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ABSTRACT OF THE DISSERTATION

Orbit Equivalence and Von Neumann Rigidity for
Actions of Wreath Product Groups

by

James Owen Sizemore
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2012

Professor Sorin Popa, Chair

We use deformation-rigidity theory in the von Neumann algebra framework to study prob-
ability measure preserving actions by wreath product groups and their associated von Neu-
mann algebras. In particular, we single out large families of wreath product groups satisfying
various types of orbit equivalence (OE) rigidity.For instance, we show that whenever H, K,
I, A are icc, property (T) groups such that H[' and K ! A admit stably orbit equivalent
action o and p such that o|r, p|a, o|gr, and p|ga are ergodic, then automatically or is stably
orbit equivalent to py and o|gr is stably orbit equivalent to p|ga. Rigidity results for von
Neumann algebras arising from certain actions of such groups (i.e. W*-rigidity results) are

also obtained.

1



The dissertation of James Owen Sizemore is approved.

Dimitri Shlyakhtenko
Yehuda Shalom
Jens Palsberg

Sorin Popa, Committee Chair

University of California, Los Angeles

2012

1l



To my parents

v



TABLE OF CONTENTS

2 Malleable Deformations of Factors Associated to Wreath Product Groups| 7

[3 Intertwining Techniques for Subalgebras of Wreath Product Factors| . . 9
[4 Rigid Subalgebras of M|. . . . . .. ... ... o oL 18
> Commuting Subalgebras of M| . . . . . ... ... ... ... ... ...... 25
6 OE-rigidity results|. . . . . . . . ... .. ... 29
[r Wrrigidity results| . . . . . . .. .. ... . 35

8 On Uniquenesss of Tensor Products Decomposition and Relative Amenabil- |

0y, . o e 41
9 Generalization of Intertwining Techniques for Wreath Products| . . . . . 44
(10 Proof of Uniqueness of Tensor Product Decomposition|. . . . . . . . . .. 48
Referencesl. . . . ... ... ... .. ... 50



ACKNOWLEDGMENTS

I would first like to give my deepest gratitude to me advisor Sorin Popa for his encouragement,
guidance, and support. I would like to also thank all those who have been a part of the

functional analysis group at UCLA over the last 6 years.

This thesis is based on two papers. The first I coauthored with Sorin Popa and Ionut
Chifan, and the second I coauthored with Adam Winchster. The bibliographical information

is below.

e [. Chifan and S. Popa and J. O. Sizemore, Some OFE and W*-rigidity results for actions
by wreath product groups. (2011), Preprint, arXiv:1110.2151v1.

e J.O. Sizemore, A. Winchester, A Unique Prime Decomposition Result for Wreath Prod-
uct Factors. (2011), Preprint, arXiv:1110.3389v1

vi



ViTA

2006 B.A (Mathematics), University of California, Berkeley.

2008 M.A. (Mathematics), University of California, Los Angeles.

2010 NSF East Asia and Pacific Summer Institutes (EAPSI) Summer Fellowship
2011-2012 UCLA Dissertation Year Fellowship

PUBLICATIONS AND PRESENTATIONS

Presentations

Geometry and Physics seminar, Penn State University. March 2010

Eighth Annual NCGOA Spring Institute, Vanderbilt University. May 2010

Operator Algebra Seminar, University of Tokyo. July 2010

2010 Fall AMS Western Sectional Meeting, UCLA.Oct. 2010

Subfactor Seminar, UC Berkeley. Oct. 2010

Subfactor Seminar, Vanderbilt University. Oct. 2010

vil



AMS/MAA Joint Annual Meeting, New Orleans. Jan. 2011

Group Actions on Measure Spaces Conference, Texas A&M, March 2011

Publications

T. Mattman, J.O. Sizemore, Bounds on the Crosscap Number of Torus Knots. Journal of

Knot Theory and its Ramifications. 16 (2007), no. 8, 1043-1051.

K. Mahdavi, B. Nguyen, R Ranalli, J.O. Sizemore, A. Stout, C. Swanson, Finite C-groups.
Glob. J. Pure Appl. Math. 3 (2007), no. 1, 19-26.

I. Chifan, S. Popa, J.O. Sizemore, OF and W*-Rigidity Results for Actions of Wreath Product
Groups. (2011), Preprint, arXiv:1110.2151v1, Submitted to Journal of Functional Analysis.

J.O. Sizemore, A. Winchester, A Unique Prime Decomposition Result for Wreath Product
Factors. (2011), Preprint, arXiv:1110.3389v1, Submitted to Pacific Journal of Mathemat-

ics.

viil



CHAPTER 1

Introduction and Notations

The purpose of this work is to study rigidity phenomena in von Neumann factors of type II;
and orbit equivalence relations arising from actions of wreath product groups on probability

measure spaces, by using deformation /rigidity methods.

Rigidity in von Neumann algebras (or W* — rigidity) occurs whenever the mere iso-
morphism of two group measure space 11y factors L®(X) x ' ~ L>*(Y) x A (or of two
group factors L(I') ~ L(A)), constructed from free, ergodic, measure preserving actions of
countable groups on probability spaces, I' ~ X, A ~ Y (respectively from infinite conju-
gacy class groups I', A), forces the groups/actions to share some common properties. The
similar type of phenomena in orbit equivalence, (OE), ergodic theory, which derives common
properties of the actions I' ~ X, A ~ Y from the isomorphism of their orbit equivalence
relations, is called OF-rigidity. These two types of results are in fact closely related, as
any OE of actions implements an isomorphism of their associated group measure space von
Neumann algebras (cf. [Sin55]), i.e. a W*-equivalence of the actions. In other words, orbit
equivalence is a stronger notion of equivalence for group actions than W*-equivalence, thus
making W*-rigidity results more challenging to establish than OE-rigidity. The ultimate
purpose for studying such phenomena is, of course, the classification of group measure space
IT; factors and equivalence relations in terms of their building data I' ~ X. In this respect,
the “rigidity” point of view offers a more suggestive and nuanced terminology, and a far

more intuitive set up.

W* and OE rigidity can only occur for non-amenable groups, as by a celebrated result

of Connes ([Con76]) all II; factors L>°(X) x I' with T" amenable are approximately finite



dimensional and thus isomorphic to the so-called hyperfinite factor R. Similarly, all measure
preserving (m.p.) ergodic actions of amenable groups on the standard probability space are
OE (JOWS&O0], [CEWS&I]). Moreover, non-amenable groups give rise to non-hyperfinite I1I;
factors and orbit equivalence relations. It has been known for some time that non-amenable
groups can produce many classes of non-isomorphic II; factors and orbit equivalence rela-
tions ([MV43],[Dye63],[McD69],[ConT75], [Con80],[Zim80], [Pop86],[CH89]), indicating a very
complex picture, and a rich and deep underlying rigidity theory. But it was during the last
ten years that this subject really took off, with an avalanche of surprising rigidity results

being obtained on both OE and W* sides.

Much of this is due to the emergence of deformation/rigidity theory ([Pop06¢|, [Pop06b],
[Pop06d], [Pop07]), a set of techniques that exploits the tension between “soft” and “rigid”
parts of a group measure space II; factor M = L*>°(X) x I, in order to recapture the initial
data I' ~ X, or part of it. This approach is based on the discovery that if the group
action has both a “relatively soft” part and a “relatively rigid” part, complementing one
another, then the overall rigidity of the resulting II; factor M is considerably enhanced. The
“soft spots” of an algebra M are gauged by deformations by completely positive maps, a
prototype of which being malleable deformations, that for instance Bernoulli and Gaussian

actions have.

It is due to such a combination/complementarity of “soft” and “rigid” parts that wreath
product groups G = H ! I" have soon been recognized to be “exceptionally rigid” in the von
Neumann algebra context. Indeed, it was already shown in [Pop06d] that any isomorphism
between group II; factors L(G) ~ L(G’), with G = HT', G’ = H' ! T” wreath product
groups, H, H' abelian and I', I having property (T) of Kazhdan, forces the groups I',I"” to
be isomorphic. The same was in fact shown to be true if I',I” are non-amenable product
groups ([Pop08§]) and for certain amalgamated free product groups I' (with IV arbitrary!) in
[PV10], while in [Ioa07] it is shown that for non-amenable ICC groups H, H' and amenable
groups I', IV, the isomorphism L(G) ~ L(G') implies I' ~ I". Also, II; factors L(G) arising

from wreath products G = HI" with H amenable and I' non-amenable were shown to be



prime in [Pop08], a fact that was later strengthened significantly, in two ways: a relative
solidity result for such L(G) is proved in [CI10], while a unique prime decomposition result for
tensor products of such factors is obtained in [SW11]. Finally, let us mention that in [IPVII],
a large class of generalized wreath product groups G were shown to be W* — superrigid, i.e.
any isomorphism between L(G) and the II; factor L(G’) of an arbitrary group G’, forces
G~dq.

It has been suggested that a group measure space factor and orbit equivalence relation
arising from ANY action G ~ X of a wreath product group G = H{I' may exhibit a certain
level of rigidity. This has been confirmed at the OE-level by Hiroki Sako in [Sak09], who
was able to prove that for a large class of groups I', the OE class of an action H{ ' ~ X is
completely determined by the OE-class of its restriction I' ~ X. More precisely, he showed
that, if two actions by wreath products groups are orbit equivalent, H1I' 2o K1 A, where
H, K are amenable and I', A are products of non-amenable, exact groups, then I' Zpp A.
His methods rely on Ozawa’s techniques involving class S groups ([Oza04],[Oza06]) thus

being C*-algebraic in nature and depending crucially on exactness of the groups involved.

In turn, in this paper we use a deformation/rigidity approach to this problem. This will
allow us to exhibit several large classes of groups for which the OE rigidity phenomenon
described above holds. It will also allow us to obtain some W*-rigidity results of a similar
type.

In order to state our OE rigidity result in its full generality, we recall the following
terminology (see e.g. [Gab05], [Fur99]): Two groups I',A are stably orbit equivalent, or
measure equivalent (ME), if there exist free ergodic probability measure preserving actions
' (X, pu), A ~* (Y, v), subsets of positive measure Xy C X, Yy C Y and an isomorphism
of the corresponding probability spaces 6 : (X, po) ~ (Yorp) (where pg = p/u(Xo), vo =
v/v(Yy)), such that 0(T't N Xy) = A(6(t)), for almost all t € X5. We then write I' =y, 5 A for

the groups and o ~gog p for the actions.

