
UCLA
UCLA Electronic Theses and Dissertations

Title
Modeling and Simulation of Plasmonic Lithography Process with Coupling Between 
Electromagnetic Wave Model, Phase Field Model and Heat Transfer Model

Permalink
https://escholarship.org/uc/item/0pm96272

Author
Chao, Ion Hong

Publication Date
2014
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/0pm96272
https://escholarship.org
http://www.cdlib.org/


 

UNIVERSITY OF CALIFORNIA 

Los Angeles 

 

 

 

Modeling and Simulation of Plasmonic Lithography Process with Coupling Between 

Electromagnetic Wave Model, Phase Field Model and Heat Transfer Model 

 

 

 

A dissertation submitted in partial satisfaction of the  

requirements for the degree Doctor of Philosophy 

in Mechanical Engineering 

 

by 

 

Ion Hong Chao 

 

 

 

2014 

  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

©  Copyright by 

Ion Hong Chao 

2014 

  



ii 

 

ABSTRACT OF THE DISSERTATION 

 

Modeling and Simulation of Plasmonic Lithography Process with Coupling Between 

Electromagnetic Wave Model, Phase Field Model and Heat Transfer Model 

 

by 

 

Ion Hong Chao 

Doctor of Philosophy in Mechanical Engineering 

University of California, Los Angeles, 2014 

Professor Adrienne G. Lavine, Chair 

 

Plasmonic lithography may become a mainstream nano-fabrication technique in the future. 

Experimental results show that feature size with 22 nm resolution can be achieved by plasmonic 

lithography [1]. In Pan‟s experiment, a plasmonic lens is used to focus the laser energy with 

resolution much higher than the diffraction limit and thereby create features in the thermally 

sensitive material layer. The energy transport mechanisms are still not fully understood in the 

plasmonic lithography process. In order to predict the lithography resolution and explore the 

energy transport mechanisms involved in the process, customized electromagnetic wave and heat 

transfer models were developed in COMSOL. Parametric studies on both operating parameters 

and material properties were performed to optimize the lithography process. The parametric 

studies showed that the lithography process can be improved by either reducing the thickness of 
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the phase change material layer or using a material with smaller real refractive index for that 

layer.  

Moreover, a phase field model was also developed in COMSOL to investigate the phase 

separation mechanism involved in creating features in plasmonic lithography. By including the 

effect of bond energy in this model, phase separation was obtained from the phase field model 

under isothermal conditions with speed much faster than the classical diffusion theory can 

predict. Mathematical transformation was applied to the phase field model, which was necessary 

for solving numerical issues to obtain the result of complete phase separation. Under isothermal 

conditions, the phase field model confirmed the fact that the speed of phase separation is 

determined by both particle mobility and thermodynamic driving force. The fast phase separation 

in the phase change material is mainly due to strong thermodynamic driving force from the bond 

energy.  

The phase field model was coupled with a heat transfer model to simulate phase separation 

under laser pulse heating. In this coupled model, the effect of latent heat is considered when 

temperature rises from the room temperature to above the melting point of the material. 

Generally, bond energy causes release of heat during phase separation. This bond energy heat 

source was also considered in the coupled model. Results from this coupled model show a phase 

separation region with clear interface between it and the non-phase separated region. Since the 

phase separation region is removed in the lithography process, this clear interface is related to the 

high contrast lithography pattern reported from the experiments.  

A parametric study was also performed for the coupled phase field and heat transfer model. 

The parametric study showed that the phase change material average concentration has the most 

significant effect on the phase separation speed and the size of phase separation region. The 



iv 

 

parametric study result can also be explained from the concept of particle mobility and 

thermodynamic driving force.  
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1 Introduction 

 

1.1 Research Project Introduction 

Plasmonic lithography can potentially be a mainstream nano-manufacturing technique in the 

future. Photolithography is currently the most widely used technique in the semiconductor 

industry. However, lithography masks are very expensive and time-consuming to produce, which 

does not provide sufficient flexibility for the design process. Even more importantly, the desired 

resolution for state-of-the-art applications is reaching the light-focusing limit of the optical lens, 

which is the so-called diffraction limit. 

Plasmonic lithography is one of the possible solutions, which uses the short-wavelength 

nature of surface plasmon polaritons to achieve high resolution.  This lithography technique is 

relatively easy to apply in a parallel processing mode to provide high throughput for commercial 

purposes, which may be able to write a 12 in. wafer in 2 min [2]. The plasmonic lens 

concentrates laser energy into the resolution range far below the diffraction limit. When this 

energy falls on an absorbing material, it can cause a temperature rise within a region on the order 

of tens of nanometers. As explained in Chapter 6, the temperature rise can lead to phase 

separation of the components that make up the material (Te and TeOx in the current work).  This 

phase separation provides the basis for creating patterns on the absorbing material. 

Three important elements of the plasmonic lithography process are: 1) a coherent laser, 2) a 

plasmonic lens structure on a metal thin film; this is a concentric grating with a specially 
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designed small aperture, and 3) a substrate on which patterns are generated due to phase 

separation.  The substrate will be referred to as the phase-change material (PCM), with the 

understanding that the phase-change process is phase separation.  The coherent laser pulse 

excites surface plasmons on the metal thin film, which are focused by the plasmonic lens 

structure. The substrate is positioned a few nanometers beneath the plasmonic lens, allowing 

near field energy to be transported across the gap and absorbed in the PCM.  When the laser 

energy is absorbed by the PCM, it experiences phase separation to form the lithography pattern.  

The size of the phase-separated region determines the resolution of the process.  Patterns with 22 

nm half-pitch resolution have been demonstrated experimentally [1]. 

