − 𝜙)−2.5, but the former has larger maximum errors for lower porosities. For circular 

pores, we identify the radius-to-pitch ratio (or neck-to-pitch ratio) as the only driving 

parameter, being the absolute result linearly increasing with the pitch size. We decide to use 

𝜙1/3 in the main text given the lower average error combined with the usually larger 

porosities used in the literature to try to obtain the minimum possible thermal conductivity. 

 

Figure 2-9. Porosity-dependent phonon mean free path as a function of different parameters and effective length functions. Color 

legend same as Fig. 2 in main text.  
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Figure 2-10. Comparison between the normalized effective length as a function of the radius-to-pitch ratio for the two best 

performing porosity functions assuming circular pores.  

We develop thus a combined parameter that explains  Λ𝑝𝑜𝑟𝑒𝑠 for all shapes that do not 

induce significant thermally dead volume. We derive this universal effective length 𝐿𝑒𝑓𝑓 as a 

combination of three geometrical parameters: 

• The probability for a phonon to not find an interface, which can be computed as the 

inverse of the average cross-sectional area in a given volume,[51] but given that we 

are also studying asymmetric shapes, we will use instead the inverse of the interface 

density – or total volume 𝑉 divided by pore surface 𝑆 – which is an average of 𝜋 times 

larger than the cross-sectional area. 

• The probability to not find an interface in the direction of the heat flow, which is 

evaluated as the ratio between the neck size perpendicular to the heat flux 𝑁1 and the 

pitch size 𝑃. 

• The available solid area for the phonons to move through, which is evaluated with a 

function of the porosity 𝜙. 
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𝐿𝑒𝑓𝑓 can thus be computed as 

𝐿𝑒𝑓𝑓 =
𝜋𝑉

𝑆
  

𝑁1

𝑃
  𝜙1/3,  (2.5) 

where the porosity factor was found to be the better fit to all pore shapes, and it is necessary 

to ensure that the physical result for a zero porosity Λ𝑝𝑜𝑟𝑒𝑠 (i.e., a nonporous membrane) 

must be infinite. The exact relationship between Λ𝑝𝑜𝑟𝑒𝑠 and 𝐿𝑒𝑓𝑓 is determined by fitting the 

computational results for 25% as seen in Figure 2-4 porosity to be  

Λ𝑝𝑜𝑟𝑒𝑠 = 𝐿𝑒𝑓𝑓
′ = 3.55𝐿𝑒𝑓𝑓 = 3.55𝜋

𝑉

𝑆
  

𝑁1

𝑃
  𝜙1/3.  (2.6) 

In Figure 2-11 we show the phonon mean free path due to the scattering with the pore 

boundaries as a function of the pore effective length 𝐿𝑒𝑓𝑓 for an infinite membrane. From left 

to right, we show first a detail of the results for all pore shapes in Figure 2-4 with a pitch size 

of 100 nm and a porosity of 25 %; then we include the results for shape types a and b with 

aspect ratios of 1 (blue), 0.4 (orange), and 2.5 (grey), pitch size of 100 nm, and porosities 

ranging from 1 to 30 %; and finally we add results for shape numbers 1 to 6 (circle, square, 

hexagon, diamond, equilateral triangle and isosceles triangle) with a pitch size of 1 μm 

instead of 100 nm. The fit (green line) is the same for all plots. The exact ray tracing result 

Λ𝑝𝑜𝑟𝑒𝑠𝑓, simulation error, predicted mean free path Λ𝑝𝑜𝑟𝑒𝑠, effective length 𝐿𝑒𝑓𝑓 and modified 

effective length 𝐿𝑒𝑓𝑓
′  for each pore shape are detailed in Table 2-1. The simulation 

uncertainty is computed as two times the standard deviation given by dividing the 

simulation results in groups of 50k phonons.  

 

 



26 

 

Table 2-1. Ray tracing and analytical formulation results for each pore shape.  

Shape # Description 𝚲𝒑𝒐𝒓𝒆𝒔𝒇 Sim. Error 𝚲𝒑𝒐𝒓𝒆𝒔 𝑳𝒆𝒇𝒇 𝑳𝒆𝒇𝒇
′  

1 Circle 98.0 8.20 165.63 15.50 172.63 
2 Square 95.0 8.00 167.37 15.75 175.44 
3 Hexagon 78.5 9.00 134.50 12.87 143.37 
4 Diamond 63.2 6.80 113.80 9.23 102.81 

5a Triangle 44.9 6.50 82.66 7.98 88.95 
5b Eq Triangle 33.2 6.50 65.93 6.63 73.88 
6a Thick T 39.8 6.00 82.96 6.43 71.66 
6b Thin T 22.0 4.00 54.93 3.94 43.86 
7 Thick U 34.8 4.00 165.65 4.75 52.89 

8a Pacman 25.9 2.80 81.27 5.28 58.77 
8b Long Pacman 85.8 7.96 166.38 11.41 127.16 
10 Elipse 0 10.5 1.90 32.65 3.19 35.49 
11 Elipse 1 33.2 2.10 75.49 7.17 79.92 
12 Elipse 2 49.8 2.96 100.97 9.65 107.49 
13 Elipse 3 72.5 3.41 132.74 12.46 138.86 
14 Elipse 4 96.1 6.64 162.54 15.49 172.55 
15 Elipse 5 115.5 5.50 181.66 17.39 193.73 
16 Elipse 6 138.4 6.20 205.59 18.80 209.38 
17 Elipse 7 164.6 6.39 230.74 18.98 211.48 
20 Rectangle 2 153.8 4.70 228.36 19.20 213.86 
21 Rectangle 3 119.9 5.47 207.10 17.68 196.91 
23 Rectangle 4 67.8 7.95 161.19 15.75 175.44 
24 Rectangle 5 38.0 7.20 90.29 13.18 146.78 
25 Rectangle 6 5.3 1.35 26.83 8.70 96.90 
30 Triangle 1 8.5 1.52 23.17 2.31 25.76 
31 Triangle 2 28.3 2.50 54.81 2.35 26.14 
32 Triangle 3 46.3 4.02 85.25 5.78 64.40 
33 Triangle 4 67.9 3.42 112.91 8.06 89.83 
34 Triangle 5 85.0 3.89 133.34 10.19 113.53 
35 Triangle 6 100.4 4.20 151.38 11.42 127.19 
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Figure 2-11. Phonon mean free path due to the scattering with the pore boundaries as a function of the pore effective length for 

an infinite membrane.  

We then evaluated extreme cases of elliptical (shape type a) and rectangular (shape type 

b) pores with aspect ratios (𝑟 = 𝐿1/𝐿2) of 0.4, 1, and 2.5 along the porosity spectrum from 1 

to 30% while still maintaining the pitch size at 100 nm. The results, presented in Figure 

2-11B, show that Eq. (3.5) and (3.6) are valid for all shapes and porosities, with increasing 
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deviation for porosities below 3% and shapes elongated along the direction of the heat flux 

(low 𝑟). Finally, we evaluated six shapes (#s 1 to 6 in Figure 2-4 and Table 2-1) for a larger 

pitch size of 1 µm while maintaining a porosity of 25%. The results, shown in  Figure 2-11C, 

confirm that Eq. (3.5) and (3.6) are valid for all pitch sizes or geometric scales despite the 

trend slightly deviating for large pore shape elongations and low porosities.  

The effective thermal conductivity (𝜅𝑒𝑓𝑓 = 𝜅 ∙ 𝑓) of the Si material increases with the 

effective length depending on the material’s porosity as seen in Figure 2-12 for an infinite Si 

nanomesh with circular pores. We show the predicted Si nanomesh effective thermal 

conductivity (lines) as a function of the effective length for different porosity ϕ values 

identified with the color bar. These results correspond to a 145 nm thick Si nanomesh with 

an impurity scattering parameter of CI = 7 ∙ 10−45 and circular pores. To find the result for 

other pore shapes, correct the estimated value using the appropriate shape factoras detailed 

in the previous section. Also plotted as circles are the effective thermal conductivity reported 

for 145 nm thick membranes by Anufriev et al.[52], Maire et al.[53], Verdier et al.[54] and 

Nomura et al.[55], [56] (see next section for details on these references).  
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Figure 2-12. Predicted Si nanomesh effective thermal conductivity as a function of the effective length for different porosity 𝜙 

values and reported literature values. 

2.6. Comparison Between Predicted and Measured Thermal Conductivity 

Values 

To validate our modeling, we compare the literature data on experimental in-plane 

thermal conductivity of Si nanomeshes with circular, rectangular, or pacman-shaped pores 

of different dimensions to the predicted thermal conductivity using Eq. (3.6) to predict 

Λ𝑝𝑜𝑟𝑒𝑠. We also present the comparison between the experimental data and the thermal 

conductivity predictions using the different analytical formulations present in the literature 

and detailed in Table 2-2 instead of Eq. (3.6) to predict Λ𝑝𝑜𝑟𝑒𝑠.  
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Table 2-2. Available expressions to calculate the phonon-boundary mean free path in nanomeshes. 

Proposed by Notation Expression (Circles) Meaning 

This work 𝑳𝒆𝒇𝒇
′  𝟏𝟏. 𝟏𝟒

𝑷𝟐

𝝅𝑳𝟏

𝑵𝟏

𝑷
𝝓𝟏/𝟑 

Combination of the surface 
density and the neck size for a 

given porosity [Eq. (3.6)] 

Hao et al.[57] 𝑴𝑩𝑳 
𝟒𝑳𝑺𝑨

𝟐

𝝅𝑳𝟏
 Geometric MBL 

Hopkins et 
al.[25], [33] 

𝑵𝟏 𝑵𝟏 
Minimum distance between 

pores (neck) 

Minnich et al.[51] 𝑳𝒎 
𝝅𝑳𝟏

𝟐

𝟒𝑷𝟐
 

Average distance a particle can 
travel before finding a pore 

surface 

Liu et al.[58] 𝑳𝒎𝟏
 𝝅𝑳𝟏

𝟐

𝟒𝑷𝟐
(𝟏 − 𝝓) 

Modified 𝑳𝒎 to fix the behavior 
at high porosities 

Huang et al.[59] 𝑳𝒎𝟐
 

𝑳𝟏

𝟖𝝓
 

𝑳𝒎 across the heat-transfer 
direction 

Alaie et al.[24] 𝑳𝑺𝑨 √𝑷𝟐 − 𝝅𝑳𝟏
𝟐 𝟒⁄  Square root of solid area 

 

We have included in the comparison all the experimental data available in the 

literature to the best of our knowledge; the basic details of each study are detailed in Table 

2-3. From these studies, all of them except for Kasprzak et al.[60] and Graczykowski et al.[61] 

were conducted in suspended meshes with an induced 1-D heat transport. The 

aforementioned studies[60], [61] used a novel two-laser Raman thermometry technique 

with a larger membrane that could lead to a divergence in the results due to 2-D heat 

transport. To perform the thermal conductivity predictions, we computed the overall Λ𝐵 

taking into consideration the membrane thickness 𝑡, width 𝑊, length 𝐿, and impurity level 

as explained above (for specific numbers for each datapoint see APENDIX A: ). As presented 

in Figure 2-13A, the expression proposed in the present work provides thermal conductivity 

predictions that closely match the experimental values. The overall slightly lower 

experimental thermal conductivity values compared to theoretical prediction are 
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expected[62] due to defects during the fabrication process, oxidation of the pore edges, and 

thermal contact resistances during measurements. Especially important might be the 

increase of impurity levels at lower neck sizes given that we determine the impurity level 

using the unpatterned membranes. Moreover, using the smallest membrane neck size when 

the fabrication process results in inclined pore walls will increase the prediction 

accuracy.[63] Despite our best efforts to correct and unify the reports, inconsistencies with 

the shape factors used in the literature (sometimes not reported) also increase the data 

disparity.  

Table 2-3. Literature nanomesh data used for the validation of our modeling and their relevant parameters 

Reference Year t [nm] L1 [nm] P [nm] κ [Wm-1K-1] 

Kasprzak et al.[60] 2020 260 120-300 200-2000 2.6-86.3 
Gluchko et al.[39] 2019 70 100-350 300-1050 14-25 

Hao et al.[63] 2018 220 120-300 150-600 8-30 
Anufriev et al.[52] 2017 145 80-425 160-500 27-56 

Graczykowski et al.[61] 2017 250 130-140 200-300 8.5-22 
Lee et al.[28] 2017 80 60 80-120 16-19 

Maire et al.[53] 2017 145 133, 161 300 32.5 
Verdier et al.[54] 2017 145 90-425 200-500 21-41.5 

Anufriev et al.[64] 2016 80 65-240 120-280 27-56 
Nomura et al.[55] 2016 145 120-275 300 23-45 
Wagner et al.[65] 2016 250 175 300 14 

Lim et al.[66] 2016 100 26-44 60 1.7-7.4 
Nomura et al.[56] 2015 145,143 74-270 300 23-45 

Alaie et al.[24] 2015 366 74-270 300 22 
Kim et al.[67] 2012 500 200-530 500-900 32-80 

Marconnet et al.[68] 2012 196 110, 210, 280 385 2-51 
Hopkings et al.[25] 2011 500 300, 400 500-800 4.8-7.1 

Tang et al.[69] 2010 100 32, 11, 198 55, 140, 350 1.7-10 
Yu et al.[17] 2010 22 11, 16, 270 34, 385  1.9-16.5 

Song and Chen[70] 2004 4450-7440 2300, 10900 4000, 20000 45, 75 

 

The formulation presented in this work does however result in a better prediction 

method  than every other option presented to date as seen in Figure 2-13. For instance, the 

MBL approach (Figure 2-14) provides good results for nanomeshes with high thermal 
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conductivities but its prediction accuracy decreases rapidly for lower thermal conductivities 

– which corresponds to smaller neck sizes and higher porosities. In contrast, using the neck 

size (Figure 2-15) or  𝐿𝑚2
 (Figure 2-18) consistently underpredicts the experimental thermal 

conductivity, but the neck size could be used as a lower predictive bound. The modification 

of 𝐿𝑚 proposed by Liu et al.[58] (Figure 2-16 and Figure 2-17) significantly improves the 

agreement between predicted and reported thermal conductivities, but the overall 

agreement is still poor. The expression presented in this work improves the agreement with 

the experimental results in almost all cases compared to the predictions using 𝐿𝑚1
, reducing 

the disparity between theoretical predictions and empirical results by an average of 10% but 

up to more than 200% and improving the R2 fitting of the model to the measured data from 

0.40 to 0.51 – which means that our model can explain 51% of all experimental literature 

values. Finally, using 𝐿𝑆𝐴 (Figure 2-19) provides the best general agreement (highest r2 and 

lowest root mean square error or RMSE) to the reported data but the predictions are not 

self-consistent; in other words, there is a large divergence among datapoints from the same 

reference which indicates low reliability. Given that some of the experimental data points 

are clear outliers (Marconnet 2012,[68] Hopkins 2010,[71] and Song 2004[70]) we 

calculated the corrected r2 and RMSE (referred as corr. 1 in Table 2-4), which showed 

improved statistical agreement for all expressions except for 𝐿𝑚2
. Of the remaining 171 

datapoints from 17 references, the present expression 𝐿𝑒𝑓𝑓
′  can predict 68 % of the values, 

which is 16% more than the modified average collision length 𝐿𝑚1
 and 7% more than the 

MBL. If we remove from the statistical calculation thermal conductivity measurements that 

do not ensure 1-D transport and nanomeshes with a neck size smaller than 30 nm because 



33 

 

of the measurement uncertainty increase (referred as corr. 2 in Table 2-4) – giving 117 

remaining datapoints –, 𝐿𝑒𝑓𝑓
′  statically outperforms every other expression with a reduced 

RMSE of 8.23 Wm-1K-1 and an increased r2 of 0.81.  

 
Figure 2-13. Comparison between the reported measured thermal conductivity of 180 Si nanomeshes and their predicted 

thermal conductivity using 𝐿𝑒𝑓𝑓
′  

 
Figure 2-14. Comparison between the reported measured thermal conductivity of 180 Si nanomeshes and their predicted 

thermal conductivity using the MBL 
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Figure 2-15. Comparison between the reported measured thermal conductivity of 180 Si nanomeshes and their predicted 

thermal conductivity using 𝑁1 

 
Figure 2-16. Comparison between the reported measured thermal conductivity of 180 Si nanomeshes and their predicted 

thermal conductivity using 𝐿𝑚 
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Figure 2-17. Comparison between the reported measured thermal conductivity of 180 Si nanomeshes and their predicted 

thermal conductivity using 𝐿𝑚1
 

 
Figure 2-18. Comparison between the reported measured thermal conductivity of 180 Si nanomeshes and their predicted 

thermal conductivity using 𝐿𝑚2
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Figure 2-19. Comparison between the reported measured thermal conductivity of 180 Si nanomeshes and their predicted 

thermal conductivity using 𝐿𝑆𝐴 

 

Table 2-4. Statistical significance of each proposed analytical formulation 

Method r2 RMSE Corr. 1 r2 Corr. 1 RMSE Corr. 2 r2 Corr. 2 RMSE 

Leff 0.51 17.01 0.68 13.42 0.81 8.23 
MBL 0.45 18.04 0.61 14.71 0.78 8.88 

N1 0.62 15.05 0.66 13.91 0.43 14.44 
Lm 0.20 21.76 0.34 19.14 0.41 14.66 
Lm1 0.40 18.93 0.52 16.35 0.64 11.44 
Lm2 0.44 18.29 0.43 17.95 -0.08 19.84 
LSA 0.63 14.82 0.73 12.20 0.81 8.31 

 

Furthermore, 𝐿𝑒𝑓𝑓
′  captures fairly accurately the measured thermal conductivities of 

different shapes like rectangles from Lee et al.[28] and Pacman-shapes from Gluchko et al.[39] 

as seen in Table 3. While MBL, 𝑁1, and 𝐿𝑆𝐴 capture the overall trend, their match to the 

experimental data is substantially worse. 𝐿𝑚and their derivates simply cannot capture the 

trends given by these shapes because the expression assumes a constant pore cross-section 

and do not take into account increases in surface density or asymmetric shapes. 
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Table 2-5. Comparison between the measured thermal conductivity of Si nanomeshes with different pore shapes and 

corresponding predicted thermal conductivity using each of the analytical formulations detailed in Table 1. For other membrane 

dimensions and impurity levels check Table S2. 

Ref. 
Pore 

Shape 

Pore 
Size 
[nm] 

Meas. κ 
[Wm-1K-1] 

Predicted. κ [Wm-1K-1] Using 

Eq. (3) MBL 𝑵𝟏 𝑳𝒎 𝑳𝒎𝟏
 𝑳𝒎𝟐

 𝑳𝑺𝑨 

Lee et 
al.[28] 

b 
60x60 16 17.2 19.3 10.1 18.1 14.3 20.8 15.7 

160x60 18 18.4 21.8 10.1 - - - 18.9 
960x60 19 19.3 22.6 10.1 - - - 24.0 

Gluchko 
et 

al.[39] 

a 

292 34 34.8 35.0 23.7 36.1 33.2 20.7 31.5 
400 38 36.9 37.1 26.5 38.0 35.5 23.5 33.9 
497 35 38.2 38.4 28.5 39.2 37.0 25.5 35.5 
596 37 39.1 39.4 30.0 40.0 38.1 27.1 36.7 
683 41 39.8 40.1 31.2 40.6 38.9 28.3 37.5 

h 

294 26 32.3 36.0 23.7 41.6 39.9 29.3 32.5 
402 25 34.7 38.0 26.6 42.6 40.9 30.3 34.8 
503 29 36.2 39.2 28.5 43.6 41.9 31.3 36.3 
602 30 37.4 40.1 30.1 44.6 42.9 32.3 37.5 
703 33 38.2 40.8 31.4 45.6 43.9 33.3 38.3 

 

2.7. Conclusions 

We developed a new effective length to compute the phonon mean free path due to the 

scattering event occurring at boundaries that can be universally used for all pore shapes that 

do not induce thermally dead volume. Our results indicate that both the interface density 

and the neck size are influencing parameters on the reduction of phonon mean free path in 

porous nanostructures. Classical expressions like the MBL and 𝐿𝑚1
 overestimate the phonon 

mean free path due to the scattering with the pore boundaries especially for small neck sizes 

and high porosities. Our newly developed model improves the agreement with experimental 

data by up to 200% and the overall model R2 to 0.51 for all data and up to 0.81 when 

excluding outliers. We have further validated that the neck size is indeed a key parameter 

for the thermal conductivity reduction and using it to directly estimate the thermal 
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conductivity provides a lower bound estimation. The outcomes of this work expand the 

current understanding of thermal transport in complex nanoporous materials and provide 

rational engineering guidelines in designing optimal thin film nanoporous membranes for 

maximum thermal conductivity reduction.   
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CHAPTER 3:  SILICON-BASED COMPOSITES 

3.1. Silicon Composites  

Silicon-based nanocomposites are attractive thermoelectric materials[19], [72] due to 

the abundance of the constituent elements, high melting point, and compatibility with 

electronic,[73] optoelectronic,[74], [75] photonic,[75] and photovoltaic technologies.[76] 

Silicon compounds such as higher manganese silicides (HMS), MgSi2, β-FeSi2, and SiGe are 

known to have a high thermoelectric figure of merit (𝑧𝑇) because of low thermal conductivity 

and high Seebeck coefficient.[21], [72], [77], [78] In bulk materials, 𝑧𝑇 =
𝜎𝑆2

𝜅
𝑇 is limited by 

the intrinsic interdependence of the electrical conductivity 𝜎, Seebeck coefficient 𝑆, and 

thermal conductivity 𝜅. Advances in the synthesis of nanostructured materials during the 

last two decades have allowed the reduction of the thermal conductivity without affecting 

the electrical properties and leading to a significant improvement of the zT of materials with 

a phonon mean free path larger than their electron mean free path.[79], [80] 

Nanostructuring efforts included silicon-based materials such SiGe,[21] CrSi2,[81] and 

Si.[82] Nanostructuring cannot, however, significantly enhance the zT of certain silicides 

such as Mg2Si or MnSi1.73 because the phonon and charge carrier mean free paths are of the 

same range.[83], [84] Nanocomposite engineering for thermoelectric applications 

capitalizes on the combination of matrix nanostructuring with contributions from the 

inclusions to the thermoelectric performance. By selecting a matrix material with 

significantly different phonon and electron mean free paths such as Si,[82] inclusion and 

grain boundaries can scatter mid- to low-frequency phonons. Combined with the matrix 
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dopants high-frequency phonon scattering,[19], [85] nanocomposites can yield an overall 

reduction of the thermal conductivity while improving the electrical properties. Phonon 

scattering with pore boundaries has indeed been shown to provide thermal conductivity 

reductions beyond classical models in experimental work on polysilicon,[22], [23] silicon 

nanoporous structures,[17], [26]–[28], [66] nanowires,[86]–[89] nanotubes,[43], [90] and 

nano-labyrinths.[91] The effect of ballistic phonon transport was demonstrated in silicon 

nanomeshes,[28] and the contribution to the thermal transport of material perpendicular to 

the direction of the heat flux was proven increasingly negligible in nanoladders with 

decreasing pitch.[27] Although nanoporous silicon offers  low effective thermal conductivity, 

the effective electrical conductivity[92] and mechanical stability[93] reduce accordingly as 

a result of the material loss. On the contrary, silicon nanocomposites with silicide inclusions 

do not compromise electrical or mechanical properties.  

