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Abstract 

Comparison of Logarithmic Hochschild Homologies 

by 

Joseph Stahl 

Doctor of Philosophy in Mathematics 

University of California, Berkeley 

Martin Olsson, Chair 

We construct a comparison morphism HHRog → HHOls between Rognes’ logarithmic Hoch-
schild homology and Olsson’s logarithmic Hochschild homology which generalizes the com-
parison between Gabber’s log cotangent complex LGab and Olsson’s log cotangent complex 
LOls constructed by Olsson in [Ols05]. In particular, Olsson’s comparison is recovered as the 
first associated graded piece of our comparison morphism LGab → LOls . In the development 
of this comparison, we also prove a descent result for the cotangent complex generalizing a 
result of Bhatt, and construct a notion of HKR completed Hochschild homology for a gen-
eral morphism of derived stacks which is functorial in the morphism and generalizes existing 
constructions of Hochschild homology when the base is affine. 
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Chapter 1 

Introduction 

In recent years, Hochschild homology has become a more frequently used tool in algebraic 
geometry, especially as techniques develop to include more and more tools from homotopy 
theory. For instance, the study of integral p-adic Hodge theory in [BMS19] and further de-
velopment of prismatic cohomology in [BS22] have shown deep connections between (topo-
logical) Hochschild homology and various cohomology theories for schemes and stacks. 

This connection extends into the world of logarithmic geometry. In [Rog09], Rognes 
develops the notion of (topological) Hochschild homology for prelogarithmic rings and es-
tablishes basic results for these new objects. Rognes’ theory was further developed by sev-
eral others, particularly in [BLPØ23] where it is shown that one can interpret logarithmic 
Hochschild homology of a morphism of (pre)logarithmic rings as functions on the derived 
self-intersection of a variant of the diagonal, similarly to Hochschild homology of ordinary 
rings or (reasonable) schemes. 

More recently, Olsson has also developed a notion of logarithmic Hochschild homology 
in [Ols26], by developing a theory of Hochschild homology for a nice morphism from an 
algebraic space to an algebraic stack, and specializing the the situation where the stack in 
question is the log stack of [Ols03]. Hablicsek et. al have also developed an approach to 
logarithmic Hochschild homology via a “logarithmic derived loop space” LX log in [HHL26]. 
Their variant of log Hochschild homology agrees with Olsson’s under suitable hypotheses 
(see [HHL26, Proposition 4.11]). Notably, both approaches share a close relationship to the 
interpretation of Hochschild homology as “(functions on the) derived self-intersection of the 
diagonal.” 

Our main theorem provides a comparison morphism between the two variants of loga-
rithmic Hochschild homology, and as a corollary we can deduce that the two agree under 
mild conditions on the morphism of log schemes. In particular, we prove the following: 

Theorem 1.0.0.1 (4.3.3.3). Let f : X → S be a map of Noetherian fs log schemes of finite 
Krull dimension. Then there exists a morphism 

cf : HH
Rog(X/S) → HH Ols(X/S) 
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in DF (Z) such that on associated graded pieces, cf induces shifts of wedge powers of the 
comparison morphism η : LGab 

X/S → LOls 
X/S constructed in [Ols05] 

gri HKR cf = 
i 
η[i] : 

i 
LGab 
X/S[i] → 

i 
LOls 
X/S[i]. 

We use the language and theory of derived algebraic geometry in a crucial way throughout 
the thesis, and we begin with a review of this theory, following the development in [TV06] 
and the exposition of [Yay22] and [Ant20]. We establish some basic results showing that the 
theory works as expected, and conclude with an examination of the cotangent complex. In 
particular, we describe in detail how to view the cotangent complex as a functor whose inputs 
are morphisms of derived stacks (X → S ) and whose output LX /S is an object of QC (X ). 
We show that in this generality, the cotangent complex satisfies fpqc descent, generalizing a 
result of Bhatt. 

Following our discussion of derived algebraic geometry, we review the classical and derived 
theories of logarithmic geometry. Most of this section is a review, although we provide a 
precise universal property of the repletion which we had not seen in the literature previously. 
We also discuss both variants of the logarithmic cotangent complex, as well as Olsson’s 
comparison between the two found in [Ols05]. 

After reviewing the geometric theory necessary and establishing the descent result for the 
cotangent complex previously mentioned, the bulk of the work falls to defining the Hochschild 
homology of a morphism of derived stacks in an appropriate way, so that we can generalize 
Olsson’s construction of logarithmic Hochschild homology to the ∞ -categorical setting. We 
define 4.2.3.1 what we call the “HKR-completed Hochschild homology” of a general morphism 
of derived stacks, and show that it satisfies many of the properties one expects of Hochschild 
homology, including that it agrees with the Hochschild homology of a map of (animated) 
rings, admits a complete, descending, N-indexed filtration whose associated graded pieces 
are given by shifts of exterior powers of the cotangent complex (when it exists), and for 
sufficiently nice morphisms may be computed as the derived self-intersection of the diagonal. 

To be precise, we define functors 

HH , HH : Arr(dS tk)op → QC 

which realize Hochschild homology of a morphism of derived stacks f : X → S functori-
ally in the morphism (as opposed to just the source), such that HH (X /S ) ∈ QC (X ) and 
HH(X /S ) ∈ QC (S ). We also prove various compatibility results for HH and HH; in particu-
lar, we show that f∗HH (X /S ) ≃ HH(X /S ), and that if S = Spec k is affine, that HH(X /S ) 
agrees with the usual definition(s) of HH(X /k) ∈ QC (Spec k). We also prove that if the 
morphism X → S is flat, that HH (X /S ) and HH(X /S ) agree with the notions defined in 
[Ols16] in an appropriate sense. 

We show that our constructions of HH and HH are endowed with an HKR filtration 
(generalizing the usual HKR filtration), with associated graded pieces given by shifts of 



CHAPTER 1. INTRODUCTION 3 

powers of the cotangent complex. As a result, we generalize the HKR isomorphism for 
logarithmic Hochschild homology in [Ols16] to non-smooth morphisms. 

This filtration is the main tool which allows us to obtain the comparison between Rognes’ 
logarithmic Hochschild homology HHRog and Olsson’s logarithmic Hochschild homology 
HHOls . Following Olsson’s comparison between Gabber’s logarithmic cotangent complex and 
his own, we construct a morphism HHRog → HHOls which yields Olsson’s comparison be-
tween the cotangent complexes on associated gradeds using the fact that Gabber’s cotangent 
complex is the animation of the functor of logarithmic differentials. Specifically, we construct 
for sufficiently nice maps of prelog rings (k, P ) → (A, M) a canonical morphism 

HHRog((A, M)/(k, P )) → HH Ols ((A, M)/(k, P )) 

induced by the universal property of the repletion, and show that for a free polynomial 
prelog algebra over a free prelog ring, the map is canonically an equivalence, and that the 
associated graded pieces of the induced map correspond to the comparison morphism between 
log cotangent complexes constructed in [Ols05, Section 8]. 

Applying the discussion in [BLPØ23, Remark 7.29], we deduce that these maps on as-
sociated gradeds, while not equivalences in general, do become so after dividing Nisnevich 
sheafification, and deduce that the morphism HHRog → HHOls also becomes an equivalence 
after dividing Nisnevich sheafification. 

We conjecture that there should also be a more robust version of this comparison obtained 
by geometric considerations. Both logarithmic Hochschild homology theories are closely re-
lated to logarithmic modifications of the “derived self-intersection of the diagonal” interpre-
tation of ordinary Hochschild homology. However, this would require more theory than we 
have established currently. We conjecture that for a sufficiently nice map of log schemes 
X → S, HHRog (X/S) can be obtained as RΓ(X, ∆ ∗∆∗OX ) for a map X → RLogS, where 
RLogS is a derived version of Olsson’s stack of logarithmic structures, and that HHOls(X/S) 
will be closely related to the classical truncation of RLogS . The theory of RLogS has re-
cently been developed in [Zha26], and we hope this further development of this theory will 
lead to a geometric comparison between the logarithmic Hochschild homology theories. 

1.1 Conventions 

1. We use the theory of ∞-categories throughout the work in essential ways. We refer the 
reader to [Lur08] and [Lur17] for the relevant background. We attempt to work model-
independently with regard to ∞-categories as much as possible, but when specific 
models are needed, we follow the conventions of [Lur08] unless otherwise stated. 

2. We will refer to classical algebraic objects (e.g., commutative rings, commutative 
monoids, etc.) as discrete or classical in order to distinguish them from their ani-
mated counterparts. We will not consider topological rings, monoids, etc.. However, 
for their geometric counterparts, we will use solely the term classical ; i.e., a classical 
scheme, classical algebraic space, classical algebraic stack. 
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3. A classical algebraic or Artin stack will mean a stack whose diagonal is representable 
by algebraic spaces, and which admits a smooth surjection from a scheme. We assume 
the reader is familiar with the classical theory of algebraic spaces and stacks at the 
level of [Ols16], and recommend [Ols16] and [Stacks] for references. 

4. We will denote a (pre)log scheme (X,MX , αX ) simply by X, generally eliding the 
(pre)log structure, unless there is risk of confusion or we need to emphasize the par-
ticular (pre)log structure. For a (pre)log scheme X, the underlying scheme will be 
denoted X. 

5. Logarithmic structures will not be assumed to be fine (or saturated) in general. How-
ever, when dealing with classical log structures, we will often specialize to this case. 

6. For a discrete commutative ring k, we will let Modk denote its ordinary 1-category 
of modules, and we will let Modk denote the ∞-category of k-modules (meaning k-
module objects in spectra or equivalently the stabilization of the category Modcn 

k of 
connective or animated k-modules). 

7. We choose to use homological indexing throughout, except when otherwise stated. This 
conforms with many sources’ approaches to Hochschild homology and to ∞-categorical 
theory in general, although it then differs from the standard algebraic geometry con-
ventions. 

8. Given an object X in a stable ∞-category C, we let X[1] be the cofiber of the canonical 
map X → 0. In particular, there is a canonical pushout square 

X 0 

0 X[1]. 

9. For any ∞-category C, the category Arr(C) is defined to be the ∞-category Fun(∆1 , C). 
If C is an ordinary category, we may use Arr(C) to refer to Fun([1], C) as a 1-category 
or the ∞-category N(Fun([1], C)) ≃ Fun(∆1 , N(C)), depending on the context. 

10. By definition, all filtrations will be decreasing; see B. 



5 

Chapter 2 

Derived Algebraic Geometry 

There are several closely related, but distinct, conventions for the foundations of derived 
algebraic geometry. We begin by reviewing the basics of derived algebraic geometry as 
established by Toën-Vezzosi in [TV04] and [TV06], and as laid out in more modern language 
in [Yay22]. Our exposition follows [Yay22] closely. 

2.1 Affine Derived Algebraic Geometry 

Animated rings will play the role in derived algebraic geometry analogous to the role that 
discrete commutative rings play in classical algebraic geometry. In particular, animated rings 
will provide the local models for general derived algebraic geometry. As such, we begin by 
recalling the most important definitions and results about these objects. 

2.1.1 Animated Rings 

Definition 2.1.1.1. Let k be a discrete commutative ring. The ∞-category aRingk of 
animated k-algebras is the animation of the category CAlgk of discrete k-algebras. If k = Z, 
then we simply write aRingk = aRing. If A is an animated k-algebra, then we also let 
aRingA := (aRingk)A/ . 

Remark. The category aRingk admits several equivalent descriptions, as described in A. 
Convenient ones include the ∞-category obtained by freely adjoint sifted colimits to Polyk 

(in the ∞-categorical sense), the underlying ∞-category of the model category of simplicial 
commutative rings with its standard model structure (see [Qui67] for a more detailed exposi-
tion or [Mat12] for an overview), or the full sub-∞-category of Fun(Polyop 

k , Ani) spanned by 
the finite-product preserving functors, where Polyk is the category of polynomial k-algebras 
in finitely many variables, and Ani is the ∞-category of anima/spaces. 

Using the fact that aRing is equivalent to the ∞-category associated to the simplicial 
model category sCRing, it follows from [Lur17, 5.5.3.11] and [Lur17, A.3.7.6] that aRing is 
presentable. 
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Because aRingk is defined to be the animation of a 1-category, it satisfies a universal 
property: namely, given a presentable ∞-category C, the canonical functor Polyk → aRingk 

induces an equivalence of ∞-categories 

Funsift(aRingk, C) → Fun(Polyk, C) 

where Funsift denotes the full sub-∞-category of Fun spanned by functors which preserve 
sifted colimits. As functors between ∞-categories can be difficult to construct, this provides 
us with a very useful method for building functors out of aRingk. 

There are other variants of “derived commutative ring” that one could take as the building 
blocks for derived algebraic geometry, including dg-algebras and connective E∞-algebras. 
Despite the fact that our focus will be on animated rings and their geometric counterparts, 
it will benefit us to make use of some aspects of the theory of E∞-rings. 

For k a discrete commutative ring, let CAlgcn 
k denote the ∞-category of connective E∞-k-

algebras (see [Lur17, Chapter 7] for details). The embedding Polyk → CAlgcn 
k then induces a 

sifted colimit preserving functor θ : aRingk → CAlgcn 
k via the universal property of animation. 

The functor θ is conservative and admits both a left adjoint θL and a right adjoint θR , see 
[Lur, 25.1.2.2]. 

Definition 2.1.1.2. Let A ∈ aRing be an animated ring, and let i ∈ Z. The ith homotopy 
group of A is defined to be πi(A) := πi(θ(A)), where πi : CAlgcn 

Z → Sp → Ab are the 
homotopy group functors. 

Remark. The definition of πi(A) above agrees with the ith homotopy group of the underlying 
anima of A. Additionally, since θ(A) is connective for any animated ring A, πi(A) ≃ 0 for 
i < 0. Finally, π∗(A) has the structure of a graded ring. 

Definition 2.1.1.3. Let A ∈ aRingk be an animated k-algebra, and let n ≥ 0 be an integer. 
We say that A is n-truncated if πm(A) ≃ 0 for m > n, and we let (aRingk)≤n denote the full 
sub-∞-category of aRingk spanned by the n-truncated animated k-algebras. 

Remark. By [Lur, Remark 25.1.3.3], an animated k-algebra A is n-truncated if and only if the 
underlying E∞-k-algebra θ(A) is n-truncated, if and only if MapaRingk 

(B, A) is n-truncated 
for all B ∈ aRingk. 

In fact, if A is an animated ring and n ≥ 0 is an integer, then the inclusion 

(aRingA)≤n → aRingA 

is the right adjoint in an adjunction 

τ≤n : aRingA (aRingA)≤n . 

If n = 0, (aRingA)≤0 is equivalent to the category of discrete commutative π0A algebras, and 
we also write π0 for τ≤0. 
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Definition 2.1.1.4. Let f : A → B be a map of animated k-algebras. We say B is locally 
of finite presentation over A if it is compact as an animated A-algebra; i.e., the functor 
MapaRingA 

(B,−) : aRingA → Ani commutes with filtered colimits. 

Warning. If f : A → B is locally of finite presentation, then π0f : π0A → π0B is finitely 
presented, but the converse is not true, even if A and B are discrete. Instead, f : A → B is 
locally of finite presentation if and only if π0f : π0A → π0B is locally of finite presentation 
and its cotangent complex is perfect. 

Definition 2.1.1.5. Let f : A → B be a map of animated k-algebras. We say that f is flat 
(respectively faithfully flat, étale, smooth) if the following conditions hold: 

1. The morphism π0f : π0A → π0B of discrete commutative rings is flat (respectively 
faithfully flat, étale, smooth), and 

2. For all i, the canonical morphism πiA ⊗π0A π0B → πiB is an isomorphism. 

2.1.2 Modules, Animated and General 

The “forgetful” functor θ allows us to define modules over an animated ring in a particularly 
efficient manner. 

Definition 2.1.2.1. Let A ∈ aRing be an animated ring. The ∞-category of A-modules 
is defined to be ModA := Modθ(A)(Sp); i.e., the category of θ(A)-module objects in the 
∞-category Sp of spectra. 

Remark. The category ModA can be equivalently described as the stablization of the cate-
gory of the animation of simplicial commutative A•-modules, where A• is a presentation of 
A by a simplicial commutative ring. In fact, Modcn 

A is the category of animated A-modules. 
Moreover, if k is a discrete commutative ring, then Modk ≃ D(k) is equivalent to the derived 
∞-category of k as defined in [Lur17]. 

Definition 2.1.2.2. Let M ∈ Modcn 
A . 

1. We say that M is flat if π0M is a flat π0A-module and the natural map πiA⊗π0Aπ0M → 
πiM is an isomorphism of π0A-modules for all i. 

2. We say that M is projective if for all N ∈ Modcn 
A , we have 

π0 MapModA 
(M,N [1]) ∼= HomhModA (M,N [1]) ∼= Ext 1(M,N) ∼= 0. 

By [Lur17, 7.2.2.14] and [Lur17, 7.2.2.18], a projective A-module M is automatically flat, 
and a flat module M is projective if and only if π0M is a projective π0A-module. 

Definition 2.1.2.3. Let M be an A-module. We say M is finite projective if it is projective 
and π0M is a finitely presented π0A-module. 
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We will make extensive use of the following construction and a number of related variants. 
Fix a base discrete commutative ring k. There is an ∞-category MODk(Sp) whose objects 
are pairs (A,M) such that A ∈ CAlgcn 

k and M ∈ ModA(Sp), which comes equipped with a 
Cartesian fibration MODk(Sp) → CAlgcn 

k , given on objects by forgetting the A-module M. 
A morphism (A,M) → (B,N) in MODk(Sp) is equivalent to the data of a map A → B in 
CAlgcn 

k and a map M ⊗A B → N in ModB(Sp). The precise construction of this Cartesian 
fibration can be found in [Lur17, Section 4.5]. Note that because the categories ModA(Sp) 
are presentable for all A, this fibration is both Cartesian and coCartesian. 

Let MODk := MODk(Sp) ×CAlgcn 
k 
aRingk, and let MODcn 

k be the full sub-∞-category 
spanned by those (A,M) such that M is connective. We can realize this ∞-category as the 
animation of a 1-category, which will be convenient for when we need to construct functors 
in or out of it. 

Proposition 2.1.2.4 ([Lur, Proposition 25.2.1.2]). The ∞-category MODcn 
k is the anima-

tion of MODk, the ordinary category of pairs (A,M), where A ∈ CAlg, M ∈ ModA, and a 
morphism (A,M) → (B,N) is given by a pair (f, ϕ), where f : A → B is a morphism of 
commutative rings, and ϕ : M ⊗A B → N is a morphism of B-modules. 

Corollary 2.1.2.5 ([Lur, Corollary 25.2.1.3]). Let PolyFreek ⊆ MODcn 
k be the full sub-∞-

category spanned by objects (P, F ) where P ∈ Polyk and F is a free P -module of finite rank. 
If E is an ∞-category admitting sifted colimits, then restriction 

Funsift(MODcn 
k , E) → Fun(PolyFreek, E) 

is an equivalence of ∞-categories. 

Remark. The proof of [Lur, 25.2.1.2] has some broken references in the current version of 
[Lur]. We refer to [Yay22, 2.34] for indications as to what those references should be. Note 
that PolyFreek is in fact a 1-category. 

Let A ∈ aRing be arbitrary. We also define MODA := MODZ ×aRing aRingA and 
MODcn 

A := MODcn 
Z ×aRing aRingA. In particular, we can identify the objects of MODA (re-

spectively MODcn
A ) with pairs (B,M) such that B ∈ aRingA and M ∈ ModB (respectively 

M ∈ Modcn 
B ). 

2.2 Derived Stacks and Geometricity 

We now proceed with the global theory of derived stacks and the analogue of algebraic stacks, 
which are called geometric stacks. 

Definition 2.2.0.1. The category dAff of affine derived schemes is the opposite of the 
category of animated rings, aRing. If k is a fixed animated ring, then we will write dAffk := 
aRingk/ 

op 
. For A ∈ aRingk/, we denote the corresponding object of dAffk by Spec A. 
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The ∞-categorical Yoneda embedding allows us to view dAffk as a subcategory of 
PSh(aRingk)

op := Fun(aRingk, Ani), where Spec A is identified with MapaRingk 
(A, −). 

Definition 2.2.0.2. Let A be an animated k-algebra. 

1. The fpqc topology on dAffk is defined by the property that a sieve C ⊆ (dAffA)/ Spec B ≃ 
dAffB is a covering sieve if and only if it contains a finite family (Spec Bi → Spec B)i∈I 

such that the induced map B → 
 

i∈I Bi is faithfully flat. 

2. The étale topology on dAff ét k (the full subcategory of Spec A → Spec k with k → A 
étale) is defined by the property that a sieve C ⊆ (dAff ét A )/ Spec B ≃ dAff ét B is a covering 
sieve if and only if it contains a finite family (Spec Bi → Spec B)i∈I such that the 
induced map B → 


i∈I Bi is faithfully flat (hence étale). 

Proof. A map f : A → B of animated rings is faithfully flat (respectively faithfully flat and 
étale) if and only if θ(f) is so, and the collection of all such morphisms satisfies the properties 
of [Lur, A.3.2.1] if and only if its image under θ does, using the fact that θ admits both a 
left and right adjoint. The result then follows from [Lur, B.6.1.3], [Lur, B.6.1.7], and [Lur, 
B.6.2.1]. 

Remark. For any B ∈ aRing, Spec B is an fpqc sheaf, by [Lur, 25.1.2.2] and [Lur, D.6.3.5]. 

Definition 2.2.0.3. We say that a morphism Spec B → Spec A of affine derived schemes 
is flat (respectively, smooth, étale, locally of finite presentation) if the underlying morphism 
A → B in aRing is so. 

Given a discrete ring A, we will denote by Speccl A its corresponding classical scheme: in 
particular, Speccl A = HomCAlg(A, −) : CAlg → Set is a set-valued functor, whereas Spec A 
is a functor valued in anima even if A is discrete. In particular, MapaRing(A,B) need not be 
discrete for a general B ∈ aRing (although we do have MapaRing(B,A) ≃ HomCAlg(π0B,A) 
for any B ∈ aRing, A discrete by 2.1.1.3 and the following remark). 

With these topologies on dAffk in hand, we can now define the geometric objects we will 
consider. 

Definition 2.2.0.4. Let k ∈ aRing. A derived stack over k is a sheaf on dAff ét k valued in 
Ani . The ∞-category of derived stacks over k will be denoted dStkk, and if k = Z, we will 
write dStk := dStkZ. 

Analogously to the classical situation, general derived stacks are too unweildy, and we 
require derived stacks which are more closely connected to the world of “animated algebra.” 
The derived replacement of a cover is that of effective epimorphisms, which we now define. 

Definition 2.2.0.5. Let k ∈ aRing. A map f : X → Y in dStkk is an effective epimorphism 
if the natural map 

colim∆ Č(X /Y)• → Y 

is an equivalence in dStkk after sheafification. 
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We now define the notion of a geometric derived stack, which is the derived analogue 
of a classical algebraic stack. Unlike in the classical theory, there are varying levels of 
geometricity, defined inductively. 

Definition 2.2.0.6. Let X be a derived stack, and let f : X → Y be a morphism of derived 
stacks. 

1. a) We say X is (−1)-geometric or affine if it is equivalent to an affine derived scheme. 
b) We say f : X → Y is (−1)-geometric or affine if for all maps Spec A → Y , the 

fiber product X ×Y Spec A is affine. 
c) A (−1)-geometric morphism f : X → Y of derived stacks is smooth (respectively, 

étale) if for all maps Spec A → Y , the map Spec B ≃ X ×Y Spec A → Spec A 
corresponds to a smooth (respectively étale) morphism A → B of animated rings. 

2. Let n ≥ 0. 

a) A (smooth) n-atlas of a X is a family {Spec Ai → X }i∈I of morphisms of derived 
stacks such that 

i. every Spec Ai → X is (n − 1)-geometric and smooth, and 
ii. the induced morphism 


Spec Ai → X is an effective epimorphism. 

If each morphism Spec Ai → X is étale, we call the n-atlas an étale n-atlas. 
b) We say X is n-geometric (respectively, n-DM ) if 

i. it has an n-atlas (respectively, étale n-atlas), and 
ii. the diagonal X → X × X is (n − 1)-geometric. 

c) We say f : X → Y is n-geometric (respectively, n-DM ) if for all maps Spec A → 
Y , the base change X ×Y Spec A is n-geometric (respectively, n-DM). 

3. Let n ≥ 0. 

a) An n-geometric morphism f : X → Y is smooth, if for all maps Spec A → Y , 
X ×Y Spec A has an n-atlas given by a family of affine derived schemes {Spec Ai → 
X ×Y Spec A} such that the induced map A → Ai is smooth for all i. 

b) An n-DM morphism f : X → Y is étale if for all maps Spec A → Y , X ×Y Spec A 
has an étale n-atlas given by a family of affine derived schemes {Spec Ai → X ×Y 

Spec A} such that the induced map A → Ai is étale for all i. 
c) We say f : X → Y is geometric (respectively, DM ) if it is n-geometric (respec-

tively, n-DM) for some n ≥ −1. 

The following is a collection of basic properties of geometric stacks and geometric mor-
phisms. Most of these are easily shown by induction or follow immediately from the def-
initions, but we refer the reader to [TV06, Proposition 1.3.3.3], [AG14, Lemma 4.25], and 
[AG14, Lemma 4.30] for the nontrivial arguments. 
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Lemma 2.2.0.7. Let f : X → Y and g : Y → Z be morphisms of derived stacks. Then: 

1. If g ◦ f is n-geometric, so is X ×Z Y → Y . 

2. f is n-geometric if and only if X ×Y Spec A → Spec A is n-geometric for all Spec A → 
Y . 

3. If f and g are n-geometric, then so is g ◦ f. 

4. If X and Y are n-geometric, then f is n-geometric. 

5. If g ◦ f is n-geometric and g is (n + 1)-geometric, then f is n-geometric. 

6. If X is n-geometric and Y → Y×Y is n-geometric, then f is n-geometric. If moreover 
f is a smooth effective epimorphism, then Y is (n + 1)-geometric.1 

7. If X and Y are n-geometric, then X → X ×Y X is (n − 1)-geometric. 

We also take the time to prove a few basic lemmas which allow us to detect geometricity 
by examining one atlas, instead of considering all possible morphisms from affines. 

Lemma 2.2.0.8. Let f : X → Y be a map of n-geometric derived stacks. Then f is (n −1)-
geometric if and only if there exists an n-atlas {Spec Ai → Y} such that XAi := X ×Y Spec Ai 

is (n − 1)-geometric for all i. 

Proof. The only if direction is trivial. On the other hand, suppose that there exists an 
n-atlas {Spec Ai → Y}i∈I such that Xi := X ×Y Spec Ai is (n − 1)-geometric for all i. Let 
Spec B → Y be an arbitrary map of derived stacks. We must show that XB := X ×Y Spec B 
is (n − 1)-geometric. Choose an étale atlas {Spec Bj → Spec B}j∈J such that for all j, there 
exists ij with the composition Spec Bj → Spec B → Y factoring through Spec Aij → Y . 

Let Xj := X ×Y Spec Bj, and note that we have the following commutative diagram where 
every square is a pullback 

X j Spec B j 

Xij Spec Aij 

XB Spec B 

X Y 
1Compare this to the result that any map from a classical algebraic space to a classical algebraic stack 

is representable (by classical algebraic spaces). 
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Thus, since Xj ≃ Xij ×Ai j 
Spec Bj, we see that X is (n − 1)-geometric.

So, take a smooth (n − 1)-atlas {Spec C(j,k) → X j}k∈Kj of X j. It follows that  

j∈J 

{Spec C(j,k) → X j → XB}k∈Kj 

is an (n − 1)-atlas of XB, so that XB is (n − 1)-geometric, as desired. 

Corollary 2.2.0.9. Let f : X → Y be a map of n-geometric derived stacks. Suppose that 
there exists an (n − 1)-geometric stack Y and a smooth effective epimorphism Y → Y such 
that X := X ×Y Y is (n − 1)-geometric. Then f is (n − 1)-geometric. 

Proof. Choose an atlas {Spec Ai → Y } of Y. Then {Spec Ai → Y → Y} is an atlas of Y such 
that X ×Y Spec Ai is (n − 1)-geometric for all i; then the result follows from 2.2.0.8. 

Definition 2.2.0.10. Let P be a property of (morphisms of) affine derived schemes that is 
stable under equivalences2 , pullbacks, compositions, and is smooth-local on the source and 
target, in the sense that the following are satisfied: 

1. If f : Spec B → Spec A is a map of affine derived schemes, and {pi : Spec Bi → Spec B} 
is any smooth cover (i.e., each pi is smooth and 

 
Spec Bi → Spec B is an effective 

epimorphism), then f has property P if and only if3 each composition f ◦pi : Spec Bi → 
Spec A has property P . 

2. If f : Spec B → Spec A is a map of affine derived schemes, and {Spec Ai → Spec A} is 
a smooth cover, then f has property P if and only if all the projections Spec B ×Spec A 

Spec Ai → Spec Ai have property P . 

3. P is stable under smooth postcomposition.4 

Such a property is called a good property. 

Examples of good properties include “locally of finite presentation,” “flat,” and of course, 
“smooth.” 

We may generalize the notion of a morphism with a good property to geometric mor-
phisms of derived stacks as follows. 

Definition 2.2.0.11. Let P be a good property of morphisms of affine derived schemes. 
Then a morphism f : X → Y of derived stacks has property P if it is n-geometric (for some 
n) and for an affine (n − 1)-atlas Ui of the pullback along an affine derived scheme Spec B 
the corresponding morphism Ui → Spec B has property P . 

2in the sense that any equivalence has property P 
3In [TV06], only the if direction is assumed. We assume both directions, which aligns more with classical 

algebraic geometry, and we do not see any issues in adding the additional condition with any of the developed 
theory. 

4Note that stability under postcomposition is not explicitly assumed in [TV06], but is assumed in the 
stacks project: see [Stacks, Tag 06FB]. 

https://stacks.math.columbia.edu/tag/06FB
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Remark. Note that if f : X → Y is a map of affine derived schemes and P is a good property 
of morphisms of affine derived schemes, then f has property P (in the sense of the above 
definition) if and only if f has property P when P is considered as a property of morphisms 
of affine derived schemes. 

Lemma 2.2.0.12. Suppose that X is an n-geometric derived stack, with given n-atlas 
{Spec Ai → X}i∈I , and let Spec B → X be arbitrary. Then there exists a smooth collec-
tion of morphisms {Spec Bj → Spec B} such that 

1. 
 

j Spec Bj → Spec B is an effective epimorphism, and 

2. for all j, there exists ij ∈ I and a morphism Spec Bj → Spec Aij such that 

Spec B j Spec B 

Spec Aij X 

commutes. 

Proof. For all i, let Ui = Spec Ai ×X Spec B. Since {Spec Ai → X}i∈I is an n-atlas of X , 
each Ui is (n − 1)-geometric. We can then choose an (n − 1)-atlas {Spec B(i,j) → Ui}j∈Ji . It 
follows that we obtain a commutative diagram 

Spec B(i,j) Spec B 

Spec Ai X 

and that {Spec B(i,j) → Spec B}i∈I,j∈Ji is a collection of smooth morphisms satisfying the 
desired properties. 

Lemma 2.2.0.13. Let P be a good property of affine derived schemes, and suppose that 
f : X → Y is an n-geometric morphism of derived stacks which has property P . If g : X ′ → X 
is any smooth n-geometric morphism of derived stacks, then f ◦ g has property P . 

Proof. We must show that for any Spec A → Y , there exists an n-atlas {Spec Cj → X ′ 
A} of 

X ′ 
A := X ′ ×Y Spec A such that the compositions Spec Cj → Spec A all have property P . As 

such, we may assume that Y ≃ Spec A is affine. Let {Spec Bi → X} be an n-atlas such that 
the compositions Spec Bi → Spec A have property P . 

Let {Spec Ck → X ′ } be an n-atlas of X ′ , and consider the pullback U(i,j) := Spec Cj ×X 

Spec Bi. If {Spec C ′ 
(i,j,k) → U(i,j)} is an n-atlas of U(i,j), then the compositions {Spec C ′ 

(i,j,k) → 
Spec Cj} form a smooth cover as well. If we can then show that Spec C ′ 

(i,j,k) → Spec A has 
property P for any tuple (i, j, k), it will follow by locality on the source that Spec Cj → Spec A 
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also has property P . However, this follows from the fact that the maps Spec C ′ 
(i,j,k) → Spec Bi 

are all smooth, so that we may find a smooth cover {Spec Dα → Spec Bi} which includes 
the morphism Spec C ′ 

(i,j,k) → Spec Bi, and the fact that all Spec Bi → Spec A have property 
P so that all the compositions Spec Dα → Spec A have property P as well. 

Corollary 2.2.0.14. Let P be a good property of affine derived schemes, and suppose that 
X → Spec A is a morphism of n-geometric derived stacks which has property P . Then for 
any n-atlas {Spec Bj → X}, the compositions Spec Bj → Spec A have property P . 

Proposition 2.2.0.15 ([TV06, Proposition 1.3.6.3]). Let P be a good property of morphisms 
of affine derived schemes. Then: 

1. as a property of morphisms of derived stacks, P is stable under equivalences, pullbacks, 
and compositions. 

2. if f : X → Y is a morphism of n-geometric derived stacks, f has property P if and 
only if there exists an n-atlas {Spec Ai → Y} such that X ×Y Spec Ai → Spec Ai has 
property P for all i. 

Proof. We provide a proof for the convenience of the reader, as this is claimed in [TV06], 
but not proven, and we did not manage to find a proof of the second point which does not 
use our slightly strengthened version of what smooth local on the source-and-target means. 

1. First, let f : X → Y be an equivalence of derived stacks, and let Spec A → Y be 
arbitrary. The pullback of an equivalence is an equivalence, so we obtain an equivalence 
X×Y Spec A ≃ Spec A ′ → Spec A. Since P is stable under equivalences for affine derived 
schemes, Spec A ′ → Spec A has property P , and thus, so does f. 

Next, suppose f : X → Y is a morphism of derived stacks which has property P , and 
suppose that 

X ′ Y ′ 

X Y 

f ′ 

f 

is a Cartesian diagram of derived stacks. We wish to show that f ′ has property P . 
This is immediate: given Spec A → Y ′ , X ′ ×Y ′ Spec A ≃ X ×Y Spec A, so the result 
follows. Thus a good property is stable under pullbacks. 

Finally, suppose we are given f : X → Y and g : Y → Z morphisms of derived 
stacks such that both f and g have property P . We wish to show that g ◦ f has 
property P . Let Spec A → Z be any morphism, and set YA := Y ×Z Spec A and 
XA := X ×Z Spec A. Since g has property P , we may find an atlas {Spec Bi → YA} 
such that the compositions Spec Bi → Spec A all have property P . If we then set 
XBi := XA ×YA Spec Bi ≃ X ×Y Spec Bi, we may then find an atlas {Spec C(i,j) → XBi } 
of XBi such that the compositions Spec C(i,j) → Spec Bi all have property P , as f has 
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property P . The desired result then follows from the assumption that P is stable under 
compositions of morphisms of affine derived schemes. 

2. Let f : X → Y be a morphism of n-geometric derived stacks (hence f is n-geometric 
as well). The “only if” direction is trivial, so suppose conversely that there exists an n-
atlas {Spec Ai → Y} such that Xi := X ×Y Spec Ai → Spec Ai has property P for all i. 
Note that it is enough to suppose the existence of an atlas {U(i,i ′ ) → Xi} such that the 
compositions U(i,i ′ ) → Spec Ai all have property P , since given any Spec B → Spec Ai, 
we can simply base change U(i,i ′ ) ×Spec Ai Spec B to obtain an atlas for Xi ×Spec Ai Spec B 
with the desired property. 

We must show that for any Spec B → Y , there exists an n-atlas {Spec Ck → X ×Y 

Spec B} such that the compositions Spec Ck → Spec B all have property P . Let U ′ 
i := 

Spec Ai ×Y Spec B, and let X ′ 
i := Xi×Spec Ai Ui ≃ Xi ×Y Spec B. Then because P is stable 

under pullbacks, X ′ 
i → U ′ 

i has property P , as it is the base change of Xi → Spec Ai. 
Choose an n-atlas {Spec D(i,α) → Ui} of Ui, and let X ′

(i,α) := X ′ 
i ×Ui Spec D(i,α). Then 

once again the maps X ′(i,α) → Spec D(i,α) have property P by base change. 

Finally, if {Spec Ck → XB} is any n-atlas, consider the collection of morphisms 
{Spec Ck ⊗B D(i,α) → X ′

(i,α)}. This collection forms an n-atlas of X ′
(i,α) since the Spec Ck 

form an n-atlas of XB, 2.2.0.14 implies that the maps Spec Ck ⊗B D(i,α) → Spec D(i,α) all 
have property P . A diagram of all the derived stacks would now look like the following: 

Spec Ck ⊗B D(i,α) X ′ (i,α) Spec D(i,α) 

X ′ i U ′ i 

Spec Ck XB Spec B 

Xi Spec Ai 

X Y 

where the double headed arrows indicate that the map in question participates in an 
n-atlas or smooth cover. 

Then the fact that P is local on the target for morphisms of affine derived schemes 
implies that the maps Spec Ck → Spec B all have property P , so the desired result 
follows. 

It is also useful to be able to detect properties of a map of geometric stacks via a suffi-
ciently nice map between “covers” of those stacks. 
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Definition 2.2.0.16. Let f : X → Y be a morphism of n-geometric derived stacks, with 
n ≥ 0. A chart for f is a commutative diagram 

X X ′ Y 

X Y 

h 

g f ′ 

p 

f 

such that X and Y are disjoint unions of (n − 1)-geometric derived stacks5 , the square is 
Cartesian, and g and p are smooth effective epimorphisms. 

The following lemma is a standard sort of argument, but we provide the details for the 
convenience of the reader and to reassure ourselves that properties of morphisms of geometric 
derived stacks behave as one would expect from experience of classical algebraic geometry. 

Lemma 2.2.0.17. Suppose that P is a good property of affine derived schemes, and let 
f : X → Y be a morphism of n-geometric derived stacks, with n ≥ 0. Consider diagrams of 
the form 

U V 

X Y 

h 

f 

(2.1) 

where U and V are disjoint unions of (n − 1)-geometric stacks and the vertical morphisms 
are smooth. Then the following are equivalent: 

1. For all maps Spec A → Y , and for any n-atlas {Spec Bi → X ×Y Spec A}, the compo-
sitions Spec Bi → Spec A have property P for all i. 

1’. For all maps Spec A → Y , there exists an n-atlas {Spec Bi → X ×Y Spec A} such that 
the compositions Spec Bi → Spec A have property P for all i (i.e., f has property P). 

2. For all n-atlases {Spec Ai → Y} of Y and for all families of n-atlases {Spec B(i,j) → 
X ×Y Spec Ai}j∈Ji of the X ×Y Spec Ai, the compositions Spec B(i,j) → Spec Ai have 
property P for all i, j ∈ Ji. 

2’. For all n-atlases {Spec Ai → Y} of Y there exists a family of n-atlases {Spec B(i,j) → 
X ×Y Spec Ai}j∈Ji of X ×Y Spec Ai, such that the compositions Spec B(i,j) → Spec Ai 

have property P for all i, j ∈ Ji. 
5The “disjoint union” part of this condition is an artifact of our definition of (−1)-geometric derived 

stacks, and this is one instance where the conventions of [AG14] are slightly more convenient. If n ̸= 0, a 
disjoint union of (n − 1)-geometric derived stacks is again (n − 1)-geometric. However, if n = 0, a disjoint 
union of (−1)-geometric stacks need not be (−1)-geometric, as an arbitrary disjoint union of affines need not 
be affine. 
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2”. There exists an n-atlas {Spec Ai → Y} of Y and for each i an n-atlas {Spec B(i,j) → 
X ×Y Spec Ai}j∈Ji of X ×Y Spec Ai, such that all the compositions Spec B(i,j) → Spec Ai 

have property P . 

3. For all diagrams as in 2.1 such that in addition U → X ×Y V is smooth, the morphism 
h has property P (in the sense of 1’). 

3’. For some diagram as in 2.1 with U → X an effective epimorphism, the morphism h 
has property P (in the sense of 1’). 

4. For all diagrams as in 2.1 such that in addition U → X ×Y V is smooth and U and V 
are disjoint unions of affine derived schemes, the morphism h has property P (in the 
sense of 1’). 

4’. For some diagram as in 2.1 with U and V disjoint unions of affine derived schemes 
and U → X an effective epimorphism, the morphism h has property P (in the sense 
of 1’). 

Proof. Trivially, the following implications hold: 

(1.) (2.) (4.) (3.) 

(1 ′ .) (2 ′ .) (4 ′ .) (3 ′ .) 

(2 ′′ .) 