For design purposes, modeling the energy transport mechanism in the absorbing material can 

help to optimize the performance. This research project investigates the energy transport 

mechanism between excitation of surface plasmons within a plasmonic lens nano-structure by 

the incident laser, and the heating of absorbing material by the surface plasmons‟ field energy 

from the plasmonic lens. The absorbing material will phase-separate due to the heating, and the 

size of the phase-separated region is directly related to the lithography resolution. The 

corresponding experiments have been done by a collaborating research group [1–3]. The aim of 

this project is to set up a model to predict the size of the phase-separated region in the absorbing 

material based on different process parameters, such as laser power, air gap distance between the 

plasmonic lens and the absorbing material, and plasmonic lens design, in order to provide 

information for optimizing the plasmonic lithography process. 
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1.2 Plasmonic Technique and Pioneer’s Work 

Surface plasmon polaritons can be excited by photons and propagate at the interface between a 

conductor and a dielectric. The short wavelength nature of surface plasmon polaritons allows 

effective electromagnetic energy focusing in nano-scale resolution. The characteristics of surface 

plasmon polaritons and related applications will be described in this section. To predict the solid 

state properties of conductors, free electrons can be assumed as a high density liquid in metal 

with density on the order of 10
23

 cm
-3

 [4]. Plasma oscillations, which are the longitudinal density 

fluctuations, can propagate inside the volume of metal, and the quanta of the plasma oscillations 

have energy equal to 2

p e4 ne m  , where n is the electron density ~ 10 eV. Moreover, 

Maxwell formalism shows that electromagnetic surface waves can propagate along a metallic 

surface or on metallic thin films [5]. The so-called surface plasmons (SPs) are waves that 

propagate along the conductor surface, which can be excited by an incident light wave. In fact, 

SPs are light waves that are confined on the conductor surface because of the interaction with 

free electrons. More precisely, SPs should be called surface plasmon polaritons to indicate the 

hybridization of photons and electron waves, as shown in Figure 1.1. 
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The dispersion relation for SPs at the interface between a semi-infinite metal and dielectric 

material can be stated as [6]: 

 1 m
SP

1 m 0

2
k

  

  



  (1.1) 

where 1  and m  are the dielectric constants of dielectric material and metal, and 0  is the light 

wavelength in vacuum. If the magnitude of m  is close to 1 , the wavelength of SPs 

( SP SP2 k  ) can be much smaller than that of the excitation incident light wave [7]. The small 

wavelength nature of SPs opens the possibility of tremendous applications in sub-wavelength 

scale, such as in the field of surface chemistry, physics, biology and nano-scale engineering. The 

typical dispersion curve of SPs is shown in Figure 1.2; the straight line is the dispersion curve of 

the incident light wave. In order to excite the SPs, the momentum mismatch between SPs and 

incident light wave needs to be compensated. The structure of metal‟s surface, such as 

corrugation, roughness, or grating structure, which are used as a coupler between the strong SPs 

field and incident light wave, can cause the SPs‟ field to become radiative and even strongly 

 

Figure 1.1: Schematic of surface plasmons propagation. – Showing the electromagnetic field and 

charges of propagating Surface Plasmons [3]. 
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light emitting. The interaction between SPs and incident light can be customized by modifying 

the surface structure on metal [8].  

 

 

 

1.2.1 Plasmonic Technique in Sub-Wavelength Aperture 

In the macroscopic picture, the transmissivity of a light wave is independent of both aperture size 

and wavelength of incident light. 

However, when the aperture size on the metal film is comparable to or smaller than the 

incident light wavelength, transmissivity decreases rapidly; this is the diffraction limit, which is 

insufficient in many applications.  If a sub-wavelength aperture is fabricated on metal film and is 

surrounded by periodic corrugations or gratings, significant enhancement in transmission is 

experimentally observed, and the field intensity at the aperture can be an order of magnitude 

larger than the incident wave intensity with sub-wavelength resolution. Theoretical calculations 

 

Figure 1.2: Dispersion curve of surface plasmons. – Typical dispersion curve of surface plasmons. The 

momentum mismatch needs to be compensated for incident light to excite surface plasmons at specific 

wavelength [3].  
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and experimental observations show that the high transmissivity is due to the SPs, which is the 

coupling of the incident light and oscillation charges, at the metal surface [9,10]. The 

combination of sub-wavelength aperture and the surrounding periodic corrugations or gratings is 

a so-called plasmonic lens (PL), which has the capability to effectively focus light energy into 

resolution well beyond the diffraction limit. 

Another example of transmission enhancement by SPs is a sub-wavelength hole array on a 

metal thin film. As mentioned before, transmission of incident light energy of a single sub-

wavelength hole is very small, but a sub-wavelength hole array has much higher transmissivity 

because of the periodic arrangement of holes. According to experimental measurement, a sub-

wavelength hole array has much higher transmissivity than a single sub-wavelength hole at a 

specific wavelength of incident light [11,12]. Numerical study of transmission in 2D sub-

wavelength hole arrays in metal films also shows the experimental observation of transmission 

enhancement in aperture array [13]. Transmission of a hole array is independent of diameters of 

those sub-wavelength holes for a given lattice constant of the array, but the transmissivity is 

affected by the metal film thickness, which implies the contribution of SPs in the hole array 

transmission [14,15].  

 

1.2.2 Plasmonic Technique in Near-Field Scanning Optical Microscopy 

Near-field Scanning Optical Microscopy (NSOM) using a plasmonic lens near the tip is an 

important example of plasmonic lithography. It is discussed here to demonstrate the effective 

electromagnetic energy focusing into resolution well beyond the diffraction limit. NSOM is used 

intensively in application of biology, material science and data storage. NSOM uses a sharp tip 
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to scan on top of the sample to transmit or receive a near-field signal from the sample surface 

[16]. The sharpness of an NSOM tip can be in nano-scale, which can be fabricated by different 

mechanical pulling or chemical etching processes [17], so the tip diameter is much smaller than 

the wavelength of the light transmitted by the tip. Nearby the apex of the tip, the tip diameter is 

getting smaller into the sub-wavelength size and approaching to the cutoff diameter, at which the 

intensity of the light decreases exponentially [18,19]. Therefore, low transmission efficiency of 

the NSOM tip is expected, and limits NSOM for many applications. However, NSOM tip 

transmission can be more than an order of magnitude larger by adopting a plasmonic structure, 

such as plasmonic lens (PL), at the apex of the tip [20,21].  

