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NUCLEAR MATTER, PCAC, and PION CONDENSA.TION+
*
D. Vautherin and M. Gyulassy
Nuclear Science Division
Lawrence Berkeley Laboratory

University of California
‘Berkeley, California 94720

ABSTRACT
An effective Lagrangian is constructed with strong chiral symmetry
breaking terms that leads to both normal nuclear saturation as well as

PCAC and current algebra. We then show that pion condensation is consistent

with both these physical constraints.
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To investigate possible exotic properties of nuclear systems at
high densities, many group.s]'"tl have considered Lorentz invariant
Lagrangian tHeories in the mean field approximation. The existing
theories can be grouped into one of two broad classes:

1. Theoriesl’3 with parameters constrained to reproduce nﬁrmal

nuclear saturation,

E/A = W(p_ ) = -16 MeV | (1)

at Py = 0.17 fm-3.

.2 . .
2., Theories 4 constrained to satisfy current algebra and

Partially Conserved Axial Currents (PCAC),

A = eml T @
with Cp = 94 MeV and T being the pion field. Having imposed thé'physical
constfaint of nuclear physics, Eq. (1), or particle physics, Eq. (2), the
vobjective of both classes of theories is to compute the equation of state
a(p) 6f nuclear matter at high densities p > Pye The resulting W(p) is
hoped to shed light on the possibility of phase transitions in dense
ngciéér;systems. Particular interest has focused on phaselﬁransitions
characferized by o and/or T condensation.

Abaisturbing feature of both classes of theoriés is that the two
constraints, Egqs. (1,2), are not satisfied simultaneously by any of the

existing models. The class of theoriesl’3

that have good nuclear
saturation properties do not satisfy PCAC and, hence, ignore many
cherished properties of strong interactions such as the Goldberger-

Trieman and the Adler-Weisberger relations. On the other hand, the
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class of theoriesz’A motivated by PCAC and current algebra do not lead
to normal nuclear saturation and, hence; ignore nuclear physics. Thé
point of this paper is to show that a simple Lagrangian can be constructed
that incorporates both physical constraints, Eqs. (1,2). With that
Lagrangian we then investigate the possibility of pion condensation. We
find that pion condensation survives both constraints.

Our approach is based on the following point of view. We want
to construct an effective relativistic Lagrangian'lgﬁbff, that yields
Eq. (1) in the mean field approximation (MFA) as in Refs. (1,3), while
at the same time yields Eq. (2) as in Ref. (2,4). We then use £2¢eff

as an extrapolation tool to explore properties of nuclear systems at

densities away from p = po.
The £2¢eff is used here in the mean field approximation in the
same spirit as pseudo-potentials are used in the Born approximation
elsewhere in nuclear physics. We are then not explainiﬁg either eq. (1)
or eq. (2) but merely demand that our extrapolation Lagrangian incorporates
. . eff . .
them. Imposing these constraints on‘£Z7 is designed to increase our
confidence in extrapolations away from p = Py -
Certainly, in the future, additional constraints stemming from
o . ) . geff
details of N and TT interactions must also be incorporated in .
However, for now we impose only eq. (1,2) with the idea that it is only
worthwhile adding further constraints if predictions of exotic phenomena
survive at least these two important constraints.

We consider the followingrjzfeff involving the nucleon ¥, sigma O,

pion LA and omega wu fiélds:
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where the potential density U is parameterized as
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% 0

The vacuum is then specified by <o>= OO and <m> = 0 at which point
= 3U/30 = 9U/IT = 0
The divergence of the axial current Au1 (x) is computed from the

variation of ghndér a chiral transformation:

(c >0 +€.%, T>%~-Eo, 11;->(1+iy5 DY),
8‘UAU1 = - %%"i +—g-% 3 (5)
i

Equation (5) shows that auAul =0 if gwere chiral symmetric, i.e.
2,2

U=1U(c"+71"). Note that the form of 'the current A = 0(%/6(8 €, )

does not depend on U since U involves no derivatives. Hence, current

algebra is not effected by the specific form of U. However, PCAC requires



4=

BUAvl to be given by Eq. (2). The PCAC constraint on U is then

[;-%g ™ + g%-o] = c,nm_n2 Ty R (6)
. i 0=00

Observe that Eq. (6) is only a lggél constraint on U in the (o,m) plané
near the vacuum point 0 = 60, LI 0. This ié a reminder of the well
known (but sometimes forgdtten) fact that while appfoximate chiral symmetry
is sufficient for PCAC, it is by no means necessary. Note that PCAC has
only been testéd in conditions where o = Ty

