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Cognitiv e Deve lopmen t  a n d Infinit y i n th e Small : 

Paradoxe s an d Consensu s 

Rafae l  Nunez ' 
Institut e o f  Cognitiv e Studie s 

Universit y o f  Californi a a t  Berkele y 
Berkeley .  C A 9472 0 

n u n e z @ c o g s c i . b e r k e l e y . e d u 

Abstrac t 

Throughout history the concept of infinity has played an 
importan t  rol e i n almos t  ever y branc h o f  huma n 
knowledg e Paradoxically ,  ver y littl e effor t  ha s bee n mad e 
by th e variou s theoretica l  school s i n Cognitiv e Scienc e t o 
stud y thi s fascinatin g aspec t  o f  huma n menta l  activity .  Th e 
stud y o f  subdivisio n offer s a n interestin g subjec t  matte r  t o 
addres s th e questio n o f  ho w th e ide a o f  infinit y i n th e smal l 
emerg e i n ou r  minds .  3 2 students ,  age d 8 ,  10 ,  1 2 an d 1 4 
(hig h an d lo w intellectual-academi c performers) , 
participate d i n thi s study ,  i n whic h a  versio n o f  on e o f 
Zeno' s paradoxe s wa s analyze d b y mean s o f  individua l 
interviews .  Result s sugges t  tha t  betwee n age s 1 0 an d 12 ,  a 
certai n intuitio n o f  th e entailment s o f  subdivisio n 
emerges ,  remainin g ver y labil e afterward s an d bein g ver y 
influence d b y th e context .  6 6 % o f  th e 12 -  an d 14-year-ol d 
childre n sai d tha t  th e proces s involve d i n th e parado x 
comes t o a n end .  Les s tha n 2 5 % considere d (wit h dee p 
hesitations )  th e possibilit y  tha t  th e proces s migh t 
continu e endlessly .  Thi s suggest s tha t  th e classi c 
piagetia n vie w tha t  th e indefinit e subdivisio n i s mastere d 
at  th e perio d o f  forma l  operation s mus t  b e reassessed .  Som e 
epistemologica l  consequence s base d o n a n embodied -
cognitio n oriente d perspectiv e ar e discussed . 

I n t r o d u c t i o n 

Since the dawn of civilizations, the idea of infinity has 
playe d a n importan t  rol e i n almos t  ever y branc h o f  huma n 
knowledge ,  fascinatin g an d thrillin g philosophers , 
theologians ,  scientist s an d mathematicians .  Ful l  o f 
counter-intuitiv e features ,  infinit y ha s alway s bee n a 
controversia l  an d elusiv e concep t  an d it s  stud y ha s 
presente d countles s difficultie s an d disputes .  Suc h a n 
importan t  an d peculia r  concep t  o f  h u m a n menta l  activit y 
provide s a  ver y interestin g subjec t  matte r  fo r  cognitiv e 
scienc e fo r  a t  leas t  tw o reasons :  firstly,  becaus e o f  th e 
importan t  rol e playe d i n th e differen t  discipline s o f  huma n 
knowledge ,  an d secondly ,  becaus e i t  i s  a  ric h an d 
representativ e concep t  o f  a  dimensio n o f  menta l  activit y 
not  base d o n direc t  experience .  Paradoxically ,  ver y littl e 

effor t  ha s bee n mad e b y th e variou s theoretica l  school s t o 
stud y suc h a  fascinatin g aspec t  o f  huma n menta l  activity . 

Histor y o f  mathematics ,  an d studie s i n mathematica l 
thinkin g an d developmenta l  psycholog y sho w tha t  infinit y 
i n th e smal l  -involve d i n iterate d subdivision -  ha s bee n 
m u ch mor e controversia l  an d elusiv e tha n infinit y i n th e 
larg e (Nuiiez ,  1993a) ,  an d tha t  childre n begi n t o understan d 
th e ide a o f  infinit y i n th e smal l  m u c h late r  tha n infinit y i n 
th e larg e (Langford ,  1974 ;  Nufiez ,  1993b ;  Piage t  & 
Inhelder ,  1948 ;  Taback ,  1975) .  Thus ,  whil e 8-year-ol d 
childre n easil y recogniz e th e endles s natur e o f  th e countin g 
process ,  i t  i s  no t  unti l  abou t  th e ag e o f  11-1 2 tha t  the y star t 
t o conside r  indefinit e subdivisio n a s a  legitimat e proble m 
(Nuiiez ,  1993a) .  Th e presen t  stud y intend s t o contribut e t o 
th e understandin g o f  th e developmen t  o f  th e ide a o f 
infinit y i n th e smal l  fro m a  cognitive ^  viewpoint . 

