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NEUTRONS FROM NEGATIVE MU-MESON CAPTURE 

Burns Macdonald 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

June 29, 1964 

ABSTRACT 

Average neutron emission and neutron multiplicity distributions 

from f.L-- meson capture in Al, Si, Ca, Fe, Ag, I, Au, and Pb were 

measured. A high-efficiency cadmium-loaded liquid scintillator tank 

was used having an efficiency of 54.5% for detecting neutrons from fis

sion. Fermi gas and Gaussian nuclear models are used to fit the ex

perimental results. A reduced nucleon effective mass is employed to 

give the observed average neutron multiplicity, and values are obtained 

as a function of the width of the nucleon momentum distribution as

sumed. Use of the Gaussian momentum distribution obtained in exper

iments on quasi-elastic scattering gives effective masses ranging from 

:::::: 0. 7 M in the lighter nuclei to :::::: 0. 45 M in the heavier nuclei. An 
p p 

excited Fermi gas distribution gives larger effective masses for. the 

lighter nuclei and smaller effective masses for the heavier nuclei than 

does the Gaussian model. With either of these models the distributions 

of neutron multiplicities cannot be explained without allowing for direct 

neutron emission and clustering on the nuclear surface. 
40 

For Ca a shell-model calculation with a simple harmonic os-

cillator potential gave good agreement with the observed average neu

tron multiplicity. 

For both the Fermi gas and Gaussian models. the average nu

clear excitation energy varies linearly with average neutron multipli

city and is relatively insensitive to the model parameters. When the 
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average neutrino momentum is expressed in units of the muon mass 

reduced by its K-shell binding energy the result (with the exception 

of doubly magic calcium) is constant, 0.82±0.01, over the wide range 

of atomic numbers covered iri the experiment. 

i\ 

• 
, 

II 
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I. INTRODUCTION 

The negative !J. meson has been used by many investigators as 

a tool for inquiry into specifically nuclear and atomic properties. For 

example, 1.1.-meson scattering as well as the x-ray spectra of 1.1.-mesonic 
1 

atoms is sensitive to the size and structure of the nucleus. Exper-

iments on 1.1. capture in compounds have found the relative atomic cap

ture probabilities of particles near the end of their range. 
2 

Mu-meson

induced fission has been studied and the relative probability of radi

ationless -transition fissions determined. 3 Nuclear temperatures have 
- 4 been ascertained from nuclei excited by 1.1. capture. 

The experiment presented here continues an investigation by 

Kaplan, Moyer, and Pyle into nuclear momentum distributions and nu

cleon effective masses by measurements of the number of neutrons 

boiled off. 5 

Negative muons entering solid matter are slowed down, are 

captured by an atom, and cascade down to the mesic -atom K shell in a 

time very short compared with the 1.1.' s decay lifetime. 6 

A muon in the K shell spends at least a part of its time within 

the nucleus. Thus there is a large probability, in not too light nuclei, 

of the 1.1.-meson' s being captured by the proton according to the weak

interaction process, 

1.1. + p-+ n + v. (1) 

In competition with this reaction is the muon's decay, 1.1. -+ e + v + v. 

(In the elements studied here, the fraction that decays ran from ~ 3 o/o 

in lead to ~ 40o/o in aluminum. ) 

In the capture process the neutrino takes off most of the energy. 

With a proton at rest, the neutron recoils with about 5 MeV. The energy 

of recoil in heavy nuclei is usually absorbed by the nucleus; this leaves 
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the nucleus in an excited state. Since the proton in the nucleus typ

ically is moving at the time of capture, the recoil energy of the neu

tron in the rest system of the nucleus is different from 5 MeV. The 

neutron, and hence the nuc-leus, will have a distribution of energies, 

I( Q), which depends on the momentum distribution of the capturing 

proton, 

Measurements of the average number of neutrons emitted5' 7 

indicate nuclear excitations of 10 to 15 MeV. Nuclei at these excitat

tions are known to decay primarily by neutron emission when energet

ically possible. Proton emission is small compared with neutron 

emission because of the effect of the Coulomb barrier at these moder

ate excitations (::::: 0.025 protons per capture in silver and bromine
8

). 

Photons are given off only when the excitation is below the threshold 

for particle emission. Thus a knowledge of the numbers of neutrons 

given out following f.l-meson capture yields information about the nu

clear excitation distribution and thus about the proton momentum di·s

tribution. 

The above picture of nuclear excitations from 1-l-meson capture 

was first suggested by Rosenbluth 9 and Tiomno and Wheeler 
10 

in cal

culations of the nuclear excitation distribution with a degenerate 

Fermi-gas momentum distribution. Neutron multiplicities were later 

found to be greater than expected on the basis of this model. 
11 

Lang applied the idea of nucleon effective mass in order to ex

plain these higher multiplicities. 
12 

The average potential acting on 

a nucleon inside a nucleus is known from optical model analyses to be 
13 14 . 

momentum dependent. ' The effect of th1s momentum dependence 

is to replace the unbound nucleon mass, M, by a smaller effective 

* mass, M , in the equation connecting the nucleon's energy and its mo-

mentum, 

(2} 
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Calculations on the basis of several nuclear models predict nucleon 

effective masses of about 0. 5 M. 
15

-
17 

The effective mass can be adjusted to give the same value of 

average neutron emission for different choices of the nucleon momen

tum distribution or the nuclear model. However, the distribution of 

neutron multiplicities is generally different for the various distributions 

or models. 

The first accurate measurement of the distribution of multiplic

ities was made by Kaplan, Moyer, and Pyle for silver and lead; they 

used cosmic-ray f.L mesons and a large cadmium-loaded liquid scintil

lator tank as a high-efficiency neutron detector. 5 There was consider

able advantage to be gained, in terms of counting rate and purity of 

beam, by using fl.'s from the 184-inch cyclotron, and this experiment 

was carried out, with the same neutron detector, for eight targets 

ranging from aluminum to lead. 
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II. THEORY 

In the following, the nuclear excitation distribution is derived 

with the assumption that the J-1. meson interacts according to ( 1) with a 

single proton,, transforming it into a neutron with emission of a neu-

trino. The rest of the nucleus is assumed to take no part in the re-

action and the momentum of the interacting particles is conserved. 

The form of the excitation distribution, I(Q), is given upon the 

assumption of a· Fermi gas momentum distribution for the capturing 

protons, following Kaplan et al. 5 I(Q) for a Gaussian momentum dis

tribution is also given, following Singer, 18 since the Gaussian distri

bution has been shown to give good fits for ''quasi-elastic" scattering 

. . 1" h 1 · 19 - 21 d f d t" exper1ments 1n 1g ter nuc e1 an or 1T-,.meson pro uc 1on near 

threshold. 
22 

A spectrum of nuclear excitations by J-1. captur~, on the 

basis of a shell-model calculation for Ca 
40

, is also presented. 
23 

The nuclear excitation is then related to the neutron multiplicity 

distribution by compound-nucleus evaporation theory.5 Direct emission 

and nuclear surface effect corrections to the evaporation model are 
. 18,24 

g1ven. 

The idea of a nucleon effective mass is discussed and applied to 

the calculations of neutron emission in order to produce agreement of 

the calculated average neutron multiplicities with those observed. For 

comparison, effective masses are also derived from nuclear level 

d "t" 25 ens1 1es, 

A. Nuclear Excitation 

A J-1. meson, in a JJ.-mesonic K shell, is captured by a nucleus 

(Z; A) which is considered to consist of the capturing proton, moving 

with a certain momentum dis tribution, plus a "core" nucleus :(Z -1, 

A-1) which does not take part in Reaction (1). The momentum of muons 

compared with the nucleon momenta is neglected, Energy conservation 

' 

,, 
• 



c) 

gives 

-5-

iJ-
2 

- B + M(Z, A)c
2 = kc + M(Z-1, A)c

2 + Q. 
1-L 

(2) 

The rest energy of the muon is 

energy; M(Z, A) and M(Z -1, A) 

2 
IJ.C , ·and B is its K-shell binding 

1-L 
are the masses of the target and 

product nuclei, and kc is the energy of the neutrino; Q is the exci

tation energy of the product nucleus, ·(Z-1, A), if its small recoil 

energy is neglected. Defining E
0 

as the maximum energy available 

to the product system, we get 

E 0 = kc + Q, (3) 

where E = !J.C
2 

- B + M(Z, A) - M(Z-1, A). 
0 1-L 

. The momentum conservation equation is the one obtained for 

Reaction ( 1 ), since the 11 core" nucleus is assumed to take only a spec

tator role: 

p = q + k , (4) - .... -
where £.> .9.• and k are the momenta of the capturing proton, the 

resulting neutron, and the emitted neutrino respectively. 

