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Abstract

Bilinear Quadratures and Their Applications

by

Christopher Allen Wong

Doctor of Philosophy in Applied Mathematics

University of California, Berkeley

Professor John Strain, Chair

A bilinear quadrature numerically evaluates a continuous bilinear map, such as the L2

inner product, on continuous f and g belonging to known finite-dimensional function spaces.
The evaluation of such maps is common in Galerkin methods for differential and integral
equations. A framework for constructing bilinear quadratures over arbitrary domains in Rd

is developed. We provide rigorous error estimates under general conditions. We prove that in
one dimension, these integration rules include Gaussian quadrature for polynomials and the
trapezoidal rule for trigonometric polynomials as special cases. Lastly, we demonstrate that
in higher dimensions, bilinear quadratures computed using this framework achieve similar
or better performance in evaluating L2 inner products than existing quadrature rules.
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Chapter 1

Introduction

Methods for the numerical evaluation of definite integrals are ubiquitous in computational
science and engineering. In particular, classical quadratures such as Gaussian and trapezoidal
rules accurately evaluate continuous linear functionals such as∫

Ω

f(x)w(x) dx

for f in a finite-dimensional space of continuous functions over a region Ω and w a weight
function. The construction of new methods for evaluating such integrals, especially over
regions of Euclidean dimension greater than 1, remains an active area of research.

In this work, we introduce a computational framework for constructing bilinear quadra-
tures, which evaluate continuous bilinear forms such as the weighted L2 inner product

〈f, g〉L2 =

∫
Ω

f(x)g(x)w(x) dx

or the weighted H1 inner product

〈f, g〉H1 =

∫
Ω

d∑
i,j=1

( ∂f
∂xi

aij(x)
∂g

∂xj

)
+ f(x)g(x) dx

on finite-dimensional spaces of continuous functions f, g on a domain Ω ⊂ Rd. In constructing
such quadratures, we aim to achieve both efficiency and accuracy.

Efficiency is achieved by using the fewest function evaluations possible. For Euclidean
dimension d > 1, the optimal efficiency of a classical quadrature is unknown except in special
cases. On the other hand, for a bilinear quadrature, determining the minimum number of
function evaluations is more tractable because inner products have more algebraic structure
than linear functionals. In particular, the minimum number of function evaluations is equal
to the dimension of function space being integrated. The inner product of two functions f, g
belonging to given finite-dimensional function spaces is computed by the formula

〈f, g〉 = f(x)TWg(y), (1.1)
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where f(x) ∈ Rm and g(y) ∈ Rn are vectors of f and g values at sets of points x and y
in Ω respectively, and W is a matrix. Because the rank of the bilinear form is equal to the
rank of W , the minimal number of required function evaluations is equal to the dimension
of that function space. This result does not depend on the functions being integrated or the
geometry of the integration region.

Accuracy is achieved by minimizing an appropriately-defined integration error. In a
bilinear quadrature, this leads to a nonlinear optimization problem for x,y, and W in (1.1),
and is solved using a Newton method for an appropriate objective function [2, 6, 26]. In
this work an objective function is developed and demonstrated to yield numerically useful
bilinear quadrature rules in a general setting.

Numerical evaluation of inner product integrals has been studied in [1, 2, 5, 15, 18] and as
“bilinear quadrature” in [16, 17]. This work borrows some of the framework from these past
works but develops and utilizes a different optimization procedure to produce quadrature
rules.

The bilinear quadratures resulting from this optimization serve somewhat different pur-
poses from classical quadratures. Classical quadratures are inherently linear and minimize
error when integrating functions contained in or nearly in a prescribed function space. In
contrast, bilinear quadratures only evaluate integrals related to bilinear forms and mini-
mize error on a pair of function spaces. Because bilinear quadratures solve a much more
specialized problem than classical quadratures, they are easier to construct.

One of the primary motivations for constructing bilinear quadratures as an alternative
to well-established classical quadratures is for the evaluation of L2 and H1 inner products.
L2 inner products compute orthogonal projections onto subspaces, while H1 inner products
provide local solutions to elliptic problems, a key ingredient of the finite element method.
For example, let Ω ⊂ Rd be a smooth bounded domain, let L be a uniformly elliptic operator,
f ∈ L2(Ω), g ∈ L2(∂Ω), and γ ∈ L∞(∂Ω). Consider the Robin problem{

Find u ∈ H1(Ω) satisfying

Lu = f in Ω, γu+ ∂u
∂n

= g on ∂Ω.
(1.2)

When L = −∆, then if a bilinear form a : H1(Ω) × H1(Ω) → R is defined by a(u, v) =∫
Ω
Du ·Dv +

∫
∂Ω
γuv, the weak formulation to (1.2) seeks u ∈ H1(Ω) satisfying

a(u, v) = 〈f, v〉L2(Ω) + 〈g, v〉L2(∂Ω) for all v ∈ H1(Ω). (1.3)

Given user-selected finite-dimensional function spaces F0,G0, the Galerkin method constructs
an approximate solution to (1.3) by seeking u0 ∈ F0 satisfying

a(u0, v0) = 〈f, v0〉L2(Ω) + 〈g, v0〉L2(∂Ω) for all v0 ∈ G0. (1.4)

The linear system (1.4) is solved in a basis, which requires computing a number of L2 inner
product integrals.
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Because of the general nature of the methods outlined in this work, these methods may
prove particularly useful for variants and generalizations of the Galerkin methods other
than the standard finite element method. For example, bilinear quadratures can be used to
compute local solutions to PDE over high-order or non-simplicial meshes, regions on which
classical quadratures may not yet be available. Furthermore, they can be used to compute
matrix elements in generalized finite element or Petrov-Galerkin methods, where the basis
functions may be non-polynomial or differ from the test functions.
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Chapter 2

Preliminaries

2.1 Classical quadratures

In this section we review traditional methods developed for numerically evaluating definite
integrals. We collectively call all these methods classical quadratures, though in some texts
the term “quadrature” is reserved only for one-dimensional integrals. All the results in this
section can be found in standard texts [8], though some of the proofs contained below are
original.

Definition 1. Let Ω ⊂ Rd be a connected domain. A classical quadrature q of order n on
Ω is a linear functional on C(Ω) defined by a set x = (x1, . . . , xn), xi ∈ Ω, called the nodes,
and a vector w ∈ Rn, whose components are called the weights, such that for any f ∈ C(Ω),

q(f) = wTf(x) =
n∑
i=1

wif(xi).

Furthermore, given a F0 is a subspace of C(Ω) and Borel measure µ, then q is said to be
exact on F0 with respect to µ if

q(f) =

∫
Ω

f dµ

for all f ∈ F0.

Classical quadratures have a simple measure-theoretic interpretation. Since the Riesz-
Markov theorem states that bounded linear functionals on C(Ω) are the same as signed
Borel measures on Ω, then we can view a classical quadrature q that is exact on F0 as
a linear combination of Dirac measures such that the restrictions of q and µ to F0 agree:
q|F0

= µ|F0
. Restricting only to positive measures (so that the weights w ≥ 0), the search for

exact classical quadratures can be viewed as a linear program over the infinite-dimensional
cone of positive measures on Ω [20]. In light of this, it is understandable that the search for
classical quadratures with optimal efficiency can be challenging.
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Gaussian quadratures

In the construction of classical quadratures, one of the most important cases is F0 = Pn =
Pn(Ω), the space of polynomials of degree up to n defined on a region Ω. When Ω is an open
interval and µ is a finite absolutely continuous Borel measure on Ω, the classical Gaussian
quadratures are known to provide exact quadratures on Pn using the fewest evaluation points.

Definition 2. Suppose P2n−1 is µ-integrable on an interval Ω. Then a Gaussian quadrature
of order n on Ω is a classical quadrature of order n on Ω that is exact on P2n−1 with respect
to µ.

Gaussian quadratures are the starting point for much of the existing theory for classical
quadratures in one dimension. However, the one-dimensional theory does not generalize to
higher dimensions, which is needed in applications such as the numerical solutions of PDE.
To understand why these limitations exist, we develop the existence and uniqueness theory
for Gaussian quadratures.

Theorem 1. Suppose P2n−1 is µ-integrable on an interval Ω, and let {φk} denote any set of
L2(Ω, µ)-orthonormal polynomials such that deg(φk) = k. Then the following sets are equal:

1. The zeros of φn.

2. The eigenvalues of the symmetric bilinear form on Pn−1 given by

B(f, g) :=

∫
Ω

xf(x)g(x) dµ = 〈xf(x), g(x)〉L2(Ω,µ) .

3. The nodes {xi} of a Gaussian quadrature of order n on Ω.

Proof. (1⇐⇒ 2) Since B(·, ·) is symmetric it is diagonalizable with n real eigenvalues {λi}.
If a polynomial ψi(x) is an eigenvector for λi, then for 0 ≤ j ≤ n− 1,

〈xψi(x), φj(x)〉 = λi〈ψi(x), φj(x)〉 =⇒ 〈(x− λi)ψi(x), φj(x)〉 = 0.

Since (x − λi)ψi(x) ∈ Pn for each i, and the only polynomials in Pn that are orthogonal to
each of φ0, . . . , φn−1 are multiples of φn, then each (x− λi) is a factor of φn(x). Thus φn(x)
is a multiple of (x− λ1) . . . (x− λn) and its zeros are the eigenvalues of B(·, ·).

(2 ⇐⇒ 3) Suppose a Gaussian quadrature with positive weights {wi} and nodes {xi}
exists. With respect to the basis of orthonormal polynomials {φk}, the bilinear form B(·, ·)
has a symmetric matrix represention B with entries given by

Bij =

∫
Ω

xφi(x)φj(x) dµ =
n∑
k=1

wkxkφi(xk)φj(xk).



CHAPTER 2. PRELIMINARIES 6

If

uk =


√
wkφ0(xk)

...√
wkφn−1(xk)

 , X =

x1

. . .

xn

 ,
then

B =
n∑
k=1

xkuku
T
k = UXUT . (2.1)

Since δij =
∑n

k=1 wkφi(xk)φj(xk), then I = UUT and U is a unitary matrix. Then (2.1) is
the unitary diagonalization of the symmetric matrix B with eigenvalues given by the xk’s.

Theorem 2. For every n > 0 and every finite absolutely continuous Borel measure µ on an
interval Ω, a Gaussian quadrature of order n exists and is unique.

Proof. By Theorem 1, a Gaussian quadrature q of order n only exists if its nodes {xi} are
the roots of φn, the n-th degree orthonormal polynomial with respect to L2(Ω, µ). Suppose
such a q exists with nodes {xi} and weights {wi}. Let f ∈ P2n−1. Then factorize f(x) =
p(x)φn(x) + r(x), where deg p, deg r < n. Then

q(f) =
∑
i

wi(p(xi)φn(xi) + r(xi)) =
∑
i

wir(xi) =

∫
Ω

r dµ,

which implies that the existence of q follows from the exactness of q as a classical quadrature
on Pn−1. Setting mi =

∫
Ω
xi−1 dµ and m = (mi), then a vector of weights w = (wi) satisfies

Vw = m, where V is the Vandermonde matrix evaluated at (x1, . . . , xn). Therefore the
weights exist and are unique by the invertibility of V , and hence the Gaussian quadrature q
does indeed exist.

Furthermore, to show that the weights are positive, so that the square root taken in
(2.1) in the proof of Theorem 1 is legitimate, consider a monic polynomial f with a double
root at every xi except i = k. Then f has degree 2n − 2 and is nonnegative, and hence
q(f) = wkf(xk) > 0, which implies wk > 0, and this holds for each k = 1, . . . , n.

Remarks. In fact, the weights wi are given by the equation

1/wi =
n∑
j=0

(φj(xi))
2.

See [8] for details. Furthermore, Theorem 1 also provides an efficient method to construct
these quadratures. The matrix B in (2.1) is tridiagonal, so its eigenvalues can be calculated
quickly, even for very large n [14].

Gaussian quadrature is optimal for integrating polynomials on an interval, but it is clear
that Theorem 1 does not extend readily to higher-dimensional domains. The zeros of a
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multivariate polynomial are generally not isolated (consider f(x, y) = xy) so they cannot all
be used as nodes of a classical quadrature. Additionally, the connection between nodes and
eigenvalues no longer holds since the eigenvalues are only scalars (the connection extends to
two-dimensional domains with complex eigenvalues [25]).

Trapezoidal rule

The trapezoidal rule is one of the simplest numerical integration methods. It can be viewed as
a classical n-point quadrature that is exact on the (2n−1)-dimensional space of trigonometric
polynomials

Tn−1 = span{1, sinx, . . . , sin (n− 1)x, cosx, . . . , cos (n− 1)x}.

Because of its simplicity and its accuracy on periodic functions, it has enjoyed widespread
use.

Definition 3. On Ω = (0, 2π), the (n+1)-point trapezoidal rule Tn is a classical quadrature
of order n+ 1 given by

Tn(p) :=
π

n
p(0) +

π

n
p(2π) +

2π

n

n−1∑
j=1

p

(
2πj

n

)
that is exact on Tn−1.

Alternatively, by identifying endpoints and setting Ω = S1, Tn is a classical quadrature
of order n exact on Tn−1.

Concretely, since Tn−1 is a rotationally-invariant function space on S1, the trapezoidal
rule yields a family of n-point classical quadratures for Tn−1 given by

Tn(p) =

∫ 2π

0

p(x) dx =
2π

n

n−1∑
j=0

p(xj) for all p ∈ Tn−1, whenever xj+1 − xj =
2π

n
. (2.2)

Lobatto quadratures

In some cases it may be advantageous to use a classical quadrature that does not use the
optimal number of function evaluations. Lobatto quadratures are one such example.

Definition 4. Let P2n−1 be µ-integrable on an interval Ω = [a, b]. Then the corresponding
Lobatto quadrature is a classical quadrature of order n+ 1 exact on P2n−1 with respect to µ
such that if x0, . . . , xn are the nodes, then x0 = a and xn = b.

Notice that Lobatto quadratures use one more node than Gaussian quadratures. How-
ever, in exchange, two of the nodes are the endpoints of the integration interval.
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Theorem 3. Suppose P2n−1 is µ-integrable on Ω, and let {φk} denote the unique set of
polynomials such that deg(φk) = k and which are orthonormal on L2(Ω) with respect to the
measure (x−a)(x− b) dµ. Then there exists a unique Lobatto quadrature of order n+ 1, and
its nodes are the zeros of (x− a)(x− b)φn−1.

Proof. Suppose a Lobatto quadrature q of order n + 1 exists. Then, for f ∈ P2n−1, write
f(x) = p(x)φn−1(x)(x−a)(x−b)+r(x), where deg p, deg r < n−1. Then, by the orthogonality
of φn−1 with respect to the measure (x− a)(x− b) dµ,

∫
Ω
f dµ =

∫
Ω
r dµ. Therefore, by the

exactness condition for q implies that

0 =

∫
Ω

p(x)φn−1(x)(x− a)(x− b) dµ = q(pφn−1(x− a)(x− b)).

Since this must hold for every polynomial p of degree less than n − 1, then the function
φn−1(x)(x− a)(x− b) must vanish on every node of q.

With the nodes determined, the weights can be determined that make the classical
quadrature exact by forming a linear system, similar to in the proof of Theorem 2. To
show existence and uniqueness it suffices to write down an explicit formula for the solution
to this matrix linear system. We omit that calculation here.

2.2 Galerkin methods

In this section we briefly describe the general principles of Galerkin methods for solving par-
tial differential equations, highlighting the importance of using quadratures in implementing
these methods numerically.

The underlying abstract problem is, given a continuous bilinear form a on a pair of
Banach spaces U, V , and f a linear functional on V ,{

Find u ∈ U such that

a(u, v) = f(v)∀v ∈ V.
(2.3)

Note that traditionally, the symmetric case U = V is often referred to simply as the
Galerkin method, while the general non-symmetric case is often referred to as the Petrov-
Galerkin method.

The process of taking a PDE and converting into the form (2.3) appropriate for solving is
an area of study in itself. However, for certain problems, such as elliptic PDE and hyperbolic
conservation laws, this process is well-studied. If we consider the Poisson equation −∆u = f
with homogeneous Dirichlet boundary condition on Ω, then it can be written in a weak
formulation of the form (2.3) by setting U = V = H1

0 (Ω) and a(u, v) =
∫

Ω
Du ·Dv.

Similarly, for a scalar conservation law of the form

∂u

∂t
+ div(f(u)) = g, x ∈ Ω,
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to be solved for u(x, t) with appropriate initial and boundary conditions, a weak form is
given by ∫

Ω

∂u

∂t
v − f(u) ·Dv dx+

∫
∂Ω

n · f(u)v ds =

∫
Ω

gv dx

for all v in some appropriate function space.
In each case, to numerically compute the solution u, u is approximated by a function con-

tained in a finite-dimensional function space whose integrals can be computed, and similarly
for the test functions v. The result is a discretized matrix system, which can be solved using
standard numerical methods. It is imperative then to find methods for numerically com-
puting the integrals involved in forming these matrices. Bilinear quadratures are a natural
choice.

Finite element methods

Some of the most widely used types of Galerkin methods are also finite element methods.
In such methods, a mesh is constructed that partitions the domain Ω into subdomains Ωi.
Then, (2.3) is appropriately modified and restricted to each subdomain Ωi, on which the
solution u is approximated using an approximation space Ui of low dimension. For example,
in the traditional continuous Galerkin finite element method, U = V is taken to be a space
of continuous piecewise polynomials up to a fixed degree. Then (2.3) is solved locally on the
subdomain Ωi: {

Find ui ∈ Pn(Ωi) such that

a(ui, vi) = f(vi)∀vi ∈ Pn(Ωi),
(2.4)

under the additional continuity constraint that the boundary values of each local solution
match the values of solutions on neighboring subdomains. By making the mesh {Ωi} suffi-
ciently fine, ui can be well-approximated by polynomials of relatively low degree n, sometimes
n = 1. Thus the matrix discretization of a(·, ·) is very sparse and the resulting linear system
is more easily solved.

Another variant of such methods is the discontinuous Galerkin finite element method.
Discontinuous Galerkin is often more suitable for problems where boundary information
propagates in particular directions, such as in equations modeling fluid flow. In this variant,
each local solution on Ui is computed without any continuity condition at the boundary. A
numerical flux function, determined using a priori knowledge about the underlying equation,
is used to minimize the difference at the interface between two subdomains.

In all cases, the most common choice of basis functions is polynomials on simplices.
Thus, the integration of polynomials over simplices presents an important test case for any
candidate quadratures.
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Chapter 3

Theory

3.1 Bilinear quadrature framework

Abstract formulation

In this section the problem of evaluating a general continuous bilinear form on a pair of
Banach spaces is considered. Results are given in sufficient generality so that they apply to
any continuous bilinear forms. Later, these results are applied to useful special cases such
as the L2 and H1 inner products.

Definition 5. Let F and G be real Banach spaces. Then a bilinear quadrature of order
(m,n) on F ×G is a bilinear form Q defined by linear maps L1 : F → Rm and L2 : G → Rn

and a bilinear map B : Rm × Rn → R, such that, for each f ∈ F and g ∈ G,

Q(f, g) = B(L1f, L2g).

Definition 6. Let F ,G be real Banach spaces with a continuous bilinear form 〈·, ·〉 : F×G →
R. Finite-dimensional subspaces F0 ⊂ F and G0 ⊂ G are a dual pair if they separate points:

∀f ∈ F0 \ {0}, ∃g ∈ G0 such that 〈f, g〉 6= 0,

∀g ∈ G0 \ {0},∃f ∈ F0 such that 〈f, g〉 6= 0.

If F0,G0 are a dual pair then dim(F0) = dim(G0).

Definition 7. Let F ,G be real Banach spaces with a continuous bilinear form 〈·, ·〉 : F×G →
R, and let F0 ⊂ F and G0 ⊂ G be a dual pair. A bilinear quadrature Q on F × G is exact
with respect to F0 × G0 if

〈f, g〉 = Q(f, g) for every f ∈ F0, g ∈ G0.

Such a bilinear quadrature evaluates the bilinear form on F0 × G0 exactly. If the parent
spaces F ,G are implied, we will abuse notation by referring to an exact bilinear quadrature
on F0 × G0.



CHAPTER 3. THEORY 11

Remark. If F ,G are infinite-dimensional and Q is exact on F0 × G0, then

sup
f∈F ,g∈G

|Q(f, g)− 〈f, g〉| =∞,

so a bilinear quadrature can only be accurate on finite-dimensional subspaces.

Lemma 1. Let F0 ⊂ F and G0 ⊂ G be a dual pair, and let L1 : F → Rm, L2 : G → Rn be
linear. Then there exists bilinear B : Rm×Rn → R such that the map Q(f, g) = B(L1f, L2g)
is an exact quadrature on F0 × G0 if and only if L1|F0

and L2|G0 are both injective.

Proof. Suppose B exists. If f, f̃ ∈ F0 are distinct then there exists g ∈ G0 such that

0 6= 〈f − f̃ , g〉 = Q(f − f̃ , g) = B(L1(f − f̃), L2g),

so L1f 6= L1f̃ and L1|F0
is injective. Similarly for L2|G0 .

