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ABSTRACT OF THE DISSERTATION

Monolithic Methods and Versatile Applications for Numerical Fluid–Structure

Interaction Studies

by

Ruizhi Yang

Degree of Philosophy in Mechanical and Aerospace Engineering

University of California, Los Angeles, 2020

Professor Jeffrey D. Eldredge, Chair

A monolithic method for numerically solving fluid–structure interactions between viscous

flow on an unbounded domain and rigid body system is presented. The vorticity form of

incompressible Navier–Stokes equations is solved on a uniform Cartesian grid with immersed

boundary projection method. The Lattice Green’s function based integrating factor tech-

nique developed by Liska and Colonius is used to analytically evaluate the viscous diffusion

term. Half-explicit Runge–Kutta method is applied for both fluid and rigid body system

in time marching. The overall fluid–body saddle point system is designed to be arranged

in a way to reveal an added-mass term for viscous flow in the solving procedure of block

LU decomposition. The added-mass term is inherently embedded into the coupled system,

compared to its explicit use in previous fluid–structure interaction studies. Because the

added-mass augments inertia of the body system, the algorithm is proved to be stable for

arbitrary small density ratios including zero mass case. Interaction force and boundary

conditions on the interface are kept implicitly and solved as internal variables , and no iter-

ation process or parameter tuning is needed. Both passive and active motions of rigid body

system are allowed, with joint constraint and active motions enforced through Lagrange

multipliers. With a unified treatment, the interaction force on the immersed surface is also

enforced through Lagrange multipliers. Multiple applications are demonstrated, including

cylinder rising/falling under gravity with different mass ratios, actively oscillating airfoil in

a free stream, free swimming of an articulated fish, and self-excited oscillation of an ar-
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ticulated flag. Comparisons are made with previous studies and good agreement is found.

Another application of a two-component linked plates model is studies for physical behaviour

of bifurcation, hysteresis and energy harvesting. The algorithm is versatile in the sense of

implementation. All aforementioned applications can be set up with very little change in

the code, benefit from the use of rigid body dynamics in spatial vector form and numerical

techniques in this work.
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CHAPTER 1

Introduction

Fluid–structure interaction (FSI) problems, generally defined as solid structures interacting

dynamically with internal or external fluids, are known for their strongly nonlinear multi-

disciplinary nature. Applications of FSI problems are investigated in a variety of fields in-

cluding internal fluids for pipe system [14, 15], physiological flows in deformable boundaries

[16, 17, 18], biological locomotion [19], aerodynamics stability and response [20], vibration

of turbines [21], particle transportation and sedimentation [22, 23] etc. Theoretical analysis

on these problems are not always possible while experimental analysis are usually limited

to certain parameter range. As a remedy, numerous numerical methods are developed to

simulate the multidisciplinary physics and their interactions. Solvers that are both accurate

and stable are desired, in the sense of describing physics of each system and their coupling

precisely with low and controllable errors in time marching, and reliable performance when

structures are under large scale motion or structure density is either large or small compared

to fluid. It is also notable that computation speed is important, for that high computation

cost would make physical analysis in a parametric space search unaffordable. Besides the

aforementioned features, we would like the solver to be flexible for applications and easy to

implement. To solve these problems, it is of our interest to develop a versatile open source

numerical solver using a monolithic coupling scheme. In the broad FSI topics, we constrain

our interest for incompressible laminar viscous external flow of low to moderate Reynolds

number, interacting with rigid body systems connected by joints. Meaningful physical prob-

lems still apply in this scope, such as free swimming of an articulated fish and vortex shedding

by an airfoil, shown later in chapter 3.

One of the classification of FSI algorithms is based on the treatment of meshes, i.e. body
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conforming meshes or non-conforming meshes. Literally, body conforming mesh requires

constructing fluid–body interface as part of the mesh, so that boundary conditions can be

applied directly. For moving or deforming structures, re-meshing is then required every one

or several time steps. On the other hand for non-conforming mesh, fluid computation is con-

veniently done on a fixed Cartesian gird. However, fluid–body interface needs to be handled

with extra care. The difference in the ways of enforcing no-slip and no-flow-through bound-

ary conditions on the interface results in different methods under the category of immersed

boundary method, including the original immersed boundary method by Peskin [24], the

direct forcing method [25], immersed interface method [26], and Lagrange multiplier based

immersed boundary projection method [27] etc. Our method follows Taira and Colonius [27]

in treating the immersed surface forcing term as Lagrange multipliers.

Another way to categorize FSI algorithms is by the ways of coupling, i.e. monolithic meth-

ods or partitioned methods. Monolithic methods accommodate both fluid and structure in

the same mathematical form, advance both systems with the same time marching scheme

and treat interaction terms implicitly. On the other hand, partitioned methods advance each

system separately while bonding force and kinematic constraints on the interface explicitly.

Partitioned methods are further divided into weakly-coupled method and strongly-coupled

method, depending on the difference in accuracy and time stage to enforce interface condi-

tions. We provide a more detailed review in section 1.1 for these numerical methods used in

FSI studies. Besides these direct numerical simulation based methods, there also exists sets

of modelling methods for fluid–structure interaction studies [28]. For reduced-order models

like vortex particle methods [29], modal decomposition based methods [30] and smoothed

particle hydrodynamics methods [31], we just provide some useful reference here without

discussing details.

With the tools to compute fluid–structure interaction, we are now able to dig further into

the physical aspect of vortex-induced vibration (VIV) problems. Rich dynamical behaviour

of VIV problems, like the most well known von Kármán vortex street, gets reflected in

many different systems (bluff bodies, flapping flags, oscillating airfoils etc.). Through fluid–

structure interaction, shear layer separation and interaction evolves to form different vortex
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wakes, which is a good reveal of change in dynamical behaviours [2]. Characteristics such

as bifurcation, lock-in and hysteresis are widely studied in either free oscillation or forced

oscillation. The self-sustained body oscillation in flow also enlightens us of energy harvesting.

Using model as simple as a mass-spring-damper system, mechanical energy from fluid can

be transformed into other types of energy. These topics are reviewed in section 1.2 for more

details.

1.1 Numerical methods for fluid–structure interaction

1.1.1 Conforming and non-conforming mesh methods

Figure 1.1 included in Hou et al. [1] is shown at the beginning of this section for an intuitive

impression on conforming mesh and non-conforming mesh methods. For conforming mesh

methods, there’s no guarantee that meshes for the fluid domain and meshes for the structure

are aligned. Usually fluid mesh at a large geometry curvature area or on the structure

surface needs to be refined, while structure mesh needs to be refined at locations where

stresses are potentially high, which usually is not on the surface. Also for moving structure,

the interface conditions need to be in track to provide boundary conditions and exchange

traction force information, thus mesh updating (re-meshing) is essential in the process. Data

transfer between the two sets of meshes and mesh updating can be the key sources of error

and ambiguity. To resolve these issues, compensations are made by the point match method,

which picks common points from fluid mesh and body mesh as pivot, then determine the

matching hierarchy of other points based on either shortest distance [32] or normal projection

[33]. This relatively naive method suffers the problem of not conserving load transferred

between the two physical systems, which is later fixed in Cebral and Lohner [34]. The other

more complicated mesh matching technique is called the mortar method, which introduces

an artificial thin shell containing fluid–structure interface for data transformation in Hou

and Satyanarayana [35].

Between purely conforming and non-conforming mesh methods, there also exists a group

3



(a) (b)

Figure 1.1: Illustration of (a) conforming mesh (b) non-conforming mesh in Hou et al. [1]

of methods known as arbitrary Lagrangian-Eulerian (ALE) methods [36, 37], trying to com-

bine benefits of both conforming and non-conforming meshes in the spatial discretization

sense. Basically computation meshes in ALE methods don’t have to be in line with fluid or

structure. It is allowed to be held fixed in Eulerian manner, or move with material point in

Lagrangian manner, with the introduction of a reference domain. In ALE methods, a rela-

tive velocity between the material point and the fixed mesh is computed to acquire mapping

between both meshes. As a result, the material derivative needs to be modified to account

for the mesh movement velocity U .

dv

dt
=
∂v

∂t
+ (v −U) · ∇v (1.1)

With features of both views combined, ALE methods perform well in the way of allowing

greater distortions of continuous material than purely conforming meshes, meanwhile have

better resolution near the surface compared to non-conforming meshes. It is also free of

conservation violation problem, since governing equations for moving mesh are derived in a

systematic way. With larger freedom for self-determined mesh, mesh generation algorithms
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are required in ALE formulation. One basic idea is to keep the mesh as regular as possible to

reduce computation cost and avoid mesh entanglement [38], namely the mesh regularization

technique. The other basic algorithm is called mesh adaptation technique [39], relying on the

concentration of elements in solution zone with steep gradient. Since ALE methods still rely

partially on body-conforming meshes, it can be categorized into conforming mesh methods

as well. Conservation criteria for moving boundaries in ALE formulation has been discussed

in Farhat et al. [40].

As pointed out in Hou et al. [1], coupling for most FSI methods involving conforming

mesh aforementioned are based on the generalized Gauss–Seidel (GGS) approach [41], which

is a partitioned method. Concretely speaking, an estimated interface location is first applied

in solving for the fluid to get fluid pressure and stress on the structure. The structure solver

then returns new kinematics, serving as new interface conditions. Iteration process is needed

from here for convergence.

Generally speaking, conforming mesh methods endure with the complexity of meshes for

complex body shape, together with the need to re-mesh frequently for moving or deforming

bodies. The re-meshing algorithms can be complicated by themselves and are lack of common

ground for different problems [42]. As an alternative, immersed boundary (IB) methods

take the advantage of a non-conforming fixed Cartesian grid, regardless of body shape.

IB method is first proposed in Peskin [24] to simulate blood flow in elastic heart valves,

from then on numerous ramifications are developed. The difference in all the variations is

associated with the imposition of boundary conditions by modifying the governing equations

with a forcing term near the interface, since fluid domain are cut through by the interface

[43]. Depending on the level to impose boundary conditions, IB methods are classified

into continuous forcing methods and discrete forcing methods. Continuous forcing methods

incorporate the forcing term in the continuous formulation of Navier–Stokes equation before

spatial discretization, the original IB method [24] is in this category. By contrast, discrete

forcing methods require spatial discretization first, then the forcing term is introduced in

the spatial discretized formulation. Generally speaking, continuous forcing does not depend

on spatial discretization, which is a big advantage, while discrete forcing can manipulate the
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numerical accuracy near the interface more directly.

The original IB method [24] explicitly modelled the continuous forcing term to be a

constitutive relation with Hooke’s law for the elastic boundary. Considering large stiffness for

the elastic boundary to be the rigid limit, extension is made to rigid body [44, 45]. However

this extension suffers from the stiff dynamical system brought by high spring stiffness [46].

Another extension to the original IB is to replace the Hooke’s law by a damped oscillator to

provide feedback control of surface velocity [47, 48]. These constitutive law related methods

have solid background when dealing with elastic boundaries. But they involve in a parameters

tuning process to avoid extreme stiffness, which is not very ideal. Also the use of constitutive

laws are simplified models, and there’s no promise of enforcing arbitrary desired boundary

conditions with these models. Therefore, direct forcing method is proposed in [25, 49] as

a subset of discrete forcing methods to implicitly impose the boundary condition. This is

achieved by approximating the forcing term from an intermediate fluid velocity field, which

can be interpreted by the penalization of slip velocity on the surface.

Another method in the category of discrete forcing is the immersed interface method

(IIM) [26], where boundary force is computed directly from structural configuration. The

boundary force is decomposed in normal and tangential directions, where the normal compo-

nent is grouped into the pressure Poisson equation. Second order accuracy near the interface

is achieved for IIM. With the desire for higher order accuracy near the interface for higher

Reynolds numbers, other discrete forcing methods directly impose boundary conditions by

modifying the stencil near the interface, with examples of sharp interface methods, i.e.

ghost-cell finite-difference approach and cut-cell finite-volume approach. Ghost-cell method

extends the fluid domain inside the body by one layer of ghost cells, and interpolates the

interface condition onto that layer [50]. Simple interpolation can be in a bilinear (two-

dimensional) or trilinear (three-dimensional) way, which is acceptable for laminar flows [51].

A higher order interpolation scheme is needed when the viscous sublayer is thinner at higher

Reynolds numbers [50]. Cut-cell method is inherently secured on global and local conser-

vation, thus serves as a good alternative to enforce boundary conditions. Basically cut-cell

method reshapes a cell into either fluid part or solid part near the interface depending on the

6



area ratio, and form control volumes from that. Overall, discrete forcing methods allow for a

sharp solution in the vicinity of the boundary, which is desirable for high Reynolds number

flows. However, methods like cut-cell method are difficult to extend to three-dimensional

space, and prior knowledge of forcing term is usually needed to be provided.

A variation of continuous forcing becomes popular in more recently years, referred to as

the immersed boundary projection method (IBPM) by Taira and Colonius [27, 52]. Adapting

the idea to consider the boundary force as a Lagrange multiplier to enforce the boundary

conditions [53], the boundary conditions are enforced in an implicit way. Remember that

for incompressible flow, pressure serves as the Lagrange multiplier to enforce conservation

of mass. Thus the concept of combining the boundary forcing and pressure together to be

the general Lagrange multiplier unifies the solving procedure. If the vorticity-streamfunction

form of governing equation is used, the divergence free condition is automatically satisfied,

further simplifies the problem [52]. There also exists other extensions to the immersed

boundary method, for example the fictitious domain method [53, 54]. The fictitious domain

method is designed specifically to deal with body with volume, with Lagrange multipliers

distributed at every grid point inside body with finite volume.

If we compare advantages and disadvantages of conforming methods and immersed bound-

ary methods, each has its pros and cons. Conforming mesh methods near the interface gen-

erally have higher order of accuracy due to the ability to control grid resolution. Discrete

forcing methods are also able to improve the accuracy near the interface by changing nearby

stencil. Most continuous IB methods on the other hand, is only first order accurate near

the vicinity of the interface. This can not be improved by using a higher order spatial dis-

cretization scheme or a smoother discrete delta function for regularization. It is related to

the nature of discontinuous solution on the immersed surface [42]. The first order accuracy

is durable for moderate Reynolds number flows, but not for higher Reynolds number flows.

The more recent study in Stein et al. [55] proposed an immersed boundary smooth exten-

sion method based on the direct forcing IB method, and achieved higher order accuracy near

the surface. The major advantage of IB methods lies in the fact of no need to generate

conforming mesh with complicated process. Conforming grid generation even for a simple
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geometry might not be trivial, due to the balance of sufficient resolution and small number

of total grid points. The influence of grid generation of a complex shape becomes obvious for

stability and accuracy. Also there’s no doubt that IB methods trumps conforming methods

when it comes to moving bodies. The need of re-meshing and mesh projection from step

to step greatly increases the computation cost and concern for accuracy problems. When

comparing continuous forcing methods to discrete forcing methods, usually the movement of

boundary makes it difficult for discrete forcing methods. For example, moving boundary in

ghost-cell methods would have the cells previously inside body encounter fluid cells, which

creates complexity. Based on our need to simulate fluid coupling with moving rigid body

systems, continuous IB method with Lagrange multiplier representation should be a good

choice.

1.1.2 Monolithic and partitioned methods

By the ways of coupling between fluid and body, FSI problems can be classified into mono-

lithic methods (fully-coupled methods) and partitioned methods. Partitioned methods can

be further classified into weakly-coupled methods and strong-coupled methods. A schematic

illustration is shown in figure 1.2 for a quick impression. Monolithic methods are more

ideal in the analytical sense, not only because multidisciplinary physics are described in the

same mathematical framework, but also the whole system is solved using unified numerical

schemes. Forces and kinematics on the fluid–body interface are treated implicitly in the

monolithic coupling procedure, which means no estimation about interface is needed. Time

marching schemes for both systems are kept consistent, which preserves the overall time ac-

curacy in a rigorous way. The downside of monolithic methods is in the implementation level.

It’s not trivial to contain different physical systems in the same framework, since we should

first find out ways to describe different systems as the same category of problems. In solving

the monolithic problem, there could be issues due to scale difference, which might lead to

poor matrix condition. Partitioned methods on the other hand, are easier to implement in

this sense, since we are capable of keeping the two systems relatively separate except for

information change at the interface. With legacy codes from both systems available, we only
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need to develop an additional interface model for the coupling. Concretely for fluid–structure

interaction problems, fluid–body interaction force and body kinematics on the interface need

to be enforced consistently in the ways of either sequentially (weakly-coupled) or iteratively

(strongly-coupled). We will discuss applications of all aforementioned coupling schemes in

more details.

monolithic

weakly-coupled

strongly-coupled

fluid

body
interface

fluid

body
interface

fluid

body

Figure 1.2: A schematic illustration for weakly-coupled, strongly-coupled and monolithic

methods

Weakly-coupled method is first applied in many FSI problems due to its simplicity [56, 57].

This method solves both fluid and body equations in a one-pass manner for each time step.

For example in figure 1.2, fluid system is solved first to get the fluid–body interaction force.

The body solver then use this as an external force to solve for body kinematics. Due to the

lack of iterations, there is actually no guarantee of convergence, especially shown in [58, 59]

that added-mass effect would cause the instability in weakly-coupled approach. However

weakly-coupled methods work surprisingly well for aeroelastic problems, where the structural

deformation in one time step is relatively small. Typically, weakly-coupled methods are able

to apply small time steps, since the computation load is low. Techniques called subcylcing

are sometimes used, which allows the fluid solver to have smaller time steps than the body
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solver [60].

