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Abstract

Problems in condensed matter theory motivated by quantum computers
by

Aleksei Khindanov

Quantum computers, once their fault-tolerant versions are built, are widely believed
to revolutionize the world, bringing an exponential quantum advantage to problems in
chemistry, physics and material science. In this thesis, we explore various problems in
theoretical condensed matter physics that are in one way or another related to quantum
computers. The first part of this thesis is devoted to Majorana zero-energy modes and
topological quantum computing. We describe how Majorana modes can be synthesized
in superconductor-semiconductor heterostructures, and emphasize vulnerabilities of the
topological phase in such heterostructures to external magnetic fields. We further demon-
strate how and to what degree the addition of a magnetic insulator or spin-orbit scattering
to a heterostructure can help alleviating the negative effects of external magnetic fields.
Additionally, we analyze quantum dot-based measurements of Majorana qubits. In par-
ticular, we identify the optimal regime for such measurements, and estimate to what
degree external noise sources and coupling of the quantum dot to quasiparticle modes in
superconductors affect the fidelity of the measurements. The other part of this thesis is
devoted to the many-body physics in quantum circuits. We describe a Floquet circuit
model in which projective measurements can drive a dynamical spectral phase transition
in otherwise purely unitary dynamics of the circuit. Using random-matrix theory, we an-
alytically calculate various properties of this transition, and analyze how the transition

can be revealed in the long-time dynamics of the system.
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Chapter 1

Introduction

This thesis presents the results of the research on various different topics in theoretical
condensed matter physics, oftentimes quite different in the spirit and scope, but the
unifying theme for all of them is their relation to the field of quantum computing.

Quantum computing is a computing paradigm that utilizes quantum-mechanical de-
grees of freedom (as opposed to classical bits in conventional, ”classical” computers) to
perform computations [1]. Fully operational quantum computer with a sufficient number
of error-free qubits is expected to provide an exponential computational advantage for
certain problems, when compared to existing classical algorithms [2]. The most notable
application where such exponential speed-up is anticipated is the simulation of many-
body quantum systems appearing in chemistry, physics, and material science [3]. Besides
that, a few other algorithms with an exponential quantum advantage are known, such
as the Shor’s algorithm for integer factorization[4] and the algorithm for approximat-
ing Jones polynomial in knot theory[5]. Additionally, for certain problems a polynomial
quantum speed-up (again, when comparing with existing classical algorithms) is known,
for example for search problems|6] and combinatorial optimization|7].

Despite tremendous effort and significant progress in the field, it seems likely that

1



Introduction Chapter 1

it will take a long time (perhaps, decades) until a fault-tolerant quantum computer
with error corrected qubits can be built. Due to this fact, a lot of research has been
concentrated on showcasing what can be done on existing quantum hardware with dozens
or hundreds of noisy qubits. Such noisy intermediate-scale quantum (NISQ)[8] devices
have been used to demonstrate quantum advantage[9] and investigate various models in
the many-body physics.

A large part of this thesis is devoted to the field of topological quantum computing[10].
Topological quantum computing utilizes a special type of particles in two dimensions —
non-Abelian anyons — to store and manipulate quantum information with a degree of
intrinsic fault-tolerance. Due to this fact topological qubits are expected to be less
susceptible to environmental noise than qubits in other physical platforms, and thus the
aforementioned practical applications for quantum computing could be achievable with a
smaller number of topological qubits than the non-topological ones. A certain type of non-
Abelian anyons — Majorana particles — have been theorized to exist in various solid-state
systems [11], and can potentially be utilized for a qubit implementation. Unambiguous
experimental detection of such particles, not to mention further physical implementation
of a Majorana qubit, however, is a difficult task and is an ongoing research effort. In this
work I present approaches to improving hardware that can host the Majorana particles[12,
13], and further analyze optimal regimes for Majorana qubit measurements|14, 15].

Another part of this thesis is devoted to many-body physics applications for modern
noisy intermediate-scale quantum (NISQ) devices. In this thesis we consider a particular
problem of analyzing how qubit measurements can drive dynamical phase transitions in
otherwise purely unitary dynamics of quantum circuits[16].

This thesis is organized as follows. In Chapter 2, we outline how Majorana particles
can be synthesized in one-dimensional superconductor-semiconductor heterostructures

and describe susceptibilities of such heterostructures to external magnetic fields. We
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Introduction Chapter 1

further introduce the Usadel equation formalism and describe how it can be utilized to
study superconductor-semiconductor heterostructures with disordered superconductors.
Then, we apply the Usadel formalism to study the effects of external magnetic fields,
spin-orbit and magnetic scattering on the topological phase in the heterostructure, and
further describe to what extent the coupling of a magnetic insulator or the addition of
the spin-orbit scattering can alleviate the negative effects of external magnetic fields on
the heterostructure. In Chapter 3, we analyze how quantum dots can be used to mea-
sure the state encoded by pairs and fours of Majorana zero modes. We also determine
the best regime for such measurements, and estimate how various noise sources affect
the fidelity of the measurements. In Chapter 4, we calculate how the coupling between
quasiparticle continuum modes in superconductors and a quantum dot impact the quan-
tum dot-based measurements of Majorana qubits. Furthermore, we study the physics
of the 0 — 7 transition in topological superconductor-quantum dot-topological supercon-
ductor junctions. Finally, in Chapter 5 we switch gears from the Majorana physics to
the physics of quantum circuits. We introduce a Floquet circuit model with unitary op-
erations and projective measurements that exhibits a measurement-induced dynamical
phase transition in the spectrum of its non-unitary evolution operator. Using random-
matrix theory, we analytically calculate properties of this transition and further describe

how this transition is revealed in various physical quantities.



Chapter 2

Application of the Usadel equation
to study diffusive
superconductor-semiconductor

heterostructures

2.1 Permissions and Attributions

1. The content of Chapter 2 and Appendix A is the result of a collaboration with
Jason Alicea, Patrick Lee, William S. Cole, Andrey E. Antipov, G.P. Mazur, N.
van Loo, J.-Y. Wang, T. Dvir, G. Wang, S. Korneychuk, F. Borsoi, R.C. Dekker,
G. Badawy, P. Vinke, S. Gazibegovic, E.P.A.M. Bakkers, M. Quintero-Pérez, S.
Heedt, and L.P. Kouwenhoven, and has previously appeared in Physical Review
B 103, 134506 (2021)[12] and Advanced Materials 34, 2202034 (2022)[13]. It is
reproduced here with the permission of the American Physical Society (https:

//journals.aps.org/prb/) and Wiley-VCH GmbH (https://onlinelibrary.
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wiley.com/journal/15214095).

2.2 Introduction

A physical realization of spatially separated Majorana zero-energy modes (MZMs)
in solid-state systems can lead to a practical implementation of a topological quantum
computer — a type of quantum hardware with intrinsic degree of fault-tolerance [10,
11]. Despite numerous theoretical proposals for the realization of MZMs in a variety of
hardware platforms, such as 2D[17] and 3D[18] topological insulators, semiconducting
nanowires[19, 20], 2DEGs][21], atomic chains[22], and many others, the experimental
detection of MZMs has been a formidable task.

Recently, Ref. [23] observed experimental signatures in local and non-local transport
properties consistent[24] with the presence of MZMs. Devices used in the experiment
were based on quasi-one-dimensional semiconducting nanowires created by gating out a
2DEGs and proximitized by a superconducting layer. In its simplest form, the model for

a one-dimensional proximitized semiconducting wire has the following form:

2

L L
H= / dz 0 () (— 2‘2* — p+iad,0, + V;&I) U (z)+ / dx (Aindzpi(xmj(x) + h.c.> ,
0 0
(2.1)

where U7 (z) = (¢4(x), ¢, ()) is a two-dimensional spinor of electronic annihilation oper-
ators, m* is the effective electronic mass, p is the chemical potential inside the nanowire,
« is the Rashba spin-orbit coupling, V,. is the Zeeman field directed along the direction
of the wire, which is usually created by applying an external magnetic field, A;,q is the
superconducting pairing potential in the nanowire induced by the proximity to a super-
conductor, L is the length of the wire, and &; are the Pauli operators in the spin space.

For the purposes of the topological quantum information processing, there are two basic
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ingredients that are necessary: first, the ability to tune the system into the topological
phase where the MZMs would appear, and second, the gap in the topological phase has
to be sufficiently large to protect the stored quantum information from environmental
decoherence. In the simple formulation of the model (2.1), the topological superconduc-

tivity and MZMs emerge in the system for sufficiently large Zeeman fields, specifically

Ve > \/1?2 4+ Ay (2.2)

In this toy model picture, the stronger are the effective spin-orbit energy Fy, = m*a?/2,

when

the Zeeman field V, and the induced pairing Aj,q, the larger is the gap in the topological
phase, while sufficiently large values of the Zeeman field are also necessary to achieve the
condition (2.2).

However, the situation in realistic samples is much more complicated than the one
described by the model (2.1)-(2.2). First and foremost, disorder plays a crucial role in
the physics of experimental devices, whether it is caused by charge impurities, potential
inhomogeneities, or imperfections in the superconductor-semiconductor interface. While
the topological phase is known to survive small-to-intermediate levels of non-magnetic
disorder, strong disorder is detrimental for it and moreover can mimic the signatures
of the MZMs in local transport properties in the trivial phase [25]. Semiconductors
with high electronic mobility and clean superconductor-semiconductor interfaces are thus
necessary to engineer the topological phase. Secondly, the parameter A;,q does not fully
encapsulate the effects of the superconductor-semiconductor proximity. The effective
coupling v between the superconductor and the semiconductor, while governing the ratio
of the induced pairing potential A;,q and the gap Ay of the parent superconductor, also
affects the degree to which the parameters of the unproximitized nanowire, primarily

the effective Rashba energy E, and the g-factor (and hence V), renormalize due to the
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proximity to the superconductor, where these parameters are much smaller. Specifically,
larger values of v result in the larger values of A4, which leads to a better protection
against the interface disorder and a larger maximal topological gap, but it also causes
the decrease in the values of E,, and the g-factor, which is detrimental for the topological
phase and the topological gap [26, 27].

All the above considerations put significant constraints on material choices for the
superconductor-semiconductor hybrids and their fabrication techniques [28]. On the
semiconductor side, the usual materials of choice are InAs or InSh, which boast large
intrinsic values of the Rashba spin-orbit energy FE, and the g-factor, have a good sus-
ceptibility to external gate tuning, and can be fabricated to possess relatively large elec-
tronic mobility. On the superconductor side, Al has been the standard material of choice.
Even though Al possess a relatively small superconducting gap (up to ~ 300ueV) when
compared to many other common superconductors, it can be deposited in situ on the
semiconducting nanowire without breaking the vacuum, thus preventing the oxide layer
from forming at the interface and dramatically reducing the level of the interface disorder.

Another important aspect that has to be taken into account when designing
superconductor-semiconductor heterostructures is the susceptibility of the parent su-
perconductor to detrimental effects of the external magnetic field. While the external
magnetic field is usually considered to be a necessary component to induce the Zeeman
field in the nanowire and drive it into the topological phase, see Eq. (2.2), it can also
reduce or collapse the gap in the parent superconductor if the g-factor in the nanowire
is not sufficiently large, which is often the case in practice. There are two basic mech-
anisms via which the external magnetic field affects the parent gap. First, the orbital
effect of the magnetic field, when coupled with the intrinsic non-magnetic disorder in the
superconductor, acts as an effective magnetic disorder and thus continuously reduces the

superconducting gap all the way to zero as the strength of the magnetic field increases
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[29]. The magnitude of the orbital effect in a thin superconducting strip parallel to the
magnetic field is proportional to the thickness of the strip (squared)[29], and thus to a
certain extent the orbital effect can be mitigated by fabricating superconducting strips
of sufficiently small thickness. However, the strips cannot be made too thin as for thick-
nesses fewer than a few nm the superconductivity is destroyed. (Another advantage of
using thin Al films is the fact that the gap of such thin films is significantly enhanced
when compared to the Al bulk gap value: the zero temperature bulk gap of the Al is
180ueV while, for example, recent experiments on the InAs-Al hybrids achieve the value
of 300ueV for the parent Al gap.) The second mechanism by which the gap in thin
superconducting strips is destroyed is the Zeeman field induced within the superconduc-
tor by the external magnetic field. Once this Zeeman field V¢ reaches the value of
V5S¢ = Ay/v/2, where A is the zero-temperature gap in the absence of the external
magnetic field, the superconductor suffers the first-order phase transition into a normal
metallic phase, and the superconductivity is destroyed. This limiting value of the Zeeman
field is known as the Chandrasekhar-Clogston limit[30, 31].

There are various proposed ways in which the aforementioned detrimental effects of
the external magnetic field can be alleviated. One of them is by coupling a magnetic
insulator to the superconductor-semiconductor heterostructure, which was first proposed
in Ref. [21], and later attempted experimentally in Refs. [32, 33, 34], where EuS was picked
as a magnetic insulator of choice due to the ability to create a relatively clean interface
between EuS and Al/InAs, followed by various theoretical studies [12, 35, 36, 37, 38, 39,
40]. In Ref. [32] the defect-free heterostructure between an InAs semiconductor wire and
a EuS has been prepared and studied. However, negligible direct magnetization of InAs
was reported. Nevertheless, while such direct coupling between EuS and InAs seems to
be absent, EuS is known to induce the Zeeman spin splitting in Al [41, 42, 43, 44, 45],

which by itself is not sufficient to achieve the zero-field topological superconductivity,

8
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but might help in reducing the minimum field required to induce the topological phase.

Another potential approach to reducing detrimental effects of specifically Zeeman
field in the parent superconductor is by introducing heavy-atom impurities to the su-
perconductor, which induce strong spin-orbit scattering. Spin-orbit scattering is well-
known to reduce the Zeeman splitting in superconductors [29], and thus can serve as a
powerful tool to push the Chandrasekhar-Clogston limit further from its conventional
(spin-orbit-scattering-free) value. Recently, Ref. [13] performed experiments with InSb-
Al heterostructure, where Al strip was covered by a very thin layer of Pt atoms that
are known to induce spin-orbit scattering. Ref. [13] showed that such Pt-covered het-
erostructures can sustain larger magnetic fields than their Pt-free counterparts.

In this chapter, we theoretically study the aforementioned ways to alleviate the detri-
mental effects of the magnetic field on superconductor-semiconductor hybrids and the
topological phase. It is important to note that the superconductors that have been used
in proximity heterostructure experiments, such as Al, NbTiN, Sn, and Pb are all diffusive
either due to intrinsic disorder or oxidation on the surface. On the other hand, the opti-
mal platform for Majorana nanowires should feature “clean” semiconductors with defects
minimized [46]. Therefore, one needs to put forward a theoretical framework that includes
self-consistent superconducting effects in different parts of the system, disorder scattering,
as well as proximity effects. One such approach would be a self-consistent microscopic
Bogoliubov-de Gennes treatment. However, in practice the need to include phenomena
at disparate lengthscales — ranging between angstroms to hundreds of nanometers and
governed by the Fermi wavelengths, superconducting and magnetic coherence lengths as
well as disorder scattering mean free path — makes it prohibitive for numerical real-space
calculations, thus necessitating an effective theory. Here we develop such effective theory
based on the Usadel equation, which is an established tool to study disordered super-

conductors. The Usadel equation approach allows one to self-consistently account for
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various effects in the superconductor, such as Zeeman field, orbital effect of the magnetic
field, spin-orbit scattering and magnetic scattering, and then use the obtained results for

the parent superconductor to study its effects on the nanowire.

2.3 The Usadel equation

The Usadel equation is a nonlinear second-order differential equation for the quasi-
classical Green’s function of a superconductor. Although it is a standard method for
describing superconductors [47], for completeness of the presentation we introduce it in
this section. The detailed derivation can be found in Ref. [48]. The Usadel equation
is valid in the limit \p < lypp < &, Where Ap is the metallic Fermi velocity, [y pp is
the mean free path and ¢ is the superconducting coherence length. For typical s-wave
superconductors used in Majorana nanowires, such as Al, this approximation holds, as
Ap =~ 1A, lypp =~ 20nm [49], and € ~ 300nm [50].

The starting point is the Gor’kov equation for the superconducting Green’s function
Gscoliwn, 1, 72) [51] describing an excitation in Nambu space between spatial coordinates
r1 and 79 at the (imaginary) frequency iw,. We will use the mixed real- and momentum-
space representation Ggo(r, k) obtained by the Wigner transform to the center-of-mass
coordinates 7 = (r1+72)/2 and a Fourier transform over the relative coordinate r; —ry —
k. Taking advantage of the short Fermi wavelength in the superconductor, one can
apply the quasiclassical approximation and integrate out the magnitude of the relative
momenta on the Fermi surface, yielding a quasiclassical Green’s function §(iw,, r, kr) =
szﬁ i dérGso(wn, T, k) [52, 53], where kr denotes the direction of momenta on the
Fermi surface, & is the electronic dispersion relation, 7, is a Pauli matrix in Nambu
space, and P indicates principal-value integration. The quasiclassical Green’s function

g is subject to a normalization condition §(iw,,r, kr)?> = 1. Disorder averaging for
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scattering off non-magnetic, magnetic and spin-orbit impurities [54, 55] is performed with
the help of the self-consistent Born approximation and results in self-energy corrections
to g.

Further simplification is possible in the dirty limit when the mean free path associated
with the scattering off non-magnetic impurities is much smaller than the superconducting
coherence length (but still much larger than the Fermi wavelength). In this case one can
expand §(iw,,r,kr) up to a linear order in kr and arrive to the Usadel equation for
the isotropic (independent of kr) part of the quasiclassical Green’s function §(iw,,r).

Throughout the chapter we make use of the Usadel equations in the form utilized in

Refs. [47, 56]:
DA - (§G) — [wpt, +iVLY - 67 + Afy + A% +X,§] =0, (2.3)

where the covariant derivative is 8X = V — i[A7,, X], A is the vector potential, D is a
diffusion constant associated with the electronic scattering off non-magnetic impurities
and it is given by D = vplypp/3, where v is the Fermi velocity in the superconductor and
Iy rp is the mean-free path, V%C is the Zeeman field which may arise due to an external
magnetic field or a proximity to a magnetic material, A is the pairing potential, &(7) is
a set of Pauli matrices in spin (Nambu) space and 74 = (7, £ i7,)/2. Equation (2.3) is
written in the Nambu spinor basis (14,1, —wL qpi)T.

The self-energy ¥ = X, + X, 7 incorporates elastic spin relaxation mechanisms that
we consider throughout this work: spin-orbit scattering ¥y, = &6 /(87,,) off heavy ions
which preserves time-reversal symmetry and spin-flip scattering ¥, ;= 07,07,6/(87s) off
magnetic impurities which breaks time-reversal symmetry. For convenience, we introduce
energy scales I'y,/s; = 3/(2750s5) associated with these two types of scattering.

In general, the Usadel equation (2.3) has to be supplemented with boundary condi-
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tions, and the corresponding boundary problem has to be solved. In the context of a SC-
SM heterostructure in a parallel magnetic field, vacuum boundary conditions, g = 0, can
be assumed at all boundaries, including the boundary between the SC and the SM. This
is justified by the small effective transparency of the interface for quasiparticles traveling
from the superconductor into the semiconductor: quasiparticles in the superconductor
have a much larger Fermi momentum than in the semiconductor. Only quasiparticles
moving with a small momentum parallel to the interface can tunnel from the supercon-
ductor to the semiconductor, but strong disorder in the superconductor randomizes the
momentum direction, resulting in a low-probability of tunneling [57]. Note that electrons
from the semiconductor have a high probability of tunneling into the superconductor and
reflecting back as a hole, providing Andreev scattering. Additional corrections in the very
strong tunneling regime involving coherent tunneling and disorder scattering in the su-
perconductor can generate additional subgap states at finite magnetic fields [58]; we do
not consider this regime.

Given the vacuum boundary conditions and assuming the uniformity of the spin relax-
ation and Zeeman effects in the SC, it has been shown that for very thin superconductors
(with thickness dsc < &, ALondon, Where Apondon is the London penetration depth) in a
parallel magnetic field the spatial dependencies of the Green’s function and the order
parameter can be neglected [59], §(w,, ) — §(w,), and the order parameter can be cho-
sen real, A € R. In that case, the Usadel equation (2.3) becomes a non-linear algebraic
equation ':

[wat, +iV5C - 67, + A7, + 2, 5] =0, (2.4)

where orbital effects of the magnetic field lead to an additional contribution to the self-

1SC-MI bilayers with superconductors of thickness comparable or greater than the coherence length
have been recently studied in Ref. [45]
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heterostructures

energy:

2 = 2so + ZV]sf + 2orb7

: .7,
Zorb = Forb%a (26)

and the orbital depairing energy is given by
De?B2d?
FOT‘b - WQSC (27)

Equation (2.7) is a familiar result for thin superconducting films subjected to a parallel

magnetic field [60, 29].
Equation (2.4) can be solved by the following Green’s function parametrization in

terms of functions f(wy,,r) and ¢(w,, r)[47, 56]:

§(wn, ) = T, cos O(cosh ¢ + i6, tan 0 sinh ¢) + 7, sin O(cosh ¢ — iG, cot O sinh ¢).  (2.8)

Note that the parametrization (2.8) automatically satisfies the normalization condition

§* = 1. The matrix Eq. (2.4) hence becomes a set of nonlinear equations

cosh ¢(A cos  — w, sin @) — V7 sinh ¢ cos 6 —

r r
— sin 26 [1—sf(2 cosh®¢ + 1) + %(2 cosh? ¢ — 1)] =0,
(2.9a)

sinh (A sin @ + w, cos ) — V5 cosh ¢ sin 6+

FSO FS FOT
+ cosh ¢ sinh ¢ {? + ( 6f + Gb) cosQQ} = 0.

(2.9b)
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Once the quasiclassical Green’s function § is computed via Egs. (2.8)-(2.9b), one can
evaluate various physical properties of the superconductor, such as the pairing potential,
free energy and the density of states. Reference [56] derives expressions for these physical
quantities in terms of functions 0(w,, ), ¢(w,, r), and here we present those expressions
for the reader’s convenience.

First, the pairing potential can be calculated by the means of the “gap equation”

Alog(go) = 27T Z <iTr(7A‘x§) — é) = 27T Z (coshgzﬁsinﬁ - wé) . (2.10)

w
wp>0 n wn>0 n

with T" being temperature and 7,y denoting critical temperature of the superconductor
when no Zeeman field or spin relaxation processes are present. Importantly, Eq. (2.10) has
to be paired with Egs. (2.9a)-(2.9b) in order to achieve self-consistency of the calculations.
Second, the free energy density difference between the superconducting and the normal

state can be obtained as [56]

fsn = 7T Z {4wn — 2 cosh ¢(2w,, cos @ + Asinf) + 4VZSC sinh ¢ sin 64

wn>0
1 1
+ 3 (Tso + Daf + Tomp) — §(PSO + (Dsp + Tomp) cos 26) cosh® ¢p—

1/1 1 :
— 5 (grso - (grsf - Forb) COs 29) Slnh2 (b} ) (211)

where vy denotes the normal density of sates at the Fermi level. The condition f, < 0
is necessary to ensure thermodynamic stability of the superconducting phase. Third, the

total density of states can be evaluated using quasiclassical Green’s function:

1 1
v(E) = gl/{)?R[TI‘(%menﬁ,iEJr)] = §I/O§R[cosecosh Bl —s—iE+]- (2.12)

Experimentally, SIN junctions oftentimes used to measure the density of states. The
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differential conductance in the SIN junction is related to the density of states through
convolution [61],

%(V) x /_ T UE)K(E + eV)dE. (2.13)

o0

where V' is a voltage bias and the convolution kernel is given by

pes

K@ =y

(2.14)
with the inverse temperature § = 1/kgT.

Equations (2.9a)-(2.13) provide a sufficient apparatus to self-consistently calculate
the quasiclassical Green’s function of the parent SC and study the combined effect of

Zeeman field, magnetic and spin-orbit scattering on the superconducting properties.

2.4 Properties of Al and Al/Pt thin films

In this section we apply the Usadel equation apparatus developed in the previ-
ous section to study properties of thin superconducting films within superconductor-
semiconductor heterostructures. As discussed in the introduction to this chapter, Al has
emerged as a superconductor of choice in the search for topological superconductivity in
one-dimensional hybrids primarily due to the ability to create clean interfaces between
thin Al shells and various semiconductors of choice, such as InAs and InSbh. However, Al
as a superconductor suffers from a relatively small gap (up to ~ 300ueV for thin films),
which is further reduced by the presence of the magnetic field required to induce topo-
logical superconductivity, while potential topological quantum computing applications
require large gap to protect quantum information from decoherence.

One way to mitigate the detrimental effects of the external magnetic field on the gap is

by adding atoms of heavy elements (such as platinum) to the Al shells, which introduces
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Figure 2.1: Properties of Al/Pt thin films. Four-point measurements of resistance
R normalized to its value in the normal state Ry as a function of temperature (A) and
magnetic field (B). Measurements have been performed for 6 nm thick aluminum films
with varying amount of platinum dp¢. (C) Critical magnetic field and temperature
as a function of Pt thickness, together with the predicted critical field from theory
calculations. (D) Annular bright field scanning-tunneling electron micrograph and
energy-dispersive X-ray images of the Al film with 1.89 A of Pt. Scale bars are 5nm.
Figure is from Ref. [13].

spin-orbit scattering into the system. Reference [13] measured critical temperatures and
critical fields of Al thin films (thickness 6 nm) with added Pt layer as a function of Pt layer
thickness. The results of these measurements are presented in Fig. 2.1, which depicts the
superconducting transitions of Al/Pt films as a function of temperature (Fig. 2.1A) and
parallel magnetic field (Fig. 2.1B). Importantly, the addition of Pt does not affect the
shape and sharpness of the superconducting transitions, which indicates that the films

do not become strongly disordered or inhomogeneous [62]. The bare aluminum film has

a critical temperature 7, = 1.79K and a critical field B, = 2.6'T. Upon the addition
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Independent parameters Extracted Parameters
T (mK) | dsc (nm) | ga | vr (m/s) | Ag (meV) | lngp (nm) | I'so (meV)
20 6 2 | 2x10° 0.27 0.9 see Fig. 2.2a

Table 2.1: Values of parameters used in critical field simulations of Al and Al/Pt films,

see Fig. 2.1. Extracted parameters were obtained by fitting experimental data.
of platinum, the critical field is increased above the bare aluminum’s Chandrasekhar-
Clogston limit already for platinum layer thickness dp; ~ 1 A, while leaving T, unaffected.
Fig. 2.1D presents the cross-section of an Al/Pt film with dp; ~ 1.9 A, which reveals the
poly-crystalline structure of the Al

In agreement with other studies on Al/Pt bilayers [63], the critical field starts to
saturate for dp; ~ 2 A and increases only by an additional 300 mT for dp; =~ 5.1 A (see
Fig. 2.1C). At these thicknesses, however, T, starts to decrease as a result of the inverse
proximity effect, as shown for Au/Be bilayers [64].

We use the Usadel equation, see Eqs. (2.4)-(2.10), to calculate the values of the
pair potential and to simulate the critical fields of the Al and Al/Pt films considered in
Fig. 2.1. We take the critical temperature to be T,o = 1.79 K for all simulated samples.
Using the critical field of the bare Al film (which we assume has a negligible amount of
spin-orbit impurities) measured in the experiment, B, ~ 2.6 T, we extract the value of
the mean free path in the film by solving the Usadel equation (2.4)-(2.10) with I'so = 0
and obtain {;rp ~ 0.9 nm. We further use this value to simulate the critical fields of the
Pt-covered samples (see red dashed curve in Fig. 2.1 of the main text) and extract the
respective values of the spin-orbit scattering rate (see Fig. 2.2a). Our theorety captures
the increase of B, as a direct result of including spin-orbit scattering (Fig. 2.1c). Values
of the parameters used in these simulations, both independent and extracted by fitting
experimental data, are given in Table 2.1.

Similarly to initial studies of the Al/Pt system, our theoretical model yields a linear
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Figure 2.2: a. Spin-orbit scattering energy I'so as a function of platinum thickness
fitted to experimental film data presented in the main text. b. Experimentally ex-
tracted energy difference between Zeeman-split quasiparticle peaks (blue dots), and
the corresponding Zeeman energy with ¢ = 2. c. Calculated DOS (blue) and ther-
mally broadened conductance (orange) for the Al tunnel junction. Green and red
curves correspond to positive and negative bias respectively. d. Same curves for the
Al/Pt tunnel junction.
dependence of I'sp on dpy, see Fig. 2.2(a). We note however that even for dp; = 5.1 A,
the extracted value of I'sg is smaller than I'sg = 7.5 meV, which was extracted from the
tunneling measurements [13]. Initial studies of Al/Pt revealed unphysically large spin-
orbit scattering rates [63]. In the case of the above mentioned experiment, the extracted
spin-orbit scattering rate was higher than the momentum scattering rate, which indicated

that the increase of critical field was not fully understood. It was pointed out later [65]

that, due to Fermi liquid effects, the g-factor of such a thin Al films is being reduced [61].
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Independent parameters Extracted Parameters
T (mK) | dsc (nm) | ga | vr (m/s) | Ag (meV) | g (nm) | I'so (meV)
Al 110 4.5 2 | 2x10° 0.31 0.68 0.0
Al/Pt 30 4.5 2 | 2x10° 0.306 0.68 7.5

Table 2.2: Values of parameters used in conductance spectroscopy simulations of Al

and Al/Pt tunnel junctions (see Fig. 2 of the main text). Extracted parameters were

obtained by fitting experimental data.
We plot the energy difference between the spin-up and spin-down quasiparticle peaks in
a 4.5-nm Al film as a function of magnetic field in Fig. 2.2(b). The analysis is made for
fields larger then 1T. In our case, we do not observe a clear deviation from a g-factor of 2
(indicated by the orange curve). The slight discrepancy observed near the transition can
be a result of the peak broadening, rather than Fermi-liquid effects. We note, however,
that the Fermi-liquid correction becomes more relevant at higher magnetic field values,
and we cannot fully exclude the presence of these effects in Al/Pt devices.

Furthermore, Ref. [13] experimentally investigated the impact of Pt atoms on the
Al quasiparticle density of states through normal-metal/insulator/superconductor (NIS)
tunneling measurements. A schematic illustration and the used measurement circuit for
these experiments are shown in Figure 2.3(c). Further details on the fabrication and
measurement details can be found in the supplementary materials of Ref. [13]. Here we
again utilize the Usadel equation approach, see Egs. (2.9a)-(2.13) to theoretically simulate
the measured conductance spectroscopy on the Al and Al/Pt films. Table 2.2 summarizes
values of the parameters, both independent and extracted by fitting experimental data,
used in the conductance simulations.

