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Desert dust plays an important role in several components of the Earth system, mainly due to its
nutrient content and interactions with radiation and clouds. Nevertheless, the airborne lifetime of
coarse dust particles and their atmospheric transport from source regions are severely underestimated
by current climate models. For instance, Saharan dust particles with diameters as large as 30 tm have
repeatedly been detected in the Americas, while models are unable to reproduce this phenomenon.
In this dissertation, we investigated the effects of vertical turbulent mixing in elevated shear layers on
particle deposition rates. We focused on the Saharan Air Layer (SAL), a dust-laden air mass situated
above the Marine Boundary Layer (MBL) that periodically moves from the African continent
towards the Caribbean region over the tropical North Atlantic. Using an analytical approach
combined with large-eddy simulations (LES), we first present a theory for dust concentration
profiles evolving under the effects of gravitational settling and turbulent mixing. We found that the
increase in dust airborne lifetime due to turbulence is determined uniquely by the Peclet number
Pe (the ratio of the mixing timescale to the settling timescale), and it is limited to a factor of 2
when compared with laminar flows. Afterwards, we quantify the decrease in shear-induced eddy
mixing rates caused by stable buoyancy stratification (which is typically present in the SAL). We
found that, under weak stratification, SAL eddy diffusivities can be calculated as a function of

layer depth, shear magnitude, and gradient Richardson number Rig. Our estimates indicate that
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even small diffusivity values can significantly delay the deposition of particles as large as super
coarse dust (with a diameter greater than 10 um). In fact, we show that, together with particle
asphericity, turbulent mixing can explain to a great extent the presence of super coarse Saharan dust
in the Caribbean observed during the SALTRACE field campaign. Finally, we also note that the
diffusivities calculated for our elevated SAL set-up decay faster with Ri, than typical ABL models,
highlighting the importance of employing appropriate parameterization schemes in climate models

to represent slow processes (particularly affected by small diffusivities values) accurately.
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CHAPTER 1

Introduction

1.1 Introduction of the problem

1.1.1 Desert dust and the Saharan Air Layer

Dust is a key component of the Earth system. Mineral dust emitted from desert surfaces makes up
about 70% of the total atmospheric aerosol loading (Tsigaridis et al., 2006). When suspended in the
atmosphere, it can potentially affect human activity by causing visibility issues for aviation, as well
as public health issues (Middleton, 2017). As it deposits back to Earth’s surface, its nutrient content
(e.g., iron) feeds ocean ecosystems, potentially promoting the development of algae blooms (Chien

et al., 2016), as well as land ecosystems, such as the Amazon rainforest (Yu et al., 2015).

The effects of airborne mineral dust on atmospheric processes are numerous. Saharan dust
events have been associated to a reduction of hurricane activity in the tropical North Atlantic
(Dunion et al., 2004; Evan et al., 2011). Dust particles directly interact with radiation, mainly via
short-wave (SW) scattering by fine dust (which acts to cool the climate) and absorption of both SW
and long-wave (LW) radiation by coarse dust (which tends to warm the climate) (Otto et al., 2007;
Adebiyi et al., 2020). Because dust particles can also serve as effective cloud and ice condensation
nuclei (DeMott et al., 2003; Twohy et al., 2009), they also interact with radiation indirectly. As a
result, their airborne lifetime importantly affects climate, weather, and atmospheric stability. Some
of the greatest uncertainty in Earth’s energy budget estimates comes from the contribution of dust

(IPCC, 2021).

The greatest source of dust on Earth is the Sahara desert. It is estimated to emit about 1000

million tons of dust every year, contributing to about 50% of the global dust loading (Kok et al.,



2021). Turbulence in the Saharan Boundary Layer (SBL) promotes the emission of dust and its
vertical distribution in the atmosphere, reaching heights up to about 6 km above the ground (Garcia-
Carreras et al., 2015). Once dust is suspended and mixed in this deep boundary layer, prevailing
wind patterns associated with the African Easterly Jet (AEJ) transport this warm, dust-laden Saharan
air over the cooler, moister Marine Boundary Layer (MBL) in the tropical North Atlantic Ocean.
This gives birth to the elevated Saharan Air Layer (SAL), an air mass extending from about 1 to
6km above mean sea level (Carlson et al., 1972). Stable temperature inversions cap the SAL from

above and below it.

SAL plumes move westward as they depart from the African continent, reaching the Caribbean
region in the Americas about 5 days later. However, this process is not continuous in time. For one
thing, SAL events follow a seasonal cycle, with peaks in frequency and intensity occuring in the
summertime (Weinzierl et al., 2017). Furthermore, the AEJ dynamics causes the dust transport to
be intermittent in shorter timescales. The zonal wind speed peaks over West Africa at a latitude of
about ¢ = 15°N in response to strong meridional soil moisture gradients between the Sahara desert
and tropical Africa, leading to the formation of the AEJ at about 600hPa (Cook, 1999a). Barotropic
and baroclinic instabilities of the jet produce African Easterly Waves (AEWs), which not only seed
most tropical cyclones over the eastern Atlantic Ocean, but also contribute to the emission and

transport of Saharan dust (Bercos-Hickey et al., 2017).

1.1.2 The coarse-dust long-range transport conundrum

Many processes impact the dust size distribution in the SAL during its 5-day transatlantic trip.
The main process affecting coarse particles is gravitational settling and, despite its importance, it
is currently overpredicted by climate models. This is because these models commonly assume
that the free troposphere (away from Earth’s surface) is not turbulent. As a result, they calculate
settling speeds using Stokes’ settling rates for a particle falling through a quiescent fluid medium.
Many studies have shown that dust in the atmosphere deposits slower than these calculations (or
large-scale models) predict. For instance, Kim et al. (2014) have shown that models predict a much

faster decay in dust optical depth as SAL dust moves westward across the Atlantic than satellite



observations reveal. Adebiyi et al. (2020) demonstrated that dust in the coarse mode (with diameter
D, > 5 um) is being deposited too fast in global models, even though it represents more than 40% of
the global dust loading. Field measurements have detected Saharan dust particles larger than 30 tm
in the Caribbean, whereas calculations predict that no particle larger than 7 um should be able to
remain airborne for long enough so as to reach such a large distance from its source (Weinzierl

et al., 2017).

Nevertheless, the processes responsible for keeping coarse dust suspended in the atmosphere
for so long are still not fully understood. Amongst other hypotheses (discussed in chapter 2),
small-scale turbulent mixing in the SAL interior is likely one of the mechanisms contributing (at
least to some extent) to this phenomenon (Gasteiger et al., 2017; Van Der Does et al., 2018). In the
atmosphere, turbulence is generally produced by mechanical shear (typically a change in horizontal
wind speed with height) and buoyancy effects (e.g., in cloud-topped boundary layers being cooled
from above). Both mechanisms are possible in the SAL. Moreover, the SAL is commonly described
in the literature as a well-mixed layer (e.g., Ryder, 2021), which is supported by a number of
observations (e.g., Rittmeister et al., 2017; Carlson, 2016; Jung et al., 2013). However, as discussed
in chapter 3, we do note that observed potential temperature profiles reveal that most of the SAL is
actually weakly stable most of the time. Thus, the idea of the SAL as a neutral, well-mixed layer is

better regarded as an approximation.

1.2 Physical background

1.2.1 Elevated versus boundary layers in the atmosphere

The Atmospheric Boundary Layer (ABL) can be defined as the bottom layer of the troposphere,
which is directly influenced by surface fluxes in the timescale of about an hour (Stull, 1988). Surface
fluxes affecting the ABL flow dynamics are mainly the wall stress 7,,, typically represented in terms

of a friction velocity u, = /7, /p (where p is the density of air), and a heat flux [} fe-

Whereas the sign of the surface heat flux changes (e.g., following the diurnal solar cycle), 7,,

always acts to enforce the no-slip boundary condition, i.e., the horizontal velocity u, = 0 at the



surface. Because ABLs are usually forced by a horizontal pressure gradient force (PGF) set by the
synoptic scales, a mean flow develops away from the ground. As a result, there is typically strong
wind shear in the lower levels of the ABL, and shear production of turbulence tends to dominate
there. Above a certain height (roughly defined as the Obukhov length), however, buoyancy effects
dominate. In a stable ABL, they act to suppress turbulence, whereas in a convective ABL, such as
the daytime Saharan boundary layer, surface heating will enhance turbulence production. Strong
updrafts develop, reaching levels up to the temperature inversion that caps the ABL, causing it to

deepen by entrainment of free tropospheric air (Sullivan et al., 1998).

The SAL is similar to the ABL in several ways. It is possibly forced by both shear (associated
with a large-scale PGF) and buoyancy effects, and it is also contained by temperature inversions.
Generally speaking, both the ABL and an elevated layer like the SAL follow approximately an
Ekman layer force balance, i.e., a balance between the Coriolis force, PGF, and Reynolds stresses
(Kundu et al., 2015). However, the SAL is different in that internal heating resulting from radiative
interactions involving dust and water vapor, as well as lateral entrainment of non-SAL air, are
relevant. This is in contrast with the ABL, in which boundary fluxes usually dominate. Perhaps
more importantly, however, is the fact that there is no solid wall in the SAL. Therefore, the flow does
not have to transition from u; = 0 at the boundaries to its bulk velocity in the interior, so a surface
shear layer with intense shear production is absent. This free-slip (or stress-free, 7,, = 0) boundary
condition has been shown to modify eddy fluxes and diffusivities from their no-slip counterparts.
Rodakoviski et al. (2021) demonstrated this for Rayleigh-Benard convection, and the implications

of this modified boundary condition for SAL flow are discussed in chapter 3.

1.2.2 Stratified turbulence

In high Reynolds number flows, a broad range of scales exists (Davidson, 2015). This is because
large-scale structures become unstable and produce smaller-scale motions, which subsequently
become unstable as well and generate even smaller flow structures, until small enough scales are
reached such that viscosity can damp any perturbations. This is the idea of the energy cascade

in turbulence, introduced by Lewis Richardson in the 1920s. As a result of this process, large-



scale directionality and inhomogeneities (e.g., set by the particular forcing mechanism and the
domain geometry) are progressively lost as smaller eddies become more and more isotropic and
homogeneous (in a statistical sense). In this so-called inertial subrange, turbulent eddies are self-
similar, and the flow behavior is rather universal (i.e., independent from large-scale features). This

is sometimes termed ‘“Kolmogorov turbulence”, referring to Andrey Kolmogorov’s 1941 theory.

In the presence of buoyancy stratification, whether or not a Kolmogorov cascade exists for small
enough scales was a puzzling question for quite some time. Many early experiments (e.g., Lin et al.,
1979; Herring et al., 1989) reported the emergence of large-scale, rather flat structures denoted
“pancake vortices”, which evolved rather independently at different levels except for the viscous
coupling arising in the presence of strong vertical gradients. This viscous coupling can dissipate

enough kinetic energy to sustain a stationary state in the presence of constant forcing.

Nevertheless, time revealed that such early studies were conducted at Reynolds numbers that
were too small. It is now known that, regardless of stratification, a Kolmogorov cascade will develop
provided that the Reynolds number is large enough, with isotropic small scales being unaffected by
buoyancy (Brethouwer et al., 2007; Bartello et al., 2013). In fact, buoyancy stratification affects
primarily the large-scales of the flow, but it is no longer significantly felt at scales smaller than
the so-called Ozmidov scale. This is a regime of strongly stratified turbulence, further discussed
in chapter 3. In that chapter, we also present scale analyses to determine the nature of stratified
turbulence in the SAL, which, from a fluid dynamics perspective, can be defined as a stratified

free-shear layer constrained by thermal inversions.

1.2.3 Large-eddy simulations

Because high Reynolds number flows have such a broad range of scales, direct numerical simulations
(DNS) of turbulence are extremelly computationally demanding. This is because they aim to resolve
all scales of motion, from the domain scales down to the so-called Kolmogorov microscales. In fact,
most of the computational effort in DNS is devoted to resolving high wavenumbers (Pope, 2000).
Nevertheless, it is known from Kolmogorov’s theory that the inertial subrange is a rather universal

feature in many turbulent flows. Therefore, the effect of eddies in this range is mainly to cascade



flow properties down to the microscales, where energy is dissipated and local mixing takes place.

Consequently, it is possible to simulate turbulence numerically by explicitly resolving only
the large eddies, as long as a subgrid-scale (SGS) model dissipates energy at the same rate € as
it cascade down to the numerical resolution scale (which must be placed in the inertial subrange).
This technique is known as large-eddy simulation (LES). Large eddies depend on the flow geometry
and forcing mechanism, and they contain most of the flow kinetic energy and contribute the most
to momentum, heat, and dust fluxes. Because the microscales are not resolved in LES, the same
amount of grid points NyNyN, can be used to simulate a larger domain than in a DNS of a flow with
the same Reynolds number. As a result, LES can be an ideal tool to study relatively small-scale

(e.g., O(10) km) geophysical problems, such as ABL flows.

Because the SAL extends from Africa to the Americas, it is not possible (or appropriate) to
perform an LES of this air mass as a whole. As described in chapter 2, we chose instead to simulate
the flow within a small box in the SAL interior. This is a multiphase flow (containing air and dust),
and various techniques to simulate flows of this kind exist. These include fully resolving the flow
around individual particles, simulating Lagrangian point particles a posteriori (given a velocity field
from a previous simulation), or representing dust concentrations as an Eulerian field. The choice
of the appropriate method depends on both particle and carrier phase properties, as described in
Balachandar et al. (2010). In the context of a SAL flow LES, this choice is discussed in chapter 2

and Appendix B.

1.3 Objectives

The overall hypothesis behind this dissertation is that, under some conditions and some periods of
time, the SAL has strong enough forcing to produce and sustain at least some amount of turbulence.
This impacts the transport of Saharan dust in that layer, and therefore may help explain observations

of long-range transport of coarse particles.

In order to verify this hypothesis, we list the main objectives and research questions of this

dissertation below:



Objective 1 Determine to what extent turbulent mixing can contribute to the long-range transport

of coarse dust in the SAL.

(a) What is the relative increase in dust airborne lifetime caused by turbulence?

(b) Do models approach field observations when turbulent mixing is taken into account?

Objective 2 Develop a theoretical framework to quantify the effects of stable stratification on eddy

mixing rates in the SAL.

(a) Can we develop an algebraic expression for the eddy diffusivity in the SAL as a function

of some stability measure?

(b) When is stable stratification strong enough to suppress the effects of turbulence on dust

deposition rates?

1.4 Outline

The remainder of this dissertation is organized as follows. Objective 1 is addressed in chapter 2,
whereas objective 2 is addressed in chapter 3. Both of these chapters are exact reproductions of
papers that have been published or submitted for publication (with permission from the publish-
ers). As a result, each chapter contains its own introduction and conclusion, and utilizes its own
nomenclature (which is consistent within a chapter, but not necessarily with other parts of this

dissertation).

In chapter 2, we reproduce Rodakoviski et al. (2023), in which we assume the existence of
turbulence in a neutral SAL. We use both an analytical approach (developed based on an idealized
SAL model) and LES in order to assess the impact of turbulent mixing in settling rates of dust
particles. Chapter 3 is a reproduction of Rodakoviski et al. (In prep), where we use a modified SAL
model, in which a weak stratification is present. Again, we use a theoretical approach together
with LES results in order to understand how to calculate eddy diffusivities based on quantities that
are typically measured in the SAL. These results are then combined with results from chapter 2

to determine whether or not we expect SAL turbulence (under realistic forcing conditions) to be



vigorous enough to significantly delay dust deposition rates.

Finally, our conclusions are summarized in chapter 4, which also discusses future work to be
developed. Appendices A through C correspond to the appendices published with Rodakoviski et al.
(2023). Appendices D through H develop some ideas mentioned in chapter 3, and were published

as supplemental information for Rodakoviski et al. (In prep).



CHAPTER 2

Dust settling from turbulent layers in the free troposphere:

implications for the Saharan Air Layer

Authors: Rodrigo Rodakoviski, Jasper Kok and Marcelo Chamecki.
Abstract:

Desert dust accounts for a substantial fraction of the total atmospheric aerosol loading. It
produces important impacts on the Earth system due to its nutrient content and interactions with
radiation and clouds. However, current climate models greatly underestimate its airborne lifetime
and transport. For instance, super coarse Saharan dust particles (with diameters greater than 10 um)
have repeatedly been detected in the Americas, but models fail to reproduce their transatlantic
transport. In this study, we investigated the extent to which vertical turbulent mixing in the Saharan
Air Layer (SAL) is capable of delaying particle deposition. We developed a theory based on
the solution to a one-dimensional dust mass balance and validated our results using large-eddy
simulation (LES) of a turbulent shear layer. We found that eddy motion can increase the lifetime
of suspended particles by up to a factor of 2 when compared with laminar flows. Moreover, we
found that the increase in lifetime can be reliably estimated solely as a function of the particle Peclet
number (the ratio of the mixing timescale to the settling timescale). By considering both the effects
of turbulent mixing and dust asphericity, we explained to a large extent the presence of super coarse
Saharan dust in the Caribbean observed during the SALTRACE field campaign. The theory for
the lifetime of coarse particles in turbulent flows developed in this study is also expected to be
applicable in other similar geophysical problems, such as phytoplankton sinking in the ocean mixed

layer.



2.1 Introduction

Desert dust accounts for about 70% of the global atmospheric aerosol mass (Tsigaridis et al., 2006).
It carries key micronutrients to terrestrial and oceanic ecosystems (e.g., Yu et al., 2015; Chien et al.,
2016) and potentially affects human activity by degrading visibility and human health (Middleton,
2017). Moreover, its interactions with radiation (Otto et al., 2007; Kok et al., 2017) and clouds
(DeMott et al., 2003; Twohy et al., 2009) causes airborne dust to influence weather and climate
significantly. In fact, the greatest uncertainty in Earth’s energy budget estimates is still due to the

contribution of aerosols and clouds (IPCC, 2021).

Despite its importance, and while it has been known that dust in the atmosphere deposits slower
than predicted by Stokes’ settling speed or simulated in large-scale models (e.g., Maring et al.,
2003; Kim et al., 2014; Adebiyi et al., 2020), the processes responsible for keeping such particles
suspended in the atmosphere for so long, especially those in the coarse and super coarse modes (i.e.,
those with volume-equivalent diameters greater than 5 and 10 um, respectively), are still not fully
understood. In fact, Adebiyi et al. (2020) estimated that the global load of coarse dust is actually
four times greater than climate models currently simulate. This missing dust causes a net warming

of the climate system due to absorption of solar and terrestrial radiation.