The Problem 

About 2500 years ago in Elea, now southern Italy, a 
discipl e o f  th e philosophe r  Parmenides ,  know n a s Zen o th e 
Eleatic ,  conceive d som e paradoxe s presumabl y i n orde r  t o 
prov e th e inconsistenc y i n th e Pythagorea n idea s o f 
multiplicit y an d chang e an d t o argu e i n favo r  o f  th e unit y 
and th e permanenc e o f  being ,  fundamenta l  principle s o f  hi s 
schoo l  o f  thought .  Differen t  version s o f  thes e paradoxe s 
hav e c o m e d o w n t o us ,  bu t  amazingly ,  thei r  paradoxica l 
feature s hav e alway s puzzle d philosopher s an d 
mathematicians ,  an d eve n toda y stil l  intrigu e us .  A 
shortene d versio n o f  on e o f  thes e paradoxe s coul d b e state d 
as follows .  Imagin e tha t  w e ar e aske d t o g o fro m a  poin t  A 
t o a  poin t  B ,  bu t  w e ar e tol d t o d o s o b y followin g a  rul e 
whic h says :  first  g o hal f  o f  th e way ,  the n hal f  o f  wha t 
remains ,  the n hal f  o f  wha t  remains ,  an d s o on .  D o w e eve r 
reac h poin t  B ? Sinc e eac h ste p onl y cover s hal f  o f  th e 
remainin g distanc e a t  th e previou s step ,  ther e wil l  alway s 
be a  shor t  distanc e t o b e covered .  Therefor e w e neve r  reac h 
poin t  B .  O f  course ,  thi s i s no t  wha t  ou r  experienc e tell s u s 
w h en w e g o fro m on e plac e t o another ,  fro m whenc e th e 
parado x arises . 

F ro m a  cognitiv e poin t  o f  view ,  th e stud y o f  paradoxe s 
suc h a s Zeno' s offer s a n interestin g subjec t  matte r  t o 

'O n leav e (Dept .  o f  Psychology ,  Universit y o f  Fribourg , 
Switzerland )  supporte d b y th e Swis s Nationa l  Scienc e 
Foundatio n (fellowshi p N o 8210-033279) . 

2"Cognitive "  a s subjec t  matter ,  no t  a s a  vie w fro m th e 
"cognitivist "  school . 
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approac h th e questio n o f  h o w th e min d build s th e ide a o f 
infinit y i n th e small ,  contributin g thu s t o th e poorl y 
studie d domai n o f  infinity .  I t  ha s bee n suggeste d elsewhere 
(Niinez ,  1993a) ,  tha t  th e paradoxica l  aspect s o f  th e 
argument s propounde d b y Zeno ,  a s oppose d t o othe r 
situation s i n whic h infinit y i s  involve d bu t  tha t  don' t  lea d 
t o paradoxica l  considerations ,  coul d b e partiall y  explaine d 
i n term s o f  a  particularl y comple x coordinatio n o f 
attribute s bein g iterate d indefinitely .  This ,  base d o n 
observation s mad e b y Langfor d (1974) ,  Piage t  &  Inhelde r 
(1948 )  an d Tabac k (1975 )  regardin g difference s betwee n 
infinit y i n th e smal l  an d i n th e large ,  a s wel l  a s thos e b y 
Tal l  (1980 )  concernin g difference s betwee n cardina l  an d 
measurin g feature s o f  infinity .  I n th e exampl e give n above , 
i f  on e follow s th e rul e o f  th e problem ,  ther e ar e tw o 
attribute s tha t  on e ha s t o iterat e simultaneously ,  namely , 
th e numbe r  o f  step s on e ha s t o m a k e an d th e distanc e tha t 
eac h o f  thes e step s covers .  O n th e on e hand ,  observ e tha t  th e 
typ e o f  iteratio n i s differen t  fo r  eac h attribute ,  becaus e th e 
number  o f  step s increase s wherea s th e distanc e covere d b y 
th e step s decreases .  Let' s cal l  thes e tw o type s o f  iteration , 
divergen t  an d convergent ,  respectively .  O n th e othe r  hand , 
th e natur e o f  th e conten t  bein g iterate d i s  als o differen t 
fo r  bot h attributes :  th e numbe r  o f  step s refer s t o 
cardinalit y (numbe r  o f  steps )  wherea s th e distanc e covere d 
by th e step s refer s t o space .  Unlik e situation s i n whic h 
tw o attribute s o f  eithe r  sam e typ e o r  sam e natur e ar e 
indefinitel y iterate d i n a  coordinate d situation ,  th e 
coordinatio n tha t  take s plac e i n Zeno' s parado x mus t 
incorporat e heterogeneou s components .  Tha t  is ,  differen t 
type s o f  iteration s (divergen t  an d convergent )  an d 
differen t  nature s o f  th e conten t  (cardinalit y an d space) , 
whic h make s i t  qualitativel y mor e complex . 

