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B o l t z C O N S :  R e c o n c i l i n g C o n n e c t i o n i s m w i t h 

t h e R e c u r s i v e N a t u r e o f  S t a c k s a n d T r e e s 

David S. Touretzky 

Computer Science Department 
Carnegie-Mello n Universit y 

Abstrac t 

Stack s an d tree s ar e implemente d a s distribute d activit y pattern s i n a  simulate d neura l  networ k 

calle d Bol tzCONS .  Th e Bol tzCON S architectur e employ s thre e idea s fro m connectionis t  symbo l 

processin g - -  coars e code d distribute d memories ,  pullou t  networks ,  an d variabl e bindin g spaces , 

tha t  first  appeare d togethe r  i n Touretzk y an d Hinton' s neura l  ne t  productio n syste m interpreter .  I n 

Bol tzCONS ,  a  distribute d memor y i s use d t o stor e triple s o f  symbol s tha t  encod e con s cells ,  th e 

buildin g block s o f  linke d lists .  Stack s an d tree s ca n the n b e represente d a s lis t  structures .  A 

pullou t  networ k an d severa l  variabl e bindin g space s provid e th e machiner y fo r  associativ e 

retrieva l  o f  con s cells ,  whic h i s centra l  t o BoltzCONS '  operation .  Retrieva l  i s  performe d vi a th e 

Boltzman n Machin e simulate d annealin g algorithm ,  wit h Hopfield' s energ y measur e servin g t o 

asses s th e results .  Th e network' s abilit y  t o recogniz e shallo w energy  minim a a s faile d retrieval s 

makes i t  possibl e t o travers e binar y tree s o f  unbounde d dept h withou t  maintainin g a  contro l  stack . 

Th e implication s o f  thi s wor k fo r  cognitiv e scienc e an d connectionis m ar e discussed . 

1. Introduction 

Thi s pape r  begin s wit h a n assumption :  tha t  recursiv e symbo l  structure s hav e a  plac e i n connectionis t  theorie s o f 

cognition .  A  recursiv e structur e i s on e whos e component s ma y b e structure s o f  th e sam e type .  Tree s ar e recursiv e 

becaus e thei r  branche s ar e trees ;  stack s ar e recursiv e becaus e thei r  tail s  (tha t  whic h remain s whe n th e firs t  elemen t  i s 

removed )  ar e stacks .  Th e recursivenes s o f  a  dat a structur e i s independen t  o f  an y algorithm ;  a  recursiv e dat a 

structur e m a y b e manipulate d b y a  nonrecursiv e algorithm ,  an d recursiv e algorithm s ma y operat e o n nonrecursiv e 

dat a structures ,  suc h a s integers .  Thi s pape r  i s no t  concerne d directl y wit h th e feasibilit y  o r  utilit y  o f  recursiv e 

algorithms .  Instea d i t  wil l  focu s o n th e tw o mos t  c o m m o n recursiv e dat a structures :  stack s an d trees . 

Ther e ar e man y potentia l  use s o f  stack s i n a n intelligen t  system .  A t  th e leve l  o f  consciou s proble m solvin g 

behavior ,  stack s coul d b e use d t o kee p trac k o f  goal s whil e focusin g temporaril y  o n subgoals .  I n dialo g o r  i n 

narrativ e reading ,  stack s migh t  b e use d t o trac k conversatio n topic s i n th e presenc e o f  digressions ,  parenthetica l 

remarks ,  o r  interruptions .  I n thes e tw o example s stac k manipulatio n occur s a t  a  consciou s o r  mentall y accessibl e 

level .  I f  ther e tur n ou t  t o b e recursiv e menta l  procedure s a t  a  5uk;onsciou s leve l  o f  processing ,  the n thei r 

implementatio n m a y rel y o n a n interna l  (i.e. ,  inaccessibl e t o introspection )  contro l  stack .  Bu t  eve n withou t 

recursion ,  a  contro l  stac k migh t  b e usefu l  fo r  savin g contextua l  informatio n whe n a  menta l  procedur e mus t  invok e 

severa l  level s o f  subprocedure . 