Compared to weakly-coupled methods, strongly-coupled methods involve in an iteration

process to ensure convergence. However the iteration can be either computationally expen-

sive if Newton–Raphson approach is used for fast convergence, or converging slowly if less

expensive methods like Gauss–Seidel (fixed-point) iterations are used [61]. If the coupling

between fluid and structure is strong, the iteration can still diverge even if a good initial guess

is available. Modifying the body inertia matrix by manually considering the added-mass is

proven to be effective in accelerating the convergence in Gauss–Seidel methods [58, 12]. Con-

vergence rate can also be improved with relaxation schemes presented in [62, 13] for example.

The coupling scheme generally achieves satisfying stability and convergence, meanwhile has

easier implementation compared to monolithic methods. Thus it is widely used across mul-

tiple FSI problems [63, 64, 65, 66], involving in different techniques on treating meshes and

different body systems. Particularly for the use of immersed boundary methods, Wang and

Eldredge [13] applied a strongly-coupled scheme between viscous flow and rigid body sys-

tems. Goza and Colonius [67] also applied a strongly-coupled scheme, but for viscous flow

coupling with elastic structures.

Although strongly-coupled methods use iterations for the convergence on the interface,

it is still staggered in time level. Usually body kinematics are estimated to provide bound-

ary conditions for the fluid, then fluid solver returns dynamical loading on the body, and

iteration starts until convergence to a certain degree. It is believed that monolithic meth-

ods are free of this time lag problem, as presented in Blom [68] with comparison made

between monolithic and strongly-coupled methods using a simple example: moving piston

in an inviscid flow. In this paper monolithic methods show unconditional stability while

strongly-coupled method is conditional stable within certain range of CFL numbers. Hübner

et al. [69] presented a monolithic solver of elastic beam coupled with viscous flow. The

fluid domain used a conforming mesh moving with the structure during interaction, as a

result, the mesh conforming is considered as another constraint. To reduce computation

cost, the set of nonlinear equations are linearized before a uniform time marching scheme

is applied for both fluid and structure. Monolithic methods are applied in a set of coupling
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problems between elastic structures and viscous flow with ALE description [70, 61]. With

the monolithic formulation in Heil [61], the coupled block system consists of diagonal fluid

and body blocks, together with off-diagonal interaction block. The matrix is solved as a

whole using Newton–Raphson iteration with preconditioners constructed by neglecting the

fluid–structure interaction block. The block matrix is then solved with generalized mini-

mal residual (GMRES) method. The difference between the method used in Heil [61] and

current study in the matrix solving aspect is that we do not solve the block matrix as a

whole. The utilization of block LU decomposition equips us with the benefit of easy physical

interpolation of the solution procedure, also does not require an iterative matrix solver. In

reviewing the use of monolithic methods for FSI problems, we do observe a lack of studies

using immersed boundary methods. Our study could be a good supplementary material in

this field.

1.2 Vortex induced vibrations

With the computation tool in hand for FSI problems, we are now ready to look into physical

problems. Although our interest is limited to incompressible viscous laminar flow, there are

still a set of meaningful physical studies revealing rich physical behaviours in this scope —

the vortex induced vibrations. In this part of the introduction, we aim to review various

kinds of vortex induced vibration (VIV) problems by different dynamical systems. Focus

is put on dynamical response of the system interacting with fluid, and energy harvesting

characteristics associated with it. Introduction to dynamical response is ordered by different

types of dynamical systems (cylinder and bluff bodies, airfoil and flapping flags). Research

on energy harvesting behaviour is also briefly mentioned.

1.2.1 Cylinder and Bluff Bodies

As one type of flow induced vibrations, vortex shedding leads to more severe oscillations

than turbulence produced in the flow around a bluff body. Bearman [71] made a thorough

review on experimental studies of vortex shedding by oscillating bluff bodies as a summary
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Figure 1.3: Vortex formation modes in the wake of a cylinder in Williamson and Roshko [2]

for early research. Bearman summarized the early understanding on both fixed and oscil-

lating bluff bodies, including free oscillation, forced oscillation and flexibly mounted bluff

body oscillation. With reduced velocity U/fD defined out of uniform flow speed U , body

oscillation frequency f and cylinder diameter D, as the governing parameter, characteristics

including hysteresis and lock-in are observed.

1.2.1.1 Forced oscillation of cylinder

Williamson and Roshko [2] explored the vortex formation using forced oscillation of a cylin-

der in the free stream. Controlling parameters are chosen to be non-dimensional cylinder

oscillation amplitude and wavelength ratio to fully specify the motion of the cylinder. Wave-

length ratio is defined as UTe/D = λ/D, equivalent to the definition of reduced velocity.

Here Te represents the period of cylinder oscillation in the cross-flow direction and λ repre-

sents the wavelength. Different vortex modes in the amplitude-wavelength map are reported

in [2], shown in figure 1.3.
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When oscillation amplitude and wavelength are both small, shed vortex coalesces in the

near wake. As amplitude increases, vortex size becomes comparable to cylinder radius D,

leading to the vortex shedding of 2S mode. With wavelength further increases beyond 2S

mode, cylinder oscillation period increment gives extra time for a second vortex to shed in

one half period. This is the transition from 2S mode to 2P mode. Lift on the cylinder could

experience an abrupt change when experiencing this mode change, and both force phase and

body motion could also jump when the mode change occurs. This hypothesis was used to

explain hysteresis and confirmed by other studies later on. It also shows that 2P and 2S

mode may exist at the same time corresponding to the same amplitude and wavelength.

1.2.1.2 Free oscillation of an elastically mounted cylinder

Brika and Laneville [3] first proved the existence of 2P vortex wake mode by conducting ex-

periments on cylinders with free oscillation in water. By plotting non-dimensional vibration

amplitude versus reduced velocity, two branches revealing the hysteresis loop are shown in

figure 1.4. The upper branch (later being called initial branch in Williamson and Govard-

han [5]) is achieved by small progressive increment of flow velocity from cylinder staying

at rest. Vortex mode according to this branch is the 2S mode, starting from the onset of

synchronization (U = 0.78) to the upper critical velocity (U = 1.01), where an abrupt vortex

wake mode change to 2P mode happens. The lower branch is achieved either by gradually

decrement of flow velocity from a self-sustained state, or by releasing a stationary cylinder

in the flow field with relatively high flow speed, covering the flow speed extending from the

lower critical velocity (U = 0.88) to the end of synchronization (U = 1.20). The flow speed

range for bi-stability to happen is pretty large with respect to later numerical simulation.

Khalak and Williamson [4] discovered the vortex wake mode of cylinder with free os-

cillations at low mass-damping coefficient m∗ζ, where m∗ is body mass ratio to the fluid

and ζ is a combination of body mass, spring stiffness and spring damping. When m∗ζ is

small enough, synchronization range is larger and oscillation amplitude is higher compared

to medium m∗ζ values. Furthermore, a new branch called the upper branch appears besides
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Figure 1.4: Relative vibration amplitude versus relative velocity in Brika and Laneville [3]

the initial and lower branch (shown in figure 1.5), for which the vortex wake mode is still

comprised of 2P mode, but the second vortex of each pair is much weaker than the first one.

It is found that the oscillation amplitude relies on m∗ζ, however the range of U for syn-

chronization primarily depends on m∗ only. One thing to mention here is that the tradition

definition of synchronization (or lock-in) means the ratio between oscillation frequency and

natural frequency of the fluid approaching unity, i.e. f ∗ = f/fN = 1. But for different

range of mass ratio, this ratio may deviate from one. For light bodies in water, the ratio

f ∗ departure from 1 is shown in figure 1.6. So the modified definition for lock-in should be

the consistency between oscillation frequency and wake vortex frequency, or the consistency

between oscillation frequency and body force frequency. By using Hilbert transformation, it

is shown that the transition between initial and upper branch is hysteretic, while the switch

between upper and lower branch is intermittent (can co-exist at the same time).
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Figure 1.5: Amplitude response involving initial, upper and lower branches in Khalak and

Williamson [4]

Figure 1.6: Lock-in behavior in Williamson and Govardhan [5]
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1.2.1.3 Tandem cylinder system

Carmo et al. [6] conducted numerical research on flow-induced vibrations of a 2-tandem-

cylinder system, for which the upstream cylinder is fixed and the downstream one has the

freedom to move in the transverse direction at moderate Reynolds number (150 to 300). Re-

duced velocity is chosen as the control variable and it is varied by changing spring stiffness.

Flow induced vibrations of bluff body subject to wake interference (two cylinders) has been

widely studied since King and Johns investigated the vibration of two flexible cylinders by

experiments in water channel [72]. From studies in tandem cylinder systems, general consen-

sus is that the wake inference results in a larger range of reduced velocity for synchronization,

with possibly no upper limit for the vibration to stop. Also oscillation amplitude is larger

comparing to the single cylinder case. It is physically understandable because uniform flow

in single cylinder case can have a stabilizing effect when reduced velocity is large. However

in the wake inference, the larger upstream velocity will result in stronger oscillatory wake

for the downstream wake, which will keep the vibration synchronization. In [6], a weakly-

coupled method is applied to arbitrary Lagrangian-Eulerian formulation for fluid solver and

mass-spring-damper model for structure solver. It is shown in figure 1.7 that both oscillation

amplitude and lock-in regime has increased for the two cylinder case. It is proposed that the

oscillatory flow between the gap of two cylinders would cause the front stagnation point of

the downstream cylinder to shift along the upstream portion of its surface, which results in

the difference from single cylinder case.

1.2.2 Airfoil

Vortex shedding of airfoil and associated boundary layer behavior is widely studied for both

incompressible and compressible regime at various Reynolds number using experimental and

computational tools. Moderate Reynolds number flows are of main interest in this section

to explore the vortex shedding of oscillating airfoil, different from what’s normally related to

airfoil study — high Reynolds number and compressible flows. Svavcek et al. [73] performed

a numerical simulation for flow induced airfoil vibrations with large amplitude based on
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Figure 1.7: Comparison on oscillation amplitude of single cylinder with 2-tandem-cylinder

system in Carmo et al. [6]

an incompressible laminar model in relatively low Reynolds number. Young and Lai [74]

conducted numerical simulation based on a two-dimensional laminar compressible model

to explore oscillation frequency and amplitude effects on the wake of a plunging airfoil.

Yarusevych and Boutilier [75] did experiments on shedding frequency of a static airfoil by

varying Reynolds number and airfoil thickness in the low Reynolds number regime. We focus

on vortex shedding modes from forced oscillation of an airfoil for now.

Schnipper et al. [7] experimentally discussed vortex shedding modes with forced oscilla-

tion of an pitching airfoil in a vertically two-dimensional soap film. Except from the basic

kármán vortex mode behind a stationary cylinder which produces a pair of vortex of opposite

sign at each oscillation period - called 2S mode, this paper found and analyzed other modes

of vortex shedding when making a variation of airfoil oscillation amplitude and frequency.

One is called inverted kármán vortex street when frequency is relatively low but magnitude

is large. With large oscillation magnitude, vortex produced at the leading edge is strong. As

it convects along the stream, big strain rates tear every single vortex apart to be the inverted
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Figure 1.8: Phase diagram of vortex shedding regions in Schnipper et al. [7]

kármán vortex. The other basic mode is called 2P mode, which represents the shedding of

two vortex pairs of different sign in one oscillation period. Similarly 4P, 6P, 8P and their

combination with 2S are also observed. Stating that Reynolds number is not decisive in

the intermediate rage, vortex shedding modes are plotted in a map of the nondimensional

Strouhal number StD = Df/U versus the nondimensional oscillation amplitude AD = 2A/D

shown in figure 1.8.

In n Schnipper et al. [7], different wake modes are observed in different regimes of the

StD − AD map. In chapter 3, we also compared our numerical results with [7] for vortex

modes. One thing to note here is that no hysteresis or lock-in is observed under this exper-

iment setup, possibly due to the use of forced oscillation. The difference between actively

coupled fluid–body interaction and passively coupled case should be stressed. Schnipper et

al. in [7] also decently explained the formation mechanism for 2P mode in detail with figure

1.9. The two vortex in a pair have different source of generation. One of them is shed from

the leading edge and the other is shed at the airfoil tip whenever the airfoil changes the

direction of oscillation. When the airfoil oscillation period is an integer times of leading

vortex traveling period though airfoil, 2P mode could exist.
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Figure 1.9: Vortex shedding of 2P mode in half oscillation period in Schnipper et al. [7]

1.2.3 Flapping flags

Vortex induced vibrations are also widely studies with elastic flags. One example of flapping

flag problems with experimental setup is the flexible filaments in a flowing soap film shown

in Zhang et al. [8]. This simple setup was then used in numerical simulations in Farnell

et al. [76] to compare with experiments. Both of these two papers showed the bi-stability

of filament stretched-straight state and filament flapping state. Further, using the filament

length as a variable, hysteresis in flapping frequency and amplitude was shown. It is also

proved in Zhu and Peskin [77] that if the filament length is short enough, the stretched-

straight state is the only stable state. The effect of varying body to fluid mass ratio and flow

speed is also discussed in Shelley et al. [78].

Improved from this two-dimensional model, three-dimensional effects are also discussed

in Banerjee et al. [79] using an infinite third dimension flag in a viscous flow. Influence of

the third dimension is characterized by spanwise wavelength, showing that stability increases

with spanwise wavelength increasing, with the two-dimensional case being most unstable.

In the process of reaching the limit cycle stability, three different instability modes are

identified for governing the growth of instabilities. The effect of flapping flag with a finite

third dimension in an inviscid flow is studied in Eloy et al. [80], drawing opposite conclusion

on the role of third dimension: flag with a finite span is more stable than an infinite span.

Except from the analysis on single filament immersed in uniform flow, many other sce-
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Figure 1.10: Bi-stability of the filament in Zhang et al. [8]

narios are also studied, such as interaction of two parallel flapping filaments in a flowing soap

film in Zhu and Peskin [81], Huang et al. [82] and Farnell et al. [83]; two tandem flapping

filaments in viscous flow by Uddin et al. [84]; inverted flapping flags in a uniform flow by

Ryu et al. [85] and so on.

1.2.3.1 Bi-stability and hysteresis

Eloy et al. [9] addressed the discrepancy in flapping flag instability between the large hys-

teresis loop found in experiments and small hysteresis loop found in numerical simulations.

Different from most of the theoretical linear analysis on aeroelastic instabilities, this paper

conducted a weakly nonlinear stability analysis using slender body and two-dimensional body

respectively. For experimental research on both large and small aspect ratio flapping flags,

hysteresis loop can be as large as 20%. Hysteresis loop is defined as (Uc − Ud)/Uc, where

[Ud Uc] is the velocity range of bi-stability, meaning that motionless state and self-sustained

state coexist. Yadykin et al. [86] showed that elastic and inertial nonlinearities without
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aerodynamic nonlinearities do not lead to hysteresis. Other numerical research including

inviscid flow with vortex model and viscous flows modelled with Navier–Stokes equation do

identify bi-stability, but with a much smaller range, smaller than 5%. Besides direct numeri-

cal simulations, Michelin et al. [87] proved that an unsteady point vortex model for flapping

flags is able to reproduce bi-stability and hysteresis characteristics.

In Eloy et al. [9], by simplifying the model equation using linear approximation, one

can predict the critical velocity Ucr, above which the system is unstable. By simplifying

using slender body assumption, in no case can subcritical bifurcation be established, thus

no hysteresis. By simplifying using two-dimensional weakly nonlinear model, one would get

a very small hysteresis loop for an always-subcritical situation, except for small mass ratio

cases, which is supercritical. Later comparison with experiments showed good consistency

with this two-dimensional weakly nonlinear model.

Further experiments in In Eloy et al. [9] using both flat plates and curved plates were

reported. It showed that flutter amplitude and lower bound of hysteresis Ud does not rely

on plate curvature, but Uc relies on curvature dramatically, shown in figure 1.11. Hypothesis

on stiffness difference is proposed to explain this situation. When both plates are at rest,

curved plate is stiffer than flat plate, resulting in a later oscillation. Once they are fluttering,

the difference is “ironed out”, resulting in similar Ud.

1.2.3.2 Bifurcation regime map

There has been a debate on whether the bifurcation of stability states is subcritical or

supercritical in many papers. Basically saying, if we change the control parameters in a

continuous way from different directions (either increasing or decreasing), the bifurcation

might happen at different positions. If bifurcation does not depend on directions, it is

called supercritical. While if bifurcation point changes with different directions, it is called

subcritical. Many experiments such as Alben and Shelley [88] stated it to be subcritical,

while some other papers such as Eloy et al. [89] suggested it to be supercritical. No common

agreed conclusion is made to the date of [89] published.
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Figure 1.11: Flutter amplitude as a function of reduced velocity for three aspect ratios in In

Eloy et al. [9]

Connell and Yue [10] focused on computational study of a two-dimensional flag with high

extensional rigidity and low bending rigidity. By defining three dimensionless parameter —

mass ratio µ, Reynolds number Re and bending rigidity Kb — as control parameters and

varying mass ratio µ, three regimes of flag flapping are explored using a fluid–structure

direct coupled simulation. A small µ gives a fixed-point stability, a medium range of µ gives

a limit cycle stability. Further increasing µ will break the limit cycle by introducing 3/2

superharmonic mode, which leads to chaos finally. The transition from periodic oscillation

state to chaos is also demonstrated in other papers such as Alben and Shelley [88].

No significant bi-stability for Kb = 0.0001 is reported in Connell and Yue [10], but

with Kb = 0.001 bi-stability is observed. Another thing to mention is that for the case

of µ = 0.145, initial condition of tail displacement of A0 = 0.25 gave limit cycle stability

while A0 = 0.001 gave fixed-point stability. Connell and Yue [10] also mentioned the Duffing

equation to help explain hysteresis. Duffing equation is an example of a dynamical system

that presents resonance jump behavior in frequency response and chaotic behavior.