The NSOM tip is used to transmit or receive a near-field signal on the specimen surface, but 

the low transmissivity of the tip, which is due to the sub-wavelength size of the tip aperture, 

limits many of the applications. One approach to increase the transmission is to fabricate a 

periodic grating surrounding the center aperture, which forms a conic PL at the tip apex as 

shown in Figure 1.3. SPs are the surface waves that propagate at the interface between a 

conductor and a dielectric material. A plasmonic structure, such as PL, can couple the incident 

light wave and SPs. As a result, the incident light energy is focused into sub-wavelength 

resolution, which is not allowed in the diffraction limit. Although the focused SPs‟ field 

exponentially decays as shown in Figure 1.4, much higher energy transmission efficiency can be 

obtained by adopting PL than that of single aperture since the PL brings the energy of incident 

light from the region of surrounding grating to the center aperture.  
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Figure 1.3: Conic plasmonic lens at NSOM tip. – (a) Schematic drawing of conic plasmonic lens at 

NSOM tip. (b) Interference of incident light wave and SPs generated by inner rings. Solid and dashed 

arrows represent incident light and SPs [3]. 
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The simulation results from commercial software (CST Microwave Studio) for 

configurations of both PL and single aperture are presented in Figure 1.5. In the simulation, a 

plane wave with wavelength at 365 nm is incident on both NSOM tips with PL and single 

aperture. As a result, very good intensity confinement with spot size ~100 nm and ~85 nm in x 

and y-direction is observed in the PL configuration, and the asymmetry of spot size is caused by 

x-polarization of incident light wave. Figure 1.6 shows the ratio of focal point intensity between 

PL and single aperture configuration along with different wavelength of incident light wave. The 

peak enhancement factor is about 36 times at 365 nm incident light wave. The wavelength at 

which the peak enhancement factor occurs is dependent on the dielectric function of materials, 

and the geometries of PL, such as ring periodicity, are chosen to have good coupling of incident 

light wave and SPs.  

 

Figure 1.4: Decay length of surface plasmons. – The SPs‟ fields decay exponentially in both metal and 

dielectric material; the field is said to be evanescent. In dielectric material, the field decay length, , is 

on the order of half of the incident wavelength. In metal,  is a skin depth. 
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Figure 1.5: Normalized intensity of plasmonic lens and single aperture at NSOM tip. – Numerical 

simulation of plane wave with wavelength at 365 nm incident at NSOM tip. (a) Normalized intensity of 

PL configuration. The aperture diameter, ring periodicity, ring width, and aluminum layer thickness are 

100, 300, 50, and 100 nm, and the cone angle is 75
o
. (b) Normalized intensity of single aperture 

configuration. The scale bars are 500 nm [21]. 



11 

 

 

 

Since the plasmonic lens provides much higher transmission efficiency for the NSOM tip 

with focusing of light energy in sub-wavelength resolution, the PL NSOM tip can be applied in 

nano-scale lithography. As shown in Figure 1.7, the PL NSOM tip can directly draw a pattern on 

the photoresist layer. The SP field decays exponentially, so the tip apex must be maintained at a 

very small distance during the patterning process to ensure a sufficient amount of energy is 

absorbed by the photoresist. Figure 1.8 is an AFM image of the photoresist after near-field 

scanning exposure. A pattern with sub-wavelength resolution is observed in the AFM image. 

Although a PL NSOM tip can be used for lithography with sub-wavelength resolution, the slow 

scanning speed due to the serial process limits this technique from practical nano-manufacturing 

applications, which require one million times faster scanning speed.  

 

 

Figure 1.6: Enhancement factor of PL from single aperture. – Intensity ratio at focal point between 

PL and single aperture along with incident light wavelength. The peak enhancement factor is about 36 at 

wavelength of 365 nm [21]. 
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Figure 1.7: Diagram of NSOM lithography. – During the patterning process, distance between NSOM 

tip apex and photoresist layer is maintained to be very small [3]. 

 

Figure 1.8: AFM image of photoresist after patterning by PL NSOM tip. – Pattern with 80 nm 

resolution is obtained by plasmonic near-field lithography [3]. 



13 

 

 

1.3 Experimental System and Principles of Plasmonic 

Lithography 

An experimental system for plasmonic lithography basically consists of a UV laser source (355 

nm wavelength) with optical setup, a plasmonic flying head with fabricated plasmonic lens (PL), 

and a rotating disk with a multilayer structure. A simplified diagram of the experimental system 

is shown in Figure 1.9.  

 

 

 

 

Figure 1.9: Diagram of plasmonic lithography. - A UV laser is focused through an optical 

(prefocusing) lens and a plasmonic lens to create a nanoscale pattern on the phase change material on the 

rotating disk. 
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An optical modulator is used to convert the continuous UV laser output into a series of laser 

pulses. The typical pulse frequency is 160 MHz, and the typical duration of each pulse is 12 ps 

full width at half maximum (FWHM). The pulsed laser is pre-focused by the optical lens to the 

micrometer scale before reaching the flying head. A plasmonic lens is fabricated on the 

downward-facing surface of the sapphire flying head, which allows the pulsed laser energy to be 

further focused down to the nanometer scale. The intensely focused energy causes phase 

separation in the material on the rotating disk. The flying head is supported by the suspension 

arm and flies over the rotating disk to create the desired pattern on the PCM. Because of the 

near-field nature of the radiation transmitted through the plasmonic lens, the bottom surface of 

the plasmonic flying head and the top surface of the rotating disk must be maintained within a 

few nanometers gap distance. The disk is rotating at a linear speed of about 7 m/s. Since the 

dimension of the flying head is in the millimeter scale, it is challenging to maintain the nanoscale 

gap without destructive contact during the lithography process. The solution to this challenge is 

presented in [2]. Instead of using a rotating disk, one possible approach is to put the substrate on 

a linear piezo stage, but a rotating disk provides continuous and constant motion without 

acceleration and deceleration, which is important for increasing the patterning throughput.  

The layer structure of the plasmonic lithography process is shown in Figure 1.10. From top to 

bottom, the plasmonic flying head is made of an approximately 0.5 mm thick sapphire layer, a 60 

nm chromium layer on which the PL is fabricated, and an approximately 5 nm diamond-like-

carbon (DLC) layer for PL protection during the lithography process. Between the plasmonic 

flying head and rotating disk is the nanoscale air gap or so-called air bearing surface. The typical 

experimental air gap distance is about 2 nm.  
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The rotating disk is mainly prepared by sputtering the desired layers on a fused silica disk 

substrate. The layers on the fused silica disk are deposited by RF magnetron sputtering. The 5 

nm thick chromium layer is first deposited as an adhesive layer. Next, the TeOx-based PCM is 

deposited [22]. The typical thickness of PCM is about 20 to 30 nm. The sputtering target of PCM 

is a solid mixture of TeO2, Te, and Pd with weight percentages of 80%, 10%, and 10% 

respectively. Since the sputtering chamber contains argon and oxygen, the percentages of 

constituents in the fabricated PCM are expected to be different from that of the sputtering target. 