Suppose L1|F0
and L2|G0 are injective. Their Moore-Penrose pseudoinverses (L1|F0

)+

and (L2|G0)
+ left-invert L1 and L2, respectively. Define a bilinear map on Rm × Rn by

B(x, y) =
〈
(L1|F0

)+x, (L2|G0)
+y
〉
.

Then, for all f ∈ F0, g ∈ G0,

B(L1f, L2g) =
〈
(L1|F0

)+ L1|F0
f, (L2|G0)

+ L2|G0 g
〉

= 〈f, g〉.

From Lemma 1 a necessary condition for an exact bilinear quadrature is that m,n ≥
dim(F0) = dim(G0). Minimal order is achieved when m = n = dim(F0) and B(x, y) is
uniquely given by

B(x, y) =
〈
(L1|F0

)−1x, (L2|G0)
−1y
〉
.

Exact bilinear quadratures are not unique, as there are many possible linear maps L1, L2.
Furthermore, B may not be unique, since if n > dim(F0), then L1|F0

has infinitely many
left inverses. Therefore, a method is needed to choose among the infinitely many bilinear
quadratures. One metric of quality is that, in addition to its exactness on F0 × G0, the
bilinear quadrature also approximates 〈f, g〉 for some set of g’s outside of G0.

Definition 8. Let F0 ⊂ F and G0 ⊂ G be a dual pair, and let G1 ⊂ G be another finite-
dimensional subspace such that

G1 ⊂ F⊥0 := {g ∈ G : 〈f, g〉 = 0 for all f ∈ F0}.

Let Q be a set of bilinear quadratures exact on F0 × G0. Then Q ∈ Q is called minimal on
G1 if

Q = arg min
Q̃∈Q

σ(Q̃;F0,G1), (3.1)
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where

σ(Q̃;F0,G1) := max
06=g∈G1
06=f∈F0

|Q̃(f, g)|
‖f‖F‖g‖G

.

If Q is minimal on G1, then it approximates the pairing of F0 and G0 ⊕ G1. Precisely, if
f ∈ F0, g ∈ G0 ⊕ G1, and we write g = g0 + g1 with gi ∈ Gi, then

|Q(f, g)− 〈f, g〉| = |Q(f, g1)| ≤ σ(Q;F0,G1)‖f‖F‖g1‖G. (3.2)

Thus, minimizing σ(Q;F0,G1) will improve the approximation.
One important special case for bilinear quadratures is the symmetric case, which is when

F = G is an inner product space. In this case, a bilinear quadrature computes an orthogonal
projection.

Definition 9. Let F0 and G0 be a dual pair in an inner product space. Let {fi} be an
orthonormal basis for F0. Given a bilinear quadrature Q exact on F0×G0, the approximate
orthogonal projection onto F0 arising from Q is the linear map PQ given by

PQ(g) =
∑
i

Q(fi, g)fi.

A more general version of (3.2) involving orthogonal projections is stated and proven
later in Theorem 4.

Integral formulation

In this section, the bilinear quadrature framework is applied to the evaluation of Sobolev
inner products on function spaces. Let Ω ⊂ Rd be a bounded domain, let F = G = Cr(Ω),
r a non-negative integer, and consider the Hs Sobolev inner product

〈f, g〉Hs =
∑
|α|≤s

〈Dαf,Dαg〉L2(Ω)

for a fixed s ≤ r. Notice that the Hs inner product is continuous with respect to the topology
of Cr(Ω).

Choose a dual pair F0,G0 in F . Exactness on F0×G0 requires linear maps L1 : Cr(Ω)→
Rm, L2 : Cr(Ω)→ Rn, and bilinear form B : Rm×Rn → R so that for every f ∈ F0, g ∈ G0,
B(L1f, L2g) = 〈f, g〉Hs .

Appropriate linear maps L1, L2 are evaluations at particular points in Ω. Thus, for the
points x = (x1, . . . , xm)T ∈ Ωm, y = (y1, . . . , yn)T ∈ Ωn, define

L1f := f(x) =

f(x1)
...

f(xm)

 , L2g := g(y) =

g(y1)
...

g(yn)

 .
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Given orthonormal basis β = {f1, . . . , fk} for F0 and basis {g1, . . . , gk} for G0, let M ∈ Rk×k

be the Gram matrix with entries
Mij = 〈fi, gj〉Hs .

Since F0,G0 are a dual pair, M is invertible. Define matrix functions

F (x) :=

f1(x1) . . . fk(x1)
...

...
f1(xm) . . . fk(xm)

 , G(y) :=

g1(y1) . . . gk(y1)
...

...
g1(yn) . . . gk(yn)

 .
To make L1 and L2 injective, choose x and y, such that F (x) and G(y) have full column
rank. If B(v, w) = vTWw for all v, w for an m× n matrix W , then the bilinear quadrature
is exact if and only if

F (x)TWG(y) = M. (3.3)

Therefore a bilinear quadrature rule

Q(f, g) = f(x)TWg(y) (3.4)

evaluates 〈f, g〉Hs exactly for any f ∈ F0, g ∈ G0. The corresponding approximate orthogonal
projection onto F0 is

PQ(g) =
k∑
i=1

[
fi(x)TWg(y)

]
fi.

In the basis β, the approximate projection is computed by

[PQ(g)]β = F (x)TWg(y) ∈ Rk. (3.5)

Good values for the matrix W and evaluation points x,y must be determined. Without
loss of generality, suppose that the bases {fi} and {gj} are Hs-orthonormal in Cr(Ω). Select
finite-dimensional G1 ⊂ Cr(Ω) for the minimization (3.1) and define the feasible set Q to be
all quadratures of the form (3.4) satisfying (3.3). If {γ1, . . . , γp} is an orthonormal basis for
G1, define

Γ(x) :=

γ1(x1) . . . γp(x1)
...

...
γ1(xn) . . . γp(xn)

 ∈ Rn×p.

By identifying a bilinear quadrature Q with its associated points x,y and bilinear form
matrix W , (3.1) can be reformulated as

arg min
Q∈Q

σ(Q;F0,G1) = arg min
Q∈Q

max
g∈G1,‖g‖G=1
f∈F0,‖f‖F =1

|Q(f, g)|

= arg min
x,y,W

max
a,b∈Rk

‖a‖2=‖b‖2=1

|bTF (x)TWΓ(y)a|, (3.6)
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subject to F (x)TWG(y) = M . For fixed a, x,y, W , the expression in (3.6) is maximized
when b = F (x)TWΓ(y)a. Therefore (3.6) is equivalent to a matrix 2-norm minimization, or
equivalently, a minimization of the leading singular value, of the matrix F (x)TWΓ(y). Thus
(3.1) in the Hs integral formulation reduces to computing

arg min
x,y,W

σ1

(
F (x)TWΓ(y)

)
subject to F (x)TWG(y) = M, (3.7)

where σ1(·) indicates the leading singular value of the matrix. Minimization (3.7) is inde-
pendent of x, since by (3.3) F (x)TW = ML, where L is a left inverse of G(y). Therefore
x is chosen by performing a similar minimization on the left, setting an orthonormal basis
{λi} for a space F1 ⊂ G⊥0 , defining the corresponding matrix function Λ(x), and computing

arg min
x,y,W

σ1

(
Λ(x)TWG(y)

)
subject to F (x)TWG(y) = M, (3.8)

where similarly the dependence of (3.8) on y may be dropped since WG(y) is equal to LTM ,
where L is a left inverse of F (x).

In the symmetric case F0 = G0, M = I, F1 = G1, and m = n = k with x = y, the
problem can be greatly simplified. Since F (x) = G(y), then the minimizations (3.7) and
(3.8) are equivalent. Furthermore, as F (x) is square and has full rank, then it is invertible
and F (x)TW = F (x)−1, and hence the minimization simplifies to

arg min
x

σ1(F (x)−1Γ(x)). (3.9)

In this special case, the “weight” matrix W is dropped from the optimization because it is
uniquely determined by the choice of evaluation points x, which is made possible because the
exactness of a bilinear quadrature can be formulated as a matrix equation. In contrast, for
classical quadratures there is not always theory proving the existence of weights guaranteeing
exactness. In these cases, classical quadratures often eschew exactness and are constructed
by moment-fitting methods, which typically minimize the errors in a least-squares sense.

Remark. It is interesting to note that in the symmetric case, the associated approximate
orthogonal projection can compute an interpolation, since it takes in function values and
returns coefficients in a basis. Thus, interpolation can be viewed as a special case for bilinear
quadratures. However, in the general case a bilinear quadrature computes something very
different than an interpolation.

In subsequent sections special attention is given to the symmetric case because it is used
for evaluating orthogonal projections.

3.2 Error estimates

In this section, upper bounds on several error norms in computing an approximate orthogonal
projection of the form (3.5) are estimated.
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Theorem 4 (Euclidean norm error estimate). Let F0,G0 be a dual pair in an inner product
space F and Q a bilinear quadrature of the form (3.4) that is exact on F0 × G0. Let PQ be
the approximate orthogonal projection onto F0 arising from Q with coordinate representation
(3.5). If P is the exact orthogonal projection operator onto F0, G1 ⊂ F⊥0 , and g = g0 + g1 ∈
G0 ⊕ G1 such that gi ∈ Gi,

‖[PQ(g)− P (g)]β‖2 ≤ σ(Q;F0,G1)‖g1‖, (3.10)

where ‖ · ‖2 is the Euclidean norm and [·]β indicates representation in the coordinates of β.

Proof. Since 〈fi, g〉 = Q(fi, g0), then

‖[PQ(g)− P (g)]β‖2 =

(
k∑
i=1

|Q(fi, g)− 〈fi, g〉|2
)1/2

=

(
k∑
i=1

|Q(fi, g)−Q(fi, g0)|2
)1/2

=

(
k∑
i=1

|Q(fi, g1)|2
)1/2

,

the Euclidean norm of the vector (Q(fi, g1)) ∈ Rk. Since for any column vector v, ‖v‖2 can
be written as maxα 6=0 α

Tv/‖α‖2, then the above can be rewritten as

max
α 6=0

1

‖α‖2

k∑
i=1

αiQ(fi, g1),

where α = (αi) ∈ Rk. Since each f ∈ F0 can be written as f =
∑

i αifi for a unique α, then

max
α 6=0

1

‖α‖2

k∑
i=1

αiQ(fi, g1) = max
06=f∈F0

Q(f, g1)

‖f‖

≤ σ(Q;F0,G1)‖g1‖.

Theorem 4 provides an error bound for an approximate orthogonal projection when the
projected function g is in G0 ⊕ G1. If F0 is a space of polynomials, then it is also useful to
obtain an error estimate that depends on the regularity of g.

Theorem 5 (Uniform norm error estimates for polynomials). Let F = C(Ω) with Ω ⊂ Rd

a bounded open set with Lipschitz boundary, equipped with the L2 inner product. Let F0 be
the set of multivariate polynomials of degree at most n with an orthonormal basis β = {fi},
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let P : F → F be the orthogonal projection onto F0, and suppose PQ is an approximate
orthogonal projection onto F0 with coordinate representation (3.5). Then there exists a
constant C > 0 such that for every g ∈ Cn+1(Ω),

‖[Pg − PQg]β‖∞ ≤ C‖Dn+1g‖L∞ , (3.11)

where
‖Dn+1g‖L∞ :=

∑
|α|=n+1

max
x∈Ω
|Dαg(x)|

and ‖ · ‖∞ is the vector max norm.

Proof. Using (3.5) and the exactness of PQ on F0, then writing g = Pg+ (I−P )g = g0 + g1,
we have

‖[Pg − PQg]β‖∞ = ‖F TWg1(x)‖∞
≤ ‖F TW‖∞→∞‖(I − P )g‖C0

≤ ‖F TW‖∞→∞‖(I − P )(g − q)‖C0 ,

where q is any element of F0 and ‖ · ‖∞→∞ is the matrix norm induced by the ‖ · ‖∞ vector
norm. Then

‖[Pg − PQg]β‖∞ ≤ ‖F TW‖∞→∞(1 + ‖P‖C0→C0)‖g − q‖C0 ,

where the C0 operator norm of P is given by

‖P‖C0→C0 = max
x∈Ω

∫
Ω

∣∣∣∑
i

fi(t)fi(x)
∣∣∣ dt.

Because Ω has Lipschitz boundary, the Deny-Lions/Bramble-Hilbert lemma [11] applies such
that for all g ∈ Cn+1(Ω) there exists a constant CBH > 0 (dependent on n and Ω) such that

inf
q∈F0

‖g − q‖C0 ≤ CBH‖Dn+1g‖L∞ ,

which combined with the previous inequality yields the desired result with

C = ‖F TW‖∞→∞(1 + ‖P‖C0→C0)CBH .

Remark. The requirement that the domain have Lipschitz boundary is not a limitation of
bilinear quadratures, but is rather a sufficient condition for the Sobolev extension property,
which is needed for the Deny-Lions/Bramble-Hilbert lemma. See [11] for details.

In the presence of error in function evaluation (such as from finite-precision arithmetic),
the conditioning of an approximate orthogonal projection is also important to quantify.
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Theorem 6. Let PQ be an approximate orthogonal projection of the form (3.5). If δg(y) is
the difference between the computed g(y) and its true value, and similarly for δPQ(g), then
for a given vector norm ‖ · ‖,

‖[δPQ(g)]β‖
‖[PQ(g)]β‖

≤ κ
‖δg(y)‖
‖g(y)‖

,

where κ = κ(F (x)TW ) is the matrix condition number with respect to ‖ · ‖.

Proof. From (3.5), [PQ(g)]β is the matrix-vector multiplication of F (x)TW on g(y). Assum-
ing this matrix is formed exactly, then the standard perturbation theory for linear systems
shows the ratio between the relative forward error and relative backward error of matrix-
vector multiplication is bounded above by the condition number of the matrix; see [9] § 2.2.

3.3 Connection to classical quadratures

We now investigate how classical and bilinear quadratures are related. While the two are
mathematically distinct, we have already seen that for the case of integrating polynomials
and trigonometric polynomials on intervals, Gaussian quadrature and trapezoidal rule are
optimally efficient. It is therefore of interest to see how bilinear quadratures compare to
these cases when computing inner product integrals that can also be evaluated using classical
quadratures.

Consider a classical quadrature with nodes x = {xi} and weights w = {wi}. For a func-
tion h(x) = f(x)g(x) with f, g belonging to function spaces F ,G respectively, the classical
quadrature q evaluated on h is a bilinear quadrature Q on f, g given by

Q(f, g) = f(x)T

w1

. . .

wn

 g(x) = wTh(x) = q(h).

The matrix W is diagonal with entries given by the weights of the classical quadrature.
Thus for a general bilinear quadrature of the form (3.4) the entries of W can be viewed as
analogues of the weights.

Univariate polynomials

As we have seen, Gaussian quadratures are the most efficient classical quadratures for uni-
variant polynomials on intervals. We now show that they also arise as a special case of a
bilinear quadrature in one dimension. We also propose a way to generalize to quadratures
evaluating inner products of polynomials on multidimensional domains.
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Theorem 7. The nodes of a Gaussian quadrature of order n are the same as the points x
in the unique bilinear quadrature of order (n, n) for L2 inner products on Pn−1 × Pn−1 that
is minimal on span{φn}, where φn is the orthonormal polynomial of degree n. Furthermore,
the matrix W in (3.4) is a diagonal matrix whose diagonal entries are the weights of the
Gaussian quadrature.

Proof. Let φ0, . . . , φn−1 be the orthonormal polynomials up to degree n−1 such that deg φk =
k, x = (x1, . . . , xn)T ∈ Ωn, and define

Φ(x) =

φ0(x1) . . . φn−1(x1)
...

...
φ0(xn) . . . φn−1(xn)

 .
Then the minimization problem (3.9) becomes

min
x∈Ωn

σ1

Φ(x)−1

φn(x1)
...

φn(xn)


 .

This is uniquely minimized (up to reordering of the xi’s) when x is the set of zeros of φn
in which case σ1 = 0. The corresponding bilinear quadrature Q exactly evaluates products
where one polynomial has degree n − 1 and the other has degree n. Then Q has the same
evaluation points as a bilinear quadrature formed from the Gaussian quadrature. Since W
is unique, then it must be equal to the diagonal matrix with entries given by the weights of
the Gaussian quadrature.

The above result suggests that an accurate way to compute inner products of polynomials
on a multidimensional domain is to utilize a symmetric bilinear quadrature that is exact on
Pn×Pn and minimal on Pn+1∩P⊥n . Just as Gaussian quadratures integrate nearly-polynomial
functions accurately, bilinear quadratures constructed in the above manner are expected to
evaluate inner products of nearly-polynomial functions accurately. We explore this idea
further in Chapter 4, in which we give numerical results for such quadratures.

Trigonometric polynomials

Similarly, a natural question is whether computing a bilinear quadrature for L2 on trigono-
metric polynomials yields something optimal, namely the trapezoidal rule. Indeed, when the
order n is odd, the trapezoidal rule is again a special case of a bilinear quadrature:

Theorem 8. Let n > 0 be an odd integer. Then classical quadratures on Tn−1 of the form
(2.2) are equivalent to symmetric bilinear quadratures of order (n, n) on T(n−1)/2 × T(n−1)/2

that are minimal on span{sin (n+1)x
2

, cos (n+1)x
2
}.
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Proof. Set n = 2k + 1. Since Tn−1 is rotationally invariant on the circle, then if Q is
a symmetric bilinear quadrature on Tk × Tk of the form (3.4), σ(Q) is invariant under
rotations of the evaluation points x = (x1, . . . , xn). Therefore without loss of generality
x1 = 0, xj ∈ [0, 2π). Using a complex exponential basis for Tn−1, define

F (x) =
1√
2π


1 . . . 1

e−ikx2 . . . eikx2
...

...
e−ikxn . . . eikxn

 ,Γ(x) =
1√
2π


1 1

e−i(k+1)x2 ei(k+1)x2

...
...

e−i(k+1)xn ei(k+1)xn

 ,
and it suffices to prove that choosing xj = 2πj/n solves the minimization problem (3.1).

If xj = 2πj/n, then the first column of F (x) is the second column of Γ(x), and the last
column of F (x) is the first column of Γ(x). In this case, F (x)−1Γ(x) =

[
en e1

]
, where ej is

the j-th standard coordinate vector, and hence σ1(F (x)−1Γ(x)) = 1.
We claim that for any choice of nodes x ∈ [0, 2π)n with x1 = 0,

σ1(F (x)−1Γ(x)) ≥ 1. (3.12)

If (3.12) is established, then setting xj = 2π(j − 1)/n yields a minimal quadrature in Q. To
show this, let u be the first column of F (x)−1Γ(x). We will show that ‖u‖2 ≥ 1, from which
(3.12) follows. The column u satisfies the equation

F (x)u =
1√
2π


1

e−i(k+1)x2

...
e−i(k+1)xn

 ,
which is equivalent to the Vandermonde system

1 1 . . . 1
1 eix2 . . . ei(n−1)x2

...
...

...
1 eixn . . . ei(n−1)xn

u =


1

e−ix2
...

e−ixn

 .
Setting zj = eixj , then the entries of u are the coefficients of a degree n−1 complex polynomial
p(z) such that p(zj) = 1/zj. Setting q(z) = zp(z), it suffices to find a degree n polynomial
q(z) such that q(0) = 0 and q(zj) = 1. Such a q is unique and

q(z) = 1−
n∏
j=1

(1− z/zj) .

Then the leading coefficient of q, which is also the leading coefficient of p, has absolute value
1, and hence ‖u‖2 ≥ 1.

Remark. The trapezoidal rule uniquely generates a minimal bilinear quadrature, since in
that case q(z) = αzn for some |α| = 1. If xj’s are not equispaced, q(z) has some nonzero
lower-order coefficients.
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3.4 The non-invertible case

Up to this point, we have focused on bilinear quadratures that use the minimum number of
evaluation points, which allows the matrix function F (x) to be invertible and which greatly
simplifies the minimization problem (3.9). Minimizing the number of evaluation points will
reduce the computational cost of evaluating a quadrature, but it may be convenient to use
more points than optimal. This may allow the use of particular points for which function
values are already known, or may increase the accuracy and stability of the quadrature. The
Lobatto quadratures for univariate polynomials on the interval are the classic example. In
this section, we discuss how to formulate bilinear Lobatto quadratures, which use additional
evaluation points. In this case, the matrix function F (x) is non-invertible.

Similar to Gaussian quadratures and trapezoidal rules, a Lobatto quadrature of order
n + 1 corresponds to a symmetric bilinear quadrature that is exact on Pn−1 × Pn−1 and
minimal on Pn. The W matrix is diagonal and the matrix F (x) is given by

F (x) =


φ1(a) . . . φk(a)
φ1(x1) φk(x1)

...
...

