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STRONG RARE EARTH COBALT QUADRUPOLES 
Klaus Halbach 

UC Lawrence Berkeley Laboratory 

- NOTICE-
Tim upon wai prepared u an account of work 
ip.in.ored by tie United State. G m m m . n l . Neither rh. 
United Stelei no, lhe United Slatei fXpulmenl or 
tnngy. noi my of llitii employee., nor my of i lm , 
conlractori, lubconlractori, ot their employee., make, 
•ny wairanry, ettpreis 01 implied, 01 auumei my legal 
liability or leiponilbliily to, the acmiacy, comilelcneu 
or usefulneu oriny Ini'r.milion. ippintui , product or 
Fractal ducloied. or re reienti thai ill uic would noi 
infringe privately owned righu. 

Abstract 

General properties a>s well as specific config
urations of i new family of strong Rare Earth Cobalt 
quadrupoles are discussed. *Work prepared by 
Lawrence Berkeley Laboratory and funded by Los Alamos 
Scientif ic Laboratory for the Department. 

Introduction 

For some applications, one of the performance 
limitations of conventional quadrupoles is caused 
by the power dissipation in the co i l s : I t puts an 
upper l i m i t on the current density that can be 
used, which in turn l im i t s for small aperture 
>|uadrupoles the achievable pole t i p f i e l d far below 
the f i e ld that the properties of steel would allow. 
The subject of this paper is a new desiyn of Rare 
Earth Cobalt (REC) quadrupoles that allows construc
t ion of compact quadrupoles wi th magnet aperture 
f ie lds of at least 1.2T with presently available 
materials. 

Because of space l imitat ions, 1 describe here 
only the basic ideas and most important properties of 
RLC quadrupoles. The detai ls, derivations of formu
las etc . , w i l l be contained in a separate paperJ 
While that paper w i l l have yeneral expressions for 
2N-pole magnets, th is paper is in ten t iona l l y re
s t r i c ted to the discussion of quadrupoles. The 
iiiaynetic propert ies of REC are described in some 
deta i l , even though this descrip t ion does not con
tain anything that has not been known for more than 
ton years. The motivation is my feeling that the 
astounding s imp l i c i t y of th is material is not 
suff ic ient ly well known; and i t is this simplicity 
that leads to a good understanding of REC systems, 
which in tu rn leads to improvements in design. 

REC Properties 
The development of REC mater ials started in 

1966 wi th S t r n a t ' s 2 work. The make up of most 
currently available materials can be summarized as 
follows: I t is a sintered block of small, oriented, 
highly anisotropic crystals (composed roughly of 
one part Rare Earth metal per f i v e parts Co) 
strongly magnetized in the preferred crysta l ine 
direct ion, customarily called the easy axis. 

Figure 1: B,( (H ) for REC 

Figure 1 shows the relationship between ti and H 
in the direction parallel to the easy axis. Present
ly available materials have a remanent f ie ld b r in 
the range .8T to .95T, and materials wi th even 
larger B r w i l l probably be available in the not toe 
distant future. Over a wide range of f ie ld values, 
the B„ (H | () curve is for a l l intents and purposes n 
s t ra igh t l i n e , wi th dB ,, / d / j H , , = A „ =1.04. The 
point on the curve where the B„(H I () curve starts to 
deviate from the straight l ine depends on the mate
r i a l composition and manufacturing process. 

While some materials start to break off in the 
lower part of the second quadrant; others have a 
straight line to 8 , , ^ - . 'C^ .As long as one stays on 
the straight l ine, one can move up and down on the 
B(, (Hi,) curve without any significant change of the 
curve. That means in particular that one can assem
ble a system from magnetized pieces. In the direc
t ion perpendicular to the easy axis, the relat ion
ship between bj. and Hi is given by B x " / • • A H ^ ; 
M' -5; 1.03 and holds over a range of several T. 