Nanocomposites can simultaneously reduce the material’s thermal conductivity and 

increase its effective electrical conductivity and Seebeck coefficient through low energy 

electron filtering.[94] The contribution of the inclusions to the composite’s effective thermal 

conductivity depends on the inclusion density, the inclusion material intrinsic thermal 

conductivity, and the thermal boundary resistance (TBR) between the inclusion and the 

matrix material.[95] Although the mechanisms that drive the TBR are still not fully 

understood, the Diffuse Mismatch Model (DMM)[95] has been proven to be a reasonably 

good approximation for experimental values between greatly acoustically mismatch 

materials,[96] and epitaxial silicon-silicide boundaries.[97] Recent thermography 

measurements have shown that the DMM might overestimate the phonon transmission at 
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intermediate frequencies especially if the interface is not oxide free.[98] The inclusion 

distribution and shape also affect the effective thermal conductivity.[36], [99] Previously 

reported thermal conductivity analytical expressions[51] and effective medium 

theories[100] (EMTs) are derived for ellipsoidal or squared inclusions and layered 

structures. However, recent advancements in nanomaterial synthesis show that epitaxially 

grown silicide inclusions in silicon have a rhombohedral shape,[101] the thermal 

conductivity of which cannot be captured by the aforementioned expressions and EMTs.[36] 

This calls for an improved method, such as the ray tracing technique, to be incorporated into 

the investigation of phonon transport in nanocomposites with non-elliptical inclusion 

shapes. Ray tracing simulations have been successfully used to compute the thermal 

conductivity of nanoporous materials with various inclusion shapes and distributions.[28], 

[36], [99], [102]  

Here, we combine Monte Carlo ray tracing simulations with classical transport theories 

to predict the thermal conductivity of various silicon-based nanocomposites including the 

effect of the interfacial thermal resistance. To determine the best mechanisms to minimize 

the matrix thermal conductivity and how these mechanisms translate into the effective 

thermal conductivity of the composite, we explore the use of various silicon compounds as 

material inclusions. Silicon tends to form alloys when in contact with metals, resulting in a 

layer of silicide the thickness of which depends on the metal diffusion length in silicon and 

the temperature at which the material is subjected.[103]–[105] Pure metallic inclusions 

would, therefore, diffuse into the silicon matrix and become core-shell inclusions with 

compromised chemical and kinetical stability. The use of silicides as inclusion materials is 
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thus preferred to reduce the complexity of the system and ensure chemical and kinetical 

stability when varying the temperature. Although little experimental studies using silicides 

in nanocomposites for thermoelectric applications are available, a recent work on 

(FeSi2)0.75(Si0.8Ge0.2)0.25 nanocomposites[106] shows a 170% improvement in the zT with 

respect to β-FeSi2. The selected materials for this study have a wide range of material 

properties, including Debye temperature, phonon group velocity, and intrinsic thermal 

conductivity. We have selected NiSi2, CoSi2, and WSi2 because they have been widely used in 

the electronic industry,[73] provide an epitaxial interface with silicon,[97] a wide range of 

electrical and thermal properties.[107] We also study FeSi, Mn4Si7 (also known as MnSi1.75) 

because they have already presented promising properties as thermoelectric 

materials.[106], [108] FeSi is a metallic iron silicide phase with relatively high electrical 

conductivity and low Debye temperature.[109] Mn4Si7 is a d-band semiconductor with 

extremely low phonon group velocity and Debye temperature and that has been widely 

studied as thermoelectric material.[108] We then explore the effect of the inclusion crystal 

orientation to the TBR and, finally, we explore the importance of the inclusion shape in 

further reducing the thermal conductivity at different temperatures. The outcomes of this 

work provide precise guidelines on material engineering for maximum thermal conductivity 

reduction.  

3.2. Simulation Framework Modification for Composite Material 

Similar to the simulation framework for nanoporous Si, we use a Monte-Carlo ray tracing 

technique to capture the impact of inclusion shapes on the phonon mean free path due to 

boundary scattering at the inclusion interfaces, 𝛬𝐵.[28], [36]  Briefly, we combine Landauer 
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formalism[40], [41] and kinetic theory[42] to convert the frequency-dependent phonon 

transmission coefficient 〈𝒯(𝜔)〉 given by ray tracing to 𝛬𝐵 as 

𝛬𝐵 =
3𝐿〈𝒯(𝜔)〉

4𝑓
,  (3.1) 

where L is the simulation length and 𝑓 is the shape factor (detailed in 2.3.  Shape Factor for 

each ape).  The matrix thermal conductivity 𝜅𝑚 is then computed as  

𝜅𝑚 =
1

6𝜋2
∑ ∫ ℏ𝜔

𝜕𝑓𝐵𝐸

𝜕𝑇
𝑣𝑔(𝜔, 𝑛)[Λ𝐵

−1 + Λ𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐
−1 (𝜔, 𝑛)]−1𝐷(𝜔, 𝑛)𝑑𝜔

𝜔𝑛

0𝑛 ,  (3.2) 

where n is the phonon mode, ℏ is the reduced plank constant, 𝜔 is the phonon angular 

frequency, 𝜔𝑛 is the maximum phonon angular frequency of each mode (7.6 ∙ 1013 and 3.0 ∙

1013 rad/s for Si acoustic and transversal modes, respectively), 𝑓𝐵𝐸  is the Bose-Einstein 

distribution, 𝑇 is the temperature, 𝑣𝑔 is the phonon group velocity, Λ𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐 is the phonon 

mean free path of the bulk Si, and 𝐷(𝜔, 𝑛) is the phonon density of states. We take a quadratic 

fit of the experimental data for each phonon dispersion acoustical branch of each studied 

bulk material (Si, NiSi2, CoSi2, WSi2, FeSi, Mn4Si7), as detailed below. The phonon mean free 

path is related to the phonon relaxation time as 𝜏 =
𝑣𝑔

Λ
. Then, the different phonon scattering 

mechanisms are combined via Matthiessen’s rule under relaxation time approximation as 

explained in section 2.2.  

 Different approaches are used throughout the literature to compute the thermal 

boundary resistance;[95], [110] in this study, we use the DMM because specular scattering 

can only occur when the phonon wavelength is much larger than the surface mean 

roughness.[110], [111] The mean phonon wavelength at a given temperature can be 

estimated as 𝜃𝐷𝑎/𝑇, where 𝜃𝐷 is the Debye temperature and 𝑎 is the lattice parameter.[110] 
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For silicon, the Debye temperature is 510 K[112] and the matrix parameter is 5.43 Å,[113] 

which results in a mean phonon wavelength at 100 K of just 2.9 nm. Moreover, the DMM has 

been found to provide a good fit for oxide-free interfaces[98] and silicon-silicide 

interfaces.[97] According to the DMM, the probability to get transmitted from material A to 

B  across an interface is computed as[95], [114], [115]  

𝜏𝐴𝐵(𝜔) =
∑ 𝑣𝑖,𝐵𝑁𝑖,𝐵𝑛 (𝜔,𝑇)

∑ 𝑣𝑖,𝐴𝑁𝑖,𝐴𝑛 +∑ 𝑣𝑖,𝐵𝑁𝑖,𝐵𝑛
,  (3.3) 

where 𝑁 = 𝑓𝐵𝐸𝐷 is the phonon population at each frequency 𝜔. Phonons are introduced into 

the simulation with a random frequency according to the phonon population distribution at 

each temperature. Each of the 𝜏𝐴𝐵 between the Si matrix and each of the silicide inclusions 

are plotted in Figure 3-1. 

 

Figure 3-1. Computed probability of an incident phonon to get transmitted into the inclusion as a function of the phonon 

frequency for the studied materials.  

Using the quadratic fit to the complete phonon dispersion relation, we can overcome 

the Debye approximation and obtain more accurate results.[42], [114], [115] The average 
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thermal boundary conductance ℎ𝐵  and resistance 𝑅𝐵 or TBR at each temperature are 

computed as  

ℎ𝐵 =
1

𝑅𝐵
=

1

2
∑ ∫ 𝑣𝑖,𝐴𝜏𝐴𝐵𝐶𝑣,𝐴𝑑𝜔

𝜔𝑆𝑖

0𝑛 ,  (3.4) 

where 𝐶𝑣,𝐴 is the material’s heat capacity. Figure 3-2 shows the results for boundary 

conductance between each material-par where all materials including Si are in the [100] 

crystal orientation except for the different cases of CoSi2. CoSi2 [111]-Si[111] confirms that 

our model predicts the same results as the obtained by Ye et al.[97] Note that the 

transmission coefficient 𝜏𝐴𝐵 does not depend on the temperature if both materials A and B 

are at the same temperature, but the TBR does as seen in Figure 3-3.  

 

Figure 3-2. Boundary conductance as a function of temperature of different silicon compounds with silicon according to 

the Diffuse Mismatch Model  
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Figure 3-3. Average boundary resistance for each material-pair from 10 to 1000 K according to the Diffuse Missmatch 

Model.. 

After a phonon collides with an interface, a new direction is randomly assigned within 

the resulting material as schematized in Figure 3-4 and depending on the 𝜏𝐴𝐵 between the 

material-pair.[95] If the phonon is transmitted (i.e. the random number generated is below 

𝜏𝐴𝐵), the phonon gets a new random direction in the newly assigned material; if the phonon 

does not get transmitted, the new randomly assigned direction will be in the original 

material. The phonon trajectory is followed until it reaches the end of the simulation. 

 

Figure 3-4. Schematics of the simulation logic upon a collision with an interface.  

Once we obtain the matrix thermal conductivity, the composite’s effective thermal 

conductivity 𝜅𝑒𝑓𝑓 is computed by combining 𝜅𝑚 with the inclusion thermal conductivity 𝜅𝑖  

using an effective medium approach as detailed in section C. The inclusion materials selected 
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for the study are silicon-based compounds because the inclusion of pure materials would 

result in a diffusion zone of intermediate compounds, some with large diffusion 

lengths,[103], [104] which would increase the complexity of the system and induce chemical 

instabilities. Metal silicides (NiSi2, CoSi2, WSi2, and FeSi) are excellent inclusion material 

candidates because of their high electrical conductivity and the Schottky barrier formed at 

the metal-semiconductor interface[105], [116] that can induce low-energy electron filtering 

and enhance the power factor.[117], [118] Higher manganese silicide (HMS, Mn4Si7) is an 

interesting inclusion material because of low thermal conductivity and suitable electrical 

conductivity.[119]  

The phonon dispersion relations of each material are plotted in Figure 3-5 and 

approximated using a quadratic fit 𝜔 = 𝑐1𝑘 + 𝑐2𝑘2 to literature experimental values for 

Si,[113] NiSi2,[120] CoSi2,[120] FeSi,[121] WSi2,[122] and Mn4Si7,[119] respectively. The 

fitting parameters are detailed in Table 2-2 for both longitudinal acoustic (LA) and 

transversal acoustic (TA) phonon modes. As previously mentioned, we focus on the thermal 

transport driven by the acoustic phonon modes. Although small critical dimensions and large 

temperatures increase the contribution of the optical modes to the thermal 

conductivity,[28], [44], [46], [47] their contribution to the TBR should not affect the trends 

identified in this study. Similarly, we do not consider confinement effects, which can modify 

the phonon dispersion relations when the characteristic lengths are below 15 nm.[123] At 

high temperatures, Umklapp scattering dominates the thermal transport, weakening the 

material and shape inclusion effects. We limit the maximum temperature of this study to 

1000 K because greater temperatures induce greater contributions of optical phonons and 
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multiple phonon processes, which are out of the scope of this study.[124] At the opposite 

extreme, we bound the lowest temperature to 10 K because large phonon wavelengths at 

smaller temperatures can potentially yield to phonon coherence effects at the studied 

characteristic lengths,[125]–[127] which is not included in the scope of this study.  

Table 3-1. Parameters used in the quadratic approximation of the phonon dispersion relations of each material. 

Material a [Å] Mode c1 [km/s] c2 [10-7m2/s] 

Si 5.43 
LA 9.01 -2.0 
TA 5.23 -2.26 

NiSi2 5.41 
LA 7.14 -2.47 
TA 3.44 -0.71 

CoSi2 5.37 
LA 8.57 -3.28 
TA 4.57 -1.37 

FeSi 4.46 
LA 3.85 -0.59 
TA 2.40 -0.19 

WSi2 3.22 
LA 1.63 -0.16 
TA 0.95 -0.06 

Mn4Si7 5.95 
LA 4.48 -2.26 
TA 2.03 -0.20 

 

 

Figure 3-5. Dispersion relation of each studied material. 
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3.3. Results for Silicon/Silicide Composites 

3.3.1. Phonon Mean Free Path 

The materials selected for the study are silicon-based compounds because the inclusion 

of pure materials would result in a diffusion zone of intermediate compounds with large 

diffusion lengths for some of the studied materials.[103], [104] Metal silicide (NiSi2, WSi2, 

and FeSi) inclusions are excellent inclusion material candidates because the metal-

semiconductor interface forms Schottky barriers[116], [128] that can induce low-energy 

electron filtering to enhance the power factor.[117], [118] Higher manganese silicide (HMS, 

Mn4Si7) is an interesting inclusion material because of low thermal conductivity and decent 

electrical conductivity.[119] We have also included in the study silicon carbide (SiC) as a 

material with higher Debye temperature and phonon group velocity than silicon,[129] which 

induces a high thermal boundary resistance. The phonon dispersion relations of each 

material are plotted in Figure 3-5Figure 3-4. Schematics of the simulation logic upon a 

collision with an interface.  and approximated using a quadratic fit 𝜔 = 𝑐1𝑘 + 𝑐2𝑘2 to 

literature experimental values for Si,[113] SiC,[129] NiSi2,[120] FeSi,[121] WSi2,[122] and 

Mn4Si7,[119] respectively. As mentioned in the previous section, we focus on the acoustic 

phonon modes because recent studies on nanoporous silicon[28], [44], [46], [47] have found 

negligible contribution of the optical modes to the total thermal conductivity of silicon over 

the studied temperature range (10 to 1000 K). From previous reports, we estimate the 

maximum contribution of optical phonons in the studied geometries to be 15 % at 1000 

K.[28] Smaller critical dimensions and larger temperatures would increase the contribution 

of the optical modes to the thermal conductivity. Due to the increase of uncertainties and the 
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dominance of Umklapp scattering at high temperatures, we have limited the maximum 

temperature of this study at 1000 K. Above this point, material and shape inclusion effects 

increasingly fade. However, the effect of the optical modes on the thermal boundary 

resistance is not clear and including full dispersion relations in future studies might be of 

interest. At the opposite extreme, the large phonon wavelengths at temperatures lower than 

10 K can potentially produce coherence effects at the studied characteristic lengths which 

are not included in the scope of this study.  

In the first material comparison study and without loss of generality, we base our 

analysis in 25% round inclusions in a staggered distribution, as seen in Figure 3-6, to be able 

to compare with previous analysis in porous silicon.[36] Likewise, we maintain the inclusion 

density at 25% in the shape-dependence study. The computed phonon transmission 

probability between the silicon matrix and each inclusion material derived from the phonon 

dispersion relation of each material is plotted in Figure 3-1 as a function of the phonon 

frequency. The frequency-dependent transmission probability can be used to compute the 

average boundary resistance at each temperature. We have discretized the frequency 

domain and averaged the boundary phonon mean free path given by all the phonons in the 

given frequency range to obtain the modified phonon-boundary scattering mean free path 

B at different frequencies and for each inclusion material (see Figure 3-7). As detailed in 

Figure 3-8, the resulting B follows the transmission probability trend with the frequency 

fairly well, and discrepancies can be attributed to averaged values in each discrete frequency 

range, especially when the transmission probability changes rapidly with the frequency such 

as in 3 THz range for HMS and near the frequency cut-offs of each phonon dispersion curve. 
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However, the trend is clear: a lower transmission probability (or higher thermal boundary 

resistance) results in a smaller B, which will result in a smaller thermal conductivity. 

Further studies at low and mid transmission probabilities are required to confirm a linear 

trend and whether the trend changes with the inclusion distribution and shape.  

 
Figure 3-6 Schematics of the simulated inclusion distribution. 

 

Figure 3-7. Boundary mean free path simulation results as a function of the phonon frequency 
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Figure 3-8. Boundary mean free path as a function of Si-Silicide boundary transmission probability. 

3.3.2. Comparison to Nanoporous Silicon  

We want to first compare the nanocomposite’s thermal conductivity to the one 

obtained using silicon nanoporous structures with the same geometry to determine if it is 

possible to obtain a nanocomposite thermal conductivity as low as the one given by 

nanoporous structures. We compute the thermal conductivity of nanoporous structures as 

detailed in our previous study,[36] including the computation of the specularity parameter 

p using Ziman’s formula[130] 

𝑝(𝜔, 𝜃) = 𝑒𝑥𝑝 (−
𝑅𝑀𝑆2𝜔2 cos2 𝜃

𝜋2𝑣𝑔
2 ),, (3.5) 

where 𝜃 is the phonon’s incident angle, and RMS is the root-mean-square roughness of the 

surface. The geometry used in this section is detailed in Figure 3-6 with a constant 25% 

pore/inclusion density over a wide temperature range from 10 to 1000 K. In Figure 3-9A, we 
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present the results obtained from 10 to 1000 K with pores with a completely diffuse 

boundary, a completely specular boundary, and an intermediate result computed using Eq. 

(3.5). with 1 nm RMS roughness. We compare these results to the obtained for a silicon 

matrix with embedded silicon compound nanoparticles of the same size as the nanopores. 

We observe that silicon-based nanocomposites with material inclusions with a high acoustic 

mismatch to silicon (SiC and Mn4Si7) result in matrix thermal conductivities close to the 

thermal conductivity of nanoporous silicon of the same geometry and completely diffuse 

boundaries. Indeed, Figure 3-9B shows that the same lattice thermal conductivity could be 

achieved with a slight increase in the inclusion density if using these materials. The decrease 

of the matrix thermal conductivity with inclusion density originates from a smaller phonon-

boundary scattering mean free path due to the increase of the boundary density and 

decrease of neck size. We observe that the thermal conductivity reduction among the 

different inclusion materials can be correlated to the Debye Temperature Ratio (DTR), which 

is the ratio between the Debye temperature of two materials (see Table 3-3). As previously 

observed in experimental studies between highly dissimilar materials,[96], [131] DTR is 

generally a good indicator of the thermal boundary resistance between two materials. This 

results in the lowest matrix thermal conductivity when using inclusion materials with high 

acoustic mismatch such as SiC and Mn4Si7. However, the low DTR between iron and silicon 

does not translate into a high thermal boundary resistance due to the anomalous 

temperature dependences of FeSi elastic constants.[132] 
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Figure 3-9. Temperature-dependent matrix thermal conductivity of silicon-based nanocomposites and silicon nanoporous 

structures. 