Perhaps the most well-known dust transport pathway in the atmosphere is the so-called Saharan
Air Layer (SAL), a hot, dry, dust-laden air layer originating from North Africa and traveling across
the tropical North Atlantic toward the Americas over the course of about 5 days (Carlson et al.,
1972). The SAL is not directly in contact with Earth’s surface; it rather is situated above the cooler,
moister trade-wind layer, separated from it by a temperature inversion which is typically located at
about 1.5-km altitude off the west coast of Africa, where the SAL extends to altitudes of 6km or

higher from the surface.

Amongst the various field experiments conducted in the past couple of decades aiming to study
the behavior and properties of desert dust in the SAL (e.g., Reid et al., 2003; Tanré et al., 2003;
McConnell et al., 2008; Heintzenberg, 2009; Siebert et al., 2013), the Saharan Aerosol Long-Range
Transport and Aerosol-Cloud-Interaction Experiment (SALTRACE) was a particularly recent and

comprehensive one (Weinzierl et al., 2017). One remarkable result from SALTRACE was obtained

10



when the same air mass in the SAL was sampled before and after transatlantic transport. This
Lagrangian experiment revealed the presence of dust particles as large as ~ 30 um in the Caribbean,
whereas the Stokes’ settling rate for a laminar environment predicted that no particles larger than
~ 7um should be able to make it there, even after a correction for particle asphericity (which

reduces the deposition rate) was taken into account (Weinzierl et al., 2017).

A few reasons could explain the observed discrepancies and failure of Stokes’ law. For one
thing, dust particles have very irregular shapes (e.g., Mufoz et al., 2007), which reduces their
settling speed due to the increased drag force experimented by dust when compared to a sphere of
same volume (Mallios et al., 2020; Huang et al., 2020). Second, dust becomes electrically charged
during its emission and possibly transport, and it has been hypothesized that the resulting electric
forces could partly counteract gravitational settling (e.g., Nicoll et al., 2010; Van Der Does et al.,
2018; Toth III et al., 2020), although results from a model simulating dust charging mechanisms
by Mallios et al. (2022) indicated that the acceleration due to those forces is much smaller than
gravity (and hence they should not affect settling speeds). Another reason, which is the focus of this
paper, is the possibility of vertical turbulent mixing in the SAL, with the associated upward eddy
flux increasing the airborne lifetime of dust particles (Gasteiger et al., 2017; Van Der Does et al.,
2018). The innacurate or absent representation of at least some of these processes might explain

why large-scale models consistently tend to underestimate the atmospheric coarse dust loading.

In the SAL, it is possible that turbulent motion is forced by both shear and buoyancy mechanisms.
Substantial wind shear takes place over West Africa, especially due to the presence of the African
Easterly Jet (AEJ) (e.g., Bercos-Hickey et al., 2017). Furthermore, differential absorption and
scattering of both short- and long-wave radiation by different size particles could trigger convective
motion (Otto et al., 2007; Gasteiger et al., 2017). In fact, recent analyses of lidar and dropsonde
data by Gutleben et al. (2021) revealed small Richardson numbers within the SAL, as well as lidar
power spectra following the predicted turbulence slope of —5/3, both of which are indicative of

well established turbulence in that layer.

Furthermore, there exists substantial observational evidence that the SAL is a relatively well-
mixed layer, which suggests the presence of turbulence. This includes, for example, lidar profiles of

particle linear depolarization ratio (Rittmeister et al., 2017), potential temperature measurements
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from soundings (Carlson, 2016), as well as aerosol concentration and water vapor mixing ratio
profiles from in situ aircraft data (Jung et al., 2013; Ryder, 2021), all of which are rather uniform
with height. The effect of daytime convective motion in the SAL was illustrated by Gasteiger et al.
(2017) by means of a simple mathematical representation of turbulent mixing. Even though their
results suggest that in situ SALTRACE data and satellite-borne lidar measurements are inconsistent
with the absence of mixing in the SAL (even when particle asphericity is taken into account),
measurement uncertainties were comparable to the differences between calculations that included
or neglected mixing. Hence, further research is necessary. Note, however, that it is well-established
that turbulence in the Saharan boundary layer (over land) is crucial for the emission and vertical

distribution of dust before the elevated SAL is formed (Garcia-Carreras et al., 2015).

More generally, the problem of particles settling in a turbulent environment can be extended to
other geophysical situations, with minor modifications necessary in some cases. An instance of an
analogous problem to dust in the SAL is that of particles in the ocean mixed layer (OML), such as
phytoplankton, sinking into the pycnocline (Ruiz, 1996; Deleersnijder et al., 2006). The long-lasting,
global dust storms in Mars are another example of a similar problem which is particularly relevant
at present due to the challenges that it poses to the robotic exploration of that planet. In this case,
though, the bottom of the flow is a solid boundary, and physical parameters (such as gravity and
density) can have very different values as compared to terrestrial flows (Rana et al., 2021). Hence,
in this text, phrases like “dust in the SAL” will often be used in situations where ideas also apply
more generally to particles settling in turbulent flows, and can potentially be extended to other

geophysical problems.

In the present study, we employed a one-dimensional mass balance of dust in the SAL using
uniform eddy diffusivity and idealized boundary conditions in order to develop a theory quantifying
the effect of turbulent vertical mixing on the settling rate of particles. Because large-eddy simulation
(LES) allows for a more realistic representation of the turbulent dynamics by employing fairly
universal subgrid-scale models, we verify our theory using LES of a turbulent shear layer which is

intended to be a proxy for the flow within the SAL.

This paper is organized as follows. Section 3.3 presents the idealized mass balance that leads to

analytical expressions for airborne aerosol concentration, total mass and residence time as a function
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Figure 2.1: (a) Schematic representation of domain geometry. A turbulent, dust-laden fluid layer
(region enclosed by black, solid lines, with its base at z = 0) of height 4 is contained in between
two stably stratified, laminar fluid layers. (b—d) Illustration of theoretical dust profiles at t* = 0.4
for different Peclet numbers (defined in equation (2.10)). The dashed lines delimit the turbulent
layer and indicate the initial dust distribution (uniform from z = O to /), whereas the width of the
yellow regions is proportional to the concentration at any level. The dotted line indicates the lower
boundary of the SAL, and the flux of dust crossing it is proportional to the concentration at that
level (see equation (2.5)), which in turn depends on the degree of turbulent mixing and the particle
size via Pe.

of particle size and turbulent mixing efficiency. The numerical simulations performed are described
in section 3.4, which also includes information about the simulated particle size bins. LES results
are then analyzed and used to validate the theory in section 2.4, where we also demonstrate how our

model helps explain the long-range transport of super coarse dust observed during SALTRACE.

Finally, concluding remarks are made in section 3.6.

2.2 Theory

In this section, we develop an exact expression for the total particle mass m (in kg of dust) over time
¢t within a turbulent layer of thickness A, given an initially vertically homogeneous concentration
field. Two competing effects determine the mass decay rate: gravitational settling and vertical

turbulent mixing.
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2.2.1 Problem setup

The idealized flow setup depicted in figure 2.1a is intended to be a prototype for the SAL. It is
assumed that turbulence is restricted to the inner layer, vanishing at z < 0 and z > / due to stable
thermal stratification. Note that, in this coordinate system, z = 0 is located above the ground (i.e.,

there is no solid boundary in this flow).

We assume that the flow is a dilute dispersion, so that interactions between particles and the
back influence of dust on the flow dynamics are negligible. Denoting the particle velocity vector
as u, = (up,v,,w)) in Cartesian coordinates, in which the position vector is X = (x,y,z), with z
being the vertical direction (i.e., that aligned with the acceleration due to gravity g = (0,0, —g)),

conservation of mass for monodispersed particles requires that
dc+u,-Ve = kVic. 2.1)

In (2.1), c is the Eulerian particle concentration field (expressed as mass per unit volume), and K is

the particle mass diffusivity resulting from Brownian motion.

We further assume that particle inertia effects can be neglected (which is verified a posteriori, as
described in section 2.3.4 and Appendix B). Then, according to the dusty gas approach (Balachandar

et al., 2010), the particle velocity vector can be written as

u, = u—wk, (2.2)
where u = (u,v,w) is the instantaneous wind velocity vector, wy > 0 is the constant particle settling

velocity (relative to the air), and k= (0,0,1).

Rewriting (2.1) in terms of u using (2.2), and applying Reynolds averaging (Pope, 2000,
eq. (4.41)), we can write the evolution equation for the mean particle concentration as (Shao, 2008,
eq. (8.9))

dc+1u-Ve—wyd,c = kVe—V-u'd, (2.3)

where the overbar denotes Reynolds averages and the prime indicates fluctuating quantities. The
terms on the left-hand side of (2.3) refer respectively to the mean concentration time trend, advection

by the mean flow and gravitational settling, whereas those on the right-hand side correspond
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respectively to Brownian diffusion and eddy fluxes (i.e., advection by turbulence).

Brownian diffusion is expected to be negligible compared to gravitational settling for particles
larger than ~ 0.001 um in the SAL (see calculations in the Supporting Information). Therefore, the
corresponding term in (2.3) can be safely neglected. For the sake of simplicity, we also disregard
subsidence effects by assuming w = 0. Furthermore, by assuming statistical homogeneity in the
horizontal directions (meaning that horizontal gradients of mean concentrations and turbulent fluxes

vanish, i.e., d,¢ = dy¢ = ol'c! = ayv’_c/ = (), we obtain the following evolution equation for ¢:
9,¢ — w0, = —d.w'c. (2.4)

Equation (2.4) is frequently used (with the assumption of stationarity) to model the vertical profile
of mean dust concentration in the atmospheric boundary layer (Prandtl, 1952; Kind, 1992; Freire

et al., 2016).

We initialize the concentration field with a uniform profile ¢ (z, = 0) = ¢ within the turbulent
layer 0 < z < h and zero elsewhere. This is consistent with the observed well-mixed SAL over
the eastern Atlantic (Carlson, 2016). Integrating (2.4) in the vertical direction from z = 0 to A,
neglecting eddy fluxes across the top and bottom boundaries (such as entrainment/detrainment
processes, an assumption expected to hold for larger particles and to be tested with the numerical
simulations described in section 3.4), and considering that there is no dust above the turbulent layer

entering the domain through its top, we find that the particle mass removal rate is given by

1dm

ZE = —WSC(ZZO,I), (25)

where A is the horizontal area of the domain.

Physically, (2.5) means that the only particle removal mechanism is gravitational settling through
the bottom of the turbulent layer. The removal rate depends on the mean concentration at z = 0,
which is generally not known a priori, since it comes from the solution to (2.4). However, there are
two limiting cases where ¢ (z = 0,7) is known; these are presented in section 2.2.2. A closure model
for the eddy fluxes in (2.4), which are responsible for vertical turbulent mixing thereby delaying

particle removal, is necessary to generalize the asymptotic results to an arbitrary turbulence intensity.
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This is discussed in section 2.2.3.

2.2.2 Asymptotic limits: laminar flow and instant mixing

In the first limiting case, we consider a laminar environment, where turbulent motion is absent. In
this scenario, the whole particle field falls as if it were a single solid block, given that no process
acts to erode the sharp gradient that develops at the top of the dust layer (figure 2.1b). In this case,
the concentration at the bottom remains unchanged and equal to the initial condition at all times,

i.e.,, ¢(z=0,1) = cp, and (2.5) can be integrated to give the linear decay

m = 7 (laminar flow). (2.6)

In (2.6), the dimensionless variables are m* = m/mg (with my = coAh, i.e., the initial dust mass)
and * =1 /1, (with 7, = h/wy, i.e., the time that it takes for a particle to travel a distance & at speed
wy). Note that 7 is also the time necessary for all the dust mass to be removed in the absence of

turbulence, so that m* = 0 for t* > 1.

On the other hand, if turbulent mixing is instantaneous, the concentration profile at any instant ¢
is completely well-mixed (figure 2.1d). Hence, the concentration at any height (including at z = 0)

equals m (t) /Ah, in which case (2.5) produces the exponential decay
* —r*

m =e (instant mixing). 2.7)

In this case, 7, is the e-folding time for mass decay. As expected, this means that m* decays slower
than in the laminar case since turbulent mixing is continuously diluting the dust mass throughout the

entire layer, thereby reducing the concentration at the bottom and hence the mass loss rate as well.

2.2.3 Exact solution for arbitrary Peclet number

For intermediate mixing rates (i.e., not instantaneous), it is necessary to incorporate a measure of

turbulence intensity into (2.4). Parametrizing the vertical eddy flux in terms of a constant eddy

16



0.8

Pe=1 ——
\ Pe=5
0.6 Pe =10
% Pe =50 ——
S Pe—so0 -----
0.4 Q decreasing
AN
> N
0.2 \ %
0 AN~ \-§

0 1 2 3 4 5
t*

Figure 2.2: Theoretical solutions given by equation (2.12) for the remaining particle mass within
the turbulent layer over time for different Peclet numbers (colors). The dotted and dashed lines
show the asymptotic limits m* = 1 —¢* and m* = exp (—t*) for Pe — o and Pe = 0, respectively,
as given by equations (2.6) and (2.7).

diffusivity K (such that w/c’ = —Kd,c), (2.4) becomes
;¢ — wy0.c = Kd?e. (2.8)

Although this is often an unrealistically simple parametrization, a constant K allows for the devel-
opment of an analytical solution to the problem (to be verified with the simulations described in
section 3.4). In this model, the requirement that the entrainment fluxes vanish at the boundaries,

along with a finite K-value, translates into homogeneous Neumann boundary conditions:
d,c=0atz=0and h. (2.9)

This also prevents the solution to develop a maximum in the interior of the domain.

Brenner (1962) obtained a series solution for a problem equivalent to (2.8)—(3.7) with uniform
initial condition, which can be used in the problem at hand. Defining the Peclet number as the ratio

of a diffusive timescale 7; (related to turbulent mixing) to a gravitational settling timescale Tg, i.e.,

2
pe- b _m o _h rt:%, (2.10)
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we can write the solution ¢ (z,7) as

_c—(z*,ct;,Pe) z%exp {% 2(1—-2") —t*]} X
" = A { A cos 224 (1 —z°)] + (Pe/4) sin[2A4; (1 — 2¥)]} (_4%,(21*) '

= (A2 +Pe?/16+Pe/4) (A2 +Pe?/16) Pe

(2.11)

Equation (2.11) can be integrated within the turbulent layer, i.e., from z* = z/h =0 to 1, to find the

mass decay over time given by

Pe Pe o Axsin (22y) exp (—4A2t* /Pe)
m* (t*,Pe) = —ex 2—1") 2.12
("Pe)=7 p{ }; (A2 +Pe?/16+Pe/4) (A2 +Pe?/16)’ 12
where the values of A4; > 0 (k= 1,2,...) are implicitly given by
Pe Pe
Aoj,—1tan (}LZn—l) = Z, Ao, cot (lzn) = —Z (2.13)
forn=1,2,.... These values are ordered so that A,, > A, for m > n.

The Peclet number, defined in equation (2.10), measures the relative strength of particle gravita-
tional settling with respect to vertical turbulent mixing which, in this model, are the two competing
processes determining the airborne lifetime of dust. Hence, the larger (smaller) Pe is, the more (less)
gravitational settling dominates over mixing. Note that, when time is normalized by 7, the mass
decay curve (2.12), plotted in figure 2.2, depends solely on the Peclet number (which accounts for
any particular combination of particle size and turbulence intensity). Figure 2.1c shows an example

of an instantaneous concentration profile given by the solution (2.11) for a finite value of Pe.

As expected, the general solution (2.12) tends to the linear limit (2.6) as Pe — oo, and it tends to
the exponential limit (2.7) as Pe — 0. This fact is also illustrated in the plot of figure 2.2, and it can
be nicely explained by interpreting Pe as a ratio of timescales. When 7, < 7, (Pe > 1), the entire
particle field falls as a solid block because individual particles fall much faster than the mixing
timescale, so that the concentration profile is simply advected without changing shape. When
Ty < Tg (Pe < 1), on the other hand, turbulent mixing is so fast that it is capable to completly mix

the particles within the domain before the particles fall a considerable distance.

As a final remark, it is noteworthy that the series (2.12) converges slowly at large Peclet number

values. In that case, the alternative, approximate expression for m* obtained by Brenner (1962) and
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presented in Appendix A may become useful. Moreover, note that, since particles of different sizes
are independent from each other in this model, an initial size distribution my (Dp), where D), is the
volume-equivalent particle diameter, can easily be evolved in time as m (t,D,) = mqo (D)) m* (*,Pe).
We highlight that both #* and Pe depend upon D), via their dependence on the settling velocity w,

(see equation (2.10)).

2.2.4 Residence time

The mean residence time of particles in the turbulent layer can be expressed as (Deleersnijder et al.,

20006)
TR:_/O m(l’) d[:fg/o m*(t*,Pe) dt*, (214)

mo
from where it can be seen that the dimensionless residence time 73 = Tz/7, is a function of the
Peclet number only. Integrating the asymptotic solutions (2.6) and (2.7), one finds that Tz = 7,/2
in the absence of turbulence (Pe — ), whereas Tz = 7, when mixing is instantaneous (Pe = 0),
which means that turbulent mixing can increase the residence time of particles against gravitational

settling by a factor of as much as 2 when compared to laminar flow (Deleersnijder et al., 2006).

In order to obtain tg (Pe) for intermediate Pe values, one can integrate (2.12), which results in

Pe) > Agsin (22y)

75 (Pe) = iPezexp (— 5 (2.15)
i=1 (A} +Pe?/16+Pe/4) (A} +Pe?/16)

16 2

However, similarly to (2.12), the series (2.15) converges slowly at large Pe values. Alternatively, a
much simpler expression which, unlike the solution above, does not have convergence issues, has

been given by Deleersnijder et al. (2006). Namely, they found

. 1 1 1-—ePe
TR(Pe):iJF%_ Pl

(2.16)

As it should, equation (2.16) returns the same values as those given by the series (2.15). Deleersni-
jder et al. (2006) obtained that expression by means of an adjoint model approach which does not
solve the complete problem (2.8)—(3.7) for ¢ (z,t) or m*(¢), but only for 7z. In other words, their
solution does not provide any information on the height dependence or the time evolution of the

dust field, which are given in the present study by the series (2.11) and (2.12). Such knowledge is
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necessary, for instance, in unsteady flows where the eddy diffusivity varies in time, which is likely
the case of dust transport in the SAL (considering that it happens over 5 days). In this situation,
the residence time can still be estimated via numerical integration of m* with the Peclet number

varying in time, but it will no longer be given by (2.16).