A convenient way to express these properties in 
the maynetostatic equations is the following: The 
material behaves l ike a weakly, and sl iyhtly aniso
tropic, permeable material, with either an impressed 
current density 
-» -» 
j = curl H c 

or an impressed charge density 
§ =-div B r } 

wi th Hc and B r equaling vectors of maynitude H c 

and B r in the (local) direction of the easy axis. 

_, For homogeniously magnetized pieces of material, 
j and 9 are zero everywhere except at the surface of 
the p ieces , where one f i n d s a current sheet 
™ = n x Hg (if = un i t vector normal to surface) 
or a surface charge density 
15 = n 5f 
Since,* , , - ! and / " j - |a re so small , i t is fo r most 
purposes suff iciently accurate to say that a piece of 
th is material behaves l ike vacuum with a f ie ld inde
pendent surface current or surface charye.3 One 
of the most significant aspects of this statement 
is the fact that in the absence of saturating 
materials, linear superposition of fields is val id. 
Unless expl ic i t ly stated otherwise, in the rest of 
the paper i t is alway assumed thaty*« r / * j •= / • 

For completeness, i t should be pointed out that 
some oriented ferr i tes behave qualitatively similar 
t o REC, but are q u a n t i a t 1vely d i f f e r e n t : 

y/*t=l.1 or larger; and B r«.2-.35T. 
Properties of a Multipiece Quadrupole 

The crossection of a quadrupole consisting of 
16 trapezoidal REC pieces is shown in Figure 2. The 
arrows in each piece indicate the direction of the 
easy axis throughout that piece. I f the radia l 
symmetry line of a piece forms the angleO? with the 
x axis, then the angle sCbetween the direction of the 
easy axis and the symmetry l ine folluws for this 
design the relationship 

http://ip.in.ored
http://Gmmm.nl


For most of t h i s s e c t i o n , we w i l l discuss the two 
dimensional f i e l d s produced by s t ruc tures such as 
shown in Figure 2 . 

Fhjure "i: Schematic Crossection of 16 Piece 
REC Cjuadrupule 

A plot of the B- l ines i n a 45° s l i c e of the magnet 
shown in Figure 2 i s shown in Figure 3. 

l i unis has a q u a d r u p l e that consists of M t rap 
ezoidal KEC pieces w i t h t he i r easy axes o r ien ted 
according to e q u . ( l ) , and i f one piece i s b isected by 
the +x a x i s , w i t h i n t e r s e c t i o n c o o r d i n a t e s x = 
r i , and x = r ? , t h e n t h e quadrupole s t r e n g t h at 
the aper ture , i . e . x = r ] , i s given by 
2 ( r 1 )=ZB r cos 2 A/ r t • L l U i M . n - i , H t ) (2) 

For M-»JO, i . e . a quadrupole w i th cont inuously varying 
easy axes, equ.(2) reduces to 
B ( r , ) = 2 B r ( l - n / r 2 ) (3) 

In an unpublished in te rna l repor t , J .P . Blewett ' ' 
g i ves t h i s e x p r e s s i o n , but f a i l s t o d i s c u s s the 
a n i s o t r o p y o f t h e m a t e r i a l t h a t i s necessary t o 
produce these f i e l d s or tha t the easy ax is o f the 
mater ial lias t o be arranged according t o e q u . ( l ) 

I f one formulates the va r ia t i ona l problem: how 
should the cont inous ly var iab le easy axes between 
two concentr ic c i r c l e s be or iented i n order t o get 
the largest possib le quddrupole f i e l d i ns ide the 
smaller c i r c l e , one gets equ. (1) as an answer, i . e . 
equ. (3) expresses the strongest quadrupole f i e l d 
achievaule w i t h REC mater ia l between two such c i r c l e s . 
The lb-piece quadrupole shown i n F ig . 2 represents a 
compromise between ease of manufacturing and assem
b l i n g the p ieces; and coming close to f u l f i l l i n g 
equ . (3 ) . The loss i n s t rength due to the f i n i t e num
ber of pieces i s only 6.3%, compared t o losses of 
10.9% and 23.Z% f o r 12 and 8 p iece q u a d r u p o l e s . 