For the aluminum film, the experiments showed the presence of the Zeeman splitting
of the quasiparticle coherence peaks (Fig. 2.3a). Furthermore, at a magnetic field of B

= 3.45T, the film underwnet a first-order phase transition to the normal state. Our

theoretical model reproduces these two key features (Fig. 2.3d, see also Fig. 2.2¢ showing
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Figure 2.3: Conductance spectroscopy on Al and Al/Pt NIS tunnel junc-
tions. (A) Experimental tunneling conductance of a ~4.5nm Al tunnel junction.
(B) Experimental tunneling conductance of a ~4.5nm Al + 1.9A Pt tunnel junc-
tion. (C) False-color scanning-electron micrograph of a typical Al/AlOx/Ag tunnel
junction. Scale bars are 1 ym. (D) Tunneling conductance from theory calculations
of the Al tunnel junction. (E) Tunneling conductance from theory calculations of the
Al/Pt tunnel junction. The dashed orange lines present the energy gap E,. The order
parameter A which is extracted from theory is presented by dashed red lines. Dashed
yellow lines show the magnetic field B.; for which the energy gap is closed, and the
dashed pink lines indicate the magnetic field Bes for which the order parameter is
calculated to vanish. (F) Overview of the extracted energy gap from experiments, the
predicted energy gap from theory and the corresponding order parameter of the films.
Figure is from Ref. [13].

the density of states and the conductance at B = 0), where the first-order transition is
reflected in an abrupt collapse of the order parameter. The critical field extracted from
the model is 200 mT smaller than the experimentally measured value. This discrepancy
between theory and experiment can be explained by the hysteretic behavior of the order

parameter near the transition [66]. A metastable superconducting state can persist for

magnetic fields slightly above the calculated critical value.
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For the Al/Pt film with dpy = 1.9 A, Zeeman splitting was not observed in the ex-
periment. Instead, the film undergoes a second-order phase transition at B = 6.34T
induced primarily by orbital effects (Fig. 2.3b). Importantly, the energy gap in the film
remains free of quasiparticle states. Theoretical modelling of the film reveals a small
magnetic field range with gapless superconductivity close to the transition (Fig. 2.3e, see
also Fig. 2.2d showing the density of states and the conductance at B = 0), which is an
expected feature when the transition from the superconducting into the normal state is
of second order [29]. For both Al and Al/Pt films, the model yields diffusion constants
which correspond to a mean free path of ly;pp ~ 7A.

This value is consistent with reports on Al films grown under similar conditions [67,
61]. Since the addition of Pt does not seem to affect the mean free path, the increase
in critical magnetic field cannot be attributed to increased disorder. The suppression
of Zeeman splitting instead demonstrates that spin mixing is the dominant mechanism.
From the model, the increased spin-orbit scattering energy of the Al/Pt film is extracted
to be I'so = 7.5meV, corresponding to a spin-orbit scattering time of 790 = 1.3-10713s.
We note, however, that this extracted value of the spin-orbit scattering rate could be
overestimated due to the presence of Fermi-liquid effects [65]. In Fig. 2.3(f), the measured
energy gap is shown together with the energy gap extracted from theory, as well as the
corresponding order parameter. We observe good quantitative agreement between the

model and our experiment.
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Figure 2.4: (a) Semiconductor (SM) nanowire proximitized by a superconductor—
magnetic insulator (SC-MI) bilayer. (b) Effects of the magnetic insulator on the
superconductor can be described by an appropriate boundary condition marked with
green.

2.5 Topological superconductivity in nanowires prox-
imate to a diffusive superconductor-magnetic in-
sulator bilayer

As discussed in the introduction to this chapter, another potential way to mitigate
detrimental effects of the external magnetic field on the parent superconductor is by in-
troducing a magnetic insulators to the superconductor-semiconductor heterostructure. A
typical setup of a combined heterostructure consists of semiconducting (SM), supercon-
ducting (SC) and magnetic insulator (MI) parts connected together as shown schemat-
ically in Fig. 3.1(a). Here the magnetic insulator such as EuS, induces a Zeeman spin
splitting by virtual tunneling.

In this section we focus on the physics of MI/SC/SM stack. Instead of directly mod-
eling the geometry shown in Fig. 3.1(a), we consider a variety of scattering mechanisms
at the interface between the MI and the SC, as shown in Fig. 3.1(b). We assume that
the effect of the interface between the MI and the SM, shown on the right side of Fig.

3.1(a), can be modeled by an effective bulk Zeeman field in the SM. To this end we de-
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velop a two-step approach. First, utilizing the short mean free paths in superconductors,
we calculate the properties of the MI-SC bilayer using the Usadel equation approach
described in Section 2.3, and, second, we use this result as a boundary condition for the
nanowire model. We apply the Usadel equation to compute the pair potential, critical
temperature, and the density of states in the superconductor. Various physical processes
such as applied magnetic field, exchange field from the magnetic insulator and scattering
off magnetic and /or spin-orbit impurities in the SC are incorporated. Note that the mag-
netic and spin-orbit scattering is introduced phenomenologically to our model. Magnetic
scattering can be either due to intrinsic magnetic impurities in the superconductor, or
due to electron scattering off the magnetic insulator surface. Similarly, spin-orbit scat-
tering can either be intrinsic to the superconductor, for example, as it happens in Pb,
or result from scattering off heavy ions. The superconducting proximity effect is then
readily described by the solution of the Usadel equation.

We will be focused on the experimentally relevant regime of a thin superconductor
compared to its coherence length (see Fig. 3.1b). Furthermore, in this section we are
interested in the regimes of small applied external magnetic fields, thus from now on we
ignore the orbital contribution of the applied field, A = 0.

To utilize the Usadel equation, the boundary between the superconductor and the
magnetic insulator has to be supplemented with an appropriate boundary condition.
General spin-dependent boundary conditions for the isotropic superconductor Green’s
function have been derived in Ref. [68]. In the case of a boundary between magnetic in-
sulator and thin superconductor (with thickness much smaller than the coherence length
dsc < &), the authors of Ref. [68] showed that effects of the magnetic insulator on the
superconductor can be described by a uniform effective Zeeman field V(ﬁ ;X dgé and
magnetic scattering induced in the superconductor.

It is worth mentioning here the crucial difference between clean and dirty supercon-
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ductors. In the case of a clean SC, Ref. [69] showed that effects of the MI on the SC are
distinct from those generated by the external Zeeman field. In particular, the transition
of the clean SC adjacent to the MI into a normal state can be second order, as opposed
to the strictly first order transition in the presence of the Zeeman field. However, an
experiment from Ref. [42] demonstrated inadequacy of assuming clean Al when describ-
ing EuS-Al bilayers and indicated that dirty Al should be considered instead. Later on,
Ref. [68] showed microscopically that, in the dirty limit, the impact of the MI on the SC

is in fact equivalent to that of a Zeeman field and magnetic scattering.

2.5.1 Superconductor-semiconductor proximity effect

Once the quasiclassical Green’s function of the parent SC is calculated using the
Usadel equation, see Section 2.3, one can analyze the SC-SM proximity effect and inves-
tigate emergence of the topological phase in the heterostructure. The proximity effect
arises due to electron tunneling between the superconductor and the semiconductor. Ig-
noring irreducible contributions in electron tunneling which can be shown to be much
smaller than reducible ones [26, 70, 71], the proximity effect can be described by the
disorder-averaged SC Green’s function, and superconducting degrees of freedom in the
system can be integrated out. As a result, effects of the parent SC on the SM can be fully
incorporated into the interface self-energy ¥(w)[26]. Assuming spin-independent SC-SM

electron tunneling 2, the interface self-energy reads

N(w) = |t|2Vo/d§kG’sc(§k,w) (2.15)

with |t| being the tunneling amplitude. Note that (w) in Eq. (2.15) does not depend

on the Fermi momentum direction. Recalling the definition of the isotropic quasiclassical

2Spin-dependent tunneling between the SC and SM has been recently considered in Ref. [38]
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Green’s function, one can write

E("‘}) = _i’yfzg(wn”wn—)—iwa (216)

where the SC-SM coupling v = 7|t|*1 has been introduced.

The Green’s function of the quasi-1D SM nanowire can be written as [26]

Gk, w) =w— VM6, — [& + arkd,]?, — X(w). (2.17)

Here VM is the Zeeman field induced along the direction of the nanowire, for example
due to magnetic proximity from the adjacent magnetic insulator and/or external magnetic
field, & = k*/2m* — u with m* and u being the SM effective electron mass and chemical
potential, respectively, ap is Rashba spin-orbit coupling, and X(w) is given by Eq. (2.16).

Writing §(w,) as in Eq. (2.8) gives

G (k,w) = w+iycoshpcos — (VaM + vysinh ¢ sin 0)6, — (&, + arké,)t.—

—~ cosh ¢ sin 07, + iy sinh ¢ cos 07,6, (2.18)

where ¢(w), 0(w) are analytically continued into the real time domain via w, — —iw.
Equation (2.18) shows that proximity to the SC induces four extra terms in the nanowire
Green’s function: frequency shift o« cosh ¢ cos, Zeeman energy o sinh ¢ cosf, spin-
singlet even-frequency pairing o cosh ¢ sin and spin-triplet odd-frequency pairing o
sinh¢cosf. In the absence of spin-orbit and magnetic scattering in the SC, these
proximity-induced terms can be calculated analytically. Appendix A.1 presents the cor-
responding expressions.

The low-energy spectrum of the system can be determined by computing poles of the
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Green’s function (2.18) from

det[G (k,w)] = 0. (2.19)

To this end, one first calculates the self-consistent pair potential and determines the
Clogston limit using Eqs. (2.9a)-(2.11). Next, the Usadel equations (2.9a)-(2.9b) are
solved once again, this time in the real time domain using the self-consistent value
of the pair potential. Then, the obtained real time quasiclassical Green’s function
parametrized through ¢(w), 6(w) is plugged into Eq. (2.18), which produces expres-
sions for the proximity-induced terms in the Green’s function. Finally, the low energy
spectrum of the system is inferred by solving Eq. (2.19).

The spectrum can be used to directly identify topological phase transitions (critical

points are signified by gap closure and reopening) and the topological gap.

2.5.2 Results

In the following we first review the results of calculations for the parent SC in isola-
tion. In particular, we analyze the dependence of the superconducting density of states,
pair potential and critical temperature on Zeeman field and spin-orbit and magnetic scat-
tering. Then we consider the SC-SM proximity effect and calculate the dependence of the
topological phase transition on these parameters. Finally, the dependence of the topo-
logical gap on external magnetic field for various values of Zeeman field and/or spin-orbit

and magnetic scattering in the SC is demonstrated.

Properties of the parent superconductor

We begin with an analysis of how Zeeman energy and spin-orbit scattering affect the
SC. Although the results in this section are established [72, 73, 74, 75], we reproduce them

here both as a validation of our methodology and to make the presentation self-contained.
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Figure 2.5: Dependence of density of states (left column), pairing potential (middle
column) and critical temperature (right column) of the SC on Zeeman field Vgc for
various values of spin-orbit (upper row, I's,) and magnetic (lower row, I'sf) scattering
energy. Magnetic scattering in (a)-(c) and spin-orbit scattering in (d)-(f) is set to
zero. For (a)-(b) and (d)-(e), temperature is fixed to 7//T,p = 0.01. Solid (dashed)
lines in (c) and (f) indicate second (first) order transition. All energies in (a)-(f) are
measured in units of the bare superconducting gap Agg.
Figure 2.5(a) depicts the SC density of states of Eq. (2.12) plotted for a fixed value of
Zeeman field and various values of spin-orbit scattering energies. Throughout energy is
measured in units of the bare gap Agy of the SC when no Zeeman field or spin relaxation
processes are present. Figure 2.5(a) demonstrates that the Zeeman energy splits the
density of states in the superconductor into two spin bands. Spin-orbit scattering reduces
the spin splitting in the SC formed by the Zeeman field and eventually merges the two
spin-resolved peaks in the density of states into one; in the limit of infinite spin-orbit
scattering a single-peak BCS density of states is recovered [73]. The pairing potential is
likewise affected by spin-orbit scattering, as illustrated in Fig. 2.5(b) where we plot it as a
function of Zeeman field for several values of I'y,. In the absence of spin-orbit scattering,

the pairing potential is constant as a function of V¢ up to a value of VS¢ = 1//2

where it vanishes and the system undergoes a first order transition into the normal state.
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This critical value of Zeeman field is the Clogston limit [30, 31, 72| representing the
maximum paramagnetic spin splitting that the SC can withstand. Adding spin-orbit
scattering to the system pushes the Clogston limit to higher critical values of V2¢; see
Fig. 2.5(b). The pair potential in turn decreases as a function of V,J¢ when Iy, # 0 and
for values of I'y, 2 15 the transition to the normal state becomes second order. Lastly, we
consider how the critical temperature 7, is impacted by both Zeeman field and spin-orbit
scattering in Fig. 2.5(c). At finite Zeeman splitting spin-orbit scattering increases the
critical temperature; just as in Fig. 2.5(b), spin-orbit scattering increases the Clogston
limit, while values of spin-orbit scattering larger than a certain threshold result in the
transition switching from first to second order.

Now we consider the combined effect of Zeeman energy and magnetic scattering on
the SC in Fig. 2.5(d)-2.5(f). We present the density of states, plotted for a fixed value of
Zeeman field and several values of magnetic scattering energies, in Fig. 2.5(d). Magnetic
scattering smears out the density of states peaks and reduces the excitation gap. For
sufficiently large values of I'sr, the SC becomes gapless [29]. Moving on to the analysis
of the pairing potential, Fig. 2.5(e) depicts its dependence on Zeeman field and magnetic
scattering. We observe that the presence of magnetic scattering in the SC reduces the
pairing potential and, unlike spin-orbit scattering, decreases the Clogston limit. At the
same time, similar to spin-orbit scattering, adding a sufficiently large I's; switches the
order of the transition from first to second. Figure 2.5(f), which presents the dependence
of the critical temperature on Zeeman field and magnetic scattering, supports the above
conclusions. The opposite behavior compared to spin-orbit scattering is observed, i.e.,
increasing the magnitude of magnetic scattering that breaks time-reversal symmetry

reduces the critical temperature at all values of induced Zeeman splitting.
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Topological phase transition

Having calculated self-consistent values of the pair potential in the parent SC, we
now analyze the emergence of the topological phase in the proximitized nanowire. Im-
portantly, the frequency dependence of the Green’s function in Eq. (2.18) is irrelevant
to the topological phase transition: at the critical point the energy gap at k = 0 closes,
which enables one to identify the transition by setting w, = 0 in Eqgs. (2.9a)-(2.9b) and

=w = 0 in Eq. (2.18) as long as the correct self-consistent value of the pair potential
A = A(V7Y Ty, Tsy) is given. In this case, Eq. (2.9a) gives § = 7/2 while Eq. (2.9b)

reads

1 |
Asinh ¢ — V7 cosh ¢ + 3 (I‘SO — 2f) cosh ¢ sinh ¢ = 0. (2.20)

At the same time, the Green’s function (2.18) becomes
Gk =0,w=0)=—(V;M 4 vsinh ¢)6, — 7 cosh ¢7,, (2.21)

where for simplicity we set chemical potential in the nanowire to zero, u = 0. Note that
the induced Zeeman energy (spin-singlet pairing) in the nanowire is equal to 7y sinh ¢
(y cosh ¢) while odd-frequency spin-triplet pairing vanishes. From Eq. (2.21) we identify

the minimum Zeeman field in the SM necessary to create the topological phase, VZSéW , as

VM = ~(cosh ¢ — sinh ). (2.22)
Rewriting Eq. (2.20) in terms of this quantity gives

(8- VEO) (VEM 1) — (6 + VES) (VM )P+ 5 [1- (V5 )] =0, (229
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where we denoted I' = I'y, — I';s/2. Note that I' in general does not fully incorporate
effects of spin relaxation processes on the topological critical point because the value of
the self-consistent pair potential A = A(V7Y Ty,,[sf) depends on these processes as
well. Although an analytic solution to the quartic equation (2.23) exists, in general it is
cumbersome and we do not present it here. Instead, we build intuition by considering
limiting behavior of Eq. (2.23). First, in the limit of I' = 0, which corresponds either to
the absence of spin relaxation processes I's, = I'sy = 0 or to the case when I'y, = I's¢/2,

we find that a minimum Zeeman field of

VSM __1/5C
Ze _ BV (2.24)
v A+ V3¢

is required in the SM in order to induce topological superconductivity. For small but

3/2
non-zero values of I', |I'| < <A2 - (VZSC)2> / (VZ¢A), perturbative corrections to

V2 of BEq. (2.24) can be calculated. Up to first order in I' we obtain

Vie _ JA-VC AVSC
= r r?). 9.2
Y R e T

In the absence of spin-orbit and magnetic scattering, Eq. (2.24) demonstrates that it is

impossible to close the gap without an additional Zeeman field in the SM: in this case the
topological phase requires V7¢ > A which is prohibited by the Clogston limit. Adding
a small spin-orbit scattering, which leads to a small positive I', does not improve the
situation. On the contrary, the corresponding correction in Eq. (2.25) increases value of
the critical Zeeman field. This behavior is a manifestation of the fact that spin-orbit scat-
tering quenches spin splitting in the SC; see Fig. 2.5(a) and the corresponding discussion
in Section 2.5.2. Due to this fact, the effective Zeeman energy transferred from the SC to

the SM is decreased by the presence of spin-orbit scattering in the superconductor. On
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the other hand, adding purely magnetic scattering, which leads to negative I', reduces
the critical SM Zeeman field for a fixed value of V7. However, magnetic scattering also
suppresses the Clogston limit as has been discussed in Section 2.5.2, so that the maxi-
mum V7 that the parent SC can sustain is smaller. For this reason, adding magnetic
scattering does not assist in reducing VZSé‘/f . We show this below when we solve Eq. (2.23)
numerically for self-consistent A and general values of V5 T'y,, [';.

Next, we consider the opposite limit of infinite spin-orbit scattering, I's, = I' — o0,
or no Zeeman splitting in the SC, V7¢ = 0. In both of these limits, Eq. (2.23) yields
Vg M = ~ regardless of the values of other parameters. Note that VZSéW = 7 is a familiar
result for the topological criterion at zero chemical potential [26]. Expanding the solution
of Eq. (2.23) near V7! = ~, we can find corrections for finite but large Ty, or nonzero

VZSC:
v 3V5¢ N
vy 3A+6VEC+ T, ’

(2.26)

which is valid as long as 3V5¢ < 3A +6V7C + I'y,. Further expanding Eq. (2.26) in the

limit of large spin-orbit scattering I'y, > V2%, A leads to

VZSéM 3VZSC 1
—=1- — . 2.2
Y Lso o (F§o> ( 7)

Equation (2.27) shows once again that spin-orbit scattering suppresses Zeeman splitting
in the SC. On the other hand, expanding Eq. (2.26) in the limit of small SC Zeeman

energy V7¢ < Ty, A gives

VZSéW _ 3VZSC SC\ 2
. _1_§Z1?;+0<@%))‘ (2.28)

Figure 2.6 presents the solution of Eq. (2.23) for general values of V¢ and T, I's;.

Self-consistent values of the pair potential A(V7¢, I's,, I's;) cannot be in general obtained
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Figure 2.6: Critical Zeeman energy VZS7 i\/[ required to be added to the nanowire in order
to induce topological phase versus Zeeman energy in the parent superconductor VZSC

for various values of spin-orbit and magnetic scattering and superconductor-semicon-
ductor coupling . Solid lines are calculated self-consistently and terminate at the
Clogston limit, while dashed lines are calculated non-self-consistently. Chemical po-
tential in the nanowire is set to zero. All energies are measured in units of the bare
superconducting gap Agg.
analytically, so in Fig. 2.6 we depict the curves VZM(V7Y) for two different settings:
(1) solid curves represent the situation when numerically calculated values of the self-
consistent pair potential A = A(VY T, [sf) [Fig. 2.5(b),(e)] are used in Eq. (2.23),
while (2) dashed curves illustrate the case when Eq. (2.23) is solved with the non-self-
consistent pair potential A = Agg. Each solid curve in Fig. 2.6 terminates at its respective
Clogston limit when the parent superconductor transitions into the normal state. Even
though spin-orbit scattering, if present in the SC, can push Clogston limit further —
see Fig. 2.5(b)-2.5(c) and discussion in Section 2.5.2 — it also quenches spin splitting in
the SC and, correspondingly, Zeeman energy transferred to the SM. At the same time,
magnetic scattering suppresses the Clogston limit as can be seen in Figs. 2.5(e)-2.5(f).
On top of that, magnetic scattering quenches the pair potential in the parent SC and
thus has a detrimental effect on the topological gap; see Section 2.5.2. For this reason,

spin-orbit and magnetic scattering do not assist in creating topological superconductivity

in the nanowire.
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Therefore, we emphasize again that the topological phase cannot be achieved in hybrid
heterostructures when the Zeeman field is only induced in the parent superconductor,
regardless of whether spin-orbit or magnetic scattering is present in the superconductor.
This conclusion has been stated in recent works by other authors as well [35, 38], although
they did not explicitly consider spin relaxation processes in the SC.

Reduction of the critical field stiw can be achieved by weakening the SC-SM coupling
v, see Eq. (2.22) and the grey line in Fig. 2.6. However, in the weak coupling regime a
smaller coupling leads to a smaller topological gap, see Section 2.5.2.

Dashed curves in Fig. 2.6 represent the results of non-self-consistent calculations. For
I's; = 0 these curves closely follow the solid self-consistent lines. However, in the presence
of magnetic scattering (blue curve in Fig. 2.6) the dashed and the solid curves are posi-
tioned considerably off from each other because magnetic scattering substantially reduces
the pairing potential; see Fig. 2.5(e). This reduction cannot be captured by the non-self-
consistent pair potential. Another drawback of the non-self-consistent calculation is that
it does not enforce the Clogston limit, and therefore the dashed curves in Fig. 2.6 do
not terminate. This pathology could lead to incorrect conclusions about the topological
phase diagram. For this reason, we emphasize the importance of self-consistency in the
SC Green’s function (and subsequent topological phase diagram) calculation if Zeeman

energy and spin relaxation mechanisms are present in the superconductor.

Topological gap

Beyond the critical point, a crucial property of the topological phase is the spectral
gap. A larger gap enhances the protection of the topological phase against quasiparticle
poisoning and disorder. In this subsection, we calculate the gap in the nanowire and
analyze its dependence on Zeeman splitting and spin-orbit and magnetic scattering in

the parent SC. In general, because of the nontrivial frequency dependence of the Green’s
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function (2.18), the energy spectrum of the nanowire has to be computed numerically.
Moreover, in case of spin relaxation processes present in the SC, the Usadel equations
(2.9a)-(2.9b) are solved numerically as well. For this reason, we perform a numerical
analysis of Egs. (2.9a)-(2.9b), (2.18). Throughout the calculations we set the Rashba
coupling in the nanowire to o = 0.2 eV-A and the effective electron mass to m* = 0.02my,
where mg is the electron rest mass. We continue using the bare gap of the parent SC
Ago = 0.23 meV as a unit of energy.

As discussed in Section 2.5.2, a certain Zeeman field V2

has to be introduced directly
to the semiconductor to achieve the topological phase. Here we consider the case when
stéw is created by applying an external Zeeman field V£ to the entire system. As stated
in Section 7?7, we ignore orbital effects of the magnetic field. We assume that there is no
coupling between the SM and the MI, although this assertion can be easily adjusted in
our framework by using a different parametrization of V£**. The total Zeeman energies of
the SC and the SM are V7% = ggc V5™ + V2§ and VM = ggp V™, respectively, where
VZ*S:OC is the MI-induced Zeeman splitting in the SC and we take gsc = 2 and ggpy = —15.

Figure 2.7 shows the computed spectral gap as a function of the chemical potential p
in the nanowire and the external Zeeman field V5™ for VJ§ = 0.55 in the absence of the
magnetic and spin-orbit scattering in the SC. The topological part of the phase diagram
is marked red, solid black lines represent its boundary. If the MI does not couple to the
SC —i.e., VZ*S:S = (0, — the phase boundary is depicted by dashed black lines. In this
case the orientation of the external field does not play any role which is exhibited by the
symmetry of the two dashed curves with respect to the VE* = 0 line. However, if the MI
induces Zeeman splitting in the SC, the relative orientation of the two fields — V£ and
VZS’()C — is important. In the antiparallel configuration, which corresponds to the case
of V£ < 0 in Fig. 2.7, the Zeeman splittings created by the MI and the applied field

have opposite signs in the SC and the same sign in the SM. As a result, the topological
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Figure 2.7: Spectral gap E, (color) multiplied by the topological invariant Q = &1 as
a function of the chemical potential 1 in the semiconductor and the external Zeeman
field V¥ for T, = I'sy =0, V = 0.55. The phase boundary is marked by solid

black lines. Dashed black lines represent the phase boundary when VZSOC = 0. The

hatched region depicts the part of the phase diagram beyond the Clogston limit when

superconductivity in the parent SC is destroyed. All energies are measured in units

of the parent superconductor’s bare gap Agp.
phase is achieved at smaller values of |V£*| compared to the case when VZO = 0. On
the other hand, when the direction of V£* is parallel to the magnetization of the MI
— V£ > 0 in Fig. 2.7 — the Zeeman splittings have the same sign in the SC but the
opposite signs in the SM. This is an unfavorable configuration for the topological phase:
the Clogston limit in this case is reached at smaller values of the applied field, while the
phase transition to the p-wave superconductivity requires a larger applied field compared
to the case with no MI.

We now proceed to studying individual effects of the Zeeman splitting, spin-orbit and
magnetic scattering on the topological gap. To this end, we fix the chemical potential
in the nanowire to zero and plot the dependence of the gap on V£ in Fig. 2.8 for

the antiparallel configuration of the applied field and the MI magnetization, which is

35



Application of the Usadel equation to study diffusive superconductor-semiconductor
heterostructures Chapter 2

(a) 0.35

0.30

(b) 0.35

-y =02, V=0
7 b0 0.30F

--y =02, V5 =0.7 |]
0.250 — =0.2, V5 =0.75|] 0.250
¥=0.09, V7 =0

~-Ty =1, VS = 0.75]
I, =5, V¢ =075

‘—rs,, =0, VS =0.75

0.20F
R os

0.00 0.01 0.02 0.03 0.04

_VZemt
(C) 0.35 T T
oo ‘—st =0, Vi§ =01 |]
=T,y = 0.4, V;(,C =0.1
0.25} Ty = 0.7, V75 = 0.1|]
0.20F
Lﬂm

ext
_VZ

Figure 2.8: Energy gap in the proximitized nanowire as a function of external magnetic

field V5" = —ppB/2 for various values of SC-SM coupling 7, MI-induced Zeeman

energy in the superconductor V;g, spin-orbit scattering I's, and magnetic scattering

Isr. T'so = 01in (a),(c), I'sy = 0 in (a),(b) and v = 0.2 in (b,c),(c). All curves are

plotted for zero chemical potential in the nanowire. All energies are measured in units

of the parent superconductor’s bare gap Ago.
advantageous for the topological phase. First, we consider impact of VZSE in Fig. 2.8(a)
in the absence of the spin-orbit and magnetic scattering. The black dotted curve in
Fig. 2.8(a) shows the typical behavior of the energy gap as the system undergoes the
topological transition between the s-wave (small [V£*|) and the p-wave (large |V£*|)
superconductivity in the weak coupling regime (7 = 0.2) in the absence of any zero-field
Zeeman splitting in the SC. The kink exhibited by the curve at —V£* a 0.027 appears
where the minimum gap as a function of momentum jumps from k£ = 0 to k ~ kpg.

Inducing finite Zeeman splitting in the SC results in the decrease of the critical Zeeman

field as illustrated by the dashed line. Analogous reduction of the critical field can be
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achieved by lowering the coupling between the SM and the SC (grey dotted line), but that
also results in the reduction of the topological gap, whereas addition of the Zeeman energy
to the SC keeps the gap approximately the same as long as VZ‘S:g is below the Clogston
limit. Adding Zeeman energy larger than the Clogston limit leads to an interesting
behavior; see solid line in Fig. 2.8(a). In this case at zero field the superconductivity in
the parent SC is broken due to the proximitizing MI, but application of the external field
restores it back. As a result, the system undergoes the first order transition from the
normal phase directly into the p-wave superconducting phase with the topological gap
close to the one of the MI-free system.

As we have previously pointed out while discussing Fig. 2.6, spin-orbit scattering can
quench the Zeeman effect in the superconductor, enhancing its Clogston limit, but also
reducing the Zeeman energy effectively transferred to the nanowire. This is illustrated in
Fig. 2.8(b) where we plot the gap as a function of the external field for different values of
['s,. We consider the case when Zeeman energy above the Clogston limit is induced in the
superconductor [solid line, same as in Fig. 2.8(a)]. Increasing the spin-orbit scattering in
the parent SC restores its superconductivity, and a regular transition between the s- and
p-wave phase is observed at finite I';,. Further increase of I'y, leads to the enhancement
of the critical field due to the suppression of the Zeeman splitting in the superconductor.

Effects of the magnetic impurity scattering on the topological gap are illustrated in
Fig. 2.8(c). As has been discussed in Section 2.5.2, magnetic scattering reduces the
pairing potential in the parent SC. This leads to a minute reduction of the critical field
in Fig. 2.8(c) and a visible suppression of the topological gap. Overall, we conclude that
the presence of the magnetic scattering in the parent SC is not desirable for creating the

topological phase in the nanowire.
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2.6 Conclusion

In this chapter we have presented a theoretical approach to calculate properties of
disordered superconductors affected by various physical mechanisms, such as Zeeman
splitting, orbital magnetic field, magnetic and spin-orbit scattering, and furthermore
topological properties of nanowires proximitized by such superconductors. We have used
the Usadel equation to calculate how these mechanisms affect the intrinsic properties of
the superconductors, and further calculated how the superconductor changes the topolog-
ical properties of a proximate semiconducting wire. Using this approach, we have studied
how heavy atoms such as Pt and the spin-orbit scattering they introduce can reduce the
spin-splitting effect in the parent superconductor and thus push the critical Zeeman field
further from the conventional (spin-orbit-scattering-free) value. Using these results, we
have estimated the degree of the spin-orbit scattering in the Pt-Al-InSb heterostructure
experiments depending on the thickness of the Pt layer, and obtained the correct scaling
of the spin-orbit scattering energy with the Pt layer thickness.

Furthermore, we have applied the developed Usadel formalism to study nanowires
proximitized by superconductor-magnetic insulator bilayers and calculated how the pres-
ence of the magnetic insulator in the bilayer affects the need for the external magnetic
field to induce the topological phase in the nanowire. In particular, similar to other
recent theoretical results [35, 36, 37, 39, 40] we report that a finite Zeeman energy in
the semiconductor, either induced by coupling to a magnetic insulator or by an applied
magnetic field, is required to enter the topological phase — a bound we estimate analyt-
ically. When introducing this Zeeman energy as a result of the applied magnetic field,
we observe that the critical field and the topological gap depend on the relative orien-
tation of the applied field and the MI-induced Zeeman splitting in the superconductor:

only in the configuration when they are antiparallel one finds reduced critical field and
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larger stability with respect to the absolute magnitude of the applied field. Introduc-
ing magnetic and spin-orbit scattering to the superconductor, we find that the former
in general is detrimental to the topological phase — it reduces the Clogston limit in the
superconductor and leads to a smaller topological gap. At the same time, spin-orbit
scattering quenches the magnetic response of the superconductor, allowing it to sustain
larger Zeeman fields, but also increases the critical field required to reach the topological

phase.
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Chapter 3

Visibility of noisy quantum
dot-based measurements of

Majorana qubits

3.1 Permissions and Attributions

1. The content of Chapter 3 and Appendix B is the result of a collaboration with
Torsten Karzig and Dmitry 1. Pikulin, and has previously appeared in the SciPost
Physics 10, 127 (2021)[14]. It is reproduced here with the permission of SciPost

Foundation: https://scipost.org.

