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Abstract

A method is developed for constructing the Lagrangian
that describes the interaction of classical soliton solutionms.
We applied it to the Abelian Higgs model in (1 + 2) dimensions
and Georgi-GlasHow model in (1 + 3) dimensions, and various

features of the relevant Lagrangiens are investigated.
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a field theory governing the interaction of solitons. One could then
I. Introduction
treat problems involving creation and destruction of solitons. This

has been achieved in the two dimensional sine-Gordon equation; where
A great deal of progress has been made in field theory by
it is known that the theory can be transformed into the massive

investigating classical solutions to field equations., These solu- (1)
(1) ’ Thirring model. The fermions of the Thirring theory are the
tions fall into two categories: The instantons of finite action
(2) solitons of the sine-Gordon theory, and they can be studied as Thirring

in Buclidean space~time, and the solitons of finite energy in
(3) quanta.
the real space~time. Instantons determine the structure of vacuum .
In this paper, we construct local field theories of solitons in
whereas the solitons correspond to particle states which are inaccessi-
3 and 4 dimensions. We have applied our method to the known gauge
ble through perturbation theory. Field theories with soliton solutions
: theory soliton solutions of scalar quantum electrodynamics in (1 + 2)
have been intensively studied, and methods have been developed for
ai . . (8)
(%) imensions and the Georgi-Glashow
Although (9)
The former are vortices

(10)

model in (1 + 3) dimensions.
computing the lowest order (in h) quantum corrections.
and the latter are static monopole
these methods have yielded a number of interesting results, they

' solutions. These models will be the subject matter of this paper.
suffer from the following restrictions:

Our approach to field theory will be through functional inte-

gration.(ll) In particular, we shall focus on the contribution to
an expansion in powers of Planck's constant. It would be nice to T
the functional integral from topological configurations of the scalar

a) They are semi-classical in nature and they always involve

find alternative approximation methods or failing that, at least to

Higgs field. Such a configuration will be called a "kink"; it
formulate the problem in a manner independent of any approximation

carries a non-zero winding number in the appropriaste dimensional
scheme.

space. The contribution of a kink will be equivalent to a "bare"

b) Progress has been made in cases where the classical solu-

or pointlike soliton. The kinks naturally form world lines, and
tion can be given in closed form. This is, in general, not possible

the functional integral over all kinks reduces to a sum over all
except for the notable case of the two dimensionel sine-Gordon
(5) ' possible particle trajectories. We then have a Feynman "world

equation. Many soliton problems involving pair creation, (12)
line" description of solitons which can easily be transcribed
scattering, etc. are not tractable (again excluding some two dimen- (13)
(6) into the language of field theory , Yielding a Lagrangian for
sional models).
solitons.

These difficulties would be eliminated if one could construct
The final result has several unusual features. One such feature



is the appearance of the inverse of the original coupling constant.
For example, the monopole charge is inversely proportional to the
couplihg constant in the non-Abelian model. A similar inversion of
the coupling constant takes place in the sine-Gordon and Thirring

(n

equivalence. Another unexpected phenomenon is that these mani-
festly renormalizable theories lead to soliton Lagrangians which, on
the surface, look non-renormalizable. However, this may be a case of
deceptive appearances.

Finally, an intrigueing.and attractive feature of our derivation

is that it goes through even when there is no spontaneous symmetry

- breakdown in the original theory! In this case, there are clearly

no classical solutions, and it is not clear what our soliton field
theory represents. In the case of the Abelian Higgs model in (1 + 2)
dimensions, we argue that the solitons always exist but they are con-
fined in the absence of spontaneous symmetry breakdown. We end the
paper with a speculative discussion ebout the connection between
spontaneous symmetry breakdown and confinement in the non-Abelian

model in (1 + 3) dimensions.

.

II. Topology of the Abelian Higgs Model in (1 + 2) Dimensions

The Lagrangian density of this model is

_ {1 : 2
L o=-auF, P+ a0+ den ol

2y2 (2.1)

2
-3 (el - n

where Fuv = 3uAv - avAu, u = 0,1,2; metric = (+,-,-), and ¢ is the
complex Higgs field. The standard generating functional is given

by the following integral:
2(J) = fm]m exp(ifd3x[af (x)
+ 3, FPP01Y 8(a A%, (2.2)

The source term for the ¢ field is omitted to keep the formulas
from getting lengthy; however, if so desired, it can be reintroduced
at any stage of the development. Also, for.reasons of later convenience,
we have introduced a source for the gauge invariant field strength
Fuv’ rather than the gauge dependent potential Au.

Finally, for the sake of definiteness, we have picked the - Landau
gauge, although any legitimate gauge choice would do.

We are interested in the topology of the Higgs field, ¢. For

simplicity, first consider the static case, where ¢ is time
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independent. Let ¥ = (xl,xz) be a space point, and consider an

infinitesimal closed curve around r. If one mekes a trip around this
'curve and arrives back.at the starting point, the phase of ¢ has

to change by 2wn, where n is an integer. If n = 0, the point ¥ is

a regular point, and if n # 0, it is a kink of winding number n.

