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MULTIPLE A B S T R A C T ED R E P R E S E N T A T I O NS I N 
P R O B L EM S O L V I N G A N D D I S C O V E RY I N P H Y S I C S 

Nancy J. Nersesslan James G. Greeno 
Progra m i n Histor y o f  Scienc e Stanfor d Universit y an d 

Princeto n Universit y Institut e fo r  Researc h o n Learnin g 

A B S T R A CT 

We discuss the process of mathematization in science, focussing on uses that 

theorist s mak e o f  physica l  representation s tha t  w e refe r  t o a s abstracte d 
models .  W e revie w abstracte d model s constructe d b y Farada y an d Maxwel l  i n 

th e mathematizatio n o f  electromagneti c phenomena ,  includin g Maxwell' s  us e o f 
an analog y betwee n continuu m dynamic s an d electromagnetism .  W e discus s 
ways i n whic h thi s exampl e require s majo r  modification s o f  curren t  cognitiv e 
theorie s o f  analogica l  reasonin g an d scientifi c  induction ,  especiall y i n th e nee d 

t o understan d th e us e o f  abstracte d model s containin g theoreticall y meaningfu l 
object s tha t  ca n b e manipulate d an d modifie d i n th e developmen t  o f  ne w 
concept s an d mathematize d representations . 

I N T R O D U C T I ON 

Problem solving and discovery in physics involve the application of appropriate 
mathematica l  formalism s t o specifi c  configuration s o f  physica l  phenomena .  I n 
th e histor y o f  science ,  th e proces s o f  figurin g ou t  th e fi t  betwee n mathematic s 
and th e physica l  worl d ha s bee n calle d "mathematization "  (Koyre) .  Tha t 
proces s consist s o f  graspin g th e relationa l  structur e underlyin g phenomena ; 
abstractin g tha t  structure ;  expressin g th e abstractio n i n mathematica l  formulae ; 
and applyin g th e formalis m bac k t o a  wide r  clas s o f  phenomena .  Fo r  example , 
"mathematization "  o f  th e motio n o f  projectile s require d formulatin g a 
relationshi p betwee n th e componen t  force s actin g o n th e bod y b y abstractin g 
th e motio n o f  a n objec t  i n ai r  t o tha t  o f  a n idealize d poin t  mas s i n a n empt y 

three-dimensional ,  homogeneous ,  infinit e space ;  and ,  a s ultimatel y formulate d 

i n Newton' s laws ,  thi s analysi s showe d th e motion s o f  projectiles ,  planets ,  an d 
pendul a t o hav e th e sam e forma l  structure . 

Historically, the process of mathematization has often had as a central 
componen t  th e constructio n o f  a  physica l  representatio n - -  a  model ,  a  schemati c 

representation ,  a  diagram ,  etc .  - -  embodyin g tentativ e assumption s abou t  th e 
structura l  relationship s unde r  investigation .  Thes e representation s ar e lik e 
equation s an d othe r  description s tha t  ar e physica l  object s i n thei r  ow n rights , 
enablin g reflectio n an d investigatio n o f  thei r  propertie s separate d fro m th e 

phenomen a the y ar e mean t  t o represent .  W e us e th e ter m "abstracte d models " 
t o refe r  t o suc h models ,  schemati c representations ,  diagrams ,  etc .  Abstracte d 
model s allo w scientist s t o manipulat e familia r  structures ,  observ e 

consequence s o f  adjustin g relationship s t o satisf y domai n constraints ,  and , 
ultimately ,  t o generat e equation s tha t  expres s th e assume d relationship s i n 
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forma l  terms .  Becaus e abstracte d model s reif y th e hypothese s o f  th e 
investigator ,  h e o r  sh e ca n reaso n wit h an d abou t  th e abstractio n rathe r  tha n th e 

represente d phenomena . 

One advantage of reasoning with a model is that reasoning about the 

represente d phenomen a i n al l  thei r  complexit y ca n creat e a  cognitiv e 

"overload, "  sinc e wha t  i s o r  isn' t  relevan t  i s ofte n no t  evident .  Anothe r 

advantag e i s tha t  th e abstracte d mode l  provide s suppor t  fo r  productiv e situate d 

reasonin g abou t  interaction s amon g hypothesize d propertie s an d relations . 