φ1(xn−1) φk(xn−1)
φ1(b) . . . φk(b)

 .
Unlike in the Gaussian quadrature case, the matrix F = F (x) is not square, so there

exists infinitely many matrices W satisfying (3.3). Therefore, the simplified minimization
condition (3.9) cannot be employed, and one must optimize over both the quadrature nodes
x and matrices W . In general, suppose F is m × k and G is n × k, both with full column
rank. Then all matrices W satisfying (3.3) are of the form

W = (F T )+MG+ + Y − FF+Y GG+, (3.13)

where Y is an arbitrary m×n matrix. In the symmetric case F = G and M = I, a minimal
bilinear quadrature is found through the unconstrained minimization

Find Y ∈ Rm×m and x minimizing σ1

(
F+Γ + F TY (I − FF+)Γ

)
(3.14)

While computationally more expensive, this optimization procedure can be used to compute
symmetric bilinear Lobatto quadratures. First fix points x0 that the bilinear quadrature is
required to use, then construct the (typically non-square) matrix function F (x0,x), where
only the points x are varying. Then minimize according to (3.14). This procedure is appli-
cable for arbitrary domains Ω, any space of continuous functions, and any inner product on
that space.

3.5 Change of variables

One of the major limitations of quadrature rules, both classical and bilinear, is that they
may lose accuracy under an arbitrary change of coordinates. However, when Φ is an affine
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invertible change of variables, given a bilinear quadrature computing L2(Ω) inner products,
a new quadrature can be cheaply constructed for L2(Φ(Ω)) inner products. For continuous
functions fi on Ω, set

f̃i(Φ(x)) = fi(x)| det(DΦ)|−1/2.

Then

〈f̃i, f̃j〉L2(Φ(Ω)) =

∫
Φ(Ω)

f̃i(y)f̃j(y) dy =

∫
Ω

fi(x)fj(x) dx = 〈fi, fj〉L2(Ω).

The Jacobian DΦ is constant when Φ is affine, so if the bilinear quadrature on L2(Ω) exact
on F0 × G0 is

Q(f, g) = f(x)TWg(y),

a bilinear quadrature on L2(Φ(Ω)) for (F0 ◦ Φ−1)× (G0 ◦ Φ−1) is given by

Q̃(f̃ , g̃) = f̃(Φ(x))T W̃ g̃(Φ(y)), W̃ = W | det(DΦ)|−1. (3.15)

For an Hs inner product with s > 0, in general a new bilinear quadrature cannot be
cheaply constructed under a change of variables. However, when Φ(x) = λUx + b is affine
with λ ∈ R and U a unitary matrix, a change of variables can still be performed at low
cost. For example, let s = 1 and W be the matrix in a bilinear quadrature of form (3.4)
computing H1(Ω) inner products. Then write W = W0 +W1, where W0 is the matrix for a
bilinear quadrature that computes L2(Ω) inner products on the same function space. Then
a new bilinear quadrature for H1(Φ(Ω)) is formed with the matrix

W̃ = |λ|−dW0 + |λ|−d−2W1,

where d is the Euclidean dimension of the domain Ω, and the evaluation points are mapped
by Φ.

For non-affine changes of variables, in general it is not possible to construct a new bilinear
quadrature from an old one. Because the Jacobian is non-constant, the W matrix will have
to recomputed entirely by solving (3.7) again.
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Chapter 4

Computation

4.1 Construction

In this section, a numerical procedure to produce symmetric bilinear quadrature rules is
developed and tested.

Orthogonalization

For a function space F0, one may initially have a numerical routine to evaluate (up to
machine precision) basis functions ψ1, . . . , ψk for F0 that are not orthonormal. To construct
a bilinear quadrature according to (3.7), however, orthonormal basis functions f1, . . . , fk must
be evaluated. To do this, the Gram matrix M consisting of inner products 〈ψi, ψj〉 = Mij is
first computed. These inner products may be computed exactly, if closed-form expressions
for the relevant integrals are known, or approximated with high accuracy using an existing,
high-order classical quadrature rule for the integration region Ω. During the construction of
a bilinear quadrature, the orthogonalization process is the only instance during which the
geometry of the integration region Ω is explicitly used. Once computed, the orthonormal
basis functions capture the information pertaining to the behavior of F0 on Ω.

After M is known, the matrix of evaluations F (x) for the orthonormal functions is com-
puted by performing a “weighted” QR decomposition on the matrix of evaluations Ψ(x)
for the known basis functions. We assume that the inner products 〈ψi, ψj〉 = Mij can be
computed exactly, and we seek an upper-triangular matrix R such that

Ψ(x) = F (x)R, (4.1)

so that if, for a given x, a weight matrix W satisfies

Ψ(x)TWΨ(x) = M, (4.2)

then F (x) satisfies
F (x)TWF (x) = I. (4.3)
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Substituting (4.1) into (4.2) and using (4.3), we find that M = RTR. Therefore the following
simple orthogonalization procedure can be used:

1. Compute the Cholesky factorization M = RTR.

2. Given x, solve the triangular matrix system Ψ(x) = F (x)R for the unknown matrix
F (x).

Next, the same procedure is used to evaluate orthonormal basis functions for F1 in order
to construct the matrix Γ(x). Note that while the choice of F0 is usually determined by the
user’s application, there is no canonical choice of F1 ⊆ F⊥0 , and different choices for F1 will
yield bilinear quadratures that are accurate under different conditions.

Nonlinear optimization

For the invertible symmetric case we have reduced our problem to the minimization problem
(3.7):

Find x minimizing σ1

(
F (x)−1Γ(x)

)
.

This is a nonlinear optimization problem in d · k variables, where d is the dimension of the
integration region Ω and k = dim(F0).

The problem of minimizing the largest singular value of a matrix function A(x) is equiv-
alent to minimizing the largest eigenvalue of the symmetric positive semidefinite matrix
AT (x)A(x). This type of eigenvalue optimization problem has been extensively studied in
its own right; see [19] [22].

Often F (x) and Γ(x), but not their derivatives, can be accurately computed. Also, the
multiplicity of the largest singular values are generally unknown. Consequently, a quasi-
Newton method is ideal for the optimization procedure. The objective function is non-
convex and typically has multiple local minima, so the optimization procedure is run with
many initial guesses. Furthermore, in the presence of many nearby local minima, after each
convergent result, the computed points can be perturbed by a small value δ and the procedure
run again with perturbed points as another initial guess. This is repeated until suitable
convergence. While this procedure may be expensive, computing a quadrature is typically a
one-time cost, after which the quadrature can be used repeatedly for its applications.

In our numerical experiments, we employ a quasi-Newton method with BFGS updates
as implemented as part of Matlab’s fminunc routine [3, 12, 13, 21]. Since F (x)−1Γ(x) is a
small, dense matrix, its norm is computed by calculating its full SVD. Up to 105 random
initial sets of points uniformly distributed across the domain are used, and the procedure is
iterated until convergence in double-precision arithmetic.

For our numerical implementation we do not enforce the constraint that the evaluation
points xi remain in the integration domain Ω. While in general the full constrained mini-
mization problem may be necessary, we have empirically observed that it is not necessary for
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our construction of quadratures on polynomials. This can be explained by observing that
the orthogonal polynomials grow rapidly outside of a convex domain Ω; thus points outside
the domain are not expected to be good candidates for the solution to the minimization
problem.

Remark. In some cases it may be possible to explicitly compute the gradient of the
objective, in which case a different numerical optimization method can be used. However,
we have chosen to use BFGS since it is robust and is applicable to many cases.

4.2 Approximate orthogonal projections

One of the natural applications of bilinear quadratures is the computation of approximate
orthogonal projections. Recall that given the space F0 on Ω with L2-orthonormal basis
β = {fi}, orthogonal projection operator P onto F0, and given g ∈ C∞(Ω), we wish to
compute

[Pg]β ≈

〈f1, g〉L2

...
〈fk, g〉L2

 .
The column vector [Pg]β can be computed using a bilinear quadrature, or using a classical
quadrature for each vector component

∫
Ω
fig. Thus the calculation of approximate orthog-

onal projections provides a good test case for comparing the performance of the methods
generated using our proposed framework to that of existing classical quadratures.

Bilinear quadratures on the triangle

In practical applications one of the most important cases to consider is the L2 product of
polynomials on a simplex. For example, in the finite element method one typically solves a
two-dimensional elliptic PDE locally on polynomials supported on triangular domains. The
discretization requires computing a number of inner products.

Because the space of polynomials is affine-invariant it suffices to find evaluation points
for polynomials on a reference triangle. Given a bilinear quadrature on a reference triangle,
a bilinear quadrature on any other triangle can be cheaply obtained using the change of
variables formula (3.15). A basis of orthogonal polynomials on the right triangle with vertices
(−1,−1), (−1, 1), (1,−1) is given by

Km,n(x, y) =

(
1− v

2

)m
Pm

(
2x+ y + 1

1− y

)
P 2m+1,0
n (y), (4.4)

where Pm is the mth Legendre polynomial and Pα,β
n is the nth Jacobi polynomial with

parameters α, β. These functions can be computed efficiently and stably as in [26].
Using this basis, symmetric bilinear quadratures exact for the L2 inner product over this

right triangle on F0 = Pn and minimal on F1 = Pn+1 ∩ P⊥n were computed. The minimal
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Table 4.1: Numerical results for k-point bilinear quadratures on Pn×Pn for L2 on the interior
of the reference right triangle.

n k σ κ∞(F TW )
0 1 0.00000 1.00000e+0
1 3 0.14507 2.82218e+0
2 6 0.30373 6.29185e+0
3 10 0.47762 1.15455e+1
4 15 0.65817 2.03810e+1
5 21 0.78394 3.39955e+1
6 28 0.87930 4.71065e+1
7 36 0.95305 8.48889e+1
8 45 1.05595 1.09107e+2

number of evaluation points were used, in which case the number of points required is

k = dim(Pn) =

(
n+ 2

2

)
.

In Table 4.1, for each computed bilinear quadrature rule, the minimized largest singular
value σ = σ1(F (x)−1Γ(x)) is given, along with the ∞-norm condition number of the matrix
for the approximate orthogonal projection.

In Figure 4.1, the evaluation points of two bilinear quadrature rules on the equilateral
triangle are shown. Notice that the points possess some symmetries. The expectation that
quadrature points for polynomials should have some symmetries has been exploited in the
past to reduce the complexity of searching for classical quadratures [26]. In the quasi-Newton
method used to solve (3.9), however, no symmetry conditions were explicitly enforced.

We now compare the computed bilinear quadratures on triangles against existing high-
order classical quadrature schemes on triangles in the setting of orthogonal projections. Since
the approximate orthogonal projection matrix F TW , weights of the classical quadrature, and
locations of evaluation points are all precomputed, the flop cost for each method is solely
determined by the number of evaluation points needed. The 28-point bilinear quadrature as
computed in Table 4.1 was utilized. For comparison we chose two different 28-point classical
quadratures, each exact on polynomials of degree up to 11, due to Dunavant [10] and Xiao and
Gimbutas [26], respectively. These quadratures were computed using the libraries available
from [4]. Both classical quadratures were similarly transformed to an equilateral triangle of
side length 1.

To test the accuracy of the associated approximate orthogonal projection, we wish to
project various types of smooth functions onto the polynomial space. We draw the projected
function g from four different probability distributions of functions, which we denote by
P′5,P′6, C, and TP .
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Figure 4.1: Evaluation points for bilinear quadratures on Pn × Pn for L2 on the interior of
an equilateral triangle, for n = 4, 8.

Table 4.2: Average `2-norm relative error in computing approximate orthogonal projection
coefficients onto P6 for four different sets of functions on the triangle.

P′5 P′6 C TP
Dunavant 9.38e-14 3.97e-01 4.97e-05 9.06e-03
Xiao/Gimbutas 3.29e-15 2.73e-01 1.91e-05 4.74e-03
Bilinear 3.92e-15 3.99e-15 6.74e-06 1.71e-03

We define
P′n := {g ∈ Pn : ‖g‖L2 = 1},

with probability measure given by drawing a random vector of coefficients uniformly in
[−1, 1]k, and then normalizing the coefficients to have `2-norm 1, and using those as the
basis coefficients for the orthonormal polynomials on the triangle.

The set C contains smooth functions with slow decay, and is defined by functions of the
form

g(x, y) =
1

1 + (a1x+ a2y)2
,

where a = (a1, a2) is drawn uniformly from the unit circle.
The set TP contains smooth non-polynomial functions with oscillations, and has elements

of the form
g(x, y) = ea1x+a2y cos(4b1x+ 4b2y)p(x, y),

where parameters (a1, a2) and (b1, b2) are both drawn uniformly from the unit circle, and
p(x, y) is a random element of P′2 with L2 norm 1 as chosen in the same manner as for the
first two cases.



CHAPTER 4. COMPUTATION 27

Table 4.3: Numerical results for k-point bilinear quadratures on Pn×Pn for L2 on the interior
of a square.

n k σ κ∞(F TW )
0 1 0.00000 1.00000e+0
1 3 0.67739 2.91852e+0
2 6 0.79523 7.50137e+0
3 10 0.92888 1.17526e+1
4 15 0.97590 2.68367e+1
5 21 0.99701 3.14417e+1
6 28 1.00066 6.42937e+1
7 36 1.00711 7.34237e+1
8 45 1.00759 1.04579e+2

For each randomly chosen function g, we computed the column vector [PQg]β using the
three quadrature methods. The exact value [Pg]β was computed with a 295-point classical
quadrature that exactly integrates polynomials up to degree 40, as computed in [26]. The `2

norm relative error was averaged over 104 randomly generated g for each of the four classes
of functions. The resulting average relative errors are shown in Table 4.2.

On P′5, all three quadrature rules achieve very high accuracy, with the Dunavant quadra-
ture losing one digit of accuracy and both Xiao/Gimbutas and bilinear quadratures cor-
rectly computing the orthogonal projection up to double precision. This is expected since
all quadratures are designed to integrate such polynomial functions exactly.

On P′6, neither classical quadratures are accurate to full precision because both classical
quadratures are only capable of exactly integrating polynomials of degree up to 11. Since the
bilinear quadrature can exactly integrate P6×P6, it has mean error on the order of machine
precision.

On the sets C and TP , none of the quadratures are accurate to machine precision since
none of the functions are polynomials. However, the bilinear quadrature achieves better
accuracy than the classical quadratures despite having the same number of evaluation points.

The existing classical quadratures are already very good, integrating non-polynomial
functions from C and TP with several digits of accuracy. Additionally, the classical quadra-
ture of Xiao/Gimbutas performs better than the Dunavant quadrature in all four cases.
However, the bilinear quadrature was as good or better than the classical quadratures in
each case, despite using the same number of evaluations. This result is partly explained
by the fact that bilinear quadratures are specifically designed for the orthogonal projection
problem, while classical quadratures are designed for evaluating a linear functional.
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Figure 4.2: Evaluation points for bilinear quadratures on Pn× Pn for L2 on the interior of a
square, for n = 4, 8.

Bilinear quadratures on the square

We now compute and test bilinear quadratures for L2 inner products of polynomials on the
interior of a square. We observe that, just as in the case of triangles, minimizing according
to (3.9) produces well-behaved evaluation points.

Producing classical quadratures for polynomials on the square is an interesting case, as
it is easy to construct one by taking the tensor product of two Gaussian quadratures on an
interval. The resulting quadrature, however, exactly integrates basis functions of the form
xαyβ with 0 ≤ α ≤ n, 0 ≤ β ≤ n for some n, rather than integrating polynomials whose
total degree does not exceed some value.

To produce a bilinear quadrature for polynomials on [−1, 1]2, the orthogonal polynomials
Pn(x)Pm(y) are chosen, where Pn is the nth Legendre polynomial. Table 4.3 shows the
minimized leading singular value σ and matrix condition number κ∞ for several k-point
bilinear quadratures on the square. Interestingly, the evaluation points on the square do
not appear to obey any symmetries, though this might be partly explained by the fact that
order of the symmetry group does not necessarily divide the number of points. Attempting to
enforce symmetry conditions before running the optimization procedure leads to quadrature
rules whose σ value is larger than if symmetry is not enforced.

The computed bilinear quadratures were tested against the best-known existing classical
quadratures on the square. Just as with quadratures on triangles, the error metric used is the
`2 norm relative error on the components of an approximate orthogonal projection. Exact
values were taken to be given by a higher-order 167-point classical quadrature. The 21-point
and 45-point bilinear quadratures, as computed in Table 4.3, were compared against 22-point
and 44-point classical quadratures, respectively, as computed in [26]. Unfortunately, there are
no classical quadrature rules available that use exactly 21 or 45 evaluation points. However,
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Table 4.4: Average `2-norm relative error in computing approximate orthogonal projection
coefficients onto P5 for four different sets of functions on the square.

P′5 P′6 C TP
Xiao/Gimbutas (22 pts) 9.69e-16 4.77e-01 8.58e-03 3.26e-01
Bilinear (21 pts) 1.10e-15 5.28e-01 1.03e-02 3.74e-01

Table 4.5: Average `2-norm relative error in computing approximate orthogonal projection
coefficients onto P8 for four different sets of functions on the square.

P′8 P′9 C TP
Xiao/Gimbutas (44 pts) 4.15e-01 5.98e-01 2.44e-03 7.96e-02
Bilinear (45 pts) 1.97e-15 4.34e-01 6.17e-04 3.22e-02

since the Xiao/Gimbutas quadratures are known to be very high quality, a comparison can
still be used to validate the effectiveness of constructing bilinear quadratures using the chosen
optimization problem. The results are shown in Tables 4.4 and 4.5.

Comparing the 21-point bilinear quadrature and the 22-point classical quadrature, we
observe that for all four classes of functions, both methods perform similarly, though in each
case, the Xiao/Gimbutas quadrature performs slightly better. This is possibly due to the
fact that it uses one additional evaluation point. As the bilinear quadrature is designed to
integrate products of degree 5 polynomials exactly, and the classical quadrature is designed
to integrate degree 10 polynomials exactly, both methods compute the orthogonal projection
of P′5 onto P5 with error on the order of machine precision.

Comparing the 45-point bilinear quadrature and the 44-point classical quadrature, we
observe that for all three of the four classes of functions, both methods perform similarly,
though the bilinear quadrature performs slightly better. In this case, the bilinear quadrature
uses one additional evaluation point. The bilinear quadrature integrates products of degree 8
polynomials exactly, while the classical quadrature exactly integrates up to degree 15, which
explains the discrepancy for projections of P′8 onto P8.

We conclude that overall both methods perform similarly, with some differences resulting
from using slightly different numbers of evaluation points. This is a relatively favorable result
for bilinear quadratures, since it is able to compete with the best quadratures computed to
date, despite using a general framework that does not depend on the function spaces or the
integration domain.
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Table 4.6: Numerical results for k-point bilinear quadratures on Pn × Pn for L2 on the unit
disk.

n k σ κ∞(F TW )
0 1 0.00000 1.00000e+0
1 3 0.67617 3.04857e+0
2 6 0.79868 5.50559e+0
3 10 0.89712 1.01509e+1
4 15 0.94133 1.59179e+1
5 21 0.97804 2.24193e+1
6 28 1.00337 3.94055e+1
7 36 1.02908 5.60579e+1
8 45 1.07413 6.75064e+1

Bilinear quadratures on the disk

We now compute and test bilinear quadratures for L2 inner products of polynomials on the
interior of a disk. To construct the bilinear quadrature on the unit disk, we use the Zernike
polynomials Zm,n(r, θ), an orthogonal basis of polynomials defined in polar coordinates by

Zm,n(r, θ) := Qm,n(r) cos(mθ), Z−m,n(r, θ) := Qm,n(r) sin(mθ),

Qm,n(r) :=

(n−m)/2∑
k=0

(−1)k
(
n− k
k

)(
n− 2k
n−m

2
− k

)
rn−2k,

where n ≥ m ≥ 0 are integers and n−m is even.
In optics and optical engineering, the orthogonal projection onto the space of Zernike

polynomials on the disk is known as the discrete Zernike transform and is useful for deter-
mining optical aberrations [24]. The literature on efficient numerical methods for integration
on the disk is much less extensive than those for simplices, with notable surveys in [7, 23].
Therefore, accurate and efficient bilinear quadratures on the disk may prove valuable in these
applications.

Table 4.6 shows the minimized leading singular value σ and matrix condition number κ∞
for several k-point bilinear quadratures on the unit disk.

The 21-point bilinear quadrature on the disk, exact on products of polynomials up to
degree 5, was compared with a 21-point classical quadrature as presented by Stroud [23].
This classical quadrature is exact for polynomials up to degree 9. The two methods were
similarly tested for their relative accuracy in computing orthogonal projections onto P5,
similar to the tests on the triangle and square. Exact values were computed using a high-
order 200-point radially symmetric classical quadrature whose Fortran 90 implementation is
available from [4]. The errors are shown in Table 4.7.
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Figure 4.3: Evaluation points for bilinear quadratures on Pn × Pn for L2 on the unit disk,
for n = 4, 6.

Table 4.7: Average `2-norm relative error in computing approximate orthogonal projection
coefficients onto P5 for four different sets of functions on the unit disk.