3.2 Introduction

Majorana Zero Modes (MZMs) are explored as a promising platform for topological
quantum computation [76, 10, 11, 77, 28|. As a direct consequence of their nonlocal na-

ture, Majorana-based qubits are, in principle, less susceptible to decoherence and can pro-
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Figure 3.1: Schematic of the measurement setup of multi-MZM qubit islands. Only

the measured MZMs of the qubit are labeled. (a) 2-MZM (single qubit) measurement

setup. (b) 4-MZM (two qubit) measurement setup.
vide better protected gates when compared to conventional qubits. Throughout the past
decade a lot of experimental progress has been made on detecting signatures of the MZMs
via observing robust zero-bias conductance peaks [78, 79, 80, 81, 82, 83, 84|, a 4r-periodic
Josephson effect [85, 86, 87], signatures of exponential length-dependence of energy split-
tings [88, 89|, and coherent single electron charge transfer between superconductors [90].
Though promising, these signatures have been proved inconclusive to make a definitive
judgment on the presence of the MZMs in the system [91, 92, 93, 94, 95, 96, 97, 98]. For
this reason a measurement of a topological Majorana qubit draws significant attention
from both experimental and theoretical standpoints. A successful implementation of such
a readout of a topological qubit would mark the transition from studying properties of
the topological phase to topologically protected quantum information processing. More-
over, as physically moving MZMs [99] currently appears to be practically challenging,
measurement-based schemes [100, 101] come to the forefront as the most likely means of
operating a Majorana-based topological quantum computer.

Various theoretical proposals for Majorana qubits and their readout procedure have
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been put forward [102, 103, 104, 105, 106, 107, 108, 109] Here we concentrate on the
design for the qubit that features a superconducting island in the Coulomb blockaded
regime [105, 106] consisting of two or more one-dimensional topological superconductors
— realized for example in proximitized semiconductor nanowires [19, 20] — connected by a
trivial superconductor. Each topological superconductor carries two MZMs at the ends.
The qubit state is encoded by the parity of pairs of MZMs, e.g., 0* = i7,;y;, where 0*
is Pauli operator in the computational space of the qubit and ~;/; are the corresponding
Majorana operators. The total parity of a qubit island is conserved, which fixes the parity
of the other two MZMs in 4-MZM islands. Measurements of the qubits are performed by
coupling two (for single qubit measurements, see Fig. 3.1(a)) or four (for two-qubit mea-
surements, see Fig. 3.1(b)) MZMs to quantum dots (QDs) while using parity-dependent
shifts of the QD charge or capacitance as the readout signal. Such QD-based measure-
ments are particularly promising since they can be embedded in scalable designs for the
operation of topological qubits [106]. Motivated by this prospect, experimental studies
of QD measurements in materials suitable for topological qubits are emerging [110, 111].

Despite the topological protection of Majorana qubits, quantum information storage
and measurements are never perfect in practice due to sources of noise intrinsic and ex-
trinsic to the qubit system. Quantifying the effect of noise is thus essential to understand
the prospective performance of topological qubits. The effect of noise within the topo-
logical superconductors has been considered as the cause of the slow decoherence of idle
qubits [112, 113] or as a possible reduction of the visibility of 2-MZM measurements [114].
Crucially, coupling the Majorana qubit to the QDs of the readout apparatus introduces
new sources of noise. The desired effect of this noise is to collapse the qubit state into
the outcome of the measurement [115, 116]. However, noise coupling to the QDs can
also have negative effects on the visibility of the measurement and with the known sus-

ceptibility of QD to charge noise one might wonder whether QDs are a suitable platform
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for high-fidelity measurements. In this chapter we study the effect of such noise on the
measurement visibility and show that typical strengths of QD noise allow for high-fidelity
qubit measurements.

To study the optimal operation point of measurements we will pay particular attention
to the regime where the QD and the qubit island are tuned close to resonance (i.e. energy
detuning between the two is much smaller than the MZM-QD coupling) in contrast to the
widely applied far-detuned regime where the MZM-QD coupling is much smaller than the
energy detuning and can be considered perturbatively [106, 105]. Such careful tuning to
resonance can be particularly beneficial for 4-MZM measurements which were previously
not discussed in this regime.

The rest of the chapter is organized as follows. First, we review the single qubit mea-
surements paying particular attention to the regime of the resonantly coupled island-QD
system. We then extend this analysis to two-qubit measurements. Next, focusing on
the single qubit measurement case, we analyze how noise in island-QD detuning affects
the measurement visibility by calculating the signal-to-noise ratio (SNR) of the measure-
ments. The Appendix presents details of calculations and treatment of the subleading

noise sources — flux and coupling noise.

3.3 QD-based measurements

We start by reviewing how coupling a single QD to a pair of MZMs leads to a measur-
able change in the properties of the coupled MZM-QD system that depend on the parity
of the MZMs before generalizing to measurements of four MZMs. As we show below,
the regime of maximal measurement visibility is typically achieved when the QD and the
qubit island are tuned so that the energy configurations of an electron occupying the QD

or the qubit island are close-to degeneracy. We therefore pay particular attention to this
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regime, which we refer to as resonant regime, and discuss how careful tuning enhances the

visibility of 4-MZM measurements to be of similar order as the 2-MZM measurements.

3.3.1 2-MZM measurement

A typical setup for a 2-MZM single qubit measurement is depicted in Fig. 3.1(a). The

effective low-energy Hamiltonian of the qubit-QD system is given by
[’AI = I’Afc—i-I:IQD—i—I:IQD_MZM. (31)

Here Hc is the charging energy Hamiltonian of the superconducting island, ﬁQD is a
Hamiltonian of the QD and fIQD_MZM is a term describing tunneling between the island
and the QD through MZMs.

Both Hc and ﬁQD contain charging energy contributions due to capacitance to the
ground and between the subsystems. Additionally, H, qp contains the energy of the single-
particle level on the QD. Due to charge conservation these contributions can be combined

into:

ﬁC+QD = SC(fL — ng)z. (32)

with 7 being the charge occupation of the QD while e¢ and n, denote the effective charg-
ing energy and effective dimensionless gate voltage of the island-QD system. Expressions
for the effective parameters in terms of original parameters of Ho and ﬁQD are given in
Appendix B.1. Here we assumed a single-level QD without spin degeneracy, which is a
valid assumption in high external magnetic field for small enough QD when the energy

difference between the two lowest levels of the dot is larger than the MZM-QD coupling.
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The tunneling Hamiltonian reads:

[:IQD—MZM = et Ty + tafTy2) + hec. (3.3)

where t,, a = 1,2 are coupling matrix elements of the MZMs to the fermionic mode on
the QD described by creation operator ff. Note that since the Majorana operators are
chargeless charge conservation is ensured by the operator e that raises charge of the

island by one electron charge. The couplings can be written as
to = |tale®; a=1,2; (3.4)

where the gauge invariant phase difference ¢; — ¢ depends on microscopic details of the
matrix elements but can be tuned by varying the magnetic flux penetrating the enclosed
area of the interference loop (see Fig. 3.1).

We now focus on the regime close to the QD-Majorana-island resonance, where n, =
1/2 + A/2ec and the detuning A between the island and the QD level is A < e¢. The
low energy Hamiltonian is then spanned by four states |n,p) where n = 0,1 and p = £1
are eigenvalues of the QD occupation and combined parity p = p1a(—1)" with p1o = iy
being MZM parity. In contrast to the case of large detuning where the charge of the qubit
island is fixed except for virtual tunneling events [105, 106] it is important to note that
in the presence of the QD pio is no longer conserved. A non-demolition measurement
therefore cannot directly determine pi5. Instead, the measurement outcome depends
on the parity of the combined MZM-QD system p which is a constant of motion in
the absence of exponentially weak qubit dynamics [102, 116, 115]. Within the model
discussed here, this manifests in a block-diagonal form of the Hamiltonian. Using the

basis |n, p) with |1,p) = e 74,0, p) the elements of the Hamiltonian blocks of given
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p can be directly read off from Egs.(4.2) and (3.3) with the parity dependence entering
via (l,p|t2e_iq§fwg|0,p> = —ipty such that
. A2t
H, = / L (3.5)
t, —A)2
Here we introduced the effective MZM-QD coupling ¢, = t; — ipts. Equation (3.5) allows
for a straight forward interpretation of the effect of p on the MZM-QD system. Due to

the interference of the two different paths that couple the QD and the qubit island, p will

control the strength of the effective coupling |t,| = v/|t1|? + [ta|? + 2p|tits| sin ¢ where
b= P2 — 1.

The parity-dependence of the coupling has measurable consequences for several ob-

servables and is used to diagnose the parity of the MZMs. The energy spectrum of the

1 -
Spot = 51/ A2 +4ff (3.6)

Figure 3.2(a) illustrates the energy spectrum in the case of ¢ = 7/2 and |t;]| = 1.5tz

system takes the form

Even though optimal visibility is achieved when [t1| = |t2| where %, is either maximal or
zero depending on the parity p, here we present plots away from this fine tuned point
since a certain degree of the coupling asymmetry is expected in the QD-based readout
experiments. Using the ground state of (3.6) the corresponding charge expectation value

of the QD in the A < e¢ limit can be obtained as

1 _ 1 A
_(%p, =1 (3.7)

n =Ng — — .
ane) =T = 5 o, 27 A+ AL, P2
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Figure 3.2: (a) MZM parity dependent part of the energies of the two low-
est QD-MZM levels (3.6) as a function of island-QD detuning A in units of the
MZM-QD hopping t. (b) Average QD charge difference between the two parity states
d(ngp) = (nQpp=+1) — (nQDp=—1) as a function of detuning. (c) Differential capac-
itance difference between the two parity states 0Cgig = Caig+ — Cair- as a function
detuning. We set |t1| =t, [t2| = 1.5t for (a)-(c) and Cy/Cxp = 2, ec = 5t for (c).

The differential capacitance in the same limit takes the form

Cdifﬂp . 1 8251,7, _ 4€C’Ep|2 (3 8)
C2/Csp  2ec On2 (A2 + 4]t,]2)3/2 '

where C, is the capacitance between the gate and the QD and Csp = €?/2¢e¢ is the total
capacitance of the QD.

These two observables (3.7)-(3.8) can be measured in charge sensing, or quantum
capacitance measurements respectively. Here we do not consider the details of the corre-
sponding measurements but instead use the observables as a proxy for the measurement

outcomes.
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Fig. 3.2(b)-(c) depict the A-dependence for various values of the phase ¢ of the charge
expectation and differential capacitance for the ground state of the system at different
parities p. In the absence of noise the parity dependence of the observables is strongest
at ¢ = 7/2 and at or close to zero detuning.

In the most favorable regime close to zero detuning it becomes particularly important
that p is measured while we are ultimately interested in p;o of the island decoupled from
the QD. Failure to correctly infer p;5 from the measured value of p would result in a
measurement error and ultimately decrease readout and (in case of measurement-based
topological quantum computing) gate fidelity. Connecting the measurement of p to pio
requires a well-defined initialization and finalization procedure of the measurement where
the QD charge before and after the measurement is known. Charge conservation then
allows to infer pis of the decoupled system from the measured p. A possible procedure is
given by adiabatic tuning where the QD starts out and ends up far-detuned from reso-
nance before and after the measurement to ensure a fixed charge state. The measurement
is then initiated by first turning the MZM-QD coupling on and then tuning the system
to resonance while the decoupling proceeds in opposite order. An alternative to this
adiabatic tuning procedure would be to explicitly check the QD charge before and after
the measurement by a separate charge measurement. Indeed, even if a close to adiabatic
tuning is attempted such additional measurement might be required when one is aiming

at very high measurement fidelities.

3.3.2 4-MZM measurement

The setup for a 4-MZM measurement is shown in Fig. 3.1(b). 4-MZM measurements
can be done utilizing only one QD. Here we consider two QDs since they provide greater

tunability and are likely the generic case in scalable designs [106]. Similarly to 2-MZM
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A~

situation, the effective low-energy Hamiltonian of this system has the form of (3.1). H¢

and lfIQD contributions are given in Appendix B.1 while the tunneling Hamiltonian reads:

I:—,QD—MZM :e_id’l (tlflT’Yl + tzfgvg) -+ 6_Z¢2 (tgf{r’}/g —+ t4f2T’Y4) —+ h.C. (39)

where ¢, are couplings of the QDs described by fermionic operators fg to the respective
MZMs and €5 is the raising operator of the charge of the island £.

For concreteness we consider the case where the system is tuned such that the lowest
energy states are given by the 4 configurations of a single excess electron located on one
of the QDs or islands. We denote the corresponding energies in the absence of tunnel
coupling as e, with a € {il,i2,d1,d2} denoting the position of the electron. These
energies are determined by the individual and mutual charging energies of the islands
and QDs, and by the single-electron levels on the QDs. As in the 2-MZM case we will be
particularly interested in the resonant regime where the energies ¢, become small. This
requires tuning three parameters in general and can be done by tuning gate voltages on
the two QDs and one of the islands.

Given that couplings of the low-energy subspace to MZMs other than ~;...7, are
exponentially small, the total parity p = piapsa(—1)"1"2, where ng = fg /3, is conserved.

We thus denote the low energy states as |a, p):

il,p) = €_i¢16i$171f1 |d1, p) (3.10)
12, p) = e fy |d1, p) (3.11)
1d2, p) = e~ i |i1, p) (3.12)

where we included the phases of the tunnel matrix elements ¢, = |t,|e’®> for convenience.
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In the above basis the Hamiltonian takes the form

€41 |t1‘ |t3| 0
t Ei 0 t

g |l 2 HE (3.13)
|t3| 0 Ei2 —p|t4|62¢

0 |ta] —pltsle™ €42

where ¢ = ¢1 — @2 — @3+ @4.

From the form of the Hamiltonian (3.13) it becomes clear that the energies of the
system are independent on the individual 2-MZM parities and instead will depend via ¢
on the flux passing through the loop of the 4 tunneling junctions and on the overall parity
p which acts as a 7 phase shift of ¢. Since the goal of the measurement is to ultimately
determine 4-MZM parity piapss a similar tuning procedure as for 2-MZM measurements
is required to fix the QD occupation. In fact, while the relation between p and pqop34 sug-
gests that the tuning procedure only needs to ensure that the joint QD parity (—1)"%"2
is the same before and after the measurement the charge occupation of all islands and
QD need to remain unchanged by the measurement. The reason is that the measure-
ment should determine piop34 while not otherwise disturbing the quantum state of the
qubits. Any net transfer of electrons between the islands or between the QDs relative to
their state before the measurement would result in applying the corresponding operators
involved in the electron transfer v;7y; to the qubit states. Without a tuning procedure
that ensures the occupation of the final configuration or an additional measurement to
determine the configuration, the application of unknown pairs of Majorana operators
would lead to dephasing. A possible tuning procedure from the resonant measurement
configuration would work in a circular way: first detune the QD 1 to favor an occupation
ny = 1, then tune island 1 to favor the empty state, followed by tuning QD 2 and island

2 to the empty state as well. Tuning all the couplings to zero then ensures a well defined
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Figure 3.3: Eigenenergies of the Hamiltonian (3.13) for different parities p and as a
function of QD-QD detuning Ayq for various values of QD-island detuning Ag;. Here
we set [t1| = |ta| = 1.5¢, |t3| = |t4| = t. Panel (a) is given by the analytical expressions
of Eq. (3.16). Legends are the same as in Fig. B.1.
charge configuration. The initialization procedure would be done in opposite order.
Exact diagonalization of (3.13) for arbitrary parameters involves cumbersome ex-
pressions. To gain intuition about the behavior of the energy levels we keep g1 = ¢;o
while introducing the QD detuning Aqq = €41 — €42 and the average detuning Ag =

(€41 + €42)/2 — €11 between the QDs and islands. For now, we will also set Ag; = 0. The

energy eigenvalues € are then given by the equation
s o1 2 1 2 | 7(4)( 4\4
g —€ ZAdd + tE - §8Addt§ + tp ((b) =0 (314)
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in terms of t4 = Zizl ta|?, 12 = |t1]? + |t3]> — |t2]* — |t4]* and the interference term
19(9)* = [tta]? + [tats]? + 2pltitatsts| cos b . (3.15)

The qualitative behavior is already captured by the case ts = 0 which can be solved

analytically yielding

1 | A2 A2 2
e (g) = iﬁ % +12 £ \/(% + tg) — 41 (). (3.16)

The case of ts # 0 is considered in Appendix B.3.

Going beyond Ay = 0, Fig. 3.3 shows plots of the energy eigenvalues of (3.13) as
functions of Agq for ¢ = 0, ts = 0 and various values of island-QD detuning Ag;. For
large negative Ag;/t we recover the perturbative regime obtained in [106] where the
parity dependent energy shift is of order t?/Ag;. Figure 3.3 demonstrates that the energy
differences between the ground states of different parity is maximal when the MZM-
QD couplings are symmetric |t,| = t and the system is on resonance Agq = Ag = 0.
By appropriately tuning the 4-MZM measurement system close to these parameters it
becomes possible to reach a similarly strong parity dependence as in the case of 2-MZM
measurements. Specifically, in the case of ¢ = 0, |t,| =, and Agqq = Ag = 0 one finds
5(+4’)gs — E(:L,)gs = (v/2 — 2)t which is of similar order as for the 2-MZM case. For a more
explicit comparison of the capacitive response see App. B.2.

For the purpose of the following sections we note that the low energy part of the
4-MZM system spectrum in Fig. 3.3 (energies 1 and e3) qualitatively resembles the one
of the 2-MZM system, see Fig. 3.2(a). Since all measurement visibility properties we
consider in the next section are derived from the low energy part of the spectrum, we

conclude that 4-MZM and 2-MZM cases are qualitatively similar in this regard and thus
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concentrate on the simpler 2-MZM case !.

3.4 Noise and its effects on measurement visibility

We now describe the noise that will broaden the distribution of the observables.
Here, we pay particular attention to intrinsic noise sources and their dependence on the
system parameters. External noise sources, like amplifier noise, do not depend on the
system parameters and are uncorrelated with the system noise — therefore they can be
added straight-forwardly. The leading internal noise source in the measurement setup
of Fig. 3.1 would likely be the charge noise which affects the on-site energy and thus
detuning of the QDs. In our study we assume the 1/f power spectrum of the charge noise
which has been reported in other QD-based devices, most notably semiconductor charge
qubits [117, 118, 119]. We discuss noise in the strength of the tunnel couplings and flux
noise which affects the phase ¢ in Appendices B.7 and B.8. Using noise estimates from
related experimental setups we conclude that these noise sources likely play a subleading
role on the visibility of the measurement compared to the charge noise considered in the
main text.

We first formulate the general framework of how we treat noise. Consider an ob-
servable g(x(t)) that depends on the parameter x(t) = x + dx(t), where x is the fixed
setting of the parameter x and dx(t) is the time-dependent noise. We describe the noise

perturbatively by considering the second order expansion in the parameter of noise:

§(0) = o) + Ga(2)3e(0) + 5in )0 (1) (317

!Technically, the 4-MZM measurement is performed by measuring charge/capacitance of one of the
dots and in order to compare it to the 2-MZM case, one needs to plot the spectra of Fig. 3.3 as functions
of variables €41, £q2 rather than Agq, Agi. However, the two variable sets are related to each other by
simple linear transformation and thus the spectra as a function of, for example, £4; looks rotated with
respect to the ones in Fig. 3.3 such that the ground state part still qualitatively resembles the one in
Fig. 3.2(a)
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where 7 is the unperturbed observable and 7, 7 are first and second derivatives of g
with respect to x. Since measurements are recorded over a finite measurement time 7,
we are ultimately interested in the time averaged quantities ¥ = % o dty(x(t)). We
use the expectation value Y = (V) and variance 02 = (Y2) — (Y)? to determine the
measurable signal and internal noise.

The above expectation value (...) is taken with respect to the environment for the
noisy parameter. There are two opposing limits how to incorporate a finite temperature
in the expectation values of the system operators. (1) The operator Y is temperature
independent and the expectation value is taken with respect to the full density matrix of
the system which includes both finite-temperature and noise effects; (2) the operator Y is
already the temperature-averaged observable (i.e. the expectation value with respect to
the unperturbed finite-temperature density matrix has been already taken) in which case
taking the expectation value (...) amounts to only performing noise-averaging. Method
(1) would give a finite variance even in the absence of noise due to temperature fluctu-
ations while (2) only includes fluctuations due to noise. These differences only become
important for temperatures that allow excitations above the ground state. In the case
when there is a significant occupation of the excited state, the timescales involved in the
temperature fluctuations determine which of the two methods are more appropriate in
capturing the variance of the measurement outcomes. If during the measurement time
the system transitions frequently between the ground and excited state, the measure-
ment will probe temperature averaged quantities (2), while for transitions slower than
the measurement time the distribution of measurement outcomes would be broadened
by temperature (1). To focus on the effect of the noise we take the limit (2) of long
measurement times.

We assume that the expectation values of the fluctuations are fully described by the

spectral function S, (w) of the noise via (6x(0)dz(t)) = [ dwe™'S,(w). For the 1/f noise
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which we assume below S, (w) = a,/|w| we find up to second order in the noise

Yy = Yo + y2ax(1 i B log(wmin70/2)) (318)
2
o = Yage+ %ai (54 (3.19)

where v &~ 0.577 is Euler’s constant and ¢ = 3 — 2y — 210g(wminTm ), see Appendix B.4 for
details. Note that the nature of 1/f noise requires to introduce low and high frequency
cutoffs of the noise in addition to the finite measurement time. The cutoffs can be
physically motivated. The high frequency cutoff arises due to finite correlation time of
the noise. For short times ¢ < 7. one expects (dz(0)dz(t)) to approach a constant. The
specific value of this time scale is not important due to the weak logarithmic dependence.
We associate 7, ! with the highest frequency that the measurement apparatus can possibly
resolve. Noise at higher frequencies simply averages out and cannot be detected during
measurement. The measurements are performed by coupling resonators to the quantum
dot and observing shifts in the resonance frequency. This frequency thus provides a
natural cutoff for the time scale the detector can resolve. Typical resonator frequencies
are ~ 1 GHz and thus we set 7' = 1 GHz. The low frequency cutoff wy, is given by
the inverse timescale at which the system is recalibrated since very slow components of
the noise act as drift which can be removed by calibration.

While the dependence on wy,, is weak it should be noted that Egs. (3.18),(3.19) em-
phasize that similar to conventional qubits, the measurement apparatus of topological
qubits needs to be regularly recalibrated. For numerical estimates we use w_i, = 107,
with 7, = 1 us. For longer recalibration times the noise will grow slowly as \/m :
This effect becomes relevant when considering very long time-intervals between calibra-
tion that might be desirable for quantum computation. For example, for w_i ~ lday

with 7,,, = 1 ps the noise would be increased by a factor ~ 3 relative to our estimates.
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Y(p=+1) 120y (p=+1)

Y(p=—1) 120y (p = —1)

Figure 3.4: Diagram explaining definition of the signal and noise given by Egs.
(3.20),(3.21). Y is a measured quantity which depends on p, black lines indicate
respective values of Y. The red line is a level broadening due to the noise with a
standard deviation oy.

During the qubit readout the goal is to be able to differentiate between parity p = +1
and p = —1 states by measuring the observables discussed in the previous section. This
is schematically illustrated in Fig. 3.4. Thus, for the particular case of measurement

visibility analysis, we define the signal S and the noise N in variable Y as

Sy=[Y(p=+1)-Y(p=-1) (3.20)

Ny :Uy(p:‘f‘l)—f—()'y(p: —1) (321)

3.5 Detuning noise

The dominant source of noise in the island-QD detuning A is the gate voltage noise

on the QD n, which is typically dominated by 1/f charge noise
Sa(w) = e%f‘—C’. (3.22)
w

Here we explicitly wrote the coupling strength of the noise to the system which is con-
trolled by the charging energy ¢ and the strength of the noise described by the dimen-
sionless parameter a¢ that depends on the environment that is causing the charge noise.
The latter depends on the experimental setup and materials.

We estimate ac by considering the strength of dephasing of charge qubits in InAs/Al
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hybrid systems that are investigated for their potential use as building blocks for Majo-
rana qubits. Reference [90] reports coherence time of the InAs/Al based superconducting
charge qubit with e¢/h ~ 10 GHz to be T ~ 1 ns. A simple estimate for the dephasing
caused by charge noise is given by T5 ~ h/(ecy/ac) [112]. We use this relation to es-
timate the experimentally relevant \/ac ~ 0.01. Typical values for the charging energy
of InAs QDs are ec ~ 100peV [111, 110] which leads to ecy/ac ~ 1ueV. Note that this
gives a conservative estimate for the strength of charge noise for the topological qubit
as it assumes no optimization of noise as compared to current experimental capabili-
ties. Similar estimates for charge qubits in much more mature GaAs-based systems yield
Vva ~ 1071 [118, 112]. The perturbative treatment of the noise in Eq. (3.17) close to
A = 0 is justified for the charge noise as long as \/acec < |tp|. The above estimate of
Vac < 1 therefore justifies the perturbative treatment as long as the effective tunnel
couplings ¢, are not too small compared to ec. For our numerical estimates we take
[t1] =t, |ta| = 1.5¢, t = e¢/b which guarantees validity of the perturbative treatment for
the entire parameter range of A and ¢. The coupling asymmetry |¢o|/[t;| = 1.5 does not
correspond to the case of maximum visibility (which is reached for |t5]/[t;| = 1). How-
ever, a certain degree of the coupling asymmetry is expected in the QD-based readout
experiments as the coupling fine-tuning might pose a challenge.

Using expressions of Eq. (3.7) (Eq. (3.8)) for the average QD charge (differential
capacitance of the QD) in the 2-MZM measurement case we plot the zero-temperature
dependence of the signal S,,(S¢) and noise N, (N¢) given by Egs. (3.20) and (3.21) in
terms of the phase and detuning in Figs. 3.5 and 3.6. Temperature dependence of
detuning noise is analyzed in Appendix B.5.

The dependence on the detuning A shows that the charge signal S,, takes its maximal
value for A = AP with A" ~ ¢t. This follows from the suppression of the signal at

A =0 (A — 00) due to the QD charge reaching (nqgp) = 1/2 ({(nqp) = 1) independent
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Figure 3.5: Signal (3.20) and noise (3.21) for the 2-MZM measurements of the average

QD charge (nqp) (a)-(b) and differential QD capacitance Cqig/Cx,p (c)-(d) as a func-

tion of detuning A for different values of ¢. Here we assume that the system is in its

ground state (7" = 0) and set |t;| =t, |t2| = 1.5¢, t =ec/5 = 0.02 meV,Cy/Csp = 2,

and the noise is detuning noise of strength /ac = 0.01.
of parity. Neglecting noise one can find analytically A™> = 2|#2¢, |13/ /1 + [t_/t,|?/3.
We checked numerically that for our choice of parameters the noise-induced term in S,
is perturbative, i.e. much smaller then the noise-free term, and thus produces small
corrections to this analytical result.

In the regime of perturbative noise and 7" = 0 the differential capacitance signal S¢
is always maximal at A = 0 while vanishing at A = AZ" = Am¥_ The latter marks
the point where the differential capacitance corresponding to the smaller of |t_| and |¢4],
which is generally dominating around small detuning due to a larger curvature, is equal

to the differential capacitance of the larger coupling which dominates in the regime of

large detuning.
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Note that at finite temperature and in the presence of noise A = 0 might not always
be the point of maximal signal and AZ™ might differ from A?**. Consider for example
the regime of extreme fine tuning where |t_| < T, o while |, | > T, 0. In that limit the
contribution to the differential capacitance of the p = —1 parity would vanish as Cgig,— o
[t_|/(Toa). A derivation of this expression is given in Appendix B.6. Approaching this
regime would mean that AZ™ would shift to values smaller than A™** and eventually
reach AR™ = (0. Further reducing |¢_| would make S¢ be dominated by the p = +1
branch independent of A thus restoring A = 0 as the point of maximal signal. Naturally,
the limit of very small |t _| breaks the perturbative treatment of noise used in this chapter.
Nevertheless, as long as the noise o is weak compared to |t | results for the limit [t_| — 0
can be obtained using our formalism by replacing S¢ — Cair+ and S, = (ngp +) — (No),
where (n,) is charge expectation value for vanishing coupling broadened by noise 2.

The noise N, is maximal at A = 0 and falls off quickly for large detuning. From the
perspective of pure charge noise the SNR would thus be largest for large detuning where
the signal is also becoming suppressed. The presence of other noise sources will limit this
behavior. For example the effect of external amplifier noise is typically minimized for the
strongest signal. At the maximal signal, i.e. A = A" we find a charge-noise-limited
SNR of = 12 for ¢ = /2. Thus, as long as the integration times are not sufficiently long
to extend the amplifier-limited SNR beyond 12 the point of maximal experimental SNR
will be close to A = AMax,

The noise N¢ shows a local minima at A = 0 due to the absence of the first-order
contribution of charge noise. This emphasizes that for capacitive measurements A = 0
is likely the optimal operation point. The only exception is the above-mentioned regime

where the smaller of the effective couplings, say |t_|, is accidentally of the order of

2For Gaussian noise of width oa the charge of the ground (—) and excited (+) state is broadened via
ne+ = (1 F erf(A/v20a))/2. The expectation value (n,) is then given by appropriately temperature
averaging the ground and excited state contribution.
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Figure 3.6: Signal (3.20) and noise (3.21) for the 2-MZM measurement of the aver-
age QD charge (nqp) (a)-(b) and differential QD capacitance Cgig/Cx.p (c)-(d) as a
function of phase ¢ for different values of A/t. We used the same parameters as in
Fig. 3.5.

Toa/|ty|. For the parameters we used, we find a charge-noise-limited SNR of ~ 20 for
¢ =m/2.

Figure 3.6 shows the ¢-dependence of the signal and noise. The main effect of changing
¢ is to increase the difference between |t | and |t_| as ¢ approaches 7/2. This generally
increases the signal for all observables as long as the noise remains perturbative. Away
from A = 0 changing ¢ has only a relatively weak effect on the noise which means
that for charge measurements ¢ — 7/2 is always preferable. In the case of capacitance
measurements that are operated at A = 0 approaching ¢ = 7/2 not only increases the
signal but also the noise. The optimal SNR can thus be obtained away from ¢ = 7/2.

Similar to the discussion of the effect of noise for the charge measurements at large
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detuning, external constraints will determine whether the increase in the signal or the

reduction of the noise are more important for obtaining the best experimental SNR.