I n general ,  an y situatio n involvin g subdivision ,  tha t 
migh t  lea d t o th e conceptio n o f  th e ide a o f  infinit y i n th e 
s m a l P ,  present s thi s structure :  a  simultaneou s 
coordinatio n o f  a n increasin g numbe r  o f  step s (numbe r  o f 
iterations )  an d a  decreasin g partia l  resul t  (i n absolut e 
value )  t o b e operate d i n th e nex t  iteration .  Fro m a  cognitiv e 
viewpoin t  i t  i s  interestin g then ,  t o stud y h o w thi s comple x 
coordinatio n emerge s i n menta l  activit y an d wha t  form s i t 
take s acros s differen t  conceptua l  contexts . 

The followin g present s som e qualitativ e aspect s o f  a n 
investigatio n tha t  wa s inserte d i n a  broade r  projec t 
conceive d t o stud y developmenta l  an d psycho-cognitiv e 
aspect s underlyin g th e ide a o f  infinit y i n a  m u c h large r 

sense . 

M e t h o d 

Procedur e 

Two variable s relate d t o intellectua l  an d academi c 
performanc e wer e studied .  Th e forme r  wa s measure d b y th e 

'O f  course ,  thi s  i s no t  th e onl y wa y tha t  migh t  lea d t o conceiv e 
infinit y i n th e small .  I n non-standar d analysis ,  fo r  example , 
infinitesimal s ar e see n a s th e reciprocal s o f  infinitel y bi g 
numbers .  Nevertheless ,  fro m a  developmenta l  viewpoint ,  th e 
ide a o f  subdivisio n seem s t o b e a  mor e basi c one . 

Raven tes t  an d th e latte r  measure d b y th e mark s obtaine d 
bot h i n mathematic s an d Frenc h (officia l  languag e a t 
school) .  Th e Rave n tes t  wa s administrate d i n th e classroo m 
durin g schoo l  time .  Th e stud y wa s performe d b y mean s o f 
individua l  interview s (5 0 minutes )  an d wa s introduce d t o 
th e student s a s a  stud y o f  psycholog y (mathematic s wa s 
not  mentione d a t  all) .  Th e interview s too k plac e i n a  roo m 
locate d i n th e schoo l  an d wer e videotaped .  Th e questio n 
abou t  Zeno' s parado x wa s included . 

Subjects 

Thirty-two students from two schools in the city of 
Fribour g (Switzerland )  ,  age d 8 ,  10 ,  1 2 an d 1 4 year s old , 
wer e interviewed .  Eac h ag e grou p ( 8 subjects )  wa s forme d 
of  hal f  lo w an d hal f  hig h intellectual-academi c performer s 
(percentile s 0-3 3 an d 66-l{X )  i n eac h ag e grou p respectively , 
take n fro m a  large r  population ;  N=172) .  Boy s an d girl s 
wer e equall y represented . 

Material 

The problem was presented orally as an open-ended one, and 
th e questio n was :  "Imagin e tha t  w e wan t  t o g o fro m thi s 
sid e o f  th e tabl e t o th e othe r  side .  Firs t  w e ar e tol d t o g o 
hal f  o f  th e way ,  the n w e continu e wit h hal f  o f  wha t 
remains ,  the n hal f  o f  wha t  remains ,  an d s o on .  D o w e eve r 
reac h th e othe r  sid e o f  th e table? "  Sometime s th e subjec t 
performin g th e actio n wa s a  smal l  insect .  Th e student s 
wer e allowe d t o us e a  variet y o f  material s suc h a s paper , 
pencils ,  rulers ,  etc. ,  whic h wer e o n th e table . 

Results 

In general, the children's answers could be classified in 
thre e mai n categories ,  namely ,  thos e sayin g tha t  on e reache s 
th e destination ,  thos e sayin g tha t  on e doe s no t  arriv e (eithe r 
becaus e th e proces s get s stuck ,  o r  becaus e i t  onl y approache s 
th e destination) ,  an d thos e comin g fro m a  hesitatin g subjec t 
defendin g tw o differen t  answers .  Subject s o f  al l  fou r  ag e 
group s gav e answer s o f  th e first  tw o categories .  Th e las t 
categor y wa s onl y observe d i n th e olde r  groups .  Th e 
followin g present s th e rational e behin d thes e views .  N o 
gende r  difference s wer e found . 

8-year-old Group 

In this age group, there was a difference between the 
argument s give n b y th e hig h an d lo w intellectual-academi c 
performanc e subgroups ,  th e forme r  showin g a  mor e 
analytica l  attitud e toward s th e problem .  L o w performer s 
tende d t o conside r  th e questio n a s a  ver y trivia l  on e an d 
easil y responde d wit h a n obviou s "w e arrive" ,  a s i f  th e 
iteratio n wer e t o b e performe d jus t  a  coupl e o f  time s i n 
orde r  t o cove r  th e distance . 