We consider the following three families of groups: for each £k = 1,2,3, we denote by

WR(k) the collection of all generalized wreath product groups H ¢; I' with T icc, I a I'-set



with finite stabilizers and satisfying the condition:

1. T has property (T) and H has Haagerup’s property;
2. I'and H have property (T) and H is icc;

3. I' is a non-amenable product of infinite groups and H is amenable.

With this notation, we obtain the following:

Theorem 1.1. Let Hy ', K3y A € WR(k) for some k = 1,2,3. If a measure preserving
action, o, of H iy I" is stably orbit equivalent to a measure preserving action, p, of K 15 A,
and both o|r and p|p are ergodic then o|r follows stably orbit equivalent to p|x. Moreover, if

HuT, Ky Ae WR(2) and both o|gr and p|gs are ergodic, then we additionally have that

olur Zsor plir-

To prove the above result, we exploit the fact that the group measure space von Numann
algebra M associated to an action of a wreath product group H T is “distinctly soft” on its
H_part, independently of the action. In turn, the fact that I' acts in a very mixing way
on HT) makes I' “strongly singular” (or “malnormal”) in M. When combined with rigidity
assumptions on I'; this allows us to first extract information about the associated crossed
product von Neumann algebra regardless of how the group acts, then finally deducing the

above OE rigidity result.

On the other hand, if we now assume that I' acts compactly on the probability space X,
then we can distinguish the subalgebra L(H ) on which I" acts mixingly from the subalgebra
L*>(X) on which it acts compactly. This allows us to obtain the following strong W*-rigidity

result:

Theorem 1.2. Let H, K be amenable groups and I'; A groups with the property (T). Assume
that H?I' ~° X and KQA ~P'Y are free, measure preserving action such that oy is compact,
ergodic and pjy is ergodic. If L°°(X) »x (HI') ~ L®(Y) x (KQA), then T n7Ir X s virtually

conjugate to A ~NIa Y.



In the last few chapters we adapt these techniques to von Neumann algebras arising from
actions of direct products of wreath product groups and this allows us to get a uniqueness

of tensor product decomposition type theorem as described below.

Theorem 1.3. Let Ay, ..., A, be non-trivial amenable groups; Hy, ..., H, be non-amenable

groups; and Q1,...,Qr be diffuse von Neumann algebras such that
M=LA H)®...QL(A, 1 H,) = Q1®...RQ

If k > n, then n = k, and after permutation of indices we have that L(A; 0 Hy) ~ QY for

some positive numbers ty,ts, ... t, whose product is 1.

Organization of the paper. In the second chapter we describe the von Neumann algebras
we will be studying and the deformation that we will be using. In the third chapter we collect
various intertwining results concerning subalgebras of von Neumann algebras arising from
actions of wreath product groups. The fourth and fifth chapter are dedicated to the heart
of the deformation/rigidity arguments of the paper, and focus on locating the malnormal,
rigid subgroup I' of a wreath product H ! I'. Chapter six deals with the application to
orbit equivalence theory while chapter seven deals with application to W* strong rigidity.
In chapter eight we explain the relevant background material for the uniqueness of tensor
product result. The last two chapters deal with the proof of preliminary results as well as

the proof of the final uniqueness theorem.

Notations. Throughout this paper all finite von Neumann algebras M that we consider are
equipped with a normal faithful tracial state denoted by 7. This trace induces a norm on N
by letting ||z]|2 = 7(z*z)2 and L%(M) denotes the || - ||o-completion of M. A Hilbert space

H is a M — bimodule if it carries commuting left and right Hilbert M-module structures.

Given a von Neumann subalgebra () C M we denote by Eg : M — M the unique
T-preserving conditional expectation onto Q. If eq is the orthogonal projection of L?(M)
onto L*(Q) then (M, eg) denotes the basic construction, i.e., the von Neumann algebra
generated by M and eq in B(L*(M)). The span of {reqy | x,y € M} forms a dense x*-

subalgebra of (M, eq) and there exists a semifinite trace T'r : (N,eq) — C given by the



formula Tr(zeqy) = 7(zy) for all z,y € M. We denote by L*(M, Eg) the Hilbert space

obtained with respect to this trace.

The normalizer of Q inside M, denoted Ny (Q), consists of all unitary elements u €
U(M) satisfying uQu* = @. A maximal abelian selfadjoint subalgebra A of M, abbreviated
MASA, is called a Cartan subalgebra if the von Neumann algebra generated by its normalizer

in M, Ny (A)” is equal to M.

If ' ~% A is a trace preserving action by automorphisms of a countable group I' on a
finite von Neumann algebra A we denote by M = A x, I the crossed product von Neumann
algebra associated with the action. When no confusion will arise we will drop the symbol o.
Given a subset ' C I, we will denote by Pr the orthogonal projection onto the closure of
the span of {au, | a € A;y € F}.

Given w a free ultrafilter on N and (M, 7) a finite von Neumann algebra we denote
by (M¥,7%) its ultrapower algebra, i.e., M¥ = (*(N, M)/Z where the trace is defined as
7((2n)n) = lim, ., 7(x,) and Z is the ideal consisting of all x € ¢*°(N, M) such that
T¥(z*z) = 0. Notice that M embeds naturally into M* by considering constant sequences.

Many times when working with M = A x I we will consider the subalgebra A“ x I' of M¥.

For all other notations and terminology, that we may have omitted to explain in the

paper, we refer the reader to [Pop08], [PV10], [Vael0].



CHAPTER 2

Malleable Deformations of Factors Associated to

Wreath Product Groups

Let H and I" be two countable discrete groups and assume that I is a ['-set. We denote by
H' = @, H the infinite direct sum of H indexed by the elements of I, which can also be
viewed as the group of finitely supported H-valued functions on I, with pointwise multipli-
cation. Next consider I' acting on H' by the generalized Bernoulli shift i.e. py((s,).er) =
(84-1.)ier for every g € I'. The corresponding semidirect product H! x, "= H ;I is called
the generalized wreath product of H and I' along I. Throughout this paper, for every ¢ € I

we denote its stabilizing group by I', = {g € I' | gv = ¢}.

Given (A, 7) a finite von Neumann algebra, let H iy I' ~7 (A, 7) be a trace preserving
action and denote by M = A x, (H;I') the corresponding crossed product von Neumann al-
gebra. One important feature of these algebras is that they admit s —malleable deformations,
in the general sense of [Pop07]. More specifically, this is obtained as a combination of the
Bernoulli-type malleable deformation in [Pop06¢|, [Pop06d] and the free malleable deforma-
tions in [Pop06¢], [[PP0S], being very similar with the malleable deformation considered in

[[oa07]. The detailed construction is as follows.

Denote by H = H+Z and then extend o to an action, still denoted by o, Hi;T' ~° (A, 1)
by letting the generator u of Z to act trivially on (A, 7). This gives rise to a crossed product

von Neumann algebra M= Ax, (lf[ r I') and observe that M C M.

Seen as an element of LZ, u is a Haar unitary and therefore one can find a selfadjoint

element h € LZ such that u = exp(ih). For every ¢t € R, denote by u’ = exp(ith) € LZ



and observe that Ad(u') €Aut(LH). We further consider the tensor product automorphism
0, = ®;Ad(u') € Aut(LH') and since §, commutes with p then it can be extended to an

automorphism of M which acts identically on the subalgebra A x, .

From the definitions one can easily see that lim, o ||u’ — 1]]s = 0 and hence we have
limy_o ||6s(x) — z||s = O for all z € M. Therefore, the path (6;);er is a deformation by

automorphisms of M.

Next we show that 6§, admits a “symmetry”, i.e. there exists an automorphism S of M

satisfying the following relations:

B*=1, B, =1id,,, B08=10_, forallteR. (2.1)

To see this, first define 5, = id| , and then for every « € I we let (u), to be the element in
LH" whose ("-entry is u and 1 otherwise. On elements of this form we define 3((u),) = (u*),,
and since § commutes with p, it extends to an automorphism of L(lf[ 7I') by acting identically
on LI'. Finally, the automorphism 3 extends to an automorphism of M, still denoted by 8,
which acts trivially on A. Verifying relations is a straightforward computation and we

leave it to the reader.

For further use, we recall that all malleable deformations admitting a symmetry (i.e.

s-malleable deformations) satisfy the following “transversality” property:

Theorem 2.1 ([Pop08]). For allt € R and all x € M we have that

102¢ () = xll2 < 2[0:(x) = Enr 0 Ou(2) ]2



CHAPTER 3

Intertwining Techniques for Subalgebras of Wreath

Product Factors

We review here the techniques of intertwining subalgebras in [Pop06a], [Pop06d], which
are an essential part of deformation/rigidity theory. Given a projection py € M and two
subalgebras P C M and Q) C pyMpy one says that a corner of P can be embedded into Q)
inside M if there exist nonzero projections p € P q € (), nonzero partial isometry v € M
and a x-homomorphism v : pPp — qQq such that vz = ¢ (z)v, for all x € pPp. Throughout

this paper we denote by P <,; (Q whenever this property holds and by P £, () otherwise.

Theorem 3.1 (Popa, [Pop06d]). Let (M, 1) be a finite von Neumann algebra with P C M,

@ C M two subalgebras and consider the following properties:

1. P =<y Q

2. Gwwen any subgroup G C U(P) such that G = P then for all x1,xo,...,x, € M and

every € > 0 there exists u € G such that

| Eg(ziuz;)||2 <€, foreveryl <i,j<n.

3. Given any subgroup G C U(P) such that G" = P there exists a sequence u, € G such
that

lim || Eg(zu,y)||2 = 0, for every x,y € M.
n—oo

Then one has the following equivalences:

non(1l) < (2) < (3)



Based on this criterion, we present below a few intertwining lemmas needed in the coming
sections. The first result we prove deals with embedding of normalizers and will be used quite
extensively in Section 5. Roughly speaking, given () a regular subalgebra of M with ) C
N C M and G a subgroup of normalizers of () in M, if there exits a nonzero partial isometry
intertwining G” into N then one can find a nonzero partial isometry in M intertwining the

(possibly larger) algebra (U(Q)G)” into N. The precise statement is the following:

Lemma 3.2. Let Q C N C M be finite von Neumann algebras such that Ny (Q)" = M. If
G C Nu(Q) is a subgroup such that G” <y N then (U(Q)G)" <u N.