A simple example of a kink of winding number n located at =0

is
in6
¢ = const. e, ' (2.3)
*2
where tan 6 = — .
1

If ¢ is time dependent, we still can use the above definition at
a fixed time, and let the position of the kink be a function of time.
Therefore, the position of the kink forms a trajectory in space-time,
which can be conveniently parametrized by some (arbitrary) internal
parameter, T. By continuity, the winding number must be constant over
the trajectory, and so the topological structure of the Higgs field
can be characterized by giving the equations of the trajectories
as functions of the internal parameters 1, as

2

M= i:(ri), , (2.4)

along with the corresponding winding numbers ngs where 2 = 1,2,+++,N,
N = total number of kinks.

We have left the sense in which the trajectory is described

-6-

a;bitrary. This could be fixed by, for example, taking 1 an
increasing function of time. Instead, however, it is best to allow
for trajectories traveling backwards in time and to identify them
with forward traveling trajecyories with opposite sign of winding
number.

The alert reader may have noticed that we have tacitly assumed
the kink trajectories to be timelike. However, in the functional
integral, space and light like trajectoriés must also be included,
and for these trajectories there may be some problems in defining
the winding number. A simple way out of these difficulties is to
continue the functional integral (2.2) to Euclidean space and thus
avoid any possible problems resulting from the Minkowski metric.

The gauge transformations which leave the Lagrangian invariant,

1
+  ——
A, > A+, (2.5)

fall into two classes:

Any trensformation which changes either the location of the
kink trajectory or its winding number will be called a singular
transformation, whereas the transformations which leave the topological
properties of ¢ intact will be called regular transformations. An
example of & singular transformation is the gauge transformation

which straightens out the kink described by Eq. (2.3):
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where f(r) is zero at the origin and rapidly goes to one away from

-in®
¢ +e ¢
the origin; for example, take
2
A +A + A,
W M " f{r) = —5-1;——2- . (2.9)
r +e
1
AR = =3 A, o -
uooe The original trensformations (2.6) are now considered as the
x 1imit of (2.8) as e*0. Eq. (2.7) is now replaced by
= T
b4y = 0, 44, e 2.,.2°
1 2 n ./
I 3,(8)) - 32(AA1) = f (r). (2.10)
My~ e 2. 2° (2.6)
Y

From (2.9), £/(r) tends to 21 times a two dimensional delta

Strictly speaking, the singular trans i i
iy sp g gular transformation given above is function in the limit e+0, and we recover Eq. (2.7). Notice that

not & gauge transformation at the origin. In fact, AAu carries a since the transformation of ¢ is unchanged, the new transformations
singular tube of flux located at the origin: are still singular in the topological sense defined earlier. The
only difference between Eq.'s (2.7) and (2.8) is that the latter smoothes
31(AA2) = 32(AA1) =2n {? 62(;)’ (2.7) out the delta function. Later on, this smoothing will be used

to avoid at least temporarily the divergence difficulties resulting

where T = (x ,x,), r = (x> + x2)1/2. i
1°72 1 2 from the point-like structure of the bare solitons.

This result is verified by the use of Stokes' th
Y s eorem applied We have so far considered only time independent kink trajectories,

to a small circle around the origin in the (x 1 . i
& ( l’x2) plane Alternatlyely, but it is easy to generalize to arbitrary trejectories. Let

to avoid the singularity at the origi 1 -
gul y rigin, replace the second set of = xu(r) be a typical trajectory, and consider a fixed point

transformations in Eq. (2.6) by the following:
2. ( ) by ng on this trajectory corresponding to t = 15 Given the tangent

N ] .
AAl = - f(r) r2 N . ’—CM(TO) = (dd—r -N(T)>
T=To

1
(2.8)
i at that point, we can rotate the coordinate system so that the tangent



points in the time direction, and simply notice that (2.7) is valid
in this coordinate system. The argument applies to any point on

the trajectory, and the result can be written in a covariant form:

AF

uv aU(AAV) - BV(AAu)

e o Jor o 8- xo, (2.12)

where euvx is the complete antisymmetric tensor.

In the special case §i=0, §0=t, ve recover Eq. (2.7). We
also note that this result is invariant under'non-singular gauge
transformations, and so it does not rely on the detailed angular
dependence given in Eq. (2-3), but only on the winding number n.

Eq. (2.11) is easily generalized to several kink trajectories

i:(Tl) with their winding numbers n,:

2wn£ 2 3
8y = Tt ey fdrz xy(ry) 630x - K1), (2.12)

where the integration is over the complete trajectory of the kink.
If one wishes to avoid singular functions, one can replace the delta
function on the right by a smooth function like (2.9) and finally
consider the limit e»0. Finally, Eq. (2.12) is independent of the

choice of parameter t, as it should be.

«10-

III. Soliton Lagrangiaen From

Abelian Higgs Model:

The First Version

The functional integration over ¢ in Eq. (2.2) runs over all
configurations containing arbitrary number of kinks with all possible
winding numbers and trajectories. From now on, only kinks with
winding numbers n=:]1 will be considered in the functional integral
over ¢, and kinks with higher winding number will be assumed to form
by the coalescing of kinks with winding number *1. 1In any case,
classical solitons with |n|>1 are known to be unstable. If they
do exist quantum mechanically, they would probably emerge as bound
states of fundamental solitons with n=1l.