As previously mentioned, a key advantage of silicon-based nanocomposites over 

nanoporous silicon is its resulting effective electrical conductivity. A nanoporous material 

will unavoidably result in a lower effective electrical conductivity than its bulk counterpart 

due to the loss of materials. According to the Claussius-Mossotti approximation,[92] the 

effective electrical conductivity of a composite material with the studied geometry can be 

computed as 

𝜎𝑒𝑓𝑓

𝜎𝑚
=

𝜎𝑝+𝜎𝑚+(𝜎𝑝−𝜎𝑚)𝜙

𝜎𝑝+𝜎𝑚−(𝜎𝑝−𝜎𝑚)𝜙
,  (3.6) 

where 𝜎 is the electrical conductivity, and 𝑒𝑓𝑓, 𝑝 and 𝑚 subscripts denote effective, particle 

and matrix, respectively. Taking into account that the electron mean free path in silicon with 

similar doping concentrations has been measured to be smaller than 30 nm at room 

temperature, we can neglect size effects and estimate the effective electrical conductivity of 

the studied nanoporous silicon with 25% porosity to be 3.5 𝑆/𝑚. In contrast, using the 

silicide electrical conductivities detailed in Table S1, we obtain a 2.7 times higher effective 
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electrical conductivity with the inclusion of any of the studied silicides. Notice that SiC would 

result in the same electrical conductivity as porous silicon because pure SiC is an insulator 

material. In addition, using metal silicide inclusions creates a metal-semiconductor interface 

that enables electron-phonon coupling and can remarkably increase the thermal boundary 

resistance, especially at high temperatures.[131], [133] The strength of the electron-phonon 

coupling depends on the electron contribution to the thermal conductivity which can be 

estimated using the Wiedemann Franz law as 𝜅𝑒 = 𝐿𝜎𝑇, where 𝐿 is the Lorentz 

number.[134] We have estimated the ratio between the electron and the lattice thermal 

conductivity at room temperature using experimental thermal and electrical data for bulk 

silicon-compounds. The results, detailed in Table 3-3, indicate nickel and tungsten silicide 

are going to present the strongest electron-phonon coupling, which can increase the thermal 

boundary resistance especially at high temperatures.  

3.3.3. Effective Thermal Conductivity  

Although reducing the matrix thermal conductivity is an important step to the 

thermoelectric performance, confirming a low effective thermal conductivity is necessary. 

EMTs are a quick way to estimate the effective thermal conductivity of a composite 𝜅𝑒𝑓𝑓. 

Here, we use Lord Rayleigh expression to compute the effective thermal conductivity of the 

composite[135] as 

𝜅𝑒𝑓𝑓

𝜅𝑚
=

𝜅𝑝+𝜅𝑚+(𝜅𝑝−𝜅𝑚)𝜙

𝜅𝑝+𝜅𝑚−(𝜅𝑝−𝜅𝑚)𝜙
,  (3.7) 

where 𝜅𝑚 is the thermal conductivity of the matrix, 𝜅𝑝 is the thermal conductivity of the 

particles, and 𝜙 is the inclusion density. 𝜅𝑚 is given by the simulation results, and 𝜅𝑝 is taken 



56 

 

from experimental results in the literature and modified with the inclusion diameter (𝑑 = 

56.4 nm) as characteristic length for the size effect such that  

𝜅𝑝 =
1

3
�̅�𝑐𝑣(Λ𝐵

−1 + 𝑑−1)−1,  (3.8) 

where �̅� is the inclusion’s average phonon group velocity, 𝑐𝑣 is the inclusion heat capacity, 

and Λ𝐵  is the phonon mean free path of the bulk material. The bulk thermal 𝜅𝐵 and electrical 

conductivity 𝜎, Debye temperature, specific heat 𝑐, and density 𝜌 of the inclusion materials 

has been extracted from different reported literature. Table 3-2 detailed the references used 

for each material property. The average sound velocity is computed as 𝑣 =
1

3
(𝑐1𝐿𝐴

+ 𝑐1𝑇𝐴
), 

where 𝑐1𝐿𝐴
 and 𝑐1𝑇𝐴

 are the ones detailed in Table 3-1 for each material. The average bulk 

mean free path is then computed as Λ𝐵 =
3𝜅𝐵

𝑐𝜌𝑣
. For HMS, the average phonon mean free path 

is used as it was reported in the litterature.[119] The bulk mean free path is needed to 

estimate the thermal conductivity of the inclusions of diameter 𝑑 as 

𝜅 =
1

3
𝑐𝜌𝑣(Λ𝐵

−1 + 𝑑−1)−1.  (3.9) 

The electrical conductivity is used to estimate the strength of the electron-phonon 

coupling by estimating the ratio between the electron and the phonon contributions to the 

thermal conductivity using the Wiedemann-Franz Law as 

𝜅𝑒

𝜅𝑝
=

𝐿𝜎𝑇

𝜅𝐵−𝐿𝜎𝑇
,  (3.10) 

where 𝐿 = 2.44 ∙ 10−8𝑊𝛺𝐾−2 is the Lorentz number and 𝑇 is the material 

temperature.[134] The Debye temperature is used to compute the Debye temperature ratio 

(DTR) between the inclusion and silicon’s Debye temperature (𝜃𝑆𝑖 = 535 𝐾).[136] This ratio 

has been shown to be a good indicator of the boundary resistance between two materials. 
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[96], [131] In Table 3-2, we have also included SiC as an inclusion material with larger group 

velocity than Si. As seen in Figure 3-3, the large group velocity results in an effective 

scattering of low frequency phonons and a large thermal boundary resistance at low 

temperatures. However, since SiC also has a large Debye temperature so the thermal 

boundary resistance at room temperature is significantly lower than any of the other studied 

silicides. These properties coupled with a large intrinsic thermal conductivity yield a 

composite effective thermal conductivity of 78.1 Wm-1K-1 with 25% inclusion density and a 

pitch size of a 100 nm, which is 2.6 times larger than the nanoporous silicon with the same 

geometry (30 Wm-1K-1). 

Table 3-2. Bulk material properties of each inclusion material used to estimate the nanoinclusion thermal conductivity taking 

into consideration size effects and the resulting effective thermal conductivity of the nanocomposite 

Inclusion 
Material 

Bulk Thermal 
Conductivity 

[W m-1K-1] 

Electrical 
Conductivity 

[105 S/m] 

Debye 
Temp. 
Ratio 

Specific 
heat 

[Jkg-1K-1] 

Density 
[kgm-3] 

Av. Sound 
Velocity 

[m/s] 

Average 
Bulk MFP 

[nm] 

FeSi 
10.1 [109] 5.56 [109] 0.59 

[109] 
574.9 
[137] 

6100 
[138] 

2879.33 
3.0 

10.2 [107] 3.54 [107] 3.0 

WSi2 
60 [139] 33.3 [139] 0.60 

[140] 
285.5 
[140] 

9400 
[138] 

1171.87 
57.2 

46.6 [107] 37.7 [107] 44.4 

NiSi2 10.3 [107] 8.3 [107] 
0.97 
[104] 

192.5 
[141] 

4830 
[141] 

4672.67 7.1 

CoSi2 15.1 [107] 14 [107] 
0.97 
[142] 

760 [142] 
5300 
[138] 

4748.30 2.4 

SiC 490 [143] 0 [143] 
2.24 
[143] 

750 [138] 
3160 
[138] 

10385.33 59.7 

Mn4Si7 
4.6 [119] 0.8 [119] 0.69 

[108] 
560[144] 

5240 
[138] 

2846 5.0 [119] 
2.35 [108] 0.6 [108] 

 

In Table 3-3, we compare the results with the effective thermal conductivity given by 

Hasselman and Johnson[145] modified EMT, where 
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𝜅𝑒𝑓𝑓

𝜅𝑚
=

(
𝜅𝑝

𝜅𝑚
−

𝜅𝑝𝑅𝐵
𝑟

−1)𝜙+(
𝜅𝑝

𝜅𝑚
+

𝜅𝑝𝑅𝐵
𝑟

+1)

(1+
𝜅𝑝𝑅𝐵

𝑟
−

𝜅𝑝

𝜅𝑚
)𝜙+(

𝜅𝑝

𝜅𝑚
+

𝜅𝑝𝑅𝐵
𝑟

+1)
,  (3.11) 

takes into consideration the inclusion radius 𝑟 and the average thermal boundary resistance 

between the material-pair 𝑅𝐵 at a given temperature. The matrix thermal conductivity used 

in this expression is the obtained for silicon nanoporous structures with diffuse boundaries 

(30.88 Wm-1K-1). We detail the bulk thermal conductivity (κbulk), electrical conductivity and 

Debye temperature θ are taken from the literature and used to compute the estimated ratio 

between electrical and thermal conductivities (κe/κp), the corrected thermal conductivity of 

the nanoinclusion (κnano), and the effective thermal conductivity of each silicon-based 

nanocomposite (κeff) computed using the Hasselman-Johnson EMT (Eq. 4.11) and using 

Monte Carlo (MC) ray tracing simulations (this work). The ratio between electrical and 

thermal conductivities and between the Debye temperature of silicon (531 K) and of the 

inclusion material are indicators of the electron-phonon coupling strength and the thermal 

boundary resistance (TBR), respectively.   

Table 3-3. Room temperature properties of each studied inclusion material with the geometry indicated in Figure 3-4, an 

inclusion density of 25% and an inclusion radius of 39.9 nm.  

Inclusion 
Material 

κbulk  
[Wm-1K-1] 

κe/κp 𝜽 [K] 
TBR300K 

[Wm-1K-1] 
κnano 

[Wm-1K-1] 
κeff [Wm-1K-1] 

EMT (Eq. 4.11)     This Work  

FeSi 
10.1 [109] 0.66 [109] 

313.5 [109] 3.80·10-10 
9.70 36.46 41.48 

10.2 [107] 0.36 [107] 9.79 36.50 41.53 

NiSi2 10.3 [107] 1.58 [107] 519 [104] 3.90·10-10 9.15 36.17 40.24 

WSi2 
60 [139] 0.68 [139] 

317.9 [140] 8.25·10-10 
29.62 44.97 49.65 

46.6 [107] 1.55 [107] 25.94 43.63 48.22 

SiC 490 [143] 0 [143] 1200 [143] 2.92·10-10 239.91 73.37 78.00 

HMS 
4.6 [119] 0.14 [119] 

370 [108] 20.4·10-10 
4.23 33.46 35.72 

2.35 [108] 0.18 [108] 2.16 32.23 34.48 
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The results show that using the average values such in the Hasselman and Johnson EMT 

might originate a slight underestimation of the effective thermal conductivity. This effect is 

especially important at mid to high temperatures, where the large population of high 

frequency phonons are significantly scattered by other phonons (Umklapp) but low 

frequency phonons can still transport heat efficiently. This result is in agreement with 

experimental thermography studies that showed that a Debye model cannot capture this 

frequency-dependent phenomenon.[98] In addition, we see that despite the low matrix 

thermal conductivity achieved with SiC inclusions, the resulting effective thermal 

conductivity is twice the value obtained for nanoporous silicon. Mathematically, it is possible 

to obtain a low effective thermal conductivity with an inclusion material that has a large 

group velocity if the thermal boundary resistance is sufficiently high at both low and high 

temperatures. This combination is, however, practically impossible because materials with 

large group velocities tend to have also a large Debye temperature, which results in 

decreased acoustic mismatch at higher temperatures as seen in Figure 3-1. The most 

promising thermal conductivity result is, therefore, obtained with HMS inclusions, which 

combines a large material-pair acoustic mismatch with low intrinsic thermal conductivity. 

3.3.4. Impact of the Interface Thermal Resistance  

As shown in Figure 3-10A (results for geometry in Figure 3-6), it is possible to obtain 

a composite with low effective thermal conductivity even if the inclusion material has a large 

thermal conductivitiy as long as the thermal boundary resistance remains sufficiently high 

(above 10-9 m2KW-1). Such high boundary resistance can be achieved when there is large 

acoustic mismatch between the inclusion and the matrix. Large acoustic mismatch can be 
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achieved at low temperatures with an inclusion material that has a group velocity larger than 

that of the matrix[95] and at high temperatures with an inclusion material that has a Debye 

temperature significantly smaller than the Debye temperature of the matrix.[131] This 

combination of inclusion material properties would result in effective scattering of both low 

and high frequency phonons, respectively, yielding a large boundary resistance from 10 to 

1000 K. For instance, the average group velocity of SiC is 1.6 times larger than that of Si but 

SiC Debye temperature is 2.24 times that of silicon, which results in a large boundary 

resistance only at low temperatures as seen in Figure 3-3. At room temperature, using SiC 

inclusions doubles the effective thermal conductivity of nanoporous Si.  

 
Figure 3-10. Effective conductivity at room temperature of silicon-based nanocomposites.  

Figure 3-10B and 3C show how the room-temperature effective thermal conductivity 

obtained with the different silicon nanocomposites decreases with increasing inclusion 

density (and corresponding interface density) when maintaining the pitch and the inclusion 

size, respectively. The trend obtained in each case depends on the resulting neck size for 

each geometry, which can be computed for the staggered distribution as 𝑁 = √2𝑃 − 2𝑅. 

When maintaining the pitch size constant, 𝑅 = √2𝜙𝑃2/𝜋 and, therefore, 𝑁 decreases with 
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√𝜙; but, if the inclusions size is maintained, 𝑃 = √𝑅2𝜋/(2𝜙), so 𝑁~𝜙−1/2.  Given the high 

intrinsic thermal conductivity of WSi2,[107], [139] the resulting effective thermal conductivity 

decreases solely due to the size effect in the matrix thermal conductivity. The size effect 

competes against the increasing contribution from the inclusions’ thermal conductivity, 

resulting in a decrease that is thus not as sharp as with the other inclusion materials. HMS 

inclusions result in the lowest thermal conductivity by combining the highest TBR and the 

lowest intrinsic thermal conductivity. However, the most interesting trend is given by CoSi2 

inclusions. CoSi2 has 5 Wm-1K-1 higher thermal conductivity at room temperature than 

FeSi[107] but results in a smaller effective thermal conductivity for inclusion densities below 

8% because CoSi2 inclusions scatter phonons more effectively, resulting in a larger TBR.  

In the next section, we explore the possibility of varying the inclusion crystal 

orientation to maximize the TBR.    

3.3.5. Impact of the Crystal Orientation 

Here, we investigate the effect of the inclusion crystal orientation on the TBR and the 

resulting effective thermal conductivity. Ye et al.[97] consistently measured a lower thermal 

boundary conductance between silicides films grown on Si [111] than those grown in Si 

[100]. We use CoSi2 in the [100] and the [111] directions to understand how a larger TBR 

can affect the effective thermal conductivity. As seen in Figure 3-11A, the TA phonons in the 

[111] direction have s smaller cut-off frequency than the TA phonons in the [100] direction. 

This discrepancy translates into a larger TBR at high temperatures. Particularly, changing 

the CoSi2 crystal orientation from [100] to [111] increases the TBR from 0.77 ∙ 10−9 to 1.14 ∙

10−9 𝑚2𝐾𝑊−1. We do not modify the bulk thermal conductivity because no experimental 
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anisotropy values have been found; however, any thermal conductivity anisotropy is 

expected to be small because the material does not present electrical conductivity 

anisotropy,[146] which contributes more 2/3 to the total thermal conductivity.  

 
Figure 3-11. Phonon dispersion relation of CoSi2[120] and Si[113] in the [100] and the [111] direction. And average Thermal 

Boundary Resistance. 

This increase in the TBR has a limited effect on composites with the geometric 

conditions of Table 3-3 (100 nm pitch and 25% inclusion density), which would result in a 

slightly lower thermal conductivity of 40.66 Wm−1𝐾−1. However, the interface density with 

such conditions is just 0.013 𝑛𝑚−1 and the large inclusion density reduces the relative 

impact of the TBR. In Figure 3-12, we demonstrate how the increase of the TBR by using 

CoSi2 [111] results in an effective thermal conductivity that can be even lower than the one 

yielded by NiSi2 inclusions despite the former has an intrinsic thermal conductivity 46.6 % 

larger as seen in Table 3-3. Both low inclusion density and small neck size (which forces a 

large interface density) increase the contribution from the TBR to the total effective thermal 

conductivity, making it crucial in these conditions to carefully select material-pairs that yield 

a large TBR for optimal thermoelectric performance. Figure 3-12B shows the ratio between 
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the effective thermal conductivity of Si-based nanocomposites with CoSi2 [111] inclusions 

(κCoSi2
) over NiSi2 [100] inclusions (κNiSi2

) as a function of the inclusion density and for 

different neck sizes. CoSi2 [111] inclusions with a neck size of 100 nm yield smaller effective 

conductivities than NiSi2 [100] inclusions as long as the inclusion density is below 12.5 %, 

which yields an interface density of 7.5 μm-1. For larger neck sizes such as 150 nm, this 

threshold gets reduced to 7 % (4.4 μm-1 inclusion density), and for smaller neck sizes such 

as 25 nm, it increases to 32.5 % because of the large inclusion density of 28.8 μm-1. The 

smaller the neck size, the greater the maximum reduction of κCoSi2
with respect κNiSi2

 and the 

larger the inclusion density required for the intrinsic thermal conductivity of the inclusions 

to dominate and result in κCoSi2
κNiSi2

⁄ > 1. In general, an inclusion crystal orientation that 

provides a greater mismatch with the lattice will generate a higher boundary resistance that 

can result in a significant reduction of the composite’s effective thermal conductivity. The 

reduction of the thermal conductivity can directly translate on a higher thermoelectric 

efficiency, but it would also modify the optimal inclusion density because of the inclusion’s 

effect on the electrical properties.  
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Figure 3-12. Effective thermal conductivity of Si [100] with CoSi2 [111] and NiSi2 [100] inclusions and their ratio as a function 

of the neck size and inclusion density. 

3.3.6. Inclusion Shape-Dependent Results 

In this section, we expand the study to the effect of the inclusion shapes in silicon 

nanocomposites. Our previous study on nanoporous silicon showed a significant thermal 

conductivity reduction by using different pore shapes.[36] This shape-dependence cannot, 

to the best of our knowledge, be captured by any analytical form or EMT previously 

reported,[100] which tend to focus on ellipsoidal inclusion shapes. Without loss of 

generality, we present the results using WSi2 as the inclusion material, but the trends 

observed in Figure 3-13 apply to any inclusion material. The results in Figure 3-13 show how 

the matrix thermal conductivity varies with different inclusion shapes (circle, square, 

hexagon, diamond, and triangle) in a squared distribution for two different pitch sizes (100 

and 1000 nm), confirming that the inclusion shape plays a vital role on the thermal 

conductivity of nanocomposites. Similar to the nanoporous Si, the results show that the 

thermal conductivity decreases up to 50% when using triangular inclusion shapes. In 
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general, the thermal conductivity decreases with decreasing neck size (minimum distance 

between two adjacent inclusions perpendicular to the direction of the heat flux) and with 

asymmetric shapes (triangles) as previously observed in nanoporous structures.[36], [147]  

However, the effect of the inclusion shape becomes less influential at high 

temperatures unless the neck size is comparable to the phonon mean free path driven by 

Umklapp scattering. Therefore, small inclusions sizes of the order of tens of nanometers are 

preferred to larger inclusion sizes to further reduce the thermal conductivity with the same 

inclusion density. The larger thermal conductivity reduction provided by triangular shapes 

originates from a significant increase in the number of collisions which results in a more 

complicated phonon transmission path. In comparison with a symmetric inclusion of the 

same volume and neck size, asymmetric inclusion shapes have longer interfaces in the 

direction of the heat flux, resulting in a larger probability for the phonons to collide with 

adjacent inclusions and a decreased probability for the phonons to reach the next inclusion 

column. Computing the effective thermal conductivity of the shape-dependent 

nanocomposites would require the evaluation of the impact of the inclusion shape in the 

inclusion thermal conductivity, which can differ significantly from circular inclusions and is 

subject of ongoing research. Although determining the optimum inclusion size requires 

further investigations including the effect on the electrical properties and the thermal 

conductivity of non-circular inclusions, asymmetric inclusion shapes provide a promising 

route to further minimize the thermal conductivity of nanocomposites. 
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Figure 3-13. Temperature-dependent lattice thermal conductivity for different WSi2 inclusion shapes and pitch size.  