An additional chromium adhesive layer with thickness about 2 nm is deposited on top of the 

PCM layer. Then a silicon nitride (SiNx) layer with thickness about 4 nm is deposited. During the 

 

Figure 1.10: Layer structure of plasmonic lithography. - A plasmonic lens is fabricated on the 

chromium layer underneath the sapphire flying head. When laser energy is focused by the plasmonic 

lens, the phase separation patterns are created on the TeOx-based PCM. 
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sputtering process, the series of layers is deposited without breaking the vacuum inside the 

chamber to ensure the quality of the PCM layer and avoid oxidation. After the sputtering 

process, about 1 nm thick perfluoropolyether (PFPE) lubricant layer is coated on the top surface 

of the rotating disk. The combination of PFPE lubrication and SiNx disk overcoat can protect the 

PCM layer from damage during the lithography process.  

Some amount of laser energy is lost from the UV laser source before reaching the PL. As 

shown in Figure 1.9, a prefocusing objective lens is placed between the exit of the optical 

modulator and the plasmonic flying head to focus the laser energy on the PL. In order to estimate 

the amount of laser energy loss, values of laser energy are measured at the outlet of the UV laser 

source and the outlet of the prefocusing lens. Then the transmissivity at the top surface of the 

sapphire flying head can be calculated from Fresnel equations by using refractive indices of air 

and sapphire. As a result, it has been estimated by Liang Pan, one of our collaborators, that about 

50% of the energy from the UV laser source arrives at the PL, and the remaining 50% of energy 

is lost within the optical setup.  

The prefocusing lens is used to focus the laser energy on the PL with the spot diameter in the 

micrometer scale. The refractive index of sapphire along the c-axis is different from the other 

directions. The focused laser pulse from the prefocusing lens needs to go through the sapphire 

flying head before arriving at the PL. The anisotropic optical property of sapphire increases the 

difficulty to predict the exact laser spot diameter right before reaching the PL. Instead of 

calculating the exact size and profile of laser spot by handling the anisotropy, the spot diameter 

is estimated from the experimental results. The estimated spot diameter is on the order of one 

micrometer, and will be discussed further.  
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The geometry of the PL is shown in Figure 1.11. The PL is fabricated on the chromium film 

underneath the flying head, and includes concentric ring grooves and center aperture.  The PL is 

designed to effectively focus the laser energy with resolution of tens of nanometers.  When the 

electric field is oriented in the direction specified in Figure 1.11, the focused surface plasmons 

generate a strong electric field across the narrow gap in the dog-bone shaped center aperture. 

That small region of strong electric field delivers energy to the rotating disk at high resolution.  

 

 

 

A significant portion of the energy from the strong electric field at the center aperture 

converts to heat inside the PCM and chromium adhesive layers, which have relatively larger 

absorption indices. When sufficient amount of laser energy is absorbed, phase separation starts 

inside the PCM. At this point, the desired patterns are created in the phase-separated region 

 

Figure 1.11: Plasmonic lens geometry. - A single plasmonic lens includes concentric ring grooves and 

center aperture. The rings help to focus the UV laser excited surface plasmons on the center aperture. 

When the electric field of the incident laser is oriented in the specific direction, strong electric field is 

generated across the narrow gap in the dog-bone-shaped center aperture to highly focus the laser energy. 
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inside the PCM layer. A subsequent development process removes the phase-separated region to 

create a permanent pattern on the PCM layer [3]. The size and depth of the developed patterns 

have been measured by atomic force microscopy, which are about 20 nm and 1 nm respectively 

for similar experimental conditions [1]. A microscope image of the plasmonic lithography 

pattern array is shown in Figure 1.12. It can be seen from this figure that the pattern size 

increases (seen as a brighter pattern) as the laser power increases. This characteristic will be 

compared with model results in Chapter 4.  

 

 

 

 

Figure 1.12: Microscope image of plasmonic lithography pattern array. – From top to 

bottom, pattern size increases as the laser power increases. 
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1.4 Modeling of Plasmonic Lithography 

In order to model the plasmonic lithography process, electromagnetic wave and heat transfer 

models are coupled to solve for the energy focusing mechanism of the plasmonic lens from laser 

pulse to the thin film of PCM. Then, a phase field model is coupled with a heat transfer model to 

simulate the phase transition in the PCM during the plasmonic lithography process.  

 

1.4.1 Coupling of Electromagnetic Wave Model and Heat Transfer Model 

In order to predict the lithography resolution, a customized numerical model, which solves the 

coupled problem of electromagnetic wave and heat transfer, was developed in COMSOL.  

Maxwell‟s equations were used to model focusing of the laser energy by the plasmonic lens 

structure and the resulting energy absorption in the PCM.  Then, the transient heat conduction 

equation was solved to obtain the temperature profile in the PCM and thereby estimate the size 

of the phase-separated region. Moreover, thermal conductivity of the PCM was measured by the 

three-omega method [23], and used as property input to the heat transfer model.  

The numerical model is used to examine the effect of performance when varying different 

operating parameters, such as laser power, laser pulse duration, laser spot size, the nano-meter 

scale gap size, the thickness of the PCM layer, etc.  The effect of the PCM‟s optical and thermal 

properties is also examined to account for experimental uncertainty in these values and to 

consider the possibility of developing improved materials for this process. The model is shown 

to have value in optimizing the process of plasmonic lithography. 
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1.4.2 Coupling of Phase Field Model and Heat Transfer Model 

When the PCM is heated up by the electromagnetic energy, phase separation occurs. The phase-

separated regions are etched out in the alkaline solution, and become the pattern on the PCM. 

Since the speed of phase-separation is faster than classical diffusion theory would predict, 

another numerical model, the phase field model, is developed to investigate the fast phase 

transition characteristic in the PCM during the plasmonic lithography process. This numerical 

model is also implemented in COMSOL which solves the phase field and heat transfer models 

together. The effect of bond energy inside the PCM is considered and becomes one of the 

building blocks for the free energy density profile. Free energy provides the driving force for 

phase separation to occur. The free energy profile is used as an input to the governing equation to 

solve for the time dependent concentration profile, which provides the evidence of phase 

separation. 

Numerical issues occur when concentration starts to reach zero or one. Numerical techniques 

are applied to address the numerical issues. With those techniques, stable numerical results can 

be obtained under isothermal conditions and laser pule heating conditions. According to the 

numerical results, bond energy plays an important role in the fast phase separation process. 