The ~J.-capture probability is given in first order by perturba

tion theory, 

2ir 
w= T 

Since we are interested in the nuclear excitation distribution and not 

in the details of the weak interaction, we assume a simple form of the 
. t t' H .·1 . 18 1n erac 10n am1 ton1an, 
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where TN converts a proton into a neutron, T L converts an electron 

into a neutrino, and G is the weak interaction coupling constant. The 

neutrino wave function is a plane wave. The muon wave function is 

assumed to be constant over the nucleus. The nuclear wave function 

is taken to be the products of individual independent nucleon wave func ~ 

tions, the final·nuclear wave function differing from the initial in only 

one nucleon. The interaction between nucleons is approximated by as

suming a reduced "effective mass" for the nucleons. 

Summing over the final spin states of neutron and neutrino and 

averaging over initial spins for the capturing proton and the muon gives 

Here K 1 is a constant; f(p) and g(q) are the probabilitie~peruriitvolume - .... 
of momentum space of finding a proton of momentum .£. and a neutron 

of momentum s_; the factor, [ 1 -g{q)], contributed by the Pauli exclusion 

principle, ensures. that the neutron is created only in states unoccupied 
I 

by neutrons; f and g are knownrif the ground-state nuclear wave func-

tion is known. We assume a Fermi gas and a Gaussian model for these 

distributions. 

In order to express the transition probability in the form 

w ex: J 1(0) dO, ( 6) 

where I( 0) is interpreted as the excitation distribution of the nucleus, 

the nuclear excitation, O, must be related to the momenta. 

1. Fermi Gas Momentum Distribution 

The excitation .of the product nucleus is taken to be the difference 

between the total energies of the neutron and the capturing proton: 

0 = E - E = (T + V ) - (T + V ). n p n n p p 

The completely degenerate Fermi gas model gives, for the difference 
2 2 >:c 

between the proton and neutron well depths, (V p- V n) = (q
0 

- Po )/2M , 

( 
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~:c , 
wher-e M is the nucleon effective mass, assumed equal for proton 

and neutron; Therefore 

(7} 

The· momentum distribution functions for a degenerate Fermi 

gas are given by 

£(,e) = 1/ {1 + exp[ (p 
2- Po 2)/2M e £] } , 

g(!J.)= 1/ {1 + exp[(q
2- q0 

2)/2Mef]}. 

where e f is the Fermi temperature in energy units (MeV). 

Substitution of Eqs. (7) and (4) into (3) gives a relationship be

tween ~ and £.: 
2 2 

(qo - Po ) 
E 0 = kc - * 

2M 

( 
2 

k - 2k 0 p) - -= 
2M'" 

Use of this.in the integration of Eq. (5) over all variables except k 

yields 

where a = 
2 2 

(qo + Po > 
"'' 2 2 ~{ 2 

M-~[E0 - kc -.(q0 -Po }/2M ] 

k2 

The change of variable from k to Q (kc = E
0

- Q) gives an equation of 

the form of Eq. (6), where 

(8) 
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(The normalization constant K is determined by JI( Q)dQ = 1. ) 

For a completely degenerate Fermi gas (8f = 0), 

1(0) = 2K(E
0

-Q)Q for (a-0) ~o. 

= K(E
0 

-Q)(a+O) for (a- 0) ~ 0. 

2. Gaussian Momentum Distribution 

If a Gaussian momentum distribution of the nucleons is assumed, 

then 

Th~ nuclear excitation distribution derived from Eq. (5) then becomes 

where 

I( Q) ~ K' (EO- Q) { exp [ -£1 ( Q)] -1/2 exp[ -2£2( 0)]}, 

{

(E -0)
2 

2 2 } 
f ( 0) = __!_ 0 - MO + M 0 
1 a2 4 (E -0)2 

0 

(9) 

} . 
and K 1 is a normalization constant. 

3. Shell Model 

It is of interest to calculate the nuclear excitation distribution 

from a shell model. I( 0) then becomes a discrete spectrum of energies. 

Luyten, Rood, and Tolhoek have found I( 0) for Ca 
40 

from a simple har-

monic oscillator shell model. 
26 

This simple model is not suitable for 

evaluating neutron emission, since it predicts nuclear excitations of 

multiples of 10.1 MeV only. ·We have extended their calculation by 

splitting the simple harmonic oscillator energy levels with terms pro-

• 

portional to P, • s and to ;,
2

• The Hamiltonian becomes · ~ 
;N'#o HA 

•' 
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2 
(the £ term gives a correction to the harmonic oscillator potential 

for high £ values, which serves to depress high angular momentum 

states}. The values of the constants 11w
0

, )(, and !J. are taken from 

N 'l 27 1 sson: 

-1/3 11w
0 

= 41 A (MeV} = ·12. 0 MeV. 

Results are given in Fig. 25. 

B. Neutrori Emission 

The neutron produced in the !J. capture is assumed quickly to 

share its kinetic energy with the other nucleons to produce an excited 

compound nucleus. (Direct emission of the neutron is discussed 

later.) Charged-particle emission is negligible for the moderate ex

citations obtained here, and the nucleus boils off neutrons with the 

d o 'b t' 28 energy 1str1 u 1on 

N( E) a: E exp(- E/8), 

where E is the neutron kinetic energy, and the nuclear temperature, 

8, is a constant which depends on the excitation. Since the neutron 

emission is relatively insensitive to the value of the nuclear temper

ature, we assumed 8 to be constant during the course of the de

excitation of the nucleus. The value chosen for all targets used was 
29 

8=0.75MeV. 

Neutron emission continues until the excitation is less than the 

neutron separation energy. Only then does gamma emission become 

important, and the nucleus decays to its ground state. 

1. The Neutron Multiplicity Distribution 

Let Bv be the sum of the first v neutron binding_ energies. 

At lea.st v neutrons will be emitted if the nuclear excitation is greater 

than B plus the sum of the kinetic energies of the first (v -1} neutrons, 
v 

that is, if (Q- B)~E 1+ E2 + · · · Ev_ 1 . The probability that at least v 
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neutrons are emitted from a nucleus with excitation Q is 

N 
v 1

0-Bv 

= K" 0 

Q-B- E 

X f v v-1 

0 

E exp{ -E I e )d E ••• 
v-2 · v-2 v-2 

Q-B -E - • • ' -E 

I
. v v-1 2 

X . . E 
1 

exp{ -E 
1
1 8)d E 

1 
• 

0 

Irltegrating and determining the normalization from N -+ 1 for large 
v 

( Q- B ) yields . v 

N v = 1 - exp [- ( Q- B )I e J 
2v -3 

L 
n=O 

1 
n! • 

The probability for emission of just v neutrons by a nucleus with a 

distribution of excitations I(O) is 

p = 
v 

Eo 
I N I(O)dO 
B v 

v 

Eo 
I I(O) dO 
0 

Eo 
I Nv+i I(O)dQ 

Bv+1 

Eo 
f I(O) dQ 
0 

where P0~ P 1, P 2, ···.are the probabilities, normalized to one, 

for emitting 0, 1, 2, o. o neutrons. 

The integrals were done numerically for the various excitation 

distributions. The constants used are given in Tables I. and II. 

:"I 
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Table I. Isotopic abundances, nuclear mass differences, muon binding energies, 
total muon disappearance rate$, and decay rates, 

M(Z, A)-M(Z-1, A)b A.X16 
5 

e 
Target Atomic Abundance 

a 
Product B 

c 
A.dX10- 5 

A.d/ A. 
number nucleus (MeV) f-1 -1 -1 

(MeV) · (sec ) (sec ) 

13Al 27 1.000 12Mg 3.129 0.463 11.32 4.54 0.401 

14Si 28 0.922 13Al 5.151 o. 535 12.06 4.54 0.376 

20Ca 40 0.970 19K 1.833 1.054 29.6 4.54 0.153 

26Fe 56 0.917 25Mn 4.220 1. 72 51.0 4.45 0.087 

47Ag 107 0.514 46Pd 0.546 4.76 118.5 4.16 0,0351 

47Ag 109 0.486 46Pd 1.624 

53
1 127 1.000 52 Te 1.200 5.80 116.1 4.13 0.0356 

79Au 78Pt 
I 

197 1.000 1. 26 10.10 145.8 3.8 0. 0261 
,_,. ,_,. 

82Pb 81Tl 
I 

206 0.236 . 2.02 10.66 134.9 3.8 0. 0282 

82Pb 207 0,226 81 Tl 1.953 

82Pb 208 0. 523 81 Tl 5. 506 

a. See Ref. 43 b. See Ref. 44 c. See Ref. 45 d. See Ref. 46 e. See Ref, 47 



Table II. Neutron separation energies. 