1. ((3 ′ .) =⇒ (3.)) This is analogous to (part of) [Stacks, Tag 06FM]. Our proof is 
mostly identical with only a few adjustments, reproduced here for the convenience of 
the reader. 
Without loss of generality, we may assume that V → Y is an effective epimorphism. 
Indeed, we can take some (n − 1)-atlas {Spec Ai → V }i∈I of V and consider the 
collection of maps {Spec Ai → V → Y}i∈I . We may then extend the collection of 
smooth (n − 1)-geometric maps {Spec Ai → Y}i∈I to an n-atlas {Spec Ãi → Y}i∈ ̃I of 
Y such that I ⊆ Ĩ and if i ∈ I ⊆ Ĩ , then Ãi = Ai. Letting Ṽ = V 

  
i∈Ĩ\I Spec Ãi 

 

we obtain a smooth morphism V → Ṽ , and since P is a good property and thus closed 
under smooth postcomposition, the composition U → Ṽ also satisfies P . So going 
forward, assume that V → Y is an effective epimorphism. 
Suppose that 

U V 

X Y 

h 

f 

https://stacks.math.columbia.edu/tag/06FM
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is a diagram as in (4′ .), and let 
U ′ V ′ 

X Y 

h ′ 

f 

be a diagram as in (3.). We must show that h ′ has property P . Consider the commu-
tative diagram 

U U ×X U ′ U ′ 

U ×Y V ′ 

V V ×Y V ′ V ′ 

h (h,h ′ ) h ′ 

and note that all geometric stacks appearing in the diagram are (n − 1)-geometric by 
2.2.0.7. The horizontal arrows are smooth by base change. The diagram 

U ×X U ′ U ′ 

U ×Y V ′ X ×Y V ′ 

is Cartesian, so the left vertical arrow is smooth because U ′ → X ×Y V ′ is by as-
sumption. Because P is preserved under base change, it follows that U ×Y V ′ ≃ 
U ×V (V ×Y V ′ ) → V ×Y V ′ has property P , and thus (h, h ′ ) has P since P is stable 
under smooth precomposition by 2.2.0.13. 

Finally, consider the commutative cube 

Z W 

U ×X U ′ V ×Y V ′ 

UA Spec A 

U ′ V ′ 

in which all faces are pullbacks. All vertical arrows are smooth effective epimorphisms, 
and since U ×X U ′ → V ×Y V ′ has property P , so does Z → W. 



CHAPTER 2. DERIVED ALGEBRAIC GEOMETRY 19 

Choose (n −1)-atlases {Spec Bi → UA} and {Spec C j → W}. Considering the diagram 

Spec Bi ⊗A C j Z ×W Spec C j Spec C j 

Spec Bi ×UA Z Z W 

Spec Bi UA Spec A 

such that all squares are pullbacks, we find that Spec Bi ⊗A Cj → Spec Cj has property 
P because Z ×W Spec Cj → Spec Cj does (by base change) and because of 2.2.0.13. 
Then because W → Spec A is an effective epimorphism and {Spec Cj → W } is an 
(n − 1)-atlas, the collection of compositions {Spec Cj → W → Spec A} form a smooth 
cover, and similarly for {Spec Bi ⊗A Cj → Spec Bi ×UA Z → Spec Bi} for any i. Thus, 
because P is smooth local on the target for maps of derived affine schemes, it follows 
that Spec Bi → Spec A has property P for any i, which proves that h ′ has property P , 
as desired. 

2. ((3.) =⇒ (2.)) Let {Spec Ai → Y} be any n-atlas of Y , and for any i, let {Spec B(i,j) → 
Xi}j∈Ji be any n-atlas of Xi := X ×Y Spec Ai. Set V = 


i Spec Ai with induced 

morphism V → Y , Ui = 


j∈Ji Spec B(i,j) with induced morphism Ui → Xi, and U =  
i Ui with induced morphism U → X ×Y V ≃ 

 
i Xi. 

By (3.), we then have that U → V has property P , and thus so does any pullback 
Ui → Spec Ai. The result then follows from 2.2.0.14. 

3. ((2 ′′ .) =⇒ (1.)) Suppose that we are given an n-atlas {Spec Ai → Y} of Y and for 
each i an n-atlas {Spec B(i,j) → Xi} of Xi := X ×Y Spec Ai such that all compositions 
Spec B(i,j) → Spec Ai have property P . Additionally, let Spec C → Y be arbitrary, 
and let {Spec Dk → XC } be an arbitrary n-atlas of XC := X ×Y Spec C. Consider the 
commutative diagram 
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Z ′′ (i,j,k) Z ′ (i,j) 

Spec B(i,j) 

Zi Wi 

Xi Spec Ai 

Spec Dk XC Spec C 

X Y 

where all squares are Cartesian. Then it follows that for any tuple (i, j), the map 
Z ′ 

(i,j) →Wi has property P , as Spec B(i,j) → Spec Ai was assumed to have P . Because 
Spec Dk → XC is smooth, so is Z ′′

(i,j,k) → Z ′ 
(i,j), and thus Z ′′

(i,j,k) →Wi has property P 
as P is stable under smooth precomposition by 2.2.0.13. Arguing as we did at the end 
of the proof of (3 ′ .) =⇒ (3.), it follows that Spec Dk → Spec C has property P for 
any k. 

4. ((1.) =⇒ (3 ′ .)) Finally, assume (1.) holds, and choose an n-atlas {Spec Ai → Y} 
of Y and for each i an n-atlas {Spec B(i,j) → Xi}j∈Ji of Xi := X ×Y Spec Ai such 
that the composite morphisms SpecB(i,j) → Spec Ai all have property P . If we set 
U = 

 
i 


j∈Ji 

Spec B(i,j) and V = 
 

i Spec Ai with h : U → V the induced map. Then 
U and V are 0-geometric, and the map h clearly has property P , as we can verify (2 ′′ .) 
using the natural 0-atlas {Spec Ai → V } and the maps Spec B(i,j) → Spec Ai which 
have P . 

Properties of morphisms of affine derived schemes which satisfy these conditions include 
“locally of finite presentation,” “flat,” and “smooth.” However, “étale” does not satisfy the 
conditions, since it is not smooth-local on the base. We now recall important properties of 
morphisms of derived stacks which are not defined directly from good properties of affine 
derived schemes. 

Definition 2.2.0.18. A morphism of derived stacks is étale if it is DM and étale. 

Definition 2.2.0.19. A morphism of derived stacks f : X → Y is 
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1. an open immersion if it is flat (as in 2.2.0.11), locally of finite presentation, and a 
monomorphism in the sense of [Lur17] (this is equivalent to X → X ×Y X being an 
equivalence). 

2. a closed immersion if it is affine and for any Spec B → Y , the corresponding morphism 
X ×Y Spec B ≃ Spec C → Spec B induces a surjection π0B → π0C of discrete rings. 

Remark. 1. Open immersions are local on the target in the fpqc topology. One checks 
that if A → B is a map of animated rings such that Spec B → Spec A is an open 
immersion, and A → A′ is faithfully flat, then the pushout A′ → A′ ⊗A B is also 
flat, locally of finite presentation, and an epimorphism in aRing (a monomorphism 
Spec A′ ⊗A B → Spec A′ . 

2. Closed immersions are local on the target in the fpqc topology. Indeed, if A → B is a 
map of animated rings and A → A ′ is faithfully flat, then π0A → π0B is surjective if 
and only if π0A ′ → π0(B ⊗A A ′ ) is so, since by flatness π0(B ⊗A A ′ ) ∼= π0B ⊗π0A π0A ′ . 
Now, the result follows from the classical result. 

Proposition 2.2.0.20. Suppose X and Y are geometric stacks, and suppose f : X → Y 
is affine. Then f is a closed immersion if and only if X ×Y Spec A → Spec A is a closed 
immersion of affine derived schemes for all Spec A → Y in an atlas of Y . 

Proof. The “only if” direction is trivial. For the “if” direction, suppose that we are given an 
n-atlas {Spec Ai → Y} of Y such that for all i, the maps X ×Y Spec Ai → Spec Ai are affine 
and induce surjections π0Ai → π0Bi, where X ×Y Spec Ai ≃ Spec Bi. Then f is affine by 
2.2.0.8, and the previous remark implies the result when combined with 2.2.0.12. 

Lemma 2.2.0.21 ([TV06, 1.2.9.4]). Let A ∈ aRingk, and let f ∈ π0A. The canonical map 
A → A[f−1] induces an open immersion j : Spec A[f−1] → Spec A. 

Remark. A proof of the above lemma can also be found as [Yay22, Lemma 3.20] in the 
animated language. 

The following is relatively straightforward to show directly from the definitions. We refer 
the interested reader to [Yay22, Lemma 3.32]. 

Lemma 2.2.0.22. A map f : X → Y of derived stacks is an open immersion if and only if 
for any Spec A → Y , X ×Y Spec A → Spec A is a monomorphism and there is an effective 
epimorphism 


i∈I Spec Ai → X ×Y Spec A such that each Spec Ai → Spec A is an open 

immersion. 

We also have the following useful alternate characterization of open immersions relating 
them to étale morphisms. 

Proposition 2.2.0.23. Let f : X → Y be a map of derived stacks. Then f is an open 
immersion if and only if it is an étale monomorphism. 
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Proof. If f is an open immersion, it is certainly a monomorphism. To show that f is étale, we 
must show that for all Spec A → Y , X×Y Spec A has an étale atlas {Spec Ai → X×Y Spec A} 
such that the induced maps A → Ai are étale for all i. By 2.2.0.22, there exists an effective 
epimorphism 

 
i Spec Ai → X ×Y Spec A such that the induced maps Spec Ai → Spec A are 

open immersions, and in particular, étale. 
Conversely, suppose that f is an étale monomorphism. To show that f is an open 

immersion, we must show that it is flat, locally of finite presentation, and a monomorphism. 
It is a monomorphism by assumption. Let Spec A → Y be an arbitrary map. Then there 
exists an étale n-atlas {Spec Ai → X ×Y Spec A} such that the induced maps A → Ai are all 
étale. However, étale maps are flat and locally of finite presentation, so the result follows. 

We now consider separation conditions on (morphisms of) derived stacks. 

Definition 2.2.0.24. A derived stack is separated if the diagonal is a closed immersion. 

Definition 2.2.0.25. A derived stack X is quasi-compact if there exists an n-atlas consisting 
of a single affine. A morphism f : X → Y is quasi-compact if for all maps Spec A → Y , the 
base change X ×Y Spec A is quasi-compact. 

Remark. Notice that with this definition, a quasi-compact stack is necessarily geometric. 

The following lemmas are easy to verify. 

Lemma 2.2.0.26. Let X be a derived stack. The following are equivalent: 

1. X is quasi-compact. 

2. There exists an n-atlas of X consisting of a finite number of affines. 

Lemma 2.2.0.27. Let X → Y be a quasi-compact morphism of derived stacks. Then for 
any morphism Z → Y , the base change X ×Y Z → Z is quasi-compact. 

Lemma 2.2.0.28. Let 
X Z Y 

X ′ Z ′ Y ′ 

be a commutative diagram of derived stacks such that X → X ′ , Y → Y ′ , and Z → Z ′ are 
quasi-compact. Then X ×Z Y → X ′ ×Z ′ Y is quasi-compact. 

The derived generalizations of quasi-separated stacks and morphisms are more subtle. 

Definition 2.2.0.29. Let X be a derived stack, and let f : X → Y be a morphism of derived 
stacks. 

1. We say X is 0-quasi-separated if the diagonal X → X ×X is quasi-compact. 
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2. We say f : X → Y is 0-quasi-separated if for any Spec A → Y , X ×Y Spec A is 
0-quasi-separated. 

3. Suppose k > 0. We say X is k-quasi-separated if the diagonal morphism X → X × X 
is (k − 1)-quasi-separated. 

4. Suppose k > 0. We say f : X → Y of derived stacks is k-quasi-separated if for any 
Spec A → Y , X ×Y Spec A is k-quasi-separated. 

5. If X is a n-geometric derived stack, we say X is quasi-separated if it is k-quasi-separated 
for all 0 ≤ k ≤ n. 

6. If f : X → Y is n-geometric, we say f is quasi-separated if for any Spec A → Y , 
X ×Y Spec A is quasi-separated. 

Remark. Note that if f : X → Y is k-quasi-separated, then the base change X ×Y Z → Z is 
k-quasi-separated for any Z → Y . Additionally, one can use induction to prove that given a 
commutative diagram 

X Z Y 

X ′ Z ′ Y ′ 

of derived stacks such that X → X ′ , Y → Y ′ , and Z → Z ′ are k-quasi-separated for some 
k ≤ 0, the induced map X ×Z Y → X ′ ×Z ′ Y ′ is also k-quasi-separated. 

Lemma 2.2.0.30. Let X → Spec A be a morphism of geometric derived stacks. Then X is 
quasi-separated if and only if X → Spec A is quasi-separated. 

Proof. If X → Spec A is k-quasi-separated, then we have X ×Spec A Spec B quasi-separated 
for any Spec B → Spec A. Taking B = A and the identity map shows that X is k-quasi-
separated. 

Conversely, suppose that X is k-quasi-separated, let Spec B → Spec A be arbitrary, and 
consider the diagonal map 

X × Spec A Spec B → (X × Spec A Spec B) × (X × Spec A Spec B) ≃ (X ×X )×Spec A⊗A Spec B ⊗B. 

Our previous observations tell us that if X is 0-quasi-separated, then this map will be 
quasi-compact as required, and that if X is k-quasi-separated for k > 0, then this map is 
(k − 1)-quasi-separated (because Spec A and Spec B are automatically k-separated for any 
k). 

Proposition 2.2.0.31. Let f : X → Y be a morphism of derived geometric stacks. Then f 
is k-quasi-separated if and only if X → X ×Y X is (k − 1)-quasi-separated. 
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Proof. Suppose that X → X ×Y X is (k − 1)-quasi-separated. Then the base change X ×Y 

Spec A → (X ×Y X ) ×Y Spec A is (k − 1)-quasi-separated for any Spec A → Y , and this map 
is equivalent to the diagonal of X ×Y Spec A → Spec A. However, 2.2.0.30 then tells us that 
this means X ×Y Spec A is k-quasi-separated, so that X → Y is k-quasi-separated. 

Conversely, f is quasi-separated if X ×Y Spec A is k-quasi-separated for any Spec A → Y . 
Then 2.2.0.30 implies that this is the case if and only if X ×Y Spec A → Spec A is k-quasi-
separated. In particular, f is k-quasi-separated if and only if 

X ×Y Spec A → (X ×Y Spec A) ×A (X ×Y Spec A) ≃ (X ×Y X ) ×Y Spec A 

is (k − 1)-quasi-separated, if and only if 

(X ×Y Spec A) ×(X ×Y X )×Y Spec A Spec B ≃ X ×X ×Y X Spec B 

is (k − 1)-quasi-separated for any Spec B → (X ×Y X ) ×Y Spec A. We must show that for 
any Spec B → X ×Y X , X ×X ×Y X Spec B is (k − 1)-quasi-separated. Fixing an aribitrary 
Spec B → X ×Y X and letting Spec A → Y be Spec B → X ×Y X → Y , it follows that 
X → X ×Y X is indeed (k − 1)-quasi-separated, so we are finished. 

Proposition 2.2.0.32. Let f : X → Y be a morphism of derived stacks. There exists a 
factorization 

X → I → Y 

of f such that X → I is an effective epimorphism and I → Y is a monomorphism. The 
space of such factorizations is contractible, and we call any such factorization an epi-mono 
factorization, and write im(f) for any such I, and say that im(f) is the image of f. 

Proof. This follows from [Lur08, 5.2.8.16] and [Lur08, 5.2.8.17]. 

We have the following useful fact about the image of a smooth geometric morphism. 

Proposition 2.2.0.33 ([AG14, Lemma 4.40]). Let f : X → Y be a smooth geometric 
morphism, and let X → I → Y be an epi-mono factorization of f. Then I → Y is an open 
immersion. 

Definition 2.2.0.34. Let X be a derived stack. We say X is a derived scheme if it admits 
an atlas {Spec Ai → X}i∈I such that each Spec Ai → X is an open immersion. In particular, 
any derived scheme X is 1-geometric. We let dSch denote the full subcategory of dStk 
consisting of derived schemes. 

Remark. Let k be a discrete ring. Then the adjunction 

π0 : aRingk (aRingk)≤0 ≃ CAlgk : i 

formally induces adjunctions 

i! : PSh((CAlgk)
op) PSh((aRingk)op) : i ∗ 
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and 
i ∗ : PSh((aRingk)op) PSh((CAlgk)

op) : π ∗ 
0, 

where i∗ and π∗ 
0 are given by restriction along the respective functor, and i! is obtained 

by applying the “left Kan extension along i” to the functor in question (that is, for X ∈ 
PSh((CAlgk)

op), i!X = Lani X). Because i∗ and π∗ 
0 are right adjoints, they preserve étale 

sheaves, and by composing i! with the étale sheafification, we obtain adjunctions 

Lét ◦ i! : Shét((CAlgk)op) Shét((aRingk)op) : i ∗ 

and 
i ∗ : Shét((aRingk)op) Shét((CAlgk)

op) : π ∗ 
0, 

and we set t0 := i∗ and ι := i!. We include a few remarks about the properties of these 
functors, which can be found in [TV06, Section 2.2.4], specifically [TV06, 2.2.4.1] and [TV06, 
2.2.4.4]. 

1. The functor ι is fully faithful. This follows from the general properties of Kan extensions 
(see [Lur08, Section 4.3.2]), but a proof in the model category theoretic setting can be 
found as [TV06, 2.2.4.1]. 

2. The functor t0 has both a left and right adjoint, and thus preserves both limits and 
colimits. In particular, t0 preserves epimorphisms. 

3. The functor t0 preserves geometricity. It also preserves the properties of being flat, 
being étale, and being smooth for morphisms between geometric derived stacks. 

4. The functor ι preserves pullbacks of geometric stacks along a flat morphism, preserves 
geometricity, and preserves the properties of being flat, being smooth, and being étale 
for morphisms between classical geometric (higher) stacks. 

5. If X is a classical geometric (higher) stack, and X ′ → ι(X) is a flat morphism of 
geometric derived stacks, then X ′ is in the image of ι. 

Many of the concepts we have previously defined for derived (geometric) stacks can be 
seen to be generalizations of the corresponding notions for classical algebraic stacks. In 
particular, we have the following, which can be checked from the definitions or by appealing 
to [TV06, 2.2.4.4]. 

Proposition 2.2.0.35. Let f : X → Y be a map of classical algebraic stacks. Then 

1. If X is a classical algebraic space (respectively, a classical algebraic stack), then ιX 
is 1-DM (respectively, 2-geometric). If X is a classical scheme, then ιX is a derived 
scheme. 
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2. If X is quasi-compact (respectively, qcqs), then ιX is quasi-compact (respectively, quasi-
compact and quasi-separated). 

3. If f is flat (respectively smooth, étale, an open immersion, a closed immersion, quasi-
compact, or quasi-separated) then so is ιf. 

We also have the following global generalization of [CS23, 5.2.4]. 

Lemma 2.2.0.36. Let X be a derived geometric stack. Then truncation induces equivalences 
of categories 

t0 : Shv n−ét 
/X → Shv n−ét 

/t0X 

and 
t0 : Shvopen 

/X → Shvopen 
t0X 

where Shvn−ét 
/X denotes the full subcategory of derived stacks X ′ → X which are n-DM and 

étale over X , Shvn−´ et 
/t0X denotes the category of higher stacks n-DM and étale over t0X , Shvopen 

/X 

the full subcategory of open immersions into X , and Shvopen 
/t0X the full subcategory of open 

immersions of higher stacks into t0X . 

Proof. This follows from the previous remarks regarding truncation, the equivalence of cat-
egories dAff ét k → Aff ét π0k

, and the fact that a morphism X → Y is an open immersion if and 
only if it is an étale monomorphism. 

Suppose first that X ≃ Spec A is affine. Let Y → Spec A be n-DM and étale. We proceed 
by induction on n. If n = −1, Y is affine and étale over A, and we have the correspondence 

dStk(−1)−ét 
A ≃ dAff ét A ≃ dAff ét π0A ≃ AlgStk(−1)−ét 

π0A . 

Consider the case n = 0. We may choose an étale 0-atlas {Spec Bi → Y}i∈I by affine 
derived schemes étale over Y , and thus these are also affine over Spec A. Taking truncations, 
we obtain Spec π0(Bi) étale over Y0 := t0Y and étale over Spec π0B. On the other hand, 
given the data of an étale 0-atlas {Spec B0,i → Y0}i∈I of Y0 which is 0-DM and étale over 
Spec π0A, we may lift each Spec B0,i to an affine derived scheme Spec Bi étale over Spec A. 

Because Y0 is 0-DM, we also find that in particular the diagonal is affine. If Z0 =  
i Spec B0,i, this implies that the Čech nerve Č(Z0/Y)• is equivalent to a disjoint union of 

simplicial classical affine schemes: 

Č(Z0/Y)n ≃ 
 

x∈In 

S0,x,n ≃ 
 

x∈In 

Spec Cn 
0,x 

It is clear that each S0,x,n is étale over Spec A, so that by the affine correspondence we may 
lift S0,x,• to a étale simplicial scheme Z• over Spec A, such that each component is a disjoint 
union of étale affine schemes Sx,n. 

Now, Č(Z0/Y)• is a (−1)-étale Segal groupoid object (in higher stacks over π0A), and 
it follows formally from the affine equivalence of categories that Z• is a (−1)-étale Segal 
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groupoid object in derived stacks over A. Thus the colimit Y of Z• is a derived 0-stack over 
A by [TV06, Proposition 1.3.4.2] and Z0 → Y provides an étale 0-atlas so that Y is 0-DM 
and étale over A. It is a simple check to verify that this construction is inverse to truncation. 

The induction step from n to n + 1 follows in exactly the same way as the above, as after 
forming an étale (n + 1)-atlas of Y0, we may form the Čech nerve associated to the cover as 
before, except each object of the cover will be a disjoint union of n-DM higher stacks over 
π0A, which we may then lift to A via the inductive hypothesis. 

Descending these constructions along all affines (or even just affines in a cover) of the 
original X gives the equivalence when the base is not affine. 

The open case follows from the étale case. The truncation of an open immersion is 
an open immersion by already observed properties of the truncation, so we need to show 
that if U → X is étale such that t0U → t0X is an open immersion (equivalently, an étale 
monomorphism), then U → X is in fact a monomorphism. To that end, consider the epi-
mono factorization of U → U ×X U : 

U → I → U ×X U. 

The truncation of these maps is an epi-mono factorization of 

t0U → t0(U ×X U) ∼= t0U ×t0X t0U, 

and since t0U → t0X is a monomorphism, it follows that the maps 

t0U → t0I → t0U ×t0X t0U 

are equivalences. We now appeal to the étale bijection: we know that I → U ×X U is étale, 
and corresponds to an isomorphism t0I → t0(U ×X U), so that it must in fact be equivalent 
to the equivalence U ×X U → U ×X U, which completes the proof. 

As a consequence, we find that t0 also detects smooth effective epimorphisms in the sense 
that if X → Y is a smooth morphism of geometric derived stacks such that the induced 
morphism t0X → t0Y is an effective epimorphism, then X → Y is an effective epimorphism. 
To see this, consider the epi-mono factorization X → U → Y of X → Y . The induced 
factorization t0X → t0U → t0Y is also an epi-mono factorization, and since t0X → t0Y was 
assumed to be an effective epimorphism, it follows that t0U → t0Y is an equivalence. Then, 
by the equivalence of categories between étale stacks over Y and t0Y , it follows that U → Y 
must itself be an equivalence, since U → Y is étale by [AG14, Lemma 4.40]. 

One special class of derived stacks which we will consider is the following: 

Definition 2.2.0.37. A derived stack X is a derived algebraic space if its truncation t0X is 
a classical algebraic space. 

The following lemma follows from the fact that the property of being a closed immersion 
can be checked on classical truncations. 

Lemma 2.2.0.38. Let X be a derived algebraic space. Then the diagonal X → X × X is 
separated. 
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2.3 Quasi-Coherent Sheaves 

In this section, we will review the basic theory of quasi-coherent sheaves on derived stacks. 
The main result will be a base change theorem for sufficiently nice derived stacks 2.3.3.4, 
which is a generalization of [Toë12, Proposition 1.4]. 

2.3.1 Generalities on Sheaves and Hypersheaves 

Definition 2.3.1.1. Let C be a presentable ∞-category and consider the fpqc or étale 
topology on aRingk. A functor F : PSh(dAffk)

op → C is a sheaf (respectively, hypersheaf ) if 
for any effective epimorphism X → Y (respectively, any hypercover X• → Y), the natural 
map 

F (Y) → lim 
n∈∆ 

F (Č(X /Y)n) 

(respectively, 
F (Y) → lim 

n∈∆ 
F (Xn)) 

is an equivalence. 

Proposition 2.3.1.2 ([Aok23, Propositions A.5,A.6]). Let C be an ∞-site. Suppose that B 
is a basis for C and F is a presheaf on B. Then F is a (hyper)sheaf on B if and only if its 
right Kan extension is a (hyper)sheaf on C. 

Remark. The functor informally given by 

aRingk → Cat∞ 

A → ModA 

is a hypersheaf for the fpqc topology, by [Lur, D.6.3.3]. 

Proposition 2.3.1.3 ([Yay22, Proposition 3.48]). Let C be a presentable ∞-category, and let 
F : aRingk → C be a (hypercomplete) sheaf with respect to either the fpqc or étale topology 
on aRingk. Let RF denote the right Kan extension of F along aRingk → PSh(dAffk)

op . 
For any diagram X− : K → PSh(dAffk), where K is a simplicial set, any any morphism 
colimk Xk → Y which becomes an equivalence after (hyper)sheafification, the natural map 

RF (Y) → lim 
k∈K 

RF (Xk) 

is an equivalence. 

Corollary 2.3.1.4 ([Yay22, Proposition 3.52]). Let C be a presentable ∞-category, and let 
F : aRingk → C be an étale sheaf. Let RF denote a right Kan extension of F along the 
Yoneda embedding aRingk → PSh(dAffk)

op . Then, for any derived scheme X over k, the 
natural morphism 

RF (X) → lim 
U→X 

F (U) 

is an equivalence, where the limit is taken over affine open derived subschemes U → X. 
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Similarly, if X is a geometric (respectively DM) derived stack, we may calculate its value 
on any étale/fpqc sheaf F as 

F (X ) ≃ lim 
Spec A→X 

F (Spec A) 

where the limit is taken over smooth (respectively étale) maps Spec A → X . 

2.3.2 The Category of Quasi-Coherent Sheaves 

Definition 2.3.2.1. Let k be an animated ring, and let X be a presheaf on dAffk. The 
∞-category of quasi-coherent modules on X , denoted QC(X ), is defined to be the value at 
X of the right Kan extension of 

Mod(−) : aRing → Cat∞ 

along (the opposite of) the Yoneda embedding aRingk ≃ dAffop 
k → PSh(dAffk)

op . Denote 
this functor by 

QCoh : PSh(dAffk)
op → Cat∞. 

Remark. Somewhat more explicitly, this Kan extension is given by 

QC(X ) ≃ lim 
Spec A→X 

ModA, 

with transition maps given by (derived) pullback/tensor product. Informally, an object 
of QC(X ) consists of an A-module f∗F for every f : Spec A → X , such that given any 

composition Spec B 
g −→ Spec A 

f −→ X , we have compatible equivalences 

g ∗ (f ∗ F) ∼ −→ (g ◦ f)∗ F . 

Given a map f : Spec A → X , we denote the canonical functor QC(X ) → ModA by f∗ . Note 
also that in fact, Mod(−) factors through PrL,st , the ∞-category of presentable stable ∞-
categories with left adjoints as morphisms, and as such, QC(X ) is also a presentable stable 
∞-category6 , and f ∗ is a left adjoint, whose right adjoint is denoted f∗. 

This construction is a generalization of the derived category of sheaves of OX -modules 
with quasi-coherent cohomology in the following sense. 

Proposition 2.3.2.2 ([Yay22, Proposition 3.57]). Let X be a classical scheme. Then there 
is a natural equivalence of ∞-categories Dqc(X) ≃ QC(X), where Dqc(X) denotes the derived 
∞-category of OX -modules with quasi-coherent cohomology. 

6This uses the fact that the transition maps in the limit description of QC(X ) preserve finite limits. 
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In particular, the homotopy category of QC(X) is equivalent to the 1-category Dqc(X). 
The ∞-category QC(X ) admits a t-structure (QC(X )≥0, QC(X )≤0), determined by the 

rule that F ∈ QC(X )≥0 if for any f : Spec A → Y , we have f ∗F ∈ Modcn 
A . This defines a t-

structure by [Lur17, 1.2.1.16], and the adjoint functor theorem guarantees that the inclusion 
QC(X )≥0 → QC(X ) admits a right adjoint, since QC(X )≥0 is stable under colimits. 

When X is geometric, we can be more explicit about the t-structure. 

Proposition 2.3.2.3 ([GR19, Proposition 1.5.4]). 1. Let X be a derived geometric stack, 
and let {fi : Spec Ai → X } be a smooth atlas of X . Then F ∈ QC(X ) belongs to 
QC(X )≥0 (respectively QC(X )<0) if and only if each f∗

i F belongs to QC(Spec Ai)≥0 ≃ 
Modcn 

Ai 
(respectively, QC(Spec Ai)<0). 

2. Let f : X → Y be a flat map of geometric derived stacks. Then f∗ : QC(Y) → QC(X ) 
is t-exact. 

2.3.3 Base Change and the Spectral Stack associated to a 
Geometric Stack 

We will deduce our base change theorem as a corollary of Lurie’s base change theorem for 
qcqs spectral algebraic spaces [Lur, Corollary 3.4.2.2]. To achieve this, we must establish 
a few comparison and compatibility results relating derived stacks and spectral stacks as 
in [Lur]. The comparisons here are possibly well-known to the experts, but we have not 
seen many discussions in the literature. For the same comparisons discussed in a different 
language, we refer to [Cho23, Section 2] and [Cho25, Section 3]. 

Recall the forgetful functor θ : aRing → CAlgcn from animated rings to connective 
E∞-algebras. Composing with the Yoneda embedding j : (CAlgcn)op → Fun(CAlgcn , Ani) 
produces a functor 

aRingop θ̃ −→ Fun(CAlg cn , Ani) 
which is given on objects by A → MapCAlgcn (θ(A), −). Forming the left Kan extension Θ of 
˜ θ in the diagram 

aRingop Fun(CAlg cn , Ani) 

dStk 

θ̃ 

Θ 

produces our desired “underlying spectral stack” functor Θ : dStk → Fun(CAlgcn , Ani). Note 
that ˜ θ preserves all finite limits and colimits, as j preserves all limits and colimits by [Lur08, 
Proposition 5.1.3.2] and θ preserves all limits and colimits because it is both a right and left 
adjoint, so that Θ preserves finite limits by [Lur08, Proposition 6.1.5.2]7 . In particular, it 
follows that Θ(X ×Y X ′ ) ≃ Θ(X ) ×Θ(Y) Θ(X ′ ). 

7Note that Θ is the restriction along dStk → Fun(aRing, Ani) of the left Kan extension of ˜ θ along the 
Yoneda embedding aRingop → Fun(aRing, Ani). 
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Let Q denote a right Kan extension of Mod along the Yoneda embedding 

CAlg cn PrL,st 

PSh((CAlg cn)op)op , 

Mod 

Q=Ran Mod 

then the universal property of the right Kan extension induces a canonical natural transfor-
mation 

ρ : Q(Θ(−)) → QC(−) 

of functors Fun(aRing, Ani) → PrL,st . Our goal is to show that for a geometric derived stack 
X , these functors agree. 

Lemma 2.3.3.1. Let A → B be a flat morphism of animated rings. Then θ(A) → θ(B) 
is a flat morphism of connective E∞-algebras. If moreover A → B is étale, then so is 
θ(A) → θ(B). 

Proof. Flatness and étaleness are both conditions on homotopy groups. In particular, A → B 
is flat (respectively, étale) if π0A → π0B is flat (respectively, étale) and π∗A⊗π0A π0B → π∗B 
is an isomorphism of graded rings (the definitions are identical for animated rings and for 
E∞-rings). The result then follows from the fact that θ preserves homotopy groups. 

In fact, the functor Θ preserves many nice properties of derived stacks which are desirable. 
For example, if f : X → Y is a map of derived DM stacks, then f is quasi-compact (respec-
tively quasi-separated) if and only if Θ(f) is quasi-compact (respectively quasi-separated). 
In particular, this applies to derived algebraic spaces, which is the generality in which we 
will use this result. We refer to [Cho25, Lemma 3.46] for a proof, in a language closer to 
that of [Lur]. 

Corollary 2.3.3.2. Suppose X is a geometric derived stack. Then ρX : Q(Θ(X )) → QC(X ) 
is an equivalence. 

Remark. We thank Marius Nielsen for pointing out to us that ρX : Q(Θ(X )) → QC(X ) is in 
fact an equivalence for all functors X : aRing → Ani . However, we do not need the result 
in this generality, and so only provide the proof in the geometric case. 

Proof. By the previous lemma and [Lur08, Remark 6.2.3.6], fpqc covers by affines are sent 
to fpqc covers by affines via Θ. Then we may compute Q(Θ(X )) and QC(X ) via the same 
limit by choosing a smooth cover of X by affine derived schemes, since both Q and QC are 
fpqc sheaves. 

Going forward, we will denote Q by QC as well, since we will only consider its value on 
sufficiently nice functors (spectral DM stacks). 

The following proposition follows readily. 
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Proposition 2.3.3.3. The functor Θ restricts to a functor 

Θ : dStk DM → spDM8 . 

Moreover, Θ is compatible with quasi-coherent sheaves in the sense that for any morphism 
of geometric derived stacks f : X → Y , the square 

QC(Θ(Y)) QC(Θ(X )) 

QC(Y) QC(X ) 

(Θf)∗ 

ρY ρX 

f ∗ 

is commutative. 

We may then use the above comparisons to deduce a base change result. If 

X ′ X 

S ′ S 

g 

f f 

g 

is a Cartesian diagram of derived geometric stacks such that Θ(X ′ ), Θ(X), Θ(S ′ ) and Θ(S) 
are qcqs spectral algebraic spaces, then the base change morphism g ∗f∗ → f 

∗ 
g∗ is an equiv-

alence, since the same is true for (Θg)∗(Θf)∗ → (Θf)∗(Θg)∗ by [Lur, 3.4.2.2]9 , and the 
previous theorem identifies the ∞-categories of quasi-coherent sheaves on a geometric de-
rived stack with the ∞-category of quasi-coherent sheaves on the corresponding “spectral 
stack.” 

Corollary 2.3.3.4. Let 
X ′ X 

S ′ S 

g 

f f 

g 

be a Cartesian square of qcqs derived algebraic spaces. Then the base change morphism 

g ∗ f∗ → f ∗g 
∗ 

is an equivalence of functors QC(X) → QC(S ′ ). 

In particular, we have base change when S ′ , S, and X are all classical algebraic spaces. 
8Here, spDM denotes the ∞-category of spectral Deligne-Mumford stacks as in [Lur], viewed as functors 

via the embedding of [Lur, Section 1.6.4]. 
9This uses our earlier observation that Θ preserves finite limits, so that the corresponding square after 

applying Θ is also Cartesian. 
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2.3.4 Fibrations Associated to Quasi-Coherent Sheaves 

In this subsection, we discuss quasi-coherent sheaves (and variants thereof) from a slightly 
different point of view – as a Cartesian and coCartesian fibration over dStkop . 

Via the straightening-unstraightening correspondence, the functor QCoh : dStkop → 
PrL,st corresponds to a Cartesian and coCartesian fibration QC → dStkop (restricting now 
to only considering derived stacks rather than all presheaves). The objects of QC can be 
identified with pairs (X , F), where X is a derived stack and F is an object of QC(X ). Via 
this identification, a 1-morphism (X ′ , F ′ ) → (X , F) in QC is given by a pair (f, ϕ), where 
f : X → X ′ is a map of derived stacks, and ϕ : f∗F ′ → F is a morphism in QC(X ). 

It will be useful to review how limits in QC are calculated. Given a functor F : I → QC, 
write F (i) = (Xi, Fi). The limit of F, if it exists, is given (as an object) by first calculating 
the limit X of the composition 

I 
F −→ QC → dStkop . 

Then X comes equipped with maps fi : Xi → X of derived stacks for any i ∈ I. The functor 
F then induces a functor 

FX : I → QC(X ) 

i → (fi)∗Fi. 

The limit of F is then given by 

lim
i 
(Xi, Fi) ≃ (X , lim

i 
(fi)∗Fi), 

where limi(fi)∗Fi is calculated in QC(X ). 
Colimits are computed in a dual way. 

Definition 2.3.4.1. Let S ∈ dStk. We define QCS to be the pullback 

QCS QC 

(dStkS)op dStkop , 

where (dStkS)op → dStkop is the forgetful functor. Then QCS → (dStkS)op is also a Cartesian 
and coCartesian fibration. Informally, the objects of QCS are given by pairs (X → S, F), 
where X → S is a morphism of derived stacks and F ∈ QC(X ), and the morphisms in 
QCS are defined analogously to morphisms in QC. If S = Spec k is affine, we also write 
QCk := QCS. 

We can use this perspective to define a general “global sections” functor QCS → QC(S). 
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Definition 2.3.4.2. [CHS25, Construction B.9.2] provides a commutative square 

QCS QC 

(dStkS)op dStkop 

where the bottom horizontal functor is the constant functor at S; i.e., it factors as 

(dStkS)op → {S} → dStkop . 

Thus, the upper horizontal functor factors as QCS → QC(S) → QC. We denote the resulting 
functor QCS → QC(S) by ΓS, and refer to ΓS(X → S, F) as the global sections of F over 
S. 10 

Informally, ΓS(f : X → S, F) is given by (S, f∗F). 
Let Zop denote the 1-category associated to the opposite of the poset (Z, ≥ 0), and let Zdisc 

denote the integers viewed as a discrete category (i.e., there are no nontrivial morphisms). 
Recall that if C is a stable ∞-category, then the category of filtered objects of C is defined 

to be Fun(Zop , C), and the category of graded objects of C is defined to be Fun(Zdisc , C). If C 
is stable and presentable, so too are Fun(Zop , C) and Fun(Zdisc , C).

Definition 2.3.4.3. Consider the composition of QCoh : dStkop → PrL,st with the functor 

Fun(Zop , −) : Pr L,st → Pr L,st 

(respectively, the functor 
Fun(Zdisc , −) : Pr L,st → Pr L,st).) 

The Cartesian and coCartesian fibration associated to this functor is defined to be QCF → 
dStkop (respectively, QCGR → dStkop), and the fiber of this fibration over a derived stack 
X is the ∞-category of filtered quasi-coherent sheaves on X 

QCF(X ) := Fun(Zop , QC(X)) 

(respectively the ∞-category of graded quasi-coherent sheaves on X 

QCGR(X ) := Fun(Zdisc , QC(X ))). 

The composition 

Fun(Zop , −) 
 

res{n≤n+1}op 

−−−−−−−−−→ 
 

n 

Fun({n ≤ n + 1}op , −) 
 

cofib −−−−→ 
 

n 

Fun({n}, −) ≃ Fun(Zdisc , −) 

10We may also abusively refer to the composition QCS → QC(S) → QC as the global sections functor. 
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induces for any C ∈ PrL,st the map sending a filtered object of C to its associated graded 
object, and admits a right adjoint which on objects maps a graded object X• to the filtered 
object triv(X•), which has triv(X•)n := Xn , and has all transition maps given by the zero 
maps. Then (the dual of) [Lur17, 7.3.2.6] implies that the associated map of Cartesian and 
coCartesian fibrations gr : QCF → QCGR admits a right adjoint as well. 

Similarly, the restriction natural transformation Fun(Zdisc , −) → Fun({n}, −) admits a 
right adjoint when applied to any C (given by forming the right Kan extension along {n} → 
Zdisc), so that the induced map QCGR → QC admits a right adjoint as well. 

2.4 The Cotangent Complex 

2.4.1 The Cotangent Complex of a Morphism of Affine Derived 
Schemes 

Classically, the cotangent complex of a morphism k → A of rings is defined by taking a 
simplicial resolution of A by polynomial k-algebras, forming the Kähler differential of this 
simplicial resolution, and then base changing to A. There is a standard choice of resolution 

. . . k[k[k[A]]] k[k[A]] k[A] A 

(we do not denote the degeneracy maps for simplicity). If we let P• denote this resolution, 
then the cotangent complex is given by LA/k := Ω1

P•/k ⊗P• A. 
From a more modern point of view, the above construction is an explicit description of 

the animation of Ω1
−/k : CAlgk → Modk. However, defining the cotangent complex as the 

animation of this functor is not completely satisfying for a few reasons: 

1. This construction only gives the cotangent complex as a k-module, whereas one can 
see from the explicit description that it admits the structure of an A-module. 

2. The cotangent complex is functorial not only in the target ring, but in the morphism 
of rings itself. 

3. This construction does not make the universal property of the cotangent complex 
evident. 

It will be beneficial to examine how to remedy this deficiency to obtain the full functoriality 
of the cotangent complex. 

First, let us state what the universal property of the cotangent complex LA/k as an 
A-module is. 

Fix a base discrete commutative ring k, and let PolyFreek denote the 1-category of pairs 
(P, F ), where P ∼= k[x1, . . . , xn] is a finitely presented polynomial k-algebra, and F ∼= P⊕r 

is a finitely generated free P -module, and whose morphisms (P, F ) → (P ′ , F ′ ) are given by 
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pairs (f, ϕ), where f : P → P ′ is a map of k-algebras and ϕ : F ⊗P P ′ → F ′ is a map of free 
P ′-modules. Consider the functor 

PolyFreek → CAlg → aRingk 

which maps (P, F ) → P ⊕ F, where P ⊕ F is the classical square-zero extension of P by F. 
The universal property of animation then guarantees us a functor 

MODcn 
k → aRingk 

which commutes with sifted colimits. 

Definition 2.4.1.1. Let (A, M) ∈ MODcn 
k . The square zero extension of A by M is defined 

to be the image of (A, M) under the animation of the square zero functor (P, F ) → P ⊕ F 
above, and we denote this animated ring by A ⊕ M. 