3.6 Conclusion

In the present work we identified detuning charge noise as the dominant source of
intrinsic noise that affects the measurement visibility of Majorana qubits probed by QDs.
We studied the Hamiltonian for 2-MZM and 4-MZM measurements non-perturbatively
in the tunnel coupling and emphasized the similarity of their description in the regime
of small detunings which in general optimizes SNR in the presence of external noise.
4-MZM measurements require more tuning and more manipulations to bring the system
into the optimal measurement regime, but can produce signal of the same order as 2-
MZM measurements. We thus analyzed the 2-MZM measurement for SNR in detail and
claim the 4-MZM one will behave similarly.

Generally we obtain large SNRs = 10 for conservative assumptions on the charge
noise of the system that is tuned to the optimal measurement regime. Since we did not
explicitly treat external noise sources like amplifiers our SNRs should be understood as
the limiting SNRs that can be obtained after long measurement times. The large obtained
SNRs indicate that charge noise will likely not be limiting the fidelity of measurements
of topological qubits.

We make concrete predictions for the visibility of the topological qubit measurement,
but our results are relevant for and can be tested in simpler setups. For example, test
devices replacing the qubit island with another QD show similar interference effects. Our
SNRs can then be understood as describing the difference between measurements where

the enclosed phases of the tunnel couplings are ¢ and ¢ + .
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Chapter 4

Effects of coupling between quantum
dot and quasiparticle continuum
modes in topological
superconductor-quantum
dot-topological superconductor

junctions

4.1 Permissions and Attributions

1. The content of Chapter 4 and Appendix C is the result of a collaboration with

Torsten Karzig, Roman M. Lutchyn and Dmitry I. Pikulin.
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4.2 Introduction

An unambiguous detection of Majorana zero-energy modes (MZMs) [76] and demon-
stration of their non-Abelian statistics are among central problems in the field of topo-
logical quantum computing [10, 11, 28]. The potential for long coherence times makes
Majorana-based qubits a promising alternative to other conventional qubit implementa-
tions. While various MZM implementation and detection schemes have been proposed
theoretically, experimental realizations proved to be challenging. A variety of experimen-
tal signatures reported throughout the past decade [78, 79, 80, 81, 82, 83, 120, 86, 87,
88, 89, 90, 121], while plentiful and promising, turned out to be inconclusive regarding
the presence of MZMs in the system [91, 92, 93, 94, 95, 96, 97, 98, 99, 25]. Recent exper-
iments [122] present a stronger set of data suggesting topological superconductivity in
InAs/Al heterostructures. The ultimate test for MZMs, however, remains the measure-
ment of their non-Abelian statistics, which can be done by fusing MZMs and reading out
their parity. Such a measurement would not only reveal the presence of MZMs in the
system but also pave the way to coherent quantum information processing in topological
Majorana qubits [100, 101].

Among the various ideas for MZM parity readout [102, 103, 104, 106, 105, 107, 108,
123, 124, 125, 126], a key set of proposal relies on coupling one-dimensional topological
superconductors to a quantum dot (QD) thus forming a topological superconductor-
QD-topological superconductor (T-QD-T) junction. Such junctions provide controlled
coupling of the QD to the MZMs formed at the ends of the topological superconductors.
The parity of a pair of MZMs coupled to a QD can then be read out by measuring
properties of the QD such as its charge [102, 106, 105, 107, 115, 116, 108, 127, 128, 124,
129, 125, 126].

Additional interest in T-QD-T junctions comes from the unconventional physics of
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the 0 — 7 transition of the supercurrent: while the 0 — 7 transition is generally present in
regular superconductor-QD-superconductor (S-QD-S) junctions in the Coulomb block-
ade regime [130, 131, 132, 133, 134, 135, 136, 137], it does not appear in T-QD-T junc-
tions [138, 139, 140, 141]. The absence of the 0 — 7 transition has been recently observed
experimentally in full-shell InAs/Al nanowires [142]".

Previous studies on T-QD-T junctions [106, 105, 102, 107, 115, 116, 108, 127, 128,
124, 129, 125] typically have been focusing on MZM-QD-MZM degrees of freedom in the
system, while neglecting the effect of quasiparticle continuum modes present in the su-
perconductors. These continuum modes generate additional Andreev reflection processes
between the superconductors and the dot, and thus produce conventional contributions to
the supercurrent flowing through the junction, which can be important in the study of T-
QD-T junctions as they can mask the signatures of MZMs. The impact of the continuum
modes can be especially important in the case of multi-mode topological superconduc-
tors. In this chapter, we investigate T-QD-T junctions, paying particular attention to the
continuum modes in the superconductors, and their effect on the well studied MZM-QD-
MZM part of the system. Working in the regime of weak continuum-QD coupling, we
employ perturbation theory to calculate the energy shift associated with the tunneling
between the QD and the quasiparticle continuum modes. Using these results, we analyze
effects of the continuum-QD coupling on the QD-based measurements of the Majorana
qubits and the phenomenology of the 0 — 7 transition in the T-QD-T junctions.

The rest of the chapter is organized as follows. Section 4.3 describes the model of the
T-QD-T junction that we utilize throughout the chapter. In Section 4.4 we review results
for the MZM-QD-MZM system in the absence of the continuum-QD coupling. The effects

of the continuum-QD coupling on the system are considered in Sections 4.5 and 4.6. First,

'Tt has been pointed out, however, that the absence of the 0 — 7 transition is not limited solely to the
topological junctions as the trivial Andreev zero-energy states coupled to the QD can produce similar
effect [143].
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using second order perturbation theory in the continuum-QD couplings we estimate their
impact on the QD-based measurement of the Majorana qubit in Section 4.5. Second, we
further employ fourth order perturbation theory in Section 4.6 and analyze the effects
of the continuum-QD coupling on the equilibrium supercurrent through the junction.
In particular, we investigate how the presence of a coupling between the QD and the
continuum modes alters the absence of the 0 — 7 transition in the T-QD-T junctions.
Section 4.7 presents concluding remarks. Details of the calculations are given in the

Appendix.

4.3 Setup and Model

A typical layout for a T-QD-T junction is illustrated in Fig. 4.1. The MZMs v, vr
are formed at the ends of the topological superconductors (grey) and are coupled to the
QD (black) via couplings t/g. It is assumed implicitly that there are MZMs formed at
the other ends of the topological superconductors but for simplicity we neglect them. In
addition to the MZM-QD couplings, the dot also couples to the modes in the quasiparticle
continuum of the topological superconductors (orange) via couplings sz gr. The two
topological superconductors are joined together by a superconducting backbone (blue)
to form a single island. It is not important for the backbone to be topological and in
practice it is sometimes convenient for it to be trivial [106]. Magnetic flux ® penetrating
the ring formed by the superconductors can be used to control the phases of the MZM-QD
and continuum-QD couplings.

We describe the system with the following effective low-energy Hamiltonian:

H = Hg “‘[:[QD + Hryvzm + Hyw + Hrxw. (4.1)
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Figure 4.1: A schematic depiction of the T-QD-T junction. The MZMs ~r,vg (red)

are formed at the ends of topological superconductors (grey) and are coupled to a

QD (black) via couplings t;,r. Quasiparticle continuum modes (orange waves) are

coupled to the QD via couplings s, r. The two topological superconductors are joined

together by a superconductor (blue) and form one island. Magnetic flux ® is used to

control the phases of the MZM-QD and continuum-QD couplings. The MZMs forming

at the further ends of the topological superconductors are not depicted here.
Here He is the Hamiltonian of the superconducting island including charging energy, fIQD
is the Hamiltonian of the QD, and Hronizy is the term describing the MZM-QD coupling
present in the topological regime. As a model for the topological superconductor we take
a semiconducting nanowire (NW) with strong Rashba spin-orbit coupling, proximitized
by an s-wave superconductor and subject to a parallel magnetic field [19, 20]. Hyw in
Eq. (4.1) denotes the proximitized NW Hamiltonian and Hr.xw is the term describing
coupling between the QD and the continuum modes in the nanowire.

To simplify the calculations we assume a small-size QD such that the Zeeman energy h
on the dot is much smaller than the dot’s orbital level spacing. Given this assumption we
take into account only the dot’s lowest in energy orbital level split by the Zeeman energy
into two spin-resolved levels; we denote occupation of the spin-down (spin-up) level as

iy (fy) 2. Given that, the first two terms in Eq. (4.1), He + F[QD, can be separated into

the Zeeman and the charging terms:

Heiqp = hity + oy + iy — ng)?, (4.2)

2As long as there are only two spin-resolved QD levels under consideration, the formalism developed
in this chapter can be applied in the opposite scenario when Zeeman energy is much larger than the
orbital level spacing.
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where ec and n, are the effective charging energy and the effective dimensionless gate
voltage of the QD-island system. The charging term can be written as a single term
for both parts of the system due to the charge conservation. Throughout this work we
assume that the charging energy ¢ is sufficiently large such that only one excess electron
can be present on the dot at a time, i.e. ec + h > Ajq.

For simplicity, here we consider the case of a single-band nanowire and take the two
nanowires on the left and on the right side of the QD to be identical. Then, the effective

Hamiltonian of the NWs in the momentum space is given by

- 1
Hyw = 5 > ) chHCu, (4.3)

I=L.R k

where Ciy = (cpn crp CJLW CT,W)T is a column of electronic operators and the wire

Hamiltonian takes a familiar form:
]{32

Hy, = (% - ,u> 7, + Vz7.0, + arko, + Airld%zﬁz,f' (4’4)

Here | = L, R corresponds to the left or right NW, k is the momentum, cg,; is the
annihilation operator of an electron on the [th NW with momentum k& and spin o, while
m*, p, ar, Vz, Apnq are the effective electron mass, chemical potential, Rashba spin-orbit
coupling, Zeeman energy, and induced pairing potential in the nanowires, respectively.
7;(6;) are Pauli matrices in the Nambu(spin) space. The Bloch Hamiltonian (4.4) is real
and has the particle-hole symmetry P = 7, K, where K is complex conjugation operation,
and the time-reversal symmetry T, = 7,6,/K, T = +1, placing it in the BDI symmetry
class [144]. Presence of the BDI symmetry simplifies certain calculations that we describe
below but is not required for the validity of our results. In the limit V; — 0, ag — 0,

the Hamiltonian (4.4) reduces to the conventional s-wave superconductor one.
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The nanowire Hamiltonian of Eqs. (4.3)-(4.4) can be straightforwardly diagonalized

via the Bogoliubov transformations

Ukt Uk2t  Uklt V21

U1, U2y Vg1 Vg2
Cu = Ap (4.5)

Vg1t Vg2t U—f11+ U—f21

U_k1, VU—g2) U—fk1] U—f2]

yielding
1

Hyw = 5 > ) AL E A (4.6)
I=L,R k

Here Ay = (agpu axy aT_ku aT_M)T is a column of Bogoliubov quasiparticle operators,
Ey = diag{e1(k),e2(k), —e1(—k), —e2(—k)} are eigenenergies of the Hamiltonian (4.4)
and the coefficients uijq, Ugjo, 7 = 1,2, 0 =1,], are components of the eigenvectors of
the Hamiltonian (4.4). Note that since the Hamiltonian (4.4) is real and symmetric
in Nambu ® spin space, the coefficients ujy,vjs can be chosen real. The particle-
hole symmetry fixes the form of the Bogoliubov transformation matrix as presented in

Eq. (4.5) and two out of four eigenenergies in Ej, while the time-reversal symmetry leads

to the following relations between the u;, and vy, amplitudes:
Ukjp = FU_kjy; Vkjt = FUkjL- (4.7)

The sign here can be chosen arbitrarily as it does not affect measurable quantities. An-
alytic expressions for the energies 1, are presented in Appendix C.1, while analytic
expressions for the coefficients wuyj,, vrj, are cumbersome and not illuminating and we

choose not to present them in the manuscript.

68



Effects of coupling between quantum dot and quasiparticle continuum modes in topological
superconductor-quantum dot-topological superconductor junctions Chapter 4

We write the MZM-QD tunneling Hamiltonian as

p=l11=L,R

where pr is the fermionic creation operator on the pth dot level, 7; is the MZM operator
at the end of the [th topological superconductor, operator e~%/2 describes charge transfer
from the island onto the dot, and ?,; is the MZM-QD coupling. Similarly, the tunneling

Hamiltonian between the nanowire continuum and the QD can be written as

]A{T—NW — e—ié/Q Z Z Z Spalfgckol + h.C., (49)

po=LtI=L,R k

where s,, is the spin-dependent continuum-QD coupling. Using Eq. (4.5), one can

rewrite Hamiltonian (4.9) in terms of the Bogoliubov quasiparticle operators as

]:IT—NW = 6_i¢/2 Z Z Z Z Spalf; X (ukjaakjl + v_kjaa};jl) + h.c. (410)

po=LtI=L,Rj=12 &k

In the simplest form the MZM-QD and the continuum-QD couplings can be written as

to = ltule™/% p=|,1; 1= L,R, (4.11)

Spol = ’8p0l|6_z¢l/2; P :\1/7Ta o :T7J/a [ = L7 R. (412)

Here we assumed for simplicity that the phases ¢; are the same for the two dot levels p =1
,4 and the same for both the MZM-QD and the continuum-QD couplings. Furthermore,
we take the couplings s,,; to be independent of energy, which is a good approximation
for narrow but high tunnel barriers. Note that the phase difference ¢ = ¢, — ¢r can be
tuned using magnetic flux ®, see Fig. 4.1.

The relative strength of the couplings (4.11),(4.12) can be estimated by rewriting
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them through the tunneling matrix elements, see Appendix C.2 for details. The result of

|tpl‘ L
oy —, 4.13
sl =\ € (4.13)

where L is the length of the nanowire and ¢ is the coherence length in the nanowire. In

such estimate is

the subsequent sections, we will use Eq. (4.13) when comparing the continuum and the

MZM contributions.

4.4 MZM-only diagonalization

As a first step, we consider the system without the continuum-QD couplings, s,,; = 0,

where the Hamiltonian simplifies to
H = Heyqp + Hrvzu. (4.14)

To write the low-energy part of the Hamiltonian (4.14) in a convenient basis of occupa-
tions of the QD levels, ny and n;, we need to introduce a combined MZM-QD parity,
p = prr(—1)"*T™ = £1, where pyr = iy,yg is the Majorana parity. Focussing on a
single charge transition of the QD, the relevant basis states then take the form |n4, n, p),
with |14,0,, p) = e*ia’/QfTTyﬂOT, 0y,p) and 04,1, p) = e’i$/2ff'yl|0¢, 0;,p). We notice that
the Hamiltonian (4.14) has a block-diagonal form with each block being a 3 x 3 matrix

corresponding to a fixed parity p. Up to an additive constant, each block is

A2 1, byt
=7, n-ap2 o |, (4.15)
byt 0 —A/2
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where A = 5Cn§ — ec(1 — ng)? is the energy detuning between the island and the lowest
dot level, and ¢, , = t,, — ipt,r is the effective coupling between the MZMs and the dot

level p. Due to the phase factors in the MZM-QD couplings, the absolute value of the

effective coupling is equal to [£,,(¢)| = /|tpr]? + [tprl* + 20t prt,r] sin(¢/2). General
diagonalization of the Hamiltonian (4.15) leads to cumbersome expressions so here we
only present analytical results for its eigenenergies in the limit of large Zeeman splitting
h relative to the MZM-QD couplings ¢, , and the island-QD detuning A, i.e. h > t,,, A.

The expressions for the eigenenergies in this limit are:

n 2 2 n 2
o _ 1 /5 5 P VAT H A2 - A
e = 2 A2 4 4lE 42 — ! +.o, 4.16

D) 2 T 2
o _ 1 /5 o P VAT HA P+ A
e = =1/ A2+ A4t — — + ..., 4.17
P+ 2 |p7T’ 2h /—22 4|tp7T|2 ( )

Al
5p7h:h—§+%, (4.18)

where we denoted the three eigenstates of the Hamiltonian (4.15) as |—), |+) and |h).
In general, these eigenstates are certain linear combinations of the three basis states
104,04, ), |14,0,,p) and |04, 1, p). However, in the limit of large the Zeeman splitting on
the dot, h >t,, A, we can neglect hybridization of the higher-in-energy QD level with
the MZMs and consider only hybridization between the MZMs and the lower-in-energy

dot level. In this limit, the eigenstates of the Hamiltonian (4.15) are given by

=) = Bpol0r, 04, p) + Bpalls, Oy, p), (4.19)
[+)p = @0l01, 04, p) + |14, 04, p), (4.20)
|h>p = |0Ta 1¢7p>7 (421)
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and the corresponding energies read

1 -
S = T\ A2+ dlE(0), (4.22)
o _, A
h =h =3, (4.23)

where for notational convenience we denoted ¢,4+ as t,. Analytic expressions for the

coefficients vy, Bpn, n = 0,1, are presented in Appendix C.3.

4.5 Second order perturbative correction in the

continuum-QD couplings

4.5.1 Derivation of the second order correction

Having taken into account the effect of the MZM-QD coupling non-perturbatively in
Section 4.4, in the following sections we investigate how the continuum-QD coupling of
Eq. (4.9) shifts the ground state energy (4.22) of the MZM-QD system. To this end, we
consider weak continuum-QD coupling and employ perturbation theory to calculate the
energy shift. The perturbative expansion is controlled by the parameters I',;/A,, where
Ty = (xwl) D, 1 |8p01]? is the broadening of the QD level p due to the tunneling into
the continuum of the nanowire [, vnw is the normal density of states in the nanowire, and
A, is the gap to the quasiparticle excitations in the nanowires. Throughout the study we
consider the regime of small I';/A,. Furthermore, we assume that the charging energy
of the QD is sufficiently large such that only one excess electron can be present on the
dot at a time, i.e. ec + h > Ajq.

When considering the second order correction, we neglect the tunneling into the

higher-in-energy dot level p =] which is justified if the Zeeman splitting on the dot is
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much larger than the respective level broadening, A > I';;. Furthermore, for simplicity
we assume that the continuum-QD couplings on the left and on the right are the same,
|stor] = |Stor| = |S10|, and introduce direct (spin-conserving) |sgi| = |s4| and spin-flip
|ss¢| = |s4,| couplings to the spin-up dot level p =1. In general, the spin-flip tunneling can
be appreciable due to the presence of the spin-orbit coupling in the system. However,
here for simplicity we consider the case when s = 0. Given that, the second order
perturbative correction to the ground state energy in the limit A, > A, |t], |tg]| is given

by

|2 A
(@ _ sl ey (4.24)

T Awa VAT AR QR

(2)

p— 0 the case of the nonzero

The details of the derivation as well as the expression for
spin-flip tunneling are presented in Appendix C.4. When deriving expression (4.24), we
have dropped the terms independent of the detuning A and the phase difference ¢, since
ultimately we are interested in calculating measurable quantities proportional to either
061(3), J/OA (the average charge on the dot), (’9251(3), JOA? (the differential capacitance of
the dot) or 8553)_ /0¢ (the supercurrent through the dot). The limit A, > A, |tL], |tz
is imposed in Eq. (4.24) to separate the detuning and the phase dependence from other

parameters of the model included in the coefficient K fz). K f2) is given by

L oo u2' —’02 )

K® _ = dk kit T—kit 4.95

! 21 ) o Z €k Dina (4.25)
7j=12 g

where L is the length of the nanowires. Physically, |sq;|* K 52) /Aina in Eq. (4.24) repre-
sents the second-order amplitude of the single-electron tunneling between the dot and
the superconductor, while factor A/(21/A? + 4]t,(¢)|?) represents how the electron wave-

function in the ground state is distributed between the dot and the island, see Eq. (4.19)
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Figure 4.2: Kfz) plotted as a function of the Zeeman energy Vz in the nanowire for
various values of the chemical potential ;1 and the Rashba spin-orbit coupling ag. The
effective electron mass, the length of the nanowire, and the induced gap are taken to
be m* = 0.015m,, L = 5um, and Aj,q = 0.2meV, respectively.

and Eq. (C.10). Combining Eqs. (4.22) and (4.24) yields the following expression for the

ground state energy calculated up to the second order in the continuum-QD coupling;:

Ep = L avy AL, ())]? — "Sdir’zf({?) 5 (4.26)
’ 2 Ama /A2 4[4, (9)?

The momentum integration in Eq. (4.25) cannot be in general performed analytically
due to the complexity of the coefficients uyj,, vgjo. However, in the s-wave limit, i.e.

when V; — 0, ag — 0, the expression for K £2) can be dramatically simplified yielding

K(2)

L [2m* [ JANS
1,5-wave — o _ ﬂg / dk < a 2" (427)
2N ph? o yne O/ + 11+ R

For general values of V and ag we calculate the integral in Eq. (4.25) numerically and plot
K 52) in Fig. 4.2 as a function of V;, for various values of ag and u. Figure 4.2 demonstrates
that the value of K?) has a sharp discontinuity and a peak at the topological phase
transition for larger values of u, while for y = 0 the discontinuity in K £2) smoothens out.
Note that the values of K §2) close to the critical point correspond to a closing of the gap

A, at the phase transition where the perturbation theory becomes invalid. As for the
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effect of the spin-orbit coupling, larger ar leads to a larger induced gap in the nanowire

)

and hence to a smaller value of K {2 as can be seen when comparing Figs. 4.2(a) and

4.2(b).

Realistic nanowires have multiple bands located at the different chemical potentials
w. With raising Zeeman energy (due to, for example, an external magnetic field) the
band closest to the Fermi level (x = 0 in Fig. 4.2) undergoes the topological phase
transition first. The rest of the bands are likely to stay trivial in the optimal range of the
magnetic fields. In principal, all bands would contribute to the continuum-QD electron
tunneling and thus to the energy shift of Eq. (4.24). However, Fig. 4.2 illustrates that
the trivial band contribution to ¢, _ in the second order is significantly suppressed when
compared to the one of the topological band. For this reason, we neglect effect of multiple
bands in Eq. (4.26) and consider only one (topological) band when analyzing QD-based

measurements of the Majorana qubits below.

4.5.2 Effect of the continuum-QD coupling on QD-based Ma-

jorana qubit measurements

To quantify the effect of the continuum-QD couplings on the QD-based measure-
ments of the Majorana qubits, we consider two potentially measurable quantities: the

expectation value of the QD charge

1 Ogp
e , 4.28
(naQpp) = ng 2ec Ong ( )
and the differential capacitance
Odifgp . 1 828137_

(4.29)

Cg/CE,D n 260 871?; ’
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where Cy is the capacitance between the gate and the dot and Cx p = €?/2¢ is the total
QD capacitance. In the absence of noise [128, 127] visibility of the QD-based measurement
can be quantified by the difference in the corresponding measurable quantity between
the two parity states p = 4+1 and p = —1. These differences for ¢, _, (nqp ) and Cagp
are plotted in Fig. 4.3 as functions of the island-QD detuning A for various values of
¢/L, where we have utilized Eq. (4.13) to convert |sqi,|/|tr| into £/L. As discussed in
the previous paragraph, trivial bands do not contribute significantly to the second order
energy correction and, hence, to the measurable quantities. For this reason, when plotting
Fig. 4.3, we ignored the trivial bands contribution and focused solely on the topological
band. Figure 4.2 indicates that the function K 1(2) in the topological phase ranges between
5 and 15 for typical values of the nanowire parameters, so, for concreteness, we take a
typical value of Kf) = 10 when plotting Fig. 4.3. Based on Fig. 4.3, we note that
the continuum-QD couplings have a noticeable effect on the visibility of the QD-based
measurements if £/L 2 0.5. In realistic devices the criterion {/L < 1 is necessary
to ensure the stability of the topological phase and long qubit coherence times. This
likely means that for a good Majorana qubit, the continuum-QD coupling would not

considerably affect the visibility of the QD-based measurements.

4.6 Fourth order perturbative correction in the

continuum-QD couplings

4.6.1 General discussion

Since the perturbative expansion in the continuum-QD couplings gives the correct
results only in the limit of small I',;/A,, generally the fourth order contribution to the
ground state energy is smaller than the second order contribution. However, as we shall
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Figure 4.3: (a) The ground state energy difference between the two parity states
0 = €p—t1,— — Ep——1,—, (b) the average QD charge difference between the two parity
states d(nqp) = (nQDp=+1) — (NQDp=—1), and (c) the differential capacitance differ-
ence between the two parity states 0Cqaig = Cai,p=+1 — Caiff p=—1 plotted as functions
of the island-QD detuning for various values of £/L. The MZM-QD couplings are
set to |tz| = [tr| = 0.025A;,q, while the phase difference is ¢ = 77 /8. Value of the

coefficient K§2) is taken to be K?) = 10.
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show in this section, in the limit of the large charging energy on the dot (which we
assume here) there are terms arising in the fourth order whose phase dependence does
not vanish in the limit of the large detuning, A > |t.|, |tr|, when the phase dependence
of both the zeroth order term (calculated in Section 4.4) and the second order term
(calculated in Section 4.5) disappears. Describing perturbation theory in terms of virtual
processes, these fourth order terms represent processes where one electron of a Cooper
pair is transferred from one topological superconductor onto the other through the QD,
at the same time creating virtual quasiparticles in both superconductors. Then, these
quasiparticles are annihilated by a similar superconductor-QD-superconductor transfer
of another electron. Such fourth order processes include the ones when both electrons
are transferred through the same QD level (single-level contribution) and the ones when
the two electrons are transferred through different QD levels (two-level contribution).
In the s-wave limit the single-level contribution vanishes due to the presence of time-
reversal symmetry, but in general it is present and we analyze it in Section 4.6.2. On
the contrary, the two-level contribution is present in the s-wave limit and it gives rise to
the conventional 0 — 7 transition in the S-QD-S junctions, which has been extensively
studied before [130, 131, 132, 133, 134, 135]. We calculate this term for generic nanowire
parameters and present it in Section 4.6.3. The details of the fourth order calculations
are given in Appendix C.5.

Since the visibility of QD-based measurements is maximal on- or close to the reso-
nance, i.e. near A = 0, the effect of the fourth order terms on the measurement would
be significantly smaller than the effect of the second order terms analyzed in Section 4.5.
However, as mentioned in the previous paragraph, the fourth order contribution can be
important at the large detuning values, A > |t1|, |tg|, and thus is crucial for the under-
standing of the 0 — 7 transition in the T-QD-T junctions. We present analysis of the

0 — 7 transition in Section 4.6.4.
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4.6.2 Single-level tunneling contribution

In this subsection we present the fourth order term that includes virtual tunnelings
through a single QD level. In principle, it can be either an p =71 or p =] QD level.
However, for simplicity, here we ignore the tunneling through the higher in energy p =|
level and focus on the tunneling through the p =1 level. In the limit A, > A |tz], |tg|

the single-level contribution is given by

4
1 = — con(g) S0, (4.30)
ind

where, similarly to Section 4.5, we have set the spin-flip couplings to zero, s¢ = 0.

Coefficient K 54) in Eq. (4.30) is a function of the nanowire parameters:

L? [ Ug g V— et Uk 514Uk 7
k0 _ L / dkdk’ e 431
1 ) Z Ekj (5kj + Ek’j’)gk’j’/A?nd ( )

e Ji'=12

The derivation of Eqs. (4.30)-(4.31) is presented in Appendix C.5.1, along with general
expressions for the case of sy # 0. Note that the energy correction of Eq. (4.30) is
2m-periodic in phase and independent of the island-QD detuning. In the s-wave limit,
i.e. when V; — 0, ag — 0, the coefficient (4.31) vanishes due to the presence of the
reflection symmetry, R, and the time-reversal symmetry 7 = i,K, 72 = —1, in 1D
s-wave superconductors. Specifically, the combination of these symmetries leads to the
spin degeneracy of the quasiparticle energies, €1 = €12, and the following constraints on
the Bogoliubov amplitudes: uror = Fug1y, Uro) = FUkit, Vot = £V_g1y, V—k2) = FVU—_k14-

Together with expressions (4.7), these conditions lead to

Ukzr = TU_p11, V—g2r = FUk1s- (4.32)
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)

Plugging identities (4.32) into expression (4.31) for K £4 gives

K(4)

1,s-wave

=0. (4.33)
Hence, the fourth order single-level contribution is absent in the s-wave limit.

4.6.3 Two-level tunneling contribution

When analyzing the fourth order tunneling processes involving both QD levels, p =1
, 4, similarly to the treatment in the preceding sections we assume that the continuum-
QD couplings on the left and on the right are the same, |s ;1| = |S,or| = |5p0|. For
further convenience, we take the couplings to the spin-up and spin-down QD levels to
be identical, i.e. [sair| = |st4| = |s1], |ssf] = |s14| = |s14], and set the spin-flip tunneling
to zero, sg = 0. Given these assumptions and the limit A, > A |t1], |tg|, the two-level

contribution to the energy correction in the fourth order reads

ir4 K(4) K(4) A
61(;71’_2):COS(¢)|Sd | X [K§4)— 2 [ KV + 22 (439

A 2 A2+ 4ty ()

where similarly to Eqgs. (4.25) and (4.31) we have introduced coefficients

L2 o Ukt V—fj Uk /12U k! 57
K(4) - / dkdk/ gt Ji Jj" J'i , 435
P i ek (Er ey + R)ewy /ALy (4:39)
L2 & Uk it UV—ki | Uk 5142V ! 5!
Sl 2 (erj + 1) (enj + ewy)ewy [ Dig (436)

3,3'=1,2

The details of the derivation as well as general expressions for the case of sy # 0 are

presented in Appendix C.5.2. In the s-wave limit, i.e. when V; — 0, ag — 0, the
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coeflicients K2(4) and K§4) become

*[2A2 [ 1 1
KQ(TLS)-WB‘ve = H / d/iLdK/R X
4m2h —1/Aina \/HLAind/M +1 \/HRAind/,u +1
1
2 11 211 241+ h/Apa) (K% + 1) (4.37)
(k7 + (VKT + 1+ V/Kh + L+ b/ Aja) (5%, + 1)
*[2A2 [ 1 1
K?Efls)-wave = w / d/deK/R X
A2 ) A VELAma/ e+ 1/ krAma/p+ 1
X ! L (438)
(K2 + 1+ hy/K2 + 1/Ana) (VK2 + 1+ kS + 1) (k4 + 1)

Note that in general the phase dependence of 5](;}’_1) in Eq. (4.34) comes not only from
the 2m-periodic cos(¢) factor, but also through the dependence of |¢,|> on ¢ which is
4m-periodic.

In the trivial s-wave case when no MZM-QD couplings are present in the system,
lt,] = 0, Eq. (4.34) simplifies to 81(:}’_2) x sign(A)cos ¢ with a A-independent and ¢-
independent prefactor, while Eq. (4.30) yields 51(;1’_1) = 0. The supercurrent through
the junction in this case is given by I o 861(;1’_2) /O0¢ o< sign(A)sin¢g and it abruptly
changes its sign at A = 0. This illustrates the simplest case of the well-known 0 — 7
transition in the S-QD-S junctions [130, 131, 132, 133, 134, 135] since the condition A < 0
corresponds to the empty dot (even parity), while the condition A > 0 corresponds to
the dot occupied by a single electron (odd parity). Further simplification is possible in
the case of degenerate QD level, i.e. when h = 0. In this case K2(4) and K§4) are equal,

K2(,4h:0 = Ké?‘,zzo =K }(:20, and Eq. (4.34) becomes

14
ep) = AKLY Sl s g, (4.39)

h=0 Ai3nd

where A = 2 if A < 0 and A = —1 if A > 0. This expression for the fourth order

phase-dependent energy shift is identical to the one derived in Ref. [131].