Th e object s i n a  mode l  representatio n tha t  correspon d t o propertie s an d 

relation s i n th e phenomen a ca n b e examine d i n differen t  arrangement s t o allo w 

exploratio n o f  interaction s tha t  canno t  b e produce d an d observe d a s directl y i n 

th e domai n o f  th e phenomena .  (Fo r  a  discussion ,  se e Greeno ,  1989. )  Thi s 
pape r  i s particularl y concerne d wit h a n exampl e o f  discover y tha t  c a m e fro m 

formulatin g an d modifyin g a  causa l  mode l  wit h object s correspondin g t o 

propertie s an d relation s i n phenomen a o f  electricit y an d magnetism . 

MATHEMATIZING ELECTROMAGNETIC PHENOMENA 

The history of science is replete with examples. The derivation of the 
electromagneti c fiel d equation s provide s a  particularl y salien t  cas e study .  Th e 
standar d textboo k accoun t  a t  bot h th e undergraduat e an d graduat e level s (e.g. , 
Jackson ,  1962 ;  Feynma n etal. ,  1963 ;  Panofsk y &  Phillips ,  1962 )  al l  presen t 

Maxwel l  a s startin g fro m a  se t  o f  fiel d equation s fo r  close d circuit s plu s th e 
equatio n fo r  continuit y o f  charg e show n i n Tabl e 1 .  Maxwell' s  proble m i s 

portraye d a s tha t  o f  reconcilin g thes e equation s fo r  th e cas e o f  ope n circuits . 
Accordin g t o thi s account ,  consideration s o f  forma l  consistenc y require d tha t  h e 

ad d a  ter m t o Ampere' s La w t o represen t  th e contributio n o f  electrostati c 

polarizatio n t o current . 

Tabl e 1  abou t  her e 

Spac e limitation s requir e tha t  w e presen t  a n exceedingl y compresse d versio n 

of  th e actua l  proces s throug h whic h th e fiel d equation s wer e derived . 

Nersessia n (1984 ,  1986 ,  i n press )  ha s presente d fulle r  analyses .  Wha t  w e 

hop e t o d o her e i s t o sho w ho w differen t  th e actua l  proces s wa s fro m tha t 

presente d i n textbook s and ,  i n particular ,  t o demonstrat e ho w importan t  variou s 

abstracte d model s wer e i n th e mathematizatio n process . 

Figur e 1  abou t  her e 

It  w a s Maxwel l  w h o generate d th e fiel d equation s fo r  electromagnetism ,  bu t  hi s 

analysi s o f  th e proble m bega n wit h specifi c  abstracte d model s create d b y 

Faraday .  I n oppositio n t o th e mathematica l  representatio n o f  electri c an d 

magneti c action s a s Newtonia n action s a t  a  distanc e b y Ampere ,  Farada y 
hypothesize d tha t  th e line s o f  forc e tha t  for m whe n iro n filing s ar e sprinkle d 

aroun d magnet s an d charge d matte r  indicat e tha t  s o m e rea l  physica l  proces s i s 

goin g o n i n th e spac e surroundin g thes e object s an d tha t  thi s proces s i s par t  o f 

th e transmissio n o f  th e actions .  Figur e 1  (a )  show s th e actua l  line s a s the y for m 
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aroun d a  magne t  an d Figur e 1(b )  show s a n abstracte d representatio n o f  thes e 

line s i n geometrica l  an d dynamica l  form .  Tha t  thi s abstractio n playe d a  centra l 

rol e i n hi s reasonin g abou t  electri c an d magneti c phenomen a ca n b e see n i n 

th e man y line-lik e feature s tha t  h e incorporate d int o hi s description s o f  th e 

action s an d tha t  guide d hi s attempt s t o detec t  the m experimentally .  Fo r  ou r 

purposes ,  i t  i s  mos t  notabl e tha t  th e onl y quantitativ e measur e h e introduce d I s 
betwee n th e numbe r  o f  line s cu t  an d th e intensit y o f  th e induce d force .  Thi s 
relationshi p i s incorrect ,  becaus e "numbe r  of "  i s  a n intege r  whil e "fiel d Intensity " 

i s  a  continuou s function .  Th e "mistake "  occurs  becaus e i n th e abstracte d mode l 

th e line s ar e take n a s discret e objects ,  whil e the y actuall y spira l  indefinitel y i n a 
close d volume . 