The underlying k-module of A ⊕ M is equivalent to the direct sum of A and M as k-
modules, because the forgetful functor aRingk → Modk preserves colimits. Additionally, 
the canonical maps 0 → M → 0 in ModA induce maps of animated rings A → A ⊕ M → A 
such that the composition is equivalent to the identity. 

Definition 2.4.1.2. Let k → A be a map of animated rings, and let M be a connective 
A-module. The module of k-linear derivations of A into M is given by 

Derk(A, M) := Map(aRingk )/A 
(A, A ⊕ M). 

Remark. There is a pullback square 

Derk(A, M) MapaRingk 
(A, A ⊕ M) 

{idA} MapaRingk 
(A, A) 

in Modcn 
k . 

We are now ready to define the cotangent complex via its universal property. 

Definition 2.4.1.3. The cotangent complex of A/k is a connective A-module LA/k such that 
there is a natural equivalence of functors 

MapModcn 
A 
(LA/k, −) ≃ Derk(A, −). 

The following is well-known (for example, see [Lur17, Proposition 25.3.1.5]). 

Proposition 2.4.1.4. Let k → A be a morphism of animated rings. Then the cotangent 
complex LA/k exists. 
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If we want to encode the cotangent complex in a more functorial manner, there are two 
options. The first is to, as described above, fix a base ring k and consider the animation 
of the Kähler differentials functor Ω1

−/k (valued in Modk). On the other hand, if we want 
to capture the functoriality of the cotangent complex while remembering that LA/k has the 
structure of an A-module (and not just a k-module), we may also consider the cotangent 
complex as a functor 

L : Arr(aRing) → MOD 

in the following way. (Note that via the canonical embedding MOD → QC, we could also 
view L as valued in QC.) 

Let PolyPoly denote the 1-category of maps of commutative rings of the form 

Z[x1, . . . , xm] → Z[x1, . . . , xm, xm+1, . . . , xn] 

where xi → xi for 1 ≤ i ≤ m, let PolyCAlg denote the 1-category of maps of commutative 
rings of the form k → k[x1, . . . , xn] (including k as constant polynomials), and let PolyAlg 
denote the full sub-∞-category of Arr(aRing) spanned by maps of the form k → k[x1, . . . , xn] 
given by the canonical map k → k ⊗Z Z[x1, . . . , xn]. 

Proposition 2.4.1.5. The left Kan extension (or equivalently, the animation) of the functor 

Ω : PolyPoly → MOD 

(Z[x1, . . . , xm] → Z[x1, . . . , xm, xm+1, . . . , xn]) → (Z[x1, . . . , xn], Ω1 
Z[x1,...,xn]/Z[x1,...,xm]) 

along the inclusion PolyPoly → Arr(aRing) recovers the cotangent complex as defined above 
in the sense that for a morphism of animated rings k → A, L(k → A) ≃ (A, LA/k). 

Before we prove the result, let us prove an important result about about this construction. 

Proposition 2.4.1.6. Let k → A → B be maps of animated rings. Then there is a cofiber 
sequence 

LA/k ⊗A B → LB/k → LB/A 

in ModB. 

Proof. Consider the 1-category Poly3 whose objects are composable morphisms of finitely 
presented polynomial Z-algebras of the form 

Z[x1, . . . , xn] → Z[x1, . . . , xn, y1, . . . , ym] → Z[x1, . . . , xn, y1, . . . , ym, z1, . . . , zℓ] 

where the maps send xi → xi and yj → yj, and whose morphisms are diagrams 

P Q R 

P ′ Q ′ R′ , 
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where P → Q → R and P → Q ′ → R ′ are in Poly3 . 
Consider the functor 

Ω ′ : Poly 3 → MOD 

(P → Q → R) → (R, Ω 1 
Q/P ⊗Q R) 

and its animation L ′ : Ani(Poly3) → MOD. 11 

For any map k → A → B ∈ Ani(Poly3), there is a pushout square of the form 

(k → A → B) (k → B → B) 

(A → A → B) (A → B → B) 

(pushout squares of this form evidently exist when k → A → B ∈ Poly3 , so we may rewrite 
(k → A → B) as a sifted colimit of objects in Poly3 , and then the sifted colimit of the 
pushout squares will yield the desired pushout square). 

We claim that applying the animated functor L ′ to the square gives a pushout square 

(B,L A/k ⊗A B) (B,L B/k ⊗B B) 

(B, L A/A ⊗A B) (B, L B/A ⊗B B) 

and since every object of this diagram has animated ring B, it corresponds to the desired 
pushout square 

L A/k ⊗A B L B/k 

0 L B/A. 

This follows because the functor L ′ factors as 

Ani(Poly 3) 
L ′ 1−→ Ani(PolyPolyFree) 

L ′ 2−→ MOD 

where PolyPolyFree is the 1-category whose objects are pairs (P → Q, F ) such that P → Q 
is a map of the form Z[x1, . . . , xn] → Z[x1, . . . , xn, y1, . . . , ym] and F ∼= P⊕r ∈ ModP . The 
factorization in question arises as the composition of the animations of the functors 

(P → Q → R) → (Q → R,Ω 1 
Q/P ) 

11Here, MOD is the 1-category of pairs (A, M) where A is a commutative ring and M is an A-module, 
and whose animation is MOD. 
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and 
(Q → R, F ) → (R,F ⊗ Q R) 

(note that the animation of the compositions is the composition of the animations by [CS23, 
Proposition 5.1.5(b)]). 

Finally, for a map A → B of animated rings, we have a commutative diagram 

ModA ModB 

Ani(Poly 3) Ani(PolyPolyFree) MOD 

Arr(aRing) MOD 

−⊗AB 

(P →Q→R)→(P →Q) 

L ′ 1 L ′ 2 

(Q→R,F )→(Q,F ) 

L 

where the functor ModA → Ani(PolyPolyFree) identifies ModA with the full sub-∞-category 
of Ani(PolyPolyFree) of objects of the form (A → B, M) (via M → (A → B, M)). These 
functors are readily seen to preserve colimits, which completes the argument. 

We are now ready to prove 2.4.1.5. 

Proof. Consider the diagram 

PolyPoly MOD 

PolyCAlg 

PolyAlg 

Arr(aRing) 

Ω 

L 

The restriction of L : Arr(aRing) → MOD to PolyAlg (respectively PolyCAlg) is the left Kan 
extension of Ω to PolyAlg (respectively PolyCAlg) by general facts about Kan extensions (see 
for example [Lur18, Tag 0308]). 

Now let k → k ⊗Z Z[y1, . . . , yn] ∈ PolyCAlg, and choose a system Pλ ∈ Poly of finitely 
generated polynomial rings over Z such that colimλ Pλ ≃ k (note that colimλ(Pλ → Pλ ⊗Z 

Z[y1, . . . , yn]) ≃ (k → k ⊗Z Z[y1, . . . , yn])). 
Using the fact that the left Kan extension is the unique colimit preserving functor 

PolyCAlg → MOD which restricts to Ω on PolyPoly, we compute L(k → k⊗Z Z[y1, . . . , yn]) : 

https://kerodon.net/tag/0308
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we have 

L(k → k ⊗Z Z[y1, . . . , yn]) ≃ colimλ(Pλ ⊗Z Z[y1, . . . , yn], Ω 1 
Pλ⊗ Z Z[y1,...,yn]/Pλ 

) 

≃ colimλ(Pλ ⊗Z Z[y1, . . . , yn], Pλ ⊗Z Ω
1 
Z[y1,...,yn]) 

≃ colimλ 

 
(Pλ, 0) 

 
(Z[y1, . . . , yn], Ω1 

Z[y1,...,yn]) 
 

≃ (colimλ(Pλ, 0)) 
 

(Z[y1, . . . , yn], Ω1 
Z[y1,...,yn]) 

≃ (k, 0) 
 

(Z[y1, . . . , yn], Ω1 
Z[y1,...,yn]) 

≃ (k ⊗Z Z[y1, . . . , yn], Ω 1 
k⊗ Z Z[y1,...,yn]/k) 

so that L|PolyCAlg agrees with Ω on PolyCAlg. 
We can then form the diagram 

PolyCAlg (CAlg/aRing) Arr(aRing) MOD 

CAlg aRing, 

where the vertical maps send (k → A) → k (i.e, they are the source map). Then [Lur08, 
4.3.3.9] implies that forming the pullback along {k} → CAlg produces the diagram 

Polyk/ aRingk/ aRingk/ MOD 

{k} {k}, 

∼ 

id 

and the induced functors in the top row are given by the left Kan extensions of Ω|Polyk/ 
. 

We now show that this functor satisfies the desired universal property. Let k → A be 
a map from a commutative ring to an arbitrary animated ring, and let M be a connective 
A-module. 

Note first that 

colimP →A(P, Ω 1 
P/k) ≃ colimP →A(A, Ω 1 

P/k ⊗P A) ≃ (A, colimP →A Ω 1 
P/k ⊗P A), 

where the colimit is taken over finitely presented polynomial k-algebras P mapping to A. This 
is essentially no more than an explicit description of colimits in a coCartesian fibration, see 
for example the statement and proof of [Lur18, Tag 06B2]. Intuitively, let (B, N) ∈ MOD. 
A morphism (P, Ω1 

P/k ) → (B, N) is equivalent to the data of a map P → B and a map of 
B-modules Ω1 

P/k ⊗P B → N. A map colim(P, Ω1 
P/k ) → (B, N) is equivalent to the data of 

a compatible family of maps P → B and Ω1 
P/k ⊗P B → N as P ranges over all the maps 

P → A in question. However, since A ≃ colim P, it follows that the maps P → B factor as 

https://kerodon.net/tag/06B2
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P → A → B, and thus the maps of modules also may be written Ω1 
P/k ⊗P A ⊗A B → N. 

Therefore we have 

MapMOD(colim(P, Ω 1 
P/k), (B, N)) ≃ MapMOD(colim(A, Ω 1 

P/k ⊗P A), (B, N)), 

which shows that colimP →A(P, Ω1 
P/k ) ≃ colimP →A(A, Ω1 

P/k ⊗P A), as desired. 
Using the above, [Yay22, Proposition 2.50] completes the proof that LA/k satisfies the 

desired universal property (when k ∈ CAlg). 
Finally, let k → A be a general morphism of animated rings. Considering the composition 

Z → k → A, 2.4.2.4 implies that we have a cofiber sequence 

Lk/Z ⊗k A→ LA/Z → LA/k 

of A-modules. We now appeal to [Yay22, Remarks 2.44,2.46] to complete the argument. 

In an analogous manner, we may also define functors 

Ln : Arr(aRing) → MOD 

(k → A) → (A, ∧n 
A LA/k) 

encoding the A-module structure on the higher (derived) exterior powers of the cotangent 
complex for any nonnegative integer n ≥ 0, which arise as the animation of the functors 

Ωn : PolyPoly → MOD 

(P → Q) → (Q, Ωn 
Q/P ). 

Proposition 2.4.1.7. Let 
k A 

k ′ A ′ 

be a commutative diagram of animated rings. Then there is a canonical morphism 

A ′ ⊗A LA/k → LA ′ /k ′ 

a which is an equivalence if A ′ ≃ A ⊗k k ′ . 

Proof. The existence of the morphism follows from the fact that L is a functor with values 
in MOD, since a morphism (A, M) → (A ′ , M ′ ) ∈ MOD is given by a map ϕ, A → A ′ of 
animated rings and a morphism ϕ∗M = M ⊗A,ϕ A

′ → A′ in ModA′ . 
Thus the square 

k A 

k ′ A ′ 
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induces a morphism L(k → A) → L(k ′ → A ′ ) which is (A, LA/k) → (A ′ , LA ′ /k ′ ), where 
ϕ : A → A ′ is the morphism given by the commutative square, so that ϕ∗LA/k ≃ A ′ ⊗A LA/k. 

That this morphism is an equivalence is a consequence of the corresponding fact for Ω1 

and the fact that L is the left Kan extension of Ω1 . 

The cotangent complex provides us with derived “differential criteria” for étaleness and 
smoothness of animated rings. 

Proposition 2.4.1.8 ([TV06, Theorem 2.2.2.6]). Let f : k → A be a morphism of animated 
rings. 

1. The morphism f is smooth if and only if the A-module LA/k is finite projective and 
π0A is of finite presentation over π0k. 

2. The morphism f is étale if and only if LA/k ≃ 0 and π0A is of finite presentation over 
π0k. 

A crucial fact about the cotangent complex is that it is an fpqc sheaf. 

Proposition 2.4.1.9 ([Bha12, Corollary 2.7]). Let k → A be a map of (simplicial) commu-
tative rings. If A• denotes the Čech conerve of k → A, then there is an equivalence 

Tot(∧ i k LA•/k) ≃ ∧ i k LA/k 

in Modk. That is, ∧i kL−/k : CAlgk → Modk satisfies fpqc descent. 

We require a generalization of this statement. 

Theorem 2.4.1.10. For all nonnegative integers n, the functors 

Ln : Arr(dAff)op → QC 

are fpqc sheaves.12 

Proof. For n = 0, the result is trivial. 
Let k → A be a map of animated rings, and consider a diagram 

A B 

k k ′ 

such that A → B and k → k ′ are faithfully flat. We need to show that the canonical map 

(Spec A, LA/k) → lim
n 
(Spec Bn , LBn/kn ) 

12See [BLPØ23, Section 7.1] for a definition of the τ -topology on Arr(C) for an ∞-category C with a 
topology τ. 
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is an equivalence, where B• = ˇ C(A → B) and k• = ˇ C(k → k ′ ) are the Čech conerves of 
the indicated maps. Since Spec B → Spec A is an effective epimorphism, colimn Spec Bn ≃ 
Spec A, so we must show that the canonical map 

LA/k → lim 
n 

LBn/kn 

is an equivalence, where all of the objects are considered as A-modules. 
Let A• = A ⊗k k

• , so that we obtain a diagram 

A A• B• 

k k• 

where the square is a pushout. By construction, we have that A• = ˇ C(A → A ⊗k k ′ ). 
Now, consider the cofiber sequence obtained by considering the composition of morphisms 
k• → A• → B• . We obtain 

LA•/k• ⊗A• B• → LB•/k• → LB•/A• , 

and it follows from base change that LA•/k• ⊗A• B• ≃ LA/k ⊗A B
• . Faithfully flat descent then 

implies that the totalization of this term is LA/k, so it suffices to prove that the totalization 
of LB•/A• vanishes. 

Next, consider the cofiber sequence 

LA•/A ⊗A• B• → LB•/A → LB•/A• 

obtained from the composition A → A• → B• . By [Bha12, Corollary 2.7] we find that the 
totalization of LB•/A vanishes, so we are reduced to showing Tot 

 
LA•/A ⊗A• B• 

 
≃ 0. 

For this, note that it will suffice to show that the totalization of A ′ ⊗A LA•/A ⊗A• B• 

vanishes, since A → A ′ is faithfully flat. Then we have A ′ ⊗A LA• /A ≃ LČ(A ′ →A ′ ⊗AA ′ )•/A ′ , 
but since A ′ → A ′ ⊗A A ′ admits a section, there is a homotopy between the identity on 
LČ(A ′ →A ′ ⊗AA ′ )•/A ′ and the zero map, which implies that the totalization of this object van-
ishes. Then, taking the tensor product of this homotopy up to B• produces a homotopy 
between the identity on LČ(A ′ →A ′ ⊗AA ′ )•/A ′ ⊗A• B• and the zero map, so the totalization of 
this object vanishes as well, which completes the proof for n = 1. 

For higher n, we proceed via induction analogously to the argument of [BMS19, Theorem 
3.1]. Suppose that we know Tot(∧m 

A LB•/k• ) ≃ ∧m 
A LA/k and Tot(∧m 

A LB•/A• ) ≃ 0 for all 
0 ≤ m < n. Applying ∧nA to the cofiber sequence 

LA•/k• ⊗A• B• → LB•/k• → LB•/A• 

induces a filtration 

∧n 
A 

 
LA•/k• ⊗A• B• 

 
≃ F 0 → F 1 → · · · → F n−1 → F n ≃ ∧n 

A LB•/k• 



CHAPTER 2. DERIVED ALGEBRAIC GEOMETRY 44 

with ith associated graded piece given by 

F i−1 → F i → 
 
∧n−i 

A 

 
LA•/k• ⊗A• B• 

 
⊗A 

 
∧ i A LB•/A• 

 
As before, since LA•/k• ⊗A• B• ≃ LA/k ⊗A B

• , Bhatt’s result applies, and we are reduced to 
showing that Tot(∧nLB•/A• ) ≃ 0. To show this, we proceed as we did in the n = 1 case: use 
the cofiber sequence 

LA•/A ⊗A• B• → LB•/A → LB•/A• 

and consider the induced filtration 

∧n 
A 

 
LA•/A ⊗A• B• 

 
≃ F 0 → F 1 → · · · → F n−1 → F n ≃ ∧n 

A LB•/A. 

Again using Bhatt’s result that Tot 
 
∧n 
ALB•/A 

 
≃ 0, we are reduced to showing that 

Tot 
 
∧n 

A 

 
LA•/A ⊗A• B• 

 
≃ 0. 

The argument for this proceeds as in the n = 1 case, which completes the proof. 

2.4.2 The Cotangent Complex of a Morphism of Derived Stacks 

Definition 2.4.2.1. Let f : X → Y be a morphism of derived stacks, let x : Spec A → X 
be a point, and let M ∈ Modcn 

A . Then we define the module of derivations at x to be 

Derx(f, M) := Fib(X (A ⊕ M) → X (A) ×Y(A) Y(A ⊕ M)), 

where the fiber is taken at the point of X (A)×Y(A) Y(A⊕M)) corresponding to x : Spec A → 
X and Spec A → Spec(A ⊕ M) → Y corresponding to the canonical projection A ⊕ M → A. 

Definition 2.4.2.2. Let f : X → Y be a morphism of derived stacks. We say that L ∈ 
QC(X ) is a cotangent complex for f if L is (−n)-connective for some n ≥ 0, and for any 
x : Spec A → X , there is an equivalence 

Derx(f, M) ≃ MapModcn 
A 
(x ∗ L, M). 

For the time being, if L is a cotangent complex for a morphism f : X → Y of de-
rived stacks, we will denote Lder 

X /Y := L. We begin by outlining important properties of the 
cotangent complex. 

Lemma 2.4.2.3 ([TV06, Lemma 1.4.1.16]). Let f : X → Y be a morphism of derived stacks 
over Spec k. 

1. If X and Y admit cotangent complexes relative to Spec k, then f admits a cotangent 
complex, and for any x : Spec A → X , there is a cofiber sequence 

(f ◦ x) ∗Lder 
Y/ Spec k → x ∗Lder 

X / Spec k → x ∗Lder 
X /Y . 
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2. If f admits a cotangent complex, then for any morphism of derived stacks Z → Y and 
any x : Spec A → X ×Y Z, we have 

(x ◦ pr1) ∗Lder 
X /Y ≃ x ∗Lder 

X ×Y Z/Z 

3. If for any morphism x : Spec A → X the projection pr : X ×Y,f◦x Spec A → Spec A 
admits a cotangent complex, then f admits a cotangent complex and further we have 

x ∗Lder 
X /Y → (x, id Spec A)

∗Lder 
X ×Y Spec A/ Spec A 

4. If for any x : Spec A → X the stack X ×Y,f◦x Spec A admits a cotangent complex, then 
f has a cotangent complex and we have a cofiber sequence 

id ∗ 
Spec A Lder 

Spec A/ Spec k → (x, id Spec A)
∗Lder 

X ×Y Spec A/ Spec k → x ∗Lder 
X /Y . 

Note that the cotangent complex of an arbitrary morphism of derived stacks may not 
exist. However, the fundamental cofiber sequence of cotangent complexes generalizes to 
compositions of morphisms of derived stacks, and similarly to the affine case, it may be used 
to show that a cotangent complex exists if other cotangent complexes are known to exist. 

Proposition 2.4.2.4. Suppose f : X → Y and g : Y → Z are morphisms of derived stacks, 
and suppose that g admits a cotangent complex Lder 

Y/Z . Then f admits a cotangent complex if 
and only if g ◦ f does. Moreover, if all three cotangent complexes exist, then there is a cofiber 
sequence 

f ∗Lder 
Y/Z → Lder 

X /Z → Lder 
X /Y . 

Proof. Let x : Spec A → X be arbitrary and let M ∈ Modcn 
A . The result follows from the 

fact that there is a pullback diagram 

Derx(f, M) Derx(g ◦ f, M) 

{triv} Derf◦x(g, M), 

where triv is the trivial derivation together with (the ∞-categorical analogue of) [TV06, 
1.2.11.3]. 

Importantly, cotangent complexes of monomorphisms always exist, and are trivial. 

Lemma 2.4.2.5. Let j : X → Y be a monomorphism of derived stacks over k. Then j 
admits a cotangent complex and Lder 

X /Y ≃ 0. 



CHAPTER 2. DERIVED ALGEBRAIC GEOMETRY 46 

Proof. We will show that 0 satisfies the desired universal property; i.e., that Derx(f, M) ≃ 0 
for any x : Spec A → X . 

Consider the canonical map 

X (A ⊕ M) → X (A) ×Y(A) Y(A ⊕ M). 

We claim that this map is itself a monomorphism. Indeed, consider the diagram 

X (A) X (A) X (A ⊕ M) 

X (A) Y(A) Y(A ⊕ M) 

from which the canonical map is induced. Then clearly X (A) → X (A) and X (A ⊕ M) → 
Y(A ⊕ M) are both monomorphisms, as is the diagonal of X (A) → Y(A). Since monomor-
phisms are preserved under pullbacks, the claim follows. 

This implies that Derx(f, M) is either empty or contractible (see [Lur08, 5.5.6.8]), but 
as there is always the trivial derivation, it is nonempty. Since Derx(f, M) is contractible for 
any x and M, it follows that 0 is a representing object. This completes the proof, as the 
pullback of 0 ∈ QC(X ) along any x : Spec A → X is 0. 

Most importantly, a geometric morphism of derived stacks (thus any morphism between 
geometric derived stacks) admits a cotangent complex, and knowledge about the geometricity 
of said morphism produces information about the connectivity of the cotangent complex. We 
will not prove this result, but refer to either [TV06, 2.2.3.3]13 , [AG14, 4.45], or [Yay22, 3.76]. 

Theorem 2.4.2.6. If f : X → Y is an n-geometric morphism, then Lder 
f exists and is (−n)-

connective. If f is moreover of finite presentation, then f is smooth if and only if Lder 
f has 

Tor-amplitude in [−n − 1, 0]. 

For the next result, we require a categorical lemma. 

Lemma 2.4.2.7. Suppose that 

X X ′ X ′′ 

Y Y ′ Y ′′ 

Z Z ′ Z ′′ 

13In [TV06], the proof is split up into many parts, and 2.2.3.3 only constitutes one specific portion of the 
result 
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is a commutative diagram in a stable ∞-category where each row and column is a (co)fiber 
sequence. Then there is a canonical equivalence 

cofib(X ′ ⊕X Y → Y ′ ) ≃ (Z ′ ⊕Z X[1]) ⊕ X[2]. 

Proof. 

cofib(X ′ ⊕X Y → Y ′ ) ≃ (0 ⊕0 0) ⊕(X ′ ⊕X Y ) (Y ′ ⊕Y ′ Y
′ ) 

≃ Z ′ ⊕ (0⊕X Y ′ ) Y ′′ (2.2) 
≃ (Z ′ ⊕ Y ′′ )⊕(Z ′ ⊕X Y ′′ ) (Z ′ ⊕Y ′ Y ′′ ) (2.3) 
≃ (Z ′ ⊕ Y ′′ )⊕(Z ′ ⊕Y ′′ ⊕X[1]) (Z ′ ⊕Y ′ Y ′′ ) (2.4) 
≃ (Z ′ ⊕Y ′ Y ′′ ) ⊕ X[2] (2.5) 
≃ (Z ′ ⊕Y 0) ⊕ X[2] (2.6) 
≃ (Z ′ ⊕Z X[1]) ⊕ X[2]. (2.7) 

2.2 follows from consideration of the commutative diagram 

0 X ′ Y ′ 

0 X Y ′ 

0 Y Y ′ 

2.3 follows from 
Z ′ 0 Y ′′ 

Z ′ X Y ′′ 

Z ′ Y ′ Y ′′ 

In 2.4, Z ′ ⊕X Y ′′ ≃ Z ′ ⊕ Y ′′ ⊕ X[1] follows from 

X 0 Y ′′ 

0 X[1] X[1] ⊕ Y ′′ 

Z ′ Z ′ ⊕ X[1] (Z ′ ⊕ X[1]) ⊕X[1] (X[1] ⊕ Y ′′ ) 
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where every square is coCartesian, together with the equivalence 

(Z ′ ⊕ X[1]) ⊕X[1] (X[1] ⊕ Y ′′ ) ≃ Z ′ ⊕ Y ′′ ⊕ X[1] 

coming from 
Z ′ 0 Y ′′ 

0 0 0 

X[1] X[1] X[1] 

2.5 follows from 
Z ′ ⊕ Y ′′ Z ′ ⊕ Y ′′ Z ′ ⊕Y ′ Y ′′ 

0 0 0 

0 X[1] 0 

2.6 follows from considering 

Y Y ′ Z ′ 

0 Y ′′ Z ′ ⊕Y ′ Y ′′ 

and 2.7 follows from 
Y Z Z ′ 

0 X[1] Z ′ ⊕Z X[1]. 

Proposition 2.4.2.8. Suppose that X → S and Y → S are morphisms of derived stacks 
which admit cotangent complexes. Then X ×S Y → S also admits a cotangent complex, and 

Lder 
X ×S Y/S ≃ p∗ 

1 Lder 
X /S ⊕ p∗ 

2 Lder 
Y/S . 
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Proof. Consider the commutative diagram 

0 p∗ 
1 Lder 

X /S p∗ 
1 Lder 

X /S 

p∗ 
2 Lder 

Y/S Lder 
X ×S Y/S Lder 

X ×S Y/Y 

p∗ 
2 Lder 

Y/S Lder 
X ×S Y/X E 

in which each row and column is a cofiber sequence. In particular, the middle row is the 
canonical cofiber sequence associated to 

X ×S Y
p2−→ Y → S 

and the middle column is the canonical cofiber sequence associated to 

X ×S Y
p1−→ X → S. 

It follows from applying 2.4.2.3 that both p ∗2Lder
Y/S → Lder

X ×S Y/X and p ∗1Lder
X /S ≃ Lder

X ×S Y/Y are 
equivalences, and thus E ≃ 0. We then apply 2.4.2.7 to deduce the result. 

Proposition 2.4.2.9. Let f : X → Y be a map of geometric derived stacks. Then there is 
a canonical equivalence 

Lder 
X /Y → Lder 

X /X ×Y X [−1] 

where the map X → X ×Y X in question is the diagonal. 

Proof. Consider the cofiber sequence 

∆ ∗Lder 
X ×Y X /Y → Lder 

X /Y → Lder 
X /X ×Y X 

induced by the composition 

X ∆ −→ X ×Y X → Y . 

By 2.4.2.8, there is a canonical equivalence 

Lder 
X /Y ⊕ Lder 

X /Y → ∆ ∗LX ×Y X /Y , 

and the map 
Lder 
X /Y ⊕ Lder 

X /Y → ∆ ∗LX ×Y X /Y → Lder 
X /Y 

is the universal codiagonal map. This means we have a cofiber sequence 

Lder 
X /Y ⊕ Lder 

X /Y → Lder 
X /Y → Lder 

X /X ×Y X 
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and a morphism of cofiber sequences 

Lder 
X /Y ⊕ Lder 

X /Y Lder 
X /Y Lder 

X /X ×Y X 

Lder 
X /Y ⊕ Lder 

X /Y Lder 
X /Y Lder 

X /Y [−1] 

induced by the identities on the first two components. The third map is therefore also an 
equivalence. 

We now show that the cotangent complex of a morphism of derived geometric stacks 
admits another description as a Kan extension. 

Construction 2.4.2.10. Consider the cotangent complex of a morphism of affine schemes, 
viewed as a functor 

L : Arr(dAff)op → QC 
(Spec A → Spec k) → (Spec A, LA/k). 

Let LKan denote a right Kan extension of this functor as in the diagram 

Arr(dAff)op QC 

Arr(dStk)op , 

L 

LKan:=Ran L 

and let LKan (X → Y) = (X , LKan 
X /Y ).

Remark. Explicitly unwinding how limits/colimits in a coCartesian fibration are computed, 
this means that for f : X → Y ∈ Arr(dStk), 

LKan 
X /Y ≃ lim 

Spec(B)/ Spec(A)∈dAff X /Y 

pB 
∗ LB/A, 

where dAffX /Y is the full subcategory of Arr(dStk)/f spanned by X → Y (over f) with X 
and Y affine, pB : Spec B → X , and the limit is calculated in QC(X ). 

Note that by the universal property of the right Kan extension, there exists an essentially 
unique comparison morphism ρf : Lder 

f → LKan 
f for any f : X → Y ∈ dStk admitting a 

cotangent complex. In particular, there exists a comparison morphism ρf : Lder 
f → LKan 

f for 
any morphism of geometric derived stacks by 2.4.2.6. 

Proposition 2.4.2.11. Let f : X → Y be a morphism of n-geometric derived k-stacks. 
Then 

ρf : Lder 
X /Y → LKan 

X /Y 

is an equivalence. 
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Proof. Consider a Cartesian square of derived stacks 

XA X 

Spec A Y . 

pA 

f 

By base change for the cotangent complex, we find that the canonical map 

(pA)
∗ L der X /Y → L der XA/A 

is an equivalence. Varying the diagram over all Spec A → Y , the collection {pA : XA → X } 
induces an effective epimorphism to X , and thus 

lim
A 
(pA)∗(pA) 

∗Lder 
X /Y ≃ Lder 

X /Y , 

so it suffices to prove the result when Y ≃ Spec A is affine. 
Fix a ground ring k. [Bha12, Corollary 2.7] shows that the functor 

Γk(−, L−/k) = Γk ◦ L|dAffop 
k 

: dAffop 
k → Modk 

(Spec A → Spec k) → Γk(Spec A, LA/k) 

is an fpqc sheaf. However, the same proof also shows that the variant of this functor 

Lk = L|dAffop 
k 

: dAffop 
k → QC 

(Spec A → Spec k) → (Spec A, LA/k) 

is also an fpqc sheaf. In particular, Lk factors through QCAff 
k → QC (here QCAff 

k denotes 
the full sub-∞-category of QCk consisting of objects (X → Spec k, F) with X affine), and 
the restriction functor ModA → Modk is conservative for any map of animated rings 
k → A, so that a faithfully flat map of rings A → B with Čech conerve Č(B/A)• satisfies 
limn(pn)∗L ̌C(B/A)n/A ≃ 0 in ModA, 14 where pn : Spec( Č(B/A)n) → Spec A is the structure 
morphism. 

This implies that the functor 

L Kan 
k : dStkop 

k → QC 
(X → Spec k) → (X , LKan 

X /k) 

is an fpqc sheaf. As a corollary, we find that for a derived geometric stack X , LKan 
X /k ≃ 

limp:Spec A→X p∗LA/k where the limit is taken over maps p : Spec A → X which are smooth, 
or even that LKan 

X /k ≃ limn(pn)∗LKan 
Un/k

, where p : U → X is a smooth effective epimorphism 

and p• : U• → X is its Čech nerve. 
14Rather than just in Modk. 
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Now, we will show that Lder 
X /A can be computed by the same limit. Let p : U → X be a 

smooth n-atlas of X , 15 and let p• : U• → X be its Čech nerve. 
Consider the canonical cofiber sequence 

p ∗ 
n Lder 

X /A → Lder 
Un/A → Lder 

Un/X . 

Pushing forward along pn and taking the limit, it follows from the fact that colimn Un ≃ X 
that we have a cofiber sequence 

Lder 
X /k → lim

n 
(pn)∗Lder 

Un/k → lim
n 
(pn)∗Lder 

Un/X , 

so it suffices to prove that limn(pn)∗Lder 
Un/X ≃ 0. 

However, by further base change along U → X , we reduce to the case when the simplicial 
derived stack U• → X admits a section, so that the cosimplicial object (pn)∗Lder 

Un/X admits 
a contracting homotopy. It then follows formally that limn(pn)∗Lder 

Un/X ≃ 0, and we are 
finished. 

Warning. Despite the above proposition, for an arbitrary composition of derived stacks X 
f −→ 

Y 
g −→ Z, it may not be the case that 

f ∗LKan 
Y/Z → LKan 

X /Z → LKan 
X /Y 

forms a cofiber sequence. The source of this problem is that Lder
X /Y or Lder 

Y/Z may not exist, 
and in this situation LKan does not necessarily inherit the standard properties of Lder . 

Finally, we obtain our desired generalization of [Bha12, Corollary 2.7]. 

Corollary 2.4.2.12. The functor 

L Kan : Arr(dStk)op → QC 

is an fpqc sheaf. 

Proof. This follows from 2.4.1.10, together with the fact that the right Kan extension of a 
sheaf is a sheaf. 

Corollary 2.4.2.13. The functor 

L der : Arr geom(dStk)op → QC 
(X → S) → (X , LX /S ) 

is an fpqc sheaf, where Arrgeom(dStk) is the full sub-∞-category of Arr(dStk) spanned by the 
geometric morphisms. 

15More precisely, let {fi : Ui → X } be a smooth n-atlas of X and let U = 
 

i Ui with induced effective 
epimorphism U → X . 
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We end by noting that the constructions above specialize to the usual cotangent complex 
when the map of stacks X → Y is given by a map of classical algebraic stacks. 

Theorem 2.4.2.14. Suppose that X → Y is a map of classical algebraic stacks. Then the 
derived cotangent complex of X → Y agrees with the classical cotangent complex of X → Y , 
in the sense that the “homotopy category” functor 

h : QC(X ) → hQC(X ) ≃ N(D qc(X )) 

sends the derived cotangent complex to the classical cotangent complex. 

Proof. Because LKan is defined as a right Kan extension, for any X → Y , we obtain an 
essentially unique morphism δ : LKan 

X /Y → Lcl 
X /Y . However, because LKan agrees with Lder for 

geometric stacks, base change and étale invariance of the latter implies this morphism is an 
equivalence after pullback to sufficiently small affine schemes étale over X , so that the map 
is an equivalence in Dqc(X ). 
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Chapter 3 

Logarithmic Geometry 

3.1 Classical Logarithmic Geometry 

The ideas here are due originally to Fontaine and Illusie, and were first formally recorded in 
[Kat89]. 

3.1.1 Commutative Monoids 

One of the foundational objects in logarithmic geometry is that of the commutative monoid. 
We first summarize the basic definitions and results on commutative monoids which we 
will need in the rest of this article. For a more thorough development of the theory of 
commutative monoids, along with proofs of any results we omit, we recommend [Ogu18, 
Chapter I] (unless otherwise indicated). 

Definition 3.1.1.1. A monoid is a triple (M, ⋆, eM ), where M is a set, ⋆ : M × M → M is 
an associative binary operation on M, and eM is a two-sided identity element of M for the 
operation ⋆. A homomorphism of monoids (M, ⋆, eM ) → (M ′ , ⋆ ′ , eM ′ ) is a function θ : M → 
M ′ such that θ(eM ) = eM ′ and θ(m ⋆ m ′ ) = θ(m) ⋆ ′ θ(m ′ ). 

We will often denote a monoid (M, ⋆, eM ) simply by M when the binary operation and 
unit are understood. For us, monoids will always be commutative unless otherwise stated, 
and by “monoid” we will always mean “commutative monoid” unless otherwise stated. The 
category of commutative monoids and monoid homomorphisms will be denoted by CMon. 
We will often write monoids additively and denote the binary operation by + and the unit 
by 0. 

The category of monoids is pointed, with zero object given by the trivial monoid M = {0}. 
Perhaps the most important monoid is the monoid N = {0, 1, 2, . . . } of the natural numbers 
under addition, and N is the free monoid on a single generator – for any monoid M and any 
m ∈ N, there is a unique homomorphism of monoids N → M which maps 1 → m. 

The following proposition is easy to prove. 
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Proposition 3.1.1.2. The forgetful functor 

CMon → Set 

(M, ⋆, eM ) → M 

admits a left adjoint, given by 

Set → CMon 

X → NX := HomSet(X, N) 

where the binary operation on NX is given by pointwise addition of functions. We call NX 

the free monoid on X. 

Using free monoids, we may define the notion of a finitely generated monoid: a monoid 
M is finitely generated if there exists a finite set X and a surjection NX → M. 

Importantly, the category CMon is complete and cocomplete, and binary (hence finite) 
products and coproducts coincide. 

Clearly, every abelian group is in particular also a monoid, so we obtain a forgetful functor 

U : Ab → CMon. 

There are two natural ways we may associate to a monoid M an abelian group. 

Definition 3.1.1.3. Let M be a monoid. 

1. The units of M, denoted M× , is the submonoid of M consisting of elements of M 
which are invertible. 

2. The group completion of M, denoted Mgp , is defined to be 

Mgp := M × M/ ∼, 

where (m, m′ ) ∼ (n, n′ ) if m + n′ + k = n + m′ + k for some k ∈ M. 

From the definition, it is clear that M× is an abelian group, and a standard verification 
shows that Mgp is indeed an abelian group with group operation given by [m, m ′ ] + [n, n ′ ] = 
[m+n, m ′ +n ′ ] (the unit is [0, 0] and the inverse of [m, m ′ ] is given by [m ′ , m]). We may think 
of the class [m, m ′ ] as representing m − m ′ . It is also simple to check that both constructions 
provide functors CMon → Ab. 

We can also check that given an abelian group A and a monoid M, any map of monoids 
A → M in fact factors uniquely through the inclusion M× → M, as the image of any a ∈ A 
must be invertible in M. 

On the other hand, any map M → A factors uniquely through the map 

M → Mgp 

m → [m, 0]. 
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Indeed, let θ : M → A be any morphism. We may define θgp to be the map 

Mgp → A 

[m, m ′ ] → θ(m) − θ(m ′ ). 

If [m, m ′ ] = [n, n ′ ], let k ∈ M be such that m + n ′ + k = n + m ′ + k. We check that 

θgp([m, m ′ ]) = θ(m) − θ(m ′ ) 

= θ(m) + θ(n ′ + k) − θ(n ′ + k) − θ(m ′ ) 

= θ(m + n ′ + k) − θ(n ′ + k) − θ(m ′ ) 

= θ(n + m ′ + k) − θ(n ′ + k) − θ(m ′ ) 

= θ(n) − θ(n ′ ) 

= θgp([n, n ′ ]), 

so that θgp is well-defined. It is clear that it is a morphism of groups, and we can verify 
uniqueness as follows: suppose that θ ′ : Mgp → A is another morphism which factors 
θ : M → A through the given map M → Mgp . We must have 

θ ′ ([m, m ′ ]) = θ ′ ([m, 0]) + θ ′ ([0, m]) = θ(m) + θ ′ ([0, m ′ ]), 

and since [0, 0] = [m, m], we must also have 

0 = θ ′ ([0, 0]) = θ ′ ([m, m]) = θ(m) + θ ′ ([0, m]), 

and thus θ ′ ([0, m]) = −θ(m). This shows that θ ′ = θgp , as desired. 
Going forward, we will write simply [m] for the class [m, 0] in Mgp , so that a general 

element of Mgp can be written [m] − [m ′ ] for some m, m ′ ∈ M. 
From the above, we deduce the following proposition: 

Proposition 3.1.1.4. The forgetful functor U : Ab → CMon admits both a left and right 
adjoint, given by M → Mgp and M → M× , respectively. 

CMon Ab : U 
(−)gp 

(−)× 

The unit and counit of the adjunction ((−)gp ⊣ U) are given by 

M → Mgp 

m → [m, 0] 

and 
A 

idA−−→ A 
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respectively, and the unit and counit of (U ⊣ (−)×) are given by 

A 
idA−−→ A× = A 

and 

M× →M 

m → m 

respectively. 

Thus, M → Mgp is initial among maps from M to abelian groups, and M× → M is 
terminal among maps from abelian groups to M. 

There is also a close relationship between commutative monoids and commutative rings. 
The forgetful functor (−, · ) : CAlg → CMon which sends a commutative ring to its underlying 
multiplicative monoid admits a left adjoint given by the monoid algebra construction. In 
particular, let P be a commutative monoid (written additively). Let Z[P ] denote the free 
Z-module on the set P, and write ep for the basis element corresponding to p ∈ P. We endow 
Z[P ] with the multiplication determined by setting epeq := ep+q . 

Remark. We may identify Z[P ] with the ring of functions f : P → Z with finite support, 
with addition given by 

(f + g)(p) := f(p) + g(p) 

and multiplication given by 
(fg)(p) = 

 

a+b=p 

f(a)g(b). 

The isomorphism is given by sending ep (for any p ∈ P ) to the function which maps p → 1 
and p ′ → 0 for any p ′ ̸= p. 

The monoid algebra construction also extends to base rings other than Z. In particular, 
if we set k[P ] := k ⊗Z Z[P ], then we also have an adjunction 

k[−] : CMon CAlgk : (−, · ). 

Of course, k[P ] is also isomorphic to the ring of functions P → k with finite support, 
analogous to the case of Z. 

We often restrict our attention to certain subclasses of monoids, as general monoids can 
become too unwieldy. The most important for our purposes are the following. 

Definition 3.1.1.5. Let M be a monoid. 

1. We say M is integral if it is cancellative; i.e., if m + n = m + n ′ implies n = n ′ . 

2. We say M is fine if it is finitely generated and integral. 
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3. We say M is saturated if given m ∈ Mgp such that n · m ∈ M for some n ∈ N, then 
m ∈ M. 