Proof. Suppose by contradiction that we have (U(Q)G)" Au N. Therefore, by Theorem [3.1]

there exists an infinite sequence z, = a,u, € U(Q)G with a, € U(Q) and u,, € G such that
lim ||En(zz,y)||2 =0 for all z,y € M. (3.1)
n—oo

Taking z = y = 1 in (3.1)) it is immediate that the sequence (u,), must be infinite. Below
we prove that

lim ||En(zu,y)|l2 = 0 for all z,y € M. (3.2)
n—oo

Fix two arbitrary unitaries 2,y € Ny (Q). Then for all a, we have za,z* € U(Q) C N
and using (3.1)) we deduce that:

lim ||En(zu,y)||2 = lim ||za, 2" Ex(xuny)|le =
n—oo n—oo

= Jim || B (w0,2° 2u,y) |2 = T || Ex(wz,)] =0

The above convergence extends to all elements x, y that are finite linear combinations of uni-

taries in N/ (Q) and furthermore, using || - ||2-approximations, to all elements x, y belonging

to N (Q)”. Since Ny (Q)” = M, this completes the proof of (3.2)).

Finally, by Theorem convergence (13.2)) implies that G” 43 N thus leading to a

contradiction. O

The next lemma is more specialized, providing a criterion for intertwining certain sub-

algebras inside von Neumann algebras arising from actions by wreath product groups. In

10



essence the result is a translation of Theorem [3.1] in the setting of ultrapower algebras and
we include a proof only for the sake of completeness. The reader may also consult Section 3

in [Pop06e] or Proposition 2.1 in [CP10], for a similar arguments.

Lemma 3.3. Let H;I' ~ A be a trace preserving action on a finite von Neumann algebra A.
Denote by M = Ax (H ) and let P C M be a IT; subfactor such that Ny (P) N M = C1.
If S C I is a subset, then P <y A x H® implies P¥ C (A x H%)“ \V M. When assuming

S =1 the two conditions are actually equivalent.

Proof. Assume P <j; Ax H®. Therefore one can find nonzero projections p € P, ¢ € AxH?,
a *-homomorphism v : pPp — q(A x H®)q and nonzero partial isometry v € M such that
vi(x) = zv for all @ € pPp. The last equation implies that vv* € (pPp)’NpMp and therefore
we have the following

pPpuv* = vip(pPp)v* C v(A x H)v*. (3.3)

We notice that there exists nonzero projection p’ € P’ N M such that vv* = pp’ and
combining this with (3.3]) we obtain

(pPp)“p’ C (A x H%)* VvV M. (3.4)

Since P is a II; factor then after shrinking the projection p if necessary one may assume
that p has trace %, for some positive integer k. Also, for every 1 < 4,7 < k there exist
partial isometries e;; € P such that ej; = p, ef; = e, ejjej; = ez € P(P) and ) e, = 1. If
(xn)n € P¥ then using the above relations in combination with p’ € P’ N M we have

@)@ )n = (@) = O €iswneiip)n = > _(enenzneneip)n
i

i?j

= Z(eil)n(eli%@jl)n(?/)n(elj)n. (3.5)

2%
One can easily see that (ey;x,€j1), € (pPp)* and combining this with and we
conclude that (z,,),(p')n € (A x H%)* VvV M, thus showing that P“p’ C (A x H%)* Vv M.
Conjugating by u € Ny (P) C Ny (P'N M) we obtain PYup'u* C (A x H%)“V M, for all
u € Ny(P), and hence P¥py C (AxH)“VM where py = Vyen,,(pyup'u* € P'NM. Tt is clear

11



that po commutes with Ny, (P) and thus it belongs to Ny (P) N (P’ N M). By assumption
we have Ny (P)' N M = C1 which forces py = 1 and therefore P* C (A x H)“ vV M.

For the converse we proceed by contraposition, i.e., assuming S = I we show that P 4,
A x H" implies P* ¢ (A x H)* Vv M. If P Ay A x H', by Theorem , there exists a
sequence of unitaries a,, € U(P) such that for all z,y € M we have ||E s, q1(zany)|2 — 0 as
n — oo. This implies a L M(Ax H')*M, where a = (a,), € P* and since M(Ax H!)*M =
(A x H")* Vv M we conclude that P ¢ (A x H')* Vv M. O

In the following lemma we collect three situations when we have good control over inter-
twiners between certain subalgebras of von Neumann algebras arising from actions of wreath
product groups. The result is a mild extension of Theorem 3.1 in [Pop06d], and has exactly

the same proof, which however we include here for the reader’s convenience.

Lemma 3.4. Let Hyy ' 7 (A, T) be a trace preserving action on a finite algebra A. Denote

by M =Axs (HyT), M=Ax, (HyT) and P=AxT.

1. Let ¢ € M be a projection and QQ C qMgq be a von Neumann subalgebra. Assume
that for every v € I one has Q 4y Ax (HyT,). If0 # & € L*(qgM) satisfies
Q¢ C L2326 M) for some &y, ..., &, € L*(M) then € € L*(M); in particular we have
Q' NgMqC N, (Q) C M.

If I has finite stabilizers and Q C ¢Mq such that Q 4y AxH! then we have Q'NgMq C

N1y (Q) € ¢My.

2. Let g € P be a projection and () C qPq be a von Neumann subalgebra. Assume that
for every v € I one has Q Ap AxT,. If0# & € L*(¢M) satisfies Q¢ C L*(>°, & P) for
some &1, ..., &y € LA(M) then € € L*(P); in particular we have Q' NgMq C Ny (Q) C
P.

If I has finite stabilizers and Q C qPq such that Q £p A then we have Q' N gMq C
Nong(Q)" € qPq.

12



3. Assume that I has finite stabilizers and let F C I be a finite subset. If Q C A x HY is
a subalgebra such that QQ Ay A then we have

Nu(Q)" <y Ax HY,

Proof. Let p denote the orthogonal projection of L?*(M) onto the Hilbert subspace QﬂW”'”2 C
L2(M). Note that p € Q' Nq(M, ey)q and 0 # Tr(p) < oo, where T'r denotes the canonical

trace on <M ,enr). To prove that £ € M it is sufficient to show that p < ey or, equivalently,
(1 —ep)p(l —epn)=0.

By taking spectral projections, to show that (1 — e )p(1 —epr) = 0 it is in fact sufficient
to show that if f € Q' N (M, ep) is a projection such that 0 # Tr(f) < ocoand f <1—ey ,

then f = 0. To this end, we will show that || f||27, is arbitrarily small.

Thus, let 7y = e and let 7y, ..., A, ... be an enumeration of elements in (H \ H)! which are
representatives for left cosets of H ;T in H 3, I'. Next if we denote by f, = Do uge MUz-1

then, as f has finite trace and f <1 —ey = 7, U €pus-1, there exists n € N such that

| fuf = fllazr < €|l fll2zr Thus, if u € U(Q) then

Tr(faufou®) Z Tr(f fafufau) = [Tr(f fo(l = flufou”)| = |Tr((1 = f)faufou®)]. - (3.6)

Since f,,f is e—close to f in the norm || - || and f commutes with u € @ we deduce:

Tr(f fofufuw’) = Tr(fufufafu’) = (1= 2¢ = )| fl57- (3.7)

Similarly, we have:

(Tr(f fa(1 = Plufow)] + |Tr((1 = f) fafufau’)] < 21+ )l fl27-

Combining this with (3.6 and (3.7) we get that for all u € U(Q) we have
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Tr(faufau’) = (1= de = 3¢*) | 27, (3.8)

On the other hand a straight forward computation shows that

Tr(foufau®) = Tr(z UﬁieMUﬁi—luUﬁjeMUﬁj—lu*) = Z HEM(unuunj_l)H% (3.9)
irj irj

Thus, in order to prove that || f||2.r is small, it suffices to show that for every iy,..., 7, €

(H\ H)!' and every e > 0 there exists u € U(Q) such that for all 1 <i,5 < n we have

HEM(uﬁiuuﬁjfl”b <€ (3.10)

Fix an ¢ > 0 and an arbitrary set {fj;, 7,7, ...,7.}. For every 1 < i < n denote by F;
the support of n; and let F = |J;_, F.c I Itis easy to see that for every 1 < i,57 < n we
have the following containment

{geT | gF,=F}C (J{geT|gr=1} (3.11)
KLEF

Furthermore, observe that {g € ' | gk = ¢} is either empty or equal to g, I'x for a fixed
element g, , € I' satisfying ¢, sx = ¢. When combined with (3.11]) it implies that for every

1 <1,7 < n we have

{96F|9FJZE}Q U gn,ZFm
KklEF

which further implies that

{nge HyT |ne H gF; = F} C | gee(HUT,). (3.12)
rAEF

Since F is a finite set and for every k € F we assumed that Q Ap A X, (H } I'y) then
by Theorem there exists a unitary ur. € U(Q) such that, for all x, ¢ € F we have

g
1B, mor, (g umelle < 15
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Using the Fourier expansion ur . = Zn et (nglng, & little computation shows that the

above inequality is equivalent to

> a3 € 5 forall s, 0 € F. (3.13)

|]:|2
ngegn,é(HZIch)

Next we show that the unitary ur. € @ found above satisfies (3.10)). Indeed, employing the

formula for the conditional expectation, we obtain

HEM(uﬁqu,suﬁj—l)Hg = Z H&ﬁz(ang)Hg < Z H@ngH%a

{ngliinpg (7i; ')HT} {nglneHT;gF;=F;}

and combining this with (3.12]) and (3.13]) we have

| Ep(un, Uty -1 )3 < Z Z ||ang||2 Z )

KALEF ng€gy e (HUTx) K fef

which finishes the proof of (1).
The proof of the part (2) is very similar with the first one and it will be omitted.

Below we prove part (3). Let K = {g € I'|3z,y € F such that gz = y}.

First observe that since @ 4y A by Theorem [3.1] there exists a sequence of unitaries

x; € () such that for all z,t € M we have

lim HEA(ZLElt)HQ =0
=00

Using Fourier expansion we have z; = Zne yr bipuy € @ and therefore the above convergence

is equivalent to the following

b1y ll5 — 0O for every n € H". (3.14)

Next we prove that for all ¢,d € A x, (H!), g €'\ K, and v € T we have

lim || E 4y pr (cugziuy-1d)|2 = 0.
l—o0
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Using || - ||2- approximations it suffices to show our claim only for elements of the form
c = ClUy, d = cou,,, where ¢;o € A and 112 € H'. Therefore, using the expansion

T = Zn by ,u,, we have that:

||EA><HF (Cugxlufyfld)”Q =

= | Z E A7 (€1, Ugbp gty -1 Cotin, ) |2
n

= | E C1 Uy, Ugby U U1 Colyy, ||
neHF
mgny e HEY

Since n € HY and 1,1, € H!, we observe that condition n;gny~1tn, € HY is equivalent

to gy~

= ¢ and thus we have 7197702 = mp,(n)ne € HY. Since g € T'\ K, then the latter
condition is equivalent to the following: There exist at most finitely many 7}, subwords of
m and finitely many 72, subwords of 72, such that nirho,(n)n2, = e. This is furthermore
equivalent with n = pg—1 (1) " (17) ") = pg-1((n7m;) ") and hence the above sum is equal

to:

[ Z C1 Uy, Ug by Uyt g—1 Cotiyy ||

n=p,—1((F,n3)~1)sk,m

< lel®llal| > ity 5

n=p,—1((F,m;) = )sk,m

= lelP1d1® Y 1wy, s rny- 113 (3.15)
k,m

Since 7} and n? are finite sets depending only on ¢,d, g,y (which were fixed!) then by
(3.14)) the sum ([3.15)) converges to 0 when [ — oo thus finishing the proof of the claim.