Menta l  tree s m a y b e harde r  t o justif y tha n stacks .  I n conventiona l  A I  program s tree s ar e use d t o represen t  man y 

sort s o f  things ,  suc h a s syntacti c structure s (pars e trees) ,  decisio n procedure s (discriminatio n nets) ,  an d goal/subgoa l 

hierarchie s ( A N D / O R graphs) .  Whethe r  tree s hav e an y realit y i n th e brain ,  o r  an y essentia l  rol e i n connectionis t 

theorie s o f  mind ,  i s anothe r  matter ,  an d fo r  n o w i t  i s  a n ope n question .  Bu t  i f  connectionis t  system s coul d no t 

represen t  tre e structures ,  tha t  woul d plac e a  seriou s a  prior i  constrain t  o n th e plausibilit y  o f  connectionis t  theories . 

T o demonstrat e tha t  connectionis m i s capabl e o f  accomodatin g recursiv e structures ,  thi s pape r  present s 

Bol tzCONS ,  a  Lisp-inspire d Boltzman n machin e (Fahlma n e t  al. ,  1983 ;  Ackle y e t  al. ,  1985) .  Th e abilit y  t o perfor m 
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associative retrievals in BoltzCONS and other connectionist architectures makes them unlike conventional von 

Neumann computers . 

2. Stacks and Trees in a Distributed Memory 

We begi n b y considerin g h o w stack s an d tree s migh t  b e represente d i n a  distribute d memory .  I n th e followin g 

sectio n w e g o o n conside r  h o w the y ca n b e manipulated .  Figur e 1  show s a  con s cel l  representatio n o f  th e stac k ( A B 

C D )  i n wha t  i s almos t  conventiona l  Lis p notation ;  th e differenc e i s tha t  eac h con s cel l  i n th e figur e ha s associate d 

wit h i t  a  uniqu e symbol ,  o r  tag. '  Th e figure  ca n thereb y b e encode d a s a  se t  o f  triple s o f  for m (ta g ca r  cdr) ,  a s 

shown below : 

•> NI L 

( P A  q ) 
( q B  r ) 
( r  C  s ) 
( 3 D  n i l ) 
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1 » * ~ 
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Figur e 1 :  Th e stac k ( A B  C  D )  represente d a s triple s an d a s con s cells . 

Tree s ca n b e encode d a s triple s i n th e sam e way .  Figur e 2 a show s a  binar y tree ,  an d figure  2 b show s it s con s cel l 

representation .  Th e translatio n fro m con s cell s t o triple s i s straightforward .  Bu t  h o w ca n a  connectionis t  networ k 

represen t  thes e triple s i n a  computationall y plausibl e way ? W e rejec t  o n efficienc y ground s th e extrem e localis t 

positio n tha t  ther e b e on e uni t  fo r  ever y possibl e triple ,  sinc e w e wil l  onl y wan t  t o stor e a  fe w triple s a t  a  time . 

(a ) (b ) 

Figur e 2 :  (a )  a  binar y tree ;  (b )  it s  con s cel l  representation . 

I n a n earlie r  paper ,  Geoffre y Hinto n an d 1  describe d a  coars e code d m e m o r y fo r  triple s o f  symbol s whic h serve d 

as th e workin g m e m o r y o f  a  productio n syste m interprete r  (Touretzk y &  Hinton ,  1985) .  T h e sam e m e m o r y desig n 

i s use d i n B o l t z C O N S fo r  encodin g con s cells .  Thi s schem e i s  calle d a  distribute d representatio n (Hinto n e t  al. , 

1986 )  becaus e eac h tripl e i s  represente d b y th e collectiv e activit y o f  m a n y units ,  whil e conversely ,  eac h uni t 

contribute s t o th e representatio n o f  m a n y possibl e triples . 

'Compute r  scientis U migh t  prefe r  th e ter m "address "  t o "tag, "  bu t  a  distribute d symbo l  memor y suc h a s th e on e use d i n BoltzCON S ha s 
neilhe r  sequentia l  addresse s no r  discret e memor y locations ,  s o "address' '  woul d b e misleading .  Tag s ar e unordere d symbols ,  no t  integers . 
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Eac h m e m o f y uni t  i n thi s representatio n ha s a  randomly-generate d receptiv e fiel d tabl e suc h a s th e on e show n i n 

figur e 3 ,  wit h thre e column s o f  si x symbol s each .  Th e receptiv e fiel d o f  th e uni t  i s  defme d b y th e crossproduc t  o f 

th e thre e columns ,  e.g. ,  ( F A  P )  woul d b e recognize d b y th e uni t  describe d i n figur e 3  bu t  no t  ( F J  T ) ,  sinc e J  doesn' t 

appea r  i n th e secon d colum n an d T  doesn' t  appea r  i n th e third .  I f  th e memor y contain s 2,00 0 unit s an d ther e ar e 2 5 

possibl e symbols ,  a  tripl e wil l  fal l  i n th e receptiv e fiel d o f  6^/25^x200 0 o r  roughl y 2 8 units ,  o n average .  Thi s 

distribute d representatio n i s describe d a s "coars e coded "  becaus e eac h receptiv e fiel d i s a  6 x 6 x 6 slic e ou t  o f  th e 