4. We say M is fs if it is both fine and saturated. 

Integral monoids play a crucial role in classical logarithmic geometry. However, it is not 
necessarily the case that if θ : P → M and ψ : P → N are maps of integral monoids, that 
the pushout M ⊕P N is itself integral. 

Definition 3.1.1.6. A homomorphism θ : P → M of integral monoids is integral if it 
satisfies the following equivalent conditions. 

1. Whenever m1, m2 ∈ M and p1, p2 ∈ P satisfy 

θ(p1) + m1 = θ(p2) + m2, 

there exist m ′ ∈ M and p ′i ∈ P such that 

mi = θ(p′ i) + m ′ and p1 + p′ 1 = p2 + p′ 2. 

2. For every homomorphism P → P ′ of integral monoids, the pushout P ′ ⊕P M is integral. 

Example. Let P and Q be integral monoids, and let θ : P → P ⊕ Q be the canonical map. 
Then θ is integral. This is because 

Q ′ ⊕P (P ⊕ Q) ≃ Q ′ ⊕ Q 

is integral. 

Definition 3.1.1.7. Let P be a monoid. An P -set is a set S and a map of monoids 
ρ : P → EndSet(S) (note that EndSet(S) is a monoid under composition). If S is an P -set, a 
basis of S is a map i : T → S of sets such that the map 

P × T → S 

(p, t) → ρ p(i(t)) 

is a bijection. We say that S is a free P -set if a basis of S exists. 

In particular, any morphism of monoids θ : P → M allows us to consider M as a P -set 
via the action of P induced by θ. 

Example. Let P and Q be monoids, and consider the canonical map P → P ⊕Q. Then P ⊕Q 
is a free P -set, with basis Q → P ⊕ Q. 

Just as with modules over rings, we may speak of when an M -set S is flat. The definition 
may be found as [Ogu18, Definition I.4.5.2], but we will make use of the following equivalent 
characterization. 
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Definition 3.1.1.8. Let M be a monoid and let S be an M -set. We say S is flat if Z[S] is 
a flat Z[P ]-module. 

Example. If S is a free M -set, then S is flat. Indeed, a basis T → S provides a basis for the 
Z[M ]-module Z[S], so that Z[S] is a free Z[M ]-module. 

Definition 3.1.1.9. Let θ : P → M be a morphism of monoids. We say that θ is logarithmic 
if the canonical map 

θ−1(M×) → M× 

is an equivalence. 

Definition 3.1.1.10. Let θ : N → M be a map of monoids. We say θ is exact if the diagram 

N Ngp 

M Mgp 

θ θgp 

is Cartesian. 

Definition 3.1.1.11. Let θ : N → M be a map of monoids. We define the pre-exactification 
θex of θ to be the canonical map N ex 

θ := M ×Mgp Ngp → M. We say that θex : N ex 
θ → M is 

the exactification of θ if θex is exact. 

Warning. In general, it may not be the case that N exθ is itself exact. However, in the following
special cases, the pre-exactification as defined above is indeed exact. 

Lemma 3.1.1.12 ([Rog09, Lemma 3.8]). Let θ : N → M be a map of monoids. Then the 
canonical map θex : N ex 

θ → Ngp induces an isomorphism (N ex 
θ )gp → Ngp if either of the 

following hold: 

1. M is integral, or 

2. θgp is surjective. 

In particular, in either of these cases, the map θex : N ex 
θ → M is exact. 

Proof. In both cases, the map (N ex 
θ )

gp → Ngp is surjective. Indeed, the canonical map 
N → N gp factors through N ex 

θ , so that passing to group completions provides a factorization 

N gp → (N ex 
θ )gp → (Ngp)gp ∼= Ngp 

of the identity map. 
Consider an element [(m, g)]−[(m ′ , g ′ )] ∈ (N ex ) gp which is in the kernel of (N ex 

θ )gp → Ngp . 
It follows immediately that g = g ′ in Ngp , and thus we have [m] = θgp(g) = [m ′ ] in Mgp . 
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If M is integral, the canonical map M → Mgp is an injection, so that m = m ′ in M and 
thus [(m, g)] − [(m ′ , g ′ )] = 0 in (N ex)gp . 

Suppose on the other hand that θgp is surjective. Then [m] = [m ′ ] implies that m + k = 
m ′ + k for some k ∈ M. Choose h ∈ Ngp such that θgp(h) = [k]. Then 

(m, g) + (k, h) = (m ′ , g ′ ) + (k, h) 

in N ex , which implies that [(m, g)] − [(m ′ , g ′ )] = 0, as desired. 
Finally, note that if N ex 

θ → Ngp induces an equivalence (N ex
θ )gp → Ngp , then the map 

N ex 
θ → Ngp exhibits Ngp as the group completion of N ex 

θ , whence the desired diagram is 
Cartesian. 

Example. In particular, note that the exactification of the relative codiagonal σ : M ⊕P M → 
M of a morphism θ : P → M of monoids is always exact, since σ is surjective. Moreover, 
we have a canonical isomorphism 

(M ⊕P M)ex 
σ → M ⊕ Mgp/P gp 

induced by the shear map 

s : M ⊕P M → M ⊕ Mgp/P gp 

[m, m ′ ] → (m, [m ′ ]), 

which we may see from the commutative diagram 

M ⊕P M Mgp ⊕P gp Mgp 

M × Mgp/P gp Mgp ⊕ Mgp/P gp 

M M Mgp 

σ 

s 
sgp 

σgp 
pr1 pr1 

id 

in which the unlabeled arrows are the canonical maps from a monoid to its group completion, 
and in which the lower right square is evidently Cartesian (note that sgp is an isomorphism 
as a consequence of the 9-lemma). 

3.1.2 Affine Logarithmic Geometry 

In the classical theory of logarithmic geometry, log schemes and their morphisms are modeled 
by the spectra of prelog rings1 . In this section, we develop the basic theory of prelog rings 
which will be sufficient for our applications. 

1At least, if we restrict our attention to only fine or fs log schemes. 
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Definition 3.1.2.1. The category PreLog of prelogarithmic rings (or prelog rings) is the 
comma category (idCMon ↓ (−, · )). Explicitly, the objects of PreLog are triples (k, P, β), 
where k ∈ CAlg, P ∈ CMon, and β : P → (k, · ) is a morphism of monoids2 , and a morphism 
of prelog rings f : (k, P, β) → (A, M, α) is a pair (f, f ♭), where f : k → A is a map of 
commutative rings and f ♭ : P → M is a map of monoids such that the diagram 

P M 

(k, · ) (A, · ) 

f♭ 

β α 

f 

commutes. 

Note that the category PreLog comes equipped with two forgetful functors: 

UCMon : PreLog → CMon 

(k, P, β) → P, 

and 

U CAlg : PreLog → CAlg 

(k, P, β) → k. 

We define the category of prelogarithmic structures on k (or prelog structures on k) to be 
the fiber of UCAlg over {k} → CAlg; explicitly, a prelogarithmic structure on k is a pair (P, β) 
such that (k, P, β) is a prelog ring. A morphism (P, β) → (P ′ , β ′ ) of prelog structures on k 
is a morphism f ♭ : P → P ′ of monoids such that β ′ ◦ f ♭ = β. 3 

Remark. In [Ogu18, Definition III.1.2.3], what we call prelog rings are instead called log rings 
– we use the former terminology to conform more closely with the terminology of [BLPØ23]. 

Lemma 3.1.2.2. Let (A, M) be a prelog ring, and let f ♭ : M → N be a morphism of 
monoids. Then the category of morphisms of prelog rings (A, M) → (A ′ , M ′ ) under (A, M) 
equipped with a morphism of monoids N → M ′ and a commutative diagram 

M N 

M ′ 

admits an initial object, given by 

(A, M) → (A ⊗Z[M ] Z[N ], N). 
2The data of β is equivalent to the data of a morphism β : Z[β] → k of rings by adjunction. 
3The data of a morphism (P, β) → (P ′ , β ′ ) of prelog structures on k is equivalent to the data of a 

morphism of prelog rings f : (k, P, β) → (k, P ′ , β ′ ) such that the underlying map f : k → k is the identity. 
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Thus, any morphism of prelog rings (A, M) → (A ′ , M ′ ) equipped with a given factorization 
M → N → M ′ of the morphism of monoids canonically admits a factorization through 
(A ⊗Z[M ] Z[N ], N). 

Proof. A morphism of prelog rings (A, M) → (A ′ , M ′ ) is equivalent to the data of a commu-
tative diagram of rings 

Z[M ] Z[M ′ ] 

A A ′ 

where the top morphism is induced by a morphism of monoids M → M ′ , by adjunction. 
The result is then clear. 

One class of prelog rings which is particularly nice is that of free prelog rings and free 
prelog algebras, which are defined as follows. Let (k, P, β) be a prelog ring. Composing the 
two adjunctions above with the further forgetful functors to Set, we obtain an adjunction 

(X, S) (k[X, NS], P ⊕ NS , β ⊕ id) 

F(k,P,β) : Set × Set PreLog(k,P,β) : U 

(A, M) (A, M, α). 

Remark. Our description above omits the structure maps. For the right adjoint, they are 
irrelevant, but for the left adjoint, the map (k, P, β) → F(k,P,β)(X, S) is given by the canonical 
map k → k[X, NS] of rings and the canonical inclusion P → P ⊕ NS . 

Definition 3.1.2.3. We call an object F(k,P )(X, S) in the image of F(k,P ) a free (k, P )-
algebra. If (k, P ) = (Z, {1}) is the initial prelog ring, we write F(k,P ) = F. We will call a free 
(k, P )-algebra simply a free prelog ring. 

Free prelog rings and free prelog algebras over free prelog rings will be critical to our 
investigation of the relationship between the two notions of logarithmic Hochschild homology. 
Let us define PolyPreLog to be the subcategory of Arr(PreLog) consisting of free prelog 
algebras over free prelog rings; i.e., morphisms of the form F (X, S) → FF (X,S)(Y, T ). 4 

3.1.3 Global Logarithmic Geometry 

There is also a rich global theory of logarithmic geometry generalizing the affine theory 
discussed previously. For the most part, we do not need to consider general logarithmic 

4Note that this is slightly different from the category of polynomial prelog rings considered in [BLPØ23, 
Remark 2.11]. In particular, for us, the base prelog ring is also free. 
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schemes, but for completeness we recall some of the important aspects of the theory. A brief 
account of the theory can be found in the original source, [Kat89], and a more complete 
account in great generality can be found in [Ogu18]. 

Definition 3.1.3.1. Let X be a scheme. 

1. A prelogarithmic structure (or prelog structure) on X is a map α : M → (OX , · ) of 
sheaves of monoids on the étale site of X. 

2. A prelogarithmic structure α : M → (OX , · ) on X is a logarithmic structure (or log 
structure) if α−1(O× 

X ) → O× 
X is an isomorphism. 

3. A morphism of prelog structures on X (α : M → (OX , · )) → (α ′ : M ′ → (OX , · )) is 
a homomorphism f ♭ : M → M ′ of sheaves of monoids such that α ′ ◦ f ♭ = α. 

4. The category PreLogStrX is the category whose objects are prelog structures α on X 
and whose morphisms are morphisms of prelog structures as defined above. 

5. The category LogStrX is the full subcategory of PreLogStrX spanned by those prelog 
structures which are log structures. 

As in the affine case, there is an adjunction between log and prelog structures on X. 

Proposition 3.1.3.2 ([Ogu18, Proposition III.1.1.3]). Let X be a scheme. 

1. The inclusion functor LogStrX → PreLogStrX admits a left adjoint, denoted (α : M → 
OX ) → (αa : Ma

α → OX ) (or simply by (Ma → OX ) if α is understood). 

2. The identity OX → OX is the final object of both PreLogStrX and LogStrX . The initial 
object of PreLogStrX is {1} → OX , and the initial object of LogStrX is O× 

X → OX . 

3. The categories PreLogStrX and LogStrX both admit pushouts, the formation of which 
is compatible with the forgetful functor LogStrX → PreLogStrX . 

We can also transfer (pre)log structures along a morphism of schemes. 

Definition 3.1.3.3. Let f : X ′ → X be a morphism of schemes. 

1. Let α ′ : M′ → OX ′ be a prelog structure on X ′ . Let f log 
∗ α ′ : f log 

∗ M′ → OX be defined 
by the Cartesian diagram 

f log 
∗ M ′ OX 

f∗M ′ f∗OX ′ . 

f log 
∗ α ′ 

f♯ 
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2. Let α : M → OX be a prelog structure on X. Let f∗ 
preα : f∗ 

preM → OX ′ be the prelog 
structure on X ′ given by the composition 

f ∗ 
pre M := f−1 M 

f−1α −−−→ f−1 OX → OX ′ . 

3. Let α : M → OX be a prelog structure on X. Let f∗ 
logα : f ∗ 

logM → OX ′ be the log 
structure on X ′ associated to f−1

pre α. 

As we saw in the affine case, if α ′ : M ′ → O X ′ is a log structure on X ′ , then f log
∗ α ′ : 

f log
∗ M ′ → O X is a log structure on X, and we have a commutative diagram of adjunctions 

PreLogStrX PreLogStrX ′ 

LogStrX LogStrX ′ 

f ∗ 
pre 

(−)a (−)a 

f log 
∗

f ∗ 
log 

U U 

f log 
∗ 

(meaning that the diagram of left adjoints commutes and the diagram of right adjoints 
commutes). 

Definition 3.1.3.4. The category PreLogSch of prelogarithmic schemes (or prelog schemes) 
is the category whose objects (X, M , α) are schemes X equipped with a prelog structure 
α : M → O X on X, and whose set of morphisms (X ′ , M ′ , α ′ ) → (X, M , α) consists of pairs 
(f, f ♭) such that f : X ′ → X is a morphism of schemes and f ♭ : M → f∗M ′ is a morphism 
of sheaves of monoids such that the diagram 

M f∗M ′ 

OX f∗OX ′ 

α 

f♭ 

f∗α ′ 

f♯ 

commutes. The category LogSch of logarithmic schemes (or log schemes) is the full sub-
category of PreLogSch whose objects are those (X, M , α) such that α : M → O X is a log 
structure on X. 

Remark. The data of the morphism f ♭ is equivalent to any of the following: 

• A morphism f−1M → M ′ such that the appropriate diagram commutes, 

• A morphism f∗ 
pre M → M′ of prelog structures on X ′ , 

• A morphism f∗ 
log M → M ′ of log structures on X ′ , in the case of LogSch, 
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• A morphism M → f log 
∗ M ′ of prelog structures on X. 

Going forward, we will often denote a log scheme simply by X, and write X for its 
underlying scheme. Given a morphism f : X → Y of (pre)log schemes, we will let f : X → Y 
be the underlying morphism of schemes. 

There is an evident functor PreLogSch → Sch given by sending a prelog scheme X to 
its underlying scheme X and a morphism f = (f, f ♭) of prelog schemes to its underlying 
morphism of schemes f. We then obtain adjunctions: 

PreLogSch Sch 
triv 

where the left adjoint PreLogSch → Sch is the functor which sends a prelog scheme to its 
underlying scheme, and the right adjoint triv : Sch → PreLogSch sends a scheme X to the 
trivial prelog scheme (X, {1}). 

We also have an adjunction 
LogSch Sch 

triv 

where the left adjoint is also given by the forgetful functor, and the right adjoint is the 
functor X → (X, O× 

X ). Both right adjoints are fully faithful embeddings. If X is an ordinary 
scheme, X will also denote either the trivial prelog scheme (X, {1}) or the trivial log scheme 
(X, O× 

X ) (depending on whether we are working with prelog schemes or log schemes). 

Remark. The forgetful functors PreLogSch → Sch LogSch → Sch also admit left adjoints, 
both given by X → (X, OX ). 

Now let us describe how to associate a log scheme to a prelog ring. 

Definition 3.1.3.5. Let (A, M, α) be a prelog ring. We define Spec(A, M) to be the log 
scheme whose underlying scheme is Spec A and whose log structure MSpec(A,M) is the logifi-
cation of MSpec A → OSpec A (induced by α : M → A). 

Definition 3.1.3.6. Let f : X → Y be a morphism of prelog schemes. We say that f is 
strict if the canonical morphism 

f ∗ 
log 
((MY )

a) → (MX )
a 

is an equivalence of log structures on X. 

Intuitively, a map f : X → Y is strict if it does not encode any logarithmic information 
besides the log structure MX . We will see that many constructions, when applied to strict 
morphisms of log schemes, produce the analogous construction for the underlying morphism 
of schemes. 

Remark. In classical logarithmic algebraic geometry, one typically only defines strict mor-
phisms of log schemes, in which case the logifications in the above definition are redundant. 
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Proposition 3.1.3.7. Let f : X → Y be a morphism of log schemes. Then f is strict if 
and only if the diagram 

X Y 

X triv Y triv 

f 

f 

is Cartesian. Here, Xtriv denotes the trivial log structure on X. 

If we allow ourselves to work locally, we can often avoid the sheaf of monoids of a log 
structure, and instead work with ordinary monoids. This can be accomplished through the 
use of charts, which we now define. 

Definition 3.1.3.8. Let X be a scheme, and let α : M → OX be a log structure on X. A 
chart of α is any of the equivalent data: 

• A morphism of monoids β : M → Γ(X, M) such that the associated map (MX )
a → M 

is an isomorphism, 

• A strict morphism of prelog schemes (X, M, α) → (Spec Z[M ], MSpec Z[M ]), 

• A strict morphism of log schemes (X, M, α) → Spec(Z[M ], M). 

If f : (X ′ , M ′ , α ′ ) → (X, M, α) is a morphism of log schemes, a chart of f is a tuple 
(M, β, M ′ , β ′ , θ), where: 

• M and M ′ are monoids, 

• β : M → Γ(X, M) and β ′ : M ′ → Γ(X ′ , M ′ ) are charts of α and α ′ , respectively, and 

• θ : M → M ′ is a map of monoids such that the diagram 

M M ′ 

Γ(X, M) Γ(X ′ , M ′ ) 

θ 

β β ′ 

commutes. 

Remark. We can also view a chart of a morphism f : X ′ → X of log schemes as a commutative 
diagram 

X ′ X 

Spec(Z[M ′ ], M ′ ) Spec(Z[M ], M) 

f 

of log schemes such that the vertical maps are strict and the map Spec(Z[M ′ ], M ′ ) → 
Spec(Z[M ], M) is induced by a map θ : M → M ′ of monoids. 
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Definition 3.1.3.9. Let X be a log scheme, and let (M, β : M → Γ(X, M)) be a chart of 
X. We say that the chart is coherent (respectively integral, fine, saturated, fs) if M is finitely 
generated (respectively integral, fine, saturated, fs). 

The existence of a chart, at least locally, for a log structure is of great importance, so we 
have the following definition to be able to talk about this situation more concisely. 

Definition 3.1.3.10. A log structure α : M → OX is quasi-coherent if étale locally on X, 
there exists a monoid M and a chart β : M → Γ(X, M). The log structure is coherent if étale 
locally on X, there exists a finitely generated monoid M and a chart β : M → Γ(X, M). 

Given an arbitrary log scheme X, the question still remains whether its log structure is 
(quasi)-coherent. This is not the case in general, but if we restrict the class of log struc-
tures we consider, the situation becomes much more reasonable. To that end, we make the 
following definition. 

Definition 3.1.3.11. Let X = (X, M) be a log scheme, and let x ∈ X. We say that M is 

1. integral at x if the stalk Mx is integral. 

2. integral if it is integral at all x ∈ X. 

3. fine if M is coherent and integral. 

4. saturated at x if the stalk Mx is saturated. 

5. saturated if it is saturated at all x ∈ X. 

6. fs if it is fine and saturated. 

Let f : X = (X, M) → Y = (Y , N ) be a map of log schemes. We say that f is integral if 
the map of monoids f ♭ 

x : (f ∗ 
log NY )x → Mx is integral for all x ∈ X. 

We will also abusively say that a log scheme X is itself integral, fine, saturated, or fs if 
the sheaf of monoids of its log structure is so. 

Proposition 3.1.3.12 ([Ogu18, Proposition II.1.1.3]). Let X = (X, M) be a log scheme. 
Then X is integral (respectively, saturated) if and only if M(U) is integral (respectively, 
saturated) for all U ⊆ X open. 

In the case of fine or fs log schemes, the following proposition guarantees us that charts 
exist, at least étale locally. 

Proposition 3.1.3.13 ([Ogu18, Corollary 2.3.6]). Let X = (X, M) be a log scheme. Then 
M is fine (respectively, fs) if and only if étale locally it admits a fine (respectively fs) chart. 

Under reasonable assumptions, we can also guarantee that a chart of a morphism f : 
X → S of log schemes exists (in fact, a chart extending a given chart of S). 
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Proposition 3.1.3.14 ([Ogu18, Proposition 2.4.2]). Let f : X → S be a map of log schemes, 
and let βS : P → Γ(S, MS) be a chart of MS, where P is finitely generated. If MX is 
coherent, then étale locally on X, there exists a commutative diagram 

P M 

Γ(S, MS) Γ(X, MX ) 

βS 

θ 

βX 

f♭ 

such that the tuple (M, βX , P, βS, θ) is a chart of f. 

As one would expect, it is also desirable to construct new log schemes from known ones 
in categorical ways. To that end, we can ask whether limits or colimits of log schemes exist. 

Proposition 3.1.3.15 ([Ogu18, Proposition III.2.1.2]). The category LogSch of log schemes 
admits fiber products, and the forgetful functor X → X commutes with fiber products. More-
over, the fiber product of coherent log schemes is coherent. 

We omit the proof, but it is worth noting that given morphisms of log schemes f : X → Z 
and g : Y → Z, the log structure on the X ×Z Y is given by the coproduct of the morphisms 
of log structures h∗logαZ → (πX )

∗
logαX and h∗logαZ → (πY )

∗
logαY (which exists by [Ogu18, 

Proposition III.2.1.1]), where h : X ×Z Y → Z is the canonical map from the fiber product 
to Z. 

Of course, since we often want to restrict our attention to certain classes of log schemes 
which are sufficiently nice, one would ask if the fiber product of such log schemes is again 
sufficiently nice. This is not generally the case if we form the fiber product in the category 
of all log schemes, but the subcategories we are interested in do themselves admit fiber 
products. 

Proposition 3.1.3.16 ([Ogu18, Corollary III.2.1.5]). Let LogSchcoh , LogSchfine , LogSchfs de-
note the categories of coherent, fine, and fs log schemes, respectively. Then there are adjunc-
tions 

LogSch fs LogSch fine LogSch coh 

(−)sat (−)int 

in which the left adjoints are the forgetful functors. 

Remark. Similarly to 3.1.2.2, the maps of underlying schemes Xsat → X int and X int → X 
induced by the counits of the above adjunctions are not in general homeomorphisms. In 
particular, we do not have MXint ∼= Mint 

X or MXsat ∼= Msat 
X . 

Proposition 3.1.3.17 ([Ogu18, Corollary III.2.1.6]). The category of fine log schemes ad-
mits finite projective limits, as does the category of fs log schemes, given by X ×fine 

Z Y = 
(X ×Z Y )int and X ×fs 

Z Y = (X ×Y Z)
sat . If X and Y are fine log schemes over a fine log

scheme Z, then the natural map 

X ×fine 
Z Y → X ×Z Y 
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is a closed immersion, and the natural map 

X ×fs 
Z Y → X ×Z Y 

is a finite morphism. 

Proposition 3.1.3.18 ([Ogu18, Proposition III.2.5.3]). Let f : X → Y be a morphism of 
fine log schemes. If f is integral and Y ′ → Y is any morphism of fine log schemes, then 
X ′ := X ×Y Y ′ is integral, and the natural morphism X ′ → Y ′ is integral. 

Remark. If M is a fine (resp. fs) monoid and (A, M, α) is a prelog ring, then Spec(A, M) is 
a fine (resp. fs) log scheme. 

With the previous definition, we can distinguish a class of prelog rings and log schemes 
which will be of particular interest to us in our comparison. 

Definition 3.1.3.19. An fs semi-log ring is a prelog ring (A, M) such that M := M/M× is 
fs and the naturally induced map 

M → Γ(Spec(A, M), M Spec(A,M)) 

is an isomorphism. We denote the full subcategory of PreLog spanned by fs semi-log rings 
(A, M) such that A is noetherian and has finite Krull dimension by SemiLog. 

Proposition 3.1.3.20 ([BLPØ23, Proposition 7.7]). The functor Spec : SemiLogop → 
LogSch fs,noeth is fully faithful, where LogSch fs,noeth denotes the full subcategory of LogSch fs 

consisting of fs log schemes whose underlying scheme is Noetherian and of finite Krull di-
mension. 

Definition 3.1.3.21. Let LogAff denote the full subcategory of LogSch fs,noeth consisting of
the spectra of fs semi-log rings. 

Remark. Every X ∈ LogSch fs,noeth admits a Zariski covering {Ui → X}i∈I such that Ui ∈ 
LogAff for all i by [Tsu99, Lemmas 1.3.2,1.3.3]. 

Definition 3.1.3.22. Let f : X → Y be a morphism of log schemes, and let 

S T 

X Y 
f 

(3.1) 

be a commutative diagram of log schemes, where S → T is a strict closed immersion such 
that 

1. the ideal I of S in T is a nil ideal, and 
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2. the subgroup 1 + I ⊆ O×
T 
∼= M× 

T operates freely on MT . 

1. We say f is formally log smooth if for any diagram of solid arrows 3.1, there exists 
locally on X at least one dotted arrow T → X making the diagram commute. 

2. We say f is log smooth if it is formally log smooth, MX , MY are coherent, and f is 
locally of finite presentation. 

3. We say f is formally log unramified if for any diagram of solid arrows 3.1, there exists 
locally on X at most one dotted arrow T → X making the diagram commute. 

4. We say f is log unramified if it is formally log unramified, MX , MY are coherent, and 
f is locally of finite presentation. 

5. We say f is formally log étale if for any diagram of solid arrows 3.1, there exists locally 
on X exactly one dotted arrow T → X making the diagram commute. 

6. We say f is log étale if it is formally log étale, MX , MY are coherent, and f is locally 
of finite presentation. 

The fundamental example of a smooth (respectively étale) morphism of log schemes is a 
morphism of the form 

Spec(k[M ], M) → Spec(k[P ], P ), 

induced by a morphism θ : P → M of finitely generated integral monoids such that ker(θgp) 
and the torsion part of coker(θgp) (respectively, ker(θgp) and coker(θgp)) are finite groups 
whose orders are invertible in k. 

In fact, such morphisms provide a local characterization of smooth (respectively étale) 
morphisms. More precisely, we have the following theorem. 

Theorem 3.1.3.23 ([Kat89, Theorem 3.5]). Let f : X → S be a morphism of fine log 
schemes, and let βS : P → Γ(S, MS) be a chart of MS. Then the following are equivalent. 

1. f is smooth (respectively étale). 

2. Étale locally on X, there exists a chart (M, βX , P, βY , θ) of f (extending the given chart 
of MS) such that 

• The kernel and torsion part of the cokernel (respectively, the kernel and cokernel) 
of θgp are finite groups whose orders are invertible in X. 

• The induced morphism X → Y ×Spec Z[P ] Spec Z[M ] is an étale map of schemes. 
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3.1.4 Olsson’s Log Stack 

In [Ols03], Olsson defines an algebraic stack LogS associated to a fine log stack S whose 
fiber over an S-scheme X → S is the groupoid of fine log structures on X. He proves 
that the association S ⇝ LogS provides a fully faithful embedding of logarithmic schemes 
into algebraic stacks, and that a number of properties of morphisms of fine log schemes 
f : X → S can be detected via the corresponding morphisms LogX → LogS or even the 
classifying morphism X → LogS . In this section, we review the definitions and main results, 
along with a few of the useful properties that we will make use of in the remainder of this 
paper. 

Definition 3.1.4.1. Let S be a fine log scheme with underlying scheme S. Let 

LogS → SchS 

be the fibered category whose objects are morphisms are fine log schemes f : X → S, 
and whose morphisms from (X ′ /S) to (X/S) are given by morphisms of fine S-log schemes 
g : X ′ → S such that g♭ : g ∗MX → MX ′ is an isomorphism. The structure map sends 
f : X → S to the underlying morphism of schemes f : X → S, and similarly for morphisms. 

Theorem 3.1.4.2 ([Ols03, Theorem 1.1]). The fibered category LogS is an algebraic stack 
locally of finite presentation over S. Moreover, the diagonal ∆ : LogS → LogS ×SLogS is of 
finite presentation (in particular, ∆ is qcqs5). 

Remark. If S is an fs log scheme, one may also consider the substack of LogS which classifies fs 
log schemes over S. In [Ols03], this substack is denoted by T orS, and the canonical inclusion 
T orS → LogS is an open immersion. 

By definition, there is a canonical morphism S → LogS classifying id : S → S. 

Lemma 3.1.4.3. Let S be a fine log scheme. Then the canonical map S → LogS is an open 
immersion. 

In general, a morphism of fine log schemes f : X → S corresponds to a morphism 
fMX : X → LogS . We may detect various properties of the morphism f via properties of 
the morphism fMX . 

Lemma 3.1.4.4 ([Ols03, Proposition 3.19]). A morphism f : X → S of fine log schemes is 
strict if and only if the map fMX : X → LogS factors through the canonical map S → LogS . 

Theorem 3.1.4.5 ([Ols03, Theorem 4.6]). Let f : X → S be a morphism of fine log schemes, 
with corresponding morphism fMX : X → LogS . Then f is log flat (respectively log smooth, 
log étale) if and only if fMX is flat (respectively smooth, étale). 

5In [Ols03, remark 3.17], Olsson states that the stack LogS is not quasi-separated. However, this is a 
matter of differing conventions – Olsson requires a quasi-separated stack to have separated diagonal, rather 
than simply a qcqs diagonal as in [Stacks, Tag 050D]. 

https://stacks.math.columbia.edu/tag/050D
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Remark. One can also define the notion of a prelog structure or log structure on an algebraic 
stack, either analogously to the definition of a (pre)log structure on a scheme, or in the case 
of a log structure, via a morphism of stacks to LogS . In particular, the identity LogS → LogS 

provides a canonical log structure on LogS . In terms of logarithmic Hochschild homology, 
we can identify Olsson’s logarithmic Hochschild homology of f : X → S with L∆∗R∆∗OX , 
where 

∆ : X → X ×LogS 
X 

is the relative diagonal of fMX : X → LogS . One could consider an appropriate “derived 
logarithmic stack” corresponding to X ×R 

X×R 
LogS 

X X, and investigate how the log structure on 

this stack is related to the logarithmic Hochschild homology, although we do not investigate 
this here. 

The stack LogS also admits a convenient étale cover by relatively simple stacks, which 
will be useful for us when calculating and comparing log Hochschild homologies. We recall 
the result here for convenience of the reader. Fix a base scheme S and a fine monoid P. 
Then the scheme SpecS(OS[P ]) represents the functor 

AffS → Set 

(Spec A → S) → HomMon(P, A) 

and admits an action of the S-group scheme S[P gp], induced by the “diagonal” map P → 
P ⊕ P gp . Let SP := [S[P ]/S[P gp]] denote the stack quotient by this action. If θ : P → Q is 
a map of commutative monoids, then there is an induced map of algebraic stacks SQ → SP . 

Corollary 3.1.4.6 ([Ols03, Corollary 5.22]). The fibered category over the category of S-log 
schemes defined by SP ×SQ S is naturally equivalent to that defined by the functor which to 
any morphism of log schemes f : T → S associates the set of maps ρ : P → Γ(T, MT ) for 
which the diagram 

Q P 

Γ(S, MS) Γ(T, MT ) 

θ 

ρ 

f♭ 

commutes. 

Going forward, suppose f : X → S is a map of prelog schemes, and that there exists a 
chart of f : 

(f, θ) : (X, M, βM ) → (S, P, βP ). 

we let S(f,θ) := AM ×AP S, where AN := [Spec Z[N ]/ Spec Z[Ngp]]. Note that the canonical 
map 

SM ×SP S → AM ×AP S 

is an equivalence of stacks, and we will work with either object as is most convenient. 
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Proposition 3.1.4.7 ([Ols03, Corollary 5.25]). Let S be a fine log scheme, and let J be the 
set of triples (U, β, ℓ), where U → S is étale, β : Q → MS|U is a chart, and ℓ : Q → P is a 
morphism of monoids. Then the natural morphism  

(U,β,ℓ)∈J 

SP ×SQ U → LogS 

induced by the maps of [Ols03, corollary 5.24] is representable, étale, and surjective. 

This proposition will be critical for us, as in some situations, it will allow us to work with 
the stack SP ×SQ U instead of LogS . In particular, we have the following important lemma. 

Lemma 3.1.4.8. Let (k, P ) → (A, M) be a map of fine prelog rings. Then the map Spec A → 
LogSpec(k,P ) induced by the canonical map 

Spec(A, M) 
f −→ Spec(k, P ) 

factors through the representable and étale map 

SM ×SP Spec k → LogSpec(k,P ) 

of [Ols03, Corollary 5.24] 

Proof. Indeed, this follows by consideration of the diagram 

Spec A 

SM ×SP Spec k LogSpec(k,P ) Spec k 

SM Log(SP ,MS P
) SP 

M Spec(A,M) 

f 

in which the squares are Cartesian (see the proof of [Ols03, Corollary 5.24]). 

Exactification, Revisited 

There is also a connection between Olsson’s log stack and the idea of the exactification of 
a morphism of log schemes. We explain the basic results in this section, but details can be 
found in [Ols11, Appendix A]. 

Let f : X → S be a morphism of fine log schemes, and consider the fiber product X×fine 
S X 

in the category of fine log schemes, along with the diagonal morphism ∆ : X → X ×fine 
S X. 
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Proposition 3.1.4.9 ([Ols11, Proposition A.3]). Let C denote the category whose objects 
are morphisms g : T → X × fine 

S X of fine log algebraic spaces over S such that the composite 
of g with either projection X × fine 

S X → X is strict, and whose morphisms are morphisms 
over X × fine 

S X. Then C admits a final object, which is given by X ×LogS 
X. 

By the above proposition, we obtain a factorization of the diagonal 

X 
∆ex 

−−→ X ×LogS 
X → X ×fine 

S X, 

where ∆ ex is in fact an exact immersion. Olsson calls ∆ ex the exactification of the diagonal. 
We will not make explicit use of this construction or its properties, but we mention 

it here for the following reason: one challenge in generalizing Hochschild homology to the 
logarithmic situation is that the diagonal morphism of log schemes ∆ : X → X ×S X (or 
X → X × fine 

S X is not exact. However, by replacing X × fine 
S X with X ×LogS 

X, we obtain 
a map which is exact and can replace the log diagonal for many purposes. In particular, if 
we identify Hochschild homology with L∆∗R∆∗OX , then Olsson’s log Hochschild homology 
can be identified L(∆ ex)∗R∆ex 

∗ OX . This will be made precise when we define log Hochschild 
homology. 

3.2 Derived Logarithmic Geometry 

In this section, we review the basic definitions and constructions of derived logarithmic 
geometry which we will need in what follows. Additional details can be found in [SSV14] (in 
the language of model structures) and [BLPØ23]. 

3.2.1 Animated Monoids 

Definition 3.2.1.1. The ∞-category aMon of animated monoids is the animation of the 
ordinary category CMon of discrete commutative monoids, or alternatively, the ∞-category 
associated to the standard model structure on sCMon, the category of simplicial commutative 
monoids. 

The ∞-category aMon is closely related to the ∞-category of animated abelian groups, 
or equivalently,M odcn 

Z . There is an evident fully faithful forgetful functor M odcn 
Z → aMon6 , 

and we call an animated monoid in the image of this functor grouplike. Equivalently, M is 
grouplike if π0(M) is a group. We will also often identify an animated abelian group with 
the corresponding grouplike animated monoid. 

The forgetful functor M odcn 
Z → aMon also admits both a right and a left adjoint, so 

there are two ways of canonically associating a grouplike animated monoid to an arbitrary 
animated monoid. 

6For example, by animating the classical forgetful functor, or by model category theoretic methods. 
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Definition 3.2.1.2. Let M be an animated monoid. The space of units of M is the animated 
monoid M× given by the following pullback 

M× M 

π0(M)× π0(M). 

Remark. What we denote by M× is sometimes denoted by GL1(M) in other references. 
Note that we have 

MapModcn 
Z 
(A, M×) ∼= MapModcn 

Z 
(A, π0(M)× ×π0(M) M) 

∼= MapModcn 
Z 
(A, π0(M)×)×MapModcn 

Z 
(A,π0(M)) MapaMon(A, M) 

∼= MapModcn 
Z 
(π0A, π0(M)×)×MapModcn 

Z 
(π0A,π0(M)) MapaMon(A, M) 

∼= MapAb(π0A, π0(M)×)×MapCMon(π0A,π0(M)) MapaMon(A, M) 
∼= MapaMon(A, M); 

i.e., M× → M is the terminal map from a grouplike animated monoid to M. 

Definition 3.2.1.3. Let θ : P → M be a map of animated monoids. 

1. We say θ is logarithmic if the canonical map 

θ−1 M× := P ×M M
× → M× 

is an equivalence. 

2. Let P a 
θ := P ⊕θ−1M× M× . The logification θa : P a 

θ → M is the canonical map determined 
by the maps θ : P → M and M× → M via the universal property of the pushout. 

Proposition 3.2.1.4 ([BLPØ23, Proposition 2.5]). Let θ : P → M be a map of animated 
monoids. The logification θa : P a 

θ → M is the initial logarithmic map under θ. In other 
words, if aMonlog 

/M denotes the full subcategory of aMon/M of maps θ : P → M which are 
logarithmic, then logification provides an adjunction 

(−)a : aMon /M aMon log 
/M : U. 

The other adjunction is provided by the group completion functor. 

Definition 3.2.1.5. Let M be an animated monoid. We say that a morphism γ : M → 
M ′ realizes M ′ as a group completion of M if M ′ is grouplike and the map γ induces an 
equivalence 

MapModcn 
Z 
(M ′ , A) → MapaMon(M, A) 

for any grouplike animated monoid/animated abelian group A. 
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A group completion of any animated monoid M always exists. One way to see this is to 
apply [Mao24, Corollary 2.2.3] to the adjunction (−)gp ⊣ U, where (−)gp : CMon → Ab is 
the classical group completion functor and U : Ab → CMon is the forgetful functor. Since U 
is also a left adjoint, it satisfies the hypotheses and we obtain an adjunction 

(−)gp : aMon Mod cn 
Z : U 

between the animations, and we will abusively denote Ani((−)gp) simply by (−)gp . 
There are various other equivalent ways to construct the group completion. If B ⊣ Ω is 

the looping/delooping adjunction on aMon, which can be modeled explicitly on simplicial 
commutative monoids as the tensor and copower BM• = M• ⊗ S1 = M• ⊗ ∆1/∂∆1 and 
ΩM = MS1 

, then M → Mgp is equivalent to M → ΩBM. Another way to model Mgp at the 
level of simplicial commutative monoids is to form the classical group completion degree-wise 
on a simplicial monoid M•. We refer to [SSV14, Section 2.1] for more details. 

From the above discussion, we deduce the following proposition. 

Proposition 3.2.1.6. The forgetful functor 

U : Mod cn 
Z → aMon 

is left adjoint to the space of units functor 

(−)× : a M on → Mod cn 
Z 

and right adjoint to the group completion functor 

(−) gp : a M on → Mod cn 
Z 

As in the classical case, there is also a universal way to construct an animated ring from 
an animated monoid. Recall that there is an adjunction of 1-categories 

Z[−] : CMon CAlg : (−, · ). 

If we replace CMon and CAlg by sCMon and sCRing respectively, we can apply this adjunction 
degree-wise to obtain a Quillen adjunction 

Z[−] : sCMon sCRing : (−, · ), 

(see [SSV14] for details on the model structures) and thus an adjunction 

Z[−] : aMon aRing : (−, · ) 

between the associated ∞-categories by [Lur08, Proposition 5.2.4.6]. 
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3.2.2 Derived Affine Logarithmic Geometry 

Definition 3.2.2.1. Consider the composition 

aRing aMon Cat∞, 

F 

(−, · ) aMon/(−) 

where aMon/(−) is the functor which on objects is given by 

aMon/(−) : aMon → Cat∞ 

M → aMon /M . 

1. The ∞-category aPreLog of animated prelog rings is the ∞-category associated to the 
composition F via the ∞-categorical Grothendieck construction (or in the language of 
[Lur08], the “straightening-unstraightening correspondence”). 

2. Let A be an animated ring. The ∞-category aPreLogStrA of animated prelog structures 
on A is defined to be the category aMon/(A, · ) of maps of animated monoids α : M → 
(A, · ). Equivalently, aPreLogStrA ≃ aPreLog ×aRing {A}. 

Note that aPreLog is thus equivalent to the comma category (idaMon ↓ F ), since the func-
tor aMon/(−) is the coCartesian straightening of the target functor Arr(aMon) → aMon, 
and therefore the Grothendieck construction of the composition is the pullback of the 
Arr(aMon) → aMon along (−, · ), which is by definition the comma category. 

There are several other equivalent descriptions of aPreLog. It is the ∞-category asso-
ciated to either the projective or injective model structure on the category of simplicial 
prelog rings, c.f. [SSV14, Propositions 3.2,3.3], or the animation of the category PreLog, 
as explained in [BLPØ23, Remark 2.11]. The equivalence between our definition and these 
alternative descriptions is discussed in [BLPØ23, Remark 2.12]. 

If (A, M, α) is an animated prelog ring, we will also write (A, M, α) to denote the under-
lying animated ring A. 

