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ABSTRACT OF THE DISSERTATION

Trajectories of Iterates of Orthogonal Projections

by

Mark Hay-Yat Kong
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2026

Professor Deanna Needell, Chair

We study cases and variants of the following problem: Given a collection of subspaces of
a finite-dimensional Euclidean space and a unit vector, iteratively project that vector onto
the subspaces in an order determined by a subspace-selection rule. After many iterates, how
far away can the final point be from the subspaces? The answer depends on the subspace
selection rule. In this dissertation, we study the cyclic rule, in which one cycles over the
subspaces, and the greedy rule, in which one always selects a subspace in the collection
maximally far from the current position, and some variants. In the cyclic case, we show
that if we cycle through T subspaces K times each, then the average squared distance from
the final iterate to the subspaces in the collection is at most O(T?/K) by proving a new
result of independent interest: For each positive integer T', a characterization of which points
in the complex plane can lie in the numerical range of the product of T (real or complex)
projections. Specifically, for each fixed T, the set of possible points forms the region bounded
by a sinusoidal spiral. In the greedy case, we give a proof that after k iterations, the largest
possible squared distance from the final iterate to any of the subspaces is O(k~Y 3) via a

geometric argument and show that, in the greedy-without-replacement case, no bound on the
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final average squared distance going to 0 in terms of only £ exists by constructing examples

with large final average squared distance.
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Chapter 1

Introduction

This dissertation concerns a problem I find natural enough to be stated as a linear algebra
problem of its own right, but also can be described using the language of certain iterative
algorithms for certain optimization problems in Euclidean space. From the latter perspective,
studying this problem allows us to understand structure that may appear in the context of
such iterative algorithms or optimization problems.

By “optimization problem over R%” I mean a problem of the form “Give an algorithm
that takes as input a function f: R — R belonging to some function class and outputs a
point p € R¢ with the aim to make f(p) as large (or small) as possible.” Thus each choice of
function class and method of presenting f as input to the algorithm' gives an optimization
problem.

By “iterative algorithm” I mean® an algorithm for solving an optimization problem over
R? in which one repeatedly applies a procedure R — R? starting with some initial point
p € R?, chosen by some initialization algorithm, until some stopping condition, such as
number of repetitions, and outputs the final point.

Example applications of such algorithms include algorithms for solving matrix equations

'For example, as an evaluation oracle or as a formula

2Tt is possible to use these words in more general ways, but we will not discuss them in this dissertation.
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and optimization algorithms for machine learning.

Some of these algorithms, such as the Kaczmarz and Gauss-Seidel methods for solving
matrix equations and minibatch gradient descent for machine learning, are more closely
related to our problem, as discussed below, while others such as the Jacobi method for
solving matrix equations and Adam for machine learning are less closely related to the
problem in its stated form.

We first give a statement of the problem, then describe several related algorithms and

their relation to the problem in more detail.

1.1 Problem Statement

Problem Setup 1.1. A selection rule on R¢ is a function® that takes in a vector in R?,
an indexed family of subspaces® of R%, and possibly some state and outputs the index of
one of the subspaces”. Our notation for a selection rule is &({S,},c, wy, data) where data
is an optional argument that one may use e.g., to maintain state.

A loss aggregation function is a function that takes in a collection of losses and outputs
a single loss. Here, a “loss” is an output of a loss function, which in this dissertation will

always be a nonnegative real. Our notation for a loss aggregation function is £(-).

3We use the word “function” informally: In principle, it may be random or partial and may have other
caveats I haven’t imagined. By “partial”, I mean not only that it may make assumptions about how the
family is indexed, but also that it may disallow certain collections of subspaces if one wants to focus analysis
only on certain collections. For example, the cyclic selection rule described below assumes the collection is
finite and indexed by {1, ..., T}.

4In this dissertation, the word “subspace” by itself always means a subspace containing the origin, as
opposed to an affine subspace. The questions considered in this dissertation apply to affine subspaces, which
will become a useful object of analysis in the greedy case, but in such cases we will specify “affine subspace”.

5We output an index instead of the subspace itself purely for notational convenience. It will, at times,
be convenient to refer to the output of this selection rule as the subspaces; In this case, we consider the input
indexed family to be the set of subspaces indexed by itself.



Example 1.2.
o Examples of selection rules:
— Cyclic: Let T' denote the number of subspaces, which we assume does not change

from call to call. Maintain as state a number in {1, 2, ..., T'}, initialized at 1. Each

time the selection rule is called, output and then increment the state modulo T

— Greedy: Output the index of the subspace that is farthest away from the input

vector®. If there is a tie, this selection rule may output any of them.

Alternatively, given any selection rule &, we say & is Greedy if it always outputs

the index of one of the subspaces that is farthest away from the input vector.
« Examples of loss aggregation functions:

— Max loss: Returns the maximum of the input losses.

— Average loss: Returns the average of the input losses.

Each choice of a selection rule &, loss aggregation function £, and list of parameters
(such as number of steps I, number of subspaces T', or dimension d; If these are taken as
parameters, one removes these from the list of variables we take a supremum over below)

defines a problem:

Problem 1.3. Let S, ..., Sr C R be subspaces. Let w, € R? be a unit vector. Iteratively

define a sequence of vectors wy, ..., w; € R? as follows: For each 1 <1i < I,
1. Use & to pick t, € {1,2,...,T}.

2. Define w; to be the projection” of w; ; onto S, .

6This may be undefined if the indexed family of subspaces is infinite. One can define variants of this
selection rule to account for this case, but the same bounds from this dissertation will apply to the natural
extensions I can think of so we will not consider this in detail.

“In this dissertation, “projection” always means “orthogonal projection” unless otherwise indicated

3



For each 1 < j < T, define the loss with respect to Sj to be Ej = dist(wy, Sj)Q.

In terms of the chosen parameters, estimate/give bounds on

sup Ly, ..., bp).
T,deZ.
S1,-,SPCRY subspaces
U)OERdv”on:l
such that [optional list of conditions]

(For a randomized selection rule, one could estimate/bound the expected value or other
quantities of interest on the distribution of the outputs of the loss aggregation function.
However this dissertation mostly considers only deterministic selection rules®.) (In this
problem setup, we tie the subspaces we project to with the subspaces we take the final loss
over. In principle, one could consider untying them, so you project onto subspaces from
one family and then calculate the losses with respect to another, as some kind of “feature
learning”. We will not do this in this dissertation.)

In other words, how large can an adversary who controls the initial configuration force
your aggregate loss?

We give an illustration of the problem in Figure 1.1.

Here, we initialize at an arbitrary point w, and iteratively project onto subspaces. The
subspaces shown are one line and two planes, showing that we specifically allow subspaces
of codimension greater than one. The selection rule in the figure is neither cyclic nor greedy.

It is routine to show one can write max instead of sup in all cases considered in this
dissertation (that is, all such supremums are attained), though I do not have a proof of this

that does not require small modifications for each formulation.

8There are some cases where the selection rules are not fully specified and in principle could be random-
ized, but in such cases our bounds apply to adversarially selected outputs



Figure 1.1: A sample sequence of iterates. Image created at geogebra.org
1.2 Relations to iterative algorithms for optimization

over Euclidean space

The iterative procedure described in the problem statement with various selection rules

appears in several contexts:

o Equivalent to Kaczmarz methods: Also known as the algebraic reconstruction tech-
nique in the field of computed tomography, the basic Kaczmarz method is a row-action
methods for solving matrix equations of the form Ax = b where A is a (not necessarily
square) matrix with given entries, b is a column vector with given entries, and we wish
to find entries of a vector x close to satisfying the equation, for various notions of “close

b

to

It operates by starting with a (possibly informed) guess w,, then repeatedly using
some row-selection rule to pick a row index r and projecting each iterate w,; to the

affine hyperplane A, .z = b, to get the next iterate w, . If there exists a true solution

5
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x, with Az, = b, then by translating z, to 0 and rescaling the initial guess to have
norm 1, we recover the above iterative procedure exactly; If no such solution exists,

we may replace “subspaces” with “affine subspaces” in the definition of the algorithm.

This generalizes to Block Kaczmarz, defined in the same way as in the previous para-
graph except selecting multiple row indices in each step using a multi-row-selection
rule. Indeed, the solution space for a collection of r rows is an affine subspace of

codimension at most r (assuming it is nonempty).

[41, Other optimization methods| observed that our setting is, in a sense, Lagrange
dual to block coordinate ascent/descent in a certain setting. (For convenience, I will

write “coordinate descent” to mean coordinate ascent/descent.)

Coordinate descent is the iterative optimization algorithm that seeks to minimize a
function f : RY — R by, in each iterate, selecting one coordinate to modify and

finding the lowest value of f obtainable by modifying only that coordinate.

In contrast, in the Kaczmarz method mentioned above, each iteration may modify all

coordinates.

To see the duality in the simplest case, we consider using the standard Kaczmarz
method (as opposed to the block Kaczmarz method) to solve Xw = § initializing at
Wy = 0. The iterates under the Kaczmarz method consist of iteratively adding scalar
multiples of rows of X to w, so all iterates are in the range of X7. Thus we may
introduce “dual coordinates” a, whose relevance to duality will be explained shortly,
as follows: We parametrize the range of X7 via a € dom(X7T), a = XTa. Thus
each vector w € range(XT) may have multiple choices of dual coordinates. Then the
number of coordinates of « is the number of rows of X, and projecting onto the solution

space of row i can be obtained by varying only the ith coordinate of «.

This is not yet coordinate descent, as we have not specified an objective function for .

To do this, recall that running the Kaczmarz method to convergence to a solution for w

6



is equivalent to solving the optimization problem of minimizing” %||ﬁ)||2 subject to the
constraint Xw = y. It turns out that the corresponding updates to a are exactly those
obtained by applying coordinate descent to the Lagrange dual problem of maximizing
ming, |@|* — (o, X@® — ), where one can check that the choice of @ achieving this

minimum is always @ = X7 a.

« It is a special case of incremental gradient descent and of minibatch gradient descent.
In general, incremental gradient descent[50, 85] considers the case when you wish to
optimize a function of the form Zje 5 f; where the f; are smooth loss functions and
J is an indexing set. Its iteration rule is defined as follows: If one starts an iteration
at a vector w, then to get the next iterate, you select an index j € J and a step size

n € R and update to

@ — 1V f;(D).

Minibatch gradient descent is a variant in which one models the loss function as coming
from many data points and each data point has its own loss function, and the goal
is to minimize the average loss or total loss. In the special case that the minibatches
partition the full dataset, one can use the notation above and take J to be the set of
minibatches and f; to be the sum of the losses corresponding to datapoints in the jth

minibatch.

To realize our setup as a special case of this, for each subspace S;, consider the loss

function £;(-) := dist(-, S;)* as above.

Then suppose one attempts to minimize Zj ¢;, and we take f; = {£; to be the loss

function of a minibatch. In Chapter 2, we will see a realization of this.

9There is a bit of freedom here in that it also minimizes any strictly increasing function of ||w|, so perhaps
it is less surprising that one can choose a monotonic function making the duality work out, and if I wanted
another optimization method I could have picked a different function. That being said, the factor of % is
harmless here as removing it only rescales the dual coordinate, and it is still coordinate descent.



Then if @" denotes the projection of w onto S, then

Therefore, the iterates are the same as if one applied minibatch incremental gradient
descent with step size % If minibatches are selected cyclically, this gives the cyclic task
ordering, and if they are selected by always selecting the minibatch with the worst loss,

that gives the greedy task ordering.

Projections onto Convex Sets is an approach to solve a problem where one is given
a list of convex constraints and wishes to find a point satisfying all of them. This
problem is called the convex feasibility problem. It works by iteratively projecting

onto the solution spaces of the convex constraints.

The Kaczmarz method mentioned above is standard special case of POCS where the

convex sets are subspaces|[16].

Another special case of POCS is when the convex sets are half-spaces. In this case
the method is called the Agmon-Motzkin-Schoenberg method, in which case one often
either selects which half-space to project to cyclically or by always selecting a most

violated constraint|[114], matching both our setups.

As the result of projecting a point onto a halfspace not containing the point is the
same as the result of projecting it onto the supporting hyperplane, the trajectory is

one obtainable by a sequence of such projections onto hyperplanes.

Subgradient descent is an iterative method for optimizing a convex function f. Its
iterations are defined as follows: If one starts at w, then to get the next iterate, one
selects a subgradient v € 0f at w and updates w — w — nv where 7 is the learning

rate.

The greedy ordering is a special case of subgradient descent.
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To see this, say our collection of subspaces is Sy, ..., Sp. Define the loss function

f(w) := te{mli}’(T} dist(w, S,).

Then if one takes the Polyak step size n = %, where f* = 0 is the optimal value
of the loss function, then as long as the subgradient is always chosen to come from
exactly one of the subspaces S;, the update always projects directly onto .S, (which,

by the definition of f, must be one of the subspaces farthest from w to have its normal

direction be a subgradient).

This was studied in the preprint [133] whose Theorem 2.3 claimed!” to give the exact
largest possible loss in the general Polyak step size setting after I iterates whose asymp-
totics are O(1~1/%) (so for squared distance, the asymptotics would be O(I~/2)), and
Theorem 2.6 gives a construction realizing this sharp bound which is essentially of the

form we study in this dissertation.

o In the pure greedy algorithm[34, 38|, also known as the matching pursuit algorithm in
signal processing[80], one has a “dictionary”, which is a collection of unit vectors a, €
R, and a target vector ¥ € R?, and one seeks coefficients \; such that ZZ \;G; ~ V.
The algorithm is initialize all coefficients to 0 and then to iteratively select the vector
a; whose inner product with the residual is biggest in absolute value, and modifies )\,

to make that inner product 0.
If one considers the orthogonal complements of the dictionary vectors as our subspaces,

this is exactly the greedy selection rule.

o [19] study the method of remotest projections and alternating projections. Both set-

tings start with a collection of closed subspaces Sy, ..., Sp of a general Hilbert space

10 Actually, it is not hard to construct a counterexample to this theorem as stated in the general Polyak
setting. But if one adds the assumption that all subgradients used in the iterations have the same norm,
which is true in our setting, then the proof appears to work
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whose intersection is {6} and studies iterates of a point w under iterated projections
to these subspaces. The method of remotest projections always projects to a subspace
that is maximally far from its current position, whereas the method of alternating

projections cyclically projects onto the subspaces, just like our cyclic ordering.

These equivalent formulations have been studied with various other loss functions or

performance criteria:
« Some papers study the distance to a true solution.

For example, [19] studied the convergence rate of the iterates under remotest projec-

tions and alternating projections to 0.

POCS studies multiple types of loss functions, such as the distance to the nearest com-
mon intersection of the convex constraints and also the distance to the most violated

convex constraint[16].

o [67] bounded the size of the residual in matching pursuit in terms of the smallest
possible sum of the sizes of the coefficients in a linear combination of vectors in the

dictionary making up the target.

This dissertation takes the perspective where we care primarily about minimizing the
losses realized by each of the subspaces, combined via some loss aggregation function like
average or max.

An upper bound for the max loss aggregation function certainly gives an upper bound
for the average loss aggregation function, and the methods we use in the following chapters
will generally work for the max loss aggregation function. However, in the chapter on cyclic
orderings, we focus on the average loss aggregation function due to the context of the paper.

In the next chapter, we give a new upper bound on the average loss for the cyclic ordering
rule and write about its connections to forgetting in continual learning. As part of the proof,
we also give an exact classification of which points in C can lie in the numerical range of the

product of T (real or complex) projections.
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In the following chapter, we study greedy orderings, where one selects the subspace
farthest away from the current position, and variants such as disallowing the revisiting of
subspaces. For the orderings mentioned in this paragraph (we defer discussion of other
orderings to that chapter), we prove a nontrivial upper bound that goes to 0 in the greedy
case and construct examples showing that if we always select a subspace farthest away from
the current position only among unused subspaces, the final average loss can be bounded

away from zero even if the number of iterations is arbitrarily large, even in 3D.
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Chapter 2

Cyclic Orderings

This chapter is based on [119].

2.1 Introduction

The main mathematical problem we study in the paper has connections to “continual learn-
ing” or “lifelong learning”[26, 95, 121, 127], which refers to the problem of deciding how
to make a system (say, a machine learning system) learn when the data with which it is
supposed to learn is presented not all at once but one part at a time.

In the field of continual learning, one consideration is “forgetting” or “catastrophic for-
getting”[52, 65, 123], which refers to how a system trained on some part X of the data may,
during the course of training on other parts, get worse at part X. Based on the setting, one
may wish to control how much or what aspects of each part one wants the system to forget
during training’.

Depending on the setting, these parts may or may not overlap and may or may not

appear more than once during training.

'For instance, if one wishes the system to generalize, one may want the system to forget the aspects that
don’t generalize and not forget the aspects that do generalize. However, this will not be the focus of this

paper.
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The problem we consider in this paper relates to the case when the parts repeat cyclically;
That is, one has a finite collection of “parts” which the system sees one at a time, then the
system sees each part in the same order a second time, and so on for a finite number of
cycles.

This setting has been studied before. For example, financial or search engine data has
been reported as having a “day of the week effect”[98, 131]. For another example, one method
for solving linear systems is the method of cyclic alternating projections, originated for two
subspaces by Von Neumann[125] and extended to finitely many subspaces by Halperin[53].
When the linear system is expressed in matrix form (i.e., when you are given coefficients),
is known as a (block) Kaczmarz method[64].

[41] asked (among several other questions) the question of what bounds can be obtained
in a certain specific cyclic continual learning setting to be described in the next section and

proved several bounds. In this paper, we improve these bounds.

2.1.1 Problem setup

In this section we give a mathematical statement of the problem. Then we relate the problem
to continual learning.

We state the problem in a self-contained way:

Problem 2.1. Let Sy, ..., Sy € R? be subspaces, and let w, € R? be a unit vector.

Define a sequence of vectors wy, ws, ..., w; € R? as follows:
1. For k from 1 to K := ’—%-‘

(a) For t from 1 to T

1. Define w;,_1)p;, to be the projection of w,_q)pyy—1 t0 Sy

Thus, the case k = 1,¢ = 1 defines w;, then k = 1,¢ = 2 defines w,, and so on until the last

13



iterate wyp. All iterates after w; are ignored?.

For any w € R? and any subspace S C R?, define

Lg(w) := dist(w, S).

In terms of T and I, what are the largest possible values of

max (Lg (wy), Lg, (wy), ..., Lg (wp))

and

an(le (wp), Lg, (wr), -y Lg, (wyp))?

In other words, we wish to calculate or at least give bounds on

Fyelic.max (Subspaces = T, iters = I, cycles = I /T)
= sSup maX(L,S’l(wI>7L,S’2<wI)7-'-
deZ

Sy ;s SpCRY subspaces
woeR?, [wg =1

and
Floyclic avg (SUbspaces = T',iters = I, cycles = I /T)
= sup an<le (wy), L52 (wy),
d€Z

S1,...,S7CR? subspaces
woeRY, |wg =1

We omit “cyclic” when clear from context. Any two of the inputs to F), ., or

the third, so below we will only specify two of the inputs.

Throughout this paper, we will usually assume we have completed a w

L, (wr))

oy g, (wy)).

F,yy determine

hole number of

2We compute all the way to w - only for convenience of writing the algorithm. In practice one could

stop after computing wj.
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cycles, so I is a multiple of T'. In this case, we let m denote the number of cycles and write
our bounds in terms of 7" and m instead of T and 1.

For I/T large, the bounds obtained in the whole-number-of-cycles case give bounds in
the general case, as the final iterate can equivalently be obtained by applying |I/T] cycles
starting at the I mod T'th iterate.

For the remainder of this paper, we assume [ is a multiple of T" and let m = I/T.

Notation 2.2. For any problem data S, which consists of the ordered collection of subspaces

and initialization vector wg, Fig(I) denotes the average loss after I iterations.

Thus after m cycles of T' tasks, we wish to bound supg Fg(mT).

Relation to Continual Learning

The system we train is a linear model. Each datapoint is a pair (Z,y) € R% x R.

We assume there exists at least one solution w, that fits all datapoints (i.e., so that
(w,,Z) =y for all datapoints (Z,y)).

The data are presented to our system by being grouped into “tasks”, each of which is a
list of some of those datapoints.

At each training iteration, the system has a current state @ € R? which should be
thought of as a linear map R? — R : Z = (0, Z) that attempts, for each datapoint (Z,y),
to send ¥ to y.

The training algorithm is “at each step, jump to the closest solution to the given task”.
That is, if the current state is w, and the task when stacked into a matrix is (X, %,) (so

each datapoint (Z,y) is turned into a row of X, and the corresponding entry in ¥, ), then:

1. The set vectors @’ € R? satisfying X,w’ = 9, forms an affine subspace of R%

2. The next iterate w,,, is the projection of w, onto that affine subspace.

This is equivalent to the algorithm obtained if, at each iteration, you run gradient descent

to convergence on the square loss @ — | X, — 7, |°.
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Finally, to relate this to catastrophic forgetting, we give a way to quantify forgetting
suggested by [41]: If we let T" denote the number of tasks, S = ((X1,¥;), ..., (Xp,¥p)) the
T-tuple of tasks, and m the number of cycles, then we quantify the “forgetting” of the final

iterate to be its average square loss

1 &« . ~
Fg(mT) = n Z | X, — 3¢
i=1

The reason this may be considered “forgetting” is that during training, for each task,
there was some iterate which had 0 loss on that task. Thus any contribution to the test loss
comes from the final iterate performing worse on that task than some earlier iterate.

To relate this formulation to the version in the previous section, we make two modifica-
tions: First, we translate and rescale the setup so that the common solution is at w, = 0
and our initial guess is a unit vector, or equivalently set all § to 0. Second, as stated,
this setup is slightly more general than the one introduced in the previous section. Indeed,
given a task (X,7) = (X,0), the loss function for this task may not be proportional to the
squared distance to the solution space if the data is not symmetrical, as the loss at w is
[Xw|? = @7 XT Xw, and XT X need not be a multiple of the identity.

However, this loss is always within a factor of | X |3 of this distance, so we rescale all data

matrices by the largest squared operator norm and aim for a bound under the assumption

| X1y < 1.

Remark 2.3. If the data is so symmetric that X7 X = I for every matrix X, then this
recovers our prior situation exactly. This realizes our problem as a special case of minibatch

gradient descent.
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Observations and Prior Work

A trivial bound is

sup Fg(mT) <1,
S

as the initial iterate is at most 1 away from the origin and future iterates only get closer.

[41] previously obtained these two bounds:

T2

sup Fig(mT) <
s

]

max)

2mT

T?(d —
sup Fig(mT) < T = Vi)
S

is the largest rank of a subspace being projected away from (so d —r,,, is the

where 7, «

smallest rank of a subspace being projected on to).
We improve this asymptotically to:
Theorem 2.4.
T2

sup Fs(KT) < O (?>

We do this by using one of the lemmas [41] proved to get their dimension-independent

bound JTT%: They showed that if A denotes the linear map obtained by composing the T
projections in each cycle, then letting A, (i) = |A™a4| — | A™ 4],
T—-1 .
Fs(mT) < —— max A, (@) < (T —1)|A"(I — A)].

t:ul=1

JA™ (I - A)] < @

For comparison, our proof will proceed by obtaining the bound

[41] continued by bounding

4m(1 — A)] < O
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which is better when 7" < m (which is the only case in which the resulting bound beats the
trivial bound anyway).

Others have also attempted to bound ||A™ (I — A)| where A is a product of projection:
[104] also gave a bound. However, that bound is not good for our purposes as we require a
bound that is uniform over all A that are products of T' projections, whereas [104] focused

on getting bounds for large m for each fixed A.

Prior work on related iterative methods

As mentioned earlier, our setting is related to the setting of Kaczmarz methods. There
has been much work studying Kaczmarz methods, but it is common to bound not the final
average loss but rather the distance to the least-norm solution. Furthermore, such bounds
sometimes depend on the data distribution, for instance getting a bound that depends on a
condition number which may be arbitrarily large[40, 87, 115].

Prior work has also calculated forgetting bounds under assumptions on the distribution
of the data, like [76] who assumed a Gaussian distribution.

In contrast, our bounds depend only on the number of tasks and on the normalizations

mentioned above.

Previous bounds on the numerical range of the product of T projections

Our method to get the improved bound uses, as an intermediate step, getting a better (in
fact sharp) bound on the numerical range of any linear map expressible as the product of T
projections.
This yields a bound on ||[A™ (I — A)| via further results in [28] to be discussed later.
We are not the first to attempt to bound the numerical range of such a linear map:
Lemma 5.1 in [28] also gives a bound. However, that bound is not sharp, and the same
method would indeed give a bound on |A™(I — A)||. However, the resulting bound on

forgetting obtained by applying the same method is not good enough for our purposes: The
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resulting bound on forgetting is of the form O(f(7")/m) where f(T') is exponential.

Another attempt to bound the numerical range of the product of T projections is given
n [12], which gives a better bound than [28]. However, their bound on the numerical range
depends on the relative orientation of the subspaces of projection (specifically, the Friedrich’s
number), and as we wish to get a uniform bound over all choices of projections this includes
subspaces with bad Friedrich’s number (close to 1), and it turns out this does not result in
a better asymptotic bound on |A™(I — A)|.

So the weaker bounds on such numerical ranges were good enough for the purposes of

those papers®, but not for ours.

2.2 Upper bound

[41] showed that, if A denotes the linear map given by one cycle, letting A, () == |A™[* —

| Am a2,

sup Fg(mT) < -1 max A () < (T — DA™ (1 — 4)|.
S

:uf=1

[29] showed? that, for all polynomials p,

[p(A)] < (1+v2) sup |p(2)].
zeW(A)

In this paper, we determine | J N W (A) where A ranges over all products of k complex®

orthogonal projections in any dimension.

3as far as I can tell, plugging in our improved numerical range bound does not affect the main results of
the paper

4There are now several claimed proofs of Crouzeix’s conjecture [62, 77], so we can in fact replace 14 /2
with 2, improving our bound by a constant factor.

5Tt will turn out that the union is the same for real projections and complex projections
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Then for any product A of k real projections, W(A) will be contained in this union, so

the final bound is obtained by maximizing |2™(1 — z)| over this union.

2.2.1 Approach

To get a bound on the numerical range, we first show that the numerical range can be

expressed as the set of complex numbers of the form

P(7707 76k—1> = <T)07T)1><ﬁla ﬁ2> <6k—2a ﬁk—1><ﬁk—1760>7 (21>

for complex unit vectors ¥, € C%.

We then show that the set of such numbers is

: 0 —
re?? i cos(m/k)r~1/* > cos( T

).

It turns out that the boundary of this set is known as a sinusoidal spiral.

It has an equivalent description as the image of the the convex hull of the kth roots of
unity under the map z - z*. Thus the boundary can be obtained by taking any of the edges
of the k-gon bounded by the k-th roots of unity and raising it to the kth power.

To show that the range of P is as we claim, we first reduce to working in C?. Indeed, the
input to P is a sequence of vectors, and if such vector ¥ of them does not lie in the plane @)
spanned by its neighbors, then by projecting ¥ onto ) and rescaling the projection, we get
a point in C in the range of P with the same argument and larger magnitude.

For now, we focus on getting the points on the outer boundary of the range of P, as that
will be sufficient to get the forgetting bound.

So for any input to P in any dimension, one can find an input in C? whose output has
the same argument and at least as large a magnitude, so for the rest of this argument we

may assume all input vectors are in C2.
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Next, the map P is smooth as a map of real manifolds C* O (53)" — C. Therefore any
input mapping to a point on the boundary of the range of P has Jacobian of determinant
zero. Geometrically, this means that all directional derivatives of P at such a point must be
parallel or 0.

By writing this constraint algebraically, we solve for all the critical points, and calculating
their images under P gives all critical values, and taking the critical values of maximal norm

for each given argument yields the boundary.

Remark 2.5. As we solve for the critical points exactly, this allows us to describe all tuples
(Tg, -+, Up,_1) € (C%)* whose image under P maps to the boundary. It turns out that there

is a description of such tuples in terms of quaternionic roots of unity.

We believe the resulting bound on |A™(I — A)| = ||[A™ — A™"1| may be independently

useful:

Lemma 2.6. Let A: C™ — C" be a linear map expressible as a product of k complex

projections. Then

(= A) A" < (C 4 0p e (1) 1o

where C' is an absolute constant which may be taken to be 0.4.

Combining this with the inequality of [41] immediately gives the main result, Theo-

rem 2.4.

2.2.2 Notation for proof

C and H denote the complex numbers and the quaternions, respectively.
All vector spaces will be over C throughout the proof.

We adopt the following conventions:
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o Complex inner products are conjugate linear in the first argument:

where v* denotes the conjugate transpose of v.
o The argument of a complex number is in (—m, 7.

The numerical range of a matrix A € C%*? is defined as

W(A) = {Z* A%z € C4, |Z] = 1}.

2.3 Bounding the range of P

In this section, we give a complete description of the range of P as defined in (2.1). Further-
more, we give a complete description of the inputs consisting of vectors in C? that map to

boundary points.

We first introduce some notation:

Notation 2.7. For (a,b) € C?, let
(a,b)* := (b, —a).

Direct calculation shows:

Proposition 2.8. For 9, w € C%, (¢, w") = —(+, ).

We first treat P as a smooth map R?* — R? and give a lemma algebraically character-

izing its critical points. We defer the proof to the appendix.
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Lemma 2.9. Let ¢ € C be a critical point of P. Then there exist

(a()?bO) - (170)7 (a17b1)7 ceey <a’k717bk71) € CQ

k—1

oo, after

such that P((a,,,b,,)* ) = c¢. Furthermore, for any such preimage (a,,,b,,)

m “m/m=0 m’’m

possibly multiplying each vector (a,,,b,,) by a complex unit®, there exist o, 3 € C such that

L ((ap:0,), (@pyy1sbpyi1)) = o for all m
2. {(@pys b))ty (@i bimir)) = Bw™ L for all m
with indices treated mod k.
We now algebraically solve for the critical points of P to get the following theorem:

Theorem 2.10. Let d > 2. Let P(Uy,..., 0, 1) = (Uy, V1) (U1, V) .. (Ug_o, V1) {(Vr_1, Ug)

and let T, be the range of P as each U, ranges over unit vectors in C%. Then

, 0 —
Fk = {7“629| COSs (%) rt/k > COs (Tﬂ-> ,7>0,0 € [0727.(]} )

which is a filled sinusoidal spiral.

Proof. As argued above, at least for the outer boundary, it suffices to consider all input
vectors to be in C?. We give a direct proof in the appendix for this chapter that this also
yields all points in the interior’.

The result is trivial for & < 2, so we will assume k > 3.

As P is a continuous function on a compact domain, its image is compact, hence bounded.

Thus the range of P is contained in the region bounded by all critical values of P.

6This makes sense as multiplying inputs to P by complex units does not affect the output of P

"There is also an easy proof via the interpretation as the union of all numerical ranges: The numerical
range of a nontrivial (i.e., non-identity) product of projections always contains 0, as it is singular. So by
convexity of the numerical range, any product of projections whose numerical range realizes a point on the
boundary also realizes the line segment form that point to O.
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Fix a critical value c of P, and choose a,, b, as in Lemma 2.9. For every m, the orthogonal

vectors (a,,,b,,) and (a,,,b,, )" form a basis of C2. Setting a = ay and 8 = by, the relations

in the lemma give the recurrence relation

(ala bl) = a<150) + B(LO)i

(ag,by) = afay,by) + fw(ay,by)*

(ag, bs) = a(ag, by) + ﬁw2(a2,b2)L

(ap_1,bp_1) = a(ag_o,bp_s) + B (ag_, bp_o)*
(L O) - (a07 bO) - a<ak—17 bk—l) + Bwk(ak—b bk—1>L'

Identify C? with H via (a,b) — a + bj. Thus (a,b)* = j(a + bj) and, for ¢ € C,
#(a,b) = ¢(a +bj) = (a + bj)¢. In particular, multiplication on the left by a complex
number is unambiguous.

Our recurrence relation becomes

a; +byj = (a+ B5)(1+ 0j)

ay + byj = (o + Bwy)(ay + by j)

as + bgj = (a + Bw?j)(ay + byj)

a1 by 1J = (a+ B 25)(a_o + by_5J)

14 0j = (o + BuwF)(a_y + by_17).
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So the vectors (a,,,b,,) must be the partial products

m?r-m

(G b)) = (a4 B g) (a4 ™) oo (o + )

form =0,...,k—1 (defined as the empty product if m = 0), where «, § satisfy the equation

1= (a4 Bw* 1)) (a+ B %)) ... (a + uw’)).

We now show that any sequence of vectors (ag,by), ..., (ar_1,bx_1) satisfying the above
system of equations can be obtained by slightly modifying a solution in the case w = 1
(possibly with a different value of k).

Let ¢;, be a (not necessarily primitive) complex kth root of unity. The sequence

(ag,bg), (a1Ck, b1Ck), (%Cia b2<l%)> e <ak71<‘]kf_17 bkflgl]z_l)'

also satisfies the two conditions in Lemma 2.9, so we can run the same logic as above. This
yields a another system of equations in the same form, but with different choices of «, 3, w.
Specifically, the new values of «, (3 are ¢, times the old values, and the new value of w is (?
times the old value, so by choosing (;, appropriately we may freely modify w by ¢? for any
kth root of unity ¢, or equivalently any power of €27/

If k is odd, this is enough to show that any nonzero critical value can be obtained by

w = 1, and furthermore that any critical point can be expressed as

(ag,bo)s (a1 Cx, b1Ck), (%C}%: sz}%)a e (akqdj_la bkqglg_l)

for some kth root of unity (.
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If £ is even, let (y;, be a 2kth root of unity. Consider the sequence

(ag,b), (ayCogs b1Cak), (a2C§k7 b2<22k)7 e (ak—lcgﬁla bk_1<§;§1),

(%Cgkﬂ b0<§k>7 (alcgljlv bl@/ﬁ)a ey (ak—lcgllcﬂila bk_lglqu)_

This satisfies the conditions in Lemma 2.9 for 2k in place of k. The corresponding values
of a, 8 in the resulting system are the same as in the original multiplied by (,;, and the
resulting value of w is the same as the original multiplied by ¢2,. As (3, can be chosen to

1

be w™ ", we can reduce to the case

1= (Copla+ Bw 1)) (Cop(a + Bw?25)) ... (Copa + Bu))

where w = 1, or equivalently

1= (Gopla + Bj)) .

