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Abstract of the Dissertation 

ABSTRACT OF THE DISSERTATION 

Panoramic monocentric lens imaging 

 

by 

 

Igor Stamenov 

 

Doctor of Philosophy in Electrical Engineering (Photonics) 

University of California, San Diego, 2014 

 

Professor Joseph Ford, Chair 

 

In this dissertation, a framework for panoramic monocentric lens imaging theory 

is established and specific lens design optimization algorithms are developed. The global 

and near-global lens optimization procedures are demonstrated on a number of cases. 

Furthermore, two wide-angle fiber-coupled monocentric imagers, targeting visible and 

visible near infrared (VNIR) imaging, were built, tested and compared to an existing 

state-of-the-art conventional camera system. Lastly, general wide-angle monocentric 

system performance scaling is discussed, with future directions in development of this 

class of imagers. 



1 

1 

1. Introduction 

1.1 Wide-field of view imaging 

Imagers that require the combination of wide field of view, high angular 

resolution and large light collection present a difficult challenge in optical system design. 

Geometric lens aberrations increase with aperture diameter, numerical aperture and field 

of view, and scale linearly with focal length. This means that for a sufficiently short focal 

length, it is possible to find near diffraction-limited wide angle lens designs, including 

lenses mass-produced for cellphone imagers. However, obtaining high angular resolution 

(for a fixed sensor pixel pitch) requires a long focal length for magnification, as well as a 

large numerical aperture to maintain resolution and image brightness. This combination is 

difficult to provide over a wide-angle range. Conventional lens designs for longer focal 

length wide-angle lenses represent a tradeoff between competing factors of light 

collection, volume, and angular resolution. For example, conventional reverse-telephoto 

and "fisheye" lenses provide extremely limited light collection compared to their large 

clear aperture and overall volume [1]. However, the problem goes beyond the lens itself. 

Solving this lens design only leads to a secondary design constraint, in that the total 

resolution of such wide-angle lenses can easily exceed 100 Megapixels. This is beyond 

the current spatial resolution and communications bandwidth of a single cost-effective 

sensor [2], especially for video output at 30 frames per second or more. 



 

   

2 

1.2 Monocentric wide-field of view imaging 

One early solution to wide-angle imaging was "monocentric" lenses [3,4], using 

only hemispherical or spherical optical surfaces, which share a single center of curvature. 

This symmetry yields zero coma or astigmatism over a hemispherical image surface, and 

on that surface provides a field of view limited only by vignetting from the central 

aperture stop. The challenge of using a curved image surface limited the practical 

application of this type of lens, but there has been a resurgence of interest in monocentric 

lens imaging. In 2009, Krishnan and Nayar proposed an omnidirectional imager using a 

spherical ball lens contained within a spherical detector shell [5]. In 2010 Ford and 

Tremblay [6] proposed using a monocentric lens as the objective in a multiscale imager 

system [7], where overlapping regions of the spherical image surface are relayed onto 

conventional image sensors, and where the mosaic of sub-images can be digitally 

processed to form a single aggregate image. Cossiart and Nayar demonstrated a closely 

related configuration using a glass ball and single element relay lenses, recording and 

digitally combining overlapping images from 5 adjacent image sensors [8]. And recently 

a Gigapixel monocentric multiscale imager has been demonstrated which integrates a 2-

dimensional mosaic of sub-images [9], [10], using the optical layout shown in Figure 1.1 

(a) [11]. 

Monocentric lenses and spherical image formation provides favorable scaling to 

long focal lengths, and have been shown capable of two orders of magnitude higher 

space-bandwidth product (number of resolvable spots) than conventional flat field 

systems of the same physical volume [12]. 



 

   

3 

 

Figure 1.1:  (a) Optical layout of a 2.4 Gigapixel monocentric multiscale lens, and (b) the same 
image field transferred by tapered fiber bundles instead of multiple relay optics. 