Definition 3.2.2.2. The ∞-category of affine derived prelog schemes dPreLogAff is the 
opposite of the ∞-category of animated prelog rings. For an animated prelog ring (A, M), 
the corresponding object of dPreLogAff will be denoted by Spec(A, M). If X = Spec(A, M) 
is an affine derived prelog scheme, then X will denote the underlying affine derived scheme 
Spec A. A derived prelog structure on an affine derived scheme Spec A is a prelog structure 
on the animated ring A. 

Definition 3.2.2.3. Let (A, M, α) be an animated prelog ring. 

1. (A, M, α) is an animated log ring if α is logarithmic. 
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2. The ∞ -category aL og is the full subcategory of aP reL og consisting of animated prelog 
rings which are logarithmic. 

3. The ∞ -category aL ogS trA is the pullback aL og × aRing { A} , or equivalently, the full 
subcategory of aP reL ogA consisting of animated prelog structures α : M → A which 
are logarithmic. 

4. The logification (A, M, α)a := (A, Ma 
α, α

a) is the animated ring determined by the 
logification of the structure map α. 

Warning. Note that if one models animated prelog rings by simplicial prelog rings, animated 
log rings are not then modeled by simplicial objects in the category of log rings; see [SSV14, 
Remark 3.8]. 

Remark. Because aP reL og and aR ing admit colimits and the forgetful functor aP reL og → 
aR ing preserves colimits, it follows that aP reL ogS trA admits colimits as well. 

As before, we have an adjunction 

(−)a : aP reLogS trA aLogS trA. 

In fact, (k, P, β)a is the universal animated log ring over (k, P, β) in the following sense. 

Proposition 3.2.2.4. Let U : aL og → aP reL og denote the canonical fully faithful forgetful 
functor. Then there is an adjunction 

(−)a : aP reLog aLog : U 

where the left adjoint is given on objects by the logification construction. 

Proof. A proof of this result in the language of model structures on simplicial prelog rings can 
be found in [SSV14, Section 3.2]. One can also deduce the result formally from the adjunction 
between animated prelog structures and animated log structures on a given animated ring 
A together with 3.2.2.6. 

As in the classical case, given a morphism of (animated) rings/(affine) schemes, there is 
a canonical way to associate an animated prelog structure on either ring given an animated 
prelog structure on the other. 

Definition 3.2.2.5. Let f : k → A be a map of animated rings. 

1. If (k, P, β) is an animated prelog ring whose underlying animated ring is k, the inverse 
image prelog structure on A is the morphism 

P 
β −→ (k, · ) (f, · )−−→ (A, · ), 

and we will denote A equipped with the inverse image prelog structure by (A, f∗P, f ∗β). 
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2. If (A, M, α) is an animated prelog ring whose underlying animated ring is A, the direct 
image prelog structure on k is the map f∗M 

f∗α −−→ (k, · ) given by the top horizontal 
morphism in the Cartesian diagram 

f∗M (k, · ) 

M (A, · ) 

f∗α 

(f, · ) 

α 

The above constructions yield the following adjunctions. 

Proposition 3.2.2.6 ([SSV14, Proposition 3.26]). Let f : k → A be a morphism of animated 
rings. Then f induces an adjunction 

f ∗ : aP reLogS trk aP reLogS trA : f∗ 

between the categories of animated prelog structures on k and animated prelog structures on 
A and an adjunction 

f ∗ : aLogS trk aLogS trA : (−)a ◦ f∗ 

between the categories of animated log structures on k and animated log structures on A. 

Remark. The previous proposition immediately implies that if (P, β) is an animated log 
structure on k, then f ∗(P, β) is an animated log structure on A. 

Remark. Our notation for the direct and inverse image prelog structures is reversed from 
that of [SSV14], although the definitions for the terminologies are the same. Our notation 
is chosen to conform with the geometric inverse and direct images. 

Definition 3.2.2.7. A map (f, f ♭) : (k, P ) → (A, M) of animated prelog rings is strict if 
the canonical map (A, f∗P )a → (A, M)a is an equivalence. 

Remark. A map (k, P ) → (A, M) of animated prelog rings is strict if and only if the diagram 

(k, {1})a (A, {1})a 

(k, P )a (A, M)a 

is coCartesian. To see this, observe that the diagram 

(k, {1}) (A, {1}) 

(k, P ) (A, f ∗ P ) 
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is coCartesian for any animated prelog ring (k, P ) and any map of animated rings k → A 
(essentially by definition of f∗P ), and because (−)a is a left adjoint, 

(k, {1})a (A, {1})a 

(k, P )a (A, f ∗ P )a 

is also coCartesian. 
We also have a canonical factorization 

(k, {1}) (A, {1}) (A, {1}) 

(k, P ) (A, f ∗ P ) (A, M) 

of the original diagram by 3.2.2.6, and thus a corresponding diagram 

(k, {1})a (A, {1})a (A, {1})a 

(k, P )a (A, f ∗ P )a (A, M)a 

of the associated animated log rings. 
If the diagram 

(k, {1})a (A, {1})a 

(k, P )a (A, M)a 

is coCartesian, then the associated diagram 

(k, {1})a (A, {1})a (A, {1})a 

(k, P )a (A, f ∗ P )a (A, M)a 

has left square coCartesian and outer square coCartesian, so that the right square is also 
coCartesian by the “pushout lemma.” In particular, (A, f∗P )a → (A, M)a is an equivalence. 

Conversely, if (A, f∗P )a → (A, M)a is an equivalence, then the outer square of 

(k, {1})a (A, {1})a (A, {1})a 

(k, P )a (A, f ∗ P )a (A, M)a 
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is coCartesian. Since the left square is always coCartesian, the other direction of the “pushout 
lemma” implies that the right square is coCartesian. 

The argument above works just as well in the classical situation (affine or global), giving 
an alternate proof of 3.1.3.7 to the one in [Ogu18]. 

Lemma 3.2.2.8. Let (A, M) be an animated prelog ring, and let θ : M → N be a morphism 
of animated monoids. Then the ∞-category of morphisms of animated prelog rings (A, M) → 
(A ′ , M ′ ) under (A, M) equipped with a morphism of monoids N → M ′ and a commutative 
diagram 

M N 

M ′ 

admits an initial object, given by 

(A, M) → (A ⊗Z[M ] Z[N ], N). 

Thus, any morphism of animated prelog rings (A, M) → (A ′ , M ′ ) equipped with a given 
factorization M → N → M ′ of the morphism of animated monoids canonically admits a 
factorization through (A ⊗Z[M ] Z[N ], N). 

Proof. A morphism of animated prelog rings (A, M) → (A ′ , M ′ ) is equivalent to the data of 
a commutative diagram of animated rings 

Z[M ] Z[M ′ ] 

A A ′ 

where the top morphism is induced by a morphism of animated monoids M → M ′ , by 
adjunction. The proof follows from the universal property of the tensor product. 

We end with a remark on animated prelog structures which factor through A× → A. 

Lemma 3.2.2.9. Suppose that α : M → A is an animated prelog structure which factors 
through the canonical monomorphism A× → A. Then αa : Ma 

α → A is equivalent to A× → A. 
In particular, if M is grouplike, then Ma ≃ A× . 

Proof. Clear by construction. Proof in the context of (graded) prelog/log structures on 
commutative ring spectra can be found as [Sag12, Lemmas 3.12, 3.13]. 

Corollary 3.2.2.10. If α : M → A and α ′ : M ′ → A× → A are animated prelog structures 
on A, then the canonical map M → M ⊕ M ′ determines a strict morphism of animated 
prelog rings (A, M, α) → (A, M ⊕ M ′ , α ⊕ α ′ ). 
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Proof. The proof is a simple computation: 

Ma
α ≃ (M ⊕prelog {1})aα⊕i ≃Ma

α ⊕log {1}ai ≃Ma
α ⊕log A× ≃Ma

α ⊕ (M ′ )aα ′ ≃ (M ⊕prelog M ′ )aα⊕α ′ . 

3.2.3 Repletions 

The repletion of a map of animated monoids, originally due to Rognes, is a key object in 
the construction of Rognes’ Hochschild homology. In some sense, replete morphisms and 
repletions of morphisms are meant to be a homotopically meaningful replacement for the 
concepts of integral or saturated monoids; see [Rog09, Section 3] for a discussion and proofs 
of results for discrete monoids, [SSV14, Section 2.2] for the model-category theoretic setting, 
or [BLPØ23, Section 2.16] for the animated setting. 

Fundamentally, exactness or repleteness of a morphism of monoids is a direct generaliza-
tion of the definition of exactness from the classical/discrete case. 

Definition 3.2.3.1. Let θ : N → M be a morphism of animated monoids. We say θ is 

1. exact if the diagram 
N Ngp 

M Mgp 

θ θgp 

is Cartesian. 

2. virtually surjective if π0(θgp) : π0(Ngp) → π0(Mgp) is a surjection of classical abelian 
groups. 

3. replete if it is exact and virtually surjective. 

We also desire a method by which we can associate to a morphism θ : N → M of 
animated rings a morphism θ ′ : N ′ → M which is exact in a universal sense. In order to 
better discuss this process, we make the following definition. 

Definition 3.2.3.2. Let θ : N → M be a morphism of animated monoids. 

1. The pre-exactification of θ is the canonical morphism 

M ×Mgp Ngp → M. 

2. Suppose we are given a factorization 

N 
θ ′ −→ N ′ 

θe 

−→M 

of θ such that the following hold: 
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a) θe is exact. 

b) (θ ′ )gp : Ngp → (N ′ )gp is an equivalence. 

In this situation, we call θe an exactification of θ, and we call N ′ an exactification of 
N (relative to θ). 

3. Suppose we are given a factorization 

N 
θ ′ −→ N ′ 

θrep 

−−→ M 

of θ such that the following hold: 

a) θrep is replete. 

b) (θ ′ )gp : Ngp → (N ′ )gp is an equivalence. 

In this situation, we call θrep an repletion of θ, and we call N ′ an repletion of N (relative 
to θ). 

As in the classical situation, the pre-exactification of a morphism of animated monoids 
need not itself be exact without additional assumptions. However, if θ is virtually sur-
jective, then the pre-exactification provides a repletion of θ. We choose the non-standard 
“pre-exactification” language to emphasize that in general, the map M ×Mgp Ngp → M may 
not be exact. 

Proposition 3.2.3.3 ([SSV14, Proposition 2.17]). Let θ : N → M be a virtually surjective 
morphism of animated monoids. Then the projection 

θrep : N rep 
θ := M ×Mgp Ngp → M 

provides a repletion of θ : N → M. 

In order to obtain our comparison morphism, it will be helpful to have a universal property 
of the exactification/repletion of a morphism of animated monoids (and later, a morphism of 
animated prelog rings). Similar results in more generality can be found in [Zha26]; however, 
we do not require the generality of the theory developed therein.7 

Lemma 3.2.3.4. Let θ : N → M be a virtually surjective morphism of animated monoids. 
The factorization N → N rep 

θ

θrep 

−−→ M is initial among factorizations N → N ′ 
θ ′ −→ M of θ such 

that θ ′ is replete. 
7Note that some results in [Zha26] are shown for E∞-monoids rather than animated monoids, but many 

of the arguments there still hold for animated monoids. It is not immediately obvious that the definition of 
an exact morphism in loc. cit. agrees with the definition stated here or in [Rog09], [SSV14], or [BLPØ23] 
in the general situation; however, it is the case that the notions agree in the case of virtually surjective 
morphisms. 
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Proof. Suppose N → N ′ 
θ ′ − → M is such a factorization. We first show that the space of 

morphisms of such factorizations from N → N rep 
θ → M to N → N ′ → M is contractible. 

Consider the diagram 
N Ngp 

N ′ (N ′ )gp 

M Mgp 

Since the bottom square is a pullback, we note that there is a canonical projection morphism 
N repθ → N ′ , since N rep

θ is equivalent to the pullback N ′ ×(N ′ )gp Ngp (using the fact that the 
bottom square is a pullback and that N repθ is the pullback of the lower morphism and the 
composition of the two right vertical morphisms in the diagram). 

Now, consider the mapping space Map θ (N
rep
θ , N ′ ) – in other words, the space of diagrams

of the form 

N N rep 
θ M 

N N ′ M. 

θ 

idN 

θrep 

idM 

θ 

θ ′ 

By repleteness of θ ′ , a general morphism of animated monoids from N rep
θ is equivalent to

a diagram of animated monoids of the form 

N rep 
θ (N ′ )gp 

M Mgp . 

(θ ′ )gp 

In other words, the universal property of the fiber product guarantees that 

MapaMon(N rep 
θ , N ′ ) ≃ Map(N rep 

θ , M) ×Map(Nrep 
θ ,M gp) Map((N rep 

θ )gp , (N ′ )gp). 

Now, using the fact that this is not simply a map N repθ → N ′ , but a map of factorizations 
of θ, it follows that the map N repθ → M must be (equivalent to) the repletion θrep of θ. 
Additionally, because the map to M gp is the composition of N repθ → M → Mgp , this map 
is also determined up to contractible choice. We are then left with the determination of 
the map N repθ → (N ′ )gp , which by the universal property of the groupification, must factor
N rep 

θ → (N rep 
θ )gp → (N ′ )gp , where the first map is the canonical morphism from N rep 

θ to its 
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groupification. However, this map further fits into the diagram 

N Ngp 

N rep 
θ (N rep 

θ )gp 

N ′ (N ′ )gp . 

Since the map Ngp → (N rep 
θ )gp is an equivalence, it follows that the map (N rep 

θ )gp → (N ′ )gp 

is equivalent to the groupification of the given map N → N ′ , via the equivalence (N rep
θ )gp →

Ngp . Thus, this map is also determined up to contractible choice, so that the space of 
morphisms is contractible, as desired. 

We may reframe the above lemma as the following adjunction. 

Corollary 3.2.3.5. Let M be an animated monoid, let aMonvsur /M be the full subcategory of 
aMon/M spanned by those maps θ : N → M which are virtually surjective, and let aMonrep 

/M 
denote the full subcategory of aMon/M spanned by θ : N → M which are replete. Then there 
is an adjunction 

(−)rep : aMon vsur /M aMon rep 
/M : U 

where the right adjoint is given by the forgetful functor aMonrep 
/M → aMonvsur /M and the left 

adjoint is given by the pre-exactification/repletion (θ : N → M) → (θrep : N rep 
θ ≃ M ×M gp 

Ngp → M). 

We will mainly be concerned with the repletion in the case of the summation or codiagonal 
morphism σ : M ⊕P M → M for some fixed morphism θ : P → M of animated monoids. In 
this case, σ admits a canonical section (in fact, two canonical sections), and the following 
lemma provides us with a useful concrete description of the repletion in this situation. 

Proposition 3.2.3.6 ([BLPØ23, Proposition 2.21]). Let θ : N → M be a map of animated 
monoids, and assume that it has a section η : M → N. Then there is an equivalence 

N rep 
θ 

∼ −→ M ⊕ cofib(ηgp) 

of animated monoids over and under M, induced by the canonical map 

θrep : N rep 
θ → M 

and the composition 
N rep 

θ → Ngp → cofib(ηgp), 
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where the map N rep 
θ ≃ M × Mgp N gp → N gp is the projection onto N gp (which can be identified 

with the group completion of N rep
θ ), and the map N gp → cofib(ηgp : M gp → N gp) is the 

canonical map.8 

In the specific situation of the codiagonal morphism σ : M ⊕ P M → M, we may sim-
plify the description of the cofiber cofib(M gp → (M ⊕ P M )gp) (for either section) using the 
following lemma. 

Lemma 3.2.3.7. Let C be a stable ∞ -category, and let f : X → Y and g : X → Y ′ be two 
maps in C . Then there is a canonical equivalence cofib(Y → Y ⊕ X Y ′ ) ≃ cofib(X 

g −→ Y ′ ). 

Proof. This follows from the fact that X 
(f,−g) −−−→ Y ⊕ Y ′ → Y ⊕ f,X,g Y ′ is a cofiber sequence, 

together with the square 

0 Y Y 

X Y ⊕ Y ′ Y ⊕X Y ′ 

X Y ′ Q 

id 

(f,−g) 

so that Q is identified with both Cof(Y → Y ⊕ X Y ′ ) and Cof(X → Y ′ ). 

Corollary 3.2.3.8. Let θ : P → M be a map of animated monoids. Then there is a canonical 
equivalence 

(M ⊕P M )rep 
σ ≃ M ⊕ M gp/P gp . 

If we identify (M ⊕ P M )rep ≃ M ⊕ (M ⊕ P M )gp /M gp , where M → M ⊕ P M via the
canonical section corresponding to the first component, then the diagram 

M ⊕P M M ⊕ (M ⊕P M )gp /M gp (M ⊕P M )gp 

M M gp 

commutes. Here, the map M ⊕ P M → M ⊕ (M ⊕ P M )gp /M gp ≃ M × (M ⊕ P M )gp /M gp is 
induced by summation on the first component and the composition of the groupification fol-
lowed by the canonical quotient on the second component, the map M ⊕ (M ⊕ P M )gp /M gp → 
M is the projection onto the first component, and the map M ⊕ (M ⊕ P M )gp /M gp → 
(M ⊕ P M )gp is the inverse of the map (M ⊕ P M )gp → M gp ⊕ (M ⊕ P M )gp /M gp induced by 
summation in the first component and the projection in the second. 

8Note that in the category of animated monoids, finite products and finite coproducts coincide. 
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On the other hand 

M ⊕P M M ⊕ Mgp/P gp (M ⊕P M)gp 

M Mgp 

has M ⊕ P M → M ⊕ Mgp/P gp induced by summation on the first component and projection 
onto the second component, M ⊕ Mgp/P gp → M given by projection onto the first compo-
nent, and M ⊕ Mgp/P gp → (M ⊕ P M)gp given by groupification composed with the inverse 
of the map (M ⊕ P M)gp → Mgp ⊕ Mgp/P gp which is summation onto the first component 
and projection onto the second. 

Tracing through these identifications, the map M ⊕ Mgp/P gp → M ⊕ (M ⊕ P M)gp /Mgp 

is given by the identity on the M component, and via the diagram 

P gp Mgp Mgp/P gp 

Mgp (M ⊕P M)gp (M ⊕P M)gp/Mgp 

on the second (where the left hand square is obtained by applying groupification to the 
square defining the pushout). 

Definition 3.2.3.9. Let (f, f ♭) : (B, N) → (A, M) be a map of animated prelog rings. We 
say (f, f ♭) is virtually surjective (respectively, exact, replete) if the morphism of animated 
monoids f ♭ : N → M is virtually surjective (respectively, exact, replete). 

We are now ready to state the universal property of the repletion. 

Proposition 3.2.3.10. Let (f, f ♭) : (B, N) → (A, M) be a virtually surjective map of 
animated prelog rings. The prelog ring (B ⊗ Z[N ] Z[N rep

f♭ ], N
rep 
f♭ ) together with the canonical

maps 

N N rep 
f♭ M 

B B ⊗Z[N ] Z[N rep 
f♭ ] A 

(f♭)rep 

is initial among factorizations (B, N) → (B ′ , N ′ ) 
(g,g♭)−−−→ (A, M) of (f, f ♭) such that g♭ 

is replete. In other words, let aP reLogrep 
(B,N)//(A,M) denote the sub-∞ -category of factor-

izations (B, N) → (B ′ , N ′ ) → (A, M) of (f, f ♭) spanned by those such that (B ′ , N ′ ) → 
(A, M) is replete. Then the composition (B, N) → (B, N)rep

(f,f♭) 
→ (A, M) is initial in 

aP reLogrep 
(B,N)//(A,M). 
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Proof. This follows from 3.2.2.8. 

We can rephrase 3.2.3.10 as an adjunction. 

Corollary 3.2.3.11. Let (A,M) be an animated prelog ring. Then there is an adjunction 

(−)rep : aP reLog vsur /(A,M) aP reLog rep 
/(A,M) : U 

where the right adjoint is the forgetful functor/inclusion aP reL ogrep 
/(A,M) → aP reL ogvsur /(A,M), 

and the right adjoint is the repletion 

((B,N) 
(f,f♭)−− −→ (A,M)) → (B, N)rep 

(f,f♭) 
:= (B ⊗Z[N ] Z[N rep 

f♭ ], N
rep 
f♭ ). 

We end with a few comments about the relationship between the repletion and strictness, 
in the case of a map (B,N) → (A,M) such that the map N → M admits a section. 

Lemma 3.2.3.12 ([BLPØ23, Corollary 2.23]). Suppose (f, f ♭) : (B,N, β) → (A, M, α) is a 
morphism of animated prelog rings such that the map f ♭ : N → M admits a section η. Then 
the repletion (f, f ♭ )rep : (B, N, β)rep 

(f,f♭) 
→ (A,M,α) is strict.

Proof. This follows from 3.2.3.6. In particular, the repletion can be identified with 

(B ⊗Z[N ] Z[M ⊕ cofib(ηgp)], M ⊕ cofib(ηgp)) → (A, M) 

One can check directly from this description that logification induces an equivalence 

(f rep)∗(M ⊕ cofib(ηgp))a 
(f rep)∗βrep → M, 

or alternatively, one can appeal to 3.2.2.10. 

Note that only the map f ♭ of monoids is required to admit a section in the previous 
lemma. In particular, it is not necessary that the map (f, f ♭) of prelog rings in the previous 
lemma itself admits a section. However, if the map (f, f ♭) does admit a section, we can say 
more. 

Proposition 3.2.3.13. Let (f, f ♭) : (B, N) → (A,M) be a map of animated prelog rings 
which admits a section (g, η) : (A,M) → (B, N). Then the composition (A, M) → (B,N) → 
(B, N)rep 

(f,f♭) 
is strict. 

Proof. By 3.2.3.6, we have 
N rep 

f♭ ≃ M ⊕ cofib(ηgp). 

Via this identification, we may view the map of monoids underlying (A, M) → (B, N)rep 
(f,f♭) 

as being the canonical map M → M ⊕ cofib(ηgp). The result then follows from 3.2.2.10. 

In particular, this applies to the multiplication map (A,M) ⊗ (k,P ) (A,M) → (A, M). 
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Corollary 3.2.3.14. Let (k, P ) → (A,M) be a morphism of animated prelog rings. Then 
both of the canonical morphisms (A, M) → (A, M) ⊗rep 

(k,P ) (A, M) are strict. 

Remark. A theory of general global derived log schemes or stacks has not yet been thoroughly 
investigated, although there are candidates for a replacement of Olsson’s log stack, see [Pri13] 
and [Mao24] for more details. It would be interesting to see whether the fiber product X×LX 
satisfies a universal property similar to 3.1.4.9 for either variant of derived log stack L. If 
there was a derived log stack L satisfying such a universal property, this would yield another 
comparison map X ×rep 

S X → X ×L X by the above corollary, and one could check what this 
map produces on Hochschild homology. 

3.3 The Logarithmic Cotangent Complexes 

There are two distinct flavors of logarithmic cotangent complexes, and it will be important 
for us to understand the relationship between them in order to compare the two notions of 
logarithmic Hochschild homologies which we consider here. 

It would be reasonable to ask why there is more than one theory of logarithmic cotangent 
complex. This can be explained by the following observation, due to W. Bauer. 

Claim 3.3.0.1 ([Ols05, Section 7]). There does not exist a theory of cotangent complexes 
for log schemes 

(X → S) → Llog 
X/S ∈ D qc(X) 

satisfying the following properties: 

1. If X → S is strict, then the diagram 

X X 

S S 

induces an equivalence LX/S → Llog 
X/S between the ordinary cotangent complex of the 

underlying morphism of schemes and the log cotangent complex. 

2. If X → S is log smooth, then Llog 
X/S ≃ Ω1 

X/S [0]. 

3. For every commutative diagram 

X ′ X 

S ′ S 

a 

f ′ f 

b 

there is a natural map La∗Llog 
X/S → Llog 

X ′ /S ′ , which is identified with the corresponding 
map of ordinary cotangent complexes when f and f ′ are strict. 
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4. For every composite X 
f −→ Y 

g −→ Z, there is a distinguished triangle 

Lf ∗Llog 
Y/Z → Llog 

X/Z → Llog 
X/Y → Lf ∗Llog 

Y/Z [1]. 

The two theories of log cotangent complex must each then compromise on one of these 
properties. Olsson’s log cotangent complex sacrifices the existence of a distinguished triangle 
for all compositions of fine log schemes, and on the other hand, Gabber’s log cotangent 
complex compromises by relaxing the condition that LGab 

X/S be represented by Ω1 
X/S [0] for 

X/S log smooth. 

3.3.1 Logarithmic Differentials 

The theory of logarithmic geometry has a notion of differentials, similar to the ordinary 
theory of algebraic geometry. Just as for schemes, the theory of differentials is closely 
related to étale and smooth morphisms, and is also closely tied to the logarithmic cotangent 
complex(es), which play a key role in our study of logarithmic Hochschild homology. In this 
section, we recall the definition of the module of log differentials of a map of (pre)log rings 
or schemes, and the relation to the logarithmic versions of étale and smooth morphisms. We 
begin with a brief overview of this theory. 

Definition 3.3.1.1. Let (f, f ♭) : (k, P, β) → (A, M, α) be a morphism of prelog rings, and 
let E be an A-module. A log derivation of (f, f ♭) with values in E is a pair (D, log D), where 
D : A → E is a morphism of k-modules, and log D : M → E is a morphism of monoids, 
such that: 

1. D is a derivation of f : k → A valued in E, 

2. D(α(m)) = α(m) log D(m) for all m ∈ M ; and 

3. log D(f ♭(p)) = 0 for all p ∈ P. 

The set of log derivations of (f, f ♭) with values in E will be denoted Der(f,f♭)(E). Notice 
that Der(f,f♭)(E) is equivalent to the pullback 

Der(f,f♭)(E) Hom PreLog(k,P )/ 
((A, M), (A ⊕ E, M ⊕ E)) 

{id(A,M)} Hom PreLog(k,P )/ 
((A, M), (A, M)) 

ϖJ ◦− 

where (A ⊕ E, M ⊕ E) is the prelog ring whose underlying ring is the square zero extension 
A ⊕ E of A by E, and whose underlying monoid is M ⊕ (1 + E), with structure map 

M ⊕ (1 + E) → A ⊕ E 

(m, 1 + x) → (α(m), x). 
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The map ϖJ : (A ⊕ E, M ⊕ E) → (A, E) is the canonical projection. The (k, P )-algebra 
structure on (A ⊕ E, M ⊕ E) is induced by the (k, P )-algebra structure on (A, M) and the 
canonical section (A, M) → (A ⊕ E, M ⊕ E) of ϖJ . 

Proposition 3.3.1.2 ([Ogu18, Proposition IV.1.1.2]). Let (f, f ♭) : (k, P, β) → (A, M, α) be 
a morphism of prelog rings. The functor 

Der(f,f♭) : ModA → Set 

is representable by a universal derivation 

(d, log d) : (A, M) → Ω 1 
(f,f♭) = Ω 1 

(A,M)/(k,P ) 

whose target is called the module of log differentials of (ϕ, ϕ♭). 

As is the case for the usual module of Kähler differentials, there are many equivalent 
presentations of Ω1

(f,f♭)
. One possibility is 

Ω 1 
(A,M)/(k,P ) = 

 
Ω 1 

A/k ⊕ (A ⊗ Mgp/P gp 
 
/R, 

where R is the submodule of 
 
Ω1 

A/k ⊕ (A ⊗ Mgp/P gp 
 

generated by elements of the form 

(dα(m), −α(m) ⊗ π(m), for m ∈ M, where π : M → Mgp/P gp is the canonical map. In this 
case, we have 

d : A→ 
 
Ω 1 

A/k ⊕ (A ⊗ Mgp/P gp 
 
/R 

a → [da, 0] 

and 

log d : M → 
 
Ω 1 

A/k ⊕ (A ⊗ Mgp/P gp 
 
/R 

m → [0, 1 ⊗ π(m)]. 

The module of log differentials enjoys many properties directly analogous to the usual 
module of Kähler differentials. We record the most important ones here. 

First of all, formation of Ω1
(f,f♭) is functorial in the morphism (f, f ♭). 

Proposition 3.3.1.3 ([Ogu18, Proposition IV.1.1.3]). Let 

(A, M, α) (A ′ , M ′ , α ′ ) 

(k, P, β) (k ′ , P ′ , β ′ ) 

(g,g ♭) 

(f,f♭) (f ′ ,(f ′ )♭) 
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be a commutative diagram of prelog rings. Then there is a canonical homomorphism 

A ′ ⊗A Ω 1 
(f,f♭) → Ω 1 

(f ′ ,(f ′ )♭), 

compatible with the universal derivations. This map is an isomorphism if the square is 
coCartesian, or if (k, P, β) → (k ′ , P ′ , β ′ ) is an isomorphism, M → M ′ is an isomorphism, 
and A → A ′ is a localization. 

Let us explain how the map in question is constructed. Let E be an A ′-module, which 
we may consider as an A-module via the map g : A → A ′ . Then we obtain a map 

Der(f ′ ,(f ′ )♭)(E) → Der(f,f♭)(E) 

(∂, log ∂) → (∂ ◦ ρ, log ∂ ◦ ρ ♭). 

If we apply this with E = Ω1
(f ′ ,(f ′ )♭), we obtain 

HomA ′ (Ω
1 
(f ′ ,(f ′ )♭), Ω 1 

(f ′ ,(f ′ )♭)) → HomA(Ω
1 
(f,f♭), Ω 1 

(f ′ ,(f ′ )♭)) 

and thus 
Der(f ′ ,(f ′ )♭)(Ω

1 
(f ′ ,(f ′ )♭)) → Der(f,f♭)(Ω

1 
((f ′ ,(f ′ )♭)). 

The image of id : Ω1
(f ′ ,(f ′ )♭) → Ω1

(f ′ ,(f ′ )♭) produces a canonical map Ω1
(f,f♭) → Ω1

(f ′ ,(f ′ )♭) of 
A-modules, and thus by adjunction 

A ′ ⊗A Ω 1 
(f,f♭) → Ω 1 

(f ′ ,(f ′ )♭). 

Proposition 3.3.1.4. Let (k, P ) → (A, M) 
(f,f♭) −−−→ (B, N) be morphisms of prelog rings. 

Then there is an exact sequence 

B ⊗A Ω 1 
(A,M)/(k,P ) → Ω 1 

(B,N)/(k,P ) → Ω 1 
(B,N)/(A,M) → 0 

of B-modules, where the maps are induced by the squares in the diagram 

(A, M) (B, N) (B, N) 

(k, P ) (k, P ) (A, M) 

via 3.3.1.3. 

Proof. This follows from the observation that 

Der(B,N)/(A,M)(E) ∼= Ker 
 
Der(B,N)/(k,P )(E) → Der(A,M)/(k,P )(E) 

 
, 
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where the map 
Der(B,N)/(k,P )(E) → Der(A,M)/(k,P )(E) 

sends a derivation (∂, log ∂) : (B, N) → E to the derivation determined by 

A → B 
∂ −→ E 

and 
M → N 

log ∂ −−→ E. 

Indeed, if (∂, log ∂) is in the kernel, then ∂(f(a)) = 0 for all a ∈ A, and log ∂(f ♭(m)) = 0 
for all m ∈ M, which immediately implies that (∂, log ∂) in fact defines a log derivation of 
(f, f ♭). 

Using the previous results, we can deduce the following. 

Corollary 3.3.1.5. Suppose that 

(A, M, α) (A ′ ,M ′ , α ′ ) 

(k, P, β) (k ′ , P ′ , β ′ ) 

(h,h♭) 

(g,g ♭) 

(f,f♭) (f ′ ,(f ′ )♭) 

is a coCartesian diagram of prelog rings. Then there is a canonical isomorphism 

(A ′ ⊗A Ω 1 
(f,f♭)) ⊕ (A ′ ⊗k ′ Ω 1 

(g,g ♭))→ Ω 1 
(A ′ ,M ′ )/(k,P ) 

induced by the maps A ′ ⊗ A Ω
1 
(f,f♭) → Ω1 

(A ′ ,M ′ )/(k,P ) and A ′ ⊗k ′ Ω
1 
(k ′ ,P ′ )/(k,P ) of 3.3.1.4. 

Proof. Consider the diagram 

A ′ ⊗A Ω
1 
(A,M)/(k,P ) 

A ′ ⊗k ′ Ω
1 
(k ′ ,P ′ )/(k,P ) Ω1 

(A ′ ,M ′ )/(k,P ) Ω1 
(A ′ ,M ′ )/(k ′ ,P ′ ) 0 

Ω1 
(A ′ ,M ′ )/(A,M) 

0 

where the diagonal maps are the canonical isomorphisms of 3.3.1.3 and the vertical and 
horizontal morphisms are the short exact sequences of 3.3.1.4. 

It follows from the construction of the morphisms that the diagram commutes. Thus, the 
maps A ′ ⊗ A Ω

1
(A,M)/(k,P ) → Ω1

(A ′ ,M ′ )/(k,P ) and A ′ ⊗ k ′ Ω
1
(k ′ ,P ′ )/(k,P ) → Ω1

(A ′ ,M ′ )/(k,P ) are injective, 
and the splitting lemma implies the result. 
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Proposition 3.3.1.6 ([Ogu18, Proposition IV.1.1.4]). Let f ♭ : P → M be a morphism of 
monoids, and let f : k[P ] → k[M ] be the induced map of monoid algebras. If k[P ] and k[M ] 
are endowed with the obvious prelog structures P → k[P ] and M → k[M ], then we have a 
natural isomorphism 

Ω 1 
(k[M ],M)/(k[P ],P ) 

∼= k[M ] ⊗ Mgp/P gp . 

Example. Let us calculate the log differentials of the map 

(f, f ♭) : (k0[P ], P ) → (A0[M ], M) 

where k0[P ] and A0[M ] are given the obvious prelog structures, and f is induced by the map 
f ♭ : P → M of monoids and a map f0 : k0 → A0 of rings. 

Observe that there is a pushout diagram 

(k0[P ], P ) (k0[M ], M) 

(A0[P ], P ) (A0[M ],M). 

Then we have 

Ω 1 
(A0[M ],M)/(k0[P ],P ) 

∼= 
 
A0[M ] ⊗A0[P ] Ω 1 

(A0[P ],P )/(k0[P ],P ) 

 
⊕ 
 
A0[M ] ⊗k0[M ] Ω 1 

(k0[M ],M)/(k0[P ],P ) 

 
. 

Since (k0[P ], P ) → (A0[P ], P ) is strict, we have 

Ω 1 
(A0[P ],P )/(k0[P ],P ) 

∼= Ω 1 
A0[P ]/k0[P ] 

∼= k0[P ] ⊗k0 Ω 1 
A0/k0 

. 

Moreover, [Ogu18, Proposition 1.1.4] implies that 

Ω 1 
(k0[M ],M)/(k0[P ],P ) 

∼= k0[M ] ⊗ Mgp/P gp . 

Putting these together, we have 

Ω 1 
(A0[M ],M)/(k0[P ],P ) 

∼= 
 
A0[M ] ⊗A0[P ] Ω 1 

(A0[P ],P )/(k0[P ],P ) 

 
⊕ 
 
A0[M ] ⊗k0[M ] Ω 1 

(k0[M ],M)/(k0[P ],P ) 

 
∼= 
 
k0[M ] ⊗k0[P ] ⊗k0[P ] ⊗k0 Ω 1 

A0/k0 

 
⊕ 
 
A0[M ] ⊗k0[M ] k0[M ] ⊗ Mgp/P gp 

 
∼= 
 
k0[M ] ⊗k0 Ω 1 

A0/k0 

 
⊕ 
 
A0[M ] ⊗k0[M ] k0[M ] ⊗ Mgp/P gp 

 
∼= 
 
k0[M ] ⊗k0 Ω 1 

A0/k0 

 
⊕ (A0[M ] ⊗ Mgp/P gp) . 

In particular, for a map of the form (k0[X,NS], NS) → (k0[X, Y,NS ⊕ NT ], NS ⊕ NT ), we 
have 

Ω 1 
(k0[X,Y,NS ⊕NT ],NS ⊕NT )/(k0[X,NS ],NS ) ≃ k0[X, Y,NS ⊕ NT ]⊕Y ⊕ k0[X, Y,NS ⊕ NT ]⊕T . 
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For a morphism f : X → Y of prelog schemes, we may also define the notion of a log 
derivation of f with values in a sheaf E of OX -modules analogously to the definition above for 
prelog rings. As in the “affine” case, there is also a sheaf Ω1 

X/Y and a universal log derivation 
valued in Ω1 

X/Y which represents the functor sending a sheaf E of OX -modules to the set of 
log derivations of f valued in E . Similarly to the affine situation, we have 

Ω 1 
X/Y 
∼= 
 
Ω 1 

X/Y ⊕ (OX ⊗ Mgp 
X ) 
 
/R 

where R is the sub OX -module generated by sections of the form (dαX (m), −αX (m) ⊗ m) 
for m ∈ MX , and by (0, 1 ⊗ f ♭(n)) for n ∈ f−1MY , with the maps d : OX → Ω1 

X/Y and 
log d : MX → Ω1 

X/Y defined analogously to the affine situation. 
Additionally, the global version is a direct generalization of the affine version. 

Proposition 3.3.1.7 ([Ogu18, Corollary IV.1.2.6]). Let (f, f ♭) : (k, P ) → (A,M) be a 
map of prelog rings and let Spec(A, M) → Spec(k, P ) be the corresponding morphism of log 
schemes. Then Ω1 

Spec(A,M)/ Spec(k,P ) is the quasi-coherent sheaf associated to the A-module 
Ω1 

(f,f♭) .

If f : X → Y is a map between reasonably well-behaved log schemes, then the sheaf 
Ω1

X/Y is also reasonably well-behaved, as made precise by the following proposition. 

Proposition 3.3.1.8 ([Ogu18, Corollary IV.1.2.8]). If f : X → Y is a morphism of coherent 
log schemes, Ω1 

X/Y is quasi-coherent, and it is of finite type (respectively of finite presentation) 
if f is of finite type (respectively of finite presentation). 

We also have the following direct generalization of 3.3.1.3. 

Proposition 3.3.1.9 ([Ogu18, Proposition IV.1.2.15]). Consider a commutative diagram 

X ′ X 

Y ′ Y 

f ′ 

g 

f 

h 

of prelog schemes. Then there is a unique homomorphism 

g∗ Ω 1 
X/Y → Ω 1 

X ′ /Y ′ 

associated to the diagram which maps 1 ⊗ da → dg♯(a) for a ∈ g−1OX , and 1 ⊗ d log m → 
d log g♭(m) for every section m ∈ g−1MX . The map is an isomorphism in the following cases: 

1. f ′ is the morphism of log schemes associated to the morphism f of prelog schemes; 

2. The diagram is cartesian in the category of prelog schemes.9 

9For this condition, the category PreLogSch may be replaced by any of LogSch, LogSchcoh , LogSchfine , or 
LogSchfs . 
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In either case, there is a commutative diagram of isomorphisms 

f ′∗ Ω1 
Y ′ /Y ⊕ g ∗ Ω1 

X/Y Ω1 
X ′ /X ⊕ Ω1 

X ′ /Y ′ 

Ω1 
X ′ /Y . 

There is also a canonical exact sequence of sheaves of logarithmic differentials associated 
to a composition of (pre)log schemes. 

Proposition 3.3.1.10 ([Ogu18, Proposition 2.3.1]). Let f : X → Y and g : Y → Z be 
morphisms of (pre)log schemes. Then there is an exact sequence of sheaves of OX -modules 

f ∗ Ω 1 
Y/Z → Ω 1 

X/Z → Ω 1 
X/Y → 0 

induced by the functoriality morphisms associated to the diagram 

X X Y 

Y Z Z. 

f 

f 

g◦f g 

g 

Remark. There are also differential criteria for log smoothness and log étaleness which parallel 
the differential criteria for classical smoothness and étaleness. We do not require these results, 
and refer the interested reader to [Ogu18, Section IV.3.2]. 

3.3.2 Olsson’s Logarithmic Cotangent Complex 

We begin by recalling the definition and basic properties of the logarithmic cotangent complex 
defined by Olsson in [Ols05]. The definition of Olsson’s logarithmic cotangent complex is 
simple to state, now that we have the stack of log structures. 

Definition 3.3.2.1. Let f : X → S be a morphism of fine log schemes, with corresponding 
morphism fMX : X → LogS . The Olsson logarithmic cotangent complex of f is defined to 
be 

LOls 
X/S := LX/LogS 

∈ QC(X). 

Remark. We note that the Olsson logarithmic cotangent complex was originally defined as a 
projective system (· · · → LOls,≥−n−1 

X/S → LOls,≥−n 
X/S → · · · → LOls,≥0

X/S ) where each LOls,≥−n 
X/S is an 

essentially constant ind-object in D[−n,0](OX ). However, this was a technical limitation – later 
developments would allow one to define the cotangent complex of a morphism of stacks as an 
object in an appropriate derived category rather than as a projective system (see [LO06]). 
Moreover, with modern ∞-categorical methods, we may enhance the cotangent complex of 
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a map f : X → Y to live in QC(X ) and as we have already seen, this enhanced variant 
satisfies ∞-categorical properties analogous to the ones satisfied by its classical counterpart. 
One can recover the classical variants by either passing to the homotopy category, or by first 
doing so and then forming appropriate truncations. 

By 2.4.2.9, it follows that LOls 
X/S ≃ LX/X×R 

LogS 
X [−1], generalizing [Ols05, Remark 3.4] to 

the non-log flat case. 

Theorem 3.3.2.2 ([Ols05]). Let f : X → S be a morphism of fine log schemes. The 
logarithmic cotangent complex LOls 

X/S satisfies the following properties: 

1. If X and S are endowed with the trivial log structures, there is a canonical equivalence 
LX/S ≃ LOls 

X/S. 