Target Product Neutron separation energies (MeV)a 
Nucleus __,. Nucleus 

13Al - 12Mg A 27 26 25 24 23 

6.437 11.097 7. 331 16.535 13.442 
14Si - 13Al A 28 27 26 25 24 

7. 723 13.069 11..344 17.090 12.9b 

20Ca - 19K A 40 39 38 37 36 35 34 33 

7. 798 13.079 12.030 15.154b 12.835 17.6b 15.8b 22.0b 

26Fe ....... 25Mn A 56 55 54 53 52 51 50 

7.270 10.220 8. 940 12.049 10.529 13.47 12.3b 

47Ag 46Pd 
I 

....... A 109 108 107 106 105 104 103 102 101 ....... 
N 

c 9.08c 6. 39c 9.41c 
c 

9.80c 
c c 

9.01c 
I 

6,,24 7.409 7.62 10.26 

53
1 _,. 52 Te A 127 126 125 124 123 122 121 120 

6. 353c 9.099c 6.577c 9.417c 6. 789c 9. 9b 7.6 b 10.2b 

7 9
Au __,. 78Pt A 197 196 195 194 193 192 191 190 

5.86 7.92 6.21 8.55 6.3 7.8b 6.4b 8.3b 

82Pb _,. 81 Tl A 208 207 206 205 204 203 202 201 200 

3.83 6.80 6.56 7.54 6.62 7.88 6. 79 8.2b 6.5b 

a. From L. A. K~nig, J. H. E. Mattauch, and A. H. Wapstra, Nucl. Phys. ~. 18 (1962), 
except as noted. 

b. A. G. W. Cameron, A Revised Semi-Empirical Atomic Mass Formula, Chalk River Report 
CRP-69Q, 1957 (unpublished.) 

c. v. A. Kravtsov, Nucl. Phys. 41, 330 (1963). 

-· ., ,, 
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The values of P were then averaged over the natural isotopic abun-
v 

dances of the targets {Table I). The values obtained are those expected 

with a 100o/o efficient detector. To compare with experimental values 

of the neutron multiplicities, the P 1 s were converted to the distribu-
v 

tion (F 
0

, F 
1

, F 
2
,· • ·) expected with a detector of efficiency e(where 

e = 0.545): 

F 
n 

n = e 

co 

v=n 

p (1-e)v-n 
v 

2. Direct-Emission Corrections 

v! (10) 
n!{v-n) I 

The above calculation of the neutron multiplicity distribution 

has assumed that a compound nucleus is always formed. In a simple 

calculation, Singer finds that the direct emission of the neutron result

ing from 1-l. capture is not negligible, even for heavy nuclei. 
18 

His 

results for the fraction of time that a single neutron is directly emitted 

are 

Ag, 0.216; I, 0.199; Au, 0.157; Pb 0.153. 

In an effort to obtain a higher neutron emission Singer investi

gates the effects of nucleon clustering on. the nuclear surface. 
24 

For 

silver, he estimates that 14.4o/o of the time a 1-l. meson is captured on 

a pseudo -deuteron cluster on the surface· and two neutrons are emitted. 

The effect of these corrections on the effective mass is given 

in· Table X. 

C. Nucleon Effective Mass 

The idea of a nucleon "effective mass 11 within nuclear matter 

that is different from the free nucleon mass is a direct consequence of 

the existence of a nonlocal potentiai in the nucleus. 
30 

If the presence 

of a particle at a point ;._' influences the probability of finding another 

particle at a neighboring point ;._, then the energy operator is not diag

onal in coordinate space and the Schrl:}dinger equation is 
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If we assume the wave function is a plane wave of constant mo~ 

mentum(noninteracting Fermi gas), lj; = exp (i E.· ~n), the equation be

comes 

If V(r, r 1 ) depends only on the relative coordinate (r 1 -· r), as is rea-
H-AtM'<A ~ ~ 

sonable to suppose, then the integral term does not depend on ;:_, but 

only on the momentum: 

2 
E = ~M + V{p), 

where V(p) is just the Fourier transform of V(r' -r) (Gomes, --
Walecka, and Weisskop£, in their independent-pair model, show that, 

except for close distances within the "healing distance, 11 the wave 

function is indeed that of noninteracting particles. 31 ), 

Momentum dependence of the nucleon potential is well known 
. . 13 14 32 33 

from nucleon scattenng and optlcal-model analyses. ' ' ' If the 

potential is expressed as a power series in p
2 

(there are no odd terms 

if the potential is to be invariant under time inversion), we have 

V ( ) V + b 
2 f' d . 2 Th P = 

0 
p to 1r st or er 1n p . en 

E "" p
2jzM bp2+ v 0' = + or 

L ( 11) 
E :: ,,, + v 0' 2M"' 

where 
1 = 1 + 2b. ---:s; M 

M ··-

.. 
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Thus, the energy dependence of a nucleon moving in a nonlocal poten-_ 

tial is the sarne as for a particle with an effective mass M~:~ in a con

stant potential. 

A momentum-independent effective mass is a good approxima

tion· in accounting for the effect of nonlocal potentials, as shown, for 

example, by Clemente! and Villi. 
25 

They have calculated the momen

tum dependence of the potential with a Fermi gas for several choices 

of the two-body potential, V(r' - r). Their results show, independent - -
of the exact V(r'- r) assumed, that V(p) is quite closely quadratic in - -
p for all momenta less than the Fermi momentum, not just those 

around p = 0, 

More exactly, the effective mass depends somewhat on momen

tum. In calculations for extended nuclear matter, Brueckner and 

* * Gammel get M = 0.56 M for p = 0 and M = 0.66M for p = pf' the 

Fermi momentum. 
16 

For higher momenta the momentum dependence 

* of the potential becomes small and M {p) -+ M. 

The average value of the effective mass is given by the average 

* of M (p) over the momentum distribution of the nucleons, For f.l.--

meson capture the amount of high momenta is small and one can write 

J
pf * 2 

M (p) p dp 

0 M>i<= = 
l

pf 2 2 2 
M · (0. 56+0. 10 p jpf )p dp 

0 • 

pf J p2 dp 

0 

= 0.,62 Mtl 

Results for finite nuclei give values of effective mass smaller 

than that expected for extended nuclear matter. Brueckner, Lockett, 
90 40 16 and Rotenberg, in calculations for Zr , Ca , and 0 , get an effec-

tive mass for zr90 of 0.39 M. 17 Values of M*:::: 0.5 M are indi-

cated by a number of calculations. 

With use of an effective mass of 0. 55 M very good agreement 

has been obtained for the total photonuclear absorption cross section 

and giant y-ray absorption resonance frequencies for medium and heavy 
34 I 

nuclei. 
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Clemente! and Villi have estimated nucleon effective masses 

from known values of nuclear level spacings. 
25 

At an excitation 0 

the level spacing is 

* 1/2 exp[ -2(a 0) ] • ( 12) 

The level spacing parameter. 
~~ 

a , given by Clemente! and Villi on the 

basis of a Fermi gas calculation involves the nucleon effective mass, 

* ' (13) 
M+M 

~:< 
where Ef is the Fermi energy. Values of M from the level spacing 

data of Hughes et al. are given in Table VI. 

' 



·• 

-17-

III. EXPERIMENTAL PROCEDURE 

The number distribution of neutrons emitted by a nucleus wpich 

has captured a fJ. meson was measured by using a large cadmium

loaded liquid-scintillator tank which had a high efficiency (::::55o/o) for 

detection of a single neutron . 

. A negative beam of particles was produced within the Berkeley 

184-inch 740 -MeV cyclotron. Particles of 220 MeV/ c momentum were 

selected by a magnet system (Fig. 1) and detected by a scintillation

counter telescope (Fig. 2). Because of their smaller velocity, ;r 

mesons are stopped by an amount of CH
2 

absorber which allows the 

muons to pass through and stop in the target. Neutrons from a fJ. 

capture were detected by the scintillation tank with a 7.8-fJ.sec lifetime • 

. A fJ. stopping in the target triggered an oscilloscope and a 30-fJ.sec gate. 

The number of neutrons counted during this gate was stored electron

ically. In addition, the pulses from the scintillator tank were displayed 

on one sweep of the oscilloscope and the counter -telescope pulses were 

displayed on another sweep and the display photographed. 

A. Beam 

Negative particles from the cyclotron's internal target pass 

through the cyclotron fringing field and a quadrupole magnet to enter the 

meson wheel, an 8-ft-long iron collimator stopped down to 4 X 4 in. 

Coming into the meson cave (Fig. 1), the beam goes through a bending 

magnet, a 4-ft concrete shielding wall, a second bending magnet, and a 

second shieldihg wall. 

Since higher neutron multiplicities are affected strongly by pions, 

considerable attention was directed to reducing to a minimum any pion 

contamination in the muons stopping in the target. 

In order to estimate an upper limit to this contamination, a pos-

·t· b . "d . "11 d h + + 1 1ve meson eam was put 1nc1 ent on a sc1nh ator target an t e ;r -fJ. 
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I 

' 

MU-17657 

Fig. 1. Experimental setup in the 184-inch cyclotron 
meson cave. 
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Fig. 2. Experimental arrangement of the counter telescope 
and cadmium-loaded liquid scintillator tank. 
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decays counted as a function of CH
2 

absorber thickness (Fig. 3 ). 

Extrapolation gives 0.0005as the maximum fraction of particles at the 

rr-range peak which have sufficient range .to penetrate 13.5 in. of CH
2 

absorber for the momentum definition obtained during the experiment. 

The cyclotron was changed over to a negative meson beam and 

the beam monitor counts were maximized with respect to position of the 

internal cyclotron target. The ratio of the 1-L peak to 1T- peakwas about 

1/7. 

The position of the cyclotron meson target was then changed in 

order to reduce the relative number of pions in the beam. 
35 

Its posi

tion, although stable in time, influences the beam composition critically. 