Based o n th e ide a tha t  i n th e en d on e get s stuc k du e t o th e 
smallnes s o f  th e steps ,  tw o childre n considere d th e 
possibilit y  tha t  on e migh t  no t  arrive ,  an d on e sai d tha t  on e 
neve r  arrives .  Al l  thre e wer e hig h performers .  The y 
vaguel y perceive d tha t  on e migh t  potentiall y  continu e fo r  a 
whil e makin g smal l  steps ,  bu t  i n th e en d the y solve d thi s 
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unstabl e situatio n b y alterin g th e condition s o f  th e 
problem ,  eithe r  b y alterin g th e condition s o f  th e settin g 
(ne w destination) ,  o f  th e actio n (i.e. ,  stoppin g th e 
iteration) ,  o r  both .  A n exampl e o f  th e forme r  i s th e 
following* : 
Ban +(7;9) :  I f  w e alway s g o halfwa y w e arriv e ver y close , 
but  w e ar e force d t o alway s d o halves ,  alway s th e half .  So ? 
.. .  (thinks).. .  ther e i s alway s a  smal l  hal f  W e ge t  close r  bu t 
we ca n no t  arrive ? W e ge t  closer.. .  bu t  i f  w e g o hal f  o f  th e 
way ther e i s jus t  a  ste p left ,  an d i f  w e g o th e (other )  half , 
ther e i s jus t  on e hal f  left ,  .. .  an d w e g o tha t  hal f  an d w e 
arriv e (no t  s o convinced) .  Y o u doubt ? .. .  (think s an d 
reanalyze s wit h hi s fingers  nea r  th e edg e o f  th e table) ,  ...o r 
maybe ther e i s a  smal l  piec e lef t  befor e th e arriva l  an d w e 
decide  tha t  that' s th e plac e wher e w e hav e t o stop .  H o w i s 
that ? W e pu t  th e arriva l  befor e th e plac e wher e w e wan t  t o 
go,  s o the n w e ar e sur e tha t  w e arrive . 

10-year-old Group 

Like in the previous group, there was a difference between 
th e hig h an d lo w performers ,  simila r  t o tha t  describe d 
above .  10-year-ol d childre n presente d mor e hesitation s tha n 
th e 8-year-ol d one s an d som e o f  the m ha d tw o differen t 
positions ,  bu t  lik e th e younges t  group ,  sometime s th e 
conflic t  wa s solve d b y alterin g th e condition s o f  th e 
settin g fo r  th e las t  iteration s (i.e. ,  ne w destination) . 

As mentione d i n th e Procedure ,  othe r  content s wer e als o 
covere d i n th e interview .  A m o n g others ,  thes e include d a 
proble m describe d elsewher e (Nunez ,  1993b) ,  i n whic h 
plan e geometrica l  figure s wer e transforme d followin g a n 
iterativ e proces s wit h simila r  constructio n (differen t  typ e 
of  iteratio n an d natur e o f  th e content) .  I t  i s  wort h noticin g 
tha t  s o m e 10-year-ol d hig h performer s presente d a n 
infinitis t  positio n (i.e. ,  acceptanc e o f  a n endles s iteration ) 
i n Zeno' s parado x bu t  a  fmitis t  positio n i n th e geometrica l 
problem ,  an d vice-versa .  Thus ,  Eu o +(10:1 )  w h o wa s clearl y 
convince d b y hi s argument s i n favo r  o f  th e endles s iteratio n 
involve d i n th e geometrica l  problem ,  di d no t  eve n hesitat e 
t o sa y tha t  th e iteratio n i n th e parado x come s t o a n end : 
E uo +(10;1) :  S o d o w e arriv e t o th e othe r  side ? Yes , 
certainly ,  .. .  i f  w e mak e th e half ,  th e half ,  th e half ,  th e half , 
th e hal f  th e hal f  th e hal f  th e hal f  .. .  afterwards ,  w e 
arrive ,  fo r  sure .  I  hav e a  frien d tha t  say s tha t  w e ca n no t 
arriv e becaus e ther e i s alway s a  hal f  tha t  yo u hav e t o mak e 
(th e Exp .  show s th e step s o n th e tabl e an d th e Subjec t 
respond s immediatel y wit h th e followin g step ,  a s i f  h e 
wante d t o complet e th e "othe r  half) .  .. .  an d onc e again , 
th e half ,  onc e again ,  th e half ,  ...w e wil l  arrive .  A n d i f  w e 
onl y m a k e i t  i n ou r  imagination ? I n ou r  imaginatio n an d i n 
physic s als o (w e arrive) . 