2. If f is log smooth, then LOls 
X/S is represented by Ω1 

X/S [0]. 

3. If 
X ′ X 

S ′ S 

a 

f ′ f 

b 

is a commutative diagram of fine log schemes, then there is a natural map 

La ∗LOls 
X/S → LOls 

X ′ /S ′ . (3.2) 

If moreover the diagram is Cartesian and f is log flat, then 3.2 is an equivalence, and 
if in addition the composite X ′ → S ′ → S satisfies condition (T) (3.3.2.4) below, then 
the map 

Lf ′∗LOls 
S ′ /S ⊕ La ∗LOls 

X/S → LOls 
X ′ /S 

is an equivalence. 

4. Given a composite 

X 
f −→ Y 

g−→ Z 

satisfying condition 3.3.2.4 below, there is a natural map 

LOls 
X/Y → Lf ∗LOls 

Y/Z [1] 

such that 
Lf ∗LOls 

Y/Z → LOls 
X/Z → LOls 

X/Y → Lf ∗LOls 
Y/Z [1] 

is a cofiber sequence. 

We obtain the following invariance result for strict morphisms as an immediate corollary. 
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Corollary 3.3.2.3. If f is strict, then the canonical morphism 

LOls 
X/S → LOls 

X/S 

induced by 3.2 via the diagram 
X X 

S S 

f f 

is an equivalence. In particular, there is an equivalence LX/S ≃ LOls 
X/S, where LX/S denotes 

the usual cotangent complex. 

Proof. This follows from the fact that X → S is strict if and only if the diagram 

X X 

S S 

f f 

is Cartesian. 

The desirable property which LOls fails to satisfy is the existence of a distinguished 
triangle for all compositions X → Y → Z of fine log schemes. This is where condition (T) 
comes in. 

Definition 3.3.2.4. Let X 
f −→ Y 

g − → Z be a composition of fine log schemes. We say that 
the composition satisfies condition (T) if there exists a family of of commutative diagrams 

X X ×Z Zi X ×Y Yi Xi 

Y Y ×Z Zi Yi 

Z Zi 

f 

πXi 

fi 

g 

πYi 

gi 

πZi 

such that 

1. The schemes Xi, Yi, and Zi are all affine. 

2. The maps πXi , πYi , and πZi are all strict, and their underlying morphisms of schemes 
are flat and locally of finite presentation. 

3. The induced map 
 

i Xi → X is surjective. 
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4. There exist charts 

βXi : QXi → MXi , βYi : QYi → MYi , βZi : QZi → MZi 

and injective maps 

θ1,i : QZi → QYi , θ2,i : QYi → QXi 

such that the diagrams 

QXi MXi QYi MY 

QYi f ∗ 
i MYi QZi g ∗ 

i MZi 

βXi βYi 

θ2,i 

βYi 

f♭ 
i θ1,i 

βZi 

g♭ 
i 

commute and 

Tor j OZi ⊗ Z[QZi 
]Z[QYi ]

(OZi ⊗Z[QZi ] 
Z[QXi ], OYi [Gi]) = 0 

for all j > 0, where Gi = coker(Qgp
Zi 
→ Qgp 

Yi 
) and OYi [Gi] is viewed as a OZi ⊗Z[QZi ] 

Z[QYi ]-algebra via the map 

OZi ⊗Z[QZi ] 
Z[QYi ] → OYi [Gi] 

t ⊗ eq → g ∗(t)β QY i 
(q) · [q], 

where [q] denotes the image of q in G. 

Condition (T) for X 
f −→ Y 

g −→ Z is rather involved, but it is automatically satisfied if 

• g is log flat, ([Ols05, 3.14]) or 

• f is an integral morphism ([Ols05, 3.15]). 

3.3.3 Gabber’s Logarithmic Cotangent Complex 

The second variant of log cotangent complex is due to Gabber. The construction of Gabber’s 
log cotangent complex directly parallels the construction of the usual cotangent complex: in 
short, it is the nonabelian derived functor of the functor of logarithmic differentials 

((A, M)/(k, P )) → Ω 1 
(A,M)/(k,P ). 

Remark. One can also define Gabber’s log cotangent complex in the generality of (pre)log 
ringed structures in a topos (with enough points), and it is this generality which Olsson uses 
to talk about the value of LGab 

X/S when X and S are log algebraic spaces (which is important 
for the construction of the comparison morphism LGab → LOls). However, similarly to the 
situation with the usual cotangent complex, we may also define LGab 

X/S for log algebraic spaces 
via sheafification/descent from prelog rings, and we will adopt this perspective. 
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For additional information, we refer the reader to [Ols05, Section 8], [SSV14, Section 4.2], 
and [BLPØ23, Section 3.3]. 

Gabber’s cotangent complex also represents derived log derivations in the following sense. 

Definition 3.3.3.1. Let (A, M, α) be an animated prelog ring, and let E ∈ Modcn 
A . 

1. The derived log square zero extension of (A, M, α) by E is the animated prelog ring 
whose underlying animated ring is the derived square zero extension A⊕ E of A by E, 
and whose animated prelog structure is given by 

(s ◦ α) ⊕ πE : M ⊕ fib((A ⊕ E)× πE−→ A×) → A ⊕ E, 

where πE : A ⊕ E → A is the canonical projection and s : A → A ⊕ E is its canonical 
section. Observe that there is a map ϖE : (A ⊕ E, M ⊕ E) → (A, M) which has a 
canonical section (A, M) → (A ⊕ E, M ⊕ E). 

2. Suppose that (k, P ) → (A, M) is a map of animated prelog rings, and that E ∈ Modcn 
A . 

The space of derived log derivations of (A, M) over (k, P ) valued in E is defined to be 
the pullback 

Der(A,M)/(k,P )(E) MapaPreLog(k,P )/ 
((A, M), (A ⊕ E, M ⊕ E)) 

{id(A,M)} MapaPreLog(k,P )/ 
((A, M), (A, M)) 

ϖE ◦− 

Notice that Der(A,M)/(k,P )(E) reduces to the classical notion of log derivation when 
(k, P ) → (A, M) is a map of discrete prelog rings, and E is a discrete A-module. 

Definition 3.3.3.2. Let (f, f ♭) : (k, P ) → (A, M) be a map of prelog rings. The Gabber 
log cotangent complex is a connective A-module LGab 

(f,f♭) = LGab 
(A,M)/(k,P ) such that there is a 

natural equivalence of functors 

MapModcn 
A 
(LGab 

(A,M)/(k,P ), −) ≃ Der(A,M)/(k,P )(−) 

Proposition 3.3.3.3. Let (k, P ) → (A, M) be a map of prelog rings. Then the Gabber log 
cotangent complex LGab 

(A,M)/(k,P ) exists. 

Ignoring functoriality, the object LGab 
(A,M)/(k,P ) can be constructed similarly to the case of 

animated rings; namely, if (k, P ) is a discrete prelog ring, LGab 
(A,M)/(k,P ) ≃ Ω1

(A•,M•)/(k,P )⊗(A•,M•) 

A, where (A•, M•) is a simplicial resolution of (A, M) by free (k, P )-prelog algebras. One 
can then define LGab 

(A,M)/(k,P ) for a general morphism of animated prelog rings as the cofiber 
of the canonical morphism LGab 

(k,P )/(Z,{1}) ⊗k A → LGab 
(A,M)/(Z,{1}), for example. 

If we do want to encode all relevant functoriality for Gabber’s log cotangent complex, we 
may also define it in the following way. 
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Proposition 3.3.3.4. Let 

L Gab : Arr(aPreLog) → MOD 

be the animation of the functor 

Ωlog : PolyPreLog → MOD 

(F (X, S) → FF (X,S)(Y, T )) → 
 
FF (X,S)(Y, T ), Ω 1 

FF (X,S)(Y,T )/F (X,S) 

 
, 

or equivalently, the left Kan extension of the composition 

PolyPreLog 
Ωlog 

−−→ MOD → MOD 

along the inclusion PolyPreLog → Arr(aPreLog), where F (X, S) denotes the free prelog ring 
on the sets X and S and FF (X,S)(Y, T ) denotes the free F (X, S)-prelog algebra on the sets Y 
and T, defined in 3.1.2.3. Then LGab is given on objects by 

((k, P ) → (A, M)) → 
 
A, LGab 

(A,M)/(k,P ) 

 
. 

One proves this result in the same way the analogous result is proved for the cotangent 
complex of animated rings. In fact, there are a number of properties that follow formally 
from the above definition and the fact that the object LGab 

(A,M)/(k,P ) corepresents derived log 
derivations. 

Proposition 3.3.3.5. Let (k, P ) → (A, M) → (B, N) be a composition of animated prelog 
rings. Then the diagram 

(A, M) (B, N) (B, N) 

(k, P ) (k, P ) (A, M) 

induces morphisms 

(A, LGab 
(A,M)/(k,P )) → (B, LGab 

(B,N)/(k,P )) → (B, LGab 
(B,N)/(A,M)) 

in MOD via LGab , which determine a canonical cofiber sequence 

LGab 
(A,M)/(k,P ) ⊗A B → LGab 

(B,N)/(k,P ) → LGab 
(B,N)/(A,M) 

in ModB. 
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Proposition 3.3.3.6. Let 
(A, M) (A ′ , M ′ ) 

(k, P ) (k ′ , P ′ ) 

be a coCartesian diagram of animated prelog rings. Then the morphism 

(A, LGab 
(A,M)/(k,P )) → (A ′ , LGab 

(A ′ ,M ′ )/(k ′ ,P ′ )) 

obtained by applying LGab induces an equivalence 

LGab 
(A,M)/(k,P ) ⊗A A ′ → LGab 

(A ′ ,M ′ )/(k ′ ,P ′ ). 

One convenient property of Gabber’s log cotangent complex is that it is insensitive to 
logification. More precisely, the following holds. 

Lemma 3.3.3.7 ([BLPØ23, Lemma 3.11]). Let (k, P ) → (A, M) be a morphism of animated 
prelog rings. Logification induces equivalences 

LGab 
(A,M)/(k,P ) 

∼ −→ LGab 
(A,M)a/(k,P ) 

∼ −→ LGab 
(A,M)a/(k,P )a 

in ModA. 

From 3.3.3.6 and 3.3.3.7, we can also deduce that Gabber’s log cotangent complex reduces 
to the ordinary cotangent complex for strict morphisms of animated prelog rings. 

Corollary 3.3.3.8. Let f : (k, P ) → (A, M) be a strict morphism of animated prelog rings. 
Then LGab 

(A,M)/(k,P ) ≃ LA/k. 

Proof. A proof in the case when (k, P ) → (A, M) is a map of discrete prelog rings is given 
in [BLPØ23, Corollary 3.12]. In the general case, consider the diagram 

(A, {1}) (A, {1})a (A, M)a 

(k, {1}) (k, {1})a (k, P )a 

where the left pair of horizontal maps are the logifications, and the right square is coCarte-
sian. Then we obtain a composition 

LGab 
(A,{1})/(k,{1}) → LGab 

(A,{1})a/(k,{1})a → LGab 
(A,M)a/(k,P )a 

in which both maps are equivalences. 
Then LGab 

(A,{1})/(k,{1}) is easily seen to be equivalent to LA/k, as given a system of maps 
Pλ → Qλ ∈ PolyPoly such that colimλ(Pλ → Qλ) ≃ (k → A), the corresponding system 
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(Pλ, {1}) → (Qλ, {1}) has colimit (k, {1}) → (A, {1}), and we have canonical isomorphisms 
Ω1 

Qλ/Pλ 
∼= Ω1

(Qλ,{1})/(Pλ,{1}). Thus, the colimit computing LGab 
(A,{1})/(k,{1}) canonically computes 

LA/k as well. 
Finally, there is also a canonical equivalence LGab 

(A,M)/(k,P ) → LGab 
(A,M)a/(k,P )a induced by logi-

fication, and composing the constructed equivalence LA/k → LGab 
(A,M)a/(k,P )a with the inverse 

of the canonical equivalence LGab 
(A,M)/(k,P ) → LGab 

(A,M)a/(k,P )a gives the desired equivalence 

LA/k → LGab 
(A,M)a/(k,P )a → LGab 

(A,M)/(k,P ). 

As mentioned above, no theory of logarithmic cotangent complex is able to satisfy all 
of the desirable properties listed in 3.3.0.1. The property that Gabber’s cotangent complex 
compromises on is the second: it is not necessarily the case that for a log smooth morphism 
f : X → S, Gabber’s log cotangent complex is represented by the corresponding module of 
logarithmic differential forms, and in particular, it need not be the case that if f : X → S is 
log étale, that LGab 

f ≃ 0. This prompts the following definition. 

Definition 3.3.3.9. Let (f, f ♭) : (k, P ) → (A, M) be a map of animated prelog rings. We 
say that 

1. (f, f ♭) is derived formally log étale if LGab 
(A,M)/(k,P ) ≃ 0. 

2. (f, f ♭) is derived log étale if it is derived formally log étale and the underlying map 
k → A of animated rings is locally of finite presentation. 

3. (f, f ♭) is derived formally log smooth if LGab 
(A,M)/(k,P ) is a projective animated A-module. 

4. (f, f ♭) is derived log smooth if it is derived formally log smooth and the underlying 
map k → A of animated rings is locally of finite presentation. 

The notions of derived log étale-ness and derived log smooth-ness are stronger than their 
classical counterparts. In particular, we have the following. 

Proposition 3.3.3.10 ([SSV14, Theorems 5.6,6.4]). Let (f, f ♭) : (A, M) → (B,N) be a map 
of animated prelog rings. Then 

1. If (f, f ♭) is derived log étale and π0f ♭ is of finite presentation, then the induced mor-
phism (π0A, π0M) → (π0B, π0N) is a log-étale morphism of discrete prelog rings. 

2. If (f, f ♭) is derived log smooth, then the induced morphism (π0A, π0M) → (π0B, π0N) 
is a log-étale morphism of discrete prelog rings. 

Although a log smooth or log étale map of discrete prelog rings need not be derived log 
smooth or derived log étale, we do have the following partial converse. 
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Proposition 3.3.3.11 ([BLPØ23, Proposition 4.6]). Let (f, f ♭) : (A0,M0) → (B0, N0) be 
an integral map of discrete fine prelog rings. 

1. If (f, f ♭) is log smooth, then it is derived log smooth. 

2. If (f, f ♭) is log étale, then it is derived log étale. 

We end this section by discussing a descent result for LGab . 
Consider the functor 

RΓ(−,L Gab) : Arr(LogAff)op → QC → ModZ 

given by composing the Gabber cotangent complex functor with the global sections functor. 

Proposition 3.3.3.12 ([BLPØ23, Proposition 7.20]). Consider the presheaf given by 

RΓ(−,L Gab) : Arr(LogAff)op → ModZ 

(X → S) → RΓ(X, LGab 
X/S). 

Then RΓ(−,LGab) satisfies integral log étale descent. 

Remark. Although [BLPØ23, Proposition 7.20] is stated for the strict Nisnevich global sec-
tions, the proof works just as well for the usual global sections. 

3.3.4 Comparison of Logarithmic Cotangent Complexes 

In this section, we review the comparison morphism LGab 
X/S → LOls 

X/S constructed in [Ols05]. 
Consider a morphism f : X → S of fine log schemes, and let fMX : X → LogS be the 

associated morphism to the log stack. Choose a smooth surjection u : U → LogS and let 
U• → LogS be the 0-coskeleton of u. We can then form the pullback 

V• X 

U• LogS . 

fM X 

From the definition of LogS, we obtain a simplicial log scheme (U•,MU• ) with underlying 
simplicial scheme U•. If we then endow V• with the simplicial log structure MV• given by the 
pullback of the log structure MX on X, then the map (V•, MV• ) → (U•, MU• ) is strict. To see 
this, notice that the log structure on V• is determined by the composition V• → X → LogX , 
where the map X → LogX is the canonical map classifying the log structure on X. Because 
V• is defined as the pullback U• ×LogS 

X, the map V• → LogS also factors as 

V• → U• → Log(U•,MU• ) 
→ LogS 
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which implies that the map (V•, MV• ) → (U•, MU• ) is strict. 
We thus have a commutative diagram 

(V•, MV• ) X 

(U•, MU• ) S 

π f 

and functoriality of Gabber’s cotangent complex gives a composition 

π ∗LGab 
X/S → LGab 

(V•,MV• )/(U•,MU• ) 
≃ LV•/U• . 

However, LV•/U• ∈ D qc(OV• ) corresponds to LOls 
X/S ∈ Dqc(OX ) via the equivalence Dqc(OX ) → 

Dqc(OV• ) given in [Ols07]. This gives the desired comparison morphism. 
It turns out that the two cotangent complexes agree in general in low degrees. 

Theorem 3.3.4.1 ([Ols05, Theorem 8.32]). The cone of LGab 
X/S → LOls 

X/S is cohomologically 
concentrated in degrees ≤ −3. 

Moreover, if f : X → S is sufficiently nice, the two cotangent complexes actually agree. 

Proposition 3.3.4.2. Let f : X → S be a map of fine log schemes. Suppose that either: 

1. S is log flat over (Spec Z, O× 
Spec Z), or 

2. f is integral. 

Then the map LGab 
X/S → LOls 

X/S is an equivalence. 

Remark. We may also construct the comparison morphism LGab → LOls as follows: [BLPØ23, 
Proposition 3.17] implies that we have an equivalence LGab 

X/S ≃ LX/X×rep
S X [−1]. Since we sim-

ilarly have an equivalence LOls 
X/S ≃ LX/X×LogS 

X [−1], it then suffices to functorially construct 
a map 

X ×R 
LogS 

X → X ×rep 
S X. 

This is essentially the approach we take in our comparison of logarithmic Hochschild ho-
mologies: for a log flat map of prelog rings (f, f ♭) : (k, P ) → (A, M) with corresponding 
morphism of log schemes X → S, we will functorially construct a map 

X ×S 
(f,f ♭) 

X → X ×rep 
S X. 

Then this map induces morphisms 

X ×R 
X×LogS 

X X ← X ×R 
X×S 

(f,f ♭) 
X X → X ×R 

X×rep 
S X X. 

The left morphism is an equivalence on Hochschild homology because 

X ×S 
(f,f♭) 

X → X ×LogS 
X 

is étale, the the definitions of both versions of logarithmic Hochschild homology then give 
our map. 
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Chapter 4 

Hochschild Homology 

We now turn to Hochschild homology. We will review the classical theory briefly, then turn 
to the derived setting, which generalizes the classical theory.1 We recommend [Wei94] for 
a brief overview of the classical situation, [Lod10] for a very thorough classical reference, 
which also discusses Hochschild homology in more general settings, and [Mor18] for a more 
modern account. 

4.1 Classical Hochschild Homology 

We begin with a review of classical Hochschild homology. 

4.1.1 Basic Construction and Results 

Let k → A be a map of classical commutative rings, and let M be an A-bimodule. In the 
following, let ⊗ denote the (underived) tensor product over k. 

Definition 4.1.1.1 (Cyclic Bar Complex). Barcyc(A/k, M)n := M ⊗ A⊗n 

∂i(m ⊗ a1 ⊗ · · · ⊗ an) = 

   

ma1 ⊗ a2 ⊗ · · · ⊗ an, i = 0, 

m ⊗ a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an, 0 < i < n, 

(−1)|an|(|m|+|a1|+···+|an−1|)anm ⊗ a1 ⊗ · · · ⊗ an−1, i = n. 

σi(m ⊗ a1 ⊗ · · · ⊗ an) = m ⊗ · · · ⊗ ai ⊗ 1 ⊗ ai+1 ⊗ · · · ⊗ an. 

For M = A, there is a cyclic structure on Barcyc(A/k, A)• = Bcyc(A/k)• defined by 
t(a0 ⊗ · · · ⊗ an) := (−1)|an|(|a0|+···+|an−1|)an ⊗ a0 ⊗ · · · ⊗ an−1. 

Remark. Hochschild homology makes sense more generally than this as well. If A is simply 
an associative unital (but not necessarily commutative) k-algebra, the above definition works 
just as well, and we can talk about the cyclic bar complex (and thus Hochschild homology) 

1At least, when the morphism in question is flat. 
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in this situation as well. One can also define Hochschild homology when A is non-unital, 
but the definition is slightly different. We will not make use of these generalizations, and 
will mainly develop the theory of Hochschild homology for a map k → A of commutative 
(or animated) rings, and in the situation when M = A. 

Definition 4.1.1.2. Let k → A be an arbitrary map of rings, and let M be an A-bimodule. 
Let CHoch 

∗ (A/k, M) denote the unnormalized chain complex associated to Bcyc(A/k, M)•; 
i.e., the chain complex which in degree n is given by Bcyc(A/k, M)n, and whose differentials 
are given by alternating sums of the face maps. More precisely, the differential 

b : C Hoch(A/k, M)n → C Hoch(A/k, M)n−1 

is b = 
n

i=0(−1)i∂i. 2 We call this chain complex the Hochschild complex. If M = A, we 
write CHoch(A/k)∗ := CHoch(A/k, A)∗. We write HHcl(A/k, M) (respectively, HHcl(A/k)) to 
denote the image of CHoch(A/k, M)∗ (respectively CHoch(A/k)∗) in D(A). 

We also define the (classical) Hochschild homology groups to be given by 

HH cl n (A/k, M) := Hn(C Hoch(A/k, M)∗) = Hn(HH cl(A/k, M)). 

Let A be an associative, unital k-algebra. Recall that the bar complex CBar(A/k)∗ is 
given by the unnormalized chain complex associated to the simplicial A-module Bar(A/k)• 

with 

Bar(A/k)n = A ⊗n+2 

∂i(a0 ⊗ · · · ⊗ an+1) = a0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an+1 

σi(a0 ⊗ · · · ⊗ an+1) = a0 ⊗ · · · ⊗ ai ⊗ 1 ⊗ ai+1 ⊗ · · · ⊗ an+1. 

For the chain complex CBar(A/k)∗, the differential b ′ : CBar(A/k)n → CBar(A/k)n−1 is given 
by 

b ′ = 
n−1 

i=0 

(−1) i di. 

We can define an augmentation Bar(A/k)• → A[0] given by sending 

Bar(A/k)0 = A⊗ A → A 

by the multiplication map. Let Ae := A ⊗ Aop be the enveloping algebra of A. If we give 
Bar(A/k)• the structure of a simplicial Ae-module by letting a ⊗ b ∈ Ae act on Bar(A/k)n = 
A⊗n+1 via (a ⊗ b) ⋆ c := acb, then Bar(A/k)• → A[0] is a resolution of A as an Ae-module. 
Indeed, if we let 

s : Bar(A/k)n → Bar(A/k)n+1 

a0 ⊗ · · · ⊗ an+1 → 1 ⊗ a0 ⊗ · · · ⊗ an+1 

2Note that we use homological indexing here. 



CHAPTER 4. HOCHSCHILD HOMOLOGY 108 

(sometimes called the extra degeneracy), then 

∂is(a0 ⊗ · · · ⊗ an+1) = ∂i(1 ⊗ a0 ⊗ · · · ⊗ an+1) 

= 1 ⊗ a0 ⊗ · · · ⊗ ai−1ai ⊗ . . . an+1) 

= s(a0 ⊗ · · · ⊗ ai−1ai ⊗ . . . an+1) 

= s∂i−1(a0 ⊗ · · · ⊗ an+1) 

and 

∂0s(a0 ⊗ · · · ⊗ an+1) = ∂0(1 ⊗ a0 ⊗ · · · ⊗ an+1) 

= a0 ⊗ · · · ⊗ an+1. 

From these identities, it follows that 

b ′ s + sb ′ = 

 
n 

i=0 

(−1) i ∂i 

 

s+ s 

 
n−1 

i=0 

(−1) i ∂i 

 

= 

 
n 

i=0 

(−1) i ∂i 

 

s+ 

 
n−1 

i=0 

(−1) i ∂i+1 

 

s 

= 

 
n 

i=0 

(−1) i ∂i 

 

s− 

 
n 

i=1 

(−1) i ∂i 

 

s 

= ∂0s 

= id 

so that s is a contracting homotopy for Bar(A/k)•, and thus that the complex CBar(A/k)∗ 

is acyclic. 
The above gives us another way to represent and calculate Hochschild homology. In 

particular, let A be projective over k (for example, suppose k → A is flat). Then the bar 
complex provides a projective resolution of A by Ae-modules, so that given an A-bimodule 
M, we have 

M [0] ⊗ L 
Ae A[0] ≃ 

q.iso 
M ⊗Ae C Bar(A/k)∗, 

and one can check from the definitions that M ⊗Ae CBar(A/k)∗ 
∼= CHoch(A/k, M)∗, which 

means that 
M ⊗ L 

Ae A ≃ HH cl(A/k, M) 

in the derived category D(A) (or D(k)). Thus, we find that 

HH cl n (A/k, M) ∼= Tor A
e 

n (M, A). 

In particular, we obtain in the commutative case an equivalence 

HH cl(A/k) ≃ A ⊗ L 
A⊗A A 

in D(A) (or D(k)). 
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Remark. We can also define the Hochschild homology of a sufficiently nice category (for ex-
ample, a k-linear dg-category). When appropriately defined, there is a canonical equivalence 
between our HHcl(A/k) and the Hochschild homology of D(A) (or a suitable enhancement of 
this category). We do not discuss this here, but refer the interested reader to [McC94] and 
[Kel21] for more details. 

4.1.2 The Classical HKR Theorem for Affines 

In low degrees, the Hochschild homology groups have familiar interpretations. 

1. In general, HHcl
0 (A/k, M) ≃ M/{am−ma | a ∈ A, m ∈ M}, which is readily seen from 

the definition of the differential on HHcl(A/k, M). In particular, if A is commutative 
and M = A, then HHcl

0 (A/k) ≃ A. 

2. If k → A is an arbitrary map of commutative rings, then the map 

α : A⊗ A → Ω 1 
A/k 

a ⊗ b → a db 

induces an isomorphism HHcl
1 (A/k) ≃ Ω1 

A/k. Indeed, if we view Ω1 
A/k as the A-module 

generated by da, where a ∈ A, modulo the submodule generated by 

a) d(a1a2) − a1 da2 − a2 da1 for a1, a2 ∈ A, 

b) d(a1 + a2) − da1 − da2 for a1, a2 ∈ A, and 

c) dc for c ∈ k, 

then the map α is clearly surjective, and ker α contains the image of of 

b : C Hoch(A/k)2 → C Hoch(A/k)1, 

which is generated by elements of the form ab ⊗ c − a ⊗ bc + ca ⊗ b, where a, b, c ∈ A, 
since 

α(ab ⊗ c − a ⊗ bc + ca ⊗ b) = ab dc − a d(bc) + ca db, 

which is nothing more than the Leibniz relation d(bc) − b dc − c db multiplied by a. 
Thus, we obtain a well defined map HHcl

1 (A/k) → Ω1 
A/k. 

The inverse ϵ1 of this map is given by sending a db → [a ⊗ b]. This is well-defined, since 

ϵ1(d(ab)) = [1 ⊗ ab] = [a ⊗ b + b ⊗ a] = ϵ1(a db + b da). 

We also check that 

ϵ1(d1) = [1 ⊗ 1] = [1 ⊗ 1 + 1 ⊗ 1] = [2(1 ⊗ 1)], 

which implies that [1 ⊗ 1] = 0 in HHcl
1 (A/k) (and thus that ϵ1(dc) = [1 ⊗ c] = 0 

for any c ∈ k). It is clear from the construction that ϵ1 and α are inverses, so that 
HHcl

1 (A/k) ≃ Ω1 
A/k as claimed. 
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An important observation we will need later is that ϵ1 is actually a natural transforma-
tion. More precisely, let PolyPoly denote the category whose objects are finitely generated 
polynomial extensions of finitely generated polynomial Z-algebras (i.e., maps of commuta-
tive rings of the form Z[x1, . . . , xn] → Z[x1, . . . , xn, y1, . . . , yn ′ ]) and whose morphisms are 
commutative squares 

Z[x1, . . . , xn, y1, . . . , yn′ ] Z[x ′ 1, . . . , x ′ m, y ′ 1, . . . , y ′ m′ ] 

Z[x1, . . . , xn] Z[x ′ 1, . . . , x ′ n] 

where the vertical maps are the obvious ones (but there is no requirement on the horizontal 
maps) and let PolyFree denote the category of pairs (Z[x1, . . . , xn], Z[x1, . . . , xn]⊕r) of finitely 
generated polynomial Z-algebras together with a finitely generated free module over that 
algebra, and whose morphisms from (P, P ⊕r) → (Q, Q⊕r ′ ) are pairs (f, ϕ) where f : P → Q 
is a map of commutative rings, and ϕ : P ⊕r ⊗P Q → Q⊕r ′ is a map of Q-modules. Then if 

Q Q ′ 

P P ′ 

is a morphism between P → Q and P ′ → Q ′ in PolyPoly, one checks from the definition of 
ϵ1 that 

(Q, Ω1 
Q/P ) (Q, HH cl 1 (Q/P )) 

(Q ′ , Ω1 
Q ′ /P ′ ) (Q ′ , HH cl 1 (Q ′ /P ′ )) 

ϵ1 

ϵ1 

commutes, where the horizontal maps are given by ϵ1 as defined previously and the vertical 
maps are induced by functoriality of the constructions of Kähler differentials and Hochschild 
homology. 
Remark. One can also deduce that ϵ1 is functorial by noting that HHcl

∗ (A/k) has the structure 
of a graded commutative differential algebra, and so the universal property of Ω∗ 

A/k and 

functoriality of Ω∗ produces a map of functors Ω∗ → HHcl 
∗ . 

One of the most important results about Hochschild homology is the “Hochschild-Kostant-
Rosenberg theorem,” which generalizes the two computations above for HHcl 

0 and HHcl 
1 when 

the morphism k → A is smooth. 

Theorem 4.1.2.1 (Hochschild-Kostant-Rosenberg Theorem, [HKR62]). Let k → A be a 
smooth morphism of commutative rings. Then the isomorphism 

ϵ1 : Ω 1 
A/k → HH cl 1 (A/k) 
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induces an isomorphism of commutative differential graded algebras 

ϵ : Ω ∗ 
A/k → HHcl 

∗ (A/k). 

Remark. The maps ϵn : Ωn 
A/k → HHcl 

n (A/k) are called the antisymmetrization maps and are 
explicitly given by 

ϵn(adb1 ∧ · · · ∧ dbn) = 
 

σ∈Sn 

(−1)sign σ[a ⊗ bσ(1) ⊗ · · · ⊗ bσ(n)]. 

In order to prove 4.1.2.1, we require a lemma. 

Lemma 4.1.2.2. Suppose that A is a flat k-algebra, and that A → A ′ is étale. Then the 
canonical map 

HH cl n (A/k) ⊗A A ′ → HH cl n (A ′ /k) 

is an equivalence for all n ≥ 0. 

We learned the following slick proof from the excellent set of notes [Mor18]. 

Proof. Since A → A ′ is flat, it suffices to show that HHcl(A/k) ⊗A A ′ ≃ HHcl(A/k) ⊗L 
A A ′ → 

HHcl(A ′ /k) is an equivalence at the level of the derived category. 
We now appeal to the Hochschild-Kostant-Rosenberg filtration, 4.2.2.1. Because the 

HKR filtration is complete, it suffices to show that the morphism induces an equivalence on 
all associated graded pieces. On the graded pieces, we have (shifts of) the canonical maps 

Li 
A/k ⊗ L 

A A ′ → Li 
A ′ /k 

which are the ith exterior powers of the canonical map 

LA/k ⊗ L 
A A ′ → LA ′ /k 

on the degree 1 graded piece. However, this map is part of the cofiber sequence 

LA/k ⊗ L 
A A ′ → LA ′ /k → LA ′ /A 

of 2.4.2.4, and as A → A ′ is étale, it follows that LA ′ /A ≃ 0, which implies that the map 
LA/k ⊗L

A A ′ → LA ′ /k is an equivalence, as desired. 

The following argument is illustrative of how many properties of Hochschild homology 
can be proven – use the completeness of the HKR filtration to reduce to a statement about 
exterior powers of the cotangent complex. At this stage, the claim can often be reduced to 
the statement on just the first associated graded, since in many cases the higher degree maps 
are induced by taking exterior powers. Of course, one can prove the result without using 
the HKR filtration. For example [WG91] uses a clever manipulation of the Tor description 
of HHcl

n (A/k) to prove the lemma. 
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Interestingly, although 4.1.2.2 is used to prove 4.1.2.1 which is in turn used to prove 
4.2.2.1 and the proof above relies on 4.2.2.1, we can avoid circularity, as [Mor18] explains. 
Specifically, the proof of 4.2.2.1 only uses 4.1.2.1 when the morphism in question is of the 
form k → k[x1, . . . , xn], but 4.1.2.2 is only used in the proof of 4.1.2.1 to extend from the 
polynomial case to the case of an arbitrary smooth algebra. 

We are now prepared to prove 4.1.2.1. 

Proof. Since Ω ∗ 
A/k = 

∗ 
A Ω

1 
A/k, we must show that the canonical map 

∗ 

A 

HH cl 1 → HHcl 
∗ (A/k) 

is an isomorphism, or equivalently, that 

∗ 

A 

Tor A
e 

1 (A, A) → Tor A
e 

∗ (A, A) 

is an isomorphism. 
Suppose first that A is a polynomial k-algebra. Then the kernel of Ae → A is generated 

by a regular sequence, and it is well known that in this situation3 , the canonical map 

∗ 

A 

Tor A
e 

1 (A, A) → Tor A
e 

∗ (A, A) 

is an isomorphism. 
Next, suppose that A is an étale extension of a polynomial k-algebra P : 

k → P 
ét −→ A. 

By 4.1.2.2, we then have 

Ωn 
A/k ≃ Ωn 

P/k ⊗P A ≃ HH cl n (P/k) ⊗P A ≃ HH cl n (A/k), 

and one readily checks that the canonical isomorphisms involved preserve the antisym-
metrization maps. 

Finally, in the general case, we may reduce to the case of A being an étale extension of 
a polynomial k-algebra P, as any smooth morphism X → S Zariski locally factors through 
affine n-space over S. Here we use the fact that if f ∈ A, then HHcl(A/k) ⊗A A[1/f ] ≃ 
HHcl(A[1/f ]/k), again using 4.1.2.2. 

3See for example, [Wei94, Example 8.7.13]. 
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When P → Q is an object of PolyPoly (and in fact for any smooth map k → A of 
commutative rings), one can also check directly from the definitions that as before, the 
diagram 

(Q, Ωn 
Q/P ) (Q, HH cl n (Q/P )) 

(Q ′ , Ωn 
Q ′ /P ′ ) (Q ′ , HH cl n (Q ′ /P ′ )) 

ϵn 

ϵn 

commutes. 

4.1.3 Classical Hochschild Homology of Schemes and Stacks 

We can also define the Hochschild homology of a scheme X over a base ring k. The key result 
which allows us to do so is 4.1.2.2. The original reference for this is [WG91]. Below, we 
write CHoch(A/k)∗ for the cohomologically indexed Hochschild complex; i.e., CHoch(A/k)n := 
CHoch(A/k)−n. 

Theorem 4.1.3.1 ([WG91, Corollary 0.4]). Let X be a k-scheme, and let HH cl n be the Zariski 
sheafification of the presheaf U → HHcl

n (Γ(U, O X )/k) on the big Zariski site of X. Then 

1. HH cl n is a quasicoherent sheaf on X; 

2. HH cl n is also a sheaf for the étale topology on X; 

3. Hi 
ét(X, HH cl n ) ∼= Hi 

Zar(X; HH cl n ) for all i; and 

4. If X = Spec A is affine, then HH 0(X, HH cl n ) ∼= HH cl n (A/k) and H i(X, HH cl n ) = 0 for 
i ̸= 0. 

We may also define a sheafy Hochschild complex on a scheme X in a similar way, by 
sheafification of the cyclic bar construction on affines. More precisely, suppose that C Hoch,∗ 

X/k 
is the sheafification of the presheaf 

U → C Hoch (Γ(U, OX )/k)
∗ := HH cl (Γ(U, OX )/k)−∗ 

which sends an open U ⊆ X to the Hochschild chain complex of Γ(U, O X ) relative to k. 
Then we may define 

HH cl n (X/k) := H−n 
Zar(X, C 

Hoch,∗ 
X/k ). 

While the components C Hoch,n 
X/k are not in general quasi-coherent, the complex itself has quasi-

coherent cohomology, and we have the following. 

Theorem 4.1.3.2 ([WG91, Theorems 4.1,4.2]). If X = Spec A, then 

HH cl n (X/k) ∼= HH cl n (A/k) 
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for all n. For a general k-scheme X, there is a fourth quadrant spectral sequence with 

Ep,q 
2 := Hp 

Zar(X, HH cl −q)
∼= Hp 

ét(X, HH cl −q) 

which approaches HHcl 
− p−q(X), and converges if the spectral sequence is bounded; i.e., for any 

n there are only finitely many nonzero Hp(X, HH clq ) with − p + q = n. 

In [Ols26], Olsson generalizes this construction to give Hochschild homology sheaves and 
groups of morphisms X → S , where S is an algebraic stack rather than just a base affine 
scheme, and X is permitted to be an algebraic space. Let us recall this construction and the 
most important results. We now return to homological indexing. 

The formation of the Hochschild complex CHoch(A/k)∗ is functorial in the morphism 
k → A: for a commutative square 

A A ′ 

k k ′ 

of commutative rings, there is a natural map 

C Hoch(A/k)∗ ⊗A A ′ → C Hoch(A ′ /k ′ )∗. 

of chain complexes of A ′-modules. 
Let X be an algebraic space over a ground ring k. As in the case of schemes, let C Hoch

X/k,∗ 
denote the sheaf of O X -modules on the étale site of X which is the sheafification of the 
presheaf that maps (Spec A 

ét −→ X) → CHoch (A/k)∗. We call C Hoch
X/k,∗ the sheafy Hochschild 

complex of X/k, and we let HH cl X/k be the image of C Hoch
X/k,∗ in D(O X ). 

The functoriality of CHoch(− )∗ implies that C Hoch 
−,∗ is also functorial in the morphism 

X → k from an algebraic space to a ground ring. In particular, given a commutative square 

X ′ X 

Spec k ′ Spec k 

f 

where X and X ′ are algebraic spaces, there is a map of O X ′ -modules 

f ∗ C Hoch 
X/k,∗ → C Hoch 

X ′ /k ′ ,∗. 

If X → S is a flat map from a quasi-compact algebraic space to an algebraic stack 
with quasi-compact diagonal, Olsson then defines C Hoch 

X/S,∗ by descent. Specifically, choose a 
smooth affine hypercover S• → S with Sn = Spec kn, and set X• = S• × S X. Then any map 
a : [m] → [n] ∈ ∆ induces a corresponding diagram 

Xn Xm 

Spec kn Spec km 

xa 

Sa 
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and thus a map 
x∗ 
a C Hoch 

Xm/km,∗ → C Hoch 
Xn/kn,∗. 

The above gives the data of a sheaf C X•/k•,∗ of complexes of O X• -modules in the topos of 
sheaves on X•,ét, and we let HH X•/S• be its image in D(X•,ét, O X• ) (see [LMB00, Section 
12.4] for details on X•,ét and the corresponding topos and derived category). 

Proposition 4.1.3.3 ([Ols26]). The object HH cl X•/S• 
is isomorphic to the pullback of a unique 

object HH cl X/S ∈ Dqc(X, O X ), and HH cl X/S is independent of the choice of hypercover S• → S . 

Remark. Olsson also provides a construction of HH cl X/S which avoids the use of hypercovers 
entirely, see [Ols26, Section 6]. However, cohomological descent is more closely connected to 
our approach via Kan extensions, which is why we describe the above construction. 

Definition 4.1.3.4. Let X → S be a map from a quasi-compact algebraic space X to an 
algebraic stack S with quasi-compact diagonal. Then the nth Hochschild homology group of 
X/S is defined to be 

HH cl n (X/S ) := Hn(X, HH cl X/S ), 

and the nth Hochschild homology sheaf of X/S is defined to be 

HH cl X/S,n := H n(HH cl X/S ). 

Remark. By construction, these agree with the notions defined in [WG91] when X is a scheme 
and S is an affine scheme. 

As one might expect, there is a close connection between HH X/S and the diagonal map 
∆ : X → S . In particular, we have the following result. 

Theorem 4.1.3.5 ([Ols26, Theorem 4.2]). Let X → S be a map from a quasi-compact 
algebraic space to an algebraic stack with quasi-compact diagonal. Then there is a natural 
isomorphism 

L∆ ∗ ∆∗OX ≃ OX ⊗ L 
∆−1OX×S X 

OX ≃ HH cl X/S 

in D(OX ). 

Olsson also proves the following variant of the HKR theorem for HH X/S . One can con-
struct the antisymmetrization maps ϵn : Ωn 

A/k → HHcl 
n (A/k) by first noting that HHcl 

∗ (A/k) 
has the structure of a graded commutative differential graded algebra (see [Lod10, 2.3.3, 
4.2.7]), and hence by the universal property of Ω• 

A/k, there is a unique morphism of cdgas 
ϵ : Ω• 

A/k → HHcl 
∗ (A/k) extending the canonical isomorphism ϵ0. Sheafification then provides 

HH cl X/S,∗ with the structure of a cdga as well, and the isomorphism ϵ0 : Ω0 
X/S → HH cl X/S,0 

thus extends to a map 
ϵ : Ω• 

X/S → HH cl X/S,∗ 

of sheaves of cdgas. Olsson then proves the following. 
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Theorem 4.1.3.6 ([Ols26, Proposition 7.3]). The map ϵ1 : Ω1 
X/S → HH cl X/S,1 is an iso-

morphism. If X → S is smooth, the maps ϵn : Ωn 
X/S → HH cl X/S,n are isomorphisms for all 

n. 