Pi 1 s are produced directly in the cyclotron target. If the target is 

moved, the counter -telescope no longer looks directly at the meson tar

get but somewhat to one side. Muons. entering the telescope then have 

their source principally in the decay of the pions in a cloud surrounding 

the meson target. 

A differential range curve for the total stoppings in a carbon 

target inside the scintillation tank (Fig. 4) gives a 1-L peak to rr peak 

ratio of 3/1, but with a total 1-L- intensity reduced by a factor of 7. 

This curve, when compared with the 1-L - e decay curve (which has 

been normalized to the same number of 1-L peak stoppings), shows that 

the composition of the beam is !J./rr > 5/1. With this beam composition 

and by using the 1T + extrapolation datum, the fraction of rr1 s stopping 

in the target is estimated at less than 0.0001 with 13 in. of GHZ. ab

sorber. The contribution of rr1 s to the average neutron emission is 

then less than 0.001 neutrons per capture (assuming about five neutrons 

emitted per 1T capture). The effect of rr 1 s on any given neutron multi

plicity is even less than this. 

The 1T contamination was checked experimentally by making 

measurements for gold for smaller absorber thicknesses. The average 

neutron emission for gold, corrected only for background, was 

1.64± 0.05 at 13 in. of CH
2

, 1.68± 0.07 at 11 in. of CH
2

, and 1. 9 5± 0.11 

at 9 in. of CH
2

, showing no significant increase of neutrons for 2 in. 

• 

t. 
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.. Fig. 3. Positive meson stoppings in the scintillator target • 
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Fig. 4. IJ. stoppings in carbon target. 
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less absorber than the usual running conditions (13 in.). 

Neutron absorption in the target itself is negligible for our tar

gets, as indicated by the work of Kaplan et al., 
5 

who got only a small 

effect for silver and no effect for lead, for targets much thicker than 

ours. 

The effect of possible electrons in the beam was eliminated by 

requ~ring that there be no Cerenkov-counter ~ulse for a f.1 stopping. 

That this was effective is shown directly by the data of Fig. 4. For 

ranges greater than the f.1 range, the total stoppings in the target are 

very nearly equal to the normalized stoppings of particles identified 

as f.l' s by their decay. 

B. Scintillator Tank 

1. Physical Description 

The neutron detector is a tank 30 in. long and 30 in. in diam 

with 1/ 4-in. steel walls. 3 ~ The interior has been sprayed with a pro

tective coating of molten aluminum and then with a mixture of aluminum 

oxide, abrasive powder, water glass, and water to give a final highly 

reflective surface. The tank was filled with a scintillator solution of 

toluene mixed with 29.5 lb of cadmium propionate dissolved in 48 lb 

of methyl alcohol, with p-terphenyl as a scintillator and a spectrum 

shifter, POPOP. 

The curved surface of the tank has 88 glass windows, 

1/4 X 2-1/8-in. diam, sealed with neoprene 0 rings. A Dumont 6292 

photomultiplier tube is mounted against each window with optical contact 

provided by mineral oil. The photomultiplier tubes are wired in par

allel in two banks of 44 tubes each. Both banks observe all parts of the 

scintillator. A copper electrical shield is placed around the entire 

phototube assembly, making the to.tal diam 48 in. Space for the tele

scope counters and the target assembly is provided by the 8-in. beam 

tube going through the middle of the tank (Fig. 5 ). 
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Fig. 5. Close -up of the scintillator tank without photo
tubes, the surrounding copper electrical shielding, 
or the lead and boric acid shielding. For this ex
periment the tank was placed flat on one end. 

ZN-4387 
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The entire tank is completely surrounded with 2 in. of lead, 

with 0. 5 in. of boric acid powder outside the lead-(Fig. 2). The re

sulting apparatus was embedded in the shielding wall of the meson 

cave in order to reduce the background of neutrons from the cyclotron 

(Fig. 1) • 

2. Method of Neutron Detection 

There is often a_ prompt tank pulse associated with a !J. -meson 

capture (Fig. 6). This can come from three sources: 

a. x rays from the !J. capture converting in the tank, 

b. conversion of the 'I radiation emitted by 'a still-excited nucleus 

after it was unable to emit further neutrons, 

c. recoil protons from the thermalizing neutrons. Most of the neu

trons entering the scintillator lose practically all their energy to re

coil protons in much less than a microsecond, though not all become 

thermalized until after :::: 4 !J.Sec. 

When thermalized, the neutrons are captured with a time con

stant which depends on the Cd/H ratio. The ratio of 0.0019 used here 

yields a tank time constant, after thermalizing, of 7.8 !J.Sec (Fig. 7). 

The neutron is captured 95o/o of the time by Cd 
113 

giving a cascade 'I 

decay of 9.2 MeV, 
4 

and 5o/o of the time by H
1 

giving a 2. 2-MeV y ray. 

This radiation, converting in the tank, yields a pulse indicating the neu

tron capture (Fig. 6). 

3. Calibration of Efficiency 

The tank neutron efficiency was calibrated often, at least once 

d "th Cf252 . f" . h b 37 Cf252 . ff a ay, w1. 1n a 1Ss1on c am er. g1ves o an average 

of 3.87± 0.08 neutrons per fission. 38 The cyclotron beam was turned 

off and the chamber was placed in the middle of the tank beam tube, re

placing the target assembly. The amplified pulses from the fission 

chamber were used to trigger the oscilloscope and the tank display was 

photographed (Fig. 6). A fission chamber discriminator plateau was 

obtained and the discriminator bias was set so that no alpha pile .up trig

gers were obtained, as shown by all traces' having a prompt pulse. 
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Telescope trace 

20- nsec pips 

Fig. 6. Typical oscilloscope traces. For the tank trace, 
the bar represents the time during which neutron 
pulses were counted; the dotted line, the minimum 
height accepted. On the telescope trace a tJ.-meson 
stopping is signaled by the presence of pulses from 
counters s2, s

3
, and S4.'..,and the absence of Cerenkov

and anti-counter pulses (C and A). 

MU-34633 
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33 
Time from prompt pulse time (fLSec) 

MU -34480 

Fig. 7. Time distribution of delayed pulses from (a) Cf252 

fission chamber calibration runs, and (b) 1.1- stoppings 
in silicon. Background has been subtracted. The jJ.

meson lifetime is shown for comparison. 
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Background for the fission chamber runs was determined by using an 

independent trigger for the oscilloscope. This was about 0.03 pulse 

per 30-f.Lsec sweep. 

Using the fission chamber in this way to calibrate the efficiency 

of neutron detection indicates any changes or drifting in the entire sys

tem. During the course of the first cyclotron run a gradual. increase 

in efficiency of about 5o/o was observed. The efficiency remained con

stant during the second cyclotron run. 

There are several reasons for the tank efficiency to be less than 

100%. Since neutrons were counted only up to 32 f.LSec after the prompt 

pulse, about 5% of the neutrons were captured after the sweep ended. 

Some neutrons escape directly out of the beam tube. Others escape be

fore being captured. · Some neutrons are captured but give a pulse of 

too small an energy to be observed. 

For a slightly different geometry, Monte Carlo calculations in

dicate an energy dependence of the neutron-capture efficiency of the 

tank: 99% for 1-MeV neutrons, 95o/o for 3-MeV neutrons, 89% for 

5-MeV neutrons, and 84% for 7- MeV neutrons. 37 This energy de

pendence does not have much effect in f.l-meson capture, since most 

neutrons emitted are those from nuclear evaporation whose energy is 

mostly less than :::: 3 MeV. In the Cf
252 

efficiency calibration each 

fission fragment evaporates on the average two neutrons. This implies 

a nuclear excitation of ::::10 MeV, 39 and an energy spectrum similar to 

evaporation neutrons from f.l-meson capture. 

C. Operation, Telescope, and Electr..onics 

The experiment was performed in two separate cyclotron runs, 

4 months apart. Data were taken in the first run for six targets: 

aluminum, iron, silver, iodine, gold, and lead. The second run was 

with silicon, calcium, and again with gold, as a check. The eight tar-

gets were chosen so as to span a wide range 'of atomic weights, to be ' 

monoisotopic if possible, and to furnish a check with Kaplan9 s previous 

cosmic -ray experiment. Targets were 7 in. in diameter. Thicknesses 
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were: Al, 2in.;,· Si, 2in.; Ca, 4in.; Fe, 3/4in.;Ag, 3/4in.;I,2in,; 

Au, 13/16 in. ; Pb, 3/4 in. 

All counters were plastic scintillators except C, a 5X5X2..,in. 

water Cerenkov counter with shifter {Fig. 2). s
1

, s
2

, and s
3 

were 

4 in. square by 1/4 in. thick. S 
4 

was 4 in. in diameter by 1/4 in. 

The anticounter, A, was 7 in. in diameter by 1/2 in. thick •. All count

ers were viewed with RCA 6655A photomultiplier tubes except s
4

, 

which had two RCA 1P211 s because of space limitations. The neutron 

detector is treated separately in the following section. 