2 5 x 2 5 x 2 5 spac e o f  possibl e triples ;  th e receptor s ca n thu s b e sai d t o b e "coarsel y tuned "  alon g eac h o f  th e thre e 

dimensions . 
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Figur e 3 :  A  receptiv e fiel d tabl e 

Starting with a twenty-five symbol alphabet, there are 25^ or 15,625 possible triples one could potentially store in 

thi s memory .  Th e numbe r  tha t  ca n b e reliabl y hel d ther e a t  on e tim e depend s o n th e numbe r  o f  unit s available . 

Wit h 2,00 0 units ,  on e ca n stor e roughl y a  doze n triple s a t  once .  A s th e alphabe t  siz e increases ,  th e saving s o f  a 

distribute d representatio n ove r  a n extrem e localis t  on e grow s rapidly . 

T o manuall y stor e a  tripl e i n thi s memory ,  w e fin d it s 2 8 o r  s o receptor s an d tur n the m on .  T o delet e a  triple ,  w e 

tur n it s receptor s off .  T o tes t  whethe r  a  tripl e i s present ,  w e examin e di e stat e o f  it s  receptors .  I f  mos t  o f  tiiem  (say , 

at  leas t  7 0 percent )  ar e on ,  w e assum e tha t  th e tripl e i s present ;  i f  mos t  ar e of f  w e assum e i t  i s  absen t  Thes e 

function s ar e embedde d i n th e wirin g patter n o f  th e network ;  B o l u C O N S doe s no t  actuall y searc h throug h receptiv e 

fiel d table s w h e n storin g o r  retrievin g triples . 

Th e distribute d m e m o r y ha s som e interestin g properties .  I t  i s  i m m u n e t o smal l  amount s o f  noise ,  i.e. ,  i f  a  fe w 

unit s chang e stat e randoml y ther e i s n o observabl e effec t  o n th e memory' s contents .  Th e performanc e o f  th e 

m e m o ry degrade s graduall y a s th e memor y fill s  up .  Sinc e eac h recepto r  i s share d b y 6 ^  o r  21 6 potentia l  triples , 

ther e i s som e overla p i n th e representatio n o f  Qiples .  A s a  consequence ,  i f  w e stor e a  tripl e i n memor y an d the n 

stor e an d delet e m a n y othe r  triples ,  th e origina l  tripl e wil l  deca y an d eventuall y fad e awa y unles s i t  i s  refreshe d b y 

turnin g o n al l  it s  receptor s again .  Finally ,  th e m e m o r y exhibit s a  loca l  blurrin g phenomenon ,  whereb y i f  w e stor e 

m a ny closel y relate d triple s suc h a s ( F A  A ) ,  ( F A  B ) ,  ( F A  Q ,  etc. ,  i t  become s increasingl y difficul t  t o determin e 

whethe r  a  relate d tripl e suc h a s ( F A  L )  i s presen t  i n memor y o r  no t  However ,  i t  i s  stil l  possibl e t o tel l  whethe r  a n 

unrelate d tripl e suc h a s ( G V  Q )  i s presen t  Loca l  blurring ,  lik e th e gradua l  deca y o f  tiiples  du e t o deletion s o f  othe r 

triples ,  i s  a  consequenc e o f  th e sharin g o f  unit s i n distribute d representations . 
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3.  Th e BoItzCON S Architectur e 

The architectur e o f  BoI tzCON S i s show n i n figure  4 .  Con s cell s encode d a s triple s ar e store d i n th e spac e labele d 

Cons Memory ,  whic h contain s 2,00 0 units .  Ther e i s a  one-on e mappin g o f  excitator y connection s fro m Con s 

Memory unit s t o unit s i n th e spac e labele d Con s PuUout ;  eac h activ e Con s M e m o r y uni t  therefcM- e trie s t o tur n o n th e 

correspwidin g Con s Pullou t  uni L However ,  th e Con s Pullou t  unit s ar e sufficientl y mutuall y inhibitor y s o tha t  onl y 

abou t  2 8 a t  a  tim e ca n b e on ,  i.e. ,  jus t  enoug h t o represen t  on e triple .  Con s Pullou t  spac e i s use d t o "pul l  out "  on e 

tripl e fro m th e severa l  tha t  ar e store d i n Con s Memory .  Th e ter m "pullou t  netwOTk, "  first  use d b y Michae l  Moze r 

(1984) ,  i s  synonymou s wit h th e "claus e spaces "  describe d b y Touretzk y &  Hinto n (1985) . 

