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Abstract We generalize Minami’s estimate for the Anderson model and its extensions to n
eigenvalues, allowing for n arbitrary intervals and arbitrary single-site probability measures
with no atoms. As an application, we derive new results about the multiplicity of eigenvalues
and Mott’s formula for the ac-conductivity when the single site probability distribution is
Holder continuous.
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1 Introduction
We consider the generalized Anderson model given by the random Hamiltonian
Ho,=Hy+V, on*Z"), (1.1)

where Hy is a self-adjoint operator and V,, is the random potential given by V,,(j) = w;.
Here @ = {w;} ;cza is a family of independent random variables; 1 ; will denote the proba-
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202 J.-M. Combes et al.

bility distribution of the random variable ;. In this article we always assume that each u;
has no atoms. We write [E,,; for the expectation with respect to the random variable w;, and
write E = E,, for the joint expectation. We also set wi" = {w;} jezd\ky and let Ewt denote
the corresponding expectation.

Restrictions of H,, to finite volumes A C Z¢ are denoted by H,, 4, a self-adjoint operator
of the form

Hop=Hop+ Von ont*(A), (1.2)

with Hy » a self-adjoint restriction of Hj to the finite-dimensional Hilbert space ¢2(A) and
Vo,a(j) = wj for j € A. (The results discussed in this article are not sensitive to the choice
of Hy a.) Given a Borel set J C R, we write P{M (J) = Pf(li)(J) = xy(Hy, ) for the associ-
ated spectral projection.

Minami [25] estimated the probability that H, 5 has at least two eigenvalues in an inter-
val 1. Assuming that all 1+; have bounded densities p;, Minami proved that

2
P {tr PO = 2] <E { (tr P,(,‘;)(I)) —r P,gfj(l)} < (o™ 1111A1)%, (1.3)
where p{&) := max jeallpjlloo- Minami’s proof required Hy to have real matrix elements,

i.e., {(8;, Hydx) € R for all j, k. This restriction was recently removed by Bellissard, Hislop
and Stolz [5] and by Graf and Vaghi [18]. They also estimated the probability that H,  has
at least n eigenvalues in I for all n € N, assuming, as Minami, that all x; have bounded
densities p;,

Minami’s estimate has important consequences for the physical behavior of the Anderson
model in the localized (insulator) regime. It is the crucial ingredient in Minami’s proof of
the absence of eigenvalue repulsion, showing that the properly rescaled eigenvalues behave
according to a Poisson process [25]. (See [20, 24, 26, 30, 31] for further developments.) It
was shown to imply simplicity of eigenvalues by Klein and Molchanov [23]. It is an impor-
tant ingredient in the derivation of a rigorous form of Mott’s formula for the ac-conductivity
by Klein, Lenoble and Miiller [22].

In [7] we introduced a new approach to Minami’s estimate. The crucial step in Minami’s
proof, namely [25, Lemma 2], estimates the average of a determinant whose entries are
matrix elements of the imaginary part of the resolvent; the proofs in [5, 18] have similar
steps. In contrast, our method only averages spectral projections, which allowed us to fi-
nally prove a Minami estimate for the continuum Anderson Hamiltonian. As a consequence,
we obtained Poisson eigenvalue statistics and simplicity of eigenvalues for the continuum
Anderson Hamiltonian.

The new approach, in addition to providing a simple and transparent proof of Minami’s
estimate for the Anderson model, also allows for arbitrary single-site probability measures
with no atoms. Given a probability measure p, we let S, (s) := sup,p u(la, a + s]), the
concentration function of u, and set

0.(s) 1= lpllsos if w has a bounded density p,
i) = 8S,(s) otherwise.

(Note that the measure 1 has no atoms if and only if lim, o Q,,(s) = 0.) For the generalized
Anderson model H,, as in (1.1), we let Q; = Oy, and set QA (s) :=max;ep Q;(s). In [7,
Theorem 3.3] we obtained the following extension of (1.3):

E{(tr POD)) (tr PV — 1)} < (Qa (TD AN (1.4)
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(In [7] the proof of (1.4) is given for single-site probability measures with compact support,
but (1.4) follows for arbitrary single-site probability measures by Lemma B.1. Note that the
proof is valid for the generalized Anderson model.)