The block diagram of electronics is given in Fig. 8, The beam 

was monitored with s 1 and · s
2 

~n coincidence, Resolution times of 

coincidence circuits were typically 10 nanoseconds. Neutrons detected 

by the liquid scintillator tank following a !.!. capture were counted by 

two methods, as follows: 

The sweeps of a four -gun scope, triggered by S
2

, s
3

, and S 
4 

in 

coincidence, were photographed. The amplified.tank pulses were ex

hibited on one trace which had been modified so it had an exponential 

sweep, x = x 0 [ 1 - exp {- t/T)]. The time constant was set approx

imately equal to the tank's neutron capture time of 7.8 !.J.Sec in order to 

have an equal density of neutron pulses along the sweep. The total 

sweep length was 35 !.J.Sec. The other sweep contained the delayed and 

added outputs from the six counters exhibited in sequence {Fig. 6 ). 

Both sweeps were time -calibrated at intervals by use of a time -mark 

generator. 

A stopping particle {S
2

, s
3

, and S 
4 

in coincidence, and the sum of 

C and A in anticoincidence) triggered a 30 -!.!.sec gate delayed by 2 !.J.Sec. 

Tank pulses from the linear amplifier were fed into a number-to~height 

converter which gave an output pulse proportional to the number of 

pulses occurring during the gate. This was put into a 10-channel puls~ 

height analyzer adjusted so that the ~th channel registered the number 

of times exactly n tank pulses were detected following a stopping par

ticle. This method gave immediate answers for neutron multiplicities 

for purposes of checking during the cyclotron runs. However, all re

sults presented here are derived from the photographic data because of 

its superior time resolution and freedom from extraneous pulses. 
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MU-34634 

Fig. 8. Block diagram of electronics. 
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The beam level was reduced considerably in order not to have 

the scintillator tank .bac.kground exceed more than about 0.1 pulse 

per 30-f.l.sec gate. This background rate corresponded to a beam level 

of, roughly, 200 counts/min in the beam monitor or about two fl.-meson 

stoppings per minute. 

The tank background during target runs was continuously sampled 

by a scaler that counted for a 25 1.1.sec g~te that was delayed by 25 1.1.sec 

from the beam monitor (S
1

S
2

) tri,gger. This was done so as to have.an 

average background rate that reflected the time profile of the beam. 

Target runs were generally alternated with background runs in 

order to correlate the continuous monitoring by the background counter 

and background pulses recorded on the film. For background runs the 

oscilloscope was triggered by a pulse delayed by 25 1.1.sec from the S 1 s2 
coincidence. Pulses recorded on the film thus represented an almost 

random sampling of background seen by the tank. 

Several times, runs were made with no ta·rget in place in order 

to make a correction for 1.1.' s stopping in the last counter {S 
4

) . 

. . 
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IV. DATA ANALYSIS 

The data on film were converted to punched cards by use of a 

digitized scanning projector .. Each event was analyzed by means of an 

IBM 650 computer program. The neutron tank trace gave the prompt 

pulse height and the height and time from the prompt-pulse time of any 

subsequent pulses; the telescope trace gave the times of telescope 

pulses present in order to.classify the event. The time-mark-gener

ator information provided the time scale. 

Tank trace pulses were accepted for a gate time of about 30 

IJ.Sec beginning a short time after the prompt-pulse time. This time 

delay was chosen larger for the three lightest elements (Table III) in 

order to reduce the fraction .of jJ.-decay electrons occurring within the 

neutron gate. The choice of the minimum acceptable pulse height was 

influenced by the sharp rise in background .for lower values (Fig. 9) 

and the lowering of neutron-detection efficiency for higher values 

(Fig. 10 ). 

The time distribution of neutrons from the Cf
252 

fission cham-

-ber calibration runs is given in Fig. 7. (The first point is low because 

of the time taken for neutrons to thermalize. ) . Comparison of the fis

sion chamber data- with the time distribution of tank pulses from 1-1 cap

ture verifies that these pulses are due to neutrons. 

For a given target run the average number of background pulses 

with height above the chosen value for a 30-jJ.sec trace was found as 

follows. All background runs were combined for better statistics. The 

average number of background pulses per 30-!J.Sec trace was determined 

from the film. This number was divided bythe average background (as 

measured by the background counter). This ratio gave the calibration of 

the film background in terms of the background counter. The film back-

-ground on a given target run was then taken to be this ratio times the 

particular reading of the background counter for this run. The average 

film background per 30 IJ.Sec for background runs was actually deter

mined on the basis of the last half of the sweep only,. since there was 
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Fig. 9. Pulse -height distribution for background runs. The 
arrow indicates the pulse height chosen. 
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some time dependence of background pulses. (In Fig. 11 the decrease 

in measured background at 30 IJ.Sec is due to a lower scanning efficiency 

at the end of the sweep. } This time dependence is attributed to our 

method of triggering for background runs with the beam monitor and de

laying only 25 IJ.Sec before counting, so that we included some pulses 

associated with captures •. (A much longer delay would have put too 

many of the traces outside the 400 ~IJ.sec beam spill. ) Measurements of 

the number distribution of these background pulses indicated that the 

background was statistically independent (Poisson-distributed), 

A background correction to the measured multiplicity distribu

tion (F 
0

, F 
1

, · · • ), was made for every target run (see Appendix for the 

method). Data for a given target were taken in, typically, 12 runs with 

varying background rates, 13. Runs for the same target were then com

bine.d and adjusted to the same efficiency, e = 0. 545, by Eq. (10), Re

sults are not converted to 100o/o efficiency because of the large statisti

cal fluctuations obtained in the higher multiplicities. A target-out cor

rection was made, The fraction of IJ-1 s not stopping in the target was 

determined to be 0.068±0.012 for the first cyclotron run, and 0.077 

± 0.015 for the second. The final correction was for the decay of the IJ. 

meson. The fraction that decays instead of being captured is . Ad/A 

(Table I) where Ad is the decay rate, and the total disappearance rate, 

A, is the sum of Ad and the capture rate, Ac. A further correction in 

aluminum and silicon was made for decay electrons detected during the 

neutron gate. The fraction of captures with detectable electrons is 

0.059 in aluminum and 0,049 in silicon. A tank detection efficiency of 

0.80± 0.20 for electrons was assumed . 

. Errors quoted are statistical and do not include systematic er -· 

rors if present (other than the small error in aluminum and siliconfrom 

the assumed electron efficiency above). Errors were propagated through 

the various corrections. For better accuracy, average multiplicities and 

their errors were calculated separately from the multiplicity distribu

tions. Statistical errors for the background subtraction, found as de

scribed in the Appendix, were due to counting statistics and to variations 
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averaged over targets. 
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of background within a given run because of beam level variations. 

If the background rate is f3± a; then f3 was generally about 0.1 pulse 

per 30 ~1-1sec sweep and (]' was taken to be 0.01 pulse per sweep. 

The contribution.of. (]' to the error turned out to be small. The errors 

quoted in the results (Table IV) follow from taking the square root of 

the diagonal terms of the background-subtraction covariant matrix, 



-38-

V. RESULTS AND DISCUSSION 

A. Experimental Results 

Values of the experimentally observed neutron multiplicities 

are given in Table III. The data, with background, target-out, and 

decay corrections, reduced to a common detection ef~iciency (0. 545 ), _ 

are given in Table IV. The reduced data for gold from the two differ

ent cyclotron runs have been combined, since their agreement was 

within that expected from statistics. 

B. Comparison with Other Experiments 

A summary of previous experimental results for average mul

tiplicities for our. targets is given in Table V. Our results are in 

agreement with these, within their stated errors, except for Widgof£1 s 

values for aluminum and lead. Widgoff has estimated that her res.ults 

may have a systematic error as high as 20% because of the difference 

between the neutron energy spectrum from IJ. capture and from the 

Ra-Be source used in her calibration. This does not account for.the 

disagreement in aluminum. 

The only previous determination of neutron multiplicity distri

butions done with high efficiency is from the cosmic -ray experiment of 

Kaplan et al. 5 The experiment presented here has used the same neu

tron detector and fission-chamber calibration method. Their results, 

adjusted to our detection efficiency, are given at the bottom of Table 

IV. The agreement is good, both for the average neutron emission and 

for the multiplicity distribution. 

C. Comparison of Experiment with Theory 

The following results involving calculations of neutron emission 

are given without including effects of direct emission and of the nuclear 

surface, since it is not clear in all cases what these corrections should 

be. (Calculations of direct emission for calcium range from 25%. by 
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Table IlL Uncorrected data. 