We highlight that, even at relatively large Peclet numbers, for which the particle behavior is
mostly dominated by gravitational settling, the residence time is significantly enhanced by the
presence of eddies in the flow. For instance, the relative increase in particle residence time due to
turbulent mixing, calculated as [tg (Pe) — Tg ()] /g (o), is 18 % for Pe = 10 and 57 % for Pe = 2,
1.e., Tg increases respectively by almost a fifth and more than a half of its laminar value in these
cases. This suggests that even moderately strong turbulence can considerably impact the settling
rate of relatively large particles. As a final remark, notice that Pe is the relevant variable determining
the extent to which turbulence impacts dust settling. Translating from Peclet numbers into actual
particle sizes, on the other hand, depends on the turbulence intensity of the flow under consideration
via K in equation (2.10). For approximate SAL conditions, such a relationship is illustrated in table

2.2.

2.3 Large-eddy simulation of idealized SAL

2.3.1 Averaging notation

Before the numerical simulations are described, it is important to define more accurately the
notation to be used throughout the rest of the paper. In general, the mean of any variable 1 over
a given direction, say x, is (17),. Reynolds averages 7 are considered equivalent to (1), ., since
all simulations are statistically homogeneous in the x- and y-directions. Averages in x and y are
calculated over the entire domain, whereas averaging time periods varied case by case, following
the criteria that they must be long enough for statistics to converge, but also short enough so that the
turbulence (or the dust field, depending on the statistic being calculated) can still be approximated as

stationary. Vertical averages are calculated within the turbulent layer only, i.e., (1), = h! foh ndz,

and (1), denotes an average over all simulated particle sizes. Finally, the vertical velocity variance
DI7
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w'2 is also denoted as ¢2.

2.3.2 Numerical specifications of LES model and simulation parameters

Our incompressible LES code employs pseudospectral horizontal derivatives and second-order
centered finite-difference derivatives in a staggered grid in the vertical direction. Time is advanced
by means of a second-order Adams-Bashforth scheme. The subgrid-scale (SGS) model utilized was
the scale-dependent Lagrangian dynamic Smagorinsky model by Bou-Zeid et al. (2005). The dust
concentration fields were simulated with the finite-volume approach by Chamecki et al. (2008) and
Chamecki et al. (2009), and SGS fluxes of dust were calculated using a constant turbulent Schmidt

number Sc = 0.4 (Chamecki et al., 2009, egs. (2)—(4)).

Stress-free boundary conditions were applied to the horizontal velocity components at the top
and the bottom of the numerical domain. The vertical velocity w was set to zero at those positions,
and Rayleigh damping was implemented within the stratified layers (above and below the neutral
SAL, which is defined by z € [0, 4], as shown in figure 3) in order to minimize the reflection of
gravity waves back into the domain. The thickness of each stratified layer was set to h/2, so
that they were thick enough to dissipate the wave energy, but still did not needlessly increase the
computational cost of the simulations. As a result, the domain vertical extent was L, = 2h. In the
horizontal directions, however, the domain is truncated, given the prohibitive computational cost of
simulating a flow extending from Africa to the Americas at large-eddy scale resolution. Hence, in

the horizontal we set L, = L, = 4h.

We used N = 3203 grid points and 4 = 1km, so that Ax/2 = Ay/2 = Az = 6.25m. A timestep
of At = 0.25s was chosen for stability and accuracy. Finally, the Coriolis parameter was set to
f =5x107s"!, which occurs at a latitude of about ¢ = 20°N, roughly coinciding with the
location where the SAL is generally found in June and July, when the observed transatlantic dust

transport typically peaks (Weinzierl et al., 2017).
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Figure 2.3: Mean LES conditions for BASE flow (WEAK case profiles are presented in the
Supporting Information). The mean horizontal velocity (i, V) and the standard deviation of vertical
velocity o, are calculated using the entire simulation duration (of about 55h). The potential
temperature profiles shown are ~ 4-minute averages, with 8 and §f denoting respectively the
temperature structure at the beginning and the end of the simulation. The mean PGF profile driving
the flow is prescribed in terms of the geostrophic wind speed (g, v,). The stratified layers, indicated

by the gray shaded regions below z = 0 and above z = h, are not included in the calculation of

. 1/2
vertical averages such as <0-"%>z/ :

2.3.3 LES flow setup

Temperature profile measurements reveal that the SAL is a nearly neutral layer bounded by inver-
sions at the top and the bottom (e.g., Carlson et al., 1972; Otto et al., 2007). Such observations
motivated the potential temperature structure adopted in our numerical simulations, which is de-
picted in figure 2.3d. The numerical domain includes not only the well-mixed SAL, but also part of
the inversions above and below it. It does not include, however, the marine boundary layer (MBL)

located below the bottom inversion.

Because the inversion layers are statically stable, growth of the turbulent, interior layer by
entrainment is effectively suppressed. In fact, it can be seen in figure 2.3d that, even though the
temperature structure changes significantly over time near the boundaries of the numerical domain
due to the imposed adiabatic boundary conditions, stable stratification is preserved close to the inner

interfaces between the inversions and the neutral interior. Therefore, the simulated SAL thickness
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h indeed remained constant in the simulations, and the vertical boundary conditions implemented
numerically are of negligible relevance to the turbulence dynamics in the interior. In the horizontal
directions, we assume that there is no flux divergence in this truncated domain by adopting periodic

boundary conditions in x and y.

The mean velocity profiles are plotted in figures 2.3a and 2.3b. Since the Coriolis effect is taken
into account, we follow the usual geophysical convention that the x-direction points eastward and
the y-direction points northward. Turbulence was induced in the neutral interior by shear in the mean
flow, which in turn was forced by the vertically-varying pressure-gradient force (PGF) prescribed in
terms of the geostrophic wind speed (ug,v,). Because there is vertical shear in the geostrophic wind,
the temperature equation was adapted by means of the change of variables described in Momen
et al. (2018) in order to account for the corresponding horizontal temperature gradient arising from
thermal wind balance, so that the periodic boundary conditions, implicit to the pseudospectral
differentiation scheme, were still valid. Thus, the mean force balance in the interior is similar to
that of an Ekman layer, i.e., a balance between the PGF, Coriolis force, and Reynolds stresses (not
shown). Geostrophic balance is reestablished in the stratified layers where the stratification is strong

enough to suppress turbulence.

The mean velocity profile exhibits approximately uniform shear intensity within the neutral
interior, causing the turbulence intensity (as given by oy, in figure 2.3c) to increase towards the
middle of the domain while still being somewhat uniform near the center. The increased shear
magnitude at the interior edges of the stratified layers, which occurs as the mean wind transitions
to the geostrophic profile, causes a secondary, but much smaller peak in o,, at the same locations.
Nevertheless, we did not observe any evidence that this affected the dynamics of dust transport in

the interior in any way.

The adopted zonal geostrophic wind profile u, (z) follows the shape of a hyperbolic tangent,
whereas its meridional counterpart v, (z) was set so as to reduce mean flow rotation and turbulence
variability with height. The magnitude of the geostrophic wind, on the other hand, was adjusted so
that the resulting mean shear S in the simulations (see table 2.1) was roughly comparable to the
typical shear associated with the AEJ, estimated to be about 5 x 10 3s7! (Cook, 1999b; Weinzierl
et al., 2017; Bercos-Hickey et al., 2020). We note that, if the LES shear is much weaker than the
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Table 2.1: Flow characteristics in each simulation. Here, Aug = uy (z = h) —uy (2 =0), and the
amplitude of v, (z) is proportional to that of u, (z) in each case. The shear intensity was calculated as
§2 = (du/dz)* + (dv/dz)* and averaged within the interior, where S (z) is uniform (this excludes the
thin, strong-shear layers where the wind transitions to geostrophy). The eddy diffusivity estimation
is addressed in section 2.4. The mixing timescale 7; was calculated from its definition in (2.10) with
h=1kmand K = (K),;, , whereas the eddy turnover time was estimated as 7, = / (on). '/2 Note
that Au, is the only imposed quantity here, as the other variables were diagnosed from the LES
output a posteriori.

Flow  Aug(m/s)  S(s™)  (o2)."(m/s) (K),p, (m?/s) m®) 7

BASE 7.62 2.91x 1073 0.361 32.6 8.5 0.77
WEAK 4.57 2.27x 1073 0.284 25.7 10.8  0.98

values given in table 2.1, production of turbulence kinetic energy (TKE) is not strong enough to
balance its dissipation, and the resulting turbulence is either intermittent or decaying, instead of
stationary as desired. Conversely, if the mean shear is much stronger, the turbulent layer grows by

entrainment, and / is no longer a constant.

Finally, in an attempt to expand the parameter space analyzed, a similar flow (denoted “WEAK”,
as opposed to “BASE” previously described) with somewhat weaker turbulence (as its name
suggests) was simulated. Results for WEAK are qualitatively similar to those for BASE but with
less intense features, since the shape of the geostrophic wind speed profiles was kept the same,
but their magnitude was reduced to 60 % of their BASE value (see table 2.1). The resulting mean
flow shear S and vertical velocity standard deviation <Gv%>i/ ? for WEAK were measured to be
about 78.1% and 78.7 % of their BASE values, respectively, which suggests the linear scaling
<Gv%>i/ 2~ S. Hence, all figures from 2.3 to 2.8 correspond to BASE, but results for WEAK are
analogous (WEAK profiles corresponding to figure 2.3 are shown in the Supporting Information).
This also served as a check to the similarity solution (2.10)—(2.13) in terms of the Peclet number,
since Pe was also varied by changing the strength of turbulent mixing via K, and not only the
particle size via w; (see tables 2.1-2.2). The initial thermal structure is the same in both flows.
Varying the turbulence intensity even further while keeping the same flow setup can be challenging,
given that weaker turbulence dies out, and stronger turbulence causes the inner layer to grow. We
also note that the fraction of total momentum (heat) flux represented by the SGS model in BASE

is less than 1% (10%) in the SAL interior (except for 4 levels where the total heat flux changes
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Table 2.2: Properties of the different size bins simulated in our LES. The gravitational timescale
T, was calculated from its definition in (2.10) with 2 = 1km, and the diameter values D,
were obtained via (2.17)—(2.18) by assuming aspherical silica dust particles with ¥y = 1.4 and
pp = 2650kgm™ in U.S. standard atmospheric air at about 2km above the ground where
pr=1.0kgm=>, ur = 1.7 x 10 Pas, and g = 9.8ms 2. The Peclet number was calculated

as wsh (K )Z_’ép for each flow presented in table 2.1.
Bin # 1 2 3 4 5 6 7 8 9 10 11 12

wy (cm/s) 02 04 08 16 2 24 32 4 8 12 16 20
T (h) 139 694 347 174 139 11.6 87 69 35 23 17 14
D, (um) 58 82 116 165 184 20.2 234 26 37 46 54 6l
Pe (BASE) 0.061 0.12 0.25 049 0.61 0.74 098 1.23 245 3.68 490 6.13
Pe (WEAK) 0.078 0.16 0.31 0.62 0.78 093 124 1.56 3.11 4.67 622 7.78

sign, namely at z/h =~ 0.1,0.33,0.67,0.9). Close to the inversion layers at the top and bottom, these

fractions approach ~ 20 % for momentum and ~ 30 % for heat.

Both flows were initially simulated for about 3h without dust as a spin-up period (which is
about 4 and 3 large eddy turnover times 7, given in table 2.1, respectively), which was necessary
to achieve equilibrium turbulence from the initial condition uy = (u,,0,0) + dug, where duy is
a small-amplitude, random noise. After that, the dust fields were initialized and simulated for a
duration of Ty gs ~ 55h for BASE and T; g5 ~ 56h for WEAK, corresponding to at least 6 or 5
mixing timescales T;, respectively. The same particle sizes are simulated in both flows, as described

in section 2.3.4.

2.3.4 Definition of dust size bins

In addition to the dynamical variables, concentration fields of 12 independent particle size bins
(described in table 2.2) were also simulated. Each of them was initialized with a uniform profile
in the neutral interior and zero elsewhere, i.e., the exact same initial condition employed in the
one-dimensional mass balance discussed in section 3.3. The settling velocities w; of the simulated

bins were chosen to match relevant dust particle sizes and to span a wide range of Peclet numbers.

The various existing numerical simulation techniques for multiphase flows vary in complexity.

They include methods that fully resolve the details of the flow around a single particle (Bagchi et al.,
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2003; Burton et al., 2005), Lagrangian tracking of point particles using direct numerical simulation
(DNS) data of the carrier fluid (Richter et al., 2018), and Eulerian approaches, which represent
particles in terms of continuous concentration fields. Similarly to the theory described in section
3.3, our LES employs the dusty gas approach (Balachandar et al., 2010), which falls into the last

category.

The dynamically relevant variable quantifying particle deposition rates, both in the theory and in
the LES, 1s the settling velocity. The functional relationship between wy and particle size, however,
depends on the particle shape. Based on Stokes’ law, one can write

_ ppgD%d
Wsg = y
18usd (Rep)

where p,, and py are respectively the particle and the fluid densities, and Uy is the fluid dynamic

_Pp WsDha

¢ (Re,) = 1+0.15ReY®7 Re, i

(2.17)

viscosity (Clift et al., 2005, chap. 5). The non-linear correction due to finite particle Reynolds
number Re,, is small but not negligible, and it decreases the estimated wy by about 10 % for the

largest particles (those in bin #12, for which Re, = 0.6).

In (2.17), we use the effective hydrodynamic diameter Dj,;, defined as the diameter of a spherical
particle with same settling speed as the irregular aerosol of interest (e.g., Westbrook, 2008). Hence,
(2.17) can still be used to determine w; for aspherical particles such as dust, and their volume-

equivalent diameter D), is related to the effective hydrodynamic diameter via
D, =x"’Dpq. (2.18)

In (2.18), x is the dynamic shape factor, 1.e., the ratio of the actual drag force acting on the irregular
aerosol to that experimented by its equivalent-volume sphere (e.g., see Hinds (1999, eq. (3.23)) and
Huang et al. (2020)). Similarly to Weinzierl et al. (2017), we use a value of } = 1.4 for Saharan

dust.

Neglecting particle inertia effects is usually a very good approximation in the atmosphere away
from the ground (Richter et al., 2018), since the Stokes number there is typically very small. After
the particle sizes were defined and turbulence measurements from the simulations became available,

the applicability of the dusty gas approach adopted in this study (both in the theory and numerical
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simulations) was confirmed. The Stokes number for our heaviest particles was estimated to be at
most St ~ 0.07 in BASE, which has the fastest microscales. Such value is significantly smaller
than the upper limit of St = 0.2 suggested by Balachandar et al. (2010) beyond which the dusty gas
approach is no longer valid. See Appendix B for more details on the estimation of the relevance of
inertial effects in our simulations. Moreover, note that we neglect the slip correction factor in (2.17)
since it is estimated to increase the terminal velocity of the smallest particles simulated in the LES

by less than 4 %.

2.4 Results and discussion

2.4.1 Instantaneous flow fields

Figures 2.4 and 2.5 illustrate the turbulent behavior of the flow with instantaneous snapshots of
the dust concentration and fluid vertical velocity fields at * = 1 for different size particles. The
strong fluctuations in vertical velocity within the SAL are caused by the turbulent eddies, while
those outside the neutral interior are weaker (due to buoyant destruction of TKE) and associated
with gravity waves excited by the eddies within the SAL impinging onto the stratified layers. The
signature of large eddies in the dust field is clearly visible for bin #12 (for which wg has comparable
magnitude to (G,,),) and still somewhat apparent for bin #9, with regions of positive vertical velocity
generally coinciding with regions of high dust concentration. This pattern is not clearly observed
for bin #4 though, since its Peclet number is much smaller, and hence its concentration remains
much more uniform throughout the domain. Note that one also expects the dust field to become
uncorrelated with the carrrier fluid phase for Pe values much larger than unity (as illustrated in
figure 2.1b). Moreover, one can also notice in figure 2.4 that the largest eddies tend to span the
entire turbulent layer (i.e., they scale with /), but eddies of many different length scales are present,

as is characteristic of turbulent flows in general.
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Figure 2.4: Side view of instantaneous dust concentration (left column) and corresponding fluid
vertical velocity fields (right column) in BASE at y = 0.5L, and ¢ = 7, (wy), i.e., the instant by
which all particles in a given bin would have been removed from the interior (0 < z < 1km) if the
flow was laminar there. We remark that, in general, the correspondence between Pe and D), depends
upon the turbulent mixing efficiency via K.
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Figure 2.5: Top view of instantaneous dust concentration (left column) and corresponding fluid
vertical velocity fields (right column) in BASE at z = 0.5k and t = 7, (wy) (i.e., same instants shown
in figure 2.4).
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2.4.2 Comparison between LES and theory

In order to compare the numerical simulations output data with the theory (i.e., the analytical
solutions given by equations (2.10)—(2.13)), one needs to assign a constant eddy diffusivity K to
each particle size bin, since this is not defined a priori in the LES, where eddy fluxes are, for the
most part, explicitly resolved (with a smaller fraction represented by the SGS model). Thus, two

different approaches were utilized to estimate K in this study, as described below.

First, using the time series of aerosol mass within the turbulent layer (0 < z* < 1) obtained
by numerical integration of the LES results separately for each size bin, here denoted as mj ;¢ (),
we looked for the optimal diffusivity K, minimizing the mean square error & with respect to the

theoretical solution m* given by (2.12), i.e.,

K. = agmin[€ (K)], &(K) = —— / U () = (6, KO dr. 2.19)
K Tres Jo

In this sense, K, can be regarded as the diffusivity value providing the best fit of the model (2.12) to
the LES data, i.e., it determines how close the model can get to the data. Note that K, so defined
is not only a function of the turbulence, but also of the particle size. The theoretical mass decay

curves obtained using Pe = whK; ! in (2.12) are plotted in figure 2.6 as gray, solid lines.