Remark 2.11. It is possible to write these manipulations using quaternions, which we

demonstrate in the appendix.

For any integer m, the mth roots of unity in H are precisely those numbers whose real
parts are the same as those of the real parts of the mth roots of unity in C. So (a+5j)™ =1
if and only if « lies on one of the vertical diagonals of the m-gon whose vertices are the mth
roots of unity (where the vertical diagonals are those with constant real part, including sides
of the n-gon).

For the phase-shifted system, « consequently ranges over the vertical diagonals of the
regular k-gon when k is odd, and over every other vertical diagonal of the regular 2k-gon
when k is even; in each case the vertices are the appropriate roots of unity. Inverting the

phase shift gives that, regardless of whether k is even or odd, the values of « in the solutions
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to

1= (a+ Buwb 1) (a+ Buwb25) ... (o + Buw’))

are the points on the diagonals (including the sides), of the regular k-gon whose vertices are
the kth roots of unity.

As the inner product of consecutive vectors at such a sequence is «, the value of P at such
a sequence is a. Therefore the critical values of f are then kth powers of these diagonals.
Furthermore, when k is odd the critical points are sequences of the form (a,,,b,,) = ¢,,(a+
B7)™ where a + Bj is a quaternionic kth root of unity and ¢,,, are units in C; When £k is
even, the critical points are sequences of the form (a,,,b,,) = ¢,,(a + 54)"™ where o + (7
are quaternionic 2kth roots of unity and ¢,,, are units in C,

By the maximum principle for holomorphic maps, the outer boundary of I';, is obtained
by taking the kth powers of the sides (where each side maps to the same curve). Using polar

coordinates, the resulting curve is the sinusoidal spiral cos(F)r—1/* = cos(%Z). O

The same proof shows that all other critical points other than those that P sends to 0
arise from the other diagonals of the polygons and their corresponding critical values are
their kth powers, which are also sinusoidal spirals. A computation shows that a sequence of
vectors that P sends to 0 is a critical point if and only if at least two of the inner products

are 0.

2.4 Application to cyclic forgetting bounds

As an immediate application of Theorem 2.10, we can control the numerical range of a

product of k orthogonal projections.

Corollary 2.12. Let A = P,P,_, ... P, be a product of k orthogonal complex projections
C? — C?. Then W(A) CT)_,.
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Proof. We first observe a general fact. Let P: C* — C? be an orthogonal projection and let

Z e C% Let ¢ = £%. Then

1Pz
PzZ=q(q,z) = qq*z.
Now let Z be an arbitrary unit vector and let
PZPZ—l o Plz

q)' - =
’ HPz'Pz'—1---P1Z||

Iterating the fact stated above,

Y
>
ay
I
Yy
—
K
=N
S
SN~—
o)
‘T 1
—
=
L
SN~—
—
=1
=%

)2: <5= _)k><q)kaq’k—1> <§2,§1<§1,5>,

so W(A) CTy,,. O

In the appendix for this chapter, we use our characterization of P~(9I';, ) to charac-
terize the pairs (A, Z) such that 2*AZ € oI, ;.
We next convert the numerical range estimate into a uniform bound for |A™ (I — A)].

By [29], there is a constant @ < 1+ V2 such that every polynomial p satisfies

Ip(A)] <@ sup [p(2)]-
zeW(A)

For a product A: C™ — C" of k complex projections, we apply this inequality with the
numerical range bound above and with p(z) = 2" (1 — z). We show the calculation in the

appendix.
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Lemma 2.13.

k(4
sup [27(1 = 2) < - (5 + 0 s (1))

2T, m \ em?
A more precise version of this bound in which % can be improved in terms of % will
be given in the appendix.
Combining this with Crouzeix’s inequality gives Lemma 2.6, which we restate below more

precisely, and hence Theorem 2.4.

Lemma 2.6. For any linear map A: C™ — C" expressible as a product of k£ complex
projections,

A (1= A < - (S5 + 0D @

m \em

where () is the constant of Crouzeix’s inequality as presented above.

2.4.1 Real projections

The projections arising in the forgetting problem are real, so one may ask whether all points
in our numerical range bound can be realized using real projection.

The appendix for this chapter shows that they all can, in fact using only real orthogonal
projections R* — R*. These projections also realize the induced asymptotic bound on
[A™ — A™+L|. There is nevertheless additional structure at the boundary. Any real or
complex collection of orthogonal projections whose product has a numerical-range point
on OI', admits an orthogonal decomposition U @ V into subspaces invariant under every
projection, with ||A™%| — |A™ 14| decaying rapidly on U. Therefore, any indecomposable

such sequence must have quickly decaying forgetting.
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2.5 Appendix for Cyclic Forgetting

2.5.1 A geometric interpretation of the forgetting bound in [41]

[41] gave an algebraic proof of the bound

We give a geometric interpretation of the proof.

Recall that Fg(mT) is at most the average squared distance from w,,,p to Py, Py, ..., Py,
and w,,p is on Pp. The past iterates w,,p 1, Wi, - Wy (r—1) e on Py, Pp_q,
respectively, so the distance from w,, to P, is at most |w,,,; — W,,7,|. The point will be
that if |w,]? does not decrease much from ¢t = mT to t = (m + 1)T, then @, cannot move
much along its path from ¢ = mT to t = (m + 1)T.

Let dy := W, — @y 4. Then ||y, — Wi < dpp + dppyr + -+ dipp g1

As w,,, is a projection of @, onto a subspace, di = [w,]* — [W,1]?, so |@,,r|* —

@iy = dir + A2y + -+ d(2m+1)T71'

1 T-1 ([t 2
Fg(mT T2y o4 . . . .
__Fs(mT) > < L ZHT@*QO ) . While we could now optimize this quadratic form
10y 2= (4 1yl Yo ot

precisely, we opt for a simpler bound, deferring a more precise approach to section 2.5.3

t 2 . .
:<Zs:0 me+s) = ”(me+5)§:1”%1 S t”(meJrs)l;:l”%? (Wlth equahty when all me+s are

equal).
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Our bound becomes

2

T Z (ZS 0 me-i—s) < % Zt Z mT+s
T—1 — T 1
Zt 0 d'rQnT-‘rt Zt 0 d'?nT-‘rt
T—1
T ZS 0 Z td?27’lT+S
T—1
Zt 0 d127’LT+t
T—1
T Zs =0 Z tme-i—s
T—1

T—-1

2

2.5.2 A tighter normalization

Suppose we did not normalize max, | X,| = 1. Then each loss would be scaled by ||.X,||. The
argument in the previous section applies directly with an additional factor of %F Z;‘F: . 1 X
so we can replace the normalizing of max, | X, =1 with }°._ +1X,|| = 1 without affecting

the results.

2.5.3 Optimizing the quadratic form more precisely

[41] observed that one could improve the bound on forgetting in terms of sup A |A™ 1403 —

| A™7i|)2 by a factor of 2 (compared to the bound above in terms of | A2 — | A™ 4|3 (with
a different exponent) for the specific A,4 = w0, in our forgetting) by using that w,,, can
be shown to be even closer to the latter half of the planes Py, Py 5, ... by considering its
distance to w,,_1,W,,7_o, ... and instead choosing A to be the update map shifted by half

the iterates, and choosing 4 to be W (up to a floor or ceiling). Applying a similar analysis

2

gives the factor of 2.

But it is possible to improve by more than a factor of 2 by computing the optimizer of the

ratio of the quadratic forms: The relevant quantity to bound can now be expressed as 6;%6

for a block matrix @ split along the middle, so it’s enough to optimize a single block which
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is half the length of the full matrix. This is optimized by computing the largest eigenvalue
of @, which can be computed by looking at the characteristic polynomial of its inverse to
gain another factor of 2 (asymptotically).

This analysis can be combined with removing the normalization of the X,, in which case
Q@ depends on || X,| but the same procedure would work as long as you can compute the

eigenvalues of ().

2.5.4 Proof of Lemma 2.9

We start with the following simple fact that we will use below.

Proposition 2.14. Let z,y € C be such that {yx +7y|y € C} consists of real multiples of

some fixed complex number. Then |z| = |y|.

Proof. If x +y = 0 then we are done. Otherwise % € R. So

ir—iy  —iT 41y
t4+y  THY

bl

which rearranges to |z| = |y|. O

Now prove Lemma 2.9.

Proof. For Z € C? let V,,.zP denote the directional derivative of P as the mth coordinate

is varied in the Zz direction. That is,

. . .1 . . . . . .
vazP(vo, vy U q) = 1151_r)r(1)¥ (P(Ugy vy U,y + 12,00, Up_q) — Py oo s Upqp)) -

A direct computation shows
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Here, and throughout the rest of the argument, indices are treated mod k. The only case
where a denominator can be zero is if P(%,...,9,_;) = 0. For k > 3, we will see that 0 does
not lie on the outer boundary of I';,, so we may ignore this case.

Each @, along with its scalar multiples, lies in the tangent space of the unit sphere at

Up,- So if (¥, ..., Uj_1) is a boundary point, then the directional derivatives V,, 51 must
all be parallel as m varies over {1, ..., k} and v varies over the unit circle. Hence for any
fixed m,
{7<:m—1’1_j7ln> +7<727Ln772m+1> = C}
(Un-1:0m) (Vs V1)

consists of real multiples of some fixed complex number. By Proposition 2.14 along with the

Pythagorean theorem,

<ﬁm—1 ) 6an>
v U

( m)

2 N —
1 B B

(s Ts) >

1— ’<6m—17ﬁm>|2 -
’<6m—17ram>‘2

m—1»

50 ’<6m717ﬁm>‘ = ‘<6m76m+1>’ for all m.

Replacing 9, by ¢,,7,,, for any choices of |¢,,| = 1, leaves P unchanged while mul-

tiplying the adjacent inner product (v,, ;,7,,) by ¢,, 10,,- We may choose these phases
to make all resulting adjacent inner products agree. Indeed, after identifying unit com-
plex numbers with their arguments modulo 2w, this is a linear statement: The vectors

€y — €1,€ — Egy..., €, — €, € RF span the subspace of vectors whose coordinates sum to

zero, so by varying the ¢,,, the list

{gbmflqu <'l_))m717 6m> ’:nzl

can be set to be any list of complex numbers of norm « with product P(v,...,0;_1). In
particular, we can make this list constant.

Thus any boundary point is achieved by a sequence (%, ..., 7)) with (v,,,7,,,1) = «

for a single a € C, so for the remainder of this proof, we assume (¥, ...,9;_;) is a critical
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point with this property.

Set

SO
(6
P(,UO7 777k71)

vm,ﬁinp(aoa 76k71) = <6m71 _E)

Again using that the derivatives are parallel at a critical point,

(BO _5_1)7 (51 _ﬁ_2>7 ) (ﬁk—l _B_O> S {)\Z‘)\ € R} = gz

=1—a? soall 3,,’s have

for some z € C of unit norm. By the Pythagorean theorem, |3,, |?

the same norm. This implies that either (i) 8,, , and —f, are reflections about £_, or (ii)
6m—1 = ﬁm'

If (ii) holds for some m, then

o
P<6O7 76k—1>

Voot P(0gs ey Ug_1) = (iB,_1 + iBy) = 20 1.

So as long as the f3’s are nonzero, 2if3,, ; must be a real multiple of z (because

L P(By, o, By ) = — B
P gy ok B0 s Bet) = By = Bra)

all lie on ¢,). This means that z is perpendicular to ,, ;. When g,, ; = 3,, this implies

that —f,, is the reflection of 5, ; over £,. So condition (i) continues to hold in this case

m
(and it holds trivially if the 8’s are 0).

Thus we may assume (i) holds for all m. Then f,, is the image of 3,,_; under a reflection
about £, composed with a reflection about the imaginary axis. The composition of these

reflections is a rotation about the origin, so there is some w € C with |w| = 1 with §,, =

w™ B, for all m, and also B, = B;, = wFB,. So either w is a (not necessarily primitive) kth
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root of unity or 3, = --- = B;,_; = 0. Either way, one can write 3,, = w3, where w is a kth

root of unity. O]

2.5.5 Any (possibly inconsistent) cyclic sequence of T tasks con-

verges to a cycle of length T

Recall that the direction of an affine subspace is the vector space spanned by any two vectors
in that subspace.

The claim is equivalent to the following by setting w to be w; ,r and cycling Py, ..., Py
so that Py, comes first. (Or alternatively, by setting w = w, and using that the claim is

preserved under applying any affine map.)

Proposition 2.15. Let P, P,,..., Pr be affine subspaces of R%, and let @ € R Let
M : R4 — R? be the affine map given by the composition of orthogonal projections onto
Py, P,, ..., Py in that order. Then w, M, M>w ... converges to a fixed point of M, either

linearly or after a finite number of iterations.

Proof. We first show that the restriction of M to the affine hull A of w, Mw, M?w... is a
strict contraction.

Indeed, the only projections that do not decrease ||M**1i& — M¥w|| are those onto affine
subspaces whose direction contains M**1@w — MP"w, but any sequence of such projections
sends M*® to points in the affine subspace orthogonal to A through M¥w, so it is not
possible that all the projections P;, P, 4, ... are parallel to this vector or else it would be
impossible for their composition to send M*w to M**1w).

Next, the sequence @, M, M2 are the partial sums of @ + (M@ — @) + M (M — ) +
M?(Mw — @) + ... and |M*(Mw — )| is at most |(Mw — @) times the operator norm of

the linear part of M| , to the power k. This operator norm is strictly less than 1, as it’s a

strict contraction, so the series converges linearly or faster.
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To get the lower bound, apply the same argument to the eventual affine hull (the intersec-
tion of all affine hulls of subsequences obtained by ignoring a prefix), on which M must act
invertibly. If it’s only one point, then it must have converged after a finite number of steps;

Otherwise, the invertibility of M implies that the smallest singular value is positive. [

This convergence implies that the forgetting converges to some positive value along each
subsequence w;, w; 7, W; o7, ..., but it doesn’t necessary converge for the whole sequence:
Consider three lines bounding a right triangle. The cycle will include both the right-angle
vertex and a point on the hypotenuse, and the forgetting at the point on the hypotenuse is

strictly larger than the forgetting at the vertex.

Proposition 2.16. Using the notation of the previous proposition, let w, ; and w, 5 be
fixed points of M. Then w, , —w, ; is contained in the direction of each P;. In other words,
letting D be the intersections of the directions for the P;, the fixed points are w, ; + D.

In particular, if P := ﬂz P, #+ 0, then all fixed points of M are in P.

Proof. |M(w, o—w, )| = |w, s —w, 1], but all projections that do not decrease |w, 5 —w, 4|
contain w, o — w, ; in their direction.
In particular, if P = (), then any point w, € P is a fixed point, so all fixed points of P

can be expressed as w, + d where d is in the direction of all the P;, so w, +d € P. [

2.5.6 Proof of Lemma 2.13

The following lemma gives a bound that depends on %, from which Lemma 2.13 will follow.

Lemma 2.17. Define S : [0, 1] — [§,00) by S(t) := % (which is strictly monotonically

decreasing). Then

sup |2™(1 —2)| <
zel'y,
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where the little-o terms are uniform in m.

Proof. We parameterize the boundary of I';, . ; by ((1 —1) + te’F* )k as ¢ ranges from 0 to 1

By the maximum principle, sup |(1 — 2)2™] is attained for some value of t.

z€ly

The first factor 1 — z becomes

lim [1— (1 1) + te F)¥ = |1 = lim (1 — ) + e )]

k—o0 k—oo
= [1= lim (%)

k—oo

— ‘1 - 627rit|

= 2|sin(7t)|

uniformly in ¢.
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The second factor z™ becomes

(1= t) + e’ )k)m|

2mi |km

=|(1—t) +te*

-1+ tcos(2]:))2 e sin(—))2) N

(1—)+ )2 —2(1 —b)t(1 —cos(%”))>2

kEm

(«
(1—1& +2 1—t)tcos(2k )+t2)
(«
(

1—2(1—1t)t l—cos(2?7r))>2

= 1-2(1—t)t( ’“2 +O(l<:4)))>
kTm
1
()
((2(1—t)t)(27r2+0(k*2)))
2 o (2(1-t)t) (272 +0(k2))
1 (2(1—t)t)(272+0(k—2))
((2(1—t)t)(27r2+0(k*2))>

272
where the O(k™2) term is —k?(cos(22) — 1+ (72) ) in all occurrences.

Letting o := 7, this is

(6_1 . Ok_wo<1>>a((1—t)t)(27r2+0(k*2)) .

k
Furthermore, (1 —2(1 — ¢)t(1 — cos(2Z)))? is increasing in k for k sufficient large k.

(indeed, the derivative of its log with respect to k is

27m - (1 — ¢) ¢sin (37) +mln(1—2(1—t)t~(1—(:08(2%)))
(1—2(1—t)t-(1—cos(3F)))k 2

which is positive for large k (the first addend is positive and the second is negative for large
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k; The limit of the ratio is -2 uniformly in ¢ € [0, %] as k — oo so the first term is larger

than the second.)) So the limit is from below. That is, the second factor is

«

(67((177:)75)(2772) — 0k—>oo (1))

where the little-o is positive.

Putting the two factors together, letting q(z) = 2™F(1 — 2¥),

lq(1 —t+te’F)

= (e (=00 o, (1)) 2lsin(rt)]

— (e—((l—t)t)(27r2) _ Okﬁm(l)f 2 sin(rt)

uniformly on ¢ € [0,1]. As the little-o is positive, the limit as k — oo is also uniform in m.
For any fixed «, the maximum is attained either at an endpoint or where the derivative
with respect to t is 0. By symmetry about %, it suffices to bound this for ¢ € [0, %]

The derivative is
e ((1-D27) (cos(mt) — 2ma(1 — 2t) sin(mt)),

which, for ¢ € (0, %), has the same sign as

cot(mt)
o (1 — 2t)
A % is decreasing in ¢ (its derivative has the same sign as 27t + sin(27t) — 7, so

letting s = 2nt, this is s + sin(s) — 7 which is increasing in s), e~ (=D gin(7t) is
ot(t)
( —21)
ot(mt)

increasing in ¢ from 0 until 5 = «, and after this it is decreasing in t. In particular,

if there is no ¢ such that ( 2) = « (or equivalently, a < ming Jootlmt) - i), then

0,%] 2n(1—2¢)

o
argmax, e~ (=0T 9 gin (nt) = O
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We now prove Lemma 2.13, that

k[ 4
sup 27(1= )] < 5 (5 4 0 elD)).

zel'y,

Proof. If k < 4m then the maximum of the limit as k, m — oo with « fixed is attained at a

point where 2 = o = cot(mt)

k Fr(ian- Plugging this in gives

, wi T cotlmt) (g 2y cot(7t)
1 1t 4 teF )M _ ot (=027 g ) oy COUTE)
which is bounded by
) < o (1= (27%) g sin(7t) cot(rrt) !
er 2m(1 —2t) ~ 9,2

where equality is attained for the first inequality at ¢ = 0 (which corresponds to a = )

and for the second at t = % (which corresponds to o = i)

2

Ifm> % then the maximum is attained at ¢t = %, giving the value 2e~ 2. Since

=3

=1

2
m = 4
2——e7 7 < 20

k em

the claim follows. O

2.5.7 Reducing to w =1 via quaternions

We rewrite the arguments that reduce our problem to solving the equation when w = 1
(possibly replacing k with 2k) purely in terms of quaternions.

For k odd, then for any solution to

1= (o + BuwF g (e + BuwF2)) .. (a + Buwy),
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it holds that

1= ((ag) + (BG) (G 2w) ) ((ae) + (BG) (G 2w)* 1) ... () + (BC) (G *w) ).

For k even, the original proof could be translated directly into quaternions, but we find

the following slightly modified version cleaner: For any solution to
1= (a+ Bu*1j) (o + B %)) .. (o + Bu’j),

it holds that

((@Car) + (Blar) (Cow) ) ((Car) + (BCa) (Cofw) ™ 15) o (o) + (BCar) (Gifw) %)

=5 = +1.

Therefore the square of the left hand side is 1.
The whole problem has a simple expression in terms of quaternions: letting €(a + bi +
cj+ dk) = a+ bi be the complex part and $(a + bi + cj+ dk) = ¢+ di be the “quaternionic

part”, the desired range is the same as the range of Hfr:o Cp,. subject to the constraint

m
k—1 . . .. . _ p+ipi
I, Pm =1 (An equivalent definition is &(p) = 255
Indeed, the inner product (p,q) where p,q € H is €¢ 'p, so letting our sequence of
vectors be py, poP1, PoP1P2s -+ > PoP1 --- Pk for p,,, € H gives the claim.

The constraint that all inner products are equal becomes the constraint that €p,, is the

same for all m.

2.5.8 The range of P includes the interior

To directly show that the range of P : (C?)¥ — C includes the interior, we inductively (in

k) give a geometric description of the range. For clarity, we let P, denote the version of P
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with domain (C?2)*.
The range of P, is {1}.
For any k € Z-, any point in the range of P, ; can be obtained by picking a number

p € T', taking a sequence (ag, by), (aq,b1), -, (ay_q1,b,_1) € C% with

Pk((CLOabO)? (alabl)a () (ak:fhbkfl)) =D,

and adding a point (ay,b;,) to the end of the sequence.

Fix any sequence (ag,by),(as,by),...,(ay 1,05 1) € C?. The set of possible ratios

Pk+l((a7n7b7n)§n:0) — <(a’k717bk71)7(ak7bk)><(ak7bk>7(a07b0)>
Pk((amabm)lfrjzlo) <(ak—17bk71)7(a07b0)>

depends only on ((ay, by), (ag_1,br_1))-

This range is the union of circles centered at each point in [0, 1], where the radii vary like
an ellipse, as a rescaled version of R(x) = V1 — 22 , and the center gives the new squared
inner product with (ag, by).

By using a unitary transformation sending (as,b,;) to (1,0), every such point can be
expressed in 2 ways (up to multiplicity). These two coordinates form the new squared inner
product magnitudes.

To show that this set is contractible, we show that its intersection with any line with
fixed real part is contractible and show that applying the contraction to each intersection

gives a line segment. More generally, we use the following lemma and corollary:

Lemma 2.18. Let {f;};c; ,{f;}er, be families of (not necessarily continuous) partial
functions R" — R where f; <0, f; > 0. Assume these families are connected under the
norm | f—gl| =sup__g.|fo(z)—go(z)| where hy denotes the extension of the partial function

h to all of R™ by 0.

Let Do = U, D(fi)s D=0 = U,

el D(f;) where D(f) denotes the domain of defini-
>0

tion of f, and let D = D_qU D.

Define ng,sup : DSO - R by ng,sup(x> ‘= Sup i€l g f(I) and fZO,inf : D/ZO — R by
z€D(f;)
fzo,inf(ﬂf) := Inf j€lsg f(z).
zeD(f;)
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Then the region bounded (including extrema for each x) by I'(f<g qup) U T'(fs0.ime(7))
where T'(f) denotes the graph of f in R"™! (which may have multiple components) can be

expressed as

Dx{@u((Wﬂaw:xeDUmﬁu»Sysm>

i€l g

Je€l>g
Let X = (U, D)) U (Uyep, T(E)).
Let 7 : R — R”™ denote projection away from the last coordinate. If J<0,sup and

f=0.mi(®) are continuous and m(X_y C Dy, m(X>, C Dy, then X deformation retracts to

G := ( U sup{f;(x):i € ]<0}) U ( U inf{f;(x):j€ I>0}> )

z€D_, z€Dsq
A deformation retract is given by linearly decreasing the magnitude of the last coordinate.

Proof. The first claim factors over R™, so it suffices to prove this claim when D is a single
point, in which case it is trivial.

For the second claim, by the connectedness of each family, their images on a single value
of x are connected with constant sign, so the proposed deformation retract is well-defined.

By the continuity of fq ., and fsg ¢, the proposed deformation retract is continuous. [

We leave finding the correct generalization when f_q g, and fsq ;.¢(z) are discontinuous

to the interested reader.

Corollary 2.19. Let D ¢ R™ C R™"! be compact and connected, where the embedding
sends the last coordinate to 0. Let R : D — R be continuous.
Let X = Ume b SRz (z) where S, (z) denotes the sphere of radius r centered at z.

Letting P,.; : R"™ — R" be the projection sending the last coordinate to 0, define
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Guin * P (X) = Ry by G, (2) :== min{y € Ryy ¢ (v,y) € X}, where the mini-

mum exists because D is closed. Similarly define G, : P,,1(X) — Ryq be defined by
Gax (z) == max{y € Ry : (z,y) € X}. Then:

LX=U iy ol9) Guin () < 1y] < G ()}

2. X deformation retracts to Umep (X){(x,y) : G () = |yl }

n+1

3. The region bounded by this surface, J _, (X){(x, Y) : G () < |yl}, is

reD

In particular, if R(x) is ever 0, then X deformation retracts to P, ;(X).

In this case, if D is convex, then X is contractible.

Proof. Because D is closed, X = X. Then the lemma gives the three enumerated items.
For what remains, it suffices to find a deformation retract from X to D. It is given by
sending every point in X' \ D in the direction towards the nearest point in D, which is unique

because D is convex. O

One can generalize to higher dimensional spheres (in which case the dimension of the
codomain also increases) by working on each copy of R"*! containing R” independently. A
similar generalization applies to the lemma.

In our case, we can find the range by doing a calculation on each vertical line. Al-
ternatively, if the radius at ¢ is given by R(t) a (not necessarily strict) superset of the
boundary is the union of the circles at each endpoint plus the curve parameterized by
(¢,0) + R(t)(—R'(t),++/1 — R’(t)?) where t ranges over the line segment (this curve pa-
rameterizes, for each ¢ in the interior of the interval where |R’(t)| < 1, the unique point
accessible from that point and not any nearby points. If |[R’(¢)| > 1, then no such points

exist.).
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This range forms an ellipse % + 3{—22 = 1 with foci at (0,0) and (1,0) by working one
vertical line at a time.

The condition that all consecutive inner products are equal corresponds to the condition
that the extremal points all come from the same point twice in each step of the geometric
construction.

One gets another constraint because any two ellipses constructed in the above way passing
through a specified point have different directions of tangency at that point, so the inner
products ((@,,, by, )s (Api2,bymio)) must also be equal in magnitude.

m?’-m

2.5.9 Optimizing sequences for P are coplanar

Proposition 2.20. Any sequence of unit vectors vy, vy,...,v,_; € C™ with the property

that P(vg, vy, ...,0,_1) € O, must be coplanar (i.e., lie on a complex plane).

Proof. We may assume k > 3, because any 2 vectors are coplanar.

We prove the contrapositive: If vy, v;,v,,...,v,_; are not coplanar, then we will show
P(vy,vq,0q,...,0;,_4) is in the interior of I';.

As Iy, is radial and OT'j, is continuous (as a function of the complex argument), it suffices
to show that there exists a sequence of k vectors whose image under P has the same argument
but a larger magnitude.

As 0 is in the interior of I';,, we may assume none of the v; are 0.

Assume without loss of generality that vy, v,, vy are not coplanar. Let v} denote the

projection of v; onto the plane spanned by v, v,. Then

/
v
P(UO7 ||U/1”av23"'akal> 1

P(”Ovvlav%”'?kal) B ”U/IH2

€R.,.
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2.5.10 Products of projections with numerical range intersecting

ar,
As shown in the proof of Theorem 2.10, any sequence of unit vectors vy, v;,...,v,_; € H
realizing P(vy,...,v),_;) € O, must be obtainable from a sequence vy, vou, vyu?, ... , vou*=1

(where wu is a quaternionic kth root of unity) by multiplying each vector by a complex unit.

The interpretation in the sense of projections is that, if v, realizes OT';, then the sequence
of projections must send vy to the sequence of vectors formed by projecting onto vyu, vyu?, ...
in that order (multiplying by a complex unit does not change the line we project onto at
each step). Up to a unitary transformation, we may take vy = 1.

Writing u = a + bt with a,b € C, by direct computation, the sequence of projections is

1, au, a®u?, ....

Combining this with the result from the previous section that any sequence of vectors
optimizing P must be coplanar, we get that if A = P, P,_, ... P, is a project of k projections
on C% with W(A) N Ty, # 0, then for any vector v, € C? with vjAv, € I, the
vectors PP, ;... P,v, must all be coplanar, and furthermore there must exist a unitary

transformation H — C? such that the sequence of projections is the image of 1,au, @?u?, ....

2.5.11 Real projections

We can directly show that any product A of k real projections whose numerical contains a
point in OI', must be decomposable into a direct sum U @ V' of subspaces, invariant under

each projection, such that |A™|? — [|A™*14|? is small for all .

Proposition 2.21. If P,,...,P;: R® — R"™ are orthogonal projections satisfying v &
W(P,...P;) for some v € OI';,,, then there is an < 4-dimensional subspace V' C R"

invariant under each P; such that v € W(P[y, ... PiT,).
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Proof. As we show in the appendix for this chapter, if Py,...,P;: C" — C™ are complex
projections and v € C™ such that v =v* P, ... Pjv € 0I'y, then v, Pjv, ..., P} ... Pjv must lie
in a complex plane. Combining this with the above equality case gives that there must exist
an isometry of complex vector spaces f : H — C" such that the action of the projections on
the image corresponds to an equality case.

In particular, if P, ..., P, are real projections, then the span of the real parts of the
image of f is invariant under all P,, is < 4-dimensional, and the numerical range of the

restriction to this span also contains ~y. [

To get the orthogonal decomposition, the orthogonal complement of any subspace invari-
ant under all projections is invariant under all projections. The reason is that this is true for
each projection individually (i.e., for any orthogonal projection, the orthogonal complement
of any invariant subspace is invariant).

Taking the invariant subspace from the proposition, we get that there is an invariant
subspace where the projections act as described in the previous section. But the norms of
these vectors decay geometrically, and therefore cannot do asymptotically better than the
lower bound given by [41], and furthermore any collection of projections that does better
can be done without having numerical range of the product intersect 0I';, by removing all

orthogonal summands of this form.

2.5.12 Existence of real realizations

Despite the previous section, one may independently wonder whether the bound on the
numerical range can be improved by restricting to real projections, thus improving our
forgetting bound. The answer is that it cannot: Real projections can have product with a
numerical range including any point of 0T';..

This is not immediate from our complex construction: Though any product of complex

projections C¢ — C¢ can be interpreted as a product of real projections R?¢ — R?¢, the
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numerical ranges of these two interpretations are different in general.
We will show that, for any unit quaternion u = a4 5 € H (with o, 8 € C), there exists

a sequence of vectors u, g, 1, 5 € C*, such that:

1. The unitary map of complex vector spaces ® : H — C* sending u” = 1 = ug g3 +iu; 5
and u! u; o + iUy 5 sends u” = u,, i3 +iu,, 5. (If =0 then @ is not determined

by the ®(u°) and ®(ul), but ®(u™) always is.)

2. The real projection onto Span(u,, g, 1, 5) (complexified to a map C* — C*) sends
d(a"” tu"1) to ®(@"u™) (equivalently, it sends the real (resp. imaginary) part to the

real (resp. imaginary) part).

The second condition is equivalent to saying that the real projection onto Span(u, i, u,, 5)

sends ®(u""1) to ®(aum).

Let
1 0
. 1 0 Ak
Up o, + 1o 5 = /2 . 1 .
0 0
and
|of? 0
_ . 1 0 . o
o (111,9% + Zulyj) = E ’a’2 — ‘a’4 +1 .
0 of? — |af*

As all powers of u are real linear combinations of 1 and u (via the recurrence relation

u? = —1+ (29Ru)u, which holds for any unit quaternion), the first property above determines

un,iR? un,ﬁ‘

We next check that there exists a unitary map & is unitary. Indeed, all we need to check
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is that

a = (Ug gy +iUg 5, Uy 4 + iUy 5),

or equivalently

‘Oé|2 = a0 = <U.07m + iuo’j7a(u1,m + iulvj)>

which is true.

Finally, we check the second property. This is invariant under (real) rotations.

Definition 2.22. Two unit vectors 1,u € C* are compatible with respect to a € C if

both of the following hold:

e The complex projection of 1 onto u is au, and is a real projection

2

« The complex projection of @u onto u? is @*u?, and is a real projection.

Two vectors being compatible means that 1,u, u? (with the last defined by the recurrence
relation) doesn’t violate the second condition (though u?, ... might).

The property of two vectors being compatible is invariant under rotations of R* and
multiplication by any complex unit (where both vectors must be multiplied by the same
complex unit).

As before, in the second condition we may replace au with u, u? with any complex
multiple of u?, and @?u? with au?.

Write 1 =au+V, so

RV,TV L Ru,Ju

(not respectively: All four pairs are orthogonal. Indeed, because the complex projection of
1 onto @u is a real projection, the real and imaginary parts of V must be orthogonal to the

plane spanned by Ru, Ju.) Then

u? = —-1+2Rau=(2Ra—a)ju—V=au—-V
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au? = |a]?u—aV.

So the second condition in the definition of compatibility is equivalent to the complex pro-
jection of u onto |a|?u — @V being |a|?u — @V and being a real projection.

So the condition is that there is a real projection sending RRu to |a|*Ru — R(aV) and
Ju to |a|?TJu—J(aV).

As RV, TV 1 Ru,Ju, there exists such a real projection if and only if both of the

following hold:
« R(aV) LI(@V), or equivalently RV L JV. This is true by construction.
o |R@V)]? =1—|a|?/Ru|? and |T(@V)]? =1 — |a|?|Tul? .