In this article we generalize Minami’s estimate and its extensions to n eigenvalues, al-
lowing for n arbitrary intervals and arbitrary single-site probability measures with no atoms.
We also give applications of (1.4), deriving new results about the multiplicity of eigenvalues
and Mott’s formula for the ac-conductivity when the single site probability distribution is
Holder continuous.

The paper is organized as follows. In Sect. 2 we state our main results, namely our gen-
eralized eigenvalue-counting estimates. In Sect. 3, we consider the Anderson model with
a Holder continuous probability distribution, for which we extend previous results on the
multiplicity of the spectrum and Mott’s formula for energies in the region of Anderson lo-
calization. In Sect. 4 we prove the results stated in Sect. 2. In Appendix A we provide proofs
for the fundamental spectral averaging estimate (2.2). In Appendix B we prove an approxi-
mation lemma to go from probability measures with compact support to arbitrary probability
measures.

2 Eigenvalue Counting Inequalities

In this section we state our main results. The proofs will be given in Sect. 4.
Spectral averaging is the basic ingredient for proving eigenvalue-counting inequalities
for the generalized Anderson model. Consider the random self-adjoint operator

H,=Hy+ wIl, onH, 2.1

where H, is a self-adjoint operator on the Hilbert space H, ¢ € H with |¢| =1, and w is
a random variable with a non-degenerate probability distribution p. By IT, we denote the
orthogonal projection onto Cg, the one-dimensional subspace spanned by ¢. Let P,(J) =
xy(H,) for a Borel set J C R. There is a fundamental spectral averaging estimate: for all
bounded intervals I C R we have

Eo {(9, Po(D)} ZZ/dM(w)(w, Po(De) < Qu (1) 2.2)

In full generality, i.e., u arbitrary with Q,(s) = 8S,,(s), this is a recent result of Combes,
Hislop and Klopp [10, (3.16)]. (We present a proof in Appendix A for completeness.) If
has a bounded density p, (2.2) was known to hold with Q,(s) = l|pll«s (e.g, [6, 9, 14, 21,
32]; a simple proof is given in Appendix A). If y is Holder continuous, i.e., S,(s) < Cs*
with o €]0, 1[, (2.2) was known with Q,,(s) = C(1 — a)~'s* [6, Theorem 6.2]. We will thus
always assume that Q, is as in (1.4), although all we will require of Q,, is the validity of
(2.2). (The estimate (2.2) is useful when the measure u has no atoms, i.e., lim, o Q,,(s) =0,
which is always assumed in his paper.)

Now let H, be the generalized Anderson model. Note that we can rewrite the finite
volume operator given in (1.2) as

Hyn=Hoa+Y oT1; onf*(A), with IT; =TI, . (2.3)
JEA
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The first eigenvalue-counting inequality for H,, is the Wegner estimate [32] , which mea-
sures the probability that H,, o has an eigenvalue in an interval /:

P[trP;g)(l) > 1} <E [trP,g{‘j(I)] < 0. (IDIA (2.4)
The Wegner estimate is an immediate consequence of (2.2):

E{trP;,fj(I)} = > E,; {ij {(5,-, P},fj([)a,-)}} < 0a (DAL 2.5)

JEA

The second eigenvalue-counting inequality is the Minami estimate (1.4). It is generalized
to two intervals in the following theorem.

Theorem 2.1 Let H, be the generalized Anderson model, and fix a finite volume A C Z.
For any two bounded intervals 1, I, we have

E{(tr PSY (1) (tr PV (1)) — min {tr PV (1)), tr PV (1)}
<204 (LD Qa (LD IAP. (2.6)

If I} C I, we have
E{(tr RSV (1)) (tr PSY (1) — 1)} < O (1) Qa (ILD |A]. (2.7)

Remark 2.2

(1) The estimate (1.4), proved in [7, Theorem 3.3], is a particular case of (2.7).
(i1) Note that

(tr PV (1)) (tr PSY (1)) — min {tr PSY (1)), tr PV (1)} > 0. (2.8)

(iii) The intervals /; and I, in (2.6) may be disjoint. In this case the usual Minami’s estimate
(1.3) would yield the bound 72 (p{*)?|1|?| A|?, with an interval I D I; U I, while under
the same hypotheses the estimate (2.6) gives 2(o*)2|1;||L||A|>.

oo

We now turn to the general case of n arbitrary intervals, extending the results of [5, 18].