 

In early monocentric lens cameras, the usable field of view was limited by the 

vignetting and diffraction from the central lens aperture, as well as the ability of 

recording media to conform to a spherical image surface. However, the system aperture 

stop need not be located in the monocentric lens. The detailed design of the multiscale 

monocentric lens [11] shows that locating the aperture stop within the secondary (relay) 

imagers enables uniform relative illumination and resolution over the full field. This 

design maintains F/2.4 light collection with near-diffraction limited resolution over a 

120¡ field of view. With 1.4!m pitch sensors, this yields an aggregate resolution of 2.4 

Gigapixels. 

!"#$%
&%$'()"*+(#,-.(

!-*(/0
*1'2%()

"*+(#,-.(

-3$4(0
)1/!$#(

)-'4%(0
3-#/"#$3(/$

!"#$%
&%$'()

5$6 5* 6

7890

7:; 90

7<;90

890

:; 90

<;90

7890

7:; 90

7<;90

890

:; 90

<;90



 

   

4 

Such wide and uniform fields can also be achieved via the conceptually simpler 

"waveguide" approach shown in Figure 1.1(b). Instead of relay optics, the spherical 

image surface is transferred to conventional planar image sensors using one or more 

multimode fiber bundles [13]. Fused fiber faceplates are commercially available with 

high spatial resolutions and light collection (2.5 microns between fiber cores, and 

numerical aperture of 1), and can be fabricated as straight or tapered [14]. Straight fiber 

bundles can project sufficiently far to allow space for packaging of CMOS image sensors, 

while tapered fiber bundles can provide the 3:1 demagnification used in the relay optics 

in Figure 1.1(a). Fiber bundles introduce artifacts from multiple sampling of the image 

[15], which can be mitigated but not eliminated through post-detection image processing 

[16]. In addition, the edges between adjacent fiber bundles can introduce "seams" in the 

collected image, whose width depends on the accuracy of fiber bundle fabrication.  

However, waveguide transfer can reduce overall physical footprint and significantly 

increase light collection: In the multiscale optics structure, field overlap at the center of 

three relay optics must be divided between three apertures, while the waveguide can 

transfer all light energy from a given field angle to a single sensor. 

As shown in Figure 1.2, in both systems stray light can be controlled using a 

physical aperture stop at the center of the monocentric lens (Figure 1.2(a)), or through a 

"virtual stop" achieved by limiting light transmission in the image transfer optics (Figure 

1.2(b)). In the case of relay imaging, this is done using a physical aperture stop internal to 

the relay optics. In the case of fiber transfer, this can be done by restricting the numerical 

aperture (NA) of the fiber bundles. Straight fiber bundles with a lower index difference 

between core and cladding glasses are commercially available with a numerical aperture 
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of 0.28. Alternately, high index contrast bundles with a spatial taper to a smaller output 

face can provide a controlled NA. Such bundles have the original output NA, but 

conservation of Žtendue reduces the input NA of a tapered fiber bundle by approximately 

the ratio of input to output diameter [17]. For example, a 3:1 taper of input to output 

width with a 1.84 core and 1.48 cladding index, yields approximately 0.3 input NA. 

 

Figure 1.2:  Monocentric lens imaging with (a) a physical aperture stop at the center of the 
objective lens, and (b) a "virtual" stop accomplished by limiting the numerical aperture of the 

image transfer which, as drawn, are non-imaging optical fibers. 
 

The field of view of monocentric "virtual stop" imagers can be extraordinarily 

wide. A physical aperture at the center of the objective lens is projected onto the field 

angle. At 60¡ incidence (120¡ field of view), the aperture is elliptical and reduced in 

width by 50%, with a corresponding decrease in light transmission and diffraction-limited 

resolution. As Figure 1.2(b) shows, however, moving the aperture stop to the light 

transfer enables uniform illumination and resolution over a 160¡ field of view, where at 

extreme angles the input light illuminate the back surface of the monocentric objective. 
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The lens as drawn in Figure 1.2(b) indicates that the image transfer optics perform all 

stray light control, and does not show non-sequential paths from surface reflections. In 

practice, an oversized physical aperture or other light baffles can be used to block most of 

the stray light, while the image transfer optics provide the final, angle-independent 

apodization. While such practical optomechanical packaging constraints can limit the 

practical field of view, the potential for performance improvement over a conventional 

"fisheye" lens is clear. 