Average 
Multiplicity distribution Target Neutron gate Efficiency background Total 

Fo F1 F2 F3 F F5 F6 (tJ.sec) (pulses per 30- events 4 
fJ.Sec sweep) 

Al 2_. 5 to 31.0 0.495± .01.4 0.102 1492 912 471 81 26 1 .0 1 
Sia 2.5 to 29.5 0.553±.015 0.082 657 439 186 28 1 1 1 1 

Caa 2.5to29.5 0.553± .015 0.078 1846 1154 605 73 10 4 0 0 

Fe ·1. 5 to 31.0 0.545±.015 o. 105 1426 705 559 132 26 2 2 0 

Ag 1. 5 to .31.0 0.545±.015 0.129 897 317 384 146 38 9 2 1 

I 1. 5 to 31.0 0.545±.015 o. 122 909 351 405 108 35 9 1 0 

Au 1.5 to 31.0 o. 545± .015 o. 114 1192 408 510 198 52 19 4 1 
a 

1.5 to 29.5 0.608±.017 0.097 535 201 199 . 101 22 9 3 0 Au ! 
LN 

Pb 1.5to31.0 0.545±.015 0.117 720 235 325 113 37 10 0 0 ...0 
i 

Target 1. 5 to 31.0 0.545±.015 0.093 30 18 12 
out 

Target 1.5 to 29.5 o. 599± .017 0.089 25 12 1.3 
out a 

a Data taken during the second cyclotron run. 



Table IV. Corrected experimental results adjusted to 0.545 efficiency. 

Average Multiplicity distributions 
Target multiplicity, 

Fo F1 F2 F3 F4 F6 F7 fn) 5 

Al 1.262±.059 0.449± .027 0.464±.028 0.052± .013 0J036± .007 

Si 0.864± .072 0.611±.042 0.338± .042 0.045±.018 -0.002± .008 0.003±.005 0.002±.005 0.003±.006 

Ca o. 746± .032 0.633±.021 0.335±.022 0.025± .009 0.004±.006 0.003±.003 

Fe 1.125± .041 0.495±.018 0.416±.019 0.074±.011 0.014± .005 

Ag 1.615±.060 0.360±.021 0.456± .023 0.144±. 017 0.031±.009 0.007± .005 0.002± .004 

I 1.436± .056 0.396±.021 0.474±.023 0.087±.015 0.035±.009 0.007±.005 

Au 1.662± .044 0.370± .015 0.425± .016 0.156± .012 0.032± .006 0.014± .004 0.003±.003 

Pb 1. 709± .066 0.324±.022 0.483±.025 0.137± .018 0.045±.010 0.011±.006 

I 

Previous results of Kaplan, Moyer, and Pyle (reference 5 ), adjusted to 0.545 efficiency. 
,j:>. 
0 

Ag 1.60± .18 0.389± .100 0.455± .075 0.120±.035 0.030±.015 0.001±.003 0.009± .006 0.000± .007 0.010±.007 

Pb 1.64± .16 0.348±.100 0.479±.057 0.137± .027 0.018± .012 0.010±.005 0.005± .004 0.003±.002 0.002±.002 
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Table V. Average neutron multiplicities- -previous e:x.per
imentaL results. 

Element 

Al 

Ca 

. Ag 

I 

Pb 

Pb 

Pb 

Pb 

Pb 

Pb 

Average multiplicity · Source (from reference 11) 

o. 95± 0.17 

.0.40± 0.4 

1.60± 0.18 

1.7 ±0.4 

2.0 ± 0.7 

2.1 ±0.5 

L5 ±0.4 

2.14± 0.13 

1.5 ±0.4 

1.64± 0.16 

Widgoff (1953) 

· Conforto and Sard (1952) 

Kaplan, Moyer, and Pyle (1958) 

Winsberg (1954) 

Groetzinger et al. (1951} 

Crouch and:Sard (1952) 

Conforto and Sard (1952) 

Widgoff (1953) 

Jones ( 1957) 

Kaplan, Moyer,. and Pyle ( 1958) 
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Dolinsky and Blokhintsev, 
40 

to :::::2%, inferred from Lubkin. 
41

) Re

sults that include Singer 1 s direct-emission and nuclear surface correc

tions are given at the end. 

We have investigated two forms of the nuclear momentum dis

tribution, a Gaussian and a Fermi-gas, in our model of neutron emis

sion from !.!. capture. The Gaussian distribution, exp{-p
2ja. 2

), has 

been fitted to the nucleon momentum distribution from a number of ex

periments, with a
2
/2M ranging from 14 MeV to 20 MeV. The value 

of 14 MeV is derived by Brueckner et al. 
16 

for processes involving 

high-momentum components, while 20 MeV is obtained by Azhgirey 

et al. 
21 

for quasi-elastic scattering, which involves low-momentum 

components. Since these latter are those involved in the nuclear ex

citations here, we have exhibited in more detail the Gaussian distribu

tion results with a 
2
j2M = 20 MeV. A Fermi-gas distribution with 

ef = 8 MeV was also chosen because it gives a momentum distribution 

similar to the 20-MeV Gaussian (Fig. 12). A completely degenerate 

Fermi- gas distribution is also plotted. 

For the Gaussian distribution, the model cannot yield the exper

imental value for the average multiplicity with the effective mass equal . 

to the unbound nucleon mass (except for calcium) for any value of a.7'2M 

h l f o h o 1 d 0 0 b o 1 9- 21 t at a so 1ts t e exper1ments on nuc eon momentum 1str1 utlons 

(that is, for 14 MeV.::; a 
2
j2M.::; 20 MeV). For the Fermi-gas momentum 

distribution the model can give the experimental (n) with M:;(= M, but 

only (for the heavier elements, iron, silver, iodine, gold, and lead) for 

excitation temperatures well over 70 MeV. These temperatures imply 

momentum distributions markedly different from those which have been 

observed. 

There are two model parameters we can vary: {a) the momen

tum distribution width, a
2
/2M for the Gaussian or (}£for the Fermi gas, 

>:<; 

and (b) the nucleon effective mass, M • 

In comparing the model with experiment we first chose a value 

of effective _:nass that gave agreement with our measured values of (n). 

For this M"' a comparison was then made of the predicted multiplicity 
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300 400 
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Fig. 12. Nucleon momentum distributions. (a) Fermi 
gas (gold), e1 = 0 MeV; (b) Fermi gas (gold), 
ef = 8 MeV; (c) Gaussian, a 2/2M = 20 MeV. 

MUB-2675 
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distribution, (P
0

, P 
1

, .. · ), with the measured values, (F 
0

± OF 
0

, 

F 
1

::1: oF 
1

, • · ·), and the standard goodness-of-fit parameter, x2
, was 

determined: 

2 
X = L ((P -F)/oF ]

2
• 

n n n 
n 

2 
(X was generally associated with three to four degrees of freedom. ) 

Figure 13 gives the nuclear excitation distribution, I{ Q), for 

the three momentum distributions chosen. Since, in each case, a 

value of effective mass has been chosen to give the experimental ( n), 

the average nuclear excitations for the three curves have substantially 

the same value. 

These values of effective mass and values of x2 
were calculated 

for a wide range of momentum-width parameters ( ef and a
2
/2M). Re

sults are given for all targets (Figs. 14-21). Because x2 
is not a 

sensitive function of the momentum width, the model cannot determine 

both the effective mass and the momentum distribution width. We must 

rely on the results of other experiments for the momentum distribution. 

M*/ M, x2, and the predicted multiplicity distributions for a 

Fermi-gas distnbution with ef = 0 and 8 MeV are given in Tables VI 

and VII. The fit with the observed multiplicity distribution is not good, 

except for silicon and calcium,which give good fits for all ef > 7-10 

MeV (Figs. 15, 16). (For example, a value of x2 
of ::::: 3.4 for four de

grees of freedom has a probability of 5CJ1/o that chance gives no better 

fit. ) In Figs. 14-21 the completely degenerate Fermi gas never gives the best 

fit, though only for Si, Ca, Fe, and Au is the effect marked. The five 
2 

heavier elements show a minimum in X for ef::::: 2 MeV. However, 
2 

the exact shape of the x curves depends on the assignment of errors, 

which are not known precisely. 

The Gaussian momentum distribution results with a 
2 
/2M= 20 

MeV are given in Table VIII. Multiplicity distributions are fitted well 

by this model for silicon and calcium, but not for the other elements. 
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0.05 ~ 
0.04 

0.03 

gas () f = 8 MeV 
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0.0 I 

0 
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Q (MeV) 

Fig. 1.3. Nuclear excitation distribution from IJ. 
capture in gold. The effective mass in each 
case has been chosen so as to give the exper
imental average multiplicity. 