(Indeed, being of the right length means there exists a real projection sending Ru to R(au?);
Conditional on this, the possible projections of Ju are the sphere with a diameter formed
by its projection onto the projection of Siu (which is 0 because everything is perpendicular)
and its projection onto the orthogonal complement of fRu.)

A sequence of vectors works if and only if all consecutive pairs except the last two are
compatible with @. For this, we need the real and imaginary components of everything to
be orthogonal, but we multiply by @ each time so the only way being orthogonal like this is
preserved is if @ is purely real or purely imaginary (which only corresponds to a nontrivial
point on the boundary if £ = 2) or if [9Ru| = |Ju|. The latter case uniquely determines the
projections.

The constructed realization also shows that the asymptotic supremum of ||A™ — A™ ||
is the same for real projections as for complex projections.

As an aside, this also implies that this can’t be obtained using projections onto subspaces
of codimension 1, because the real and imaginary parts of the u™ have to be orthogonal, and
that can’t be preserved under taking a projection onto a subspace of codimension 1 unless

one of the vectors is in the subspace.
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2.5.13 Remark on the task dependency on forgetting

One might also be interested in exploring the question of how task dependency affects forget-
ting in general. One way to capture the task dependency is through the Friedrichs number
or its like as they govern the geometric decay rate of residual errors and forgetting for a
fixed set of tasks. Specifically, if you consider any sequence of T number of fixed tasks,
their Friedrichs angle (for 7' = 2) and its extension, the Friedrichs number (for 7' > 2), are
always less than 1 [7, 12]. This causes the residual error to converge geometrically [12]. As
a result, the rate of forgetting also converges geometrically, and not inversely proportional
to the number of iterations, as suggested by our bounds or by Evrons’ [41] for worst-case

scenarios. We refer readers interested in such results to [12].

2.5.14 Forgetting vs. Regret

In our context (assuming consistent tasks), one could define the regret for a sequence of tasks

S at iteration n as

1 n
Rg(n) := n Z | X w, — v,
t=1

in contrast to the forgetting which was defined as

1 n
Fy(n) = - >~ |Xyw, —
t=1

While superficially similar, analyzing regret is quite different (and much simpler) than an-
alyzing forgetting in our setting. Indeed the regret over the first k iterations is simply the

sum of squares of the update distances. By iterating the Pythagorean Theorem, one can see

n n
SO IXw, =yl = w2+ w, — w2 = Jw, — wl? < 4w
t=1 t=1

since w, — w,_; is orthogonal to w, for ¢ > 1. This means Rg(n) < O(1/n), which is tight
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even if convergence occurs after a single iteration. (Meaning that w, satisfies all constraints.)
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Chapter 3

Greedy Orderings

This chapter is based on [122]. All figures in this chapter either come directly from or are

adapted versions of figures from that paper.

3.1 Introduction

Continual learning is a subfield of machine learning in which a learner is exposed to tasks or
datasets sequentially. In such setups, only a single task is fully accessible at any given time.
This models, for instance, computational limitations, data retention or privacy constraints,
or the temporal nature of the environment. Much of continual learning research focuses
on mitigating forgetting or improving transfer. The role of task ordering is not yet fully
understood.

Studying how task order affects learning and what characterizes optimal orderings has
both theoretical and practical relevance. Such study can suggest failure modes and suggest
a model of interplay between forgetting and transfer. It can also guide the design of environ-
ments and algorithms for continual learning. Furthermore, it can inform active control over
task sequences in settings that permit it (e.g., robotic environments), relating the problem

to continual learning, multitask learning, curriculum learning, and active learning.
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One can use the following high-level questions about task ordering as directions of study:

Can task ordering by itself mitigate forgetting, even under vanilla continual training?

o What constitutes an “optimal” task ordering?

Is it better to learn when adjacent tasks are similar or dissimilar?

Can greedy strategies systematically outperform random task orderings?

One direction in the continual learning literature is the design of task orderings informed
by task similarity. This idea appears in several earlier works, with varying degrees of empha-
sis and differing motivations [e.g., 55, 69, 76, 88, 89, 97, 108, 109]. Most closely related to
our work is Bell and Lawrence [17], who were among the first to explicitly and systematically
examine such orderings in continual learning. They hypothesized that optimal performance
would arise when adjacent tasks are similar. They empirically found the opposite—orderings
with dissimilar adjacent tasks led to better performance. More recently, Li and Hiratani [75]
reached a similar conclusion and further proposed arranging tasks from the least to the most
“typical”.

The above studies are either empirical [17, 88, 89], based on restrictive data assumptions
[75, 76], or focused solely on task-incremental settings [97], with some of their findings
appearing inconclusive or with no clear unification.

In this paper, we study one formalization of “similarity-guided” orderings through greedy
task selection.

Building on a projection-based perspective of continual learning [41, 42], we introduce
two greedy orderings—Maximum Distance and Maximum Residual-—commonly studied in
the Kaczmarz [90, 92] and projection methods literatures [2, 49].

In this paper, we describe some of the geometry of iterates under greedy orderings, as
illustrated in fig. 3.1. We then make some observations by experimenting on synthetic and

CIFAR-100 tasks and proving optimality results for high-rank tasks.
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Under general tasks, although without-replacement random orderings are known to con-
verge [11, 43], we show that single-pass greedy orderings may fail catastrophically. We further
prove that this drawback is resolved under greedy orderings with repetition, for which we es-
tablish a dimension-independent convergence bound. Finally, we introduce a hybrid scheme
combining greedy and random orderings.

We hope that the theoretical foundations—perspectives, tools, and findings—laid out
in this paper will inspire future work on task orderings and their potential to mitigate

catastrophic forgetting.

Summary of our contributions.

1. We give one formalization of similarity-guided orderings in continual linear regression
via greedy strategies, drawing on tools and intuitions from the Kaczmarz and projection

literature (section 3.3).

2. We run a few experiments in which greedy orderings converge faster than random
orderings, both on synthetic regression tasks and on CIFAR-100-based classification

tasks (section 3.4.1).
3. We prove optimality and convergence guarantees for high-rank tasks (section 3.4.2).

4. For general-rank data, we design adversarial task collections in which single-pass greedy
orderings provably induce catastrophic forgetting, i.e., yield an (1) loss even as T' —

oo (section 3.5.1).

5. In contrast, we prove an O(1/ \S/E) upper bound for greedy orderings with repetition

(section 3.5.2).

6. We combine greedy and random orderings into a hybrid strategy that inherits the
bounds of random orderings, avoiding catastrophic forgetting in expectation and per-

forming better than random in our experiments (section 3.5.3).

25



Task A
& solutions
Task B
solutions

Task C
solutions

Task D
solutions

(a) A greedy ordering with dissimilar (b) A greedy ordering with similar
adjacent tasks. adjacent tasks.

Figure 3.1: Intuition. Consider a collection of jointly-realizable linear regression tasks
(e.g., A,B,C,D). Each task has an affine solution space (e.g., where X,w =y, ), and w, is an
“offline” joint solution at the intersection of all tasks. Employing a projection perspective
on learning in continual models [41, 42|, transitions between dissimilar tasks (A—D—B—C)
intuitively lead to faster convergence toward the intersection compared to transitions between
similar tasks (A—B—C—D).

3.2 Setting and Background: Continual Linear Regres-
sion

We focus on continual linear regression, common in theoretical continual learning [e.g.,
8, 36, 41, 43, 46, 57, 76, 96]. This setting, though simple, already gives rise to several
continual learning phenomena, such as interactions between forgetting, task similarity, and

overparameterization [see 47].

Notation. We reserve bold symbols for matrices and vectors, e.g., X,w. We use |-| to
denote the Euclidean norm of vectors and the spectral (L2) norm of matrices. X* denotes
the Moore-Penrose pseudoinverse of a matrix. Finally, we denote [n] =1, ..., n.

Formally, the learner is given access to a task collection of T' linear regression tasks, i.e.,
(X1,¥1), -, Xp,y7) where X, € R*»*d y ¢ R We denote the data “radius” by
R= Max,, (7 |X,,, |- For k iterations, the learner sequentially learns the tasks according to

a task ordering 7 : [k] — [T].
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Scheme 3.1 (Continual linear regression (to convergence)).

Initialize wy =0,

For each iteration ¢t =1, ..., k: w, < Start from w, ; and minimize the current task’s

loss £,(;)(W) = ||XT(t)W — yT(t)”2 with (S)GD to convergence
Output w,

We assume throughout the paper that there exists at least one joint solutions that solves

all T tasks jointly with O loss. This assumption is common®

in many theoretical continual
learning papers and makes the analysis easier mathematically [e.g., 41-43, 47, 63, 119]. Joint
realizability also holds in some highly overparameterized settings, such as deep networks in

the neural tangent kernel (NTK) regime under certain interpolation conditions [see 27, 60].

Assumption 3.1 (Joint Linear Realizability of Training Data). Assume the intersection of

all task solution subspaces is non-empty, i.e.,

T T
w2 (w2 () {wer

m=1 m=1

X, W= ym} + 0.

We focus on the joint solution with the minimum norm, often linked to improved gener-

alization.

Definition 3.2 (Minimum-norm joint solution). Denote specifically

w, = argmin |w] .
weW,

LA different trend in continual learning theory is to assume an underlying linear model, like we do,
but allow additive label noise [e.g., 35, 46, 73, 74, 76, 138]. Such papers often add assumptions such as
commuting covariance matrices or i.i.d. features across tasks. However, if the covariance matrices commute,
then by definition the final iterate depends only on the set of tasks learnt, not their order. We do not study
study this alternative further in this paper.
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At times in this paper we will, without mention, translate our setting so that 0, is a
common solution, and in particular w, = 0,. In this case we also translate the initialization
away from 0.

We follow prior theoretical work [e.g., 36, 41-43, 47] and study the model’s ability to not
“forget” previously seen data, and accumulate expertise on the training data of all tasks.
This focus isolates continual dynamics from statistical generalization effects that also arise
in non-continual, stationary settings. That is, we do not study how well the final model

generalizes to tasks not provided in the original task list.

Definition 3.3 (Average loss). The (training) loss of an individual task m € [T] is defined
as £, (w) 2 |X, w—y,,|> The loss we analyze is the average across all T' tasks, which in

our realizable setting takes the following form:
1 1 1 1« 2
L(Wi) = R Zl’cm(wk) = WR T 21 X (Wi = W™

where we also normalize by the scaling factors |w,|| and R = max ||X,,,|.
* me[T] "

Such scaling factors are natural as rescaling the space or the data affects the geometry
of the iterates only by a dilation by the corresponding factor. For this normalization factor

to be defined, we assume |w*|, R # 0.

Remark 3.4 (Forgetting vs. loss). An alternative quantity considered in continual learning
[23, 41] is the forgetting, defined as the loss degradation at iteration k across previously seen
) 1 ~—k . 1 ~—k 2,
tasks only, ie., £ >0~ | (ﬁT(t)(Wk) — Lo (Wt>>, or simply as £ > | ”XT(t)Wk — yT(t)” in
our realizable setting. For single-pass orderings where each task is seen once, the forgetting
ultimately coincides with the average loss. For with-replacement settings, these do not agree,

and in that case we study the loss and not the forgetting.

One can also study the distance to w,.
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Definition 3.5 (Distance to the joint solution). After k iterations, the (squared) distance

is,

2
DQ(“’k) = \|w1*||2 lwy, — w7

This distance upper bounds the loss, as can be shown using simple norm inequalities.

Proposition 3.6 (Linking the quantities). After k iterations of Scheme 3.1 on jointly real-

izable tasks, the loss is upper bounded by the distance to the joint solution.

1 & 2 2
L(wy,) = Hw*lllzR2 ‘T Z I1X,,, (W, —w,)[” < ||W1*”2 lwy —w, |7 = D2<Wk) .
m=1

It is possible for this distance to remain large while the loss is small (but nonzero) even
if there is a unique solution, showing that converging to w, is not mandatory for continual
learning [41].

The distance from the final iterate to w, has clear dependence on the geometry of the
tasks beyond the number of iterations, such as its condition number [104]. Thus we focus

on the loss.

Geometric interpretation to learning. In each iteration of Scheme 3.1, the learner
minimizes the squared loss of the current task to convergence. > Each iterate w, of this

scheme above is known [41] to implicitly follow the following closed-form update rule,
w, =Xy + (T= X X)) Wi - (3.1)

In our realizable setting, this update rule admits a geometric interpretation.

2This simplifies the geometry and the analysis. Other choices exist as well, e.g., a fixed number of steps
per task [63, 72].
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Evron et al. [41] identified an orthogonal projection operator,

P, 21-X, X, R

m

which we use for analysis only (Scheme 3.1 never explicitly computes pseudoinverses or
SVDs).

Under the realizability assumption, y, ) = X, w,. We plug it into (3.1) and obtain:

Wi = X7 X We + (1= X, X)) Wiy

wy—w, =P (w,_, —w,). (3.2)

Wre-1)

Figure 3.2: Projection dynamics.

Geometrically, w,_; is projected by an affine projection onto the solution space of task
7(t). In our paper, we adopt this projection-based perspective, which has been used previ-

ously [41, 42], to build intuition about greedy orderings.

3.3 Greedy task orderings: A formal approach and in-
tuition

As discussed in section 3.1, the task order affects the dynamics of many machine learning

settings. This phenomenon has also been observed in continual learning, both analytically
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and empirically. Several works have proposed leveraging “similarity-guided” task orderings—
placing dissimilar tasks consecutively.
This section draws on connections between other research areas and our formalization of

greedy task orderings.

Geometric intuition. As illustrated in fig. 3.2, the projection perspective allows us to

decompose |w, — w, |* using projection properties and the Pythagorean theorem as:

2 2
[wi = w. " = Wy = wol” = [wy = W

(3.3)

2
= w1 =W, [" = [T =P (Wi — W)

2

So to try and minimize |w, — w,|*, one could greedily maximize H(I —Poy)(we —w,)
This has inspired a myriad of studies on Kaczmarz® and projection methods [e.g., 2, 19,
92] which employed ordering schemes that greedily maximize |w, ; —w,|?, in the following

spirit.

Definition 3.7 (Maximum Distance Ordering). Greedily maximize the distance between

iterates, i.e.,

2
np(t) =  argmax X7 (X, W, 1 —¥,)]
me[T\1yp(l:t—1)

= argmax  [(I-P,) (W, —w,)|"
me[T\myp(1:t—1)

at each iteration t € [T], where Typ(1:t—1) = {ryp(1), ..., 7yp(t —1)}.*

Our earlier fig. 3.1 illustrates the MD ordering and how it could lead to faster convergence

3The Kaczmarz method [40, 64], further explained in section 3.7, iteratively solves a linear system of
equations.
2
e 7 P 1 = Yl
In higher ranks, this rule is harder to compute exactly, but can be estimated, e.g., with a subsample of the
task.

4In practice, the MD rule is easy to compute for rank-1 tasks, since it reduces to
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to w,.

Distance and task similarity. One can heuristically model the distance between iterates
W (;—1) and Wy as positively correlated with the principal angles between these subspaces
[41]. These angles can be used to quantify task similarity, as illustrated in the setting of
section 3.4.2 and fig. 3.1.

An alternative greedy ordering found in the literature is the Maximum Residual ordering
le.g., 2, 48, 92, 136]. In some settings, this rule may be easier to compute in full, or to

estimate using a small validation set.

Definition 3.8 (Maximum Residual Ordering). Greedily select the task exhibiting the great-

est error:

rr(t) = argmax  |X,,w,, —y,[*, Vte[T].
me[TN\1yg(Ll:t—1)

The MD and MR orderings have the following relation:

X, =X, XX =X (I-P,),

m

and
2 2 2 2
X Wiy =Vl = 1% (Wi = W) < X P [T =P (W — W)™
Single-pass orderings. Although disallowing repetitions departs slightly from the moti-
vating literature on projection methods, it has been studied in continual learning [see 17, 75].

In curriculum or multitask learning, limiting tasks to a single pass can reduce training costs.

We defer the study of the effect of repetitions to section 3.5.2.
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Computational tractability of greedy policies. Naively computing the greedy rules
in definitions 3.7 and 3.8 has a higher computational cost than a random or cyclic rule.
Before continuing our investigation of these orderings, we briefly address their computational

feasibility.

1. Estimation: Greedy rules can often be estimated efficiently in practical scenarios.
For example, the maximum residual rule (definition 3.8) requires the current loss of
each available task. This quantity can be approximated using a small subset of sam-
ples or via dimensionality reduction techniques [e.g., see 39]. In section 3.9, we show
empirically that the maximum residual rule performs comparably to the maximum
distance rule, and that its performance remains unharmed even when approximated
using only 1% of the data. In deep networks, computing that rule requires only forward
passes and may reduce the number of gradient steps—thereby lowering overall time

and memory costs by limiting costly backward passes [58].

2. Heuristics: Our greedy rules rely on residuals to quantify the similarity between the
current task and the remaining ones. This approach is exemplified in fig. 3.1 and
(3.5) of section 3.4.2, and is related to principal angles between subspaces [see 41].
Alternatively, one could use heuristic notions of task similarity, such as predefined
[69] or computed metrics that use Hessians [17], zero-shot performance [75], or task

embeddings [1, 88].

3. Structured tasks: If each step updates relatively few residuals (e.g., in a Kaczmarz

setting with sparse columns and rows), only few residuals must be recomputed [92].

The “estimation” and “heuristic” considerations suggest that one may wish to generalize
our bounds to various notions of approximately greedy task orderings, which we leave to

future work.
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3.4 Benefits of greedy orderings

In this paper, the competitor to greedy strategies we select is the random strategy, uniformly
sampling tasks (rows or blocks in the Kaczmarz context) from the task collection [T'], either

with or without replacement. That is,
Tunit(1)s -+ Tunie(k) ~ Uniform([T]) (3.4)

or the without-replacement variant. As mentioned earlier, greedy strategies have previously
been studied for the Kaczmarz method [92, 93] and its block variants [83, 90, 129, 136, 137]
employing either deterministic [92] or probabilistic [13, 14, 116, 135] selection rules. Such
work often found better provable bounds on the distance to w, (definition 3.5) for greedy
orderings compared to random orderings.

In contrast, we study convergence of the loss (definition 3.3), as has also been studied in
the continual learning literature [e.g., 41, 42, 63, 119].

While loss is upper bounded by the distance to w, (proposition 3.6), the existing Kacz-

marz rates fall short in two ways:

(i) they rely on repeating rows/blocks and do not apply in the single-pass regime central

to continual learning

(ii) even when repetition is allowed, their rates depend on data eigenvalues, potentially
making them much slower than our data-independent ©(1/3/k) guarantee of theo-

rem 3.13.

In this section, we examine how well the advantages of greedy over random orderings

carry over to the loss in continual settings, first empirically and then analytically.
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3.4.1 Motivating experiments: Greedy outperforms random or-
dering

Here, we test different task ordering strategies on synthetic regression tasks and a more com-

plex classification setup: Using linear probing in a domain-incremental CIFAR-100 setting.’

Regression tasks: Random data. The feature matrices X, ..., Xy are drawn from a
Gaussian distribution. We compare the two “dissimilarity-maximizing” greedy strategies
(MD, MR) to the random ordering ((3.4)) and a complementary minimum distance strategy
(defined as in definition 3.7, replacing argmax with argmin). Full details, including more
combinations of task count T', dimension d, and rank r, as well as experiments on anisotropic

data, are provided in section 3.8.

Classification tasks: CIFAR-100. We randomly partition classes into continual binary
classification tasks, similarly to Li and Hiratani [75]. We train a linear probe on top of a
ResNet-20 embedder, pretrained on the original CIFAR-100 multiclass task [56, 68]. We
optimize the cross-entropy loss of each task while employing L2 regularization towards the
previous parameters [79]. We compare the performance to a ‘joint’ baseline, trained on all
tasks together (not continually). See section 3.9 for full details. There, we conduct further
experiments on continual CIFAR-100 tasks as before, but using embeddings pretrained on
(i) CIFAR-10 and (ii) CIFAR-100 with only half of the samples from each class (in this case,
continual learning is performed on tasks formed from the other half). We also examine more
computationally efficient greedy orderings, determined from only a fraction of the data—

down to 1% (5 samples per class in CIFAR-100).

5We provide a code snippet for the regression experiments in section 3.14. The code for the classification
experiments is accessible at https://github.com/matants/greedy_ordering.
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Figure 3.3: Task ordering comparison. Transitioning between dissimilar tasks consis-

tently outperforms random transitions, with Greedy MR and MD achieving comparable
performance.

3.4.2 Provable benefits for high-rank, “nearly determined” tasks

To further motivate greedy orderings, we analyze a simple setup where each task’s matrix
is of nearly full rank, i.e., rank(X,,) =d — 1, Vm € [T]. Even in such a setup, it has been

shown that arbitrary orderings of 7' — oo may lead to catastrophic forgetting and maximal

losses [41].
In this setup, each projector can be expressed as a rank-1 operator, ie., P, =1 —
_ : d :
XX, = v, v, for a unit vector v,, € R? that spans the solution space of task m.

Then, we can rewrite the Maximum Distance (definition 3.7) rule to explicitly maximize

dissimilarity between consecutive tasks, i.e.,

2
mvp(t) =  argmin (V;VT(t_1)> (3.5)
me[T\Typ (1:¢—1)

= argmax 0, 4 1, (3.6)
me[T\Typ(1:¢—1)

where we define v, o) = =11 see (3.7) in section 3.10.

[wo—w
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Optimality of greedy orderings in terms of distance to w,. Earlier in (3.3), we
motivated the MD ordering as greedily maximizing the decrease in |w, —w,|. Does this
guarantee a minimal distance |w; — w,| at the end of the sequence? Here, we prove that
the MD ordering yields a square-root approximation of the optimal distance at the end of

learning.’

Lemma 3.9 (Optimality guarantee when r = d—1). Let wM® and w7 be the iterates after
learning 7" jointly realizable tasks of rank d — 1 under the Maximum Distance ordering 7yp
and an optimal ordering 7, that leads to a minimal distance to the joint solution w,. Then,

their distances hold,

HW;MD _ W*H2 “W; B W*” A

0< Diwy) < DXwi™) 2 =0 < T w )

The full proofs for this section are given in Appendix 3.10.

What about the loss? The optimality of the distance does not imply optimality of the
average loss, as exemplified in fig. 3.7 in section 3.6. Instead, we now derive an upper bound

for the loss.

Lemma 3.10 (Loss bound when = d —1). Under the Maximum Distance greedy ordering
over T' jointly-realizable tasks of rank d—1, the loss of scheme 3.1 after T iterations is upper

bounded as,

1
L(wp) = ”W*HQRZ : Z D ym” < T

S0Qur optimality result is related to the optimal Hamiltonian path in a predefined similarity graph, as
studied in related work [17, 75]. Specifically, in this section’s high-rank case, similarity can be statically
defined as s,,, ,,,, = cos? (0m m’)- Then, the greedy MD ordering approximates the Hamiltonian path
T, that maximizes H;‘F:2 r(t=1), ¢) [see 45, 86]. However, under general-rank tasks, our greedy rules
(definitions 3.7 and 3.8) are computed online at each iteration and depend not only on the previous task

7(t—1) but also on the previous iterate w,_;. Consequently, these rules do not correspond to a Hamiltonian
path on any predefined graph.

67



This rate matches a recent O(d;r

) bound for random orderings without replacement
[43], whereas the best known rate for such orderings with general-rank tasks is O(1/v/T)
[11]. This raises the question: for general-rank tasks, can single-pass greedy orderings still
compete with random ones, or even outperform them, in worst-case analysis? Next, we show

that they cannot.

3.5 Failure modes in greedy orderings

Under random orderings, with or without replacement, Attia et al. [11] proved a universal,

dimensionality-independent rate of

WTUnif> < E

I]ZTUnif ( k - \/E .

We prove a clear separation in our setup: while single-pass greedy orderings can fail catas-
trophically, i.e., not decrease with the number of iterations k = T', greedy orderings with

repetition enjoy a bound of (9(1/%)

3.5.1 Greedy orderings can fail where random ones do not

We now present cases where the single-pass greedy ordering forgets catastrophically, i.e.,
suffers an (1) loss, even after fitting a collection of T' — oo tasks. Specifically, we present
an example in d = 3 dimensions where the loss does not diminish, and a construction in
d = T+ 1 dimensions that exploits dimensionality to yield larger forgetting. Full details and

proofs’ are given in Appendix 3.11.

Example 3.11 (Adversarial 3D construction). For all T € {4-10°—1]i=1,2,...,7},

"The proof of the d = T + 1-dimensional result has some known errors, but numerical evidence suggests
the claim is true and I find it plausible that a proof essentially following the lines given in the Appendix
works.
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there exists a task collection of jointly-realizable tasks in d = 3, such that
L(wPP), L(wiph) > 2.78 - 107°.

Theorem 3.12 (Greedy lower bound). For any d > 30, there exists an adversarial task
collection with T'= d — 1 jointly-realizable tasks (of different ranks) such that both greedy

orderings (MD, MR) forget catastrophically. That is, the loss at the end of the sequence is,

1_ 1
8  4d-

LwD), L(wpin) >
We demonstrate the behavior of an adversarial task collection using 7' = 999 tasks in
d = 1000 dimensions. Our constructed collection “tricks” the greedy orderings: slowly

increasing not only the loss on all tasks, but also the forgetting of previous tasks. The model

is thus unable to accumulate knowledge and practically forgets everything it learns.

0.125{ o= oon s s e s S S
0.1001
0.0751 Loss (all tasks
orgetting (seen tasks)

0.0501

=== | 0ss (all tasks)
0.025 === Forgetting (seen tasks)
0.0001

0 50 100
Seen tasks (%)

Figure 3.4: Learning an adversarial collection.

3.5.2 Single-pass vs. repetition in greedy orderings

So far, we have focused on single-pass greedy orderings, in which each task is learned exactly
once. These are conceptually related to without-replacement sampling and (re)shuffling
techniques in SGD and the Kaczmarz method, where repetition-free strategies often converge

faster than with-replacement sampling, both empirically [20, 93, 117] and in theory [18, 51,
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54, 61, 84; but see 33, 103]. We ask: Does the advantage of orderings without repetition
extend to greedy orderings?
Now, we show that repetition in greedy orderings avoids the failure mode of single-pass

ones.

Theorem 3.13 (Dimensionality-independent bound for greedy orderings with repetition).
Under a Maximum Distance greedy ordering with repetition (7yp_g ) over T jointly-realizable

TMD-R

tasks, the loss of scheme 3.1 after k > 2 iterations is upper bounded as £ (w, ) =
0(1/Vk).

section 3.12 provides the proof, a comparison to prior rates (table 3.1), and details for
the experiment below.

We evaluate the effect of repetition across orderings under random data. As in prior
work, random sampling without replacement outperforms with replacement. In contrast,
repetition benefits greedy orderings, likely due to larger updates and faster convergence to
w,. The slowdown in the single-pass case likely reflects the exhaustion of high dissimilarities.

Intuitively, repetition in random orderings exposes the learner to less data, while in

greedy selection it allows considering all tasks at each step.

2. _F}andjam, with repl.

"
.....
L]
]

0

0

9 ===+ Random, with repl.
1044 === Random, without repl.

- Greedy, single pass

Random, without repl.

Greedy, single pass

‘e

10724 ===+ Greedy, with repetition foe

Greedy, with repetition’ & ,
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Iterations (seen tasks incl. repetitions)

Figure 3.5: The effect of repetitions.
However, these findings do not always hold, as seen in our classification example (sec-

tion 3.9.5).
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3.5.3 Extension: Hybrid task orderings

To leverage both the fast empirical convergence of greedy orderings and the analytical con-
vergence guarantees of random ones, we introduce a “hybrid” strategy: begin with greedy
selection and switch to random once the decrements |w,_; — Wt||2 fall below a threshold.
Analytically, using a suitable threshold, we prove in lemma 3.24 that any bound for without-
replacement random orderings, e.g., (9(\#) [11], extends to our hybrid scheme, showing it
avoids the failure mode of section 3.5.1.

Empirically, the hybrid ordering performs better than random but worse than greedy.
This matches our intuition from eq. (3.3) and fig. 3.1: greedy selection takes larger “steps” (or
projections), particularly early on, when most tasks are still available. Once these projections
diminish, we switch to the random ordering, which-—unlike the greedy approach—cannot be
adversarially “tricked” into failure.

Further details and experiments appear in section 3.13.

10—2 J

10—3 J

Loss

= Random
107%{ wmmm Hybrid MD
= Greedy MD

Hybrid MD

Greedy MD
0 10 20 30 40 50
Seen tasks

Figure 3.6: Hybrid ordering experiment.

3.6 Discussion and related work

So far, we have studied greedy task orderings, demonstrating empirical and analytical ben-
efits of transitioning between dissimilar tasks. Here, we expand on connections and ideas

not yet fully covered to better situate our work within the existing literature. In section 3.7,
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we discuss further links to Kaczmarz methods, curriculum and active learning, coordinate

descent, and example selection in SGD.

Task orderings in continual learning theory. Continual learning theory often treats
task orderings as arbitrary. However, several analytical works [e.g., 22, 41-43, 63, 119]
show that certain orderings—typically cyclic or random—can mitigate forgetting (matching
empirical findings [71]). While some works downplay ordering effects—arguing they are
often minor—and defer their study to future work [111], others design continual learning
algorithms specifically for evolving sequences with very similar adjacent tasks [6]. We follow
a different line of work that studies how pairwise task similarities, or dissimilarities, influence
continual schemes.

A particularly relevant work by Bell and Lawrence [17] advocates pairwise task dissimilar-
ity as a guiding principle and was among the first to empirically investigate similarity-guided
task orderings. Tasks are represented as vertices in a complete graph, where edge weights
correspond to a predefined distance between tasks, and Hamiltonian paths represent full
task orderings. They hypothesized that a minimum-weight path (favoring similar tasks in
succession) would yield the best continual performance. Yet their experiments on simple
neural networks indicated the opposite: maximum-weight paths, placing dissimilar tasks ad-
jacently, often led to improved performance. Still, these results were not always statistically
significant (see their Figure 5)—motivating us to revisit similarity-guided task orderings from
a more analytical perspective.

Li and Hiratani [75] conduct a deeper investigation into similarity-guided task orderings,
obtaining more statistically robust empirical results. They likewise find that adjacent tasks
should be dissimilar, and further explore task “typicality” (discussed below). While deriv-
ing results for a linear regression model to support their empirical observations (on neural
networks), they rely on a restrictive analytical data model in which features are randomly

drawn from a simplified distribution across tasks. In contrast, our analysis accommodates
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arbitrary feature matrices, allowing richer and more realistic forms of task similarity. Like
Bell and Lawrence [17], their goal is to characterize optimal orderings in general, whereas
we formalize and analyze greedy orderings specifically, both as a practical strategy and as a
proxy for optimal ones.

Ruvolo and Eaton [107] propose an “information maximization” approach to task or-
dering, using a diversity-based heuristic related to our maximum residual strategy (defini-
tion 3.8). However, their complex model limits rigorous theoretical analysis of the kind we
provide.

Lin et al. [76] examine the role of task similarity and reach conclusions broadly aligned
with ours. While influential, their work differs from ours in several ways. First, their analy-
sis relies on a restrictive i.i.d. feature assumption across tasks. They also assume a distinct
teacher model per task, unlike our setting, where all tasks share a single overparameter-
ized model—as is common in modern deep learning. Consequently, their notion of task
similarity relies on teacher similarity, rather than more practical measures such as residu-
als (as in definition 3.8) or feature similarity. Although they note ordering effects in their
expressions and briefly support them with classification experiments, task ordering is not
their primary focus. In contrast, we offer a comprehensive treatment of similarity-guided
orderings specifically—providing formal definitions, geometric intuitions, greedy strategies,

optimality results, empirical validation, failure modes, and repetition analysis.

Can similarity-guided task orderings alone mitigate forgetting? Methods such as
replay, regularization, and parameter isolation are widely used to mitigate forgetting in con-
tinual learning [24, 31, 66, 72, 102, 106]. However, they depart somewhat from standard
(“vanilla”) deep learning practices that apply plain gradient methods to the (current) loss.
Both our work and prior studies show that even without such mechanisms, task ordering
alone can affect forgetting. For instance, randomizing the task order—with or without

replacement—can alleviate forgetting [11, 41, 43, 71]. In contrast, we show that single-pass
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greedy ordering can exacerbate forgetting (section 3.5.1), while allowing task repetitions mit-
igates this effect (section 3.5.2). Moreover, ordering strategies can be combined with other
approaches; for example, in our classification experiments we also employ regularization (sec-
tion 3.4.1). This underscores the importance of studying task ordering as a complementary
way to mitigate forgetting while potentially keeping continual learning closer to standard

deep learning practice.

Task typicality at the end of learning. Li and Hiratani [75] suggest that tasks should
be arranged from least to most “typical”. While we did not focus on this aspect of orderings,

our geometric interpretation can illustrate it.

A
W,
B
A'OWCC
- =D

Figure 3.7: Task typicality.

Our motivation was to minimize the distance |w, — w,||*, which upper bounds the loss
+ 22:1 IX,, (W, —w,)|>. However, this bound can be loose, and minimizing the dis-
tance does not guarantee the lowest loss. For example, in fig. 3.7, although |w, — w,|* =
|we — w,||?, the point wg is a better ending point than w,, inducing a lower loss (the arrows
represent the residuals). This happens because task C is more typical—i.e., more similar
to other tasks—than task A. The empirical advantage of greedy ordering may stem from
a tendency to postpone typical tasks, perhaps causing its benefits to emerge only in later

stages of training (see fig. 3.3).

74



Regret today or loss tomorrow? In section 3.3, we motivated the use of greedy orderings

to minimize the distance to the joint solution |w, —w,|*, which in turn upper-bounds the

average loss over all tasks: 7 Z;:: X (W, — w,)|?. This objective is related, but not

identical, to the notion of regret, which quantifies the loss along the optimization path on

consecutive tasks, i.e., %Zle HXT(t) (W, 1 —W,) ? From this definition and fig. 3.1, we
observe that regret—though also upper-bounded by the distances |w, ; — w,||>—can often
benefit from transitions between similar tasks rather than dissimilar ones. In other words, to
make accurate predictions during learning—e.g., in decision-making—transitioning between
similar tasks may be preferable. Conversely, to minimize average loss across tasks—e.g., in

curriculum or multitask learning—our findings suggest that transitioning between dissimilar

tasks is preferable.