Figur e 2  abou t  her e 

Near  th e en d o f  hi s research ,  Farada y introduce d anothe r  abstracte d mode l 

representin g th e dynamica l  balanc e betwee n electricit y an d magnetism .  Figur e 
2(a )  i s Faraday' s actua l  abstracte d model .  Figur e 2(b )  show s ho w th e pictur e o f 

interiockin g curve s i s abstracte d fro m th e earlie r  abstracte d mode l  involvin g 
line s o f  force .  Fo r  example ,  a  latera l  repulsio n o f  th e magneti c line s (oute r 
lines )  ha s th e sam e effec t  a s a  longitudina l  expansio n o f  th e curren t  line s (inne r 
lines) . 

Maxwell used both of Faraday's abstracted models in his first attempt to 
mathematiz e electromagnetis m (Maxwell ,  1890 ,  pp .  155-229) .  I n thi s analysi s 
he replace d Faraday' s relationshi p betwee n th e numbe r  o f  line s cu t  an d th e 
intensit y o f  th e induce d forc e wit h a  continuou s measur e b y representin g th e 

line s o f  forc e a s th e flo w o f  a n incompressibl e flui d throug h fin e tube s o f 
variabl e section ,  fillin g al l  space .  Th e interiockin g curves ,  calle d "mutuall y 
embracin g curves "  b y Maxwel l  (p .  194) ,  forme d th e basi s o f  hi s reciproca l 

dynamics .  Th e effec t  o f  thi s abstractio n o n hi s thinkin g ca n b e see n mos t 
directl y i n hi s complicate d us e o f  tw o field s - -  on e fo r  a  longitudina l  measur e o f 
forc e an d on e fo r  a  latera l  measur e - -  wher e w e woul d no w onl y us e one . 

Figur e 3  abou t  her e 

The abstraction s tha t  Maxwel l  too k fro m Farada y wer e usefu l  primaril y fo r 
Maxwell' s  kinematica l  analysis .  A  dynamica l  analysi s o f  th e underlyin g force s 

tha t  coul d produc e th e line s require d th e constructio n o f  a  quit e differen t 
abstracte d model :  on e tha t  woul d embod y th e dynamica l  relation s betwee n 
electri c an d magneti c forces .  Th e abstractio n tha t  Maxwel l  constructe d i s a n 
analog y betwee n electromagnetis m an d continuu m mechanic s (fluids ,  elasti c 

media ,  etc.) .  Maxwel l  firs t  constructe d a  primitiv e abstracte d model ,  show n i n 
Figur e 3(a) ,  consisten t  wit h a  se t  o f  constraints :  a  flui d mediu m compose d o f 

elasti c vortice s an d unde r  stress .  Wit h thi s for m o f  th e abstractio n h e wa s abl e 
t o provid e a  mathematica l  representatio n fo r  variou s magneti c phenomena . 
Analyzin g th e relation s betwee n curren t  an d magnetis m require d alteratio n o f 
thi s abstraction .  I n Figur e 3(a )  al l  th e vortice s ar e rotatin g i n th e sam e direction , 

whic h mean s tha t  i f  the y touch ,  the y wil l  stop .  Mechanica l  consistency ,  thus , 
require s th e introductio n o f  "idl e wheels "  surroundin g th e vortices ,  an d Maxwel l 
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argue d tha t  thei r  translationa l  motio n coul d b e use d t o represen t  electricity . 

Figur e 3(b )  show s a  cros s sectio n o f  thi s altere d abstracte d model .  Fo r 
purpose s o f  calculation ,  Maxwel l  ha d t o mak e th e elasti c vortice s int o rigi d 

pseudospheres .  H e nex t  formulate d th e mathematica l  relation s betwee n 

current s an d magnetism .  I t  the n too k hi m nin e month s t o figur e ou t  ho w t o 

represen t  th e fina l  (an d mos t  critical )  piec e o f  th e problem :  electrostati c actions . 