O d e,  +(9,9) ,  o n th e contrary ,  maintaine d a  finitist 
positio n i n th e geometrica l  proble m bu t  suggeste d th e 
endles s natur e o f  th e iteratio n i n th e paradox : 
O de +(9;9) :  Doe s i t  arrive ? .. .  (examine s th e "last "  steps ) 
.. .  alway s th e half ? (th e Subjec t  asks) .  It' s  really ,  .. .  i f  i t  i s 

^Tex t  i n italic s correspond s t o subjects '  utterances .  Th e 
symbol s +  an d indicat e hig h o r  lo w intellectual-academi c 
performanc e respectively .  Th e ag e i s als o indicate d (years ; 
months) . 

ther e i t  make s th e hal f  (follo w th e step s o n th e table )  i t 
wil l  tak e a  lon g tim e becaus e afterward s i t  make s jus t  on e 
step,.. .  an d the n th e half ,  an d the n alway s th e half ,  ...no ,  i t 
doesn' t  arrive .  There ,  fo r  exampl e (show s th e edg e o f  th e 
table )  i t  i s  there ,  an d afte r  make s th e hal f  arrive s there , 
an d the n there ,  .. .  n o I  don' t  thin k tha t  I  wil l  arriv e b y 
alway s goin g a  hal f 

12- and 14-year-old Groups 

Unlike the 8-and 10-year-old groups, we didn't find 
relevan t  difference s betwee n th e argument s o f  hig h an d 
lo w intellectual-academi c performer s i n th e olde r  groups . 
The pattern s o f  answer s i n th e 12 -  an d 14-year-ol d group s 
wer e quit e simila r  t o eac h other ,  s o w e ar e goin g t o analyz e 
the m a s one . 

Nearl y 2/ 3 o f  th e 12 -  an d 14-year-ol d childre n (hig h an d 
lo w performer s together )  gav e answer s o f  th e form s "I t 
wil l  tak e a  lon g time ,  bu t  w e wil l  arrive "  o r  "On e wil l 
arriv e becaus e i n th e en d on e wil l  no t  b e abl e t o mak e th e 
half ,  i t  wil l  b e to o close "  (alterin g th e condition s o f 
action) .  A m o n g thes e subject s s o m e showe d dee p 
hesitation s holdin g antagoni c positions ,  ofte n opposin g 
idea s base d o n immediat e physica l  consideration s (althoug h 
not  necessaril y concrete )  an d idea s base d o n th e fac t  tha t  th e 
iteratio n lead s t o approac h th e destinatio n (althoug h no t 
necessaril y  abstract) : 
Mai  -(14;8) :  Doe s i t  arrive ? (thinks ,  whispers).. .  I' m no t 
goin g t o measur e th e table ,  bu t  I  thin k w e don' t  arriv e 
exactly ,  mayb e abou t  a  millimete r  away .  I  thin k tha t  w e 
wil l  arrive ,  bu t  tha t  w e ar e no t  goin g t o arriv e immediately , 
.. .  i f  w e hav e ever y time ,  .. .  well ,  I  don' t  know ,  I  thin k tha t 
i t  wil l  arriv e exactl y a t  th e point ,  an d I  thin k tha t  i t  wil l  no t 
arriv e exactly .  I  hav e tw o opinions .  I  don' t  kno w whethe r  i t 
wil l  b e exactl y o r  a t  abou t  a  millimete r  away . 

Other s change d thei r  min d whe n th e scal e o f  th e proble m 
was amplified : 
Fr c -(14;7) :  D o w e arrive ? O h yes ,  you'r e almos t  there ,  .. . 
(thinks) ,  bu t  i t  i s  alway s smalle r  an d smaller ,  .. .  I  thin k tha t 
i t  mus t  arrive .  A n d i f  th e distanc e i s th e on e betwee n 
Switzerlan d an d Sweden ? O h no ,  the n I  don' t  thin k so,.. .  I t 
alway s remain s a  shor t  way ,  .. .  i t  i s  shorte r  an d shorter , 
afterward s ther e i s a  hal f  (chec k wit h th e fingers  a t  th e 
edg e o f  th e table) ,  on e mus t  mak e it ,  bu t  yo u almos t  don' t 
advanc e anymore ,  i t  i s  to o tight .  .. .  Uf !  I t  i s  hard .  S o d o w e 
arrive ? /  don' t  know .  I  thin k tha t  fo r  shor t  distance s w e 
arrive ,  bu t  fo r  lon g distance s I  don' t  thin k so ,  .. .  I' m no t  s o 
sure ,  bu t  I  don' t  thin k so .  A n d wha t  abou t  distance s i n 
between ? .. .  (thinks) ,  .. .  Yes ,  w e arriv e I  think ,  becaus e 
afterward s ther e wil l  b e shor t  distances . 

Augmentin g th e distanc e int o a  qualitativel y muc h 
bigge r  one ,  seem s t o pu t  th e "last "  step s o f  th e iteratio n 
furthe r  apart ,  leavin g roo m fo r  furthe r  iterations ,  suc h tha t 
th e arriva l  i s  no t  attainabl e anymore .  Qualitatively ,  thi s 
vie w see s middl e distance s a s belongin g t o a  simila r  famil y 
as th e shor t  ones ,  tha t  is ,  sharin g th e sam e feature s a t  th e 
end o f  th e process . 