Other continual setups. The majority of studies support our conclusion that sequential
task dissimilarity is beneficial [e.g., 17, 41, 76, 81, 88, 100, 107, 110]. Still, the specific contin-
ual setup can influence the behavior of task orderings. We consider a “domain-incremental”
setting: learning the same problem across different domains, i.e., P(X) changes but P(Y|X)
is fixed [70, 124]. Alternatively, “task-incremental” setups involve distinct tasks—possibly
with different P (Y| X)—with task identity known at both train and test time. There, prior
work [89, 97] trained a separate model per task and found that similarity-maximizing or-
derings prevail, seemingly contradicting our findings. However, in such scenarios, the focus
shifts from forgetting to inter-task transfer, benefiting from similar consecutive tasks (see
discussion on regret). Hence, their results complement ours.

Others have studied “class-incremental” learning (CIL), where each task introduces new
objects or classes, aiming for strong overall performance (e.g., in split benchmarks [118]).
While some CIL papers suggest that consecutive task similarity is preferable [55, 82], a closer
look reveals that they modify the class composition within each task, inducing high intra-task

heterogeneity |9, 55]. This likely leads to wider minima and stronger “transferability” to other
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tasks, thus explaining their improved results. Such configurations resemble curriculum more
than continual learning.® To our knowledge, only Yang and Li [132] report contradictory
results, possibly due to their empirical design.” Finally, we note that the effects discussed

here are related to the interleaving effect in educational psychology [94, 105].

Future work. One could extend our findings to other settings—such as class- and task-
incremental, discussed earlier—and to more complex continual learning methods, such as
replay and regularization. Moreover, our linear realizability assumption could be relaxed
to accommodate label noise or even extend to nonlinear models, possibly borrowing tools
from Kaczmarz literature [15, 136]. One may also be able to combine our approach with
common wisdom in curriculum learning—i.e., to design orderings that account for both task
similarity and difficulty.

Finally, another potential direction for achieving tighter upper bounds in continual linear
regression (see table 3.1) lies in probabilistic selection rules, inspired by randomized greedy
Kaczmarz methods [13, 14, 116, 135], which could combine the strengths of greedy orderings

with the robustness of randomness, akin to our proposed hybrid scheme.

3.7 Further related work

Here, we elaborate on additional connections not fully addressed in section 3.6.

Alternative viewpoint: The Kaczmarz method. The Kaczmarz method [40, 64], a

classical iterative projection algorithm for solving linear systems of equations. Our continual

8The learner controls the internal task composition to create “easier” tasks, as in curriculum learning
[128].

9They construct the first task using a random half of the classes. This strong “pretraining” leads to
low initial loss, as the model already learns half the classes. This resembles the failure modes discussed in
section 3.5.1.
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linear regression scheme maps directly to this. In our context, the system is Xw =y, where

Evron et al. [41] pointed out that Kaczmarz methods iteratively solve the “block” systems
of the form X W = y. using an update rule equivalent to our continual update in
(3.1). As a result, the observations and results in our paper extend naturally to the greedy
Kaczmarz method. However, whereas Kaczmarz studies typically analyze convergence in

terms of the distance to the intersection w,, we focus on the loss, i.e., the residuals (Defi-

X
nitions 3.5 and 3.3, respectively). For example, in the r = d — 1 case of section 3.4.2, this
distinction allowed proving an upper bound on the loss and an “approximation” result on
the optimal distance (Lemmas 3.10 and 3.9, respectively).

It is worth noting that, via its connection to the Kaczmarz method, our continual linear
regression scheme is also related to coordinate descent methods [101]. While prior work in
this area shows that greedy selection can outperform random sampling, these results often
rely on strong convexity assumptions [44, 91], and typically apply to the Kaczmarz method

through a primal-dual lens [41, 134]—again, yielding only convergence to the intersection

point w_.

Curriculum learning. Broadly, curriculum learning enhances training by controlling the
order in which data are presented, to accelerate convergence or improve accuracy. The
prevailing view is that examples should be ordered from easy to hard by their “difficulty”
[113, 128]. In contrast, we study similarity-guided orderings, aligning with recent findings
in continual learning [17, 57].

A distinction between curriculum and continual learning lies in the unit of ordering: while

curriculum learning typically orders individual samples or batches, we focus on orderings of
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entire tasks. Moreover, curriculum learning often takes a single gradient step per sample,
whereas continual learning optimizes each task to a low loss before proceeding. Nonetheless,
given the maturity of curriculum learning and the interdisciplinary nature of our work, some
curriculum studies that operate at the task level are directly relevant [e.g., 97] and were

discussed in section 3.6.

Example selection in SGD. Evron et al. [43] show that learning an entire (continual)
linear regression task in our scheme 3.1 reduces to taking a single large gradient step on
a modified objective. While they use this reduction to analyze random orderings via last-
iterate SGD analysis, we leverage it here to draw connections between greedy task orderings
and greedy example selection in SGD.

Most of the example selection literature considers multi-epoch settings, where each sam-
ple is seen multiple times. In such regimes, it is common to randomly shuffle the dataset
once or at the start of each epoch [e.g., 51, 84], but this is not necessarily optimal [99]. For
instance, Lu et al. [78] show that greedy permutations—computed at the beginning of each
epoch—can yield faster convergence than random ones. However, their analysis requires
(1) multiple epochs and (2) very small step sizes, making it inapplicable to our single-pass
continual setting.

Das et al. [30] show that a selection rule akin to our maximum residual rule (definition 3.8)
accelerates early convergence but may underperform random orderings asymptotically—
aligning with our findings on the hybrid approach in section 3.5.3. They also analyze an
approximate rule, supporting our observations on computational tractability in section 3.3.
Others select greedily by gradient magnitude instead of loss [130], or “mine” examples at the
mini-batch level—selecting “hard” samples with a high loss or ones that lead to a significant

decrease in loss [112, 126].
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Active Learning. Active learning aims to reduce labeling cost by querying the most
informative samples for labeling, typically from a large unlabeled pool. This setting resembles
ours, where the learner may apply a greedy maximum distance rule (definition 3.7) to select
the task or sample expected to induce the greatest model update. For example, a related idea
is explored in Cai et al. [21], who propose a greedy maximum distance variant for regression.
Since labels are unknown at selection time in their active learning setup, they approximate
the expected model change using a bootstrap method. Empirically, this approach identifies

informative examples and consistently improves generalization across datasets.

3.8 Appendix to section 3.4.1: Regression experiments

All figures report averages over 10 runs. In each run, we randomly sample a task collection
to evaluate the different ordering strategies. Shaded regions (see sections 3.12.2 and 3.13.3)
indicate 41 standard error intervals, even when not visually discernible. In section 3.8.3 we

further discuss the statistical significance of our experiments.

Computational resources. All regression experiments—including those not shown—
were completed within 4 hours on a home PC equipped with an Intel i5-9400F CPU and 16
GB of RAM.

3.8.1 Isotropic data

figs. 3.8 and 3.9 extend the previous experiment on isotropic data (fig. 3.3) to varying di-
mensions d, ranks r and task counts T. Results confirm consistent patterns: greedy (dis-
similarity maximizing) methods outperform random, and MD is better than MR across all

settings (sometimes only slightly).
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Figure 3.8: Comparing orderings for varying dimensions d and ranks r of the data
matrices, for isotropic data. 7" = 50. For such isotropic data, for fixed ratio r/d, the
random ordering performance changes relatively little. In contrast, greedy orderings that
prioritize dissimilarity benefit from a lower dimension when r/d is fixed, and Greedy Min
Dist benefits from a higher dimension (to see this from the plots, focus on single columns in
the grid). This may be related to some notion of increased task “density” in lower dimensions:
when 7/d is fixed, increasing d increases d — r, expanding the set of possible task projections
(see (3.2)). As a result, a fixed number of tasks T' covers this space more sparsely in higher
dimensions. In lower dimensions, the same T' tasks yield denser coverage, which may cause
greedy dissimilarity-based selection to take steps with large projections. In all strategies, for
fixed ambient dimension, higher task rank consistently yields improved performance (focus
on single rows). This is because the solution subspaces are of rank d — r, so increasing r
(with fixed d) lowers the subspace rank, increasing the distances between them and resulting
in larger projections.
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Figure 3.9: Comparing orderings for varying task count T, for isotropic data.
d = 100, r = 10. Dissimilarity-based greedy strategies become more effective as the number
of tasks increases, while Greedy-Min-Dist becomes less effective. We can give a heuristic
explanation for the improvement to greedy strategies: In an isotropic setting (so task di-
rections are sampled uniformly), increasing the number of tasks increases the coverage of
the unit sphere. This results in a higher probability of encountering task pairs with large
angular separation between their solution subspaces, which greedy ordering utilizes.

3.8.2 Anisotropic data

The following experiments were performed with anisotropic data, sampled from a Gaussian
distribution with exponentially decaying eigenvalues, as detailed in scheme 3.2, resulting
in high task correlation. This arises because tasks tend to align with the dominant eigen-

directions, leading to strong pairwise similarity.

Scheme 3.2 (Generating tasks with high correlation).
Input: Input dimension d, task rank 7, number of tasks T', and edge eigenvalues \; = 1073

and \; = 103:
1. Sample A ~ N (0,1)%¢ and symmetrize: Ay L(A+AT).
2. Compute SVD: A, = Usv’.

3. Define diagonal spectrum:

: d-1
A « diag (Al exp (m (/M) %)) |
o i=0

4. Construct covariance: 3 «+ UAU'.
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5. Fort=1,..,T:
(a) Sample Z, ~ N(0,1)"<,
(b) Set X, « Z,%'/2,
Output: {X,}L .

figs. 3.10 and 3.11 below reveal some trends compared to the isotropic case.

3.8.3 A note on statistical significance

All figures in this section 3.8 except fig. 3.12 include standard error bands of +1 standard
error, although these are often too narrow to be visible. While different task collections intro-
duce slight variations in outcomes, the overall trends are highly consistent. This is illustrated
in the following figure, where we replicate the plot from fig. 3.3, overlaying individual runs
from all 10 repeated experiments. Despite some run-to-run variability, the standard error
remains small at only 10 runs, so the standard deviation is small, reinforcing the robustness

of our qualitative conclusions.

3.9 Appendix to section 3.4.1: Classification experi-

ments

3.9.1 Code

The code for the classification experiments with CIFAR-100 is available at https://github

.com/matants/greedy_ordering.

Computational resources. All classification experiments were completed within a month

on four NVIDIA GeForce GTX 1080 Ti GPUs.
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Figure 3.10: Comparing orderings for varying dimensions d and ranks r of the
data matrices, for anisotropic data. 7' = 50. Compared to the isotropic case (fig. 3.8),
we observe slower rates for all strategies. This may be related to how the pairwise distances
between task solution subspaces are smaller, due to the higher correlation in the anisotropic
case, though such a causation was not experimentally tested. As rank increases (focusing on
a single row in the grid), the Maximum Residual (MR definition 3.8) ordering underperforms
and aligns with the random one very closely. We do not have an explanation of this alignment.
The underperformance may be related to the combination of high rank and strong intra-task

correlation, which may lead to ill-conditioned data matrices (for each task).

In such a

case, small perturbations, or steps, in the solution space may cause disproportionately large
changes in residuals, which may cause MR to select tasks with large residuals that advance
the iterate only marginally toward the intersection (w, ).
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Figure 3.11: Comparing orderings for varying task count 7', for anisotropic data.
d = 100, r = 10. Compared to the isotropic case (fig. 3.9), the benefit to greedy orderings
from increasing the number of tasks 7" is much smaller. The harm to Greedy min dist is also
smaller than it was in the isotropic case. We can heuristically explain this as follows: In the
anisotropic case, a large number of tasks must be added to induce the substantial “angles”
that greedy orderings can exploit. Thus, while more tasks does cover more directions, it
covers the space of directions more slowly in the anisotropic case.

1072
0 10-3 N
o
—— Greedy Min. Dist.
10-41 — Random
—— Greedy MR
—— Greedy MD
10734 : : : :
0 10 20 30 40 50
Seen tasks

Figure 3.12: Showing variations across different experiments. Same as fig. 3.3, we
have T' = 50, r = 10, d = 100, with random isotropic data. Light lines represent each
individual experiment. While minor variations exist across experiments, the low standard
error at only 10 runs confirms the consistency of the results. We did not test whether, for
fixed data, Greedy MD tends to beat Greedy MR, even though this appears true for the

averages.
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3.9.2 Experiment details

Model: Linear probing on pretrained ResNet-20

Our experiments employ a frozen pretrained ResNet-20 classifier [56], where the final clas-

sification head was removed and replaced with a binary classification head that we train

3, 37].

Tasks and benchmarks

We employ three benchmarks of domain-incremental CIFAR-100-based binary classification:

(A)

We use a model pretrained on CIFAR-100 [68] taken from Chen [25], which achieves
68.83% top-1 classification accuracy on CIFAR-100 multiclass classification according
to Chen [25]. The continual learning tasks are composed of CIFAR-100 classes split into
50 pairs of binary classification tasks, with each pair having one task labeled 0 and one
task labeled 1. The splitting procedure can be found in the code and does not respect
superclass labels (that is, two fine classes from the same CIFAR-100 superclass do not
necessarily receive the same 0/1 label)!?. This is the setting used in all experiments

unless stated otherwise, including the results presented in fig. 3.3.

We partition the 500 training samples of each CIFAR-100 class into two distinct groups
of 250 samples, and use one of the groups to train the ResNet-20 embedder on the origi-
nal CIFAR-100 multiclass task, using the same training recipe as Chen [25] and achiev-
ing 61.57% top-1 classification accuracy on the CIFAR-100 test set after 200 training
epochs. The partitioning and training code is included in our provided repository. We
then employ a linear probe on top of the resulting model (with the classification head

removed), and construct the continual learning tasks using the 250 samples per class

10We originally intended to randomly split the 20 superclasses into two groups of 10, give one group the
label 0 and the other the label 1, then randomly pair one fine label per group. However, we incorrectly
assumed that the fine labels were grouped by superclass, so the first five fine labels form one superclass, etc.
This is incorrect: In CIFAR-100, the fine labels are ordered alphabetically, independently of superclass.
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that were not used for training the embedder. The class pairs and binary target labels

defining the continual learning tasks are the same as in (A).

(C) Using a model pretrained on CIFAR-10, taken from Chen [25], with the same CIFAR-
100-based tasks as (A).

All presented results used 25 randomly generated task sets.

Training

Training was performed with cross-entropy loss on the softmax of the classifier’s output
with label smoothing of 0.05 [120], with additive L2 regularization towards the previous
parameters controlled by the hyperparameter A\, which is common in continual learning and
is necessary to facilitate the projections view, as shown in Evron et al. [42]. In fig. 3.3,
A =5, and we present an ablation study for A in section 3.9.4, to address how it affects the
performance of different ordering rules.

For each task we used the SGD optimizer with a learning rate of 0.01 and we used
ReduceLROnPlateau on epoch losses, trained for 40 epochs with a batch size of 64. As a

baseline, we jointly trained a classifier on all tasks together, without regularization.

Evaluation

We evaluate the performance of each ordering by calculating the average test (generalization)
loss of all tasks after each seen task. Results are presented with 95% confidence intervals,
calculated over the different randomly generated task sets, and over the permutations as well

for random ordering.

Ordering computation

For the Random rule (eq. (3.4)), we use random sampling without replacement from the

task set, unless stated otherwise. When presenting results for it, we use four random task
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permutations per task set. The Greedy MR rule (definition 3.8) requires calculating the
loss (without regularization) of all tasks after each task training, and choosing the task with
the maximal loss. In section 3.9.6 we show its performance does not degrade when the
losses are evaluated on a fraction of the dataset, as small as 1% of the data—>5 samples per
class in CIFAR-100. The Greedy MD rule (definition 3.7) was calculated by performing full
training on each task, as elaborated above (section 3.9.2)—choosing the task that resulted in
model parameters farthest from the current model parameters in terms of Euclidean distance.
Although computing the MD rule requires training on each candidate task, the Greedy MR
rule requires only forward passes to evaluate candidate-task losses and achieves comparable

empirical performance.

3.9.3 Out-of-domain feature extractors

To evaluate how our proposed method extends to more general transfer learning settings, we

employ multiple benchmarks as elaborated in section 3.9.2.

(A) fig. 3.13 (a) is the same figure as fig. 3.3, shown here for completeness.

(B) As shown in fig. 3.13 (b), this transfer-learning setting behaves similarly to the case
where tasks are drawn from the training data (fig. 3.3), though with slightly weaker

performance for both the joint baseline and all orderings.

(C) As shown in fig. 3.13 (c), dissimilarity-guided orderings still outperform random order-
ings, though less prominently than in other experiments. This may be related to the
lower joint baseline, suggesting that the pretrained initialization behaves more unlike

our joint-realizability assumption (assumption 3.1).
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Figure 3.13: Comparison of orderings under different pretraining setups.
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3.9.4 Regularization ablation study

Regularization toward previous model parameters is a standard method to mitigate catas-
trophic forgetting [5, 66, 72], and is crucial for a projections view to emerge in continual
classification [42]. Because of its central role, we perform an ablation study on the effect of
regularization strength for completeness. As shown in fig. 3.14, without regularization our
continual learning scheme collapses across all orderings, and greedy methods consistently
outperform random ordering across all strengths examined. Interestingly, the optimal per-
formance for greedy orderings occurs at smaller regularization strengths (\) than for random
ordering. This makes sense: greedy methods deliberately select tasks that push parameters
further from their current values, so the regularization term has a stronger influence on the

loss, requiring smaller A for optimal effect.

© 550 maflss Greedy MD

2 : =—4= Greedy MR

|G_J 52.51 =f== Random

0 10 20 30 40 50
A

Figure 3.14: Regularization strength ablation study.

3.9.5 Allowing task repetition

As discussed in section 3.5.2, in continual linear regression, allowing repetitions helps greedy
orderings avoid failure modes and guarantees provable convergence. In our classification
experiments, however, repetitions do not improve performance: as shown in fig. 3.15, where

each scheme could select from all tasks for 100 iterations (instead of 50), repetitions actually
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harm the performance of greedy orderings, effectively canceling their advantage over random
orderings. We observe a similar phenomenon in linear regression with anisotropic low-rank
data, as detailed in section 3.12.2.

In the classification case, which departs substantially from jointly realizable linear re-
gression, multiple factors could underlie this behavior. It would be interesting to examine
how this relates to the connection between greedy ordering and “periphery-to-core” order-
ing [75], which may break down when repetitions are allowed, or to the distance-to-teacher

perspective explored in section 3.12.2(fig. 3.23). As this lies beyond the scope of our paper,

we leave it for future work.
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© - ===+ Greedy MD, with repetition
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|_
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Iterations (seen tasks incl. repetitions)

Figure 3.15: The effect of task repetition on CIFAR-100 continual classification.

3.9.6 Rule calculation with partial data

To assess practicality, we evaluate the more efficient Greedy MR method, which requires
only forward passes, using fractions of the data and compute. Even with just 1% of the
data (5 samples per CIFAR-100 class, i.e., 10 per binary task) to compute each task’s loss,

Greedy MR maintains its performance and remains stronger than random ordering.

90



(o))
(9]

— wo 0%
- ala. >

3\‘1 . —
O 601
e Random
O — MR - All data
<957 — MR - 10%
+ = MR - 1%
Q —
= 50, Random

0 10 20 30 40 50

Seen tasks

Figure 3.16: Greedy MR rule calculation using partial data.

3.10 Appendix to section 3.4.2: Proofs for “nearly de-

termined” tasks

3.10.1 Optimality guarantee when r =d — 1

Recall Lemma 3.9. Let w2 and wy be the iterates after learning T jointly realizable
tasks of rank d — 1 under the Maximum Distance ordering 7, and an optimal ordering 7,

that leads to a minimal distance to the joint solution w,. Then

[wi™ —w|? _ [wy —w| s

£ D(wy) < 1.

0= DAwy) < DAw) = w. [ = fw.]

Proof. The distance at the end of an ordering 7 is

2 T\ A ’|W77-“ _W*”Q _ 1 T T 2
DAwr) = w2 |lw,|? Vo) Vi) Ve Vo) (Wo — w9
1 T-1

(VI(l)(Wo —w))?- H (VI(t)VT(t+1)>2 .

w? =
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Let 7 = myp, 7, be the greedy MD ordering and an optimal ordering leading to the

minimal distance (respectively). Let c(i, ) = . (Vs (Wo —w.))" i=0,7 € [T]
(viv;)? i,j € [T]
Then
2 (T 1 T 2 P

Drtwr) HW*H2< mWo = w))" LIV ) Vreen)

T-1 =
(0,7.(1)) H (. (8), T (t + 1))
= (0. () [T e(rr o mte+ 1)  TLe(mrt mie+ 1) ).

teC t¢C

where we define the index set € = {t |1 <t < T —1,7 7. (t)) <777 (t +1))}.

By greediness,

here, 7-1(7,(¢))<T
: HC<T(1 + 7 (1 (t+ 1)), 7(7 (7, (t + 1)))) .

here, 7-1(7,(t+1))<T

Then, since 7-1(7,(+)) “covers” [T] and c(i, j) < 1, iterating over 1,...,T — 1 adds elements

to the product that cannot make it larger. That is,

T-1 T-1
DX (wg) > ¢(0,7(1) - [[ ez (@), 7(1+0) - [ e(r(1 + ), 7(2))
=1 =1
T—1
> (c(0,7(1)) | | e(r(£), 7(1 4+ 0)))
=1
1 T-1 2
= (||W*”2 (V;r(l) (WO w*))Q 11 (V;—r( ) (t—i—l)) ) = (DQ(W}>>2
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3.10.2 Loss bound when »r =d — 1

Recall Lemma 3.10. For the Maximum Distance greedy ordering over 1" jointly-realizable

tasks of rank d — 1, the loss of scheme 3.1 after T iterations is upper bounded as
L(wrp) = w., ”232 ' Z IX,,wr =yl <

Proof. We aim to bound the average loss using projection matrices,

T

T
Lo (W) = ey Z X, = Yol = i Z w, )|

m=1

= Jw. \|2R2T Z ”XmX;:LXm - W*)”2
< WTPRT Z 1X,, 21X = P,) (wp — w,)|2
m=1

T T
. (3:2)) < o DT = Prg) [] P v = w)
t=1 =1

V)

Since each task matrix X, has rank d — 1, each projection P; is rank 1 and can be written

as P, = v;v] for a unit vector v;. Substituting this and v = W] (wy —w, ), the bound

becomes:

1 T
Lo (Wr) < 2“ (L= Vo)V ) Vo) Vi Ve Vi Voo I
t=

1 T T—1
< (V) Ve0)? 7 D= Ve Vi Vo I TT V) Voo))?
—_— t=1 s=1

IA
7N
—_
|
el
(]
<
2
3
<
\"
=
e
SN——"
v
<
“]
£
+
=
<
\"
=
e

[projection properties]
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Then, we use algebraic and projection properties to rewrite the greedy ordering as

nup(t) = argmax  [(I—P, )(w, ; —w,)|?
me[TN\Typ (1:6—1)

= argmax  (w —w > =P, (w,; —w,)[?)
me[T\ryp (1:t—1)

= argmin ”Pm(wt—l - W*)HQ
me[TN\1yp (1:¢—1)
= argmin ||VmV;VT(t,1)VI(t_1) (W g — W)
me[TN\Typ(1:t—1)
= argmin (v, V,_1))° (3.7)

me[TN\myp(1:t—1)

Then, employing greediness as reformulated above and inequality of arithmetic and geometric

mean, we obtain:

T—1 T | X T
T 2 T 2 T 2
[ 0ayvr® < 17 v < (T 27 Vets) ) |

Substituting back into the forgetting, it is now bounded as,

s 1 & ! 1
§ : T 2 } : T 2
£TMD (WT) <|1l- T 71<VT(T)V’T<S)) T — (VT(T)VT(S)> < oT
where we invoked an algebraic property that (1 — z)z? < —elT, Vz € [0,1]. ]

3.11 Appendix to section 3.5.1: Lower bound’s “adver-
sarial” constructions

3.11.1 General dimension construction and proof (theorem 3.12)

Recall Theorem 3.12. For any d > 30, there exists an adversarial task collection with

T = d — 1 jointly-realizable tasks of different ranks such that both greedy orderings (MD,
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MR) forget catastrophically. That is, the loss at the end of the sequence satisfies

Proof outline. For a given dimension d, we construct a sequence of d iterates (w,)L,,
corresponding to T" = d — 1 tasks (Xt)f:2 of decreasing rank, which are jointly-realizable

with w, =0 (i.e., y, = 0 for all ¢t € {2...T'}) with the following properties:

1. Given this specific choice of tasks and matching iterates, the loss (equivalently, forget-

ting) satisfies the lower bound stated in the theorem.

2. The chosen iterates are valid—i.e., they can be obtained from a specific selection rule

given the constructed task collection.

3. The chosen ordering adheres to greedy selection rules, both MD and MR, under the

chosen tasks.

For notational convenience, the construction indexes iterates from ¢t = 1 and tasks from
t = 2. We set w, = 0 and start from w; = e;. The same construction holds for a shifted
frame of reference where all iterates (and w,) are shifted by —e;.

Construction details

We define the iterates as follows:

T
W1:e1: [1, 0770:| ,

d—1 times
-
2
vt e {2..d} i w, = (Wy1)1 + \/<Wt—1)1 - 4ﬂt,ct—2i, 7ct—2i,0’ .00
2 Vd d
t—1 times

where ¢ 2 2714 and B, 2 ((t—l)cf(:lfg))cm%.
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x, = (w,;); is defined recursively by

IH+1%_%WGQ@
V2 dY

v, =1, =z, =

Since w, # w,_;, define the unit vector

Wy — Wy g

u, = ——— € span(e, ..., e,).
o w =Wl
Define the tasks by
—ul—
T T
X, = AR b e REU-tHIxd g e {2..d).
: L1
| —eq— |

Then P, =1, - XX, =1,-1,.,,—wu/ = I, —uu/.

rank t

Lower bounding the loss

For each task X,,,, its individual loss at time ¢ = d is

! —
Lo (wy) 2 X, wyl? = wal| = (), wy)? + L, 1.aWal?
Im+1:d
d
Z ||Im+1:dwd||2 = Z (Wd)?
j=m+1
2d—4
[1>2] = (d— m)c _ (1 %) (2d—4 _ (1 %) 9—(2d—4)/d
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The average loss after all iterates, which coincides with the forgetting (see remark 3.4), is

me{2...d} m=2
d
1 d m 1 > om
> l——)=—— |d—1-Zm=2
> s 25 (- ) = s (a1 27
1 d+2 1 1
4 84 8 4d’

Proving that the iterates and tasks exist

Lemma 3.46 proves that for all d > 30, t € {2,...,d}, 22 ; — 453, > 0, so the square root in
the recursive definition of z, (section 3.11.1) exists.

Proving that the iterates can be formed from projections of the given tasks

We first do a sanity check: P, is real symmetric, and we can verify its idempotence as follows:

2 _ TV2 _ 72 T T T T
Pi = (I, —uwu, )* =} —uwu, I, - Lu,u, +uuy u,u,

_ T T T _ T _
=I, —uwu —wu, +vu, =I, —uu, =P,.

The orthogonality condition gives w/ (w, —w, ;) = 0:

d d t t—1
WtT(Wt W) = Z(Wt)z - Z(Wt)i(wt 1)i = (Wt)% + Z(Wt)z - 4 (W) (Wy_q);
t o2t t—1 ct=20t-3
= (Wt)% — (W) (W_q1)q + ; d_ ZZ; d
— 1)t (25
= (Wt~ (wy(w )y + D22
= (W — (w2




. . it _1)i—48 .
The construction choice (w,); = e (2Wt 8 tisfies

w/ (W, —w, 1) =0.

The iterates are a sequence of the corresponding projections:

_ T _ T
Pw, ; =, —uwu )w, ; =Lw, ; —uwu, w;,

_ T _ T
=Wy 1 — (th—l) U =Wy 1 — (e = w,.1) W;_l (W, — Wy 1)
lwy — w4 lwy — w4

=0

(W, — Wt—l)TWt—l — (W, —w, ;) 'w,

(W, —w,_q)

= W -1
! lw, —w, 4|
- (w, — Wt71>T(Wt —W; 1)
Wt—l + ”Wt _ Wt—l ” (Wt Wt—l)

Proving that the iterates adhere to greedy ordering rules

Maximum Distance (MD). We wish to prove that the greedy MD rule agrees with the

ordering we chose. That is,

2 argmax  |(I-P,)w, > =t
t/G[T}\{sz-n:thl}

We proceed by induction.

Assuming the rule holds for 7,,...,7,_; (with the same calculation for the base case
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n2  argmax  [(I—P,)w, |
t'€[TIN{Ta,rTe1}

[induction assumption] = argmax ||(I; — P, )w, 4|
t’e{t,....,T}

= argmax ||(I; — I, + ut/u;)wt_1|]2
t’e{t,..,T}

[t" >t—1] = argmax
t'€{t,....T}

(I, —I,)w, ; +u,u),w,
—0
[Ju,|I* = 1] = argmax (u/w, ;)?
t'e{t,...,.T}

(W — Wt”ﬂ)T )2
1 .

= argmax ( .
t'ef{t,.., T} lwy —wy |

Maximum Residual (MR). We wish to prove that the greedy MR rule agrees with the

ordering we chose. That is,

7, A argmax HXt/Wt—1”2 = t.
t'e[T\{Tg,....,T4_1}

We proceed by induction.

Assuming the rule holds for 7,,...,7,_; (with the same calculation for the base case
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A 2
7, =  argmax || Xpw, |
te[TN\{7g, e 1}
2
—ul—
. . . 2 t
[induction assumption] = argmax X, w, ;[ = argmax W, 4
t'e{t,..., T t'e{t,..., T
{t.T) T T gga

2
t'>t—1] = argmax ((u}wt1)2 + |y 1. Wi | )
t'e{t,...,T} ——:0

(W, _Wt’—l)T )2
1 .

= argmax ( -
t'e{t,..., T} Wy — Wy

Thus, the MR and MD rules coincide in this case.

How we prove greediness holds: Delta positivity. It remains to show that, as a

—wo)T 2
function of k > t, <((W’T|“}k vlvf)w :ﬁgfl) ) decreases monotonically, which will prove that the
- k

iterates satisfy the greedy MD and MR rules in definitions 3.7 and 3.8.

The difference between consecutive iterates is

ckF3(1—¢) cF3(1—¢) cF?
Wk—l_Wk:: |::L‘k_1—mk, g eeey y ,0,...,0 .

Vd Vd

k—2 times

For all k > t, (w,_; — w,) w,_; is positive because

w

ckF3(1 —c¢) et~
(Wyy — W)W,y = (23 —xp) g +(t—2)
—_— Vd

d
>0, from 3.30 >0
>0

> 0.

S

Thus, it suffices to show monotonic decrease for all k > t of

((Wk—1 - Wk)TWt—l) .
Wiy — Wy k

So it suffices to show that the following quantity is positive for all ¢ € {2,...,d — 1} and
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k € {t,...,d—1} (recall our convention that the first step is t = 2, and at the last step there

is only one choice):

(Wy_1 — Wk)TWtq (W), — Wk+1>TWt71

w1 —wy lwy, — Wit1 I

o [wy, — Wk+1H(Wk—1 - Wk)TWt—l — Wiy — wll(wy, — Wk+1>TWt—1 = At,k'

Next, we will show this holds numerically for d < 25,000 and prove it analytically for
d > 25,000.

Showing delta positivity numerically for low dimensions. We use the following facts

to write code that verifies A, , > 0 for all d < 25,000, € {2,...,d—1},and k € {t,...,d—1}:

[wi1 —wy | = \/<Ik1 —ap)? + (k—2) (CR_L\/IE_C)) 2 " (%)2

= \/(%1 — )% + i d s f(1—c)*+ 20%6,
3

ck— c)ct—3
(W q =Wy Wy = (1 g —zp)m g+ (E—2)° \(/1— ) Nz

For each dimension d, we calculate the sequence (x), using its recursive definition, and we

that A(d) remains positive for all d € {30...47,000} (dimensions above 25,000 are not needed
for the numerical verification).

As will be seen analytically (eq. (3.13)), A(d) should correlate with d_g. Our graphs
below show that, numerically, this holds for lower dimensions as well by observing that

5
A(d) - d2? is approximately constant.

Computational resources. This numerical validation took 4 days to run on a home PC

with i5-9400F CPU and 16GB RAM.
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Figure 3.17: Numerical positivity of A(d) = ming yuco, a—1}keft,...d-11 Dtk

Showing delta positivity analytically for high dimensions. Due to the length of this
part, we defer it to section 3.15, where we prove that, for all d > 25,000, t € {2,...,d — 1},
and k € {t,...,d — 1},

)T

A =Wy —wi (Wi g —wi)Tw, ) —[wy = wyf(wy —wpy ) Tw, ) >0.

Conclusion. Together with the numerical verification, we have established that A, . >0
for all £ > t and all d > 30. This completes the proof that the iterates satisfy the greedy
ordering rules and thereby the proof that the adversarial construction yields a lower bound

on the loss under single-pass greedy orderings.