In this section, our goal is to extract the contribution due
to kinks from themfunctional integral. What remains is an integration
over ¢ with no topological configurations. This can be achieved by
means of & singular transformation of the type described in section 2,
which "straightens out" all the kinks. This singular transformation
is not a pure gauge transformation, and there is a contribution to
flux given by Eq. (2.12) which has to be taken into account. It
is this contribution that is usually missed in standard treatments;(lh)
for example, in going over to the "physical gauge" Im{¢)=0, the
singular nature of the transformation involved is usually overlooked.
Cerrying out the singular transformation described above, we have the

following result:
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’ ® N
.2(d) = NZO -I%!-IDAID¢1121 DX,

0y

exp (iI d3x[Juv(x)Fuv(x) +X, (x;il,...’iN)]}

s(a AY), | (3.1a)
where,
L (x3k 5000 ,%y)
= oY ([0,00x) + teA (x) + dedh (x5% %) Jolx)| 2
- %? (|¢|2 - h2)2,
and,

8u(AAv) - 3v(AAu) = AFW

N L
= 9.21 -2;31 €L [drz :-c:(rz) 83[x - X ()] (3.1v)

Let us explain the origin of various terms in this equation.
In the functional integration over ¢, the bar over D restricts the
function space to fields without kinks, and therefore, the integration
over ¢ has to be complemented by explicit functional integration
over the kink trajectories il’ and summation over the total number.of

kinks N. The winding number n takes on the values *1, and if

-]2-

trajectories traveling backwards in time are also included, n can be
taken to be +1, as explained earlier. The factor of 1/N! avoids the
overcounting problem due to the fact that kinks are indistinguishable.
Finally, the contribution of kinks to the Lagrangian is given by (3.16).
The next step is to do the summation over the trajectories in
closed form. This can best be accomplished by the Lagrange multiplier
method: We introduce a Lagrange multiplier field Guv(x) = - Gvu(x)

and another auxilliary field Bu(x) and make use of the following identity:

exp {ifdax X(x9§l$"’ ’)-(N)}

J’DG']DB exp {1 [d3x[xB(x>

- ¢"Y(x) (3,B,(x) - 3B (x)

N .
2n =X 3 brd }
EZI e euvl [dTE xR(Tl) §7[x - % (Tl)]]]}’ (3.2)

where
x =_‘1 F Fuv_).2 (l |2 h2)2
B T Tuv T el - ‘
+ 139 ¢ +1ie(n +B )¢|2.
u u u
This identity can be verified by first integrating over ¢,

picking up a functional delta function, and then integrating over

B. Strictly spesking, there should be a normalization constant on
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the right hand side of the equation; however, this constant cancels
when Green's functions are computed and so it is dropped for simpli-
city.

If Eq. (3.2) is substituted into Eq. {3.1a), it turns out that
the integrations over the particle trajeétories can be done with the
help of the following equivalence theorem relating particle dynamics

to field theory:

-

==

[ -] N
1 , _ 2. 111/2
NZO 5T fg L Dxl exp {i £21 deP. [m(xl(Tl))

+ Q (%, (1,)) K )]}

IDx exp {ifdax [—mzlx(x)lg

+

where x{x) is a complex scalar field. The physical meaning of this
equation is simple: Both sides are equal to the vacuum-vacuum
transition amplitude of theory consisting of charged scalar particles
of mass m in the presence of an external electromagnetic field

Qu(x), and hence, they are equal to each other. The right hand side
of the equation is the standard field theoretic functional integral
for this process and needs no explanation. The left hand side is
the quantum mechanical path integral over the trajectories of charged
particles & la Feynman. The expression in the exponenet is the

parametrization invariant form of the Lagrangian of a charged point

la,x(x) + 1Q (x)x(x) |21, (3.3)

-1h-

particle in an external electromagnetic field. To see this, let

T =1 = time, making use of parametrization independence, and observe

that
al32(0) 112 4 Q [x(1)] #(x)
+ m(1 - v2)1/2 + QO -3y (3.4)

where V = é% x(t) = velocity.

For a full treatment of the correspondence between particle
dynamics based on classical trajectories and field theory, the reader
is referred to footnote (13). For the sake of completeness, we
present a brief formal derivation of (3.3) in the appendix.

Upon substitution of (3.3) and (3.2) in (3.1), the following

result is obtained:
2(J) = fDAfm fncfma exp {ifd3x[pr“"

+ i(x)(x)]} G(BHAU),
where,

(goy - _ 1 APIRT
AVx) = - F P (a2 - 6?2
2 uv
+ lau¢ + ie(Au + Bu)¢| - 26 (aqu)

+]3 x + ELES vaxlz.

1
u e Suvi (3.5b)
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This is the soliton Lagrangian promised earlier. As yet, it

is not in a useful form, since the system has constraints. These

IV. Soliton Lagrangian From
Abelian Higgs Model:

constraints can be gotten rid of by integrating over one of the

auxilliary fields, and depending on the choice of the auxilliary

Later Versions
field, we obtain two Lagrangians different in appearance but
completely equivalent in physical content. We present them in

Let us define a new field Vu by
the next section.