Secondly, we diagnosed profiles of eddy diffusivity K (z,7) from LES data using its definition,
i.e., K= —w/c’/d,c. Some examples are shown in figures 2.7 and 2.8. Here, w/'c’ (z) and ¢ (z) are
planar, time averages calculated over a period of duration Ty, starting at different instants. The
averaging period must be long enough for the statistics to converge, but also relatively small because
the dust profiles are very transient, especially for large particles. Hence, we adopted the criterion
Tave < 0.17,, which entails better statistical convergence for smaller particles, for which 7, is greater.
Despite the substantial time variability of fluxes and gradients, however, a fairly robust diffusivity
profile was recovered at all times, so that it was natural to take a final time average of those profiles
to obtain a single curve K (z) for each bin, some of which are represented by the black squares in

figures 2.7 and 2.8.

Since K is assumed to be a constant in our theory, the vertical average of those profiles was

also calculated, finally leading to the second eddy diffusivity estimate, denoted simply as (K)..
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Figure 2.6: Remaining suspended particle mass fraction over time in BASE plotted in linear (left
column) and log scales (right column) for different bins. Squares indicate LES values, whereas the
solid curves show the theoretical prediction (2.12) calculated with K = (K) 2D, (average diffusivity
diagnosed from LES) and K = K, (optimal diffusivity defined in (2.19)). The linear and exponential
asymptotic limits (2.6) and (2.7) are also plotted for comparison. We remark that, in general, the
correspondence between Pe and D), depends upon the turbulent mixing efficiency via K. Plots of
m* (t) for all simulated bins are available in the Supporting Information.
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Furthermore, although the overall shape of K (z) changes significantly with particle size, with

somewhat uniform profiles in the bulk at large Pe values becoming more variable with height as the

particle size decreases, their mean magnitude (K)_, given by the black lines and symbols in figures

2.7 through 2.9, remains relatively robust for all simulated particle sizes. As a result, the diffusivity

averaged over all bins (K) 2D, an be taken as representative of the turbulent flow itself. Theoretical
-1

mass decay curves obtained using Pe = wgh (K) 2D, in (2.12) are plotted in figure 2.6 as green, solid

lines.

It can be seen in figure 2.6 that, with the exception of the small particles (bin #1 and also bin #2,
not shown here — see figures for all simulated bins in the Supporting Information), there is excellent
agreement between the LES data and our theory (despite K being assumed constant in the latter).
The curves were also plotted in a log scale (on the right column) because the best fit diffusivities
K, (Dp) provide very similar results to those obtained using (K, p,» Which is a constant, suggesting
that the diffusivity dependence on particle size is negligible for this range of Peclet numbers. In
fact, (K) 2D, is expected to be a more physical, reliable measure of the diffusivity as opposed to
K, which depends on the ability of the numerical simulations to reproduce the theoretical solution
conditions. This is why Peclet numbers in this paper were calculated using (K) 2D, (unless otherwise
stated). Moreover, it can also be seen that the curves progressively approach the exponential limit
as the particle size decreases. Therefore, in summary, the LES results validate the analytical model

presented in section 3.3.

The concentration and flux profiles presented in the two leftmost columns of figures 2.7 and

2.8 are dynamically coupled via (2.4), which can be re-expressed directly in terms of the variables

0 (¢ o [wcd ¢

It is apparent that, except for very small particles, the analytical solution (2.11) for ¢ (z*,#*) matches

being plotted as

the LES data quite well, even though the homogeneous Neumann boundary condition at the top
assumed by the model does not seem very applicable to the LES conditions. Concentration estimates
obtained from (2.11) do not match the corresponding LES values near z = h, which instead tend to

vanish with a non-zero gradient. The simulated eddy fluxes, however, do generally vanish at the
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boundaries in conformity with the theory.

For small particles, however, a finite eddy flux w/c’ developed at z = A in the simulations, as is
visible in figure 2.8 for bins #1 and #2. Those particles “leak” through the shear layer top because
they settle very slowly, and the numerical model is not able to maintain a sharp concentration
gradient for such a long time. As a result of this additional sink, m;j ;¢ decays faster than our theory
allows (see results for bin #1 in figure 2.6, and the corresponding concentration profiles in figure
2.8). Since this process is not represented by the theory, the analytical solution error & is thus
minimized by a small K, value, which instead increases the mass loss rate by reducing the mixing.
This is why m* calculated with K, for bin #1 (see figure 2.6) coincides with the laminar solution,
for which K = 0. Furthermore, for small particles, not only is K (z) more variable with height, but
also the concentration profiles become rather well-mixed, in which case the eddy-diffusivity model
is unlikely to perform well, since gradients tend to vanish and non-local fluxes due to large eddies
become particularly important. All those factors are expected to cause the theory and LES data to
mismatch for those bins, leading to unphysical K, values which are no longer representative of the
diffusivity profiles diagnosed from the LES data. Finally, note that, for even smaller particles, it is
possible that removal by detrainment from the turbulent layer becomes the dominant mechanism
over gravitational settling, which would invalidate the analytical solution for very small Peclet

numbers.

2.4.3 K-dependence on mean shear and particle size

The eddy diffusivity estimates for both simulations were plotted in figure 2.9 for different particle
sizes as a function of the settling speed normalized by the turbulence intensity as measured by
<szv>i/ > The average eddy diffusivity (K) ..p, given in table 2.1 was verified to scale with <szv>i/ g
which itself scales linearly with the mean flow shear. Therefore, K was normalized by A2S in figure
2.9, which to a great extent caused the data to collapse. This is particular relevant because the
intensity of turbulent flucutations is not a known quantity a priori (based solely on simulation param-
eters), nor is it readily measurable in the atmosphere with standard meteorological instrumentation.

Thus, being able to relate the eddy diffusivity to the mean shear magnitude S has significant practical
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Figure 2.7: Vertical profiles of concentration (left), eddy flux (middle) and eddy diffusivity (right)
for different size particles in BASE. Squares indicate LES data, whereas the solid lines on the left
panels are the theoretical concentration profiles given by (2.11) calculated with K = (K) 2D, for
z € [0, h], and advected below the turbulent layer as ¢ (z* < 0,¢*) = ¢ (0,#* +z*). Although the LES
concentrations plotted here are ~ 4-minute averages, the flux and diffusivity profiles are obtained
from averages calculated over increasing time intervals 7;,, for decreasing particle size (but still
ensuring that 7;,,, < 0.17, for stationarity). The instants ¢* shown in the figure correspond to the
end of the averaging periods. Vertically-averaged diffusivities (K), are also shown for each bin. We
remark that, in general, the correspondence between Pe and D), depends upon the turbulent mixing
efficiency via K.
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Figure 2.8: Same as figure 2.7 but for smaller particles. No-flux condition at z = A is not respected
in LES at small Peclet numbers.
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Figure 2.9: Normalized eddy diffusivity as a function of particle size (as given by its normalized
settling velocity). The different estimates of K shown are Csanady’s model (2.21) with Ky = (K) 2Dy’

and the vertically-averaged eddy diffusivity (K), calculated as — <W/ 8ZE>Z using LES data. Purple
and green curves and symbols correspond respectively to BASE and WEAK data which, despite
having different turbulence scales (given in table 2.1), collapse after normalization.

value. We highlight that both BASE and WEAK simulations are shown in figure 2.9 in order to
illustrate that normalizing the data by turbulence scales (such as the shear magnitude and the rms
vertical velocity, which are different in each simulation as presented in table 2.1) causes the data to
collapse. This points to the scaling relation K ~ § as a way to generalize the results obtained in this

study for shear flows having different turbulence intensities.

Although we do not have enough data to draw a definite conclusion about such relationship, the
same linear scaling K ~ § is observed in the canonical mixing layer (ML) (Wygnanski et al., 1970).
Hence, it is reasonable to expect that the SAL behaves similarly. Nevertheless, the same shear
magnitude produces a smaller eddy flux of momentum u'w’ in our idealized SAL than it does in a
ML, as discussed in the Supporting Information. This may be attributed to the fact that entrainment
of laminar fluid into the shear layer is suppressed in the present study by the temperature inversions,

which fundamentally differs from the ML dynamics.

It is expected that heavy particles whose settling speed wy is comparable to the typical magnitude

of turbulent fluctuations o,, decorrelate with the carrier phase velocity due to the crossing-trajectory
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effect. As a result, their eddy diffusivity decreases, which was modeled by Csanady (1963) as
w2\ /2

K=Ky (Hﬁzc_;;) , (2.21)
where f3 is a constant typically chosen from 1 to 2, and Kj is the diffusivity of non-settling particles.
Note that we cannot determine K with the flow setup adopted in this study, since ¢ = ¢ at all
times and heights if wy = 0. Instead, we use Ky = (K) D, in order to compare our data with (2.21).
In figure 2.9, however, our eddy diffusivity data appears to remain independent of particle size
even for wy ~ <Gv%>i/ 2, instead of following the correction given by (2.21). This is possibly related
to the fact that (2.21) was derived for homogeneous isotropic turbulence, which is not quite the
case for our simulations due to the anisotropic character of the large-scale forcing, as well as the
vertical heterogeneity induced by the boundary conditions. Moreover, non-local fluxes are not well
represented by an eddy diffusivity closure, and large eddies spanning the entire layer depth # likely

contribute significantly to dust transport in the simulated flows.

2.4.4 Implications for dust airborne lifetime and interpretation of SALTRACE data

Figure 2.10a presents the dimensionless residence time 7y calculated from the analytical solution
(2.16), along with values obtained directly from numerical integration of LES data, as a function of
the Peclet number. In the turbulent limit (Pe — 0), 7y is twice as large as its laminar limit (Pe — o),
and most variability occurs in the range 1 < Pe < 10, which coincides with the range where the
Peclet numbers of the converged bins (#7 through #12) are located. The simulations were not long
enough for 7 to be calculated from its definition (2.14) for lighter particles. However, Tz was also
estimated for bins #3 to #12 by integrating the best-fit m* curves (labeled “K.,” in figure 2.6). These
estimates were plotted as hollow symbols in figure 2.10. In general, the values obtained from LES
data agree well with the theory, as can also be seen in figure 2.10b, where both estimates are plotted
against each other. Deviations from the theory are slightly larger for smaller Pe (larger residence
times), in which case K is a stronger function of z (see figures 2.7 and 2.8), and the assumption of a

constant eddy diffusivity may introduce small errors.

Deleersnijder et al. (2006) also derived expressions for 73 (Pe) using non-uniform eddy diffu-
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Figure 2.10: (a) Dimensionless residence time as a function of Peclet number as given by exact
solution (2.16) (red curve) and obtained from numerical integration of m* curves from LES for bins
#7 through #12 (filled symbols). (b) Theoretical estimate of dimensionless residence time against
same quantity obtained via numerical integration of LES data. Squares and triangles correspond
respectively to BASE and WEAK. Note that the dimensionless data collapse for both flows, which
have different eddy diffusivities, in agreement with the theory (which only depends on Pe). The
simulations were not long enough to allow complete removal of particles smaller than those in
bin #7, which is why LES estimates were also obtained from integration of the best-fit m* curves
(empty symbols).

sivity profiles. The resulting residence times, however, were not much different from the values
given by (2.16), which assumes uniform K. Instead, their results suggested that 7 is rather robust
to different diffusivity profiles, depending much more on their magnitude (since 7z ends up being a
function of the Peclet number only). Hence, it is reasonable that, although the diffusivity profiles

for the flows simulated in this study decrease towards the laminar layers as shown in figures 2.7 and

2.8, equation (2.16) still provided excellent estimates of 7.

Figure 2.11a presents the residence time of aerosol particles with volume-equivalent diameter
D), in the LES flows, together with theoretical predictions given by (2.16) using K = (K) 2D, and
K =0, i.e., assuming laminar flow, which is intended to represent the estimate of a large-scale
model that neglects turbulent mixing. Despite the small deviations of the theory from LES data
(which are more visible in figure 2.10), it is clear that incorporating the effect of turbulent mixing
greatly improves the estimation of the airborne lifetime of aerosols as opposed to assuming laminar

flow. This is especially true for small particles, which settle more slowly, and hence are impacted
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by the eddy motions for longer periods of time. The longer aerosol particles remain airborne, the

more likely they are to affect climate and weather via radiative and cloud interactions.

In figure 2.11b, the squares indicate the size-resolved, suspended dust concentration ratio
between the Caribbean region and West Africa estimated based on SALTRACE measurements. The
curves in figure 2.11b present model predictions for the same quantity under different assumptions
regarding dust asphericity and the presence or absence of turbulent mixing. The observed c¢* data
plotted here were calculated as the ratio between size distributions obtained in the SALTRACE
Lagrangian experiment described in Weinzierl et al. (2017) (more details on the calculations are
given in Appendix C). The theoretical estimates were multiplied by a dilution factor @ (defined
in equation (C.5)) intended to account for any process not represented in the model described in
section 3.3 that affects all particle sizes equally. Such processes may include, for instance, horizontal
flux divergence (i.e., dilution by lateral entrainment of non-SAL air into the dust plume due to
synoptic-scale, horizontal motions in the atmosphere), since an air parcel leaving Africa disperses
during its transatlantic transport and reaches several different locations in the Americas, as well
as entrainment into the boundary layer and wet deposition. Downward turbulent mixing of dust
at the SAL base into the MBL is known to be an effective dust removal mechanism from the SAL
(Carlson et al., 1972; Weinzierl et al., 2017; Rittmeister et al., 2017), and LES of the boundary
layer performed by Jéhn et al. (2016) confirmed that it takes place in the Caribbean region at a rate
dependent upon the magnitudes of the wind shear and temperature inversion between the SAL and
the MBL. In fact, wet deposition and convective (turbulent) removal dominate in the Caribbean,
whereas dry deposition is more important closer to the North African source regions (Ridley et al.,

2012).

Despite the actual complexity of reality, which must be accurately represented if one is to explain
measurements in detail, figure 2.11b shows that this simple model, which accounts for particle shape
and turbulent mixing, explains to a good extent the otherwise rather surprising presence of super
coarse Saharan dust in Barbados. Hence, incorporating the effects of free atmospheric turbulence and
particle asphericity in large-scale models presents significant potential for improvement in aerosol
long-range transport modeling. Note that, in the laminar case, accounting for particle asphericity

simply shifts the largest particle size by a factor of x'/? (the well-mixed case is discussed in detail
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Figure 2.11: (a) Residence time (in hours) as a function of dust geometric diameter D), obtained
from our LES (squares and triangles for BASE and WEAK, respectively, illustrating different
turbulence intensities), equation (2.16) with Pe = wsh (K >z_,ll),, (purple and green dashed lines), and
the corresponding estimate when turbulent mixing is neglected (dotted blue line). (b) Size-resolved
mass concentration ratio of dust particles remaining airborne from Cabo Verde to Barbados (squares)
calculated based on SALTRACE data (Weinzierl et al., 2017, fig. 9) and model predictions assuming
the presence and absence of turbulence, spherical and aspherical particles with y = 1.4, and a SAL
thickness of 4 = 4km. The calculations refer to particles reaching a measurement level located
1.3km below the SAL top in Barbados. Theoretical estimates for ¢* are multiplied by a constant
factor a (see equations (C.5)—(C.8)) so as to match the measured data at small D), which is intended
to account for plume dilution and any size-independent processes acting to reduce the concentrations
measured in Barbados.

in the Supporting Information).

Several reasons might help explain the remaining discrepancy between models and measure-
ments of coarse dust in figure 2.11b. For instance, size-dependent processes other than dry deposi-
tion, such as cloud processing, which contributes to producing larger particles (Wurzler et al., 2000),
are capable of altering the dust size distribution in the SAL. Hence, it is possible that the dilution
effect was overestimated, and multiplying the model estimates by a factor closer to unity instead
would indeed make the theoretical curves approach the observations. Other possible factors leading
to mismatch between model and observations include horizontal variability of dust concentration
measured in the SAL, the detection of additional aerosol from different sources in the Caribbean,
and the effect of electric forces counteracting gravity, not to mention other sources of uncertainty

intrinsic to field measurements.
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We highlight that simple knowledge of the residence time given by (2.16) is not enough to
determine the suspended aerosol concentration fraction ¢* = am™ at a given instant ¢ and height z
as plotted in figure 2.11b, which underlines the relevance of the complete analytical solution for ¢*
given by (2.11). Moreover, equation (2.12) can be used to compute the difference Am™ between the
actual airborne dust mass fraction at any given time and m™* in a laminar flow at the same instant,
1.e.,

m* (t*,Pe) — (1—1*), t*<1,
Am* = (2.22)

m* (t*,Pe), > 1.

This is illustrated for different travel times 7, eddy diffusivities K, and particle sizes D), in
figure 2.12. First, note that, while the effect of turbulence on the dust airborne lifetime increases
monotonically with decreasing particle size (see equation (2.16), and figures 2.10a and 2.11a), Am*
has a maximum at intermediate particle sizes. After a given transport time, small enough particles
are not affected by turbulence because they barely settle. Since in this case no gradient develops for
turbulent mixing to act on, Am™ tends to zero as the particle size decreases. For example, note in
figure 2.11b that the curves for laminar and turbulent flow coincide for D, < 3 um. On the other
hand, Am™ also vanishes for large enough particles at long enough times, in which case all particles
of a given size are completely removed from the SAL, no matter how strong turbulent mixing is. For
instance, one can see in figure 2.11b that particles greater than about 30 um are completely removed
after the 5-day window in both laminar and instant-mixing conditions. As a result, Am* peaks at
intermediate particle sizes. In the case of the SALTRACE Lagrangian experiment, we notice that

the 5-day curve in figure 2.12 indeed shows that Am™ peaks for D), in the range 10-20 um.

The peak in Am* occurs at t* = 1, regardless of the value of K. This means that, at any time
t, particles with wy = h/t are the most affected by turbulent mixing. In other words, the instant
when the effect of turbulence on a given particle size can be most appreciated is t = T, i.e., when
gravity would have finished removing those particles from a laminar SAL. Therefore, at shorter
times, heavier particles are more affected, whereas smaller particles are more affected over longer
times. Finally, while Am* (D)) is greatest when K — oo (always peaking at Am* = e latr* =1),it
is smaller for finite diffusivity values. In this case, Am* increases with increasing travel times (as

turbulent mixing has more time to act), therefore impacting small-Pe particles more significantly.
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Figure 2.12: Additional SAL dust mass fraction as a result of turbulent mixing according to equation
(2.12) in a layer of thickness 7 = 4km after different travel times (colors) for instant mixing, i.e.,
K — oo (solid lines), and K = 32.6 mz/s (dashed lines).