P′4 P′5 C TP
Stroud 3.01e-15 4.39e-01 3.85e-03 2.97e-01
Bilinear 2.24e-15 2.44e-15 5.10e-03 2.39e-01

The orthogonal projection errors for P′4 onto P5 were on the order of machine precision,
as expected. For P′5, the bilinear quadrature is exact up to machine precision, since it
is designed for products of polynomials up to degree 5, while the Stroud quadrature is
inaccurate since it can only exactly integrate up to polynomial degree 9. For smooth, non-
polynomial function classes C and TP , the two quadrature methods perform similarly. Once
again, this is a favorable result for bilinear quadratures since the framework used to construct
them is very general. In contrast, the Stroud quadrature for polynomials was constructed
using an algebraic, problem-specific approach for finding a closed form solution to the system
of equations that guarantee the classical quadrature is exact.

Bilinear quadratures for the Sobolev inner product

While we have exhaustively tested the performance of bilinear quadratures on L2 inner
products because they can be compared against existing classical quadratures, one of the
advantages of our framework is that they can be used to evaluate any continuous bilinear
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Table 4.8: Numerical results for bilinear quadratures on Pn × Pn for H1[−1, 1] with the
weight function A(x) = 1 + x2.

n k σ κ∞(F TW )
1 2 0.00000 5.00000e+0
2 3 0.00000 1.38132e+1
3 4 0.00000 2.72011e+1
4 5 0.00000 6.59254e+1
5 6 0.00000 1.21461e+2
6 7 0.00000 1.86818e+2
7 8 0.00000 2.86549e+2
8 9 0.00000 4.22824e+2

Table 4.9: Numerical results for bilinear quadratures on Pn × Pn for H1[−1, 1] with the
weight function A(x) = ex.

n k σ κ∞(F TW )
1 2 0.00000 4.52560e+0
2 3 0.00000 1.30446e+1
3 4 0.00000 2.49183e+1
4 5 0.00000 5.13338e+1
5 6 0.00000 9.28987e+1
6 7 0.00000 1.50063e+2
7 8 0.00000 2.28284e+2
8 9 0.00000 3.30651e+2

form. One such bilinear form is the Sobolev inner product

〈f, g〉H1 =

∫
Ω

Df(x) · A(x)Dg(x) + f(x)g(x) dx,

where A(x) is symmetric positive definite d× d matrix function on Ω. Such inner products
might arise, for example, in the solution to the heat equation using the finite element method.
One advantage of a bilinear quadrature for H1 is that the above integral can be numerically
evaluated using only point evaluations of f, g and does not require evaluating any derivatives.

For Ω = [−1, 1], bilinear quadratures for H1 on Pn × Pn and minimal on Pn+1 ∩ P⊥n were
computed for two positive weight functions A(x) = 1+x2 and A(x) = ex. Orthogonalization
was performed by starting with the Legendre polynomials and computing the Gram matrix
M using a 40-point classical Gaussian quadrature.

In Tables 4.8 and 4.9 the singular value σ and condition number κ∞ are shown for the
two bilinear quadratures for H1. In all cases, σ is zero up to machine precision, since the
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exact solution to the minimization (3.7) is the roots of the (n + 1)th-degree H1-orthogonal
polynomial, just as for Gaussian quadratures. We observe that the condition number of
the approximation projection matrix F TW is slightly larger than in the L2 case. This can
be explained by the fact that small perturbations in the function values can lead to large
perturbations in the derivatives.
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Chapter 5

Appendix

In this section we provide tables of points and entries of the weight matrix for select bilinear
quadrature rules, computed to double precision. Source codes for computing these values
(written in Fortran 2003) can be found at the cawong89 GitHub account.

5.1 Bilinear quadratures on the triangle

In this section, the reference triangle refers to the triangle with vertices (−1, 1), (−1,−1), (1,−1).

Table 5.1: Coordinates of the 3-point bilinear quadrature on

the reference triangle

x y

+2.9475992120325478e-01 -6.4726245320687859e-01

-6.4749743873001875e-01 +2.9475992292897008e-01

-6.4726248246399398e-01 -6.4749746973133360e-01

Table 5.2: Coordinates of the 6-point bilinear quadrature on

the reference triangle

x y

-7.6385006163765512e-01 -1.2040186182237422e-01

-7.9064472323785773e-01 -7.9112218664354761e-01

-7.9112239648291971e-01 +5.8176742102601953e-01

+5.8176730675887967e-01 -7.9064491625694788e-01

-1.2040227075039041e-01 -1.1574799359145108e-01

-1.1574766444091067e-01 -7.6385010552052024e-01

Table 5.3: Coordinates of the 10-point bilinear quadrature

on the reference triangle

x y

-3.8235440373639296e-01 -8.4891768366580356e-01

+2.2999240003121374e-01 -3.8042073897376882e-01

-8.5597016842768514e-01 -8.5757939818067108e-01
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+2.3127223014561840e-01 -8.4891793725327869e-01

-8.4920871679319387e-01 +2.3101067471104852e-01

+7.1354978240775757e-01 -8.5757963973920537e-01

-8.4957165987014416e-01 -3.8042083006432192e-01

-8.5640128949708239e-01 +7.1280224166227979e-01

-3.3279216315763921e-01 -3.3441547955618250e-01

-3.8180145054273024e-01 +2.3100984065084240e-01

Table 5.4: Coordinates of the 15-point bilinear quadrature

on the reference triangle

x y

-8.9685323147221696e-01 -5.3068672184260833e-02

+3.9829935262579569e-01 -4.9845801019006913e-01

+3.9783826502924763e-01 -9.0031475458763799e-01

-4.9809401116545987e-01 +3.9820025708336504e-01

-8.9984121191959499e-01 -4.9845839577018969e-01

+7.9203093691075377e-01 -8.9412991027103328e-01

-9.0010586245029323e-01 +3.9820094872069339e-01

-5.0077331923900514e-02 -5.3068723866631140e-02

+2.2897509356805679e-02 -5.1099587701369831e-01

-8.9790205264859624e-01 -8.9412986960279162e-01

-5.1619419311807149e-02 -8.9676235358117817e-01

-4.9752353267552379e-01 -9.0031481111135714e-01

-5.1108770490345223e-01 +2.2175634490085173e-02

-8.9617296305369876e-01 +7.9234503447688287e-01

-5.1190172367381492e-01 -5.1099654964736330e-01

Table 5.5: Coordinates of the 21-point bilinear quadrature

on the reference triangle

x y

-5.7748191202487031e-01 +5.0048837230108767e-01

-6.9797843018782713e-01 -8.9408398054284011e-01

-9.2610057775740140e-01 -1.5110518899882375e-01

+1.5688797186581363e-01 -6.5210930162064784e-01

-9.0457611912865710e-01 +1.7596453431448431e-01

-9.0270974491005374e-01 -9.3338111378822786e-01

+5.9206240872012905e-01 -8.9408397909121362e-01

-5.0477866815169592e-01 -6.5210930317548166e-01

-6.2381910520645167e-01 +2.4763820714977297e-01

-5.8111594397608789e-02 -3.0505788662007655e-01

+8.3609085727776722e-01 -9.3338111085108721e-01

-2.7138839772059808e-01 +1.7596452252056732e-01

-6.3683052111611460e-01 -3.0505788753085294e-01

-9.2300646998653335e-01 +5.0048838428067544e-01

+7.7205765901862011e-02 -1.5110519088286647e-01

+5.4672349804261899e-01 -6.3164530792828644e-01

-2.9564926969895122e-01 -4.0870145173203126e-01

-9.1507818644613148e-01 -6.3164531260533474e-01

+2.3590406816402681e-01 -9.2605653162753621e-01

-9.2386459031343193e-01 +8.4772918005677744e-01

-3.0984754129813807e-01 -9.2605653099968965e-01



CHAPTER 5. APPENDIX 39

Table 5.6: Coordinates of the 28-point bilinear quadrature

on the reference triangle

x y

-9.4786800506156588e-01 -9.2797168970730581e-01

-4.0714258494019867e-01 +3.2934464210555431e-01

+1.5246393344057665e-01 -7.1124486525734998e-01

-9.2674307863019800e-01 -7.6750892905403179e-01

-9.4367853970915383e-01 +8.8734945107288821e-01

+2.3677284544142310e-01 -9.3604071415994217e-01

-1.7200527532836050e-02 -4.3624769617765458e-01

-7.0362931681597907e-01 -6.1660417993456162e-01

-4.4122914975762406e-01 -7.1123842424818695e-01

-2.4028475913393982e-01 -3.7877977992330600e-02

-5.4653912702304575e-01 -4.3624750057440653e-01

+6.5021530013931061e-01 -9.3723522750423682e-01

-9.3387916441266916e-01 -4.6646580196396574e-03

-4.4539669661265274e-01 -1.0919694705526113e-01

+6.9426151653210166e-01 -7.6752522351218588e-01

-7.1298565945519499e-01 -9.3723268560279027e-01

+3.3827583816320916e-01 -4.0077751450612503e-01

-9.4467196789371244e-01 +6.1874527202339669e-01

-9.2220463873534142e-01 +3.2935216737510797e-01

-9.3749199701042762e-01 -4.0077995366467739e-01

-7.2183239765563501e-01 -3.7881625574916325e-02

-6.1449850452367581e-02 -4.6726533658036718e-03

+3.2023402371470905e-01 -6.1660375798156253e-01

-4.5666179608208880e-02 -9.0866131793989391e-01

-3.0073152892688532e-01 -9.3604169426405792e-01

-7.1013843060771409e-01 +4.2027433445601825e-01

-6.7408012667761175e-01 +6.1874693980567397e-01

+8.7583652906494824e-01 -9.2798118234868798e-01

Table 5.7: Coordinates of the 36-point bilinear quadrature

on the reference triangle

x y

-7.7237059769943139e-01 -3.8278899655718024e-01

+4.5380145368677677e-01 -5.1573575441167574e-01

-6.1661695181291987e-01 -1.9086929855188761e-01

-5.3714737150720737e-01 -9.3946026843342845e-01

-9.5267794239006331e-01 +9.0542029385926048e-01

-3.8650025978775471e-01 -7.6809970335599642e-01

-3.8562535095131906e-01 +1.5892457760974768e-01

+1.5456205481682861e-01 -7.6810269591835534e-01

-7.3600861660641470e-01 +6.9326251165379360e-01

-5.2549896945967611e-01 +4.6424913104803583e-01

-9.3804670410766799e-01 -5.1576161023917955e-01

-7.6543318884896605e-01 +5.3087049488120153e-01

-2.2107168256377613e-01 +1.6661302260405911e-01

-9.5735662424241486e-01 +6.9336374851122873e-01

-2.2549130285301264e-01 -9.4703799834402158e-01

-9.4568051895182859e-01 -2.2374622893552509e-01

+1.6943058087463878e-01 -2.2372834546444079e-01

+9.1720135482826065e-02 -5.4615453774336098e-01
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-1.8624791570782390e-01 -6.2755875841716724e-01

+4.7663027918886391e-01 -9.3944316878365797e-01

-7.2647325383647754e-01 -9.5747118179388180e-01

-9.5913616998126405e-01 -7.2470614115921428e-01

-1.9248751623005655e-01 -1.9083835022522816e-01

+9.0514183148629113e-01 -9.6808215054407620e-01

-5.4561346384264797e-01 -5.4613562522044434e-01

-9.3699384753616699e-01 -9.6814700979090829e-01

-7.7025890375382311e-01 -7.6839648258249493e-01

+6.8397828012341411e-01 -9.5745193471913737e-01

+1.5514751755837558e-01 -3.8280670321893184e-01

-9.4553945886408952e-01 +1.6665016936073290e-01

+6.8387004245041827e-01 -7.2470688197953181e-01

-7.7329059800203481e-01 +1.5889909859737891e-01

+1.7252537498677939e-01 -9.4700999276038311e-01

+5.3865042868059543e-01 -7.6841176569749825e-01

-9.3877378745791540e-01 +4.6425217304782185e-01

-5.4842891571497865e-01 +9.6958382530335369e-02

Table 5.8: Coordinates of the 45-point bilinear quadrature

on the reference triangle

x y

-9.6043525595086865e-01 +9.1979639899349563e-01

-8.1667491155978866e-01 +7.8503533906373169e-01

-6.0711247031531757e-01 +5.5842351671092305e-01

-3.4208134883117686e-01 +2.9851128059553167e-01

+8.1107244702225814e-02 -1.2617015044401581e-01

+2.3337093971936032e-01 -2.8433183930241429e-01

+5.3577969086897814e-01 -5.6991907470096148e-01

+7.5668982040175148e-01 -7.8589736331796411e-01

+9.1897643490268710e-01 -9.5746493426731449e-01

-9.6778328201821573e-01 +7.8452047825112636e-01

-8.0892892557269225e-01 +6.1664975813915102e-01

-5.0579178306698125e-01 +3.3977698143225649e-01

-3.1280488759434499e-01 -9.2266888892046945e-03

-8.8340640433914770e-03 -1.7123673955457119e-01

+2.7790393280015818e-01 -7.3478500763657595e-01

+6.0891167076987995e-01 -8.2546253076852150e-01

+7.6908554190507150e-01 -9.7055989797217845e-01

-9.5131575998554374e-01 +5.5927317332365256e-01

-8.3326864790937427e-01 +3.3962057612537161e-01

-6.1124735691818211e-01 +2.2282081312286703e-01

+2.7800574498561222e-02 -6.3123996804935634e-01

-3.6715091965185305e-02 -3.2710611433342196e-01

+4.1930074355921171e-01 -6.0032659310880976e-01

+5.1593214067522630e-01 -9.5963466043644186e-01

-9.5643019511403871e-01 +2.9821812092087685e-01

-6.7851893262684071e-01 -9.7414360424940630e-03

-6.3587332728570456e-01 -3.2629054160862214e-01

-3.1483407752352466e-01 -3.6928758458050165e-01

+1.5971610049847892e-01 -7.9643511061381411e-01

+2.3117926205675440e-01 -9.6044965006813310e-01

-9.5509123406033059e-01 -1.2647391630751670e-01
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-8.1959175096370640e-01 -1.6997891685868585e-01

-3.9713206863104528e-01 -6.3208553668182965e-01

-3.6341850137129461e-01 -7.9720592207953145e-01

-2.5388200233483461e-02 -9.4763683911006569e-01

-9.4923094926223128e-01 -2.8439604637716098e-01

-8.2002480572206204e-01 -5.9960959268875924e-01

-5.4301696443973513e-01 -7.3540751254658654e-01

-2.7047322424994907e-01 -9.6014077655970453e-01

-9.6512738913123075e-01 -5.6921327588739024e-01

-7.8186707877175154e-01 -8.2524520693381209e-01

-5.5708511783860803e-01 -9.5991800715590903e-01

-9.7077554582147541e-01 -7.8546619223681113e-01

-7.9840506067592409e-01 -9.7084532996779027e-01

-9.6232095380184213e-01 -9.5699626196426468e-01

Table 5.9: Weight matrix for the 15-point bilinear

quadrature on the reference triangle

Column 1 Column 2 Column 3 Column 4

+1.7314840719851010e-01 -1.5473514756742693e-03 -1.5582974218723931e-03 -3.1298752284857775e-03

-1.5473514756742693e-03 +1.4829550999500887e-01 +4.5078487288155965e-03 +2.8234443616926650e-02

-1.5582974218723931e-03 +4.5078487288155965e-03 +1.4749535537480057e-01 -5.4746383610184996e-04

-3.1298752284857775e-03 +2.8234443616926650e-02 -5.4746383610184996e-04 +1.4754094380022262e-01

-4.3048397478703426e-02 -2.1320516175396230e-03 -4.9507534578380327e-04 -5.4324597951871628e-04

+9.4042053558521059e-04 -6.8496161870620267e-03 -4.3949401841515386e-03 -6.9674032393434848e-03

-4.2229141479369930e-02 -5.4325508851372605e-04 -2.0172062394950121e-03 +4.4921146664280579e-03

+4.9752089103417552e-03 -4.3048808029663564e-02 -3.1191718714423723e-03 -4.2229518829799396e-02

-4.9799416397087763e-03 -8.8733082820452291e-03 -8.2552248657111055e-03 +3.5838067323792546e-03

+1.0732541246081070e-02 +4.6196448394392116e-04 -6.2484587989508570e-03 +4.6779893783661220e-04

+4.9750757929196343e-03 -3.1690603123949728e-03 -4.2572080514432148e-02 -1.5245532854353382e-03

-3.1190684405302030e-03 -4.9504470110993664e-04 +2.8061277210926178e-02 -2.0171639360201826e-03

+6.2119696939990060e-04 +3.6794073662468332e-03 +7.8124043474909451e-03 -8.3345352904171423e-03

+9.7546604149445996e-03 -6.6130932876606241e-03 +4.6921766011634415e-04 -5.4805689475342853e-03

+7.1347236706140074e-04 +8.0274594885260710e-03 +3.4502072764345075e-03 +7.9862017235375980e-03

Column 5 Column 6 Column 7 Column 8

-4.3048397478703426e-02 +9.4042053558521059e-04 -4.2229141479369930e-02 +4.9752089103417552e-03

-2.1320516175396230e-03 -6.8496161870620267e-03 -5.4325508851372605e-04 -4.3048808029663564e-02

-4.9507534578380327e-04 -4.3949401841515386e-03 -2.0172062394950121e-03 -3.1191718714423723e-03

-5.4324597951871628e-04 -6.9674032393434848e-03 +4.4921146664280579e-03 -4.2229518829799396e-02

+1.4829535679440883e-01 +4.6197309843886650e-04 +2.8234214766017493e-02 -1.5471698563612754e-03

+4.6197309843886650e-04 +7.0940272506991975e-02 +4.6780329947735907e-04 +1.0732621773709438e-02

+2.8234214766017493e-02 +4.6780329947735907e-04 +1.4754100536621506e-01 -3.1298463062591222e-03

-1.5471698563612754e-03 +1.0732621773709438e-02 -3.1298463062591222e-03 +1.7314789355100146e-01

+8.0274404354063085e-03 +3.6984427492137823e-03 +7.9863656170862576e-03 +7.1376021489397211e-04

-6.8495981961270583e-03 +1.4682969191083771e-03 -6.9673436466527426e-03 +9.4034651230184764e-04

-3.1689833843072009e-03 +9.0602362086193086e-03 -1.5245320172636359e-03 +4.9750123929727975e-03

+4.5077625056611451e-03 -6.2486665674383567e-03 -5.4752814076639673e-04 -1.5581520803615531e-03

+3.6793935523794200e-03 -2.6463359087690748e-03 -8.3347977032414249e-03 +6.2155465013525571e-04

-6.6132396257754626e-03 +1.6927830310856081e-03 -5.4811958053197600e-03 +9.7542781091326941e-03

-8.8734831046793795e-03 -2.5746345579008459e-03 +3.5837601544965953e-03 -4.9803366911511642e-03

Column 9 Column 10 Column 11 Column 12

-4.9799416397087763e-03 +1.0732541246081070e-02 +4.9750757929196343e-03 -3.1190684405302030e-03

-8.8733082820452291e-03 +4.6196448394392116e-04 -3.1690603123949728e-03 -4.9504470110993664e-04

-8.2552248657111055e-03 -6.2484587989508570e-03 -4.2572080514432148e-02 +2.8061277210926178e-02
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+3.5838067323792546e-03 +4.6779893783661220e-04 -1.5245532854353382e-03 -2.0171639360201826e-03

+8.0274404354063085e-03 -6.8495981961270583e-03 -3.1689833843072009e-03 +4.5077625056611451e-03

+3.6984427492137823e-03 +1.4682969191083771e-03 +9.0602362086193086e-03 -6.2486665674383567e-03

+7.9863656170862576e-03 -6.9673436466527426e-03 -1.5245320172636359e-03 -5.4752814076639673e-04

+7.1376021489397211e-04 +9.4034651230184764e-04 +4.9750123929727975e-03 -1.5581520803615531e-03

+2.7274280775242876e-01 -2.5746022562111674e-03 +8.0079024112659212e-04 +3.4501790189666276e-03

-2.5746022562111674e-03 +7.0939565271663799e-02 +9.0598136277898998e-03 -4.3943190848463355e-03

+8.0079024112659212e-04 +9.0598136277898998e-03 +1.7300394394938470e-01 -4.2572325504869793e-02

+3.4501790189666276e-03 -4.3943190848463355e-03 -4.2572325504869793e-02 +1.4749538574862822e-01

-1.2851880955015216e-02 -2.6463266009664138e-03 -4.8302385889239692e-03 +7.8123433774444292e-03

-2.6251264448137208e-03 +1.6928103370707724e-03 +9.1820273973518209e-04 +4.6923359569973964e-04

-1.2006293243989934e-02 +3.6984616802569811e-03 +8.0074644546664834e-04 -8.2553288781737847e-03