50 

MUB-2676 
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~ x2 Fermi gas .....__ _____________ _ 
1.0 ---------

-- 2 -- x Gaussian .....----

0.5 20 

10 

OL-____ ____L _____ L----------'---------'0 
0 10 20 30 40 

Momentum distribution width (MeV) 

MU-34485 

, .. 
Fig. 14. Aluminum. The effective mass, M··-, required 

to give the experimental (n) , and the corresponding 
fit (x 2 ) with the experimental multiplicity distribution, 
as functions of tre momentum width parameter ( e f for 
Fermi gas or a /ZM for the Gaussian). 
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20 
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X2 Gau~--=--------==== 

0~--------~----------~----------~---------- 0 
0 10 20 30 40 

Momentum distribution width (MeV) 

MU-34486 

-·-
Fig. 15. Silicon. The effective mass, M-··, required to 

give the experimental (n>, and the corresponding fit 
(x 2 ) with the experimental multiplicity distribution, 
as functions of the momentum width parameter (8f for 
Fermi gas or a 2 /2M for the Gaussian). ' 
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Momentum distribution width (MeV) 

MU-34487 

Fig. 16. Calcium. The effective mass, M>:<, required to 
give the experimental (n), and the corresponding fit 
(x 2 ) with the experimental multiplicity distribution, 
as functions of ~he momentum width paramete:r (ef for 
Fermi gas or a /2M for the Gaussian). 
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Fig. 17. Iron. The effective mass, M-··, required to ~ve 

the experimental ( n), and the corresponding fit (x ) 
with the experimental multiplicity distribution, as 
functions of the

2
momentum width parameter (8f for the 

Fermi gas or a /2M for the Gaussian). 
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Fig. 18. Silver. The effectiye mass, M···, required 
to give tbz experimental\ n), and the correspond
ing fit (x ) with the experimental multiplicity dis
tri bution, as functions of the momentum width 
parameter (8f for Fermi gas or a 2/2M for the 
Gaussian). 

MU-34489 
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1.0 40 
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Momentum distribution width (MeV) 

MU-3.4.490 

Fig. 19. Iodine. The effective mass, M~:~, required 
to give the experimental (n), and the correspond
ing fit (x 2 ) with the expenmental multiplicity dis
tribution, as functions of the momentum width 
parameter (8f for Fermi gas or aZjzM for the 
Gaussian). 
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Fig. 20. The effective mass, M···, required to give 

the experimental ( n) , and the corresponding 
fit (x2) with the experimental multiplicity distri
bution, as functions of the momentrm width 
parameter (ef for Fermi gas or a /2M for the 
Gaussian). 

MU-34491 

.. 
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Fig. 21. Lead. The effective mass, M···, required 
to give the experimental (n) , and the correspond
ing fit (x 2 ) with the experimental multiplicity dis
tribution, as functions of the momentum width 
parameter (8f for Fermi gas or a2/2M for the 
Gaussian). 

MU-34.492 
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Table VI. Fermi gas distribution, 8 £= 0 MeV. The effective 
mass that gives the experimental average multiplicity, 
x2, and the predicted multiplicity distribution. Effec
tive mass values derived from values of nuclear level 
densities, 

Target Effective Effective mass 
2 Multiplicity distribution .mass, X from level densi-

,,, Po pi p2 p3 ties M*/M 
M"'jM 

Al o. 794 41.9 0.415 0.483 0.102 0.449 

Si 1.014 17.6 0.534 0.461 0.005 

Ca 1.444 23.6 0.593 0.407 

Fe o. 785 18.8 0.460 0.467 0.073 

Ag o. 501 9.9 0,337 0.464 0.180 0.019 0.62to0.77 

I 0.507 29.5 0.375 0.473 0.147 0.005 0.541 

Au 0.384 37.0 0.329 0.459 0.190 0.022 0.394 

Pb 0.366 22.9 0.315 0.461 0.202 0.022 
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Table VII. Fermi gas distribution, 8£ = 8 MeV. The effective 
mass that gives the experimental average multiplicities, 
x2' and t_he ,predicted multiplicity distribution. 

7 

Target Effective 
Multiplicity distribution 

2 
ma.~s, 

.M"'/M 
X 

Po pi p2 p3 p4 

Al 0.62 40.5 0.455 0.415 0.118 0.012 

Si 0.878 4.3 o. 565 0.400 0.035 

Ca 1.091 10.5 0.605 0.383 0.012 

Fe 0,629 9.9 0.495 0.400 0,100 0.004 

Ag 0.360 20.4 0.394 0. 381 0.177 0,045 0.003 

I 0.380 38.3 0.433 0.384 0.151 0.031 0.001 

Au 0.246 38.1 0.395 0.367 0.180 0.052 0.005 

Pb 0.230 36.1 0.382 0.371 0.187 0.053 0.006 



Table VIII. Gaussian distribution; a. 2 
/2M= 20 MeV. The effec-

tive mass that gives the experimental average multi-
plicity, x2, and the predicted multiplicity distribution. 

v 

Effective 
2 

Multiplicity distribution 
Target mass, X Po p1 p2 p3 p4 p5 

M~.c/M 

· Al . o. 588 38.0 0.469 0.393 o. 118 0.020 

Si o. 730 1.9 0.579 0.372 0.048 0.001 

Ca 0.923 2.5 0.621 0.352 0.027 

Fe 0.627 10.6 0.510 0.379 0.100 0.011 

Ag 0.449 23.6 0.404 0,.373 0.169 0.048 

I 0.542 38.3 0 .• 440 0.377 o. 146 0.034 0~003 

. Au 0.461 36.4 0.399 0.366 0.175 0.053 0.007 0.001 

Pb 0.480 34.5 0.383 0.372 o. 183 0.053 0.008 
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The better fit for silicon and calcium is probably due to their lower 

average neutron multiplicity, Lower values of ( n) imply smaller 

values of multiplicities of two or higher for the predicted distributions. 

Direct emission and clustering corrections to the distribution affect 

mostly these multiplicities, and would not appreciably change the fit 

with experiment if they are small. For all elements, x2 
is essentially 

2 * constant for a /2M from 14 to 20 MeV, while M generally incre~ses 

by ::::15% in the same range (Figs. 14-21). A comparison of the 20-MeV 

Gaussian and the experimental multiplicity distributions is given in 

·Figs. 22 and 23. 

A quantity of interest is the average nuclear excitation, ( 0) . 
If (n) is plotted as a function of ( 0) --for calcium, for example 

(Fig. Z4)-- for both the Fermi gas and Gaussian momentum distributions 

we get very nearly a straight line. Lower values of the effective mass 

a~e associated with higher values of ( o). Variations of the neutron 

boil-off temperature, the nuclear radius, e f' or a give straight lines 

quite close to each other. (The completely degenerate Fermi gas does 

not fit the line well, but it also does not in general give as good a fit to 

the multiplicity distributions as does the nondegenerate gas.) Thus the 

relationship between ( n) and ( o) is not very sensitive to the distribu

tion used or to the value of effective mass. Values of ( o) determined 

from our experimental values of ( n) are given in Table IX. 'Fhe statis

tical uncertainty in ( o) is less than ± 1 MeV (except for silicon: ± 2 

MeV). The uncertainty due to the model is probably not more than ± 1 

MeV. Since the average neutrino momentum occurs in a very important 

way in calculations of f.l-meson capture rates in nuclei, 
42 

the (linear) 

average of this momentum, (kc) = E
0 

- ( o), is also given {Table IX). 

When (kc) is expressed in units of the reduced muon mass, 

f.l' c 
2 

= f.LC 
2 

._, B , it has a striking uniformity over a wide range of Z 
f.l 

(:except for calcium). 



-58-

Fig. 22. Comparison of the observed neutron multi
plicities with histograms calculated by using the 
Gaussian momentum distribution, a 2/2M= 20MeV. 
For aluminum, silicon, calcium and iron. 

• 
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Silver Iodine 

I 
<n> = 1.62 <n> = 1.44 

M*/M= 0.449 M*/M = 0.542 

x2 = 23.6 x2 = 38.3 

Fn 0 • 
0.6 

Gold 
I 

Lead 

<n> = 1.66 <n>=1.71 

M*/M= 0.461 
I 

M*/M= 0.480 

x2 = 36.4 x2 = 34.5 

6 

n 

MU-34494 

Fig. 23. Comparison of the observed neutron multi
plicities with histograms calculated by using the 
Gaussian momentum distribution, a 2 /2M = 20 MeV. 
For silver, iodine, gold, and lead. 
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1.1 

<n> 

0 5 10 15 20 

<O> {MeV) 

MU-34483 

Fig. Z4. Relationship between the average neutron 
multiplicity and the average nuclear excitation 
for calcium, lt.., Degenerate Fermi gas; 
8, Nondegenerate Fermi gas and Gaussian, with 
8 ranging from 8 to 40 MeV. 
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· Table IX. Maximum energy, average nuclear excitation, 
and average neutrino momentum. 

Maximum Average Average neutrino (kc) /~1 c 2 
Target 

excitation, excitation, momentum 

Eo (o) (kcJ 

(MeV) (MeV) (MeV) 

Al 102.1 15.5 86.6 0.82 

Si . 100.0 13.3 86.7 0.82 

Ca 102,8 1.1. 7 91.1 0.87 

Fe .99.7 14.5 B5.2 0.82 

Ag 99.8 17.5 82.3 0,82 

I 98.7 15,6 83.0 0.83 

Au 94.3 1.6.3 78,0 0,82 

Pb 91.2 15.4 75.8 0.80 

• 



The harmonic oscillator shell-model calculation of the exci

tation of Ca 
40 

(Fig. 25) gives a value for the average multiplicity, 

( n) :i:: 0. 744, which is in good agreement with the e~perimental, 
( n) = ·O. 746± 0.032. The calculated average excitation, (a)= 11.15 :MeV, 

is close to (a) = 11.6 MeV, derived from the Fermi~gas and Gaussian 

models and the measured (n) . The agreement of this shell-model cal-:

culation is interesting, but is proably accidental, since the threshold 

for emission of the first neutron [ 0 = M(Z -1, A) c
2

- M(Z, A) c
2

= 0 .. 63 

MeV] falls in the narrow range defined by the two most fre'luent tran

sitions. 