Given n € N, we let S, denote the group of all permutations of {1, 2, ..., n}, and recall that
|S,| = n!. Given a finite volume A C Z? and bounded intervals I, ..., I, (not necessarily
distinct), we pick o, = oM (14, ..., I,) € S, such that

tr PN (I, ) <t PN Ugy) < - <t PYY (), (2.9)

in which case we have
(tr PV (I 1)) (r PNV (g 2)) = 1) -+ (tr PSY Uy y) — (1 — 1)) = 0. (2.10)

To avoid ambiguity, we select o, uniquely by requiring o,(i) < 0,(j) if i < j and
tr PXN (15, 1)) = tr P{Y (1, (j)). (Note that the product in the left hand side of (2.10) is in-
dependent of the choice of o, € S, satisfying (2.9).) We let S, (1, ..., I,) be the collec-
tion permutations o € S, such that o = o, for some w, and let M (I, ..., I,) denote the
cardinality of S,(/y,...,I,). Note that 1 < M(I,,...,I,) <n!, with M(I},...,I,) =11if
LcLcC.---Cl,.
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Theorem 2.3 Let H, be the generalized Anderson model, fix a finite volume A C 79, let
n € N, and consider n bounded intervals 1, . .., I, (not necessarily distinct). Then, setting
Op = GJ)A)(II, ..., I,), we have

E{(tr PSY (I, 1)) (tr PSY Ugy2) = 1) -+ (tr PSY Ugyy) — (n = D)}
<M, ---1,) (1_[ oW (|1k|)> A" 2.1D)
k=1

In the special case when I, C I, C --- C I, we have

E{(wr PV U1)) (e PV (L) — 1) -+ (e PV (L) — (n — 1)}
< (]‘[ ow (|1k|)> A" 2.12)
k=1

In particular, for any bounded interval I we have
E{(c PV (D) (w PV —1) - (w PV — (n = D)} < (@™ (ID AL . (2.13)

As a corollary, we get probabilistic estimates on the number of eigenvalues of H,, 5 in
intervals.

Corollary 2.4 Let H, be the generalized Anderson model, and fix a finite volume A C Z°.
Foralln e N and I a bounded interval, we have

PluwP™ () =n} < L (@™ (1D |AD)". (2.14)
n!

Furthermore, for all bounded intervals I, ..., I, we get

Pl PN (Lpy1) = 1, r PN (L 2) = 2, ..., tr SN (L) = 1}

n

<ML, --1,) (]‘[ oW <|1k|)) Al (2.15)

k=1
and, in the special case when I, C I, C --- C I, we have

n

Plu P () = 1,u PV (1) = 2,...,w PN (1) = n} < (]"[ ow (|1k|)) |A[". (2.16)

k=1

Remark 2.5 Given bounded intervals /; and I, let d(I,, I,) denote the distance between the
two intervals. It follows from (2.16) that

P{u P (1) > 1and r PSY (1) > 1}
< (min {Q™ (LD, Q™M (LD} Q™ @i, L) + 1+ LD) A, (2.17)

Note that (2.17) does not generally hold if the right hand side is replaced by the more desir-
able CO™M (11D Q™ (ILDIAF, see [4].
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206 J.-M. Combes et al.

3 Applications to Holder Continuous Distributions

The (standard) Anderson model is given by H,, as in (1.1), with Hy = —A, the centered dis-
crete Laplacian, and @ = {w;} ¢z« a family of independent identically distributed random
variables with joint probability distribution p, which we assume to have no atoms. Localiza-
tion for the Anderson model has been well studied, mostly for © with a bounded density p,
cf. [1, 2, 11-14, 29] and many others, as well as for probability distributions p that are
Holder continuous [3, 6, 12, 15, 19], i.e., Q,(s) < Us* for s small, for some constants U
and « €]0, 1[. If the probability distribution p has a bounded density, Minami’s estimate
(1.3) was a crucial ingredient in Klein and Molchanov’s proof of simplicity of eigenvalues
[23] and in Klein, Lenoble and Miiller derivation of a rigorous form of Mott’s formula for
the ac-conductivity [22]. In this section we show that with (1.4) these proofs extend to the
case when u is only Holder continuous.

3.1 Multiplicity of the Spectrum

Let H, be a generalized Anderson model as in (1.1), let o €]0, 1], and assume that the
probability distributions f; are uniformly o-Holder continuous, i.e., there is a constant U
and s > 0 such that

sup Q;(s) <Us® foralls e [0,s]. 3.1
jezd
In this case we say that H,, is an «-Holder continuous generalized Anderson model.