Now we continue with the proof. We proceed by contradiction so assume that Ny, (Q)” 4

A x H!. Fix e > 0 and by Theorem there exists a unitary u = 3 _pagu, € Ny(Q),
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with a, € A x H', such that 3 [la,[l5 < e. Furthermore, we can find a finite set K’ C T

such that -k [lagll5 < e.

Denoting by v = >~ s\ g a4ty the above inequalities imply that [luzu* — vrut])3 < 2e.
Using this in combination with z; € Ax H¥ and u € N (Q), a straight forward computation
shows that

| Egserrr (vzgu®)]]5 > 1 — 2e. (3.16)

On the other hand we have

|Espr (vza)llz = 1 Eaerre (agtighrgugu’as)|.

Notice that, if a term in the sum above is nonzero we must have that gy~ = e, where
g € K\ K. Since K is finite, this means that only finitely many ¢ will contribute to the
sum. By our claim above for each g € K\ K we know the above norm converges to 0. Since

there are only finitely many such g we get that

| EAseprr (vziu™)||2 — 0.

This however, contradicts (3.16) when letting € to be sufficiently small.
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CHAPTER 4

Rigid Subalgebras of M

In this section we come to the heart of the deformation/rigidity arguments of the paper.
The central idea, as usual in Popa’s deformation/rigidity theory, is to use deformations to
reveal the position of rigid subalgebras of von Neumann algebras M arising from actions
by wreath product groups. More precisely, our main result shows that if the deformation
0; introduced in the first section converges uniformly to the identity on the unit ball of a
diffuse subalgebra () then one can completely determine the position of () inside M. One

consequence we derive from this is Theorem 4.5| describing all rigid diffuse subalgebras of M.

This result is very much in the spirit of Theorem 4.1 of [Pop06d] and Theorem 3.6 of
[Toa07] and in fact most of our proofs resemble the proofs of these results. Roughly speaking,
the methods we use, employ averaging arguments in combination with the intertwining

techniques described in the previous section.

The following technical result can be seen as a criterion for locating subalgebras inside

von Neumann algebras M arising from actions by wreath product groups.

Theorem 4.1. Let H,I' be countable groups and let I a I'-set with finite stabilizers. Let
HYyT ~ A be a trace preserving action on a finite algebra A and denote by M = Ax (HT).
If Q C pMp is a diffuse subalgebra such that 60; — id uniformly on the unit ball of Q, then

one of the following alternatives holds:

1. Q <y AXT,

2. There exists a finite set F' C I such that Q <y A x HE.
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The proof of this theorem will result from a sequence of lemmas. The first one is taken

from [Pop06¢|, [Pop06d], but we include a proof for completeness.

Lemma 4.2. Let H,I' be countable groups and let I a I'-set with finite stabilizers. Let
HyT' ~ A be a trace preserving action on a finite algebra A and denote by M = Ax(HT).
If QQ C pMp is a diffuse subalgebra such that 0; — id uniformly on the unit ball of Q, then

one of the following alternatives holds:

1. There exists a nonzero partial isometry w € M such that 6, (x)w = wz for all x € Q.

2. Q%MAX]HI.

Proof. Since 6; — id uniformly on the unit ball of () we can find n > 1 such that

161 /2n (1) — ull2 < 1/2, for all u € U(Q).

Let v be the minimal ||. |2 element of IC = €0 {0} )2 (u)u*|u € U(Q)}. Since ||0; jon (u)u* —
Il £ 1/2, forallu € U(Q), we get that ||[v—1[[s < 1/2, thus v # 0. Also, since 0y jon (u)KCu* =
IC and ||0; jon (u)xu*||2 = [|2|2, for all u € U(Q), the uniqueness of v implies that 6 jon (u)v =
vu for all u € U(Q) and hence

b1 /on (x)v = va, for all x € Q. (4.1)

Assume that (2) is false, then Q Ay A x H'. Since I has finite stabilizers this implies that
for every ¢ € I we have @ Ay A x (H ; T,). Therefore part (1) of Lemma [3.4] implies that
Q' N M c M. On the other hand, since 6, is a s-malleable deformation then combining
(4.1)) with the procedure from [Pop06d| of patching up intertwiners, one can find a non-zero

partial isometry w € M such that 6 (u)w = wu, for all v € U(Q), which proves (1). O

Our second lemma is a refinement of arguments in Section 4 of [Pop06d].

Lemma 4.3. Let M and M be as above. Assume Q C pMp is a von Neumann subalgebra
such that there exists a nonzero partial isometry v € M satisfying that 01(z)v = vz, for all

x € Q. Then one of the following alternatives holds:
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1. Q <y AXT,

2. Q%MAX]HI.

Proof. Let us assume that neither of the above conclusions hold. Then Q Ay, A x I' and
Q #Au Ax H!. By our assumption it suffices to show that Q 4 ; 01(M). Since Q Ay AxT

and Q Ay A x HY, we have a sequence of unitaries (v,) € Q such that

| Eaxr(zvny)|l2 — 0 and || Eqy g (20,y)|l2 — 0

for all z,y € M. Now we would like to show that

| Eg, (any (z0,9) [|2 — 0

for all z,y € M. Approximating z,y by finite sums of elements of the form aus, with

ac€ A, se H and g €T, we assume that z = u, and y = uy.

Let F; = {i € I|s(i) # e} and similarly for F;. Then we know that Fj, F}, and {g €
T|gF,NF, # (0} are all finite sets. Define sy € H' by s(i) is the last letter of s(i) € H = H+Z
if this letter is in H, so(i) = e otherwise. Define ¢, similarly.

If g € T and r € H' are such that ugg,-—1 € 6;(M), then either gF, N F, # 0 or
soray(ty!) = e

Now if we write the Fourier decomposition of v, as v, = ZT’ g An,rgling, then we can see

that

1B, (an) (usvatiy) 3 = > lan.rgll3

Tvgzusrgt— 1€601 (M)

< Z n,rgl3 + Z Z [n,rgl3
r,g,sorag(tal):e 9,9FsNFi#0 re H!
= | Basr(usgvut)l3+ D [ Bawmr (vaug-1)|3
9,9FsNF1#0
— 0.

20



This shows that @ £,; 61(M), as desired. O

So for the proof of the main theorem, if §; — id converges uniformly on the unit ball of
Q, then by the above two lemmas we have that either Q <3 A x T or Q <y A x H!. In
the second case, we can view @ as embedded in a corner of A x H' and since 6, converges
uniformly to i¢dg then an averaging argument shows that 6, must be implemented by a
partial isometry v in M. Looking closely, it would seem that v would have to conjugate each
coordinate of H! by wu, since this is exactly what 6, does. However, the only way for this to
happen would be if the algebra ) would be supported on H¥', for some finite set ' C I. In
fact we show below this is indeed the case. So we finish the proof of Theorem with the

following lemma whose proof is an adaption of the proof of Theorem 3.6 (ii) in [Ioa07].

Lemma 4.4. Let M and M as in Theorem and let N C p(A x H')p be a subalgebra
such that 0y — id uniformly on (N);. Then one can find a finite set F' C I such that
N <y Ax HF.

Proof. Notice that, since 6; — id uniformly on (N); then by arguing as in Lemma we

find that there exists ¢ > 0 and a nonzero partial isometry v € M such that

0,(z)v = vz for all z € N. (4.2)

Consider the Fourier expansion v = . g,  @igusg and letting vy = > . g1 agguy €

A x, H' we have that v = 37 1 v,u,.
Fix g € I" such that v, # 0.

We know we can find a finite set F' C I and an element v, € A x HF. such that

|vg — v} |l2 < €. If we identify the u, coefficient on both sides of equation (4.2), we have

i (x)v, = vgo4(x) for all x € N.
Combining this with the above inequality we obtain
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10, (2)v), — v, 0q(x)]]2 < 2¢ for all z € (N);. (4.3)

Since Oy(x)v), € H = L*(0(A x H\"))®L*(A x HF), if we let T be the orthogonal

projection onto H, then combining the above with triangle inequality we obtain

| T (vy0q(x)) — vyoq(x)]]2 < 4e for all z € (N);.

On the other hand for every z € L(H) we have Ep, () () = |7(ut)|*0,(x) and therefore

T(Ut
a little computation shows that for all & € L2(A x H\F)®L?(A x HF) we have

T3 < [ () €N + (1 = 7 (o) [DIE g e (E)]I3-

Using the last inequality for vjo,(z) in combination with (4.3)) we get that for all € U(N)

we have

1E g (Vg0 ()5
> (1= |r()l) " [(lvjog (@)l — 4€)* = 7 () l|v)o, () 3]
= llvgoy(@)[5 = (1= [7(u)|") " (8ellvgoy (2) 2 — 16€%)

> (llvgog(@)ll2 = €)* = (1= [7(ue) ")~ (8llvgoy (2)]|2¢ — 16€%).

Choosing e sufficiently small, one can find a element g € I" and a constant ¢ > 0 such

that for all z € U(N) we have

1Epsr (O(2)vug)lls = | Ea e (vrug)lls

= [ Baemr(vgo(2))ll2 = c.