Column 13 Column 14 Column 15

+6.2119696939990060e-04 +9.7546604149445996e-03 +7.1347236706140074e-04

+3.6794073662468332e-03 -6.6130932876606241e-03 +8.0274594885260710e-03

+7.8124043474909451e-03 +4.6921766011634415e-04 +3.4502072764345075e-03

-8.3345352904171423e-03 -5.4805689475342853e-03 +7.9862017235375980e-03

+3.6793935523794200e-03 -6.6132396257754626e-03 -8.8734831046793795e-03

-2.6463359087690748e-03 +1.6927830310856081e-03 -2.5746345579008459e-03

-8.3347977032414249e-03 -5.4811958053197600e-03 +3.5837601544965953e-03

+6.2155465013525571e-04 +9.7542781091326941e-03 -4.9803366911511642e-03

-1.2851880955015216e-02 -2.6251264448137208e-03 -1.2006293243989934e-02

-2.6463266009664138e-03 +1.6928103370707724e-03 +3.6984616802569811e-03

-4.8302385889239692e-03 +9.1820273973518209e-04 +8.0074644546664834e-04

+7.8123433774444292e-03 +4.6923359569973964e-04 -8.2553288781737847e-03

+2.7291126828122414e-01 +3.6358576696919457e-03 -1.2851408731457268e-02

+3.6358576696919457e-03 +7.0700694881114481e-02 -2.6251242185308600e-03

-1.2851408731457268e-02 -2.6251242185308600e-03 +2.7274264299903106e-01

Table 5.10: Weight matrix for the 28-point bilinear

quadrature on the reference triangle

Column 1 Column 2 Column 3 Column 4

+2.7578108111253389e-02 +1.2189090003462560e-03 +4.2608099432383211e-04 -1.2088726324330982e-02

+1.2189090003462560e-03 +9.9068533813387441e-02 +1.1332401565486720e-05 -3.1232328011715597e-03

+4.2608099432383211e-04 +1.1332401565486720e-05 +1.8591500503218103e-01 -1.0444989633838163e-04

-1.2088726324330982e-02 -3.1232328011715597e-03 -1.0444989633838163e-04 +5.6930971537903496e-02

+3.3970467042719561e-04 +2.1550176070055586e-03 -3.2612436421614743e-04 -5.1735541555930327e-04

+7.5135938919125057e-04 +5.1234704040420864e-04 -1.7792150441973523e-02 +4.6030392506798560e-03

-2.1198319501122835e-03 +3.7386709328863497e-03 -5.6214741831206103e-02 +8.8202445019561638e-04

+1.3399134121217251e-03 +3.6293453863553539e-03 -9.4954922611718683e-03 -7.8145134277359772e-03

-5.0219438652087832e-03 +1.2156818884104309e-03 +1.5446615097434896e-02 +1.6017418814621331e-02

+1.0830281300436703e-05 -1.3155717083007695e-02 +1.0054003802129004e-02 +6.7331298111587585e-04

+1.9360118016455426e-04 -6.6874102491959091e-03 +2.3265167002322833e-02 -7.9206247537582481e-04

-2.6362878394590360e-04 +2.2881164950339819e-03 +1.3885055940760812e-03 -1.4028302081511412e-03

-5.0547057377795940e-03 -3.9841454237018363e-03 +2.5490019851030759e-03 +2.8733112940335288e-03

-1.2721969513759754e-03 +2.1664281703764870e-02 +1.5140173293347400e-02 +4.3478354933652328e-03

+4.5697559177956218e-04 -3.9360776151315504e-03 +1.6016441277526564e-02 -5.8312136438493350e-04

+1.6237535181526136e-03 -2.3637808700689445e-04 -2.1093305685189914e-03 -3.8913956458129484e-03

+6.5511873943400480e-04 +1.3652664125799817e-02 +4.4699533711241796e-03 -1.0996567755392084e-03

-2.2498175365009234e-03 -2.8357451606117151e-03 +5.2116923076925411e-04 +3.8816288818211055e-03

+4.3426833351178015e-03 +8.1132891074484504e-03 +1.2143124795273399e-03 -3.9396773476290748e-03

+5.1963115856037620e-03 +2.5937876322222270e-03 +2.0560513909241279e-03 +1.4429471099068902e-03

+2.7462446959654603e-03 -3.5177319654263782e-03 -1.0156231894151418e-02 -8.7254610426178558e-03



CHAPTER 5. APPENDIX 43

-1.1150008943409057e-04 -2.4240229731561168e-02 -6.3056513563078233e-03 +1.3469220785489441e-04

-1.0000885940160162e-03 -1.6342342782367299e-02 -4.7639026595685648e-02 +2.6460109617397610e-03

-3.5908459426406446e-04 +3.8061333411611429e-03 -1.1029297294524851e-02 -8.7037801242963331e-03

-7.9617151046552177e-04 -7.8551271746690233e-04 +7.9059785951979406e-03 +3.7414858824861104e-03

-1.1915496881594817e-03 -6.7290195567423711e-03 -1.1677018738359246e-03 +1.8372132901049263e-03

-8.9202917253479989e-05 -2.9556785861392754e-02 +1.0756759604372702e-03 +5.8526337954289335e-04

-4.0875495755872041e-05 +4.3410924269056501e-03 -5.0204798748365916e-03 +4.5693011578868862e-04

Column 5 Column 6 Column 7 Column 8

+3.3970467042719561e-04 +7.5135938919125057e-04 -2.1198319501122835e-03 +1.3399134121217251e-03

+2.1550176070055586e-03 +5.1234704040420864e-04 +3.7386709328863497e-03 +3.6293453863553539e-03

-3.2612436421614743e-04 -1.7792150441973523e-02 -5.6214741831206103e-02 -9.4954922611718683e-03

-5.1735541555930327e-04 +4.6030392506798560e-03 +8.8202445019561638e-04 -7.8145134277359772e-03

+2.1064376042377785e-02 -1.5065538645192428e-04 +5.1614361615686993e-04 -1.3388892041948772e-03

-1.5065538645192428e-04 +1.1089323481696914e-01 +5.5717288750043161e-03 -5.4994148414757383e-03

+5.1614361615686993e-04 +5.5717288750043161e-03 +2.1516607496957324e-01 -1.5514550241601364e-02

-1.3388892041948772e-03 -5.4994148414757383e-03 -1.5514550241601364e-02 +1.6687323352890476e-01

-3.2648536678226255e-04 +7.9054411306782955e-03 +2.3266970445396391e-02 -4.7647785011431819e-02

-5.5349260170097121e-04 -5.5999106349904925e-04 -2.9198789182297073e-02 -1.0866062394542691e-02

+5.1671972365268369e-04 -1.9769490696797624e-02 +2.0920122269522147e-02 -4.7259257317819561e-02

+3.1337602024699617e-04 -4.1033955273879494e-03 +2.2157376123502891e-03 +1.6839182491994620e-03

-1.9923309428261211e-03 -1.5757525927789485e-03 -1.2176258784445358e-02 +1.4771343608492539e-02

+1.7751769121762682e-03 -5.4539824824209621e-03 -2.5333967898782599e-02 +7.2166229409807107e-03

-5.1681377393799483e-04 +3.7425295626600701e-03 -7.8733260939605094e-04 +2.6465053138225608e-03

+3.1351565756690224e-04 -9.3778288850261213e-03 +6.2420017316622773e-03 +6.0626365889634611e-03

+1.1456752173759615e-03 +3.1777990688408170e-03 +1.2273710229922002e-02 -4.0273708117700589e-04

+7.6786792282342140e-04 +9.0811558285750318e-04 +5.3949511890072387e-04 +6.7769794557552701e-03

+2.1580998365854477e-03 -7.8545805953266845e-04 -6.6872802391815204e-03 -1.6343590849122843e-02

+1.1464617111831782e-03 +3.0280116900032201e-03 +7.6747854788147504e-04 -1.8933436347747513e-02

-5.5411503290900537e-04 +6.3429083662466003e-03 +2.5359701166147830e-02 +2.3531878578830656e-02

-1.9907917184942624e-03 -4.8939965266633066e-04 +6.8723282230390348e-03 +4.6519824833307181e-03

-1.3388450385362193e-03 +2.3589084887936724e-04 -4.7270562108486312e-02 +5.8727779877887918e-04

+1.3426370693467838e-03 -7.7588230215530268e-02 +3.1680294681871807e-02 +8.1280961505820638e-03

-1.5063282884769061e-04 +3.9473024602858967e-02 -1.9768872247157850e-02 +2.3661820379152637e-04

+9.6936790581991002e-04 -1.3335674837075999e-03 +6.2489228729137021e-04 -4.4737979393178057e-03

+7.7077140113945050e-04 +4.7079179626933543e-04 -1.7769173294606563e-03 +7.2303050043401405e-04

+3.3947804455467033e-04 -7.9141909075068943e-04 +1.9251769686691553e-04 -1.0011572200731103e-03

Column 9 Column 10 Column 11 Column 12

-5.0219438652087832e-03 +1.0830281300436703e-05 +1.9360118016455426e-04 -2.6362878394590360e-04

+1.2156818884104309e-03 -1.3155717083007695e-02 -6.6874102491959091e-03 +2.2881164950339819e-03

+1.5446615097434896e-02 +1.0054003802129004e-02 +2.3265167002322833e-02 +1.3885055940760812e-03

+1.6017418814621331e-02 +6.7331298111587585e-04 -7.9206247537582481e-04 -1.4028302081511412e-03

-3.2648536678226255e-04 -5.5349260170097121e-04 +5.1671972365268369e-04 +3.1337602024699617e-04

+7.9054411306782955e-03 -5.5999106349904925e-04 -1.9769490696797624e-02 -4.1033955273879494e-03

+2.3266970445396391e-02 -2.9198789182297073e-02 +2.0920122269522147e-02 +2.2157376123502891e-03

-4.7647785011431819e-02 -1.0866062394542691e-02 -4.7259257317819561e-02 +1.6839182491994620e-03

+1.8592597145400633e-01 -1.0158352728281755e-02 -5.6223387443134119e-02 -2.1100769563984034e-03

-1.0158352728281755e-02 +1.8764377823961126e-01 +2.5361471433597130e-02 -3.8554028422247231e-03

-5.6223387443134119e-02 +2.5361471433597130e-02 +2.1516490914793199e-01 +6.2427614806852046e-03

-2.1100769563984034e-03 -3.8554028422247231e-03 +6.2427614806852046e-03 +5.2879346853375531e-02

-6.3057088243058555e-03 -4.4377064327032869e-03 +6.8723332794520097e-03 -7.1013868686791289e-05

+1.5142330291537895e-02 -7.2825295795245187e-02 -2.5336152395517033e-02 +1.6026824394762306e-03

-1.0374683146656160e-04 -8.7258151966791101e-03 +8.8033205620127492e-04 -3.8908928602809840e-03

+1.3881149714164039e-03 -1.0206645605165480e-03 +2.2167089052018848e-03 +2.6975600108272929e-03

+2.0579545911177158e-03 +1.1222636276208288e-02 +7.6860296959120980e-04 -3.5092356448932686e-04
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+1.0759192268402608e-03 +2.1781088976186971e-04 -1.7769611584289465e-03 -4.5373914191862723e-04

+1.1993699851011436e-05 -3.5182151032975245e-03 +3.7368983084950700e-03 -2.3650363397358754e-04

+4.4730760349496659e-03 +4.4545976137271692e-03 +1.2273036566816957e-02 -9.7242927402815642e-04

+1.0055844273724917e-02 +2.6723499160260997e-02 -2.9197282134496030e-02 -1.0212833892929579e-03

+2.5489679513823363e-03 -3.0271794047340664e-02 -1.2177916385341606e-02 -9.0731571334624959e-04

-9.4973890686204706e-03 +2.3533992826739725e-02 -1.5513686044932869e-02 +6.0643308948611840e-03

-1.1028382910976355e-02 -1.1715686941448603e-02 +3.1680128592864315e-02 +1.5404149965457045e-02

-1.7790971272262864e-02 +6.3436203663348604e-03 +5.5724824191627879e-03 -9.3783071753730917e-03

-1.1686031360187091e-03 +7.8386189861750933e-03 +6.2523852599089696e-04 +1.0689248517750721e-03

+5.2175006371765254e-04 +3.3146242597728161e-03 +5.3725228672955665e-04 -1.5103039456872169e-03

+4.2775803380074164e-04 +2.7478416328565471e-03 -2.1201601292624699e-03 +1.6192294575884465e-03

Column 13 Column 14 Column 15 Column 16

-5.0547057377795940e-03 -1.2721969513759754e-03 +4.5697559177956218e-04 +1.6237535181526136e-03

-3.9841454237018363e-03 +2.1664281703764870e-02 -3.9360776151315504e-03 -2.3637808700689445e-04

+2.5490019851030759e-03 +1.5140173293347400e-02 +1.6016441277526564e-02 -2.1093305685189914e-03

+2.8733112940335288e-03 +4.3478354933652328e-03 -5.8312136438493350e-04 -3.8913956458129484e-03

-1.9923309428261211e-03 +1.7751769121762682e-03 -5.1681377393799483e-04 +3.1351565756690224e-04

-1.5757525927789485e-03 -5.4539824824209621e-03 +3.7425295626600701e-03 -9.3778288850261213e-03

-1.2176258784445358e-02 -2.5333967898782599e-02 -7.8733260939605094e-04 +6.2420017316622773e-03

+1.4771343608492539e-02 +7.2166229409807107e-03 +2.6465053138225608e-03 +6.0626365889634611e-03

-6.3057088243058555e-03 +1.5142330291537895e-02 -1.0374683146656160e-04 +1.3881149714164039e-03

-4.4377064327032869e-03 -7.2825295795245187e-02 -8.7258151966791101e-03 -1.0206645605165480e-03

+6.8723332794520097e-03 -2.5336152395517033e-02 +8.8033205620127492e-04 +2.2167089052018848e-03

-7.1013868686791289e-05 +1.6026824394762306e-03 -3.8908928602809840e-03 +2.6975600108272929e-03

+9.0489130029407477e-02 +1.7509858878709886e-02 +1.3432545675811980e-04 -9.0932916864862583e-04

+1.7509858878709886e-02 +2.1941070810566402e-01 +4.3457816977721647e-03 +1.6020200912494158e-03

+1.3432545675811980e-04 +4.3457816977721647e-03 +5.6931358875070344e-02 -1.4030281120998933e-03

-9.0932916864862583e-04 +1.6020200912494158e-03 -1.4030281120998933e-03 +5.2880383937390626e-02

-1.7450272820222921e-03 -8.6573370582547510e-03 +1.4485194302293505e-03 -9.7184811750515793e-04

+1.8260066423985533e-02 -8.0178848647190805e-03 +5.8614185722962256e-04 -1.5109418870899341e-03

-2.4243970170675536e-02 +2.1663708780308499e-02 -3.1233782151539762e-03 +2.2897606233060783e-03

-1.3462829261395427e-02 -8.6546092579064728e-03 -1.0997717101408075e-03 -3.4853134092069940e-04

-3.0267263362940701e-02 -7.2821182540636686e-02 +6.7533741652275468e-04 -3.8551581971681794e-03

+2.1977533946374280e-03 +1.7513397993017363e-02 +2.8692684702810722e-03 -7.1218574210089248e-05

+4.6516903759111191e-03 +7.2192389847409210e-03 -7.8183127978842405e-03 +1.6832790572332847e-03

+1.5215454454745208e-03 +2.8355248530772740e-03 -8.7051820029380531e-03 +1.5401894144168950e-02

-4.8821979978840306e-04 -5.4546669184612172e-03 +4.6033711792367602e-03 -4.1012410878727137e-03

+2.4565883462770153e-03 +4.9213729365323190e-03 +1.8364514547890222e-03 +1.0686099629055119e-03

+1.3192659685276214e-03 -8.0157853247957555e-03 +3.8803174994664650e-03 -4.5375951253616691e-04

-1.1171171912215167e-04 -1.2731066575300063e-03 -1.2086491667815322e-02 -2.6411407049255339e-04

Column 17 Column 18 Column 19 Column 20

+6.5511873943400480e-04 -2.2498175365009234e-03 +4.3426833351178015e-03 +5.1963115856037620e-03

+1.3652664125799817e-02 -2.8357451606117151e-03 +8.1132891074484504e-03 +2.5937876322222270e-03

+4.4699533711241796e-03 +5.2116923076925411e-04 +1.2143124795273399e-03 +2.0560513909241279e-03

-1.0996567755392084e-03 +3.8816288818211055e-03 -3.9396773476290748e-03 +1.4429471099068902e-03

+1.1456752173759615e-03 +7.6786792282342140e-04 +2.1580998365854477e-03 +1.1464617111831782e-03

+3.1777990688408170e-03 +9.0811558285750318e-04 -7.8545805953266845e-04 +3.0280116900032201e-03

+1.2273710229922002e-02 +5.3949511890072387e-04 -6.6872802391815204e-03 +7.6747854788147504e-04

-4.0273708117700589e-04 +6.7769794557552701e-03 -1.6343590849122843e-02 -1.8933436347747513e-02

+2.0579545911177158e-03 +1.0759192268402608e-03 +1.1993699851011436e-05 +4.4730760349496659e-03

+1.1222636276208288e-02 +2.1781088976186971e-04 -3.5182151032975245e-03 +4.4545976137271692e-03

+7.6860296959120980e-04 -1.7769611584289465e-03 +3.7368983084950700e-03 +1.2273036566816957e-02

-3.5092356448932686e-04 -4.5373914191862723e-04 -2.3650363397358754e-04 -9.7242927402815642e-04

-1.7450272820222921e-03 +1.8260066423985533e-02 -2.4243970170675536e-02 -1.3462829261395427e-02
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-8.6573370582547510e-03 -8.0178848647190805e-03 +2.1663708780308499e-02 -8.6546092579064728e-03

+1.4485194302293505e-03 +5.8614185722962256e-04 -3.1233782151539762e-03 -1.0997717101408075e-03

-9.7184811750515793e-04 -1.5109418870899341e-03 +2.2897606233060783e-03 -3.4853134092069940e-04

+7.1720962658457302e-02 -3.0915422832229376e-04 +2.5935890552019037e-03 +1.3350479204900371e-03

-3.0915422832229376e-04 +6.1080263401282163e-02 -2.9561072638645047e-02 -9.2045934354439748e-03

+2.5935890552019037e-03 -2.9561072638645047e-02 +9.9070587355209086e-02 +1.3654877852922591e-02

+1.3350479204900371e-03 -9.2045934354439748e-03 +1.3654877852922591e-02 +7.1727695838429847e-02

+4.4558273821584601e-03 +3.3155035089640441e-03 -1.3151854350546943e-02 +1.1220602873023872e-02

-1.3463211425769129e-02 +1.3210644645904089e-03 -3.9837851403479035e-03 -1.7444589027715040e-03

-1.8928462958090319e-02 +7.2231965698779503e-04 +3.6304300343973739e-03 -4.0078909546427074e-04

-5.8561702602715629e-03 -4.4421583805941281e-03 +3.8069614492952648e-03 -5.8560485313790666e-03

+3.0272205908358661e-03 +4.7106325553801574e-04 +5.1124776450855124e-04 +3.1764359435937075e-03

-3.0869616416602515e-03 +5.9606335463268666e-05 -6.7303737896572419e-03 -3.0877670397543317e-03

-9.2032416550986238e-03 +2.0013023345901086e-03 -2.8336956690468685e-03 -3.0813886691625147e-04

+5.1940819560416388e-03 -8.9376115251838949e-05 +1.2189190157949523e-03 +6.5553863647545383e-04

Column 21 Column 22 Column 23 Column 24

+2.7462446959654603e-03 -1.1150008943409057e-04 -1.0000885940160162e-03 -3.5908459426406446e-04

-3.5177319654263782e-03 -2.4240229731561168e-02 -1.6342342782367299e-02 +3.8061333411611429e-03

-1.0156231894151418e-02 -6.3056513563078233e-03 -4.7639026595685648e-02 -1.1029297294524851e-02

-8.7254610426178558e-03 +1.3469220785489441e-04 +2.6460109617397610e-03 -8.7037801242963331e-03

-5.5411503290900537e-04 -1.9907917184942624e-03 -1.3388450385362193e-03 +1.3426370693467838e-03

+6.3429083662466003e-03 -4.8939965266633066e-04 +2.3589084887936724e-04 -7.7588230215530268e-02

+2.5359701166147830e-02 +6.8723282230390348e-03 -4.7270562108486312e-02 +3.1680294681871807e-02

+2.3531878578830656e-02 +4.6519824833307181e-03 +5.8727779877887918e-04 +8.1280961505820638e-03

+1.0055844273724917e-02 +2.5489679513823363e-03 -9.4973890686204706e-03 -1.1028382910976355e-02

+2.6723499160260997e-02 -3.0271794047340664e-02 +2.3533992826739725e-02 -1.1715686941448603e-02

-2.9197282134496030e-02 -1.2177916385341606e-02 -1.5513686044932869e-02 +3.1680128592864315e-02

-1.0212833892929579e-03 -9.0731571334624959e-04 +6.0643308948611840e-03 +1.5404149965457045e-02

-3.0267263362940701e-02 +2.1977533946374280e-03 +4.6516903759111191e-03 +1.5215454454745208e-03

-7.2821182540636686e-02 +1.7513397993017363e-02 +7.2192389847409210e-03 +2.8355248530772740e-03

+6.7533741652275468e-04 +2.8692684702810722e-03 -7.8183127978842405e-03 -8.7051820029380531e-03

-3.8551581971681794e-03 -7.1218574210089248e-05 +1.6832790572332847e-03 +1.5401894144168950e-02

+4.4558273821584601e-03 -1.3463211425769129e-02 -1.8928462958090319e-02 -5.8561702602715629e-03