The harmonics possib le in a s t ruc tu re cons is t ing 
of M iden t i ca l pieces w i t h t h e i r easy axes or iented 
according to equ. (1) are given by 

n=2+/*M; M = 0 , l , 2 . . . (4) 

Equ. (4) expresses a high degree of symmetry. That 
symmetry is a direct consequence of a general theo
rem: If in an assembly of KEC pieces, all easy axes 
are rotated by the angle p, then the direction of the 
magnetic field everywhere outside the REC is rotated 
by the angle-^ 

ni w-ftn 
Figure 3: F ie ld Lines in 4b° S l ice uf 16 Piece 

KEL ljuadrupole 

wi thout any change in magnitude. This theorem is 
va l i d only in two dimensions, and then only i f t h t r e 
are no mater ia ls w1th/»*l present. 

The f i r s t undesirable harmonic f o r thu 16 piece 
quadrupole i s rather la rge , but can be made zero by 
having t h i n non-magnetic sheets between adjacent 
pieces. The f i r s t undesirable harmonic (n = 34) is 
then of such high order to be of no concern. 

The f i e l d r a d i a l l y outside a mul t ip iuce quadru
pole i s very weak and decays l i k e r^"'1. In the un
l i k e l y event that that s t r a y f i e l d should be of con
cern , i t can be el iminated w i t h a th in s i . l t i ron 
s h i e l d , w i thout having a s i g n i f i c a n t e f fec t on the 
f i e l d s i n the aperture reg ion . 

Because of the l inear superposi t ion of f i e l ds 
produced by REC assemblies, a quadrupole wi th ad jus t 
able grad ient can be made by p lac ing a small REC 
quadrupole i n t o the aperture region or a larger REC 
quad, and r o t a t i n g one r e l a t i v e to the other. Simi
l a r l y , one can place a REC magnet i n to a convention
al magnet and obtain l i near superposi t ion of f i e l d s 
provided the REC is not dr iven out of the range where 
the B (H 1 () i s a s t ra igh t l i n e . 

Another d i rec t consequence of the va l i d i t y of 
the l i n e a r superposi t ion p r i n c i p l e is the property 
tha t the e f f e c t i v e length of a REC quadrupole is the 
same as i t s physical l eng th . Computing the three 
dimensional f r inge f i e l d s of the quadrupole shown 
in Figure 2 involves only elementary transcendental 
f unc t i ons . However, a f a i r amount of bookkeeping 
and compu ta t i on of c o o r d i n a t e t r a n s f o r m a t i o n s i s 
i nvo lved , since one has to compute the f i e l ds pro
duced by " 8 d i f f e r e n t r e c t a n g u l a r charge shee ts . 

3 u i l t by MEN 
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A photoyraph of a 16-piece quadrupo'le b u i l t by 
New England Nuclear^ i s shown i n F i g . ( 4 ) . Measure
ments on that quadrupole, as wel l as analys is w i t h 
t lie computer code PAIJUIKA 6, c o n f i r m p r e d i c t i o n s 
frui . i the i d e a l i z e d t h e o r y , w i t h the e x c e p t i o n of 
SI.I a l l e f f e c t s due t o non z e r o v a l u e s o f 

/*u~^ and / * . ! . " ' . The on l y such e f f e c t wor thy t o 
note is the presence of harmonies other than those 
y iven by equ. (4) . They are , however, very sma l l : 
The f i e l d e r ro r at the maynet aperture duef»n=b is 
, i " „ ; n-14: . l%; n=10: too small to measure. While 
ai.ipl l tu i les are s u f f i c i e n t l y small t o be of any con
c e r n f o r most a p p l i c a t i o n s , they cou ld be tuned 
away i f i t were necessary. 