A +B =V, (L.1a)

Written in terms of Vu and Bu’ the Lagrangian of Eq. (3.5b) with the

source term becomes

JW(X)FW(X) + &(X)(x) = - .%;.. (aqu - 3\,13“)2

+

u,v uv uv
- -G -7
(aqu avBu)(a \ )

3 - 2 + 1e v |2
-5 (3qu avvu) + |auo ie u¢|

mi vi 2
+lax + =5 e ¢ X
22 2 .22
-3 (el® - 0% (4.11)
This expression is quadratic in Huv = Bqu - avBu, and there-

fore, the functional integral over Huv is a Gaussian and can be done

easily. However, since
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(3.5 ) = o, | (u.2)

cqu ATuv

only that part of (LI Lo that satisfies

uVA
3 (axcuv + 3AJuv

~—
]

Y (4.3)

will contribute. Note that Eq. (k.1) is invariant under gauge
transformations

iA
X *e X,

e )
v ™ Oy = 37 Eun (3"A). (L.4)
Hence, (L4.3) can be imposed as a gauge condition. Since the external
field Juv is at our disposal, we impose (4.3b) on both J and G
separately for convenience, and carry out the integration over Huv'
Again, dropping an insignificant normalization constant, we obtain

the following result:
2(3) = fnvfﬁofnc exp {ifd3x otgé)(x)}

N uvi
x a(auv ) &(e BAGU\’), (4.5a)

where,

=18~

2
L0 = e B 1411 0, 0"

uv 2ni 2 L JUDY
+G {QJuv APl [x(3%x ) - x (3"x))

uv Hv
(auvv - avvu)} + JWJ - 27 (auvv)

. 2 2
+ lau¢ + 1evu¢l + lauxl
2
A 2 2.2
- (|¢| -.h ). (4.5b)

If the gaug~ constraint on Guv could be eliminated, the
integration over this variable would be a Gaussian and easy to do.

We eliminate the constraint by adding a Lagrange multiplier term to

(x),
LN,

ad = e, O GMo), (1.6)

where ¢ is a real scalar field to be integrated over. With the
help of this trick, the integration over G is done, and the

Lagrangian is cast into the following final form:
2(J3) = fnvfﬁofnw exp {i]d3x &L, (x)}

x d a(auv“), (4.7a)
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where,

2
_ 8w 2,-1
atj -4+ = IxIF17 (o v, - 3 v,

2ni
e

+

€A [x(BAx*) - x*(axx)]

2

+

A uv
f -J
(37y) + 2 Juv) qu

euv)‘

uv 2
-27 (auvv) + Iaux|

+

2
2,6 + e vu¢|2 -3 el? - 03, (4.Tb)

and,

8n2 2
ad=1[1+ = Jx(x,}] <] . (4.7¢)
i
i e

We now make some comments about Eq. (4.7):

a) The field Guv had to be scaled to eliminate the coefficient
of the quadratic term in G before doing the functional integral.
The factor & is the Jacobian that results from this scaling. The
product is over all space time points, and so it is well-defined
only for a lattice theory and becomes singular in the continuum limit.

(15) they

Such singular factors are well-known in the literature;
contribute only to higher order terms (loops) and they are usually
needed to eliminate other singular contributions.

b) The field y is unphysical and decouples on the mass shell.

=20~

It can be eliminated from the Lagrangian by & sujtable gauge trans-
formation on .
c¢) The ¢ integration is supposed to be over functions with no

kinks. One way to ensure this is to transform from the gauge

av =0
M

to the physical gauge
In{¢) = 0. (4.8)
As a result, one picks up an additional Jacobian factor
ar =1 e(x)] {L.9)
i
similar to (L.Tc). Or, one could define a new field o, by
¢ = ot h (4.10)

and imagine a perturbation expansion in powers of ¢t. Such
an expansion is kink free, since any small fluctuation of ¢
around the average value h cannot produce any kinks.
d) If we translate the field ¢ as in Eq. (L4.10), we find the
stagdard Higgs result that the vector field Vu has acquired a mass

ms =2 e2h2. (k.11)
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The theory has the unusual feature that the coupling of the
vector field to the Higgs field is proportional to e, whereas its
coupling to the soliton field x-is proportional to 1/e. Both e
and its inverse are present in the Lagrangian, and any perturbation
expansion in either direct or inverse powers of e seems out of question.
However, a semiclassical expénsion in the number of loops may still
be all right.

e) Our derivation leading up to Eq. (L4.T) nowhere made use
of the equations of motion or, for that matter, of the existence
of spontaneous symmetry breaking. Had we started with a Higgs

self coupling given by

2
ado= - A (1612 + 122 (k.12a)
instead of
A2 2 .22
sl = - 3 (Jo]% - n%) (4.12b)

the vector meson, instead of acquiring the mass given by Eq. (k.11),
would stay massless. Without spontaneous symmetry breaking there are
no classical soliton solutions to the field equations. However, our
derivation goes through, and we face the paradoxical situation of
having & soliton field whereas semiclassically there is none. Our
resolution to this paradox goes as follows: In the absence of
symmetry breaking, the exchange of the zero mass vector meson gives_

rise to Coulomb interaction between charges, which, in three dimensions,

-22-

grows logarithmically with distance. This interaction confines the
electric charge of the solitons, and single soliton states cannot
emerge as free particles. 1In the presence of spontaneous symmetry
breaking, the vector meson acquires a finite mass, the long range
confining interaction disappears, and the solitons are liberated.

f) Although we started with a renormalizable, in fact, super-
renormalizable Lagrangian in 3 dimensions, we ended up with a
Lagrangian that looks, at least superficially, non-renormalizable.
Also, the external source Juv is coupled to a composite field in
(L.7v), and there are additional singularities due to the singular
Jacobian of Eq. (4.7c). It may be that these effects cancel each
other to restore renormalizability. Notice that the singular graphs
come from expanding in powers of l/e, whereas graphs proportional
to direct powers of e are still renormalizable. We shall return to
this question again at the end of this section.