3.11.2 Adversarial 3d construction (example 3.11)

Recall Example 3.11. Forall T € {4-10°—1]i =1,2,..., 7}, there exists a task collection
of jointly-realizable tasks in d = 3 such that £(w ™), £(w™) > 2.78 - 1075.
Construction details

For simplicity, we employ the joint solution w, = 0, which means that for all tasks m € [T,
Y, = 0. For some K € NT, we construct 7' = 4K — 1 tasks by defining their solution

subspaces as follows:
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K — 1 copies of Span((0, Sin(\/%)a COS(\/%»%

K copies of Span((0, —sin(\/%), COS(#))%

K copies of Span((0, sin(m}f), COS<2\}?)), (\/Li, 0, \/Li)),

K copies of Span((0, —sin(ﬁ), cos(ﬁ)), (\/Li’ 0, \/Li))

For a given solution subspace of rank d — r, a task feature matrix X € R™*¢ of rank r (i.e.,
with linearly independent rows) is defined such that each row of X is orthogonal to the
solution subspace.

L

We initialize w, = (0, sin(\/%), cos(\/?)).

Lower bound explanation

We do not give a formal proof, but here is an explanation of why the construction works.
We stick to using greedy MD for the intuition.
While learning tasks consecutively using greedy MD ordering, we start by alternating

between projecting onto the 1-D subspaces, since each 2-D subspace contains a line (either

Span((0, sin(2\}F), COS(2\}E)>) or Span((0, — sin(#?), COS(#F)») between them and hence
cannot be the farthest away. Once those are used up, we are left with the 2-D subspaces,
which we alternate between.

Morally, the angle between the 1-D subspaces is ( ), so as K grows large, these
first 2K — 1 steps should bring us to about (0,0,0(1)). The 2-D subspaces intersect in

1 1 - 1

Span((\/—i, 0, E)), and the angle between them is also Q(T) so they move us a constant
fraction of the way toward the closest point on Span((T 0, T)>’ which is (0(1),0,0(1)).
Since the first half of the tasks are projections onto 1-D subspaces near (0,0,1), the -

coordinate contributes O(1) loss due to these tasks.
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Quantifying the asymptotic loss. For each of the first 2K — 1 steps, we multiply |w/||
by cos(2/v/ K) each time, giving

cos(2/VE)? K1 = (1 —2/K + O(K2))2K-1 = ¢4 1 (1).

The direction is (0, —sin(1/vK), cos(1/vK)), so we end at (0,0(1),e™* + o(1)).

Next we project onto a 2-D subspace; this is o(1) movement, so w becomes
w = (0(1),0(1),e* 4+ 0(1)) = (0,0,e7%) + o(1).
Let v be the closest point on Span((\%, 0, %)) to w = (0,0,e %) + o(1). Then
v=(e1/2,0,e7*/2) + 0(1)(1,0,1).

All remaining 2-D subspaces contain the line L = Span((\%, 0, \%)), so the projections
are onto lines through v perpendicular to L.

The angle between these lines equals the angle between the planes. Let u be the closest
point on Span(1,0,1) to (0,sin(1/vK),cos(1/vK)); then u = (£ +0(1))(1,0,1). Thus the

plane angle is

2 tan™! (Sm(l/@\/m)> —(1+ o(1)>£.
1/vV2 4+ o(1) VK
Each of the remaining 2K —1 projections multiplies dist(w, v) by cos((1+0(1))v2/VEK),
so overall it is scaled by e™2 + o(1).
Originally,

dist((0,0,e4), (e7/2,0,e74/2)) = &322 4 o(1),

so afterwards the distance is # +o(1).
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The direction from v is parallel to

o(1) + (0,0,e™%) — (e7%/2,0,e74/2) = o(1) + (—e*/2,0,e7%/2) = o(1) + (—

s

so the final position of w is

o(1) + (e74/2,0,e74/2) + (<22 + 0(1))(o(1) + (—

Sl

=o(1)+ (e7*/2—e79/2,0,e74/2 +¢75/2).

Hence, the z-coordinate contributes the following approximate loss due to the first half of

the tasks:

(e4/2 —e%/2)% ~3.135-107°. (3.8)

Experimental results

Constructing the tasks as explained in section 3.11.2; using QR decomposition to acquire X
for each solution subspace, we observe that the task orderings for greedy MD (definition 3.7)
and greedy MR (definition 3.8) coincide, as explained in section 3.11.2, for all T' € {4-10"—1 |
i=1,2,...,7}. As observed in fig. 3.18, the greedy ordering alternates between the first two
task groups until these are depleted, then switches to the other two task groups. Loss
diminishes linearly while learning the first half of the tasks, then increases to the predicted
value (eq. (3.8)) while learning the second half.

In fig. 3.19, we show that example 3.11 holds and that the theoretical value (eq. (3.8)) is

valid.

Code for reproducibility

import numpy as np
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Figure 3.18: Example of continual learning the 3d adversarial construction with greedy
ordering. Chosen tasks coincide for MD and MR greedy orderings. K = 1000,7 = 3999.
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Figure 3.19: Final average loss after greedy ordering for the 3d adversarial construction, for
different task counts. T'=4K — 1.
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def orth_complement rows(W, *, rtol=le-12):
" Given W in R™{(d-r)xd} (full row rank), return X in R~ {rxd}
whose rows form an orthonormal basis of the orthogonal complement
of the row-space of W. """

W

np.asarray (W, dtype=float)

d = W.shape[1]
# Full QR of W.T -+ Q is dxd and orthogonal
# The first rank columns of ( span the rows of W;

# the remaining columns span their orthogonal complement.

Q,

np.linalg.qr(W.T, mode='complete') # Q in R™{dxd}

rank = np.linalg.matrix_rank(W, tol=rtol)
# Take the last r = d - rank columns of (, transpose to get rows
X =Q[:, rank:].T # X in R™{rxd}

return X

ORDERING = 'MD' # 'MR' / 'MD'

K = 1000

wl = np.array([[0, np.sin(1/np.sqrt(X)), np.cos(1/np.sqrt(X))]1]1)

w2 = np.array([[0, -np.sin(1/np.sqrt(K)), np.cos(1/np.sqrt(K))1])
w3 = np.array([
[0, np.sin(0.5/np.sqrt(K)), np.cos(0.5/np.sqrt(K))],
[1/np.sqrt(2), 0, 1/np.sqrt(2)]
D

w4 = np.array([
[0, -np.sin(0.5/np.sqrt(K)), np.cos(0.5/np.sqrt(K))],
[1/np.sqrt(2), 0, 1/np.sqrt(2)]

D

107



ws = [wl, w2, w3, w4l
tasks = [orth_complement_rows(w) for w in ws]
projections = [np.eye(3) - np.linalg.pinv(X) @ X for X in tasks]
total collection count = [K-1, K, K ,K]
T = np.sum(total collection_count)
collection_count = total collection_count.copy()
w = np.array([0, np.sin(1/np.sqrt(X)), np.cos(1/np.sqrt(K))]1)
residual_per_projection = [np.linalg.norm(X @ w)**2 for X in tasks]
total loss = (
(1/T)
* np.asarray(residual per_projection)
@ np.asarray(total_collection_count)
)
losses = [total loss]
for i in range(T):
chosen_task = None
distance = -np.inf
new_w, new _w_candidate = None, None
for task_index in range(4):
if collection_count[task_index] > 0:
if ORDERING == 'MD':
new_w_candidate = projections[task_index] @ w
new_distance = np.linalg.norm(new_w_candidate - w)**2
elif ORDERING == 'MR':
new_distance = np.linalg.norm(tasks[task_index] @ w)**2
if new_distance > distance:

chosen_task = task_index
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distance = new_distance
new w = new_w_candidate
if new w is None:
new_w = projections[chosen_task] @ w
W = new_w
collection_count[chosen task] -= 1
residual_per_projection = [np.linalg.norm(X @ w)**2 for X in tasks]
total loss = (
(1/T)
* np.asarray(residual per_projection)
@ np.asarray(total_collection_count)
)

losses.append(total_loss)

3.12 Appendix to section 3.5.2: Single-pass vs. repeti-
tion

3.12.1 Appendix to the upper bound for greedy orderings with

repetition (theorem 3.13)

Recall Theorem 3.13. Under a Maximum Distance greedy ordering with repetition (de-
noted myp_g) over T jointly-realizable tasks, the loss of scheme 3.1 after k > 2 iterations is

upper bounded as

The main propositions leading to the proof of theorem 3.13 are in section 3.12.1, with

auxiliary claims in section 3.12.1. We use geometric analysis to derive an upper bound on
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how fast iterates can grow, and then bound the iterates relative to the original distance to
the teacher w,. Finally, we upper bound the loss by the greedy iterate size when repetitions

are allowed.
Comparison to convergence rates of other task orderings

Table 3.1: Loss bounds in continual linear regression over jointly realizable tasks (based
on Table 1 of Evron et al. [43]). The presented bounds are “worst case”: upper bounds
apply to any collection of T jointly realizable tasks, while lower bounds are achieved by
specific constructions. Bounds for random orderings apply to the expected loss. We omit
scaling terms (|w,[? R?) and constant multiplicative factors (which are mild). Notation: k =
iterations; d = dimensions; 7,7, = average/maximum data matrix ranks; a, b = min(a, b).

Greedy Random Random
Paper / Single-pass  with w/o with
Bound| Ordering Greedy Repetition Replacement Replacement
Evron et al. d—7
2022 — — —
2022 .
Evron et al. = = =
1 d-— 1 d— T
Upper | [2026] — — ar - rvor
vT' T Vk k k
Attia et al. 1 1
2025 — — — —
[2025 vT Vk
1
Ours None —-— — —
Vk
Evron et al.
1 1 1 1
Ours Q(1) — — —

(*) Although Evron et al. [41] did not state these lower bounds explicitly, their proof of
Theorem 10 provides a 2-task construction which, when replicated |7'/2| times, produces a
©(1/k) bound for both random and greedy orderings with any general T'.

Deriving the bound

Proposition 3.14. Let wy, w; € R? and let P : RY — R? be an orthogonal projection.

Then

[wo —Pwy* < [wg — wy|* = [(T=P)w, |2 + 2| (T = P)w, [[[(T— P)w,|.
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Proof. Denote

us(I-P)w,, v=(I1-P)w,.

Then u, v € ker(P) and are orthogonal to Pw, Pw, € im(P), respectively.

Decompose:

wo —w; = (Pwy —Pw,) + (u—v),

w, — Pw; = (Pw, — Pw;) + u.

Using orthogonality:

[wo — wy [ = [Pwy —Pwy | + u—v[?, (3.9)

[wo — Pw, [ = [Pwy — Pwy | + uf®. (3.10)

Subtracting (3.10) from (3.9) gives

[wo —wil* = [wo — Pwy |* = [u—v|* — [uf? = |v[* — 2u"v.

So,

Iwo —Pw,||> = |[wg —wy|* — [v]* +2u'v

[Cauchy-Schwarz] < w — wy [ — [(T—P)w, [ + 2[ (I — P)w, [|(T - P)wq.

O

Corollary 3.15. Consider the case in eq. (3.2), i.e., (w,)¥_, are iterates such that w, = 0
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and Vt € [k], (w, —w,) =P (W, —w,), then Vk > 2,

k

[wo — Wil < [wg —wy [ = lw, — wy_y?
t=2

k
+2 w, = W [T =P (wp — w, ).
t=2
Proof. We repeatedly apply the above proposition:
[wo —wl? = l[(wo —w,) — (W), — w,)||?
= “ (WO o W*) o Pr(k) (kal o W*)HQ

< wo = w,) = (Wi = W) =T =P (Wy g — w,)|?

continue inductively

+ 2[(T =P ) (Wy_y — W)X =P ) (W —w, )

k
< [(wo —w,) — (W —w,)[? — ZH(I —P ) (Wi —w,)?
k
+2 Z”(I —P o)Wy =W)X =Pyy)(wo — w, )|

t=2

k k
= [wo —wy[? — Z”Wt —w,q*+2 Z“Wt =W [[T=Py)(wy — w,)|.
t=2 =2

O

Corollary 3.16. If the first step is MD greedy, i.e., Vm € [T],|I —P,,)(wy; — w,)| <

|[wy — wq|, then Yk > 2

k k

[Wo — wil* < Jwp — Wy =D Ilw, — wyy [+ 20wy —wi | w, — wy_y].
t=2 t=2

Proposition 3.17. Under greedy MD ordering, either single-pass or with repetition, for all
kE>1,

W1 — Wil < [wo — wq| - 2e*/3K1/3.
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Proof.

IWii1 — Wil = [(w), —w,) — PT(kJrl)(Wk: —w,)|
[orth. proj.] < [(w), = w,) =P 1) (wo —w, )|
[triangle inequality] < |[(wj, —w,) — (wo — W, )| + [(Wo — W,) = P_(.1)(Wwo — W, )
[greediness] < [wo — wy | + [wo — wy |

= Wiy — Wi = W —wq| < [wg —wyll,

where we used the fact that the orthogonal projection of a given point on a subspace is the
closest point in this subspace to the given point in the Euclidean-norm sense.
If |wy 1 — wg| < |[lwg— wy], the proposition follows immediately. Otherwise |w,,; —

wy.| = [wo —w, ||, and thus

(HWkJrl —wi| —[lwo — W1”>2 < |wo— WkHQ-

Plugging this into corollary 3.16 gives

(IWrir = Wil = Iwo = wi[)? < [wg — wy|*
k k
< lwo = wy? = lwy = wy” + 2w —wi | Y llw, —w, |
t=2 t=2

k k
Wit = Wil + D Iw, —w, > < 2wy —wy | (HWk—i-l —wil ) Iw, — Wt—1”>
t=2 t=2
k+1
Yo, Iwe = wi P

k+1 :
2 Zt; ”Wt — Wi [

[wo —wyll >

k+1
thg Iwe—w, |

k1
QZtZS Iwe—w, 1]’ ’

Using the same derivation, when all steps are greedy, ||[w, — w| >

k+1 2
D IWe—we g W1 —W |2 ..
bk = l e Wil 1wy — Wy, acquiring a lower bound
2y Iwe—w, | W1 —wil

k+1 2
Zj:tﬂ ”ijwj—l [

vt € [k]: - = '
€ [k |w, —w, 4| > 23 L Ty —w,

[wy, — w4 >

Hence, we define the sequence (C’t),’f:ll by the
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k+1 2
Zj:t+1 Cj

backward recurrence Cp,; = |w,,; — w,| and Vt € [k],C, = T o By applying
j=t+1 3
claim 3.20, using the sequences a; = Wy 1_;, — Wi_;|, b; = Cpq_,; for all i € {0, ..., k}, we

observe that ||w, —w,| > C].
We investigate the sequence (C,) in corollary 3.23, where we prove that if C) | = ||w;—

w,|| > 0, this sequence maintains Vk > 1,

1
C,>Chiy - 267/37?71/3,

(and indeed if |w;,; —wy| = 0, the proposition follows immediately), and thus we get that

1

—1/3
264/3k; /

[wo =will = C1 = Wy — Wi

= W1 — Wil < [wp — wy |- 2¢3K12.

]
Lemma 3.18. Under greedy MD ordering, either single pass or with repetition, for all k > 1,

4e3/3 |wy —w, |
— 3 k1/3

Proof. Applying the above proposition for a starting index ¢t — 1 (instead of 0), for all k > t,

Wiy = Wil < lwy_y — wy]| - 2¢73(k —1)1/?

Wit — wy]? 2
< |lw — W, |°.
468/3(k—t)2/3 [wes ol

The Pythagorean theorem gives

k
Wi = wl? = Wiy =W = [ Wiy = Wil = wp —w, 2 = Iwy g —w,[*.
t=1
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Plugging in the above proposition gives

k
0 < wy, = w,[* = [wo — w,[* — ZHWH —w,|?

Wk”

lw
< ”WO - VV*”2 ”Wk 1 Wk||2 Z 468];3 !

1 &1
= [wo —w, [ — [wy_y — W] (1 t s Zl W)
3(kY/3 — 1))

k—1
1
I 1/3 _ _ 2 _ 2
> s 2 30k 1>] < o =l = oy = wil? (14 285
_ 2 4 8/3 o 2
— ||W]€ 1 Wk:||2 — HWO3<k1‘Z*”1) = 63 kl’LZVO 46‘;’;”
(1+ 4¢5/3 ) + 3 —1

4e% |wy — w, [
e IEE

where we used Zf;ll 12% > flk le/s dz = 3(kY/3 —1).

Proof of theorem 5.13. Under greedy MD ordering with repetitions,

L(wy,) = Tw, ||2RzT Z”X Wi — ym| = Tw, HszT Z”X

IA

W TET Z||Xm||2||<1 —P,)(w;, —w,)|?
m=1
T
i D II=P, ) (w, —w,)|?
m=1

w1*||2 [wi, — Wi

IN

[greedy+repetitions]| <

b 0 4¢3 |w, |2 4e¥3 1
[a ove, Wy = ] w2 3 (k—f— 1>1/3 = 3 (k—i— 1)1/3
= O(k1/3).
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Auxiliary claims

Claim 3.19. For s, > 0 and o > % define

s+ a?r

forla) =7

s+ ar

Ofs,r(@)

For all 0, ————
(a) For all s, >0, 90

>0onae [%, oo); hence f is non-decreasing in «.

Ofsr()
or

Of ()
0s

(b) For all > 1 and s > 0, > 0; hence f () is strictly increasing in r.

(¢) Forall @ € [1,1] and 7 > 0, > 0, hence f, .(c) is non-decreasing in s on that

a-range.
Proof.

(a) Derivative with respect to a:

Ofsr 7“(2047')(8 +ar) — (s + a?r) (r)

da (s + ar)?

Expanding the numerator:

(2ar)(s + ar) = 2ars + 2a2r?,

(s + a2r)r = rs + o?r?,

difference = (2ac — 1)rs + o?r?.

Thus
fsr r[(2a —1)s + a?r]

= > 0.
ol (s + ar)? =0

(b) Derivative with respect to r:

afs,r . (S + 20(27’>(3 —|—ar> — Oé(?“s + @27“2)
or (s + ar)? '
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Expand the numerator term-by-term:

(s + 2a2r> (s +ar) = s? + sar + 2a?rs + 22372,

a(rs + a2r?) = ars + o3r?,

difference = s + 2a2rs + a3r? > 0.
Hence df, ,./Or > 0.
(c¢) Derivative with respect to s:

8fs,7“ _ 7»<8 + Oé?”) — (S + a27”> B T204(]_ _ Oé)

0s (s + ar)?  (star)?’

For a € [3,1] the factor a(1 — a) > 0, yielding a non-negative derivative.

O

Claim 3.20. Let n > 1 and let (ai)é be a sequence of strictly positive numbers such that

1=0

i—1 9
209

25" " a.
=017
Define a second sequence (bz)n . recursively by
1=
Y b
bo - ao > 0, b’L — ]Z_—Ol ! <'L Z ]_)
2 Zj_o b,

Then a,, > b,

Proof. For either sequence z € {a,b} and each k > 1 set

(@) & % IR @ s @
ST w, o QUEY a3 RUE2T>0
j=0 7=0 Sk



For k > 1 we can express the defining relations as

and, using Q;f_)l = R,ﬁ”flS,ix_)l,

(z) T (@)
QP _meqfh e rSs, o St () A
= - = Zl? — T - k—

Ly
= foi)pRgffl (Rl(f)1> ; (*)

where f, . (a) is defined as in claim 3.19.

R

We prove by induction that Vk € {0, ...,n},

Base case k = 0. All equalities ag = by, R(()a) = R(()b) = ayg, S(()a) = S(()b) = a, hold.

Induction step k — k£ + 1. Assume the inequalities hold for k.

(i) Comparing a;_; and b, ;. By the recursion and the inductive hypothesis,

R](ca) R;cb)

Uppy 2 —5— 2 5~ = by

(ii) Comparing Sl(;fl and S ,(;21. From the above and the inductive hypothesis,

a a b b
Sl(c+)1 = Sl(c "+ gy = Sl(c L+ bpy1 = Sl(chl'
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(iii) Comparing R,(:gl and R,ibll. From (%),

1 Qpq
A=l () =S (W)
k

where C};’“@;} > % By the inductive hypothesis S,E:a) > S,E:b) and R}(:) > R,(Cb), and by
k

claim 3.19 the function f, ,.(a) is (a) increasing in «, (b) increasing in r for all a > %

and (c) increasing in s when o = 2. Therefore

Qpq1 1 1 b)
k+1 fS (RTZ)) > fSEf’,R;” (5) > fSEf),Rf,cb) (5) = Rk+1'
k

Hence the inequalities hold for £+ 1, concluding the proof by induction. Taking k = n yields

a,, > b,,, proving the claim. ]
Claim 3.21. Vz > —1, log(1l +z) > -

Proof. For x > —1, define f(z) =1In(1 + x) — 17, then

1 l+x—=x T

f/(m):1+m_ (1+ )2 - (1+$>2'

Since f'(z) < 0 for < 0 and f’(z) > 0 for x > 0, the point x = 0, where f(0) = 0, is the

global minimum of f. Hence In(1 + z) > T forallz > —1. N
T

Claim 3.22. Let A > > 0,5 > 0. Define the sequences (A4,,)5°, (B,)5,, C, )22 by

AO>0,BO>0,C~0:ﬁ%§,andforn21,

A anl A anl ? 5 A Bn
An_Anfl_{—)‘A ’ Bn_Bn1+:u<An1> ) Cn_KJA_n7

n—1

~

then ¥ 2 1, G, 2 Gy =355, where 2 xp (23

Proof. By induction, A, > 0 and B,, > 0 for all n > 0. Define the helper sequence for all
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n>0, f, =42 >0, then A4, = /B, [, and Vn > 1,
2
an 2 / Bn—l
f _ (Aﬂ*l +)\An71> _ < Bn*l n—1 +Aan71fn71>
n B, . 2 2
B,y +u(5=) B, . +p (—%an;}nfl)
2
anl ( fnfl + /f);—l)
- H
anl (1 + fnfl)
1 2
B, >0 = o n + A7 2 ponf, N
" 1+ f:il fn*l T u
(A —p)?
=fo1 2 —p+ ——
! fnfl + :u

anfl+2)‘_/~ba

2

then f, > fo_y +2X—p > fo+n(2XA— p) = 5L + n(2A — p).

Now, observe Vn > 1,

B B, _
~ B, an1+/i(,4nj) B,  1tpgs
Cn:KA—:K 5 =K 5

n An*1+>\A:_i n—1 1+>\Ag:
n—1 n—1
5 fitn+A=X = ( )\—,u)
= ! =C 1— ,
OzHo fit A Oill fit A
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and note that Vi > 0,0 < f % < 1. Taking logarithms,

n—1
~ ~ A—
logC’nzlogC’o+Zlog<1— ,u>

i=0 fitA
n—1 A_
claim 3.21 >logC’ + logC’
| ] 0 ;1 = 0 wa

A > Zlogé— A Zlogé —_—
A> 0 ;f0+2(2)‘_ﬂ>+ﬂ 0 Z(2A 1) +

: ~ A—p KA A— U
assuming n > 2| =logCy — ——— — AR o —
| | "oom ;Z(%—MHM

~ A— U LS SN u
> A —
log C, 51@(”\ )

(2

[i% 1 —Hogm] > 1ogéo — A;“ — 2);\——l,; (1 +log(n—1))
> logéo — )\;M — 2/\>\ _/L — 2);\__/2 logn
én > C'Non*;;:‘ exp(—%).
When n =1, logél > logC'NO—)‘%“ > logcﬂo—%— . p}, hence C’1 > C’OeXp( ?%:ﬁ;),

concluding the proof for all n > 1.

Corollary 3.23. For (C,)¥! defined by the backwards recurrence Cy,; > 0 and V¢ €
Zk+1 CQ

_ Jj=t+1 ~J
k], C, = —227;1 o for all k > 1,
1/3
Cr 2 Cryn - 5 4/3k: /3.
k+1 k+1
Proof. By defining Vn € {0,...,k} : A, = Z C;,B, = Z C’jz, we note that
Jj=k+1-n j=k+1—n
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Ay =CLq >0,30:C’,§+1 > 0, and for all 1 <n <k,

k+1 2
zj:k-i—l—n—H Oj _ 4 n 1 anl
k+1 I Y
2 Zj:ic+1—n+1 Cj n—1

1B, ,\" 1 (B, )\"
Bn = anl + Cl%Jrlfn = anl + (§An—1> = anl + Z (An_1> .
n—1 n—1

A, = An—l + Ck+1—n = An—l +

n

Defining the sequence én = mi—:, with k = %, the above claim gives for all n > 1,

A—p

én > éo Syn 2w

AA— _ 5 B
where \ = %,u = %,’y = exp (—M) = e 3 and C, = %A—g = %C’kﬂ. Thus,

. o413

n_1/3, Vn > 1.

- 1B ZkJrl 02«
: A 1Py __ j=k+l-n —J
Finally, observe that C,, = 2 A = T o
j=k+1-n ~J

inn=k—12>1, when k£ > 2, we get

=C}_,, forall 0 <n < k—1, and plugging

—4/3 —4/3

e e
(k—1)71/3 > Crpr

C]_ Z Ck—i—l * kil/g.

e—4/3

Specifically, when &k =1, C} = % =Cpy1 320y - S k~1/3, concluding the proof for

all k> 1. ]

3.12.2 Regression experiments on single-pass vs. repetition

We extend the experiment on the effect of repetition (fig. 3.5) to additional data regimes.
Figure 3.5 was produced using the same data as fig. 3.3, i.e., d = 100,r = 10,7 = 50.
Throughout this section, the Maximum Distance ordering (definition 3.7) is denoted by

“Greedy” for brevity.
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Isotropic data. We find that the conclusions of section 3.5.2 extend to more regimes: In
the settings of our experiments, repetitions are beneficial in greedy ordering while replace-

ment harms random ordering.

lo-1 d=20, r/d=0.1 d=20, r/d=0.5 d=20, r/d=0.9
Random, with repl. 10~ Random, with repl. 10-4
1o s, 107 3 107 Rand ith |
" Random, withoutrepl.| jo-1a] N SR 10-14 / apdom, with repl.
0 10-5 , . Random, without repl.
S Greedy, single pass | 1010 10-19 X\
107 / 1072 1072
Greedy, with repetition | 107 Greedy, with repetitioﬁ".,. 10-29 ————
teaT Greedy, with repetition”
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
lo-1 d=60, r/d=0.1 d=60, r/d=0.5 d=60, r/d=0.9
Random, with repl. - Random, with repl. -
Random, without repl| 10 ¢ ) P 107 . Random, with repl.
_3 i Random, without repl. 3
e N 10-9 10°°
o reedy. single pass| 1, 10-14 \., Random, without repl.
le) 1075 Greedy, single pass|
- 10—19 b 'y, single pi 10—19
TN reedy, sl pss
10-7 Greedy, with repetition 1072 Grbedy. With it A 1072 %
_ reedy, with repetition _
1072° y P 1072° Greedy, with repefition— 5
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
lo-1 d=100, r/d=0.1 d=100, r/d=0.5 d=100, r/d=0.9
Random, with repl. _a Random, with repl. —a
Random, without repl 10 10
1073 TS el 109 F.{andom, without repl. 10-°
v .',ee‘_’y' PR g-1e Grbedy, with repetito . SO 10-4
g7 e qgeie] veee Random, with repl. 10-19
Greedy, with repetition —— Random, without repl. ==
-7 10724 . . 10-24
10 - Greedy, single pass
107294 ..ns Greedy, with repetition 10729 e v reettion
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Seen tasks Seen tasks Seen tasks

Figure 3.20: The effect of repetitions for varying dimensions d and ranks r of the data
matrices, for isotropic data. T = 50. Random orderings without replacement consistently
outperform their with-replacement counterparts. In contrast, greedy orderings with repeti-
tion outperform the single-pass variant. As explained in section 3.5.2, one can heuristically
argue that repetition in greedy orderings is beneficial because it enables larger steps (and
faster convergence to the joint solution w,).

Anisotropic data. Next, we observe that the effect of repetitions diminishes for correlated
data.
Below, we observe another aspect related to the “diminished” effect of repetitions in this

setting.
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T=50 T=100 T=500

----- Random, with repl.
Greedy, with repe/tition —— Random, without repl.
—— Greedy, single pass
----- Greedy, with repetition

7/
(Gredy, uihrepeion

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Seen tasks Seen tasks Seen tasks

Figure 3.21: The effect of repetitions for varying task count 7', for isotropic data. d =
100, = 10. As the task count increases, the differences between with and without repetition
diminish. However, in all subplots we only learn the first 50 tasks. In the left subplot, the
effect of repetition becomes pronounced in the latter parts of the task sequences. Repetition
offers less benefit when many diverse, unexplored tasks remain.

We omit the figure for the corresponding experiment with varying numbers of tasks T,

as it offers no additional insights beyond those shown in fig. 3.21.

3.13 Appendix to section 3.5.3: Hybrid task ordering

3.13.1 Hybrid ordering scheme

Motivated by greedy Kaczmarz and importance sampling methods [4, 92|, as well as recent
convergence bounds for random orderings in continual learning [11, 43], we introduce a
“hybrid” strategy in section 3.5.3. Hybrid schemes have also been explored in the contexts
of Kaczmarz methods [32, 92|, coordinate descent [44], and multiplicative Schwarz methods
[48].

In this approach, tasks are selected greedily as long as the decrements ||w, ; — w,|?
(see eq. (3.3)) remain above a threshold; afterward, selection switches to random sampling.
The proposed hybrid method can be used with either the greedy Maximum Distance rule
(definition 3.7), as in scheme 3.3, or the greedy Maximum Residual rule (definition 3.8) as

in scheme 3.4.
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lo-1 d=20, r/d=0.1 lo-1 d=20, r/d=0.5 d=20, r/d=0.9
Random, with repl. 1075
i Random, with repl. - i
L, 10 andom, without repl. 10-3 p 1012 ‘/Raarl:]ddo?nmw?,tvlitol:“ltrr‘eeall
] andom, without repl. A
S 10—19
10-5{ Greedy, with repetition 10-5 _
Greedy, single pass ( . 1026 Grgedy, with repetition’
Greedy, with repetitiol Greedy, single.pas:
Greedy, single pass
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
10-1 d=60, r/d=0.1 10-1 d=60, r/d=0.5 d=60, r/d=0.9
Random, without repl. 105
Random, with repl. Random, without repl.
n 1073 1073 . 10-12
a Random, with repl. =
9 e Random, without repl. | 10-19
- s Greedy, with repetition s P 0 . Random, with repl.
10 - 10 B Greedy, single pass
Greedy' Smgle pass Greedy, with repetifion 1077 ..'. ’
’ Greedy, single pass Greedy, with repetition T
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Lot d=100, r/d=0.1 Lot d=100, r/d=0.5 d=100, r/d=0.9
Random, withrepl. | || 7 Random, with repl. 107 Random, with repl.
10-3 andom, without repl. 10-3 —— Random, without repl. T _..Randtj/m, without repl
Q —— Greedy, single pass 075 Nl
o . mraunn. l R i iti - ' -
— | Greedy, with repetition . Greedy, with repetition | | ;¢-19 Greedy. singie ot
10 Greedy, single pass | 107 " 10-26
Rantom. WROLE 91 ey, it epettion Greedy, with repetition>:..
reedy, binglegass | | | | oL | e,
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Seen tasks Seen tasks Seen tasks

Figure 3.22: The effect of repetitions for varying dimensions d and ranks r of the data
matrices, for anisotropic data. T = 50. Previously in section 3.8 (fig. 3.10), we explained
that the performance of all ordering strategies deteriorates when the pairwise distances
between task solution subspaces are small. This effect is even more pronounced for low-
rank tasks (left columns), where the complementary high-rank solution subspaces overlap
substantially. We also observe that in those low-rank regimes, different orderings exhibit
more similar performance, and consequently, repetitions become less impactful. While we
cannot fully explain the small performance degradation observed when allowing repetitions
in greedy ordering for low-dimensional, low-rank settings (top-left subfigure), it may be
related to the slower convergence to the joint solution w,, nullifying the effect of the loss
upper bound induced by the distance to w, (proposition 3.6; see also fig. 3.23 below).
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r/d=0.1 r/d=0.9

8 100 ~—— Single pass - sq. distance, . .

c - - T 10-4] = Single pass - sqg. distance

B 10-1 Repetition - sq. distance . Repetition - sq. distance

% 10°10 —— Single pass - loss

> 102 10-16 - Repetition - loss

wn ) Single pass - sqg. distance|

- -22 D>

g 1073 - 10 Single pass - loss ™
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& 10 . T p— 107 Repetition - loss” . Repetiion -sq. ditance

S | | _Single pass - loss ~ ! | ‘ | o ] ‘
0 10 20 30 40 50 0 10 20 30 40 50

Seen tasks Seen tasks

Figure 3.23: The distance to w, is a loose upper bound on the loss for high-similarity tasks.
Greedy ordering with d = 60, T' = 50. While repetitions do lead to a slightly faster decrease
in the squared distance to w,, this decrease remains slow when tasks are highly similar (as in
the low-rank setting on the left). Consequently, the upper bound of proposition 3.6 becomes
looser, as the loss itself decreases more rapidly. This discrepancy makes it difficult to draw
firm conclusions about the convergence of the loss, including the exact impact of repetitions.
A similar gap between the loss and the distance to the joint solution w, in highly similar
tasks was also noted by Evron et al. [41, Section 5.1 therein].

Scheme 3.3 (MD hybrid ordering (Ty-yp))-

Input: Syp € [0, [wy — w, ]

For each iteration ¢t =1,...,T:  # Use greedy selection as long as the threshold is met

m’ argmax, (I-P,,)(w, 1 —w,)|? # Compute greedy selection

TN\Tg-mp (1:t—1) H

If [(I-P,,)(w, ; —w,)|?> > Bup Then 7y_yp(t) < m’ Else Break

Ta-mp (t 2 T) ~ Unif([T) \ 7pp (1 : ¢ — 1)) # Choose remaining tasks randomly w/o

replacement

Scheme 3.4 (MR hybrid ordering (7y-\gr))-

Input: By € [0, R2|wy —w, |?] # Reminder: R 2 max,cr|X,,|

X

For each iteration t =1,...,T:  # Use greedy seclection as long as the threshold is met

/ _ 2 , - . 3
m’ argmaxme[T]\TH_MR(M_D||met_1 Vool # Compute greedy selection

If | X, W, 1 — ¥, I? > Bur Then 7\ g(t) + m’ Else Break
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Ta-mr(t : T) ~ Unif([T] \ 7g-yr (1 : € — 1)) # Choose remaining tasks randomly w/o

replacement

While our analysis fixes the value of the threshold g in terms of |w, — w,|| and R, the
hybrid methods can be used with any value of 3.