 

1.5 Organization of the Document 

Chapter 2 describes the technique for measuring thermal conductivity of the PCM (TeOx) thin 

film by the differential three-omega method. Sample preparation, experimental system, and the 

principle of the three-omega method are provided in this chapter. The measured thermal 
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conductivity is used as input for the numerical model in later chapters. Chapter 3 presents the 

coupled electromagnetic wave and heat transfer model. The relationship of input and output 

parameters between the electromagnetic wave model and heat transfer model is explained. The 

governing equations and boundary conditions for these two models are provided, and all values 

for required inputs are provided as well. Results and parametric study of the coupled 

electromagnetic wave and heat transfer model are given in Chapter 4. This chapter provides 

guidelines for improving the plasmonic lithography process. Chapter 5 explains the coupled 

phase field and heat transfer model. The governing equation for the phase field model is derived, 

and techniques for handling the numerical issues are also provided. The heat transfer model is 

introduced with latent heat source and bond energy heat source, which relate to melting and 

changing of concentration profile. Additionally, all of the inputs for the phase field and heat 

transfer models are provided. In Chapter 6, results for the coupled phase field and heat transfer 

model are presented in two different categories. The first category is for phase transition under 

isothermal conditions, and the second is for laser pulse heating. In Chapter 7, parametric studies 

are performed for both isothermal conditions and laser pulse heating.   



22 

 

2 Measurement of Thermal Conductivity of TeOx 

Thin Film 

 

2.1 Introduction 

The 3-omega method is a well-developed and reliable way to measure the thermal conductivity 

of the substrate and the thin film on the substrate. In order to perform the 3-omega method, a 

metallic pattern, usually gold or aluminum, including electrodes and narrow wire is deposited on 

the substrate or substrate with thin films on top.  

The metallic pattern is shown in Figure 2.1. Electrodes are used to apply and measure 

sinusoidal voltages across the narrow wire. When a sinusoidally varying voltage with frequency 

 is applied across the wire, the current will have the same frequency.  The electrical power 

(heat dissipation) will oscillate with twice the frequency (second harmonic), as will the 

temperature of the narrow wire. The amplitude of temperature oscillation of the narrow wire 

(typically less than 0.1 K) is much smaller than the temperature of the test sample. Such small 

temperature fluctuation slightly changes the electrical resistance of the narrow wire linearly, but 

this change of electrical resistance is too small to significantly change the frequency of the 

current. Therefore, the harmonic current and the second harmonic electrical resistance provide a 

weak third harmonic voltage signal across the narrow wire, which contains information about the 

amplitude of temperature oscillation (hence the name “3-omega”). For fixed value of electrical 

power, the amplitude of the temperature oscillation is only heavily dependent on the thermal 
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conductivity of the substrate and those thin films on top, which makes the 3-omega method 

effective for measuring the thermal conductivity.  

 

 

 

2.2 Sample Preparation and Experimental Setup 

The goal in using the 3-omega method is to measure the cross-plane thermal conductivity of a 

thin film TeOx-based material, referred to as a phase change material (PCM). The PCM was 

deposited on a p-type {100} silicon wafer by using Radio Frequency magnetron sputtering with 

sputtering chamber filled with argon and oxygen. The sputtering target is a solid mixture of TeO2, 

Te, and Pd with weight fraction of 80%, 10%, and 10% respectively. While maintaining vacuum 

in the sputtering chamber, a layer of 40 nm silicon nitride (SiNx) was deposited as a protective 

layer to prevent PCM damage from the fabrication process of the narrow wire and electrodes at 

the top sample surface. Between the two interfaces of the PCM, PCM-Si and SiNx-PCM 

    

Figure 2.1: Narrow wire and electrodes are deposited on the thin film sample. 

(a) (b) 
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interfaces, very thin and discontinuous layers of Cr, which have thicknesses of 5 nm and 2 nm 

respectively, are deposited to enhance adhesion. Three types of samples were prepared, which 

included PCM with 100 nm and 300 nm thicknesses, and one without a PCM layer to serve as 

reference sample for the differential 3-omega method.  

Narrow metallic wires with 15 μm half width and electrodes are fabricated using the typical 

photo-lithography process. For cleaning purposes, samples are washed by methanol, acetone, and 

isopropanol step by step, then rinsed with water, blown dry with a nitrogen gun, and completely 

dehydrated on the 150 
o
C hot plate for 10 minutes. After dehydration, the samples are placed 

within HMDS vapor for 10 minutes in order to get an HMDS coating on the surface. A layer of 

photoresist, AZ 5214E, is put on top of the samples by spin coating. Before the Ultra-Violet (UV) 

exposure, spin coated samples are put on a 120 
o
C hot plate for 1 minute for soft bake. During 

the UV exposure, the soft contact mode is chosen, in which the lithography mask just slightly 

touches the samples. The duration of the UV exposure is set to be 10 seconds. Then those 

samples are submerged inside the 1:4-AZ400K:Water developer for about 30 seconds to remove 

the UV exposed photoresist to get the pattern of the narrow wire and electrodes at the photoresist 

layer, then rinsed with water. Those samples are inspected under microscope to ensure no residue 

of exposed photoresist is left to affect the uniformity of the desired pattern. After the 

development process, all the samples are placed again on the 120 
o
C hot plate for 2 minutes to 

finish the hard bake. Gold film with 80 nm thickness was deposited by e-beam evaporated metal 

deposition technique on the samples‟ top surfaces as electrically conducting material for the 

narrow wire and electrodes, but 5 nm of titanium must be deposited in advance of gold as an 

adhesive layer. After the metal deposition process, samples are put in the acetone ultrasonic bath 

for about 30 seconds to remove all the remaining photoresist and the metal film on top of the 
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remaining photoresist. As a result, the desired metal pattern, which is the narrow wire and 

electrodes, is on top of the samples.  