He foun d tha t  i f  h e m a d e th e vortice s elasti c onc e again ,  an d identifie d 

electrostati c polarizatio n wit h elasti c displacement ,  i t  w a s possibl e t o calculat e 
th e wav e o f  distortio n produce d b y polarization .  Tha t  is ,  addin g elasticit y t o th e 

abstractio n enable d hi m t o sho w tha t  electromagneti c action s ar e propagate d 

wit h a  tim e delay ,  i.e. ,  the y ar e fiel d action s an d no t  Newtonia n action s a t  a 

distance .  A t  thi s poin t  Maxwel l  ha d achieve d a  full y  mathematize d 

representatio n o f  th e electromagneti c field . 

DISCUSSION 

The main point of this example is that it was through a process of embodying 

th e structura l  relation s betwee n electri c an d magneti c action s i n a  serie s o f 
abstracte d models ,  reasonin g wit h an d abou t  these ,  an d manipulatin g the m i n 

variou s ways ,  tha t  Maxwel l  generate d th e fiel d equation s fo r  electromagnetism . 

Consideration s o f  forma l  consistency ,  a s presente d i n textbooks ,  playe d n o 
significan t  rol e i n thi s analysis .  A t  th e s a m e time ,  th e know n mathematica l 

structur e o f  continuu m dynamic s motivate d th e analysi s an d provide d th e basi s 

fo r  achievin g th e goa l  o f  a  mathematize d representatio n o f  th e dynamic s o f 

electromagneti c fields . 

The analysis illustrates reasoning that is concretely situated, yet relies on a 
proces s o f  abstractio n tha t  i s  crucia l  t o th e succes s o f  th e reasonin g effort .  Th e 

constructio n o f  a n abstracte d mode l  remove s a  se t  o f  propertie s an d relation s 

fro m it s initia l  context ,  creatin g object s i n a  ne w situatio n tha t  ca n b e analyze d 

an d manipulated .  Analysi s o f  th e propertie s o f  th e abstracte d mode l  i s situate d 

i n th e contex t  tha t  th e mode l  provides .  Th e effor t  t o us e tha t  mode l  a s a 
representatio n fo r  a  differen t  domai n proceed s b y considerin g variou s 

requirement s tha t  aris e fro m feature s o f  th e secon d domai n tha t  m a y b e know n 

or  emerg e i n th e problem-solvin g process .  Thes e requirement s ac t  a s 

constraint s o n th e model ,  a s th e theoris t  seek s a  modifie d mode l  tha t  behave s 
i n accordanc e wit h them .  Modification s ar e sough t  wit h th e conditio n tha t  th e 

modifie d mode l  shoul d hav e a  mathematica l  structur e tha t  ca n b e understoo d 

an d expresse d i n forma l  terms . 

The process of arriving at Maxwell's equations according to this analysis is 

significantl y differen t  fro m th e processe s o f  formul a inductio n o f  th e kin d tha t 

Simo n an d hi s colleague s hav e studie d (Langley ,  Simon ,  Bradshaw ,  &  Zitkow , 

1987) .  Tha t  proces s i s situate d i n a  contex t  o f  numerica l  dat a an d symboli c 

expression s tha t  specif y numerica l  operation s betwee n variables .  Th e searc h 
take s plac e primaril y i n a  spac e o f  formulas ,  wit h theoretica l  entitie s introduce d 

as neede d t o accoun t  fo r  invarian t  relation s amon g numbers .  I n Nersessian' s 

interpretatio n o f  Maxwell' s  discovery ,  th e searc h i s primaril y a  searc h fo r  a 

model  wit h a  coheren t  causa l  structur e tha t  originate s i n on e domai n bu t  i s 
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change d s o tha t  it s behavio r  fit s  constraint s tha t  hol d i n a  differen t  domain .  Afte r 

th e change ,  o f  course ,  i t  n o longe r  provide s a n accurat e representatio n o f  th e 

phenomen a i n th e domai n fro m whic h i t  wa s abstracted . 