3.4. Electron-Phonon Coupling  

So far, we have been focusing on the phonon-phonon boundary thermal resistance 𝑅𝑝𝑝 

which can be estimated using the DMM. However, in a metal-semiconductor interface the 

thermal transport can also be affected through electron-phonon coupling, which indicates 

the thermal energy exchange rate between phonons and electrons. While in insulators and 

semiconductors the heat is transported mainly through phonons, in a metal most of the heat 

is transported through electrons 
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Figure 3-14. Schematics of the thermal resistances between a semiconductor and a metal inclusion 

CONTINUE HERE 

 

3.5. Guidelines for Minimizing the Thermal Conductivity of Si-Based 

Composites  

Our study shows that the thermal conductivity of silicon nanocomposites with silicide 

nanoinclusions can reach the thermal conductivity predicted for nanoporous silicon 

structures of the same geometry without sacrificing the material density and with a 

potentially higher power factor. The reduction of the thermal conductivity is driven by a high 

interfacial density and large acoustic mismatch at the silicide-silicon interface. Our effective 

thermal conductivity calculations show that using the average phonon-boundary mean free 

path causes an underestimation of the effective thermal conductivity due to the disregard of 

the contribution of low-frequency phonons. Materials with low group velocity and low Debye 

temperature, such as HMS, maintain the interfacial effects over a wide temperature range 
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from 10 to 1000 K and, therefore, provide the lowest thermal conductivity over the studied 

temperature range. Moreover, the inclusion crystal orientation can be selected to maximize 

the TBR and significantly reduce the effective thermal conductivity in composites with low 

inclusion density and large interfacial density. For instance, modifying the crystal orientation 

of CoSi2 inclusions from [100] to [111] reduces the nanocomposite thermal conductivity 

more effectively than materials with lower intrinsic thermal conductivity, such as NiSi2.  

CoSi2 [111] inclusions with a neck size of 100 nm yield a lower thermal conductivity up to 

12.5 % inclusion density or down to 7.5 μm-1 interface density: the larger the interface 

density, the greater the inclusion density threshold. Finally, we show that the composite’s 

thermal conductivity strongly depends on the inclusion shape, which fails to be captured by 

previously reported analytical expressions. The neck size and asymmetric inclusion shapes 

are keys to optimal thermal conductivity reduction. The presented guidelines for reducing 

the thermal conductivity will lead to optimized materials for thermoelectric cooling and 

power generation.   
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CHAPTER 4:  NANO-GRAINED SILICON 

4.1. Introduction to Nano-Grained Silicon 

Silicon-based thermoelectric materials have long been of interest because of silicon’s 

earth-abundance, low-cost, non-toxicity, and high-temperature stability.[82], [148], [149] 

Nanostructuring has been proven to be a reliable approach to reduce its intrinsic high 

thermal conductivity and thus increase its figure of merit.[149] Nanowires,[87], [88] 

nanomeshes,[17], [28] and nanoribbons[27], [50] all showed a significantly reduced thermal 

conductivity; however, it is difficult to utilize these nanostructures directly in thermoelectric 

devices due to their fragility and difficulty of manipulation.[80] The best performing bulk 

non-alloyed silicon material to date is nanograined silicon developed by Bux et al.[82] in 

2009 with a peak thermoelectric figure of merit of 0.7 at 1275 K. Schierning et al.[150] 

obtained slightly worse results with an alternative fabrication method. However, an 

incomplete understanding of phonon grain boundary scattering and its effect on the thermal 

conductivity has impeded efforts to further improve the thermoelectric figure of merit of 

nanograined silicon.  

Several analytical and simulation models exist to account for phonon scattering with 

grain boundaries. The first studies just used the average grain size as a mean free path or a 

gray model;[151]–[153] however, experimental data indicates that the phonon scattering 

with grain boundaries is frequency-dependent.[22], [154] Atomistic calculations[155] and 

experimental transmission coefficient measurements,[98] also suggest that the phonons’ 

transmission probability sharply decreases with their frequency. Another crucial factor in 

these studies is the treatment of the phonons that cross the interface. Most theoretical 
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studies on polysilicon have used Monte Carlo simulations that assumed diffuse reflection or 

transmission at the grain boundaries,[23], [48] but Hua and Minnich[156] define a 

specularity parameter for both reflected and transmitted phonons, and Chakraborty et 

al.[99] consider a completely specular transmission. Since only Hua and Minnich validate 

their modeling with one experimental data set, more investigation is needed on the 

comparison between the different phonon treatments. Moreover, MC simulations are very 

computationally expensive and usually contain geometric scales smaller than the average 

mean free path.[157] Thus, there is no work studying the effect of the orientation of the grain 

boundaries nor the effect of anisotropic or asymmetric grain boundaries. However, new 

materials with interesting grain structures have recently emerged such as nanograined 

diamond films with triangular hierarchical grains and nanowire-based pallets with greatly 

elongated grains.[158], [159] 

In this work, we establish a simulation framework using heat-flux driven Monte Carlo 

ray tracing simulations and validate it by comparing the different frequency-dependent 

treatments at the grain boundaries to experimental data. Then we study the effect of the 

grain boundary orientation and the grain elongation on the phonon mean free path and 

thermal conductivity. This work advances the understanding of phonon transport and serves 

as a guide for optimal grain structure engineering. 

4.2. Simulation Framework Modification for Gran Boundaries 

Similar to the previous section, we use Monte Carlo ray tracing simulations and kinetic 

theory to study the effect of grain boundaries on thermal transport. However, the simulation 

framework needs to be substantially tweaked to accurately represent grain boundary 
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scattering. In the study of composite materials we used we used the Diffuse Mismatch Model 

which gives a phonon transmission probability dependent on the phonon dispersion relation 

of both materials.[37], [95] For the same material, however, the Diffuse Mismatch Model 

results in a constant transmission probability at all phonon frequencies 𝜔 (gray model) as 

seen in Figure 4-1. For grain boundaries, the relationship  

𝜏𝐺𝐵(𝜔) =
1

(𝛾′𝜔+1)
  (4.1) 

was first proposed by Wang et al.[22] to model a monotonically decreasing phonon-grain 

boundary mean free path Λ𝐺𝐵 =
3𝐷𝑎𝑣𝑒

4𝛾′𝜔
 with increasing phonon frequency to fit their 

experimental results given the average grain size 𝐷𝑎𝑣𝑒 . The fitting parameter 𝛾′ depends on 

the grain boundary quality and material.[160] This expression is also consistent with the 𝜏𝐺𝐵 

given by atomistic simulations.[161]  

 

 

Figure 4-1. Comparison of the boundary transmission probability obtained using the Diffuse Mismatch Model and the grain 

boundary model.  
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We also need to modify the ray tracing simulation framework detailed in section 3.2. 

to be able to account for grain boundaries. If the same methodology is applied, phonons that 

collide with a grain boundary and get transmitted would still have their direction affected 

due to diffuse scattering, resulting in phonons not reaching the end of the simulation length 

even with a transmission probability at the boundaries of 1 as seen in Figure 4-2. This 

phenomenon results in a maximum for a given grain structure, which differs from the 

analytical formulations available in the literature that estimate an infinite Λ𝐺𝐵 for low 

frequency phonons. This gives raise to a frequency independent scattering rate as showed 

by Klemens[162] that is typically very small because the change in phonon velocity when 

crossing an interface is less than 10%. However, the two boundaries of the intergrain region 

should be far apart compared to the phonon wavelength for scattering to be incoherent. 

Suggesting the existence of a critical frequency below which scattering is increasingly 

coherent such as 

𝜔𝑐𝑟 ≅ 𝑣/𝑡 ,  (4.2) 

where 𝑣 is the phonon velocity and 𝑡 is the thickness of the intergrain region. The two 

boundaries would scatter phonons coherently when 𝜔 < 𝜔𝑐𝑟, which especially likely at low 

temperatures since 𝑡 is typically ~5 Å [163] and the phonon frequencies are much smaller 

than 𝜔𝑐𝑟. Thus, for the purposes of our study, the phonons that are transmitted through the 

grain boundary cannot be scattered to be able to achieve an infinite Λ𝐺𝐵 at low frequencies 

as seen in Figure 4-2.  
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Figure 4-2. Schematics of diffuse and non-scattering grain boundary transmission algorithms and their resulting phonon mean 

free path 

Due to the nature of grain boundary scattering, the simulation does not converge even 

at large simulation lengths for large transmission probabilities. We use instead the linear 

regression given by[28]  

𝐿𝑆

Λ
=

1

Λ𝑏𝑎𝑙
+

𝐿𝑠

Λ𝐺𝐵
,  (4.3) 

where 𝐿𝑠 is the simulation length, Λ is the mean free path given by the simulation, Λbal is the 

𝐿𝑠 independent ballistic resistance, and Λ𝐺𝐵 is the long length limit scattering we are looking 

for as seen in Figure 4-3 for a square grain structure. A set of 5 simulations are done for each 

τGB to determine the resulting Λ𝐺𝐵 and obtain a function of the form 

Λ𝐺𝐵(𝜏𝐺𝐵) =
A1𝜏𝐺𝐵

𝐴2

1−𝜏𝐺𝐵
  (4.4) 

for any given grain structure.  
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Figure 4-3. Grain boundary mean free path derivation as a function of 𝜏𝐺𝐵. 

Λ𝐺𝐵(𝜏𝐺𝐵) can then be converted to a frequency-dependent mean free path Λ𝐺𝐵(𝜔) by 

using the proposed relationships in the literature. Wang et al. proposed a relationship with 

Λ𝐺𝐵~𝜔−1 as seen in Eq. (5.5) while Ma et al. relationship Λ𝐺𝐵~𝜔−2 derives in  

𝜏𝐺𝐵2
=

1

𝛾′2𝜔2+1
. (4.5) 

The fitting parameter used in this study are typical for Si grain boundaries, mainly 𝛾′ =

0.01/(7.46 ∙ 1012) unless otherwise indicated. The results given by the analytical 

formulations with an average grain size of 100 nm and the ones given by our simulations 

with an squared grain grid of a 100 nm are given in Figure 4-4 with the same fitting 

parameter. The divergence might be due to the grid being squared instead of circular, but 

this variation would just result in a slightly different fitting parameter and does not affect 

the trends with different grain shapes appreciated in the next sections.  
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Figure 4-4. Comparison between the boundary mean free path as a function of phonon frequency given by analytical 

formulations and our simulations 

Λ𝐺𝐵(𝜔) is then integrated with other phonon scatterings using Matthiessen’s rule 

under relaxation time approximation to obtain the thermal conductivity of the structure as 

explained in section 2.2.  

4.3. Model Validation 

We use experimental literature data from Bux et al.[82], Hao et al.[48], and Wang et 

al.[22] and to validate that our modeling can successfully predict the thermal conductivity 

given by nanograined materials. The best fit to the literature data given by the different 

relationships Λ𝐺𝐵(𝜔) is presented in Figure 4-5. While Λ𝐺𝐵~𝜔−1 clearly fits better the data 

at low temperature, Λ𝐺𝐵~𝜔−2 provides a slightly improved trend for high temperature data. 

Λ𝐺𝐵~𝜔−2 has also been shown to be the best fit to the experimental thermal conductivity of 

silicon inverse opals at low temperature. The gray model does not accurately represent any 

of the literature data. This might indicate that both frequency dependencies compete at 
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different temperature ranges or that differences in the grain boundary quality might derive 

in different scattering behaviors. In the case of silicon materials, native oxide remaining in 

between the grains could dictate the phonon scattering frequency-dependency. For highly 

doped silicon, we see that the grain size has little effect for the reported samples, being 

impurity scattering and grain boundary quality the dominant factors. In the following 

sections we will continue by using Eq. (5.1) (Λ𝐺𝐵~𝜔−1) and Eq. (5.5) (Λ𝐺𝐵~𝜔−2) to study the 

applicability of these analytical expressions to real nano-grained materials and the 

implications of having elongated grained structures.  

 

Figure 4-5. Thermal conductivity modeling based on different grain boundary scattering mechanisms and their best fit to the 

experimental data. 
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4.4. Limitations of Using the Average Grain Size and Effect of the Interface 

Density 

The analytical formulations in Eq. (6.1) and (6.5) can capture grain boundary scattering 

in a grain structure with symmetric grains (i.e., quasi-circular grains) and serve as a tool to 

estimate the thermal conductivity for different grain sizes as seen in Figure 4-6. However, 

non-symmetric grains have the inherent problem of not having a well-defined grain size and 

their phonon scattering is usually approximated by using the average grain area. We 

compare the grain boundary-phonon mean free path given by square grains to that given by 

elongated grains with the same grain area and the same dimension on the direction of the 

heat flux, respectively. Both elongated grains have an elongation ratio 𝜉 = 𝑠1/𝑠2  of 4. As seen 

in Figure 4-7, each of the three grain structures results in a significantly different grain 

boundary-phonon mean free path. While both elongated grain structures have larger 

interface or boundary density 𝛷 than the square grain structure, the elongated grains with 

the same area have a smaller interface density in the direction of the heat flux 𝛷𝑥 resulting 

in larger grain boundary-phonon mean free paths. On the contrary, the elongated grains with 

the same interface density in the direction of the heat flux than the square grains result in 

smaller mean free paths. These results indicate that the interface density in the direction of 

the heat flux is the main parameter driving the resulting grain boundary-phonon mean free 

path, with the overall interface density playing a minor role.  
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Figure 4-6. Thermal conductivity of nanograined silicon as a function of its grain size at 100, 300, and 800 K 

 

Figure 4-7. Comparison of the phonon-grain boundary mean free path of square grains, grains with the same area but elongated 

in the direction of the heat flux, and grains with the same interface density in the direction of the heat flux 
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The disparity of the effect on the phonon mean free path given the grain boundary 

orientation raises concerns about the applicability of average grain size-based analytical 

formulations to real grain structures. We use the high resolution TEM images of hot-pressed 

nanograined silicon from Fukushima et al.[163] to extract a realistic grain structure and 

compute its resulting grain boundary-phonon mean free path. We slightly modify the 

extracted boundaries to create closed grains that can be mirrored to generate different 

simulation dimensions to extract the mean free path as explained in Figure 4-3. We calculate 

the interface density to be 0.573 nm-1 and the average grain area to be 15.3 nm2, which 

indicates a 3.9 nm average grain size as seen in Figure 4-8. However, compared to squares 

grains with a side of 3.9 nm, the realistic grain structure results in larger grain boundary-

phonon mean free paths and thus larger thermal conductivities. This indicates that even 

though the elongation in the realistic grain structure is not immediately apparent, it still 

impacts the overall phonon scattering. This phenomenon could not only contribute to 

explain the disparity of fitting parameters observed in the literature but also be actively used 

to create thermal anisotropy.  

 

Figure 4-8. Phonon-grain boundary mean free path of a realistic grain structure derived from HRTEM images of nanograined 

silicon from Fukushima et al.[163] 
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Figure 4-9. Phonon mean free path and thermal conductivity of the TEM-based grain structure compared to squared and 

elongated grain structures. 

4.5. Grain Elongation Effect on Thermal Anisotropy  

In the previous section we saw that the interface density in the direction of the heat 

flux is the main parameter driving the grain boundary-phonon mean free path; in this 

section, we will look into extreme grain elongations that could result from using nanowires 

as precursors to pallets and how it would affect the thermal conductivity if they could be 

aligned. The alignment could potentially be achieved using techniques like flow[164] and 

magnetic[165] alignments or nanowire combing.[166] We have studied grains with a grain 

area of 104 nm2 and grain elongation ratios 𝜉 from 1 to 256 in powers of 2 increments as well 

as their respective counterparts (geometries rotated 90 °) to evaluate the anisotropy ratio 

of each grain structure. As seen in Figure 4-10, Λ𝐺𝐵 generally increases with increasing 𝜉; 

however, the curves start to flatten for 𝜉 ≥ 1, resulting in an inverse trend at high grain 

boundary transmission probabilities for these grain boundary structures.  Eq. (4) can be 

used to obtain the trend given by all shapes with the detailed respective fitting parameters, 

which manifest the flattening of the curves for high elongation ratios with a decreasing A2. 
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This phenomenon results in  𝜉 ≈ 8 reaching the maximum thermal conductivities as seen in 

Figure 4-11, which indicates that the overall interfacial density Φ contributes increasingly to 

the grain boundary-phonon mean free path as the interfacial density in the direction of the 

heat flux Φx decreases. We can observe this transition with the flattening of the curve (𝐴2 <

1), which starts as Φx decreases to 10 µm-1. In this section, we used 𝛾′2 = 0.0065/

(7.46 ∙ 1012)2 to have comparable thermal conductivities for both frequency dependencies. 

on the grain elongation ratio to significantly increase the thermal anisotropy ratio. 

 

Figure 4-10. Change of the grain boundary-phonon mean free path as a function of the grain boundary transmission probability 

and grain elongation 

We then use the thermal conductivities for each elongation ratio to compute the 

thermal anisotropy ratio of each grain structure. As seen in Figure 4-12, the reduction on 𝜉 <

1 oversets the changes in 𝜉 > 1  despite the reduction on the thermal conductivity for 𝜉 > 8. 

Thus, the thermal anisotropy ratio monotonically increases with grain elongation ratios up 

to 256 even at high temperatures. However, the increase follows a logarithmic trend and 

requires increasingly large increments. 



82 

 

 

Figure 4-11. Thermal conductivity of nanograined silicon as a function of the grain elongation and temperature while 

maintaining the grain area. 

 

Figure 4-12. Thermal anisotropy ratio of nanograined silicon as a function of the grain elongation and temperature while 

maintaining the grain area. 

As a comparison, we also studied the effect of elongated grains while maintaining a 

constant s2 of 50 nm instead of maintaining the grain area, which could occur during the 

fabrication of pallets that break the nanowire of pallet precursors at different rates 

depending on the fabrication conditions. In this case, since we are only changing the 

interfacial density in the direction of the heat flux, we see a monotonous increment of the 



83 

 

thermal conductivity with 𝜉 > 1. On the perpendicular direction (𝜉 < 1), we observe little 

variation between the thermal conductivity of these structures. This results on an increase 

of the thermal anisotropy ratio with the elongation ratio which reaches up to 9 for 𝜉 = 256 

and 𝑇 = 10 K. However, for 𝑇 > 100, we observe little thermal anisotropy because the 

smallest geometric constraint in these grain structures is 50 nm, resulting in higher thermal 

conductivities than the ones in Figure 4-13 that are dominated by Umklapp scattering 

instead of interfacial scattering. To maintain significant thermal anisotropy at high 

temperatures 𝑇 > 700 K, the smaller grain side needs to be a maximum of around 20 nm, 

which could potentially be obtained by compressing nanowires or nanopallets into bulk 

materials.  

 

Figure 4-13. Thermal conductivity and thermal anisotropy ratio as a function of grain elongation ratio and temperature while 

maintaining an s2 = 50 nm 

4.6. Conclusions 

We have demonstrated that low-frequency phonons do not suffer diffuse scattering 

while encountering a grain boundary and can instead pass through unaffected, which results 

in an exponentially larger mean free path than for high-frequency phonons. We validated our 

simulation framework using experimental reports on nanocrystalline silicon and compared 

it against proposed analytical models in the literature, showing a good match for symmetric 
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grains but inconsistent frequency behaviors among different reports. We then studied the 

effect of the grain boundary orientation on the phonon mean free path and showed that grain 

boundaries perpendicular to the heat flux dominate the phonon scattering behavior while 

boundaries parallel to the heat flux have a secondary effect. This strong direction 

dependence can lead to discrepancies between the results given by realistic and symmetric 

grain structures, which could help explaining the widely different fitting factors reported in 

different literature. Furthermore, it also leads to thermal anisotropies even with small grain 

anisotropy. Increasing the grain elongations, both while maintaining the grain area or the 

side perpendicular to the heat flux, leads to larger thermal anisotropy especially at low 

temperatures. Reducing the grain dimensions while maintaining the elongation is key to 

achieve significant thermal anisotropy at temperatures above 100 K. This work advances the 

understanding of phonon transport in nanocrystalline materials and provides optimization 

strategies for thermoelectric material engineering.  
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CHAPTER 5:  ELECTRODEPOSITED ANTIMONY TELLURIDE THIN FILMS 

5.1. Antimony Telluride as Thermoelectric Material 

By far the most widely used thermoelectric materials are alloys of Bi2Te3 and 

Sb2Te3.[167] For near-room-temperature applications, such as refrigeration and waste heat 

recovery up to 200 °C, Bi2Te3 alloys have been proved to possess the greatest figure of merit 

for both n- and p-type thermoelectric systems. Bi2Te3 was first investigated as a material of 

great thermoelectric promise in the 1950s.[168]–[170] It was quickly realized that alloying 

with Sb2Te3 and Bi2Se3 allowed for the fine tuning of the carrier concentration alongside a 

reduction in lattice thermal conductivity, which lead to this family of materials to be the 

leading candidates for room temperature applications for decades.  

Doping has been proven to be an effective strategy to improve the zT of chalcogenide 

semiconductors such as PbTe,[171] SnSb,[172] SnSe,[173] and AgSbTe2[174]. Doping can 

increase the electrical conductivity 𝜎 and have varying results on other properties. While 

low doping concentrations reduce the thermal conductivity 𝜅 and increase the Seebeck 

coefficient 𝑆, larger doping concentrations reduce the Seebeck coefficient and increase the 

thermal conductivity.[79] Yamashita et al.[175] doped different antimony telluride 

compounds with tellurium excess to obtain p-type and n-type thermoelectric materials with 

a zT of 1.41 and 1.13, respectively. Mehta et al.[176] measured an improved Sb2Te3 zT of 0.95 

using sulfur doping and theoretically show that a maximum of 2 could be reached by doping 

optimization.  