This implies ||E ., zr(20_;(v)u})||2 > ¢ and by expanding F to a larger finite set if necessary,

we can find v € A x HF with v/ close to v in || - ||, such that
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1E g (20— (0)) ]2 2

o

Now if we further truncate v’ such that it is supported on elements of H¥ with bounded

word length in H then we can find elements ay, ..., a, € M with

c
>N Baumr(ar)2 > 7.
and therefore by Theorem [3.1| we have N <3, A x HF. O

Applying Theorem in the context of rigid, i.e. property (T), subalgebras of M we

obtain the following structural result

Theorem 4.5. Let H,T" countable groups and let I a T'-set with finite stabilizers. Let HI' ~
A be a trace preserving action on a finite algebra A and denote by M = A x (Hy ). If
Q C pMp is a diffuse rigid subalgebra then one of the following alternatives holds:

1. Q{MAX]F,

2. There exists a finite set F' C I such that Q <y A x HE.

Proof. Since Q C pMp is rigid, we know that Q C pMp is rigid as well. Thus, we have that

0; — id uniformly on the unit ball of () and the conclusion follows from Theorem [4.1]

Also, for further use, we point out the following consequence of the above theorem:

Theorem 4.6. Let H be a group with Haagerup’s property and I a I'-set with finite stabi-
lizers. Let Hyy I' ™~ A be a trace preserving action on an abelian algebra A and denote by

M=Ax(HYyTD). If Q C M is a diffuse property (T) subalgebra then QQ <pr A x T.

23



Proof. Notice that, by Theorem [4.5, we only need to show that Q 4y A x H!. Below we

proceed by contradiction to show this is indeed the case.

So assuming @ #a A x H!, without loosing any generality, we may actually suppose

that Q C A x H! is a possibly non-unital subalgebra.

Since H has Haagerup property it follows that H! also has the Haagerup property.
Therefore one can find a sequence, {¢,} € c,(H'), of positive definite functions that converge
to the constant function 1 pointwise. It is well known that the corresponding multipliers
mn, = mg, : Ax H' — A x H' given by m,,(3 a,u,) = > ¢n(g)agu, form a sequence of
completely positive maps converging pointwise to the identity. Since @) has property (T),

they must converge uniformly on the unit ball of (). Thus there is a finite set ' C H' such

that if x = > i wguy € (Q)1 then || 3 xguyll2 > 1forall z € (Q)1.

This implies that >, | Ea(zu})||l2 > § and by Theorem [3.1 we obtain Q <y A, which

geF |

is a contradiction because A is abelian while @) has property (T). ]

24



CHAPTER 5

Commuting Subalgebras of M

In this section we study commuting subalgebras of von Neumann algebras arising from
actions by wreath product groups. Our main result is a general theorem describing the
position of all subalgebras of M having large commutant. The first result in this direction
was obtained by the second named author in [Pop08], in the context of von Neumann algebras

arising from Bernoulli actions. For similar results the reader may consult [Oza06], [CI10].

Theorem 5.1. Let H,T' be countable groups with H amenable and let I be a I"-set with finite
stabilizers. Let Hy T' ~ A be a trace preserving action on an amenable algebra A and denote
by M = Ax (HyT). Let p € M be a projection and P C pMp be a subalgebra with no
amenable direct summand. If we denote by Q = P' N\ pMp then we have that Q <y A x T.

Moreover, if we also assume that A x T" is a factor and Q) Ay A X T then there exists a

unitary u € M such that uw* Ny (Q)"v C AxT.

Our proof is again based on deformation/rigidity technology, resembling the proof of
Theorem [4.5 The main difference however is that, instead of property (T), we will use the
“spectral gap rigidity” argument from [Pop08] to show that the deformation 6, converges
uniformly to the identity on the unit ball of Q). For the proof of Theorem we need the

following preliminary result.

Lemma 5.2. Let M and M as above and let w be a free ultrafilter on N. If P € M C M is

a subalgebra with no amenable direct summand then P' 0 M“ C M¥.

Proof. The first step is to decompose the M-bimodule L*(M) © L*(M) as a direct sum of

cyclic M-bimodules. It is a straightforward exercise for the reader to see that the above
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M-bimodule can be written as a direct sum of M-bimodules MnsM H'HZ, where the cyclic
vectors 7, correspond to an enumeration of all elements of H! whose non-trivial coordinates

start and end with non-zero powers of wu.

Next, for every s, we denote by 7, the element of H’ that remains from 7, after deleting
all nontrivial powers of u. Also for every s let A be the support of 7, in I and observe that
if Stabr(7;) denotes the stabilizing group of 7js inside I" then we have Stabr(ns)(I\ As) C (I'\
A,). Hence we can consider the von Neumann algebra K, = Ax,(Hipa,Stabr(7),)) and using
similar computations as in Lemma 5 of [CI10], one can easily check that the map 7,y —

xnsek,y implements an M-bimodule isomorphism between M7, M Mz ond L*({M,eg.)).

Therefore, as M-bimodules, we have the following isomorphism
L*(M) o L*(M @H ((M, ex,)) (5.1)

Notice that, since [ is a I'-set with amenable, in fact finite, stabilizers if follows that Stabr(7;)
are amenable for all s. Also, since H is an amenable group and A is an amenable algebra,
we conclude that the algebra K is amenable for all s and therefore the bimodule in ({5.1]) is
weakly contained in a multiple of the coarse bimodule L?(M)®L?*(M), which in turn shows

that P has a non-trivial amenable direct summand. O
We can now proceed with the proof of Theorem [5.1}

Proof. First we use the spectral gap argument to show that the deformation 6 converges
to the identity uniformly on (Q);. Indeed, exactly as in [Pop08], since P has no amenable
direct summand, Lemma implies that P’ N M C M. Hence, for any € > 0 there exist
. > 0 and F € U(P) a finite set, such that whenever = € M satisfies ||[z,u]|, < d. for all
u € F we have that ||z — Ey(z)]]s <€

If we let t, > 0 such that ||6; (u) — u| < % for all u € F then the triangle inequality

implies that for every 0 < ¢ < t. and every z € (Q); we have
1[0:(2), ulll2 < 2[[0:(u) — ul] < 5
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Therefore by the above we obtain that ||0;(z) — Ey(6:(x))||2 < € and using the transversality
of 6; (Theorem [2.1)) we conclude that ||fa(x) — z||2 < 2¢ for all z € (Q); and 0 < ¢ < ¢..

In conclusion deformation 6, converges uniformly on (()); and hence, by applying Theo-
rem [£.1] we have the following two alternatives: either @ <y, A x I or there exist a finite
set I such that Q <y A x HE.

Next we show that the second case, together with the assumption @) 45, A will lead to a
contradiction. By these assumptions, using [Vae(8§], one can find nonzero projections ¢ € Q,
p € Ax HY | a *-homomorphism ¢ : ¢qQq — p(A x H")p and a partial isometry w € M such
that ¢(z)w = wx for all z € ¢Qq and ¢(qQq) Aawpr A for all j € 1.

Since ¢(gQq) is a diffuse subalgebra of p(A x H)p then part (3) of Lemma implies that
$(qQq) NpMp C > [A x H']u,. (5.2)

seK

On the other hand P C @' N M and hence by (5.2) we have wPw* C Y _z[A x H']u,. Since
K is finite then by using intertwining by bimodule techniques this implies that P <y, Ax H?.
However, this is impossible because A x H! is amenable while P has no amenable direct

summand.

Therefore the only possibility is @) <p; A x I' and the remaining part of the conclusion

follows proceeding in the same way as in Theorem 4.4 ii) of [Pop06d]. O]

An algebra N is called solid if for every A C N diffuse subalgebra A’ N N is amenable.
As a consequence of previous theorem we obtain the following stability property similar with

Corollary 8 in [CI10].

Corollary 5.3. Let (A,7) be an amenable von Neumann algebra and H be an amenable
group. Assume that (H1T') ~ A is a trace preserving action such that M = A x (HT') and
A x T are factors and for every diffuse QQ C A the relative commutant Q' N M is amenable.
Then A x (HT) is a solid if and only if A X T is solid.

Proof. Notice that the proof follows once we show that A x I is solid implies A x (H T
is a solid. Hence assume that A x I" is solid and let B C M = A x (HT') be a diffuse
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von Neumann subalgebra. If we assume by contradiction that the commutant P = B’ N M
is non-amenable, then we can find a non-zero projection z € Z(P) such that Pz has no
amenable direct summand. Since [Bz, Pz] = 0 then Bz <); A x I' and by the hypothesis
assumption we have that Bz £;; A. Therefore, since A x I' is a factor then by the second
part of Theorem one can find a unitary v € M such that u(Bz V Pz)u* C A x I'. This

however contradicts the solidity of A x I' and we are done.

]

Remark 5.4. It is immediate from Theorem that if H is an amenable group then for
any non-amenable group I' and any free, ergodic, measure preserving action H {1 T' ~ (X, )
the 1L factor L>®(X, u) x (HT) is prime, i.e. it cannot be decomposed as a tensor product
of two diffuse factors.
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CHAPTER 6

OE-rigidity results

Sako showed in [Sak09] that a measure equivalence between two wreath products groups HT'
and K ! A, where H, K are amenable and I', A are products of non-amenable exact groups,
implies the measure equivalence of the malnormal subgroups I' and A. Further he showed
that, given two stably orbit equivalent actions, o and p, of such groups with o|r and p|
ergodic, one has o|r and p|, are stably orbit equivalent. He was also able to prove a similar
measure equivalence rigidity for certain classes of direct products and amalgamated free
products, thus obtaining rigidity results & la Monod-Shalom [MS06], as well as of Bass-Serre
type [IPP0S8], [AGOS8], [CHI10]. His methods rely on Ozawa’s techniques [Oza04], [Oza06]
involving the class S of groups, being C*-algebraic in nature and depending crucially on

exactness of the groups involved.

In this section we apply the results from the previous section to show that this type of
orbit equivalence rigidity for wreath products holds true for much larger classes of groups
(Corollary below). The techniques we use in the proof are purely von Neumann algebra,

using Popa’s deformation /rigidity theory.

The Classes WR(k). Recall from the introduction that for each k = 1,2, 3, we denote
by WR(k) the class of all generalized wreath product groups H ¢; I' with I' i.c.c., I a ['-set

with finite stabilizers and satisfying the corresponding condition from below:

1. T has property (T) and H has Haagerup’s property;
2. T" and H have property (T) and H is i.c.c.;

3. I' is a non-amenable product of infinite groups and H is amenable.
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Theorem 6.1. Let HI', Ki;A € WR(k) and suppose that (HyI') 7 A and (K ;A) ~° B
are free, trace preserving actions on diffuse, abelian algebras such that o|r and p|s are ergodic.
Denote by M = Ax (HyT), N=Bx (Kl M\), lett>0 and assume that ¢ : M — N* is
a x-isomorphism such that ¢(A) = B.

Then one can find a unitary u € Nyt(B') such that u*¢(A x T)u = (B x A)*.