The existence of models with étrongly broken chiral symmetry
satisfying Eq. (2) is ﬁhe key to reconciling constraints Egs. (1) and
(2); The point is that Eq. (1) also fequiresl’3 énly a limitedvknowledge
of U(o,m). The addition of any functién of nz to U has no effect on the
éalculation leading to Eq. (1). Since Eq. (1) only constrains U(c,0)
while Eq. (2) only constrains the derivatives of U near the vacuum, it
is not surpfising that a form of U(0,7T) can be found that leads to both-
Eqs. (1) and (2).

To illustrate the differences between models satisfying Eq. (1)
and/or Eq. (2); we plot in Fig. 1 equipotential surfaces of U(0,T) in

three models. Figure 1(a) corresponds to the o mode12’4

with
a = =507 MeV/me, b = 530 MeV/fm3, ¢ =1 in Eq. (4). The approximate
chiral invariance is reflected in the approximate rotation symmetry of

U about 0=7 = 0. As discussed in Refs. (2,3), normal nuclei (Eq. (1))

are however unstable in this model. 1In Fig. 1(b) a Walecka type model

is illustrated for which a = 379 MeV/me, b=0, c=1. In this case

Eq. (1) is satisfied, but aUAﬂl = (a/OO)Wi. To recover Eq. (2) requires
.-‘ .
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UO = 1580 MeV, which then implies mG =n. = 34 MeV! 1If, on the other

hand, m is taken as the physical pion mass then BuAul = 4 éﬂmﬂzﬂi which
is inconsistent with Goldberger-Trieman relation, pion decay width, etc.

In this model chiral symmetry is clearly broken.

Finally, Fig. 1(c) illustrates a U(o,m) éatisfying both Egqs. (1)

and (2). This model5 differs from Walecka's model only in that 1/c =16 which

leads to mc/mTT =4 and 0y = c_.

Comparing Figs. 1(a), 1l(c) near the vacuum point, one can see how
the local property, Eq. (6), can be simultaneously satisfied by both
models. 'Comparing Figs. 1(b), 1(c) shows that U(0,0) is identical and,
hence, both models lead to the same condition Eq. (1). The interesting
point to observe is that Eq. (1) was made consistenﬁ with Eq. (2) simply
by retaining both of the commonly employed versions of symmetry breakingA:
,5?7(1) = ¢,0 and jzpég) = cznz. In this model then, chiral symmetry is
strongly broken on a global scale in the (o,m) plane.

eff leading to both Eqs. (1,2) by

We have then constructed one ¢¥
. o . eff
dispensing with approximate chiral invariance. Whlle;%f does not
have then the aesthetic appeal of chiral models, we emphasize again that
izﬁeff is only an extrapolation tool and not a theory in itself. Further-
: :Zﬁeff . . .
more we note that is of course not uniquely determined by Egqs. (1,2)

alone. There must be a large class of iZ‘eff that satisfy Egs. (1,2).

In particular, it is possible that an izﬁeff can be constructed retaining

approximate chiral invariance that is also consistent with both Egqs. (1,2).

Such an approach (most likely including A33(1236) and p fields) will
probably be necessary in order to incorporate the correct S-wave TN and

7T scattering in the future.
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‘However, for now we will investigate neutral pion condensation
' 2
using & ®fF in Eq. (3) with a = 379 MeV/fn®, b = 0, c = 1/16, and g =100

and g 2 /m 2 = ].95.7/mN2 . While the free space S-wave TN interaction is not
v A :
given correctly with Eq. (3), in isospin symmetric nuclear matter it vanishes

to-lowest order and therefore does not concern us here. Also because we will

consider only small amplitude pion fields, the 7w interactibn can safely
be neglected. Of course, the strong P-wave 7N interaction is éorrectly
giveﬁ in Eq. (3).