We say that the generalized Anderson model H,, exhibits Anderson localization in some
interval [ if, with probability one, H,, has pure point spectrum in / and the corresponding
eigenfunctions decay exponentially. Given x > 0, we let [x] denote the integer part of x.
Following Klein and Molchanov [23], we prove the following result.

Theorem 3.1 Let H, be an a-Hélder continuous generalized Anderson model. Suppose
H,, exhibits Anderson localization in some interval I. Then, with probability one, every
eigenvalue of H, in I has multiplicity < [a~']. In particular, if o > %, with probability one
every eigenvalue of H,, in I is simple.

Remark 3.2 For the standard Anderson model, where p; = for all j € 74, this theorem
was originally proved by Simon [28] when p has a bounded density (i.e., « = 1). Our proof
is based on a simple proof later provided by Klein and Molchanov [23], based on Minami’s
estimate (1.3). For singular measures (i.e., @ < 1), the best previously known result for
the standard Anderson model is the finite multiplicity of the eigenvalues [8, 17]; uniform
boundedness of the multiplicity was not previously known. Thus Theorem 3.1 improves on
both results.

Proof of Theorem 3.1 We proceed as in [23]. We call ¢ € ¢*(Z?) a-fast decaying if it has
B-decay, that is, |¢(x)| < C, (1 + |x|)~# for some C, < oo, with

1 T
ﬁ><5+(a—([a*‘]+1) ') )d. (3.2)
To prove the theorem, we will show that, with probability one, an «-Holder continuous gen-
eralized Anderson model H,, cannot have an eigenvalue with [« ~!] + 1 linearly independent

a-fast decaying eigenfunctions.
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We set N = [a@~']+ 1, so that N > 1. For a given open interval I we pick

Nd
Na —1

q> =(e—(le1+ 1)) ', (3.3)
Given a scale L > 0, we let A, denote the cube of side L centered at 0, and cover I by
2% L |I|]41) < L9|I|+2 intervals of length 277, in such a way that any subinterval J C [
w1th length |J| < L~9 will be contained in one of these intervals. We consider the event
By, 1,4» which occurs if there exists an interval J C I with [J| < L™ such that tr Pa(,AL)(J ) >
N. Its probability can be estimated, using (2.14) and (3.1), by

(20tU) (Noz—l)quNd. (34)

PIBL1q) = (L1142 (U L) 1) =+ T2
In view of (3.3), taking scales L; = 2k it follows from the Borel-Cantelli Lemma that, with
probability one, the event B, ; , eventually does not occur.

Now, suppose that for some w there exists £ € I which is an eigenvalue of H, with
N linearly independent «-fast decaying eigenfunctions, so they all have -decay for some
B as in (3.2). It follows, as in [23, Lemma 1], that for L large enough the finite volume
operator H,, 5, has at least N eigenvalues in the interval Jg ; =[E — e, E + ¢.], where

&L = CL~*% for an appropriate constant C independent of L. In view of (3.2), we can
pick ¢, satisfying (3.3), such that 8 — % > ¢, and hence &, < L9 for all large L. But with
probability one this is impossible since the event B;, ;, does not occur for large L. ]

3.2 Generalized Mott’s Formula

Let « €]0, 1[, and consider the Anderson model H,, with a single-site probability distribu-
tion u of compact support and uniformly «-Holder continuous:

Q,(s) <Us* foralls €0, sol, (3.5)

where U and sy > O are constants. The fractional moment method can be applied to such
measures, leading to exponential decay of the expectation of some fractional power of the
Green’s function [3, 19]. We may then define the region of complete localization ¢, in-
troduced in [16, 17], as in [22, Definition 2.1]. However, [22, (4.1), (4.3) and (4.4)] have
not been derived from the fractional moment method for u with compact support satis-
fying only the condition (3.5). ([3, 19, Appendix A] assumes that y thas a bounded den-
sity in the derivation of such estimates.) But in this region of complete localization we
can always perform a multiscale analysis as in [15] with only hypothesis (3.5), and get the
estimates [22, (4.1), (4.3)] with sub-exponential decay [15, 17], and hence conclude that
[22, Assumption 3.1 and (4.4)] are satisfied. Thus, given a Fermi energy Ef € : , the
analysis in [22] applies and we may define the average in phase conductivity g (v) as
in [22, (2.17)]. We have the following extension of [22, Theorem 2.3]. Note that we get
E%‘F (v) < Cv*(log %)””2 for small v, consistent with Cv?(log 1)4+2 for & = 1 as in [22].