2.5 Conclusions

In spite of the importance of coarse desert dust in the Earth system, current models consistently
underestimate its concentration in the atmosphere. With this motivation, the present study employed
a simple advection-diffusion model to represent the competing effects of settling and turbulent
mixing on the suspended lifetime of dust in the SAL. The results were validated with LES data
for particles in a turbulent shear layer contained between stable inversions (much like the SAL).
Despite the height dependence of the eddy diffusivity and the potential contribution of non-local
fluxes (both factors being especially relevant for small particles) in the numerical simulations, this
simple model provided reasonable estimates for low-order moments and integral measures such
as the size-resolved suspended aerosol mass over time, as well as the concentration profiles and
residence time of particles in the atmosphere. However, it is possible that this model becomes
inadequate for very small particles whose dominant removal mechanism from the turbulent layer is

detrainment (rather than gravitational settling).

The particle airborne lifetime Tz depends solely on the particle Peclet number, is rather indepen-
dent from the diffusivity profile, and can increase by up to a factor of 2 due to turbulent mixing when

compared to laminar flow. A constant diffusivity value, scaling with the flow mean shear, i.e., K ~ S,
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was enough to describe the behavior of all size bins, though it is possible that this is no longer the
case for particles larger than those considered in this study, for which the crossing-trajectory effect

may start manifesting.

Furthermore, our simplified analytical representations of turbulent mixing and aerosol asphericity
were able to explain to a considerable extent the presence of super coarse Saharan dust in the
Caribbean observed in the SALTRACE Lagrangian experiment measurements. Nevertheless, this
coarse dust long range transport conundrum is not yet completely solved, and the problem requires
further investigation. A better particle shape parametrization, as well as a model including electric

forces, may bring theoretical estimates closer to observations.

Moving forward, it might be of interest to add other processes to the prototype turbulent shear
flow simulated in the present study, so that it becomes a more realistic representation of some
particular flow of interest. For instance, one can incorporate buoyancy effects (including feedback
from the dust field due to particle-radiation interaction) to simulate the SAL more accurately. In
fact, a more complete SAL representation need also include realistic PGF profiles, which could
be utilized in order to determine whether turbulence actually develops in the SAL and what the
associated TKE budget is. In the Caribbean region, however, deep convection, wet deposition and
mixing with the boundary layer also play a fundamental role in the fate of the dust size distribution,
and the flow dynamics is expected to be rather different from the that of the numerical simulations

presented in this study.
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CHAPTER 3

Shear-induced vertical mixing in a stratified Saharan Air Layer

Authors: Rodrigo Rodakoviski and Marcelo Chamecki.
Abstract:

Recent studies have suggested vertical turbulent mixing in the Saharan Air Layer (SAL) as a
possible mechanism explaining the observed long-range transport of coarse Saharan dust particles.
Nevertheless, buoyancy profiles measured in the SAL typically display some degree of stable
stratification, implying that any turbulence in this elevated layer must be stratified. In this paper, we
idealize the SAL as a stratified shear layer where turbulence is triggered by the instability of the
African Easterly Jet, and stratification occurs due to lateral entrainment of stratified, non-SAL air
from the surroundings. Analytical solutions obtained for this idealized set-up are combined with
LES data and results from the stratified turbulence community to produce a simple parameterization
of the eddy diffusivity in a weakly stratified SAL as a function of layer depth, shear magnitude,
and gradient Richardson number Ri,. Our results suggest that even small eddy diffusivity values
are enough to significantly impact the airborne lifetime of particles as large as super-coarse dust
(with a diameter greater than 10 um). Therefore, even after accounting for the stabilizing effect of
buoyancy, turbulent mixing in the SAL remains a likely explanation for the long-range transport
of coarse Saharan dust. Moreover, the diffusivities calculated for our elevated SAL set-up decay
faster with Ri, than typical ABL models, highlighting the importance of employing appropriate
parameterization schemes in climate models to represent slow processes (particularly affected by

small diffusivities values) accurately.
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3.1 Introduction

Coarse desert dust particles have repeatedly been observed in very far (~ 103 km) locations from
their sources (Betzer et al., 1988; Weinzierl et al., 2017; Van Der Does et al., 2018). This has
long been a mystery, since simple calculations based on Stokes’ graviational settling rates (which
assumes dust falling in a laminar environment) predict that such particles should be removed from
the atmosphere farily quickly, which would limit their horizontal transport. Moreover, climate
models typically employ similar simple parameterizations for dust settling, and therefore tend to
overestimate dust deposition rates (Maring et al., 2003; Kim et al., 2014). Given that dust interacts
with clouds (Karydis et al., 2011; Boose et al., 2016) and radiation (Kok et al., 2017; Otto et al.,
2007), it is fundamental that climate models accurately parameterize its airborne lifetime. This is
especially true for dust in the coarse mode (with diameter > 5 um), which produces a net warming
of the climate system due to absorption of both short-wave (SW) and long-wave (LW) radiation but

is severely underestimated by models (Adebiyi et al., 2020).

About half of the global loading of dust has its origin in Northern Africa (Kok et al., 2021).
Dust emitted by the Sahara Desert surface is distributed vertically by turbulent mixing in a deep,
convective boundary layer whose capping inversion reaches about 6 km above the ground (Garcia-
Carreras et al., 2015). Especially in the summer months, the African Easterly Jet (AEJ) transports
this dust-laden Saharan air over the tropical North Atlantic (figure 3.1), above the cool marine
layer, forming the elevated Saharan Air Layer (SAL) (Carlson, 2016). As a result, the SAL is an
initially well-mixed layer capped above and below by stable inversions, with its bottom inversion
typically about 1 to 2km above the ocean surface. The barotropic and baroclinic instability of
the AEJ generates African Easterly Waves (AEWs, like the one in figure 3.1), which periodically

contribute to the transport of dust (Nathan et al., 2022).

In the SAL, multiple hypotheses have been suggested to explain the long-range transport of
coarse dust. These include aspherical particle shapes (Huang et al., 2020; Mallios et al., 2020),
uplift in deep convection events such as thunderstorms or tropical cyclones (Van Der Does et al.,
2018), as well as electrical fields (Toth III et al., 2020; Mallios et al., 2022) and vertical turbulent

mixing within the elevated SAL (Rittmeister et al., 2017; Gutleben et al., 2021). In a previous paper
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Figure 3.1: Saharan dust plume over the Atlantic Ocean off the west coast of Africa captured by the
Moderate Resolution Imaging Spectroradiometer (MODIS) onboard the Terra satellite on September
4, 2005 (color enhanced for better visualization). The large-scale eddy is several hundred kilometers
wide, and variations in dust concentrations within it are visible, as well as lateral entrainment of
dust-free air into the plume (indicated by the curved arrows). Credit: NASA’s Earth Observatory
(adapted).
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(Rodakoviski et al., 2023), we showed that, together with dust asphericity, small-scale turbulent

mixing in the SAL helps explain the long-range transport of coarse dust to a great extent.

Previous investigations have suggested that turbulence could be produced in the SAL interior
by convective forcing mechanisms. In their idealized model, Gasteiger et al. (2017) assumed
that SAL convection was triggered by dust sunlight absorption. Ryder (2021) showed that the
nearly well-mixed thermodynamical profiles in the SAL are associated with a positive anomaly
in water vapor concentration in the upper SAL. The efficient emission of LW radiation by water
vapor can thus cool the SAL top and produce convective motion. In order for these to be valid
turbulence producing mechanisms in the SAL, the overall heating rate profile ¢ (z) resulting from
radiative interactions must decrease with height z. One can expect local gravitational instabilities
to cause the flow to overturn in sublayers where d,g < 0, leading to a local adjustment of the
lapse rate to a neutral profile in those sublayers (Frank et al., 1993). Gutleben et al. (2019, fig. 4)
showed that dust radiative interactions have a relatively small contribution to the overall heating rate
compared to cooling due to water vapor LW emission. Using lidar observations of moisture near the
Caribbean (in the western North Atlantic), their calculated ¢ (z) profile shows strong cooling at the
top, suggesting convective mixing in the SAL. Otto et al. (2007, fig. 10), on the other hand, using
radiosonde measurements of water vapor near the Canary Islands (in the eastern North Atlantic),
found d,g > O for the most part, suggesting a stratifying effect instead. This could be an indication
that ¢ (z) may change with longitude as the SAL moves over the Atlantic, and also across different

dust events.

Whereas there appears to be some uncertainty regarding the overall effect of ¢ (z), temperature
measurements consistently show that the SAL is generally weakly stratified rather than perfectly
well-mixed (e.g., Ryder et al., 2018; Gutleben et al., 2019; Gutleben et al., 2021; Ryder, 2021).
This can also be seen in the profiles of potential temperature 0 in figure 3.2a. Although well-mixed
sublayers (possibly resulting from local shear or gravitational instabilities) are visible in individual
observations, the ensemble-averaged profile clearly shows an overall stable stratification in the SAL.
Hence, even though the SAL is sometimes described as a well-mixed layer (which can be a useful

approximation in some contexts), it is more accurately described as being nearly well-mixed.

Whereas it is possible that the SAL might sometimes depart the African continent already with

47



(b) 1
0.75 0.75
=
s 05 0.5 k-
|
2
0.25 0.25
0 0.2 0.4 0.6 0.8 1 -5 —2.5 0 2.5 5
(0; — 90,1‘) /A0; u; — (u;) (m/s)

Figure 3.2: (a) Normalized potential temperature profiles reveal that the SAL interior (red lines) is
more weakly stratified than the surrounding air (black, dashed lines). (b) SAL zonal winds have
strong vertical shear due to the AEJ. Thin, dotted lines are individual observations (each denoted by
an index 7 on the labeled axes), whereas the thick lines correspond to ensemble averages. Data were
collected during the SALTRACE and AER-D field campaigns, as described in Rittmeister et al.
(2017) and Ryder et al. (2018), respectively. The environmental profile was taken as the standard
tropical profile defined in Anderson et al. (1986). Data processing details are available in Appendix
D.

some initial (weak) stratification, the idea of vigorous and persistent convective mixing spanning
this elevated layer in its full depth is inconsistent with recurrent observations of weak stability.

Hence, if radiative interactions do not have a widespread net stratifying effect, there must exist

another stratification mechanism which dominates.

In the present study, we hypothesize that lateral entrainment of stratified, dust-free air into
SAL plumes (as indicated by curved arrows in figure 3.1) contribute to the observed stable SAL
profiles. As the SAL mixes with the non-SAL air in its surroundings, properties such as momentum,
buoyancy and dust concentrations are mixed. For example, using data from Weinzierl et al. (2017),
Rodakoviski et al. (2023) showed that fine dust concentrations are diluted to a factor ~ 0.45 as the

SAL moves across the Atlantic due to lateral spreading of the plume. Similarly, Saharan air that
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is initially well-mixed (due to boundary-layer turbulence over land) has a temperature anomaly
relative to the stratified free-troposphere over the tropical Atlantic. Mixing such two air masses
together would result in a profile with intermediate stratification, which is consistent with the weakly

stratified SAL profile shown in figure 3.2a.

One can expect properties entrained at large scales to cascade down to scales comparable to the
SAL height & as a result of a series of inertial and shear instabilities, similarly to the processes that
generate clear-air turbulence (CAT) in the upper atmosphere (Ddrnbrack et al., 2022). Moreover, the
presence of stable stratification suggests that any SAL turbulence is generated mechanically rather
than convectively. This is a reasonable conjecture, since the AEJ produces strong vertical wind shear
in the SAL interior (Bercos-Hickey et al., 2020), as seen in figure 3.2b. In nature, stratified shear
turbulence away from solid boundaries is commonplace. Examples include the upper atmosphere
near the Jet Stream (Tse et al., 2003), as well as the equatorial upper ocean, where shear is induced
by the Equatorial Undercurrent (Peters et al., 1988). Some of the highest diapycnal diffusivities
in the ocean are produced by the shear instability of the oscillating tidal flow exchanging water

between the Atlantic and Mediterranean basins (Gregg, 1998).

The stable buoyancy configuration in the SAL tends to reduce vertical eddy mixing rates due to
the work against gravity necessary to overturn stably stratified fluids. Hence, it can limit the potential
of turbulence to increase the airborne lifetime of dust particles. Our previous study (Rodakoviski
et al., 2023) modeled the SAL as a neutral layer. Therefore, the goal of the present study is to
estimate by how much turbulent mixing in the SAL is reduced due to stable stratification, and
to determine whether turbulence is still a reasonable explanation for the long-range transport of
coarse Saharan dust given more realistic conditions. To that end, we present a brief review on
relevant stratified turbulence results in section 3.2. Next, we develop a theoretical framework and a
large-eddy simulation (LES) set-up for a stratified SAL-like flow in sections 3.3 and 3.4, respectively.
Results obtained from these models and their implications for dust transport are discussed in section
3.5, where we show that turbulence can still play an important role in keeping SAL dust aloft despite

stable stratification. Concluding remarks are made in section 3.6.
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3.2 Some stratified turbulence results

3.2.1 Averaging notation

Before we proceed, a note on the averaging notation used in the rest of this paper is appropriate. Our
idealized flow (presented in section 3.3) is statistically stationary and homogeneous in the horizontal
directions x,y. Hence, for any variable 7, its Reynolds average (denoted by an overbar, i.e., 1) is
equivalent to its average in x,y, ¢, where ¢ is time. A prime denotes a turbulent fluctuation n’ =n —7.
Vertical averages (in the z-direction) are indicated by angled brackets, i.e., (7). The velocity vector
is (u,v,w), where w is vertical velocity. In what follows, stratified turbulence parameters (such as

the mixing coefficient I') are defined in a way that is most suitable to the problem at hand.

3.2.2 Parameter space and flow regimes

Scale analysis reveals that, at scales comparable to the SAL height 4, the effects of Earth’s rotation
on the flow dynamics are negligible, and the so-called stratified turbulence regime takes place.
Indeed, by choosing / ~ 2km, a Coriolis frequency of f ~ 5 x 10~>s~! for the tropical North
Atlantic, and a typical velocity increment across the AEJ of A% ~ 10ms~!, one calculates a Rossby
number Ro ~ 10%. This is in contrast to the synoptic scales of AEWs (figure 3.1), whose horizontal
dimension is ~ 10°km and for which Ro ~ 10~!, indicative of geostrophic turbulence and strong
influence of Earth’s rotation. A forward energy cascade from such large scales is expected to provide

energy to small-scale, stratified turbulence in the SAL.

For a given material (e.g., air or water) with fixed Prandtl number Pr, a stratified shear flow
can be described by the gradient Richardson, Froude, and buoyancy Reynolds numbers (Caulfield,

2021), here defined as
N? 1 (€)

Rig = ?, FI'T = TeN, Reb = W7 (31)

respectively. In (3.1), N and S are the background buoyancy and shear frequencies, v is molecular
viscosity, and 1, = (k) / (€) is the eddy turnover time, where k and € are the turbulence kinetic
energy (TKE) and its viscous dissipation rate. Note that Frr defined in (3.1) is equivalent to a

horizontal Froude number if one chooses U = <k>1/ 2 and ¢, = U3/ (€) as velocity and horizontal
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length scales. If the Reynolds number is defined as Re = ¢,U /v, it follows that Re;, = ReFr%.

When Re;, < 1, aregime of viscously-affected stratified turbulence takes place, in which most
of the energy dissipation occurs due to vertical shearing of nearly horizontal pancake-like vortices
in the flow (Bartello et al., 2013). Many earlier numerical and experimental studies achieved small
Frr at the expense of small Re, and therefore were in this regime (e.g., Lin et al., 1979; Herring
et al., 1989). On the other hand, if Re;, is large but Fry 2 1, one finds a regime of weakly stratified
turbulence, in which buoyancy is transported by the flow similarly to a passive scalar (Garanaik

et al., 2019; Issaev et al., 2022).

One regime of particular interest for geophysical flows is that defined by the distinguished
limit Re > 1, Frr < 1, such that Re;, = ReFr% > 1. This is the expected regime in the middle
atmosphere and the upper ocean given typical conditions (Brethouwer et al., 2007). It is a regime of
strongly stratified turbulence, also referred to as “layered anisotropic stratified turbulence” (LAST)
in the geophysical community (Falder et al., 2016), in which relatively well-mixed layers of depth
¢, ~ U/N tend to form, separated by sharp interfaces of stronger stratification (Caulfield, 2021).
This implies Fry ~ ¢,/¢}, in this regime. Mixing and energy dissipation are very intermittent in space
and time, as they mostly take place within transient turbulent patches embedded in a rather quiescent
flow (Portwood et al., 2016). These regions of small (or negative) local gradient Richardson number
Riy are responsible for much of the flow forward energy cascade, which is nearly isotropic at small

enough scales despite strong stratification (provided that Re, > 1).

In order to determine where the SAL falls within this parameter space, ideally one would use
the definitions in (3.1) together with robust estimates of (k) and (g). These could be obtained
from extensive measurements of k(z) and €(z) taken over several locations, for several dust
events. In the lack of such a comprehensive turbulence dataset, however, we use the mean flow
quantities A% ~ 10ms~! and & ~ 2km in lieu of U and ¢, respectively, for a rough estimate.
Using v =1.7 x 109 m2s~ ! and N ~ 0.009s~ !, one finds Re ~ 10° and Fry ~ 0.6. Here, N was
estimated based on the SAL interior stratification (excluding the inversion layers at its edges) from
the SALTRACE dataset described in Rittmeister et al. (2017) (also used to produce figure 3.2a).
For comparison, the standard tropical profile from Anderson et al. (1986) has N ~ 0.014s~! at

similar heights to the SAL, whereas N > 0.015s~! has been usually observed near the tropopause
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Figure 3.3: Vertical profile of instantaneous, local Richardson number based on (a) SAL data
collected by the dropsonde released at 13:17 UTC from AER-D flight b932 and (b) LES data from
run P1H3 (as described in section 3.4). Small values suggest local shear instabilities. The range
Riy < 0.25 of linear instability according to the Miles—Howard criterion is indicated for reference
(Miles, 1961; Howard, 1961), but turbulence can exist at Ri, values exceeding unity (Galperin et al.,
2007).