The thre e space s labele d T A G ,  C A R ,  an d C D R ar e winner-take-al l  network s (Feldma n &  Ballard ,  1982 )  whic h 

settl e int o stabl e state s representin g on e o f  th e 2 5 symbol s i n BoItzCONS '  alphabe t  The y ar e coars e code d version s 

of  th e bin d space s describe d i n (Touretzk y &  Hinton ,  1985) .  Sinc e th e space s ar e coars e coded ,  unit s vot e fo r  set s o f 

symbol s rathe r  tha n individua l  ones .  Th e unit s al l  hav e bidirectiona l  excitator y connection s t o appropriat e unit s i n 

Cons Pullou t  space .  Fo r  example ,  a  uni t  i n C D R spac e tha t  code s fo r  th e symbol s p  an d w  wil l  hav e connection s t o 

a rando m subse t  o f  al l  th e unit s i n Con s Pullou t  spac e wher e eithe r  p  o r  w  appear s i n th e thir d colum n o f  th e unit' s 

receptiv e field  table . 

Cons 

Pullou t 

Cons 
M e m o ry 

Figur e 4 :  Th e architectur e o f  BoItzCONS . 

4. Manipulating Distributed Stacks 

Let  u s assum e th e stac k o f  figure  1  ha s bee n loade d int o BoItzCONS '  Con s Memory .  Th e fou r  con s cell s i n thi s 

figur e ar e represente d b y a n activit y pattern .  Th e to p cel l  o f  th e stack ,  encode d a s th e tripl e ( p A  q) ,  i s  als o 

represente d b y a  patter n i n Con s Pullou t  space ,  an d it s thre e componen t  symbol s ar e represente d b y pattern s i n T A G , 

C A R,  an d C D R spaces ,  respectively .  N o w suppos e w e wis h t o po p th e stack .  First ,  vi a a  gate d connection ,  th e 

Cons Pullou t  unit s tur n of f  thei r  correspondin g Con s M e m o r y units ,  thereb y deletin g th e tripl e ( p A  q )  fro m Con s 

Memory.  Next ,  th e activit y patter n i n C D R spac e (denotin g th e symbo l  q )  i s transmitte d t o T A G space ,  whic h i s 

the n clamped .  Finally ,  whil e T A G spac e supplie s a n excitator y stimulu s t o Con s Pullou t  space ,  a  simulate d 

annealin g algorith m (Kirkpatric k e t  al. ,  1983 )  i s  ru n o n th e Con s Pullout ,  C A R an d C D R space s t o effec t  a n 

associativ e retrieval .  Th e annealin g algorithm ,  whic h i s  wha t  make s BoItzCON S a  Boltzman n Machine ,  cause s 

BoItzCON S t o searc h fo r  a  m in imu m energ y stat e subjec t  t o th e constraint s impose d b y unit s i n T A G spac e an d 
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Cons Memory .  W h e n i t  find s thi s stable ,  min imu m energ y state ,  th e Con s Pullou t  networ k wil l  hav e settle d int o a 

representatio n o f  th e tripl e i n Con s M e m o r y whos e ta g componen t  i s q ,  namel y ( q B  r) ,  an d th e C A R an d C D R 

space s wil l  hav e settle d int o state s B  an d r ,  respectively ,  representin g th e ca r  an d cd r  component s o f  th e ne w to p o f 

th e stack . 

Pushin g a n elemen t  ont o th e stac k i s simple r  tha n poppin g it ,  becaus e a  stac k pus h doe s no t  requir e annealing . 