Once the narrow wire and electrodes are fabricated on the samples, samples are connected to 

an experiment setup to measure the electrical signal. Samples are placed inside the chip carriers 

as shown in Figure 2.1(a). The chip carrier provides convenient access to samples‟ electrodes 

from an external device. Samples are bound to the chip carriers by aluminum wire, and the 

external device is connected to the chip carrier to prevent the samples from damage. A wire-

bonded chip carrier is fixed on the metal finger inside the vacuum chamber with radiation shield 

to minimize convection and radiation interference. A heater inside the metal finger is connected 

to an external power supply to heat up the sample to the desired temperature, and the temperature 

of the sample is manually controlled. A lock-in amplifier is connected to the sample inside the 

vacuum chamber by the circuit board containing instrumentation amplifiers, adjustable resistors 

and a fixed resistor. The lock-in amplifier provides accurate sinusoidal input voltage to the 

sample with different frequencies, and measures the corresponding third harmonic voltage across 

the narrow wire with 1~2% accuracy. The resistance of the adjustable resistor is set to be very 

close to that of the narrow wire manually in order to be used to subtract out the first harmonic 

voltage portion from the narrow wire‟s voltage signals. Two digital multi-meters are used to 

measure the root-mean-square voltages across the fixed resistor and the narrow wire. For each 

sample, a set of the voltage signals are recorded within a frequency range for each specific 

temperature. Those voltage data are used to calculate the thermal conductivity of the PCM.  
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2.3 Principle 

The differential 3-omega method is used to measure the thermal conductivity of the thin film by 

treating the thin film as a thermally resistive layer between the narrow wire heater and substrate.  

In the measurement, oscillating electrical current is flowing inside the narrow wire, creating 

oscillating heat generation within the narrow wire which is absorbed by the substrate. The 

frequency of the voltage across the narrow wire determines the penetration depth of those 

thermal waves; the higher the frequency, the smaller the thermal penetration depth is. The 

frequency range is required to make the thermal penetration depth much smaller than the 

thickness of the substrate and much larger than the width of the narrow wire, so the narrow wire 

with large length-to-width ratio acts like an oscillating line heat source and the thermal waves 

from the narrow wire have a cylindrical wavefront. If the narrow wire is assumed as a line heat 

source, the temperature oscillation can be approximated as [23]  

    2
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where s  and f  are thermal conductivities of substrate and thin film, P , L , sD , b , and fd  are 

power and length of the narrow wire, substrate thermal diffusivity, narrow wire half width, and 

thin film thickness. The above equation can be written as  

     th, 2

1 1
ln 0.923 ln 2

2 2 4 2

s
s f f

s

DP i P
T R

b bL


 




  
       

  
   (2.2) 

where th, fR  is the thermal resistance of the thin film. If thermal contact resistance, cR , is 

considered, the total thermal resistance of the thin film is  
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For measuring the value of thermal resistance of the thin film, a reference sample is required in 

addition to the thin film samples. Diagrams of thin film sample and reference sample are shown 

in Figure 2.2. The thin film is not included in the reference sample. For multilayer thin film 

samples, the target thin film for thermal resistance measurement is the only layer removed from 

the reference sample. Since the thin film is removed from the reference sample, the temperature 

oscillation is  
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Subtracting the above equation from Equation (2.2), the total thermal resistance of the thin film 

is  
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Based on Equation (2.3), thermal conductivity and thermal contact resistance of the thin film can 

be obtained from the total thermal resistances of samples with different thin film thicknesses. 

 

 

 

From measuring the electrical signal, the temperature oscillation of the narrow wire is [23]  

 

Figure 2.2: Thin film sample and reference sample. 
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 is the temperature coefficient of the electrical resistance of the narrow 

wire, testI  and 
testR  are the root mean square (rms) current and electrical resistance of the narrow 

wire test section, and 3V   is the third harmonic rms voltage of the narrow wire. With 

test test testI V R  and 2

test testP V R , the above equation can be written as  
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In the experiment, Equation (2.5)and the above equation are used to evaluate the total thermal 

resistance of the thin film.  

 

2.4 Measurement Result 

Thermal conductivity and thermal contact resistance of the PCM layer have been obtained from 

the differential 3-omega method. As previously mentioned, the PCM layer sample has the layer 

structure as “substrate/ 5 nm Cr/ 100 or 300 nm PCM/ 2 nm Cr/ 40 nm SiNx”. Since PCM is the 

target layer for thermal conductivity measurement, the reference sample has the layer structure as 

“substrate/ 7 nm Cr/ 40 nm SiNx”. The temperature for measurements ranged from 298 K to 318 

K with 5 K increments. The electrical resistances of the narrow wire test section at each value of 

temperature were measured for each sample. Measurement results for one of the samples is 

shown in Figure 2.3. Within this temperature range, the electrical resistances of test sections 
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increases linearly with temperature increase. The value of testdR dT  for each sample can be 

obtained by fitting the data to a straight line.  

 

 

 

The third harmonic voltages across the narrow wire test section were measured for different 

frequencies. Both in-phase (real) and out-of-phase (imaginary) values are available for the 

measurement. According to Equation (2.1), the real value of temperature oscillation is a linear 

function of the logarithm of frequency, which gives easier curve fitting over the large frequency 

range. In the experiment, the real third harmonic voltage and other real electrical signals are 

stronger than the imaginary one. Therefore, the following discussion only considers the real 

value. As an example, the third harmonic voltage of one of the reference samples is shown in 

Figure 2.4.  

 

 

Figure 2.3: Test section electrical resistance vs. temperature. 
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With the voltage signals across the test section and the temperature dependence of test 

section electrical resistance, the temperature oscillation divided by power per unit length can be 

obtained from Equation (2.7), and the result for 298 K is shown in Figure 2.5. The results for 

bare silicon are included in this figure for result validation. Results similar to this figure are 

obtained for each temperature value. Since the horizontal axis is plotted in logarithmic scale, 

ideally, all the data points in this figure should locate on parallel straight lines. However, some 

data points at high and low frequency range are far from able to fit in parallel straight lines. 

Those data points are eventually removed for the 3-omega analysis in a later section.  

 

 

Figure 2.4: Real third harmonic voltage across the test section vs. temperature for reference 

sample at 298 K. 
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Before calculating the total thermal resistance of the thin film, temperature oscillations of 

thin film samples are subtracted from that of the reference sample. For the sample of 100 nm 

thick PCM layer, the subtracted temperature oscillation is  
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 .  (2.8) 

Similarly, for the 300 nm thick PCM layer, the subtracted temperature oscillation is 
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   (2.9) 

For different temperatures, the subtracted temperature oscillation for 100 nm PCM layer sample 

is shown in Figure 2.6. In an ideal situation, data points from a single temperature should have 

 

Figure 2.5: Real temperature oscillation of test section divided by power per unit length vs. 

frequency. 
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the same subtracted temperature oscillation, forming a horizontal line. In this figure, all the 

available data points are plotted in (a), but only well behaved data points, as shown in (b), are 

included in the analysis. Again, a similar figure can be generated for 300 nm PCM layer sample. 
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From Equations (2.5), (2.8) and (2.9), the total thermal resistance of 100 nm and 300 nm 

PCM layers are  

 

 

 

Figure 2.6: Subtraction of test sections’ real temperature oscillation of 100 nm thin film and the 

reference sample at different constant temperature. – (a) includes all data points. (b) only includes 

the well behaved data points. 