81



Effects of coupling between quantum dot and quasiparticle continuum modes in topological
superconductor-quantum dot-topological superconductor junctions Chapter 4

In the topological phase the presence of the MZM-QD couplings and the associated 47-
periodic phase dependence would alter the simple picture of the 0 — 7 transition discussed
in the previous paragraph. In the next subsection we analyze the 0 — 7 transition in the

presence of the MZM-QD couplings.

4.6.4 Critical current and the 0 — 7 transition

Combining Eqgs. (4.26),(4.30),(4.34), we obtain the expression for the ground state

energy of the junction up to the fourth order in the continuum-QD coupling:

ey = /A2 L4l (D) — |Sdir|2K§2) = -
" 2 g Aina VA2 AL, (0)]2
[saul* ([ @, 2@ A
— COoS —-K;"7 + K. = , 4.40
) Al ' SEVASERTAIE (440)

where we have introduced K = —K® K§4) - K§4) /2 and K = K§4) + K§4) /2.
Note that the term with K £4) factor is a detuning-independent energy shift, while the
term with K§4) factor has an explicit detuning dependence. For general values of the
system parameters we calculate the integrals in Egs. (4.25),(4.31) and (4.35)-(4.36) nu-
merically and plot the values of the phase- and detuning-independent constants K £4) and
K" entering Eq. (4.40) in Fig. 4.4. Similarly to the dependence of the second order
coefficient K £2) on Vyz, see Fig. 4.2, the fourth order coefficients plotted against V; un-
dergo a discontinuity at the critical point for higher values of the chemical potential.
This discontinuity is present even for the p = 0 value of the chemical potential which is
not the case for the K £2) coefficient. Since at the topological transition the quasiparticle
gap closes and the perturbation theory breaks down, values of I~(£4) and I~('2(4) near the
critical point are beyond the regime of validity, particularly the apparent singularity of

K 1(4) at the critical point, see Fig. 4.4(a). Contrary to the second order case depicted in
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Figure 4.4: (a) K 54) and (b) f(§4) plotted as functions of the Zeeman energy V7 in the

nanowire for various values of the chemical potential y and Rashba spin-orbit coupling

ar. The Zeeman splitting on the dot, the effective electron mass, the length of the

nanowire, and the induced gap are taken to be h = Ajgq, m* = 0.0156m,, L = 5um,

and Ajnq = 0.2meV, respectively.
Fig. 4.2, in the fourth order, trivial bands (the ones at the higher chemical potential)
have a considerable contribution to the energy. Particularly, Fig. 4.4(b) illustrates that
the coefficient K 54) of a trivial band can be larger than the one of the y = 0 band in the
topological phase.

Equation (4.40) captures the ground state energy of the T-QD-T junction with single-
band nanowires calculated up to the fourth order. Calculating this energy for the junction
with realistic multi-band nanowires is not a simple task, even if the junction is assumed
to be made of the identical nanowires. To begin with, in the case of the multi-band
nanowires one needs to include different contributions to the ground state energy coming
from each band. Additionally, the fourth order processes in the multi-band T-QD-T
junction can include QD-mediated virtual tunneling between the different energy bands of
the opposite nanowires. These multi-band effects cannot be fully captured by Eq. (4.40),
so we propose the following simplified treatment of the multi-band T-QD-T junction:
we implicitly perform an averaging over multiple bands and consider the nanowires with

multiple identical "average” bands. In this case, one can analyze the multi-band T-QD-T

junctions by simply modifying Eq. (4.40). If the total number of the average bands is
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Npands, the ground state energy of the multi-band T-QD-T junction up to the forth order

is given by

ey = /A2 L4l (D) — |Sdir|2K§2) = -
" 2 g Aina VA2 + AL, (0)]2

. 4 ~ s A
—cos(¢) N2 [$airl* ~KW 4+ kY n ' Ll
(¢) bands Aignd 1 2 A2 + 4|tp(¢)|2 ( )

Here we did not multiply the second order term by Np..gs since only the topological
band mainly contributes to the energy shift in the second order as we have shown in

Section 4.5. The fourth order correction is proportional to N? because the fourth

ands
order processes include virtual tunneling between the QD and both nanowires.
Using expression (4.41) for the ground state energy of the junction one can straight-

forwardly calculate the equilibrium supercurrent through the junction:

I
__SAin
L™
_ Oep— _ _ pltrtr|cos(¢/2) N |saic? | (2) 2pA|tLtR_| cos(¢/2) L2 M
0¢ VAZHAGO)  Awa (A2 A4l (0)2)P2 TP AL

2pAltptgr| cos(¢/2) .
BT+ i@ 0 AT aner SM] } |

X {—f(ﬁ) sin ¢ + f(§4)

where we have introduced parameter Iy = 2eA;,q/h. The supercurrent is plotted as a
function of the island-QD detuning in Figs. 4.5-4.6. When plotting the supercurrent,
we use the values of the coefficients K fQ),f( f4) and f(é“) calculated for the average band
at u = 2A;,q and take the number of bands to be Np..as = 8. Figure 4.5 depicts the
equilibrium supercurrent in the trivial phase when the MZM-QD couplings are absent.

The abrupt sign switch of the supercurrent at A = 0 corresponds to the 0—7 transition in

the trivial S-QD-S junction mentioned in the previous subsection, see Eq. (4.39) and the
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Figure 4.5: The supercurrent I of Eq. (4.42) plotted as a function of the island-QD
detuning in the trivial regime with Vz = Aj,q/4. The continuum-QD coupling is

|sdqir] = V0.4 X 0.1A,q, while the chemical potential, the number of bands and the

phase are g = 2Ainq, Npands = 8 and ¢ = 7/2, respectively. The coefficients K §2), K {4)

and f(gl) in Eq. (4.42) are computed for h = Ajuq, ar = 0.5eV - A, m* = 0.015m,,

L = 5um, and Ajnqg = 0.2meV, and the aforementioned values of Vz and u. Here

Iy = 2eAjpg/h.
corresponding discussion. Solid lines (black and red) in Fig. 4.6 illustrate the supercurrent
in the topological regime when both the MZM-QD and the continuum-QD couplings
are present, while the blue dotted lines and the dashed lines (both black and red) in
Fig. 4.6 represent the supercurrent in the absence of the MZM-QD and the continuum-
QD couplings, respectively. Red-colored lines in the left column of Fig. 4.6 are plotted for
the state with p = 41 parity, whereas black-colored lines in the right column of Fig. 4.6
correspond to the supercurrent when the junction is in the state with p = —1. Solid
lines in Figs. 4.6(a)-(b) represent the supercurrent in the case when /L = 0.05, which
via Eq. (4.13) corresponds to a weak continuum-QD coupling when compared to the
MZM-QD coupling, |sai|/|t| = 0.3. The continuum-QD contribution to the supercurrent
(dotted blue line) in this case is small when compared to the MZM-QD contribution
(dashed lines). For this reason, the values of the total supercurrent (solid lines) are
close to the values of the MZM-QD contribution and the total supercurrent does not

cross zero meaning that the 0 — 7 transition is absent in this case. When the ratio of
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Figure 4.6: The supercurrent I of Eq. (4.42) plotted as a function of the island-QD
detuning in the topological regime with Vz = 1.5A;,q in the case of £/L = 0.05
(upper row, solid lines) and &/L = 0.2 (lower row, solid lines). The red(black) color
in the left(right) column marks the case of the p = +1(p = —1) parity. The MZM-QD
couplings are [t1,| = |tr| = Aina/10, while the chemical potential, the number of bands,
and the phase are p = 2A;n4, Nbands = 8, and ¢ = 7/2, respectively. The coefficients
KP, I~(£4) and f(gl) in BEq. (4.42) are computed for h = Ayq, ag = 0.5eV - A,
m* = 0.015m., L = bum, and Ajq = 0.2meV, and the aforementioned values of Vy
and u. As a reference, we also plot the supercurrent in the absence of the MZM-QD
(blue dotted lines) and the continuum-QD (dashed lines) couplings, while keeping the
rest of the parameters entering Eq. (4.42) the same. Here Iy = 2eAjpq/ .
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the continuum-QD coupling to the MZM-QD coupling is increased such that /L = 0.2,
which corresponds to |sqi;|/|t] & 0.6, the continuum-QD contribution to the supercurrent
becomes comparable to the MZM-QD contribution. This case is depicted in Figs. 4.6(c)-
(d) The total supercurrent in this case does change its sign as a function of the detuning.
There are, however, two crucial differences between this sign change and the conventional
0 — 7 transition present in the absence of the MZM-QD coupling and depicted in Fig. 4.5.
First, in the topological regime the sign switch, if present, is continuous, signifying that
the 0 — 7 transition becomes the "0 — 7 crossover” in this case. Second, the crossover
takes place at non-zero detuning. The value of the detuning at which the crossover takes
place depends on the relative ratio of the MZM-QD and the continuum-QD contributions
to the supercurrent: the larger is Majorana contribution, the further from A = 0 the
crossover takes place. Hence, contrary to the conventional 0 — 7 transition in the S-QD-S
junctions, the 0 — 7 crossover in this case does not correspond to the change in the QD
occupation parity. This shows that the mere presence of a supercurrent sign change in
the junction when changing the island-QD detuning does not necessarily rule out the
presence of a topological phase and MZMs. In order to rule out the topological phase,
one needs to detect a sharp 0 — 7 transition exactly at the zero detuning when the parity
of the QD occupation changes.

Figure 4.7 illustrates the supercurrent plotted as a function of both the island-QD
detuning and the phase. The relevant parameter controlling the Majorana contribution
to the current is A/|t|. Hence, for smaller values of A the Majorana contribution is
dominant and the current is 47-periodic in phase, while an increase in A leads to the
suppression of the Majorana contribution and crossover to an approximate 27 periodicity

at learge detuning.
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Figure 4.7: The supercurrent I of Eq. (4.42) as a function of the phase ¢ and the is-
land-QD detuning A in the topological regime with V7 = 1.5A;,q9. Here the MZM-QD
couplings are set to |t1| = Aina/10, |tr|/|tr| = 1.5, while the continuum-QD couplings
are chosen such that, via Eq. (4.13), |sqic|/|tr| = /2&/L with (/L = 0.2. The chem-
ical potential, the number of bands, and the parity are p = 2An4, Npands = 8, and
p = +1, respectively. The coefficients K f), K §4) and f(gl) in Eq. (4.42) are computed
for h = Aing, ar = 0.5¢V - A, m* = 0.015m,, L = 5um, Ajpg = 0.2meV, and the
aforementioned values of Vz and u. Here Iy = 2eA;pq/h.

4.7 Conclusion

In this work we investigated how the coupling between the quantum dot and the
superconductor continuum modes alters properties of T-QD-T junctions. As a model for
the topological superconductor we took a semiconducting nanowire with strong Rashba
spin-orbit coupling, proximitized by an s-wave superconductor and subject to a par-
allel magnetic field. Treating the MZM-QD coupling non-perturbatively and applying
perturbation theory in the continuum-QD coupling up to the fourth order we analyzed
the extent to which the continuum-QD coupling affects the QD-based charge-readout
measurement of the Majorana qubits and the 0 — 7 transition in the T-QD-T junctions.

We found that for reasonable system parameters the continuum-QD coupling does

not considerably impact the visibility of the Majorana qubit measurement, even in the
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presence of multiple trivial bands in the superconductors. At the same time, we dis-
covered that the magnitude of the effect of the continuum-QD coupling on the 0 — 7
transition depends on the relative ratio between the MZM and the continuum contribu-
tions to the supercurrent. For small or absent MZM-QD coupling a conventional sharp
0 — 7 transition occurs as the parity of the QD switches from even to odd, whereas in the
case of a strong MZM contribution the supercurrent does not switch sign as one sweeps
through the island-QD energy detuning. In the intermediate regime when the Majorana
and the continuum contributions to the supercurrent are comparable, we found that the
supercurrent changes direction continuously as a function of the detuning and that the
sign crossing occurs at a non-zero value Ay of the detuning. The value of A depends on
the ratio between the MZM and the continuum contributions to the supercurrent. This
implies that in the intermediate regime the 0 — 7 transition becomes a "0 — 7 crossover”
which does not occur simultaneously with the switch of the QD parity.

Our results have direct experimental consequences. For the experiments conducting
measurements of the supercurrent in T-QD-T junctions, this work we have shown that
such junctions can potentially exhibit the phenomenology of a 0 — m crossover. For
experiments aiming to perform a measurements of topological qubits, we showed that
the coupling between the QD and the continuum modes in the superconductors should

not be a factor limiting the visibility and the fidelity of such measurements.
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Chapter 5

Random-matrix theory of a
dynamical measurement-induced
phase transition in nonlocal Floquet

quantum circuits

5.1 Permissions and Attributions

1. The content of Chapter 5 and Appendix D is the result of a collaboration with Igor
L. Aleiner.

5.2 Introduction

Monitored quantum systems have been investigated extensively in recent years by
both theorists and experimentalists to study novel quantum effects arising due to the

interplay of the unitary dynamics and measurements. One such effect is the existence of
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distinct phases in the long-time dynamics of monitored systems, arising as a function of
the monitoring rate and the degree of scrambling, as well as the associated measurement-
induced phase transitions (MIPTs) between these phases [145, 146, 147, 148, 149, 150,
151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167, 168,
169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186,
187, 188, 189, 190, 191, 192, 193, 194, 195, 196, 197, 154, 198, 199, 200, 201, 202, 203, 204,
205, 206, 207, 208, 209, 210, 211, 212, 213, 214, 215, 216, 217, 218, 219, 220, 221, 222, 223,
224, 225, 226, 227, 228, 229, 230, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240, 241] (see
also reviews [242, 243]). Contrary to conventional phase transitions, these MIPTs cannot
be described in terms of the trajectory-averaged density operator; instead, one needs to
track individual quantum trajectories to reveal the presence of MIPTs. Consequently,
only quantities nonlinear in the density operator can be utilized to characterize MIPTs.

One such quantity is entanglement entropy, in terms of which the weak monitoring
phase can be described as the volume law phase, while the strong monitoring phase
corresponds to the area law of entanglement entropy. In monitored quantum circuits (see,
e.g., [145, 146]) the transition occurs between the volume law and the area law phases,
while at the critical point the entanglement entropy scales logarithmically with the system
size. Another quantity that can be utilized to analyze MIPTSs is purity [147, 148], in
terms of which the weak monitoring phase corresponds to the mixed phase, where the
purification time of an initially mixed state scales exponentially with the system size,
whereas the strong monitoring phase corresponds to the pure phase, where an initially
mixed state purifies on a timescale independent of the system size.

Observing the MIPT in an experiment requires postselecting on a given quantum tra-
jectory multiple times. However, in a generic monitored quantum circuit the probability
to measure a generic quantum trajectory diminishes exponentially with the number of

measurements. This fact, makes the experimental detection of MIPTs in a direct way
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a formidable problem. Nevertheless, various ways have been proposed to overcome this
postselection barrier, either by incorporating active feedback conditioned onto the mea-
surement outcomes [179, 180, 181, 182, 183, 184, 185], utilizing classical simulations [186,
187, 188, 189], or with the help of space-time duality mappings [190, 191, 192, 193]. Re-
cently, signatures of MIPTs have been reported in multiple experiments [244, 245, 246].

In this work, we study MIPTs in monitored all-to-all interacting Floquet quantum
circuits. We focus on postselected quantum trajectories, which puts the transitions we
analyze in a class of "forced” MIPTs [154]. The non-unitary Floquet evolution cycle that
we consider in the simplest case is described by an operator W, = PyUTPRyUP,, where U
is a (random) unitary and Py is a projective measurement. To qualitatively understand
the transition that occurs in this setting, we note that in the limit of no measurement,
Py = 1, the evolution is trivial, W = 1, and the system completely retains the knowledge
of its initial conditions. On the other hand, in the limit when the majority of qubits are
measured, Tr[Py] < N, where N is the Hilbert space dimension of the system, the
operators PyUTP, and PyUP, acting within the projected part of the Hilbert space are
unrelated to each other, and the evolution becomes highly non-trivial, such that the
system rapidly loses the memory of its initial conditions. Based on these considerations,
at some intermediate strength of the measurement one might expect a phase transition
between the two regimes described above; the corresponding phases can be understood
in the sense of retaining some part or losing the memory of the system’s initial conditions
as it evolves.

Using the random-matrix theory (RMT), we analytically show the existence of such
transition in the thermodynamic limit, which is revealed in the spectrum of non-unitary
Floquet operators governing the evolution of the system. We identify two types of such
spectral transitions. One type is a transition between two distinct gapped phases, and

it is marked by a closure of the spectral gap at the critical point. The other type is a
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transition between a gapped and a gapless phase, where the gapless phase can be de-

71 Since these transitions can be understood in terms

scribed as an "extended criticality
of retaining some part or losing the memory of the system’s initial conditions, they also
exhibit signatures in the long-time dynamics of the system. We show that by numeri-
cally calculating for small-sized systems the dynamics of certain physical quantities. One
of the quantities we consider is the purity of an initially mixed state, while the other
quantity is the probability to measure a specific Floquet quantum trajectory given the
intrinsic randomness in measurement outcomes.

We note here that spectral signatures of MIPTs have been studied priorly in vari-
ous monitored free-fermionic and spin chain models with non-Hermitian Hamiltonians
and postselected measurement outcomes [205, 206, 202, 204, 201, 200, 203], revealing
both volume-to-area law [200, 201, 203, 202] and log-to-area law [204, 205, 206] transi-
tions. The critical point in these models typically corresponds to the closure of the gap
in the imaginary part of the spectra of the corresponding non-Hermitian Hamiltonians.
Additionally, Refs. [203, 204] analyzed MIPTs in the spectrum of monitored periodi-
cally driven Floquet systems within the framework of non-Hermitian Hamiltonians. The
one-dimensional transverse field Ising model (with next-nearest-neighbor couplings and
imaginary fields) of Ref. [203] exhibited a volume-to-area law MIPT associated with the
Yang-Lee singularity, while the free-fermionic model of Ref. [204] revealed a log-to-area
law MIPT and the emergence of a non-Hermitian i0 mode. Our work complements the
aforementioned studies, providing a different gate-based model of a monitored Floquet
system, and presenting analytically calculated spectral signatures of MIPTs occurring
in the model. To the best of our knowledge, the RMT-based approach that we use to

perform calculations in our work has not been utilized priorly to study MIPTs.

INote that signatures of the MIPT between a gapped and a gapless phase have been previously
reported in monitored free-fermionic systems [178, 173, 174].
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1 subcycle

1 Floquet cycle

Figure 5.1: Schematic depiction of one Floquet cycle considered in our setup. Each
cycle is made out of s subcycles, with each subcycle consisting of unitary evolution
U, projective measurement, inverse unitary evolution UT, and another measurement.
The system is initialized by measuring Py at t = 0, and the measurement at the end
of each cycle is fixed to be Py. Quantum trajectory within a cycle is determined by a
sequence of measurement outcomes, m = (i1, 9, ...,425—1)-

5.3 Model

In our setup we consider a Floquet system of n qubits subject to a unitary evolution
and projective measurements. The measurement outcomes are recorded and postselected.
Characterizing each measurement by a projection operator P, = P?, where i = 0 or 1
depending on the measurement outcome, we initialize the system by performing the pro-
jective measurement F,. After that, we consider a Floquet evolution with each Floquet
cycle built out of s subcycles, and each subcycle consisting of a unitary evolution U,
a projective measurement, an inverse unitary evolution U', and another measurement.
Measurement outcomes can differ between different subcycles; they are taken to be post-
selected but arbitrary, except for the last measurement in a cycle, which we require to
be Fy. Schematic depiction of one Floquet cycle is shown in Fig. 5.1: each quantum
trajectory within the Floquet cycle can be characterized by a sequence of 2s — 1 mea-

surement outcomes, m = (iy,14s,...,42s_1). For such quantum trajectory the evolution

of the density operator within each cycle is described by a non-unitary operator

W = PU'P,._U...P,UP,UP,, (5.1)

2s—1
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and thus following one cycle of evolution the system density operator is given by

meO Wm

— __mom 5.2

where pg is the density operator at time ¢t = 0. After k£ Floquet cycles the system density
operator reads

=m0 m (5-3)

We start by considering the simplest quantum trajectory allowed in our setup: it
corresponds to one subcycle within each Floquet cycle, m = 71, and, for concreteness, we
take 71 = 0. In Section 5.6 we show that the case of m = 1 and other, more complicated
trajectories can be analyzed using the results obtained for the case of m = 0. Evolution

along the m = 0 trajectory is described by a non-unitary Hermitian operator

Wy = RU'P,UP,. (5.4)

As we show in Appendix D.1, eigenvalues of W, are confined between 0 and 1.

We consider projective operators in the form Py = diag{1,1,...,1,0,0,...,0} and
characterize Py by its rank, TrFy = b/N, where N = 2" is the Hilbert space dimensionality.
The parameter b controls the strength of the measurement in our model. If simply np
qubits are measured in the computational basis, then b = 1/2"7; however, arbitrary
values of b = M /N with M = 1,..., N can be realized by coupling the system to ancilla
qubits using unitary gates and then measuring the ancillas [3]. The unitary evolution

operator U in our model is taken to be random. We model U as a Cayley transform of
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a random matrix H sampled from the Gaussian unitary ensemble (GUE):

U=(i+H)(i—H)™, (5.5)
(HijHp) = %@lfsjk, (5.7)

where §;; is the Kronecker delta and (...) denotes the random matrix ensemble averaging.
Parameter v characterizes the ensemble of random matrices U. For example, for small
values of v — 0 the distribution of H is narrow and U is sampled close to the identity
matrix 1. However, for larger values of v the distribution of U is nontrivial. Numerically,
we find that the CUE and the ensemble (5.5)-(5.7) give the same results for the moments
of Wy up to arbitrary order when v = 2, and later in the manuscript (see Eq. (5.50) and
the subsequent discussion) we show analytically that those moments are equivalent up
to the third order. However, while suspecting that the ensemble (5.5)-(5.7) with v = 2
and the CUE are equivalent to each other when it comes to computing the moments of
Wy, we lack a formal analytical proof of this fact.

In this work, we show that W, as a function of b and = exhibits spectral phase
transitions in the thermodynamic limit. As a preview of our results, here we present
numerical signatures of the transition in the spectrum of a randomly generated matrix
Wy for N = 2048. Histograms depicting the eigenvalue distribution of W, for various
values of v and b are illustrated in Fig. 5.2; for visual clarity, the zero eigenvalue is
excluded from the histograms. There are two types of transitions that can be found in
the spectrum of Wy. The first type occurs when the parameter b is tuned: for b < 1/2,
the eigenvalue 1 is absent from the spectrum of Wy, see Fig. 5.2(a) plotted for b = 1/8.
Upon increasing b, the gap between the largest eigenvalue and 1 decreases, eventually

closing at the critical value of b, = 1/2, as depicted in Fig. 5.2(b). Further increase in b
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Figure 5.2: Histograms representing the eigenvalue distributions of a numerically gen-

erated random matrix Wy for various values of v and b. Dimensionality of the Hilbert

space is N = 2048. Averaging is performed over 40 random matrix realizations. For

visual clarity, the zero eigenvalue is excluded from the histograms. The gap near the

eigenvalue 0, while present, is too small to be noticed in subfigures (a),(c). We display

this gap in Fig. D.1 of Appendix D.2.
beyond the critical value, see Fig. 5.2(c), reopens the gap, but already in the presence of
the eigenvalue 1 in the spectrum.

Since here the Floquet evolution is determined by a non-unitary operator W}, where
k is the number of the Floquet cycle, the presence (or the absence) of the eigenvalue 1 in
the spectrum of W}, has a profound effect on the long-time evolution of the system when
k — oo. Specifically, the presence of the eigenvalues 1 leads to the evolution where the
system retains some part of memory of its initial conditions, while in the absence of the
eigenvalues 1 that is no longer the case. Thus, the two aforementioned phases exhibit
distinct dynamical behavior.

The second type of transitions occurs in the vicinity of the eigenvalue 0: for v < 7,

the spectrum has a gap near (. This gap closes at the critical point 7 = 7, and remains
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closed for larger values of v. In this work, we show that in the thermodynamic limit

12— A=) 5.9

(b—1/2)°

Cc

The described phenomenology of the transition near 0 is illustrated in numerically plotted
Figs. 5.2(d)-(f): for b = 1/2, Eq. (5.8) gives 7. = 1, and thus Figs. 5.2(d),(e) reveal a gap
present in between the lowest eigenvalue and 0, while in Fig. 5.2(f) this gap is closed.
For b=1/8 and b = 7/8, Eq. (5.8) gives 7. ~ 1.2, and thus Figs. 5.2(a),(c) should reveal
a gap near the eigenvalue 0. However, this gap is too small to be noticed on the scales
of Figs. 5.2(a),(c), and we present it in Fig. D.1 of Appendix D.2.

While the presence/absence of the eigenvalues 0 would not be revealed in the long-

time dynamics of the system, one can consider an operator
W, = RUTPUPy = Py — W, (5.9)

where P, = 1 — F,. Evidently, the eigenvalues 0 of the operator W, correspond to the
eigenvalues 1 of the operator Wy, and thus the second type of spectral transitions would
exhibit signatures in the long-time Floquet evolution governed by a non-unitary operator
W, where k is the number of the Floquet cycle.

Figure 5.3 depicts the critical curves v, vs b. for the eigenvalue 1 and the eigenvalue
0 transitions described above.

We study the aforementioned transitions analytically by considering moments of the
random matrix distribution. Ensemble averaged moments of W}, are proportional to the

projection operator, (Wg) o Py, and thus one can write

Try [(W5)]

W =P
< 0> 0 bN
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Figure 5.3: Critical curves 7. vs b for the eigenvalue 1 transition (blue line, b, = 1/2)
and the eigenvalue 0 transition (green line, Eq. (5.8)).
where we have introduced parameters py and Try|...] denotes trace over the N x N

Hilbert space. Writing the moment generating function as an infinite series,

o0

IFTOVED PSS (5.11)

k=1

we note that the presence of the eigenvalues 1 in the spectrum of W, reveals itself as
a singularity in I'y(\) as A — 17. Hence, the aforementioned spectral transition in the
vicinity of the eigenvalue 1 can be diagnosed by calculating I'y(\) in the limit A — 1~.
Similarly, the transition in the vicinity of the eigenvalue 0 can be revealed by analyz-
ing moments of Py — W;. Introducing parameters vy, as ((Py — Wy)*) = 1P and the

corresponding moment generating function as
Ta(A) = > Ny, (5.12)
k=1

we analytically reveal the 0 eigenvalue transition by calculating I'y(\) in the limit A — 1.
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The rest of the manuscript is organized as follows. In Sections 5.4 and 5.5, we
analytically study the transitions in the spectrum of Wj. In Section 5.4, we employ
the RMT to analytically obtain I'y(\)|y1- and find the critical point of the spectral
measurement-induced transition in the vicinity of the eigenvalue 1. We do the same for
the transition in the vicinity of the eigenvalue 0 by evaluating I's(A)[ 1~ in Section 5.5.
Section 5.6 describes how the results from Sections 5.4 and 5.5 obtained for W, can be
used to analyze spectral measurement-induced transitions in other, more complicated
quantum trajectories. In Section 5.7, we numerically study how the aforementioned
transitions in the spectrum are revealed in the long-time dynamics of various physical
quantities in the system, such as the purity and the probability to measure a specific
Floquet quantum trajectory given the randomness in measurement outcomes. Summary

and concluding remarks are presented in Section 5.8.

5.4 Transition in the vicinity of the eigenvalue one

5.4.1 The RMT description of the transition

To characterize analytically the transition in the vicinity of the eigenvalue 1, we
calculate T'1(A)[x-1-. To this end, we start our calculation by writing the following

4N x 4N matrix:

M) = | +A | =L+0T, (5.13)

t~
i
¢
¢
~
N
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where 2N x 2N matrices L, t; and £, are defined as

. 11
L= , (5.14)
H 1

5 10

tl = 2P0 5 (515)
0 0

Rl -1

iy = 70 : (5.16)
-1 1

respectively. We use hats and checks to distinguish operators in 4N, 2N and N dimen-
sions. In Appendix D.3, we show that the function I'; () of Eq. (5.11) can be expressed

as

A .
I'i(A) = _MTLUV [Tg} ; (5.17)

where we have introduced G = (M™1). To calculate G, we write matrix M()) as
M = My + HII, (5.18)

where we have introduced Mo = M| H—0 and

14 = : (5.19)
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Hence, the Green’s function

o 1
g = <m> (5.20)

can be computed with the help of the self-consistent Born approximation (SCBA), which
is valid in the infinite Hilbert space limit, N — oo. The self-energy Y, defined in a usual

way as

Y=G,'-¢" (5.21)

where Gy = Mj ", in the SCBA can be written as (here we do not imply summation over

repeated indices)

S = S H )Gy (HII)). (5.22)
7.k

Hence, ¥ = 244 ®1, where 1 is the N x N identity matrix, ® denotes the tensor product

and

$ixd = %HiX4TrN[Q]HiX4. (5.23)

Since only the inner 2 x 2 block of the matrix I12** is nonzero, Eq. (5.23) can be projected
onto the 2-dimensional inner block subspace without any loss of information. Denoting
the inner 2 x 2 block of the matrix £4** as £, and the inner 2N x 2N block of the matrix

G as G, we write the projected version of Eq. (5.23) as

5= %a—xTrN[é]a—w, (5.24)

where 7, is the 2 x 2 Pauli matrix. Here, we utilize bars to distinguish 2 x 2 matrices.

Expressing G in terms of its projected components as

G = Pyg1 + (1 — Py)gs, (5.25)
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where g o are 2 x 2 matrices, we simplify Eq. (5.24) into

Y =5,[0g1 + (1 — 0)ga]d. = 7.(8g1 + @G2)0s, (5.26)

with a = (1 —b) and 8 = vb. To obtain the self-consistent system of equations, we need
to express §i, go in terms of 3. Projecting Eq. (5.21) onto the 2N-dimensional subspace
yields

G=(Gy' =), (5.27)

where Gy = G|p—o and ¥ = ¥ ® 1. We calculate Ga 'in Appendix D.4 using the explicit

form of matrices £, = ﬁ| w—o and T. The result of the calculation is given by

Go' = Py(f,5, — f1]) + (1 — PGy, (5.28)
where
14+ M2
Jy= T2 (5.29)
2\
fi= T (5.30)
Note that
fi—fr=1 (5.31)

Plugging Eq. (5.28) into Eq. (5.27) yields an expression for G,

G="P(fo,— h1-%) " +(1-P)(6,-%) ", (5.32)
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comparing which with Eq. (5.25) allows one to express g; and g, in terms of 3 as

g = (f,o,- h1-%)7", (5.33)

g =(5,-%)7", (5.34)

thus completing the self-consistent system of equations (5.26),(5.33) and (5.34). This

system of equations can be further simplified by parametrizing ¥ in the following way:

¥ =ul — vy, (5.35)

In that case, g; and g, can be expressed in terms of parameters u,v as

_ (i +w)l+(fy +v)oy
e s (5.36)
__ul+(1+v)5,

P e — e

(5.37)

while the system of equations (5.26),(5.33),(5.34) becomes a system of equations on u

and v:

" B(fi +u) au
(fy+v?=(u+f)? (4v)?—u

§ Blfy +v) a(l +v) .
(fy+vP?=(u+fi)* (1+v)”—u?