Analytically, using a suitable threshold S, any upper bound for without-replacement
random orderings, e.g., an 0(\%) bound [11], can extend to our hybrid schemes, avoiding
the failure mode of section 3.5.1; see lemma 3.24. The way we derive our upper bound is
by finding an upper bound at each iteration based on the current geometry, and this bound
improves for each step as long as the step is large enough. So we set our stopping criterion

to be when the step size stop being large enough for our bound on the final loss to improve.

3.13.2 Hybrid ordering upper bound

Lemma 3.24 (Hybrid ordering bound). Consider any known upper bound for the expected
normalized loss (definition 3.3) in random ordering without replacement over T' jointly-
realizable tasks, of the form E,  [£(w™)] < £ with C > 0 and 0 < a < 1, such
that <& < 52—, Then, defining Gy, 2 T—arn=2 the following holds. When Sy, >
lwo — W, |28 (or Byr > R2|wo — W, |?B,,), the loss under scheme 3.3 (or scheme 3.4)

~

is upper bounded as E, [£(wi)] < . Furthermore, choosing Byp = |wy — w, |3

(or Byr = R%||lw, — w, |2B,,1,), i.e., postponing the stopping time as much as our (data-
dependent) condition allows, leads to the smallest upper bound in these derivations.
Proof. For MD and MR hybrid orderings, we denote fyp = S|w, — w,|? and Byp =

5R2||W0 —w, |2, respectively. For all m € [T] and w € R?%:
X W = ¥ ? = X (W = W) = [ X, X5 X, (w = w,)|? < RPT= P, )(w—w,)[*.

I [ X, Wy =Yl = BR2|wo —w, [, then [(T—P,,)(w, ; —w,)[? = B]lwo —w,[*. Thus,
if the condition for continuing with greedy MR steps in scheme 3.4 holds, |(I—-P,,)(w,_; —
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w,)|? > 3 |[wy — w,|?>. For scheme 3.3, if the condition for continuing with greedy holds
then [(I— P, )(w, ; —w,)|? > B|w, — w,|? holds by definition.
The last step ¢ for which max,,czp,14-1) (I — Pp)(w,_y — w)|? > Blw, — w,[?

consecutively holds is some t = s, where 0 < s < T'. For this s,

s
[, = w? = [wo = w > = D Wy =W,y [* < Jwp — w, [*(1 = Bs).
t=1

Recall that the normalized loss for a solution vector w with task collection T, starting point

W, and minimum norm joint solution w, is

£(7,W0) é X 2
W = g = w||2R2|7|,;.” (w=w )"

Running the hybrid scheme on the task collection [T'] yields the following expected loss:

1 1 &
F_£TTwo) il X _ 2
T [WT] ”WO *HQRQ T mz_l [H m (WT W*)” ]
T
_ LIS E 1%, (wy — w2 + E [1X,, (wp — w,)[?] }
oo . T2 e
1 1 s
< ||W — W ”2R2 T R? Z £ [”WT - W*”z] + Z E [”Xm (WT - W*)||2] :|
0 * = me[T\7(1:s)
(1) 1
RT3 EX, vyl
0 me[T|\7(1:s)
(2) 1 1 [
> Rw, —w P+ Y E[X,, (wp— w2 ]
”WO o *H2R2 T me[T\7(1:s)

[w, —w, 1 1
“Thwe—w.p T TN e ety 2 Bl (vr—wl]

*” me[T\7(1:s)

—w,|? :
=5 (54 (T — S)ETL*([T]\T(LS),WS) (W]
TTwy —w,E ¢ )

(5 + (T = $)E, LTV [y

where (1) is since s < T, and (2) is since w, is deterministic. This means we can plug in any
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upper bound for the expected normalized loss of the random ordering, for the collection of
T — s tasks [T)\ 7(1 : s) with the starting point w, replacing dependence on 7" with 7' — s.
If we have an upper bound f(7) for the expected normalized loss of random ordering of T

tasks, where f is positive and decreasing, we obtain:

(s+ (T —s)f(T —s)). (3.11)

As a sanity check, setting s = 0 removes the greedy iterates, and the bound reduces to that
of random ordering.

For the rest of the proof, we work with bounds of the following form:

L O <
Ta Ta X

f(T) = : (3.12)
1 else

such that f(T) <1 for all C, «, T. This excludes cases where the random-ordering bound is
larger than the trivial bound 1.
We want a condition on 3 for which continuing with greedy iterates as long as (I —

P, )(w, ,—w,)|[2> B [wo—w,|?, necessarily improves the bound. This means we want the

bound to decrease with s. Thus, we demand Vs € [T : % (1}55 (s+ (T —s)f(T— s))> <

(=B (s+ (T =) f(T =)+ (1= Bs) (1 + (= (T — ) = (T = 5) ['(T = 5))))

~

" (1 (st (T—s>f(T—8))>
1
T
T (s = BTH(T =)+ Bsf (T — ) + 1= (T = 5) = (T =)' (T ) — s

+Bsf(T —5)+ Bs(T — 5)f'(T — 5))
_1 (1—2Bs— (1+ BT —2fs) f(T —s) — (1= Bs)(T —s)f'(T —s)).

N
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Requiring this expression to be < 0 gives:

B (=25 — (T —25) f(T — ) +5(T — ) (T —5)) < =1+ f(T =)+ (T — ) (T =)

—5)
1—f(T=5) = (T =) f"(T =5
THT —s)+2s(1—=f(T —s)) =s(T —5)f(T —s)

™
AV

As a sanity check, since f(T'—s) <1 and f'(T —s) < 0, the numerator is non-negative and
the denominator is positive.

Continuing,

3>

1 — f(T —5)— (T — ) /(T
TF(T —s)+2s(1— f(T —s)) —s(T
|~ f(T —s)— (T
SA—F(T—5) —(T—s)F'(T—s)
e (T — $)F(T — 5) .
‘( T T =5 (T - >>
51 s (T_S)f<T_S)
S N LRy

—s)f'(T"—s)
$)—s+Tf(T—s)+s—sf(T—s)

We demand this holds for all s € [T]. First assume < 1; We consider other case is

T
later. Plugging in f(T —s) = (Ti)a:
c —a
[ (T = 8) ;7= . C(T —s)*t
= € I (T—s)aC T T _C | _acC
(T—s)= AN (T—s)= " (T—s)"
C(T —s) C(T —s) A
s+ =5+ = g(s).
(T —s)* (1 G55%) (T—s)*=C(1-a)

<1,(T"—s)* > C > C(1—a), so the denominator is positive.

C(T—s)
(T—s)*—C(1—a) "

Under our assumption (T T=s)

Denote 5_1 <g(s)=s+ To find an upper bound on 5‘1 that holds for all
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s, we look for the minimum of g(s). Differentiating,

dg(s) _,, =C((T=#)*=Cl—0a)) = C(T =) (za(T =)
ds (T —s)* = C(1—a))”
—a(T—5)*+ (T —9)*—C(l—a)
(T —s)* = C(1 —a))”

= ! (T —5)° 1

B T TP Ty (R oy
a (T —5)*—C(l—a) 1

S e —ca—ay (T -oi-a

-1 C1—a) (T—s)*—2C(1—a)

(T—5)*—C(1l—a) (T—s)>—C(l—a)’

Hence ¢’ (s) > 0 for s small enough such that (T'—s)* > 2C(1 —«), and ¢’ (s) < 0 for larger
values, up to the maximum value under the current assumption of s = T — C'/. Hence,

the minimum of g(s) in [0,7 — C*/*] will be one of the boundary points:

C_cl/a Cl/a
T — 1/« — T — 1/« - - T _ 1/«
g( CHe) C +C’—C’(1—a) cHe 4+ 5
=T+CVa ' =1)>T
cT
90 = e —ea=a)
C T - C(2 — «)
T—CVey — >T(1— =T .
9(T =€) —9(0) = ( Ta—0(1—a)> (Ta—cu—a))

This can only be negative when T < (C’(2 — a))l/o‘, Le., f(T) = £ > 51, which is not
covered by this lemma, since we assumed % g ~— (and losing this regime is not too bad
because in this regime, you are trying to plug in a bound for random that is > 1/2 which is

a very weak bound). Thus, the lowest upper bound for 5‘1 occurs at s = 0, and we get

- cT

b T Te—-C(l1—a)

B> ~ _Ta C(I—Oé)
I cT
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Under this choice of B, the upper bound of eq. (3.11) is monotonically decreasing with s as
long as T 8) <1
We now address the case of s large enough that =) S) > 1. In this case, our upper
bound from eq. (3.11) becomes: E_£T%o) [w,] < 15 58 (s+ (T —s)-1) = 1 — fBs, which
is also monotonically decreasing with s. From continuity of the bound at s = T — C/® (it
does not matter that this might not be an integer), we get that the bound is monotonically
T C(1—a)

decreasing with s for all s > 0 when B > Bmm = ——1 and is therefore no larger than

the random ordering bound at s = 0. [

3.13.3 Hybrid ordering experiments

fig. 3.6 was acquired using the same data as fig. 3.3, and using the dimension and rank-

dependent upper bound of ( ") from Evron et al. [43] to set 3, since the universal bound of

14

77 requires more than 50 iterations to be effective. The hybrid method yields intermediate

performance between random and greedy. The figures combine trends reported earlier (sec-
tion 3.8) for random and greedy MD, in terms of the effect of dimension, rank, task count

and task correlation on the performance.

Anisotropic data. Similar trends were observed under anisotropic data, and we therefore

omit the corresponding figures for brevity.

3.14 Appendix to section 3.4.1: Code snippet for re-
gression experiments

For completeness and reproducibility, the following code snippet generates a linear regres-
sion experiment on isotropic data, comparing random and greedy orderings (eq. (3.4), defi-
nitions 3.7 and 3.8). Small modifications of this with seeds 1, ..., 10 reproduce some of the
figures in this paper.
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Figure 3.24: Hybrid performance for varying dimensions d and ranks r of the data
matrices, for isotropic data. 7" = 50. In high-rank and/or low-dimensional settings,
the rank-dependent upper bound employed by the hybrid strategy in this case is lower,
prompting an earlier transition from the greedy to the random phase. For r/d = 0.1, the
random phase within the hybrid method has slightly lower slope than fully random ordering
(so the loss decreases slower), possibly because the initial greedy steps remove tasks with
large decrements from the remaining task set. The slopes are hard to compare for r/d = 0.5
and very slightly faster for r/d = 0.9.

10-1 T=50 T=100 T=500
Random Random
5 Hybrid MD Hybrid MD Hybrid MD
10~
7))
3 Greedy MD
S10°° y —— Random
= Hybrid MD
Greedy MD
10-7 Greedy MD Greedy MD y
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Seen tasks Seen tasks Seen tasks

Figure 3.25: Hybrid performance for varying task count 7', for isotropic data.
d = 100, » = 10. We see similar trends. The previously observed difference between the
random phase following the greedy phase and fully random ordering is smaller at higher task
counts, possibly because more tasks with large decrements remain available for selection.
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Data generation

# Minimal Block Kaczmarz experiment with a runnable demo and plot
import numpy as np

import matplotlib.pyplot as plt

from numpy.linalg import pinv

from typing import List, Tuple, Optional

def generate_data(r: int, d: int, T: int, seed: Optionall[int] = None) -> Tuplel
np.ndarray, np.ndarray, np.ndarray, List[tuple], List[np.ndarray],
List[np.ndarray]l]:
Returns:
X: (T*r, d) matrix; b: (T*r,) labels; w_true: (d,) teacher.
blocks: list of (X_t, b_t) with X_t in R™{rxd}, b_t in R~ {r}.
pinv_blocks: list of pseudoinverses X_t"+.
md_proj: list of X_t~+ X_t (used by MD-based selection).
i
if seed is not None:

np.random.seed(seed)

X_blocks = [np.random.randn(r, d) for _ in range(T)]
max_rad = max(np.linalg.norm(B, 2) for B in X_blocks)

X _blocks = [B / max_rad for B in X_blocks]

w_true = np.random.randn(d)

w_true /= np.linalg.norm(w_true)
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X = np.vstack(X_blocks)

b =X 0@ w_true

X_blocks = [X[i*r:(i+1)*r, :] for i in range(T)]
b_blocks = [b[i*r:(i+1)*r] for i in range(T)]

pinv_blocks = [pinv(Xt) for Xt in X_blocks]
md_proj = [pinv_blocks[t] @ X_blocks[t] for t in range(T)]
blocks = list(zip(X_blocks, b_blocks))

return X, b, w_true, blocks, pinv_blocks, md_proj

Ordering strategies

def _pick_uniform(
T: int, used: Optional[List[int]], allow_repetition: bool
) -> Optional[int]:
if allow_repetition:
return int(np.random.randint(0, T))
pool = list(set(range(T)) - set(used or []))

return int(np.random.choice(pool)) if pool else None

def _pick_greedy_mr(
blocks: List[tuple], w: np.ndarray, used: Optional[List([int]],
allow_repetition: bool
) —> Optional[int]:
best, best_val = None, -np.inf
for i, (Xt, bt) in enumerate(blocks):
if (not allow_repetition) and used and i in used:
continue

val = np.linalg.norm(Xt @ w - bt) *x 2
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if val >= best_val:
best, best_val = i, val

return best

def _pick_greedy_md(
md_proj: List[np.ndarray], w: np.ndarray, w_true: np.ndarray,
used: Optional[List[int]], allow_repetition: bool
) -> Optiomnall[int]:
best, best_val = None, -np.inf
for i, P in enumerate(md_proj):
if (not allow_repetition) and used and i in used:
continue
val = np.linalg.norm(P @ (w - w_true)) ** 2
if val >= best_val:
best, best_val = i, val

return best

Experiment loop

def block_kaczmarz(
blocks: List[tuple],
pinv_blocks: List[np.ndarray],
md_proj: List[np.ndarray],
w_true: np.ndarray,
T: int,
d: int,
max_iters: int,
selection: str = "uniform", # one of {"uniform",'"greedy_mr","greedy_md"}
allow_repetition: bool = False,

) —> Tuple[np.ndarray, List[float], List[float]]:
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"""Runs Block Kaczmarz and returns (w, out_losses, dist_to_teacher) per
iteration."""

w = np.zeros(d)

out_losses: List[float] = []

dist: List[float] = []

used: List[int] = []

for _ in range(max_iters):

if selection == "uniform":
t = _pick_uniform(T, used, allow_repetition)
elif selection == "greedy_mr":

t = _pick_greedy_mr(blocks, w, used, allow_repetition)
elif selection == "greedy_md":

t = _pick_greedy_md(md_proj, w, w_true, used, allow_repetition)
else:

raise ValueError("selection must be one of

{'uniform', 'greedy_mr', 'greedy_md'}"

if t is None: # no available block under no-replacement
out_losses.append (np.nan)
dist.append(np.linalg.norm(w - w_true) ** 2)

continue

Xt, bt = blocks[t]

w += pinv_blocks[t] @ (bt - Xt @ w) # single block least squares step

if not allow_repetition:
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used.append(t)

# Metrics
loss = 0.0
for Xs, bs in blocks:
r =Xs @w - bs
loss += np.linalg.norm(r) ** 2
out_losses.append(loss / T)

dist.append(np.linalg.norm(w - w_true) ** 2)

return w, out_losses, dist

Ordering comparison experiment

# One reproducible experiment and comparison figure

# Problem size / schedule

d = 100

r = max(1, int(0.1 * d)) # rows per block (r/d = 0.1)

T =50 # number of blocks

max_iters =T # single pass without replacement
seed = 42 # reproducible

# Data and precomputations

_» _, wW_true, blocks, pinv_blocks, md_proj = generate_data(r, d, T, seed=seed)

# Compare three orderings without replacement
strategies = [
("Random", {"selection": "uniform", "allow_repetition": Falsel}),

("Greedy MR", {"selection": "greedy_mr", "allow_repetition": Falsel}),
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("Greedy MD", {"selection": "greedy_md", "allow_repetition": Falsel}),

results = {}
for name, opts in strategies:

_, out_losses, dist = block_kaczmarz(
blocks=blocks,
pinv_blocks=pinv_blocks,
md_proj=md_proj,
w_true=w_true,
T=T,
d=d,
max_iters=max_iters,
**xopts

)

results[name] = (np.asarray(out_losses), np.asarray(dist))

# Print final metrics
print("Final loss and distance-to-teacher:")
for name in strategies:

key = name[0]

L, D = results[key]

# Pick the last non-nan value

last_idx = np.where(~np.isnan(L)) [0] [-1]

print(f" {key:10s} loss={L[last_idx]:.4e} dist={D[last_idx]:.4el}")

# Comparison figure

plt.figure(figsize=(6, 4))
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xs = np.arange(l, max_iters + 1)

for name, (L, _) in results.items():
plt.plot(xs, L[:max_iters], label=name)

plt.xlabel("Iterations (seen tasks)")

plt.ylabel("Average loss")

plt.yscale("log")

plt.grid(True, alpha=0.3)

plt.legend()

plt.tight_layout ()

plt.show()
3.15 Lower bound technical appendix: Delta positivity

proof

This section supplements section 3.11.1, which we recommend reviewing in advance. Here,

we prove that Vd > 25,000, Vt € {2,...,d — 1}, Vk € {¢t,...,d — 1},
At,k = lwy, — Wk+1||(wkz—1 - Wk)TWtq — Wiy — W ll(wy, — Wk+1)TWt71 > 0.

In some places in our proofs, we will need a closed-form approximation of the first coor-
dinates z, = (wy); which we obtain recursively. Such an approximation was suggested in

Hucht [59]:

This will be formalized and proven in section 3.16. In addition, this gives a lower bound

xy, > 0.45, Yk € [d] when d > 25,000 (corollary 3.48).
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3.15.1 Proof outline

The proof is as follows: we decompose A, ; to smaller parts, and lower bound each of these
parts. We then combine all of these lower bounds to achieve an overall lower bound on A,
and find a sufficient condition on d for which this lower bound is positive. This condition,
revealed in eq. (3.13), is satisfied when d > 25,000, concluding the proof. We begin by
bounding some intermediate quantities that appear later in the derivation, and starting in

section 3.15.3 we decompose and lower bound A, .

3.15.2 Auxiliary: Algebraic inequalities

Claim 3.25. Vd € N and 1 < n < d, it holds that 1 —¢® £ 1 —2-n/d ¢ [nn) _

n2In?(2) nln(2)
2d2 0 d

]. Particularly, this shows 1 —¢ € [lnéz) — hgd(f ), ln((f)].

Proof. To show the upper bound, we define a = n/d € (0,1] and f(a) =1—2"% — aln(2),

and f is decreasing in (0, 1] since
ffla)=(2*=1)In(2) x27*—-1<0,Va € (0,1].

Then, this means f(a) =1—27"/¢ — %(2) <lim,_,o+ f(a) = 0 as required.

Conversely, the lower bound follows by showing that the function g (o = %) =1-—2"/d_

(nln(2) n?1n?(2)

T — g > is increasing in (0, 1],

gla) =1—2"% — (aln(?) — oz21+2(2)> , liﬁr&g(O) =1-2°%-0=0,
g (a)=m2)2*+aln(2)—1) x2*+aln(2) —1 =—f(a)+ 1

>— lim f(a)+1=—-(1-20-0)+1=1>0.

a—07t

Claim 3.26. For Vd,n,m € N and k € [d], it holds that c"*~™ > 27",
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Proof. The function ¢ = 27%/¢ is decreasing with z. Plugging in z = nk — m < nd gives

c? > cnd =9, O]
Claim 3.27. Vk € [1,d] it holds that 1 — (1 —¢)(k—1) = ((k—1)c — (k—2)) € [0, 1].

Proof. (1 —¢)(k—1) = (1 —27Y4)(k—1) > 0. From claim 3.25:

1—c)k—1)<(1—c)(d—1) < lnfi?>
>0

(d—1) <In(2) < 1.

O

Claim 3.28. Vk € [1,d] it holds that k¢ — (k—1) > 0.

Proof. From claim 3.25, 1 — ¢ < 1“72 =c>1— 1“72. Substituting gives:

In2 k
ke — (k—1) 2k<1—n7> —k+1:1—ln2321—ln2>0.
O]
. . 0.302k—5 ch—5
Claim 3.29. Vk € [d] it holds that 3, € [239°=, <
Proof.
((k? _ 1)0 _ (k‘ _ 2))021:—5 < > C2Ic—5 0.36%_5 CQk—S
= =(1—-(1—¢)(k—1) |-
i . (-ok-1) e |
€[0,In(2)]C[0,0.7]

O]

Claim 3.30. z,, is decreasing and Vk € [d], x, < 1.

Proof. Decreasing follows immediately from positivity of 3, (see claim 3.29) and the con-

struction, and since z; = 1, Vk € [d], z;, < 1. O

Claim 3.31. Vk € [2,d] it holds that 3, < .
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%5 225

Proof. Since ¢ < 1, 3, < 7 < 7 = d
Claim 3.32. V i i 52

aim 3.32. Va > 0,b € R\ {0} such that a + b > 0, it holds that va + b < \/5+2\/a.
Proof. 0 < b?> < 4a(a+b) < 4a® + 4ab + b = (2a + b)? \/a+b<\/5+%a.
Claim 3.33. Vd > 1: 214 > 14 o2,

n2 &1 /2y’ In2

Proof. Using Taylor’ on: 214 = " =14 —- —<—>>1 —=

roof. Using Taylor’s expansion ed + 7 + ; Tl >1+ p
Claim 3.34. If |z, — #;| < e and z, > 0, |23 — 73| < 226, + €3
Proof. Defining r = &, —

|2} — T3] = [af, — (z), +1)?| = 200 — 2] <[220 4+ 0% = 202, (F), — 7)) + (T — 33.)?

< 2mk6+62.

3.15.3 Proof body

T

. 2
Analyzing =, | —xp, (x4 — 71)°, Th

Proposition 3.35. For any k£ > 2, it holds that,

. Bk Bi 25]?; ﬁk B]% 2ﬁl§
ta o2 Ly, (B0 € | D G B Py Gy
btk ke R Tpo1 o Ty Thy T Ty (@R —4B)52

2 2 113¢6k—15
[when d > 25,000] C [ B 4 Bk B I Bi n 3¢ }

3 3 3
Tp 1 Tpq T T4 d

Proof. By construction,
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Define f,(z) = 1 (z — V22— 4x) for z € [0.45, 1] (see claim 3.30, corollary 3.48) and 22 >

x > 0. Expand with Taylor:

f2(0) = 1.(0)
1

N -4 1 (1) 1
forl) = 4\/22—4x_\/22—4x Ik <0)_Z,
2

P (x) = 2(22 — 4z) 32 = f2(0) = =,
z

12

@) =25 A2 A =122 ) = )=

and generally Vz2 > z > 0, f")(z) > 0.
Then, by Lagrange’s form of the remainder, the error of the quadratic approximation

(around = = 0) is given by

(1) (2) 2
fu) = W00 0y O 2y o) = 24 204 Ry,

where

Since z, € [0, z].

Therefore,

By, B 28, By B2 203}
t+5t+ 5 +5 -t — 43,52 |-
LT  Tpqg Tpqg Tp—1 T (3%—1 Br.)

Ty — T = [, (B) €
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k-5

Finally, since g, < 2 and x,_, € 0.45, 1], the bound is
k k—1

d
5\ 3
2@2 ) 9 (8’; 5) - 96k—15
(o =432 7 (052 — 4222y 7 a3 (0452 —ady) "
266k715
<
~ d1/2(0.2d — 4 - 21/d)5/2

206k715 11366k715

d > 10,000 = 4 - 2Y/4 < 0.00041d] < <
[4> 10, - J < d/2(0.2d — 0.00041d)5/2 — d3

Proposition 3.36. For any k& > 2 (and d > 25,000), it holds that,

i 6(1— O —<1+9) Gy b )

1
Tg_1 Lr—1 d/) xp Lr_1

Proof. We employ the bounds we found for x;_; — x;:

Ty, 1 1

— _ —-1_ _
T T, (T — 2 + 25 1) T () — )
6[1_ By B 26; LB B _26;3]
xiq xi—1 xk—1($%_1 —403;,)%/? 33271 xi—1 55271
c{l— B Br 23, 1_ Bk}'
xi—l 33#1 $k71($%—1 - 451:)5/2 x%—1
From the bounds on 3, x;_;:
f—
26 _ 2B, e
Ty (@ — 48R ap (v, — 4,72 T i (0.452 — 4#)5/2
2672 _ 26}
- 5/2 5/2
5‘7#1 (0-452 - 4c_1d) / d- 0'45215%—1 (1 - 0.252 zfll/dd) /
233 310
[d > 10,000] < - Bf 1 5 < fk =
d-0.45%x}_, (1 - 0.452 2*1/10000.10000) Th-1
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Since d > 10,000, we obtain 26% < 10 B . Therefore
=7 ’ Ty g (@F_—4p,)%2 = d zh_, ’

10 2
ad e<1— fk —<1+—) fk 1 f’“ )
Tp_q Li_1 d/) xy Tr_1

Proposition 3.37. For k > 2 (and d > 25,000), it holds that,

2
/.2
Tpo1 — /T — 45y

(2 4 —x,,)% = € B B + 113c7 7
ol F 2 Ty Ty d?

Proof. We exploit the Taylor expansion of the following function (for 22 > z > 0),

2

. 9 122

2
fa) = <Z—— W—4x> |

Then, by Lagrange’s form of the remainder, the error of the quadratic approximation (around

x = 0) is given by

0 Mo 2)(0
f(z) = Mxo + S >x1 + S ):1:2 + Ry(x)
0! 1! 2!
22
:0+0'$1+?9€2+R2( ) =5+ Ra(2),
where
O (zy) 5 122 - 2z 5 [22® 2z-27

Ry (2) 3! (z=0)" = 6(2’2—4:60)5/296 (22_4%)5/21' N (22 —4x)5/2 )7

Since z € [0, z].
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Then, setting z = z;,_; € [0.45, 1], we can now conclude that,

2
Ty —\JTh_y — 4By = 8
= J (B

2
(qu xk) 9
NI B S

‘T%—l m%—1 m%—1 (Ii—1_45k)5/2

BE L 280 S AR
T = -z -
Tr—1 Th-1

= i,
and z;,_, € [0.45,1], the upper bound

We simplify the lower bound as (z,_; — gz:,f)2 >
CZk:fS
= 4

Finally, for the upper bound, since 3, <

satisfies
2 92334 2 9,6k—15,,
(zp1 — ) < fk + — O Z_l 577 < f’“ + ’tl 57
Ty (@ —46) Th—1 (3 (xiq — 402d’5>
2 9 . (Bk—15 2 9,6k—15
< fk + 5/2 = fk + 1/2 1/d\5/2
Th1 d3(0.45% —41) Thy  dV2(0.2d —4-2V/9)
206k—15 5]% 11366k_15
T d? '

d>10,000 ]

Br
=4.21/4<0.00041d xi—l + d1/2 (0.2d _ 0.00041d)5/2

Expanding the inner product (w,_; —w;)'w,_;
Proposition 3.38. Let ¢t € [d] and t < k < d (and d > 25,000). Then,

x T t—2
(Wi 1 — W) W,y € | =518+ ;,_1 B+ (1 —¢),
xk_l mk—l d
6k—15
Ty Ty 1 9 —2 46 1— 113¢
Br + 1’%,1 ﬁk + ] c ( c) + 3

L1
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Proof. We use the expanded form of the inner product, that is,

cF3(1—¢)ct3
vd  Vd

k+t 6(1 C).

0< (W g —wWp) W,y = (2 —ap)r, + (t—2)

t—2

= () —2p)T4_ g + —— d

: B B B
Since z,_; —x, € |2+ wk B+ mk’“

6k—15 .
, + 113‘3 ] we obtain
Tp_1 1 Tr-1

1

t—2
xt—l B}% 4 y Ck:+t76(1 —c),

(Wk—1—W/<) Wi 12
9%—1

and,

By By 113818
x + 3 * d3
k-1 k—1

t—2
) _|_ d ck+t*6(1 _ C)

11366k715
d3 ’

(Wh_q — Wk)TWt—l < Ty (

x T t—2
[wp U <+ S B O (1= e) +
Lr—1 L1

Bounding h(k) A \/mﬁk = 202k: 6(1—c)2 + %Cgk_f,‘
1

k

Proposition 3.39. For any k > 2 (when d > 25,000), h(k) € [~ <~ + %12].

-
$

Proof. The lower bound is:

,8,% k—2 1 /1 ch=3
hik) = 2k—6(1 2 1 Z 266 Ze2k—6 >
(k) \/x%_l l & ( )+ =c > c NG
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To get the upper bound, we employ the inequality (1 —c¢) =1 — 2~ 1/d < ( ) , and get,
% k—2 c2k—6
hk) — 2k—6(1 _ ()2
( ) \/a:%1 + d c ( C) + d
ka 2k—6 52 1n2(2) 2k—6
< 1—c)2 < k
\/( et = \Gme T T4
1 In*(2)  c2k—6
3.31
13:31) < \/(045) 22z T T Ty
[ d>10,000 ] k=6 _|_5-42
=c2>0.99986] — d d2
| c2k—6 1 542 M3 1 5.42
[3.32] < y + s P = 7 + =
T4
k—3
ke, 1 c 5.42
[c"m > 2 ]S\/a+_d3/2

Bounding h(hkéz)l)

Proposition 3.40. For any k > 2 (when d > 500),

h(k+1) 5.5¢2k5 . 2.44

nk) ST T diaag

Proof. We start by expanding the expression in a way that will be useful for both the upper
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and the lower bounds,

pr —1 .2k— -
h(k+1) %_i_%c% 4(1_C>2+%C2k 4

h(k) Br o4 k=2 (2k-6(1 — )2 4 L2k-6

2
Th-1

P o k=2 2k-4(1 — )2 4 L2k 1 ,.2k—4 2
x2 d d a€ (1 - C>

- +
Bz k=2 2k—6 2 1 1.2k6 Bi k=2 2k—6 2, 1.2k—6
K—FTC (1—6) +EC K—FTC (l—c) +EC

ﬁi‘f’l c Bi 1
- 2k—4 2
_ 02 + mi wk 1 + ac (1 - C)
= _ . :
\ B 4 =2 02k-6(1 — ¢)2 4 Lc2k—6 B k=2 02k=6(1 — ¢)2 4 Lc2k—6

2
Th—1 L1

For the upper bound,

(k +1)
h(k)

6i+1 c 132
Chktl 1 2k—4(1 _ )2
x% wk 1 EC (1 C)

¢+ B k—2 1
ﬁkl + %C2k—6<1 _ C)2 + Ec2k_6

B k=2 2k—6 1 .2k—6 +
—5 + TC (1 — C) + aC

2
Th—1

1 c?
I 1 2
al—¢)
2
B B2 2k—6(1 — ¢)2 4 L¢2h—0

Th—1

L2 1(%)2
1 3 27, d\ " d

2 72
c2d? P k=2 2k—6(1 _ »\2 4+ 1,.2k—6 Pi k=2 2k—6(1 _ »\2 1 1.2k—6
mo g (1—c)*+ 3¢ Zo e (1—c)?+ 3¢
1 2 In?(2 2
22 32, dg) , | TR — In*(2)
+ =/c”+ +

62d2 1czk 6 éCQk—G m%_lxic%*‘ld c2k—6 2

\/ 2 | —clad N In*(2) \/C2 N 2 | —car N c2xi | —c2ai N In?(2)

—
—
—

IN

_—

2+ B2
B +E=2026-6(1 — ¢)2 4 Le2k6

2
Th—1

—
N
—

c +

IA

—
w
=

IN

z C2k 44 c2k—642 xic2k—4d xic%_‘*d c2k—62

(1 1 L2 2 —27  In*(2)

iC2k—4d xic2k—4d c2k—6427

—
W~
=

IN

where (1) is since 8,1 < By, ¢ < 1; (2) is since 8, < 4, 1—c < 22:(3) is since z;, < xj,_y;

and (4) is since z;,_; < 1. To upper bound z7 , — 2 we use the recursive formula of z;,
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showing that

9 9 9 xifl + 24 \/ xifl — 4B, + xifl — 4By,

Tpo1 =T = L1 — 4
2 / B
— x%—l o Th-1 1= 495%: - 25k
2 2
2 a, (1—4$§k )—Zﬂk 46, + 28
I:]-_ZS /1_2] S k*l_ k-1 — k k:3/8k-
2 2 2
Back to our expression,
h(k+1) ) ) 1 30, In*(2)
hk) < \/C +(1—c )xic%_‘*d rich—6q T k62
1 1 3 In*(2)
- 2 2
{Bk < cd] < \/C +(1—c )xic%_‘*d + 2252 T 2k g2
In(4) In(4) 3 In*(2)
_ 2 2
{1 c* < P } < \/C + xic%_“dz + xic%_f’dQ + 2k—6 2
In(4) 3 In*(2) 4.39 + 0.49z
[c<1] < \/c2 + wfc2k—aq2 T phehige g2 Sy W
cll< ]2 488 1 4.88 2.44
[z, <1 <[+ rhc2k—ag2 YR ' c2k=242 sc+ rhe2k-342

where in the last inequality we used the fact that Vz > 0, /1 + 2z < 14 2 (since (1+ %)2 =

1—|—z+§21+z:(\/1+z>2).
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For the lower bound,

h(k+1)
h(k)
/Bi 1 0252
= |24+ CE% o acij n éc%_‘*(l —C>2
o B2 k—2 2k 1 92k B3 k—2 9k 1 9k
\ KZ“LTC% 6(1— )2 4 Le2k-6 S + 20261 — ()2 4 Lo2k6
B _ c2B%
c?+ T i
- B3 k=2 9k 1 9k
\ wi}il + TCQk 6(1—c)2+ aCzlc 6
Bia _ Bi
>c |14 . wi 93%71
Ii: + %0%76(1 _ 0)2 + éCZkf(S
2 2
(;) 1 _|_ 1 5k+1 _5]6
=¢ x2 B k=2 .2k—6(] 2 1.2k6
k—lmﬁ-TC ( —C) +EC

where (1) is since ), < x;,_;. Since (8,),, is positive and decreasing, 87, — 87 < 0, and so

we can simplify the expression using the fact that v1 —2 >1— 2z, Vz € (0,1):

h(k+1) 187 — Bisa] |87 — Bisa
WZC\/I_—+>C_—+

1 2k—6..2 1 2k-5.,2 °
a¢ Lr1 a¢ Tp 1

Focusing on %—;@’%', and since 1 — (1 —¢)(k—1) = ((k—1)c — (k—2)),

( ((k—1)c—(k—2))c2k5 ) 2 o < (ke—(k—1))c2k3 ) 2

|BI%+1 — BI%| o 5]% _/6]?;+1 . d d
L.2k-5 —  L.2k-5 1.2k—5
d d d
2k5
= (= (= ok~ 1))~ (L (1— ke
- 021;5 ((1 ) — 2k (1— ) (1 — ) +R2(1 — e)2(1 — )+
>0
12(1—¢) + (1 — ¢)2(=2k + 1))
2k—5 =
< y (1= + k21 —c))1—ch)+2(1—c)+ (1 —0¢)?).
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The previously derived bounds 1 — ¢ € {ln? _ ) ln((f) give

2d?