As lony as e q u . ( l ) i s observed and a reasonable 
volume f i l l i n g fac to r is achieved, any arrangement 
of kli i nd te r i d l w i l l g i v e a quadrupole w i t h a 
s t reng th close to that g iven by equ. (3) . Depend
ing or, circumstances, a v a i l a b i l i t y of i i ia ter ia l e t c . , 

oni' might, fur instance want to use t i y h t l y packed 
c i r c u l a r rods that are d iagona l l y magnetized. The 
ijuiidrupole shown in F igure 1 serves only as an exam
ple of a system that is f a i r l y eas i ly manufactured 
,iiid tomes close to the s t r eng th given by e<|U.(3). 

I he quaurupole shuwn i n l i y . ( l ) requires pieces 
w i t h t i ve d i f f e r e n t or.L en ta t ions of the easy ax is 
r e l a t i v e to the symmetry l i n e of the pieces. That 
iHji.il.fr tan be reduced to four by ro ta t i ng the easy 
axis in every piece of the magnet by 'i'i.'}". However, 
the benef i ts from that reduct ion of the number of 
d i f f e r e n t pieces are not r e a l l y s i g n i f i c a n t . 

Tne advantages of these RLC quadrupoles are ob
v ious: For small apertures they produce quadrupole 
f i e l d s at the magnet aper tu re tha t are much l a r g e r 
than those achievable w i t h any other method, they 
are compact, arid they need ne i ther power suppl ies 
nor c o o l i n g . The d i sadvan tages are ma in l y c o s t : 
When no machining is necessary the pr ice of ready 
t o use KEC i s o f the o r d e r of l - i ! $ c i i r 3 . When 
accurate Grinding i s necessary, the pr ice goes up 
t o lOSci. fJ f o r l a r g e q u a n t i t i e s , and 3(J$cm"3 f o r 

si,;a 11 q u a n t i t i e s . I t i s p o s s i b l e , a t l e a s t i n 
p r i n c i p l e , to replace par t of the REC ; n a quadru
po le w i t h so f t s teel w i thou t changing the f i e l d i n 
the aperture region. However, the savings i n REC 
mate r ia ! are probably not s u f f i c i e n t t o o f f s e t the 
add i t i ona l gr ind ing cos ts . 

The magnetic p roper t ies o f KEC am f a i r l y insen
s i t i v e to temperature up t o lbO°C, and w i t h proper 
p r e c a u t i o n s , one can o p e r a t e at tempera tu res o f 
2UU-250oC. REC is b r i t t l e , and the magnetic fo rces 
between p ieces are s u b s t a n t i a l , r e q u i r i n g r a t h e r 
care fu l assembly procedures to pro tect the ma te r ia l 
(and f i n g e r t i p s ! ) from damage. 

Generalizations 
Mul t ipo le magnets o f order N w i l l a lso be de

s c r i b e d i n R e f . ( l ) . Equ ' s (1 ) and ( 4 ) become i n 
the general case of a mu l t i p i ece 2N pole: 

<<•= Nf (5) 

W -- Ni/i M , /A: 0,1,1 (6) 

I f t he i n d i v i d u a l p i eces a re t r a p e z o i d s , e q u . { 2 ) 
becomes . u 

For a d ipo le ( N = l ) , equ.7 becomes i (8) 
!3=Br costrr//i)'1*1 *,/*,) : 

Linear arrays of RIO magnets afe used t o contain 
plasmas, and w i l l probably be used, in ' he fu ture as 
wiyy lers f o r the prcduct ion of sync' i rotrun rad ia t ion 
in e lect ron storage r ings . The ampl icat ion of the 
concepts developed fo r construct on of mul t ipo le 
magnets to these l i nea r arrays w i l ! l a lso ue treated 
in a forthcoming p u b l i c a t i o n . 
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