The curren t  to p cel l  o f  th e stack ,  whic h afte r  th e th e first  po p woul d b e ( q B  r) ,  i s  alway s represente d i n bot h Con s 

Pullou t  spac e an d th e T A G ,  C A R ,  an d C D R spaces .  T o pus h th e symbo l  E  ont o th e stac k a t  thi s point ,  w e cop y th e 

content s o f  T A G spac e int o C D R space ,  loa d th e symbo l  E  int o C A R space ,  an d loa d a  ne w symbol ,  sa y t ,  int o T A G 

space .  The n w e allo w th e T A G ,  C A R ,  an d C D R space s t o independentl y appl y excitatio n t o unit s i n Con s Pullou t 

space .  Thei r  combine d influenc e cause s th e tripl e ( t  E  q )  t o appea r  there .  (Recal l  tha t  du e t o mutua l  inhibitio n onl y 

abou t  2 8 unit s a t  a  tim e ca n b e activ e i n th e pullou t  space ;  th e unit s mos t  likel y t o b e activ e ar e thos e tha t  receiv e 

suppor t  from  th e T A G ,  C A R ,  an d C D R space s simultaneously. )  Finally ,  b y openin g a  gate d connection .  Con s 

Pullou t  unit s ar e allowe d t o tur n o n thei r  correspondin g Con s M e m o r y units ,  thu s creatin g a  ne w con s cell . 

The us e o f  associativ e retrieva l  allow s BoltzCON S t o perfor m certai n additiona l  stac k operation s no t  possibl e o n 

a conveniona l  machine .  On e o f  thes e i s calle d "associativ e stac k pop. "  Th e ide a i s tha t  rathe r  tha n poppin g th e 

stac k a  fixed  numbe r  o f  times ,  w e ma y wan t  t o po p bac k t o a  particula r  state ,  e.g .  th e stat e wher e C  i s th e to p 

element .  Thi s ca n b e accomplishe d i n on e ste p b y clampin g C  int o C A R spac e an d runnin g a n associativ e retrieval . 

Not e tha t  i n thi s cas e th e element s "popped "  from  th e stac k i n orde r  t o reac h C  ar e stil l  presen t  i n Con s Memory ; 

al l  w e hav e don e i s mov e th e stac k pointer .  Becaus e thes e element s ar e no t  deleted ,  i t  i s possibl e t o restor e the m b y 

sequentiall y  "un-popping "  th e stack ,  agai n usin g associativ e retrieval .  T o perfor m on e un-po p operation ,  w e cop y 

th e symbo l  presentl y i n T A G spac e int o C D R spac e an d the n annea l  wit h C D R spac e clamped . 

5. Unbounded Depth Tree Traversal 

O ne ca n d o man y mor e interestin g thing s wit h tree s tha n wit h stacks .  C o m m on tre e problem s includ e traversal , 

structura l  compariso n (th e Lis p E Q U A L function) ,  an d termina l  nod e compariso n (th e "samefringe "  problem ,  ofte n 

use d t o motivat e coroutines. )  Her e w e conside r  th e proble m o f  traversal .  Th e goa l  i s  t o find  an d displa y i n correc t 

orde r  al l  th e termina l  node s o f  a  tre e suc h a s th e on e i n figure  2b .  Th e simples t  Lis p solutio n is : 

( de fu n t r a v e r s e ( t ree ) 
(con d ( (a to m t r e e )  (pr in t  t r e e ) ) 

( t  ( t r a v e r s e (ca r  t r e e ) ) 
( t r a v e r s e (cd r  t r e e ) ) ) ) ) 

Unfortunatel y th e abov e algorith m i s recursiv e bu t  no t  tail-recursive ,  s o i t  require s a  stack .  On e goa l  o f  thi s pape r 

i s t o sho w h o w recursiv e structure s ca n b e manipulate d withou t  resortin g t o a  contro l  stack .  ( W e canno t 

categoricall y den y th e existenc e o f  suc h a  stac k i n th e brain ,  bu t  ou r  defens e o f  th e plausibilit y  o f  connectionis t 

model s woul d b e weakene d i f  i t  depende d o n it s existence. )  Th e traversa l  proble m canno t  b e solve d o n a 

conventiona l  compute r  withou t  suc h a  stack. ^  Althoug h w e ca n replac e th e recursiv e algorith m wit h a n iterativ e 

one ,  show n below ,  thi s merel y force s u s t o buil d an d manag e th e stac k explicitl y  rathe r  tha n relyin g o n Lisp' s 

interna l  contro l  stack . 