Despite the structural constraints, even a simple two-glass monocentric objective 

lens can provide high angular resolution over the spherical image surface. With 

waveguide image transfer, overall system resolution is directly limited by objective lens 

resolution. In multiscale imagers, geometric aberrations in the objective can be corrected 

by the fabricating objective-specific relay optics. However, compensating for large 

aberrations in the primary lens tends to increase the complexity and the precision of 

fabrication of the relay optics. Since each multiscale imager requires many sets of relay 

optics (221 sets in the 120¡ field 2.4 Gigapixel imager design), minimizing relay optic 

complexity and fabrication tolerance can significantly reduce system cost. So for both 

structures, it is useful to optimize the objective lens resolution. 

1.3 Introduction to fiber -coupled monocentric lens imaging 

As previously mentioned, monocentric lenses consist entirely of hemispherical 

optical surfaces that share a common center of curvature. Because the single point of 

symmetry eliminates most of the aberrations, monocentric lenses are capable of 

generating a high-resolution wide-angle image on a spherical image surface. Such 
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monocentric lenses were historically one of the first lenses used for panoramic imaging 

[4], and nearly a century later this approach was revived for high-resolution aerial 

imaging [18].  

 

Figure 1.3:  Possible geometries of the panoramic fiber-coupled monocentric imager with (a) 
single straight fiber bundle, (b) single curved fiber bundle and (c) multiple straight fiber bundles 

 

However, both of these imagers were limited in utility due to their use of curved 

film negatives, which are difficult to fabricate and process. As mentioned, another 

approach for sensing the monocentric image surface is to transfer it over a dense array of 

optical fibers [14], which can be polished with a curved input face and a planar output 

face, so that the image can be sensed by focal planes fabricated with conventional wafer 

processing. This approach was successfully used by Lawrence Livermore to make a 

F/1.7, 17.5mm focal length monocentric imager using a fiber-coupled CCD focal plane to 

sense a 60û field of view [19,20]. A larger imager used a F/2.8, 250mm focal length 

monocentric objective with an array of 23 intensified CCD sensors [21], where each 

384x576 sensor captured a 7.5x11.5û segment to cover 75% of the overall 60û field of 

view. Both of these imagers used fiber bundles, which highly oversampled their 23!m 

pixel monochrome CCD sensors, eliminating the potential for MoirŽ sampling effects. 
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However, none of the previous imagers have made use of the primary advantage of 

monocentric lenses: the combination of high spatial resolution with a wider field of view 

than conventional focal plane objectives. The goal of the current work (Chapter 4) is to 

demonstrate that a panoramic fiber-coupled monocentric lens imager can be implemented 

with current CMOS focal planes, where the pixel pitch is typically less than the minimum 

2.5!m pitch supported by commercial fiber bundle suppliers, and compare the resulting 

imager resolution and physical volume to a conventional wide-field imager. 

A single straight fiber bundle can couple the spherical image to a single focal 

plane, as shown in Figure 1.3(a) and as implemented in reference [20]. However, Fresnel 

refraction at the angled fiber input face limits input fiber coupling and strongly affects the 

light emission from the fiber output aperture, and so limits the achievable field of view. 

Even for fiber bundles with N.A. = 1, the maximum full field of view with 50% of peak 

efficiency is approximately 55û [22]. Uniformly efficient coupling across a wide field of 

view can be accomplished using a 3-dimensional waveguide as shown in Figure 1.3(b), 

where multi-mode fibers are curved to point each input aperture towards the center of the 

lens and adiabatically couple the propagating modes to the planar output face. This 

structure is the topic of on-going research in fiber modeling and system fabrication. 