The moment generating function I';(A) of Eq. (5.17) can also be expressed in terms of

the parameters v and v:

A2 2 ufy —vfi
AMfy+v)? = (u+ f1)?]

(5.39)
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The corresponding derivation is presented in Appendix D.5. For convenience, we intro-
duce a new set of variables,

vy = v % u, (5.40)

in terms of which system of equations (5.38) simplifies into

Q@ n g
vy = ,
* Uf—f—l ’Uf‘i‘ff (541)
_ a8
Toup o+ fy
where
1F A
fe=fEhi=1 (5.42)
Note that fif- = 1. I')(\) in terms of the new variables can be written as
A2 4o
AN =——= |1l - ———= 5.43
1 1—A2[ (1—>\2)]-"] (5.43)
with

F =(v-+ D(ve + D(vs + fo)(v- + f2) = alvg + f+)(v- + f2) = Blv- + 1) (v +1).
(5.44)

5.4.2 Analysis of the self-consistent system of equations

System of equations (5.41) is of the fifth order and thus cannot be solved analytically
for general values of the system parameters. However, as described in the Introduction,
we only need to find the asymptotics of I';(A) as A — 17 in order to characterize the
transition in the spectrum. Before doing that, though, we analyze system (5.41) in the

simpler case of A\ — 0.
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A — 0 limit

The limit of A — 0 yields f+ = 1, and system of equations (5.41) becomes

Vy = v
v-+1 (5.45)
Vo = v
B Vi -+ 1’

where we have utilized the fact that a + 8 = 7. Solution of this system of equations is

given by

Vg = UV_

v = % (—1 + M) . (5.46)

Here we pick a positive sign due to a constraint on I'y(\)[yx_o that we describe below.

Expression (5.44) for F in the case of A — 0 can be rewritten as

F=@+D)'=y+1)?=(v+1), (5.47)
and thus
Do =¥ 1= 2] =2 - 2] (5.45)
where
8y
Ay) = (5.49)

VIt E)
By definition, I'1(\)|x_0 represents the first moment of the distribution of Wy. Specifi-
cally,
L1 (A\)|aso = A2, (5.50)

and thus the requirement 0 < p; < 1 justifies picking the positive sign in Eq. (5.46).
Note that A(7) reaches the maximum of A™* () = 1/4 at v = 2, in which case I'1(\) =
M (1 — a/7) = bA?, which corresponds to the RMT value of (Wy) = (PRUTBRU Py) if the
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random matrix U is sampled from the CUE. By expanding I';(A) to higher orders in
A, one can also show analytically that for v = 2 second and third moments of Wy are
fo = —b3 4+ 20%, puz = 2b° — 6b* + 5b*, which are as well identical to the moments of W,
if U is sampled from the CUE. Numerically, we find that the CUE and the ensemble
(5.5)-(5.7) with v = 2 are equivalent to each other when comparing moments of Wy up

to arbitrary order, but we lack a formal analytical proof that it is actually the case.

A — 17 limit

The limit of A — 1~ corresponds to f_ — +oo, f; — 0. In this case, system of

equations (5.41) can be solved by the following ansatz:

o1 = fE+ /22 + fom, (5.51)

where &, n are unknown functions of «, § and

)
>0, a<f,

£ — 0, a =4, (5.52)

<0, a>p.
\

Hence, up to the leading order

2f-& a <P,
V_|rxo51—- = \/ffq% o = 6’ (553)

_27 Oé>ﬁ,

L 26
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plugging which into system of equations (5.41) allows us to obtain the expressions for £

and n:
1
£=1 [—(oz +1)+/la—12+ 45] , (5.54)
, 28 + a [B—l+«/4a+(ﬁ—1)2]
n= -2 20— 75) : (5.55)
At the same time, Eq. (5.44) in the limit A — 1~ yields
Flhst- = (a + ;—‘> (v_ + f). (5.56)

Plugging expression (5.51) for v_|,_1- with £ and 7 given by Egs. (5.54),(5.55) into

Eq. (5.56), we obtain the following asymptotics of I';(A) in the limit A — 17:

) 0, a> 0,
(L= AN ro- = (5.57)
1 - a/ﬂa a < 57
or, rewriting o and [ in terms of b and 7,
) 0, b<1/2,
(1 =AM ror- = (5.58)

(2b—1)/b, b>1/2.

As described in Section 5.3, the singularity in I';(\)[y_1- corresponds to the presence
of the eigenvalue 1 in the spectrum of Wj. Hence, Eq. (5.58) reveals the second order
phase transition in the spectrum of W at the critical point b = b, = 1/2. This transition
for a numerically generated random matrix W, is depicted in Figs. 5.2(a)-(c), while the
corresponding critical curve is depicted in Fig. (5.3). The independence of the critical

point on the value of v signifies the universality of the transition. At the critical point,
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y=1, b=3/4| |

(1= AT (A)

Figure 5.4: Function (1 — A\?)[';(\) calculated numerically using Eqs. (5.41)-(5.44)
(blue solid lines) and analytically using Eqgs. (5.43),(5.51),(5.54)-(5.56) (orange dashed
lines) plotted for (a) b < 1/2, (b) b=1/2, and (c) b > 1/2.

we obtain

© 1 +7v/2
Fl (/\)|)\*>1_ - 42 7(1 — )\)- (5'59)

Figure 5.4 depicts function (1 — A?)I';(\) calculated numerically using Eqs. (5.41)-(5.44)
and analytically using Eqgs. (5.43),(5.51),(5.54)-(5.56) for various values of b. Numerical
and analytical values are equal at A — 17, while for other values of \ the analytical

curves are only qualitatively similar to the numerical ones.

5.5 Transition in the vicinity of the eigenvalue zero

As described in Section 5.3, the transition in the vicinity of the eigenvalue 0 can be
obtained by computing I's(A)|y_1-. This can be done by performing calculations given in
Section 5.4.1 and Appendices D.3-D.5 with slight modifications. In particular, redefining

matrix ¢, as

(5.60)

109



Random-matrix theory of a dynamical measurement-induced phase transition in nonlocal Floquet
quantum circuits Chapter 5

and keeping the definitions of L, T, M and G the same as in Section 5.4.1 in terms of f,

and the redefined 5, we can rewrite I'y()\) in the form identical to Eq. (5.17):

A A A
La(A) = 5 Tru [Tg} . (5.61)

The form of matrix G remains the same as in Eq. (5.20) and thus the self-energy in terms

of G is given by Eq. (5.26):

Y =5.(8g1 + ag2)0s, (5.62)

where o = v(1 — b), f = b and
G = Pygi + (1 — Py)go. (5.63)

Similarly to Appendix D.4, in Appendix D.6 we calculate Gg ! for the modified matrix

t5, which yields
Gyl = Pylo, + M1 +6.)] + (1 — Ry)[g, + A(1 —5.)). (5.64)
Using this result and the fact that

G=(Gy' =), (5.65)

we obtain the expressions for §;,g» in terms of ¥:

g =[o,+\1+5.)—-%] ", (5.66)

-1

g2 = [, + M1 —35.) — %] (5.67)
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Parametrizing >. as

Y =ul —vo, —wo,

(5.68)

and plugging it into Eqs. (5.62), (5.66) and (5.67), we obtain the self-consistent system

of equations on u, v and w:

afu—N)

(v+1)2 —u? + w? + 2\(u — w)
Blu—A)

(v4+1)2 —u?+ w? + 2 \(u — w)’
alw — )

(v+1)2 —u? +w?+ 2\ (u — w)
S ) (5.69)

(v+1)2 —u?+w?+2\u —w)’
alv+1)

(v+1)% —u? +w? 4+ 2\ (u — w)
B+ 1)

(v+1)2 —u?+w? + 2 \(u —w)’

Note that here we have to use three parameters (u, v and w) to parametrize ¥ instead

of only two parameters used for the same purpose in Section 5.4.1. Introducing new

variables, uy = u 4+ w, we rewrite system (5.69) as

;

. OC(U+ — 2)\) 5U+
T 1?2 —u(uy —20) " W+ 1)2 —ug(u —20)
_ au_ N Blu_ —2)\) ’ (5.70)
(v+1)2—u_(uy —2\)  (v+1)2 —uy(u_ —2X))
) owrl) B
L (D)2 —u_(ug —2)) (w12 —up(u —2))
Expressing I'2(A) of Eq. (5.61) in terms of the parameters uy and v yields
P = -2 o +5 L (5.71)
2N T T Yo 12— u(ur — 20 T+ 12— up(u- — 2)) '
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The corresponding derivation is presented in Appendix D.7.

A — 0 limit

Similarly to the previous section, we first solve system of equations (5.70) in the limit

A — 0. The result reads

4o\

R I e
48\

1T 4y
(-1 +/1+ 47> , (5.74)

(5.72)
(5.73)

u_ =

v =

N —

plugging which into Eq. (5.71), we obtain

32a\2

. (5.75)
(1+ I+ 5)

La(A)am0 =

Here the positive sign in the expression (5.74) for v is taken to ensure the positivity of
I2(A)[x=0. Recalling the definitions of I';(A) and T'y(\), see Egs. (5.11) and (5.12), we

note that in the limit A — 0,

L1(N)]as0 = A, (5.76)

FZ(}\)|)\*>O = I/1>\2, (577)

where by definition 1 Py = (Wy) and v Py = (Py — Wy). Thus,

[C1(A) + To (V)] [aso = A%, (5.78)

which is consistent with the RMT results (5.48),(5.49) and (5.75).
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A — 17 limit
In general, system (5.70) can be rewritten as a fifth order equation on v. Solution of
this equation in the limit A — 17 is given by

;

o), v <7,
2
;=4 -1)
V_|x1- = W’ Y= Yes (5.79)
Ay —1) —9*(2b - 1)
\\/ 8(1—)\) 77>767

where

12— \b0=b) (5.80)

(b—1/2)

Cc

At the same time, I'y(A) can be rewritten solely in terms of v:

F2(A):v(v+1)—fy

B+ (5.81)

Plugging solution (5.79) for v into Eq. (5.81), we obtain the asymptotics of I's(A) in the

limit A — 17

0, v <7,

V1 Ao = \/4@ ) @1

(5.82)

» Y > Ve

The derivation of Egs. (5.79)-(5.82) is given in Appendix D.8. Figure 5.5 depicts function
V1 — AT'y()\) calculated numerically using the fifth order equation (D.55) and Eq. (5.81)
for various values of v and b. The dotted orange line in Fig. 5.5(c) indicates the analyt-
ically calculated value of v/1 — AI'5(A\)|5_1- for v > 7. given in Eq. (5.82). Figure 5.5

demonstrates consistency between the analytically calculated results at A — 17 and the
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Figure 5.5: Function /1 — AT'2(A\) calculated numerically using Eqs. (5.41)-(5.44)
(blue solid lines) and analytically using Eqgs. (5.43),(5.51),(5.54)-(5.56) (orange dashed
lines) plotted for (a) b < 1/2, (b) b=1/2, and (c¢) b > 1/2.

numerically calculated ones.

The singularity in I's(\)[y_;- indicates the closed gap near the eigenvalue 0 in the
spectrum of Wy, and thus the result (5.82) shows the presence of the spectral phase
transition at v = .. This eigenvalue 0 transition is illustrated in Figs. 5.2(d)-(f) for
numerically generated random matrix W, while the corresponding critical curve is de-
picted in Fig. (5.3). The dependence of -, on b in this case indicates that the transition
near the eigenvalue 0 is non-universal, as opposed to the transition near the eigenvalue

1, which occurs at the universal critical point b. = 1/2, see Section 5.4.

5.6 Spectral transitions for other quantum trajecto-
ries

In Sections 5.4 and 5.5, we analyzed transitions in the spectrum of Wy, the non-unitary
Floquet evolution operator that represents the simplest possible quantum trajectory in
our setup, m = 0. For other, more generic quantum trajectories, see Eq. (5.1), the
corresponding non-unitary Floquet evolution operator can be rewritten as a polynomial

of Wy and Fy. For example,

Wy, = PoU'PLUPy = Py — Wy, (5.83)
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where P; is a projective measurement operator corresponding to the measurement out-

come 1: P, =1 — Fy. Another example is

Wy = PUTPUPUTRUPy = W — Wy, (5.84)

Given the fact that generic W,,, can be rewritten as a polynomial of W and F, and
since all terms in the polynomial commute with each other, the spectrum of W, and its
spectral transitions can be obtained from the spectrum of W} and the corresponding W
spectral transitions described in Sections 5.4 and 5.5. For example, given Eq. (5.83), the

eigenvalues w; of W can be written as

wy; = 1 — wy, (5.85)

except for the trivial zero eigenvalues coming from the projector Fy. Here wy denotes
the eigenvalues of W,. Equation (5.85) shows that the eigenvalue 0(1) transition in the
spectrum of W) translates into the eigenvalue 1(0) transition in the spectrum of Wi, while
properties of the corresponding transitions remain the same. Likewise, given Eq. (5.84),

the eigenvalues of W( 1,1y can be written as

W(o,1,1) = Wy — W, (5.86)

and hence both the eigenvalue 0 and the eigenvalue 1 transitions in the spectrum of Wj
correspond to the eigenvalue 0 transition in the spectrum of W ;). Similar arguments

can be applied for generic W,,.
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5.7 Signatures of the transitions in the long-time dy-
namics of the system

In Section 5.4, we have shown that the operator Wy exhibits a spectral phase tran-
sition in the vicinity of the eigenvalue 1 between two distinct gapped phases, with one
phase (when b > 0.5) characterized by the presence of the eigenvalue 1 in the operator’s
spectrum, while in the other phase (when b < 0.5) the eigenvalue 1 is absent from the
spectrum. Considering a system of qubits whose Floquet evolution is determined by a
non-unitary operator Wg, where k is the number of the Floquet cycle, one could expect
that at large k the two aforementioned spectral phases give rise to two distinct dynamical
phases. In particular, the presence of the eigenvalues 1 would lead to the system retaining
some part of the memory of its initial conditions, while in the absence of the eigenvalues
1 such memory is rapidly lost as the system evolves. In this Section, we numerically
calculate certain physical quantities in the system evolving under W§ and demonstrate
how the two phases in the spectrum of Wy, as well as the corresponding eigenvalue 1
phase transition analyzed in Section 5.4, reveal themselves in the long-time behavior of
these quantities.

The first quantity we consider is the purity of the evolving state. If at k& = 0 the

initial state is completely mixed, the density operator for a given k can be written as

Wk
= 5.87
Pk,0 TI‘[WOQk] ; ( )
and thus the purity reads
Tr[Wgk]
2 0
Tr[(pro)] = <Tr[W02k]2> , (5.88)

where as before (...) denotes the random matrix ensemble averaging. Figure 5.6 illustrates
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Figure 5.6: Numerically calculated purity (5.88) of an initially completely mixed state
plotted as a function of a Floquet cycle k for v = 1 and various values of b, N, when
the cycle evolution is described by a non-unitary operator Wy. The insets in (a)-(c)

depict the purification time ¢, = min [k‘Tr(piO} > 0.95] as a function of the number of
qubits n = logy N in the system. In (a) the averaging is performed over 10000 random

matrix realizations for N = 16, 32,64, 128, 256; 5000 realizations for N = 512; 1000

realizations for N = 1024; and 100 realizations for N = 2048. In (b) the averaging

is performed over 10000 random matrix realizations for N = 16, 32, 64, 128, 256; 5000

realizations for N = 512; 1000 realizations for N = 1024; and 150 realizations for

N = 2048. In (c) the averaging is performed over 1000 random matrix realizations for

N = 16,32,64,128,256,512; 500 realizations for N = 1024; and 100 realizations for

N =2048. In (d),(e) the averaging is performed over 320 random matrix realizations.
the evolution of the numerically calculated purity of Eq. (5.88) for various parameter val-
ues and system sizes. Within the strong monitoring phase (see Fig. 5.6a and 5.6b plotted
for v =1, b=0.25 and v = 1, b = 0.4375, respectively) an initially mixed state purifies
with time; however, the purification time increases with the system size. To quantify
this increase, we formally define the purification time as ¢, = min [k:!Tr(piO) > 0.95} and
plot it as a function of the number of qubits in the system n = log, N; these plots are

shown as insets in Fig. 5.6(a),(b). Note that the vertical axis in these plots is logarith-

mic. These results suggest that for the small system sizes that we use to numerically
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calculate the purity, the purification time scales sub-exponentially with the system size
(exponential scaling is shown as a gray dashed line on the t, vs n plots), and the pace of
the purification decreases with the increase in b. However, we stress that the exponential
scaling might be reached for larger system sizes which are beyond the ones that we have
considered — it is hard to draw definitive conclusions on the ¢, vs n scaling for the small
system sizes studied in our work. More studies are necessary to determine the details of
the purification dynamics in the strong monitoring phase, and it could be an interesting
topic for future works.

At the critical point, v = 1, b = 0.5 (see Fig. 5.6¢), an initially mixed state purifies,
and the purification time ¢, scales exponentially with the system size as t, oc 22", or ¢,
NZ2. The inset in Fig. 5.6(c) depicting t, as a function of n illustrates this scaling behavior.
Note that the exponential scaling of ¢, with the system size is a signature of the "mixed”,
or the "volume law”, phase, and contrary to the situation in other MIPT models [147],
here it corresponds to the critical point. The reason for such peculiar behavior is the
role that the measurement operator plays in our model: while in conventional MIPT
models the measurement is used to disentangle qubits from the rest of the system, here it
determines whether the system retains some part of the memory of its initial conditions
or not.

The weak monitoring case, i.e. when b > 0.5, is qualitatively different. The numer-
ically calculated dynamics of the purification in this case is depicted in Fig. 5.6(d),(e)
plotted for v = 1, b = 0.625 and v = 1, b = 0.75, respectively. The presence of the
eigenvalues 1 in the spectrum of the evolution operator in the weak monitoring phase,
which has been shown in Sections 5.3 and 5.4 (see also Fig. 5.2c), leads to the system
retaining some part of the memory of its initial conditions as it evolves. Due to this effect
an initially mixed state fails to purify entirely, as depicted in Fig. 5.6(d),(e).

Another quantity, the dynamics of which we consider, is the probability that the
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Figure 5.7: (a),(b) Numerically calculated probability (5.89) of the Floquet quantum
trajectory, representing the evolution under Wé’“ , plotted as a function of a time step
k for v = 1 and various values of b, when the initial state at k = 0 is (a) pure and (b)
completely mixed. The insets in the figures are log-log versions of the corresponding
curves. Dimensionality of the Hilbert space is N = 2048. The averaging is performed
over 320 random matrix realizations.

system evolution is given by an operator Wk, given that in general the outcome of each
measurement is random. The probability of observing such Floquet quantum trajectory

of length £ is given by

pro = T[(PoW5"po)l, (5.89)

where pg is the density operator at £ = 0. Figure 5.7 depicts the numerically calculated
probability (5.89) for small system sizes as a function of k in the case of a pure (Fig. 5.7a)
and a completely mixed (Fig. 5.7b) initial state. The insets in Fig. 5.7 depict the log-log
versions of the plots. In the strong monitoring phase (i.e. when b < 1/2) the probability
exponentially decays to zero with time for both the pure and the mixed initial states:
Pk—oo,0 — 0. This behavior is consistent with the system losing the memory of its initial
conditions (which is the property of the strong monitoring phase in our model): under
such evolution, the number of possible quantum trajectories grows exponentially with
time, and correspondingly the probability to measure one specific quantum trajectory
decays exponentially to zero.

The situation changes qualitatively if one considers the weak monitoring phase, i.e.

the case with b > 1/2. Within this phase the probability (5.89) decreases to a finite
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value pro00 as k increases from zero, and stays constant at this value as the system
evolves further, both for the pure and the mixed initial states. Such behavior can be
understood by computing the probability to measure the outcome ”0” throughout the
evolution. After k cycles of the Floquet evolution and a unitary operation U, the density

operator reads
Wk o Wk
0PoVVo Ut

TH(W2p,) (5.90)

P+l = U

Thus, the probability to measure the outcome ”0” in the middle of the k + 1-st Floquet

cycle is equal to

Te[PUWEpoWEUT] — Te[W5 " o]
Tr[W5* po] - Te[Wetp)

Tr[Popk7k+1] = (591)

This probability reaches 1 in the limit of k£ — oo if W} has eigenvalues 1 in its spectrum,
which is the case in the weak monitoring phase. The probability = 1 means that through-
out the evolution at late times the system remains in the appropriate part of its Hilbert
space, and thus it retains part of the memory of its initial condition. Finite probability
to measure this Floquet quantum trajectory at k — oo also signifies that this trajectory
is unique in the sense that for every other trajectory the probability to measure it goes
to zero as k — oo.

We note here that since the probability (5.89) is essentially defined in terms of the
moments of the operator W, one can calculate the steady-state value py_, 0 using the
moment generating function T';(\) of Eq. (5.11). In particular, since (W) = pa P, we
note that pyo = por for a pure initial state and pyo = bpugi for the completely mixed
initial state, and moments o can be calculated via T';()\). Taking the limit A — 1~
in I'; (A), we note that in this case all moments contribute (almost) equally to I'y, and

since in the steady state all moments are (almost) equal to each other, ux_oo = f1, we
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can write

(1= M)T1(N)|roi- = it (5.92)

where the left-hand side has already been calculated and is given by Eq. (5.58). Thus,

for b < 1/2 we find that py_0 = 0, whereas in the weak monitoring phase

(2b — 1)/b, if pg is pure,
Phosoc = (5.93)

2b — 1, if pg is completely mixed,

which is in a perfect agreement with numerical results of Fig. 5.7. In particular, using
Eq. (5.93) for a pure initial state we find that py_,~ 0 = 2/3 for b = 0.75 and py_00 = 0.4
for b = 0.625, whereas for the completely mixed initial state we obtain py_,. o = 0.5 for
b=10.75 and pr_00,0 = 0.25 for b = 0.625.

The critical point b = 1/2 corresponds to the power law decay of the probability
(5.89), which can be clearly seen in the log-log versions of the plots shown as insets
in Fig. 5.7. Here we would also like to note that while Fig. 5.7 is plotted for N =
2048, numerically we find no meaningful dependence of the probability (5.89) on N for
numerically accessible small system sizes.

As for the eigenvalue 0 transition studied in Section 5.5, its signatures in terms of
physical quantities can be analyzed by considering a Floquet evolution described by an
operator Wf, where W, is given by Eq. (5.83), since the eigenvalue 0 transition for W
corresponds to the eigenvalue 1 transition for W;. However, since the spectrum of W,
does not exhibit two gapped phases at the eigenvalue 0, instead showing signatures of a
gapped and a gapless phase (see Fig. 5.2(d-f)), the corresponding weak monitoring phase
is not present when analyzing the evolution of physical quantities under WF. The details

of such analysis are presented in Appendix D.9.
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5.8 Summary & Conclusion

In the present work we have analyzed, both analytically and numerically, forced
measurement-induced transitions in all-to-all coupled monitored Floquet quantum cir-
cuits. The model that we have studied features a Floquet cycle that consists of a for-
ward and a backward unitary evolution intermixed with projective measurements. The
simplest quantum trajectory described within our model is defined by a non-unitary
Floquet cycle operator Wy = Py UTPyUP,, where U is a unitary operator and P, is a
projective measurement operator. Here we write the measurement operator as Py =
diag{1,1,...,1,0,0,...,0}, such that the strength of the measurement is characterized
by the rank of the projection operator, TrF, = bNN.

To study the spectrum of the non-unitary operator Wy in the thermodynamic limit,
we have developed a novel RMT-based approach that treats unitary operators U as
random matrices drawn from an ensemble characterized by a parameter v, see Egs. (5.5)-
(5.7). Using this RMT-based mean-field approach, we have analytically demonstrated
the existence of the measurement-induced transitions in the spectrum of Wj. Specifically,
we have uncovered two types of transitions: one type occurs between two distinct gapped
phases in the vicinity of the eigenvalue 1, with the spectral gap closing at the critical
point. The two gapped phases in this case differ by the presence of the eigenvalue 1 in
the spectrum of the evolution operator. The other type of transition occurs between a
gapped and a gapless phase, taking place in the vicinity of the eigenvalue 0 of the operator
Wy. Considering b and v as system parameters, we have analytically calculated phase
diagrams describing both types of transitions, and performed numerical simulations for
small system sizes supporting our findings.

In addition, we have demonstrated how spectral transitions can be identified for other,

more complicated quantum trajectories, based on the results obtained for the simplest
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case of Wj.

Furthermore, we have suggested that spectral MIPTs uncovered in our work can be
interpreted as transitions in terms of either losing completely or retaining part of the
memory of the system’s initial conditions as it evolves. In particular, considering the
eigenvalue 1 transition between the two gapped phases of the operator W, the weak
monitoring phase corresponds to the phase where the system retains part of the memory
of its initial condition throughout its evolution, while in the strong monitoring phase
the memory of the initial conditions is rapidly lost. We note that these signatures of
the strong and the weak monitoring phases differ from the ones in conventional MIPT
models, where the measurement-induced phases are typically interpreted as volume vs
area law phases or pure vs mixed purification phases. Such peculiar nature of the phases
in our case is due to the unique details of our model, where the evolution consists of both
forward evolution and backward evolution operators, intermixed with the measurement
operations.

To support our interpretation of the measurement-induced phases and the correspond-
ing transition occurring within our model, we have numerically studied the long-time
dynamics of certain physical quantities for small-sized systems. One quantity that we
have considered is the purity of an initially completely mixed state. For the evolution
governed by a non-unitary operator W[, where k is the number of Floquet cycles, we
have shown that in the strong monitoring phase (which features the absence of the eigen-
values 1 in the spectrum of W) an initially mixed state purifies, and the purification
timescale increases with the system size and decreases with the measurement strength.
However, more studies are necessary in order to definitively determine the system size
scaling of the purification time in the strong monitoring phase. At the critical point,
when the gap in the spectrum of W closes, we have demonstrated that ¢, oc 2" with

k = 2. Such exponential scaling of the purification time with the system size is a typical
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signature of the mixed or the volume law phase in conventional MIPT models. On the
other hand, in the weak monitoring phase (which features the presence of the eigenvalues
1 in the spectrum of W) an initially mixed state fails to purify entirely, a property that
is consistent with our interpretation of the system retaining part of the memory of its
initial conditions as it evolves within this phase.

Another physical quantity, the dynamics of which we have numerically studied, is the
probability to measure the Floquet quantum trajectory described by an operator W,
given that the measurement outcomes at each step are random. We have shown that in
the strong monitoring phase this probability exponentially decays to zero as the system
evolves, while in the weak monitoring phase after an initial decrease it remains constant
and finite for & — oo. This behavior is also consistent with the system losing(retaining)
memory of its initial condition as it evolves within the strong(weak) monitoring phase.
At the critical measurement strength the probability exhibits a power-law decay to zero.

Dynamical signatures of the eigenvalue 0 transition between a gapped and a gapless
phase in the spectrum of W} can be studied by considering a Floquet evolution governed
by an operator W, where W, = Py — W, since the eigenvalues 0 of the operator W,
correspond to the eigenvalues 1 of W;. Similarly to the case of the eigenvalue 1 tran-
sition in the spectrum of W, discussed above, we have calculated the dynamics of the
purity and the measurement probability in the system evolving under the operator WF.
We have found that the late-time dynamics of these quantities exhibits signatures of a
gapped and a gapless phase, consistent with our results obtained for the eigenvalue 0
transition in the spectrum of W,. Overall, these numerical results for the purity and
the measurement probability illustrate that the spectral phases and the corresponding
transitions, uncovered analytically in our work, manisfest themselves in the long-time
dynamics of various physical quantities.

Generally, a full understanding of the physics in monitored quantum circuits lacks
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due to the scarcity of analytically solvable models. The present study provides such the-
oretical model and its analytical treatment via an RMT-based approach applied to iden-
tify spectral signatures of MIPTs. Moreover, this model features measurement-induced
phases and transitions that do not fall within the conventional MIPT paradigm of vol-
ume law-area law phases (or pure-mixed purification phases). Our work can serve as an
inspiration for the development of other analytically treatable MIPT models and for the
application of the RMT to study monitored quantum circuits.

While we have provided some numerical results showing signatures of the transi-
tions in the long-time dynamics of certain physical quantities, such as purity and the
measurement probability, more systematic studies are necessary to make definitive con-
clusions about the properties of the measurement-induced phases in our model and the
corresponding transitions.

The possibility of an experimental implementation of our theoretical model on modern
NISQ devices is an open question. While theoretically the probability (5.89) to measure
the W} Floquet quantum trajectory can provide an experimentally detectable signature
of the transition without the need for performing the postselection (see Fig. 5.7), real-
istic experiment would inevitably encounter multiple obstacles that would have to be
resolved. In addition to standard issues crippling modern devices such as decoherence
and imperfect gate fidelities, a practical implementation of the gate U utilized in our
model that scrambles the entire system would require the application of many single-
qubit and two-qubit gate layers which would effectively decrease the circuit depth that
can be efficiently simulated. Besides, gate imperfections would lead to the discrepancy
between practically implemented gates U and UT, which would in turn produce results

differing from the theoretical predictions made in our work.
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Appendix for Chapter 2

A.1 Analytical expressions for the proximity-induced
terms of the nanowire Green’s function in the
absence of spin-orbit and magnetic scattering

in the SC

In the absence of magnetic and spin-orbit scattering I's, = I'sy = 0 pair poten-
tial in the superconductor is constant as a function of Zeeman energy A = Agg up to

the Clogston limit, and analytical solution to the Usadel equations (2.9a)-(2.9b) can be

obtained|[56]:
VARA? + [(VEOR + i = A = (VIO —uh + 7
tanf = (A.1)
2w, A
cosh & — wy, + Atan 6 (A2)
Vw2 + [A2 — (V)2 tan? 0 + 2w, A tan 0
sc
sinh ¢ = Vy tan® (A.3)

Vw2 +[A2 — (V29)2] tan? 0 + 2w, A tan 0
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Performing analytical continuation of the Matsubara frequencies w,, —

the proximity induced terms of the Green’s function (2.18)

—w?+ S
1cosfcoshop = — = Wt O
Qou\/l— (ZAJgS \/S (=h +£AA2;; +5)2
h( S
$in O sinh ¢ = — 2 (W + S ——
8% 1= e /5 - g
S)( S
sinf cosh ¢ = — (= (j+ (W + 2) —
AAW? \/1 ZAES \/S —h +4AAZ))£§ +5)
h( S
1cosfsinh¢p = — = (" + S)° RIS
QAW\/].— LZAES \/S h+4AA2wu2) +5)

where for notational purposes we denoted

S = —(VEO) 4 A% 4/ —4A%2 1 (w2 — (VEO)2 + A2)%
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Appendix for Chapter 3

B.1 Island(s) and QD(s) contributions to the total
low-energy Hamiltonian of the qubit(s)-QD(s)

system

B.1.1 2-MZM case

In this Appendix we derive effective Hamiltonian FI0+QD of Eq. (4.2). The island and
QD contributions to the total low-energy Hamiltonian (3.1) of the coupled island-QD
system take the form Hg = Eq(N—Ny)?+Ey(N—N,)(i—ng) and Hop = hivtec(i—ng)?
respectively, where N (7) is a charge occupation of the island(QD), Ec(ec) is a charging
energy of the island(QD), Ng(ng) is a dimensionless gate voltage of the island(QD), Ey
is a mutual charging energy between the island and the QD and h is energy of a single
electron level of the QD. Here we assumed a single-level QD without spin degeneracy,
which is a valid assumption in high external magnetic field for small enough QD.