Finally ,  les s tha n 2 5 % o f  th e 12 -  an d 14-year-ol d childre n 
presente d argument s i n favo r  o f  th e ide a tha t  on e wil l  onl y 
approac h th e destination ,  bu t  neve r  reac h it ,  an d onl y on e 
subjec t  wa s trul y sur e abou t  it .  I n general ,  thes e argument s 
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wer e characterized :  b y bein g loade d wit h doubt s an d 
hesitations ;  b y respectin g th e condition s o f  settin g an d 
action ;  an d sometime s b y th e emergenc e o f  th e ide a o f 
infinity ,  explicitly : 
Joe +(14;4) :  .. .  (thinks )  ... .  a t  infinit y w e wil l  neve r  arrive , 
i t  goe s beyon d imagination ,  bu t  i f  w e se e (sho w th e table ) 
we wil l  arriv e bu t  i n fac t  w e don' t  arrive ,  ... I  don' t  know , 
i t  surpasse s th e imagination .  I f  w e alway s mak e a  hal f  o f 
th e wa y tha t  w e hav e t o do ,  i t  wil l  b e difficul t  t o arrive ,  .. . 
the n i t  wil l  b e microscopic ,  infinitel y small . 

The onl y subjec t  w h o wa s sur e abou t  th e impossibilit y  o f 
reachin g th e destination ,  despit e o f  th e fac t  tha t  th e 
iteratio n continue s endlessly ,  showe d a  pragmati c approac h 
throughou t  th e whol e interview .  H e neve r  engage d himsel f 
i n extremel y abstrac t  an d speculativ e reasoning ,  althoug h 
he conceive d th e object s o f  th e proble m a s theoretica l  one s 
i n whic h th e physica l  constraint s wer e no t  relevan t  fo r  th e 
analysis : 
St n -(14;1) :  No ,  w e wil l  neve r  arrive .  Eve n i f  w e alway s 
advance ? Even ,  becaus e w e mak e onl y th e half .  W e wil l  ge t 
close ,  w e wil l  b e ver y clos e t o th e edg e (table )  bu t  w e wil l 
neve r  arriv e there .  .. .  ther e wil l  alway s b e a  shor t  wa y t o 
be done .  Eve n i f  w e ge t  alway s closer ? Even . 

He follow s th e condition s o f  th e proble m avoidin g an y 
speculativ e consideration ,  focusin g o n th e fac t  tha t  ther e i s 
alway s somethin g lef t  n o matte r  h o w man y step s on e 
makes.  Th e positio n obtaine d b y an y iteratio n i s neve r  th e 
fina l  destinatio n an d therefor e th e iteratio n continue s 
endlessly . 

Discussion 

Among the variables studied, only age evinced clear-cut 
difference s i n th e argument s (excep t  fo r  age s 1 2 an d 14) . 
No gende r  difference s wer e found .  Th e rol e o f  intellectual -
academi c performanc e seem s t o hav e onl y bee n significan t 
fo r  th e 8-an d 10-year-ol d groups .  A t  thes e age s th e 
argument s give n b y th e hig h performer s wer e mor e 
analytica l  an d tende d t o conside r  th e proble m a s such , 
wherea s thos e give n b y lo w performer s tende d t o conside r 
th e proble m a s a  trivia l  on e (reachin g th e destinatio n afte r  a 
coupl e o f  step s wa s evident ,  s o that ,  n o furthe r 
consideration s wer e necessary) .  Th e observatio n tha t  n o 
majo r  intellectual-academi c difference s wer e foun d i n th e 
olde r  group s coul d b e partiall y  explaine d b y th e fac t  that , 
on th e on e hand ,  th e validit y o f  th e Rave n tes t 
(Intelligence )  decrease s a s ag e increase s du e t o a  ceilin g 
effect ,  an d o n th e othe r  hand ,  i n highe r  grade s academi c 
performanc e become s a  mor e comple x phenomeno n suc h 
tha t  factor s othe r  tha n cognitiv e one s pla y a n importan t 
rol e (e.g. ,  self-estee m o r  motivationa l  change s durin g earl y 
adolescence) . 

I n mathematica l  terms ,  th e versio n o f  Zeno' s parado x 
presente d her e deal s wit h a  serie s o f  th e for m d/ 2 +  d/ 4 + 
rf/8  +  .. .  (d=distance) .  Usin g thi s languag e t o describ e 
children' s view s (which ,  o f  course ,  i s no t  theirs) ,  w e coul d 
say tha t  w e hav e observe d approache s o f  th e followin g 
forms : 

a)  Alterin g th e condition s o f  actio n ver y early ,  d/ 2 + 
d/ 4 +  .. .  +  d/2' ^  +  d/2 *  =  d .  I n genera l  k  ha s a  valu e betwee n 
3 an d 5 .  Th e las t  tw o step s ar e unnoticedl y considere d a s 
equal ,  leadin g t o a n exac t  arrival .  Thi s approac h wa s 
observe d amon g lo w performer s age d 8  an d 10 .  Th e 
proble m the n become s trivial . 