Analogical reasoning of the kind identified in this analysis also differs 

significantl y fro m th e analyse s tha t  hav e bee n studie d b y cognitiv e 

psychologist s suc h a s Gentne r  (1983) ,  b y Gic k an d Holyoa k (1983 ;  1980) .  I n 

thes e analyses ,  a n attemp t  i s mad e t o matc h th e relationa l  stnjcture s o f  tw o o r 

mor e domains ,  wit h thos e analogie s considere d bes t  tha t  provid e th e closes t 
matc h betwee n pattern s o f  relations .  I n contrast ,  th e analog y betwee n 

continuu m dynamic s an d electromagneti c field s wa s productiv e becaus e o f  th e 

possibilit y  o f  constructin g a n abstracte d mode l  o f  continuu m dynamic s tha t 
coul d b e change d t o fi t  th e constraint s o f  electromagnetism . 

The success of the analogy depended upon having a representation that could 
be analyze d an d manipulate d a s a n objec t  separat e fro m it s rol e a s a 
representatio n o f  continuu m dynamics .  Th e representatio n include d drawings , 

but  clearl y thos e notation s wer e no t  sufficien t  t o suppor t  Maxwell' s  reasoning . 
The mode l  include s notation s alon g wit h thei r  interpretation s a s hypothetica l 
object s tha t  ca n b e considered ,  combined ,  an d modifie d t o hav e differen t 
propertie s an d interactions .  Stud y o f  th e abstracte d model ,  includin g 
exploratio n o f  variation s o f  it s basi c structure ,  wa s possibl e an d necessar y fo r  i t 
t o provid e th e basi s o f  Maxwell' s  theoretica l  achievement .  Model s i n whic h 
analogica l  thinkin g depend s onl y o n a  hypothesize d cognitiv e representatio n o f 
a mappin g o r  schem a tha t  connect s tw o domain s hav e no t  addresse d th e rol e 
of  th e representatio n a s providin g a n objec t  o f  analysi s an d hypothesi s 
construction .  W e expec t  t o lear n mor e abou t  thes e issue s fro m a  thoroug h 
compariso n o f  th e Maxwel l  exampl e an d other s lik e i t  wit h model s o f  analogica l 
reasonin g b y schemat a an d structure-mapping .  Ou r  analysi s shoul d als o 

provid e a  deepe r  understandin g o f  th e reciproca l  processe s throug h whic h 
forma l  representation s an d abstracte d model s ar e constructe d i n scientifi c 

discovery .  W e hop e additionall y tha t  thi s exploratio n wil l  provid e helpfu l 
suggestion s abou t  way s i n whic h abstracte d model s ca n b e use d mor e 
productivel y i n th e practic e o f  scienc e education . 
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Coulomb' s Law : 

Ampere' s Law : 

Faraday' s Law : 

Absenc e o f  Fre e 

Magneti c Poles : 

di v D  =  4ir p 

-*•-* •  •* • 
cur l  H  =  4  i r  J 

->•-> •  > 
cur l  E  =  -  3 B 

di v B  =  0 

Equatio n o f  Continuity :  di v J  +  8p/3 t  =  0 

TABLE 1 :  Equation s Maxwel l  bega n wit h accordin g t o standar d 
textboo k accoun t 

(o) <b) 

FIgur v  1 :  (a )  Actuo l  pott»r n o f  line *  o f  forc e surroundin g a  ba r  magne t  (fro m Farada y (1839-55) . 
vol .  3) ;  (b )  Schemoti c represenlotio n o f  line *  o f  forc e surroundin g a  bo r  magnet . 
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(o ) (b ) 

Figur e 2  (a )  Foroday' s repr««entotlo n o f  th © lnterconn«ct«dno« « o f  electri c current *  on d magneti c 
forc e (fro m Farodo y (18-5 9 — 55) .  vol ,  3) ;  (b )  Schematt c ropre»entotio n o f  th e reciproca l  relotionehi p 
betwee n magn»ti c itne s o f  forc e on d electri c curren t  ltn«» . 

(o ) (b ) 

1 
CP-y^ h 

' A v A v p f i ; -

Figur e 3 :  (a )  Schemati c repreeentatlo n o f  Initia l  crud e eourc e retrieve d b y Maxwell ;  (b )  Maxwell' e 
representatio n o f  h. a full y elaborote d "phyaica l  onology "  (fro m MomwcI I  (1661-2)) . 
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