Total charge conservation in the system dictates that N+n= Niot, where Ny is a
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total number of electrons in the system. Using this, He+ ﬁQD can be rewritten in terms

of only one operator, e.g. n, yielding up to a constant term:

Ho + Hop = (B + ec — Ey) (7 — 7,)? (B.1)

with effective dimensionless gate voltage given by

A= EC(NtOt — Ng) + EcNg — h/2 — EM(Ntot — Ng + ng)/Q (B 2)
& EC+5C_EM ) ’

Relabeling parameters in terms of effective ones as Fc +ecc — Em — €, fig — Ny, We get

ﬁc + ﬁQD — ﬁCJrQD with ﬁC+QD given by Eq (42)

B.1.2 4-MZM case

Denoting N;(#,), i = 1,2 as a charge occupation of the ith island(QD), Ny (ng.), i =
1,2 as a dimensionless gate voltage of the ith island(QD), h;, © = 1,2 as energy of a single
electron level of the ith QD, we describe the islands and QDs contribution to the low-

energy Hamiltonian of the 4-MZM system as

9 4
2 2 € N N N
HC + HQD = E E ViPijVj -+ E hml (B3)

ij=1 i=1,2

up to a constant. Here i; represent dimensionless excess charge of the islands/QDs, i.e.

(N; — N,,), i =1,2
by = ) (B.4)

A

(ni—Z - ng,i—2>7 1= 37 4

and F;; are matrix elements of the inverse of the 4 x 4 capacitance matrix of the system

with the first(last) two indices representing the islands(QDs) degrees of freedom. The
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first term in Eq. (B.3) corresponds to the total electrostatic energy of the system while
the second term is a total orbital energy of the QD levels. Notice that the Hamiltonian
is always diagonal in the basis of the occupation numbers of islands and quantum dots.
Thus, energies ¢,, « € {il,i2,d1,d2} introduced in Section 3.3.2 can be found by plugging

appropriate values 7;, N; € {0,1} of the island and QD charges into Eq. (B.3).

B.2 Quantitative comparison of capacitance of 2- and
4-MZM measurements

To gain intuition about the different signal strengths of the 2- and 4-MZM mea-
surements we compare the corresponding curvatures 9% /0A? of the two cases which
are proportional to the capacitive response Cgigp. In particular we consider the case
Agq = A = 0 using Egs. (3.6) and (3.16) since finite Agq expressions are too complicated

in the 4-MZM case to be illuminating. We find:

0? 1

OA2 Azosp,gsw) = 4|t (B.5)
2 4 nONFVI
82 \/t tz - 4tp (¢)
has(®) = (B.6)
£ :
OAZ A, o Pes
dd | 2ad 420 th — 4tY

Note that t§, > A7V we therfore see that % — 412(94)(@4 /ts, plays a similar role for the
4-MZM case as |t,(¢)| does for the 2-MZM case.

As mentioned in the main text, for perfectly symmetric tuning |t,| = ¢, the 2- and
4-MZM cases show parity-dependent energy shifts of similar order. We now look at the

capacitive responses in the same limit. Let’s consider p = 1 (p = —1 can be obtained by
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shifting ¢ — ¢ + 7). We then find,

0? 1 1
W‘Azo&r,gs(cb—ﬂ/?) = TStsn(e/2) (B.7)
5?2 4) 1 cos(¢/4 —7/4)
0N suamo-r85?) 8t sin(¢/2) ()

where we used simplifications that apply without loss of generality for 0 < ¢ < 27 which
bounds 1/v/2 < cos(¢/4 —7/4) < 1. We therfore see that in this limit the 2- and 4-MZM

capacitive response behaves very similarly differing by at most a factor of v/2.

B.3 4-MZM measurement in case t; # 0

In case of ts # 0 solutions of the quartic equation (3.14) have cumbersome analytical
form and we do not present them here. Instead, we parametrize the coupling asymmetry
giving rise to finite t5 using the parameter 8 such that |t;| = |t3] = ¢, |ta] = |ta] =
t(1—75)/(1+ ), t2 =8Bt*/(1+ B)* and plot solutions of Eq. (3.14) as functions of Agq
in Fig. B.1 for ¢ = 0 and various values of . Fig. B.1 illustrates that finite values of
ts introduce a shift of the crossings (or avoided crossings if |t;| # |t3] and/or |ta] # [t4])

away from Agq = 0 which can be calculated analytically giving

72— \/th — 41(9)t — 14

shift __ 2
AL = £ 487 (9)1 + 1

(B.9)

Taking into account this shift in Agq, the ground state part of the 4-MZM system spec-
trum in case the of t5 # 0 still looks qualitatively similar to the one of the 2-MZM system

spectrum depicted in Fig. 3.2(a) for all cases shown in Fig. B.1.
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Figure B.1: Eigenenergies of the Hamiltonian (3.13) for different parities p and as a
function of QD-QD detuning Agq for various values of coupling asymmetry 5. Here
we set [t1| = |t3| = t, |t = [ta] = t(1 — B)/(1 + B), Ag = 0. Panel (a) is given by
the analytical expressions of Eq. (3.16).

B.4 SNR for 1/f noise

In this appendix we derive expressions for Y and oy for Gaussian noise that is fully
described by a two-point correlation function with 1/f spectral power density S,(w) =

a,/|w|. Using the expansion of Eq. (3.17) together with (dz) = 0 we find

T

Y =y + zyTQ dt(5a(t)?) = yo + % dwS, (). (B.10)
m J0
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Strictly speaking this expression is divergent but physical constraints provide frequency
cutoffs for S(w). The low frequency cutoff wy,, is given by the time that passed since the
measurement apparatus was calibrated. Calibration redefines very slow noise components
into the signal. In general w_. > 7, but depending on the way the qubit is operated
wi could exceed T, by several orders of magnitude. The high frequency cutoff is given
by the inverse of the correlation time of the noise 7. since for ¢’ < 7. one would expect
(02(0)0x(0)) ~ (6x(0)dx(t')). We thus regularize Eq. (B.10) via

00 11 Tc/2
Y =y + ygam/ dw—— dte™ ~ 1y + ygax(l — - log(wmmTc/Q)) (B.11)

where v &~ 0.577 is the Euler’s constant and we used that wy,7. < 1.

The variance is given by

L /detdt’{y%(éx(t)éx(t’»—i—
FL2 ((Ga(t)3(0)0n () () (5m(t)5m(t))(5m(t’)6m(t’)>)} (B.12)

The integral of the first order term can be evaluated as

/ / dtdt’ (5z(t)sz(t / / dtdt’ / dwe™ 1S, (w) =

—4Tm/ deSx(w) (B.13)

(WTm)?

We again regularize the integral by introducing the low frequency cutoff wy,;,, this yields

a first order contribution to o3 of

o] 2 2
8yia, / de ~ yla, (3 —2v—=2 log(wminTm)) (B.14)

3
'min7m C
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where for simplicity we used the limit w7, < 1.
The second term in (B.12) can be evaluated with the help of Wick’s theorem which

is valid given the assumption of the Gaussian noise. Specifically, we write

/‘Tm /Tm dtdt/<(5x(t)5$(t)(5$(t/)5x(t/)> _
- /OTm /on dtdt’ {(0x(t)0x(t))(6x(t")dz(t")) + 2(0x(t)dx(t'))(dx(t)ox(t))}  (B.15)

Note that the first term in (B.15) cancels with the last term in (B.12), while the second

term in (B.15) can be written as

/OT“‘ /OTm dtdt' (6x(t)dx(t)) (6x(t)dz(t)) =

= / / dtdt’ / / dwdw' e TG (W) S, (W) =
0 0 —0o0 J —0o0

) /_ h /_ h dwdw’Sa:(w)Sx(w’)Si?(i(i :;‘; an“)/f)

(B.16)

Once again, we regularize the integral by introducing the low frequency cutoff wy,;, and

get

202 b - 1 sin?((¢ +¢’)/2)  sin*((¢ —¢')/2)
2 m x/wminﬂn /wminfm dCdC gC/ ( ((C+C,)/2)2 + ((C — C/)/Q)Q ) (B]_?)

The integral given above cannot be computed analytically for arbitrary values of win7m.

However, in the limit w7 < 1 certain simplifications are possible. First, we perform
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one of the integrals in (B.17) and expand the result in powers of wyinTim:

=1 snd((C+¢)/2)  sind((C—¢)/2)\

/wmmmdcccf( €+ 2E T (C-0)f2p )‘

- Ci (—14 (14 7) cos ¢’ — Ci(C) + 10g(¢") + C'SI(C") — 10g(mmn) (1 — cos(C))} +
+O(wmin7'm)
(B.18)

where Ci({") = —f;o dt cos(t)/t and Si(¢") = foc/ dtsin(t)/t. Next, we integrate (B.18)
over (' and expand the result in powers of wy,;, 7 once again. This yields the expression
for the second order contribution to ¢ in the limit wpyi,7m < 1:
gt [ [ el (GO sy
it JminTin ¢¢\ ((C+¢)/2) ((€—¢)/2)
~ Yo’ (7 — 67 4 29 + (47 — 6) log(WminTm) + 2log (wminrm)) (B.19)

Hence, the expression for variance in the limit w7, < 1 takes the form

oy YO, (3 — 2y —2 log(wminTm))+

+ys02 (7= 67+ 27* + (47 — 6) 10g(WininTm) + 2108” (WininTm)) - (B.20)

B.5 Temperature dependence of detuning noise

In this Appendix we briefly analyze temperature dependence of the detuning noise
described in Section 3.5 of the main text. Fig. B.2 illustrates signal (3.20) and noise
(3.21) calculated as a function of system temperature for the average QD charge (S,,
N,,) and the differential capacitance of the QD (S¢, N¢). Both dependencies in Fig. B.2

are plotted for values of detuning and phase corresponding to (or close to) the maximum
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(a) A/t=2, p=7/2 (b) A/t=0, ¢ =7/2
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Figure B.2: Signal (3.20) and noise (3.21) for the 2-MZM measurement of the aver-

age QD charge (nqgp)(a) and differential QD capacitance Cgig/Cx p(b) as a func-

tion of temperature T for ¢ = w/2 and different values of A/t. Here we set

lti] = t, |ta] = 1.5t, t = ec/5 = 0.02 meV,Cy/Cxp = 2 and the noise is detun-

ing noise of strength /ac = 0.01.
visibility points, see discussion in Section 3.5 of the main text.

The signal strength in Fig. B.2 decreases with temperature due to the fact that
the energies (3.6) are symmetric with respect to € = 0 line, see Fig. 3.2(a), and hence
the difference between the observables for p = +1 and p = —1 vanishes at large T
The noise strength also usually decreases with temperature because the slope of the
observables plotted as a function of A decreases with temperature too. However, there
are certain parameter regimes when the slope is already in the saturation and hence
it rises with 7' thus increasing the noise strength as well, see for example Fig. B.2(a)

for T/t < 1.5. Overall, based on Fig. B.2 we conclude that lowering 7" benefits the

measurement visibility.
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B.6 Derivation of the expression for Cys_ in the
limit [t_| < T, 04

Expressions for energy and differential capacitance for the ground and exited states

are given in Egs. (3.6) and (3.8):

1 -
ey =~/ A AL =~ (B.21)

gr 12 exc
Caife p declty| Cifip

= _ L = — , B.22
C'gQ/Cg,D (AZ + 4]E,[2)3/2 CgQ/Cg,D ( )
In the high temperature limit temperature-averaged Cgig — becomes
o9 e—sgf/T + egcc_e—sefc/T exc cexc 7|2
C(diﬁ"— = it gr dlif.;c _ - e (8 | | T . (B23)
’ e /T 4 g=e=¢/T T>i—|,A T T(AZ +4|t_|?)

Given Gaussianly distributed random varaible A with variance o3, averaging Cyg — over
the distribution gives in the limit oa > [t_|
E1

Ci _ X X — = .
it TO'A |Zf_| TO'A

(B.24)

B.7 Noise in MZM-QD couplings

Noise in the MZM-QD coupling amplitudes |t1], |t2] results from the noise in electro-
static gates controlling those couplings. Similarly to the case of the detuning noise (3.22)

in the main text we assume that the coupling noise has 1/f power spectrum:

Si(w) =7 (B.25)
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where we explicitly separated MZM-QD coupling energy |ti|, |t2] ~ t and dimensionless
noise strength .

We estimate o, using experimental measurements of the dephasing time in gatemon
qubits that use quantum wire suitable for topological superconductivity. Reference [247]
reports T ~ 4 ps in InAs/Al based gatemon with qubit frequencies fg ~ 5GHz. We
assume that fo o< V/E; o V97, where Ej, g; are the Josephson energy and dimensionless
conductance of the junction. We can then obtain an upper bound on the fluctuations of g;
by assuming that the dephasing is dominated by noise in the dimensionless conductance
of order Ag; which yields the estimate Ag;/g; = 1/(7T5 fg) ~ 2 x 107°. This can
be used to estimate the fluctuations in ¢ which is proportional to \/g; of the junction
connecting the qubit island and the QD. Assuming similar relative fluctuations of ¢;
yields \/a; ~ 107°. Note that the amount of variations in the conductance of a junction
due to charge noise in the environment does depend on the regime in which the junction
is operated. Junctions that are operated close to pinch off will likely show a stronger
susceptibility to fluctuations. Nevertheless, the significantly smaller value of |/a; < /ac
obtained in the above estimate makes it unlikely that the noise in the tunnel coupling
overcomes the detuning noise.

Similar to the case of the detuning noise in the main text we analyze effects of the
coupling noise perturbatively. Using expressions for expectation value and variance of
the observables (3.18),(3.19) we calculate signal and noise via Eqs. (3.20),(3.21). The
perturbative treatment of the noise is well satisfied since /oy < 1. Fig. B.3 illustrates
the signal S,, (S¢) and the noise N,, (N¢) calculated for the average QD charge (a)-(b)
(differential capacitance of the QD (c¢)-(d)) as a function of detuning. The signal lines
in Fig. B.3 resemble the ones in Fig. 3.6 and we refer reader to the main text for the
discussion of the signal. Coupling noise, on the other hand, has a behavior qualitatively

different from its detuning counterpart. First, in contrast to the detuning noise, the
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Figure B.3: Effect of noise in the MZM-QD coupling. Signal (3.20) and noise (3.21)
for the 2-MZM measurement of the average QD charge (nqgp) (a)-(b) and differ-
ential QD capacitance Cqig/Cxp (c)-(d) as a function of detuning A for different
values of ¢. Here we assume that the system is in its ground state (T' = 0) and set
lti] = t, |to] = 1.5t, t = ec/5 = 0.02 meV,C,/Cxp = 2, and the strength of the

coupling noise /az ~ 1072,

coupling noise N, vanishes at zero detuning as illustrated in Fig. B.3(a)-(b).

This is

associated with (nqgp,) being identically zero at A = 0 for any value of |¢,]. At the

same time, the local minimum at A = 0 of the detuning noise N¢, see Fig. 3.6(c)-(d),

is not present in the case of the coupling noise as can be observed in Fig. B.3(c)-(d).

The reason for this is that at A = 0 the capacitance is affected by noise in the coupling

already to first order as opposed of detuning noise which only acts at second order. Akin

to the detuning noise, the effect of coupling noise vanishes together with the signal for

large detuning values emphasizing that external noise sources, e.g. amplifier noise, would

likely be dominant in that regime.
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Overall, the SNR for the coupling noise exceeds 10* in case of (ngp) and Cgyg for
most of the parameter values except vicinity of a few isolated points where the signal is
fine tuned to zero. This signifies that due to /o, < (/ac the MZM-QD coupling noise
is not significant enough to affect the measurement visibility.

Intuitively, the weaker effect of noise on the tunnel coupling can be explained by
differences in the sensitivity of the voltages controlling the tunnel coupling and the charge
occupation. Assuming for simplicity a lever arm close to unity, the detuning changes
significantly when the corresponding voltage of the QD changes the charge occupation
by one electron. This corresponds to voltages ~ e¢/e which is typically or the order of
0.1 — ImV. Changing the strength of the tunnel coupling on the other hand requires to
sufficiently change the electrostatic potential in the tunneling barrier. The corresponding
voltages are typically much larger ~ 10 — 100mV. Nevertheless, we caution that for
sufficiently ill-behaved junctions which show sharp resonances in the dependency of the
dimensionless conductance with respect to the junction gate voltage the general trend of

weak coupling noise might be broken.

B.8 Phase noise

The phase noise arises due to the noise in magnetic flux penetrating the enclosed
area of the interference loop in the coupled island-QD setup, see Fig. 3.1. The flux
noise, in turn, can originate from fluctuations in external magnetic field needed to tune
the nanowires into the topological regime and/or from magnetic moments of electrons
trapped in defect states of superconductors [248]. We estimate it by referring to the noise
measurements in flux qubits which have interference loop based architecture similar to
our topological setup. Refs. [249, 250] observe 1/f behavior of the flux noise in flux

qubits and report the noise value of S;/Q(l Hz) ~ 1u®oHz /2, where &y = h/(2e) is the
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superconducting flux quantum. Based on this we write the phase noise spectral power in

our setup as

Sp(w) = Ed—q] (B.26)

with | /ag ~ 105,

Following analysis of the detuning noise in the main text and the MZM-QD coupling
noise in Appendix B.7, here we treat 1/f phase noise perturbatively and calculate cor-
responding signal S and noise A via Egs. (3.20),(3.21). Note that ,/ag < 1 is needed
for the perturbative treatment of the noise to work. The results of the phase noise
calculations are illustrated in Fig. B.4(a)-(b) for the average QD charge (S,, N,) and
Fig. B.4(c)-(d) for the differential capacitance of the QD (S¢, N¢) as a function of de-
tuning. The signal lines in Fig. B.4 closely resemble the ones in Fig. 3.6 so the discussion
of the signal can be found in the main text. On the other hand, the phase noise lines
in Fig. B.4 are qualitatively similar to the coupling noise lines in Fig. B.3, see Appendix
B.7 for the corresponding discussion. The main difference between the phase noise and
the coupling noise is that the phase noise is smaller: the SNR for the phase noise exceeds
10° in case of both (nqgp) and Cgg for most of the parameter values except vicinity of
a few isolated points in parameter space where the signal is fine tuned to zero. Near
¢ = m/2 the SNR is greater than 10'° for most of detuning values. Note also that the
dependence on ¢ of the phase noise is much more significant than the dependence on ¢
of the coupling noise, c¢f. Fig. B.4(a)-(b) and Fig. B.3(a)-(b). Overall, we predict the

phase noise to be not strong enough to affect the measurement visibility.
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Figure B.4: Effect of phase noise. Signal (3.20) and noise (3.21) for the 2-MZM
measurement of the average QD charge (ngp) (a)-(b) and differential QD ca-
pacitance Cgig/Cxp (c)-(d) as a function of detuning A for different values of
¢. Here we assume that the system is in its ground state (I = 0) and set

lt1] = t, |ta] = 1.5t, t = ec/5 = 0.02 meV,Cy/Cs,p = 2, and the strength of the
flux noise ,/ag ~ 1076,
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Appendix for Chapter 4

C.1 Analytic expressions for the eigenenergies of the

Hamiltonian (4.4)

The eigenergies of the Hamiltonian (4.4) are given by

oA+ VG nk? =2 VEAL, + Vol (C)

n

£y = \/ Abg + V7 + &+ (ark)? + 2\/ ViALa + (V7 + ajk?)EE, (C.2)

where & = k*/2m* — p.

C.2 Relative strength of the MZM-QD and the
continuum-QD couplings of Eqgs. (4.11),(4.12)

The MZM-QD and the continuum-QD couplings can be rewritten in terms of the

tunneling matrix elements with the help of Ref. [251]. In particular, Eq. (52) from
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Ref. [251] gives the following expression for the MZM-QD tunneling Hamiltonian:

Hyvzm = e/ Z Z VVlQSp(Tl)UMZM,l(rl)fg% +h.c., (C.3)
p=L1I1=L,R

where W, are the tunneling matrix elements, uyzn(r) is the Majorana wavefunction and
¢,(r) are wavefunctions of the QD orbitals. Comparing this expression for the MZM-QD
tunneling Hamiltonian with expression (4.8) of the main text, and taking into account
that the Majorana wavefunction normalization requires |uyizan (7)[* ~ 1/€, where € is the

coherence length in the nanowire, we can express the MZM-QD coupling as
1
[tal® = W unizaea(r0) || (r0) [ = Wf|¢p(7’z)|25- (C.4)

As for the continuum-QD coupling, Eq. (12) from Ref. [251] provides an expression

for the corresponding tunneling Hamiltonian:

]:IT—NW = 6_i$/2 Z Z Z W/lgzﬁp(rl)wkol(rl)fgckgl + h.C., (05)

p,O':\L,T l:L7R k

where compared to Eq. (12) from Ref. [251] we have neglected tunneling from the su-
perconducting shell as it is not part of our model, and refrained from expressing the
nanowire electronic operators in terms of their Bogoliubov counterparts. Here 1);(7) are
wavefunctions of the electronic modes in the nanowires, normalized as |y (7)]|*> ~ 1/L.
Comparing this expression for the continuum-QD tunneling Hamiltonian with expression

(4.9) of the main text, we find that the continuum-QD coupling can be expressed as:

1
|8 pot]* & W ro1(71) | (1) |* = W12|¢p(7“l)|zz- (C.6)
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From Egs. (C.4),(C.6) it follows that

ol 2 (C.7)

|Spal| - §

C.3 Analytic expressions for the coefficients o, 3 of
Eqgs. (4.19)-(4.20)

The expressions for the coefficients «,,,,, By, n = 0,1, read

A+ /A2 + 4]t,|? 2
Qp,0 = » Qp1 = )
_ _ 2 _ 2
tp\/8+|§?% <A+\/A2+4|tp\2) \/8+§p—A|2 <A+\/A2+4ytp|2)
(C.8)
A — /A% 4+ 4|t,|? 2
Bp,O - ) Bp,l = )

_ 2
\/8 + 3y <A — /A? +4|tp\2>

(C.9)

2
_ oA _
tp\/8 + 2 <A ~JAT} 4|tp\2)
where for notational convenience we denoted ¢, 4+ as ¢,. We further note that

1 A 1 A
2 _ — _ 2 _ —
Bpol” = 3 (1 A2+4’tp|2>  Bpal” =3 (1 75 +4‘tp’2) . (C.10)

These identities are used throughout the chapter.
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Figure C.1: Schematic illustration of an example of the second order tunneling process.
Solid black dots represent the electrons hopping between the superconductor with the
gap Ay and the two-level QD with the Zeeman splitting h. Grey wavy lines represent
the quasiparticle continuum in the superconductors.

C.4 Details of the second order perturbative calcu-
lations

The second order processes include virtual tunnelings from a T(QD) onto the QD(T)
and back onto the same T(QD), with a creation and annihilation of a virtual quasiparticle
during the process. Importantly, since the same topological superconductor is involved in
the tunneling events, no overall phase is accumulated during the second order processes,
and the only phase dependence would come from the MZM-QD coupling which is treated
unperturbatively. Formally, the second order correction in the continuum-QD couplings

is given by

<m|ﬁT_Nw|—>

(2) _ ‘ b

Ep = E RO . (C.11)
m p,— m
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The excited states |m) correspond to a quasiparticle created in either L or R topological
superconductor. Figure C.1 schematically illustrates an example of a second order pro-
cess. States |m) have parity —p and can be either the |—)_, or the |+)_, eigenstates of

the MZM-QD Hamiltonian, see Egs. (4.19)-(4.20). Hence, we write

515,7) = 6(12) + 5&2]) (C.12)

with

1k]l’HT Nw|—)p

(C.13)

532): Z ZZ (0)
I=L.R i

=L,Rj=1.2 Ep,— fp, +5/Wl)

i+, 1kﬂ|HT—NW|_>

> 0 0 : (C.14)

Sp- T —p+ + et

e =y

I=L,R j=1,2
where 6( ) are the "unperturbed” energies (4.22) of the MZM-QD Hamiltonian and Lkt
indicates the creation of the type j quasiparticle in the [th topological superconductor
with the momentum k and the energy e4; given by Egs. (C.1)-(C.2). Recalling ex-
pressions (4.19)- (4.20) for the states |£) and expression (4.10) for the continuum-QD

tunneling Hamiltonian, we calculate the matrix elements in Eq. (C.14) and obtain

YYY |Bp.1 8% p o (Stritigr + 85 Uks1) + BpoB pa (St1i0-kjr + 81050
(0) (0) !

I=L,Rj=12 &k Ekjt T Ep— —Ep
(C.15)
@ |Bp1 0, o (Strtinit + ST uks1) F Bpo@ 1 (St100-kjt + Sppv—gs))]?
€11 = Z (0) Q) ’
I=L,Rj=1,2 k Ekjt T E€_pt+ — Ep—
(C.16)
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where we have only considered tunneling into the lower in energy dot level p =1 which
is justified if the Zeeman splitting on the dot is much larger than the respective level
broadening h > I'};. In the denominator, the expressions

e — & = (—\/A2 TP+ AT+ |Ep|2) /2 and

e® ., — g;?)_ = < A2+t ]2+ /A% + |fp|2) /2 are much smaller than ¢, in the limit

_p7+

Ay > A |tL|, |tr| and hence can be neglected. This makes the denominators in Egs. (C.15)

and (C.16) identical. The enumerator in Eq. (C.15) can be rewritten as

1Bp1 8% 0% ([stlPuisy + Isyul*up;, + 2]sypstulurjrungy) +
+ 18085 a1 (Ispr 02y + IsrulPv? 45y + 2smusyulv_wpv_igy) +

+ [BpaB 0B 0Bp (Stutnsr + Tuesy) (Sv—kjt + 850-kj)) +c.c.] . (C.17)

Similarly, the enumerator in Eq. (C.16) can be rewritten as

|Bpac® ol® (Isrnl*ui s + [syul®uis, + 2|stmustilunrue,) +
+ |/6p,0a*—p71|2 (|STTl|2U3ij + |SNl|2vzkj¢ + 2] spu Sty |v_rjrvrjy ) +

+ [prla*_ppﬂ;’oa_p’l (s%um + salukﬂ) (s%lv_kﬁ + S%k\\uv_kji) + C.C.} ) (C.18)

Since the denominators are the same, the sum of the two enumerators (C.17) and (C.18)

(2)

enters the expression for €, ”.

In this sum, the last terms in the expressions (C.17)
and (C.18) (i.e. the cross terms) cancel one another due to the fact that 8*, ;8,1 +
o, 00—p1 = 0. Besides, given that |3*,o|* + [a* o> = |3, + |a*, ;> = 1, the other

terms in the sum of (C.17) and (C.18) can be combined yielding for the total energy
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correction

(2) — 2|Bp,1|2 Z Z |Sdir|2uijT + ‘sz’2ui]¢ + 2]5dirssf|umukj¢_

S
p,i .
=12 k Ekj
_ 2’5 ‘2 Z Z |Sdir|2'l}3kj7~ + ‘sz|21}3kj¢ + 2‘8d1r85f|’l),ij’U,kj¢ (C 19)
" =12 k Ekj ’ '

where the sum over | = L, R results in the factor of 2. When writing Eq. (C.19) we
assumed for simplicity that the continuum-QD couplings on the left and on the right are
the same |sto1| = |Stor| = |S10], and introduced the direct |sqi| = |s44| and the spin-flip
|ssf| = |s4,| couplings to the spin-up dot level p =1. Equation (C.19) has a clear physical
meaning: due to the MZM-QD couplings, the electron wavefunction is spreaded across the
QD and the island. Recalling Eqs. (4.19)-(4.20), one can note that |3,1]? is a probability
for the electron to be found on the dot, while |3,|* is a probability for the electron to be
found on the island. Thus Eq. (C.19) represents the contributions to the energy coming
from the dot-to-island virtual electron tunneling (the first term in Eq. (C.19)) and the
island-to-dot virtual electron tunneling (the second term in Eq. (C.19)) multiplied by the
respective probabilities. Taking into account the fact that uj,, = u?,;, j = 1,2, and

V21 = Vi J = 1,2, see Eq. (4.7), Eq. (C.19) becomes

2 2y, ,2
@ ) (Isaiel® + [sst|*)upjq + 2| SairSst|unjrung,

2 = T 5 | i

j=1,2 k Ckj
2 2Y,,2
_ 2|ﬁp70|2 Z Z (Isair | + [sst] )U—ij + 2|5dir55f|v—ijU—kj¢. (C.20)

- Ekj
=12 k

Rewriting the summation over the momentum in Eq. (C.20) as an integral via
L o
= — dk C.21
Yog ) (c21)
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where L is the length of the nanowires, and recalling the expressions for |3,0/%, |Bp1|*

given in Eq. (C.10), we obtain

£@ <|5dir|2 + |3sf|2)K£2) + |Sdir8sf|K§2) A (C.22)
e Aind A2+ AL, (O '

where we neglected the part independent of the detuning A and the phase difference ¢

(note that in the second order the dependence on ¢ only enters through |¢,|). Here

’LL
K? == dk kit “”T, C.23
! 212 E:k:,]/Amd ( )
L AU 1
P == / di Y L T kL (C.24)
T J_c0 j=1,2 ,]/Amd

Finally, setting here sgs = 0 we derive Eq. (4.24) of the main text:

|2 A
e? — — [Sae K . (C.25)
Aina A2+ 4], (6)2

C.5 Details of the fourth order perturbative calcu-
lations

As described in the main text, out of all terms in the expression for the perturbative
correction to the ground state energy in the fourth order we only consider the ones
that give rise to the 2w-periodic phase dependence and hence are important for the
analysis of the 0 — 7 transition. All the other terms in the fourth order involve processes

appearing in the second order, and thus are parametrically smaller that their second
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single-level two-level
(i) 1= (i) 1=
B | P et e | P et
______ ﬁ,{ S . N ____._¢¢,{ 2
Y] Y Y, NV
(“)uvvv | — O (i) | — (Y]
________ * | g B * L
Y Y Y O]

(VAVAVAV] \VAVAVAV] (VAVAVAV] \VAVAVAV]
(v) — ] (v) — |

[VAVAVAV] \VAVAVAV] (VAVAVAV] \VAVAVAV]

(VAVAVAV] \VAVAVAV] \VAVAVAV] \VAVAVAV]

Figure C.2: Schematic illustration of an example of the fourth order tunneling process
for the single-level (left panel) and the two-level (right panel) tunneling. Solid black
dots represent the electrons hopping between the superconductor with gap A, and the
two-level QD with the Zeeman splitting h. Grey wavy lines represent the quasiparticle
continuum in the superconductors.
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order counterparts. Thus, the relevant fourth order term is given by

4 _ Z p<_‘ﬁT-NW|m4><m4’ﬁT-NW‘m3><m3|ﬁT-NW’m2><m2|ﬁT-NW‘_>p

£
P (€p— = Emy)(Ep,— — Ems) (Ep,— — Emau)

(C.26)

ma,ms,ma
The excited states |ms) have parity —p and correspond to a quasiparticle created in the
L(R) topological superconductor, the states |m3) have parity +p and correspond to a
quasiparticle created in each of the two topological superconductors, while the states
|my4) have parity —p and correspond to a quasiparticle created in the R(L) topological
superconductor. In addition, the states |ms), |m3) and |m4) can be either |—), |[+) or |h)

eigenstates of the MZM-QD Hamiltonian, see Eqs. (4.19)-(4.21).