ẍ+ δẋ+ αx+ βx3 = γcos(ωt) (1.2)
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Figure 1.12: Bifurcation regime map in Connell and Yue [10]

where the nonlinear restoring force term βx3 makes the frequency response no longer a

single value function at some range of the parameters. Also a terminology called snapping is

mentioned in [10], referring to the wave traveling through the flag and left the flag, causing a

rapid acceleration in flag tail and later a dynamical buckling in the chaos regime. Bifurcation

regime map with respect to Reynolds number and mass ratio is plotted in figure 1.12, where

λ is Lyapunov constant.

1.2.4 Energy harvesting

Energy harvesting is associated with fluid–structure interaction problems, for those systems

that has the ability to transform fluid energy to other types of energy. By the thought to

test the possibility of a membrane (eel) harvesting energy from the unsteady wake generated

by flow past a bluff body, Allen and Smits [90] did experimental research using this setup

in a relatively wide range of Reynolds number and conducted flow visualization using both

fluorescent dye and PIV technique. When Reynolds number is low (with the order of 102

to 103), the membrane oscillation frequency is smaller than the natural frequency of the
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fluid. As Reynolds number increases to the order of 104, it becomes more obvious that the

membrane travels in a waveform-like pattern. The oscillation magnitude of eel increases,

effective length of eel is gradually shortened and the frequency of oscillation has a trend of

being coupled with the natural frequency of fluid. The final lock-in state coupled membrane

oscillation frequency and magnitude with those of undisturbed vortex street behind bluff

body without the membrane. Euler-Bernoulli beam equation is used to describe the motion

of the membrane. Eigenmodes of the equation can be used to characterize different oscillation

modes of the membrane, with every two of them orthogonal to each other.

Singh and Michelin [11] analyzed fluid–structure interaction in energy harvesting point

of view using a mass-spring-damper model with two-dimensional cylinder system. In the

first part of this paper, large amplitude elongated body theory by Lighthill (1971) is used

to model fluid dynamics, thus no viscous effect in fluid is considered. By giving the cylinder

system a small perturbation from rest and varying the nondimensional flow speed defined as

u = U∞(ML/K)1/2, a critical velocity ucr is found for Hopf bifurcation to happen. Below ucr

a fix-point equilibrium is achieved and above that we get a self-sustained limit cycle, where

the energy harvesting analysis would be interested in. In the map of c1 and c2 versus power

harvested, there is a optimal combination of c1 and c2 for the most power. The boundary

for bifurcation in the energy harvesting plot corresponds well with linear stability analysis

of the model equation in figure 1.13. This paper further concluded that c1 harvests more

power than c2, because the first dashpot sits closer to the origin of instability.

The second part of this paper used a drag model from the resistive force theory of Taylor

(1952) to model the viscous effect of fluid. Drag force in this model is proportional to the

square of body velocity, thus still different from the actual viscous term in Navier–Stokes

equation. The source of instability is believed to be in the inviscid component in Singh and

Michelin [11]. Further, the viscous term has a dual role in energy harvesting: its dissipative

nature leads to lower power when flow speed is low, and its stabilizing nature leads to larger

range of energy harvesting region when flow speed is high.

24



Figure 1.13: Energy harvesting map using inviscid model in Singh and Michelin [11]

1.3 Summary: remarks and techniques in current study

Here we discuss remarks and techniques in the current study, with comparisons to several

closely related research studies addressed. Consider fluid system alone, a traditional choice

for solving the saddle point system resulting from discretized Navier–Stokes equation is the

fractional step method. It is known that the fractional step method is only first order accurate

in time, due to the ambiguity in time level that field properties are evaluated. Perot [91]

first generalized fractional step method in the form of block LU decomposition, transferring

the manually specified process to a pure linear algebra problem. Taira and Colonius [27]

applied this idea to the immersed boundary method and name it as the immersed boundary

projection method (IBPM), where a body with prescribed motion immersed in viscous flow

is used as applications. The formulation of fluid governing equations in the current study is

slightly different from [27], with Navier–Stokes equation written in the vorticity form. The

IBPM formulation works very well since it has solid ground in linear algebra, which is also

implemented in Wang and Eldredge [13], Goza and Colonius [67] and Lācis et al. [92].

A strongly-coupled scheme is used in Wang and Eldredge [13] for simulating viscous

flow interacting with rigid body systems. In this study, a relaxation scheme similar to the

SOR relaxation is used in the iteration procedure for rapid convergence. Coefficients in the

25



relaxation scheme are derived from the explicit consideration of added-mass effect. It is

recognized in Causin et al. [58] that in weakly-coupled methods, the missing of added-mass

effect would lead to numerical instability. In the vortex particle method based FSI study of

Eldredge [12], the added-mass term is explicitly grouped together with body’s inertia. It is

proved in Eldredge [12] that with this formulation, the computation for zero-mass body is

available. All these studies realized the role of added-mass in FSI problems, but incorporates

it in an ad-hoc way. Compared to strongly-coupled study of Wang and Eldredge [13], the

current study applies a monolithic coupling scheme. The added-mass term appeared in the

current study rises from the use of block LU decomposition in an implicit way, and it actually

modifies body’s inertia term in the body dynamics as one step of block LU decomposition.

Reader can refer to section 2.4 for more details.

The current method also adapts an integrating factor technique, which is based on Lattice

Green’s function to analytically evaluate the viscous diffusion term. This technique is pro-

posed in Liska and Colonius [93, 94], together with the half-explicit Runge–Kutta (HERK)

method for time marching. Liska and Colonius [93] used these methods to simulate body

with prescribed motion in a viscous flow, while the current study applies the same methods

for fluid–structure interaction problems. The techniques contribute to the monolithic fea-

ture of the current study, since the integrating factor frees the viscous term from a specified

time marching scheme (usually Crank–Nicolson time discretization). Also the current study

benefits from the fact that rigid body system is also differential-algebraic, which means in

fully dynamically coupled FSI problems, the overall system of equations can be discretized

using the same HERK time marching scheme.

The other similarity lies between the current study and Lācis et al. [92], where an

implicit coupling method is used for viscous flow coupling with a single rigid body. The

implicit coupling comes from the use of block LU decomposition, similar to its use for fluid

system alone. In fact Lācis et al. [92] is very close to being monolithic, except that it

does not use a uniform time marching scheme to handle both fluid and body systems. One

important difference between [92] and the current study is in the treatment of the block

matrix. Components in the block matrix between [92] and the current study are similar,
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however the arrangement is different. The difference in block arrangement gets revealed in the

process of block LU decomposition. In [92], the blocks for field properties of fluid dynamics

and body dynamics are grouped together for prediction, and the blocks of constraint for both

systems are grouped together for correction step. With this way of grouping, the coupling

between fluid and zero mass body is unstable, since the computation of inverse of body inertia

matrix is needed. On the other hand, the current study is stable for arbitrarily low mass

ratios including zero mass body. Moreover since the current study actually applies multiple

connected rigid bodies instead of a single rigid body, it is found that the grouping manner

in [92] would result in a bad matrix condition number if the number of rigid bodies gets

large. A detailed explanation explaining this is given in section 2.3 and 2.4, here a simplified

explanation is shown in figure 1.14. Operators in the block matrix are classified into fluid

blocks, body blocks and interaction blocks with different colors in this figure. Different

shapes are used to distinguish inertia block from constraint blocks. The added-mass term,

shown with the effect of both interaction blocks and all fluid blocks, modifies body inertia

in solving the body dynamics. Interaction blocks also have an effect on the modification to

fluid step.

Finally we have to address the versatility of the current study, which is a result of the

analytical and numerical techniques used here. The versatility mainly shows in two aspects.

First, we are able to construct a variety of FSI applications with very little change in the

code. Only a few lines to set up body configurations and joint types are needed for different

problems. The use of spatial vectors together with the matrix form operators makes it

easy for the set up. Also we can create different body-joint hierarchy and switch among

different types of joint. All the example problems shown in chapter 3 use the same code with

differences only in problem set up level. Second, the code developed in this study is relatively

compact and open source. It is compact in the sense of computation resources needed. All

examples again in chapter 3 are conducted using a normal desktop with Intel Core i7 CPU

and 16 GB ram. With the grid size and time step in most examples, computation time is

usually limit to only several hours. It is also open source on Github for potential users,

although documentation work is still going on at the moment.
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For the rest of this thesis, chapter 2 describes the methodology in details, with special

attention on how we make our method monolithic, what’s the benefit for making the method

monolithic, and how to make our method versatile for applications. In chapter 3, multiple

applications are shown, mostly to show the versatility of our algorithm meanwhile achieves

good agreement with previous studies. Finally in chapter 4, conclusion is made and future

work is addressed.
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Coupling system by block LU decompostion

Notation:

Figure 1.14: Simplified schematic sketch of the coupling scheme through block LU decom-

position
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CHAPTER 2

Methodology

The problem we are generally interested in is the interaction between incompressible viscous

flow of low-to-moderate Reynolds number and rigid body systems. Starting from describing

fluid system, the vorticity-streamfunction form Navier–Stokes equation is solved with the

formulation of immersed boundary projection method (IBPM) by Taira and Colonius [27].

The fluid domain is a uniform Cartesian grid, with immersed boundary represented by La-

grangian points. Non-conforming mesh has great advantages in treating moving boundaries

with simplicity. Regularization and interpolation operators are created out of a discrete delta

function to transfer force and velocity information between fluid grid and Lagrangian points.

A Lattice Green’s function based integrating factor technique is applied following Liska and

Colonius [93] to analytically evaluate the viscous diffusion term. Rigid body dynamics are

presented in the six-dimensional spatial vector form, following Featherstone [95]. The body

chain connected by joints are constrained in certain degree of freedoms, depending on the

joint type. Motion constraint is enforce on these constrained degree of freedoms, together

with prescribed motion.

To achieve coupling between fluid and body system, there are usually choices of mono-

lithic coupling and partitioned coupling. In the current study, we pursue the use of mono-

lithic coupling, because generally monolithic methods are faster and more accurate. The

advantage in accuracy benefits from the ability to bypass errors introduced by explicitly

tracking fluid–structure interface conditions in partitioned methods. Weakly-coupled meth-

ods are not always able to find a stable solution, and strongly-coupled methods depends

on iterations for convergence. In contrast, interface properties in monolithic methods are

kept implicit, which is a guarantee for stability. In order to obtain a monolithic method,
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different dynamical systems must be treated in the same mathematical framework to form

a single closed form of multi-physics. Besides properties at interaction surface should be

kept implicit, all unknowns in the system have to be solved simultaneously as well. In this

sense, monolithic methods are more complicated, and their code implementation are usually

specified for certain systems.

It’s not usually possible to put two different dynamical systems in the same mathemat-

ical framework, but the use of Lagrangian multipliers for both system makes this possible

in the continuous sense. For the fluid, the Lagrangian force on interface points formed by

the immersed boundary method guarantees no-slip, no-flow-through constraint. For the

rigid body system, motion constraint from either active prescribed motion or joint link-

age is achieved by Lagrangian multipliers as well. Governing equations for both systems are

differential-algebriac, shedding light on the creation of a monolithic method. For time march-

ing, both fluid and rigid body system are discretized with the same half-explicit Runge–Kutta

(HERK) time marching scheme. HERK method is designed to solve differential-algebriac

equations in Brasey and Hairer [96]. Basically the differential equation is solved like a nor-

mal Runge–Kutta method (RK), with constraints satisfied at every stage in one time step.

Using combinations of RK parameters, arbitrary time accuracy can be achieved. After time

discretization, the overall saddle point system describing the fluid–body interaction is solved

with block LU decomposition. As the generalization of fractional step method, block LU

decomposition works in a rigorous way for the fluid system. With its application in the FSI

problem, an added-mass term naturally appears to modify the body’s inertia. Since added-

mass is always positive, body with arbitrarily low mass ratios including zero are stable for

our algorithm. We also consider the fictitious fluid inside a two-dimensional body arise from

immersed boundary method into account, assuming the fictitious fluid inside body follows

the same rigid body motion.

Referring to the components in fluid–structure interaction, the immersed boundary method

based fluid solver is described in section 2.1. Rigid body solver designed to simulated kine-

matics and dynamics of linked body system is introduced in section 2.2. The monolithic

coupling scheme with HERK time marching to combine the two systems is depicted in sec-
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tion 2.3. Finally solution for solving the saddle point system resulted from time discretization

is outlined in section 2.4.

2.1 Fluid solver

2.1.1 Governing equations

We start from the Navier–Stokes equation in its null-space form (vorticity form) with im-

mersed boundary formulation in an unbounded domain to describe the fluid dynamics and

its boundary condition

∂ω

∂t
+∇× (ω × u) =

1

Re
∇2ω +

∫
Γ

f(χ(s, t)) δ(χ(s, t)− x)ds∫
Ω

u(x)δ(x− χ(s, t))dx = uΓ(χ(s, t), t)

(2.1)

where ω is fluid vorticity, u is fluid velocity, Re is the Reynolds number, Ω is fluid domain,

Γ is immersed boundary and χ is the representation of Lagrangian points of immersed body

surface. The immersed surface χ is parametrized by s described in body’s local coordinate

system and it moves with velocity uΓ as a function of time. Continuity equation is not

explicitly needed because the vorticity–streamfunction form of Navier–Stokes equation auto-

matically satisfies the conservation of mass. The immersed boundary method solves for the

Lagrangian multiplier f(χ(s, t)) on body Lagrangian points to enforce no-slip and no-flow-

through condition. Dirac delta function δ exchanges information between fluid Cartesian

grid and Lagrangian points by convolution with either Lagrangian force or body velocity.

The second line in equation (2.1) describes the velocity boundary conditions specified on

fluid–body interface. To compute the velocity field u, additional Poisson equation is solved

using the Lattice Green’s function for streamfunction ψ, then streamfunction is used to

compute velocity field with an curl operation. This step is kept hidden from our governing

equation and treated as an internal update step, shown in equation (2.2).
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∇2ψ = −ω

u = ∇× ψ +U∞

(2.2)

2.1.2 Spatial discretization

Spatial discretization is conducted with finite difference method on a staggered grid based

on references (Wang and Eldredge [13], Taira and Colonius [27]). Write continuous Navier–

Stokes equation (2.1) in the discrete vorticity form,

dω

dt
+BT

1 fb = −N(ω, t) +
1

Re
Lω

B2L
−1ω = ub −U∞

(2.3)

note that fb has been moved to the left hand side of the equation, so it is fluid force on body

to be solved as Lagrange multipliers. ub is linear velocity on Lagrangian points as boundary

conditions and U∞ is uniform flow velocity. Note that if we are solving for fluid system

alone, boundary conditions ub should be provided. While for a fluid–structure coupling

problem, this equation has to be modified, as shown later. N is curl of non-linear convective

term and it is reduced to ∇ · (ωu) for two-dimensional case, where ω can be treated as

scalar. Re is Reynolds number, L is discrete laplacian operator, ub is body velocity on

Lagrangian points as boundary conditions. B2 = E2C, where E2 is interpolation operator

from fluid grid to Lagrangian points and C is discrete curl operator. BT
1 = CTET

1 , and ET
1

is regularization operator from Lagrangian points to fluid grid. With stationary body, ET
1

and E2 are transpose of each other, and so is BT
1 and B2. However it is not true for moving

body. Due to the time-marching scheme we choose (described in section 2.3), the momentum

equation and constraint equation are evaluated at slightly different time, so BT
1 and B2 are

not strictly transpose of each other. Interpolation and regularization matrix are constructed

based on a smoothed discretization of three-point delta function following Yang et at. [97].

Note that discrete delta function in equation (2.4) is non-dimensionalized by grid size ∆x,

so fb in equation (2.3) is force per unit area for two-dimensional case. The smoothed delta

function used here has one-order higher derivative than the regular ones (Roma et al. [98]
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for example), and is capable of suppressing the non-physical oscillations in the calculated

Lagrangian force. The resulting force distributed over Lagrangian points would be more

smooth.

For two-dimensional study, the finite difference is implemented with a standard second

order accurate five-point stencil. However due to fact that immersed boundary method is

only first-order accurate near the body boundary, this algorithm is less than second-order

accurate in space in general.

d(r) =



17

48
+

√
3π

108
+
|r|
4
− r2

4
+

1− 2|r|
16

√
−12r2 + 12|r|+ 1

−
√

3

12
arcsin

(√
3

2
(2|r| − 1)

)
, |r| ≤ 1,

55

48
−
√

3π

108
− 13|r|

12
+
r2

4
+

2|r| − 3

48

√
−12r2 + 36|r| − 23

+

√
3

36
arcsin

(√
3

2
(2|r| − 3)

)
, 1 ≤ |r| ≤ 2,

0, 2 ≤ |r|.

(2.4)

2.1.3 Lattice Green’s function technique

The viscous diffusion term can be represented with finite difference operator in spatial dis-

cretization step. However, there exists a more accurate way to analytically deal with elliptical

differential equations on an un-bounded domain—the Fast Multipole Method (FMM), or an-

other name the Lattice Green’s function technique (LGF), or the integrating factor technique

(IF). We summarize the integration factor technique developed by Liska and Colonius [99, 93]

to account for the diffusion term analytically in the time-discrete level. Although Liska and

Colonius applied this technique to the velocity form of Navier–Stokes equation, the approach

is very similar here. The use of LGF technique equips us with the ability to avoid artifi-

cial boundary conditions and unnecessary large computation domain. To understand this

technique better, we start with the typical heat diffusion equation and its spatial-discretized

form.
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Ω

Γ

fb

Figure 2.1: Staggered grid with immersed body boundary, vertical and horizontal red arrows

represent vertical and horizontal velocities, round cross is where vorticity gets stored. Blue

dots are Lagrangian points with Lagrangian multipliers depicted as blue arrows.