(a) 

(b) 
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and  
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Values of total thermal resistance are available for different frequencies, but it is not dependent 

on frequency. The mean value of total thermal resistance and the corresponding variation for 100 

nm and 300 nm thin film samples are shown in Table 2.1. Variations of total thermal resistance 

are small, which comes from the random errors in the measurement. 

 

 

 

Thin film thermal conductivity and thermal contact resistance can be calculated from total 

thermal resistance data which are obtained from different thin film thicknesses. If thermal 

contact resistance is assumed to be independent of temperature, temperature dependent thermal 

conductivity can be calculated. As previously shown in Equation (2.3), the total thermal 

resistance of thin film is  

Table 2.1: Total thermal resistances of 100 nm and 300 nm thin films. 
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where the j subscript represents different values of temperature. Fitting the total thermal 

resistance with this equation is the same as fitting multiple data sets with straight lines that have 

the same vertical axis intersection. The fitting criterion is to minimize the sum of square of 

vertical distances between straight lines and data points [24]. The curve fitting result is shown in 

Figure 2.7. The vertical axis intersection corresponds to the thermal contact resistance, which has 

value   8 2

c 4.334 0.097 10 m K WR     and the temperature dependent thermal conductivities 

are provided in Table 2.2. Variations in thermal contact resistance and thermal conductivity are 

related to the random errors. If sources of bias errors are considered, such as instruments, narrow 

wire width and length, thin film thicknesses, etc., the uncertainties in thermal contact resistance 

and thermal conductivity are about 63% and 25% respectively. Therefore, it is reasonable to 

adopt the thermal contact resistance is 8 2

c 4.3 10 m K WR    with 63% uncertainty, and 

thermal conductivity is  1.1 W mKf   with 25% uncertainty at about room temperature.  
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Figure 2.7: Curve fitting of total thermal resistances data points with single vertical axis 

intersection. 

Table 2.2. Cross-plane thermal conductivity of thin film.  
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3 Coupling of Electromagnetic Wave Model and 

Heat Transfer Model 

 

In order to simulate the plasmonic lithography process, both electromagnetic wave (EMW) 

model and heat transfer (HT) model are used. 

 

3.1 Assumptions 

Different assumptions have been made for the electromagnetic wave model and heat transfer 

model in order to simplify and increase their efficiency.  

The laser pulse duration is on the order of 10
-11

 seconds, and the electromagnetic wave period 

of the UV laser is on the order of 10
-13

 seconds, so the UV laser may be modeled as a harmonic 

electromagnetic wave with time-dependent electric field magnitude. Thus, the phasor form of 

Maxwell‟s equation is used instead of the full transient form (see Appendix D). The optical 

properties used in the electromagnetic wave model are assumed to be constants, with the values 

of properties evaluated at the frequency of the UV laser. In this lithography experiment, some 

materials are physically isotropic, and some are isotropic because they were created by 

sputtering. The sapphire flying head has about 0.5% anisotropy between ordinary ray and 

extraordinary ray (c-axis); it is assumed that this small anisotropy would only slightly affect the 

results, so the flying head material is also assumed to be isotropic. Moreover, all the materials 

are non-magnetic. By assuming that the flying head material has isotropic and constant optical 
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properties, the laser beam is assumed to be a Gaussian beam with focal point at the center of the 

PL. In the EMW model, the DLC head overcoat and PFPE lubrication are excluded because they 

are much thinner than the PL chromium layer. The thin layers on the rotating disk substrate are 

deposited by sputtering. As a result, the interfaces between layers are not very precise, but they 

are assumed to be precisely flat in the numerical models. From the drawing of the PL in Figure 

1.11, the geometry of the PL is symmetric about the x- and y-axes, so the EMW model only 

solves for one quarter of the PL.  

The output from the EMW model provides the spatial variation of volumetric heat generation 

within the rotating disk layers, which serves as an input to the HT model. The HT model 

includes only the rotating disk, not the flying head. The top PFPE lubrication is also excluded 

from the HT model because of its small thickness. The disk substrate is fused silica which is 

amorphous and isotropic. The layers on top of the disk substrate, which are deposited by 

sputtering, are highly disordered and isotropic. Therefore, thermal properties in the HT model 

can be assumed as isotropic [25]. Moreover, properties in the HT model are also assumed as 

constants. In crystalline material, thermal energy is carried by phonons, which are quanta of 

lattice vibrations. However, inside the disordered material, phonon scattering is very likely to be 

significant [26]; heat transfer can therefore be treated as a diffusive process, and the parabolic 

heat transfer equation is used in the HT model. Within the pulse duration, the disk moves a 

distance on the order of 0.1 nm, and the feature size from the plasmonic lithography is on the 

order of 10 nm. Therefore, the disk can be assumed stationary relative to the PL.  

The top surface of the rotating disk is modeled as thermally insulated, based on two 

assumptions.  First, inside the air gap between the flying head and rotating disk is rarefied gas, so 

convection is assumed negligible. Second, an estimate shows that conventional radiation heat 



39 

 

transfer is also negligible. Radiative energy loss from a 22 nm-radius circular spot with 573 K 

phase separation temperature to the 298 K surrounding within 12 ps is about 1.0×10
-22

 J by 

assuming black body radiation. The energy required to heat the PCM cylinder from 298 K to 573 

K with a typical 22 nm radius and 6 nm height, is 5.8×10
-15

 J. Since the radiative energy loss is 

many orders of magnitude smaller than the energy required for heating, it is reasonable to neglect 

radiation heat transfer. However, it should be noted that this analysis does not account for near-

field radiation and the effect of the elevated temperature of the flying head; this is an area for 

future research. 