However, a straightforward approach to wide-field imaging is to use multiple straight 

fiber bundles to divide the field (Figure 1.3(c)) between multiple sensors for image 

acquisition. If the bundles are segmented so that each bundle covers a ±15û field, the 

signal coupling is uniform to within approximately 97% and the overall imager field of 

view is limited only by the conventional cosine projection losses from the objective lens 

internal aperture stop. The remaining challenges are physical integration of the optical 
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fiber bundles to minimize information loss at the seams and in the interface to the focal 

plane image sensors. 

1.4 Thesis organization 

The dissertation is organized as follows: simple two-glass symmetric (2GS) 

monocentric architecture is analyzed in Chapter 2. In particular, rigorous Siedel 3rd order 

aberration analysis is performed with a proof of monocentric lens focusing capability. 

Exact raytracing equations are derived and global optimization algorithms based on them 

are described. At the end of the chapter, global optimization is demonstrated on specific 

monocentric lens designs for visible spectrum imaging.  

Limits of simple 2GS monocentric geometry are discussed in Chapter 3 and 

options for high-performance monocentric imaging are explored. In Chapter 3 we 

categorize the monocentric lens design space of moderate complexity, provide 

procedures for optimum and near-optimum lens design with complexity and performance 

tradeoff considerations. Preferred monocentric architectures are identified and advanced 

systematic optimization procedures are demonstrated for selected wide-angle imaging 

applications: underwater, night vision, short wave infrared (SWIR), and large scale (10-

40GPixel) monocentric imaging. 

Chapter 4 shows experimental results with first generation 2GS visible 

monocentric lens including focusing and high-resolution image forming. Fiber-coupled 

high-resolution image transfer to flat focal planes is demonstrated and the performance of 

the F/1.0 120¡ field of view 30MPixel prototype is compared to a conventional wide 

angle DSLR camera system. 
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Chapter 5 shows an ongoing work with F1.7 broad-spectrum monocentric lens 

and its operation in second-generation fiber-coupled monocentric imager prototype. 

Panoramic imaging is demonstrated, both indoor and outdoor in visible and VNIR 

spectral band. 

Chapter 6 is primarily concerned with performance scaling of the monocentric 

lens systems and it concludes with framework for a continuing study in the field of 

panoramic monocentric imaging.  

 



11 

11 

2. Optimization of simple monocentric 

lenses 

2.1 Two-glass symmetric (2GS) monocentric lens background 

T. Sutton offered the first 2GS water-filled design of the monocentric lens in 1859 

[3,4], with a wide field of view but high F-number (about 30) due to the lack of 

correction of spherical and chromatic aberrations. To solve this problem, in 1942, J. G. 

Baker proposed a glass combination with a high index flint glass for the outer shell and 

low index crown for internal ball lens [3,18], resulting in a monocentric but not front-to-

back symmetric lens structure with aberrations well corrected for a moderately high F# of 

3.5. The design of a compact and high resolution endoscope lens with a two-glass 

symmetrical monocentric lens was published by Waidelich in 1965 [13]. An endoscopic 

lens with a 2 mm focal length and F# of 1.7 has a diffraction limited image quality, but 

scaling in focal length to > 1 cm for photographic applications with the focus about 12 

mm required the increase of F# to about 3.5. More recently, a two-glass monocentric lens 

was used as the projection objective in a Kodak autostereoscopic display [23, 24]. In the 

Waidelich and Kodak designs, like in Baker lens, the outer shell meniscus was made 

from a flint glass and the internal ball lens from a crown glass with the moderate 

difference in Abbe number. As will be shown later, this was nearly the ideal combination. 
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The outer meniscuses had a higher nd and the difference in refraction index between outer 

and internal ball lenses did not exceed 0.08. This low index difference probably was 

inherited from the Cooke triplet design [1]. We will show that differences in refraction 

indices larger than 0.2 are needed to approach diffraction-limited performance in lower 

F# photographic lenses. Nevertheless these designs have demonstrated that purely 

monocentric lenses can achieve high quality achromatic imaging.  