+3.3155035089640441e-03 +1.3210644645904089e-03 +7.2231965698779503e-04 -4.4421583805941281e-03

-1.3151854350546943e-02 -3.9837851403479035e-03 +3.6304300343973739e-03 +3.8069614492952648e-03

+1.1220602873023872e-02 -1.7444589027715040e-03 -4.0078909546427074e-04 -5.8560485313790666e-03

+1.8763949229377111e-01 -4.4384748899201319e-03 -1.0867758726257094e-02 -1.1715375503362107e-02

-4.4384748899201319e-03 +9.0490522284564612e-02 +1.4770366680297404e-02 +1.5230319673185493e-03

-1.0867758726257094e-02 +1.4770366680297404e-02 +1.6687209950977414e-01 +8.1273128215416952e-03

-1.1715375503362107e-02 +1.5230319673185493e-03 +8.1273128215416952e-03 +1.8346089279093944e-01

-5.5991787017199300e-04 -1.5763938961853843e-03 -5.4985119505743399e-03 -7.7585646982112427e-02

+7.8381612667565940e-03 +2.4549565554986001e-03 -4.4745967872273284e-03 +6.9475386242994399e-03

+2.1849147743545214e-04 +1.8258486705486091e-02 +6.7761653587042848e-03 -4.4417658967491709e-03

+1.1473688334353320e-05 -5.0534356089028346e-03 +1.3394592012297584e-03 -3.6518022932886818e-04

Column 25 Column 26 Column 27 Column 28

-7.9617151046552177e-04 -1.1915496881594817e-03 -8.9202917253479989e-05 -4.0875495755872041e-05

-7.8551271746690233e-04 -6.7290195567423711e-03 -2.9556785861392754e-02 +4.3410924269056501e-03

+7.9059785951979406e-03 -1.1677018738359246e-03 +1.0756759604372702e-03 -5.0204798748365916e-03

+3.7414858824861104e-03 +1.8372132901049263e-03 +5.8526337954289335e-04 +4.5693011578868862e-04

-1.5063282884769061e-04 +9.6936790581991002e-04 +7.7077140113945050e-04 +3.3947804455467033e-04

+3.9473024602858967e-02 -1.3335674837075999e-03 +4.7079179626933543e-04 -7.9141909075068943e-04

-1.9768872247157850e-02 +6.2489228729137021e-04 -1.7769173294606563e-03 +1.9251769686691553e-04

+2.3661820379152637e-04 -4.4737979393178057e-03 +7.2303050043401405e-04 -1.0011572200731103e-03

-1.7790971272262864e-02 -1.1686031360187091e-03 +5.2175006371765254e-04 +4.2775803380074164e-04
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+6.3436203663348604e-03 +7.8386189861750933e-03 +3.3146242597728161e-03 +2.7478416328565471e-03

+5.5724824191627879e-03 +6.2523852599089696e-04 +5.3725228672955665e-04 -2.1201601292624699e-03

-9.3783071753730917e-03 +1.0689248517750721e-03 -1.5103039456872169e-03 +1.6192294575884465e-03

-4.8821979978840306e-04 +2.4565883462770153e-03 +1.3192659685276214e-03 -1.1171171912215167e-04

-5.4546669184612172e-03 +4.9213729365323190e-03 -8.0157853247957555e-03 -1.2731066575300063e-03

+4.6033711792367602e-03 +1.8364514547890222e-03 +3.8803174994664650e-03 -1.2086491667815322e-02

-4.1012410878727137e-03 +1.0686099629055119e-03 -4.5375951253616691e-04 -2.6411407049255339e-04

+3.0272205908358661e-03 -3.0869616416602515e-03 -9.2032416550986238e-03 +5.1940819560416388e-03

+4.7106325553801574e-04 +5.9606335463268666e-05 +2.0013023345901086e-03 -8.9376115251838949e-05

+5.1124776450855124e-04 -6.7303737896572419e-03 -2.8336956690468685e-03 +1.2189190157949523e-03

+3.1764359435937075e-03 -3.0877670397543317e-03 -3.0813886691625147e-04 +6.5553863647545383e-04

-5.5991787017199300e-04 +7.8381612667565940e-03 +2.1849147743545214e-04 +1.1473688334353320e-05

-1.5763938961853843e-03 +2.4549565554986001e-03 +1.8258486705486091e-02 -5.0534356089028346e-03

-5.4985119505743399e-03 -4.4745967872273284e-03 +6.7761653587042848e-03 +1.3394592012297584e-03

-7.7585646982112427e-02 +6.9475386242994399e-03 -4.4417658967491709e-03 -3.6518022932886818e-04

+1.1088977614545878e-01 -1.3333310423014107e-03 +9.0785053455405107e-04 +7.5351960916686118e-04

-1.3333310423014107e-03 +1.0992402273789459e-01 +5.5962798894973088e-05 -1.1916246115777080e-03

+9.0785053455405107e-04 +5.5962798894973088e-05 +6.1081676902560680e-02 -2.2491651888216736e-03

+7.5351960916686118e-04 -1.1916246115777080e-03 -2.2491651888216736e-03 +2.7579526739210745e-02

5.2 Bilinear quadratures on the square

Table 5.11: Coordinates of the 3-point bilinear quadrature

on [−1, 1]2

x y

-2.4803243723465021e-01 -5.9796034989446800e-01

-4.0109988408604075e-01 +4.0119797073707941e-01

+5.9774538304268865e-01 +2.4806649013783522e-01

Table 5.12: Coordinates of the 6-point bilinear quadrature

on [−1, 1]2

x y

+1.9362968103654435e-01 +1.6289142454415681e-01

+6.5840783235372691e-01 +8.7995086520853971e-02

+2.6071992986599457e-01 +6.8646052253093115e-01

+3.9141902400612705e-01 -6.8656458158788303e-01

-7.1224040091623397e-01 +5.1139613133676276e-01

-6.7956043103432617e-01 -6.0772490035836779e-01

Table 5.13: Coordinates of the 10-point bilinear quadrature

on [−1, 1]2

x y

-7.3646461785710782e-01 -7.6824876442298107e-01

+4.8814102094439910e-01 -1.8604734870142037e-01

+8.1504072025126684e-01 +4.6081371693389944e-01

-2.3492420324981320e-01 -1.9145064767847084e-01

-6.5631548965136155e-01 +7.9623356838907611e-01

+2.0590697858403903e-01 -8.3773867400987534e-01
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-1.2362992940930762e-01 +3.9201161274391572e-01

+8.0867547242867499e-01 -5.9724811973450032e-01

-8.5414063246829253e-01 +9.7067254015967802e-02

+3.7951216307386409e-01 +8.2518032883456061e-01

Table 5.14: Coordinates of the 15-point bilinear quadrature

on [−1, 1]2

x y

+8.8333852320353312e-01 -6.6565627173429232e-01

+7.9165662303815598e-01 +8.9126995576285373e-01

-8.9646560177706613e-01 -7.5082152089281562e-01

-7.8131937165837018e-01 +8.2943387774980337e-01

+5.0217326004941754e-01 +6.2489803313285319e-01

-1.8879672669672917e-01 -1.6222398351434997e-01

+9.1655677307203332e-01 +3.2410921058422371e-01

-3.6155557623174836e-02 -4.2330769996468193e-01

-9.2025596683061306e-01 +2.2676270204088014e-01

+6.7386780436691363e-01 -2.0253888084742230e-01

-4.5777395511184926e-01 +4.7903393824433238e-01

-4.3308728612410236e-01 -9.0857778225659958e-01

-6.7721981848682788e-01 -3.1734443530730200e-01

-3.7092485696762628e-02 +8.8406519231107084e-01

+5.0592293638334507e-01 -8.9014862151497598e-01

Table 5.15: Coordinates of the 21-point bilinear quadrature

on [−1, 1]2

x y

+9.4227394157715594e-01 +5.8165113141750113e-01

+8.0736208741237814e-01 +9.1774352340772425e-01

+9.0842259015941718e-01 -8.7155500290648014e-01

+2.6615550334588078e-01 -2.9332213113286776e-01

-7.6505311353385541e-01 +9.2117128745044619e-01

-5.0541749075890485e-01 -9.4394253852777299e-01

+4.3064784675224316e-01 -9.4657252861264640e-01

+4.5603359547721857e-02 +9.5025044635031553e-01

-4.0238842736911618e-01 +7.4595247393789665e-01

-7.2094883217612926e-01 -5.9871481744196897e-01

+6.6383029473792843e-01 -6.1707204822386374e-01

+5.7008204592928560e-02 +4.5445462235324646e-01

-6.7186856468946399e-01 +2.3876343640591510e-01

+9.3106492559145981e-01 -2.5348024394092572e-01

-3.3217576147906042e-01 -2.2629805366228117e-01

-9.3723416926135850e-01 -1.7971117937661563e-01

-3.6509074470560871e-02 -7.6078556272299980e-01

-9.3037993912696193e-01 -8.6328534576403770e-01

+7.0849938759992026e-01 +2.0524740571838546e-01

-9.3115703939414474e-01 +6.3455635411794364e-01

+4.7160312498783902e-01 +7.3339372612282339e-01
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Table 5.16: Coordinates of the 28-point bilinear quadrature

on [−1, 1]2

x y

+3.9456060055363124e-01 -7.7787426646692281e-01

+3.7133096641423036e-01 +9.5367067725901167e-01

-7.0445860166326124e-01 -9.6365528345461626e-01

-7.3135592299956516e-06 -1.1236372863861321e-01

+9.5602839975068299e-01 +5.9324271029700659e-01

-7.8400004789501332e-01 -5.5182341907192223e-01

+9.4398412463724202e-01 -8.4715958391295809e-01

-1.7763040043034239e-06 -4.4394239512829442e-01

-3.9455580210491420e-01 -7.7788273035090227e-01

-3.7133766152269726e-01 +9.5367090280864331e-01

+7.1974667481011334e-01 +7.9995321439977463e-01

+9.2520097426686254e-01 +9.6134266394483769e-01

-7.1974467775006579e-01 +7.9995331913713397e-01

-9.6618908821496907e-01 -2.1878442912217189e-01

-9.2520473289336136e-01 +9.6135037588270200e-01

-8.2133127981090881e-01 +2.0049246872336202e-01

+9.6618626480836645e-01 -2.1879210626697063e-01

+5.4741609600437424e-01 -1.8812179531368672e-01

+8.2134094733167984e-01 +2.0048012279147406e-01

-5.4741068856843711e-01 -1.8811457273567517e-01

+4.2391530537631067e-01 +4.8044062467493948e-01

-9.5602935157035951e-01 +5.9326006498766692e-01

-6.4579782743485223e-06 -9.5128914373344298e-01

+7.8400320691098424e-01 -5.5181962872070944e-01

+7.0445697840475108e-01 -9.6365778269391300e-01

-2.6910708755941710e-06 +7.5936772099998928e-01

-9.4398576042891014e-01 -8.4716256880679153e-01

-4.2391000780133092e-01 +4.8043918817755255e-01

Table 5.17: Coordinates of the 36-point bilinear quadrature

on [−1, 1]2

x y

+8.8708256808445940e-01 +9.5498237577554601e-01

+6.8125610831729477e-01 -9.6553591847870790e-01

+8.1063940920682542e-01 -1.8305788020112687e-01

+6.6548191386350164e-01 +8.3241090583337829e-01

+9.6536356586087335e-01 +1.6587513419418262e-01

+2.5788624839514024e-01 -2.5009189074396121e-01

-9.6477828367434393e-01 +1.7422931346504314e-01

-6.5314487101537810e-01 +8.2969889226496407e-01

+4.7962450694679429e-03 +8.5919867451497711e-01

-8.1881004373159083e-01 -7.4787331816402647e-01

-8.1345315305263011e-01 -1.7010656908035651e-01

-5.5972154395533713e-01 +1.6580785277087276e-01

+9.4945593140232332e-01 -9.1802941219731793e-01

-5.5611305247545806e-01 -4.9945130078760913e-01

-3.5302429045297434e-01 +6.3996580965368000e-01

-4.1096664688772032e-03 -9.7672945018769641e-01

+5.7066677597643056e-01 +1.7575993450658495e-01

-5.8280799087355364e-03 -6.3502820640868551e-01
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-6.7301694638713632e-04 +3.3982521260536580e-01

+8.2097870038877396e-01 -7.5764227808171980e-01

+3.5181784071292810e-01 -8.5195006737622014e-01

-9.6046242432041462e-01 -9.2705459843577487e-01

-8.8317286889020608e-01 +9.5461279747332417e-01

-9.6878557501932472e-01 +7.6722774462874233e-01

-3.7005847221123256e-01 +9.7298888299224640e-01

+9.6738842949187498e-01 -4.9169201815731689e-01

-8.2883230936696650e-01 +5.0345104978031274e-01

+3.7989628459400487e-01 +9.7337330806431743e-01

+8.3208057521733148e-01 +4.9915783945156511e-01

-3.6109131721749899e-01 -8.5081461758966503e-01

+5.6471187753736429e-01 -5.1232003243066271e-01

-2.5870940179817586e-01 -2.4432374286370465e-01

-9.6746814204499421e-01 -4.8297594750543466e-01

+3.6050127598152165e-01 +6.3437759545824846e-01

-6.8989590660354116e-01 -9.6646303451678395e-01

+9.6773659470479656e-01 +7.5780543587019167e-01

Table 5.18: Coordinates of the 45-point bilinear quadrature

on [−1, 1]2

x y

+1.1683700817996905e-02 +3.9177365327395119e-01

+3.0425994044120097e-01 +9.7445316104931701e-01

-9.4233919212948347e-01 -9.6505415782614445e-01

-6.9159469515814209e-01 +4.5888228631546396e-01

+8.1541194968580344e-01 +9.7599910777029075e-01

+8.7451393050709325e-01 -4.7420706352575376e-01

+5.1770921191597666e-03 +8.5399285806678171e-01

-3.3265895758969366e-01 -3.7141923773015795e-01

-8.8299592144098615e-01 +1.6891575003989778e-01

-4.3210341579808825e-01 +1.6396195931506816e-01

+3.1791035415999086e-01 +6.5078984050132183e-01

+9.7030547511183751e-01 -7.4428542471942427e-01

+9.7601654425940654e-01 +4.9437415279723018e-01

+3.1601921536795224e-01 -3.6494237388445966e-01

-3.0670455780361827e-01 +9.7430690137788922e-01

+6.8818209442177103e-01 +4.6446136116130315e-01

-8.0144632456638021e-01 -8.6202252358600218e-01

-9.6761497700332888e-01 +9.0669281802543633e-01

+8.8248843932153187e-01 +1.6279908317088193e-01

-8.1359486544310855e-01 +9.7820162034676472e-01

+4.4192149758228133e-01 +1.5363620692068924e-01

+9.6268446621470849e-01 +8.9778475593408602e-01

-5.9009663568846005e-01 +8.6687376767094293e-01

-9.7013224083361360e-01 -7.3704677449857003e-01

-8.5280256159500434e-01 +7.1620013796917947e-01

+3.1239306220220403e-01 -8.5608707517776306e-01

-5.8343056363311130e-01 -9.7650443034770895e-01

-9.7706623651713176e-01 +4.9541929408774360e-01

-5.9047656244888336e-01 -6.4853908404003124e-01

-3.1441913996125198e-01 +6.4708178517281645e-01

+8.0484141013686239e-01 -8.6502951186703281e-01
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+6.9302521529658390e-01 -1.5302403277469082e-01

+9.4652157671374670e-01 -9.6751536083100831e-01

-3.1447247300587267e-01 -8.5780780675891910e-01

-8.7115488475974023e-01 -4.7023249153457108e-01

-1.3832918646163215e-03 -6.6117516291088685e-01

+5.8059161447888208e-01 -9.7567672110078596e-01

+4.5439304171163734e-03 -9.7242975469465764e-01

+5.8752549844482926e-01 +8.6706139490421297e-01

-2.8002946253877087e-02 +3.0926681468413375e-02

-9.8109250574924556e-01 -1.7838528733511325e-01

+9.8144574173519872e-01 -1.6984110107916187e-01

+8.4735416878456560e-01 +7.1525506778922265e-01

-6.9560332834584770e-01 -1.5810487353892611e-01

+5.9944517649370688e-01 -6.5667637856389327e-01

Table 5.19: Weight matrix for the 15-point bilinear

quadrature on [−1, 1]2

Column 1 Column 2 Column 3 Column 4

+2.2503774223868975e-01 -7.2566555190170783e-03 -4.1266245501584350e-03 +1.6782566824635810e-02

-7.2566555190170783e-03 +1.5797681823700574e-01 +2.8371612263303758e-03 -6.0108539543197136e-03

-4.1266245501584350e-03 +2.8371612263303758e-03 +1.7589212092296491e-01 +2.3965271449690752e-03

+1.6782566824635810e-02 -6.0108539543197136e-03 +2.3965271449690752e-03 +2.4009208079875943e-01

+1.5359862012282717e-02 -5.9374783281753232e-02 +1.2568137767892671e-02 +1.1202417592958855e-02

+1.1205080827111555e-01 -6.1497137498490347e-02 +1.2896927633499394e-01 +1.2069520748055682e-01

+1.7088817565026677e-02 +9.6386996694840070e-03 +1.0194017673745433e-03 +1.6180662269742498e-03

-1.0385020373178899e-01 +2.6348216680570229e-02 -7.5136940556851245e-02 -8.6319669571834928e-02

+5.0983181030424983e-03 -5.9954063872428602e-03 +1.4633219047293550e-02 +8.7520809139574676e-03

-7.4695268881646057e-02 -1.3980379477847062e-03 +1.3010912335661694e-02 -2.7545894697892936e-02

-5.2201133794095141e-02 +1.3570121968087785e-02 -5.4582706114208509e-03 -8.9587501273896308e-02

+4.7729889243611889e-03 +1.1990637847570651e-03 +2.8377096609345272e-04 +1.3765692497203746e-03

-6.4265223723825177e-03 +7.9375924843380265e-03 -6.9140229310243981e-02 -2.3268755424705818e-02

-8.1690117245786700e-03 +7.6461660408274033e-03 -5.0438129426908125e-03 +8.4650111280500772e-03

+5.8353158105131859e-03 -5.5222709057087399e-03 +7.4193236449113780e-03 +7.8089374599462401e-03

Column 5 Column 6 Column 7 Column 8

+1.5359862012282717e-02 +1.1205080827111555e-01 +1.7088817565026677e-02 -1.0385020373178899e-01

-5.9374783281753232e-02 -6.1497137498490347e-02 +9.6386996694840070e-03 +2.6348216680570229e-02

+1.2568137767892671e-02 +1.2896927633499394e-01 +1.0194017673745433e-03 -7.5136940556851245e-02

+1.1202417592958855e-02 +1.2069520748055682e-01 +1.6180662269742498e-03 -8.6319669571834928e-02

+4.4947520352010339e-01 +2.6908306086281181e-01 -2.5982734185669262e-02 -9.8336994552217200e-02

+2.6908306086281181e-01 +1.9063002944134930e+00 -4.7627584064748015e-03 -1.2822132245501625e+00

-2.5982734185669262e-02 -4.7627584064748015e-03 +2.0909927832299291e-01 +2.7399111761456270e-02

-9.8336994552217200e-02 -1.2822132245501625e+00 +2.7399111761456270e-02 +1.4998146349862287e+00

+2.4029105917997434e-02 +4.6762309497214535e-02 +4.4881690998403575e-03 +1.4420253735965850e-02

-9.6510535927637579e-03 -4.0845414065727129e-02 -3.5027279105869516e-02 +4.7009627024788551e-02

-3.3363911750169145e-02 -2.8947202916559900e-01 +2.0641512864757912e-03 +2.5906214268489952e-01

-1.1943841139135953e-02 +3.5536620318186215e-05 -5.5923957293814710e-03 +3.1310320361200286e-03

-8.9251000932479715e-02 -3.7784640849672957e-01 -3.2564390240799801e-03 +1.6591840390189111e-01

-2.8122947613111540e-02 +2.8078644619398897e-02 +1.6443322469146787e-03 -4.0814068726742182e-02

+1.4086915888183449e-02 +1.3415304618564886e-01 +4.7624565365058501e-03 -5.6369708034323729e-02

Column 9 Column 10 Column 11 Column 12

+5.0983181030424983e-03 -7.4695268881646057e-02 -5.2201133794095141e-02 +4.7729889243611889e-03

-5.9954063872428602e-03 -1.3980379477847062e-03 +1.3570121968087785e-02 +1.1990637847570651e-03

+1.4633219047293550e-02 +1.3010912335661694e-02 -5.4582706114208509e-03 +2.8377096609345272e-04
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+8.7520809139574676e-03 -2.7545894697892936e-02 -8.9587501273896308e-02 +1.3765692497203746e-03

+2.4029105917997434e-02 -9.6510535927637579e-03 -3.3363911750169145e-02 -1.1943841139135953e-02

+4.6762309497214535e-02 -4.0845414065727129e-02 -2.8947202916559900e-01 +3.5536620318186215e-05

+4.4881690998403575e-03 -3.5027279105869516e-02 +2.0641512864757912e-03 -5.5923957293814710e-03