Bulk AgSbTe2 has demonstrated an extremely low lattice thermal conductivity of 0.7 

Wm-1K-1,[177] which has been attributed to phonon scattering with heterophases[178] and 
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the formation of nanoscale cation sublattices.[179] Du et al.[174] reached a zT of 1.4 at 550 

K after doping AgSbTe2 with 2% Se. Concentrations of silver lower than the stoichiometry 

can produce impurities in the matrix or form precipitates, both of which are favorable to 

reduce the thermal conductivity.[19], [180] In particular, Sb2Te3/Ag2Te composites 

fabricated using ball milling have been found to improve the zT up to 1.5 at 700 K, and 

AgSbTe2/Ag2Te quenched ingots reached 1.5 at 500 K.[181] Besides the material 

composition and doping, the morphology is been shown to be a key parameter in the 

resulting thermoelectric properties. Our previous studies[182], [183] demonstrated a zT of 

0.35 for electrodeposited Sb37Te63 films pre-annealed at 80 °C due to the combination of low 

thermal conductivity and enhanced power factor provided by a secondary phase. 

Nanostructured Bi0.5Sb1.5Te3 achieved a zT above 1 at room temperature by inducing small 

grain sizes and highly dense dislocations.[21], [85] 

Recent investigations on the effect on the power factor of including different silver 

concentrations during the antimony telluride deposition.[184], [185] Among the studied 

electrodeposited thin films, the highest power factor was obtained in Ag3.9Sb33.6Te62.5 due to  

the Ag doping of the Sb2Te3 matrix and the presence of AgTe2 nanoprecipitates (~6% in vol.) 

that were formed after annealing at 100°C.[185] Electrodeposited AgSbTe2 also 

demonstrated high power factor and it is expected to present a very low thermal 

conductivity that could lead to higher zT values.[177]  In this work,[186] we focus on 

studying two film compositions: AgSbTe2 and Ag3.9Sb33.6Te62.5 while comparing it to the 

Sb37Te63 films we studied previously. Therefore, we perform in this work the thermal 

conductivity measurements of electrodeposited Ag3.9Sb33.6Te62.5 and AgSbTe2 thin films as a 
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function of their pre-annealing temperature, annealing time, and measurement temperature. 

By comparing the thermal conductivity of SbTe films with varying silver contents and by 

analyzing the temperature- and time-dependent thermal conductivity data, we provide a 

detailed understanding of the effects of silver content and crystallization on thermal 

transport. 

5.2. Sample Fabrication and Characterization 

Amorphous AgxSbyTez films are prepared using an established electrodeposition 

method as schematized in Figure 5-1.[187]–[189] The detailed process that allows well-

controlled film composition by adjusting the applied potential and the electrolyte 

composition can be found in our previous publications.[183]–[185], [190] After the 

amorphous AgxSbyTez thin films are deposited on SiO2 (300 nm)/Ti (30 nm)/Au (50 nm) 

films on a Si substrate, we deposit a 150 nm SiO2 layer by e-beam deposition to electrically 

passivate the films, and we fabricate the nickel electrodes (as seen in Figure 5-2) required 

for the thermal conductivity measurements through photolithography patterning and e-

beam evaporation of Cr (20 nm)/Ni (100 nm) films. The film temperature during all 

fabrication steps is limited to 50 °C to prevent any phase transition.[183]–[185] 
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Figure 5-1. Schematics of the electrodeposition process to create amorphous films and how they crystalize. 

 

Figure 5-2. Metal pattern on top of the thin film sample with a SiO2 passivation layer 

The morphology and thickness of the electrodeposited AgSbTe2 and Ag3.9Sb33.6Te62.5 

films are examined by Scanning Electron Microscopy (SEM) (Quanta, Thermo Scientific™) 

imaging. Figure 5-3 displays a representative cross-sectional SEM image of the measured 

films where we can identify, from top to bottom, the Ni/Cr electrode, the SiO2 passivation 
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layer, the AgSbTe2 film, and the Au/Ti/SiO2/Si stack. The thickness of the AgSbTe2 films in 

our work ranges from 300 to 500 nm and the thickness of the Ag3.9Sb33.6Te62.5 films ranges 

from 0.6 to 1 μm, all with compact and smooth morphology.  

 

Figure 5-3. SEM images of the measured films 

The crystallinity and the phase transformation of AgSbTe2 and Ag3.9Sb33.6Te62.5 films 

are investigated by X-ray Diffraction (XRD) (Smartlab, Rigaku Corp™) analysis as seen in 

Figure 5-4.  

 

Figure 5-4. XRD spectra of Ag3.9Sb33.6Te62.5 films pre-annealed at different temperature.  
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Our previous studies confirmed the stoichiometry crystallization of AgSbTe2 in the Ag-

rich film,[191] and the formation of β-Ag2Te (~6% in vol.) nanoprecipitates and a silver-

doped Sb2Te3 matrix in the Ag-deficient film upon annealing at 100 ºC.[185] In Figure 5-5, 

XRD detail of the peak of interest shows rapid Sb2Te3 crystallization (JCPDS 15-0874) after 

annealing at temperatures above 85 ºC, reaching an average grain size of 26 nm after 

annealing at 133 ºC. Detailed information on XRD spectra can be found in the supplementary 

information. The average grain size is estimated using the Debye-Scherrer equation and 

detailed in Figure 5-5C as 

𝐷 =
𝑘𝜆

𝐹𝑊𝐻𝑀∙cos 𝜃
,  (5.1) 

where k is a shape factor whose value usually takes 0.9, λ is the X-ray wavelength of 

1.54 Å, FWHM is the full-width-half-maximum obtained by analyzing XRD peaks, and 𝜃 is the 

Bragg angle. Peaks attributed to slightly deficient antimony telluride appears after annealing 

at 133 ºC (Sb0.405Te0.595: JCPDS 45-1229) due to the precipitation of β-Ag2Te.  

 

Figure 5-5. Detail of the X-ray diffraction peak at different annealing temperatures used to computed the grain size. 
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The 3ω method[134], [182], [192]–[194] is used to measure the cross-plane thermal 

conductivity. Patterned metal lines like the one in Figure 5-2, with a width ranging from 1 to 

100 µm and a length ranging from 30 to 1000 µm, are used as both heaters and sensors. As 

seen in Figure 5-6, when an AC current (Keithley™ 6221 current source) at frequency ω 

causes Joule heating, it induces a temperature oscillation at 2ω, which results in a voltage 

drop across the heater at 3ω due to the metal characteristic electrical resistivity change with 

temperature.[195]–[197] This voltage oscillation, which is recorded using a Stanford 

Research™ SR830 lock-in amplifier, depends on how the underlying materials dissipate the 

heat generated and, therefore, is used to fit a multilayer heat conduction solution that 

accounts for the thermal resistance of each film, substrate, and relevant interfaces.[194] To 

identify the thermal conductivity variation with the film phase and crystallinity, the as-

deposited amorphous AgSbTe2 and Ag3.9Sb33.6Te62.5 thin films are annealed at temperatures 

up to 160 °C for 30 minutes and then cooled down to room temperature to measure the 

thermal conductivity. The films then are heated on a hot plate using a Lake Shore™ 330 

temperature controller in vacuum (Janis™ VPF-800) and a resistance temperature detector 

mounted on the chip holder provides an accurate temperature reading. Additionally, the 

formation kinetics of both materials is analyzed by annealing amorphous AgSbTe2 and 

Ag3.9Sb33.6Te62.5 films at 94 °C for 5 hours while measuring their thermal conductivity; and 

the heat transport mechanisms are studied using the temperature-dependent thermal 

conductivity after pre-annealing at different temperatures. 
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Figure 5-6. Schematics of the 3ω circuit used to measure the thermal conductivity of thin films. 

5.3. Thermal Conductivity as a Function of the Pre-Annealing Temperature 

We observe, as seen in Figure 5-7, a monotonic increase in the room temperature 

thermal conductivity of AgSbTe2 films with increasing pre-annealing temperature, which 

indicates increasing crystallization and larger phonon mean free paths; and, while 

Ag3.9Sb33.6Te62.5 films present only a slightly higher thermal conductivity at pre-annealing 

temperatures below 90 ºC, a sudden increase occurs when Sb2Te3 starts to crystallize and 

reaches the same thermal conductivity as the Sb37Te63 films.[182], [186] This indicates that 

the silver doping delays the crystallization of Sb2Te3, providing a lower thermal conductivity 

at pre-annealing temperatures below 100 ºC. The overall lower thermal conductivity of the 

AgSbTe2 films is as expected because of the extremely low thermal conductivity of bulk 

AgSbTe2 (0.7 Wm-1K-1) due to the strong anharmonicity of its bonding arrangement.[198]  
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Figure 5-7.Thermal conductivity of Ag3.9Sb33.6Te62.5, AgSbTe2, and Sb37Te63 after annealing for 30 minutes in vacuum at 

different temperatures.  

5.4. Figure of Merit Estimation 

We can estimate the 𝑧𝑇at room temperature using the electrical conductivity 𝜎 and the 

Seebeck coefficient 𝑆 previously reported in AgSbTe2 and Ag3.9Sb33.6Te62.5 films fabricated 

following the exact same procedure. The power factor of the Ag3.9Sb33.6Te62.5 and AgSbTe2 

films after annealing at 100 ºC reached 1870 and 553 μWm-1K-2, respectively.[184], [185] 

The annealing temperatures during the electrical measurements did not surpass 100 ºC due 

to the degradation of the films, but this degradation was delayed during the thermal 

measurements by SiO2 encapsulation. Using Wiedemann-Franz law to estimate the electron 

contribution to the thermal conductivity as 𝜅𝑒 = 2.45 ∙ 10−8𝜎𝑇,[134] where 𝜎 is the film 

thermal conductivity, we see that it is negligible up to after annealing at 90 ºC when the 

estimated 𝜅𝑒 =0.58 Wm-1K-1 becomes greater than the measured thermal conductivity value. 
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This disparity may arise from the differences in annealing conditions: the electrical 

properties were reported after annealing in a tube furnace and we are reporting the thermal 

conditions after annealing on a hot plate in vacuum.[184], [185] Moreover, the electrical data 

corresponds to in-plane measurements while we measure cross-plane thermal conductivity; 

hence, film anisotropy due to non-spherical grains can cause inaccuracies in the zT 

values.[134] Taking the annealing differences into consideration and due to the large 

variation in the thermal conductivity of Ag3.9Sb33.6Te62.5 films around the annealing 

temperature of interest, we estimate that the thermal conductivity of Ag3.9Sb33.6Te62.5 and 

AgSbTe2 films corresponding to the reported electrical measurements is 0.59 ± 0.16 Wm-1K-

1 and 0.22 ± 0.02 Wm-1K-1, respectively. This yields competitive maximum zT values at room 

temperature of 0.95 ± 0.35 and 0.71 ± 0.07 for Ag3.9Sb33.6Te62.5 and AgSbTe2 electrodeposited 

films, respectively, as seen in Figure 5-8. The zT value for the Ag3.9Sb33.6Te62.5 films is a 

substantial improvement from the Sb2Te3 sample[182] and is one of the highest reported at 

room temperature to date[85], [199], [200] and is the best among nanostructured bulk 

AgSbTe2.[201], [202] Further experiments performing electrical and thermal measurements 

under the same annealing and measurement conditions are required to establish if higher zT 

values can be obtained at higher measuring temperatures and if the zT can be further 

optimized with slightly different pre-annealing temperatures.  
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Figure 5-8. Estimated thermoelectric figure of merit for the different film compositions. 

5.5. Crystallization Kinetics  

In order to compare the crystallization dynamics of AgSbTe2 and Ag3.9Sb33.6Te62.5 

films, we measured the thermal conductivity during a 5.5 h annealing at 94 °C.  We 

convert the time-dependent thermal conductivity data into crystallization fraction by 

assuming that the amorphous regions are uniformly distributed across the film and 

in parallel with the crystallized regions. Which is equivalent to assume the columnar 

grain growth reported for other SbTe-based films.[134] Defining the stationary 

thermal conductivity reached at the end of the annealing process as crystalline 

thermal conductivity 𝜅𝑐 at the measured temperature and the amorphous thermal 

conductivity 𝜅𝑎 as the initial one, we can compute the crystalline fraction 𝑥𝑐 as 
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𝜅𝑧 = 𝑥𝑐𝜅𝑐 + (1 − xc)𝜅𝑎,  (5.2) 

where 𝜅𝑧 is the effective cross-sectional thermal conductivity measured at each 

time step.  In Figure 5-9, we compare the crystallization fraction calculated from the 

experimental data with that predicted by the Johnson-Mehl-Avrami-Kolmogorov 

(JMAK) equation. The JMAK model[203] relates the crystallization fraction with the 

crystallization activation energy ∆𝐻 and the time as  

𝑥𝑐 = exp (−𝑘𝑝𝑡𝑛),  (5.3) 

where 𝑘𝑝 = 𝑒𝑥𝑝 (−𝑘0
∆𝐻

𝑘𝐵𝑇
), 𝑛 is the Avrami number, 𝑘0 is the crystallization constant, 

and 𝑘B is the Boltzmann constant. We find a crystallization constant of 1015, a 

crystallization activation energy of 1.142 eV for Ag3.9Sb33.6Te62.5 films and 1.162 eV for 

AgSbTe2 films, and the Avrami number of 1, which indicates that the phase 

transformation process is governed by one-dimensional interface-controlled 

nucleation growth. The activation energy obtained for Ag3.9Sb33.6Te62.5 films coincides 

with the previously reported for Sb37Te63 films, which confirms the nucleation of Sb2Te3 

and indicates that the creation of nanoprecipitates does not affect the crystallization rate. On 

the contrary, the activation energy required to crystallize AgSbTe2 is found to be slightly 

higher, which increases the annealing time required to achieve full crystallization and might 

be the reason why the crystallization of Sb2Te3 requires higher temperatures in the lightly 

silver doped films than in the previously studied Sb37Te63 films.  
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Figure 5-9. Crystallization fraction of Ag3.9Sb33.6Te62.5, AgSbTe2 and Sb37Te63 films as a function of annealing time at 94 ºC. 

5.6. Temperature-Dependent Thermal Conductivity 

To confirm the crystalline nature of AgSbTe2 and Ag3.9Sb33.6Te62.5 films after different 

annealing temperatures, we measured the temperature-dependent thermal conductivity up 

to the pre-annealing temperature. The results, shown in Figure 5-10, show clear different 

temperature dependences after different annealing temperatures. The thermal conductivity 

of Ag3.9Sb33.6Te62.5 pre-annealed at 70 °C shows the typical behavior of a highly disordered 

amorphous material: an almost constant low value with a slight increase with temperature 

because of the thermal activation of thermal carriers with very low phonon average mean 

free path. This trend can be supported by the modified Einstein model,[204] where a 

minimum thermal conductivity is described as the random walk of phonons through lattices 

and it is expressed as 

𝜅𝑎 = (
𝜋

6
)

1 3⁄

𝑘𝐵𝑛2 3⁄ ∑ 𝑣𝑔 (
𝑇

Θ𝐷
)

2

∫
𝑥3𝑒𝑥

(𝑒𝑥−1)2 𝑑𝑥
Θ𝑖 𝑇⁄

0𝑖 ,  (5.4) 
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where n is the atomic number density, the sum is taken over one longitudinal and two-

transverse modes, 𝑣𝑔 is the average sound velocity, 𝑇 is the temperature of the film, and Θ𝐷 

is the Debye temperature for each polarization mode. For AgSbTe2, the average sound speed, 

atomic number density, and Debye temperature are 1490  𝑚𝑠−1, 3.57 × 1028 𝑚−3, and 150 

K, respectively.[205], [206] Due to the low volume fraction of Ag in Ag3.9Sb33.6Te62.5 films and 

the negligible difference between the atomic density and Debye temperature of AgSbTe2 and 

Sb2Te3 (3.11 × 1028 𝑚−3 and 200 K, respectively) but the large disparity in average sound 

speed (2900  𝑚𝑠−1 for Sb2Te3),[207], [208] we use the latter as a fitting parameter for the 

data obtained after annealing Ag3.9Sb33.6Te62.5 films at 68 ºC, obtaining an intermediate result 

of 2400  𝑚𝑠−1. The thermal conductivity of amorphous Ag3.9Sb33.6Te62.5 needs to be reduced 

by 20% to match the experimental results, behavior that has already been observed in other 

complex amorphous materials.[204] As the films become more crystalline upon annealing, 

the enhanced acoustic properties improve the thermal conductivity and increase its 

dependency on the temperature. In crystalline structures, Umklapp scattering dominates the 

phonon transport at the temperature range of interest, which shortens the phonon mean 

free path and leads to a reduction in the thermal conductivity with the temperature. The 

thermal conductivity of crystalline samples 𝜅𝐶  is computed using the Callaway model,[209] 

which is expressed as 

𝜅𝐶 =
𝑘𝐵

2𝜋2
(

𝑘𝐵𝑇

ℏ
)

3

∫ 𝜏
𝑥4𝑒𝑥

(𝑒𝑥−1)2
𝑑𝑥

Θ𝐷 𝑇⁄

0
,  (5.5) 

where the average phonon relaxation time 𝜏 is computed[36], [86], [210] combining 

phonon-grain boundary, film-boundaries, phonon-impurity, Umklapp, phonon-carrier, and, 
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in the case of Ag3.9Sb33.6Te62.5 films, nanoprecipitate scattering mechanisms using 

Mathiessen’s rule as  

𝜏𝐺𝐵
−1 =

𝑣𝑔

3𝐷/4

1−𝑝

𝑝
,  (5.6) 

𝜏𝐵
−1 =

𝑣𝑔

𝑡
,  (5.7) 

 𝜏𝐼
−1 = 𝐴𝜔4,  (5.8) 

𝜏𝑈
−1 = 𝐵𝜔2𝑇𝑒𝑥𝑝 (−

Θ𝐷

𝑇
),  (5.9) 

𝜏𝐶
−1 = 𝐶𝜔,  (5.10) 

𝜏𝑁𝑃
−1 = 𝑣𝑔Θ𝑛𝑁𝑃,  (5.11) 

𝜏−1 = 𝜏𝐺𝐵
−1 + 𝜏𝐵

−1 + 𝜏𝐼
−1 + 𝜏𝑈

−1 + 𝜏𝐶
−1 + 𝜏𝑁𝑃

−1 ,  (5.12) 

Where 𝐷 is the average grain size, 𝑝 is the phonon transmission across the grain 

boundary, 𝑡 is the thickness of the film, 𝑛𝑁𝑃 is the nanoprecipitate number density, and Θ is 

the average nanoprecipitate scattering cross-section, which is estimated using the average 

nanoinclusion size, and the mass and tensor strength difference with the matrix.[180], [211] 

As detailed at the beginning of this section, the thickness of the film is measured using cross-

sectional SEM imaging and the grain size is derived from the XRD spectra.  The carrier 

scattering fitting parameter is taken as C = 8.2 × 10−5, [212] whereas the phonon-

impurity and Umklapp scattering fitting parameters A and B are obtained from the 

best fit to our experimental data. The effective thermal conductivity is computed for 

each temperature assuming that the amorphous regions are uniformly distributed 

across the film and in series with the crystallized regions and, therefore, can be 

computed as  
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𝜅𝑒𝑓𝑓 = 𝜅𝐶𝑥 + (1 − 𝑥)𝜅𝑎 ,  (5.13) 

This is a reasonable assumption given that the annealing process is done on a 

hot plate in vacuum and similar chalcogenide films have shown columnar 

growth.[134] We first find the impurity and Umklapp scattering parameters from (2) 

by fitting the data obtained after annealing at 133 ºC and the amorphous phase from 

(1) by using the data obtained at the lowest annealing temperature; then, we find the 

crystalline fraction 𝑥 that fits the data at the other temperatures. The fitting 

parameters result in AAgSbTe2
= 9.0 ∙ 10−41 s3, AAg3.9Sb33.6Te62.5

= 8.5 ∙ 10−42 s3, BAgSbTe2
=

8.48 ∙ 10−15 s−3, and BAg3.9Sb33.6Te62.5
= 1.32 ∙ 10−15 s−3. These results show stronger 

dependency in impurity scattering than the previously reported Sb37Te63 films.[182], 

[212] However, we noticed that the thermal conductivity of the Ag3.9Sb33.6Te62.5 films 

annealed below 133 ºC cannot be fitted with such a strong impurity scattering component, 

the best resulting in AAg3.9Sb33.6Te62.5
= 3.3 ∙ 10−43 s3 and 𝐵Ag3.9Sb33.6Te62.5

= 3.96 ∙ 10−15 s−3. 