Optical systems are now typically designed by computer numeric optimization in 

commercial software like Zemax and CodeV. The highly constrained monocentric lenses 

seem well suited to a global optimization search to identify the best glass combination 

and radii. However, we have found that "blind" optimization of monocentric lenses, even 

a simple two-glass lens, often overlooks the best solutions. This is especially true for 

large NA designs, where the ray angles are steep and the optimization space has multiple 

deep local minima. There are also a large number of glasses to consider. The available 

glass catalog was recently increased by the publication of a number of new glasses from 

Hoya to 559 glasses [25]. The more advanced optimization algorithms take significant 

processing time. Even for a 2-glass lens it is impractical to use them to search all 312,000 

potential combinations, so the best design may be overlooked. Fortunately, the symmetry 

of monocentric lenses permits a relatively straightforward mathematical analysis of 

geometrical optic aberrations, as well as providing some degree of intuitive 

understanding of this overall design space. Combining "old school" analysis with 

computer sorting of glass candidates can enable a global optimization for any specific 

focal length and spectral bandwidth desired. 
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In this chapter, we provide a detailed analysis for the design of two-glass 

monocentric lenses. We begin with the first order paraxial and Seidel third order analysis 

of the focus of wide-field monocentric imagers, showing that despite the highly curved 

focal surface, axial translation of monocentric lenses can maintain focus of a planar 

object field from infinite to close conjugates. We will optimize these lenses operating 

with a more larger and so more general ÒvirtualÓ stop, because introducing a comparably-

sized physical stop will only tend to create vignetting at the field points and cut off some 

of the most highly aberrated rays. We continue by demonstrating the systematic 

optimization of these lenses by the following process.  

For a specified focal length, numerical aperture and wavelength range: 

(1) Compute and minimize 3rd order Seidel spherical and longitudinal 

chromatism aberrations to find approximate surface radii for valid 

glass combination.  

(2) Optimize lens prescriptions via exact ray tracing of multiple ray 

heights for the central wavelength, 

(3) Calculate the polychromatic mean square wavefront deformation, and 

generate ranked list of all lens candidates, 

(4) Confirm ranking order by comparing polychromatic diffraction MTF 

curves. 

To verify this method, we redesign the objective from our 2.4 Gigapixel 

multiscale imager, and find that the global optimization process yields the original design 

(and fabricated) lens, as well as additional candidates with improved internal image 

surface resolution. We then apply the design methodology to a new system, an ultra-



 

   

14 

compact fiber-coupled imager with a 12 mm focal length and uniform resolution and 

light collection over more than 120¡ field of view. We show that this design compares 

favorably to a more conventional imager using a "fisheye" wide field lens, and conclude 

with observations on future directions and challenges for this type of imager. 

2.2 Theoretical analysis of monocentric lenses 

2.2.1 Focus of monocentric lenses 

Photographic lenses are normally focused by moving them closer or further from 

the image plane, but this appears impractical for the deep spherical image surface in a 

wide-field monocentric lens. For the 70 mm focal length objective of Figure 1.1, a 1mm 

axial translation to focus on an object at 5 m range brings the image surface only 0.5 mm 

closer to the objective for an object at a 60¡ field angle, and 0.17mm closer for an object 

at an 80¡ field. This seems to imply that the lens can only focus in one direction at time, 

and needs 3 dimensional translation to do so. In the monocentric multiscale imager, the 

primary lens position is fixed, and the secondary imagers are used for independent focus 

on each region of the scene [11], [26]. However, introducing optomechanical focus 

mechanism for each secondary imager constrains the lens design, and adds significantly 

to the overall system bulk and cost. More fundamentally, the monocentric-waveguide 

imager shown in Figure 1.2(b) has no secondary imagers, and cannot be focused in this 

way, which initially appears a major disadvantage. In fact, however, axial translation of 

monocentric lenses maintains focus on a planar object across the full field of view. 