b) Altering the conditions of the setting, d/2 + d/A -t- d/% 

+ .. .  +  dl2' ^  =  e .  Suddenl y a  ne w destinatio n whic h define s a 

ne w distanc e e 
k=\ 

d/ 2 (wher e p  i s a  larg e finit e integer ) 

i s  considered ,  allowin g th e arriva l  a t  th e ne w destinatio n 
(i n genera l  e«I) .  Thi s approac h wa s observe d amon g som e 
hig h performer s age d 8  an d 10 ,  an d seem s t o emerg e a s a 
solutio n t o reconcil e earl y intuition s abou t  lon g lastin g 
convergen t  iteration s (subdivision) . 

c) Altering the conditions of action, d/2 + d/4 + d/S + ... 
+ d/2 *  <  d ,  wher e A:  i s  a  larg e finit e integer .  Th e proces s get s 
stuc k du e t o th e smallnes s o f  th e step s an d canno t  continue . 
Thi s approac h wa s observe d amon g al l  fou r  ag e groups ,  bu t 
k tende d t o b e large r  a t  age s 1 2 an d 1 4 tha n a t  ag e 10 . 

d) Respecting the conditions of setting and action, d/2 
+ d/ 4 +  d/ % +  .. .  <  d .  Th e proces s onl y approache s th e 
destinatio n an d continue s endlessly .  I t  wa s observe d wit h 
onl y on e subjec t  (1 4 year s old) .  Nevertheless ,  nearl y 2 5 % 
of  th e 12 -  an d 14-year-ol d subject s als o referre d t o it , 
althoug h wit h dee p hesitation s involvin g als o approac h c) . 

An approac h o f  th e for m d/ 2 +  d/ 4 +  d/ S +  ... = d ,  whic h i s 
"mathematicall y correct "  wa s neve r  observed . 

I n orde r  t o conceiv e th e paradoxica l  situatio n raise d b y 
Zeno' s problem ,  on e mus t  b e abl e t o distinguis h th e 
element s involve d an d respec t  th e condition s o f  th e 
proble m (i.e. ,  setting :  keepin g th e origina l  distanc e t o b e 
covered ;  action :  continuin g th e endles s iteration) . 
Approache s a) ,  b) ,  an d c )  refe r  t o alteration s o f  th e 
condition s o f  th e proble m suc h tha t  the y don' t  giv e ris e t o 
paradoxica l  situations .  Ou r  parado x then ,  i s no t  children' s 
paradox . 

Th e traditiona l  view s i n philosoph y o f  mathematic s 
(platonism ,  constructivism ,  formalism )  conside r  th e 
existenc e o f  mathematica l  object s (o r  formula s i n th e cas e 
of  formalism) ,  i n variou s degree s an d forms ,  t o b e 
independen t  o f  huma n beings .  Mathematic s i s see n a s 
objectivel y structured ,  independen t  o f  an y understanding . 
Here ,  th e analysi s w e presen t  i s base d i n a  totall y differen t 
view ,  i n whic h cognitio n i s see n a s a n embodie d 
phenomenon ,  bein g clos e t o theoretica l  position s suc h a s 
thos e defende d b y th e biologis t  H .  Maturan a (1987 )  o r  th e 
linguis t  G .  Lakof f  (1987) .  Mathematic s thu s i s conceive d a s 
bein g totall y dependen t  o n huma n beings ;  conceive d a s 
emergin g fro m th e interactio n o f  biologica l  being s tha t 
evolv e i n thei r  medium ,  an d therefor e dependin g o n th e ver y 
natur e o f  th e interwove n proces s o f  embodie d concepts , 
socia l  interactions ,  an d language .  I n othe r  words :  n o huma n 
beings ,  henc e n o mathematics ;  differen t  biologica l  beings , 
differen t  mathematics .  F r o m thi s poin t  o f  view . 
Mathematic s emerge s throug h a  languag e shape d 
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historicall y an d base d o n a  consensu s grounde d o n bodil y 
experiences .  I n Zeno' s paradox ,  respectin g th e condition s o f 
th e proble m take s plac e withi n thi s consensus .  Th e 
consensu s i n turn ,  depends ,  amon g others ,  o n th e biologica l 
structur e o f  th e subject s (e.g. ,  developin g neurobiologica l 
structure )  participatin g i n th e ongoin g proces s o f  th e 
definitio n o f  wha t  th e consensu s is .  I n cognitiv e 
developmenta l  psycholog y thi s issu e i s essentia l  becaus e 
th e conceptua l  worl d tha t  emerge s fro m th e cognitiv e 
activit y o f  youn g childre n i s base d o n a  consensu s whic h i s 
differen t  fro m our s (becaus e thei r  neurobiology ,  thei r 
language ,  thei r  embodie d cognitio n i s different) .  Thus , 
what  w e cal l  rigo r  i n nowadays '  mathematics '  give s ris e t o 
differen t  meaning s a t  thes e ages ,  a s doe s th e respec t  fo r  th e 
condition s o f  Zeno' s paradox . 