Theorem 3.3 Given « €]0, 1], let H, be an Anderson model with a single-site probability
distribution | of compact support and uniformly o-Holder continuous as in (3.5). Consider
a Fermi energy in its region of complete localization: Er € 8", Then

—1]’1
» (V)
< gpi+2

limsu BeL,”, (3.6)

v10 p V2 (10g ;)d+2 =

where g, is given in [22, (2.3)], and the constant B depends only on d, U and o.
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Proof The proof of [22, Theorem 2.3] applies, with modifications due to the use of (2.4) and
(1.4) with Q(s) = Q,(s) as in (3.5). The modifications are as follows (we use the notation
of [22]):

(1) We systematically use (2.2) instead of [22, (4.5)]. In particular, [22, (4.10)] becomes
(Yep, xe(HL)YER)) < Wp Q(|B|)5 for all Borel sets B C R. 3.7
To derive this estimate, we use the sub-exponential decay of the Fermi projection given
in [17, Theorem 3], i.e., we use [22, (4.1)] but with sub-exponential decay. This can

be done because we only use summability of this decay. As a consequence, [22, (4.6)]
becomes

Wi, (By x B-) < Wg (min{Q(|B4]), Q(IB- )’ . (3.8

(2) Using (1.4), [22, (4.51)] becomes
1
E {(80, F_ 1 X1 Fy 1 X1 F_ 1)} < ZQ(|J|)2LJ+2- (3.9

(3) In [22, Lemma 4.6], we cannot use the estimate [22, (4.28)]. But proceeding as in the
proof of [22, (4.30)], we can replace it by

E{|(8:. Fi8,)|"} < C; {{ fullye 1
forall p e [1,00[ and x,y € Z9. (3.10)

As a consequence, the right hand side of [22, (4.27)] becomes
c <({{f+}}2 U0 ) + (W {{f+}}4)%> Lidemt. (31D

(4) Using (1.4) instead of [22, (4.47)], and taking into account the above modifications, [22,
(4.61)] becomes

1
Wp, (I, x 1) < ZQ(2u)2Ld+2 + v SL3de et +4W, ohH?
< 4ol d+2 4 oISy SdemTirl 4403 Wi, (3.12)

where we used (3.5).
(5) Asin[22,(4.62)], we choose L = Aflog %, where A is some suitable constant, depend-
ing on d, @ and U, such that, similarly to [22, (4.63)], we get

1 d+2
W, (14 x 1) < Bet2y™ (log —) + "™, (3.13)
V

where B and C” are constants, with B depending only on d, « and U, from which (3.6)
follows. O
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4 Proofs of Eigenvalue Counting Inequalities

In this section we prove Theorems 2.1 and 2.3 and Corollary 2.4. Since we always have
tr P,(I) < |Al, it follows from Lemma B.1 that it suffices to prove the theorems when all
the probability measures ; have compact support, which is assumed in the proofs of The-
orems 2.1 and 2.3.

Our proofs are based on the fundamental spectral averaging estimate (2.2) and [7,
Lemma 3.2], which we now state.

Lemma 4.1 [7] Consider the self-adjoint operator H; = Hy + sI1, on the Hilbert space H,
where Hy is a self-adjoint operator on H, ¢ € H with ||¢|| =1, and s € R. Let P;(J) =
xJ(Hy) for an interval J, and suppose tr Py(] — 00, c]) < oo for all ¢ € R. Then, given
a,beR witha < b, we have

tr Py(Ja, b]) <1+ tr P,(Ja,b]) forall0<s <t. “4.1)

Let A C Z¢ finite. Given @ € RZ, we set PN (1) = x1(Hy,a)- Given j € A, we write

®= (w]*, w;) and Plf)f;‘q(l) = P((:j S)(I) when we want to make explicit the value of ;.
L

We also write P{*), (I) to denote that w; was replaced by s.