Consider the geometry of an image formation in the monocentric lens structure 

shown in Figure 2.1.  
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For a focal length f with refocusing from object at infinity to the closer on-axis 

object at distance d, assuming d >> f , the image surface shift ! x  is [1] 

 ! x =
f 2

d " f
#

f 2

d
  (2.1) 

 

Figure 2.1:  First and third order consideration of monocentric lens refocus 
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! x' " 1( ) = f 2 cos " 1( )
d

= ! x#cos " 1( ) $ BinfQ =
! x' " 1( )
cos " 1( )

= ! x = Ainf 'A'  (2.2) 

 which means that for refocusing, the spherical image surface 5(") is axially 

translated on segment #x to the position 5(d). 

As will be shown later, for our 12 mm focus monocentric lens this approximation 

works well for up to the closest distance of 500 mm, and reasonably well for objects at a 

100 mm range. So for a planar object at any distance above some moderate minimum, the 

geometry of refocusing the monocentric lens is in accordance with first order paraxial 

optics. 

The most general analytic tool for lens aberration analysis and correction is 

classical 3rd order Seidel theory [27,28]. In Seidel theory astigmatism and image 

curvature are bound with the coefficients C and D. Referring to the variables defined in 

Figure 2.1, the coefficients C and D are shown in Eq. (2.3) and Eq. (2.4) can be expressed 

as [27,28,29]: 
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where ri is radius of ith surface and ni is the preceding index of refraction. From 

Figure 2.1 it is clear that chief ray angles to optical axis at each surface are identical 

($1=$2=$3=$4) for any axial position of the monocentric optics relative to image surface. 



 

   

17 

Therefore, coefficient C remains zero while focusing to planar object surfaces by means 

of axial movement of the monocentric objective lens. According to [27], 

 C =
1

4nim

1
Rt

!
1
Rs

"

#$
%

&'
and D =

1
2nim

1
Rs

  (2.5) 

where Rt is the tangential image surface radius, Rs is the sagittal image surface 

radius, and nim is the image space refraction index. So if C is defined as zero during 

refocusing then Rt will be equal to Rs and the image surface will stay spherical and 

maintain the image radius Rim = Rt = Rs. Also, from Eq. (2.4) it is clear that the coefficient 

D will remain constant. Because D remains constant, Eq. (2.5) also show that Rs and 

hence radius Rim will stay unchanged as well. Third order aberration theory couples the 

image curvature with astigmatism, while coma and spherical aberrations need to be 

corrected at this surface [27, 28, and 30].  In other words, third order Seidel aberration 

theory also indicates that simple axial refocusing of monocentric lens structures preserves 

the image surface radius, maintaining focus for a planar object onto a spherical image 

surface over a wide range of object distances. In a purely monocentric geometry there is 

zero coma, and no additional coma will be introduced by translation [1, 28, and 30]. 

Suppose that spherical aberration is corrected at infinity. Third order spherical aberration 

does not have the term, which depends on the object distance [27, 28, and 31]. We expect 

only a minor change in spherical aberration during refocusing due to the small changes in 

terms  (%i+1Ð%i)
2 [27, 28], which constitutes the Seidel spherical aberration coefficient. 

This is confirmed by the ZEMAX simulations shown in Chapter 2.3 for an optimal f = 12 

mm lens solution. 
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2.2.2 Design optimization of monocentric lenses 

Imaging optics are conventionally designed in two steps [1, 27, 28, and 30]. First, 

monochromatic design at the center wavelength achieves a sufficient level of aberrations 

correction. The second step is to correct chromatic aberration, usually by splitting some 

key components to achieve achromatic power: a single glass material is replaced with 

two glasses of the same refraction index at the center wavelength, but different 

dispersions. However, this process cannot easily be applied to the symmetric 2-glass 

monocentric lens shown in Figure 1.2. For a given glass pair and focal length, lens has 

only four prescription parameters to be optimized (two glasses and two radii), and the 

radii are constrained with the monocentric symmetry and desired focal length. From this 

perspective monocentric lenses resemble conventional spherical doublets. An approach 

for global optimization of such lenses was proposed in [32], and our approach for a 

global search for optimal monocentric lenses, considering all glass combinations, is 

closely related. As in [32] we want to analyze all valid glass combinations. However, 

unlike aplanatic doublets [33] there is not an optimal analytical solution for monocentric 

lenses, so a modified process is needed. In addition, analysis in [32] is restricted to fifth 

order aberration estimates [34], while we want to extend the design process to include 

full analytic raytracing and MTF calculation. 