∂h

∂t
= k∇2h

dh

dt
=

k

∆x2
Lh

(2.5)

where h is field variable, L is discrete laplacian operator. We can express L with Fourier

series as L = F−1σF so that the matrix can be diagonalized. Define field variable ĥ in the

Fourier space and substitute in we get

dĥ

dt
=

k

∆x2
σĥ (2.6)

and we know the analytic solution to this ODE is

ĥ = ĥτ exp

(
k(t− τ)σ

∆x2

)
(2.7)

where ĥτ is the initial condition at time τ . Substitute back to the real space we get

h = ĥτF−1 exp

(
k(t− τ)σ

∆x2

)
F = ĥτH(

k(t− τ)σ

∆x2
) (2.8)
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and this H operator is called the integrating operator. Integrating factor H(α) has the

property of

dH(α)

dα
=

d

dα

[
F−1eασF

]
= F−1σeασF =

[
F−1σF

]
eασ = LH(α)

dH(−α)

dα
= −LH(α)

(2.9)

Now similarly, we can apply the integrating factor technique to discrete vorticity form of

Navier–Stokes equation. Multiply both sides by H(− t−τ
Re∆x2

) and define the diffused variable

v = H( t−τ
Re∆x2

)ω = H(−α)ω to get

H(−α)
dω

dt
+H(−α)BTfb = −H(−α)N(ω, t) +H(−α)

1

Re
Lω (2.10)

with chain rule we end up with

H(−α)
dω

dt
=

dv

dt
− dH(−α)

dt
ω =

dv

dt
+H(−α)

1

Re
Lω

dv

dt
+HBT

1 fb = −HN(ω, t)

(2.11)

Now for simplicity, define diffused vorticity v by

v(τ, t) = H(τ − t)ω(t) (2.12)

, where τ is the end time(usually t0 + ∆t) in the current time step and t is the current time

of the current stage(t0 + ci∆t). By using the H operator, at each stage in HERK vorticity

is already diffused. Substitute into momentum equations and get rid of the diffusion term

dv

dt
+HBT

1 fb = −HN(ω, t)

B2L
−1H−1v = ub −U∞

(2.13)

Until now, the viscous diffusion term has been folded into the integrating factor before any

kind of time discretization.
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2.1.4 Time marching

Since we are dealing with a differential-algebraic problem of index 2 after spatial discretiza-

tion (equation (2.13)), the half-explicit Runge–Kutta method (HERK) developed by Brasey

and Hairer [96] is naturally a good choice. HERK method, with similarity in the regular

Runge–Kutta method, is easy to implement (can be seen more clearly in section 2.2) and can

achieve any order of accuracy depending on the number of stages and coefficients chosen. In

summary, HERK method solves for differential-algebraic system of the form

dy

dt
= f(y, z), 0 = g(y) (2.14)

, assuming that f and g are sufficiently differentiable and that

gy(y)fz(y, z) is nonsingular (2.15)

The method is implemented with s stages and summarized with weights at the end stage

Yi = y0 + ∆t
i−1∑
j=1

aijf(Yj, Zj), i = 1, . . . , s (2.16a)

0 = g(Yi), i = 1, . . . , s (2.16b)

yn+1 = yn + ∆t
s∑
i=1

bif(Yi, Zi) (2.16c)

0 = g(yn+1) (2.16d)

where A = [aij] is the Runge–Kutta matrix, b = [bi] is the weight factor and Yi is the value

of y at each stage. At every stage inside one step, algebraic constraint is enforced together

with solving the differential equation. Here we present the coefficient of a typical three-

stage second-order method in Butcher table form. Further detailed discussions about RK

coefficients and accuracy can be found in [96] and [93].

Now going back to our fluid equation, there are actually two choices on the variable to solve

for. With the summary step in HERK,
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Table 2.1: Butcher table of a three-stage second-order method

vi = v0 + ∆t
i−2∑
j=1

ai,jv̇j + ∆tai,i−1v̇i−1 (2.17)

We can either choose to represent v̇ with the rest terms in momentum equation and solve for v

(implemented in Liska and Colonius [93, 94]), or we can substitute v in the motion constraint

with v̇ and solve for v̇ (in this work). Here we use the second way, because this is the more

standard way of using HERK scheme, and you can directly write the discretized form from

differential equations without complicated derivation. Reader can try with both derivation

and see the simplicity from this choice. Since HERK scheme is implemented with the help

of integrating factor technique, this is also called IF-HERK in Liska and Colonius [93].

Using IF-HERK scheme to discretize momentum equation and enforce boundary conditions

(motion constraint) at the same time,

 I Hi−1B
T
1

B2L
−1H−1

i 0

 v̇i−1

fbi−1

 =


−Hi−1N(ωi−1, t)

−
1

∆t ai,i−1

[
B2L

−1H−1
i

(
v0 + ∆t

∑i−2
j=1 ai,jv̇j

)
− ub +U∞

]


(2.18)

where I is identity matrix and 0 is zero matrix. Note that by discretizing the differential

equations in time, at each stage the viscous diffusion term gets accounted by applying a

different integrating factor, which starts from the current time stage in IF-HERK to the end

of this time step. It means that all the v̇i−1 are computed on the same time level, so that

we can add them up directly in HERK algorithm. Using the extended RK coefficients with
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2 ≤ i ≤ s+ 1,

Hi−1 = H(τ − ti−1) = H(∆t− ci−1∆t) = H((1− ci−1)∆t)

H−1
i = H((ci − 1)∆t)

(2.19)

ci+1∆tci∆t

H−1
i Hi+1

−∆t

−(1− c1)∆t

ω1

ω0 = ω0

v2

v1 = v0

H−1
2

H−1
1

τ = ∆t

τ = ∆t

τ = ∆t

t = c2∆t

t = c1∆t

t = 0

(1− c2)∆t

(1− c1)∆t

∆t

ω1

ω0 = ω0

v3

v2

v1 = v0

H3

H2

H1

ω2

Figure 2.2: Integrating factor computation diagram

This saddle system should work in theory, but numerical issues prevent us from using this

form directly. When block LU decomposition is used to solve the system, Schur complement

will include H−1
i Hi−1. In theory it should equal to Hi−1,i = H((ci−ci−1)∆t), but in numerical

practice this operation will introduce errors. So we have to modify the saddle point system a

little bit to make the conversion H−1
i Hi−1 = Hi−1,i directly. We can achieve this by defining

a new field acceleration term U̇ as

U̇i−1 = H−1
i v̇i−1 (2.20)

and multiply the momentum equation of the saddle point system by H−1
i−1 so the system

becomes

Hi,i−1 BT
1

B2L
−1 0

 U̇i−1

fbi−1

 =


−N(ωi−1, t)

−
1

∆t ai,i−1

[
B2L

−1
(
H1,i ω0 + ∆t

∑i−2
j=1 ai,jHj+1,i U̇j

)
− ub +U∞

]


(2.21)

Note that this equation is not so different from equation (2.18), but just using a diffused

vorticity of different stage. For the simplicity of the equation, we can define a new variable
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containing all known diffused vorticity from previous stages as

U0→i−2 = H1,i ω0 + ∆t
i−2∑
j=1

ai,jHj+1,i U̇j (2.22)

, where the subscript is quite self-explanatory, meaning the known quantities from time stage

0 to i− 2. Then equation (2.21) becomesHi,i−1 BT
1

B2L
−1 0

 U̇i−1

fbi−1

 =


−N(ωi−1, t)

−
1

∆t ai,i−1

(B2L
−1U0→i−2 − ub +U∞)

 (2.23)

After solving for the system at each stage, collect the vorticity vector by weighted RK

coefficients. We have to modify the summarization step by the integrating factor, since we

solve for the diffused vorticity in the block matrix, while normal vorticity is desired.

ωi = H−1
i vi = H−1

i (v0 + ∆t
i−1∑
j=1

ai,jv̇j)

= H1,iω0 + ∆t
i−1∑
j=1

ai,jHj+1,i U̇j

(2.24)

In code implementation, H1,iω0 and Hj+1,i U̇j can be computed using recursion by

q1 = ω0

qi = Hi−1,i qi−1 for i ≥ 2

U̇j = Hi−1,i U̇j−1

(2.25)

2.2 Rigid body solver

2.2.1 Spatial vector algebra

Rigid body solver is described with six-dimensional (6d) spatial vector form developed by

Featherstone [95]. Compared with the regular three-dimensional (3d) vectors, 6d spatial

vector notation combines translational and rotational properties in the save vector, which

greatly reduces the volume of algebra, simplifies the tasks of describing and explaining a

dynamics algorithm. Here we present some featured aspects of spatial vector in comparison

with with 3d vectors. Suppose variables are in a Cartesian coordinate with origin at o:
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• Spatial velocity:

v̂o =



ωx

ωy

ωz

vox

voy

voz


=

[
ω̂

v̂o

]
(2.26)

, where v̂o is linear velocity and ω̂ is angular velocity.

• Spatial force:

f̂ o =



Mox

Moy

Moz

fx

fy

fz


=

[
M̂ o

f̂

]
(2.27)

, where M̂ o is angular momentum and f̂ is linear force.

• Spatial inertia at body’s center of mass:

Îc =

Ic 0

0 m1

 (2.28)

, where Ic is rotational inertia about body’s center of mass, m is body mass, and 1 is

3×3 identity matrix. As a result, the dimension of Îc is 6×6.

• Coordinate transform:

Let A and B be Cartesian frames with origins at O and P , r =
−→
OP , E is rotation

matrix transform in 3d vectors from A to B coordinates.

– Transformation matrix from A to B for motion vector BXA:

BXA =

E 0

0 E

 1 0

−r× 1

 =

 E 0

−Er× E


AXB = (BXA)

−1

(2.29)
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– Transformation matrix from A to B for force vector BXA
∗
:

BXA
∗

= (BXA)
−T

AXB
∗

= (BXA
∗
)
−1

(2.30)

– Transformation matrix from A to B for inertia matrix IA:

IB = (BXA
∗
)IA(AXB) (2.31)

2.2.2 Governing equations

2.2.2.1 Momentum equation

The dynamics we focus on is forward dynamics: given forces applied to the system, compute

reaction acceleration in response. We assume the body system is generally single body

or multiple bodies linked by different kinds of joints (revolute, prismatic, cylindrical etc.).

Generally we assume the joints to be massless for all the derivations below. Our goal in

general, is to express the body dynamics of a multiple body system with matrix operators

that help reveal each body’s hierarchy in the body-joint chain, also allow for the description

of different joint types. We start from most general momentum equation for a single body,

and then collect the system into matrices. We denote body index by i and joint index by j

to avoid confusion. Be careful not to be confused with notation in the last section, where

i is used to represent time level. Start from the most general momentum equation for one

body with index i

f i =
d(I iui)

dt
(2.32)

, which just indicates that the sum of forces exerted on the body equals to the time derivative

of body’s momentum. We can express forces in details by forces on joints fJ,i, gravitational

forces f g,i and forces from the fluid f fluid,i. The right hand is further expanded by product

rule and expressed using identities in spatial vector algebra

fJ,i + f external,i = I i
dui
dt

+ ui
dI i
dt

fJ,i + f g,i + f fluid,i = I i
dui
dt

+ ui ×∗ I iui
(2.33)
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Note that here fJ,i is the total joint force on body i applied by all the joints connected to

it. Rearrange to get

fJ,i = I i
dui
dt

+ (ui ×∗ I iui − f g,i − f fluid,i)︸ ︷︷ ︸
pi

(2.34)

Here pi is called the bias force, and it is simply the value that fJ,i must take in order to

produce zero acceleration. We can further describe joint forces fJ,i by the joint force from

the current body’s parent, and joint force from the current body’s child. Multiple parents

and children are allowed.

fJ,i =
∑
j∈ch(i)

fJ,j︸ ︷︷ ︸
joint forces from child joint of body i

−
∑
j∈pa(i)

fJ,j︸ ︷︷ ︸
joint forces from parent joint of body i

(2.35)

Child joint of a body is the joint that connects the body to its child body in hierarchy,

similarly for parent joint. Note that we express the body force in joint space by making joint

force from child joint positive. Usually rigid body dynamics are not expressed and calculated

in matrix form. Using a for loop for computing each body in the chain is sufficient for most

cases. However we have the need to couple the rigid body system with fluid system and form

a saddle point matrix, thus we have to collect all bodies in the chain to form a matrix. For

the matrix form we can write

PfJ = M
du

dt
+ p (2.36)

Pi,j =


[1]6×6, if body i is child of joint j

[−1]6×6, if body i is parent of joint j

[0], otherwise

(2.37)

M is just putting inertia I i of each body on the diagonal blocks and it remains constant

all the time if each of them is described in body’s local coordinate system. Now we express

joint forces fJ,j using joint models by dividing the six degree of freedoms into joint’s motion

space (unconstrained space) S and the constrained space T . Forces that show in the motion

space are represented by τj and forces in the constrained space are denoted by λj. Basically
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one could understand λj as the Lagrange multiplier to enforce motion constraint. Describe

in local body coordinate frame and express joint force in the motion space by spring-damper

model,

fJ,j = Sτj + Tλj

τ j = −kqJ − cvJ
(2.38)

Express fJ,j in the inertial frame we have

fJ,j =inertial Xjoint(Sτj + Tλj) (2.39)

i=1
i=2

i=3

i=4
j=1

j=2

j=3 j=4

x

y

Figure 2.3: An example of linked joint-body system with planar, revolute and prismatic

joints

Figure 2.3 gives an example for a linked joint-body configuration, which contains a planar

joint j = 1 (free to translate in x and y directions, also able to rotate), two revolute joint

j = 2, 3 (only free to rotate) and a prismatic joint j = 4 (only free to translate along its axis).

Based on the hierarchy information, P matrix for figure 2.3 is shown in equation (2.40). For

example the second line of matrix P tells us that body i = 2 has a parent i = 1, and two

children i = 3, 4. Also motion space and constraint space for the example is shown in table

2.2.

P =


[1] [−1] [0] [0]

[0] [1] [−1] [−1]

[0] [0] [1] [0]

[0] [0] [0] [1]

 (2.40)
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revolute prismatic planar

[S|T ]



0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1





0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

1 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1





0 0 0 1 0 0

0 0 0 0 1 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1


Table 2.2: Motion space S and constraint space T for revolute, prismatic and planar joint

on two-dimensional plane

As a remainder, until now we haven’t made rigorous statement on which coordinates is the

momentum equation in. If we’re solving the momentum equation for all bodies each in their

own local body coordinate, then there’s a benefit that the inertia matrix would stay constant

for all time. Note that body local coordinate refers to a coordinate system that is attached

with the body, having the same translational and rotational motion with the body. We just

need to express velocity u of each body in local body coordinate as well. Collect the system

for fJ we get

fJ = A(Sτ + Tλ) (2.41)

Here the A matrix is similar to P in structure, but it contains both parent-child hierarchy

information and coordinate transform for forces (iX∗j = jXi
T

) from child body to parent

body,

Ai,j =


[1], if body i is child of joint j

[−1][iX∗j ], if body i is parent of joint j

[0], otherwise

(2.42)
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So again, matrix A applied to the example system in figure 2.3 is

A =


[1] [−1][1X∗2 ] [0] [0]

[0] [1] [−1][2X∗3 ] [−1][2X∗4 ]

[0] [0] [1] [0]

[0] [0] [0] [1]

 (2.43)

Assembled motion space S and constraint space T are

S =



S1 0 · · · 0 0 · · · 0

0 S2
...

...
. . .

...
... Sj 0
...

. . . 0
...

. . .
...

0 0 · · · 0 0 · · · Sn


, T =



T1 0 · · · 0 0 · · · 0

0 T2
...

...
. . .

...
... Tj 0
...

. . . 0
...

. . .
...

0 0 · · · 0 0 · · · Tn


(2.44)

respectively, where each of Si or Ti can be different. In other words, we don’t necessarily

need to have the same type of joints for each joint in this joint-body system. So rearrange

for the matrix form momentum equations we get

M
du

dt
= [−p+ ASτ ]− ATλ (2.45)

In this equation, body system velocity u and joint constraint force λ are unknowns. λ serves

as the Lagrange multiplier to enforce desired motion constraint, which can come from either

joint model, or possible active prescribed motion of the body. We need an additional motion

constraint equation to form a closure.

2.2.2.2 Motion constraint

In the momentum equation, we choose to solve for body velocity u. However for the motion

constraint, we want to express it in the joint space by uJ . So we need a relation between

body velocity and joint velocity,

ui = (iXpa)upa + uJ (2.46)
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,where i stands for current body and pa stands for parent of body i. We can see that the

velocity relation is expressed in local body coordinate of body i.

For a joint, among its six degrees of freedoms (dof), those constrained in T are not allow

to move. This is independent of active motion, just simply determined by joint type. For

example revolute joints are inherently constrained in dof=1, 2, 4, 5, 6 except for the rotational

dof around z-axis. However if we assign prescribed motion to unconstrained dof, these

unconstrained dof need to be changed from unconstrained to constrained, and an extra

constraint force has to be provided as Lagrange multipliers in order to sustain this active

motion. So for problems involving active motion, we need to modify S and T from the

intrinsic joint model. For example in figure 2.3, if we prescribe rotation for the revolute

joint, S will be empty and T will be [1]6×6. Using the modified motion and constraint force

space, we can describe motion constraint in local body coordinate in the null space of the

motion space using a single equation,

T T [ui − (iXpa)upa]− T Tci = 0 (2.47)

, where c contains both prescribed (active) joint motion and constrained joint motion (no

motion, thus all zeros). Collect all joints in the system and write in matrix form,

TTBu+ TTc = 0 (2.48)

and we know matrix B is related to A by its inverse transpose B = (A)−T . B is written from

joint view but A is written from body view.