+1.4420253735965850e-02 +4.7009627024788551e-02 +2.5906214268489952e-01 +3.1310320361200286e-03

+2.1221744955356964e-01 -4.9567593168968757e-03 -3.3638715824112479e-02 -3.6983544567632793e-04

-4.9567593168968757e-03 +4.7619532903546596e-01 +4.6060667228283995e-02 +2.1876672993445881e-03

-3.3638715824112479e-02 +4.6060667228283995e-02 +5.3597429841768585e-01 -7.4546016384838508e-03

-3.6983544567632793e-04 +2.1876672993445881e-03 -7.4546016384838508e-03 +2.0350895793552837e-01

-4.0091433364902743e-02 -2.3812764969601129e-02 +3.4694055555053373e-02 -8.4093678315338167e-03

-5.3037921676367243e-04 +2.6493080522985945e-02 -2.9625419016900745e-02 +5.4836865103632115e-03

+6.0549115272901053e-05 -2.5215514871189098e-02 -3.5349953352878730e-02 +6.1661005861473753e-03

Column 13 Column 14 Column 15

-6.4265223723825177e-03 -8.1690117245786700e-03 +5.8353158105131859e-03

+7.9375924843380265e-03 +7.6461660408274033e-03 -5.5222709057087399e-03

-6.9140229310243981e-02 -5.0438129426908125e-03 +7.4193236449113780e-03

-2.3268755424705818e-02 +8.4650111280500772e-03 +7.8089374599462401e-03

-8.9251000932479715e-02 -2.8122947613111540e-02 +1.4086915888183449e-02

-3.7784640849672957e-01 +2.8078644619398897e-02 +1.3415304618564886e-01

-3.2564390240799801e-03 +1.6443322469146787e-03 +4.7624565365058501e-03

+1.6591840390189111e-01 -4.0814068726742182e-02 -5.6369708034323729e-02

-4.0091433364902743e-02 -5.3037921676367243e-04 +6.0549115272901053e-05

-2.3812764969601129e-02 +2.6493080522985945e-02 -2.5215514871189098e-02

+3.4694055555053373e-02 -2.9625419016900745e-02 -3.5349953352878730e-02

-8.4093678315338167e-03 +5.4836865103632115e-03 +6.1661005861473753e-03

+5.2084639171955860e-01 +2.0630867977143742e-02 -2.2726746961323274e-02

+2.0630867977143742e-02 +2.7296643746521371e-01 +9.6997371805306720e-03

-2.2726746961323274e-02 +9.6997371805306720e-03 +2.3274179345497420e-01

Table 5.20: Weight matrix for the 21-point bilinear

quadrature on [−1, 1]2

Column 1 Column 2 Column 3 Column 4

+1.0428677805625614e-01 +8.1735110525941058e-04 -3.9937516312635020e-04 -3.1235697919607158e-03

+8.1735110525941058e-04 +1.0134142833592957e-01 -8.9626107869664493e-05 +1.3420070139632355e-02

-3.9937516312635020e-04 -8.9626107869664493e-05 +8.0072418382530264e-02 +1.0100183393839781e-02

-3.1235697919607158e-03 +1.3420070139632355e-02 +1.0100183393839781e-02 +4.2386106206805546e-01

+3.0412905804133816e-04 +1.7386193974571408e-03 -4.3523281536733439e-03 -1.9616140205739055e-02

+1.6447488068908305e-03 +5.7519446680864687e-04 +3.8352505466188262e-05 +1.1165192476551919e-02

-1.4181568254800442e-03 +2.7592469846975881e-03 +1.8361101011635395e-03 +2.6502393756915109e-03

-1.1000269660140988e-03 +5.0264466407620098e-03 -1.0010784843144139e-04 -1.3993879281430739e-03

+3.4612380999905789e-04 -5.8233901149865744e-03 +6.2644814477400487e-03 +1.0837995122182734e-02

+2.9639767108169050e-03 +5.8591046016828819e-03 +2.2417053602709985e-03 +1.7313917788657093e-02

+8.6610182536656284e-04 -3.8915583678078439e-03 -8.3519072602030158e-03 -2.6055393291949218e-02

-5.6771023728759695e-03 +3.1317878742268573e-02 -4.2069201681225379e-03 +8.2745899052749858e-03

+1.7579049844597696e-03 -9.7630251001447831e-04 +5.5073925982121966e-03 +5.0318752224924261e-02

+3.2493124956227129e-03 +6.5103686807648430e-04 +2.7094806756096518e-03 -1.9468051803170120e-03

-8.4062661373352186e-03 -5.9303229451181938e-03 -6.3952796095407020e-03 -8.9014608718835278e-02

-1.1161955010617075e-03 +7.8811861051327598e-04 +1.1468897324417813e-04 -5.3908058456910123e-03

-1.1567993252649751e-03 -5.5833063472688514e-03 -1.8609874107353573e-03 -2.0494449237684346e-02

-7.1601928988652215e-04 -2.7774516543124694e-03 -8.1741570860489204e-04 -5.2221707091473302e-03

-9.1309534290861458e-03 -3.9821129818619324e-03 -1.6240960982915318e-04 +3.0051867376724710e-02

+3.6229881176918144e-04 +2.6129208168366774e-04 -2.0103209190624051e-03 -1.8942885042661103e-02

-5.8815820329493826e-03 -2.6014892857167494e-02 +1.8462669369761508e-03 -1.3655448504823108e-02
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Column 5 Column 6 Column 7 Column 8

+3.0412905804133816e-04 +1.6447488068908305e-03 -1.4181568254800442e-03 -1.1000269660140988e-03

+1.7386193974571408e-03 +5.7519446680864687e-04 +2.7592469846975881e-03 +5.0264466407620098e-03

-4.3523281536733439e-03 +3.8352505466188262e-05 +1.8361101011635395e-03 -1.0010784843144139e-04

-1.9616140205739055e-02 +1.1165192476551919e-02 +2.6502393756915109e-03 -1.3993879281430739e-03

+1.1086008548998363e-01 +2.2313049820838668e-03 -2.6392965145548877e-04 +6.3799106372646455e-03

+2.2313049820838668e-03 +1.0967372509469020e-01 +4.2249052962319254e-03 -8.6596691153166712e-04

-2.6392965145548877e-04 +4.2249052962319254e-03 +1.1243965034130493e-01 -9.8339710913082916e-04

+6.3799106372646455e-03 -8.6596691153166712e-04 -9.8339710913082916e-04 +1.1973918150507552e-01

-3.0763126763290419e-02 -2.6932999821430506e-03 -5.9710541021555565e-04 -6.9206313639364175e-03

-9.1533180485108157e-03 -9.3453356687278246e-03 -2.1350166661749338e-03 -2.5209135013040751e-03

+1.3549767434015205e-02 -1.3081950122066914e-03 -9.8451711777223384e-03 -2.3057900949855289e-04

+3.3680550006632004e-02 +3.6965589012664284e-04 +1.3582203865723961e-03 -4.6151991759277320e-03

-1.9624133149996628e-02 +2.5165869126146023e-03 -8.2378294294361328e-03 +4.7135193126041693e-03

+1.9043280749569721e-03 -1.1699482538389530e-03 -6.8431098731518451e-04 -7.5325212267468491e-04

+2.3720286616973396e-02 +4.1162470318043546e-04 +5.5472646871195519e-03 +3.4127789165530431e-03

+2.4202244139289062e-03 +4.7041061521584278e-04 -6.6535676539509938e-04 -3.6381710474365711e-04

-3.9678767260957620e-03 -7.1117454399198098e-03 -8.8371281351254504e-03 -1.9722765705640008e-04

+1.3398572936354990e-03 +2.0956805320406931e-03 +2.2751696893985701e-04 +5.5178911020032609e-04

-1.3135809729647291e-03 -2.0113358316685621e-03 +6.1355736992399958e-03 +6.2963435882512310e-03

+3.3520492133808496e-03 -4.3814185018853770e-04 +1.9035561259625059e-03 +8.3478915960086839e-04

-9.1409659787286095e-03 -1.4634026536475549e-03 -3.4362921206744185e-03 -4.7285526492311276e-03

Column 9 Column 10 Column 11 Column 12

+3.4612380999905789e-04 +2.9639767108169050e-03 +8.6610182536656284e-04 -5.6771023728759695e-03

-5.8233901149865744e-03 +5.8591046016828819e-03 -3.8915583678078439e-03 +3.1317878742268573e-02

+6.2644814477400487e-03 +2.2417053602709985e-03 -8.3519072602030158e-03 -4.2069201681225379e-03

+1.0837995122182734e-02 +1.7313917788657093e-02 -2.6055393291949218e-02 +8.2745899052749858e-03

-3.0763126763290419e-02 -9.1533180485108157e-03 +1.3549767434015205e-02 +3.3680550006632004e-02

-2.6932999821430506e-03 -9.3453356687278246e-03 -1.3081950122066914e-03 +3.6965589012664284e-04

-5.9710541021555565e-04 -2.1350166661749338e-03 -9.8451711777223384e-03 +1.3582203865723961e-03

-6.9206313639364175e-03 -2.5209135013040751e-03 -2.3057900949855289e-04 -4.6151991759277320e-03

+2.8258442978151499e-01 +1.0915670179968561e-02 -1.1214183960023527e-02 -5.1067921037138218e-02

+1.0915670179968561e-02 +2.3055561605996910e-01 -6.6435375267499576e-03 -2.6611460048015109e-02

-1.1214183960023527e-02 -6.6435375267499576e-03 +2.4315248240953899e-01 +5.1283861501354531e-03

-5.1067921037138218e-02 -2.6611460048015109e-02 +5.1283861501354531e-03 +4.4891622947192783e-01

+1.7826874622000846e-02 -3.8205431713892275e-03 -1.8775375093060181e-02 -7.8940362038350739e-03

-7.8179589279703636e-03 +1.2140205861595774e-03 -5.2813993167365875e-03 +3.2069717204267038e-03

-3.0582287032970334e-02 -8.6632019002984770e-03 +2.6587958190941216e-02 +6.8322082751560251e-02

-5.8866673287558732e-04 -4.4645720141377595e-03 +2.5877945970498857e-03 +3.9851054631707796e-03

+1.1870304286905487e-02 +5.6208478531819522e-03 +1.6105226847191716e-03 -1.4119056682730967e-02

-1.0963234539339574e-03 -8.1954623126893663e-03 +1.4572630304951911e-03 +4.2141221549425872e-03

+4.5550790827137699e-03 -2.8165990110738865e-03 -8.1452397273625229e-03 +1.8812542723697024e-02

-1.3387560153689249e-02 -1.5447833181820745e-03 +8.1377691140239374e-03 +4.0745534256812314e-03

+4.6453202987622993e-03 +2.9349572876425003e-03 +6.9501126482742165e-04 -6.8969091332209159e-02

Column 13 Column 14 Column 15 Column 16

+1.7579049844597696e-03 +3.2493124956227129e-03 -8.4062661373352186e-03 -1.1161955010617075e-03

-9.7630251001447831e-04 +6.5103686807648430e-04 -5.9303229451181938e-03 +7.8811861051327598e-04

+5.5073925982121966e-03 +2.7094806756096518e-03 -6.3952796095407020e-03 +1.1468897324417813e-04

+5.0318752224924261e-02 -1.9468051803170120e-03 -8.9014608718835278e-02 -5.3908058456910123e-03

-1.9624133149996628e-02 +1.9043280749569721e-03 +2.3720286616973396e-02 +2.4202244139289062e-03

+2.5165869126146023e-03 -1.1699482538389530e-03 +4.1162470318043546e-04 +4.7041061521584278e-04

-8.2378294294361328e-03 -6.8431098731518451e-04 +5.5472646871195519e-03 -6.6535676539509938e-04

+4.7135193126041693e-03 -7.5325212267468491e-04 +3.4127789165530431e-03 -3.6381710474365711e-04

+1.7826874622000846e-02 -7.8179589279703636e-03 -3.0582287032970334e-02 -5.8866673287558732e-04
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-3.8205431713892275e-03 +1.2140205861595774e-03 -8.6632019002984770e-03 -4.4645720141377595e-03

-1.8775375093060181e-02 -5.2813993167365875e-03 +2.6587958190941216e-02 +2.5877945970498857e-03

-7.8940362038350739e-03 +3.2069717204267038e-03 +6.8322082751560251e-02 +3.9851054631707796e-03

+3.2780479264523205e-01 +5.3154208382045704e-03 -3.9056096689397690e-02 -1.9949230687025510e-03

+5.3154208382045704e-03 +1.4015232507639622e-01 -9.3577306499390903e-03 -2.1513812705550432e-03

-3.9056096689397690e-02 -9.3577306499390903e-03 +4.2623292425170206e-01 -3.5743078145701059e-03

-1.9949230687025510e-03 -2.1513812705550432e-03 -3.5743078145701059e-03 +1.3377064203716987e-01

+3.7946228833065161e-03 +7.5331086246365996e-03 +2.3065260140822147e-03 +5.0191681632136007e-03

-5.5831489637585307e-04 +7.7157702081318631e-04 +6.9299312438204251e-03 +1.9392227172016819e-03

-4.6274356362006139e-03 -7.0822339900064165e-03 +1.8379024967733647e-02 +3.5583343264079912e-03

-3.2786211435375761e-03 -2.6254055977638002e-03 +1.3491706886964588e-02 +3.6868907789579606e-03

+9.1908898650429737e-03 +1.6028326497713559e-03 -1.6865625628206222e-02 -6.0169541496489431e-03

Column 17 Column 18 Column 19 Column 20

-1.1567993252649751e-03 -7.1601928988652215e-04 -9.1309534290861458e-03 +3.6229881176918144e-04

-5.5833063472688514e-03 -2.7774516543124694e-03 -3.9821129818619324e-03 +2.6129208168366774e-04

-1.8609874107353573e-03 -8.1741570860489204e-04 -1.6240960982915318e-04 -2.0103209190624051e-03

-2.0494449237684346e-02 -5.2221707091473302e-03 +3.0051867376724710e-02 -1.8942885042661103e-02

-3.9678767260957620e-03 +1.3398572936354990e-03 -1.3135809729647291e-03 +3.3520492133808496e-03

-7.1117454399198098e-03 +2.0956805320406931e-03 -2.0113358316685621e-03 -4.3814185018853770e-04

-8.8371281351254504e-03 +2.2751696893985701e-04 +6.1355736992399958e-03 +1.9035561259625059e-03

-1.9722765705640008e-04 +5.5178911020032609e-04 +6.2963435882512310e-03 +8.3478915960086839e-04

+1.1870304286905487e-02 -1.0963234539339574e-03 +4.5550790827137699e-03 -1.3387560153689249e-02

+5.6208478531819522e-03 -8.1954623126893663e-03 -2.8165990110738865e-03 -1.5447833181820745e-03

+1.6105226847191716e-03 +1.4572630304951911e-03 -8.1452397273625229e-03 +8.1377691140239374e-03

-1.4119056682730967e-02 +4.2141221549425872e-03 +1.8812542723697024e-02 +4.0745534256812314e-03

+3.7946228833065161e-03 -5.5831489637585307e-04 -4.6274356362006139e-03 -3.2786211435375761e-03

+7.5331086246365996e-03 +7.7157702081318631e-04 -7.0822339900064165e-03 -2.6254055977638002e-03

+2.3065260140822147e-03 +6.9299312438204251e-03 +1.8379024967733647e-02 +1.3491706886964588e-02

+5.0191681632136007e-03 +1.9392227172016819e-03 +3.5583343264079912e-03 +3.6868907789579606e-03

+2.8833495590029634e-01 -3.0741154404783982e-03 -8.3970833380550263e-03 -1.5415978706536067e-03

-3.0741154404783982e-03 +6.8296465300533876e-02 -5.9749392653396874e-04 -1.1770984484832142e-04

-8.3970833380550263e-03 -5.9749392653396874e-04 +3.0593628027845260e-01 +1.6992243827301031e-03

-1.5415978706536067e-03 -1.1770984484832142e-04 +1.6992243827301031e-03 +1.1171627510426622e-01

+1.3871880477143101e-02 +3.0228545976519875e-03 -3.2125573083310248e-03 -2.7659237977446308e-03

Column 21

-5.8815820329493826e-03

-2.6014892857167494e-02

+1.8462669369761508e-03

-1.3655448504823108e-02

-9.1409659787286095e-03

-1.4634026536475549e-03

-3.4362921206744185e-03

-4.7285526492311276e-03

+4.6453202987622993e-03

+2.9349572876425003e-03

+6.9501126482742165e-04

-6.8969091332209159e-02

+9.1908898650429737e-03

+1.6028326497713559e-03

-1.6865625628206222e-02

-6.0169541496489431e-03

+1.3871880477143101e-02

+3.0228545976519875e-03

-3.2125573083310248e-03
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-2.7659237977446308e-03

+2.7432544337994830e-01

5.3 Bilinear quadratures on the disk

Table 5.21: Coordinates of the 3-point bilinear quadrature

on the unit disk

x y

-1.5323207788123461e-01 -5.3040157303421887e-01

-3.8272519755320089e-01 +3.9790365865896538e-01

+5.3595727539120253e-01 +1.3249791434264588e-01

Table 5.22: Coordinates of the 6-point bilinear quadrature

on the unit disk

x y

-6.6705512920468113e-02 -6.8845317149603569e-01

-3.5069751189426057e-01 +5.9617573336874374e-01

+1.4858252938998915e-03 +1.1282501702100057e-03

+4.5862855527552032e-01 +5.1776459408821018e-01

-6.7537141076129503e-01 -1.4930815564266747e-01

+6.3414595157300435e-01 -2.7617913592716464e-01

Table 5.23: Coordinates of the 10-point bilinear quadrature

on the unit disk

x y

+1.9025606165724379e-01 -7.6593278985613267e-01

+2.2224710136406561e-01 -3.6976841907709618e-01

-4.4082380131630772e-01 -6.6625410997530363e-06

-5.0425429937664668e-01 +6.2032912235536475e-01

+2.2225197020942067e-01 +3.6976966360537894e-01

-5.0425577107546882e-01 -6.2031938378596108e-01

+1.9026068682157246e-01 +7.6593635878110566e-01

+7.0979144904329117e-01 -3.5267522094547427e-01

-8.0440582294392471e-01 +3.8424876904033961e-06

+7.0979612540301151e-01 +3.5266776321918586e-01

Table 5.24: Coordinates of the 15-point bilinear quadrature

on the unit disk

x y

+2.2850521668568057e-02 -3.4268832784783030e-09

+5.0386162644143151e-01 +1.9652095051959602e-08

+1.7397944525559805e-01 +4.9857820853038776e-01

-4.6033047427628332e-01 +3.4794353553468399e-01

-4.6033052767597854e-01 -3.4794351110912292e-01

+1.7397937471390673e-01 -4.9857800935291663e-01

+8.0407524691546794e-01 +2.8403940029479746e-01

+4.2200902320360772e-01 +7.4376436986793260e-01

-1.4141100157516312e-01 +8.3557483255348308e-01
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-6.5876551617661983e-01 +5.4917996336948127e-01

-8.4302256262529973e-01 -5.9042245946769213e-08

-6.5876533043771635e-01 -5.4918009247558430e-01

-1.4141073947867205e-01 -8.3557500237990479e-01

+4.2200935803189199e-01 -7.4376422942118281e-01

+8.0407534700381222e-01 -2.8403930415341333e-01

Table 5.25: Coordinates of the 21-point bilinear quadrature

on the unit disk

x y

+1.9352329990126532e-01 +2.1497297639976878e-01

-2.4808006284862219e-01 +1.2447280303791241e-06

+1.9352462050015137e-01 -2.1497980143830644e-01

+5.8990212425842281e-01 +4.8693508224651075e-06

+4.6573025156390035e-01 +5.6921945633476956e-01

-1.9333724309824624e-01 +6.0260515483416011e-01

-5.5433978697188790e-01 +3.0415381662561852e-01

-5.5433455281042388e-01 -3.0414939139681357e-01

-1.9333932551994643e-01 -6.0260847947756269e-01

+4.6572936774765106e-01 -5.6921755259847961e-01

+8.5723879799720548e-01 +2.4510324627851177e-01

+5.8442487544578192e-01 +6.7901479389963526e-01

+1.2586613571053265e-01 +8.8301365128310894e-01

-3.7124818993706060e-01 +8.2398019289617774e-01

-7.6260455183891973e-01 +4.8716111189725980e-01

-8.9024173491039182e-01 -5.3541426320469245e-06

-7.6260572795676229e-01 -4.8715953509660814e-01

-3.7125784986056298e-01 -8.2397865634106426e-01

+1.2586213678726077e-01 -8.8301598494353728e-01

+5.8442339490826278e-01 -6.7902756221399596e-01

+8.5724436683636429e-01 -2.4509635138382413e-01

Table 5.26: Coordinates of the 28-point bilinear quadrature

on the unit disk

x y

+3.4534673484373557e-01 -5.5839656230721487e-07

-8.9779198056740783e-01 +2.1760647017682530e-01

+5.3016824533437701e-01 -7.7026978609082164e-01

+1.2888358761931537e-01 -3.3429559815988344e-06

-1.3632099377117890e-01 +6.7011458806102586e-01

+4.0427627790921317e-01 +6.1894088918254131e-01

+6.5299218130055747e-01 -2.7228924066407983e-01

+1.0530420776958886e-01 -9.1078815035966787e-01

+9.1410788896300610e-01 +1.6551952383804518e-06

+1.0529876810695317e-01 +9.1078661081346035e-01

-1.3632001172851091e-01 -6.7011444573443923e-01

-8.9778997840847463e-01 -2.1760613325077011e-01

-5.7321773412317778e-01 +4.9001870976585216e-01

-3.2151087042450976e-01 +8.6403194784049042e-01

+8.2183455187297039e-01 +4.2720847613805141e-01

-3.2151459246393932e-01 -8.6402090374422624e-01

-3.8329228985111313e-01 +2.9487329408334001e-01
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-5.7321305360882202e-01 -4.9001753322415109e-01