This indicates that the Ag3.9Sb33.6Te62.5 film might have started degradation when being 

annealed at 133 ºC despite the SiO2 encapsulation. Furthermore, temperature-dependent 

data after annealing at 161 ºC was not possible due to degradation of the films at that 

temperature that caused leaking of the applied current. All Umklapp fitting parameters are 

lower than the previously obtained for Sb2Te3 films[182] due to the stronger dependency on 

impurity scattering and the scattering with the nanoprecipitates. The coexistence in 

Ag3.9Sb33.6Te62.5 films of Sb2Te3 and β-Ag2Te nanoprecipitates does not produce a significant 

reduction in the thermal conductivity of the films due to the low volume fraction and similar 

thermal conductivity of both phases.[213], [214] The results indicate that the crystalline 
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fractions of the Ag3.9Sb33.6Te62.5 films annealed at 110, 94 and 68 ºC are 0.45, 0.18 and 0, 

respectively; while those of AgSbTe2 films annealed at 94 and 68 ºC are 0.1, 0.01, 

respectively. These crystalline fractions are lower than the previously obtained for Sb37Te63 

films,[182] which further indicates that the presence of silver inhibits the nucleation of 

Sb2Te3 and AgSbTe2 crystals. 

 
Figure 5-10. Thermal conductivity as a function of the measurement temperature for Ag3.9Sb33.6Te62.5 and AgSbTe2 films after 

being annealed at different pre-annealing temperatures.  
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5.7. Conclusions 

We find the thermal conductivity of electrodeposited Ag3.9Sb33.6Te62.5 and AgSbTe2 thin 

films as a function of their pre-annealing temperature to be lower than the previously 

reported for Sb37Te63 films,[182] especially at annealing temperatures below 110 ºC. By 

annealing at 160 °C on a hot plate for 30 minutes in vacuum, the room-temperature thermal 

conductivity of Ag3.9Sb33.6Te62.5 and AgSbTe2 films increases from 0.24 Wm-1K-1 to 1.59 Wm-

1K-1 and from 0.17 Wm-1K-1 to and 0.56 Wm-1K-1, respectively. Using the previously reported 

power factors,[184], [185] we estimate a zT of 0.95 ± 0.35 and 0.71 ± 0.07 at room 

temperature for electrodeposited Ag3.9Sb33.6Te62.5 and AgSbTe2 films, respectively. The 

crystallization rates obtained from the transient thermal conductivity measurements 

indicate a one-dimensional interface-controlled nucleation and that the crystallization 

activation energy is slightly higher for AgSbTe2 films (1.16 eV), which might be a key factor 

in the delay of Sb2Te3 crystallization in Ag3.9Sb33.6Te62.5 films (1.14 eV). The temperature-

dependent thermal conductivity of AgSbTe2 and Ag3.9Sb33.6Te62.5 films reveals competing 

effects between the crystalline and amorphous phases. We conclude that the silver in 

Ag3.9Sb33.6Te62. films delays the formation of Sb2Te3 crystals and keeps the thermal 

conductivity low with annealing up to 110 ºC. AgSbTe2 electrodeposited films are promising 

thermoelectric materials due its slow crystallization and extremely low thermal conductivity 

which is further reduced with temperature and would lead to an optimum zT at higher 

temperatures. These results improve our understanding of the role of metal doping in 

thermal transport, which can guide optimal designs of chalcogenide materials for room 

temperature thermoelectric applications.   
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CHAPTER 6:  SILICON-NiSi2 NANOWIRES 

6.1. Introduction to Silicon Nanowires  

Thermoelectric research has been intensive in the past twenty-five years because of 

the prospect of engineering electronic and phononic properties through nanostructures.[7], 

[79], [80], [215] Nanowires (NWs) are among the most promising structures for reaching 

high thermoelectric performances.[16] In particular, Si NWs provide both high 

thermoelectric figures of merit and a crucial platform to investigate fundamental 

thermoelectric transport phenomena.[16], [87], [88] In an effort to further improve the 

thermoelectric performance, a variety of NWs fabrication methods have been developed to 

achieve controlled crystallinity, morphology and better integration with thermoelectric 

cooling and power generation devices.[216]–[218] While smooth, single crystal NWs 

obtained from vapor-liquid-solid growth exhibit size effects with the NW length and 

diameter, rough nanowires resulting from metal assisted chemical etching (MACE) or other 

surface etching techniques have a much smaller thermal conductivity dependent on the NW 

surface roughness.[86], [126], [219]–[221] Other effects that have been shown to reduce the 

thermal conductivity include acoustic softening in nanowires with a surface to volume ratio 

below 0.1 nm-1,[16], [17], [43], [222] coherence phonon transport,[223] and the effect of 

oxide shell.[224] One experimental report by Li et al.[225] looked at the effect of having 

Si/SiGe superlattice NWs, but their large period length of 100 to 150 nm and low Ge 

composition did not allow for the study of interface effects. However, molecular dynamic 

simulations and theoretical models[226]–[228] showed that interfaces could pose a 
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significant additional resistance and that some novel thermal properties could potentially 

also be observed due to phonon wave nature.  

In particular, introducing metallic silicide inclusions into Si NWs could potentially 

create a triple fold benefit: reduction of the thermal conductivity through interfacial 

resistances and phonon scattering,[19], [37] electrical conductivity increase due to effective 

medium and modulation doping,[37], [229] and Seebeck coefficient increase through low 

energy electron filtering.[94], [105], [116]–[118] The inclusions, however, need to be small 

enough to not significantly contribute to the effective thermal conductivity.[37] The little 

research on Si/silicide heterostructured nanowires bases the fabrication on diffusion from 

microfabricated metal strips into Si NWs, which usually creates large portions of the 

nanowire to become silicides instead of allowing for small inclusions.[230]–[233] Although 

Liu et al.[233] found that some nucleation could occur far from the contact points and create 

small inclusions, it is difficult to control such nucleation to create repeated nanoinclusions. 

A more promising route was proposed by Panciera et al.[101] using sequential catalyst 

reactions to form sub-50 nm metal silicide nanocrystals into Si nanowires with defect-free 

interfaces. Moreover, scalability of the fabrication process is crucial for their applicability as 

thermoelectric materials and their use as precursors for bulk-size pallets.[15], [158], [234] 

The reports on the thermal conductivity of Si/silicide NWs are sparse: Liu et al.[233] 

provided the localized thermal conductivity on Si/silicide NWs segments; more recently, Lee 

et al.[235] reported that adding a CoSi2  layer on the top and bottom of 2 µm long Si NWs 

arrays reduced the thermal conductivity up to 6%. 
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In this section, we propose a new scalable methodology to create heterostructured Si 

NWs with randomly dispersed sub-100 nm NiSi2 nanoinclusions and measure their thermal 

conductivity from 40 to 600 K. Our results find an unexpectedly low thermal conductivity at 

high temperatures that opens the door to exciting new opportunities for the future of 

thermoelectric materials.   

6.2. Fabrication of Silicon Nanowires with Nickel Silicide Inclusions 

As schematized in Figure 6-1, we start by sintering Si nanowires by etching a lightly 

boron-doped Si wafer (University Wafer, 1-10 Ωcm-1) using metal-assisted chemical etching 

[236] in 500 mL of aqueous solution of 0.02 M AgNO3 and 5 M HF for 6 hours. Excess Ag was 

removed in two successive nitric acid baths for 30 minutes each. This process yields 

nanowires from 50 to 70 µm long, depending on the room temperature and humidity. It is 

important to properly clean the wafers before fabrication to ensure nanowire length 

uniformity. We will refer to nanowires obtained at this stage as Si-NWs. This etching method 

is inherently random and produces a range of nanowire diameters that can be slightly tuned 

by varying the concentration of silver slats. 

The NiSi2 nanoinclusions were deposited using an organic Ni electroless deposition to 

avoid oxide formation [237]. We first remove the native Si oxide from the wafer containing 

the Si nanowire forest using buffered oxide etching (BOE) solution for 5 minutes and then 

place the wafer under an inert atmosphere. While maintaining the inert atmosphere, we mix 

a solution of 500 mL of toluene with 1.25 g of Ni(C8H12)2 – also called Ni(COD)2 – by agitation 

in a Pyrex beaker and then submerge the wafer in the solution and seal the container. The 

solution is heated to 70 °C to break the cyclooctyne ligands and release the Ni – this 
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temperature was selected to ensure a slow enough Ni(COD)2 decomposition rate (which 

starts at 60 °C) to produce nanometer-sized Ni particles. The wafer is then cleaned with more 

toluene and dried with compressed gas. We then use a tube furnace to anneal these wires 

under inert atmosphere at 800 °C and induce Ni self-diffusion. If any access Ni is present, it 

is removed using Ni etchant. We will refer to nanowires obtained at this stage as Si/NiSi2-

NWs. The inclusion size can be slightly tuned by varying the deposition temperature and 

time, and the annealing time.  

 

Figure 6-1. Process flow of the fabrication of Si/NiSi2 nanowires 

For the single nanowire measurements, we disperse the wires in an IPA by sonicating 

for 10 s and drop-cast one to three drops into a copper grid to be able to select ideal 

candidates under the SEM. Once we identify a single wire with the desired dimensions, we 

use a micro-manipulator integrated with the SEM (Quanta, Thermo Scientific™) to 

selectively place the NW candidate in a thermal stage consisting of two suspended 

membranes with a gap between 5 to 50 µm. We deposit 100 nm of platinum at each end of 



107 

 

the nanowire using the electron beam to improve the contact resistance between the 

membrane and the nanowire as seen in Figure 6-2. 

 

Figure 6-2. NWs dispersed in grid and transfer to the microthermal stage  

6.3. Nanowire Characterization 

6.3.1. SEM and TEM Imaging  

The nanowire length, diameter, and inclusion distribution and size are characterized 

using SEM and TEM imaging. The inclusions are clearly visible under SEM and backscatter 

SEM imaging as lighter regions as seen in Figure 6-3. Since Ni diffuses into Si through the 

[110] plane 12 times faster than the [001] plane,[238] the inclusions become diamond-

shaped instead of spherical. XRD patterns did not differ between a Si-NW and Si/NiSi2-NWs 

forest due to the small size of most of the inclusions. Thus, the silicide phase was 

characterized using high-resolution TEM as shown in Figure 6-4, which also shows an 

atomically clean interface between the Si matrix and the NiSi2 inclusions. The silicide 

compound was also confirmed using high-resolution Energy Dispersive X-Ray Spectroscopy 

(EDS), which was also used to estimate the inclusion density to be around ~30% by 

comparing the area of the nanowire and the area containing Ni as shown in Figure 6-5. For 

each of the measured nanowires, we use several SEM images to determine the average 

nanowire diameter as the ones shown in Figure 6-6. 
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Figure 6-3. Images of the Si NW forest with and without inclusions and close up image of Si/NiSi2 NWs.  

 

Figure 6-4. TEM images of Si/NiSi2 NWs showing the atomic arrangements of Si and NiSi2 and an atomically clean interface.  

 

Figure 6-5. Illustration of how to use image postprocessing to estimate the NW inclusion density using TEM and EDS images. 
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Figure 6-6. Sample SEM images used to measure the diameter and length of the measured nanowires. 

Ni(COD)2 slowly degrades at room temperature even under inert atmosphere resulting 

in very few particles being deposited as seen in Figure 6-7, so a fresh batch was used for each 

fabrication. Any presence of oxygen or water vapor during the particle deposition will result 

in NiO nanoparticles instead, which can be easily observed because the solution will turn 

black instead of dark brown during the deposition process as seen in Figure 6-8. 

 

Figure 6-7. (A) shows nanowires obtained using an old Ni(COD)2 powder. Very few inclusions can be seen compared to a 

normal deposition such as in (B). (C) shows  
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Figure 6-8. Comparison between Ni(COD)2 solution colors before and after heating.  

6.3.2. XRD 

While the XRD patters of Si NWs and Si/NiSi2 NWs do not differ significantly due to the 

small size of the particles and the closeness of Si and NiSix XRD peaks, impurities can be 

observed using XRD, including NiO and salts that some commercial Ni etchant might deposit 

on the NWs as seen in Figure 6-9. 

 

Figure 6-9. XRD patterns obtained for a Si NW forest before Ni deposition (black) and after failed Ni depositions. 



111 

 

6.3.3. Thermal Conductivity Measurement Using Microthermal Stage  

To measure the thermal conductivity of the nanowires we use a microthermal stage 

consisting of two suspended membranes with a wire across them, which is a well-established 

single NW thermometry technique.[239] The two symmetric membranes, which are 

supported by thin and long SiNx beams, are each equipped with Pt electrodes and can act as 

a thermometer and a heater. Individual nanowires are transferred in-between the two 

membranes as explained in the previous section such that the nanowire bridges the two 

membranes. The microthermal stage is mounted on a chip holder and placed under a high 

vacuum (<10–6 Torr) to avoid the influence of convection. The vacuum chamber (Janis™) 

contains a heater and a temperature controller to stabilize the temperature within 30 mK, 

and the sample temperature is corrected using a platinum resistance temperature detector. 

To avoid significant radiation losses and achieve high temperatures, our set-up includes 

radiation shields.[86] To measure the thermal conductivity, we first measure the 

membrane’s resistance at a given temperature to characterize their dR/dT curve as seen in 

Figure 6-11; subsequently, one membrane is heated so the bridged nanowire transports the 

heat by conduction to the other membrane. During this process, the change in each 

membrane’s resistance allows the monitoring of their respective temperatures. Knowing the 

temperature of each membrane and the amount of dissipated heat, the thermal conductance 

of single nanowires can be quantified. Then, the length and diameter of NWs are used to 

calculate the nanowire’s thermal conductivity. 
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Figure 6-10. Schematics of the microthermal stage and electric circuit used to measure the thermal conductivity of single 

nanowires. 

 

Figure 6-11. Membranes’ resistance change with membrane temperature and applied DC current on the heating membrane.  

6.3.4. Challenges of Electrical Measurements 

Even though the NWs had 4 probe connections to the membranes that allowed the 

measurement of the electrical conductivity without contact resistance, the doping of the used 

Si was so low that the resistance of the NWs was comparable to the inner resistance of the 
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voltmeter and the voltage drop created was above the current source threshold. Wafers with 

higher doping could potentially be used after tweaking the MACE recipe to reduce the surface 

roughness, which is too high with the current recipe for lightly doped wafers and does not 

allow for good contacts. Seebeck coefficient measurements were possible but had a lot of 

noise. 

6.4. Thermal Conductivity of Single Si/NiSi2 Nanowires  

We show the thermal conductivity of 5 Si NWs and 4 Si/NiSi2 NWs in Figure 6-12. The 

positive error bar includes all measurement errors, while the negative error bar also 

includes the measured effective thermal conductivity. We have assumed a thermal contact 

resistance of 7 ∙ 10−8 𝑚2𝐾𝑊−1, which is twice that of measured for smooth Si NWs.[86] 

Notice that while the thermal conductivity of Si NWs remains quasi constant at high 

temperatures as expected,[86] the thermal conductivity of Si/NiSi2 nanowires decreases 

rapidly at high temperatures, reaching values much smaller than initially expected. To better 

understand the roots of this unusual behavior, we prepared NiSi2 thin films to have reliable 

electrical and thermal data. 
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Figure 6-12. Thermal conductivity of Si and Si/NiSi2 NWs from 40 to 600 K. 

6.5. NiSi2 Thin Film Fabrication 

6.5.1. Process 

To fabricate NiSi2 films, we start with a clean wafer and remove the native oxide using 

BOE for 1 minute. The wafer is immediately transferred to an e-beam deposition chamber 

under vacuum to avoid significant oxide creation. We then deposit the desired Ni thickness 

taking into account that the resulting NiSi2 thickness is going to be around 3 times the initial 

Ni thickness. The film is annealed at 900 °C for 20 minutes under forming gas to avoid any 

NiO formation. To measure its thermal conductivity, we passivated it with 150 nm of SiO2 

and fabricated Ni electrodes on top using e-beam deposition as explained in  

6.5.2. Challenges  

We had to increase the annealing temperature compared to the NW annealing because 

the larger amount of Ni tended to create NiSi and other nickel silicide phases. N2 gas was 

changed to forming gas because we were getting NiO impurities as seen in Figure 6-13, which 
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could affect the measurement. Albeit my efforts, completely refining the NiSi2 compound 

resulted to be impossible. Trying to remove the residual Ni with an etching solution resulted 

in damaged films and, since the Ni layer could not be appreciated in the SEM images, we 

evaluated the impact of a Ni layer on the resulting electrode temperatures rise to be 

negligible as seen in Figure 6-14. The resulting thin films do not have a uniform thickness 

due to the Ni diffusion preference as seen in Figure 6-16, which results in large errors in the 

measurements. Smaller passivation layers would be preferable to have better sensitivity, but 

due to the rough surface created by the Ni diffusion patterns, thinner passivation layers 

resulted in penetration during the wire bonding process. I recommend using wafers in the 

[1 1 1] orientation for future research.  

 

Figure 6-13. XRD patterns of each step of the film fabrication process with N2 annealing gas, showing NiO impurities.  
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Figure 6-14. Effect of having a layer of residual nickel up to 20 nm thick on the electrode’s temperature rise 

6.6. Thin Film Characterization  

6.6.1. XRD Pattern 

The thin films were scanned for impurities using two XRD modes: grazing XRD to 

analyze the surface, and direct beam XRD to have the average film information. The 

conjunction of both XRD patterns allows us to know that despite all efforts, a little bit of Ni is 

still present at the film surface after the annealing, and not all NiSi is transformed to NiSi2.  
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Figure 6-15. XRD pattern of the NiSi2 film using grazing XRD and direct beam XRD. 

6.6.2. SEM Imaging  

The dimensions of the Ni electrodes and the average thickness of each layer were 

measured using SEM. Accurate measurements of the SiO2 layer are crucial to obtain an 

accurate NiSi2 thermal conductivity. 

 

Figure 6-16. SEM images showing, from top to bottom, Si substrate, NiSi2 thin film, SiO2 thin film, and Ni electrodes.  
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6.6.3. 3-ω Method for Thermal Conductivity Measurements 

The thin film cross-plane thermal conductivity is measured using the 3-ω 

method.[182], [186], [192], [194] Briefly, in this method, patterned metal lines with a width 

ranging from 2 to 100 µm and a length ranging from 200 to 1000 µm, are used as both heaters 

and sensors. When an AC current (Keithley™ 6221 current source) at frequency ω causes 

Joule heating, it induces a temperature oscillation at 2ω, which results in a voltage drop 

across the heater at 3ω due to the metal characteristic electrical resistivity change with 

temperature. The third harmonic of the voltage V3ω, which is recorded using a Stanford 

Research™ SR830 lock-in amplifier, can be used to calculate the corresponding temperature 

rise. An example of the expected behavior of the V3ω, with increasing current and frequency, 

as well as of the electrode resistance change with temperature are shown in Figure 6-17. The 

temperature rise depends on how the underlying materials dissipate the generated heat and, 

therefore, is used to fit a multilayer heat conduction solution that accounts for the thermal 

resistance of each film, substrate, and relevant interfaces.[194] In order to accurately 

capture the thermal conductivity and thermal boundary resistances of the SiO2 passivation 

layer, we perform a differential measurement by measuring first a reference sample without 

the NiSi2 film. The reference sample is also useful to test the set-up as the thermal 

conductivity of SiO2 samples does not change significantly as seen in Figure 6-18. 
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Figure 6-17. V3ω change with the cubic of the applied current (A) and frequency (B). Electrode resistance increase with 

temperature (C).  

 

Figure 6-18. Results for the thermal conductivity of SiO2 thin films using a reference sample compared to reference data.  

6.6.4. Sheet Resistance Measurement  

The electrical resistivity of the films is calculated using 4-probe sheet resistance 

measurements[240] where we induce a current 𝐼 through the outer proves and read the 

voltage 𝑉 through the inner probes to avoid the influence of contact resistance.[197] To 

ensure that the Si substrate does not affect the results, we perform a differential 

measurement with a piece of clean Si wafer as seen in Figure 6-19. The connections were 

done by wire bonding the films directly at a constant distance of 500 µm. The temperature 
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of the samples is maintained as explained above. The resistivity of the film is extracted using 

𝑅𝑠 =
𝜌

𝑡
= 𝐶

𝜋

ln 2

V

I
, where 𝑡 is the thickness of the film and 𝐶 is a correction factor that depends 

on the geometry of the sample.[241], [242] 

 

Figure 6-19. Set up of the differential 4-probe sheet resistance measurements.  

Given that the sheet resistance of the Si wafer is much larger than the sheet resistance 

of the wafer with the NiSi2 film as seen in Figure 6-20, we neglect the effect of the wafer on 

the film resistivity measurements.  



121 

 

 

Figure 6-20. Sheet resistance comparison 

6.7. Thermal and Electrical Conductivities of NiSi2  

Due to the film thickness variability, we will present the results for the average film 

thickness as well as include error bars for the minimum and maximum thicknesses. To 

minimize the effect of the NiSi impurities detected in the XRD pattern, we measure two films 

with different average thicknesses of 150 and 300 nm, respectively. The results, shown in 

Figure 6-21, show that the thicker films present an electrical resistivity on the range of 

previously reported values for thin films,[243]–[246] nanowires,[247] and bulk 

materials.[107], [243] The larger resistivity reports are probably due to the dominant effect 

of impurities.  
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Figure 6-21. Resistivity of the NiSi2 films measured using 4-probe sheet resistance.  