Proof. Denote by P = Ax T, Q = B x A and observe that AC P C M and B C Q C N.
To simplify the technicalities we will assume without loosing any generality that ¢ = 1.
Since I' either has property (T) or is a non-amenable product of infinite groups and ¢ is an
isomorphism it follows that either ¢(LT") is a property (T) subalgebra of M or ¢(LT) is a

non-amenable tensor product of two diffuse factors.

Below, we argue that for all cases (1)-(3) covered in the definition of the classes WR/(k)

we have
o(LT) <y Q. (6.1)

For case this follows directly from Corollary while for case it follows from
Theorem . Therefore it only remains to treat case , i.e. when all groups H, K,I', A
have property (T).

Applying Theorem [4.5| we have that either ¢(LI") <x @ or there exists a finite subset
T C J such that ¢(LT') <y B x KT and therefore to finish the proof of it suffices to
show that the second possibility leads to a contradiction.

Notice that since ¢~1(LK™) is a property (T) subalgebra of M then Theorem again
implies that either ¢~'(LK™) <), P or there exists a finite subset S C I such that
¢ Y(LKT) <y A x H®. Next we show that both situations are leading to a contradic-

tion.

Assuming the first situation, since LK and P are a factors, then proceeding as in the
proof of Theorem 5.1 in [TPP08] one can find a nonzero projection p; € LK’\" and a uni-

tary u; € M such that wj(¢'((LKT)p;))uy C P. Using Lemma [3.4] this implies that
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wi (¢~ (p1(LK7)p1))u; C P. Moreover, since P is a factor, we have that u} (¢~ (L(K”))u; C
P and therefore Lemma 3.4 implies that u} (¢~ (L(K ¢y A))ur C P. However, since ¢~'(B) =
A then by Lemma again we have that M = ¢~'(N) <, P, which is obviously a contra-

diction.

Assuming the second situation, since ¢~'(B) = A, then Lemma gives that ¢~ (B x
KT) <y A x H®. From the initial assumptions B x K7 is a factor and therefore Lemma

implies that ¢~1(B x KT)* C (A x H%)* V M or equivalently
(Bx KT) C (¢(A x H))* V N. (6.2)
Also, since ¢(LT') <y B x KT, the same argument as above shows that
(G(LT)* € (B x KT)* VN,

and combining this with (6.2) we obtain that (¢(LI'))* C (¢(A x H'))* v N. Therefore
the second part of Lemma implies LT' <3 A x H” but one can easily see this is again

impossible.

Hence we proved (6.1) and, moreover, since ¢(A) = B then Lemma implies that
o(P) <n Q. (6.3)

Next we show that the intertwining above can be extended to unitary conjugacy preserv-

ing the Cartan subalgebra B.

By (6.3) one can find nonzero projections p € P, ¢ € (), a nonzero partial isometry
w € M and a unital isomorphism 1 : ¢(pPp) — qQq such that

wi(x) = zw for all z € ¢p(pPp). (6.4)

The previous relation automatically implies that ww* € ¢(pPp)' N ¢(p)Nop(p) and w*w €
Y(p(pPp)) NgMgq. Since P is a factor then Lemma gives that ¢(pPp)’ N ¢(p)No(p) =
Co¢(p) and therefore ww* = ¢(p).
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Similarly, since ¥(¢(pPp)) is a II; factor and B x Stabs(j) is a type I algebra for all j € J

then ¥ (¢(pPp)) Ao B x Staba(j) and by Lemma [3.4] we have that ¢ (¢(pPp)) NgNg C Q.
When this is combined with the above we obtain w*w € Q) and hence relation (6.4 implies

that
w*¢(P)w = w'wip(¢p(pPp)) C Q. (6.5)
Letting vg € N to be a unitary such that w = ww*vy, the previous relation rewrites as

ved(pPp)ug € @ and since @ is a factor one can find a unitary v € N such that
vB(P) € Q. (6.6)

Next we claim that vBv* <o B. To see this, suppose by contradiction that vBv* Ao B.
Since Staby(j) is finite for all j € J this is equivalent to vBv* £g B x Staby(j). Therefore
Lemma [3.4] implies that Ay (vBv*)” C @ and because vBv* is a Cartan subalgebra of N one

gets that N C (). However this is impossible and hence we proved our claim.

Furthermore, since vBv* and B are Cartan subalgebras of @) satisfying vBv* <o B,
Theorem A.1. in [Pop06a] shows that there exists a unitary v; € @ such that vjoBv*v] = B.
Therefore u = v1v € Ny(B) and combining this with we obtain that

up(Pu” C Q. (6.7)

In the remaining part of the proof we show that the two algebras above coincide. Indeed,

applying the same reasoning as before for the isomorphism ¢~!, one can find a unitary

u, € Nyy(A) such that
¢ (Q)ug € P,

and combining this with (6.7)) we obtain

ot ()P (u” ) € g (Q)u C P. (6.8)

However, Lemma 3.4 implies that u,¢~!(u) € P and therefore relation became u,¢ " (u) Po~t (u*)u

u,¢ 1 (Q)u = P, which in particular entails that u¢(P)u* = Q. O
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Theorem 6.2. Let H ) ', K5 A be generalized wreath product groups such that H, K are
i.c.c. groups with property (T') and I, J have finite stabilizers. Suppose that (H 4y T') n7 A
and (K 1y N) ~* B are free, trace preserving actions on diffuse, abelian algebras as above.
Additionally, assume that o|gr and plgs are ergodic. Denote by M = A x (H yT'), N =
B x (K A).

Ift >0 and ¢ : M — N' is a *-isomorphism such that ¢(A) = B' then one can find a
unitary x € Nyt(BY) such that x¢p(A x H)x* = (B x K7)!.

Proof. To simplify the technicalities we assume that ¢ = 1. Since H has property (T)
then ¢(LH) is a rigid subalgebra of N and therefore by Theorem [4.5| we have that either
®(LH) <n BxA or there exits a finite subset 7' C J such that ¢(LH) <y BxK”. Using the
same arguments as in the proof of Theorem one can easily show that the first possibility
will lead to a contradiction. Therefore we have that ¢(LH) <y B x KT and by applying
Lemma (3.4 we get that ¢(LH!) <y B x K’. Applying Lemma 3.2 this further implies that
#(Ax H') <x B x K7 and therefore there exists a A x H/-B x K bimodule H with finite

dimension over B x K.

A similar argument for ¢! shows that B x K7 <y ¢(A x H') and hence one can find
a nonzero B x K7-A x H! bimodule K with finite dimension over B x K“. Since I', A are
i.c.c. and B x K7 and ¢(A x I') are irreducible, regular subfactors of N then, by Theorem
8.4 in [IPP08|, there exists a unitary u € N such that u¢(A x H')u* = B x K”. Denoting
by ¢, = Ad(u) this further implies that 1, o ¢ is an isomorphism from A x H' onto B x K”’

which satisfies
Yy 0 Pla)u = ug(a),

for all a € A. Next we consider the Fourier decomposition u = Y ., yavx with yy € Bx K 7
and using the above equation there exists a nonzero element yy € B x K7 such that for all

a € A we have

Uu o d(a)ys = yapa(e(a)). (6.9)

Note that since B = ¢(A) is a maximal abelian subalgebra of N then implies that
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yyyx € B. Furthermore taking the polar decomposition yy = w,|y,| with w, partial isometry

in we conclude that

Yy 0 p(a)wy = wrpr(d(a)),
for all a € A.

This shows in particular ¢, (B) <p.xs B and since B and v, (B) are Cartan subalgebras
of B x K7 then by Theorem A.1 [Pop06a] there exists a unitary u, € B x K7 such that
U,y (B)u’ = B. Finally the conclusion follows by letting = = u,u € Ny(B). O

We now have the following immediate corollary of Theorem [6.1}

Corollary 6.3. Given 1 < k<3let HyT, Ky A€ WR(k). Let o and p be stably orbit
equivalent actions of H iy T' and K U5 A, respectively. If one assumes that o|r and p|p are

ergodic then we have o|r Zsop pla-

A natural question one may ask is to try classifying all groups I' and H for which the
above orbit equivalence rigidity phenomena holds. This however remains widely open as for
the moment it is unclear what general condition one may be formulate at the level of groups
I' and H to insure this type of rigidity. For instance even when assuming I' has property

(T) it is not obvious what are all groups H for which this rigidity holds.

Another interesting problem is to find situations when a similar orbit equivalence rigidity
can be upgraded also at the level of the “core” groups H! and K”. A desirable result in
this direction would be that an orbit equivalence between actions of HI" and K A induces
an orbit equivalence not only between the malnormal groups I' and A but also between the
normal groups H' and K*. Notice that combining Theorems and above we obtain

one instance of this phenomenon.

Corollary 6.4. If Hy T, K3y A € WR(2) and o and p are as above. If we additionally

assume that o|gr and p|gs are ergodic then we also have that o|yr Zsor plK7-
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CHAPTER 7

W*-rigidity results

Some of the technical results obtained in the previous sections can be pushed to slightly
more general situations. For instance rather than studying commuting subalgebras algebras
of von Neumann algebras arising from actions by wreath product groups one can study

weakly compact embeddings.

This notion was introduced by Ozawa and Popa and it was triggered by their discovery
that in a free group factor M the normalizing group N, (P) of any amenable algebra P acts
on P by conjugation in a “compact” way [OP10]. This was a key ingredient which allowed
the authors to prove that in a free group factor the normalizing algebra of any amenable

subalgebra is still amenable. For reader’s convenience, we recall the following definition from

[OP10]:

Definition. Let A A P where P is a finite von Neumann algebra. The action o is called

weakly compact if there exist a net (1,) of unit vectors in L?2(P®P), such that:

1Ma — (V@ 0)nalla =0 for all v € U(P); (7.1)
1Na — g @ a4(na)ll2 = 0 for all g € T; (7.2)
(x @ D)Na, ) = 7(2) = Ny, (1 @ T)1y) for all @ and = € P. (7.3)

More generally, if P C M is a subalgebra such that the action by conjugation of the
normalizing group Ny (P) on P is weakly compact then we say that the inclusion P C M is
a weakly compact embedding. It is straightforward from the definitions that every compact
action A A P is automatically weakly compact and hence every profinite action [loall] is

also weakly compact.