Now turn to Eq. (3.5b), and eliminate B,, instead of Au’ in
favor of Vu through Eq. (4.1a). We also adopt the gauge Im(¢) = O
instead of the Landeau gauge, and let

o712 ¢, = Re(4) - h. (4.13)

The Lagrangien of (3.5b) becomes
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x(x)(x) = - i—F FUV ﬁ ( §+ :ml )2
4 Ty Tk 2 e
1 2.1 2, .6 22
v (e ey (g e )T

+

o
+
«

>

(L.14)

The integral over Vu is a Gaussian and can be done after the

change of variable

v (1 £ 4ty (4.15)

m

which introduces a Jacobian given by

I, (x )17 = (a7, (4.16)
i

where d”, given by Eq. (4.9), is the singular factor that goes
with the gauge Im(¢) = O. These two factors cancel each other,

and we have the following result which is free of singular factors:

2(3) = ]DA]mrfDx [DG exp {i[d3x [ P

+ L)1 s %), (4.17a)

=24~

where,

&~
@
"
]
]
o]
T
<
1
g.|>¢
o
+
14
©
o
~

+
—~
a
=g
~
n
+
(=]
=
<
=

The next step is to do the integration over Fuv’ after choos

the gauge

BaVAy
LI (a"¢"") = 0.

The result is written most conveniently in terms of a vector

field Wu dual to Gu: Defining

_1 )
Gov =2 By Eua W o

we have:
z(J) = fnwfwrfnx exp (ifd3x ;Ce(x)}

x c(auw“),

(k.17o)

ing

(4.18)

(4.19)

(4.20a)
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vhere, | This is the usual Lagrangian describing the interaction of a
L 2 4,2 m, 2 complex scalar field with a massive neutral vector meson, and
x‘? =7 (auor)e - ')iq_ ( ?r + ry Or) perturbation theory can be used in the strong coupling limit dis-
-2 cussed above. The field Wu is the "dual" of the original field
- % (l * % ¢r) (auwv = ava)z Au, as can be seen from the respective couplings of the external

source J to A and W .
uv iy U

uvi
b) The mass of the soliton (x particle) is zero at the level

1
AR

of tree graphs, and the lowest order (in 1/e) loop contributions

+

My 2
laux + 2nd e wuX' . (k.20b) come from the graphs of Figures 1 and 2. If we denote the contri-

butions of graphs 1 and 2 to the self-energy by £. .{p), we have,

1,2
This is the second form of the soliton Lagrangian, and we

2
~162 Y i a% 2% - (p-x)?
e

en3 (p - 0204 - ms)

comment upon it.
z,(p)
a) ;Ca is more suitable for investigating soliton-soliton

interaction in the strong coupling limit mv/e2<<l, whereas X’l

2
is useful for investigating the interaction of the Higgs scalar in zz(p) = 1”,2 32 f d3k3 -—22—2 . (L.22)
the weak coupling limit e2/mv<<1. We therefore have two complimen- ) € () o v
tary pictures of the same basic interaction. - To see this more clearly, The first contribution is finite, and the second one is
let us "freeze" the field ¢, by letting A + =, in vhich limit one linearly divergent. If we believe the derivation leading to
can set ¢ = 0: Eq. {4.20), there is no counter term available to cancel this

divergence! The only counter terms allowed are the ones already

xg X '1lT (auw\, - aku)Q present in the original Lagrangian of Eq. (2.1), and the only
infinite counter term is the mass counter term for the Higgs scalar,
+ —;_ Wﬁ + mv euvk Juvwx + Jquuv which does not cure the divergence problem mentioned above. 1In
reaching this paradox, however, we have tacitly assumed that the
+ Iaux + 2ni m;v‘ Wuxlz. (h.21) Lagrangian given by Eq. (4.21) is not normal ordered with respect

to any of the fields. On the basis of gauge invariance alone, we



-27-

know thet in the quartic term given by

2
2 Iy
2

Ly = b Vﬁ Ix12, (k.22)

[

the factor |x|2 should not be normal ordered. In fact, it is well
known that the graph given by Fig. 4 is needed to cancel the diver-
gence of the graph of Fig. 3. However, there is no such argument
against normal ordering the factor VuVu in Eq. (4.22); on the con-
trary, normal ordering would eliminate the divergent graph given by
Fig. 2, and the lowest order contribution to the soliton mass would
then be finite. We are therefore led to the conjecture that the
factor Vﬁ in the interaction term given by Eq. (4.22) should be
normal ordered. However, such a prescription cennot be simply
postulated; if true, it must follow naturally from the derivation
of Eq. (4.20). Unfortunately our derivation has been too heuristic
to answer such delicate questions about operator ordering. Strictly
speaking, the functional integrals we are dealing with exist only on
a space-time grid, and the limit when the grid size goes to zero
requires careful analysis. We hope to carry out this program and
settle the question of normal ordering in the future.