We present the effective thermal conductivity of 4 different samples with the specified 

dimensions in Figure 6-22. We observe that despite the metallic electrical resistivity, the 

thermal conductivity does not follow a typical metallic behavior. Especially interesting is the 

reduction at temperatures above 550 K, similar to the reduction observed in the Si/NiSi2 

NWs although the transition temperature seems to decrease in the NWs probably due to size 

effects. To the best of our knowledge, there are only two reports on the thermal conductivity 

of NiSi2 available in the literature: Neshpor[107] reported the bulk NiSi2 thermal 

conductivity to be 10.2 Wm-1K-1. While Liu et al.[233] measured the thermal conductivity of 

a NiSi2 NW segment to be between 30 and 33 Wm-1K-1. Since the thermal conductivity we 

measured is effective and thus accounts for the thermal boundary resistances with the Si 

substrate and the SiO2 film, we studied how these thermal boundary resistances could affect 

the NiSi2 thermal conductivity. 
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Figure 6-22. Thermal conductivity of NiSi2 thin films using the 3-ω method. 

The thermal boundary resistance between Si and NiSi2 was measured by Liu et al.[233] 

to be 500 MWK-1m-2, which is similar to the values measured by Ye et al.[97] between Si and 

other epitaxial silicides. Assuming a constant Si/NiSi2 boundary resistance, we compute the 

thermal conductivity of the NiSi2 film with varying values of SiO2/NiSi2 boundary resistance 

(𝑅𝑐2) as seen in Figure 6-23. We observe that even for large values of boundary resistance 

and a boundary resistance decreasing with temperature as expected by classical models, the 

trend with temperature is maintained. We also include the expected electronic contribution 

to the thermal conductivity 𝜅𝑒given by Wiedemann-Franz law as 𝜅𝑒 = 𝐿0𝜌𝑇, where the 

Lorentz number is assumed to be 𝐿0 = 2.44 ∙ 10−8 𝑊Ω𝐾−2. However, given the semi-metal 

nature of NiSi2, the Lorentz number could be significantly lower than 𝐿0 below NiSi2 Debye’s 

temperature 𝜃𝑁𝑖𝑆𝑖2
.[248] Given that 𝜃𝑁𝑖𝑆𝑖2

 has been estimated to be 515 K,[104] it is 
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reasonable to have an electronic contribution to the thermal conductivity far below the 

predicted by Wiedemann-Franz law up to 500 K.  

 

Figure 6-23. Thermal conductivity of S3D2 NiSi2 thin film for different Rc2 values and estimated electronic contribution to the 

thermal conductivity.  

6.8. Nanowire Thermal Conductivity Modeling  

The thermal conductivity 𝜅 is computed kinetic theory as[42] 

𝜅𝑆𝑖 =
1

6𝜋2
∑ ∫ ℏ𝜔

𝜕𝑓𝐵𝐸

𝜕𝑇
𝑣𝑔

2(𝜔, 𝑛)𝜏(𝜔, 𝑛)𝐷(𝜔, 𝑛)𝑑𝜔𝑛 ,  (6.1) 

where n is the phonon mode, ℏ is the reduced plank constant, 𝜔 is the phonon angular 

frequency, 𝑓𝐵𝐸  is the Bose-Einstein distribution, 𝑣𝑔 is the phonon group velocity, 𝜏 is the 

phonon relaxation time, and 𝐷(𝜔, 𝑛) is the phonon density of states. As suggested by 

previous works in Si nanostructures[44]–[49], especially the recent study of Si 

nanomeshes[28] with comparable dimensions, we consider that the optical branches 
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contribute negligibly to thermal conductivities. Hence, in this work, we only consider the 

longitudinal acoustic (LA) branch and the two transverse acoustic (TA) branches. We use full 

phonon dispersion relations by taking a quadratic fit of the experimental data for each 

phonon dispersion branch of each studied bulk material (Si, NiSi2, WSi2, FeSi, Mn4Si7, and 

SiC). For detailed information see Supplementary Note 1. The different phonon scattering 

mechanisms are combined via Matthiessen’s rule under relaxation the time approximation, 

in which 𝜏−1 = 𝜏𝑏
−1 + 𝜏𝑈

−1 + 𝜏𝑖𝑚𝑝
−1 , where the subscripts denote phonon-boundaries, -

Umklapp, and -impurity scattering, respectively. We use the expressions of relaxation time 

detailed previously[28] to compute Umklapp and impurity scatterings, which are 𝜏𝑈
−1 =

𝑃𝜔2𝑇exp (−
𝐶𝑈

𝑇
) and 𝜏𝑖𝑚𝑝

−1 = 𝐶𝐼𝜔4, where 𝑃 = 1.53 × 10−19 s

K
, 𝐶𝑈 = 144 K, and 𝐶𝐼 = 2.54 ×

10−44 s3. The impurity scattering parameter corresponds to a 1015 𝑐𝑚−3 boron-doped 

silicon with an electrical conductivity of 5.84 ± 1.3 𝑆/𝑚.[28] The phonon mean free path due 

to scattering with boundaries or inclusions 𝛬𝑏 = 𝑣𝐺𝜏𝑏 includes scatterings with  

• the nanowire wall – given by the nanowire diameter 𝑑𝑁𝑊 as 𝛬𝐵,𝑑 =
3

4𝑑𝑁𝑊
,[86], [249]  

• the ends of the nanowire – determined by the nanowire length 𝐿𝑁𝑊 as 𝛬𝐵,𝐿 =
4

𝜋𝐿𝑁𝑊
, [86], 

[249] 

• the nanowire roughness – which is related to the surface to volume ratio SVR as 𝛬𝐵,𝑟
−1 =

1.86 ∙ 10−51𝑆𝑉𝑅𝜔−1𝑣−1 + 𝐶𝑟 ,[250] 

• and the inclusion boundaries – which depends on the thermal boundary resistance 

between the silicon matrix and the inclusion material.[37]  
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The roughness parameters 𝑆𝑉𝑅 and 𝐶𝑟 are determined by fitting with the experimental 

results. The scattering rate with the inclusions is unknown due to the random distribution 

of the latter. In case of Si/ NiSi2 NWs, the composite thermal conductivity is estimated using 

the inclusion density 𝜙 and the thermal conductivities of the Si matrix and the NiSi2 

inclusions as [251] 

𝜅𝑐 = 𝜅𝑆𝑖
𝜅𝑁𝑖𝑆𝑖2+2𝜅𝑆𝑖−2𝜙(𝜅𝑆𝑖−𝜅𝑁𝑖𝑆𝑖2)

𝜅𝑁𝑖𝑆𝑖2+2𝜅𝑆𝑖+𝜙(𝜅𝑆𝑖−𝜅𝑁𝑖𝑆𝑖2)
 ,  (6.2) 

6.9. Modeling Results 

The fabrication of the Si NWs using MACE produces wires with random roughness thus 

their thermal conductivity is lower than the thermal conductivity of smooth Si NWs.[86] The 

roughness parameters for each NW are specified in Figure 6-24. The modeling results fit the 

experimental data well, indicating that the used scattering mechanisms can explain the 

thermal conductivity of rough Si NWs. To model the thermal conductivity of Si/NiSi2 NWs 

we need first to estimate the thermal conductivity of the NiSi2 inclusions. Given that the 

inclusion size is between 2 and 100 nm and that Nava et al.[246] calculated an electron mean 

free path in NiSi2 of 48 nm at room temperature, we expect the inclusions to have a lower 

thermal conductivity than the measured for the NiSi2 thin film.  
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Figure 6-24. Modeling results for the measured Si NWs showing a good fit to the experimental data.  

Using the inclusion size as characteristic length for electron scattering in the inclusions 

𝐿𝑖 , we estimate the thermal conductivity reduction as  

𝜅 =
1

3
𝑐𝑣(Λ𝑓𝑖𝑙𝑚

−1 + 𝐿𝑖
−1) . (6.3) 

The product of the heat capacity and the group velocity 𝑐𝑣 is estimated at room 

temperature to be 7.14 ∙ 108 𝑊𝐾−1 using the measured thermal conductivity and taking into 

consideration the thickness of the film. We consider this product to be constant from 50 to 

600 K and use it to compute the average electron mean free path of the film at each 

temperature Λ𝑓𝑖𝑙𝑚 and the corresponding thermal conductivity given the inclusion size using 

Eq. (7.3). The predicted thermal conductivity for inclusion sizes from 10 to 500 nm is shown 

in Figure 6-25. Given the inclusion size variation seen in Figure 6-3, we use the average 

inclusion size of 25 nm to model the thermal conductivity of Si/NiSi2 NWs using Eq. (7.2).  
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Figure 6-25. Estimated thermal conductivity of NiSi2 inclusions as a function of temperature for different inclusion sizes. 

As seen in Figure 6-26, the known scattering mechanisms cannot explain the 

experimental results. This unexpected behavior at high temperature might be due to a 

change in the main heat carrier of NiSi2 from phonons to electrons, which might increase the 

thermal boundary resistance. Another option would be acoustic softening at high 

temperatures due to the small bottlenecks created by some of the inclusions. More advanced 

simulations using inclusion mapping by TEM, including molecular dynamic and density 

functional theory simulations, might be able to clarify the observed behavior, but more 

information about NiSi2 properties is probably needed. Measurements of optimized NW-

based pallets without significant inclusion size increase are needed to clarify if the observed 

behavior remains unchanged in the bulk material.  
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Figure 6-26. Modeling results for the measured Si/NiSi2 NWs showing that the known scattering mechanisms cannot explain the 

experimental data. 

6.10. Conclusions 

We have demonstrated that MACE with electroless deposition is a scalable fabrication 

technique that enables mass-fabrication of nanostructures as building blocks for 

nanocomposite bulk thermoelectric materials. The synthesized NWs show promising 

thermal conductivities, especially at high temperature, which could significantly increase the 

thermoelectric figure of merit if the electrical conductivity and Seebeck coefficient can be 

increased because of the interactions between the semiconductor matrix and the metallic 

inclusions. Currently known scattering mechanisms are unable to explain the observed 

behavior of Si/NiSi2 NWs at high temperatures; thus, more research is needed to identify the 

exact mechanisms driving this thermal conductivity reduction. The outcomes of this study 

open the thermoelectric research community to new endeavors by presenting new 

nanocomposite materials with promising properties. 
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CHAPTER 7:  CONCLUSIONS AND SUGGESTIONS 

7.1. Summary 

This dissertation described the development of various strategies to reduce the 

thermal conductivity of thermoelectric materials through nanoengineering of phonon 

scattering. Complex asymmetric nanoporous structures result in larger thermal conductivity 

reduction in materials with large inherent thermal conductivities like silicon (Ch. 2). The 

developed generalized characteristic length indicates that the thermal conductivity 

reduction is primarily driven by the neck size, with the interfacial density playing a 

secondary role. Since large porosities can compromise the structural properties of the 

material, chemically stable nanoinclusions (like silicides in silicon) with large thermal 

boundary resistances can also be used to achieve low thermal conductivities (Ch. 3). Grain 

boundaries can also be included to add another phonon scattering mechanism (Ch. 4) and 

create anisotropic materials when starting with elongated precursors like nanowires to 

create bulk nanomaterials. Doping antimony telluride-based thermoelectric materials (Ch. 

5) beyond the solubility can result in nanoparticle deposition of secondary phases, inducing 

thermal conductivity reduction and power factor increase; the crystallization degree can be 

used to control the grain size and limit the thermal conductivity, which greatly improves the 

thermoelectric figure of merit. Finally, the fabrication mechanism presented in Ch. 7 is 

scalable and the experimental results demonstrate that the proposed Si nanocomposites are 

feasible and lead to thermal conductivity reductions, especially at high temperatures.  
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7.2. Suggestions for Future Work  

Complex nanomaterials are receiving increased attention because of their potential to 

simultaneously increase the power factor and reduce the thermal conductivity, vastly 

improving their thermoelectric efficiency. My doctoral work has improved the 

understanding of the effect that atomic organization has in the properties of quasi-

amorphous materials, how precipitates can improve the thermoelectric properties of classic 

thermoelectric materials, different phonon scattering phenomena in asymmetric porous 

geometries, inclusion materials, and grain-boundaries. However, it has also revealed that 

there is still a lot to learn about complex, disorganized nanocomposites.  

7.2.1. Electrical Measurements and Doping Optimization 

Electrical measurements could be achieved for doped NWs, which would have a 

smaller electrical resistance. Given that the optimum doping level for maximum 

thermoelectric efficiency for Si is around 1020 𝑐𝑚−3,[82] it is expected to obtain better 

thermoelectric performance with dopped Si/NiSi2 NWs as well. However, the optimum 

doping level for these nanostructures probably differs from pure Si because of possible 

modulation doping given the size of the inclusions.  

Two approaches can be used to obtain doped NWs: using doped wafers as starting 

material for MACE or doing ion implementation to the final NWs. Given that increasing the 

doping concentration in the Si wafers results in increasing surface roughness and porosity, 

which increases the contact resistance and overall electrical properties,[87] I suggest 

performing the ion implementation after the NW fabrication process. To confirm the doping 

level, Hall measurements would be needed to obtain the electron mobility. If the electrical 
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contacts are good enough, all three thermoelectric properties could be measured on the 

same single nanowire using the microthermal stage. A systematic study on how these 

properties change with the doping concentration could reveal a large optimal thermoelectric 

efficiency. 

7.2.2. Advanced Simulations 

To further understand the thermal conductivity behavior of the Si/NiSi2 NWs, the 

impact of the randomly dispersed inclusions might need to be analyzed. TEM mapping of 

Si/NiSi2 NWs could be used to generate a 3-D model that could then be studied using 3-D 

MCRT. 2-D MCRT might not be applicable in this case because of particle distribution within 

the confined nanowire; thus, 3-D MCRT is necessary.  

Electron and phonon dispersion relations of NiSi2 and NiSi2-Si interface could be 

obtained using first-principles calculations within the density functional theory 

framework.[105] Then, the electron-phonon linewidths and the associated Eliashberg 

function could be estimated to quantify the electron-phonon coupling and the contribution 

of the electrons to the thermal conductivity (and thus the Lorentz number for NiSi2). The 

coupling strength of electrons with interfacial phonon modes and the coupling of electrons 

to phonon modes in the bulk metal, its contribution to electron-phonon interfacial, and the 

harmonic phonon-phonon conductance across the interface are needed to completely 

quantify the thermal boundary resistance at each temperature.  

Moreover, molecular dynamic simulations could provide clarification on the effect of 

the particles on the phonon dispersion relation of the material and possible acoustic 

softening.  
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7.2.3. Nanowire-Based Pallet Optimization 

The nanowires in Chapter 7 of this thesis can be mass-produced and utilized to create 

bulk nanocomposites by spark plasma sintering (SPS).[158], [234] In order to establish a 

baseline as seen in Figure 7-1, nanosilicon pallets and NiSi2 pallets should first be prepared 

using ball milling and SPS as in previous works.[82] Nanosilicon can be created by ball 

milling Si chunks for 24 h, while preliminary work ball milling Si with Ni in stoichiometric 

conditions 2:1 has shown that after 8 h Ni the reaction was not yet complete as seen in Figure 

7-2. Thus, 16 or 24 h are probably also needed to fabricate NiSi2 powder. Once the 

thermoelectric properties of the nanosilicon and nano-NiSi2 pallets are determined, they can 

be compared to the results given by Si and Si/NiSi2 NW-based pallets. A mixture of Si and 

Si/NiSi2 NWs can also be used to determine the optimum inclusion density. The doping of 

these pallets could be done by simply adding phosphorus or boron to the mixture, similarly 

to how doped nanosilicon was created. 

 

Figure 7-1. Schematics of the NW-based palled optimization study.  
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Figure 7-2. XRD pattern of Si-Ni powder after ball milling for 8 h. 

7.2.4. Nano-Grained Composite Modeling 

Chapters 5 and 6 of this dissertation explored the effects of inclusions and grain 

boundaries, respectively; however, the nanomaterials proposed above would contain both 

inclusions and grain boundaries. Assuming that these effects are independent and thus can 

be combined using Matthiessen’s rule might not be correct in all cases.  

A combined modeling including both inclusion and grain boundaries with their 

respective distinctive behaviors might be necessary to accurately assess the combined effect 

of inclusion size and density and grain size and orientation. Using the approach explained in 

chapters 5 and 6, combinations of material and grain boundary transmission probabilities 

would be necessary, which would require a total of 121 simulations if both probabilities are 

discretized as in Chapters 5 and 6. However, given that both scatterings are frequency-

dependent we can see in Figure 7-3 that not all probability pairs are possible. It might then 

be more computationally efficient to simulate only the allowed probability pairs. 
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Figure 7-3. Example of combined simulation and possible inclusion-grain boundary transmission probability pairs.  

7.2.5. Investigations on Other Heterostructured Nanowires 

As seen in chapter 5, manganese, cobalt, chromium and iron silicides are also good 

inclusion candidates; however, a dispersed nanoparticle deposition technique is necessary 

to achieve the desired inclusion density and size.  

Manganese silicide is especially desirable because of its low thermal conductivity, but 

the difference in lattice structure might risk mechanical integrity. Nanoinclusions of 

manganese silicide could be fabricated by depositing manganese oxide nanoparticles and 

then reducing them to manganese using forming gas before annealing. Manganese oxide can 

be deposited using a variety of electrochemical techniques[252] that yield linear structures 

with a diameter of 10–15 nm and a length of 30–70 nm. The deposition parameters could be 

tweaked to yield smaller inclusions. Higher manganese silicide compounds are, however, 

particularly difficult to control, which might lead to having deviations from the ideal 

Mn4Si7.[253] 
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Cobalt silicide is the closest to nickel silicide in both thermoelectric properties and 

crystal structure and thus could be used to confirm the cause of the observed NiSi2 thermal 

conductivity behavior at high temperatures. Co nanoparticles of 20-25 nm can be deposited 

using Co(Ac)2 dissolved in glycerol.[254] 

Iron and chromium silicides have low thermal conductivity and low electron-phonon 

coupling coefficient, which could be used to study the effect of interfacial phonon coupling 

in the thermal conductivity of nanocomposites. 8 nm iron oxide nanoparticles can be 

synthesized by thermal decomposition of iron carboxylate salts[255] and could potentially 

be deposited on the Si NW walls using an organic solvent.  
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APENDIX A:  INDIVIDUAL DATAPOINTS FOR EACH SILICON MEMBRANE 

The details on each porous silicon data point evaluated in section 2.6. Si nanomesh thickness (t), width (w), length (L), 

porosity (𝜙), pore diameter (d), pitch size (p), neck size (n), and measured membrane thermal conductivity for each of the 

literature data points in Table 1 in the main text and identified here with their reference number – if the effective thermal 

conductivity was reported, we used the shape factors specified above to get the matrix thermal conductivity. For each reference 

we fit the coefficient for impurity scattering (𝐶𝐼) using the reported thin film Si thermal conductivity and, if no thin film was 

reported, an average number is used. For each reported Si nanomesh, we detail its MBL, interface density (S/V), 𝐿𝑚, 𝐿𝑚1
, 𝐿𝑒𝑓𝑓

′  

(Eq. 3.6 in section Chapter 2: ), and predicted effective thermal conductivity using 𝐿𝑒𝑓𝑓
′  

Table A-1. Details on the geometry and predicted mean free path of each of the nanoporous Si literature data points  

Ref. t [nm] 
w 

[um] 
L 

[um] 
𝝓 d [nm] p [nm] 

n 
[nm] 

Meas. 𝜿  
[Wm-1K-1] 

𝑪𝑰 ∙10-45  

[s-3] 
MBL 
[nm] 

S/V  
[µm-1] 

𝑳𝒎 [nm] 
 𝑳𝒎𝟏

 

[nm] 

𝑳𝒆𝒇𝒇
′  

[nm] 

Pred. 𝜿  
[Wm-1K-1] 

 

260 
 

 

 

100 100 

0.01 180 2000 1820 86.3 

5.70 

28114.2 0.14 22222.2 22080.9 13286.86 86.73 
0.01 155 1300 1145 83.9 13727.4 0.29 10903.2 10781.5 7610.99 84.88 
0.03 280 1500 1220 84.6 9951.39 0.39 8035.71 7815.80 6983.98 84.51 
0.02 155 1100 945 81.8 9784.48 0.40 7806.45 7684.71 5941.34 83.75 
0.01 175 1300 1125 80.2 12120.9 0.33 9657.14 9519.70 7181.57 84.63 
0.02 177 1100 923 80.8 8527.07 0.46 6836.16 6697.14 5551.88 83.40 
0.02 180 1300 1120 79.8 11774.3 0.33 9388.89 9247.52 7082.83 84.57 
0.02 144 900 756 79.6 7017.97 0.56 5625.00 5511.90 4555.97 82.27 
0.02 202 1300 1098 78.5 10450.4 0.38 8366.34 8207.69 6681.87 84.31 
0.04 300 1300 1000 82.1 6872.58 0.56 5633.33 5397.71 5333.83 83.18 
0.01 150 1100 950 76.9 10120.8 0.39 8066.67 7948.86 6038.41 83.83 
0.03 202 1100 898 75.9 7424.83 0.52 5990.10 5831.45 5168.79 83.01 
0.04 207 900 693 76.6 4775.24 0.80 3913.04 3750.47 3700.46 80.91 
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Ref. t [nm] 
w 