35



In the main result of this section we describe all weakly compact embeddings in cross-
products algebras of type M = A x (HI') with A an amenable algebra and H an amenable
group. Roughly speaking, we obtain a dichotomy result asserting that every weakly compact
embedding in M, either has “small” normalizing algebra or “lives” inside A xI". This should
be seen as analogous to Theorem 4.9 in [OPI10]. In fact our proof follows the same recipe
as the proof of Theorem 4.9 in [OP10]. The main difference at the technical level is that
instead of working with the malleable deformation for actions of free groups we will work
with the deformation described in the first section. Therefore the compactness argument
used in the proof of Theorem 4.9 in [OP10] will be replaced by the transversality property
from Theorem Most of the arguments used in [OP10] apply verbatim in our situation

and we include some details only for reader’s convenience.

Theorem 7.1. Let (A, 7) be an amenable von Neumann algebra and H be an amenable
group. Assume that H{T' ~ A is a trace preserving action and denote by M = A x (HQT).
If we assume that P C M s a diffuse subalgebra and G C Ny (P) is such that G act weakly
compactly on P and such that Ny (P)' 0 M = C1 then one of the following must hold true:

1. There exists a nonzero projection p € P such that p(P N G)"p is amenable.

2. P <y AxT.
If we assume in addition that P C M is a Cartan subalgebra then we have that P <), A.

Proof. Let G C Ny(P) be a subgroup that acts weakly compactly on P and assume that
U(P) C G. First we will show that, when we view P C M, if 8, does not converge uniformly

on (P); then G” is amenable.

So let us assume that 6; does not converge uniformly on (P);. Therefore by transversality
of 0;, Theorem [2.1] one can find a constant 0 < ¢ < 1, and infinite sequences t; € R,

u € U(P) such that t, — 0 and

0, (ur) — Enr (0, (ug))]]2 = c.
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Since [|6;, (ux)|l2 = 1 then Pythagorean theorem further implies that

1B (O, (ur))]l2 < V1 = €2 (7.4)

Now we fix € > 0 and F' C G a finite set. Then we choose § > 0 satisfying 1—2§ > v/1 — ¢?

and k sufficiently large such that for all v € F' we have

[ = 0, (u)]2 <

(e e

For the rest of the proof we denote by 6§ = 6;, and v = wu; and let (1,) be as in the

definition of weak compactness. Then we consider the following nets

o = (0@ 1)(na) € LA(M)SL* (M),
Co = (enr ®1)(7a) € L*(M)®L* (M),
(o = fla — Ca € (L3 (M) © L*(M))BL*(M).

Using the identity ||[(z ® )73 = 7(Eym (07 (z*x))) = ||x||3 then for every u € F and a

sufficiently large o we obtain the following inequalities

@@, G2 < Mlfu® T dalllz < (0 @ 1)([u @G, na))ll2 + 2[lu — (w)]l2 < g

Below we proceed by contradiction to show the following inequality

Lim, || |l2 > . (7.5)

Assuming ([7.5) does not hold we get the following estimations:

Lima |7 — (Em(0(v)) @ 0)Call2

/N

Limg|[7la — (Ey ® id)(0(v) @ 7)Cal2

Lim,||7la — (e ® id)((0(v) @ D)Ca) |2

N

/N

Lim, || (e ® id)7e — (epr @ id)(0(v) @ U)7a||2 + 20

/N

Limg||(er © 1)(0 @ id)(na — (v @ )12 + 20

= 20
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Now using the above inequalities we obtain
[Exm(0(0)ll2 = Lima[|((Ex(0(v))) ®0)Call2 = Lima||7a]l2 — 20 = V1 =2,

which obviously contradicts (7.4). Thus we have shown that Lim, ||| > 6.

For large enough «, the vector ¢ = (5 € H satisfies [|(|[> > ¢ and ||[u ® u,(]||2 < §, for

all u € F. Also, for every z € M we have that

Iz @ 1)1z = ll(z ® 1)(ex; @ 1)ilall2
= [[(ex; ® 1)@ @ 1)ijall2

< Iz @ Diallz = [z

Using Lemma we can view ¢ as a vector in (B, L*((M,ek,)))®L*(M). Since K; is
amenable then L?({M, eg,)) is weakly contained in the coarse bimodule L*(M)®L?*(M).
Therefore we can assume ¢ = ((;);, with {; € (L*(M)®L*(M))QL*(M). Define ¢/ =
((den)(G)t € LP(MBIAM) and ¢ = ()i € @F,(IX(MYBL(M)). By proceed-
ing exactly as in the last part of the proof of Theorem 4.9. in J[OP10], one derives that
|z’ ||l2 < ||z]|2 for all x € M, ||[u,{']||s < € for all w € F and ||{’||2 = 0. But then Corollary

2.3. in [OP10] shows that G” is amenable.

So now we are left to deal with the case when 6, does converges uniformly on (P);. In
this case Theorem implies that P <3y AxT or P < A x HY for some finite set £ C T'.
Since the first case already gives one of the conclusions of our theorem, for the remaining

part we assume that P Ay Ax T and P <3 A x HF.

Since P 4y Ax T then P 4y A. Since P <), A x HY | after cutting by a projection, p,
and applying a homomorphism we can assume pPp C A x HY. Now we can apply part (3)

of Lemma [3.4] to get that

(Noasp(pPp))" < A H"

Since A x H' is amenable, we get that (N, (pPp))” and thus p(P N G)"p is amenable

as well.
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]

When combined with results from previous section, this technical result allows us to
derive a strong W*-rigidity result for compact actions of certain wreath product groups. To

introduce the result let us recall first the following definition.

Definition. Let I' ~ X and A ~ Y be two free, ergodic actions. We say that they are
virtually conjugate if one can find finite index subgroups, I'y C ' and Ay C A, positive
measure subsets X; C X and Y; C Y with X; being I';-invariant and Y; being A;-invariant

such that the restrictions I'y ~ X7 and A; ~ Y] are conjugate.

Theorem 7.2. Let H, K be amenable groups and I'; A groups with the property (T). Assume
that HXI' ~7 X and KQA ~PY are free, measure preserving action such that oyr is compact,
ergodic and pjy is ergodic. If L=°(X) x (HI') ~ L>*(Y) x (KA), then T' ~7Ir X is virtually

conjugate to A N Ia Y.

Proof. Denote by M = L>*(X) %, (HI') and N = L*(Y) x, (K A). By assumption
there exists a x-isomorphism 6 between M and N and since o|r is compact, and thus weakly
compact, then we can apply the previous result. Noticing that §(L>°(X)) is regular in N, the
second part of the Theorem [7.1|implies that 0(L>(X)) <y L>(Y'). Furthermore, since both
G(L>(X)) and L>®(Y) are Cartan subalgebras of N, one can find a unitary u € N such that
uf(L>®(X))u* = L*>®(Y). In particular, we have obtained that H{I' "7 X Zpp KIAAY
which, by Theorem [6.1] implies that I' ~7r X o A ~”Ia Y. Finally, the conclusion

follows by applying Ioana’s Cocycle Superrigidity Theorem from [loall]. ]

Remark 7.3. Note that the requirements that T' have property (T) and that o be compact
on I' in the previous theorem, forces I' to be residually finite. Indeed, first note that since
[ has property (T), it is finitely generated. Also recall that if the action T' ~ (X, p) is
compact then the associated unitary representation on L*(X, ) decomposes as a direct sum
of finite dimensional representations, which we denote @, ,(m;, H;). So if the action is

faithful (which is the case, because it is free), then given g € T' we can chose i € I such

39



that m;(g) is nontrivial. Since the image of I' under m; is finite dimensional and T is finitely
generated, by a theorem of Mal’cev (see [Mal{0]), the group m;(T') is residually finite. Thus
there is a finite group G;, and a homomorphism ¢; 4 : m,(I') — G, 4 such that ¢; 4 0 m;(g) is
non trivial. Thus I' has a finite quotient ¢; 4, o m;(I") in which the image of g is non-trivial,
showing that I" is residually finite. Note also that if H is a residually finite abelian group
(e.g. if it is finitely generated abelian), then H 1T follows residually finite as well (see e.g.
[GrubT]). Finally, in order to see that there are many actions of wreath product groups
verifying the conditions in 6.4, note that of H 1" is residually finite then it has profinite
(thus compact) actions. Altogether, we can take T' to be any “classic” Kazhdan group, like

SL(n,Z), n >3, and H to be any finitely generated abelian group, like 7%, (Z/mZ)*, etc.
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CHAPTER 8

On Uniquenesss of Tensor Products Decomposition

and Relative Amenability.

In the remainder of this work we will focus on proving the uniqueness of tensor product
decomposition for wreath product factors. A major goal of the study of II; factors is the
classification of these algebras based on the “input data” that goes into their construction.
A significant landmark was the result, due to Connes [Con76|, that all amenable II; factors
are isomorphic. However, in the non-amenable realm there is a much greater variety, and a

striking classification theory has developed.

One thrust of this research is to determine if some algebra which, a priori, is constructed
in one manner, can be obtained in some other manner. For example, if we have a II; factor
that we know to be a free product of two II; factors, is it also possible to be the tensor

product of two (possibly different) II; factors?

In this vein we study whether certain factors can be written as a tensor product in two
distinct ways. Such results go back to the study of prime factors, (ie. a factor which cannot
be written as the tensor product of two other II; factors.) The first result was obtained by
Popa in, [Pop83], where he showed that the group von Neumann algebra of an uncountable

free group is prime.

Later, in [Ge98], Ge proves that all group factors coming from finitely generated free
groups are prime. Using C* techniques this was greatly generalized by Ozawa, [Oza04], to
show that all i.c.c. Gromov hyperbolic groups give rise to prime factors. Also, using his

deformation/rigidity theory, Popa showed in [Pop08] that all II; factors arising from the
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Bernoulli actions of nonamenable groups are prime. Further, Peterson used his derivation
approach to deformation/rigidity ([Pet09]) to prove that any II; factor coming from a count-
able group with positive first [2-betti number is also prime. Finally we should also note that
using Popa’s deformation/rigidity theory, Chifan and Houdayer, [CH10], gave many more

examples of prime II;-factors coming from amalgamated free products.

A natural question about prime factors is whether a tensor product of a finite number of
such factors P, Ps, ..., P,, has a “unique prime factor decomposition”, i.e., if P ®...QP, =
1 ®....0Q,, for some other prime factors Q;, forces n = m and P, unitary conjugate
to @;, modulo some permutation of indices and modulo some “rescaling” by appropriate
amplifications of the prime factors involved. A first such result was obtained by Ozawa
and Popa in [OP04], where a combination of C* techniques from [Oza04] and intertwining
techniques from [Pop06d] is used to show that any II; factor arising from a tensor product of
hyperbolic group factors has such a unique tensor product decomposition. A similar prime
factor decomposition is in fact obtained in [Pet09], for tensor products of II; factors arising

from groups with positive first [2-betti number.