Bj,i =


[1], if joint j is parent of body i

[−1][jXi], if joint j is child of body i

[0], otherwise

(2.49)

2.2.2.3 Summary

Notice that all the transform matrices are calculated by body position vector q at every time

step, we need to update body position as well. So combine all the equations to full closure
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we have 

dq

dt
= u

M
du

dt
= [−p+ ASτ ]︸ ︷︷ ︸

F (q,u,t)

− AT︸︷︷︸
GT

1 (q,t)

λ

0 = TTB︸︷︷︸
G2(q,t)

u + TTc︸︷︷︸
uc(q,t)

(2.50)

Here we give assign some new symbols for the simplicity of the equation. F contains the

bias force and joint force in the unconstrained space. Forces from the fluid is also contained

in F operator. GT
1 is an constraint operator for the Lagrangian force, revealing body-joint

hierarchy and frame transformation information. Similarly, G2 is an constraint operator

for velocity in the degrees of freedom either constrained by joint type, or prescribed joint

motion. The Lagrangian multiplier λ is used to enforce motion constraint. At last, uc

denotes the prescribed motion (if any), otherwise zeros. Also note that even the body-joint

system doesn’t move, AT and TTB are not actually transpose of each other.

TTB = TT (A)−T = (A−1T)T (2.51)

2.2.3 Time marching

The set of governing equations we have is

dq

dt
= u

M
du

dt
= F (q,u, t)−GT

1 (q, t)λ

0 = G2(q, t)u+ uc(q, t)

(2.52)

Observing that this is also a system of index-2 differential algebraic equations, the same

half-explicit Runge–Kutta method (HERK) is implemented. At every stage among a total

of s stages in a single time step, momentum equations are advanced with the satisfaction of

constraints.

Stage 1:

q1 = q0, u1 = u0 (2.53)
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Stage i(2 ≤ i ≤ s+ 1):

• Calculate F (qi−1,ui−1, ti−1) and GT
1 (qi−1, ti−1) based on known qi−1 and ui−1 from

last stage.

• Update qi for current stage

qi = q0 + ∆t
i−1∑
j=1

ai,juj (2.54)

• Update G2(qi, ti) and uc(qi, ti) using qi for current stage

• Define the summarization of velocity in the previous stages as

u0→i−2 = u0 + ∆t
i−2∑
j=1

ai,ju̇j (2.55)

Then solve linear system for acceleration and Lagrange multipliers at stage i. Note

that the dimension of this matrix is relatively small (less than 12 times of the number

of bodies), thus can be solved with direct methods. M GT
1 (qi−1, ti−1)

G2(qi, ti) 0

u̇i−1

λi−1

 =


F (qi−1,ui−1, ti−1)

−
1

∆t ai,i−1

(G2(qi, ti)u0→i−2 + uc(qi, ti))


(2.56)

• Update ui using u̇i−1

ui = u0 + ∆t
i−1∑
j=1

ai,ju̇j (2.57)

Results got from stage (s+1) is the output. RK parameters at stage s+ 1 is

as+1,j = bj, cs+1 = 1 (2.58)

2.3 FSI coupling

In the fluid governing equations, ub is supposed to be given as known values for stationary

body or body with prescribed motion. Also the external fluid force in body governing equa-

tions is supposed to be given (contained in F operator). In order to construct a monolithic
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coupling scheme, these two terms must be moved from right hand side to the left hand side as

unknowns, keep them implicit and solve together with fluid field and body dynamics. There

are also two more operators describing the fluid–structure interactions to be constructed

here. Note that fb computed from the fluid solver are distributed on the Lagrangian points

on the fluid–body interface. In order for body solver to use it as an external force, fb should

be integrated along the immersed surface, then transform from inertia coordinate to body

local coordinate. The force integral is performed using trapezoidal rule in this work. We

call this operation T T1 and separates fb from F for convenience. Be aware that since body is

immersed in fluid now, F should also include buoyancy force for cases with two-dimensional

body under gravity. Rigid body equations then become

 M GT
1 (qi−1, ti−1)

G2(qi, ti) 0

u̇i−1

λi−1

 =


F (qi−1,ui−1, ti−1) + T T1 fb

−
1

∆t ai,i−1

(G2(qi, ti)u0→i−2 + uc(qi, ti))

 (2.59)

Similarly, ub should be provided on every Lagrangian point described in the inertial frame,

serving as fluid boundary condition. However the body kinematics are described in the body

local frame. Thus there has to be an operation that interpolates rigid body velocity over the

Lagrangian points and then transform from body local coordinate to inertia frame. Velocity

interpolation is performed using linear interpolation. We call this operation T2. Note that T2

and T T1 are only related to body points position and they should be updated in every time

step with the body position in the time level that’s needed. Also note that ub serving as

boundary conditions in fluid part needs to be accumulated through summation until stage i

(ub)i = u0 + ∆t
i−2∑
j=1

ai,ju̇j︸ ︷︷ ︸
known

+∆tai,i−1 u̇i−1︸︷︷︸
to be solved

= u0→i−2 + ∆tai,i−1u̇i−1

(2.60)

The other change is that the off-diagonal blocks in fluid solver should be updated with body

position accordingly. To simplify the symbols used, we rename B2L
−1 in the fluid solver to

be the new B2. With these updates for monolithic coupling, fluid saddle system is modified
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toHi,i−1 BT
1 (qi−1)

B2(qi) 0

 U̇i−1

fbi−1

 =


−N(ωi−1)

−
1

∆t ai,i−1

[B2(qi)U0→i−2 − T2 (u0→i−2 + ∆tai,i−1 ˙ui−1) +U∞]


(2.61)

Now it’s time to combine the two sets of equations together. Since block LU decomposition

will be used to decompose the coupled system, the way of combining unknowns together

does matter. Here two ways to arrange the unknowns and operation blocks are compared
Hi,i−1 0 BT

1 0

0 M T T1 GT
1

B2 −T2 0 0

0 G2 0 0




U̇i−1

u̇i−1

fbi−1

λi−1

 or


Hi,i−1 BT

1 0 0

B2 0 −T2 0

0 −T T1 M GT
1

0 0 G2 0




U̇i−1

fbi−1

u̇i−1

λi−1

 (2.62)

For convenience we call the left formulation choice 1, and the right formulation choice 2.

Although it’s just a matter of how to place the block operators, the two ways actually result

in different behaviour in block LU decomposition. When we first look at this, the first

way seems better not only it combines accelerations and Lagrange multipliers from both

systems together, but also the right bottom corner of the matrix shows as all zero matrices.

Lācis et al. [92] actually formed their FSI system in this way. In their paper, instability

for zero mass body case is reported since the prediction step in block LU decomposition

requires computing the inverse of body inertia matrix, which is not possible for zero mass

body. Further reasoning for not choosing the first way is found for rigid body systems with

multiple bodies. Since the scale of inertia matrix for fluid and body systems are very likely

to be different, the overall Schur complement might result in a bad matrix condition number.

This effect is amplified as the number of bodies gets larger. Lācis et al. [92] didn’t report

this matrix condition issue since they only used a single rigid body as examples. With these

reasons, we continue with the second choice (Reader can check for derivation with the first

choice in Appendix A.1 for the differences in details). Actually the second choice successfully

reveals the effect of added-mass in the block LU decomposition, as shown in the next section.

With the second choice of combining both systems, our coupled fluid–structure block system
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becomes



Hi,i−1 BT
1 (qi−1) 0 0

B2(qi) 0 −T2 0

0 −T T1 M GT
1 (qi−1)

0 0 G2(qi) 0





U̇i−1

fbi−1

u̇i−1

λi−1



=



−N(ωi−1)

−
1

∆t ai,i−1

(B2(qi)U0→i−2 − T2u0→i−2 +U∞)

F (qi−1,ui−1, ti−1)

−
1

∆t ai,i−1

(G2(qi)u0→i−2 + uc(qi, ti))


=



r11

r21

r12

r22


(2.63)

After solving for the saddle system at every stage, the assembly stage is done by
ωi = H1,iω0 + ∆t

i−1∑
j=1

ai,jHj+1,i U̇j

ui = u0 + ∆t
i−1∑
j=1

ai,ju̇j

(2.64)

2.4 Saddle point system

After obtaining the saddle point system, we solve it by block LU decomposition through

a three-step manner: projection, applying constraints, and correction. Here we revisit the

general steps for block LU decomposition on a block system:A C1

C2 D

u
λ

 =

r1

r2

 (2.65)
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The left side matrix is decomposed using block LU decomposition and the system is solved

in 3 steps: A C1

C2 D

 =

A 0

C2 D − C2A
−1C1


︸ ︷︷ ︸

L

I A−1C1

0 I


︸ ︷︷ ︸

U

(2.66)

• Prediction: Au∗ = r1

• Apply constraints: (D − C2A
−1C1)λ = r2 − C2u

∗

• Correction: u = u∗ − A−1C1λ

Here (D−C2A
−1C1) is called the Schur complement of the block matrix. Now we can apply

the block LU decomposition to our coupled saddle point system in details.

2.4.1 Prediction step Hi,i−1 BT
1

B2 0

 U̇∗i−1

fb
∗
i−1

 =

r11

r21

 (2.67)

This is very similar to fluid solver with stationary body or body with prescribed motion,

only that here BT
1 and B2 are evaluated at slightly different time stages. We apply another

step of block LU decomposition to solve this matrix. The procedure is exactly the same with

the general steps only with change in symbols. The inverse of Schur complement for this

matrix is stored for later use.

(Sf )
−1 =

(
B2Hi,i−1B

T
1

)−1
(2.68)

For block LU decomposition on the fluid system alone, the prediction step advances the

flow without immersed boundary. In the second step, the reaction force for the generation of

a vortex sheet on the immersed surface to enforce no-slip and no-flow-through conditions is

computed as Lagrange multipliers. In the third step, fluid is corrected by the vortex sheet.

Either direct method like LU decomposition or iterative method like GMRES can be used

to solve for the fluid system.
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2.4.2 Apply constraints

Rather than calling this the ”apply constraints” step, it actually makes more sense to call

it ”modify body inertia by fluid added-mass” step. To calculate Schur complement of the

overall matrix, the inverse of the whole matrix in the prediction step is needed. This is done

by the general block matrix inverse.Hi,i−1 BT
1

B2 0

−1

=

Hi−1,i −Hi−1,iB
T
1 (Sf )

−1B2Hi−1,i Hi−1,iB
T
1 (Sf )

−1

(Sf )
−1B2Hi−1,i −Hi−1,i

 (2.69)

Substitute in to get0 −T T1
0 0

Hi,i−1 BT
1

B2 0

−1  0 0

−T2 0

 =

−T T1 (Sf )
−1T2 0

0 0

 (2.70)

Rearrange, now we are solving forM + T T1 (Sf )
−1T2 GT

1

G2 0


u̇i−1

λi−1

 =

r12 + T T1 fb
∗
i−1

r22

 (2.71)

Note that the matrix in equation (2.71) is the Schur complement of the overall fluid–body

system. Also note that the dimension of this saddle system will not be large, since it only

contained the number of body degree of freedom plus the number of joint constraint. So this

matrix is solved through direct method with very little cost. When we look at equation (2.71)

and analyze a body system immersed in fluid, the things that reveal the effect of the fluid

are the fluid force on the body (on the right side with fb
∗) and the term T T1 (Sf )

−1T2 which

altered the intrinsic inertia of the body system, acting like added-mass. If we substitute in

(Sf )
−1, we will find out that T T1 (B2Hi,i−1B

T
1 )−1T2 is an operator going from body motion

space to force space with the effect of viscous diffusion through the integrating factor H. It

is also a correction force exhibited on the immersed surface to enforce the no-slip, no-flow-

through boundary condition. It can be interpreted with steps as following:
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• T2 interpolates rigid body’s acceleration onto Lagrangian points on the immersed sur-

face

• (B2Hi,i−1B
T
1 )
−1

regularized on the Cartesian grid, enforce no-slip, no-flow-through

boundary condition by creating a vortex sheet around the immersed body, have that

vorticity diffused, and then interpolate back to the Lagrangian points

• T T1 integrates all forces on Lagrangian points as an external force for the rigid body

This term is in the same place with body inertia, so it has the unit of mass. This is

not the classical added-mass defined by inviscid flow, but it is the most physically relevant

measure of added-mass in a viscous flow. The most amazing thing is that this term pop out

through a LU decomposition step, derived rigorously using simple linear algebra tool, benefit

from the use of monolithic coupling scheme. The added-mass term is not constructed in an

ad hoc way, but it justifies the use of added-mass. With body immersed in fluid, this term

will always be greater than zero. In this case, body with arbitrarily low mass ratios should

work well with this coupling scheme, even if the body system has zero mass. There should

be no stability problem with respect to any mass ratio, as long as grid resolution and time

step are fine enough for large density ratios. The stability to mass ratios is shown in section

3.2 through examples.

2.4.3 Correction step U̇i−1

fbi−1

 =

 U̇∗i−1

fb
∗
i−1

−
Hi,i−1 BT

1

B2 0


−1  0 0

−T2 0


u̇i−1

λi−1



=

U̇
∗
i−1 +Hi−1,iB

T
1 (Sf )

−1T2u̇i−1

fb
∗
i−1 − (Sf )

−1T2u̇i−1


(2.72)

Note that on the left hand side of equation (2.63), we choose to put fluid blocks on the

top left corner. This choice gets revealed in the block LU decomposition, where fluid is first

54



predicted, and rigid body system gets modified. There can be another choice of putting

rigid body system on the top left corner, which would result in a formulation similar to the

idea in the original immersed boundary method paper by Peskin [24]. For the alternative

matrix arrangement, it would be computing body motion without fluid, modifying fluid Schur

complement with body inertia, then correct body motion with the effect of fluid. Methods

in this idea is offered for further studies.

2.4.4 Modification for two-dimensional body with fictitious fluid inside

We know that Lagrange multipliers in immersed boundary method is responsible for the

jump on two sides of the Lagrangian points. When two-dimensional body is immersed in

the fluid, we have to account for the momentum of the fictitious fluid inside. When the

rigid body is only in translational motion (like a falling cylinder) or the rigid body has small

aspect ration (like a thin ellipse), we could reasonably assume the fictitious fluid is also under

the same rigid body motion. To construct the real fluid force on the body instead of jump

of forces, f is used instead of fb.

• For infinitely thin body, there’s no fictitious fluid inside rigid body region. f = −BT
1 fb,

same as before.

• For two-dimensional body,

f = −BT
1 fb +BT

1 (T1)−T
d

dt
(Mfu)

= −BT
1 fb +BT

1 (T1)−T
(
Mf

du

dt
+ u×∗Mfu

)
= −BT

1 fb +BT
1 (T1)−T

(
Mf

du

dt

) (2.73)

Here Mf is the inertia matrix for fictitious fluid. Since we assume there’s negligible

rotation motion for the fictitious fluid, u×∗Mfu vanishes. The coupling scheme should

be modified based on this change accordingly. Note here we are using a term (T1)−T ,

which can’t be constructed, but also don’t need to be constructed as proved later.

Remember that T T1 means an integral of fluid force over every Lagrangian point, then

transform from inertia coordinate to body local coordinate. Here we need exactly the
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inverse operation so that the body momentum described in the body local coordinate

can be transformed to inertia coordinate, then magically gets interpolated along the

Lagrangian points. This operation can not be constructed, since there’s infinite ways

to do the interpolation. However, we just need the concept of this operation and keep

it as T T1 , finally it will gets cancelled in the block LU decomposition with T T1 .

To involve in the modification to the system, there are also two ways to do it, as mentioned

in Lācis etc. [92]. We choose the following way so that the fictitious fluid inertia term

also shows at the same place with body inertia and added-mass. The coupling matrix now

becomes 
Hi,i−1 BT

1 (qi−1) BT
1 (qi−1)(T1)−TMf 0

B2(qi) 0 −T2 0

0 −T T1 M GT
1 (qi−1)

0 0 G2(qi) 0

 (2.74)

Going through the same process of LU decomposition, the prediction step doesn’t change.

Equation (2.75) and (2.76) shows the change of second and third step in block LU decom-

position respectively

M + T T1 (Sf )
−1T2 −Mf GT

1

G2 0


u̇i−1

λi−1

 =

r12 + T T1 fb
∗
i−1

r22

 (2.75)

 U̇i−1

fbi−1

 =

 U̇∗i−1

fb
∗
i−1

−
Hi,i−1 BT

1

B2 0


−1 B

T
1 (T1)−TMf 0

−T2 0


u̇i−1

λi−1



=

 U̇∗i−1 +Hi−1,iB
T
1 (Sf )

−1T2u̇i−1

fb
∗
i−1 − (Sf )

−1T2u̇i−1 + T2Mf u̇i−1


(2.76)

We can see that the body inertia in equation (2.75) is not only modified by added-mass, but
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also by the inertia of fictitious fluid. Also on the right hand side of equation (2.76), fluid

constraint force got influenced by the fictitious fluid as well.

2.5 Summary

We should address three main questions here, as a summary on what’s novel and what’s

the benefit of our monolithic method compared to previous studies on FSI problems. First

question is what’s the advantage of a monolithic method, despite the algorithm and code

construction is more complicated than a partitioned method. It is realized that weakly-

coupled methods are not frequently used except for certain fields (such as aeroelasticity) due

to the stability issues. Strongly-coupled methods are actually used most frequently, because

they are reasonably easy to construct and have a guarantee for convergence to some extent.