A finel remark: If this model is imbedded in (1 + 3) dimensions,
the soliton trajectories become surfaces traced out by strings, and
our methods should be able to derive the dynamics of Nielsen-Olesen

strings.
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V. Monopoles in the Non-Abelian

Model in (1 + 3) Dimensions

Our starting point is the Georgi-Glashow model in (1 + 3)

dimensions:

o1 ,ih2, 1 i ik 1 k2
A== (G )%+ 5 (0t + e P a0 o)
22 12 .22 .
-1 [ -1")%, (5.1)
where,
ol = aal -5 al 4 e (E QIpE
HV ¥V VU WV

The SU(2) (isospin) index i runs from 1 to 3, and the space-
time indices u and vrun from 0 to 3. Our metric is (+, -, -, =).

The generating functional Z is given by the following:
z(J) = IDA fw exp (ifdl‘x [a(x)c(x)

+ Lxon G(BHAi)A. (5.2)

In general, C is a composite field built out of A and ¢, and it

can carry various indices, and A is the Faddeev-Popov factor.

We wish to transform from the Landau gauge to the physical
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(Abelian) gauge, where the Higgs field $3(x) points along a fixed
direction in isospin space, which, following the usual convention,
will be taken to be a = 3. Such a transformation is singulaé since
it destroys the topological structure of ¢, which results from the
presence of kinks similar to those given by Eq. (2.3). A static
kink located at ¥ = O looks like

a _ =
¢ =t =
x|

l¢l, & = 1,2,3, (5.3)

or it is related to the above form through non-singular gauge
transformations. The sign in front is the sign of the "charge" of
the kink. The static monopole solution(lo) to the equations of motion
has the topological structure of the kink described above, and the
charge of the kink is proportional to the charge of the monopole. In
general, we have to allow for arbitrary kink trajectories of the type
given by Eq. (2.4), and the resulting complications are best handled

by defining a topological (magnetic) current(16):

_ 1 abc ,.v-a,, .a:by,.B:c
K, =35 Chuap & (2 8(%8)(74%), (5.4)

0b)-1/2 -1'

where $a = ¢® (¢b = ¢a 19| The topological current, ku’
is invariant under non-singular gauge transformations and it is

conserved:

¥k =o. (5.5)
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Furthermore, ku vanishes everywhere except on the trajectory
of a kink. This can easily be verified by lining up oa along a
fixed direction. This argument breaks down at the position of the
kink, where there is a delta function contribution. Consider a

static kink and integrate k., over a volume V around the position of

0

this kink. It is shown in reference {16) that
[ax kyfx) = 2 22 (5.6)
\'

In the genersl case, consider a set of kink trajectories

u ~H

x = XZ(TE)’ 2 =1,2,--,N, (5-7)

with corresponding charges n,6 = +1. Then,

. . .

Mooy = bn - 4 =
kK {x) = < 21 n, jlnz x(1,) 6 [x - xl(TE)]’ (5.8)
where x(1) = é% %x(1) and the integral is over the trajectory of the
kink. This equation summarizes all the relevant topological properties
of the Higgs field.

Now transform into the bhysical gauge. Although this can be

done directly, we proceed indirectly and define the following fields:

8)'1/2’

o = 6] = (% (5.92)

P, =80 ah - 2™ 8% (0 %) 30, (5.90)
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a_ 1 abc b ~C
= — D 9 .
Hu pall ¢ ( u¢ ) (5.9¢)
where D ¢a = Bu¢a + e Eabc Aﬁ&c.

Transforming into the physical gauge is the same as expressing
the Lagrangian in terms of the fields defined by Eq. (5.9), which is

what makes these fields so useful. Since ¢ and F , the electromagnetic

uv
tensor of 't Hooft,(lo) are gauge invariant, they can, in the absence

of kinks, be evaluated in the physical gauge

¢%(x) = %3 (x) . (5.10)
without losss of generality. The result is

F = auA3 -2 Aﬁ. (5.11)

It then follows that AS is the electromagnetic potential. If

H: is also evaluated in the same gauge,one finds

nz =0, Ht’z - At’g (5.12)

¢% 1% = o. (5.13)

These transform homogeneously under the electromagnetic gauge
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transformations (rotations around the 3rd direction in isospin space),
and it is natural to regard them as the charged components of A% and
u

define

Au = = . (5.14)

Eq.'s (5.9) are then the components of A: expressed in a gauge
covariant manner.

So far, we have assumed the absence of kinks. If they are
present, Eq. (5.11) is no longer correct, and it must be replaced

by the following gauge invariant identity(l6):

Fuv = auAv - avAu + Nuv’ (5.15)
vwhere,
_ a8
Au =4¢ Au’
=1 _abc :a b ac
Nuv e € ¢ (3u¢ )(3v¢ ).