+4.0427580546210612e-01 -6.1893906347999084e-01

-6.9356375369792345e-01 -6.1528075172136487e-01

-6.4969197735531437e-01 +6.7230796110162985e-06

-6.9357147563294219e-01 +6.1527814532564518e-01

+8.2183766003611070e-01 -4.2721100539884976e-01

+6.5299398951765453e-01 +2.7229131876058627e-01

+5.3016666614872565e-01 +7.7026811670541817e-01

+1.1554977009210694e-01 -3.3363461815187934e-01

-3.8328948174317617e-01 -2.9486837242972591e-01

+1.1555257753705599e-01 +3.3363479187124956e-01

Table 5.27: Coordinates of the 36-point bilinear quadrature

on the unit disk

x y

+3.3906906300376022e-01 -6.8772923898696359e-01

-4.5239761846689641e-01 +6.4213620341802418e-08

+4.6974364887158315e-01 +8.1977590211775708e-01

+3.3906893082128109e-01 +6.8772927976652376e-01

+4.8573182493560074e-01 +2.8579888476576537e-01

+7.6747360829223110e-01 -5.5696180478501467e-01

+6.5262119740929125e-01 +4.4850716793782069e-01

-7.0243584911759549e-01 -2.2652028205019620e-01

-7.0243586651145851e-01 +2.2652035939209109e-01

+9.3395153092823896e-02 +1.9991167175291485e-01

+9.7004212909067619e-02 +9.3238508213949500e-01

-8.6466018699184199e-01 +3.8395979905979710e-01

-3.8469569353760141e-01 -4.6376076499111224e-01

+4.8573188532450140e-01 -2.8579884406326095e-01

-6.3363743433635211e-01 +7.0326890772374440e-01

+9.1993294175802010e-01 -1.9078231984947755e-01

+9.7004188084988119e-02 -9.3238503972890796e-01

-2.6589792744088248e-01 -2.4753881266531579e-08

-5.0312419990635382e-01 +5.6484569859276901e-01

+7.4126177746051758e-01 +5.6066207241968200e-08

-2.8733367565295143e-01 -8.9790569242198714e-01

-5.0312422317270766e-01 -5.6484565007076826e-01

+6.5262119144632602e-01 -4.4850718523968641e-01

-8.6466014056802010e-01 -3.8395963345725231e-01

+9.3395125753967884e-02 -1.9991165349929357e-01

-3.8469566178415837e-01 +4.6376082121183732e-01

+1.6948807433605242e-01 +4.7404459134663968e-01

+7.6747371562333111e-01 +5.5696189037921151e-01

-9.3698602559153610e-01 -1.7256911621040512e-08

-1.2081257815216616e-01 +7.2704452790481855e-01

+4.6974376301662257e-01 -8.1977601703921721e-01

-1.2081260423868900e-01 -7.2704435829324809e-01

-6.3363734937115412e-01 -7.0326880912722800e-01

+1.6948811004145398e-01 -4.7404455921621991e-01

-2.8733370242560097e-01 +8.9790571738847913e-01

+9.1993302284426071e-01 +1.9078232460004199e-01
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Table 5.28: Coordinates of the 45-point bilinear quadrature

on the unit disk

x y

-2.7378737378099488e-01 +7.3051929527712567e-01

-3.4090562281866250e-02 -1.0599860352605416e-09

-5.6140782590172067e-01 +1.7236884866026417e-01

+7.9320001167747578e-01 -3.2801644165308568e-08

+9.1348823500438991e-02 -7.9329109479131821e-01

-7.7451594197157159e-01 -1.8856648789044489e-01

-5.8925942429211020e-01 +5.2525758849702953e-01

-2.5792890506695820e-01 +5.2895323536352379e-01

+9.5598472657284328e-01 -2.2011169427966683e-07

+8.8633081859579840e-02 -9.4786032835519574e-01

+8.8960999420395481e-01 -3.4904487779288274e-01

-9.3763796909518016e-01 +1.7902664737354662e-01

+7.1056866639440430e-01 +3.7136088916458160e-01

+7.0594210495784260e-01 +6.4113497683476772e-01

+9.1348826016286480e-02 +7.9329109232968131e-01

-9.3763793458815459e-01 -1.7902664274360522e-01

-8.1315289011277481e-01 -5.0257545198573217e-01

-5.7275546078373329e-01 -7.6233589236858568e-01

+5.4795036653372309e-01 -4.5063333847054631e-09

-2.6145219791726632e-01 -9.1579613338642596e-01

+3.2237865216713946e-01 -2.4655859405228683e-01

+8.8633063586273042e-02 +9.4786034785229978e-01

+4.4665607661485446e-01 -6.4740634665577868e-01

-5.8925937121042038e-01 -5.2525765097848653e-01

+9.4863628211315096e-02 +6.3139930233111019e-01

+4.5526452928532241e-01 +3.2041889169971466e-01

-1.1169144973052872e-01 +3.4256873494343243e-01

-2.7378742921830829e-01 -7.3051932507622730e-01

+4.2395311658694612e-01 -8.5620303860285263e-01

+4.2395308101797369e-01 +8.5620295001626801e-01

-7.7451593565452859e-01 +1.8856642485115810e-01

-3.3276102792045620e-01 +2.1364615424209584e-08

-5.7275555297384306e-01 +7.6233595389277220e-01

-8.1315286003180598e-01 +5.0257545551705218e-01

+8.8960994738944010e-01 +3.4904484472281722e-01

+4.4665609856204774e-01 +6.4740631251255709e-01

-5.6140781130803630e-01 -1.7236885845409677e-01

+3.2237865113962821e-01 +2.4655860484217768e-01

-1.1169145133414077e-01 -3.4256873745701161e-01

-2.6145216457672155e-01 +9.1579603525185294e-01

+9.4863625701928828e-02 -6.3139930683711321e-01

+4.5526452949865998e-01 -3.2041889214161628e-01

+7.1056863409448812e-01 -3.7136092432541995e-01

+7.0594211013903507e-01 -6.4113498476494590e-01

-2.5792889056264784e-01 -5.2895324241051689e-01

Table 5.29: Weight matrix for the 21-point bilinear

quadrature on the unit disk

Column 1 Column 2 Column 3 Column 4

+3.5178649002468348e-01 -5.1462994126100954e-02 -9.3571938287814210e-02 -6.5654526945022773e-02
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-5.1462994126100954e-02 +3.4775562206410388e-01 -5.1455443094206403e-02 +7.5908176527152066e-02

-9.3571938287814210e-02 -5.1455443094206403e-02 +3.5177913281590395e-01 -6.5647479991474328e-02

-6.5654526945022773e-02 +7.5908176527152066e-02 -6.5647479991474328e-02 +3.0490990438889942e-01

-5.9909261753550262e-02 +1.0886427965257496e-02 +5.5212813380646202e-02 +1.7128621804192003e-03

-3.2093839369095482e-02 +2.5639032203037506e-02 +2.6544873559448741e-02 +7.0462189815350251e-03

+4.6497345484708033e-02 -8.7230368289290705e-02 +2.2998481753211408e-02 -4.2118205413039164e-02

+2.3005414979577279e-02 -8.7236545856891223e-02 +4.6493549899043703e-02 -4.2116928194639393e-02

+2.6541266379486533e-02 +2.5643160629166519e-02 -3.2090540164146905e-02 +7.0429970906878666e-03

+5.5211199808457040e-02 +1.0882363824825447e-02 -5.9904560482515676e-02 +1.7159590370502188e-03

+3.4806040125372646e-02 -3.2314797920640473e-02 +2.1020784983566906e-02 -5.0017185473336410e-02

+4.8208891843716649e-02 -1.1316644683681818e-02 -3.1843395317634186e-02 +1.1429943324144714e-02

+3.8032682256686282e-02 -1.6915475237385827e-03 -2.5524219308606936e-02 -4.2448069559297957e-03

+2.1083426285713771e-02 +6.3377304255732587e-03 -2.2331272798461494e-02 -6.8783828838456739e-04

-7.1561420444092643e-03 +3.5217347022012062e-02 -1.7336771714607360e-02 +9.4066492788841775e-03

-1.7443358776948421e-02 +4.4047440724384893e-02 -1.7441094583753106e-02 +1.7762102523230291e-02

-1.7336888072855189e-02 +3.5216967437725434e-02 -7.1552024984311404e-03 +9.4054578823279215e-03

-2.2329779307623587e-02 +6.3361228257126515e-03 +2.1081753299626436e-02 -6.8616449813446788e-04

-2.5521427554637974e-02 -1.6922734668210389e-03 +3.8029992920188771e-02 -4.2453485038532008e-03

-3.1840438590447592e-02 -1.1311995859315352e-02 +4.8200510477256570e-02 +1.1428087527974945e-02

+2.1020182108785410e-02 -3.2312214109826362e-02 +3.4801826542723770e-02 -5.0009783132674124e-02

Column 5 Column 6 Column 7 Column 8

-5.9909261753550262e-02 -3.2093839369095482e-02 +4.6497345484708033e-02 +2.3005414979577279e-02

+1.0886427965257496e-02 +2.5639032203037506e-02 -8.7230368289290705e-02 -8.7236545856891223e-02

+5.5212813380646202e-02 +2.6544873559448741e-02 +2.2998481753211408e-02 +4.6493549899043703e-02

+1.7128621804192003e-03 +7.0462189815350251e-03 -4.2118205413039164e-02 -4.2116928194639393e-02

+2.9749229050627618e-01 +3.5630706803545298e-02 -6.3787867935564879e-03 +1.1034703761356182e-03

+3.5630706803545298e-02 +2.6911306328829593e-01 -6.5384425624863698e-02 +9.7205840944118438e-03

-6.3787867935564879e-03 -6.5384425624863698e-02 +2.8395496323410241e-01 +4.0154524430235865e-02

+1.1034703761356182e-03 +9.7205840944118438e-03 +4.0154524430235865e-02 +2.8395933773472498e-01

-1.0409148359349757e-02 -3.4399997140954749e-02 +9.7193776678726491e-03 -6.5384875213700455e-02

-1.8714768922847333e-02 -1.0411884979502264e-02 +1.1072479281192169e-03 -6.3782818421823859e-03

-1.0205346947767610e-02 -7.7760834869640173e-03 +1.0524793600036938e-02 +1.7844594366834509e-02

-1.4397581581844968e-01 -4.6882901858742564e-03 -1.2711484253506162e-03 +1.7345993021658326e-03

-2.9675480022213024e-02 -2.9763920752182826e-02 +1.2737818590263829e-02 -5.2399683561085448e-03

-5.9931764131721929e-03 -5.2142011858343773e-02 +1.8036340967179453e-02 -1.0479604011896310e-02

-5.0934452353546388e-03 +2.4334832502542366e-02 -5.9348155965414623e-02 -4.1366460716491284e-03

+2.3835751068160978e-03 +8.3536728755033169e-03 -2.9927388402376076e-02 -2.9927446402655079e-02

+6.0818986957006278e-03 -4.3228590157866151e-03 -4.1353744429005624e-03 -5.9345701537517115e-02

+1.2787443484827530e-02 +9.7982579858059832e-03 -1.0479726361582290e-02 +1.8036368145606999e-02

+8.7878249722790503e-03 +1.3252000620743965e-02 -5.2389613802831716e-03 +1.2737712403867405e-02

+8.0819438421911791e-03 +3.2456866789550339e-03 +1.7316385625871563e-03 -1.2717742556467250e-03

+3.3215154347675780e-03 -4.4000320127931952e-03 +1.7842821924598455e-02 +1.0524691808853622e-02

Column 9 Column 10 Column 11 Column 12

+2.6541266379486533e-02 +5.5211199808457040e-02 +3.4806040125372646e-02 +4.8208891843716649e-02

+2.5643160629166519e-02 +1.0882363824825447e-02 -3.2314797920640473e-02 -1.1316644683681818e-02

-3.2090540164146905e-02 -5.9904560482515676e-02 +2.1020784983566906e-02 -3.1843395317634186e-02

+7.0429970906878666e-03 +1.7159590370502188e-03 -5.0017185473336410e-02 +1.1429943324144714e-02

-1.0409148359349757e-02 -1.8714768922847333e-02 -1.0205346947767610e-02 -1.4397581581844968e-01

-3.4399997140954749e-02 -1.0411884979502264e-02 -7.7760834869640173e-03 -4.6882901858742564e-03

+9.7193776678726491e-03 +1.1072479281192169e-03 +1.0524793600036938e-02 -1.2711484253506162e-03

-6.5384875213700455e-02 -6.3782818421823859e-03 +1.7844594366834509e-02 +1.7345993021658326e-03

+2.6910927770876286e-01 +3.5630009413562584e-02 -4.4006054578055046e-03 +3.2442688938478649e-03

+3.5630009413562584e-02 +2.9746058087110855e-01 +3.3234587123135034e-03 +8.0819387559338211e-03

-4.4006054578055046e-03 +3.3234587123135034e-03 +1.5272610736522654e-01 +3.5044189084596192e-03
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+3.2442688938478649e-03 +8.0819387559338211e-03 +3.5044189084596192e-03 +2.0851157526510983e-01

+1.3253141214813132e-02 +8.7892051698581584e-03 +1.5513198011338476e-03 +1.0432546172406116e-02

+9.7977621090807095e-03 +1.2788043837774413e-02 +6.8820413889827633e-04 +1.4597420902803572e-03

-4.3218848811481135e-03 +6.0819500038463824e-03 -2.4269637804707925e-03 +3.3041365104688018e-03

+8.3531012113095514e-03 +2.3822365169752966e-03 -3.2175894124836157e-03 +6.6092099324850564e-04

+2.4334998100141132e-02 -5.0920854331598141e-03 -4.5225369986724986e-03 -3.9147248668796363e-03

-5.2138912147128340e-02 -5.9951386223933032e-03 +2.3752180430243303e-03 -5.6460174475074397e-03

-2.9762705984982697e-02 -2.9669156004371776e-02 -6.1074866329934344e-04 -3.0602205400174806e-03

-4.6879542719983642e-03 -1.4393955483011472e-01 -2.4349446886157071e-03 -2.8214483885151773e-03

-7.7764335389149909e-03 -1.0205568556107446e-02 +3.1110652112962237e-03 -2.4309600017835119e-03

Column 13 Column 14 Column 15 Column 16

+3.8032682256686282e-02 +2.1083426285713771e-02 -7.1561420444092643e-03 -1.7443358776948421e-02

-1.6915475237385827e-03 +6.3377304255732587e-03 +3.5217347022012062e-02 +4.4047440724384893e-02

-2.5524219308606936e-02 -2.2331272798461494e-02 -1.7336771714607360e-02 -1.7441094583753106e-02

-4.2448069559297957e-03 -6.8783828838456739e-04 +9.4066492788841775e-03 +1.7762102523230291e-02

-2.9675480022213024e-02 -5.9931764131721929e-03 -5.0934452353546388e-03 +2.3835751068160978e-03

-2.9763920752182826e-02 -5.2142011858343773e-02 +2.4334832502542366e-02 +8.3536728755033169e-03

+1.2737818590263829e-02 +1.8036340967179453e-02 -5.9348155965414623e-02 -2.9927388402376076e-02

-5.2399683561085448e-03 -1.0479604011896310e-02 -4.1366460716491284e-03 -2.9927446402655079e-02

+1.3253141214813132e-02 +9.7977621090807095e-03 -4.3218848811481135e-03 +8.3531012113095514e-03

+8.7892051698581584e-03 +1.2788043837774413e-02 +6.0819500038463824e-03 +2.3822365169752966e-03

+1.5513198011338476e-03 +6.8820413889827633e-04 -2.4269637804707925e-03 -3.2175894124836157e-03

+1.0432546172406116e-02 +1.4597420902803572e-03 +3.3041365104688018e-03 +6.6092099324850564e-04

+1.4888131214676584e-01 +3.5469690799706218e-03 -3.2149321842454303e-03 -2.1459685586229533e-03

+3.5469690799706218e-03 +1.3959588327944064e-01 -4.7723352276889241e-03 -1.5260404933430231e-03

-3.2149321842454303e-03 -4.7723352276889241e-03 +1.4062957588228689e-01 +4.5254571699987270e-03

-2.1459685586229533e-03 -1.5260404933430231e-03 +4.5254571699987270e-03 +1.5048010029077155e-01

+2.2937640997742958e-03 +2.8753261018137789e-03 +7.2336902072357376e-04 +4.5216938189447907e-03

-3.6188590015140566e-03 -2.9098561598644951e-03 +2.8745487655900499e-03 -1.5230848931115882e-03

-2.6970111275473811e-03 -3.6180100009132908e-03 +2.2936133286365502e-03 -2.1474368601492040e-03

-3.0612106230388948e-03 -5.6459462694993185e-03 -3.9149048250687827e-03 +6.6339288622346555e-04

-6.1241893863240573e-04 +2.3766359898783240e-03 -4.5232018857295029e-03 -3.2175368186765385e-03

Column 17 Column 18 Column 19 Column 20

-1.7336888072855189e-02 -2.2329779307623587e-02 -2.5521427554637974e-02 -3.1840438590447592e-02

+3.5216967437725434e-02 +6.3361228257126515e-03 -1.6922734668210389e-03 -1.1311995859315352e-02

-7.1552024984311404e-03 +2.1081753299626436e-02 +3.8029992920188771e-02 +4.8200510477256570e-02

+9.4054578823279215e-03 -6.8616449813446788e-04 -4.2453485038532008e-03 +1.1428087527974945e-02

+6.0818986957006278e-03 +1.2787443484827530e-02 +8.7878249722790503e-03 +8.0819438421911791e-03

-4.3228590157866151e-03 +9.7982579858059832e-03 +1.3252000620743965e-02 +3.2456866789550339e-03

-4.1353744429005624e-03 -1.0479726361582290e-02 -5.2389613802831716e-03 +1.7316385625871563e-03

-5.9345701537517115e-02 +1.8036368145606999e-02 +1.2737712403867405e-02 -1.2717742556467250e-03

+2.4334998100141132e-02 -5.2138912147128340e-02 -2.9762705984982697e-02 -4.6879542719983642e-03

-5.0920854331598141e-03 -5.9951386223933032e-03 -2.9669156004371776e-02 -1.4393955483011472e-01

-4.5225369986724986e-03 +2.3752180430243303e-03 -6.1074866329934344e-04 -2.4349446886157071e-03

-3.9147248668796363e-03 -5.6460174475074397e-03 -3.0602205400174806e-03 -2.8214483885151773e-03

+2.2937640997742958e-03 -3.6188590015140566e-03 -2.6970111275473811e-03 -3.0612106230388948e-03

+2.8753261018137789e-03 -2.9098561598644951e-03 -3.6180100009132908e-03 -5.6459462694993185e-03

+7.2336902072357376e-04 +2.8745487655900499e-03 +2.2936133286365502e-03 -3.9149048250687827e-03

+4.5216938189447907e-03 -1.5230848931115882e-03 -2.1474368601492040e-03 +6.6339288622346555e-04

+1.4062823133784924e-01 -4.7740506450450306e-03 -3.2146984950020070e-03 +3.3025441686825728e-03

-4.7740506450450306e-03 +1.3959151594869748e-01 +3.5482418433188316e-03 +1.4608907515844002e-03

-3.2146984950020070e-03 +3.5482418433188316e-03 +1.4887811328389319e-01 +1.0427379177488250e-02

+3.3025441686825728e-03 +1.4608907515844002e-03 +1.0427379177488250e-02 +2.0847404414081527e-01

-2.4277669039013492e-03 +6.9015902960833713e-04 +1.5492614770181482e-03 +3.5100455872968681e-03
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Column 21

+2.1020182108785410e-02

-3.2312214109826362e-02

+3.4801826542723770e-02

-5.0009783132674124e-02

+3.3215154347675780e-03

-4.4000320127931952e-03

+1.7842821924598455e-02

+1.0524691808853622e-02

-7.7764335389149909e-03

-1.0205568556107446e-02

+3.1110652112962237e-03

-2.4309600017835119e-03

-6.1241893863240573e-04

+2.3766359898783240e-03

-4.5232018857295029e-03

-3.2175368186765385e-03

-2.4277669039013492e-03

+6.9015902960833713e-04

+1.5492614770181482e-03

+3.5100455872968681e-03

+1.5271986969758364e-01