One can construct the fluid system and body system on its own, and then describes how

the interaction works through iterations. However the iteration process is still error-prone

and could grow unstable. Convergence speed is also a problem, as addressed in section 1.1.

In some strongly-coupled methods like Wang and Eldredge [13], added-mass effect is used

explicitly to speed up iteration convergence, while this is done in an ad-hoc way. With our

monolithic solver, the iteration process is removed. By the benefit of block LU decomposition,

added-mass term for viscous flow augments the body inertia in a rigorous way. This also

justifies why explicitly considering added-mass could work for previous studies. Also we are

able to get stable solution for arbitrarily low density ratios including neutrally-buoyant and

zero mass cases, while these cases are unstable in many FSI solvers from previous studies.

The second question is that how do we make our algorithm monolithic. Monolithic

refers to solving all unknown variables in the system simultaneously with a unified time

marching scheme. We take the advantage of the immersed boundary description for the

fluid system, where the use of Lagrange multipliers makes the problem differential-algebraic.

Fluid solver uses Lagrange multipliers to enforce boundary condition, and rigid body solver

uses Lagrange multipliers to enforce motion constraint. In this way, both systems have the

same mathematical form so that variables can be solved simultaneously. Half-explicit Runge-
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Kutta method is designed to solve differential-algebraic problems, thus it is used naturally

as the common time marching scheme for both systems.

The last question is what makes our algorithm versatile. It is versatile in the sense of being

able to create rigid body systems that are quite different within the same framework. This

is mainly a result of our rigid body system representation. The use of joint models allows

us to combine joints of different types in the rigid body system. We also systematically

describe the hierarchy connection of bodies, which also contributes to the versatility. The

other contribution to versatility comes from the use of Lagrange multipliers in rigid body

solver to enforce active prescribed motions. So we could solve a problem that involves in both

active and passive motions of bodies, meanwhile bodies of different shapes are connected in

different ways by different types of joint.
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CHAPTER 3

Results and discussion

In this chapter, a variety of applications about the monolithic fluid–structure interaction

solver is presented. Body configurations include cylinder, ellipse, airfoil and infinitely thin

bodies connected by spring and damper. These body-joint chains are under active or passive

motion, depending on the focus of the study. The versatile applications with very little

modifications in code set up demonstrate the flexibility of the current method.

The first examples is the free falling of a flat plate under its own weight in a quiescent

fluid, used as the convergence test for the coupling scheme. The second example discussed

the free falling/rising of circular cylinders with different mass ratios, enhanced the statement

in section 2.4 about stability with arbitrarily small (including zero) mass ratios. The third

example involves in the study of vortex shedding by a symmetric airfoil under active pitching

oscillations. The idea comes from Schnipper et al. [7], where an experimental study with

the same set up is presented. Numerical results from our study show very good consistency

in vortex wake forms compared with [7]. We consider this as an example of the solver being

capable of handling passive and active body motion in the same framework. The fourth

example describes the free swimming of a three component articulated fish, with results

in good consistency compared to Eldredge [12]. Swimmers with different shapes and mass

ratios are also incorporated to study for swimming effectiveness. The next example used

multiple linked plates to simulate the motion of a self-excited flapping flag under gravity in

viscous flow, comparing to results in Wang and Eldredge [13] and Huang et al. [82]. Special

attention is given to the last example, a problem of two flat plate connected by spring and

damper oscillating in a uniform flow. Similar to the case of flapping flag, the two-body

linked system also has two stable states: fixed-point stability (body staying straight) and
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limit-cycle stability (self-sustained flapping). Critical mass ratios for flapping state regarding

spring stiffness at different Reynolds number are found, with similar trend in Connell and Yue

[10] for flapping flags. Critical mass ratios for flapping state regarding damping coefficient is

also studied. Hysteresis behavior is investigated through the variation of equivalent reduced

velocity, and it is found to be different from the bi-stability behaviour of flags in Eloy et al.

[9]. Finally, the energy harvesting aspect of this model is addressed.

3.1 Falling flat plate

In this section, we consider an infinitely thin flat plate of unit length L = 1 and density

twice the fluid density ρb/(ρfL) = 2 falling in a quiescent fluid under its own weight for

convergence test and the validation for overall order of accuracy. In this two-dimensional

study, fluid density is defined as mass per unit depth, while density of the infinitely thin

plate is mass per unit area. The plate is released from rest and is allowed for free falling

under gravity g = −1 for 4 time units. Reynolds number characterized by Re = g1/2L3/2/ν

is kept at 200 and the computation domain is [0, 2]× [0, 5]. The plate’s degree of freedom is

constrained in all degrees except for the falling y-direction. This is achieved by constructing a

prismatic joint in y-direction with zero stiffness and damping coefficient. The time marching

scheme for all examples is second order half-explicit Runge–Kutta (HERK) method described

in table 2.1 by default if not specifically mentioned. In order to evaluate the overall order of

accuracy, three sets of grid space shown in table 3.1 are used, with grid size ∆x = 0.01, 0.02

and 0.04 respectively. The CFL number is fixed to be (gL)1/2∆t/∆x = 0.25. Thus time step

∆t for the three grid resolutions are 0.02, 0.01, 0.005 respectively.

The vorticity field for the falling plate at four instants are depicted in figure 3.1 for the

most fine grid with ∆x = 0.01 and ∆t = 0.005. Without perturbation, the wake vortices

roll up and get stretched as the plate falls. The velocity and acceleration history of the

falling plate is presented in figure 3.2 for all three sets of grids. We can find out that the

plate acceleration is decreasing towards 0, trying to reach the force balance but limited by

the computation domain size and time. The exact values of plate initial acceleration can
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Figure 3.1: Vorticity field for falling flat plate at four instants t = 0, 1, 2.5, 4 with ∆x =

0.01,∆t = 0.005. Vorticity contour plotted from -10 to 10 in 40 uniform increments.

be compared to the value computed from added-mass in equation (3.1), since the diffusion

hasn’t participated much and the initial reaction is mostly inviscid. From table 3.1 we can

see that with grid resolution improving, plate initial acceleration approaches to the value

calculated with equation (3.1), which is a proof for solver convergence.

a = − mb

mb +madded

=
2ρf

2ρf + 0.25πρfL2
=

2

2 + 0.25π
≈ −0.7180 (3.1)

The evaluation of overall order of accuracy is conducted using plate terminal acceleration

with Richardson extrapolation in equation (3.2). Since the spatial accuracy should be be-

tween one and two for immersed boundary method, time accuracy should be two for second

order HERK scheme, the overall order of accuracy 1.22 is reasonable.
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Figure 3.2: (a) Velocity and (b) acceleration of the falling flat plate with all three sets of

grid, solid for case 1, dash for case 2, dot for case 3.

case ∆x ∆t a0 aend

1 0.04 0.02 -0.6555 -0.1106

2 0.02 0.01 -0.6829 -0.1179

3 0.01 0.005 -0.6980 -0.1211

Table 3.1: Initial acceleration a0 and terminal acceleration aend of the plate at t = 4

k = log2
|aend,1 − aend,2|
|aend,2 − aend,3|

= 1.22 (3.2)

3.2 Falling/rising cylinder with different mass ratios

The free falling or rising of a circular cylinder can be viewed as a special case of the extensively

studied problem — vortex induced vibrations of elastically mounted body [5] — where the

spring has zero elasticity. We pick four characteristic mass ratios to show different reactions

of a cylinder with diameter D = 1 immersed in viscous fluid with gravity and buoyancy

forces. The cylinder is only allowed to move in vertical direction, with all other degrees of

freedom constrained. Similar to the falling plate case, a prismatic joint with zero stiffness
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and damping is used to connect the cylinder and the inertia reference frame. First we pick a

cylinder denser than the fluid ρb = 2ρf and release it from rest. Neutrally buoyant cylinder

ρb = ρf is also of interest, since this special mass ratio would cause stability problem in some

FSI solvers. We also choose a cylinder lighter than the fluid ρb = 0.5ρf , and another limiting

case of ρb = 0, which is not really possible to construct for weakly-coupled or strongly-

coupled FSI solvers if not manually introducing terms like added-mass to modify the body’s

intrinsic inertia. For all three cases of 0 ≤ ρb/ρf ≤ 1, we first drag the cylinder down by

imposing a linearly increasing velocity through active motion in one time unit, then release

the cylinder for passive reactions. Reynolds number Re = g1/2D3/2/ν for all cases are kept

at 200, gravity is set to be -1. Numerical parameters include grid space ∆x = 0.02 and time

step ∆t = 0.01. The case with heavy body ρb = 2ρf is on a domain of size [0, 2] × [0, 10]

and computed for 10 time units. The other three cases are computed for 8 time units on a

bigger domain of [0, 4]× [0, 12] to contain wider wake vortices.

For case with heavy body ρb = 2ρf , vorticity field at four instants are shown in figure

3.3. Time history of position, velocity, acceleration and drag coefficient is depicted in figure

3.4. We can observe from figure 3.3 that a pair of vortex with opposite sign stretch behind

the body without external perturbation. Comparison in time history plots is made with

Eldredge [12], where a viscous vortex particle method is applied to model the fluid force on

the body. From figure 3.4 we can see that good consistency is achieved.

The vorticity filed of case ρb = ρf , ρb = 0.5ρf and ρb = 0 are plotted side by side

with the same contour levels in figure 3.5 for three instants t = 1, t = 5 and t = 9.

Starting from time t = 0, Cylinder in these cases are pushed down with linearly increasing

prescribed velocity until v = −1 is reached at t = 1,. As a results, it can be seen at

t = 1, vorticity filed and body kinematics for all three cases are identical from figure 3.5 and

figure 3.6. After that, the prescribed motion is removed and cylinder is set to free. With

active prescribed motion removed, the cylinder started dynamically coupled phase with the

fluid. The neutrally buoyant cylinder continues to fall and slow down at the meantime.

Wake behind the cylinder is suppressed by the slowing down motion and becomes weaker

with diffusion. Drag coefficient for this case quickly approaches zero under the balance of
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Figure 3.3: Vorticity field for circular cylinder with density ρb = 2ρf falling from rest at four

instants t = 1, 4, 7, 10. Vorticity contour plotted from -5 to 5 in 40 uniform increments.
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Figure 3.4: (a) Position, (b) velocity, (c) acceleration, (d) drag coefficient of the cylinder

with ρb = 2ρf falling from rest, blue solid; Eldredge [12], dotted.
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buoyancy and gravity after the initial impact. With longer computation time and a bigger

domain, we should be able to see the cylinder finally stops after the initial kinetic energy

of both fluid and body being diffused by the viscous effect. On the other hand, the cases

of light cylinder ρb = 0.5ρf and zero mass cylinder turn to a rising attitude after the initial

impact. The vortices generated in the falling phase are shed as the cylinder direction turns

upward. A new pair of vortices appear and get stretched in the wake. We can see from figure

3.6 (c) that the zero mass cylinder approaches to steady state faster than the ρb = 0.5ρf

case, and its wake is stronger as well.

With the case of ρb = 0, we proved that the algorithm is stable for body with arbitrarily

small mass ratios including zero mass case. It is also stable to large mass ratios, as long as

the grid resolution is fine enough and time step is small enough under the constraint of CFL

number. Again, it benefits from the formulation of the algorithm, where the added-mass

term is naturally combined with body’s intrinsic inertia to ensure the combined mass always

positive from block LU decomposition.

3.3 Vortex shedding with active airfoil

The goal of this example is to provide a demonstration on the algorithm’s capability to deal

with active and prescribed body motion with the same mathematical framework. Both the

enforcement of active motion and joint constraint are expressed through Lagrange multipli-

ers, so they are treated in the same way. A good example comes from Schnipper et al. [7],

where the rich behaviour of vortex wake of a symmetric airfoil with forced oscillation is pre-

sented by experiments. It is desired for us to get the same vortex structures from numerical

simulation. The original experiment makes use of a gravity-driven, vertically flowing soap

film with uniform flow velocity U , which functions as a two-dimensional flow. A schematic

plot of the airfoil configuration is shown in figure 3.7, which consists of a circular leading edge

and straight trailing edge. The ratio between the leading edge diameter D and total length

C is D/C = 2/11. The airfoil is under sinusoidal forced oscillation around pivot point O with

peak amplitude A and frequency f . The non-dimensional parameters for forced oscillation
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Figure 3.5: Vorticity contour plotted from -5 to 5 with 40 uniform increments for cylinder

with density ρb = ρf , ρb = 0.5ρf and ρb = 0 respectively at time (a-c) t = 1 when initial

velocity vy = −1 is achieved through prescribed motion; then release for passive reactions

plotted at (d-f) t = 5 and (g-i) t = 9.
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Figure 3.6: (a) Position, (b) velocity, (c) acceleration, (d) drag coefficient of the cylinder

falling with initial velocity for different density ratios, ρb = ρf , orange solid; ρb = 0.5ρf ,

green dotted; and ρb = 0, purple dashed.
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defined in this problem are non-dimensional amplitude AD = 2A/D and Strouhal number

StD = Df/U . The prescribed motion is enforced through a revolute joint at the pivot point

O. Reynolds number is defined based on leading edge diameter D as Re = DU/ν. The

computation domain is [0, 4] × [0, 10] with grid space ∆x = 0.02. Simulation for each case

with different AD and StD is conducted for 30 time units with time step ∆t = 0.01. We put

124 Lagrangian points on the airfoil boundary with uniform spacing same as grid space.

D

A

C

O

U

Figure 3.7: Schematic illustration of the oscillating airfoil

As reported in Schnipper et al. [7], the type of wake vortex generated is not sensitive to Re

for low to moderate Reynolds number. Thus we only need to vary oscillation amplitude AD

and Strouhal number StD to set airfoil active motion for different cases. In our numerical

simulation, we fix Re = 200 except for the first case in figure 3.8 (a) where Re = 80.

We successfully observed very similar von Kármán (2S), inverted von Kármán, 2P, 2P+2S,

4P and 4P+2S vortex structures with the same forced oscillation amplitude and Strouhal

number. The original plot from experiments in [7] is reprinted here for direct comparison in

figure 3.9.

In terms of the terminology, 2S wake is just von Kármán wake, with “S” denoting a single

vortex shed in half an oscillation period. Similarly, “P” in 2P refers to a pair of vortices of

opposite sign shed in half a period. With StD = 0.12 and AD = 0.98 (figure 3.8 (a)), we
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observe the standard staggered von Kármán vortex street, where boundary layer separation

on each side of the airfoil happens in half an oscillation period. By keeping the same Strouhal

number StD = 0.12 but a larger oscillation amplitude AD = 2.0, the inverted von Kármán

wake (figure 3.8 (b)) has stronger vortices shed aligned near the centreline. This thrust-

generation related mode is discussed in more details in section 3.4 with a free swimming

example. When Strouhal number is lowed down to 0.08, which is lower than side boundary

layer separation frequency, more than one vortex is shed per half oscillation period. For 2P

wake (figure 3.8 (c)), in each pair of vortices plotted with red and blue color, one of them

is shed at airfoil oscillation peak, and the other one shed when airfoil pass the centreline at

largest tip velocity. As a result two pair of vortices are shed in one period. In the regime

map reported in [7], the transition from 2S mode to 2P mode can be achieved by keeping the

same oscillation amplitude but lower the frequency. This is also observed with our numerical

simulation (figure 3.10), where both cases have Re = 120, AD = 1.14 while higher frequency

StD = 0.12 results in 2S mode, lower frequency StD = 0.08 results in 2P mode.

With even smaller Strouhal number (figure 3.8 (d) for StD = 0.053, AD = 1.2, (e) for

StD = 0.039, AD = 1.34, (f) for StD = 0.035, AD = 1.47), more vortices can be shed in one

oscillation period. If half an oscillation period is about an integer (no less than 2) times of

the interval for the vortex generated at the leading edge to advect with the uniform flow

down to the tip, then the boundary layer vortex can be combined with the tip vortex to form

modes like 2P and 4P. If not, modes involving 2S like 2P+2S or 4P+2S will take place. To

identify more complex vortex modes like 8P reported in [7], we would need to use a bigger

computation domain, which is applicable but not necessary in this study.

3.4 Free swimming of an articulated fish

Examples of fluid–structure interaction in section 3.1 to 3.3 all involve in the interaction

between viscous fluid and a single body. In this section, we introduce a case with three

bodies connected by two active joints (schematic plot in figure 3.11) interacting with vis-

cous flow. This configuration can be interpreted as one of the simplest representation of an
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(a) (b) (c) (d) (e) (f)

Figure 3.8: Vorticity field plotted from -10 to 10 in 40 uniform increments for: (a) 2S wake

with StD = 0.12, AD = 0.98 and Re = 80; (b) inverted von Kármán wake with StD = 0.12,

AD = 2.0 and Re = 200; (c) 2P wake with StD = 0.080, AD = 1.4 and Re = 200; (d) 2S+2P

wake with StD = 0.053, AD = 1.2 and Re = 200; (e) 4P wake with StD = 0.039, AD = 1.34

and Re = 200; (e) 4P+2S wake with StD = 0.035, AD = 1.47 and Re = 200.
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Figure 3.9: Reprint vortex shedding contour in Schnipper et al. [7], from left to right: (a)

2S wake for StD = 0.12, AD = 0.98; (b) inverted kármán vortex for StD = 0.12, AD = 2.0;

(c) 2P wake for StD = 0.08, AD = 1.4; (d) 2P+2S wake for StD = 0.053, AD = 1.2; (e) 4P

wake for StD = 0.039, AD = 1.34; (f) 4P+2S wake for StD = 0.035, AD = 1.47

72



(a) (b)

Figure 3.10: Vorticity field plotted from -10 to 10 in 40 uniform increments for: (a) 2S wake

with StD = 0.12, AD = 1.14 and Re = 120; (b) 2P wake with StD = 0.12, AD = 1.14.

elongated body with undulatory locomotion. The schematic representation can be traced to

invertebrates like nematoda or fish like eels in Lighthill [19]. This model is first brought up

in Kanso et al. [100] to study self-propulsion of both zero mass and neutrally buoyant artic-

ulated rigid system in an inviscid flow. Eldredge [12] then extend the study to viscous flow

using a coupled fluid–body viscous vortex particle method (VVPM) with massless bodies.