In the absence of kinks, ¢& can be lined up along the 3rd
direction; Nuv venishes and Eq. (5.11) is recovered. However,
if kinks are present, Nuv does not vanish, and instead the
following equation holds:

L
2

voaBy _ '
€uvas (2°075) = k- (5.16)
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Combining this equation with Eq. (5.8), we arrive at that

set of Maxwell equations whose source is the magnetic current ku:
1 uvaB - =uv
— H F
2 € (avFuB) av

N
- - l“l ;u h -
=k, = &) on [ar, Hl) €= gl (52D
2=1
Notice thet the magnetic current depends only on the trajectories
of kinks (monopoles) and not on the detailed dynamics of the system.
The other set of Maxwell equations whose source is the electric
current j* can be derived by varying the Lagrangian (5.1) with
3
A = AT
respect to u u

\Y
3 F = %,

where,

Cam
=
"

- +
ie ((A )“(a“A: + 1ea"s))

- (AH)V(3¥AT - 1eA"A")
A\Y v

+

(A7)*(aVa* + 1ea¥a’)
v v

+\u - V-
(A7) (3 A - ieA Av)

+

2 A:[a“(A')" - ieAV(A™)Y)

2 A;[a“(A*)” + 1ea¥(a*)¥1). (5.18)

-3

Having both pairs of Maxwell equations at hand, we wish to
construct a Lagrangian, which, when Ai and ¢ are fixed and treated
as external fields, will have the pair (5.17) and (5.18) ac their
classical equations of motion. Insteed of this indirect gpproach,
had we directly expressed (5.1) in terms of Aﬁ and Au, we would
have gotten Eq. (5.18) correctly, but we would have missed the
source term in Eq. (5.17).

The problem of constructing the Lagrangian for given electric

(17)

and magnetic currents j and k has been solved by Schwinger

and by Zwanziger.(le) We shall follow Zwanziger's approach, in

which one introduces another vector potential Bu’ in addition to

Au, and Fuv is expressed as follows:

o]
L}

-1 a, B
3uAV - avAu + (n+3) "~ (e nk )

uv pvaf

= Chvag (8% - () (n g, -0 g, (5.19)

where n is an arbitrary fixed four vector. The monopole Lagrangian

can now be written as the sum of several terms:
X.(x;xl,“,xN) =KY+Xe+"<m+xc+ O{H. (5.20a})
xe and xm are the electric and magnetic parts of the interaction

Lagrangian, and étH is the Higgs Lagrangian.

The magnetic interaction is simple:
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_ u
£, = k,(x) BY(x), . (5.20b)
where ku is given by Eq. (5.8). The electric interaction is a bit

more complicated since the corresponding current given by (5.18)

depends on A itself:

Le=- [auA: + e A7) [M(AT)Y - 1ea™(a7)"]

(3"a + iea¥a’) (3VA7 - iea¥AT)
] u v v

+

2 [auA: + ieAuA:] [a¥(a™)¥ - iea¥(a™)]. (5.20¢)

This term would be read off directly from the original
Lagrangian (5.1). ‘(c’ the part of the Lagrangian theat includes

only the charged vector mesons, can also be read off from (5.1):

v

Lo=-5 1A - 1) - 2%
e2 +, - -t U=V YIS EN
+ 5 (AuAvi-AuAv) [(AT) (A7) + (A7) (a")"]
- e [A: (A')“]2 + e2¢2 A:(A”)'. (5.204)

Finally, XLY is the free Lagrangian for the electromagnetic

fields given by Zwanziger:
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™

1 2
-5 (auAv - avAu)

1 2
-5 (aqu - avBu)

-1 [n (a%aY - 3Va¥ + MVOB 5 )72
hng ¥ o8

- -—1-2- [nu(a“a" - VY - VOB auAB)]z' (5.20e)
Ln

The generating functional is obtained by integrating over the

3 -
fields ¢,_Au, Bu, A;, as well as x's, the trajectories of monopoles,

in a manner similar to Eg. (3.1):

2(J) = fm fDA fDB fDA" fDA’ (a%)

@ N

1 - . h

=- T Dx, exp {i]a x[J(x)c(x)
NZO N f g=1 * f

+ &(x’;l’...’%)]), (5'213)

where d” is the Faddeev-Popov factor of the physical gauge, similar

to d and &’ of the previous section:
a* = 1 [6Bx]. (5.21b)
i

The integration over the monopole trajectories can be carried out

with the help of Eq. (3.3):
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2(J) = [w [DA fDB ]DA+ IDA‘ (a")
exp (ifdhx [J.Cc + Kﬂ(x)]), {5.22a)

where,

ACEP R AP

+ |au'n +i;11—3uu|2. (5.22p)
In the above equation, the first three terms are the same as in

Eq. (5.20), but the magnetic interaction gets replaced by the last

term, where the field v is a complex scalar monopole fielgd.

Eq.'s (5.20) and (5.22) express the final form of the action
for monopole solitons of Georgi-Glashow model. Many of the comments
made at the end of sections 3 and 4 also apply here. Renormalization
and problems associated with the ordering of operators are left as
open questions. There are also additional problems connected with
Lorentz invariance due to the appearance of a fixed four vector n.

At the beginning of our investigation, we had hoped to establish
a duality between electric and magnetic potentials suggested by
various authors.(lg) However, our final expression does not
exhibit such a symmetry, at least not in any obvious fashion, and
it remains to be seen whether there is still a hidden symmetry that

has escaped us.
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VI. Conclusions and Future Directions

In this paper, we have studied Abelian and non-Abelian gauge
theories with Higgs mechanism which are known to possess non-trivial
solutions (solitons). We have developed a method which enables one
to construct a field theory of solitons and thereby bring out the
hidden soliton content of the original theory. The method works
even when there is no spontaneous symmetr& breaking and no classical
solution. In this case the solitons are probably confined. In
the non-Abelian model in (1 + 3) dimensions, there is an exciting

(20)

possibility suggested by Mandelstam and 't Hooft. When the sign

of h2 in Eq. (5.1) is reversed, it may be that the monopole develops
a tachyonic mass. This would result in a spontaneous violation of
magnetic charge conservation and hence electric charge would be
confined. To test this possibility, one has to compute the mass of
the monopole in some approximation scheme like the expansion in the
number of loops. Again, it is necessary to resolve the renormaliza-
tion problem before attempting such a calculation.