With-our1527eff, the ground state energy of s&mmetric nuclear

matter in MFA is

A

i=1

E = fd3r {Z P (O-17 -V +g (0+ivs T- 1) + g v VO]V (x)

2 ’ 2, 1. 2.2 . > :

+ L% + 0 - (WF] -l v+ UED ™
where A denotes the nucleon number, wi the normalized single-particle
nucleon states, and V the time-component of the vector meson field.
Since we arevinterested in a static solution we have assumed1 that
(.L‘u = V(S.uo [l]-

The ground-state values of o, ?, V and the Dirac spinors wi are
determined by requiring that the ground-state energy E is stationary-

with respect to small variations of these variables i.e.

SE/60 = SE/§T = SE/SV = SE/6y, = O R (8)
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In infinité nuclear ‘matter> there exists a solgtion of-Eq. (8) such that

Vo=Fv=7=0 | | (9)
In this cas.e the singlefparticle wave functions lbi are plane wayes

Y(k,s;r) = w(k,s) exp(ik - E)//ﬁ - , (10)

where 9 is the total volume. The index s = 1,2 corresponds to the spin

degree of freedom and the four.-componept spinor w satisfies

@k o+ oY) wk,s) = e(k) wlk,s) , | (11)
where the effective nucleon mass is

m* =go | (12)

and €(k) = AZ+m*2 - g V. Thus

% / (s)
~ _ e(k) +m X . :
w(k,s) = V RO s 3 . ,  (13)

\eG0) +o* x(s) /.

where X(s) are the usual Pauli spinors.

With Eq. (10), minimizing E with respect to V.give's(l)
3 : - :
Bk /2= 4 SR T en™ et 1)
' 7 (2m) :
ot 1.2 2,72 | |
+ U(O = gs ) v“ ) 0) + 2 8V G /mV > ) (l[‘)

: 7 % : :
where o = 2kF3/(3Tr") and m is obtainedl by minimizing E(kF) in Eq. (14)

with respect to O.
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To investigate whether the homogeneous solution (9) in infinite
nuclear matter is stable against neutral pion-condensation, we consider a

small external pion field

WO(;) = a cos a-; n+(;) = ﬂ_(;) =0 . (15)

In order to check that Eq. (9) corresponds to a minimum, we calculate

the change in the toﬁal energy E ﬁo second order in a. We wili keep the
values of 0 and V fixed (which is valid to second order in a) and look

only for the response of the nucleons to the external field Eq. (15). The
relafion between the present method and ﬁhe method using the pion propagator
is discussed in the article by Campbell et al [4].

The change AEM in the meson energy is

_3;+2;221_§2_22_2 '

AEM—fdrlz(VTTO) ‘+2mﬂ_7r0| -4a(q +mﬂ) . . (16)
*

Assuming a << m /gs, the change AEF in the energy of the fermions can be

evaluated by second-order perturbation theory. From Eq. (7), the

' > > % . .
unperturbed Hamiltonian is HO =a*p+fm + gv V, and the perturbation is

W = igs(a cos E - T) Yo¥s T, . : (17)

Since the first order term vanishes, we have

F  n#0 E. - E.
f

. 3 f<ojuln>|’ |
AE_ = —_— ' (18)
O .

where |0> is the Slater determinant describing the ground state and |n>
an excited state. Because W is a one-body operator |n> must be of the

form of a one particle-one hole state

£,



&

In> = a+(k',s',T') "a(k,s,T)|0> ' 0 (19)

vhere s, T are spin and isospin indecies, and where a and a+ are destruction
and creation operators, and where (k,s,T) corresponds to an occupied level
wvhile (k',s',T') corresponds to an empty state. Explicitly
|lw” (k,8) ¥y wlktd,s") |
LD DN > o (20)
e (k) - e(k+q)

1
s,s' %

> .
where the k summation is restricted to °

K| <k and %] >k o)

Notice that we have excluded the sum over negative energy states in

Eq. (20). This (divergent) sum is a contribution to the vacuum fluctuation

energy.