In this paper we prove an analogous unique prime factor decomposition result for tensor

products of wreath product II; factors. More precisely, we prove the following result:

Theorem 8.1. Let Ay, ..., A, be non-trivial amenable groups; Hy, ..., H, be non-amenable

groups; and Q1,...,Qr be diffuse von Neumann algebras such that
M=LA H)®...QL(A, 1 H,) = @Q1®...RQ}

If k > n, then n = k, and after permutation of indices we have that L(A; Q Hy) ~ Qb for

some positive numbers tq,to,...t, whose product is 1.

Also we have a natural generalization of this theorem to unique decomposition for orbit
equivalence relations coming from finite products of wreath product groups. Such results are
reminiscent of measure equivalence results that were achieved for products of groups of the

class C,.y by Monod and Shalom (Theorem 1.16 in [MS06]), for products of bi-exact groups
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by Sako (Theorem 4 in [Sak09]), and for products of groups in QH,., by Chifan and Sinclair
(Corollary C in [CS11].)

Theorem 8.2. Let Ay, ..., A, be non-trivial amenable groups; Hy, ..., H, be non-amenable
groups; Let o be a free ergodic action of Ay Hy X -+ X A, U H,, such that o|a,m, is ergodic
for all i. Also let Ky,...,K,, be groups and p be an action of K1 X --- x K, such that o is

stably orbit equivalent to p.

If m > n, then n = m, and after permutation of indices we have that o|a,m, ~sor P|k;-

We prove these results by using deformation/rigidity theory. More precisely, we use
the same malleable deformation for wreath product group factors as above, combined with

Popa’s spectral gap rigidity and intertwining by bimodules techniques.

Following [OP10] we have the following definition:

Definition. Let P, (Q C M be finite von Neuman algebras. We say that P is amenable over
Q inside M, which we denote P < s @, if there is a P-central state, ¢, on (M, eq) such that

|y = 7, where 7 is the trace on M.

Let us note that by Theorem 2.1 in [OP10] P<,Q is equivalent to L*(P) < @ L*((M, eq))
as P-bimodules. Further, if P <j; Q then L?*(M) contains a sub P-@Q-module, H, that is
finitely generated as a right () module. Therefore, the projection onto this module will
commute with the right action of ) and will have finite trace. Therefore, it will be a vec-
tor in L?({M, ey)). Further, it will also commute with P, so if we look at L*({(M,ex))
as a P-bimodule, it will contain a central vector. Since strong containment implies weak

containment we get the following observation.

Proposition 8.3. Let P,QQ C M be von Neumann algebras. If P <y Q then P <;; Q).
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CHAPTER 9

Generalization of Intertwining Techniques for Wreath

Products

In this section we generalize earlier intertwining results for wreath products proven above.
While this leads to some repetition we have tried to keep this to a minimum, and thus try to
reference the above proofs and indicate where changes are needed in order to arrive at the
new results that are necessary in order to prove our desired uniqueness of of tensor product

decomposition.

The following proposition is a relative version of Lemma 5.2 above, and will follow a

similar proof.

Proposition 9.1. Let N be a finite von Neumann algebra. Let A, H be groups with A non-
trivial amenable and H non-amenable. Let Q C N x At H = M be an inclusion of von

Neumann algebras. Assume Q is not amenable over N inside M then Q' N M C M.

Proof. As mentioned above this proof follows closely the proof of Lemma 5.2 above as well

as Lemma 5.1 in [Pop0§] and other similar results in the literature.

We will prove the contrapositive so let us assume that Q' N M¥ ¢ M* Then proceeding

as in Lemma 5.1 in [Pop08] We see that

L2(Q) < L*(M) & L*(M)

as Q-bimodules. Now we decompose L*(M) & L*(M) as an M-bimodule.

One can see that the above M-bimodule can be written as a direct sum of M-bimodules
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MmnsM Il , where the cyclic vectors 7 correspond to an enumeration of all elements of AX

whose non-trivial coordinates start and end with non-zero powers of w.

Next, for every s, we denote by n, the element of A” that remains from 7j, after deleting
all nontrivial powers of u. Also for every s let Ay C H be the support of 7, and observe that
if Staby (7)s) denotes the stabilizing group of 7, inside H then we have Staby (7:)(H \ Ag) C
H\ A,

Hence we can consider the von Neumann algebra K, = N X (Al\a, Staby (7)) and using

similar computations as in Lemma 5.1 of [Pop08], one can easily check that the map x7sy —

xnsex.y implements an M-bimodule isomorphism between M, M M2 and L*((M,eg.)).

Therefore, as M-bimodules, we have the following isomorphism

L*(M)o L*(M) = P L (M, ex,))

Thus we can get the following weak containment of ()-bimodules

<P LM, ex.))

Notice that, since Ay is finite, and the action of H on itself is free, then Staby(7s) is
finite for all s. Also, since A is an amenable group we have that K, <y N for all s. Thus

for all s we have the following weak containment of K,-bimodules

<P L (K, en)) ~ P L*(K,) @y L(K,)

Now if we induce to M-bimodules and restrict to ()-bimodules and use continuity of weak

containment under induction and restriction we get the following inclusions of (-bimodules:
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Thus Q < N

]

We finish this section with a final theorem which allows us to locate regular subfactors

with large commutant.

Theorem 9.2. Let N be a finite von Neumann algebra. Let A and H be groups with A
non-trivial amenable and H non-amenable. Let Q C N x At H = M be a subalgebra that is
not amenable over N. Let P = Q' N M. If P is a reqular subfactor of M then P <, N.

Proof. Applying Proposition [0.1] and following the proof of Theorem 5.1 above we see that
the deformation €, converges uniformly on the unit ball of P, and thus by Theorem 4.1 above

we have that P <y N x A7 or P <y, N x H.

Following the same argument as Theorem 5.1 if we assume that P <3, N x Af and
P Ay N then we get Q <y N x A Hy for some finite subgroup Hy C H. Since A is
amenable and H is finite then N x A Hy <j; N. So since Q <y N x Al Hy then by
Proposition we have Q) <3 N x AU Hy. Then by part 3 of Proposition 2.4 in [OP10] we

have that @) <;; NV contradicting our assumption.

Thus P <y N x H. Therefore, by Theorem [3.1], there exists nonzero projections p €
P,q € N x H, a nonzero partial isometry v € M, and a *-homomorphism ¢ : pPp —

q(N x H)q such that vz = ¢(x)v,VYo € pPp. Furthermore we have that v*v = p and
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vv* =G € p(pPp) N qMgq. Also, by Lemma 3.5 in [Pop06d] we know that pPp is a regular
subalgebra of pMp.

Then for all u € Nyup(pPp) let us calculate:

o(x)vuv” = vruv*
= vu(u*zu)v*
= vuv*v(u*ru)v*
= vuv*p(u*zu)vo’*

= vuv*p(u*zu)

Now assume that P 4£,; N, then by part (2) of Lemma 3.4 in above we have that
vuv* € N x H. Since pPp is regular in pMp we would then get that M <, N x H.

However, this is impossible since the fact that A is nontrivial implies that [M : N x H] = cc.

]
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CHAPTER 10

Proof of Uniqueness of Tensor Product Decomposition

In this section we prove our main theorem. Our main technical tool is the following, which
is proposition 2.7 in [PV11]. Before we state the result let us recall that two von Neumann
subalgebras My, My C M of a finite von Neumann algebra M are said to form a commuting

square if E’]\/leWJ\/[2 = EM2EM1.

Theorem 10.1 (Popa-Vaes, [PV11]). Let (M, 1) be a tracial von Neumann algebra with von
Neumann subalgebras My, My C M. Assume that My and My form a commuting square and

that My is regular in M. If a von Neumann subalgebra QQ C pMp is amenable relative to
both My and M, then ) is amenable relative to My N Ms.

Notice that this theorem allows us to eliminate the case where () is amenable over M;.

More specifically we have the following observation.

Proposition 10.2. Let Gy and G5 be groups. Let A be a finite amenable von neumann
algebra with an action of G1 X Gs, and let Q C A x G1 X Gy be a nonamenable subalgebra.

Then there exists an i such that ) is not amenable over A x Gj.

Proof. 1f we let A x G; = M; then it is easy to see that M;, My C M form a commuting
square. So if () is amenable over both M; we would have that it would be amenable over the

intersection, which is A. Since A is amenable this would imply that () is amenable. m
Finally combining the above results we can prove our main theorem (Theorem .

Proof. First let us mention that for the case n = 1, this is equivalent to the primeness of

I1;-factors arising from Bernoulli shifts, which was proven in [Pop0§].
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Now notice that we can write M as M = N;x,A;lH;, where N; = L(AVH,)® ... QL(A;_1
Hi 1)®L(Aiz1 U Hip1)® ... ®L(A, L Hy) and o is the trivial action.

Let us define @\Z =(Q)NM=Q®...QQ; 18Q;11®...2Qy. Since H;1T; does not
have property Gamma for all ¢ this implies, in particular, that () is non-amenable. By
proposition [10.2] where we let A = C, we know that there is an 4 such that @ is not

amenable over N;
Since @\1 is a regular subalgebra of M, then by Theorem we get that @\1 <m N.

We complete the argument by following Proposition 12 and the induction argument of

the proof of Theorem 1 in [OP04].

Now we have the proof of the final result ([8.2])

Proof. Let AjVHy, ..., Ay Hy, Ky, ..., K, 0, p be as above. Thus we know that since A; ! H;

is nonamenable for all 7, then K is nonamenable for all j.

Now we know that there are actions on L*°(X) such that M = L>®(X) x Ay Hy X -+« X
A UH, ~ (L*°(X) x Ky x -+ x K,;,)". We may assume that ¢t = 1.

Let Ny = Ax A VHy x ... A; 1 H; 1 X Ajy;1 VH; 1 X -+ X A, U H,, so that we have
M = N; x A;V H;. As in the proof of the previous theorem, since K; is nonamenable, there is
an i such that L(K7) is nonamenable over NV;. Now by the proof of Theorem this implies
that L(K,) N M = L(Ky x --- x K;;,) < N; X H;. Thus by Lemma 3.2 above we have that
AXKyx---x K, <N; x H;. Now since A x Ky x --- x K,, is a regular subalgebra we
have by Theorem [0.2] that A x Ky x --- X K, < N;.

Notice that now we can follow exactly as in the proof of Corolarry C in [CS11] to get our

desired result.
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