Remark. In the above proposition, the map ϵ is obtained by viewing the sheaves HH cl X/S,n 

as sheaves on a site CX/S , which Olsson defines in [Ols26, Section 6]. We do not go into the 
details of the construction of CX/S here, but note that there is an equivalence of categories 
between QCoh(X) (the classical version) and a certain category of quasi-coherent sheaves 
on CX/S , so that we may view the above proposition as a statement about quasi-coherent 
sheaves on X in the usual sense. However, this construction has the benefit of being obviously 
functorial in the morphism X → S . 

4.2 Derived Hochschild Homology 

The definition of Hochschild homology in the previous section is unfortunately not the “cor-
rect” notion in the situation when X is not flat over the ground ring (or stack). As such, we 
need to “derive” the entire construction to obtain something homotopically meaningful. 

We will begin with the definition of Hochschild homology of a morphism of an animated 
ring over a fixed (animated) ring k, and then extend to the Hochschild homology of a derived 
stack over a fixed (animated) ring k. We will then define two notions of the Hochschild 
homology of a morphism of derived stacks, and show its compatibility with the standard 
definitions in various circumstances. 

4.2.1 Basic Construction and Results 

Hochschild Homology of Animated Rings 

If k → A is a map of (ordinary) commutative rings, then HHcl(A/k) ≃ A⊗ L 
A⊗k A A, as seen in 

the previous section. To remedy the issue described above, the fix is actually rather simple: 
rather than taking the tensor product relative to A ⊗ k A, we instead take the tensor product 
relative to A ⊗ Lk A, considered as an animated ring (or simplicial commutative ring if a more 
explicit model is required). 

Indeed, taking this as our definition of derived Hochschild homology (henceforth simply 
Hochschild homology) has many pleasant consequences, extending the original definition to 
the derived setting in such a way that many of the important results and properties still hold 
true. Additionally, with this definition there is no reason to restrict k and A to be a map 
of ordinary commutative rings – the construction works just as well when k → A is a map 
of arbitrary animated rings. In this section we will lay out the details of this definition, and 
the basic properties it enjoys. The material in this section is well-known, but we provide 
a relatively self-contained exposition for the benefit of the reader. We learned much of the 
following from [Mor18] and [Ant20]. 
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Definition 4.2.1.1. Let k → A be a morphism of animated rings. Then HH(A/k) := 
A ⊗A⊗k A A.

4 

Remark. If k → A is any map of commutative rings, the canonical map of animated rings 
A ⊗L

k A → A ⊗cl 
k A induces a natural map 

HH(A/k) → A ⊗ L 
A⊗cl 

k A A ≃ HH cl(A/k). 

If k → A is flat, then this map is an equivalence, but in general it is not. For example, if 
k = Z and A = Fp, then HHcl(A/k) ≃ Fp[0]. In contrast, HH∗(Fp/Z) ≃ Fp⟨x⟩, where Fp⟨x⟩ 
is a divided power algebra on a single generator x in (homological) degree 2 (see for example 
[ufa]). 

Hochschild homology HH(A/k) admits an action of S1 , although we have not mentioned 
this previously. This can be seen classically by recognizing that the cyclic bar construction 
yields not only a simplicial object, but a cyclic object (in the case when M = A). Another 
perspective on S1-actions is the following: let X ∈ Ani be arbitrary, and let x be a point of 
X (i.e., a map ∗ → X, where ∗ is terminal in Ani). Then we obtain a functor 

x ∗ : Fun(X, aRingk) → Fun(∗, aRingk) ≃ aRingk 

which commutes with limits. The ∞-categorical adjoint functor theorem then implies that 
x ∗ admits a left adjoint, which we denote 

x! : aRingk → Fun(X, aRingk). 

We call x!(A) the free animated k-algebra on A with an action of ΩxX. 
In light of the above perspective, we can define an S1 action on an animated ring A to 

be a functor F : BS1 → aRingk such that F maps the (essentially) unique object of BS1 to 
A. We then have the following. 

Proposition 4.2.1.2. HH(−/k) : aRingk → Fun(BS1 , aRingk) is left adjoint to the forgetful 
functor; i.e., HH(A/k) is the free animated k-algebra on A with an action of ΩxBS

1 ≃ S1 . 

Proof. By the general theory of Kan extensions, the value of the left adjoint 

x! : aRingk ≃ Fun(∗, aRingk) → Fun(BS 1 , aRingk) 

is given by the left Kan extension of the functor ∗ → aRingk which is constant at A along 
∗ → BS1 . We therefore have 

x!(A) ≃ colim∗↓BS1 A 

≃ colimΩxBS1 A 

≃ colimS1 A. 

4As we are now working with animated rings, the tensor products here are implicitly derived. 
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Writing S1 as the pushout 
S0 ∗ 

∗ S1 

and recalling that S0 ≃ ∗ ⊔ ∗ then implies that colimS1 A is equivalent to the pushout 

A ⊗k A A 

A A ⊗A⊗kA A 

which is our original definition of HH(A/k). 

Because HH(−/k) is a left adjoint, we obtain the following corollary. 

Corollary 4.2.1.3. HH(−/k) : aRingk → Fun(BS1 , aRingk) preserves colimits. 

Remark. This can of course also be deduced from the original definition (without the S1-
action), using formal properties of the tensor product ⊗ in aRing. 

Proposition 4.2.1.4. HH(−/k) : aRingk → Fun(BS1 , Modk) preserves sifted colimits. 

Proof. Follows from 4.2.1.3 and the fact that aRingk → Modk preserves sifted colimits. 

Hochschild homology satisfies a number of convenient properties, some of which we now 
state. 

Proposition 4.2.1.5. Let k → A be a map of animated rings, and let B be another animated 
ring. Then the following identities hold: 

1. 
HH(A ⊗k B/k) ≃ HH(A/k) ⊗k HH(B/k). 

2. 
HH(A/k) ⊗k B ≃ HH(A ⊗k B/B). 

3. Suppose that B is an A-algebra. Then 

HH(B/k) ⊗ HH(A/k) A ≃ HH(B/A). 

Proof. These properties are easily proven by direct manipulation of the definition. In the 
following, let the unadorned tensor product symbol ⊗ denote the tensor product ⊗k over k. 
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1. 

(A ⊗A⊗A A) ⊗ (B ⊗B⊗B B) ≃ (A ⊗ B) ⊗(A⊗A)⊗(B⊗B) (A ⊗ B) 

≃ (A ⊗ B) ⊗(A⊗B)⊗(A⊗B) (A ⊗ B) 

2. 

(A ⊗A⊗A A) ⊗ B ≃ (A ⊗A⊗A A) ⊗ (B ⊗B B) 

≃ (A ⊗ B) ⊗(A⊗A)⊗B (A ⊗ B) 

≃ (A ⊗ B) ⊗(A⊗B)⊗B (A⊗B) (A ⊗ B) 

3. 

(B ⊗B⊗B B) ⊗A⊗A⊗AA A ≃ (B ⊗B⊗B B) ⊗A⊗A⊗AA (A ⊗A A) 

≃ (B ⊗A A) ⊗(B⊗B)(A⊗A)A (B ⊗A A) 

≃ B ⊗(B⊗AA)⊗k⊗A(B⊗AA) B 

≃ B ⊗B⊗AB B. 

Equally important but significantly less trivial is the following. 

Theorem 4.2.1.6 ([BMS19, Theorem 3.1]). Let k be a commutative ring. The functor 
HH(−/k) : aRingk → Modk is a sheaf for the fpqc topology. 

In the same way, we can deduce that HH(−/k) : aRingk → Modk is a sheaf for the fpqc 
topology when k is an arbitrary animated ring. 

The above theorem allows us to make the following definition for the Hochschild homology 
of a derived stack, which we will generalize in the following sections. 

Definition 4.2.1.7. Let X be a derived stack over a fixed base animated ring k. The 
Hochschild homology of X relative to k, denoted HH(X /k), is defined as the right Kan 
extension of the Hochschild homology functor HH(−/k) : dAffop 

k → Modk from (the opposite 
of) the category of derived affine schemes over k to the category of derived stacks over k. 

Explicitly, this means that the Hochschild homology of X relative to k is given by the 
formula 

HH(X /k) ≃ lim 
Spec A→X ∈dAffop 

/X 

HH(A/k). 

It has the convenient property that the induced HKR filtration is complete. 
Remark. There are alternate definitions for the Hochschild homology of a derived stack which 
do not necessarily agree with the above in all cases, but we do not require these here. See for 
example [AV17, Section 2] for one alternative definition, based on the Hochschild homology 
of a stable presentable k-linear category. Note that other definitions of Hochschild homology 
do not necessarily have the property that the HKR filtration is necessarily complete. 
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4.2.2 The HKR Filtration and Theorem 

The derived version of the HKR theorem is no longer a statement about the individual 
Hochschild homology groups, but instead guarantees us a filtration with nice pieces. The 
idea is that for A a polynomial k-algebra, the Postnikov filtration on HHcl(A/k) ≃ HH(A/k) 
has associated graded pieces given by (shifts of) the exterior powers of the Kähler differentials 
by the classical HKR theorem. We then derive (left Kan extend) the Whitehead filtration 
beyond the polynomial case, to obtain a filtration on HH(A/k) for a general animated k-
algebra A, and the associated graded pieces will be given by the left Kan extension of the 
exterior powers of the Kähler differentials, which are the derived exterior powers of the 
cotangent complex. The precise statement is the following. 

Theorem 4.2.2.1 (Hochschild-Kostant-Rosenberg Theorem, [NS18, Prop. IV.4.1]). Let k → 
A be a map of commutative unital rings. Then there exists a complete descending N-indexed 
filtration Fil• 

HKR on HH(A/k) with 

gri HKR(HH(A/k)) ≃ Li 
A/k[i] := 

 

L 
i 

A 

LA/k 

 

[i]. 

Proof. Let k → A• → A be a resolution of A in sCRingk/ by polynomial k-algebras. 
Then HH(A/k) is computed by taking the totalization/diagonal of the bisimplicial object 
Bcyc(A•/k)•, which we visualize by the following diagram (note that Bcyc(Aj/k)i is in ho-
mological bidegree (i, j)). 

. . . 
. . . 

. . . 
. . . 

HH(A3/k) Bcyc(A3/k)0 Bcyc(A3/k)1 Bcyc(A3/k)2 . . . 

HH(A2/k) Bcyc(A2/k)0 Bcyc(A2/k)1 Bcyc(A2/k)2 . . . 

HH(A1/k) Bcyc(A1/k)0 Bcyc(A1/k)1 Bcyc(A1/k)2 . . . 

HH(A0/k) Bcyc(A0/k)0 Bcyc(A0/k)1 Bcyc(A0/k)2 . . . 

Each row of the above diagram computes HH(Ai/k). Since each Ai is a polynomial k-algebra, 
the classical Hochschild-Kostant-Rosenberg theorem implies that the filtration given by the 
canonical truncations Fil• 

HKR HH(Ai/k) = τ≥• HH(Ai/k) has associated gradeds given by 

grn 
HKR HH(Ai/k) ≃ Hn(HH(Ai/k))[n] ≃ Ωn 

Ai/k
[n]. 
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Thus, the filtration Fil• 
HKR on the bisimplicial object given by truncating in the horizontal 

direction has associated gradeds given by 

grn 
HKR HH(A•/k) ≃ Hn(HH(A•/k))[n] ≃ Ωn 

A•/k[n]. 

The desired result follows, as 
Ωn 

A•/k ⊗ L 
A• 
A• ≃ Ln 

A/k, 

where the last equivalence is given by the Dold-Kan correspondence. 
Noting that the nth step in the filtration on the bisimplicial diagram above induced from 

the row-wise Whitehead filtration is n-connective in each row, it follows that the filtration 
is complete (modeling the totalization/geometric realization by the diagonal). 

The above theorem generalizes to the case of k → A an arbitrary map of animated rings, 
and the proof is similar, except we realize the map k → A as a map k• → A• of simplicial 
commutative rings, and then resolve A• by a bisimplicial commutative k-algebra which is 
polynomial over the respective kn in each degree. In particular, we obtain the following. 

Theorem 4.2.2.2. Let k → A be a map of animated rings. There is a natural complete 
decreasing N-indexed filtration Fil∗ 

HKR HH(A/k) on HH(A/k) with 

grn 
HKR HH(A/k) ≃ Ln 

A/k[n] := 
n 
LA/k[n]. 

Remark. In fact, even more is true regarding the HKR filtration. It is a multiplicative fil-
tration, and it is S1-equivariant, and the associated graded pieces have trivial S1-action. 
For a proof which details the multiplicative structure and the S1-action, see [Ant20, The-
orem 6.3] or [Rak20, Theorem 6.2.6] and [Ant25a] for a more involved discussion which 
discusses the universal property of Fil∗ 

HKR HH (that is, a universal property of Hochschild 
homology equipped with its HKR filtration). 

4.2.3 Relative Derived Hochschild Homology 

In the previous sections, we have only defined the Hochschild homology of a derived stack 
relative to a fixed ground animated ring. However, it will be critical for us to consider the 
Hochschild homology of a morphism of derived stacks where the base is not assumed to 
be affine or even fixed. In this section, we construct the relative Hochschild homology of 
a morphism of derived stacks and show that it extends the usual definitions of Hochschild 
homology. 

Consider the functors 

Hoch : Arr(dAff)op → QC 
(Spec A → Spec k) → (Spec A, HH(A/k)) 
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and 

Hoch : Arr(dAff)op → QC 
(Spec A → Spec k) → (Spec k, HH(A/k)), 

where in the first case, we view HH(A/k) as an A-module and in the second we view HH(A/k) 
as a k-module. 

These assignments on objects can be seen to be functorial by using the functoriality of 
the diagonal morphism along with functoriality of limits/fiber products. Once one obtains 
an endofunctor Arr(dAff) → Arr(dAff) sending 

(Spec A → Spec k) → (Spec A ⊗A⊗kA A → Spec A) 

(respectively, (Spec A → Spec k) → (Spec A ⊗A⊗kA A → Spec k)), then one can map 
Arr(dAff) → QC by using the structure morphism to provide A ⊗A⊗kA A with the structure 
of an A-module (respectively, k-module). 

Explicitly, Arr(aRing) is equivalent to the full sub-∞-category of Fun(∆1 × ∆1 , aRing) 
spanned by those diagrams which 

1. send the edges (0, 0) → (1, 0) and (0, 0) → (0, 1) to equivalent morphisms; and 

2. exhibit the image of (1, 1) as the colimit of the rest of the diagram. 

The desired equivalence follows from the fact that all diagrams in aRing of this form above 
admit colimits, together with the universality of colimits. Similar reasoning shows that this 
is further equivalent to the ∞-category of commutative diagrams in aRing of the form 

k A 

A A ⊗k A A 

A A ⊗A⊗kA A. 

idA 

idA 

ι2 

ι1 

Then restriction to the composition ι1 : A → A ⊗A⊗k A A (respectively, k → A ⊗A⊗k A A) 
provides a functor Arr(aRing) → Arr(aRing) which on objects maps 

(k → A) → (A → A ⊗A⊗kA A) 

(respectively, (k → A) → (k → A ⊗A⊗kA A)). 
Now, we want to construct the functor Arr(aRing) → QC which will heuristically forget 

the animated ring structure on the target, and treat it as a module over the source. 
Animating the functor Arr(CAlg) → MOD which associates to a ring homomorphism 

(f : A → B) the pair (A, B) where B has A-module structure via f produces a functor 

Arr(aRing) → MODcn → QC 
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using [Lur, 25.2.1.2] and A.0.0.6 (recall that MODcn is the full sub-∞-category of QC 
spanned by pairs (X , F) such that X is an affine derived scheme Spec A, and F is a connective 
A-module). 

Combining the above gives the desired functor Arr(aRing) → QC which maps 

(k → A) → (Spec A, A ⊗A⊗kA A) 

(or (Spec k, A ⊗A⊗kA A)). 
We are now ready to make our definition of relative Hochschild homology of a morphism 

of derived stacks. 

Definition 4.2.3.1 (Relative Hochschild homology). The relative Hochschild functors 

Hoch, Hoch : Arr(dStk)op → QC 

are defined to be the right Kan extensions of Hoch, Hoch : Arr(dAff)op → QC along the 
inclusion Arr(dAff)op → Arr(dStk)op . 

As the objects of QC may be identified with pairs (X , F), where X ∈ dStk and F ∈ 
QC(X ), we will write 

Hoch(f : X → S) = (X , HH(X /S)) and Hoch(X → S) = (S, HH(X /S)). 

We will call HH(X /S) (respectively, HH(X /S)) the Hochschild homology sheaf of f : X → S 
(respectively, the Hochschild homology module of f : X → S). 

We begin with a result clarifying the relationship between the two Hochschild functors. 

Proposition 4.2.3.2. Let f : X → S be a morphism of derived stacks. Then the canonical 
morphism (S, HH(X /S)) → (X , HH(X /S)) induces an equivalence 

HH(X /S) → f∗HH(X /S). 

Proof. Writing 
(X , HH(X /S)) ≃ lim(Spec A, A ⊗A⊗kA A) 

and 
(S, HH(X /S)) ≃ lim(Spec k, A ⊗A⊗kA A), 

where both limits are over maps from (Spec A → Spec k) to (X → S) in Arr(dStk)op , we have 
an induced map (Spec k, A ⊗A⊗k A A) → (Spec A, A ⊗A⊗kA A) for any such Spec A → Spec k. 
Taking the limit produces a morphism (S, HH(X /S)) → (X , HH(X /S)) which gives the 
morphism HH(X /S) → f∗HH(X /S) in question. 

The morphism HH(X /S) → f∗HH(X /S) is then the limit of the corresponding mor-
phisms A ⊗A⊗kA A → A ⊗A⊗kA A. As all of these morphisms are equivalences, so is the 
limit. 
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Remark. One can also formulate this compatibility using Cartesian transport for the fibration 
QC → dStkop . More precisely, the statement would be that the right Kan extension along 
Arr(dAff)op → Arr(dStk)op of the composition 

Arr(dAff)op → QC ×dStkop Arr(dStkop) → QC 

where the first functor is induced by Hoch and the inclusion and the second functor is 
Cartesian transport is canonically identified with the composition of the right Kan extension 
of Arr(dAff)op → QC ×dStkop Arr(dStkop) composed with Cartesian transport. 

The above definitions do indeed extend the usual notions of Hochschild homology. By 
properties of Kan extensions along fully faithful functors, we see that the Hochschild ho-
mology sheaf/module of a map of affine schemes is given by its original definition (thus our 
abuse of notation in letting Hoch and Hoch denote both the functors on affines and arbitrary 
stacks is justified); but moreover, our definition agrees with (one of) the standard definitions 
of the Hochschild homology of a stack over a fixed ground ring. 

Proposition 4.2.3.3. Let X → Spec k be a morphism of derived stacks. Then the relative 
Hochschild homology HH(X / Spec k) is equivalent to HH(X /k) as defined in 4.2.1.7. 

Proof. Consider the diagram 

Arr(dAff)op 
 
Arr(dStk)/dAff 

 op 
Arr(dStk)op QC 

dAffop dStkop . 
top top 

Hoch 

top 
p 

Taking the pullback of this diagram along {Spec k} → dAffop → dStkop yields 

dAffop 
k dStkop 

k dStkop 
k Modk 

{Spec k} {Spec k} 

∼ 

using the fact that dAff ⊆ dStk is a replete subcategory. The result then follows by (the dual 
of) [Lur08, lemma 4.3.3.9]: since top is Cartesian, the right Kan extension of the pullback of 
Hoch along {Spec k} → dAffop is the pullback of the right Kan extension. 

We conclude this section by noting that the Hochschild functors just defined are in fact 
fpqc sheaves. 

Theorem 4.2.3.4. Hoch, Hoch : Arr(dStk)op → QC are sheaves for the fpqc topology. 

We delay the proof for now, since we will discuss an improved variant (that these functors 
may be promoted to sheaves for the canonical topology valued in QCF) in the next section. 
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4.2.4 HKR-Filtered Derived Hochschild Homology 

As we have already seen, Hochschild homology of a morphism of animated rings comes 
equipped with a canonical, functorial Hochschild-Kostant-Rosenberg filtration, which is in-
duced by the Postnikov filtration for a smooth morphism of polynomial Z-algebras. By 
mimicking 4.2.3.1 and replacing QC with QCF , we can view the Hochschild functors 

Hoch, Hoch : Arr(dAff)op → QC 

as functors instead valued in QCF , the source of the coCartesian fibration classifying the 
functor dS tkop → Cat∞ sending X → QCF (X) := Fun(Zop , QC (X)). To distinguish these 
functors, we will denote the variants valued in QCF by Hochfil and Hochfil . We will denote the 
resulting filtered object(s)/filtration on HH (respectively, HH) by F il∗ 

HKR HH (respectively, 
Fil∗HKR HH). 

Composing these filtered Hochschild functors with the “underlying object” functor pro-
duces the previously defined Hochschild functors. This follows because the Hochschild func-
tors Arr(dAff)op → QCF in fact factor through the full sub-∞-category QCFN spanned by 
those objects whose filtrations are N-indexed, in the sense that Fili X → Fili−1 X is equiv-
alent to the identity for i ≤ 0. Since the subcategory of such filtrations is closed under 
limits, the right Kan extension to QCF in fact factors through QCFN to tell us that that the 
Hochschild filtrations are N-indexed. Moreover, the underlying object functor is then simply 
given by evaluation at 0, and this is a right adjoint, hence it preserves Kan extensions, so 
that the underlying object of the Kan extended HKR filtration will be the Kan extension 
of the functor which constructs the HKR-filtered Hochschild homology and then takes the 
underlying object. One could alternatively (and equivalently) use QCFN in place of QCF 
everywhere. 

Proposition 4.2.4.1. Let f : X → S be a map of derived stacks. Then HH(X /S ) 
and HH(X /S ) admit complete descending N-indexed filtrations; i.e., F il∗ 

HKR HH(X /S ) and 
Fil∗HKR HH(X /S ) are complete. 

Proof. The previous discussion implies that the filtrations are N-indexed. Given a filtered 
object Fil• X, completeness means that 

lim 
i→∞ 

Fil i X := lim 
Zop 

Fil i X ≃ 0. 

Thus, completeness of the HKR filtration follows from the fact that right Kan extensions 
commute with limits. 

Remark. The filtered Hochschild homology we define here might be called “HKR-completed 
Hochschild homology.” As mentioned previously, there are multiple possible definitions of 
Hochschild homology, all of which agree for maps of commutative rings (or animated rings), 
but which may differ once extended to stacks, and in particular, it can be the case that 
the HKR filtration on another variant of the Hochschild homology may not be complete. 
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It would be interesting to examine an “uncompleted Hochschild homology” for a morphism 
f : X → S of derived stacks, either as a relative Hochschild homology for the stable ∞ -
categories QC (X ) and QC (S ), or as ∆∗ ∆∗ O X . We will show that under some hypotheses, 
the latter agrees with our definition, but we do not pursue this question further. 

As a consequence of the above proposition, we find that when we have a morphism of 
filtered objects between Hochschild homology and another complete filtered object, to check 
whether the morphism is an equivalence it suffices to check if the maps on associated graded 
pieces is an equivalence (this follows from [GP18, Lemma 2.15]5). 

The following proposition will prove invaluable when proving properties of Hochschild 
homology. 

Proposition 4.2.4.2. Suppose that f : X → S is a map of derived stacks admitting a 
cotangent complex (e.g., f geometric). The associated graded sheaves of the HKR filtrations 
on the Hochschild homology of X /S are given by 

gri HKR HH (X /S ) ≃ 

 
i 
LX /S 

 

[i] 

gri HKR HH(X /S ) ≃ f∗ 

 
i 
LX /S 

 

[i] 

Proof. The result is true for affines by construction. Then the result follows by commuting 
the cofiber (which is a finite colimit) with the limit. 

We actually need to use a slightly stronger version of the above HKR result when proving 
various properties of Hochschild homology. In particular, we require the following: 

Proposition 4.2.4.3. For any n ≥ 0, the composition 

Arr(dS tk)op F il HKR HH (− )−−−−−−−−→ QCF 
gr−→ QC G R 

evn−−→ QC [−n]−−→ QC 

agrees with the functor 
 n LKan : Arr(dS tk)op → QC . 

Proof. Consider the functors restricted to PolyPoly. By the classical HKR theorem, they 
agree on objects, and by naturality of the antisymmetrization maps, they agree as functors. 
Forming the left Kan extension along the inclusion PolyPoly → Arr(dA ff)op gives the functor n LKan by definition. 

On the other hand, because [− n] ◦ evn ◦ gr is a left adjoint (by virtue of each individual 
component being a left adjoint), it follows that [− n] ◦ evn ◦ gr preserves left Kan extensions, 
so that the left Kan extension of the composition [− n] ◦ evn ◦ gr ◦F ilHKR HH (− ) agrees with 
[− n] ◦ evn ◦ gr composed with the left Kan extension of F ilHKR HH (− ). 

The result then follows as Arr(dA ff)op is a basis for Arr(dS tk)op and these functors are 
fpqc sheaves. 

5Note that what we call Fil C is called Seq C in [GP18], and what we call Fil C is called Fil C in [GP18]. 
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It follows that given a commutative square of derived geometric stacks 

X ′ X 

S ′ S 

f 

the morphism f ∗F il HKR HH (X /S ) → F il HKR HH (X ′ /S ′ ) on Hochschild homology induces 
on associated gradeds (shifts of) the maps f∗ 

n LX /S → 
 n LX ′/S ′ arising from the same 

square. In particular, since the map f∗ 
n LX /S → 

n LX ′ /S ′ is the nth exterior power of 
the map f ∗LX /S → LX ′ /S ′ , it suffices to check that the map on first associated gradeds is an 
equivalence, and this can be adapted to various situations. One such situation is when we 
compare HH Ols and HHRog , although this is not a direct corollary of the above.

Lemma 4.2.4.4 ([BL22, Proposition 6.3.8]). Suppose that A is a commutative ring, and 
suppose that the absolute cotangent complex LA/Z is a flat A-module (regarded as a complex 
concentrated in homological degree zero). Then the HKR filtration on HH(A/Z) coincides 
with the Whitehead filtration; i.e., for every integer n, the map Filn 

HKR HH(A/Z) → HH(A/Z) 
is an isomorphism on homology in degrees ≥ n (and the homology groups of Filn 

HKR HH(A) 
vanish in degrees ≥ − n). 

We note that [BL22, proposition 6.3.8] extends to the following global variant, with no 
modification in the proof required. 

Theorem 4.2.4.5. Suppose that X → S is map of derived stacks admitting a cotangent 
complex, and suppose that the relative cotangent complex LX /S is a flat O X -module (regarded 
as a complex concentrated in cohomological degree zero, e.g., if f is a smooth morphism 
from a classical algebraic space to a classical algebraic stack). Then the HKR filtration 
on HH(X /S ) coincides with the Whitehead filtration; i.e., for every integer n, the map 
Filn 

HKR HH(X /S ) → HH(X /S ) is an isomorphism on homology in degrees ≥ n (and the
cohomology groups of Filn 

HKR HH(X /S ) vanish in degrees ≥ − n). 

Corollary 4.2.4.6. Suppose X → S is a smooth map of derived classical stacks. Then the 
HKR filtration on HH (X /S ) is the Whitehead filtration. 

With the above results in hand, we are ready to prove various important properties of 
the relative Hochschild homology. 

Theorem 4.2.4.7. Suppose that 
X ′ X 

S ′ S 

g 

f f 

g 

is a commutative square of geometric derived stacks. Then: 
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1. If the square is Cartesian, the induced morphisms 

g ∗ HH (X /S ) → HH (X ′ /S ′ ) 

and 
g ∗ HH(X /S ) → HH(X ′ /S ′ ) 

(arising from H och(X /S ) → H och(X ′ /S ′ ) and Hoch(X /S ) → Hoch(X ′ /S ′ ), respec-
tively) are equivalences. 

2. If g is étale, then the induced morphisms 

HH (X ′ /S ) → HH (X ′ /S ′ ) 

and 
HH(X ′ /S ) → HH(X ′ /S ′ ) 

are equivalences. 

3. If g is étale, then the induced morphisms 

g ∗ HH (X /S ) → HH (X ′ /S ) 

and 
HH(X /S ) → HH(X ′ /S ) 

are equivalences. 

Proof. The three arguments are all of the same flavor: we examine the induced morphisms on 
associated graded pieces, show that we have equivalences there, and appeal to completeness 
of the HKR filtration. 

1. On associated graded pieces, we obtain (shifts of) the canonical equivalence 

g ∗ 
n 
LX /S ≃ 

n 
g ∗LX /S → 

n 
LX ′ /S ′ . 

The result then follows by completeness of the HKR filtration. 

2. On associated graded pieces, this becomes the morphism induced by applying 
n to 

the canonical map LX ′ /S → LX ′ /S ′ (and shifting). We have an identification 

fib 

 
n 
LX ′ /S → 

n 
LX ′ /S ′ 

 

≃ f ∗LS ′ /S ⊗ 
n 
LX ′ /S , 

and since S ′ → S is étale, LS ′ /S vanishes. Alternatively, we can realize that the 
canonical map on the first associated graded piece 

LX ′ /S → LX ′ /S ′ 

is an equivalence, as the fiber is f ∗LS ′ /S, which vanishes since S ′ → S is étale. 
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3. Considering the composition X ′ → X → S produces the cofiber sequence 

g ∗LX /S → LX ′ /S → LX ′ /X , 

and as in the previous results, LX ′ /X vanishes by the étale assumption. In the same 
way, we obtain the desired equivalences on all associated graded pieces (being exte-
rior powers and shifts of this equivalence), and completeness of the HKR filtration 
completes the proof. 

Consider the functor 
D : Arr(dS tk)op → QC 

which is “given by” D(X /S ) = (X , ∆∗∆∗O X /S ). 6 Because D and H och agree on Arr(dA ff)op , 
the universal property of the right Kan extension guarantees a unique (up to contractible 
choice) map of functors η : D → HH , and thus a unique map ηX /S : ∆∗∆∗O X /S → HH (X /S ) 
(which in fact exhibits H och as the sheafification of D). 

Proposition 4.2.4.8. Let X → S be a relative derived scheme (i.e., a map of derived stacks 
such that for any map Spec A → S , X × S Spec A is a derived scheme). Then ∆∗∆∗O X /S 

and HH (X /S ) are canonically equivalent via ηX /S . In particular, if X is a derived scheme 
and S is a derived algebraic stack with affine diagonal, this holds. 

Proof. To show that ηX /S is an equivalence when X → S is a relative derived scheme, it is 
enough to show that for any Cartesian diagram 

X ′ X 

Spec A S 

p 

f 

of derived stacks, the map ηX /S induces an equivalence 

p ∗ ηX /S : p ∗ ∆ ∗ ∆∗OX /S → p ∗ HH (X /S ). 

A standard calculation shows that p ∗∆∗∆∗O X /S ≃ ∆∗∆∗O X ′ /A, and by 4.2.4.7 we have 
p ∗HH (X /S ) ≃ HH (X ′ /A). Moreover, p ∗ηX /S ≃ ηX ′ /A (by naturality), so we reduce to the 
situation when S = Spec A is affine and X = X is a derived scheme. 

The result then follows from the facts that the assignment U → L SU is a Zariski cosheaf 
on X, that U → (U, HH (U/S)) is a Zariski sheaf, and that for U = Spec B → Spec A, the 
canonical maps 

(p1)∗OLS U → ∆∗∆
∗ O U/S → HH (U/S) 

are equivalences. Alternatively, for u : U → X an open immersion, we have u ∗∆∗∆∗O X/S → 
∆∗∆∗O U/S and u ∗HH (X/S) → HH (U/S) via the canonical maps, so naturality of η implies 
the result. 

6One can define this functor precisely using coCartesian transport for QC . 
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Remark. We expect that the previous proposition holds in greater generality. In particular, 
Olsson’s result relating classical sheafy Hochschild homology to the pushforward and (de-
rived) pullback of the structure sheaf along the diagonal holds without the assumption that 
the map is a relative derived scheme. However, we will only apply this result for morphisms 
X → S where X is an affine derived scheme and S has affine diagonal, so that X → S is 
indeed a relative derived scheme. 

We also have a stronger relative version of the earlier descent results. 

Theorem 4.2.4.9 ([Ant25b, Theorem 6.2]). The functors 

HH(−) : Arr(aRing) → aRing 

and 
Fil ∗ 

HKR HH : Arr(aRing) → Fil(aRing) 

satisfy descent for the canonical topology on Arr(aRing). 

Remark. A cover {(A/k) → (Ai/ki)}i in the canonical topology on Fun(∆1 , aRing) in the 
above reference is a collection of maps such that {A → Ai} is a canonical cover of A in 
aRing. In particular, note that there is no condition on the maps k → ki, so the result cited 
is stronger than what one obtains using our definition of the canonical topology. 

We do not need the full power of the above; descent for the fpqc topology will suffice. We 
suspect that the following proposition can be formally deduced for the canonical topology 
from 4.2.4.9, but we can also obtain the fpqc case as a corollary of 2.4.1.10. 

Proposition 4.2.4.10. The functors 

F il ∗ 
HKR HH : Arr(aRing) → QCF 

and 
Fil ∗ 

HKR HH : Arr(aRing) → QCF 

are sheaves for the fpqc topology on Arr(aRing). 

Proof. The proof is essentially identical to [BMS19, Corollary 3.3]. In particular, 2.4.1.10 
and induction will imply that the quotients HH(−)/F iln 

HKR are fpqc sheaves for all n, and 
by completeness, taking the limit produces HH(−) which is a sheaf. The same proof works 
for Fil∗ 

HKR HH . 

4.3 Logarithmic Hochschild Homology 

In this section, we will recall the definitions of logarithmic Hochschild homology due to 
Olsson and Rognes, and culminate with our theorem comparing the two. 
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4.3.1 After Olsson 

In [Ols26], Olsson makes the following definition. 

Definition 4.3.1.1. Let f : X → S be a log flat morphism of fine log schemes, and consider 
the associated morphism X → L ogS . The Olsson logarithmic Hochschild homology of f is 
given by 

HH Ols,cl(X/S) := HH cl(X/LogS), 
where HH cl is the construction of 4.1.3.3. 

Using this definition, together with 4.1.3.6, we obtain the following logarithmic version 
of the HKR theorem. 

Theorem 4.3.1.2. Let f : X → S be a log flat map of fine log schemes. Then there are 
isomorphisms 

ϵn : Ω
n 
X/S → HH Ols,cl 

X/S,n 

are isomorphisms for all n. 

With our definition of relative Hochschild homology for maps of derived stacks, it is 
simple to extend Olsson’s logarithmic Hochschild homology to the non-flat case. 

Definition 4.3.1.3. Let f : X → S be a morphism of fine log schemes. Then we define the 
Olsson log Hochschild homology and Olsson log Hochschild homology sheaves as 

HH Ols(X/S) := RΓ(L ogS, HH(X/L ogS)), 

HH Ols(X/S) := HH (X/L ogS). 

Our definition of HHOls(X/S) differs slightly from the expected definition so that we can 
view HHOls(X/S) as an object of D (Z) (another option would be to view it as an object of 
QC (S), but working in D (Z) will be more convenient for our later comparisons). 

Using our previously established results for the Hochschild homology of derived stacks 
along with results in [Ols03], we can immediately deduce a number of nice results for the 
Olsson-log Hochschild homologies. 

First of all, there is a logarithmic version of the HKR theorem, which is an immediate 
corollary of our previously established HKR theorem and the definition 4.3.1.3. 

Theorem 4.3.1.4. Suppose that f : X → S is a map of fine log schemes, with associated 
map fMX : X → L ogS . Then HHOls(X/S) and HH Ols(X/S) admit complete, descending, 
N-indexed filtrations, with associated graded pieces given by 

gri HKR HH Ols(X/S) ≃ RΓ 

 

X, 
i 
LOls 
X/S 

 

[i] 

and 

gri HKR HH Ols(X/S) ≃ 

 
i 
LOls 
X/S 

 

[i]. 
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Lemma 4.3.1.5. Let (k, P ) → (A, M) → (B, N) be morphisms of fs semilog rings such that 
the induced map f : Spec(B, N) → Spec(A, M) is integral log-étale. Then 

f ∗ HH Ols (Spec(A, M)/ Spec(k, P )) → HH Ols (Spec(B, N)/ Spec(k, P )) 

and 
HH Ols (Spec(A, M)/ Spec(k, P )) ⊗A B → HH Ols (Spec(B, N)/ Spec(k, P )) 

are equivalences. 

Proof. The proof is the same in both cases, the only difference being whether the objects 
are considered as B-modules or as their underlying k-modules. 

By [Ols05, example 3.15], the map on the first associated graded piece sits in a distin-
guished triangle/cofiber sequence 

LOls 
Spec(A,M)/ Spec(k,P ) ⊗A B → LOls 

Spec(B,N)/ Spec(k,P ) → LOls 
Spec(B,N)/ Spec(A,M) 

+1 −→ . 

As Spec(B, N) → Spec(A, M) is log-étale, it follows that LOls 
Spec(B,N)/ Spec(A,M) ≃ 0. This 

proves that the morphism induces an equivalence on the first associated graded piece, and 
thus that the morphism induces an equivalence on all associated graded pieces, so that the 
morphism is an equivalence by completeness of the HKR filtration. 

The proof of the following lemma is similar. 

Lemma 4.3.1.6. Let (k, P ) → (A, M) → (B, N) be morphisms of fs semilog rings such that 
the induced map Spec(A, M) → Spec(k, P ) is integral log-étale. Then 

HH Ols (Spec(B, N)/ Spec(k, P )) → HH Ols (Spec(B, N)/ Spec(A, M)) 

and 
HHOls(Spec(B, N)/ Spec(k, P )) → HHOls(Spec(B, N)/ Spec(A, M)) 

are equivalences. 

Proposition 4.3.1.7. The functors 

HH Ols , LOls : Arr(LogAff)op → DF (Z) 

are integral log-étale sheaves. 

Proof. The proof of this result for HHOls is identical to the proof of [BLPØ23, Proposition 
7.11], using 4.3.1.6 in place of [BLPØ23, Lemma 7.9] and 4.3.1.5 in place of [BLPØ23, Lemma 
7.10]. 

The proof for LOls is similar. Consider an integral log étale cover of X → S determined 
by the diagram 

X ′ X 

S ′ S. 

g 
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This corresponds to a diagram 

X ′ X 

LogS ′ LogS 

g 

in which X ′ → X is fpqc by [Ogu18, Theorem IV.4.3.5], and LogS ′ → LogS is étale by 
[Ols03, Theorem 4.6]. We are then reduced to considering the canonical map 

LX/LogS 
→ lim 

i 
LČ(X ′ →X)i/LogS 

, 

which is an equivalence by fpqc descent for the ordinary cotangent complex. 

4.3.2 After Rognes 

The original source is [Rog09]. However, our exposition follows [BLPØ23], which uses the 
same language as this paper. See [BLPØ23, 5.5] for a proof that the two constructions agree. 

Definition 4.3.2.1. Let (f, f ♭) : (k, P ) → (A, M) be a morphism of animated prelog rings. 
The Rognes-logarithmic Hochschild homology of (f, f ♭) is defined to be the animated ring 

HHRog(f, f ♭) := A ⊗ ((A,M)⊗(k,P )(A,M))rep 
σ 
A, 

where σ : M ⊕P M → M is the codiagonal morphism of P → M. We will also write 
HHRog((A, M)/(k, P )), if the morphism (f, f ♭) is understood. 

Remark. From our previous description of the repletion, it follows that for (f, f ♭) : (k, P ) → 
(A, M), we have 

HHRog(f, f ♭) ≃ A ⊗(A⊗k A)⊗ Z[M ⊕ P M ]Z[(M⊕P M)rep 
σ ] A. 

One of the main results of [BLPØ23] provides an HKR theorem for the Rognes-log Hoch-
schild homology. 

Theorem 4.3.2.2 ([BLPØ23, Theorem 5.15]). Let (k, P ) → (A, M) be a map of animated 
prelog rings. Then the Rognes-log Hochschild homology HHRog((A, M)/(k, P )) admits a com-
plete, descending filtration Fil∗ 

HKR HH
Rog ((A, M)/(k, P )) with graded pieces

gr n Fil ∗ 
HKR HH

Rog((A, M)/(k, P )) ≃ 

 
n 

A 

LGab 
(A,M)/(k,P ) 

 

[n]. 

Lemma 4.3.2.3. Let (k, P ) be an animated prelog ring, and let f : k → A be a morphism 
of animated rings. There is a canonical equivalence of filtered Z-modules 

Fil ∗ 
HKR HH

Rog((A, f ∗ P )/(k, P )) ≃ Fil ∗ 
HKR HH(A/k). 
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Proof. The equivalence between the underlying objects is obtained from the equivalence 

HHRog((A, f ∗ P )/(k, P )) ≃ A ⊗ (A⊗kA)⊗ Z[f ∗ P⊕ P f ∗ P ]Z[(f∗P ⊕P f∗P )rep 
σ ] A, 

noting that f ∗P ⊕ P f
∗P ≃ P ⊕ P P ≃ P, and that under this equivalence, σ : f∗P ⊕ P f

∗P → 
f ∗P is the identity, so that the repletion is just f∗P. 

Compatibility of the filtrations comes from the observation that the subcategory of 
(aP reL ogP oly(k,P ))/(A,f∗P ) spanned by maps of animated prelog rings of the form 

(P → k) ⊗ ({1}→k) ({1} → k[X]) ≃ (P → k[X]) → (f ∗ P → A) 

(where X is some finite set) is final in (aP reLogP oly(k,P ))/(A,f∗P ). 