(Schumann et al., 1995; Dornbrack et al., 2022).

Whereas it is clear that the SAL has large Re (as usual for geophysical flows), estimating Frr
is a more subtle task. For instance, consider the instantaneous profile of local Richardson number
calculated from SAL data shown in figure 3.3a. When compared to the LES profile in figure 3.3b,
calculated for a run with Fry ~ 0.4 (as described in section 3.4), it is evident that the SAL has
larger Riy values. This suggests that, at least sometimes, the SAL might be more strongly stratified
than our rough estimate based on mean flow parameters indicates. Hence, in order to estimate a
lower bound on Frr, we assume the LAST regime, in which Frr scales with the aspect ratio of
turbulent structures, ¢, /¢;. Using the bulk aspect ratio of the SAL as a rough approximation instead
(with a horizontal lengthscale of ~ 10> km as indicated in figure 3.1), we estimate Fry ~ 1073 as a

lower limit. Hence, if we admit that Fry may range from 1073 to 10°, it follows that Re;, ranges
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from 103 to 10°. Therefore, given the existing variability in SAL conditions and limited turbulence
observations, it seems plausible to admit that turbulence in the SAL may be anywhere from nearly

neutral to strongly stratified.

3.2.3 Parameterization of turbulent mixing

We now turn to the closure problem of stratified turbulence. For a horizontally homogeneous flow

with no subsidence (i.e., w = 0), the TKE balance is
dk=P—09,T —B—E. (3.2)

Here, P is shear production, T represents transport terms, and the buoyancy flux B = —w/b’ is the
rate of conversion of TKE into potential energy (where b = g (6 — 6y) /6y is the buoyancy field,
g = 9.8ms 2 is the acceleration due to gravity and 6 is a reference temperature). Transport terms
vanish in a vertical average sense (assuming no boundary fluxes), and under stationary conditions,

(P) = (B) + (€). The mixing coefficient I" and the flux Richardson number Riy are defined as

r=¥ g, =8 p_ Ry

g)’ (P)’ 1 —Rif’

(3.3)

where the last relationship assumes stationary conditions.

The scaling of I" with different dimensionless quantities has been an active topic of discussion
in the stratified turbulence community, in particular because it can be used to estimate momentum

and heat diffusivities (K, = P/ S% and Ky = B /N 2, respectively), which are related to I via

K, : K
<v> = (14T)RigRey, % = PrIRey, (3-4)

where K is the molecular diffusivity for heat. At least in principle, I"is a function of all dimensionless
parameters defined in (3.1), and different scaling relations have been found. Analysing DNS and
laboratory data, Shih et al. (2005) found I" ~ Re;l/ 2 at large Re;, and weak stratification. This
scaling has also been reproduced by recent studies (e.g., Salehipour et al., 2015). At lower Re,,
values and stronger stratification, however, Shih et al. (2005) found I' >~ 0.2, which was suggested

by Osborn (1980) as an upper bound for the mixing coefficient. On the other hand, Maffioli et al.
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(2016) and Garanaik et al. (2019) have argued in favor of Froude-number scalings instead. They
found I' ~ Fr 2 for weak stratification and I ~ Fr;1 for intermediate Fry values, with an asymptotic
value close to 0.3 as Fry — 0. Such Froude-number scalings have also been observed in recent
studies (e.g., Issaev et al., 2022), although Young et al. (2022) found better data collapse after

incorporating the dimensionless shear rate S* = 7S into them.

The existence of different scalings in the literature is at least partly due to the multitude of
dimensionless parameters influencing the problem. A variable parameter across different studies
may act as a confounding variable, and hidden correlations between variables limit the region
of the full parameter space that can be explored (Caulfield, 2021). Therefore, disentangling the
dependence of I' on the various dimensionless parameters of stratified turbulence is not a trivial
task. In particular, the behavior of I' in the LAST regime is still a rather controversial question,
especially due to the challenge of simultaneously achieving small Fry and large Re;, in computer
or laboratory experiments. As discussed in section 3.4, numerical studies must resolve a broad
range of lengthscales in this regime. Moreover, the strong intermittency of LAST increases the

computational cost of computing representative averages of flow properties.

In order to determine the relevant scaling for parameterizing mixing in the SAL, we turn our
attention to an idealized SAL flow with similar forcing but simple enough to provide some analytical
results. This stratified shear flow is forced by a height-varying pressure-gradient force (PGF) and
a net stabilizing heat flux, as described in section 3.3. LES results for this flow are presented in

section 3.4.
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3.3 Theory for stratified SAL flow

3.3.1 Problem set-up

The Reynolds-averaged equations of motion for an incompressible, stationary, horizontally homoge-

neous flow forced by a mean PGF in the x-direction and temperature nudging are

F=w=0,
du'w = —0,0,
o o 3.5
dw?=—-0,0+b,
d wlel — ®€nV 9
Z Th 9

where the Coriolis force was neglected at the scales of interest (following the scale analysis from
section 23.2.2), as well as molecular diffusion terms. In (3.5), ¢ = p/py is the geopotential function
(where p is pressure and pg is a reference density), 7, is the lateral entrainment timescale, and
O,ny () is the potential temperature profile in the environment surrounding our domain, from which
air is entrained into the SAL. Here, it is assumed to be the linear profile

Oen (2) = 60+ A@%. (3.6)

Our prototype SAL is defined between z = 0 and £, so A® is the overall temperature jump in the
surroundings. Because the inversion layers above and below the SAL limit vertical motion and

mixing at its edges, we use the free-slip, adiabatic boundary conditions
W=0n=0y=0,0=0 at z=0,h. (3.7)

Continuity with the above boundary conditions justifies w = 0 in (3.5).

In our idealized SAL, mean shear is forced by a vertically-varying horizontal PGF. This is
motivated by the fact that, in the actual SAL, the AEJ is primarily in geostrophic balance at the
large scales, being forced by a PGF that varies with height due to the meridional gradient in virtual
temperature produced by surface conditions (Cook, 1999a). At the small scales being considered in

this study, however, the PGF profile is just used to force shear turbulence. For a stationary solution
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satisfying (3.5) to exist, it must satisfy the integral constraint

h ___|h
/ o9 dz = —u'w =0 (3.8)
0 z=0
Here, we choose the linear profile
— 2
—3,9 (2) =M(1—f>, (3.9)

where the magnitude M sets how fast the PGF changes in z.

The RHS of the temperature equation in (3.5) nudges the SAL temperature profile to that of its
surroundings at timescale 7. This is a simplified representation of the heating rate resulting from
lateral entrainment of buoyancy properties that cascade down from large, quasi-geostrophic scales
to the scales of stratified turbulence. In reality, lateral entrainment causes horizontal divergence of
advective heat fluxes at large scales, but we parameterize it as a source term in (3.5) for simplicity
(which is also compatible with horizontal homogeneity). Lateral entrainment also mixes momentum,
but we neglect such a nudging term in the momentum equations. Because the SAL is stratified after
all (figure 3.2a), we also neglect the radiative heating rate term ¢ (z) compared to lateral entrainment.
These simplifications reduce the size of the parameter space that defines the idealized problem, and

make it possible to find an approximate solution to it.

The system (3.5) contains no time derivatives, even though conditions for a Lagrangian air mass
in the SAL change with time as it moves westward, away from the African coast. We assume
that background flow properties evolve slowly enough so that turbulence within such a parcel
is in local equilibrium with its forcing (PGF and internal heating) at all times. This eliminates
the dependence of the flow dynamics on its particular history, so mixing coefficients and other
turbulence properties can be uniquely determined by a small set of forcing parameters (namely, 4,

M, 1, and Ab,p,, = gA®/6p).

3.3.2 Closure

We will use an eddy diffusivity closure for the eddy fluxes in (3.5). The momentum eddy diffusivity

is defined based on the streamwise velocity as K, = u'w’/S, with § = |d,u|. It is related to the
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buoyancy diffusivity via the turbulent Prandtl number Pry = (K,,) / (Ky).

Substituting the linear PGF profile (3.9) into the RHS of the streamwise momentum equation in
(3.5), and integrating in the vertical, one finds a parabolic profile for #/w’. Assuming uniform shear
in the interior (verified a posteriori with LES), this implies a quadratic eddy viscosity profile given
by

z(h—2) Sh

K, (z) = , Ty = —. .10
(2) z T i (3.10)

We highlight that the above solution does not satisfy the boundary conditions (3.7) as it assumes
S > 0 everywhere. Hence, it should be regarded as an approximate solution away from the walls,
although LES results respecting such free-slip boundary conditions reveal that § remains constant

up to very close to the walls (see figure 3.8).

The solution (3.10) to the streamwise momentum balance may be vertically averaged and
rearranged to solve for the shear magnitude, which we state in dimensional and dimensionless forms
as

Mh hs*

respectively, where 7, = \/h/M and o = 7,/7,. The dimensionless parameter o compares the
eddy mixing and PGF timescales (7, and 7,, respectively), such that small & values indicate fast
eddy mixing compared to the forcing timescale, which decreases S (whereas weaker turbulence

corresponds to larger o and ).

Similarly, given uniform stratification N> = g0, 1d.6 in the interior (also verified a posteriori
with LES), the temperature equation in (3.5) with the linear environmental profile (3.6) can be

integrated to find a quadratic eddy diffusivity for heat given by

) Aben,\ !
K = =2 1— . 3.12
0 (Z) P To Th th ( )

Again, we emphasize that (3.12) is an approximate solution valid away from the walls, since it does

not satisfy the adiabatic boundary conditions (3.7) at z = 0, A.

Taking the vertical average of (3.12) and rearranging the terms to solve for the buoyancy
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frequency leads to

Aoy hN? 1

N? = — = ,
ht 127, (Kg) /A Aberw  142/7

(3.13)

where y = 79 /1, is the dimensionless parameter comparing the rate of stratification to that of
eddy mixing. Note that N2 goes zero as ¥ — 0 (i.e., stratification becomes weaker if eddy mixing
dominates over the stratifying lateral heating), but N 2= Abep /h for ¥ — oo (i.e., the environmental

lapse rate is recovered in the absence of turbulent mixing).

In order to calculate K, and Ky using equations (3.10) and (3.12), one needs to estimate
quantities such as M, 1, and Ab,,,. These variables may be well defined in the idealized problem
presented in this section, but accurately estimating them based on limited field data or within more
complete models can be a more challenging and subtle task. Fortunately, a simpler semi-empirical
expression can be obtained for the eddy diffusivities by using LES data combined with scalings
from the stratified turbulence literature and the analytical results from this section. Before deriving

such an expression in section 3.5, however, we describe our LES experiments in section 3.4.

3.4 Large-eddy simulations

3.4.1 Numerical details and resolution requirements

Our LES code calculates vertical derivatives using a second-order centered finite-difference scheme
in a staggered grid. Horizontal derivatives are computed with a pseudospectral scheme, and time is
advanced via a second-order Adams-Bashforth scheme. We employ the scale-dependent Lagrangian

dynamic Smagorinsky subgrid-scale (SGS) model described in Bou-Zeid et al. (2005).

The boundary conditions (3.7) are applied in the vertical direction. Such solid-wall conditions
are necessary in the absence of rotation, since the stratified layers capping the SAL above and
below it are in geostrophic balance. Hence, we do not include such stratified layers in our current
simulation domain (which comprises only the SAL), as opposed to our previous simulations
described in Rodakoviski et al. (2023), which incorporate the Coriolis effect. Albeit simpler in this

sense, our current set-up is able to reproduce the neutral results obtained previously in that study (as
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shown in section 3.5). Moreover, the lack of rotation eliminates the need of reconciling horizontal
temperature gradients (associated with a vertically-varying PGF) with periodic boundary conditions

(Momen et al., 2018).

The horizontal extent of our domain was set to L, = L, = 4h, and in the vertical we used
h = 1km. All runs used N3 = 3203 grid points, such that their spatial resolution is Ax/4 =
Ay/4 = Az =3.125m. The timestep was chosen to prevent numerical instabilities, and ranged from

At =0.04 to 0.36s.

Two important lengthscales that must be resolved are the Ozmidov and Corrsin lengthscales
o = \/W and /¢ = \/W , respectively), above which the effects of large-scale stratifi-
cation and shear become important. Because our SGS scheme assumes a Kolmogorov cascade at
(and below) the filter width A = (AxAyAz)'/? ~ 7.9m, it is important that A < €0, {c. In fact, Khani
(2018) has shown that LES can reproduce direct numerical simulations (DNS) results for stratified
turbulence if the LES filter scale is small enough to resolve £p. As discussed in Appendix H, this

criterion becomes exceptionally restrictive in the LAST regime.

3.4.2 Parameter space and LES runs

Next, we perform a dimensional analysis of the idealized problem described in section 3.3 in order
to design our LES experiments efficiently. The independent variables defining our problem are 4, 1,
M, Ab,,,. Only two independent dimensionless groups can be built from this list. Here, we define

Abenv Tp 2 T;% Abenv Th 2
I, = = (2 I, = -A=—w — (b 3.14
="M (rb ’ 2 h ) (.14

where 7, = \/m All other dimensionless quantities in this problem are uniquely determined
by the pair Iy, IT,. This includes, for instance, &, ¥, I and h=2S~! (Kg).

We fixed 4 = 1 km and Ab,,,, >~ 9.2 x 10”2 ms~2 (calculated with A® = 3K and 6y = 318 K), and
varied I1; and I, by utilizing the values listed in table 3.1 for M and 7. Using dust concentration
measurements from the SALTRACE campaign (Weinzierl et al., 2017), we estimate that 7, >~ 6days
for the SAL, which is within the range of simulated values in table 3.1 (calculation details are

available in Appendix E). We named our LES runs PiHj, where i is a number from 1 to 4 labeling
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Table 3.1: Forcing parameters defining each LES case, and symbols/colors used to represent their
bulk statistics in subsequent figures. Each value of M is combined with each value of 7}, to produce
16 different flows.

Case Defining parameter Symbol/Color

PIH; M =0.Imm/s’ u
P2Hj M =0.4mm/s? A
P3Hj M =0.8mm/s? L 2
P4Hj M =2.0mm/s> °
PiHO T = oo -
PiH1 7, = 240h

PiH2 7, = 24h

PiH3 7, =3h -

the value of M, and j is a number from O to 3 labeling the value of 7, according to table 3.1. The
combination of these parameters results in 16 independent LES runs, 4 of which (runs PiHO) are

neutral reference cases with no lateral entrainment (i.e., T, = o).

Flow statistics were computed after approximate stationarity was achieved, which took longer
for runs with stronger stratification and weaker PGF (i.e., smaller 7, and M). Time averages were
calculated over several eddy turnovertimes (at least 227,, more than 1007, in some cases). However,
our results show that the mixing timescales 7,, Tg > T, in large Ri, runs. As a result, the averaging
interval 7;,,, < 7,, Ty for runs PIH2, P1H3, and P2H3. These are also the runs that took the longest
to achieve equilibrium, and turbulence was actually slowly decaying during the interval used to
calculate statistics. This is shown in figure 3.4 in terms of the TKE phase space introduced by
Chamecki et al. (2018), which is based on the vertical average of the TKE balance (3.2) written as

B ()N AW
<e>‘(<e> 1) GR

Most runs are close to the d; (k) = 0 isoline, but they tend to depart from it as M and 7, decrease.

(3.15)

Therefore, the slower mixing timescales associated with stronger stratification limit how strongly
stratified our LES runs can be, as longer simulations are necessary not only to achieve a steady state,

but also for statistics to converge.

Figures 3.5 and 3.6 show snapshots of temperature and vertical velocity on a xz-plane for

different LES runs (see xy-plane snapshots in figure 3.7). Turbulent eddies span the entire vertical
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Figure 3.4: TKE phase space (based on Chamecki et al. (2018)) summarizing energy balance in all
16 LES runs. The blue, short-dashed lines correspond to constant flux Richardson number values
(the solid line denoting the neutral case), whereas the black, long-dashed lines indicate the average
decay rate of turbulence (the solid line denoting stationarity). Symbols and colors denote different
PGF magnitudes and heating rates respectively, and are defined in table 3.1.

extent of the domain in the least stratified case (P4H1), whereas their size is severely reduced
under stronger stratification (cf. case P1H3). P1H3 also has the smallest Corrsin and Ozmidov
scales among all of our LES runs (namely, /¢ ~ 6.3m, {p ~ 22m). Even though our LES filter
width resolves /g in this case, it barely resolves /c. More importantly, however, it can be seen in
figure 3.6c that our grid size is not small enough to resolve the near-wall eddies in P1H3. Hence,
spatial resolution requirements also limited how strongly stratified our numerical experiments could
be. Regardless of these numerical limitations, however, the scale estimates from section 3.23.2.2

indicate that our weakly stratified runs are still useful models of the SAL.

Figure 3.8 shows some LES mean vertical profiles. When forced by a linear PGF profile and
temperature nudging as described in section 3.33.3.1, the flow dynamics naturally produces uniform
interior shear and stratification. Note that this is in contrast to other numerical studies which
imposed uniform S and/or N by embedding them directly into the equations of motion (e.g., Shih
et al., 2000; Laval et al., 2003). Very close to the walls, however, S and N drop to zero to satisfy
the boundary conditions (3.7). In our LES runs, S ranges from 1.3 x 1073 t0 2.0 x 10~2s~!, which

includes the bulk value for the SAL of S ~ 5 x 103 s~ ! estimated based on the discussion in section
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Figure 3.5: Vertical cross-section of LES instantaneous temperature (in terms of 66 = 6 — (6)
normalized by A6 = 0 (h) — 6 (0)) in (a) a reference case, and the effect of increasing (b) PGF, (c)
stratifying heating rate, or (d) both. Note the different colorbar ranges in each case.

62



EE R '-i-aa:ﬂ“:-;:-:'- =1

Figure 3.6: Same as figure 3.5 but for vertical velocity. Note that the RMS vertical velocity o,
(defined in (3.18)) is determined by the PGF magnitude, whereas the correlation lengthscale (i.e.,
the eddy sizes) shrinks with increasing stratification. A visual representation of /¢ is next to each
plot for scale comparison.
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Figure 3.7: Horizontal cross-section of LES instantaneous temperature anomaly (left column) and
vertical velocity (right column) at the midplane z* = 0.5. Here, 0, = — <w’ 0’ > /Oy
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Figure 3.8: Mean flow statistics for selected LES experiments. LES profiles (solid lines) are
compared to analytical solutions (black, dashed lines), which assume constant S, N and parabolic K

profiles.
3.23.2.2. Similarly, N ranges from 0 to 8.8 x 10~3s~! in our simulations, which approximately
coincides with its estimated range in the SAL.