^ i s clai m rests  o n tw o assumptions :  tha t  tree s ar e represented  a s one-wa y linke d list s a s i n Lisp ,  an d tha t  destiuctiv e operation s o n th e tre e 
ar e no t  pennitted . 
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(defu n iterative-travers e (tre e &au x stack ) 
(loo p 

(con d ((cons p tree ) 
(pus h (cd r  tree )  stack ) 
(set q tre e (ca r  tree)) ) 

( t  (prin t  tree ) 
(i f  (nul l  stack )  (retur n nil ) 

(set q tre e (po p stack)))))) ) 

The iterative algorithm below, which uses associative retrieval, does not require a stack to execute. For 

conciseness ,  i t  i s  expresse d usin g th e abstrac t  Lis p terminolog y o f  variables ,  pointers ,  an d con s cells ,  bu t  it s 

implementatio n i s actuall y i n term s o f  Bol tzCON S operations .  W e assum e tha t  th e inpu t  tre e contain s a t  leas t  on e 

con s cell ,  an d tha t  th e variabl e P T R ,  whic h point s t o di e curren t  positio n i n th e tre e a s w e travers e it ,  start s ou t  b y 

pointin g t o th e root . 

1.  I f  P T R point s t o a  con s cell ,  se t  O L D t o PTR ,  se t  P T R t o it s car ,  an d g o t o ste p 1 .  Otiierwis e P T R 
must  poin t  t o a  symbol ,  s o prin t  it ;  the n se t  P T R t o cd r  o f  O L D an d g o t o ste p 2 . 

2. If PTR now points to a cons cell, go to step 1. Otherwise PTR must point to a symbol, so print it 
The n se t  P T R t o O L D an d g o t o ste p 3 . 

3. If PTR points to the root, halt. Otherwise, use associative retrieval to search for a cell whose car is 
PTR.  I f  th e retrieva l  succeeds ,  mak e O L D poin t  t o tha t  cell ,  se t  P T R t o tiie  cd r  o f  O L D ,  an d g o t o ste p 
2. 

4. Use associative retrieval to locate the cell whose cdr is PTR. Make PTR point to that cell and go to 
ste p 3 . 

The most important feature of this algorithm is that associative retrieval is used to follow pointers "backward," 

an operatio n tha t  i s  no t  possibl e i n Lisp .  Sinc e a  cel l  ma y b e pointe d t o b y eithe r  th e ca r  o r  cd r  o f  it s  paren t  cel l  i n 

th e tree ,  tw o retrieva l  attempt s m a y b e necessar y i n orde r  t o fm d th e parent .  Step s 3  an d 4  accomplis h this .  Tabl e 1 

shows a  trac e o f  th e algorith m durin g a  traversa l  o f  th e tre e i n figur e 2b .  Th e value s show n fo r  P T R an d O L D ar e 

thos e immediatel y befor e th e give n ste p i s executed .  Th e place s wher e th e algorith m back s u p ove r  a  pointe r  ar e 

indicated . 

Step PTR OLD Action or Comment 

1 
1 
1 
2 
1 
1 
2 
3 
4 
3 
2 
1 
2 
3 
4 
3 

V 
w 
A 
X 
X 
B 
C 
X 
X 
w 
y 
D 
E 
y 
y 
V 

V 
w 
w 
w 
X 
X 
X 
X 
X 
V 
y 
y 
y 
y 
y 

p r i n t  " A " 

p r i n t  " B " 
p r i n t  " C " 

Associativ e retrieva l  o n C A R fails , 
but  retrieva l  o n C D R succeeds . 
Retrieva l  o n C A R succeeds . 

prin t  "D " 
prin t  "E " 

Associativ e retrieva l  o n C A R fails . 
but  retrieva l  o n C D R succeeds . 

h a l t 

Tabl e 1 :  Tre e traversa l  algoritii m applie d t o figure  2b . 
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Becaus e w e ca n follo w pointer s backward ,  ther e i s n o nee d t o us e a  contro l  stac k fo r  backtracking .  I n theory , 

then ,  th e abov e iterativ e algorith m ca n b e use d t o travers e an y binar y tre e n o matte r  ho w grea t  it s depth .  I n practic e 

th e onl y dept h limitatio n derive s fro m th e siz e o f  th e tree s Bol tzCON S ca n store ,  whic h i n tur n depend s o n th e 

number  o f  symbol s i n it s alphabe t  an d th e numbe r  o f  triple s tha t  ca n b e store d i n Con s Memory . 