Here we extend the study to direct numerical simulation with a monolithic method, applied

to both zero mass and neutrally buoyant bodies with shapes of infinitely thin plates and

ellipse. Discussion is made on self-propulsion effectiveness and energy cost among all cases.

To mimic the self-propulsion mechanism with desired motion, motion planning has to be

chosen with care. Here we use the same prescribed motion reported in [100, 12] to actively

control the second and third revolute joint as described with equation (3.3). The first joint

is of planar type, allowing for rotation and translation in both x and y direction, and it

is connected to the origin in hierarchy. Note that body 3 is the head and body 1 is the

tail of the articulated fish. The motion of the first planar joint and the constraint forces
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Figure 3.11: Schematic illustration of three articulated bodies

for the rest two revolute joints to maintain the prescribed motion are what we solve for.

The enforcement of active motion on the revolute joint supplies zero net force in x and y

direction, however the system succeeds in moving forward in space due to motion planning.

θ2(t) = −cos(t− π/2), θ3(t) = −cos(t) (3.3)

For cases with plate shape, the plate length c is 1 for each body. For ellipses, coord

length c for each body is set to 1, and aspect ratio of the ellipse is 10. Gaps are put between

adjacent bodies for all cases, with the distance from body tip to the joint be d = 0.1. We

choose two mass ratio (ρb/ρfL for plate and ρb/ρf for ellipse), 1 for neutrally buoyant case

and 0 for massless case. Reynolds number Re = (θ̇maxc
2/ν) is 200 for all cases. Computation

domain is [0, 8]× [0, 3] with grid space ∆x = 0.02. Simulation for each case is conducted for

25 time units with time step ∆t = 0.01.

The vorticity contour for zero mass ellipse body at six instants is shown in figure 3.12.

Both body position and vortex wake arrangement are in good agreement with Eldredge [12].

In each oscillation period, the leading edge of body 1 shed two vortex of opposite signs. Each

of them is partially merged into its own boundary layer on the side, partially got cancelled

by the other vortex of opposite sign shed in the last oscillation period. The tail of body 3

also sheds a pair of vortices of counter directions, but is convected and aligned to form the

inverted von Kármán wake. As mentioned briefly in section 3.3, the inverted von Kármán

wake is responsible for thrust generation, which is a perfect demonstration in this case since

the body successfully moves forward. History of centroid position (X, Y ) of the body chain
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and rotation angle α of the central body with respect to horizontal direction is plotted in

figure 3.13 with comparison to Eldredge [12]. The consistency is very good for rotation angle

and marching distance in y-direction. Centroid position in x-direction in this study is a little

smaller than results in [12]. The possibility for the difference is that the previous study

used VVPM method to model the viscous fluid, which may not be as accurate as the direct

simulation in this study.

We further compared vorticity contour for different body shapes and different mass ra-

tios in figure 3.14. With history of tail position plotted in red, it’s easier to compare the

propulsion effectiveness for different cases. We can also compare the distance in x-direction

that each case has marched forward more clearly in figure 3.15. For both plate and ellipse,

it is true that smaller mass ratio has a better propulsion effectiveness. It makes sense since

added fluid inertia is the same for both mass ratios as long as body shape is consistent.

Driving a larger combined mass (intrinsic mass + added-mass) will lower the propulsion

effectiveness. Among the four cases, massless plate prevails all while neutrally buoyant plate

is the least effective regarding travelling distance in x-direction. The trailing edge vortices

for both these two cases look similar, while leading edge vortices make a difference. In each

oscillation period, the leading edge of the swimmer generates a pair of vortices with opposite

signs. Similar to the role of leading edge vortex (LEV) for airfoils described in Eldredge and

Jones [101], the LEV creates a low pressure region as the vortex develops. For massless plate,

LEV swipes through the leading plate and merges nicely into the boundary layer (figure 3.16

(a)), providing a force driving the swimmer forward. On the other hand for the neutrally

buoyant case (figure 3.16 (b)), the LEV gets pushed away from the body without swiping

along the body much, thus produces little driving force. With similar driving force from the

trailing edge but larger driving force from the leading edge, the massless plate has a longer

travelling x-distance than the neutrally buoyant plate.

Table 3.2 provides an evaluation of energy cost to enforce the prescribed active motion

on the second and third joint for all cases. Energy cost is calculated through equation (3.4)

from t = 0 to t = 25. Here required torque for active joint number 2 and 3 (M2 and M3) are

calculated as Lagrange multiplier of the rigid body system. Energy cost is also consistent
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Figure 3.12: Vorticity field for free swimming articulated fish at six instants t = 0, 0.8T ,

1.6T , 2.39T , 3.18T , 3.98T with history of centroid position from top to bottom, where T is

one oscillation period 2π, with ∆x = 0.02,∆t = 0.01. Vorticity contour plotted from -5 to 5

in 40 uniform increments.
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Figure 3.13: Time history of centroid position X, Y and rotation angle α of the central body.

This simulation: blue solid for X, orange dot for Y , green dashed for α; Results in Eldredge

[12]: circle for X, rectangle for Y , star for α.
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Figure 3.14: Vorticity contour plotted from -5 to 5 in 40 uniform increments at time t =

3.98T = 25 for (a) flat plate with mass ratio 0, (b) flat plate with mass ratio 1, (c) ellipse

with mass ratio 0, (d) ellipse plate with mass ratio 1
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Figure 3.15: Propulsion distance in x-direction for (a) flat plate with mass ratio 0, blue solid;

(b) flat plate with mass ratio 1, orange dotted; (c) ellipse with mass ratio 0, green dashed;

(d) ellipse plate with mass ratio 1, purple dashdotted
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Figure 3.16: Vorticity contour plotted from -5 to 5 in 40 uniform increments at time t =

20.0, 21.2, 22.4 from top to bottom for (a) flat plate with mass ratio 0, (b) flat plate with

mass ratio 1
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with the conclusion of propulsion effectiveness, with plate Ea < Eb and ellipse Ec < Ed.

E =

∫
T

(
M2θ̇2 +M3θ̇3

)
dt (3.4)

plate ρ = 0
Ea

plate ρ = 1
Eb

ellipse ρ = 0
Ec

ellipse ρ = 1
Ed

E 0.7689 1.7516 0.7104 0.7948

Table 3.2: Energy cost to enforce the prescribed active motion for articulated fish, compared

between different body shapes and density ratios

3.5 Passive flapping of an articulated flag

In section 3.4, we enforce prescribed motion for two revolute joints and solve for a planar

joint. Here we introduce a case of multiple bodies connected by passive revolute joints to

mimic the dynamics of a flapping flag in viscous flow. Flapping flag problems has been

widely studied with continuous elastic material governed by Euler-Bernoulli beam equation

[82, 67]. For a rigid body chain with number of bodies approaching infinite, it is shown

that the dynamical equation converges to the continuous equation, as proved in Wang and

Eldredge [13]. We apply similar set up to model the rigid body system, which has n identical

infinitely thin plates of total length L connected by revolute joints with stiffness k and zero

damping coefficient (schematic plot in figure 3.17). The first body is pinned in space at O,

only allowing for rotational motion. The system is in a uniform flow with velocity U and

under gravity g, both in −y direction. In this numerical simulation, n = 10 and L = 1 so

each individual plate has length l = 0.1. For each revolute joint, torsion stiffness k should be

set to k = nη/L to reconcile with a flag of uniform bending stiffness η. So non-dimensional

parameters governing the dynamics are Reynolds number Re, mass ratio m, non-dimensional

torsion stiffness k and Froude number Fr. They are given respectively as

Re =
UL

ν
= 200, m =

ρb
ρfL

= 1.5, k =
nη

ρfU2L4
= 0.01, F r =

U√
gL

= 1.414 (3.5)
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Figure 3.17: Schematic illustration of the articulated flag

Simulation is done on a domain of [0, 3]× [0, 4] with grid space ∆x = 0.01 and time step

∆t = 0.005 for 30 time units. Vorticity contour at four time units t = 9.2, 10.0, 10.8, 11.6

are plotted in figure 3.18. Vorticity contour plot is very similar to results in Huang et al.

[82]. History of tail position in x direction is plotted in figure with comparison to results in

Wang and Eldredge [13]. Difference is accumulating as number of oscillation period rises,

but overall good consistency is achieved. The previous study applied a strongly-coupled

fluid–structure interaction solver, which requires iteration between fluid and body interface.

This may result in slightly accumulating error compared to this study. Here we introduce

this simulation case only to show what the solver is capable of, without too much in depth

discussion on the physical behaviour.

3.6 Dynamics of a two-linked body system

In the previous section, we demonstrated the capability of using rigid body systems to ap-

proximate a continuously deforming structure. Here we focus on a two-linked rigid body

system, which inherits many characteristic from other types of vortex induced vibrations

(airfoil, flag, elastically-mounted cylinder etc.). The problem set up is similar to the ar-

ticulated flag, but with bodies and uniform flow placed on horizontal direction and gravity

ignored (schematic plot in figure 3.20). We also allow for non-zero damping coefficient in the
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Figure 3.18: Vorticity field for articulated flag at four instants (a) t = 9.2, (b) t = 10.0, (c)

t = 10.8, (d) t = 11.6 with ∆x = 0.01,∆t = 0.005. Vorticity contour plotted from -15 to 15

in 40 uniform increments.
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Figure 3.19: Tail position in x direction for articulated flag. This simulation, blue solid;

Wang and Eldredge [13], orange dot.
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joint to investigate energy harvesting. It is believed that the simplicity of two-linked rigid

body system will shrink the number of control variables and computation resources needed

while keeping the main physical features revealed. For simplicity, we consider the two rigid

bodies to be the same infinitely thin flat plate, connected by revolute joints. The first body

is pinned in space at the location of the first joint O with a revolute joint. There’s no gap

between the two bodies. Here the non-dimensional parameters for the system are Reynolds

number Re, mass ratio m, non-dimensional torsion stiffness k, non-dimensional damping

coefficient c. They are given respectively as

Re =
UL

ν
, m =

ρb
ρfL

, k =
k′

ρfU2L2
, c =

c′

ρfU2L3
(3.6)

where each of the infinitely thin body has length L/2 , U is uniform flow velocity, ν is

fluid kinematic viscosity, k′ is dimensional torsion stiffness to a two-dimensional torque, c′ is

dimensional damping coefficient to a two-dimensional torque. From this point on, stiffness

refers to k and damping refers to c for short.

x

y

U

O

L/2

L/2
θ1

θ2

Figure 3.20: Schematic sketch of the two-linked rigid body system

Vortex induced vibrations can generally be divided into free vibration and forced vibra-

tion. In free vibration case, fluid–structure coupling is more involved, and often physical

features are richer. Characteristics like hysteresis mostly occurs with free vibration. Energy

transfer between fluid an structure happens in a more compact way. On the other hand,

forced vibration can manipulate parameters in a wider range, which means more types pf

vortex wake shed can be observed for example. Common features of vortex induced vibra-

tions include bi-stability in Connell and Yue [10], hysteresis in Eloy et al. [9], lock-in in
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Williamson and Govardhan [5] etc. In this study, we focus our attention on the free vi-

bration by leaving the body motion passive. In previous work on bluff bodies, airfoils and

flapping flags, it is common to vary flow velocity or its combination with mass ratio (reduced

velocity) to explore the dynamical response. Torsion stiffness is also varied to explore its

influence as in Carmo et al. [6]. However, damping coefficient has rarely been considered to

have possible influence on stability state of the system. In this section, we explore the role

of damping coefficient in the dynamical response besides its role in energy harvesting.

3.6.1 Effect of non-zero uniform flow

A simple comparison of zero and non-zero uniform flow coupled with the same two-linked

body system is shown in the first place to demonstrate the effect of uniform fluid. By

choosing the same parameters Re = 200, m = 1, k = 0.05, c = 0 and the same initial

condition θ1 = 0, θ̇1 = 0, θ2 = π/6, θ̇2 = 0, figure 3.21 shows two cases, one with non-zero

uniform flow velocity U = 1 and the other with zero flow velocity. Note that the same

initial condition applies to all the cases in this section if not specifically mentioned. Without

uniform flow, initial spring potential energy is damped through dashpots and finally reach

a straight configuration. In contrast, the periodic oscillation of fluid interacting with body

system revealed the underlying fact that energy transfer from uniform flow to body system

through an oscillating cycle is positive. Also we observe small wiggles of body oscillation

in the no flow case, indicating a second frequency. It is shown that uniform flow has a

smoothing effect on the dynamical response that washed out this second frequency.

3.6.2 Stability boundary for oscillation

The rigid body system in this section can actually be viewed as a flag which has only two

segments. Similar to the flapping flag in uniform flow, the rigid body system has two stability

states as well, i.e. fixed-point stability (stationary or straight) and limit-cycle stability (self-

sustained oscillation). Unlike the flapping flag which also has an ”approaching to chaos”

state, the two-linked body system can never go to chaos. An example of the two different
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Figure 3.21: Comparison on oscillation angle of (a) Re=200 case and (b) no flow velocity

case plotted with θ1 in blue for body 1, θ2 in orange for body 2.

stability states are shown in figure 3.22 with vorticity field and phase space of of the second

joint (θ2, θ̇2). Common governing parameters for both cases are Re = 200, k = 0.05 and

c = 0. The difference is in mass ratio, where m = 1 leads to self-sustained oscillation and

m = 0.5 leads to stationary state. In the large parametric space, we would like to identify

the boundary between stationary state and self-sustained oscillation state, as a function of

Re, m, k and c. Figure 3.23 shows the critical mass ratio for oscillation as a function of

sprint stiffness k in the range of [0, 0.1] for three Reynolds number Re = 200, 600 and 1000,

with damping coefficient c fixed at 0. The critical mass according to each spring stiffness is

found by several numerical simulations to identify the boundary between stationary state and

oscillating motion. For each curve, self-sustained oscillation is achieved above the line (region

I), while stationary state is blow the line (region II). Generally speaking, the relation between

k and m for each fixed Re is nearly exponential. The resistance brought by larger stiffness

would need larger body inertia to overcome for oscillation stability. At higher Reynolds

number, the impact of fluid inertial effect also requires larger mass ratio to surmount. The

trend in figure 3.23 is similar to the study of critical mass ratio for continuously deforming

flag in Connell and Yue [10]. It is also worth mentioning for one feature different from flag

study. At Re = 200, if the stiffness k is larger than a critical value around 0.082, it’s not

possible to achieve oscillation state regardless m chosen.
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Figure 3.22: Vorticity field at t = 100 for (a) m = 1 and (b) m = 0.5 with contour levels

from -15 to 15 with 40 uniform increments; Phase space plot for the second joint (θ2, θ̇2) for

(c) m = 1 and (d) m = 0.5 in radians.

Figure 3.24 shows the critical mass ratio for oscillation as a function of damping coefficient

c in the range of [0, 0.01] at three Reynolds number Re = 200, 600 and 1000, with spring

stiffness k fixed at 0.05. Similar to figure 3.23, larger mass ratio is required for self-sustained

oscillation state with larger damping coefficient. The relation between c and m for each fixed

Re is nearly linearly.
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Figure 3.23: Critical mass ratio for self-sustained oscillation with respect to spring torsion

stiffness k for Re = 200, black solid; Re = 600, red dashed; Re = 1000, blue dotted.

Damping coefficient is fixed at c = 0. Notation I for self-sustained oscillation region and II

for stationary state region.
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Figure 3.24: Critical mass ratio for self-sustained oscillation with respect to damping coef-

ficient c for Re = 200, black solid; Re = 600, red dashed; Re = 1000, blue dotted. Spring

stiffness is fixed at k = 0.05. Notation I for self-sustained oscillation region and II for

stationary state region
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3.6.3 Bifurcation, bi-stability and hysteresis

Bifurcation in vortex induced vibration problems refers to the change of stability state be-

tween fixed-point stability and limit cycle stability. When the bifurcation is approached by

varying certain control parameters from different directions, different behaviours in stability

state could occur. If the bifurcation point does not depend on the direction, it is called

supercritical bifurcation. If the bifurcation is not consistent when varying control parame-

ters in different directions, it is called subcritical bifurcation. For subcritical bifurcation, we

define the hysteresis region to be regions ranged from forward bifurcation point to backward

bifurcation point. For flags, there are a lot of debates on whether bifurcation is supercrit-

ical or subcritical, and there are discrepancies between experimental results and numerical

results. The usual practice is to choose reduced flow velocity U∗ as the varying parameter,

which is the natural choice and also easy to implement in experiments. For hysteresis study,

we choose to convert our non-dimensional parameters into the set used in a study for flag

hysteresis by Eloy et al [9] since there are internal connections between flags and the two-

linked body system. The comparison of non-dimensional parameters between current study

and [9] is presented in table 3.3.

Eloy et al. [9] Current study

mass ratio m∗
ρfL

mb

1

m

reduced flow velocity U∗ UL

√
mb

D

√
m

k

fluid viscosity ν∗
νm

3/2
b

ρ2
fD

1/2

m3/2

k1/2
· 1

Re

structure damping µ∗
µρ2

f

m
5/2
b D1/2

c

m5/2 · k1/2

Table 3.3: Non-dimensional parameter comparison between current study and [9].