The matrix elements involved in Eq. (20) are

>, >
0t (®,8) v, Yo w(kis') = N(k) N(k') (s]|5)s") - K " &7 o
0 'S5 e(k') +m £{k) + m*

(22)

where N(k) = ((e(k) + m*)/2€(k))l/2 .

For simplicity we use the non-relativistic limit of Eq. (22). As
will be seen below this approximation is justifiéd for the range of densities
which will be of interest to us. Assuming Z to be parallel to the z-axis
that matrix element reduces to .

> |
5 w(k+g,s") | ~ 8ss' sal (23)

+ >
lw™ (k,8) v P

o'
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The expression for AEF therefore reduces to

AEP - 3gsza2
e - o (20

where A is the nucleon number, x = q/kF and

2 .
L2 1- x 2 + x| :
Q(X) =X <+ x( 7}—) log ,-2'-—_——x-l _ (25)

is the familiar Lindhard functions. By comparing Eq. (24) with the

expression for the change in the meson-energy

2
EEE = éﬂfgz‘r2+ P - (26)
A 8k: - 2 ? ‘
F kF

it is clear that at low density,nucléar matter will be stable against
neutral pion condensation. On the other hand for some critical valﬁe
kc of the Fermi momentum an instability will appear. The critical value
kC is given by

k, = szg ko(x)g | : (27)

where ko denotes, for a given x , the solution.of the equation

AE, + MEL =0 , i,

m ®(x) ' . ’ _
0 k] 42w (ke )

Notice that the effective nucleon mass m* is a fdnction of the Fermi

momentum through Egs. (12;14).'“This function can be shown to decrease
continuously from the nucleon mass m .to zero. As a consequence, Eq. (28)

has one real solution only.

o
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To solve the previous set of equations we have first constructed
a table of values of the function m*(kF) by minimizing numerically the
total energy, Eq. (14). We have used fhe same value of 8g>8, as in
Walecka's model [1] in order to have the same saturation properties.

9 We have then solved Eq. (28) using the iteration procedure

2 m 2 .
e = Lmk 1 2, W :
kg = 4m (ko) 2 sy \ ¥ T T (29)
' gs : kO

for various values of X . - Using g,s = 10, m. = 0.7 fm_l, the critical

value- of kF is found to be

k = 1.08 fm " (30)
for which m*(kc) = 0.79 m. This value is obtained for x = 1.30. The
momentum of the condensate is therefore

q=1.40 fm " ' | _ | (3D

Since in Walecka's model saturation is obtained at kF = 1.42 fm'-1

i.e. pg = 0.193 nucleons/fm3 the critical density is
p. = 0.44 Py (32)

At this density nucleons in nuclear matter are defiﬂitely non-relativistic
.which justifies a posterior, the non-relativistic approximation which was
used above.

The values of pc and q we have derived, éhould still be corrected
for the inclusion of the A33 resonance as well és short range correlations.
Our results are similar to those of non-relativistic models [6]. They are

also similar to the results obtained by Dautry [7] in the sigma model using
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the Thomas-Ferni approxiﬁation, and by Celenza and Pirner [7] who use a
field theoretic model reproducing low energy.nN data. |

The inclusion of TNA as well as NN and NA correlationé7, is
expected to incre_ase'pc beyond po.' Therefore it will most 1likely be
necessary to look atihigh energy nuclear collision for evidence of
pion condensation.

In conclusion we have been able to construct a Langrangian which
is comnsistent wifh both saturatiop properties of nuclear matter and
particle properties summarized By current.algebra and PCAC. It does not
predict any transition towards an abnormal nuclear matter phase at high
density [4] since it haé the same saturation properties as Walecka's.
model [1]. On the other hand it still predicts a possible pionic
instability'in nucleér matter.

Stimulating discussions with F. Dautry, R. E. Peierls, H. J. Pirner,

M. Rho, and D. Campbell are gfatefully acknowledged.
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Figure Captions

Fig. 1 Contour plot of U(O/OO’ ﬂ/oo), Eq. (4), in steps of 20 MeV/ffn3
between U = 10 and 230 MeV/fm3.
a) Model satisfying Eq. (2) but not Eq. (1);
b) Model satisfying Eq. (1) but not Eq. (2);

c) Model satisfying both Egs. (1) and (2). See discussion in text.
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