6. Use of Hopfield's Energy Measure 

Becaus e Bol tzCON S behave s a s a  Boltzman n Machin e durin g simulate d annealing'* ,  i t  act s t o minimiz e a n energ y 

measur e a s i t  settle s int o a  stabl e state .  Thi s energ y measur e wa s firs t  propose d b y Hopfiel d i n a n analog y t o spi n 

glas s model s i n physic s (Hopfield ,  1982) .  I f  S ;  i s th e stat e o f  th e it h uni t  (eithe r  0  o r  1) ,  9 ;  i s  it s threshold ,  an d Wj j  i s 

th e weigh t  betwee n i t  an d th e jr/ i  unit ,  the n th e energ y o f  th e networ k i n a  give n stat e is : 

= Z s i e i -  X  S j S j W j j 

I  K J 

The energy measure can be used to detect whether an associative retrieval has succeeded. For example, suppose 

Bol tzCON S i s examinin g th e con s cel l  labele d x  i n figur e 2b ,  an d th e traversa l  algorith m n o w want s t o fin d th e 

paren t  con s cell .  Th e paren t  wil l  eithe r  hav e x  i n it s ca r  o r  i n it s cdr .  I f  w e clam p th e symbo l  x  int o C A R spac e an d 

ru n a n annealing ,  th e networ k wil l  o f  cours e settl e int o a n energ y minimum ,  bu t  i n thi s cas e th e energ y wil l  b e high . 

Thi s i s because  ther e i s n o con s cel l  i n Con s M e m o r y wit h x  i n it s car ,  s o ther e i s n o wa y fo r  th e networ k t o find  a 

goo d solutio n t o th e combinatio n o f  constraint s impose d b y C A R spac e an d Con s M e m o r y space .  I f  th e energ y o f 

th e stabl e stat e foun d b y th e annealin g algorith m i s abov e som e empiricall y determine d threshold ,  w e kno w tha t  th e 

associativ e retrieva l  ha s failed . 

W h en th e firs t  retrieva l  fails ,  Bol tzCON S ca n tr y a  retrieva l  wit h th e symbo l  x  clampe d int o C D R spac e instead . 

Thi s tim e th e retrieva l  wil l  succeed ,  wit h th e Con s Pullou t  unit s settlin g int o a  representatio n o f  th e tripl e ( w A  x) . 

The lo w energ y o f  thi s stat e confirm s tha t  a  vali d con s cel l  ha s bee n retrieved . 

Of  course ,  w e woul d prefe r  tha t  th e unit s i n a  connections t  mode l  no t  b e force d t o measur e globa l  propertie s suc h 

as energ y i n orde r  t o function .  I n BoltzCONS ,  the y don't .  Wha t  actuall y happen s i s this :  afte r  th e networ k ha s 

settle d int o a  stabl e state ,  th e threshold s o f  al l  th e unit s ar e raise d b y a  fixed  amount"* ,  thu s changin g th e energ y 

landscape .  I f  th e networ k i s i n a  dee p energ y minimum ,  representin g a  vali d retrieval ,  it s  stat e wil l  remai n stable . 

However ,  i f  th e networ k ha s settle d int o a  shallo w minimum ,  the n whe n th e threshold s chang e i t  wil l  n o longe r  b e i n 

a m i n m u m energ y state ,  bu t  i n a  stat e fro m whic h i t  ca n reac h a  ne w loca l  min imu m b y turnin g al l  it s unit s  off .  So , 

th e tes t  fo r  a  successfu l  associativ e retrieva l  consist s o f  raisin g th e thresholds ,  runnin g di e annealin g algorith m fo r  a 

fe w mor e step s a t  ver y lo w temperatur e (whic h make s th e networ k ac t  lik e a  Hopfiel d net) ,  an d die n checkin g t o se e 

whethe r  an y unit s remai n active . 

7. Controlling BoltzCONS 

One importan t  issu e tha t  ha s no t  bee n addresse d i n dii s  pape r  i s h o w BoltzCON S i s t o b e controlled .  Som e 

externa l  agen t  mus t  sen d i t  command s t o clam p a  space ,  cop y th e stat e o f  on e spac e int o another ,  o r  begi n a n 

annealing .  A  simpl e sequenc e o f  thes e command s result s i n a  stac k pus h o r  pop ;  a  mor e elaborat e sequenc e ca n 

resul t  i n a  tre e traversal .  Fo r  th e wor k describe d here ,  th e jo b o f  controllin g BoltzCON S wa s handle d b y a  piec e o f 

Lis p code .  I n additio n t o issuin g contro l  commands ,  th e Lis p cod e wa s responsibl e fo r  generatin g ne w tag s fo r  stac k 

'BoltzCON S i s no t  a  tiu e Boltzman n Machin e becaus e i t  contain s gate d an d asymmetri c connections .  However ,  durin g a n annealin g th e 
networ k i s  equivalen t  t o on e tha t  i s  a  tni e Boltzman n Machine . 

^This has the same effect as supplying all the units with some inhibitory bias. 