Finally, we would like to stress that we have only considered
kinks of the ﬁiggs field. In non-Abelian gauge theories, the components
of the vector potential A: themselves can have non trivial topological

structure, and a Higgs field may not be needed. Again, this may be a

promising line of future research.
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Appendix

One of us (K.B.) would like to thank S. Mandelstam for helpful
To establish Eq. (3.3), one needs as a preliminary step to

conversations. »
show the equivalence of the reparametrization invariant Lagrangian

- 2. .1/2 -\
xp(x) = Id'r (mlx“(1)) /2, Qu(x)xu(t)] (A.1)
of a particle in an external field Qu(x) and the Feynman form for

the same Lagrangian:

L®) = far (=40 -3 B0+ R0 #(0).
(A.2)
We note that since (A.l) is invariant under reparametrization,
a definite choice of parameter t must be made before it can be used
on the left hand side of Eq. (3.3). A convenient way of doing this

is to set
2= [o% exp (1 X (0) s(IR2(01H2 - 2(0). (A.3)

Here f(t) is an arbitrary but fixed function of 1. In (A.3)
we have neglected an overall constant inedepndent of the dynamical
variables, as we have done throughout the paper. Since Zl is

independent of f, we can "average" over f as follows:
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zZ, = NIl ]Df exp { -;— fdr [m + f(r)]e}

« [0k exp (1 ()] s 12 - 2(1), (A.4)
where,
‘N = [Df exp { - -Z— de [m + f(r)]2} (A.5)

is independent of m and will be dropped. Doing the integral over

f in (A.4) with the help of the delta function, we get
7, = fDi exp [1 L (5], (A.6)

which eétablishes the equivalence of (A.1) and (A.2).

We how consider the boundary conditions at T = %= and
the range of the parameter t. Since there is no source for the
soliton field, the x(t) will be taken to be closed trajectories.

We can therefore impose the condition
x (0) = x (T) (A.T)
Xu( u( ’

vhere 0 and T are the endpoints of the range of t; i.e.,

0£tET, (A.8)

Lo

Since 4cf is not reparametrizatiom invariant, the functional
integral over X must also include an integration over all possible
values of T. These comments can be put together in the form of

the following equation:

z,(Q) = I% § ox

T .
exp {1i Idr [-%-;cz('r) -%mz
0

+ Q [%(0)] ). (A.9)

The circle through the integral sign reminds us of the
boundary condition iu(O) = ;p(T). The factor 1/T in the integration
over T is needed to avoid overcounting. The point 1 = 0 is arbi-
trary and can be piaced anywhere along the trajectory, and so the
same geometrical curve is overcounted in a way proportioﬁal to its
length T because of the arbitrariness of the location of the point
1 = 0. The di;;rgence at T = 0 is not serious since it only contri-
butes to the normalization constant; it can be eliminated by dividing
Zl by its value at zero external field.

We have so far considered only a single trajectory; hovever,.the

sum over all trajectories indicated in Eq. (3.3) can easily be done:

2|

-

© N N
Z = n Dx, exp{i (x,)}
NZO =1 * ;z=1‘tp £

= exp [Zl(Q)]' (A.10)
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where Z, is given by (A.9). The passage from Eq. (A.10) to field

1
theory (or rather, the reverse) is given in reference 13, and for
the sake of completeness, we give a very brief review of their

derivation. One first passes from the Lagrangian form of (A.9)

to the following Hamiltonian form:

Zl=!%?-fD§§Dp

T
exp {i ! drt [p-i + %? (p - Q)2 - m2]}, (A.11)
.
vhere pu(r) is the canonically conjugate variable to the position
coordinate iu(r). Feynman's fundamental result for quantum mechanics

as an integral over classical paths tells us that

2 = [£ (T, (A.12)
0

where, with p and x now operators satisfying [xu,pv] = iguv,

He=4 (p, - Q) (¥ - @ - 4o (A.23)

It is also well known that the boundary condition imposed by closed
trajectories translates into a trace over the Hilbert space of the
Hamiltonian H.

Up to a normalization, (A.12) gives

Z, = Tr (log H) ' (A.ll‘a)

“4h4-
which substituted into (A.10)}, leads to the ;esult
Z{Q) = exp [Tr(log H)] = det (H). (a.15)
However, if one carries out the functional integration over the
field x on the right hand side of Eg. (3.3), upon identifying the

partial derivative au with ipu, one obtains precisely Eq. (A.15).

Eq. (3.3) is therefore established.
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Figure Captions

A self-energy contribution to the vortex. The solid line
represents a point vortex and the wavy line is the massive,
W,

1
A self-energy contribution to the vortex due to lack of

normal ordering.

__A contribution to the self-energy of the photon in scalar

QED. The wavy line is the photon, and the dotted line is

a charged boson.

A contribution to the self-energy of the photon in scalar
QED due.to lack of normal ordering. This graph cannot be
thréwn out since it combines with the‘graph of Figure 3 to
form a gauge invariant result. Gauge invariance requires

no normal ordering.
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