[um] 
L 

[um] 
𝝓 d [nm] p [nm] 

n 
[nm] 

Meas. 𝜿  
[Wm-1K-1] 

𝑪𝑰 ∙10-45  

[s-3] 
MBL 
[nm] 

S/V  
[µm-1] 

𝑳𝒎 [nm] 
 𝑳𝒎𝟏

 

[nm] 

𝑳𝒆𝒇𝒇
′  

[nm] 

Pred. 𝜿  
[Wm-1K-1] 

0.04 235 1000 765 75.7 5183.04 0.74 4255.32 4070.75 4055.75 81.53 
0.03 165 800 635 72.7 4773.63 0.81 3878.79 3749.20 3516.21 80.54 
0.05 225 900 675 72.6 4358.66 0.87 3600.00 3423.29 3505.55 80.52 
0.05 192 800 608 71.4 4052.13 0.94 3333.33 3182.54 3200.85 79.84 
0.12 355 900 545 74.1 2550.14 1.38 2281.69 2002.87 2431.27 77.53 
0.14 380 900 520 73.7 2334.01 1.47 2131.58 1833.13 2267.71 76.88 
0.09 120 350 230 66.3 1179.77 3.08 1020.83 926.59 1075.12 68.40 
0.12 135 350 215 56.5 1020.35 3.46 907.41 801.38 966.31 66.96 
0.06 140 350 210 49.7 1044.08 3.59 1750.00 1640.04 740.10 63.16 
0.09 165 350 185 46.5 862.78 4.23 1484.85 1355.26 617.24 60.41 
0.09 117 250 133 41.4 621.65 5.88 1068.38 976.48 444.83 55.18 
0.13 200 350 150 31.0 679.86 5.13 1225.00 1067.92 469.38 56.06 
0.14 210 350 140 31.5 637.72 5.39 1166.67 1001.73 431.02 54.67 
0.11 130 250 120 28.4 547.13 6.53 961.54 859.44 387.50 52.91 
0.11 135 250 115 28.4 521.96 6.79 925.93 819.90 366.71 51.99 
0.17 230 350 120 25.6 563.14 5.90 1065.22 884.58 358.41 51.61 
0.13 145 250 105 17.2 476.31 7.29 862.07 748.19 326.94 50.07 
0.12 110 200 90 15.9 408.00 8.64 727.27 640.88 285.24 47.76 
0.14 150 250 100 12.9 455.52 7.54 833.33 715.52 307.87 49.05 
0.16 160 250 90 8.4 417.36 8.04 781.25 655.59 271.19 46.91 
0.36 170 250 80 11.9 298.10 8.55 367.65 234.13 297.64 48.48 
0.36 135 200 65 7.4 242.26 10.60 296.30 190.27 242.42 45.01 
0.41 145 200 55 6.2 206.24 11.39 275.86 161.98 200.30 41.79 
0.53 165 200 35 3.1 143.66 12.96 242.42 112.83 122.09 33.66 
0.60 175 200 25 2.6 116.03 13.74 228.57 91.13 85.51 28.20 
0.00 0.0  inf inf 89.51 inf 0 Inf inf inf 89.51 

 70 5 10 

0.35 204 306 102 27  380.40 6.84 458.98 298.76 381.98 32.08 
0.35 292 438 146 34  544.97 4.78 657.55 428.02 547.24 34.81 
0.35 400 601 200 38  746.63 3.49 900.86 586.40 749.73 36.91 
0.35 497 746 249 35  927.60 2.81 1119.21 728.53 931.46 38.19 
0.35 596 893 298 37  1110.51 2.34 1339.91 872.19 1115.13 39.14 
0.35 683 1024 341 41  1273.26 2.04 1536.28 1000.0 1278.56 39.80 
0.17 294 441 147 26  626.38 5.27 - - 393.67 32.32 
0.17 402 603 201 25  856.58 3.85 - - 538.35 34.69 
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Ref. t [nm] 
w 

[um] 
L 

[um] 
𝝓 d [nm] p [nm] 

n 
[nm] 

Meas. 𝜿  
[Wm-1K-1] 

𝑪𝑰 ∙10-45  

[s-3] 
MBL 
[nm] 

S/V  
[µm-1] 

𝑳𝒎 [nm] 
 𝑳𝒎𝟏

 

[nm] 

𝑳𝒆𝒇𝒇
′  

[nm] 

Pred. 𝜿  
[Wm-1K-1] 

0.17 503 754 251 29  1071.62 3.08 - - 673.50 36.23 
0.17 602 902 301 30 32.4 1282.62 2.57 - - 806.11 37.36 
0.17 703 1054 351 33  1497.59 2.20 - - 941.21 38.25 
0.35 312 468 156 30  428.18 6.08 - - 429.96 33.01 
0.35 412 618 206 31  565.17 4.61 - - 567.52 35.07 
0.35 505 757 252 33  692.27 3.76 - - 695.15 36.43 
0.35 607 911 304 33  832.99 3.13 - - 836.45 37.57 
0.35 701 1051 350 40  961.53 2.71 - - 965.53 38.39 
0.00 0.0  inf inf 45  inf 0 inf inf inf 45.49 

36 220 2 20 

0.50 120 150 30 25.2 

5.27 

118.73 16.76 187.50 93.25 105.73 31.52 
0.44 150 200 50 29.4 189.53 11.78 266.67 148.86 180.05 40.05 
0.41 290 400 110 42.2 412.48 5.69 551.72 323.96 400.60 53.21 
0.32 380 600 220 58.8 826.23 3.32 947.37 648.92 838.13 64.19 
 0.00 0.0 inf 0  86 inf 0 inf inf inf 85.96 

38 250 100 100 

0.16 135 300 165 30.5 

13.1 

713.83 4.71 666.67 560.64 704.44 53.98 
0.25 140 250 110 14.3 428.41 7.04 446.43 336.47 436.61 47.43 
0.33 130 200 70 8.0 261.77 10.21 307.69 205.59 264.38 40.18 
 0.00 0.0 inf  inf 77.9 inf 0 inf inf inf 77.92 

11 
60 

10 15 

0.36 60 100 40 16 

74.0 

181.67 24.00 150.15 83.78 132.08 17.24 

0.48 160x60 200x100 40 18 269.09 22.00 -  - 158.59 18.42 

0.58 960x60 1000x100 40 19 309.02 20.40  - - 181.74 19.29 

90  0.00 0.0 inf inf 77.9 2.40 inf 0 inf inf inf 77.90 

39 145 0.3 
10 0.23 161 300 139 52.2 

5.00 
550.75 5.62 559.01 432.56 50.23 54.83 

15 0.15 133 300 167 57.9 728.59 4.64 676.69 572.23 64.32 57.74 

37 
& 
40 

145 5 25 

0.49 158 200 42 28.5 

8.45 

164.34 12.41 253.16 129.07 148.64 33.97 
0.43 148 200 52 30 196.12 11.62 270.27 154.03 188.09 37.41 
0.38 140 200 60 33 223.78 11.00 285.71 175.76 221.08 39.79 
0.34 132 200 68 34 253.83 10.37 303.03 199.36 255.52 41.92 
0.30 124 200 76 34.2 286.72 9.74 322.58 225.19 291.60 43.85 
0.24 110 200 90 38.5 353.00 8.64 363.64 277.24 359.38 46.85 
0.20 100 200 100 37 409.30 7.85 400.00 321.46 412.20 48.78 
0.14 85 200 115 38 514.17 6.68 470.59 403.83 500.42 51.42 
0.58 301 350 49 27.5 217.18 7.72 406.98 170.57 168.58 35.80 
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Ref. t [nm] 
w 

[um] 
L 

[um] 
𝝓 d [nm] p [nm] 

n 
[nm] 

Meas. 𝜿  
[Wm-1K-1] 

𝑪𝑰 ∙10-45  

[s-3] 
MBL 
[nm] 

S/V  
[µm-1] 

𝑳𝒎 [nm] 
 𝑳𝒎𝟏

 

[nm] 

𝑳𝒆𝒇𝒇
′  

[nm] 

Pred. 𝜿  
[Wm-1K-1] 

0.52 283.5 350 66.5 31 266.67 7.27 432.10 209.44 233.40 40.59 
0.47 269.5 350 80.5 34 309.25 6.91 454.55 242.88 287.34 43.63 
0.40 248.5 350 101.5 35.5 379.15 6.37 492.96 297.79 372.23 47.35 
0.30 217 350 133 40 501.76 5.57 564.52 394.08 510.29 51.68 
0.26 203 350 147 42.5 565.33 5.21 603.45 444.01 576.69 53.27 
0.20 178.5 350 171.5 42 695.29 4.58 686.27 546.08 702.27 55.73 
0.16 157.5 350 192.5 46 832.80 4.04 777.78 654.08 821.85 57.58 
0.15 150.5 350 199.5 47.5 885.86 3.86 813.95 695.75 864.74 58.16 
0.11 133 350 217 54 1039.72 3.41 921.05 816.59 980.16 59.53 
0.57 425 500 75 35 323.96 5.34 588.24 254.44 259.03 42.12 
0.52 405 500 95 39 380.95 5.09 617.28 299.20 333.42 45.78 
0.48 390 500 110 41 426.18 4.90 641.03 334.72 390.95 48.04 
0.42 365 500 135 43.5 507.08 4.59 684.93 398.26 490.52 51.15 
0.37 345 500 155 46 577.64 4.34 724.64 453.68 573.87 53.21 
0.33 322.5 500 177.5 46.5 664.51 4.05 775.19 521.90 672.12 55.20 
0.29 305 500 195 50.5 738.64 3.83 819.67 580.13 752.24 56.55 

0.15 220 500 280 55 1226.86 2.76 1136.36 963.58 1204.40 61.62 

0.10 180 500 320 56.5 1588.39 2.26 1388.89 1247.52 1471.68 63.47 

 0.00 0.00 inf  inf 75 inf 0 inf inf inf 75.06 

41 145 5 25 

0.27 70 120 50 21 

8.45 

191.92 15.27 205.71 150.74 195.78 38.00 
0.31 100 160 60 31.5 225.95 12.27 256.00 177.46 229.59 40.35 
0.41 115 160 45 33 168.43 14.11 222.61 132.29 164.36 35.43 
0.44 120 160 40 29.5 151.62 14.73 213.33 119.09 144.04 33.52 
0.45 121 160 39 26 148.38 14.85 211.57 116.54 140.05 33.11 
0.22 105 200 95 32 380.04 8.25 380.95 298.49 385.27 47.83 
0.22 106.5 200 93.5 33.5 371.71 8.36 375.59 291.94 377.40 47.54 
0.33 130 200 70 29.5 261.77 10.21 307.69 205.59 264.38 42.42 
0.38 140 200 60 32.5 223.78 11.00 285.71 175.76 221.08 39.79 
0.44 150 200 50 27 189.53 11.78 266.67 148.86 180.05 36.77 
0.44 150.5 200 49.5 26 187.90 11.82 265.78 147.58 178.05 36.61 
0.20 120 240 120 51.5 491.15 6.54 480.00 385.75 494.64 51.26 
0.23 130 240 110 41 434.14 7.09 443.08 340.98 441.48 49.72 
0.34 157.5 240 82.5 37 308.14 8.59 365.71 242.01 310.60 44.76 
0.37 164 240 76 40 283.19 8.94 351.22 222.41 282.29 43.38 
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Ref. t [nm] 
w 

[um] 
L 

[um] 
𝝓 d [nm] p [nm] 

n 
[nm] 

Meas. 𝜿  
[Wm-1K-1] 

𝑪𝑰 ∙10-45  

[s-3] 
MBL 
[nm] 

S/V  
[µm-1] 

𝑳𝒎 [nm] 
 𝑳𝒎𝟏

 

[nm] 

𝑳𝒆𝒇𝒇
′  

[nm] 

Pred. 𝜿  
[Wm-1K-1] 

0.44 180 240 60 30 227.44 9.82 320.00 178.63 216.05 39.45 
0.48 187.5 240 52.5 34 203.64 10.23 307.20 159.94 186.49 37.29 
0.61 211 240 29 27 136.58 11.51 272.99 107.27 99.04 28.23 
0.23 150 280 130 45 515.48 6.01 522.67 404.86 523.68 52.02 
0.24 156 280 124 44 483.88 6.25 502.56 380.04 493.02 51.22 
0.32 179 280 101 42.5 378.66 7.17 437.99 297.40 383.58 47.77 
0.42 205 280 75 32.5 281.94 8.21 382.44 221.43 272.25 42.85 
0.43 208 280 72 35 271.91 8.33 376.92 213.56 260.09 42.18 
0.54 232.5 280 47.5 27 196.84 9.32 337.20 154.60 165.34 35.52 
0.00 0.00 inf  inf 75 inf 0 inf inf inf 75.06 

42 
& 
45 

145 2 20 

0.12 115 300 185 45 

9.19 

881.45 4.01 782.61 692.29 833.19 57.16 
0.19 148 300 152 41.5 626.27 5.17 608.11 491.87 629.35 53.87 
0.30 185 300 115 38 434.41 6.46 486.49 341.19 442.02 49.31 
0.38 208 300 92 36.25 342.92 7.26 432.69 269.33 340.07 45.69 
0.44 225 300 75 34 284.30 7.85 400.00 223.29 270.07 42.40 
0.46 230 300 70 35 268.22 8.03 391.30 210.66 250.22 41.29 
0.52 245 300 55 30 222.72 8.55 367.35 174.92 192.51 37.48 
0.55 250.5 300 49.5 29 206.95 8.74 359.28 162.54 171.98 35.84 
0.64 270 300 30 23 154.41 9.42 333.33 121.28 101.66 28.41 
 0.00 0.0 inf  inf 74 inf 0.00 inf inf inf 74.00 

45 143 5 25 

0.11 113 300 187 43 

9.80 

901.08 3.94 796.46 707.71 847.14 56.35 
0.19 148 300 152 40.5 626.27 5.17 608.11 491.87 629.35 52.90 
0.30 185 300 115 38 434.41 6.46 486.49 341.19 442.02 48.39 
0.38 210 300 90 37 335.67 7.33 428.57 263.64 331.62 44.48 
0.46 230 300 70 32.5 268.22 8.03 391.30 210.66 250.22 40.50 
0.52 245 300 55 30 222.72 8.55 367.35 174.92 192.51 36.75 
0.55 252 300 48 29.5 202.73 8.80 357.14 159.22 166.44 34.68 
0.64 270 300 30 21 154.41 9.42 333.33 121.28 101.66 27.86 
0.00  0.0 inf  inf 73 inf 0.00 inf inf inf 72.99 

50 4500 216 2000 

0.23 10900 20000 9100 75  35824.4 0.09 36697.25 28136.4 36448.1 109.54 

0.26 2300 4000 1700 45 7.50 6557.3 0.45 6956.52 5150.1 6688.4 97.22 

 0.00 0.0 inf  inf 115  inf 0.00 inf inf Inf 114.98 

43 250  ? ? 0.27 175 300 125 26.9 10.9 479.81 6.11 514.29 376.84 489.44 50.76 
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Ref. t [nm] 
w 

[um] 
L 

[um] 
𝝓 d [nm] p [nm] 

n 
[nm] 

Meas. 𝜿  
[Wm-1K-1] 

𝑪𝑰 ∙10-45  

[s-3] 
MBL 
[nm] 

S/V  
[µm-1] 

𝑳𝒎 [nm] 
 𝑳𝒎𝟏

 

[nm] 

𝑳𝒆𝒇𝒇
′  

[nm] 

Pred. 𝜿  
[Wm-1K-1] 

 0.00 0.0 inf  inf 80 inf 0.00 inf inf inf 79.99 

44 100 2 20 

0.41 43.3 60 16.7 4.2 

23.5 

62.72 37.75 83.23 49.26 61.11 17.74 
0.38 41.9 60 18.1 6.0 67.51 36.56 85.92 53.02 66.76 18.56 
0.37 41.0 60 19.0 6.7 70.68 35.81 87.74 55.51 70.44 19.08 
0.31 37.9 60 22.1 5.3 83.13 33.06 95.04 65.29 84.36 20.84 
0.31 37.7 60 22.3 7.7 84.04 32.87 95.58 66.00 85.35 20.96 
0.30 37.3 60 22.7 7.8 85.72 32.52 96.60 67.32 87.16 21.17 
0.29 36.6 60 23.4 7.8 88.86 31.90 98.49 69.79 90.50 21.55 
0.26 34.6 60 25.4 6.3 97.86 30.20 104.04 76.86 99.82 22.55 
0.26 34.7 60 25.3 10.1 97.62 30.24 103.89 76.67 99.58 22.53 
0.21 31.1 60 28.9 12.3 116.48 27.11 115.88 91.48 117.89 24.29 
0.20 30.0 60 30.0 10.7 122.93 26.16 120.10 96.55 123.79 24.80 
0.15 25.9 60 34.1 10.0 150.85 22.63 138.84 118.48 147.44 26.67 

0.00  0.0 inf  inf 55 inf 0.00 inf Inf inf 55.01 

7 366  ? ?  0.47 850 1100 250 56.87 5.00 62.77 2.70 1153.40 472.75 891.31 57.14 

46 500 25 50 

0.14 213 500 287 85.1 

2.62 

1281.41 2.68 1173.71 1006.42 1247.89 79.20 
0.29 303 500 197 78.2 747.53 3.81 825.08 587.11 761.62 71.15 
0.09 204 600 396 88.9 2042.89 1.78 1764.71 1604.48 1856.24 84.79 
0.19 295 600 305 83.7 1258.78 2.57 1220.34 988.65 1264.27 79.40 
0.29 365 600 235 79.4 890.80 3.19 986.30 699.63 907.37 74.13 
0.07 209 700 491 91.7 2776.11 1.34 2344.50 2180.35 2403.43 87.96 
0.14 294 700 406 87.6 1828.07 1.88 1666.67 1435.76 1773.68 84.20 
0.21 360 700 340 83.6 1373.02 2.31 1361.11 1078.37 1388.38 80.78 
0.29 424 700 276 79.9 1047.43 2.72 1155.66 822.65 1067.21 76.77 
0.38 486 700 214 74.3 797.72 3.12 1008.23 626.53 790.68 71.80 
0.10 290 800 510 89.4 2519.91 1.42 2206.90 1979.13 2340.09 87.65 
0.16 357 800 443 87.7 1925.56 1.75 1792.72 1512.33 1896.60 85.07 
0.22 419 800 381 84.0 1525.81 2.06 1527.45 1198.36 1546.38 82.33 
0.28 479 800 321 80.7 1222.20 2.35 1336.12 959.91 1246.01 79.18 
0.35 535 800 265 76.4 988.13 2.63 1196.26 776.07 991.42 75.59 
0.27 532 900 368 80.6 1406.58 2.06 1522.56 1104.72 1434.58 81.26 

0.00  0.0  inf  inf 104 inf 0.00 inf inf inf 104.01 

47 196 0.57 18.8 
0.06 110 385 275 51 

1.00 
1605.69 2.33 1347.50 1261.11 1366.01 76.87 

0.23 210 385 175 3.7 688.69 4.45 705.83 540.90 700.73 68.34 
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Ref. t [nm] 
w 

[um] 
L 

[um] 
𝝓 d [nm] p [nm] 

n 
[nm] 

Meas. 𝜿  
[Wm-1K-1] 

𝑪𝑰 ∙10-45  

[s-3] 
MBL 
[nm] 

S/V  
[µm-1] 

𝑳𝒎 [nm] 
 𝑳𝒎𝟏

 

[nm] 

𝑳𝒆𝒇𝒇
′  

[nm] 

Pred. 𝜿  
[Wm-1K-1] 

0.42 280 385 105 2.1 394.02 5.93 529.38 309.46 381.99 58.59 
0.00 0 inf inf 105 inf 0.00 inf inf inf 91.37 

7 500 60 80 

0.28 300 500 200 10.6 

10.0 

761.03 3.77 833.33 597.71 775.79 60.12 
0.20 300 600 300 7.2 1227.89 2.62 1200.00 964.38 1236.60 66.71 
0.26 400 700 300 12.2 1159.72 2.56 1225.00 910.84 1182.77 66.11 
0.20 400 800 400 9.9 1637.18 1.96 1600.00 1285.84 1648.80 70.36 

48 100 2 40 

0.25 198 350 152 22 

27.8 

433.91 5.99 524.30 340.79 435.56 35.57 
0.49 111 140 29 14 173.57 14.98 209.72 136.32 174.23 26.75 
0.27 32 55 23 4 68.19 38.13 82.39 53.55 68.45 17.79 
0.27 32 55 23 4 68.19 38.13 82.39 53.55 68.45 17.79 
0.00 0 inf inf 51 inf 0.00 inf inf inf 50.78 

49 22 3 4 

0.49 270 385 115 17 

99.0 

818.98 7.29 494.58 219.11 360.49 17.58 

0.08 11 34 23 4 122.81 29.89 105.09 96.45 109.61 12.80 

0.17 16 34 18 4 75.99 43.48 72.25 59.68 75.71 11.25 

0.00 0 inf inf 21 inf 0.00 inf inf inf 20.54 

 