B2 — BEl _ c2+0 o oIn%(2) o n(2)  m?(2)
Lok s <— (1—=c*)+k 7 (1—c*)+2 T TR
k=5 In*(2) In(2)  0.001
> > 29)] < 2 A Vv
[d > 500 > 10001n?(2)] < y ( + B (1—c*) 42 T+
2k=5 In(4) + 0.001
k<d < — (1—(; )+ In (2)(1—c4>+w>
Zk=5 In(4 .001
_cd <1+ln 1—c)+n()+00>.
The previously derived bound 1 — ¢" < &() gives
1871 — Bal 0 9, 4In(2)  In(4) 4+ 0.001 k5
1,2k-5 S (1+1n%(2)) R y <55

Finally,
Mh+1) B =Bl 55
h(k)  — gty T vy d*

Expanding the norm

Proposition 3.41. For any k& > 2, |lw,_; — w,| € [h(k),h(k) 4+ 865¢ 21 where h(k) £

ck—345/2
B3 k: 2 .2k—6 2 1 .2k-6
\/x . + (1 ) + dC .

k—

Proof. By construction,

w1 —wl| = \/(%1 —zp)? + (k—2) (CIC_L\/IE_C)>2 * (%)2

= \/(xkl —x,)% + k y c2k=6(1 — ¢)2 4 ECQka'

2
Before, we proved that (z,_; —x;)? € [ng ) xg’“ + 1130% 15} Now, we show the result-
k-1 k-1

ing bounds for |w;_; — w;| which employ that bound.
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The lower bound is immediate, since

k—2 1
Wiy — W] = \/(xkl —x,)% + d c2kF=6(1 —¢)?2 + Ec%—ﬁ

= 2

32 k—2 1 .
> 2k—6(1 _ )2 & —2k—6 & }(k).
\/:c,c_1 tg = e (k)

The upper bound requires an additional algebraic inequality of Ya,b > 0:+va+b < \/a +

%& and the inequality of h(k) > \/Lack_g’, ie.,
BE k=2, 1, . 113¢6k-15
Wiy —wy| < \/K + Tc% 6(1—c)2+ EC% 6+ —
113¢6k—15 11306k—15 56.506k_15
=\ W2 (k) + ——5— < h(k) + — o < (k) + — e
\/ (k) + —— < h(k) + hE = k) + 577

Combining the expansions

Proposition 3.42. When d > 25,000,

lwy, — Wk:+1||(wk—1 - Wk:)TWtq — Wiy — will(wy, — Wk:+1>TWt71

> Ay (k) + Ag(k) + Az(k)

1 [96c8F15 1 (56.5¢%18
o 113 Tk—18 | 614 6k—30 ,
J7/2 ( 7 + 113c ) 1972 ( 2 + 0lac

where Ay (k) 2 2,y (508 — BE By ), Ap(k) = 2y (MY — M B7 ), As(k) =

3
Lhr—1 Ty

%(1 — )" O(h(k + 1) — ch(k)).

Proof. To bound

lwy, — Wk+1|| (Wy_1 — Wk)TWtq — Wiy — will(wy, — Wk+1>TWt—17
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we lower bound the right expression. The bounds for (w,_;

derived above give

— Wiy — wif(w

—wy,)'w,_; and [w,_;

_ C) 113C6k15)
+
a3

_ Ty (t 2)Ck+t 5(1 o C)
2 —[ W1 — Wi ( tklﬁkﬂ + S B+
k
113¢6k—15
- ”ka1 - Wk”T
56.506k_15 Ty T, 2
> — (h(k)+ gD ) ( ;klﬁk“ _|_;_315]%+1 + Ckz+t5<1_c)>
k
Za(k)
113¢6k—15
— Wiy — Wk”T .
2p(k)
The right function is bounded as
113c0+—15
b(k) = — Wyt — WkHT
56.5¢0715\ 1136k-15
> - (h(k:) T ) -
113c6k 15 U3, by — 6384.5¢12k—30
(k) Tl 2pk3
11306"c 15 c2k Vc2k—6 542 6384, 5¢126—30
TER ) T T aings
B 113c6k 150k=3  612.46c0515  6384.5¢12k—30
N d7/2 Bl dd/? T Jl1/20k-3
k=3~ od 113¢7™F18  612.46c¢0K715  12769¢12k30
2 =08 2 e e T T qn
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The left function is further decomposed as

€T, Ty t 2
a(k) = — h(k) ( ;klﬂk+1+ B+ ck+t‘5<1—c>>
k
24, (k)
56.5¢5%12 (x, | 1 L1 a2 t— k+t—5
T 52 Brs1 T e B + ¢ (1—=¢)
éaz(k)
Then,
0y (k) = d5/2 ( ;k15k+1+ Li1 - okt 5(1—0))
k
t—9 56. 5c5l€ 12 1
[’rt1 <1 a4 = 1} = Tz (x_kBkJrl + 35k+1 + (1 - C>>
c2k—3 56. 505k 12 2k 3
> _ k+t—5 1 —
|:Bk+1 ="y } = d5/2 ( Ty, xzd2 e ( C)>
y _56 5cok—12 [ 2k— 3 Ak—6 - 1n<2)ck+t_5
- d5/2 xk.d d
ap < 1> 20 Fedk—12 ( (2k-3 +1n k=5 ko
T _
kS =2 15/2 g;kd z3d?
_ 36 5ot ck +1In(2)ct™ 2+ <
T2 o d z,.d z3d
56 5C6k 15 3k 3
[c<1] = AT g, (1 +1n(2 z2d )
96¢ 6k—15 56.509k 18
2 _d7/2 -, - d9/2 :L’%
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Overall,

“Wk: - Wk+1||(Wk:71 - Wk)TWtq - ||Wk71 - Wk”(wk - Wk+1)th—1a
> |wy — Wy 1 l(Wy g — W) "Wy +aq (k) + ag(k) + b(K)

> Wy, = Wit [(We o = wi) Twy g+ ay (K)

96¢5F 15 56.5¢9 1 113¢TF 18 612.46¢55715 1276912830
_d7/2'$k - d9/2-33i g7 19/2 o d11/2

> Wy, — Wi [(Wey — W) Tw, ) +ay (k)

96cOF 15 56.5c 18 113¢TF 18 612.46¢05730 127695430
_d7/2‘$k o d9/2-xi g 19/2 B d11/2

(1)
> Wy — Wi (W g —wy)Tw,

B 9666k_15 B 56.569k_18 B 113C7k—18 B 61466k_30
d7/2 . T, d9/2 . 5’72 d7/2 d9/2

+ ay (k)

> Wy — Wi [(Wey — W) Tw,

1 [96c5k15 1 (56.5¢%%18
k) — 113 Tk—18 } 614 6k—30
+ ay (k) d7/2 ( 7 + 1lsc 19/2 ) +0lac ’

where (1) is since d > 10,000. Focusing on the left terms gives the overall expression, which
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we need to show is positive. The previously derived inequalities show

Iwi = Wi (Wi = wi) 'wi g+ ag (k)

= |wy, — Wk+1||(ka1 - Wk)TWtq

T, T, t—2 B
— h(k) ( ; lﬁkﬂ + t_?,lﬁl%H + d Mt 5<1 - C))
k Lk,

h(k+1 h(k h(k+1 h(k
:xtl( ( i >Bk_ ;)Bk+1)+xt1< <£c3+ >51%_ (3)61%“)

k—1 Ly,
:A1<k) éAQ(k)

(1= e)ck 0 (h(k + 1) — ch(k)),

=A5(k)

which we will bound separately below.

The second term, A,(k), is insignificant O (#)

Proposition 3.43. When d > 25,000,

h(k+1) h(k) ) 14.88x,_, 312
Ay(k) = —— B —5 B | = — o
2(k) xt—l( = B ) Biy1 | = 23 d7)

Proof. We start from,

h(k+1 h(k h(k+1) 23 B2
Ak =z, ( (szFl )513 _ ;2)5£+1> = %h(kz)ﬁiﬂ ( <h(Jk:) )zgkl ﬁgil B 1) .

Za(k)
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Dissecting the terms in a(k),

((k—1)c—(k—2))c?k—5

3 1 1—ec 1
ko — d - — 4 >
By e(DR e (ke — (k—1)) ¢ = 2
— e’
>0, from 3.28
2
1
> o
Bi1 ¢

We already showed that -2 € <1 — B (1 + %)) B 1 b ), and we simplify it

p) T p)
Lr-1 Tk Tp1 Th-1

further:

-

2 Bp<

= 2 1
Tp_1 L1 d/) xy Lr 1

1 (1 + %) d>10,000
> 045 >1— > 1—4. .
(e 2 045] 2 1= 5 (0.45)2 * (0.45)4d = 950

A (110 A

d mi_ld

Using the algebraic inequality ¥z € (0,1), (1—2)% = 1—32+322—23 > 1—3z, it follows

that
3

Z
E > 1—14.853,.

L1
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Moreover, recall that we already showed that hglk(z)l) >c— 5;;’62’;;5. Now, focusing on a(k),
k-1

hk+1) z} B
h(k) xifl 51%—1—1

5.5¢2k—5 1

a(k) = —1

1 5.5¢%k5
5.502]"_5)
> (1 — 5— | (1 —-14.853,) — 1
( m%—1d2
5.5¢2k=5  81.675c%+?
= —14.850, —
Pe xy_d? xy_,d? Pe
5.5¢2k—9
> —14.8583, — —5——
B Pe xy_,d?
k=5 14.85¢2k=>  5.5¢2k—9 14.85¢2k=> 5 5¢2k—9
By < > — — > — —
d d x?_ d2 d (0.45)2d2
14.85¢%F5  27.17¢2F9 14.85¢%+79  27.17¢2F9
> — — > — —
- d d? = d dz?
14.86¢2k—9
[d > 10,000] > —TC.
And finally,
1 1 1 ,  14.86¢%79
r A k) = (KB - alk) 2 (BB, - ———
Ck_ .
Bra<d, S 1 Tj + 33—33 14.86¢%%2 1 3121486 1542 14.86¢2F9
[h(k)<ckf3+ggj§] = _x_z d2 d - E A5z d f’/’% d7/2 d
> 14.86¢3F712 80.55¢2k12
e [ xid7/2 o midg/z
[ #5000 ) >  14.86¢**12 0.0081- P12 (14.86 + St ) P12
ck3>cd=0.5] = xid”z a:id”% = xzd7/2
14.88z, ;c3k12
A2<k) 2 - Iid’?/Q 9
thus concluding this part. O
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The third term, A;(k), is insignificant O (ﬁ)

Proposition 3.44. When d > 25,000,

t—2 it 6 6.77cH6 (M3 5.42
B L ) e s

Proof.
_ t—2 k+t—6
[Ay()] = | (1= )RS bk + 1) = ch(b))

L2 ) e Bk 4 1) — ch(k)] < (1 — ¢)eF S |h(k + 1) — ch(k)|

C,CH_Gh(k) h(k+1) ch=3 N 5.42\ |h(k+1)
d a3z " d5/2 h(k)

d
<In(2) —c —c

)

< ln(2)ck+t—6 <

where we used the facts that 1 — ¢ < mTz and h(k) < % + %.

Using hgﬁz)l) € [c — 5{;:’2:21];;5 ,C+ %022',%3 dz}, we finally get,
A (k)] < In(2)ck+-6 (2’;;” Zﬁ) ‘h(llj(;r)n .
< In(2)cF 0 (z;—/j + 25%) max (Z%il;; ; x,‘i;ﬁi’ﬁ)
2, < 2, 1] < In(2)ckHS (2’“7_2 N %) -_ (5.5;2;5 | x;;llf—s)
[e<1] < ln(z);g - (i;;j + Zﬁ) max (5.502k5, 20‘2—4]:1>
hm s g k39, e <] < ln(2);£+t—6 (Cd17/2 N Zﬁ?) max (%,976)

- 6.77cktt=6 < 1 5.42)

- x% d7/2 + d9/2
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Back to the first term, A, (k)

Proposition 3.45. When d > 25,000,

Pt +1) (k) 0042978 17307
— - > B
A (k) =z, 4 ( . Bre . Per1 ] 22 w3 d5/? z2d7/?
Proof.
h(k+1) h(k) ) Ty x, h(k+1) B,
Ay(k) =2, ( B = — B ) = ——N(k)B A
1( ) t—1 Ty k T k+1 Ty ( ) kt1 L1 h<k> /Bk+1

—O(d-3/2) 2a(k)

We use the previously derived lower bounds 2~ > 1 — x’% — (1 + 170) G and hglk(z)l) >

Lr-1 — k-1 T
c— 5;2:21};;5 . To lower bound Bi ’il = C% + M%W, we need a slightly stronger bound than
before. Specifically, for any z € (0,1), 1% > z. Then, since 1 —c € [lnéz) — 11122;22), lnc(f) —
k(1—c) € [EIn(2) — & In*(2), £In(2)] € (0,1), and
l1—c 1 k(1 —c) < 1k(1 ) l1—c
et ——— v —C) = .
(1—k(1—c)e? k(1 —Ek(1—c)) — 2k c?

Therefore,
B S I 1—-¢c 2-c
B~ 2 & @

We are now ready to lower bound a(k) as

z, hk+1) By
Tp_1 h(k) By

> 1_&_ 1 10 5_1% _5'56%75 2—c 1
- x? * d) z T2 d? c?
k1 k—1 k—1

—1

a(k) =
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( )

Using claim 3.33: 2—20:%—1:2-21/‘1—122(1—#1&)) 1=1+ , this gives:
2k—6 In(4
a(k)Z(l— f’f _ 0 )( 0-5¢ 2><1+—”(>>—1
i 4 fEk 1d d
N ln(4) 5k 5.5¢2k—6 ( 7()) Bk ( ) By
- - —+ —~
d xk 1 xk 1d a: xk 1d
o(d1) o(d-2)
5.5¢2K63,  55In(4)c26  (1+ ) In(4)5;
xy d? z3  d3 z} . d
O(d3)
5.5(1+12) 2652 55In4)c2k—6 [ 5, (1+ )42
+ 6 g2 + 2 43 5 T 4 :
L1 Li—1 Tr1 Lr_1
O(d—4)

Lower bounding the negligible positive terms by 0 gives

In(4 5.5¢2k6 (1 +1) 52 (4

a(k>2n()_ fk: - 20 2+( 4d>5k+ng>ﬁk

d Lr1 ry_,d L1 Ty_,d

o(d1) o(d-2)
_(5.51In(4)c?k6 N (1+ 1) 1n(4)82
x2 d3 xt . d '
k-1 k-1
o(d3)

We now simplify the least significant terms above further. We start from an upper bound

to the ©(d~2) term (since its sign is negative in the expression above),

5.5¢26 (14 19) 32 N ()5d 5.5c2k_6+ 1.00137 +ln(4)6k

<
x%—ldQ xi—1 % mi_ldQ x%—lwi—l xi—ld
k=5 1 5.5¢2F6  1.001c*~10  In(4)c?k5
< < = x> 045
B = d ~ cd Th-1 = ~ oai d? +xi_1d20.452 * z?  d?
2k—6 -
2k—6 11.84 2k—6
k>2, c<1]< > (5.5+495+In4) < —
Ty, d ry_,d

Similarly, for the ©(d~3) term, we again employ the upper bound 3, < R Cld, and
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obtain,

5.5In(4)c?6 (14 1)In(4)87  5.5mn(4)c** 6  1.0011n(4)c?*>
2 3 1 = 2 3 i 133
Th1d Thd L1 Ty dc
—CQkiG In(4 In(4)c—2 e 5.5In(4 1.0011In(4 —9'026%78
< 9.9 1.001 ) < . + 1. < .
< gy (OSI) + LOOLIn(0e?) < S (55 (Y a(l) < =

Thus, the following lower bound holds:

In(4) B, 11.84¢2k76 9.02¢%+8
alk) 2 d 22 .\ 22 a2 xd . d3
k—1 k—1 k—1
In(4) B, ¥ 9.02¢2
[z, <2 4] > i 11.84 + 24 )

Back to the overall term we are trying to lower bound,

h(k+1) h(k) 1 ( z, h(k+1) B, )
A (k) = — = —h(k —1
xt_l 1( ) -/Ek_l Bk xk ﬁk-‘rl {Ek ( )Bk-‘rl mk_l h(kf) Bk+1
—0(d-3/2) Sa(k)

1 In(4) B, k6 9.02¢2
> —h(k A A 11.84
~ (k)Bres1 ( d 2 rid? + zid

Ll
1 In(4) B, 1 k=6 9.02¢~2
= —h(k ——= | — —h(k —— | 11.84 + ———
T ( )5]““( d z3 T (k)Bre1 z3d? + zid
ck—3 5.42
1) 1 k3 In(4 1 + 2 ¢?k6 9.02¢ 2
2> —c—ﬂkﬂ ( n(4) _ B_S) - =44 02 2 (11'84+ Tc>
x, \d d x5 Xy, d zid zid
2 1 k=3 In(4 ,8 3k—9 9.02 - 22/10000
> ——=brn @ __g T 3772 11'84+—2
T, \/d d 3 z3d7/ 0.452d
492k—6 02 . 92/10000
> 43269 ~ (11.84 L o02-20 . ) :
xyd / 0.45%d

where (1) is since h(k) € {Ckig 2 4 3333] ,Brar < %5 (2) is since d > 10,000 and a;, > 0.45.
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Furthermore,

1

A, (k)
t—1
L L 7y In(4) B\  11.84c* 79 44.55¢% 79 64.18¢* 70 241.46¢* 6
“a, Vd PP\ d xi z3d7/? z3d9/? z3d9/? z3d/?
L L g In(4) B, 11.84¢%9  4455¢%F9  64.18¢2F 9 241.46¢%F 0
“a, Vd P\ d x3 z3d7/? z3d/? z3d9/? z3d/?
@ 1 k=3 G In(4) Bk 11.84¢3%=9  109¢c2F9
“ oz, d TP d 3 z3d7/? z3do?

where (3) is since d > 10,000. Therefore,

A (k) > B ck=3 B In(4) B\ 1184z, 0 109z, ;>0
1 = 1 T g 72 xzdwz xidQ/Z

It remains to get a lower bound for £, <ln(4> — %)

First, we show

b(k) = In(4) _ Bk _ In(4) (A-(1—c)(k— 1))c2k=5

d x? d z2d
In(4) 2+ 1 E—1\ ks
- d _ac2d+m%c3'<1—c)< d )4 ’
In(4) 2+ 1 1—c¢ <k — 1)
> - + : ,
- d x%d x%c3 4 d
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where we used an algebraic property that 477 %1 Vz € [0,1]. Continuing,

In(4) ¢*+° 1 In(2) In?(2) kE—1
b(k) > — . _
(k) = zid * 4aic? d 2d? ( d )

d
_In(4) P N In(2) (k:—l) In*(2) <k—1>
- d zid  4aicdd \ d 8x3c3d? d
In4) % In(2) (k- 1) n(2) (k-1
<1 > — _
le e d z2d +4a:id< d 8m%c3d2< d )

In(4) 7 In(2) (k—1> e
—d ajd dajd \ d 8(0.45)2c342
In(4) 5 I(2) k—1 03 _ In(4) In@2)(52)—4c*5 0.3
- - : — > + _ 03
d zid  dazd  d c3d? d da2d 342

Below, we use the closed-form approximation of z, for which we have established |z, —

T < 94 = ¢ (lemma 3.47) and |27 — 27| < 2z,e + €2 (claim 3.34). Also, recall that,

Ty = \/1 — ﬁ 14 (ﬁ — %) = \/1 — ﬁ + c2k (ﬁ — 5) These relations further refine

the lower bound on b(k):

0.3 _ In(4) N In(2) (51) — 4?5 427 In(4) + In(2) (57) — 4c°

b(k : =
(k) + 3d? ~ d 4a3d 4a3d
477 In(4) 4 In(2) (E2) — 4c?+5 ~ 4In(4) 22 — 22|
- 4a2d 4z2d k &
477 In(4) + In(2) (E1) — 4c2+°
S 4T n(4) + In( )2( ) —4c B ln§4) (e + €)
drid rid
4 (In(4) =1+ (1 - gln(él))) + In(2) (%) — 4¢3 2 In(16)e
_ 1545+ n(2) (571) +4c* (1—En(4)) =4 &2 In(16)e
- 4a3d z3d xd
1545+ In(2) (5) —4c® In(4)5 2515 @ In(16)e
B 4a3d x2d z2d xd
3.25] > 1.545 +In(2) (571) —4c* In(4)5  5In(2)c* > € In(16)e
. 4x%d z2d? z2d z,d
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Focusing on the left numerator,

1.545 + In(2) (%) — 42k 1n(4)§ — 1.545 1 In(2) (%(k: 1)- 8c2k§>
>0
ko1 ko1
= _ 2k M 2k 1\ P <
= 1.545 + In(2) ((1 8c2*) - d> 1.545 — In(2) <(80 1=+ d)
—1.545 —1 (2)((8 4 1)’“+1>
== 1. n d d

To upper bound g(z) = 8z - 477 (inside x € [0, 1]), we show that
0% ¢ (2) =8 4% —8zln(4)4* = 8- 477(1 — zIn(4)),

solved by =z = ( L which falls inside = € [0, 1], meaning it is a global optimum.

The second derivative is

g"(z) = (8-47% —8In(4) -4 %z) = —42""In(2) — 8In(4) - 4*(1 — x1n(4))

1 N 161n(2)
/ — 42T In(2) = —
g (1n<4>> u(2) "2y,

1

In4
meaning that the r = ; ) is the global maximum. Also note: <4ﬁ) Yoy ogm =

n(4
Therefore,
k—1 ok k _k ko1
B _ . d — o4
1.545—1—111(2)( p ) 4c ln(4)d 1.545 — ln(2)<<8 4 1>d+d)
1 1 1 In(2) In(2) <8 )
> 1.545 — 4w —1)— 4+ ) =1.545— _ S _
= 1545 ln@)((g A 1>1n4+d> Lo == = oy e !
0.7 0.7
> 1.545 — 0972—7>0573— I
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Finally,

03 €  In(16)e N 51n(2)c?k> L 545 + In(2) (E2) — 4c?* In(4) %

c3d? - xid x,d wid> T 4a3d
0.573 — %1 0.14325 0.175
> — .
4xkd - w%d x%d2

Going back to In(4) 5 = B..,1b(k), the following bound holds:
k+1\ ~d k+1

0. 14325 03 ¢  eln(16) 5Wn(2)c*5 0175
Bry1b(k) = Briq =T 22d T v.d 2242 2242
4325 (03 & eln(16)  5Wn(2)  0.175
1, k>2] > —
e < Bria ( (c?’d2 z3d * z,d cxid? = xid?
s 14325 1(03y, @  en(l6) 5h(2) 0175
ok c3d?  xd d cxpd?  x,d?
0. 14325 0.3  €ln(16)  5In(2) 0.175 €
45 < < 1 > —
045 < Bria ( 22d <c3d2 T T o0 T 045 T 0.45d

0.14325 1 <0.3 278 7.71 0.39 2.362>)

> tdaiinh
—5"7“( 2d g \AE T d T @ T

Since ¢ = 2714 > 0.9999, Vd > 10,000, and plugging in e = 179-4:

T,
S g (014325 1 03  278-1704 771 039 23 170.42
—URL 22d 1y, \0.9999342 d2 0.999942 = d>2 d3

> 3 <0.14325 1 (482.2 N 66783.17))
= k -
T\ 23d d? d3

o 0.14325 1 (488.88> o Brer (014325  488.88
MU 23d mp \ @2 = x,.d x, d )’

Ty

where (1) is since d > 10,000. The inside of the parenthesis is positive Vd > ’—0‘1.?338285-‘ = 3413,
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so we can bound the expression by lower bounding B Rl

k

5 In(4) By S Bre1 (0.14325  488.88 S 0.3¢?%73 (0.14325  488.88
ML d z3) = ad Ty, d - d? 3 xd
0.0429  146.7
2k—3
= ( w2d2  x d3> .
k k
Therefore,
i c* 5 In(4) B\  11.84c*7  109c%7
T, ML d 3 z3d7/? z3d9/?
1 c* ons (0-0429  146.7 11.84¢39  109¢2+7
T}, zid?  x,d? z3d7/? z3d/?
0.0 42903k 6 146.7¢36  11.84¢39 1097579
3d5/2 xid7/2 jEid7/2 m%dg/z
0.0429¢*%76  146.7¢*%9  11.84¢%F9  109¢%F 9
e<1] 2z z3d5/? B z2d"/? B z3d7/? B cka3dd/?
0.0429¢3%=6  146.7¢3%9  11.84¢3+° 109359
23db2  22d72 0.4522d72 0.5-0.4522d9/2
S 0.0429¢2k76  173.02¢3%9  484.45¢3+9
x JE— R
=1 z3db/? z3d7/? z3do/?
0.0429¢*%76 173.07¢349
d > 10,000] > —
[ |= 2, 1( z3dd/? z3d7/? )’

where (1) is since x;, > 0.45, ¢k > ¢? = 0.5.
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3.15.4 Conclusion

We want to show positivity of A, , = [wy, — w1 [[(Wy_y —wp) "W, — W,y —wi||(w, —
Wk+l)TWt_1. Applying proposition 3.42, we show Vk > t:
)T

At,k = |wy — Wk+1”(wk—1 —wy) Wy — [w g —wy[(wy, — Wk+1)TWt—1

> Ay (k) + Ay (k) + As(k)

1 [96¢5k15 1 [56.5c9%18
. 113 Tk—18 ) 614 6k—30
472 ( o PE\ 5 O

g Ay (k) + Ay (k) + Ag (k)

1 [96¢8k—15 1 [56.5c7k18
- 4113 Tk—18 | 614 Tk—18 —k—12
4772 ( 7 ¢ 4972 o e

(>i) A, (k) + Ay (k) + As(k)

1 (96c57 15
72 (

Th18 1565
+ 113c7’f—18) - (—3 + 614 - 1.00007'2 - 2)
T

T, 19/2
(3)

> Ay (k) + Ay (k) + Az (k)

1 96 6k—15 Tk—18 56.5
( ¢ + 113c7k—18> ¢ <— n 1238.36)

e 0.45 d92 \ 0.453

1 _ _ 1858.39c7h18
> Ay (k) + Ay(k) + As(k) — W(213.34c6’C 15 4 113c7h-18) AR
(4) .
> Ay (k) + A () + Ag(h) — —=5(213.34¢5%1% 4+ 113.19¢7H19),

where (1) is since ¢ < 1, k > 2; (2) is since 21/10000 < 1,00007, ¢* < ¢ = 2; (3) is since
Zp_q > 0.45; and (4) is since d > 10,000. Plugging in the results of Propositions 3.43, 3.44

and 3.45, we derive

At,k = |wy — Wy (W — Wk)TWt—l — Wiy — will(wy — Wk—i-l)TWt—l
N 0.0429¢3+-6  173.07¢3k—9 14.88z, ,c3k=12  6.77ck+t=6 1 n 5.42
= L1 $id5/2 o x%d7/2 o mid”z - :ci <d7/2 d9/2>

A, (k) Ay(k) Ag(k)

— —(213.34¢5%15 4 113.19¢7F18
d7/2
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_0.0429z,_,c** % 17307z, ¢ 14.88z,_,c3F 12 6.77ck+t6< 1 5.42)

x2d5/2 xid7/2 xid7/2 xi d7/2 + d9/2

- W(213.34c6'f*15 +113.19¢7%18)
g 0.0429¢%+6  173.07x, 39  14.88z, c*F12  6.77cFH6 ( 1 N 5.42)
= 2idd? x2d7/? 23 d7/2 xl d7/2 T g9/2

- W(213.34c6k*15 +113.19¢7%18)
@ 0.0429¢3%=6  173.07¢3F9  14.88¢3F12 . 77ck+E6 ( 1 N 5.42)
= x3dd? 22d7/2 23 d7/2 'l d7/2 T g9/2

— W(213.34c6k*15 +113.19¢7%18)
@ 0.0429¢3%=6  173.07¢3F9  14.88¢3F12 .78k +t—6
= 2idd? z2d7/? z3d7/? zid7/?

— W(213.34c6’f*15 +113.19¢7%18)
@ 0.0429¢3%=6  173.07¢3F9  14.88¢3F12  §.78¢k+t—6
T a3 TR Z3dT2 ad 2

213.34¢%%15 4 113.197k—18

B z2d7/?

_ 1 0.0429¢3k—6 — 1 173.07¢3k9
z2d5/2 d '
14.88¢3k—12 .78k +t—6
e 4 913.34c515 4 113.19c7k_18>)

(5)

1 1
3k—6 3k—9
> W (0.04296 — E (173.070

14.88¢3k—12 N 6.78ck+t—6
0.45 0.452

+ 213.34¢6k15 4 113.1907k18>)

1
3k—6 3k—9
= 2P <0.04290 - (173.07¢

+33.07¢3%12 4 33.49¢F1t-6 1 913.34¢0F15 113.1907k—18> )

C3k—6 1 »
= W (0.0429 — E (173.076
+33.07¢ 7 + 33.49¢ 2R 4 213.34¢3579 4 113.19¢44712) )
(6) 3k—6 1
> ——— (0.0429 — = (173.07¢™3 + 33.07¢ 6 + 33.49¢72F + 213.34c 3 + 113.19¢7%)
x%d5/2 d
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(7) 3k—6 1

> =7 <0.0429 — = (173.07¢™3 +33.07¢ % 4 33.49 - 4 + 213.34¢ 3 + 113.190_4)>
z2d>/ d

(8) 3k—6 1 \

> PPE (0.0429 3 (173.07 - 0.9999

+33.07 - 0.999976 + 33.49 - 4 + 213.34 - 0.9999 2 + 113.19 - 0.9999 %)),

where (1) is since x,_; > x; (2) is since z,_; < 1; (3) is since d > 10,000; (4) is since
x;, < 1; (5) is since z, > 0.45; (6) is since ¢ < 1, k > 2; (7) is since ¢ 2F = 4F/4 < 4: and

(8) is since d > 10,000 = ¢ > 0.9999.

Finally,
3h—6 666.82
k2 (0.0429 -~ ) . (3.13)
Hence, a sufficient condition for (W’ﬁ;::f);m* — (W’ﬁ;zvﬁ:vfm* to be positive and mono-
tonicity to hold, is that d > (8?&53] = 15,544. Since this is smaller than 25,000, this

concludes our proof of positivity of A, ;.

3.16 Lower bound technical appendix: Properties
of the recursive construction

This section complements section 3.11.1 by confirming that the recursive construction intro-
duced there is well-defined; readers are encouraged to review it first for context.
Specifically, we prove that the recurrence defining the sequence (x;,) is well-posed, in the

sense that the square root is always taken over a nonnegative quantity:

Lemma 3.46 (Existence of the recursive sequence). Given the sequence (x), recursively

x \Jx?i_ —4
defined by x; = 1, z,, = Lt - Bk, Vk € {2,...,d} where ¢ £ 2714 and 3, =
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(Ve (h=2))™ 2 ‘for all d > 30 and k € {2, .., d},

xiq — 48, > 0.

In addition, we prove the following lemma:

Lemma 3.47 (Approximation by closed-form reference). Given the sequence (x), recur-

Va2 o —4
sively defined by z; = 1, x, = Tk Ty P Bk, Vk € {2,...,d} where ¢ £ 271/4 and
y Y Ty k 2

B, & ((kfl)cf(sfz))c%%, and the sequence 7, = \/1 — 5+ A-a (g — %), for all d > 30

and k € [d]:

2y — | < 170.4.
d

Before proving this lemma, we state the following corollary:

Corollary 3.48 (Lower bound on ;). Yd > 25,000, Vk € [d]: x;, > 0.45.

Proof. z, is decreasing (claim 3.29), so Vk € [d]:

[d > 25,000] > 0.45.

This bound is used in the proof of section 3.15.

3.16.1 Proof outline

First, we show the above holds numerically for 30 < d < 100,000, as can be seen in fig. 3.26.
We then prove analytically for d > 100,000, by constructing an ODE for which the sequence
(x) serves as an Euler trajectory. We then bound the distance between the solution to

this ODE and a known function Z (7). Combining this bound with Euler’s method global
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truncation error bound, we obtain a bound for the distance between (x), and (Z),. We then

use this bound to show the existence of the sequence (), for all k € {2,...,d}.

Computational resources The numerical validation took 6 hours to run on a home PC

with i5-9400F CPU and 16GB RAM.