Since we assflmed that the measures p; have no atoms, it follows from (2.4) that
E,{tr P ({c}} = 0 for any ¢ € R. Thus it does not matter if the intervals are open or
closed at the endpoints, so in the proofs we may take all intervals to be of the form ]a, b],
which allows the use of Lemma 4.1.

Theorem 2.1 is a particular case of Theorem 2.3, but in order to illustrate the simplicity
of our approach we first give a proof of Theorem 2.1 and then prove the general case.

Proof of Theorem 2.1 Fix a finite volume A C Z¢ and let I;, I, be bounded intervals. Using
Lemma 4.1, for 7; > w; we always have

(tr PV (D) (e PV (1) = 1)
= {8 PV 03;) (w PV (1) — 1)
JeA
je

We now take 7; > maxsuppu; for all j € A, and average over the random variables @ =
{w;}eza, where each w; has the probability distribution ;. Using (2.2), we get

E, {(tr PV (1)) (0 PV (1) - 1))
<o {(wr, ) (= {220 008

JjeA

(A)
<0A(LD Y B, {tr p(wfrj)(lz)}. (4.3)
JeA
This holds for all ; > maxsuppu;, j € A, so we now take t; = maxsupp i ; + @;, where

® = {®;};cz¢ and ® = {w;};cza are two independent, identically distributed collections of
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210 J.-M. Combes et al.

random variables, and average over these random variables. We get
E, {(tr PV (1)) (e PV (L) — D}
=Es{E, {(t PV (1) (r PN (L) — DY}

<On(ID Y Bt o) Py () <O (M) Qa (LD IAF,  44)

JeA

where we used the Wegner estimate (2.4).
The estimates (2.7) and (1.4) follow immediately from (4.4). To get (2.6), we use (4.4)
and the obvious estimate

(e PV (1)) (r PEY (1)) — min {r PV (1)), tr PV (1) }

< (e PV UD) (r P (L) — 1) + (r PN (1)) (e PV (1) — 1) 4.5)
O

We now turn to the general case.

Proof of Theorem 2.3 Fix a finite volume A C Z¢. We first prove (2.13), a particular case of
(2.11), since it has a simpler proof. We fix the bounded interval I and proceed by induction
on n. The case n = 1, is just Wegner’s inequality (2.4). Let us assume that (2.13) holds for
n, for all possible probability distributions x; with compact support. Then, given j € A and
T; > maxsupp i ;, we have, using (4.1), that forallk =1,2,...,n,

PV —k <14t pP®
(b)j,'[j)

() —k=tr P((:]jqrj)(l) —(k—1). (4.6)
Note that (tr P(Z\;Jj)(l))(tr P((wA;JJ_)(I) — 1) (tr P&).U)u) — (n — 1)) > 0. Since either

tr PO () (tr PDT) = 1) -+ (r PY) —n) =0 or tr PY(I) —k >0 fork=0,1,....n,
it follows that we always have

(e PV (D) (w PV = 1) -+ (e PSY (1) — )

(A) (A) (A)
<> (85, PN, Y P (DI PG (D= 1)
JjeA
x(trP(“j (D) = (n—=1). 4.7)
wj,rj
Using (2.2), we have
. (A) . (A) (A) 1) .. (A) _ _
E{((S.,,Pw (1)5_;>(trP(wftj)(l))(trP(wf,zj)(l) 1) (trP(w;,rj)(I) (n 1))}

=E,: {ij {6, PSVs} Pl (NP (1) =1) -
x (trP“‘) D= = 1))}
< QA<|1|>IE(,,,+{(tr PO} ((D)(@PL) (D= D--(wP) (D)~ (- 1))} . (48)

@ Springer



Generalized Eigenvalue-Counting Estimates for the Anderson Model 211

We now take T = {1; = a; +®;} jen, Where @ = {@;} jea are independent random variables,
independent of w, such that @; has u; for probability distribution, and a; = maxsupp i ;.
Using (4.7) and (4.8), plus the induction hypothesis, we get

E, {tr PV (D) (tr PV — 1) -+ (e PV (1) — m) )

=Eo {tr PV (D) PV (D) — 1) -+ (e PV — )}

(D —1) -

(A) (A)
< 0A(I) Z ]E(w#j) {(tr P(wf,r,)(l))(tr P(wj,;,»