From table 3.3 we can see that m in this current study needs to be fixed to keep mass ratio
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unchanged. At the same time, c and k1/2 need to vary at the same time to keep structural

damping in the Euler-Bernoulli equation constant. Also Reynolds number Re in this study

needs to be varied together with k and m to keep fluid viscosity constant. The constant

parameters are chosen similar to Eloy et al. [9] with m∗ = 0.6, ν∗ = 0.07 and µ∗ = 0.01,

considering the difference between flag bending stiffness and spring torsion stiffness. Range

of reduced velocity U∗ is set to [5, 25]. Results with figure 3.25 first shows that the bifurcation

is supercritical, with increasing U∗ (forward pass plotted with blue circle) and decreasing

U∗ (backward pass plotted with red cross) trigger bifurcation at the same reduced velocity.

This feature is different from flags, where forward pass and backward pass result in different

bifurcation point (thus subcritical). However the supercritical bifurcation for the two-linked

body case still leads to a hysteresis loop, which is formed by different self-sustained oscillation

amplitude. We can still call it bi-stability, since the coexistence of two limit-cycle of different

amplitude is demonstrated from the hysteresis loop. Meanwhile we have to differ this feature

from the bi-stability in flags, which is defined as the coexistence of fixed-point stability and

limit-cycle stability. The coexistence of two limit-cycle is illustrated more clear in figure

3.26, where history of the second joint deflection angle θ2 and phase space plot of the second

joint (θ2, θ̇2) are plotted at the same reduced velocity U∗ = 15.4, with one in forward pass

(blue) and one in backward pass (orange). Both cases reach self-sustained state on their

own, however the peak values from backward pass is larger.

3.6.4 Energy harvesting analysis

Energy harvested from fluid by joint damper per unit time is calculated following equation

(3.7) (also used in Singh and Michelin [11]). For a rigid body system with two identical

dashpots

P =
1

T

∫ T

0

(
c θ̇1

2
+ c θ̇2

2
)
dt (3.7)

, where T is period of oscillation in the self-sustained state, and θ̇1, θ̇2 are angular velocity

of the two joints respectively. In this study, we choose to fix the other control parameters at

Re = 600, m = 2.0 and k = 0.05, while the range of c limited at [0.001, 0.009]. We can see
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Figure 3.25: Hysteresis loop of tail y-position A for two-linked rigid body system with varying

reduced flow velocity U∗. Increasing U∗ (forward pass), blue circle; decreasing U∗ (backward

pass), red cross.
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Figure 3.26: (a) History of the second joint’s deflection angle θ2 and (b) phase space plot of

(θ2, θ̇2) at the same reduced velocity U∗ = 15.4. Forward pass in blue and backward pass in

red.
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that with the set of parameters chosen, oscillation state is guaranteed to be reached from

figure 3.24. Beyond c = 0.009, no self-sustained oscillation will be achieved, meaning there

will be zero oscillation amplitude, zero period and zero energy harvested. Figure 3.27 depicts

peak oscillation amplitude of both joints in (a), oscillation period in (b), energy harvested

period unit time in (c), and energy harvested per oscillation period in (d). We can see

that oscillation amplitude of both joints decreases as damping effect increases, meantime the

second joint has a larger oscillation amplitude than the first one. Both bodies oscillates with

a common period with certain phase lag, and the period increases with damping coefficient c.

Energy harvested per unit time also increases with c. From equation (3.7) we can observe that

although oscillation amplitude decreases and period increases, the contribution from larger

damping coefficient rules. This indicates that as long as it’s still in the self-sustained stability

range, increasing damping coefficient will result in a better energy harvesting performance.
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Figure 3.27: (a) Maximum oscillation angles of first joint (blue solid) and second joint

(orange dashed) in radians, (b) oscillation period, (c) energy harvested per unit time, (d)

energy harvested in one oscillation period.
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CHAPTER 4

Conclusions and Future Works

4.1 Conclusions

In the current study, we conducted a numerical investigation on fluid–structure interaction

problems by developing a monolithic coupling algorithm between viscous flow on an un-

bounded domain and rigid body systems. The fluid system is constructed with immersed

boundary projection method in the vorticity form of Navier–Stokes equation on a uniform

Cartesian grid. The Lattice Green’s function based integrating factor technique developed

by Liska and Colonius [93] is used to analytically evaluate the viscous diffusion term on time

discrete level. Rigid body system is represented with six-dimensional spatial vector formu-

lation and joint model representation. Unified treatment of both fluid and body constraints

are enforced through the use of Lagrange multipliers, including the enforcement of boundary

condition, joint constraint and body’s prescribed motion (if any). In the monolithic coupling

approach, fluid–body interaction force on the immersed surface and boundary conditions

are kept implicit and solved simultaneously. Half-explicit Runge–Kutta method is applied

for both fluid and rigid body system in time marching, taking the advantage that both sys-

tems are differential-algebraic. Different ways to arrange the saddle point system and their

influence are discussed with comparison to previous studies. Due to the novel approach of

matrix block arrangement, our algorithm is proved to be stable for arbitrary low density ra-

tios including zero mass bodies. By block LU decomposition on the fluid–body saddle point

system, an added-mass term for viscous flow shows naturally from linear algebra techniques

to augment inertia of the rigid body. In this way, our algorithm justifies the use of added-

mass to change body inertia in previous studies by partitioned method. Also no iteration
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process or parameter tuning is needed in the solving procedure. For two-dimensional body

with finite volume, correction is also made by assuming rigid body motion of the fictitious

fluid inside body regarding immersed boundary method. Within the same mathematical

framework, both active and passive motions of rigid body system are allowed, since joint

constraint and active motions are enforced in the same way as Lagrange multipliers.

Multiple applications are constructed for verifications and physical investigations. Among

these applications, solver convergence is demonstrated using a falling flat plate under gravity

in a quiescent fluid. Stability regarding arbitrary low to zero mass ratios is demonstrated

through the falling/rising of a circular cylinder under its own weight. An investigation of

vortex wakes from forced oscillation of a symmetric airfoil is illustrated compared to exper-

imental results in other studies. We also show examples of an articulated fish swimming in

viscous flow and self-excited oscillation of an articulated flag. Finally bifurcation, hysteresis

and energy harvesting behaviours are studied using a two-component linked plates model.

The algorithm is shown to be versatile for all aforementioned applications with very little

change in the code, as a result of the choice of rigid body systems representation. This is

considered as a new feature compared to previous FSI studies. Also the code developed in

this study is relatively compact and the requirement for computation resources is kept at a

relatively low level.

4.2 Future works

There is always space for improvement for any research work, so it the current study. First,

all the examples shown in this work is two-dimensional. The monolithic coupling scheme

should work exactly the same for two-dimensional examples and three-dimensional examples,

however one needs time and effort to make it work for three-dimensional examples. The

current rigid body solver is ready for three-dimensional construction, it actually can simulate

the dynamics of a two-dimensional rigid body system in a three-dimensional space without

fluid. The fluid solver needs to be updated to allow for computation in the three-dimensional

space, including using velocity form Navier–Stokes equation instead of the vorticity form
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(problems from streamfunction in three-dimensional space), stencil change for all differential

operators, and change in data types to contain three directions etc. The ensuing problem is

obvious, computation load increase by another dimension would be large. The current solver

does not incorporate a parallel computing module because the computation load is quite

durable for two-dimensional problems. Upgrading the parallel computing part is definitely

not trivial and requires effort.

One of the problems in immersed boundary method is that the computed force on the

immersed surface is not continuous, as addressed in Dorschner and Colonius [42]. Although

a smoother discrete delta function in Yang et al. [97] is applied to smooth the spurious

force, the non-physical oscillation still persists, only smoothed to a certain degree. The

spurious oscillation results in undesired behaviour in force-related properties, lift coefficient

for example. This could also be important in FSI problems since the interaction force is

solved implicitly, with influence on other field properties. We did not observe significant

influence of the spurious force in the current study, however there should be possibilities for

improvement on this issue.

The other concern is in the treatment for fictitious fluid inside a two-dimensional body

with finite volume. The current correction takes the fictitious fluid into account, however the

assumption is that the fictitious fluid undergoes the same rigid body motion. This is reason-

able for a rigid body under translation, however it is not adequate for body with rotation,

except for every slim bodies. In the example of articulated fish swimming, we assume that

the fictitious fluid has the same rigid body motion with the slim ellipse since two-dimensional

fluid motion inside the thin body is mainly constrained. If it’s a cylinder instead of ellipse,

problems would rise. One example is the experimental study in Horowitz and Williamson

[102] regarding transverse motion of a falling/rising cylinder. In this study, if mass ratio

of the cylinder is in certain range and cylinder is allowed to move both vertically and hor-

izontally, it would experience large oscillatory transverse motion. The transverse motion is

very likely achieved through cylinder rotation. With our current treatment of the fictitious

fluid, the solver would go unstable if we do not constrain the transverse degree of freedom

with the same set up. We believe that if correct fluid motion can be modelled inside the
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body, the current algorithm should be able to conduct a study comparable to Horowitz and

Williamson [102]. Possible solutions include applying immersed domain method instead of

immersed boundary method, or creating a Heavyside mask function to correctly compensate

for the jump across the immersed boundary.

There are some studies that can be done with the current solver, but not presented in

this work due to the limit of time. First, it could be a good idea to compare stability and

accuracy of a strongly-coupled method and a monolithic method, like the study in Blom

[68]. It is actually relatively easy to construct another strongly-coupled method similar to

Wang and Eldredge [13]. It would be neat to compare side by side on the difference of

the coupling schemes. For the study of two plates linked by joints in section 3.6, a larger

parametric space can be applied. Also energy harvesting behaviour could be explored with

more variations. Finally, there are some types of simulation case that can be constructed,

only with a little more effort. For example the case of two flags in parallel position in Huang

et al. [82]. The solver at this moment is not able to place multiple bodies not connected

in hierarchy, since assumption for hierarchy connection is made in the code implementation.

However there is no profound difficulty from extending the code to satisfy a slightly different

body configuration. This would be a minor issue should there be more time allowed.
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APPENDIX A

Appendix

A.1 The first way in equation (2.62) to form the saddle point

system



Hi,i−1 0 BT
1 0

0 M T T1 GT
1

B2 −T2 0 0

0 G2 0 0





U̇i−1

u̇i−1

fbi−1

λi−1



=



−N(ωi−1)

F (qi−1,ui−1)

 r1

−
1

∆t ai,i−1

{B2(H1,iω0 + ∆t
i−2∑
j=1

ai,jHj+1,i U̇j)− T2(u0 + ∆t
i−2∑
j=1

ai,ju̇j) + u∞}

−
1

∆t ai,i−1

{G2(v0 + ∆t
i−2∑
j=1

ai,ju̇j) + gt(ti)}


r2



After solving for the saddle system at every stage, the assembly stage is done by
ωi = H1,iω0 + ∆t

i−1∑
j=1

ai,jHj+1,i U̇j

ui = u0 + ∆t
i−1∑
j=1

ai,ju̇j
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A.1.1 Prediction stepHi,i−1 0

0 M

U̇∗i−1

u̇∗i−1

 =

 −N(ωi−1)

F (qi−1,vi−1)


U̇∗i−1 = Hi−1,i (−n(ωi−1))

Mu̇∗i−1 = F (qi−1,vi−1)

A.1.2 Apply constraints

BL−1 −T

0 G(qi)

Hi−1,i 0

0 M−1

BT 0

T T GT (qi−1)

(fb)i−1

λi−1


=

BL−1 −T

0 G(qi)

U̇∗i−1

u̇∗i−1

−
r2,1

r2,2


Rearrange to getBL

−1Hi−1,iB
T − TM−1T T −TM−1GT (qi−1)

G(qi)M−1T T G(qi)M−1GT (qi−1)


(fb)i−1

λi−1



=

−r2,1 − T u̇∗i−1 +BL−1U̇∗i−1

−r2,2 +G(qi)u̇
∗
i−1



Note that the dimension of this saddle system will not be large, since it only contained the

number of body points plus the number of joint constraint. From the linear system, we can

find that the body point force fb has two roles, both for enforcing fluid incompressiblity and

correction on body velocity in body dynamics as external force. The difference of these two

effects, together with the joint constraint forces, are responsible for correcting fluid velocity.

For the motion on joints (second row of the linear system), joint motion resulted from fluid

forces plus joint motion resulted from constraint joint forces should equal to prescribed joint

motion.
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A.1.3 Correction stepU̇i−1

u̇i−1

 =

U̇
∗
i−1

u̇∗i−1

−
Hi−1,i 0

0 M−1


B

T 0

T T GT (qi−1)


(fb)i−1

λi−1



=

 U̇∗i−1 −Hi−1,iB
T (fb)i−1

u̇∗i−1 −
(
M−1T T (fb)i−1 + M−1GT (qi−1)λi−1

)


A.2 Code reference

The code used for the current study is open source, written in language Julia. Julia is

designed for scientific computing, with object-oriented feature like Python and fast com-

putation speed comparable to Fortran and C++. There are three contributing packages

developed to support FSI study in the current research, listed below.

• Rigid body dynamics solver: Dyn3d.jl, https://github.com/ruizhi92/Dyn3d.jl

• Viscous flow solver: ViscousFlow.jl, https://github.com/JuliaIBPM/ViscousFlow.jl

• FSI coupling solver: FSI.jl, https://github.com/ruizhi92/FSI.jl

Package configurations and url address can possibly change in the future, reader should

be able to trace this with packages under user ruizhi92, jdeldre or organization JuliaIBPM.
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[51] Joel H Ferziger, Milovan Perić, and Robert L Street. Computational methods for fluid
dynamics, volume 3. Springer, 2002.

[52] Tim Colonius and Kunihiko Taira. A fast immersed boundary method using a nullspace
approach and multi-domain far-field boundary conditions. Computer Methods in Ap-
plied Mechanics and Engineering, 197(25-28):2131–2146, 2008.

[53] Roland Glowinski, Tsorng-Whay Pan, and Jacques Periaux. Distributed lagrange mul-
tiplier methods for incompressible viscous flow around moving rigid bodies. Computer
methods in applied mechanics and engineering, 151(1-2):181–194, 1998.

[54] Roland Glowinski, T-W Pan, Todd I Hesla, and Daniel D Joseph. A distributed la-
grange multiplier/fictitious domain method for particulate flows. International Journal
of Multiphase Flow, 25(5):755–794, 1999.

[55] David B Stein, Robert D Guy, and Becca Thomases. Immersed boundary smooth
extension (ibse): a high-order method for solving incompressible flows in arbitrary
smooth domains. Journal of Computational Physics, 335:155–178, 2017.

[56] Charbel Farhat, Kristoffer G Van der Zee, and Philippe Geuzaine. Provably second-
order time-accurate loosely-coupled solution algorithms for transient nonlinear com-
putational aeroelasticity. Computer methods in applied mechanics and engineering,
195(17-18):1973–2001, 2006.

[57] Carlos A Felippa, Kwang-Chun Park, and Charbel Farhat. Partitioned analysis of
coupled mechanical systems. Computer methods in applied mechanics and engineering,
190(24-25):3247–3270, 2001.

102



[58] Paola Causin, Jean-Frédéric Gerbeau, and Fabio Nobile. Added-mass effect in the
design of partitioned algorithms for fluid–structure problems. Computer methods in
applied mechanics and engineering, 194(42-44):4506–4527, 2005.

[59] Christiane Förster, Wolfgang A Wall, and Ekkehard Ramm. Artificial added mass
instabilities in sequential staggered coupling of nonlinear structures and incompressible
viscous flows. Computer methods in applied mechanics and engineering, 196(7):1278–
1293, 2007.

[60] Joris Degroote. Partitioned simulation of fluid-structure interaction. Archives of com-
putational methods in engineering, 20(3):185–238, 2013.

[61] Matthias Heil. An efficient solver for the fully coupled solution of large-displacement
fluid–structure interaction problems. Computer Methods in Applied Mechanics and
Engineering, 193(1-2):1–23, 2004.

[62] Fang-Bao Tian, Hu Dai, Haoxiang Luo, James F Doyle, and Bernard Rousseau. Fluid–
structure interaction involving large deformations: 3d simulations and applications to
biological systems. Journal of computational physics, 258:451–469, 2014.

[63] Hermann G Matthies and Jan Steindorf. Partitioned but strongly coupled iteration
schemes for nonlinear fluid–structure interaction. Computers & structures, 80(27-
30):1991–1999, 2002.

[64] J Yang, S Preidikman, and E Balaras. A strongly coupled, embedded-boundary
method for fluid–structure interactions of elastically mounted rigid bodies. Journal
of Fluids and Structures, 24(2):167–182, 2008.

[65] Charbel Habchi, Serge Russeil, Daniel Bougeard, Jean-Luc Harion, Thierry Leme-
nand, Akram Ghanem, Dominique Della Valle, and Hassan Peerhossaini. Partitioned
solver for strongly coupled fluid–structure interaction. Computers & Fluids, 71:306–
319, 2013.

[66] Jan Vierendeels, Kris Dumont, and PR Verdonck. A partitioned strongly coupled fluid-
structure interaction method to model heart valve dynamics. Journal of Computational
and Applied Mathematics, 215(2):602–609, 2008.

[67] Andres Goza and Tim Colonius. A strongly-coupled immersed-boundary formulation
for thin elastic structures. Journal of Computational Physics, 336:401–411, 2017.

[68] Frederic J Blom. A monolithical fluid-structure interaction algorithm applied to the
piston problem. Computer methods in applied mechanics and engineering, 167(3-
4):369–391, 1998.
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