528 



TOURETZKY 

pus h operations . 

Recen t  wor k ot \  transformin g pars e tree s i n a  neura l  ne t  le d t o th e developmen t  o f  a  connectionis t  contro l  uni t  fo r 

BoltzCON S (Touretzky ,  1986) .  Thi s contro l  uni t  i s  a  modifie d versio n o f  Touretzk y an d Hinton' s productio n 

syste m interpreter .  Productio n rule s describin g a  multi-ste p pars e tre e transformatio n contai n righ t  han d sid e action s 

tha t  sen d command s an d dat a t o Bo l tzCONS .  Executin g thes e productio n rule s i n th e prope r  sequenc e cause s th e 

pars e tre e (represente d i n Bol tzCONS '  Con s M e m o r y )  t o b e transforme d i n th e desire d way .  A  simila r  contro l  unit , 

programme d wit h a  differen t  se t  o f  productio n rules ,  coul d b e use d t o automat e th e step s involve d i n tre e traversal . 

S. Discussion 

Turin g machines ,  whic h a s fa r  a s anyon e know s ca n comput e al l  computabl e functions ,  consis t  o f  a n immutabl e 

finite  stat e machin e an d a  mutabl e externa l  tap e o f  unbounde d length .  Conventiona l  vo n N e u m a n n computers ,  bein g 

of  fixed  size ,  ar e merel y larg e finit e stat e machines ,  bu t  i t  i s  usuall y mor e helpfu l  t o thin k o f  the m a s imperfec t 

Turin g machines .  Doin g s o allow s u s t o divid e th e compute r  int o a  finite  stat e machin e whos e repertoir e o f  state s i s 

relativel y small ,  plu s a  tap e (embedde d i n th e computer' s memor y rathe r  tha n bein g external )  tha t  i s muc h large r  i n 

size ,  albei t  finite.  Th e linea r  addres s structur e o f  a  vo n N e u m a n n machine' s m e m o r y make s i t  natura l  t o equat e thi s 

memory wit h th e Turin g machine' s tape . 

Connectionist s muc h prefe r  distribute d memor y models ,  bot h becaus e the y ar e mor e physiologicall y plausibl e an d 

becaus e the y ar e mor e amenabl e t o paralle l  processing .  A  distribute d memor y suc h a s th e on e foun d i n Bo l t zCON S 

offer s neithe r  discret e location s no r  sequentia l  addresses .  Therefor e th e analog y betwee n connectionis t  hardwar e 

and imperfec t  Turin g machine s i s les s straightforwar d (Pylyshyn ,  1984) .  Whil e ther e i s n o evidenc e tha t 

connectionis t  model s ca n comput e thing s Turin g machine s can't ,  t o har p o n thi s misse s th e rea l  point ,  whic h i s tha t 

connectionis t  model s ca n comput e thing s i n way s i n whic h Turin g machine s an d vo n N e u m a n n computer s can't . 

The abilit y  t o rapidl y solv e comple x constrain t  satisfactio n problem s throug h massiv e parallelism ,  suc h a s whe n 

performin g associativ e retrievals ,  i s  a  crucia l  par t  o f  th e connectionis t  program . 

9. Conclusions 

Thi s wori c demonstrate s tha t  connectionis t  model s ca n indee d represen t  an d manipulat e recursiv e symboli c 

structures .  Furthermore ,  thank s t o associativ e retrieval ,  thes e recursiv e structure s ca n sometime s b e manipulate d 

iterativel y withou t  th e us e o f  stacks ,  whil e a  conventiona l  compute r  woul d requir e a  stack .  Th e associativ e retrieva l 

capabilit y als o make s certai n operation s suc h a s associativ e stac k po p possibl e tha t  canno t  b e don e (i n constan t  time ) 

on a  conventiona l  computer . 

Thre e technique s use d i n Bo l tzCON S -  coars e code d symbo l  memories ,  pullou t  networks ,  an d bin d spaces ,  wer e 

first  pu t  togethe r  i n a  neura l  networ k productio n syste m interpreter .  The y n o w appea r  t o b e generall y usefu l  device s 

fo r  connectionis t  symbo l  processing ,  an d ar e likel y t o tur n u p agai n i n othe r  connectionis t  applications .  Coars e 

coded ,  distribute d representation s ar e usefu l  fo r  buildin g comple x symbo l  structure s economically .  Withou t  pullou t 

network s an d bin d spaces ,  though ,  w e woul d hav e n o wa y t o manipulat e them . 
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