10!
- 4.25
Q.0 s 4.00
g 10~ \ 70.4/d z>|< .
©
e . ¥ 3.75
2 | = max|xx — Xl x
010 kEld] a3
7 3.50
—— 170.4/d ki — ev
kE[d]
102 103 10% 105 102 10° 10% 10°
d d
(a) |z, — &| < 04, This is an (b) Actual upper bound is < %2,

analytically derived upper bound.

Figure 3.26: Numerical proof of lemma 3.47 for d<100,000. Using the recursive
definition of x;, we calculated the sequence for each value of d, Vk € [d], and compared with

Zp.
Euler’s method construction and bottom line

Here, we leverage the global truncation error of Euler’s method to establish the bound. The

auxiliary propositions supporting this result are proved in the following section. Define

2_ 4 1y
) —al e

((dr —1)27Y4 — (dr — 2)) 2(6-2d7)/d
y :

p(r) =

Then, using step size h = é, Euler’s method gives the iterates

Ty =2+ he f(T, 1),

The1 = T 1,
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and thus

\/xi—élﬁ (%) — Ty xk‘i‘\/ x%_4ﬁk+1

xk+1 = :Ek + 2 = 2 Y

which are the desired iterates.

These are the Euler’s iterates for the differential equation
' (r)=f(r,x (1)), «(0)=1. (3.14)

We do not find an exact solution to this equation. Instead, for d > 100,000, proposi-
tion 3.64 will prove

38.9822
jz (1) =2 (1) < —

where the function &, suggested in Hucht [59], is defined by

1 1
T = 1—— 4_7_ -
Z(r) \/ ln4+ <1n4 T)’

so that T, = & (§> Next, we bound the iterates using the global truncation error of Euler’s

method, obtaining

N _x<§>‘< 131.3685
k d)|— d

Combining this with the previous result, proposition 3.71 yields

131.3685  38.9822 < 170.4

Finally, we use this bound to show the iterates exist Vk € [d].
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3.16.2 Full proof

Auxiliary propositions

We begin with preliminary claims and move on to the propositions used in the previous

section.
Claim 3.49. f(d) = —d (1 —27Y4) is decreasing Vd > 1.

Proof. f'(d)=—(1—2"Y4)—d((—1)- In2-27Yd) = — (1 —27Vd) 4 In2p-1/d — ] _
(1—12)2-1/d <. O

Claim 3.50. Vd > 1: d(2/4—1) > In2.

Proof. Using Taylor’s expansion:

> m2 X1 /In2\°
oUd — o =14 —Z _<_>
et =1

gl 4
O
Claim 3.51. —d (1 — 2_1/d) > —In2 (alternatively: 2-1/d > 1 IHTQ)
Proof. By claim 3.49, —d (1 — 2_1/d) is decreasing with d, so
27h 1 27h—20
J— J— 71/d > 1 — — 71/d — 1 = 1
A0 =2 2 iy (2 = i T = i
We recognize this as the definition of the derivative of 27% for x = 0". Thus:
d(27%)
1 _ . 71/d [ S, = + = — . 0 = —
Jim d(1—2717) o @=09) In2 -2 In2.
O
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Claim 3.52. 3(7) > 0, decreasing and convex for 7 < 5.

Proof. Recall that g (1) = ((d771>271/d7(3772))2(57%7)/(1, and d > 1.
5-2dt

Denote (1) = é (7)g (1), where f (1) = (dT —1) 9~ 1/d _ (dr—2)and g (1) =24

g (1) > 0 for all 7.

From claim 3.51, 1 — lnTQ < 9 1d < 1, so:

In 2
f(ry=2"Yddr —27Yd _dr + 2> (1—%) dr —1—dr+2=—7In2+1,

so f (1) >0 for 7 < 5. Thus (1) > 0 for 7 < 5.
Also, f' (1) =d(27Y9—1) <0, Vd > 1, V7 and ¢’ (1)

= —2In2-2"%" <0, Vd, V1

So:

prr) == (1)g(r)+g () f(1)) <0,

IS

as long as g (1) > 0 and f (1) > 0 which holds for 7 < 5.

5-2dr

a >0, so:

Now note f” (1) =0 and ¢” (1) = 4In*2- 2

5”(7)2%(f”(T)g(T)+f/(7)9’(7)+9”(T)f(7)+f’(T)g/(T))
=~ (g (1) +g" (1) (1) >0,
as long as f (1) > 0 which holds for 7 < 5. O
=1,2' (1) =

Claim 3.53. z (7) defined by the ODE in eq. (3.14) satisfies the ODE z (0)
d—vng(T)_w with g (1) =48 (7 + ). We also have:

Vd > — —42
> 3, max g (5) =g(0) p

22-4B(t+1)—2 vari—g(t)—z .
Proof. Substituting =’ (1) = d ﬁz( *a) from eq. (3.14) into 2’ (1) = d% gives

g(t)=4p (7'~|— %)
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For 7 € [0,1] and d > 3, 7 + é < ﬁ By claim 3.52, (3 is decreasing, so:

_ B 1\ ((1—1)2*1/d_(1_2))2(5—2)/d_ 93/d
maxg(s)—g(())—45(a>_4 : e

s€[0,1]

Remark 3.54. The solution to the ODE z (1) 2’ (1) = —f (z), x(0) =1 is

ZL’(T):\/l—Q/OTf(S)dS.

Claim 3.55. V0 <a<pu<1:1—-FHa</T-a<1-4.

Proof. For the right-side inequality, (1 — %)2 =1—a+ %2 >1—a=(V1— a)2.

For the left side: denote f(a) = v1—a. f is concave: f’(a) = —=~A—, " (a) =

—2

42({?‘; <0. Thus, for0<a<pu<1:

Z

]

Remark 3.56. The solution to the ODE in eq. (3.14) is only defined when the quantity

under the square root remains nonnegative, i.e.,

22(7) > 4 <T+ %) :

Given that z (0) = 1 and that 45 (1) = 422 < 1 for all d > 6, i.c., 22 (0) > 45 (1) strictly,
from continuity we have that x(7) > /48 (7' + %) > 0 for all 7 € [0, ], for some ¢ € (0, 1].
Going forward we focus on 7 € [0, (] when stating facts about z (7), and eventually show

that ¢ =1 in corollary 3.68.
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Proposition 3.57. Assuming V7 € [0,{]: 0 < g:g) < 1 and x > 0, the solution of z (0) = 1,

' (1) = d—w satisfies
1—+/1— T d "
x(T) € 1—d M/ g (s)ds, 1——/ g(s)ds|,
H 0 2 Jo
for 1 2 max 2 (S>2.
s€[0.¢] x (s)

Proof. Let 0 < p <1 such that V7 €1[0,{]: 0 < <—§> < p < 1. By claim 3.55:

x

1—1_‘/1_“9(?3 1_9(;)31_92(72
L x x x
(1—1_”1_Mg(7))m§m 1—@S<1—M)x
H x2 x? 222
p VI ) s 0()
W x - 2z
VTR e 90
n r - 2z
VI ng(T) “d a2 —g(1)—x S_dg(f)
20 x 2 dx
WI—p—-Vdg(r) _ , . _ —dg(r)
2uz (1) s@(r) s 4z (7)
(Vl_ﬂ_l)dg(T)<x(7_>$/(7_><_dg(7-)
2/ - -4

where the last transition is valid since z > 0. From remark 3.54, we know that the solution

to the ODE z (1)2" (1) = —f (z), z(0) = 1lis z (1) = \/1 — QfOTf (s)ds. Put differently

this means z (1) = \/1 +2 fOT x(s)x’ (s)ds (when x (0) = 1). We aim to plug this into the
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inequalities, so we now achieve the required form:

Denoting A = d fOT g (s)ds > 0, for the LHS,

_1—\/1—,uA 1

1 ==
I I

(= A+ AVI=4) > 5 (n= A+ AL=p) =0

Hence it is legal to take a square root:

L=vi—p [ ' ! _d ' s)ds
\/l—dT/o g(s)dsﬁ\/1+2/0 z(s)x (s)dsg\/l 2/0 g (s)ds.

Finally, plugging in x (1) = \/1 +2 fOT x (s)x’ (s)ds, we get:

1—V1—p [T d (7
\/l—dT/O g(s)dsgx(T)S\/l—i/O g(s)ds.

Proposition 3.58. For d > 100,000 and 7 € [0,1], 0 < dfOTg (s)ds < 1.5821.

Proof. For 7 € [0,1] and d > 3, T + % < ﬁ By claim 3.52, 8 is positive and thus
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dj(;T g(s)ds =4d fOT B (s + é) ds > 0. For the right-side inequality:

(((ds F1—1)27V9 — (ds+1—2)) 2<5—2ds—2>/d> iy

d
0]

1 1
=4.2%/4 / 272%ds —d (1 —2—1/d)/ 32_25ds}

0

—2s
—d(1—2_1/d) {_2 (sl2n4+1)}
0 In“4

— 4. 92/d {21/d 3 —d (21— 1) {4_(1114"'1)H.
4 41n* 4

By claim 3.50, d (21/d — 1) > 1In2, so:

T 1
1 3 3 In4
d ds < 4d 2)ds < 4. 924 [21/d——1 2[—”
/og(s) T /oﬁ<s+d> - 4nd 7 am?a

[d > 100,000] < 4 - 22/100000 [21/100000i —1In2 {3 — 1114” < 1.5821.
41n4 41n* 4
Claim 3.59. 1=V1=2 — 1 < 2 for g € (0, 1]
Proof.
l-vVl—-2z 1—-vl—-zl+vl—-a T
x . 1+Vi-z z(1+V1—1z)

so we define a (x) = =
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This function is monotonically increasing, continuous and convex for = € [0, 1]:

a’ (x) = 2\/%

(1+vVi—z)"

—1- (257 0+ VI—a) +2(1+Vi—a) g7
4(1-@(1+ﬂ)

_\/11_7(1—}—\/1—35) +2(1—|—\/1—x)

- )

11—2)(1+ Vi)

wm)

a// (:E) —

and thus by convexity, for x € (0, 1]:

1-vi-=z Vxl—f":a(x)g(1—x)a(0)+m<1):(1_x>%+x:%+%x
=2 (#—%) <a.

Proposition 3.60. For d > 100,000, u = max, «€l0.] ((s))2 < 19.;58'

Proof. By remark 3.56, x (7) is positive, and since (3 (T + é) > 0, z (1) is decreasing in [0, (]
(claim 3.52), and thus the minimum of z (7)* is z (¢)*, and z (¢)* < 2 (0)* = 1.

Applying the upper bound on g (s) from claim 3.53 gives

23/d
4 d

max s
2 nax g (5)2 < : 5€[0,¢] g( )2 — 5.
s€[0,¢] z () mingep o 7 () z (C)

1—VI—p [¢
By proposition 3.57, \/1 — d—'u/ g(s)ds <z ().
H 0

Squaring both (positive) sides, substituting and denoting A = d f ¢ s)ds, we get

_t=vizw Vl_“Agx(C)?.

L

A > 0 by proposition 3.58, and f (p) £ 1224 js increasing, since using claim 3.55, f/ () =
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2—pu—2/1—p

3/d
A AT 2 27’2‘;22\(/%/2) = 0. Combining these and p < %, we get
53/d
1—4/1— 24,
_ () IV TR
4% [z (0)° p
23/d 23/d
2%/ 42%4 3/d
d2—A+A\1— 4 <4”
z (¢) z (¢) d
4227 23/d (1
d
A\l— 5 < — y 5 — 1|+ A
z (¢) z (¢)
Denote z = xé)g,

r= 4#. Recall that z > 1, and we are looking for an upper bound

for it, so we can have a lower bound for x (¢ )2. We have:

A2(1—r2) < (—r(z—1)+A)> =12 (2—1)> —24r (z — 1) + A2

—A2rz <7222 — 2122 412 —2Arz + 2Ar

0§rz2+(A2—2A—2r)z+2A—|—r.

Finding the roots, z; 5, =

2+ A2— A) £\ 2r+ A2 —A)* —4r 24 +7)

2r
Since we are looking for an upper bound, we care about the smaller root:

z <

2 A(2— A) = /42 + 4rA(2— A) + A2 (2— A)° —8rA— 42

2r
Ao Ayt oA ap-a (| [T &
B 2r N 2r (2—A)2 ’
For d > 100,000, *7; = 442" 44Xy

—_— ) Y 2

(2—A)? = (2—1.5821)2

<1073 < 1, (we used proposition 3.58),
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so we can apply claim 3.59:

z<1+A<2_A) 4r 4r 1
- 2r 22— A \ (2—A)
A 4Ar

=1+ +
2—-A  (2-4)°
d > 100,000 A
<15 4410100 5
—4 (2—A)°
— r<4.1-107°
1.5821 1.5821
A< 1.5821,3.58] < 1 4.4.1-1075. < 4.7894.
A< I<l+opmt 041793 =
Then, for d > 10°:
1 23/d 191576 - 23/19°  19.158
5 < 4.7804 = 1 < 4.7804 - 4 < < .
z (¢) d d d

O

Proposition 3.61. For d > 100,000 and all 7 € [0, ¢], ‘x (r) — \/1 “IT () ds‘ < 33153

Proof. Denote A = d f g (s)ds. Then

(1—vI—p) {1
\/1—TA§35(T)§ 1——A
z (1) — ,/1——A 1/1——A \/1— U=Vi=p),

4= m&l

- \/1—1A+\/1 U=/ 4

((1 Vi-p) %) A

- \/1—1A+\/1 UV 4

<1—m>_1>,

Sm( w2
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By proposition 3.58, for d > 100,000, A < 1.5821, then
We further know from claim 3.59 that —I_F %

Combining these with proposition 3.60 gives:

1

1.5821

< 3.4611.

M=

£ for p € (0,1].

2d

xuy—w1_%A

< 346115 <

Claim 3.62. Vz € [0,1]: 27 <1+4x.

Proof. 27 is convex, so on [0, 1]:

2 <

3.4611 - 19.158
<

33.1539
— d .

1—2)2°+22'=1—2+2x=1+2z.

Proof. Recall:

1 1
7 1l — a7 (— —
T(r)= \/ 1114+ <1n4 T)’

((dr—1)271d —

—\/1—(—21f(;g(s)ds‘§%.

(dT _ 2)) 2(572d‘r)/d

ﬁ<T> = d )
1 dr271 — (dr — 1)) 2(3-2d7)/d
g(r) =18 (r+ 3) =4l (ar ~1) |
d d
Define A (1 Adfg ds, B() =5 — 47" (g5 — 7).
A(0) =B(0) =0, and A (1) — B(7) is nonnegative and increasing for 7 € [0, 1]:
d(A(r)—B(r)) _d _
= — — 477 (2—71In4
- Co() 17 (2= )
d (d 2—1/d —(dr —1 2(3—2d7‘)/d
:_4( T (d7 )) — 477 (2—71In4)
2 d
=477 (2(2%1—1) + 7 (Ind —2-2%4q (1 —271/4))).
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If In4 > 2.23/d4 (1 — 2_1/d), then the derivative is positive. Otherwise:

W
(@)
M
\V)
"
3
\)
\)
w
~
QU
—~
p—
|
—
=
[\
S~—
|
[N}
+
—
=
&~
SN——

This means that

0<A(r)—B(r) < A(1)— B(1).

In proposition 3.58 we saw that:

1
3 3—1In4

<4.?M[TN —12[ ”
d/o g(s)ds < TV 24

— A(1) <2.2%/4 [21/61 3 1n2[3—1n4”

4ln4 Aln? 4
2\ [3(1+ 1) 3—In4
62.d>2 Imd=2m2 <2(1+ 2 -__JL_12P__%
G A2 it =2 s <_+d> sm2 16m22:

o\ [ 646 —Ind o2\ [3+2In2+6
2<1+_> tg 3 :<1+_) stimidy
d) |16In2  161n2 d 81n 2

Subtracting B (1) gives:

o\ [34+2In2+ 6] 1 1/1
_ < Z) | =~ df _(_— _ (= _
A1) —B() < (1+ > 8In2 <ln4 4(1n4 1))

( 2) 3422+ 9] 3+2In2

=(14+= -
+d 81In2 81ln2
6 2 [3+2In2+ 8
= + - —
d-8ln2 ' d 81n2
2.6641
[d > 100,000] < =——,
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leading to

2.6641
0< A(r)— B(r) < 20041

’ 1-B(r)-(1—-A(7))
s)ds = — B(1)— —A(r) =

| 9= VISBG) - VIAG) = S A
___AW-Bm
V1—A(r)++/1—B(7)

821
S
|
%
|
|

Since 0 < A(7) — B(1), 2 (1) > \/1 — ¢ foT g (s)ds. Lower bounding the denominator:

\/1—A(T)+\/1—B(T)z\/1—3(7):\/1—ﬁ+44 (ﬁ—ﬂ

1 1
>4 /1l—— 441 — —1|>04571
- \/ 1114+ <1n4 ) - ’

and so,

d [T 2.6641 _ 5.8283
<7z —y/1—= < < .
02 \/ 2/0 9(8)ds < 5571 <

s ~ 38.9822
Proposition 3.64. For d > 100,000 and all 7 € [0,(], |2 (7) — z (7)] < =57==.

Proof. From proposition 3.63 and proposition 3.61:

5 (7) — 2 ()] = :E(T)—\/1—g/OTg(s)ds—|—\/1—g/OTg(s)ds—x(T)

3?(7')—\/1—5 Tg(s)ds \/l—g/OTg(s)ds—x(T)

5.8283 33.1539  38.9822
< + —~ .
d d d

+

VAN

Corollary 3.65. For d > 100,000 and all 7 € [0, (], = () > 0.4567.
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Proof. The function Z (1) = \/1 — 5 +477 (& — 7) is decreasing for 7 € [0,1] :

—477 (2 —71In4)

_ <0.
21— g +477 (i —7)

Z (1)

It is lowest at 7 = 1. Combining this with |z (1) — Z ()| < 239322 gives:

1 1/1 9822 9822
xz\/1——+—< 1)—38‘(;8 20.4571—3838

Ind4 ' 4 \In4
38.9822
[d >100,000] > 0.4571 — 5 30000 2 0.4567.
0
Claim 3.66. For a > b >0, vVa—b > \/a — V/b.
Proof.
Va—b=/(Va—Vb) (Va+vb) >/ (Va—Vb) = va—vh.
O

Proposition 3.67 (Existence of the solution to the ODE). For d > 100,000 and all 7 € [0, 1],

2%(1) > 48 (7’+ é)

Proof. Note the following for 7 = (:

2 1
$2(C> > 0.4567%2 > 0.2 > 43 > 40 << + E) )

for d > 100,000, from claim 3.53 and corollary 3.65. From continuity and the strict inequality;,

there exists § > 0 such that V7 € [(,( +6],2? (1) > 453 (7 + 5). From the definition of the
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ODE in eq. (3.14), for all 7 € [(,{ + ¢]:

[3.66] > Pl ﬁ ——d\/ﬁ T+ > d\/7 —V2d

:x(T)Zw(C)—@( — ) > 0.4567 — \/_T_

We can show that 6 > ?/§ by showing the solution must exist at 7 = ¢ + & f

(¢ +9) 20.4567—@522\/g>\/45<€+5+$>

~ 1 2 ~ 0.3
— § <—— | 0.4567 — 2\/j — 0 =
V2d ( d) NZA

Hence, 22 (1) > 483 (7‘ + %) for 7 € [0, ¢+ %], and thus we can apply all previous claims

replacing ¢ with ¢ + %, and specifically,

0.3 2 03 1
(g+ﬁ)>045672>02>4 >45(<+—+ )

d Vd d
This allows repeating all the previous steps without alteration. After repeating [(;L] times,
22 (1) > 483 (7' + é) for 7 € [0, 1], concluding the proof. ]

Corollary 3.68. All previous propositions, and specifically proposition 3.64 and corol-

lary 3.65, apply V7 € [0, 1] (indicating { = 1).
Proposition 3.69. For d > 100,000, L £ max, 1 |4/ (7, 2)| < 4.7955.

Proof. L, the Lipschitz constant of f, is given by

L = max
x,7€[0,1]

%f(T,.%)‘.
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T

\/x2—4ﬁ (r+ 1)

| Q.

af(TPT): ]: —1

d i[d\/ﬂ—‘*ﬁ(”@—fﬂ
dz 2

Assume that z >z, 7 € [0,1]. from d >3, 7+ % < 5. From claim 3.52, (7 + %) >0,

SO %f(T,x) > 0. So
d
L= — .
oy ag ! ()

For any fixed x, the maximum [ (7' + %) will maximize L. By claim 3.52, § is decreasing with
7, S0 to maximize L, 7 = 0. To maximize % +ﬁ<1) — 1) , this function is decreasing
x2—4B(5

with respect to x:

hence the optimal z is z,;,. Thus

L = g Lmin -1

Now,

d d’

1) (1—1)27Y9 —(1—2))26-2/d  93/d
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and applying corollary 3.65 gives:

4
L g 04567
23/d
V045672 — 422"
0.4567 d 0.4567
[d > 100,000] < & —1) <5 —1

3/100000 4.0001
/045672 — 4222000 \/0.45672 — 40001

1
——+1
< é _____;L__———'—>1 = g _____;L_____ -1 Vq:ZQ%EE
2 \/m 2 19.1783 1
L= 1— == i
d d 1-19.1783
1 %
_d ol _d () 104783 1
2 \/ﬁJﬂ S22 1+1 ) 41— 1A
1191783
19.1783 1
S T ioam < 47955
100000

Proposition 3.70. For d > 100,000, M £ max, (o 1} |t (7)] < 10.5027

Proof. M is defined as an upper bound on the second derivative (absolute value) of z (7) in

the relevant interval:

A d? d
M= Trg[%ﬁ] EL (7‘)‘ = Tlél[%’}i] Ef(ﬂx (T»‘
d P x2—4ﬁ(r+l>—x 9 x2—45(7—|—l)—x
Ef(ﬂx(T)):g[d\/ T 1+x'<¢>%[dV ]
P 2 —4B(t+ 1) - 9 2 —4(t+ %) —x
=§N S +f(T,w(T))%[d\/ SRR )
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For the first term:

o P —4B(r+i) -z g 4 ) 1
_T[d : I=3 2\/x2—4ﬁ(7'+l) 5T6<T+d>

NE 42(T+ )#<T+;)

I
—4(r+3)
addition %6 (7’ + é) < 0, and thus the entire expression is nonnegative. Also, [ is convex,

By claim 3.52, 3 is positive and decreasing, so is maximized at 7 = 0; In

so the absolute value of the negatlve (7‘ + ) is also maximized at 7 = 0. All in all, the

entire expression is maximized at 7 = 0, and is bounded by:

d d 1
0<—
- _45(1 87’5<T+d> 0
B (d) T
_ d 1(d(2 1/d_1)252d(1/d)
—48(3)
—21n2- 2" ((d (1/d) — 1) 27 Y4 — (d (1/d) —2)))
23/d
= (2In2+d (1—2714))
—4B(3)
23/d
[351] < —=——— (2In2+1n2)
Vo
23/100000
< / (3In2)
3/100000
\/x2 4% Ga000-
2.08
T V2 —4.1-107°
2.
(3.65] < 08 < 4.555.

~ V0.45672 —4.1-105
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For the second term, by proposition 3.69,

2 —4B(t+ 1) -
d

0
< — < = 4. .
0< - 5 | < L =4.7955

\/x2—45(7+$) —x
2
claim 3.52, ( is positive and decreasing, so its maximum, which minimizes this and thus

Now we need to bound f (7,z) =d , which is always negative. By

maximizes its absolute value, is received at 7 = 0. We also know that f (0, z) increases with

x (see the beginning of the proof for proposition 3.69), so its absolute value decreases with

x. Thus:
2 -4 (t+ 1) —=x 22 —4p (1) —z
0o NT TR e °G)
/045672 —422% —0.4567
[d > 100,000 = z > 0.4567) > d 5
) V045672 — 4219 0 4567
>
= 2
0.4567 \/1 =g — 1
= T
2 d
19.1782
0.4567 1=/ 1=
= 101782y
d
0.4567 1 19.1782
59] > — $19.1782 ( =
3.5 > 20 19178 <2+ N )
0.4567 1 19.1782
d > 100,000] > — 1191782 (= 4+ ————) > —2.1901.
[d 2 100,000] 2 == <2+2-100000)—
To summarize, —2.1901 < f (7,z) < 0, and thus
d
= f (.2 (7)) € [0,4.555] + [2.1901,0] - [0, 4.7955] C [~10.5027, 4.555]
- 0,4.555] 4 [—2.1901, 0] - [0, 4.7955] C [—10.5027, 4.555
.
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and in absolute value,

M < 10.5027.
[l

Proposition 3.71. For d > 100,000, k € {2, ...,d} for which the sequence (z), exists, i.e.,
:1:?_1 —4p3 (%) >0forall2<j <k,
- 170.4

[Ty — T | < 7

Whereik:\/l—ﬁ—kzr% (2 —5).

Proof. As noted in section 3.16.1, the sequence (), are Euler’s iterates for the ODE in

eq. (3.14). Using the global truncation error of Euler’s method [10, chapter 6.2]:

xk—x<§>’§};—]\g<exp<L(§—O)>—1) gzj\;—d(eL—l),

where

d
L= max |—f(7,z)| (where 7 is treated as a constant),
z,7€[0,1] |dx
d? d
M = e [ o )| = [ (o o)

For d > 100,000, L < 4.7955 by proposition 3.69, and proposition 3.70 gives M <
10.5027.

So in total

‘xk . (k:)’ o 105027 e gy 1813685

d)| = 2-4.7955d = d
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Combining this with proposition 3.64 gives

a2 (§) =l (8) -2 () -2
d d d d
n—a ()] 4] (2) % (3)
k d d d
131.3685 38.9822  170.4
< —+ < .
= d d — d

IN

O

Corollary 3.72. For d > 100,000, k € {2,...,d} for which the sequence (), exists, i.e.,

2?2 —4B(4) > 0forall 2 < j < k: z;, > 0.45.
Proof. x;, is decreasing (claim 3.29), so Vk € [d]:

170.4 1 1 170.4
S L N/ SRy Y X

[d > 100,000] > 0.45.

]

Proposition 3.73 (Existence of the sequence). For d > 100,000, the sequence (x); exists

for all k € [d], i.e., %2 1 —48; >0, forall 2 < j < d.

The proof is similar to that of proposition 3.67 but simpler. First,

2 2
x%:1>43>45<g>:4ﬂ27

which means z, exists. Now assuming for some k € {2,...,d}, x; exists, then from corol-

lary 3.72, x;, > 0.45, and we have

2 k+1
x? > 0.45% > 0.2 > 4= > 43 (%) = 4B1115
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which means that x; ; exists, and by induction the proof is done.
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Chapter 4

Conclusion

We have seen in this dissertation several ways to get upper and lower bounds on average and
max loss of the final iterate on variants of the procedure described in the introduction.

In the cyclic case, we showed that if one iteratively projects a unit vector w, € R?
onto arbitrary subspaces Sy, ..., Sy C R in that order, then does that same sequence of
projections repeatedly for a total of K cycles, then no matter what d,.S;,..., Sy are, the
average squared distance from the final vector to each of S, ..., Sy is O(T?/K), where the
implied constant may be taken to be 0.4 + op k-

We also showed that the numerical range of the product of T' complex projections is
always contained in the sinusoidal spiral Q,, := {re? : cos(/k)r~'/* > cos(2%)} C C, and
that this may be realized by the product of T real projections onto 2D subspaces in R?.

In the greedy case, we gave a proof that if one iteratively projects a unit vector w, € R?
onto greedily selected subspaces from an indexed family of subspaces of R? for a total of I
iterations, then the final vector has a squared distance of at most O(1/+/T) from each of the
subspaces in the family.

However, if one does the greedy selection without replacement (i.e., one selects an index
from the indexed family of subspaces that is maximally far from the current iterate among

those that have not been used) then we give constructions with arbitrarily many iterations
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for which the average squared distance to the subspaces in the family is bounded away

from 0: One in 3D and one achieving larger final average square distance with unbounded

dimension.

Also, experiments using Gaussian and CIFAR data suggested some trends which we leave

as open problems to give heuristic explanations for.

To conclude, we shift perspective to studying this as a problem in pure linear algebra

and

suggest some problems that arose naturally during the study of this problem.

Is the upper bound obtained in the cyclic chapter asymptotically tight? For example,

calculate

4 . .
2 hITnsuphmsupﬁ sup avg(Lg (wy), Lg, (wy), ..., Lg_(wy))
—o0  K—o0 deZ
S1,...,S7CR? subspaces
woER, Jwo =1

where I = T'K and w; is defined via the cyclic ordering.

One can ask a similar question for max loss.

Our bound from [119] does not asymptotically' beat the bound in [41] if all subspaces
have codimension 1 (if one restricts the ambient space to the span of the initial guess
and the normals of the subspaces). Can one improve the bound asymptotically if one

adds the assumption that all subspaces have codimension 17

The following conjecture arose when experimenting in the cyclic case:

Conjecture 4.1. For each n € Z 3, define the sinusoidal spiral

“™Mcec.

. 0
Q,, = {re? : cos(m/n)r 1™ > cos(

1

i.e., by more than a constant factor
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Let X be a Hilbert space and A : X — X a linear transformation whose numerical
range W (A) satisfies
W(A) CQ

n-:

Then for any k € Z,
W(AF) CQ

n:

. Our setup, as described in the introduction, does not include every conceivable way
of aggregating the loss. For example, one could imagine taking the max/average loss
over only those subspaces that were selected (and, in the case of average loss, possibly
weighted by how many times each subspace was selected), which would make sense
if interpreting aggregate loss as some measurement of “forgetting”. For the cyclic
selection rule, as long as I > T all subspaces are visited, and as I /T — oo (or if one
assumes [ is a multiple of T') each subspace becomes used an essentially equal number

of times. For the greedy selection rule, this does not apply.
Are the best bounds for these variants the same as those described in the introduction?

One can interpret an upper bound for the max version as “if a greedy selection rule
happens to visit a subspace, it will be at most [bound] away from it at the end” and

a similar but more complicated interpretation for the average version.

. As shown in [133], there exists an optimizer for the greedy (with replacement) selection
rule where each iterate is equidistant from all subspaces that will be used in a future
step, as well as the subspace that will be used to measure the final loss (but not any
of the subspaces previously visited). Can one show geometrically that this will occur

for an optimizer?

. What algebraic structure can be placed on the space of all greedy (with or without

replacement) trajectories (not necessarily starting at a vector of norm 1)7
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7. An easy calculation shows that, for a greedy (with or without replacement, possibly
with affine subspaces with no common intersection) trajectory, if one of the steps
|w; —w,;_;| is at least twice as long as an earlier step |w,, —w; _;| with ¢ < ¢, then
w; is at least as close to w;,_; as w;_; is. In other words, large late steps must get

closer to points involved in early short steps.

(a) This connects the greedy case to the following Ramsey-theoretic questions:

e In terms of the dimension d, what is the length of the longest sequence of
points xq, ...,z € R such that each point x; is closer to all of 1, ..., 7; 5
than =, ;7

e In terms of the dimension d, what is the length of the longest sequence of
points zy,...,7y € R? such that, if d,;, denotes the minimum distance
between any two points in the sequence, then for all 1 <i < j < k < N,

|z, — x| — |l — xsz < d2g?
e In terms of the dimension d, what is the length of the longest sequence of

points zy,...,7y € R? such that, if d,;, denotes the minimum distance

between any two points in the sequence, then for all 1 <i < j <k < N,
lz; — 2 = s — 2501 < [lz; — 2 *7

e In terms of the dimension d, what is the length of the longest sequence of
points xq,...,xx € R? such that all (not necessarily consecutive) subse-
quences of length 3 form acute angles (and the remaining angles may or may

not be acute)?

200



(b) For each fixed dimension d, calculate

lim sup 1 sup max(Lg (wy), Lg, (wp),..., Lg_ (w;))
I—00 TeZ.,
S1,...,S7CR? subspaces
woeRY, |wol=1

and

lim sup 1 sup max(Lg (wy), Lg, (wy), ..., Lg (wy))
I—o0 d'\TeZ,
Sl,...,STng/ subspaces
dim(S;)=d

4
weeRT Jwo|=1

where w; is defined via the greedy (with replacement) ordering. In words, the
best bound given the ambient dimension and the best bound given the lowest
dimension of one of the subspaces. I find the latter natural, as having even one
subspace of low dimension forces, by greediness, all iterates to almost lie on that

subspace, making it act almost as if the ambient space is low-dimensional.

8. (a) The geometric interpretation of Corollary 3.15 is that we selected a “basepoint”
at w, and project it to all line segments between consecutive steps and bound
based on the distances from these projections to the associated endpoints. Can

one generalize to a better basepoint to recover the bound in [133]?

(b) Many good vector equations have bilinear generalizations. What is the bilinear

version of the geometric interpretation of Corollary 3.157
(c) What is the relationship between our upper bound proof and the method in [133]?
9. As mentioned previously, one reason to study greedy orderings is as a proxy for other
orderings that approximate a greedy selection rule. It therefore makes sense to try to

generalize our results to orderings that are not quite greedy to serve as a more robust

proxy. Which methods in this dissertation generalize if, say, we only require steps to
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go to a subspace that is at least C' times as far away as the farthest, for some fixed
constnat 0 < C < 1?7 What if we only require a positive fraction of the steps be greedy

steps? Does any algebraic structure mentioned in an earlier question carry over?

10. Conjecture 4.2. For any d € Z,,

limsup T sup avg(Lg (wy), Lg, (wr), ..., Lg (wr))
T—o0 S1,...,S7CR? subspaces
woERY, Jwo[=1

= limsup T sup an(le (wr), Lg, (wr), - Lg, (wr))
T—o0 S ;s SpCR4 subspaces
dim(S;)="=dim(Sy)=d—1

woE€R, Jwo|=1

where wy is defined via the greedy-without-replacement ordering. In words, in any
fixed dimension and using the greedy-without-replacement selection rule, the asymp-

totic worst-case average loss can be obtained using only codimension 1 subspaces.
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