JEA
) o
X (trP(w#tl_)(I) (n 1))}
< QA(|1|)Z(QA(|1|)|A|)” = (QA(IDIAD". 4.9)
J
We now turn to the proof of (2.11). The case n =1 is just (2.4), and n = 2 is (2.6), so

we assume n > 3. Let Iy, I, ..., I, be bounded intervals. For a fixed @, we have (2.9) and
(2.10). Let us suppose

Bo = (0 PV (Iny1) (r PSY Upy2) — 1) -+ (r PV (L) — (0 — 1)) > 0, (4.10)
and note that in this case we must have

tr PV (L) —k+1>1, e, trP™(I,w) >k,

foralk=1,...,n. (4.11)

Then, using Lemma 4.1 repeatedly, we get

Bo< ) {(‘% P sy 1))85,) (tr P‘f)f_‘,.})(lr,w@))) o (tr P Uoym) —’l)}

J1EA

IA

IA

N)
Z [(8j1 ’ Pﬁ(,A)(Iom(l))(Sjl ><8j27 Pw(j1>(1‘7w(2))8j2> c
J1sJ2ssjn—1€A

) )
X <8jn—l’ Pwu../z.m.j,,_z) (]ﬂm(nfl))ajn-1> (tr Pw(h,.fz,m-in_l)(Iﬂw(")))] ) (4.12)
where @1 is @ with w;, — 7}, @U2) is @) with 0" — 77, @Utleden) s
@Y 2= with w;;iti’z""’]”’Z) - r](.::”. To be able to apply Lemma 4.1 we must have
1) G 2) (1272500 n=2) (n—1)
Wiy STjps @G ST e @) ST o
A k=1,2,...n—1. (4.13)
We then take

r={r@=a(.k)+a)(k)'jk6A,k=1,2,...,n—1},

Jk Jk Jk?
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where @ = {wj-];); Jk€ Ak=1,2,...,n — 1} are independent random variables, indepen-

dent of w, such that a)ﬁi) has 1, for probability distribution, and the real numbers a;:f) are

chosen such that (4.13) holds PP, 3)-almost surely.

Since the last expression in (4.12) is obviously nonnegative, it follows that (4.12) holds
also when E,, = 0, an hence it holds P, z)-almost surely.

Given o € S, let

Boro = ). {((Sjl, Pa()A)(I{,(l))Sjl)(Sh, P;f}f)(ln(z))sjz>...

J1oJ2seesJn—1€A
@ *)
x <8f"*1’ P rirein- To=1)8), > (tr P Gridsein ) (Irr(n))>} : (4.14)

It follows that IP(, )-almost surely we have

8o < o0 (4.15)
0 €Sy (I, In)
and hence
Eo{Bo) =Ewa (Bal < D Ews {Boro)- (4.16)
€SIy, +In)

By performing the integrations in the right order, using (2.2) n — 1 times, and then using the
Wegner estimate (2.4), we get

Ewo) {Boro) < (1"[ o™ <|1k|)> |Al". @.17)
k=1
Since M(Iy,---1,) = |S, (I, - - - I,)|, the estimate (2.11) follows. O

Proof of Corollary 2.4 The estimate (2.14) follows from (2.13) and the inequality
P{tr P{M (1) = n}
<P{(wPVD) @wPMI) =1 PV — (n — 1) = n!}
< %E{(trP(f)A)(l)D (tr PV = 1) -+ (wr PV (D) — (n— 1)} (4.18)
To obtain (2.15), we use (2.11) with
P{tr PN (I, 1) = 1, tr PV Ly 2) = 2, ..., tr PN (L) = 1}
<E{(r PY Usy0)) (tr PV Usp) — 1)+ (r PV (Ipyiy) — (n = D)} . (4.19)
Similarly, (2.16) follows from (2.12). O
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Appendix A: The Fundamental Spectral Averaging Estimate

For the reader convenience we present a proof of the fundamental spectral averaging result
(2.2). Consider the random self-adjoint operator on a Hilbert space H given in (2.1): H, =
Hy + wll,, where H is a self-adjoint operator on the Hilbert space H, ¢ € H with ||¢]| =1,
I, is the orthogonal projection onto the one-dimensional subspace spanned by ¢, and w is
a random variable with a non-degenerate probability distribution p. Given z with Jz > 0,
we have, as in [6, Proof of Lemma 6.1], that