 We define a systematic search process beginning with a specified focal length, 

F/number, and wavelength range. Optimization of each glass combination was done in 

three steps. The first step is to determine the solution (if it exists) to minimize third order 

Seidel geometrical and chromatic aberrations [27, 28, and 29]. A monocentric lens 

operating in the ÒfiberÓ stop mode has only two primary third order aberrations Ð 
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spherical aberration (Seidel wave coefficient W040) and longitudinal chromatism W020, 

which is defocus between blue and red paraxial foci. The sum of the absolute values of 

the third order coefficients provide a good approach for a first-pass merit (cost) function, 

and an analytical solution for third order coefficients allows this cost function to be 

quickly calculated. The monocentric lens shown in Figure 2.2 is defined with 6 variables, 

the two radii r1 and r2, and the index and Abbe number for each of two glasses: the outer 

glass n2 and v2, and the inner glass n3 and v3. Raytracing of any collimated ray can use the 

Abbe invariant: 

 ri = hi

ni+1 ! ni

ni+1" i+1 ! ni" i

  (2.6) 

or 

 ! i+1 =
ni

ni+1

! i + hi

ni+1 " ni

ni+i ri

  (2.7) 

 where %i are the angles between marginal rays and the optical axis. The 

raytracing proceeds surface by surface and at each step for the input ray angle %i and ray 

height hi the output angle %i+1 can be calculated by Eq. (2.7). 

 

Figure 2.2:  Third order aberration theory applied to monocentric lens design. 
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The ray height at the next surface is 

 hi+1 = hi ! " i+1di   (2.8) 

where di is the thickness between surfaces i+1 and i. For the monocentric lens 

d1 = r1 ! r2 , d2 = 2r2  and d3 = r1 ! r2 . The ray trace of the marginal input ray having %1=0 

gives 
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For a given glass combination and focal length f Eq. (2.9) constrains the radius r2 

to the radius r1 for all subsequent calculations. 

The Seidel spherical aberration coefficient B, according to [27, 28, 29], is 
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Equivalently, the spherical wave aberration W040 for the marginal ray is: 

 W040 =
1
4
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where a clockwise positive angle convention is used. 

The starting position for raytracing is h1 = f & NA and %1=0. Consequently, 

applying the Abbe invariant for each surface we can substitute ray angles and heights 

with the system constructional parameters. Thus, from Abbe invariant for 1st surface we 

get 
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 r1 = h1

n2 ! 1
n2" 2

or " 2 = h1

n2 ! 1
n2r1

  (2.12) 

So %2 can be determined from the input ray height and prescription parameters of 

the first surface. The value of h2 is found from angle %2 (see Eq. (2.8)), and so on. Using 

this iterative process, and the relation between r1 and r2 from Eq. (2.9), we get: 
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The defocus coefficient W020 between images in blue and red light is equal to Ð

L0/2 [28,30] where 

L0 = ! 2W020 = h1
2

n3 ! 1( ) 2 f 1! n2( )+ n2r1( )
f n2 ! n3( )r1n3v3

!
n2 ! 1( ) 2 f 1! n3( )+ n3r1( )
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#
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%

&
'  (2.14) 

Eq. (2.14) is sufficiently accurate for the visible (photographic) spectral range, 

where the dispersion is approximately linear. Design for extended visible waveband (400-

700nm) requires calculations in two separate sub-bands with custom defined Abbe 

numbers to compensate for the increased nonlinearity of the glass dispersion curve. We 

define E(r1) = |W040|+|W020| as a merit function for 3rd order aberrations, which is 

continuous-valued and has a single global minimum identifying the approximate (near 

optimum) radius r1 for each valid two glass combination. Afterwards, radius r2 is 

calculated from Eq. (2.9). 

The result is an algebraic expression for the 3rd order aberrations of the solution - 

if any - for a given glass combination. In our examples, we performed this calculation for 
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