Fro m thi s poin t  o f  view ,  th e unnotice d alteration s o f  th e 
condition s o f  Zeno' s parado x b y childre n (settin g an d 
action )  take s plac e i n a  differen t  domai n o f  consensu s whic h 
we happe n t o no t  share .  Thi s become s eviden t  whe n th e 
younges t  subjects ,  a s determine d i n thei r  developin g 
neurobiologica l  structure ,  enac t  a  consensua l  worl d clearl y 
differen t  fro m our s whe n th e meanin g o f  th e convergen t 
typ e o f  iteratio n i s concerned .  I n fact ,  befor e th e ag e o f  1 2 
ther e i s a  profoun d an d strikin g ontologica l  differenc e 
betwee n infinit y i n th e larg e (divergen t  type )  an d infinit y 
i n th e smal l  (convergen t  type) .  A s a  10-year-ol d clearl y 
stated : 
Yak +(10;1) :  I f  tha t  i s  th e "bigger "  infinity ,  a s yo u say , 
when yo u sa y "smaller "  infinity ,  i s  i t  th e sam e thin g bu t  i n 
th e othe r  sense ? Yes ,  an d ther e i s onl y on e difference .  A t  a 
certai n moment  i t  become s s o smal l  tha t  w e ca n no t  eve n 
kno w wher e i t  is .  S o wha t  i s th e differenc e then ,  betwee n 
th e "bigger "  infinit y an d th e "smaller "  infinity ? A t  a 
certai n moment ,  whe n w e ar e i n th e smalle r  infinity ,  i t 
stops ,  wherea s i n th e bigge r  infinit y i t  coul d continu e until , 
.. .  infinity . 

Thus ,  ther e ar e endles s infinitie s an d stoppe d u p 
infinities ,  bot h bein g infinities !  Notic e tha t  th e latte r 
contradict s ou r  ver y notio n o f  "In-finity" .  A t  8  years-old , 
althoug h th e ide a o f  endles s (relate d t o divergen t  typ e an d 
infinit y i n th e large )  i s alread y presen t  i n thei r  consensua l 
world ,  th e distinctio n "infinit y i n th e small "  (relate d t o 
convergen t  typ e iterations )  simpl y doe s no t  exist .  I t  seem s 
tha t  betwee n th e age s o f  1 0 an d 12 ,  a  certai n intuitio n o f  th e 
iteration s o f  convergen t  typ e an d thei r  entailments 
emerges ,  remainin g ver y labil e afterward s suc h tha t  i t  i s 
ver y m u c h influence d b y th e figura l  an d conceptua l 
context .  Thus ,  10-year-ol d hig h performers ,  an d 12 -  an d 14 -
year-ol d student s gav e differen t  answer s wit h differen t 
argument s t o isomorphi c situation s i n whic h th e contex t 
had bee n change d (e.g. ,  distanc e t o b e covered) .  Contrar y t o 
what  Piage t  ha s sai d (1948 )  an d accordin g t o ou r 
observations ,  subdivisio n i s no t  mastere d a t  th e ag e o f 
forma l  operations . 

Finally ,  i t  i s  wort h mentionin g tha t  thes e observation s 

ar e base d o n a  specifi c  adaptatio n o f  Zeno' s parado x an d th e 
coordinatio n o f  heterogeneou s component s (differen t  typ e 
and nature) .  I t  woul d b e interestin g t o stud y simila r 
situation s controllin g certai n contextua l  factor s tha t 
migh t  pla y a  rol e i n th e cognitiv e activit y du e t o th e labil e 
intuition s o f  th e subject s regardin g infinit y i n th e small : 
(a )  Considerin g qualitativel y differen t  distance s d  (e.g. , 
betwee n th e side s o f  th e table ,  betwee n tw o place s i n a 
building ,  i n a  city ,  i n a  country ,  etc.) ;  (b )  Considerin g 
value s othe r  tha n 1  an d 2  fo r  p  an d q ,  respectively ,  i n th e 

series V [p(9-p)*''/^*^]^, such that the iteration is not 

*= 1 
onl y performe d b y halvin g (e.g. ,  als o 1/1 0 o r  3/4) ;  (c ) 
Presentin g th e proble m i n a  regressiv e manne r  a s wel l  (lik e 
Zeno' s parado x o f  movement) ,  an d no t  onl y a s a  progressiv e 
one a s studie d here ;  (d )  Focusin g th e questio n no t  onl y o n 

on th e serie s ^  d/ 2 =  d  ("D o w e arrive?" )  bu t  als o 

lim (d/2^) = 0 (the elements of the sequence: "What 

happen s wit h th e steps?" )  Th e stud y o f  th e rol e playe d b y 
thes e factor s migh t  revea l  mor e abou t  ho w ou r  mind s buil d 
th e ide a o f  subdivisio n an d infinit y i n th e small . 
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