(@, (Hy—2)"'9) = ({p, (Ho—2) ')~ +w)_l- (A.1)
A.1 The Probability Distribution i Has a Bounded Density p
In this case, we use
/}Rda)S‘W, (H, —2)"'¢) =m, (A2)

a consequence of (A.1) (cf. [6, Proof of Lemma 6.1]). It then follows from Stone’s formula
(cf. [27, Theorem VII.13]) that

1
/Rdw<<p, E{Pw([a,b])+Pw(]a,b[)}<p> <®b-a). (A.3)

In particular, fR dw{ep, P,({c})¢) =0, and hence for any bounded interval / we get

/Rdwwh Po(De) < |11. (A.4)

Since w has a bounded density p, we get
[ dut@rte. o) = [ donyte. (o) < Il (AS5)
R R

Remark A.1 The reader may notice that [6] has an extra factor of 7 in the right hand side
of (A.5); the difference comes from using Stone’s formula instead of the simple estimate
(A.10) . Since in Theorem 2.1 we obtain (1.4) as a consequence of (A.5), and (1.3) is a
particular case of (1.4), we do not have the factor of 72 in the right hand side (1.3): the
estimate is just (oM |1]|A])>.

o0

A.2 Arbitrary Probability Distribution p

We consider an interval ] =[E — ¢, E +¢], & > 0,and set z=FE +ie and Ry(z) = (Hy —
z)~!. Given « > 0, we define real numbers a and b by

a—ib= 2i<<p, Ro)e) ", (A6)
£

and note that we always have

= 1. A7
(@, Ro()p)? I((p,Ro(Z)@)I22 A1

2 e, Ro@9)  Re(el?
|
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From (A.6) and (A.1) we get,

b

K
e —— A8
2 (a+50)?*+b? (A-8)

e3{p, (H, —2)"'p) =
Proceeding as in [10], and using (A.8), [10, Lemma 3.1] and (A.7), we get

E/du(a))ﬁ(w, (H,—2) ')

K

dp(@)——————
/lniwnﬂ)z:[ (a+ 5;0)* + b?

nez

<KS (28)2 b _k <1+1>S (28)
— — sup ——————— < —7 - —
— 27"\ k nGZYEIOP‘[ (a+n+y)?2+5b2~2 b) M\«

2
5n<1+§>sﬂ<f). (A9)

We may now get (2.2) in two ways. Using the simple inequality
P,(I) <2e3(H, —2)7", (A.10)

(2.2) follows immediately from (A.9) with

Qu(I) = i§g<H(2+K)S;L<% |1|>> =37 S, (D). (A.1D)

We can improve the constant slightly by using the more sophisticated inequality given in
[10, (3.1)], that is,

4
P,(I)<— /dAS(Hw —x—il|Ip7h (A.12)
T Jr

together with (A.9), getting (2.2) with

1
Qu(I) = igg<4(1 + )8, <; |1I)> =88, (D). (A.13)

Appendix B: An Approximation Lemma

Lemma B.1 Let F be a bounded, nonnegative Borel measurable function on RN 5|, 55, ...,
sq >0, and @ = {w;} =1, n afamily of independent random variables, i ; denoting the
probability distribution of the random variable w;. We write g = {1} ;-1 .. .n, and denote
the corresponding expectation by . Let Q,(s) :=max;—i .~ Qu;(s). Suppose there
exists a constant K > 0 such that when ; has compact support forall j =1,2,..., N we
have

q
By {(F@)} < K[ ]Quls). (B.1)

i=1

Then (B.1) holds for arbitrary probability distributions p = {4} =12, ~-
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Proof Given a probability distribution p and M € N, we set xy = x[—m.m) and
wM = ¢ on xmp,  with c,on = ({l—M, M)~ (B.2)
Note that £ is a probability measure with compact support for all M € N, and
Jim o =1. (B.3)

Moreover, we have
Q00 (s) <c onQ,u(s) foralls>0. (B.4)

Now, given probability distributions g = {j;}j=12,. ~, and M € N, we consider the
(M)

probability distributions u™> = {u"

N
i ti=12...n, and set ¢ on = 1_[/:1 C#;M). We have

N
o0 {F @)} = conBy { | [ [xm(@)) | F@) ¢, (B.5)
=1

and hence it follows from the bounded convergence theorem and (B.3) that

Jim B on {F (@)} =By {F (@)} (B.6)

Since (B.1) holds for £, the lemma follows from (B.3), (B.4), and (B.6). O
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