Proposition 4.3.2.4. Let (f, f ♭) : (k, P ) → (A, M) be a morphism of animated prelog rings. 
Then the diagram 

(A, M) (A, M)a (A, M)a 

(k, P ) (k, P ) (k, P )a , 

a(A,M ) 

(f,f♭) a(A,M)◦(f,f♭) 

a(k,P ) 

(f,f♭)a 

where a(k,P ) denotes the canonical logification map (and similarly for a(A,M)) and the unla-
beled horizontal maps are given by the relevant identity morphism induces filtered equivalences 

Fil ∗ 
HKR HH

Rog((A, M)/(k, P )) 
∼ −→ Fil ∗ 

HKR HH
Rog((A, M)a/(k, P )) 

∼ −→ Fil ∗ 
HKR HH

Rog((A, M)a/(k, P )a). 

Proof. On the associated graded pieces, we obtain the equivalences 

LGab 
(A,M)/(k,P ) → LGab 

(A,M)a/(k,P ) → LGab 
(A,M)a/(k,P )a 

of 3.3.3.7 (and their shifted exterior powers). Because the HKR filtration on HHRog is 
complete, this implies that the desired maps are equivalences as well. 

As an application of the above lemmas, we obtain the following corollary. 

Corollary 4.3.2.5. Let (k, P ) → (A, M) be a strict morphism of animated prelog rings. 
Then there is a canonical equivalence 

Fil ∗ 
HKR HH

Rog((A, M)/(k, P )) ≃ Fil ∗ 
HKR HH(A/k). 

We also have étale base change and étale invariance results for HHRog . 

Lemma 4.3.2.6 ([BLPØ23, Lemma 7.9]). Let (k, P ) 
(f,f♭)−−−→ (A, M) → (B, N) be morphisms 

of fs semilog rings. If (f, f ♭) is integral log étale, then the canonical map 

HHRog((B, N)/(k, P )) 
∼ −→ HHRog((B, N)/(A, M)) 

is an equivalence. 
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Lemma 4.3.2.7 ([BLPØ23, Lemma 7.10]). Let (k, P ) → (A, M) 
(g,g♭) −−−→ (B, N) be morphisms 

of fs semilog rings. If (g, g♭) is integral log étale, then the canonical map 

B ⊗A HH
Rog((A, M)/(k, P )) → HHRog((B, N)/(k, P )) 

is an equivalence. 

As a corollary of the above base change and invariance results, the authors of [BLPØ23] 
conclude the following descent results for HHRog and LGab . 

Proposition 4.3.2.8 ([BLPØ23, Proposition 7.11]). The presheaf HHRog : Arr(LogAff) → 
M odZ satisfies integral log étale descent. 

Proposition 4.3.2.9 ([BLPØ23, Proposition 7.11]). The presheaf LGab : Arr(LogAff) → 
M odZ satisfies integral log-étale descent. 

4.3.3 Comparison 

We will now construct our comparison morphism between Fil∗ 
HKR HH

Rog and Fil∗ 
HKR HH

Ols . 
First, note that since Fil∗ 

HKR HH
Rog and Fil∗ 

HKR HH
Ols are integral log-étale sheaves, in 

order to construct a map Fil∗ 
HKR HH

Rog → Fil∗ 
HKR HH

Ols in S hv(Arr(LogSch), DF (Z)), it 
suffices to construct a map between their restrictions to Arr(LogAff) ⊆ Arr(LogSch). Addi-
tionally, because Fil∗ 

HKR HH
Rog is by definition left Kan extended from the subcategory of 

“polynomial extensions of polynomial pre-log rings” – i.e., maps of the form 

(Z[X, NS], NS)→ (Z[X, Y, NS ⊕ NT ], NS ⊕ NT ) 

with their obvious log structures (where X, Y, S, and T are finite sets7) – it suffices to 
construct a map between their restrictions to the category of maps of pre-log rings, via the 
logification map to Arr(LogAff). Here, we use 4.3.2.4 to ensure that we can compute and 
compare HHRog using the prelog rings themselves, since this will make the computations 
simpler. 

We have seen that if (f, θ) : (k, P ) → (A, M) is a map of fine prelog rings, the induced 
map Spec(M → A) → LogSpec(P →k) factors through the étale map S(f,θ) → LogSpec(P →k), 
and because S(f,θ) → LogSpec(P →k) is étale, the map 

Fil ∗ 
HKR HH(Spec A/LogSpec(P →k)) → Fil ∗ 

HKR HH(Spec A/S (f,θ)) 

is an equivalence. Moreover, this factorization is functorial: given a commutative square of 
fine prelog rings 

(A, M) (A ′ , M ′ ) 

(k, P ) (k ′ , P ′ ), 

(f,θ) (f ′ ,θ ′ ) 

7Z[X] ≃ Z[x1, . . . , x#X ] is the free Z-algebra on the set X and Z[X, NS ] ≃ Z[x1, . . . , x#X , s1, . . . , s#S ] is 
the monoid algebra over Z[X] generated by NS . 
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there is an induced morphism S(f ′ ,θ ′ ) → S(f,θ) such that 

Spec A ′ S(f ′ ,θ ′ ) LogSpec(k ′ ,P ′ ) 

Spec A S(f,θ) LogSpec(k,P ) 

commutes. 
So it suffices to construct a map 

Fil ∗ 
HKR HH

Rog((A, M)/(k, P )) → Fil ∗ 
HKR HH(Spec A/S(f,θ)) 

which is functorial in the morphism (k, P ) → (A, M). 

Lemma 4.3.3.1. For a map Spec(A, M) → Spec(k, P ) of the form 

Spec(Z[X, Y, NS ⊕ NT ], NS ⊕ NT ) → Spec(Z[X, NS], NS), 

we have 
Fil ∗ 

HKR HH Ols (Spec(A, M)/ Spec(k, P )) ≃ τ≥∗ HH(Spec A/S(f,θ)). 
I.e., the HKR filtration on Olsson log Hochschild homology of a polynomial extension of a 
free prelog ring is the Whitehead filtration. 

Proof. Note that the canonical map Spec A → S(f,θ) is smooth (e.g., by [Ols03, corollary 
5.31]). Thus, the result follows by combining 4.2.4.7 and 4.2.4.5. 

We are left with the task of calculating HH(Spec A/S(f,θ)) in the situation above, and to 
compare this to HHRog((A, M)/(k, P )). Because the (pre)log rings/schemes involved are so 
simple, we can actually calculate the (log) Hochschild homologies directly. 

We begin with HHRog((A, M)/(k, P )). Let us consider first the case when the morphism 
of prelog rings is of the form 

P M 

k0[P ] A0[M ], 

θ 

f 

where the log structures are given by the canonical maps from the monoid to its corresponding 
monoid ring, and the map f : k0[P ] → A0[M ] is induced by a map f0 : k0 → A0 of animated 
rings together with θ. 

In this case, the repletion can be identified with (A0 ⊗k0 A0)[(M ⊕P M)repσ ]: 

(A, M) ⊗rep 
(k,P ) (A, M) ≃ (A0[M ] ⊗k0[P ] A0[M ]) ⊗Z[M⊕P M ] Z[(M ⊕P M)rep 

σ ] 

≃ ((A0 ⊗k0 A0) ⊗Z Z[M ⊕P M ]) ⊗Z[M⊕P M ] Z[(M ⊕P M)rep 
σ ] 

≃ (A0 ⊗k0 A0) ⊗Z Z[(M ⊕P M)rep 
σ ] 

≃ (A0 ⊗k0 A0)[(M ⊕P M)rep 
σ ]. 
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Let M1 = M2 = M. Let 
P M2 

M1 M1 ⊕P M2 

θ 

θ ι2 

ι1 

be the coCartesian square of animated monoids defining M1 ⊕ P M2 = M ⊕ P M together with 
the canonical morphisms ι1, ι2 : M → M ⊕ P M. By 3.2.3.6, we obtain functorial equivalences 

M ⊕ cofib(ι1) ≃ (M1 ⊕P M2)
rep 
σ ≃ M ⊕ cofib(ι2), 

and either of these give us an identification 

(A, M) ⊗rep 
(k,P ) (A, M) ≃ (A0 ⊗k0 A0)[(M ⊕P M)rep 

σ ] ≃ (A0 ⊗k0 A0)[M ⊕ cofib(ιi)]. 

Suppose moreover P → M is given by the canonical morphism P → P ⊕ Q for some animated 
monoid Q, and let P1 = P2 = P and Q1 = Q2 = Q, so that we may write M1 = P1 ⊕ Q1 and 
M2 = P2 ⊕ Q2. If we fix i ∈ { 1, 2} and let i ′ denote the other element, we then have 

(A, M) ⊗rep 
(k,P ) (A, M) ≃ (A0 ⊗k0 A0)[(P ⊕ Q) ⊕ cofib(ιi)] ≃ (A0 ⊗k0 A0)[(P ⊕ Q) ⊕ Qi ′ ]. 

Next, we calculate HH(Spec A/S (f,θ)). Because S (f,θ) has affine diagonal, 

HH(Spec A/S(f,θ)) ≃ RΓ(Spec A, L∆∗R∆∗OSpec A) 

by 4.2.4.8, where 
∆ : Spec A → Spec A ×S (f,θ) 

Spec A 

is the diagonal map. In fact, since S (f,θ) has affine diagonal, the fiber product 

Spec A ×S(f,θ) 
Spec A ≃ Spec B 

is affine, and we can describe it relatively explicitly. Note that since Spec A → S (f,θ) is 
smooth, the ordinary fiber product of stacks will agree with the derived fiber product. 

In general, we have that 

Spec A ×S(f,θ) 
Spec A ≃ lim 

  

Spec A SM Spec A 

Spec A SP Spec A 

Spec A Spec k Spec A 

  

The morphisms Spec A → SM and Spec A → SP factor as 

Spec A 
Spec k[α]−−−−−→ Spec k[M ] 

πM−−→ S M 
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and 
Spec A 

f −→ Spec k 
Spec k[β]−−−−−→ Spec k[P ] 

πP −→ SP 

respectively, where f : Spec A → Spec k is the map induced by k → A, k[β] : k[P ] → k 
and k[α] : k[M ] → A are the maps corresponding to the prelog structures β : P → k and 
α : M → A under the adjunction 

CMon CAlgk, 
k[−] 

(−, · ) 

and πM and πP are the canonical quotient maps. For the sake of brevity, let b = Spec k[β] 
and a = Spec k[α]. Similarly, let t : Spec k[M ] → Spec k[P ] be the map corresponding to the 
map θ : P → M of monoids. 

Thus, we may realize Spec A × S (f,θ) 
Spec A as the limit of the diagram

Spec A Spec k[M ] SM Spec k[M ] Spec A 

Spec A Spec k[P ] SP Spec k[P ] Spec A 

Spec A Spec k Spec k Spec k Spec A 

idA 

a πM 

t 

πM 

t 

a 

idA 

b◦f πP πP b◦f 

idA 

f 

b 

idk 

b 

idk 

idA 

f 

(4.1) 

Recall that we can identify Spec k[M ] × SM Spec k[M ] with Spec k[M ] × Spec k Spec k[Mgp] 
where the projection maps then correspond to 

Spec k[M ] × Spec k Spec k[Mgp] Spec k[M ] 

Spec k[M ] SM 

prM 

actM 

with actM : Spec k[M ] ×Spec k Spec k[Mgp] → Spec k[M ] is the action map and prM : 
Spec k[M ] × Spec k Spec k[Mgp] → Spec k[M ] is projection onto the first factor (and of course, 
Spec k[P ] × SP Spec k[P ] ≃ Spec k[P ] × Spec k Spec k[P gp] in a similar way). 

Then we may replace diagram 4.1 by 

Spec A Spec k[M ] Spec k[M ⊕ Mgp] Spec k[M ] Spec A 

Spec A Spec k[P ] Spec k[P ⊕ P gp] Spec k[P ] Spec A 

Spec A Spec k Spec k Spec k Spec A 

idA 

a 

t 

prM actM 

t×tgp t 

a 

idA 

b◦f prP actP b◦f 

idA 

f 

b 

idk idk 

b idA 

f 
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as the limit of this diagram will be equivalent to Spec A ×S (f,θ) 
Spec A as well. Since all the 

schemes in this diagram are affine, we may pass to the coordinate rings and take the colimit 
of the diagram 

A k[M ] k[M ⊕ Mgp] k[M ] A 

A k[P ] k[P ⊕ P gp] k[P ] A 

A k k k A 

k[α] k[α]k[δM ] 

idA 

idA k[β] 

k[θ] 

f [β] 

k[θ⊕θgp] 

k[β]⊗k[1] k[β] 

k[θ] 

k[δP ] f [β] 

idA 

idA 

f idk fidk 

where δM : M → M ⊕ Mgp is the diagonal map (and similarly for δP ), and f [β] = f ◦ k[β]. 
We may further simplify this diagram to 

A[Mgp] k[M ] A 

A[P gp] k[P ] A 

A k A. 

k[α] 

k[β] 

k[θ] 

f [β] 

idA 

idA 

ff 

It will be helpful to spell out the unlabeled maps in this new diagram. They are given by: 

k[M ] → A[Mgp] 

em → α(m)e[m] 

k[P ] → A[P gp] 

e p → α(θ(p))e[θ(p)] 

A[P gp] → A[Mgp] 

e g → eθgp(g) 

A[P gp]→ A 

e g → 1, 

and one readily verifies that all the squares are indeed commutative using the identities 
f ◦ β = α ◦ θ and θgp ◦ [−] = [−] ◦ θ (where [−] denotes taking the image of an element in a 
monoid in its groupification). 
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Putting everything together, we find that Spec A ×S (f,θ) 
Spec A ≃ Spec B(f,θ), where 

B(f,θ) := (A[Mgp] ⊗A[P gp] A) ⊗k[M ]⊗k[P ]k A ∼= 
 
A ⊗k (k[M

gp] ⊗k[P gp] k) 
 
⊗k[M ]⊗k[P ]k A. 

Note specifically that k[M ] ⊗k[P ] k acts on A and A[Mgp] ⊗A[P gp] A via 

k[M ] ⊗k[P ] k → A ⊗k (k[M
gp] ⊗k[P gp] k) 

bem ⊗ b ′ → α(m) ⊗ (be[m] ⊗ b′ ) 

and 

k[M ] ⊗k[P ] k → A 

bem ⊗ b ′ → f(bb ′ )α(m). 

We now endow B(f,θ) with a prelog structure γ(f,θ) : N(f,θ) → B(f,θ) which is functorial 
in the morphism of prelog rings (f, θ) : (k, P ) → (A, M), and with appropriately defined 
morphisms, will provide a factorization 

(A, M) ⊗(k,P ) (A, M) → (B(f,θ), N(f,θ)) → (A, M). 

of the multiplication-summation map (µ, σ) : (A, M) ⊗(k,P ) (A, M) → (A, M). Set N(f,θ) := 
M ⊕ Mgp/P gp , and define 

γ(f,θ) : N(f,θ) → 
 
A ⊗k (k[M

gp] ⊗k[P gp] k) 
 
⊗k[M ]⊗k[P ]k A 

(m, [g]) → (α(m) ⊗ (e g ⊗ 1)) ⊗ 1. 

Lemma 4.3.3.2. The map 
γ(f,θ) : N(f,θ) → B(f,θ) 

is a well-defined morphism of monoids. 

Proof. The only question is whether the map is well defined. To that end, let [g] = [g ′ ] in 
Mgp/P gp , so that g − g ′ is in the image of θgp : P gp → Mgp – write g − g ′ = θgp(h) for some 
h ∈ P gp . Then we have 

(α(m) ⊗ (e[g ′ ] ⊗ 1)) ⊗ 1 = (α(m) ⊗ (e[g+θgp(h)] ⊗ 1)) ⊗ 1 

= (α(m) ⊗ (e[g]e[θgp(h)] ⊗ 1)) ⊗ 1 

= (α(m) ⊗ (e[g] ⊗ 1)) ⊗ 1, 

where the last equality follows from the maps k[P gp] → k[Mgp] and k[P gp] → k sending eh 

to e[θgp(h)] and 1 respectively. 

Remark. We do not know the precise relation between the prelog structure γ(f,θ) : N(f,θ) → 
B(f,θ) and the prelog structure given by forming the fiber product Spec(A, M) ×(S(f,θ),MS (f,θ) 

)

Spec(A, M) in the category of prelog stacks, where MS (f,θ) 
is the canonical log structure on 

S(f,θ) induced by the map S(f,θ) → LogSpec(k,P ) . 
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Geometrically, Spec A ×S (f,θ) 
Spec A participates in a factorization of the diagonal of 

Spec A relative to Spec k : 

Spec A → Spec A ×S(f,θ) 
Spec A → Spec A ×Spec k Spec A, 

where the first map is the relative diagonal and the second map is induced by the structure 
map S(f,θ) → Spec k. Explicitly, the diagonal map ∆ : Spec A → Spec A ×S(f,θ) 

Spec A 
corresponds to the ring morphism  

A ⊗k (k[M
gp] ⊗k[P gp] k) 

 
⊗k[M ]⊗k[P ]k A→ A 

(a ⊗ (be g ⊗ c)) ⊗ a ′ → af(bc)a ′ , 

and the map Spec A ×S (f,θ) 
Spec A → Spec A ⊗k A corresponds to the ring morphism

ψ(f,θ) : A ⊗k A→ 
 
A ⊗k (k[M

gp] ⊗k[P gp] k) 
 
⊗k[M ]⊗k[P ]k A 

a⊗ a ′ → (a ⊗ (1 ⊗ 1)) ⊗ a ′ . 

With the prelog structure N(f,θ) → B(f,θ) defined above, both of these morphisms upgrade 
to morphisms of prelog rings 

(B(f,θ), N(f,θ)) → (A, M) 

and 
(A, M) ⊗(k,P ) (A, M) → (B(f,θ), N(f,θ)), 

if we define N(f,θ) → M to be the projection and 

ρ(f,θ) : M ⊕P M → M ⊕ Mgp/P gp 

[m, m ′ ] → (m + m ′ , [m ′ ]). 

We check that 

ψ(f,θ) ◦ (α ⊗ α)([m, m ′ ]) = ψ(f,θ)(α(m) ⊗ α(m ′ )) 

= (α(m) ⊗ (1 ⊗ 1)) ⊗ α(m ′ ) 

and 

γ(f,θ) ◦ ρ(f,θ)([m, m ′ ]) = γ(f,θ)(m + m ′ , [m ′ ]) 

= (α(m + m ′ ) ⊗ (e[m ′ ] ⊗ 1)) ⊗ 1 

= (α(m)α(m ′ ) ⊗ (e[m ′ ] ⊗ 1)) ⊗ 1 

These are indeed equal, as we can verify by checking the diagram of structure maps: 

k[M ] ⊗k[P ] k A ⊗k (k[M
gp] ⊗k[P gp] k) 

e[m ′ ] ⊗ 1 α(m ′ ) ⊗ (e[m ′ ] ⊗ 1) 

A α(m ′ ) 
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Thus, we have a factorization 

(A ⊗L 
k A, M ⊕P M) (B(f,θ), N(f,θ)) (A, M) 

and it is clear that the second map is replete (when considered as a map of animated prelog 
rings). It follows from the universal property of (A, M) ⊗rep 

(k,P ) (A, M) that there exists a 
unique (up to contractible choice) map (A, M) ⊗rep 

(k,P ) (A, M) → (B (f,θ), N (f,θ)) of animated
prelog rings making the diagram 

(A, M) ⊗L 
(k,P ) (A, M) (A, M) ⊗rep 

(k,P ) (A, M) (A, M) 

(A, M) ⊗cl 
(k,P ) (A, M) (B(f,θ), N(f,θ)) (A, M) 

id 

commute, where the leftmost and rightmost vertical maps are the 0-truncation maps. 
It follows immediately that there is a canonical map 

HHRog((A, M)/(k, P )) → HH Ols ((A, M)/(k, P )) 

(note that A ⊗L
B (f,θ) 

A ≃ HHOls((A, M)/(k, P ))), functorially in the morphism (f, θ) of prelog 
rings. Sheafification implies that we obtain a map 

HHRog → HH Ols 

of functors on Arr(LogAff). 
In fact, this is sufficient to obtain the desired comparison map 

c : Fil ∗ 
HKR HH

Rog → Fil ∗ 
HKR HH Ols , 

as it suffices to define c|PolyPreLog by universal property of the left Kan extension defining
FilHKR HH

Rog . In this situation, both FilHKR HH
Rog (f) and Fil∗ 

HKR HH Ols have the Whitehead 
filtration, which is functorial, and so the map HHRog → HHOls naturally upgrades to 

c : Fil ∗ 
HKR HH

Rog → Fil ∗ 
HKR HH Ols 

Before we state the main result, let us examine the map 

(A, M) ⊗rep 
(k,P ) (A, M) → (B(f,θ), N(f,θ)) 

in more detail in the case where (f, θ) : (k, P ) → (A, M) is of the form (Z[X, P ], P ) → 
(Z[X, Y, P ⊕ Q], P ⊕ Q), where X and Y are finite sets and P and Q are finitely generated 
free monoids. 

We have already seen that 

(A, M) ⊗rep 
(k,P ) (A, M) ≃ (A0 ⊗k0 A0)[(M ⊕P M)rep 

σ ] ≃ (A0 ⊗k0 A0)[M ⊕ cofib(ιi)]. 
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When we take (k, P ) = (Z[X, P ], P ) and (A, M) = (Z[X, Y, P ⊕ Q], P ⊕ Q), this becomes 

(A, M) ⊗rep 
(k,P ) (A, M) ≃ (Z[X, Y ] ⊗Z[X] Z[X, Y ])[M ⊕ Qgp]. 

In this case, the derived constructions in the repletion simplify to the classical constructions 
due to flatness/freeness of the rings and monoids. Then we must in fact have a commutative 
diagram 

(A, M) ⊗cl 
(k,P ) (A, M) (A, M) ⊗rep 

(k,P ) (A, M) (A, M) 

(A, M) ⊗cl 
(k,P ) (A, M) (B(f,θ), N(f,θ)) (A, M) 

id id 

which implies that the canonical map (A, M) ⊗cl
(k,P ) (A, M) → (A, M) factors as 

(A, M) ⊗cl
(k,P ) (A, M) → (A, M) ⊗rep 

(k,P ) (A, M) → (B(f,θ), N(f,θ)) → (A, M). 

M ⊕P M Z[X, Y, P ⊕ Q] ⊗Z[X,P ] Z[X, Y, P ⊕ Q] 

M ⊕ Mgp/P gp (Z[X, Y ] ⊗Z[X] Z[X, Y ])[M ⊕ Qgp] 

M ⊕ Mgp/P gp B(f,θ) 

M A 

We have isomorphisms 

(P ⊕ Q) ⊕P (P ⊕ Q) → P ⊕ Q ⊕ Q 

[(p1, q1), (p2, q2)] → (p1 + p2, q1, q2) 

(P ⊕ Q) ⊕ (P ⊕ Q)gp/P gp → P ⊕ Q ⊕ Qgp 

((p1, q1), [p2, q2]) → (p1, q1, [q2]) 

Z[X, Y, P ⊕ Q] ⊗Z[X,P ] Z[X, Y, P ⊕ Q] ∼= Z[X, Y, Y, P ⊕ Q ⊕ Q] 

(Z[X, Y ] ⊗Z[X] Z[X, Y ])[M ⊕ Qgp] ∼= Z[X, Y, Y, P ⊕ Q ⊕ Qgp] 
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Examining the individual components of B(f,θ), we have 

A ⊗k (k[M
gp] ⊗k[P gp] k) ∼= Z[X, Y, P ⊕ Q] ⊗Z[X,P ] (Z[X, P, P gp ⊕ Qgp] ⊗Z[X,P,P gp] Z[X, P ]) 

∼= Z[X, Y, P ⊕ Q] ⊗Z[X,P ] (Z[Qgp] ⊗ Z[X, P, P gp] ⊗Z[X,P,P gp] Z[X, P ]) 
∼= Z[X, Y, P ⊕ Q] ⊗Z[X,P ] (Z[Qgp] ⊗ Z[X, P ]) 
∼= Z[Y, Q] ⊗ Z[X, P ] ⊗Z[X,P ] (Z[Qgp] ⊗ Z[X, P ]) 
∼= Z[Y, Q] ⊗ Z[Qgp] ⊗ Z[X, P ] 
∼= Z[X, Y, P ⊕ Q ⊕ Qgp], 

and 

k[M ] ⊗k[P ] k ∼= Z[X, P, P ⊕ Q] ⊗Z[X,P,P ] Z[X, P ] 
∼= Z[Q] ⊗ Z[X, P, P ] ⊗Z[X,P,P ] Z[X, P ] 
∼= Z[X, P ⊕ Q] 

Thus, we have 

B(f,θ) 
∼= Z[X, Y, P ⊕ Q ⊕ Qgp] ⊗Z[X,P ⊕Q] Z[X, Y, P ⊕ Q] 
∼= Z[X, Y, P ⊕ Q ⊕ Qgp] ⊗Z[X,P ⊕Q] Z[X, P ⊕ Q] ⊗ Z[Y ] 
∼= Z[X, Y, Y, P ⊕ Q ⊕ Qgp] 
∼= 
 
Z[X, Y ] ⊗Z[X] Z[X, Y ] 

 
[M ⊕ Qgp]. 

In particular, (A, M) ⊗rep 
(k,P ) (A, M) and B(f,θ) are abstractly isomorphic in this situation. 

In fact, a tedious but not complicated tracing of the isomorphisms shows that the diagram 

(A, M) ⊗rep 
(k,P ) (A, M) 

 
(Z[X, Y ] ⊗Z[X] Z[X, Y ])[M ⊕ Qgp], M ⊕ Qgp 

 
(B(f,θ), N(f,θ)) 

 
(Z[X, Y ] ⊗Z[X] Z[X, Y ])[M ⊕ Qgp], M ⊕ Qgp 

 id 

commutes, where the horizontal arrows are the equivalences previously described. 
We are now ready to prove the main theorem. 

Theorem 4.3.3.3. Let f : X → S be a map of Noetherian fs log schemes of finite Krull 
dimension. There exists a morphism 

cf : Fil
∗ 
HKR HH

Rog(f) → Fil∗ 
HKR HH Ols(f) 

in DF (Z), functorial in f, such that the induced morphisms on associated graded pieces are 

gr i cf ≃ RΓ(X, ∧ i ηf [i]) : RΓ(X, 

 
i 
LGab 
f 

 

[i]) → RΓ(X, 

 
i 
LOls 
f 

 

[i]), 

where ηf : LGab 
f → LOls 

f is the comparison morphism of [Ols05, 8.31]. 
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Proof. We have shown the existence of a comparison morphism 

cf : Fil 
∗ 
HKR HH

Rog(f) → Fil ∗ 
HKR HH Ols(f) 

in our work above: it is simply the canonical map induced by the universal property of the 
left Kan extension defining Fil∗ 

HKR HH
Rog , extended to the global case via sheafification.

It follows that the induced morphism gr1 cf : LGab 
f → LOls 

f is also induced by the universal 
property of the left Kan extension and sheafification. We must check that the map defined 
in [Ols05, 8.31] is equivalent to this map. 

As LGab is left Kan extended from PolyPreLog, we only need to verify the relevant map 
on morphisms of the form 

f : (Z[X,P ], P ) → (Z[X,Y, P ⊕ Q], P ⊕ Q), 

where X, Y are finite sets, and P and Q are finitely generated free monoids (and their 
associated logifications). In fact, as such a map is equivalent to the base change of a map of 
the form 

(Z, {1}) → (Z[Y, Q], Q) 

along the map (Z, {1}) → (Z[X, P ], P ), we may reduce to the case when the base is the 
initial prelog ring and the other prelog ring (Z[Y, Q], Q) is free. 

Following the proof of [Ols05, Theorem 8.32], we see that the map LGab 
f → LOls 

fa is induced 
by the diagram 

LZ[Y,Q] Z[Y, Q] ⊗Z[Q] LZ[Q] Z[Y, Q] ⊗ (Qgp) 

LZ[Y,Q] Z[Y, Q] ⊗Z[Q] LZ[Q] Z[Y, Q] ⊗ (Qgp) 

as LGab 
f is the homotopy pushout of the first row and LOls 

f is the homotopy pushout of the 
second. These maps are all identities, and so the map LGab 

f → LOls 
fa is the identity (or 

canonical equivalence) 
Ω 1 

f → Ω 1 
fa 

when f is of the form 

f : (Z[X,P ], P ) → (Z[X,Y, P ⊕ Q], P ⊕ Q), 

as desired (note that (Z, {1}) → (Z[Y, Q], Q) is integral log smooth, thus derived log smooth 
by 3.3.3.11, and so both cotangent complexes reduce to the log differentials). 

Finally, note that the map on the ith graded piece is given by the ith exterior power of 
the map on the first graded piece. 
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Corollary 4.3.3.4. Let f : X → S be a map of Noetherian fs log schemes of finite Krull 
dimension. Then the comparison map 

cf : Fil 
∗ 
HKR HH

Rog(f) → Fil ∗ 
HKR HH Ols(f) 

is an equivalence if ηf : LGab 
f → LOls 

f is an equivalence. In particular, cf is an equivalence if 
f is integral or if S is log flat over Spec Z with the trivial log structure. 

Proof. This follows from [Ols05, Corollary 8.34], combined with 4.3.2.2 and the fact that the 
HKR filtration is complete. 

We conclude with the observation that the above implies that the dividing Nisnevich 
sheafification of the two log Hochschild homologies agree. 

Corollary 4.3.3.5. Let f : X → S be a map of Noetherian fs log schemes of finite Krull 
dimension. The comparison morphism cf of 4.3.3.3 becomes an equivalence after dividing 
Nisnevich sheafification. 

Proof. This follows immediately from 4.3.3.3 and the discussion in [BLPØ23, remark 7.29]. 
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Appendix A 

Animations 

The theories of derived algebraic geometry and derived logarithmic geometry are most con-
cisely stated in the language of animated rings and animated monoids. Since our paper 
uses animation of various categories liberally, we recall here the basic definitions and main 
results that we make use of. The original reference for these ideas (in this language) is [CS23, 
Section 5], but other useful references include [Yay22] and [Mao24]. 

Definition A.0.0.1. Let C be a cocomplete 1-category, and let X ∈ C. 

1. We say that X is of finite presentation or compact if the functor HomC(X, −) commutes 
with filtered colimits, and we let Cfp denote the full subcategory of compact objects. 

2. We say that X is strongly of finite presentation or compact projective if HomC(X, −) 
commutes with 1-sifted colimits,1 and we let Csfp denote the full subcategory of C 
spanned by compact projective objects. 

Example. The following categories are generated under colimits by Csfp : 

1. The category Set of sets – in this case, Setsfp consists of finite sets; 

2. The category Ab of abelian groups – in this case, Absfp consists of finitely generated 
free abelian groups; 

3. The category CMon of commutative monoids – in this case, CMonsfp consists of retracts 
of finitely generated free monoids; 

4. The category CAlg of commutative rings – in this case, CAlgsfp consists of retracts of 
finite type polynomial Z-algebras. 

1Recall that a small 1-category D is 1-sifted if D-indexed colimits commute with finite products in Set, 
and that a functor F : C → C ′ whose domain has finite colimits commutes with 1-sifted colimits if and only 
if it commutes with filtered colimits and reflexive coequalizers. 
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Definition A.0.0.2. Let C be a cocomplete 1-category which is generated under colimits by 
its full subcategory Csfp of compact projective objects. We say that a fully faithful functor 
i : C → C from C to an ∞-category C exhibits C as an animation of C if the functor i induces 
an equivalence 

Funsift(C, A) 
∼ −→ Fun(Csfp , A) 

for any ∞-category A with sifted colimits, where Funsift denotes the full subcategory of 
functors that commute with sifted colimits (equivalently, functors that commute with filtered 
colimits and geometric realizations). We will call any such C an animation of Csfp , and denote 
any such C by Ani(C). 

In other words, Ani(C) is freely generated by Csfp under sifted colimits (equivalently, 
filtered colimits and geometric realizations). 

Remark. If C is a (small) cocomplete 1-category generated under colimits by Csfp , an anima-
tion of C always exists: one presentation of Ani(C) is given by the Yoneda embedding 

i : Csfp → FunΠ((C
sfp)op , Ani), 

where Ani denotes the ∞-category of ∞-groupoids (aka spaces aka anima), and FunΠ denotes 
the full sub-∞-category of Fun spanned by functors which preserve finite products. 

If one prefers to work with model categories, one can also model the animation of C as the 
underlying ∞-category of the model category Fun(∆op , C) of simplicial objects of C, where 
the model structure is the projective model structure. 

Animations also come with a canonical notion of truncations. 

Definition A.0.0.3. Let C be a cocomplete 1-category which is generated under colimits 
by Csfp . We have seen that we may identify 

Ani(C) ≃ FunΠ((C
sfp)op , Ani). 

For any integer n, given any functor F : (Csfp)op → Ani, we may compose with the truncation 
τ≤n : Ani → Ani, which induces a functor 

τ≤n : Ani(C) → Ani(C). 

We call this functor the n-truncation functor on Ani(C). 

The n-truncation functor on Ani(C) is left adjoint to the inclusion of the full sub-∞-
category Ani(C)≤n spanned by the objects of Ani(C) which are n-truncated in the sense of 
[Lur08, 5.5.6.1]. In particular, C → Ani(C) is identified with Ani(C)≤0, and we have an 
adjunction 

τ≤0 = π0 : Ani(C) Ani(C)≤0 ≃ C 
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Suppose that F : C → D is a functor between cocomplete 1-categories which preserves 
1-sifted colimits. Then F induces an essentially unique functor 

Ani(F ) : Ani(C) → Ani(D) 

which is called the animation of F or the nonabelian left derived functor of F which preserves 
sifted colimits and restricts to F |Csfp : Csfp → D → Ani(D). 

The animation of a functor also interacts well with truncations, in the sense that for 
F : C → D a functor between cocomplete 1-categories which preserves 1-sifted colimits, we 
have 

π0 ◦ Ani(F ) = F ◦ π0. 

Proposition A.0.0.4 ([CS23, Proposition 5.1.5]). Let F : C → D and G : D → E be functors 
between cocomplete 1-categories which are generated under colimits by their subcategories of 
compact projective objects which preserve 1-sifted colimits. 

1. There is a natural transformation Ani(G) ◦ Ani(F ) → Ani(G ◦ F ). 

2. If either F (Csfp) ⊆ Ind(Dsfp) in D or Ani(G)(F (Csfp)) ⊆ E in Ani(E), then the natural 
transformation 

Ani(G) ◦ Ani(F ) → Ani(G ◦ F ) 

is an equivalence. 

Proposition A.0.0.5 ([Mao24, Corollary 2.3]). Let 

F : C D : G 

be an adjoint pair of functors between 1-categories such that 

1. D admits filtered colimits and reflexive coequalizers and G preserves filtered colimits 
and reflexive coequalizers; 

2. C is projectively generated; 

3. G is conservative. 

Then D is projectively generated, and animation produces an adjunction 

Ani(F ) : Ani(C) Ani(D) : Ani(G) 

of ∞-categories. The functor Ani(G) is conservative, preserves sifted colimits, and the 
canonical map 

τ≤0 ◦ Ani(G) → G ◦ τ≤0 

is an equivalence. If G preserves small colimits, then so does Ani(G). 
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Example. If k → A is a map of discrete commutative rings, then we may animate the 
adjunction 

− ⊗k A : Modk ModA : U 

to obtain the adjunction 

− ⊗L 
k A : Modcn 

k Modcn 
A : U 

Proposition A.0.0.6 ([Mao24, Corollaries 2.13,2.14]). Let C be a projectively generated 
1-category. Then there are canonical equivalences 

Ani(Fun((∆ 1)op , C)) → Fun((∆ 1)op , Ani(C)), 
Ani(Fun(∆1 , C)) → Fun(∆1 , Ani(C)), 

Ani(Fun((Z, ≥), C)) → Fun((Z, ≥), Ani(C)), 
Ani(Fun((N, ≥), C)) → Fun((N, ≥), Ani(C)), 

Ani(Fun(Z, C)) → Fun(Z, Ani(C)), 
Ani(Fun(N, C)) → Fun(N, Ani(C)), 

Ani(Fun({0, 1}, C)) → Fun({0, 1}, Ani(C)), 
Ani(CX/) → Ani(C)X/ 

of ∞-categories. 

The proof of this result also describes a generating set of Fun(∆1 , C) explicitly: if S ⊆ Csfp 

is a set of compact projective generators for C, then 

{1 → X | X ∈ S} ∪ {X 
idX−−→ X | X ∈ S} 

is a set of compact projective generators for Fun(∆1 , C). 
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Appendix B 

Filtrations 

We provide a brief review of the terminology and basic results regarding filtrations in the 
∞-categorical setting. The reader who is not familiar with the ∞-categorical setting should 
note that asking for a filtration to be a sequence of nested subobjects is too restrictive in 
this setting. 

We let Z (respectively N) denote the poset of integers (respectively natural numbers) un-
der ≥, and regard this as a category whose objects are integers n and whose set of morphisms 
Hom(n, m) is a single element if m ≥ n and empty otherwise. We let Zdisc (respectively Ndisc) 
denote the category whose objects are the integers (respectively natural numbers) and whose 
only morphisms are identities. 

Definition B.0.0.1. Let C be an ∞-category. 

1. The ∞-category of filtered objects of C is the category Fil(C) := Fun(N(Zop), C). We 
will denote an object of Fil(C) by F • or Fil• X. 

2. The ∞-category of N-filtered objects of C is the category FilN(C) := Fun(N(Nop), C). 

3. A filtered object Fil• X ∈ Fil(C) (or FilN(C)) is complete if lim Fil• X ≃ 0. We will 
denote by Fil (C) the full sub-∞-category of Fil(C) spanned by the complete filtered 
objects. 

Remark. Note that our filtrations are decreasing by definition. 

Suppose that C is presentable. We have a functor 

colim : Fil(C) → C 

which sends a filtered object to its underlying object. 
Let C be an ∞-category admitting cofibers and countable coproducts (for example, a 

stable ∞-category). Precomposition with in : ∆{n+1,n} → Zop induces functors 

i ∗ 
n : Fil(C) → Fun(∆ 1 , C). 
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Definition B.0.0.2. Let C be an ∞ -category admitting cofibers and countable coproducts. 

1. The n-th graded functor grn is the composite 

gr n : Fil(C ) i ∗ 
n−→ Fun(∆ 1 , C ) cofib −−→ C . 

That is, grn(F •) := cofib(F n+1 → F n). 

2. The associated graded functor gr is the functor 

gr : Fil(C ) → Fun(N(Zdisc), C ) ≃ 
 

n∈Z 

C 

induced by all the i∗ 
n. 

If C is pointed, then gr is left adjoint to the functor Fun(N(Zdisc), C ) sending (Xn)n → 

(. . . 
0 −→ Xn+1 

0 − → Xn 
0 − → . . . ).

Example. Suppose that A is an animated ring. Then the filtered derived category of A is 
DF (A) := Fil(M odA). 

Definition B.0.0.3. Let C be a ∞ -category admitting Z-indexed limits, and let F • ∈ Fil(C ). 
We say F • is complete if limn F n ≃ 0. Let  Fil (C ) denote the full sub-∞ -category of Fil(C )
spanned by the complete filtered objects. 

The inclusion  Fil (C ) → Fil(C ) admits a left adjoint, given by sending F • to the filtered 
object F̂ • with F̂ n := cofib(F ∞ → F n), where F ∞ := limn F n . 

Lemma B.0.0.4 ([GP18, Lemma 2.15]). Let f : X• → Y • ∈ Fil(C ) be a map of filtered 
objects in C . Then the induced map ˆ f : X• → Y • is an equivalence if and only if gr ∗(f) : 
gr ∗ X• → gr ∗ Y • is an equivalence in Gr(C ). 

We will also make use of the Whitehead filtration arising from a stable ∞ -category with 
a t-structure. For the definition of a t-structure on a stable ∞ -category, we refer to [Lur17, 
1.2.1] 

Definition B.0.0.5. Suppose that (C , C≥0, C≤0) is a stable ∞-category equipped with a 
t-structure. 

1. The diagonal t-structure on Fil(C ) is defined by declaring that F •X ∈ Fil(C ) is con-
nective if F nX ∈ C ≥n for all n. 

2. Let X ∈ C . The Whitehead filtration on X is given by the τ≥0 truncation of the constant 
filtered object of X in the diagonal t-structure on Fil C . We will denote this object by 
τ≥∗X. 
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Example. Suppose that A is an animated ring. The ∞-category ModA has a natural t-
structure (ModA,Modcn 

A , Modccn 
A ), where Modcn 

A is the full sub-∞-category of connective
objects, and Modccn 

A is the full sub-∞-category of coconnective objects. This t-structure is 
induced by the t-structure on spectra (see [Lur17, 1.4.3.6]). For M ∈ ModA, the Whitehead 
filtration on M is given by the system of canonical maps 

· · · ← τ≥−2M ← τ≥−1M ← τ≥0M ← τ≥1M ← τ≥2M ← . . . 

of truncations. If A is a discrete ring and we choose a chain complex representing M, the 
Whitehead filtration on M is given by the system of (homological) canonical truncations of 
M, see [Stacks, Tag 0118]. 

Remark. What we call the Whitehead filtration is also often called the Postnikov filtration 
in the literature, especially when discussing Hochschild homology. 

https://stacks.math.columbia.edu/tag/0118
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