Figures 3.8a—c show that the LES profiles match the analytical results from section 3.33.3.2.
This can also be seen in figure 3.9, in which the mixing timescales 7,, Tg were calculated by taking
the vertical average of the quadratic diffusivity profiles (3.10) and (3.12) and rearranging as

h? h?

T = STKaT (3.16)

where eddy diffusivities were computed from LES results via their definition. Therefore, we confirm
that, in our idealized scenario described in section 3.33.3.1, S and N are constant, and the profiles of

K, and Ky can indeed be predicted by (3.10) and (3.12).

3.5 Results and discussion

3.5.1 A semi-empirical mixing-length model for the diffusivity

In what follows, we use LES results to derive simpler, alternative expressions to (3.10) and (3.12)

for the momentum and heat diffusivities. For a stationary flow with uniform shear and stratification,
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Figure 3.9: Normalized (a) shear and (b) stratification as a function of dimensionless ratios between
mixing and forcing timescales from the analytical solutions (3.11) and (3.13) (solid lines), and LES
(symbols as defined in table 3.1). Turbulent mixing dominates for small ¢, 7y, while the mechanical
and buoyancy forcings produce stronger shear and stratification as & and Y increase.

the vertically-averaged eddy diffusivities can be expressed in terms of the mixing coefficient defined

in (3.3) as

(P) _(1+T)(e) (B) _TI'(e)
Next, define a dissipation lengthscale and vertical velocity scale
3 —\1)2
O,
e =2, = < ’2> : 3.18

The dissipation lengthscale is displayed to scale next to the snapshots in figure 3.6, and it is
comparable to the typical eddy size. Rewritting the diffusivities in terms of these quantities,

(1+D) o3 _ TIo;

K=" S

(3.19)

Note that no additional assumptions were made to rewrite (3.17) as (3.19).

Figure 3.10a shows that most of our simulations follow the weak stratification scaling I" ~ Fr}2
of Garanaik et al. (2019). Only our 3 most strongly stratified runs depart from that scaling, plateauing
at I'>~ 0.2, i.e., the upper bound suggested by Osborn (1980). Our results also reproduce the scaling

'~ Regl/ 2 (figure 3.10b), but better data collapse is observed with the Froude-number scaling.
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Figure 3.10: Mixing coefficients from LES (symbols defined in table 3.1) follow theoretical scalings
for weakly stratified turbulence (dashed lines) and seem to plateau at 0.2. The Froude number (a)
collapses our data better than the buoyancy Reynolds number (b).

Note that, because LES does not resolve the viscous dissipation scales, we used air viscosity to

calculate Rezir via its definition in (3.1). The resulting values should be representative of the SAL

provided that the SGS model accurately represents the energy cascade rate, as discussed by Chor

et al. (2022).
The Froude number and the mixing coefficient can be written as

/2N?

o, _ Po B
ol

Fry = = [ ~ Fr;.2 3.20
TT RN N r (3-20)

where we find the same value of B = 62/ (k) ~ 0.360 for all LES runs (figure 3.11a). This
is consistent with the scaling (&) ~ 62/, from Garanaik et al. (2019) for weak stratification,
since (¢) = (k) /1, = B~'62/1,. Moreover, note that, since ¢, = <k>3/ 2 /(€), it follows that
U= B30 ~ 4.630.

Combining (3.19) with (3.20), we find that the buoyancy diffusivity follows a mixing-length

model
o3 o,/
Ko) = — W W&
(Ko) (N2 B2

A similar derivation for the eddy viscosity can be found in Appendix F. It also results in a mixing

= (Kg) = Cpole. (3.21)

length model, i.e., (K,) = C,0,,{¢. From our LES data, C;, = 0.3740.02 and Cp = 0.45+0.02

(figure 3.11b), implying constant Pry ~ 0.84 (which is also its average value across our LES runs).
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Figure 3.11: (a) Vertical velocity variance fractional contribution to TKE is approximately constant
and equal to B ~ 0.360. (b) Eddy diffusivity follows a mixing-length model under weak stratification,
with best-fit slopes C,, ~ 0.37 £0.2 and Cy ~ 0.4540.2 at a 99% confidence level. Filled (empty)
symbols and black (gray) lines denote the eddy diffusivity for momentum (buoyancy). The shaded
regions indicate the uncertainty of the slopes.

Prr < 1 has also been observed in previous simulations of stratified turbulence (e.g., Shih et al.,

2005) and several studies investigating the stable atmospheric boundary layer (Li, 2019).

3.5.2 Richardson-number dependence

The next step is to estimate the velocity and length scales in the mixing-length model (3.21). It can
be seen in figure 3.8d that the RMS vertical velocity profiles varies little with 7, depending mostly
on M. In fact, the ultimate source of va is shear production, since the energy that it initially injects
into u-variance is subsequently redistributed in all 3 directions by pressure. Assuming that shear
production is approximately balanced by viscous dissipation (ignoring the smaller conversion rate
into potential energy), one can write (P) ~ 6, /le. Using (3.11) to write (P) ~ M?h?/ (K,) with
(Ky) ~ ole, we find szv ~ Mh. This scaling is closely reproduced by our LES data (figure 3.12a).
This is a more general result that also applies for ABL z-less states (i.e., very stable conditions away

from the ground), with the friction velocity u, replacing /Mh (Nieuwstadt, 1984).

Whereas o, is not affected by stratification, £, shrinks with increasing Ri,, as revealed by the
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Figure 3.12: (a) Vertical velocity variance scales with Mh with a slope 6> ~ 0.268 (calculated
based on mixing-layer data). (b) Dimensionless dissipation lengthscale ¢ /h decays linearly with
Rig in our idealized SAL flow set-up. The Richardson number determines le /h when Rig > 0,
although M becomes relevant under neutral conditions where buoyancy control is absent.

linear fit derived from our LES data

% o m(r—Rig), (3.22)

where m ~ 1.189 and r ~ 0.190. It can be seen in figure 3.12b that ¢ varies a little with M under
neutral conditions but not for Ri, > 0, when stratification effects dominate. Writing (3.21) in terms
of o), = 6,,/vV'Mh and combining with (3.22), we find

(Ku)
VMh3

(Kp)

=C,0,m(r—Rig),

Alternatively, we can use the analytical solution (3.11) to rewrite (3.23) in terms of S (instead of

M, as shear data is more commonly available), resulting in

(Ki) _
h%S

K,
C, (r—Ri,)?, % — Co (r—Ri,)?, (3.24)

where C, = 6C'?6:m? = PryCy. In order to determine the value of these empirical coefficients,
we note that, under neutral conditions, (3.24) implies (K,) = C,r*h*S. Similar scalings have also
been obtained from experimental mixing layer data. For instance, figure 40 in Wygnanski et al.
(1970) shows that K, ~ 0.002xV, where V is the imposed free-stream velocity difference and x is

the distance downstream. Using the fully developed mixing-layer thickness 6 ~ 0.174x (Brown
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Figure 3.13: (a) Diffusivity normalized by #%S decays with the square of Ri, under weak strati-
fication (defined here as Ri, < r). The eddy diffusivities for momentum (buoyancy) are denoted
by filled (empty) symbols and black (gray) lines. Black asterisks denote the bin-averaged dust
diffusivities for the two LES runs from Rodakoviski et al. (2023), which utilized a baroclinic (but
neutral) SAL idealization bounded by stratified fluid layers (rather than solid walls, as in the present
study). (b) Stability functions defined according to (3.25) employed by the schemes used by the
ECMWEF (European Centre for Medium-Range Weather Forecasts), MetOffice (Met Office, UK),
and MSC (Meterological Service of Canada), as described in Cuxart et al. (2006), as well as the
ones utilized in Bretherton et al. (2009, referred to as HB93) and this paper.

et al., 1974), we get K, ~ 0.01158V, where the velocity and length scales V and 9 replace their
SAL counterparts A4S and h, respectively. Therefore, by setting C,r*> = 0.0115, we find C, ~ 0.319.
This implies o;, >~ 0.518, which matches our LES data (figure 3.12a).

Note that one can combine (3.11), (3.21), and (3.22) to find K ~ E%S. Hence, the neutral

relationship K ~ h2S breaks down for Ri, > 0 because stratification causes /¢ to decrease.

Figure 3.13a shows good agreement between our LES data and (3.24). Note that these semi-
empirical expressions were derived based on the assumption of weak stratification. Hence, they
should be regarded as useful approximations to the complete solution valid for small Rig < r. For
stronger stratification regimes, (3.20)—(3.24) break down. Although (K) may become really small
at large Ri, values (e.g., Peters et al., 1988), it does not vanish at Ri, = r since /¢ does not really go
to zero at that value (as implied by the dashed line in figure 3.12b). We do not have enough strongly
stratified runs in order to find a better approximation for /¢ /h at larger Ri, values. However, we note

that the model described in Bretherton et al. (2009) also predicts no turbulence above Rig = 0.19.

Most free-tropospheric turbulence parameterizations are simple extensions of ABL parameteri-

70



zations (e.g. Holtslag et al., 1993; Bretherton et al., 2009). Many of the latter can be written in terms
of mixing lengths A4 (typically ranging from 40 to 200m) and stability functions f (Ri,) (Cuxart

et al., 2006). Our model (3.24) can be put in this format as follows:

(K) = A2Sf (Rig), A,=Cy’rh~107m, f(Rig)= < - RTig)z, (3.25)
with an equivalent definition for (Ky) using Ag = A, Pr;, 12 The stability functions used by different
models are depicted in figure 3.13b in comparison with the function defined in (3.25) and our LES
data. It is clear that our model, which was developed for an elevated layer forced similarly to the
SAL, predicts a much faster decay in (K) as Ri, grows than typical ABL parameterizations. We
attribute this difference to the fact that, in the ABL, the ground imposes a no-slip boundary condition
at all times. This different set-up presumably affects how fast diffusivities decay with increasing
Ri,. From a mixing-length modeling perspective, this decay is contained in the lengthscale /¢, given

that the velocity scale (u, in the ABL, v/ Mh in the SAL) is independent of static stability.

We remark that the only assumptions necessary to obtain equations (3.23)—(3.25) from (3.19)
are weak stratification (thus I ~ Fr, 2 and P = constant), Gv% ~ Mh (regardless of stratification), the
empirical linear decay of /¢ with Ri, following (3.22), and the analytical solution (3.11) (which

assumes constant ).

3.5.3 Implications for Saharan dust

The average residence time of dust particles in a non-turbulent SAL is 4/2wy, where wg (D)) is
the settling velocity of a particle of diameter D, (Rodakoviski et al., 2023, eqns. (17)—(18)). The

relative increase in their airborne lifetime due to turbulent mixing is

1 1—ePe wih
2 b Pe - b
Pe Pe (K.)

(3.26)

where K. is the dust eddy diffusivity. Assuming K. = Ky, we can combine (3.24) and (3.26)
to estimate the impact of weakly stratified turbulent mixing on dust deposition rates. In the
example shown in figure 3.14a, the deposition of coarse and super-coarse dust (D, > 5 and 10 um,

respectively) is considerably delayed (even by a factor of 2) for a range of values of Ri, > 0.
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Figure 3.14: (a) Relative increase in average residence time of SAL dust (equation (3.26)) due to
vertical turbulent mixing with respect to laminar case as a function of particle size and Ri,. Calcula-
tions assume s = 2km, § = 4 x 103s~!, g = 9.8 ms~2, air density pr= 1.0kgm™3 and viscosity
e =1.7x 107 Pas, dust density pp = 2650kg m > and shape factor ¥ = 1.4 (Rodakoviski et al.,
2023, eqns. (17)—(18)). (b) Fraction of concentration of different size dust remaining airborne
from Cabo Verde to Barbados assuming different stratification conditions and # = 4km (colored
curves) and calculated based on field data from the SALTRACE campaign (symbols, Weinzierl
et al., 2017). Cases Ri, = 0.10 and Ri, = 0.18 have associated (K.) ~200m*s~! and 2m?s~!,
respectively, which shows that even weak turbulent mixing makes a significant difference in the
airborne lifetime of coarse particles.
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Size-resolved dust concentration measurements were taken during the SALTRACE campaign
before and after a SAL air mass traveled across the North Atlantic over about 5 days (Weinzierl
etal., 2017, fig. 9). In figure 3.14b, we used that data to compare the concentration fraction c¢* of
dust remaining airborne after the transatlantic trip to estimates for different stratification scenarios
obtained by combining (3.24) and Rodakoviski et al. (2023, eqn. (11)). It takes Ri, 2 0.10 for
the analytical prediction for ¢* (D)) to depart from the instant mixing limit (Pe — 0 as (K.) — o).
This suggests that, even under weak stratification, turbulence may be strong enough to vertically
mix even super-coarse dust concentration profiles almost perfectly. Furthermore, including at
relatively large Ri, ~ 0.18, when (K,) = O (1) m?s™!, coarse particles are significantly impacted
by turbulence. Therefore, despite the substantial decrease in eddy diffusivity magnitudes caused
by stable buoyancy stratification, vertical eddy mixing still has a very pronounced impact on dust
deposition rates under weakly stratified conditions. Hence, even in a stratified SAL, turbulence can
explain observations of coarse Saharan dust in the Americas to a substantial degree. As mentioned
in section 3.1, other processes such as deep convective uplift events are likely important contributors

as well (Van Der Does et al., 2018).

3.6 Concluding remarks

As indicated by the scale estimates from section 3.2.2, shear turbulence in the SAL may be
anywhere from nearly neutral to strongly stratified. For a given SAL event, its exact nature must
be a result of the forcing conditions. These include the SAL depth, the exact initial conditions as
it leaves the African continent (e.g., perfectly well-mixed or containing a residual stratification),
the thermodynamical structure ®,,, (z) of the surrounding air, as well as the horizontal PGF profile

—V;,0 (z) and the lateral entrainment rate T, 1

resulting from synoptic-scale dynamics. A more
realistic study would not only allow for these forcing conditions to vary over time, but also include
other processes such as cloud dynamics, vertical entrainment at the SAL top and bottom, as well as

the internal heating profile ¢ (z) resulting from radiative interactions involving dust and water vapor.

Although stable stratification considerably reduces eddy diffusivity values (figure 3.13), our

results in figure 3.14 show that vertical mixing due to stratified shear turbulence can significantly
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increase the airborne mass and lifetime of even coarse dust in the SAL (for the levels of stratification
tested here). Note that the instant mixing (red) curve in figure 3.14b is an upper limit (defined by
Pe — 0 as (K.) — oo) to the effect of eddy mixing on settling dust concentrations (Rodakoviski
et al., 2023), which in that case is approached by (K,) = 200m?s~! (under weak stratification).
However, measured concentrations were above this conceptual limit, indicating that other processes
might also be important to keep coarse dust aloft for longer times. For instance, strong updrafts in
thunderstorms and tropical cyclones might be relevant contributors, as they can lift coarse particles

to great heights in scattered events (Van Der Does et al., 2018).

Finally, we highlight that even the small diffusivity values found at large Ri, could produce
plenty of mixing in the long timescales for horizontal transport in the upper atmosphere. Figure
3.14b shows one situation where this becomes relevant, but this is expected to be more generally
true (not only for dust in the SAL). Small K values could also significantly impact atmospheric
chemistry, given that reaction rates can be limited by inhomogeneities in reactant concentrations
(Donaldson et al., 1972). This also means that determining the correct form of the decay of K as Ri,
increases is critical. Figure 3.13b suggests that K decays faster with Ri, in the upper atmosphere
than in the ABL, putting into question the use of the latter in the free-troposphere, where a no-slip

boundary promoting the development of shear instabilities and turbulence is absent.
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CHAPTER 4

Conclusions

4.1 Summary

In this dissertation, we used LES and an analytical approach to describe the turbulent mixing of
settling dust in two different idealized SAL set-ups. We found that the relative increase in dust

airborne lifetime caused by turbulence is given by

1 1—ePe h
— . Pe= @.1)
Pe Pe (K.)

At =

Hence, the increase due to turbulence in the airborne lifetime of dust in the SAL depends only on
the Peclet number, and it is limited to a factor of 2 at most. Moreover, we found that models do
approach SALTRACE observations when turbulent mixing is taken into account. This is ilustrated
in figures 2.11b and 3.14b. Therefore, particle asphericity and turbulent mixing greatly help explain

the presence of coarse Saharan dust in the Americas.

Observations show that the SAL is nearly well-mixed, but typically presents some degree of
stratification. Hence, SAL turbulence must be generally stratified and produced by shear (mainly
due to the AEJ). Based on this idea, we have also developed a theoretical framework that allowed us
to find an algebraic expression for the dust eddy diffusivity in the SAL as a function of the gradient
Richardson number, namely,

(K.) = Coh®S (r —Rig)?, (4.2)

where Cg ~ 0.38 and r ~ 0.19. This is a faster decay with increasing Ri, than seen in typical ABL
models, which is thought to be mainly a consequence of the absence of a solid wall in the SAL.
Even though buoyancy stratification causes eddy mixing to be greatly reduced, we also learned

that even small diffusivity values can play an important role in processes that are slow enough,
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which includes the transport of dust in the SAL, as depicted in figure 3.14. Therefore, even under
strong stratification, intermittent mixing events should contribute a reasonable amount to reducing
dust deposition rates (at least for particles caught in such events). However, other processes (such
as deep convection events), may indeed be relevant and necessary to fully explain the observed

long-range transport of coarse Saharan dust.

4.2 Future work

There are several aspects of this problem that require further investigation. For instance, the effect
of strong updrafts in deep convection events on the airborne dust mass could be investigated by
means of numerical simulations (e.g., Lagrangian point particles in an LES). This involves the
coupling between the MBL and the SAL, which also occurs via entrainment fluxes through the
SAL bottom inversion. As mentioned in chapter 2, downward eddy fluxes of dust towards the MBL
are known to be an effective dust removal mechanism from the SAL (Carlson et al., 1972; Jdahn
et al., 2016; Weinzierl et al., 2017), but they have been neglected in the studies that compose this
dissertation. The role of MBL and SAL turbulence in maintaining the inversion layer that separates
them is also of interest, since different configurations involving these layers have been observed
(Rittmeister et al., 2017). The effects of aerosol cloud processing and wet deposition, which become
increasingly important as the SAL approaches the Caribbean (Ridley et al., 2012), have not been

addressed in this dissertation either.