C.5.1 Single-level tunneling contribution

In this subsection we consider the tunneling only through the lower in energy spin-up
QD level. Left panel in Fig. C.2 schematically illustrates an example of this type of vir-
tual processes. In this case the states |ms), |mg) and |my) are either |—) or |+). First, we
study the case with |mg) = |—, Liji)—p, |Mms3) = |—, Liji, Lirjr)p and |my) = |—, L) —p,
where 15 indicates the creation of the type j quasiparticle in the {th topological super-
conductor with the momentum k. Note that here 7,7’ = 1,2 and [,I'’ = L, R but [ # ',
i.e. when two quasiparticles are present, they are present in the different topological

superconductors. Otherwise, the phase dependence would not appear. Then, the matrix
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elements in Eq. (C.26) read

(ma|Hrnw|—=)p = BpoBly 1 (St110-jt + Stuv—kjy) + Bpa By o(Sinukit + siyungy), (C.27)

(ma|Hrnw|ma) = Bp0By1(St1wv—kjrt + Sprv—wjr1) + Bop,1By0 (St tin i + Styptnjiry),
(C.28)

(ma|Hronw|ms) = BpoBL,1 (Stiukjr + Stutrgy) + BpaBl,o(Stv-rir + styv-ki1), (C.29)

p{—[Hrxw|ma) = BopoBy 1 (Srrtirjrr + Stywrtnjry) + Bop1 By o (St v—wrjnt + S3v—ijry)-

(C.30)

Recalling the phase dependence of the couplings given in Eq. (4.12), we note that only
two terms in the product of the matrix elements (C.27)-(C.30) have a non-trivial phase

dependence and the rest of the terms can be neglected. The first non-trivial term is

HB-pa*(Ispialv-rjr + |spulv-rg) (smwlumgm + |syur ) %
X (|stalugr + |srulun ) (Smlo-pgmn + |spwlvpg) =

= |8, 01 1B ([spnPo—rgruns + [splo- g ungy) @

X ([P jryv-pegon + |y Pungyv-pg,) =

= |6, 0|18 (|saie o kjrtungs + |sstl >0k ) %

X (|8aie[*urrjryv_pjy + st urrjryv_pioy), (C.31)

where in the first equality we have utilized the fact that v_gjiur;; + v_gj uisr, J = 1,2,
are odd functions of the momentum, see Eq. (4.7), and thus eventually summing them
over k would yield zero, hence allowing us to drop these terms at this stage. In the
second equality of the expression (C.31) we have introduced the direct and the spin-flip
couplings. Given the fact that v_gjrugjs = —vgj u_k;y, see Eq. (4.7), and keeping in mind

that the expressions are eventually summed over the momenta k, k', we simplify (C.31)
153



Appendix for Chapter 4 Chapter C

into

¢iGr=o0|g |

|6—p,1 |4(|Sdir|2 — |SSf|2)QuijU—ijuk’j’TU—k’j’T' (032)

The second non-trivial term in the product of the matrix elements (C.27)-(C.30) can be

simplified in the same way into

(di—¢r) |5p,1 |4|5—p,0

4
(SinUnir + S3ptngy) (Stwv_jn + Sprv_prjry) X
X (ST0-kjt + S5u0-kj1) Sttty + Sprtinyry) =

= 0|6, 1|80l *(|saiel® = Iset ) *unsyv—jptunrjorv_pe . (C.33)

Using expressions (C.32)-(C.33) and summing over [,I' = L, R; | # I', we write the

single-level contribution to the fourth order energy correction as

e — — 2008(8) (|Bp0l1B-pa [* + 1Boa |1 Bpol ) (|aie]? — |561]?)?

2 , Z WhjtU—kjt Uk j 1 VK5’
" (en; + 60— e e 4 epi)(ewy +e0_ —eD) (C.34)
J,3'=12 k&' \“kj o —Ep)(Eny T ewy) ey s, —p’)

where ¢ = ¢p — ¢. As in the second order case, applying the limit A, > A, |t.], |tg]

© __0 © 0

allows us to neglect the expressions e, ~ —¢,” and €, . —¢€,” in the denominator:

el = —2¢08(8)(|Ap0

P NB—pal* + 1Bpa 1Bl ) (saie* — [set*)*x

UkjtU—kjt UK 51Uk 5/

5.3'=1,2 k&' ej(€nj + Ewy)ewy

Next, we include the processes when the excited states |ms), |m3) and |my) can be
|+). This simply amounts to replacing some of the 8’s with a’s in Egs. (C.27)-(C.30).

Summing over all the possible states then gives the following full fourth order single-level
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energy correction

4,1
el = — 2¢08(¢) (|5aiel® — [56t]*)? [1Bp0l2(1Bpi|* + la—p1[*) (|Bpol* + |apol*) x

X(w—p,l >+ |a—p,1|2) + |Bp71‘2(|ﬁ—p,0|2 + |a—p,0|2>(yﬁp,l‘2 + |O‘p,1|2)><

Uki+V_L 'L[,k//’U k' §'
X(1B-pol* + la—pol*)] Z Z R IR (C.36)

i=12 ke R (x5 +ewy)ewy

which can be simplified into

(I 5air[* — [ sstl*)?

el — — cos(¢) 0 KW (C.37)
ind
with
k- L dkdk:’ R . (C.38)
22 P (ekj + errjr)enyr/ A

Note that we have replaced the summation over the momentum with the integration via

Eq. (C.21). Setting s = 0 in Eq. (C.37), we derive Eq. (4.30) of the main text.

C.5.2 Two-level tunneling contribution

In this subsection we consider the contribution to the fourth order energy correction
(C.26) originating due to the tunneling through both of the QD levels. The right panel in
Fig. C.2 schematically illustrates an example of this type of virtual process. In particular,
we study the case when one of the virtual states |ms), |ms), |my) is the state with an
occupied spin-down dot level, |h). Other terms with more than one virtual excited state
being |h) are much smaller due to the assumed large Zeeman splitting on the dot, h > A.

First, we focus on the case |m3) = |h, 1xji, Lirjwr)p. Taking for concreteness |mg) =
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|—, Liji)—ps |ma) = |—, Liyjur)—p, the matrix elements in Eq. (C.26) read:

(ma|Hroxw|=)p = BpoBLy 1 (Stv—kit + stuv—ijy) + Bpa B, 0(Sintirt + stury), (C.39)

<m3\fIT_NW|m2> = B—p,o(siTl/U—k'j’T + Siillv—k'jli)a (040)
(ma| Hrnwlms) = B2, 0(8730-kjt + 8] 0-kjL), (C.41)

p{—Hrxw|ma) = BpoBy1(Stwrtirjmn + Sturtingry) + B-p1Byo(Sirv—wjrp + 83 p0kjr )

(C.42)

Product of the matrix elements (C.39)-(C.42) has only one term with a nontrivial phase

dependence that reads

ei(@/*d)l) |/Bp 1

218-pol (Istilungs + syulurgy) (sprolv—pjm + |y lv_pyy) %
X (s pilv—rjt + [splv-ri) (e [urgn + [stplwwgy) =
= "1 B 2180l *(|5aie | it + [Sstlungy) ([Sselv_isr + [Saie|v_rj1) %

X (|Sstlv—wjer + |Saie|[v—rjry) (|Saie [ jer + [sseluryry), (C.43)

where we have assumed that the couplings to the left and to the right topological su-
perconductor are identical and have introduced the direct and the spin-flip couplings as
|Sair| = |st4| = |syy| and |sg| = [s4,] = |sy]. Using the fact that wgjrv_g+ = —u_gj gy

and UgjrU_kjp = —U_k; Vkjt, See Eq. (4.7), the expression (C.43) can be simplified into

ei(d)l/—@) |ﬁp 1

218 pol(Isai® = |sstl®) 2 wnjrv_pg ww jrv_pjry, (C.44)

where we have utilized the fact that the above expression is eventually summed over
the momenta k, k’. Using the expression (C.44) and summing over [,I' = L, R; | # U,

the corresponding contribution to the energy correction in the limit A, > A |tz |, |[tg] is

156



Appendix for Chapter 4 Chapter C

given by

(42

Ukt U—kj L Uk j'1V—k! 5
2|B_p70|4(|8d1r — |sqt]?)? Z Z JT 3L Uk 51 L

n=—2cos(9)|Bp,
|m3 ( )| Pl Py Ekj Ek] +€k//+h)5k/’

(C.45)

Furthermore, adding the possibility that the states |ms), [m4) can be |+), we obtain

2
D mgmn = =208(0)|Byal* (|8-pol* + lpol”)” (saiel® = [56r]*)*

Uk U—k. uk?/ . U—k/ .,
X E JtV—kj Uk VK] 7 (C.46)
33’ =12 kK Exj(Erj + ey + h)Epsy

which using the fact that |3_,0[* + |a_p0|* = 1 can be simplified into

(4)
(42) (Isair]* = [ss]*)? Ky A
€, mash = — COS 1+ = C.47
p; | 3=h (¢) A?nd 2 A2+4|tp(¢)’2 ( )
with
L2 Ui+ V—fj Uk /14U k! 57
K(4) dkdk/ E Jt I Jj"1 J' . C48
2 277'2 P Ekj(ekj + Extj + h>€k'j’/A?nd ( )
Second, we study the case with |mq) = |h, 1) —p and |ms) = |—, Liji, Ly )ps [ma) =

|—, 1) —p. The relevant matrix elements are

<m2\I:IT_NW]—>p = Bpo(S1410—kjt + SyV—kjy1)s (C.49)
<m3\HT_Nw]m2> = ﬁ;o(sjﬂ,uk/ﬁ —+ SIu/uk/jli), (050)

(ma|Hrxw|ms) = BpoB 1 (St + Surtiegy) + B B o (Sivonjt + Siyv-rzy), (C.51)

p{—[Hrnw|ma) = BpoBy 1 (Stwrtinrjrr + Syprtirje)) + Bpi By o(SirV—rrjr + SEpv—wjry)-

(C.52)
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Product of the matrix elements (C.49)-(C.52) has only one term with a nontrivial phase

dependence:

(v —91) |5_p’1|2|5p,0 4

(Su100-kjt + 5100k ) (10t g + 80ty ) X
X (Sirtrgt + Sutng)) (St + Strvopyy) =
= =\ 8_ 11218y 0] (Ssv—kjt + SairV—iy) (Sairtast + Sstlhjy) X

X (Sstnrjr + SdirUirjry ) (SdinV—pjrr + SsfU—prjr) ) (C.53)

which similarly to Eq. (C.44) can be simplified into

|2 - |3sf|2)zuijU—kj¢Uk'jf¢v_k/j/¢. (C.54)

—ei(Pr—21) |5_p71 |2|5p70 4

(|Sdir

Note the overall minus sign present in the expression (C.54); this minus sign was absent in
the expression (C.44). The different signs in the expressions (C.44) and (C.54) ultimately
lead to the 0 — 7 transition. The contribution to the energy correction coming from the

expression (C.54) in the limit A, > A, |t.], [tg] is given by

e aen =2¢08(9)| B

UkjtU—kj Uk’ j'1+ Uk 5!
2|ﬁp,0|4(|3dlr |Sbf| Z Z Lt ! :

iy Ekj + h Ek] + & /)Ek/]/

(C.55)

which when summed with the terms where the states |ms), |my4) are |+), becomes

D= = 208(8)1Bp0* (18501 + lapol* Y B-pa | + la—pa*) (Isaiel* = [ssl*)*x

Uk TU k iuk/ 'TU k5l
x ) Z Zh . (C.56)

P (ekj + h)(erj +ewjr)er s

158



Appendix for Chapter 4 Chapter C

This can be simplified into

(4)

4.2) (Isairl* = Isstl*)* K3 A
€, | mo—h = COS 1+ = C.57
P, | o=h (¢) A?nd 9 A2+4‘tp(¢)‘2 ( )

with
L? [ Uk ipU— ki | Uk 4V R 37
KW _ _/ diedle L P o 2 (C.58)
3 27‘[’2 oo j,j’;ﬂ (Ek] + h) <5kj + Ek/j/)Ek/j//A?nd

Third, we analyze the case with |m4) = |h, 1g ) —, and |ma) = |—, 1) —p, |m3) =

| =, 11, Lirjur)p. The relevant matrix elements read:

(o Henw|=)p = BpoB p1 (St10v-njt + Stu0-131) + Bt B po(Sirtingt + S5tns),
(ms| Hroxwlma) = B_poBi (sttvv_iim + Strv—ijry) + Bp1Bho(Shptijr + S5tiwyy),
(ma| Hrnw|ms) = Byo(spntigs + Sputiegy),

p{—Hrnw|ma) = By o(8Tppv—prjr + 8] pv_prjry)-

Performing the same manipulations as in the |my) = |h, 1;;)—, case, one can show that

the energy corrections in the two cases are identical:
4,2 4,2
61(77_)’m4:h = 61(7,—)|m2:h' (C59)

Finally, summing over the three cases |mq2) = |h, 14j1)—p, |ms) = |k, L, Lijur), and

|m4) = |h,1j)—, considered above, we obtain the total fourth order two-level energy
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correction:
4,2 4,2 4,2 4,2
6;,7) = 8;),7)|m2:h + 5;,—)|m3:h + 5£77)|m4:h =
2 4 4
_ (|sair|® = |sst]) Ko _ Kg( ) g KQ( ) A
= COs ¢ A 3 5 L 5 - _ AR
ind A +4|tp(gb)]
(C.60)

Setting sg = 0 in Eq. (C.60), we derive Eq. (4.34) of the main text.
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D.1 Constraints on the eigenvalues of the
W, = P,U'P,UP, operator

Wy = PyU'PyUP, is a Hermitian operator, and since it can be written as W, =
(P U P, (PUP,), it is positive semidefinite. Thus, its eigenvalues are Ay, > 0.

On the other hand, W, can be considered an orthogonal projection of a Hermitian
operator A = UTRyU, and thus, by Cauchy Interlacing Theorem, eigenvalues of W
are interlaced with eigenvalues of A. In particular, it follows from the theorem that
Aw, < max|[Aa], where A4 denotes eigenvalues of A. At the same time, eigenvalues of the

operator A are either 0 or 1, and hence Ay, < 1.

161



Appendix for Chapter 5

Chapter D

(a)so[

60

40

n

0

Al

60

40

20+

1 (b)so[ |

y= lb 1/2

ol

Al

y=1,b=7/8

ol
0.000

0.002 0.004 0.006 0.008

Eigenvalues of W,

il wwm

0
0.000

Elgenvalues of W,

0

0.000

0.002

T

0.004 0.006

Eigenvalues of W,

Figure D.1: Histograms representing the zoomed in near zero eigenvalue distributions
of a numerically generated random matrix Wy for v+ = 1 and various values of b.
Dimensionality of the Hilbert space is N = 2048. Averaging is performed over 80
random matrix realizations. For visual clarity, the zero eigenvalue is excluded from

the histograms.

D.2 Histograms revealing the eigenvalue 0 gap for

y=1,b=1/8and y=1,b=7/8

Fig. D.1 illustrates numerically calculated and zoomed in near zero spectra of a

randomly generated matrix Wy for the same values of parameters v, b, as spectra of

Fig. 5.2(a)-(c). For b =1/8, Eq. (5.8) gives 7. ~ 1.2 for the critical value of ~, and thus

Fig. D.1(a) plotted for v =1, b = 1/8 reveals a gap between the smallest eigenvalue and

the 0 eigenvalue. The same gap is present for v = 1, b = 7/8, as shown in Fig. D.1(c).

On the other hand, for v =1, b = 1/2, one finds that v = =, and hence the 0 eigenvalue

gap is closed, as depicted in Fig. D.1(b).

D.3 The derivation of expression (5.17) for the

moment-generating function I';())

Matrix M()) of Eq. (5.13) can be written as
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and thus its inverse reads

~

M =LV AHNTL) T = L7+ LT + NTLT)Y NHLT TL TR,

k=0
(D.2)
where
. 0 (Lh™!
Lr=1 ( v) : (D.3)
L7t 0
The inverse of the matrix L can be straightforwardly calculated from Eq. (5.14):
. 1 —1
Lt=(3G-H)" (D.4)
—-H 1

U:(l _1)L‘1 ! , (D.5)
= (v o). D.6)

Using Eq. (D.3) and the definition of the matrix 7T given by the second part of Eq. (5.13),

it is straightforward to show that

o LY YL 0
i o TR (D.7)
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and

T1"4N _72,&_1:| = O, (DS)
- T ) L

Tegy | (£ T£7T) ) = 2T (E)RL7)"| (D.9)
: N N N n A N\ Kk

Tran £‘1T<£‘17’£‘1T> } —0. (D.10)

Next, we consider a function \Tryy [’7‘/\;1_1], which with the help of Egs. (D.8)-(D.10)

can be written as

ANTryn ['f’/\;l_l] =

)\TI"4N

TLOT (A +XNLTT)Y NHLTL TR L

k=0

Trun | (=1 4+ AL Z NEEEIVRl ol LYl ol ol

k=0

Tryn | (=1 + ML) Z )x%(ﬁlj'/jlj')k] =

k=1

_ 2i)\2kTr2N [((LT)flszflfl)’“]. (D.11)

Plugging in the explicit form of the matrices #1,%, given by Egs. (5.15),(5.16) and em-

ploying identities (D.5),(D.6), we rewrite Eq. (D.11) as

ey M = i N Tey (U RUR)"| = i ATy W] (D.12)

2
k=1 k=1

Averaging the above equation over the ensemble of random matrices H, we obtain the

following identity: N
Ay [Tg] =3 NFTry [<W§>} , (D.13)

2
k=1

164



Appendix for Chapter 5 Chapter D

where we have introduced G = (/\;l*1>. Recalling Eq. (5.10) and the definition of the
moment generating function I'y(\) introduced in Eq. (5.11), we obtain identity (5.17) of

the main text,

A\ »
Pi(A) = =5 Trax 76). (D.14)

D.4 The derivation of expression (5.28) for Gi;' in the
case of I';(\)

From Eq. (D.2) it follows that

o

Go = My" =Ly + L (=AT + NTLG'T) Y NH(L TLy T)Lg (D.15)
k=0
where £5' = L£7'|g—o. Using explicit forms of matrices 7 and L', we obtain the
following identity:
TLOATLT =T, (D.16)

using which we simplify expression (D.15) for Gy into

T NTLATY 44
1—)\2+ 1— )2 Lo

Go = Lo+ Ly (-AT+XNTL'T) Y N*L = Lo +Lg" (—

k=0
(D.17)
Defining a projector onto the 2/N-dimensional inner block subspace as
0000
. 01 00
IT= , (D.18)
0010
00 00
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we obtain the following identities:

00 0 0
L 00 —i 0
LT = : (D.19)
0 i 0 0
00 0 0
0000
N 0100
L T LT =2 P, (D.20)
0010
0000
00 0 0
Ay 00 —i 0
ML T Lo T Lo T =2 Py. (D.21)
0 i 0 0
00 0 0

We utilize these identities to project Eq. (D.17) onto the 2N-dimensional subspace, which
yields
Go=(1—PRy)o, + P (f,o,+ f1l), (D.22)

where 7, and 1 are the two-dimensional Y Pauli and the identity matrices, respectively,

and we have introduced the following functions of A:

1+ A2
fy= T (D.23)
2\
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Expression (5.28) of the main text is obtained by inverting Gy of Eq. (D.22):

Ggl = (1_P0)5y+P0(fy5y_fli)- (D.25)

D.5 The derivation of expression (5.39) for I'i()\) in
terms of the parameters u and v

First, we would like to derive certain identities, which we will make use of when

obtaining the expression for I'; (A). We start by noting that

- _ 3Q61 _ LlagAO 51
and hence
AAAAA oGy 2Py ., _ -
Gy T Goll = N 12 (froy + fy1). (D.27)

Next, given the fact that Tryy [ﬁa 17-] =0 and

1 00 O
A -2 0 0 O
Lo TLT = P, (D.28)
0 01 -1
0O 00 O
we obtain
T [g ﬂ PN (D.29)
4N |Yo e :

where we have used expression (D.17) for Gy and identity (D.16).

Moving on to the expression for I'1 () itselt, plugging Eq. (5.21) into expression (5.17)
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for T'; () yields
Ty [T(1 - 60 2) 7160 (D.30)

which, after expanding (1 —GoX )~! into a series and separating the first two terms from

the rest, can be transformed into

I'h(A) =
—ﬁ{TI"N[gAOT] + Tryy [QAOTQAOEJ} +TT4N[A GoTGoX ( Qﬁ+)§oﬁ]}:
— oo e [607] + Tran [G67 G085 + Tran [6076056 5]} (D31)

Since X = IIXTI, we can rewrite Eq. (D.31) as

AAAAAAAAAA

) = —— {Tr4N gOT + Tran ﬂng”rngﬂﬁ} + Tran [HQOTQOHEHQHE]}

AAAAA

— _%LN {Tr4N ng72 + Tryn HgngO (1 T ZHQH) Z] } B

" -
— 5o { Ty [GoT | + Traw [GoTGoM1G; TigTEM | (D.32)

where in the last equality we have made use of the Dyson’s equation,
G= (jo + C;ofjg = (jo (i + 2@) . (D.33)

Finally, plugging Egs. (5.25),(5.28),(5.35),(D.27) and (D.29) into Eq. (D.32), we obtain

S 2 uf, — vfi
BN =1=% [1 BN sy e jﬁ)?] ’ (D-34)

where we have utilized expression (5.36) for g; and identity (5.31). The derived expression

for 'y () is Eq. (5.39) of the main text.
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D.6 The derivation of expression (5.64) for G;' in the

case of I'y(\)

Equation (D.15) remains valid with the redefined matrix 5 of Eq. (5.60), and we use

it to calculate expressions for G and Gy'. Noting that

A ~

LIMTLMT =0, (D.35)
Eq. (D.15) can be simplified into
Go= L' — Mg " T L3 (D.36)
Taking into account the explicit form of the matrices 7~ and ﬁa ! we find that

0 0 0 0

N 01—P 0 0
MLy T Ly =2 : (D.37)

which together with Eq. (D.19) allows us to derive the expression for Go,

Go = Pylo, — M1 —a.)] + (1 — Py)[a, — A1 +5.)]. (D.38)

Inverting this expression yields

Go' = Plo, + N1+5.)]+ (1 — Ry)o, + M1 —35.)], (D.39)

which is nothing but Eq. (5.64) of the main text.
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D.7 The derivation of expression (5.71) for [';(\) in
terms of the parameters u and v
T'5(\) can be expressed in terms of Gy, G, 7 and % using Eq. (D.32):

Iy()) = _ﬁ [ean [GaT ] + Tran [016,7GoG; T1G0EN) ) (D .40)

where all the involved matrices are from Section 5.5. Recalling expression (D.36) for Go,

identity (D.35), and the explicit form of matrices ﬁg 1T, we find that
Tryn [Qﬂﬂ =0 (D.41)

and

GoTGo = Ly " TLy™ (D.42)

Plugging Egs. (5.63),(5.64),(5.68),(D.37),(D.41),(D.42) into expression (D.40) yields

A u—w
B = O e w o ww)
u+w
D.4
+b(v+1)2—u2+w2+2>\(1meJ ’ (D

where we have used expressions (5.66)-(5.68) for g, g». Switching variables to uy = utw

and expressing b in terms of «, 8 leads to Eq. (5.71) of the main text:

A U_ Ug
F2(A) = B a(v +1)%2 —uju_ + 2 u_ * ﬂ(v +1)2 —upu_ + 2/\u+} ' (D-44)

170



Appendix for Chapter 5 Chapter D

D.8 The solution of the system (5.70) in the limit
A— 17

System (5.70),

_ a(uy —2N) Bu,
Uy = (v+1)2 —u_(uy —2X) + (0 +1)% — up(u_ — 2))’ (D.45)
_ ou_ Blu_ — 2))
- = (U+1)2_u_(u+—2)\) + (U+1>2_u+(u__2>\)7 (D46)
v o 5

et D-4
v+1  (v+1)2—u_(ug — 2\ - (v+1)2 —uy(u_ —2X))’ (D-47)
can be simplified by plugging Eq. (D.47) into Egs. (D.45) and (D.46), which yields

up [(v41)* —u_uy + 22u_] = =20 (v + 1), (D.48)

u_ [(v+1)* —u_uy + 2uy] = —28A(v + 1). (D.49)
Plugging Egs. (D.48) and (D.49) back into Eq. (D.45), we obtain the following identity:
20+ uy +u_ =0, (D.50)

while summing Eqgs. (D.48) and (D.49) yields

(v+1)[v(v+1)—fy].

_= D.51
Uu+UY v+ 2 ( i) )
Using Eqgs. (D.50) and (D.51), we express u; and u_ in terms of v:
2 —1 2)(A2—1
wy = —o\ + sign(B — o) VI +2) {7+ 0] U++72+ LLCRE)[CSESR V)Y R
2 —1 2)(N2—1
u_ = —v + sign(a — f) Vet 2+l v++72+ v(v +2)( >]}, (D.53)
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where the signs are picked to produce the correct solution at A = 0. Furthermore,
plugging Egs. (D.51) and (D.52) into Eq. (D.48) allows us to obtain a fifth order equation

on v,
(W+2)%(a—B)PN —(v+20+ 2 {v+o[-1+y+vw+2)(N>=1)]} =0, (D.54)
which can be rewritten as

WX = 1)+ 4t (v + 4N = 1) + 0 {7 (A = 1) + 49(3X* — 2)+
+ 20— (= B’ A2 =24} + 20" {¥* (N + 1) + [A(y + 1) = 3(a — B)*] A = 8} +
v [T 8y —12(a— BN —4] + P + 4 + 4y — 8(a — B)* = 0.

(D.55)

Note that Eq. (D.55) is valid for an arbitrary value of A. In the limit A — 17, the phase

transition corresponds to the change of sign in the term oc v3. This term is equal to zero

when
_ A2
y=1+ (@ 45) ; (D.56)
using which we obtain the critical condition on ~,
1/2 —+/b(1 —b
.= / ( ) (D.57)

(b—1/2)"
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i.e. Eq. (5.80) of the main text. Using Eq. (D.55), we derive the asymptotics (5.79) of v

in the limit A — 17,

(

O(1), v <7,
=4y 1)
v_|yo1- =% 21— V= TYes (D.58)
Ay = 1) =7*(2b - 1)
\/ 8(1 _ A) 9 '.)/ > F)/C'

Plugging Eqgs. (D.48) and (D.49) into expression (5.71) for I';(\) and making use of

identity (D.51), we obtain expression (5.81) for I';(\) in terms of v,

viv+1)—7

[2(4) = Blv+2)

(D.59)

combining which with the results for v_|, ;- yields the asymptotics of I'y(A) in the limit

A— 1

0, v <7,

V31— )‘F2()‘>|>\H1— = \/4(7 . 1) _ 72(2b _ 1)2

(D.60)

;Y > Ve
SR 7>

This is Eq. (5.82) of the main text.
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D.9 Dynamics of the purity and the Floquet trajec-
tory probability under the evolution of W} op-
erator

Since W, = Py — W), the eigenvalue 0 transition for W} corresponds to the eigenvalue
1 transition for W;. Thus, the transition studied in Section 5.5 can be revealed by
considering the dynamics of physical quantities evolving under WF operator. Similarly
to Section 5.7 of the main text, here we study the purity of an initially completely mixed
state,
_ T[]

Tr[p%,l] - TT[WIQk]Z’ (D61)

and the probability to measure the W} Floquet trajectory given the intrinsic randomness

in the measurement outcomes,
Dk1 = TI"[POWEkPO], (D.62)

as physical quantities of interest. Figure D.2 depicts the numerically calculated purity
(D.61) for b = 0.5 and various values of ~, N, while Fig. D.3 shows the numerically
calculated probability (D.62) for a pure and a completely mixed initial state at k = 0.

In the main text we have shown that the spectrum of Wy does not exhibit two gapped
phases at the eigenvalue 0, instead showing signatures of a gapped and a gapless phase.
For this reason, contrary to Figs. 5.6,5.7 of the main text, Figs. D.2,D.3 do not reveal one
of the gapped phases where an initially mixed state fails to purify, and the probability
Pr1 saturates at a nonzero value as k increases. Instead, Figs. D.2,D.3 demonstrate
signatures only of the gapped phase without the eigenvalue 1 (in the spectrum of W)

and the critical phase with the closed gap. For the mixed state purification dynamics,
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Figure D.2: Numerically calculated purity (D.61) of an initially completely mixed
state plotted as a function of a Floquet cycle k for b = 0.5 and various values of
v, N, when the cycle evolution is described by a non-unitary operator Wi. The insets

depict the purification time ¢, = min [k‘Tr(p%O} > 0.95] as a function of the number of

qubits n = logy N in the system. In (a) the averaging is performed over 10000 random
matrix realizations for N = 16, 32, 64, 128, 256; 5000 realizations for N = 512; 1000
realizations for N = 1024; and 200 realizations for N = 2048. In (b) the averaging
is performed over 10000 random matrix realizations for N = 16, 32, 64, 128, 256; 5000
realizations for N = 512; 1000 realizations for N = 1024; and 150 realizations for
N = 2048. In (c) and (d) the averaging is performed over 1000 random matrix
realizations for N = 16,32, 64,128, 256, 512; 500 realizations for N = 1024; and 100
realizations for N = 2048.
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Figure D.3: (a),(b) Numerically calculated probability (D.62) of the Floquet quantum
trajectory, representing the evolution under W§, plotted as a function of a time step k
for b = 0.5 and various values of 7, when the initial state at k¥ = 0 is (a) pure and (b)
completely mixed. The insets in the figures are log-log versions of the corresponding
curves. Dimensionality of the Hilbert space is N = 2048. The averaging is performed
over 320 random matrix realizations.
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within the gapped phase the purification time seems to increases sub-exponentially with
the system size, similarly to the case of W} in the main text, although more studies are
necessary to make a final conclusion on the ¢, vs n scaling behavior within this phase. At
the gapped-gapless phase transition critical point, Fig. D.2 suggests the purification time
that scales exponentially with the system size as ¢, o< 2'°" and within the gapless phase
the scaling is exponential as well, ¢, oc 22", At the same time, Fig. D.3 illustrates that
the probability (D.62) decays with time in both the gapped and the gapless phases: the

decay is exponential within the gapped phase and power-law within the gapless phase.
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