· Effective masses, calculated from experimental values of 

nuclear level spacings by Eqs. (12) and (13), are given in Table VI. 

The effective mass is relatively insensitive to changes in the value of 
.... * 

D
0

(oM"'jM = o.zon
0
jn

0
). Because level densities quoted here are 

those of a compound nucleus (exc.itation energy ·'0) formed by a neutron 

plus the target nucleus, the effective masses correspond to nucleus 

(Z, A+1) instead of (Z, A). However, the level densities do not vary 
)~ 

strongly with A except at magic numbers. These M 1 s can be com-

pared directly with the values from f.L-meson capture for the Gaussian 

or excited Fermi gas momentum distributions (Tables VII and VIII). 

They are in reasonable agreement considering the large errors that 

measurements of nuclear level densities may have. 

In the above discussion we have used a model that did not in

clude the effects of direct emission of neutrons or of nucleon clustering 

at the nuclear surface. That these effects are important has been shown 

by Singer. 
18

•
24 

He has calculatedthe fraction of direct emission for 

the four heaviest elements used here and the nuclear clustering correc

tion for silver. 

The effect of neutron direct emission is to reduce the predicted 

( n) in these heavy elements, with an attendant reduction in the effec

tive mass necessary to give the experimental average multiplicity 
*~ 

(Table X). M decreases by ::::20o/o for the Fermi-gas model, ()f= 8 

MeV, and by :::: 15o/o for the Gaussian; a. 
2 
/2M = 20 MeV. The direct 
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5 10 15 20 

fL- excitation of Ca 40 

represented by an harmonic
oscillator potentia I 

rlcalc.=·744 
n exp. = .764 ±.034 

x2 =23 

25 

Q +~Mc 2 (MeV) 

MUB-2658 

Fig. 25. 1-L- excitation of Ca 
40

• Shell-model calcula-
tion, harmonic oscillator potential. 

2 
<n 1 ) = 0. 744; (n ) = O. 746± 0.032; X = 23. ca c exp 
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emission correction generally improves the fit with the multiplicity 

distribution for the 8-MeV Fermi gas model; for the 20-MeV Gaussian 

model it gives a substantial improvement in every case. 

Taking into account the effect of the nuclear surface, Singer's 

clustering correction with the emission of two neutrons will increase 

the predicted ( n) . For silver the effect is to increase the effec-

tive mass by 10% above the value based on the direct emission correc

tion. The multiplicity distribution for silver with the Gaussian model 

and with both corrections gives good agreement with the experimental 

values. 

.. 



Table X. Gaussian distribution, a
2
/2M = 20 MeV; and Fermi gas distribution, ef = 8 MeV .. 

Effective mass, x2, and predicted multiplicity distribution when Singer 9 s direct emis-
sian and clustering corrections are made. 

Target Direct emission Clustering 
Multiplicity distribution ... 2 Po pi p2 p3 p4 p5 parameter parameter M""/M X 

Gaussian, 
2 

a /2M= 20 MeV 

Ag 0.216 0.374 12.5 0.393 0.402 0.146 0.050 0.008 0.001 

I 0.199 0.483 18.4 0.426 0.407 0.128 0.035 0.004 

Au 0.157 0.408 2L7 0.390 0.389 o. 157 0.054 0.009 0.001 

Pb 0.153 0.421 22.6 0.377 0.392 0.165 0.055 0.010 0.001 

Ag 0.216 0.144 0.4.09 5.1 0.375 0.419 0.162 0.038 0.005 I 
0" 
U1 
I 

Fermi gas, ef = 8 MeV 

Ag 0.216 0.275 19.2 0.400 0.385 0.156 0.052 0.007 

I 0.199 0.311 29.1 0.434 0.390 0.137 0.036 0.002 

Au 0.157 0.204 24.0 0.389 0.388 0.161 0.054 0.008 

Pb 0.153 0.178 32.3 0.387 0.374 0.170 0.058 0.010 0.001 

Ag 0.216 0.144 0.305 9.9 0.381 0.405 0.171 0.039 0.004 
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VI. CONCLUSIONS 

The average nuclear excitation can be inferred fairly exactly 

from the average neutron multiplicity by means of evaporation theory. 

This value of ( Q) is insensitive to the momentum distribution, effec

tibe mass, or other model parameters, the variation being no more 

than ± 1 MeV. When the average neutrino momentum, inferred from 

( Q) , is expressed in units of a reduced f..1. mass (the rest-mass 

energy minus .its K-shell binding energy), the result (with the excep-

tion of calcium} is constant, 0.82± 0.01, over the wide range of atomic 

numbers covered. 

With the model we have taken for neutron emission from J..l.

meson capture the average neutron multiplicity data for most of the 

elements cannot be fitted with a nucleon mass within the nucleus that 

is equal to the unbound mass. Instead, a reduced effective mass must 

be assumed in order to get agreement with the average multiplicities 

and the related values of ( Q). There is a fairly smooth decrease of 

this effective mass with increasing atomic number. Effective masses 

estim~ted from nuclear level densities are in fair agreement with our 

values. A theoretical calculation by Brueckner of the effective mass 

of zr 90 is within 10% of the values we get for silver (which is our tar

get closest in atomic weight to zr90). 

The multiplicity distributions predicted by our model are not in 

quantitative agreement with the experimental results (except for silicon 

and calcium}. Inclusion of Singer's direct emission correction for the 

four heaviest elements uniformly improved this agreement. For silver, 

his additional correction for nuclear clustering reproduced the exper

imental distribution within st;:~.tistics. However, our calculations with 

other elements, for reasonable values of the clustering parameter, did 

not lead to significant improvement. 
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APPENDIX 

A. Background Subtraction 

Background.:.Subtracted Multiplicity Distribution 

If (F
0

, F
1

, F
2

, • • ·) represents the multiplicity distribution. 

including a distribution of background (B0 , B 1, • • • ), and if (P0 , P1, · • ·) 

is the distribution without background, then 

n 

Bn-k pk • 

This can be solved for the P' s, 

k 

pk = L ~-n Fn' 
n=O 

( 14) 

( i 5) 

where (A
0

, A
1

, • • •) are functions of the B' s. If the background is 

a Poisson distribution with an average of 13 pulses per sweep, i.e., 

then the A's are given by 

n 
B = exp(-13) L 

n n I 

A 
n 

( -@ )n 
= exp(l3) n! 

The background-subtracted average multiplicity is given by 

where the average multiplicities are defined in the. usual way: 

F 
n 

= I 
n=O 

n F , etc. 
n 

(16) 

(17) 

\' 
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B. Statistical Errors from Background Subtra,ction 

Derived below is the covariant matrix C' error11 matrix) that 

is associated with the background-subtracted. multiplicity distribution 

( P 
0

, P 
1

, P 
2

, • • •) for a given run of N events where the average 

(Poisson) background. was j3. 

The statistical fluctuations in the P 0 s are due to two causes: 

a. The statistical fluctuations in the multiplicity distribution of the 

real-plus- background pulses, ( F 0 , F1 , .•• ), because of a run of only 

a finite number N of events. 

b. The variation of the instantaneous background .rate because of 

variations of beam level during this run .of N events. 

These two sources of variations in the P' s are statistically 

independent. 

Let Pk be the "true" value of Pk' be the value of Pk ob

tained in one of a large number of repetitions of a run of N events. 

Then 6pk = Pk' - Pk is the error in Pk for this particular rep

etition of the run. If hexagonal brackets about a quantity represent 

the average .of that quantity over this large number of repetitions, 

then this average error is zero; (oPJ = 0, since (Pk') = (Pk) = Pk' 

by definition. However, ( 6pk op p) is not zero in general. From 

Eq. (15) we get 

k 

Opk = n~O [~-n 0Fn + Fn 0~-n l 
(We are neglecting a term proportional to oF oA. which turns out 

n -"k-n 
to be small). The'covariant matrix is 
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The last two terms are zero if we assume that 

The quantity (OF n oF m) is the binomial covariant matrix 

for n = m 

= - F F IN n m 
for n =/= m. 

This matrix is nondiagonal, since the components of (F 
0

, F 
1
,. • •) are 

normalized to 1 and therefore not independent. 

A variation in A. is due to a variation in the average back---k-m 
ground rate, f3 (Eq. 17): 

o~-m = 
a~-m 0 0 

of3 f3= ~-m f3 

and 

a a 
k-m $-n 

2 
(}' . 

The covariant matrix then becomes after substitution (for k < $), 

where 
k 

G(k) = L 
m=O 

F ak . m -m 

For simplicity, the errors quoted in the experimental multi

plicity distributions derive from ignoring the off-diagonal terms in the co

variant rrtatrixfor the P's so that, if_Pk"=Pk;I:LlPk,theriAPkwas,.assumed;to be 

,. 
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