Furthermore, a more comprehensive, realistic approach could also be potentially very infor-
mative. For instance, we could allow the forcing conditions to evolve in time so as to simulate a
semi-Lagrangian LES box that moves with the SAL mean zonal speed. Nudging the wind speed and
potential temperature profiles to observations at several locations over the tropical North Atlantic
could provide us with a better understanding regarding the turbulence characteristics in the SAL, as
well as its potential impacts on dust deposition rates. Field campaigns designed to measure turbulent
quantities (e.g., vertical profiles of Reynolds stresses and eddy heat fluxes) following a Lagrangian
SAL plume would be ideal to validate the ideas presented in this dissertation. Finally, one end

goal would be to implement vertical eddy mixing schemes such as (4.1)—(4.2) in climate models in
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order to verify whether they bring simulations of the dust system on Earth closer to observations,

therefore solving (at least partly) the coarse-dust long-range transport conundrum.
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APPENDIX A

Asymptotic solution for large Peclet numbers

At large Pe values, the series solution (2.12) converges slowly. A useful alternative expression

(Brenner, 1962) for the mass decay is then given by

m* (t*,Pe) ~ My (t*,Pe) + M, (t*,Pe) — M3 (t*,Pe) as Pe— oo, (A.1)
where

. 1 Pe . efe . Pe .
Ml—(l—t){l—ierfc[\/m(l—t) }—I—T(l-l-t)erfc[\/m(l-l-t)
1 [Pet* Pe 2
M, =~ 2r* 1+ 4+ —(1+¢"
2 3\/ - {t—i—?)( +t)+2( —l—t)]x

Lo [ Pe —1)? N IRCICER
Xp|——————| —exp|———7-
P pre P 4+

, (A.2)

} (A.3)
} (A.4)

P P Pe?
M = ePe {t*—l—;t*(l—l—t*)—k?e(1+t*)2+i(1+t*)3} X

12
X {erfc

Pe
— erf — (241"
erc[\/4t*( +17)

Pe

P (1+1%)
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APPENDIX B
Significance of particle inertia

From table 2.2, our largest particle has response time 7, = w;/g = 0.0204 s and diameter D, =
61.0um. In BASE, where turbulence is stronger, the TKE dissipation rate measured from the
LES output peaks near the domain center at a value of € = 1.96 x 10~#m?s~3. The corresponding
Kolmogorov length and time scales in the atmosphere (assuming air with kinematic viscosity
v=pus/py=1.7x10""m?s~!) are hence ng = (v3/e) 14 Z 2 24mm and Tx = +/V/€ =0.295s.
Therefore, our greatest Stokes number is St = 7, /7x = 0.069, which is significantly smaller than
the value of St = 0.2 suggested by Balachandar et al. (2010) as the maximum Stokes number for
which the dusty gas approach is still a reasonable approximation.

173 _ 9.92m, occurs in

Furthermore, assuming that the LES filter scale, given by A = (AxAyAz)
the inertial subrange where Kolmogorov scaling is valid, the timescale of the smallest resolved eddy
in BASE is estimated as Ty = Tg (A/nK)2/3 = 79.5s. Hence, 7,/7x < 3 x 10~ in our simulations,
which is less than the maximum acceptable value of 1073 for that ratio provided by Balachandar
et al. (2010, fig. 2) for LES using the dusty gas approach. Moreover, D, /N < 3 x 10~2 in our
simulations, i.e., all simulated particles are much smaller than the Kolmogorov lengthscale (and thus

also much smaller than the smallest resolved eddies in the LES), so the point-particle approximation,

implicit in the dusty gas approach, is also valid.

In conclusion, particle inertia effects can be safely neglected in this study, since the response
time of the heaviest simulated particles is still much smaller than the timescale of the fastest, smallest

resolved eddies. Therefore, (2.3) is a good model for the problem at hand.
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APPENDIX C
Calculation of ¢*(D,) with SALTRACE data and theory

If we denote the airborne dust mass in the Cabo Verde and Barbados regions as mg and my
respectively, we can write
_my _crdVy

m*

= = C.1
nmy co 5V()7 ( )

where ¢ and 0V respectively refer to the mass concentration and the volume of a Lagrangian fluid
element at each location. Defining a plume spread coefficient as ¢, = 6V /6Vy (where o, < 1 due
to entrainment of non-SAL air into the plume), we can relate the mass ratio to the concentration

ratio ¢* = cy/co at the two locations via
¢ =oa,m". (C.2)

In order to relate mass concentration ¢ to number concentration »n, we write

1
c(D,)=n(D,)x p,(Dp) x (gan), (C.3)
——

particle density -
particle volume

where, by definition, the volume-equivalent diameter D), is used to calculate the volume for any
particle shape. With the assumption that p, (D)) remains unchanged from Cabo Verde to Barbados,

we have that

c (Dp> - nO(Dp)'

The number size distributions ny and ny were obtained from SALTRACE measurements (Weinzierl

(C4)

etal., 2017, fig. 9) in order to generate figure 2.11b.
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We further assume that dry deposition is negligible for the smallest particle size available in the
data. This is confirmed by figure 2.12, which shows that particles with D, < 2 yum have negligible
settling after around 5 days of transport. However, we also need to consider the possibility that,
even for those small particles, m* = @ < 1 due to processes other than entrainment of non-SAL air
into the plume (e.g., wet deposition). Under the assumption that these processes affect all particle
sizes equally, we accounted for their effect by calculating the concentration fraction as ¢* = am®,
where « is an overall dilution factor estimated as

o= apor, = ~ 0.447. (C.5)
no smallestDp

If concentration measurements are taken at a height z,,, from the SAL base at an instant ¢,,,

assuming a well-mixed initial profile, theory for the laminar case predicts that

a, Dy < Dy as.
(D) = P (C.6)
07 Dp > Dp,mam

where the maximum diameter is given implicitly by

h—zn

Ws (Dp,max> = (C7)

Im
As described in Weinzierl et al. (2017), for a travel time of ¢, = Sdays, the greatest particle
size to be detected at a distance & — z,, = 1.3km from the SAL top is that with settling velocity
Wy = 0.26kmday_1 which, according to equations (2.17)—(2.18) and the values given in table 2.2,

corresponds to D), ;,,4x = 7.05 um. The well-mixed limit, on the other hand, predicts that

Wsp)lm (D”)t’”} . (C.8)

c* (Dp) = ocexp {— 7

Equations (C.6)—(C.8) were used to plot the theoretical curves in figure 2.11b.
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APPENDIX D

Ensemble averages

Here we describe the calculations behind figure 2 in the main text in greater detail. Temperature
observations are from radiosondes launched by the German Weather Service aboard the research
vessel Meteor during the M96 cruise in May 2013 in the context of the Saharan Aerosol Long-range
Transport and Aerosol-Cloud-interaction Experiment (SALTRACE), as described in Rittmeister
et al. (2017). Wind data were obtained from dropsondes released from the BAe146 research aircraft
operated by the UK Facility for Atmospheric Airborne Measurements in August 2015 in the context
of the AERosol Properties-Dust (AER-D) field campaign, as described in Ryder et al. (2018).

For the SALTRACE dataset, we inferred the SAL location from soundings profiles (such as N
and moisture content) as well as backward trajectories from NOAA’s HYSPLIT model. For the

AER-D dataset, we used aerosol profiles from Ryder et al. (2018) to help define SAL limits.

Let each realization (measured profile) be denoted with an index i. The vertical coordinate was
normalized such that z¥ = (z—zo,;) /hi, where zp; is the SAL base height above MSL and 4; is
its depth. Thick lines correspond to the ensemble averages [(6; — 6;¢) /A6;] and [u; — (u;)], where
60 =0(zf =0), AG; =0 (zf =1) — 6, and (u;) is the vertical average of u;. The normalized
vertical coordinated is defined for the ensemble averages such that

| N
@)=y Lfii =2), (D.1)
where f; is an observed profile. The environmental profile is taken as the standard tropical at-
mosphere @,,, from Anderson et al. (1986), and normalized using its values at [z9] ~ 1.4km and

[zo + h], where [h] ~ 2.6km. The temperature and wind profiles are from the SALTRACE and
AER-D datasets, respectively. In the SALTRACE dataset, [A8] ~ 9.7K.
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APPENDIX E
Estimating 7, from SALTRACE data

Integrating the concentration equation from Rodakoviski et al. (2023, eqn. (4)) over a horizontal

area A and in the vertical, we find that the dust mass within the SAL changes over time as

dm m
— = —wAcp — — E.l
dr Wb T, (E.1)

where ¢, = ¢(z=0). Note that we added a nudging term for lateral entrainment of dust-free
environmental air (with ¢ = 0) with same timescale as for the buoyancy equation. This will act to

dilute dust concentrations. Normalizing by m (t = 0) = mq and 7, = h/wy,

dt T, My Tp dr* my T

Note that Ahcj,/my starts at 1 and goes down to O just like m*. For fine dust with negligible settling
over timescales where lateral entrainment occurs (i.e., T > 1j,), the gravitational settling term above

can be neglected, the lateral dilution term dominates and

t

* 7I/Th = L —
"= o In(1/m*)

(E.3)

From Rodakoviski et al. (2023), for dust with diameter D, ~ 0.9 um (which is approximately
well-mixed), m* = 0.447 and t = Sdays, resulting in 7, ~ 6.2 days according to dust concentration
measurements from the SALTRACE campaign. Note that, for this size dust, the gravitational

settling timescale T, ~ 229days > 1.
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APPENDIX F

Dimensionless shear rate S, effects

F.1 Momentum diffusivity

For momentum, we note that (K,,) has two contributions,

€ _ I'(e .
<S—2> ~ S720,,0¢, % ~ Riy Gl (F.1)

The first contribution dominates because I < 0.2, so

.0 leO _
(K,) =(14T) % ~ % =C"S. 26, Le. (F.2)

However, our LES data collapsed better when the dependence on S, was removed. S, did not vary
extensively in our simulations (despite several other parameters being extensively varied), so our

LES data set is not appropriate to test this dependence. We therefore incorporate S, into the constant,

so that (K,,) = C,,0,,0s.

F.2 Buoyancy diffusivity

Young et al. (2022) found better scaling with I" ~ Fr,. ZS*_ !, This indeed slightly improved collapse
of our I values, but the resulting scaling (K;,) ~ S, ! 6,,£¢ does not collapse the LES data as well as

a simple mixing length model. It does not affect our (K,,) scaling, since it is independent from I.
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Figure F.1: Dimensionless vertical velocity variance scaling with dimensionless shear rate suggested

by analytical solution is not clear in LES data.

F.3 Relationship with o

The shear magnitude from the momentum equation solution, S = Mh/6 (K,), can be made dimen-

sionless by using the eddy turnover time

(k) Gv% R . _ AeMh
Tl Bl Bow T T 6oy (K

If a simple mixing-length model is used for the diffusivity,

o Mh 1 Lo (L g
" 6BoC,  6B0;2C v "

If the diffusivity scaling with S7 2 is maintained,

Mh ) 1
Ssy=——— = 0= Sk.
6802C"S, > N (6BC£{)

(F.3)

(F4)

(F.5)

Figure F.1 shows that our LES data suggest a decrease in o> as S, increases, supporting the

mixing-length model. We do not vary S, extensively in our study (as opposed to Young et al. (2022),

for instance), so our dataset is not ideal to test these relations. For that reason, we treat o;; and S, as

a constant.
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APPENDIX G

Independent dimensionless parameters

G.1 Aspect ratio

In reality, the finite horizontal extent of the LES domain adds two aspect ratios to the list of
controling parameters (eqn. (14) in the main text), but we do not investigate their influence on
the flow dynamics and keep h/L, = h/L, = 0.25 fixed. In practice, they will only influence the
solution if they are not small enough (which would be unphysical). So as long as these ARs are
small enough, which they are, we prevent artificial effects of the periodic boundary conditions, and

the solution should be independent of these ARs.

G.2 Another analytical expression for the eddy diffusivity

Note that (3.24) depends solely on Rig, but from the Buckingham II theorem it could depend on
something else. This possible simplification may have arisen from correlations between dimension-
less parameters in our LES runs, which may have emerged from the flow physics (i.e., there is an
attractor, and not the entire phase space is accessible for real flows), or it may be a result of our LES
exploring only a limited subset of the entire parameter space (e.g., mostly weakly stratified flows, or

the fact that S, and o, did not vary extensively in our simulations).

Moreover, we have no guarantee that we can use (3.24) with such a broad range of values for
Ab, h and S so as to produce I1y,I1I; values for which (3.24) has not been tested for. This is because
(3.24) was derived based on an empirical fit based on LES data combining 4 different values of ITj
with 4 different values of I1,. Hence, although our LES runs were designed to simulate typical SAL

conditions, any given SAL event might be different (e.g., strongly stratified).
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We can force Rig to appear in an analytical expression for the eddy diffusivities by taking
the ratio between the dimensional solutions in (3.11) and (3.13). Recognizing the dimensionless
variables that show up and rearranging the terms, one can write the following quadratic equation for

the vertically-averaged eddy viscosity:

<Ku>2_< Ri, I, ) (K)  Ri

— =0. G.1
MK\ 3pep1r/? ) VM3 3610 (©-D

This equation has only one positive solution which is given by

V 1

Mh3 6 PrrIT;

Using the momentum equation solution (3.11), we can rewrite (K,,) in terms of the shear magnitude,

namely

(Ku) _ Rig 7\’
5 = e <A+ V1+A ) . (G.3)

The temperature diffusivity is (Kg) = Pr;' (K,). This does not depend on the empirical fit for £,
from our LES, so it may be more general than (3.24) which depends only on Ri,. However, this
analytical solution depends on more than 2 dimensionless parameters, so it is somewhat redundant.
For instance, it may look like (K,,) increases with Ri,, but there are hidden dependences among the
variables, so Rig cannot change while IT; and A are simultaneously held constant. This can be seen
by taking the ratio between the dimensionless solutions in (3.11) and (3.13) to obtain

. IT
ng =

T o2(1+2/y) (G5

This shows that Rig can be determined by forcing parameters (via II;) and the flow turbulent
response (via @, y), which is ultimately uniquely determined by (I1;,II,). Unfortunately, it is

challenging to get rid of this kind of redundance in this problem.
There are also asymptotic relations for small and large A:

. ) 5
<£u> N & as A — 0, <Ku> _ 2ngA2 _ 2R1gH2

as A — oo, (G.5)

So the explicit dependence upon IT; is removed at small A. In our simulations, small A is associated

with high Ri,

87



APPENDIX H

Richardson number considerations

H.1 Parameterizing mixing in global models

Our model is based on the Richardson number Ri, defined in (3.1), which is calculated based
on background N? and §2, which are already smooth ensemble averages. Global models evolve
averaged variables, and our model can thus be used under weak stratification. At strong stratification,
only local values of Ri, will be small, and the potential for local shear/convective stability (and the
associated potential for turbulent mixing) is better described by Riy, such as the profiles in figure 3.3.
Large-scale models, however, generally compute averages over grid cells, so they are insensitive
to the locally small Ri, values, and one should use caution when parameterizing turbulent mixing

using Ri, under strong stratification.

Riy can be well described in terms of PDFs, like the ones in figure figure H.1. The PDFs
calculated from numerical simulation data of Brethouwer et al. (2007) show a peak at Riy = 0 when
Re;, > 1, indicating the presence of intense 3D mixing. The PDF of Dérnbrack et al. (2022) for data

collected near the tropopause peak near Riy ~ 1.

We also note that, although (3.24) and other models set (K) = 0 at a certain critical Ri; = r
value, in reality some eddy mixing still takes place at Ri, > r. For instance, Peters et al. (1988)
found eddy diffusivity coefficients much larger than their molecular counterparts (by more than
one order of magnitude) at large Ri, values. Moreover, the interpretation and usage of the linear
stability threshold Ri, = 0.25 of Miles (1961) and Howard (1961) is often wrong, as discussed
by Galperin et al. (2007). Issaev et al. (2022) reports clearly observing sustained turbulence and
vigorous mixing at Rig > 0.25. So turbulence does not shut down above Ri, = 0.25, and although

(K) is substantially reduced, it can still be relevant for flows (and processes) with long timescales.
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Figure H.1: Observed and simulated (a) PDF and (b) CDF of instantaneous, local Richardson
number in the SAL (bars) and our LES (thick lines). Note that AER-D data peaks around 0.25.
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H.2 Resolution effects on Richardson number estimates

In measurements and simulations, it is important to resolve the Ozmidov and Corrsin scales, since
coarse profiles remove both large and small Riy peaks, whereas smoothed profiles seem to insert a
bias towards large Rig, as shown in figure H.2. This would have the implication of underestimating

turbulent mixing.

Meeting resolution requirements is especially challenging in the LAST regime. Because
Frr ~ (£p/!.)* and Rej, ~ (EO/nK)4/3, where nx = v/v3/ (€) is the Kolmogorov microscale, the
limits defining LAST (Frr < 1, Re, > 1) imply ng < ¢p < ¢, (Bartello et al., 2013). Hence, the
Ozmidov scale is well below the integral scale in this regime, meaning that a broad range of scales
must be resolved in LES (and even more so in DNS). On the other hand, under weak stratification,
{0 can be large, and a large Re;, value guarantees that there will be an inertial range of scales that is

unaffected by large-scale stratification at which the grid size can be placed.

H.3 SAL sublayers

In general, the SAL does not have uniform § and N (and therefore Riy) in the interior like in our
idealized set-up. Our theory might be applicable to uniform sublayers where that condition is
approximately met, like the ones in figure H.3. However, those are instantaneous profiles which
are evolving in time. Note that they display the staircase-like profile akin to the LAST regime of

stratified turbulence.
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Figure H.2: Local, instantaneous gradient Richardson number profiles based on AER-D observations
(top row) and LES (bottom row) data. The left column shows the effect of applying a moving
average on temperature and wind profiles, whereas the right column shows the effect of sampling
those data with a coarser resolution on the resulting Riy. This shows that the actual Richardson
number might be smaller than observed or modeled due to effects of spatial averaging or coarse
resolution.
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