 

3.2 Flow Chart of Numerical Models 

The interrelationship between the EMW and HT models is shown in Figure 3.1. In this figure, 

the experimental parameters are labeled in green and the calculated variables and material 

properties are labeled in blue. The governing equations for both EMW and HT models are in 

purple and the results from the models are in yellow. The desired lithography feature size is in 

orange in the lower right corner. The arrows show the input and output variables and calculation 

sequence.  
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The overall process of simulation is to use the EMW model to determine the resistive heating 

caused by the laser illumination, then use the resistive heating as the heat source in the HT model 

to solve for the time-dependent temperature distribution. The desired lithography feature size is 

determined by the size of the phase separated region in the PCM, which can be evaluated from 

the temperature distribution and the assumed threshold temperature for phase separation. This 

assumed threshold temperature is based on observing the change in optical property when the 

PCM sample is heated by the hot plate. As an input for the EMW model, the E-field profile of 

the illumination laser is obtained from knowledge of the average laser power, laser pulse 

duration, focus spot size, and energy losses in the optical setup. Resistive heat loss can be 

calculated from the resolved electric field and refractive indices of materials. The time 

dependency of laser pulse intensity is represented by a Gaussian distribution. The resistive 

 

Figure 3.1: Inputs and outputs of electro-magnetic wave and heat transfer models. 
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heating from the EMW model and the Gaussian function provide both the magnitude and time 

dependency for the time-dependent heat source, which is an input for the HT model. 

 

3.3 Electromagnetic Wave Model 

Since the electromagnetic wave period of the UV laser (corresponding to 355 nm wavelength) is 

much smaller than the laser pulse duration, the governing equation used in the EMW model is  

 
 1 2

0

0

0r r

j
k


 



  
     

 
E E ,   (3.1) 

which is the phasor form of Maxwell‟s equation, instead of the full transient form. In Equation 

(3.1), E is the electric field phasor, 0  and r  are vacuum permittivity and relative permittivity, 

r  is the relative permeability (equal to one for non-magnetic materials),  and   are electric 

conductivity and angular frequency, respectively, 0k  is the magnitude of the vacuum wave 

vector for the UV laser, and j  is the imaginary unit. The complex refractive index is defined as  
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c r r

j
n


 



 
  

 
.  (3.2) 

Therefore, with the constant properties assumption, Equation (3.1) can be written as  

   2 2

0 0cn k   E E .   (3.3) 

Thus, the required optical properties in the EMW model are just the complex refractive indices 

of materials.  

Geometries and domains for the EMW model are shown in Figure 3.2, which includes the 

sapphire flying head, PL, air gap, and the layers on the rotating disk substrate; the figure also 

shows the corresponding materials. The z-axis is used as a center line for the PL. The boundary 
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conditions of the EMW model are shown in Figure 3.3. Since only one quarter of the PL is 

included in the numerical model due to symmetry, with the electric field of incident UV laser 

oriented in the y-axis direction, the xz-plane and yz-plane are set to be perfect electric conductor 

(PEC) and perfect magnetic conductor (PMC) respectively to make the electric field 

perpendicular and parallel to the corresponding boundaries. The equations for PEC and PMC 

boundaries are  

 ˆ 0 n E    (3.4) 

and 

 ˆ 0 n H ,   (3.5) 

where H  is the magnetic field phasor, and n̂  is surface unit normal vector. The remaining four 

boundaries are set to be scattering boundaries with expression as 

        ˆ ˆ ˆ ˆ ˆ j
jk jk e

 
          dirk r

i dir
n E n E n n E n k .   (3.6) 
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Figure 3.2: Geometry, domains, and materials for electromagnetic wave and heat transfer models 

(not to scale).  
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In the above equation, iE  is incident electric field phasor, k  is magnitude of the wave 

vector, dirk  is directional wave vector, and r  is position vector. A scattering boundary can be 

used to generate an electric field with the desired profile, and also allows the incoming plane 

wave to pass through [27,28]. Therefore, a scattering boundary provides a good approximation 

for an open boundary in this EMW model. In order to simulate the UV illumination, a certain 

electric field profile, expressed as Equation (A.1) in Appendix A, is used for the incident electric 

field profile at the top scattering boundary in Figure 3.3. The incident electric field profiles for 

the other three scattering boundaries are set to be zero, since no electric field is generated on 

those boundaries.  

 

Figure 3.3: Boundary conditions for electromagnetic wave model. 
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The numerical software for the EMW model has been validated by comparison with 

analytical solutions for simple cases, such as a normal incident plane wave on a semi-infinite 

solid and a multi-layer structure. 

 

3.4 Heat Transfer Model 

The governing equation used in the HT model is 

  p th

T
C k T Q

t



  


,   (3.7) 

which is the transient parabolic heat conduction equation. In the above equation, T is 

temperature, t  is time,   is density, pC  is specific heat, thk  is thermal conductivity, and Q  is 

volumetric heat source. Geometries and domains of the HT model can also be found in Figure 

3.2, but the HT model only includes the layers and substrate of the rotating disk (in pink). The 

plasmonic flying head and the air gap are excluded from the HT model. In the HT model, the 

change of temperature is driven by the time- and space-dependent volumetric heat source. 

All six boundaries for the HT model are thermally insulated, which is expressed as 

  ˆ 0thk T    n .   (3.8) 

The HT model has been validated by comparison with the analytical solution for a uniform 

heat flux over a circular region on the surface of a semi-infinite solid. 
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3.5 Model Inputs 

Besides the material properties, the electric field profile and time-dependent heat source need to 

be calculated as inputs for the EMW model and HT model. 

The UV laser illumination is represented by the boundary electric field profile, which is a 

needed input to the EMW model.  Given the known laser power, pulse duration, and FWHM 

focused laser spot diameter, the electric field distribution can be derived as shown in Appendix 

A, to yield the incident electric field profile for the top scattering boundary in Figure 3.3. 

Similarly, the time- and space-dependent resistive heating is a needed input to the HT model. 

This can be related to the electric field solution from the EMW model, as shown in Appendix B, 

to give time-dependent heat source from the time-independent resistive heating.  

Input parameters for both models can be categorized into either material properties or 

operating parameters. Material properties include: real and imaginary part of refractive indices, 

densities, specific heats, and thermal conductivities. Material properties for both models are 

available in the literature except those for the PCM layer [29–32]. The complex refractive index 

of the PCM at 355 nm wavelength was measured by multi-angle ellipsometry and found to be 

3.34 2.93j . The density and specific heat of PCM were estimated by the composite rule based 

on the constituent percentages of the PCM sputtering target. The estimated volumetric heat 

capacity, Cp, is 2.32×10
6
 J/(m

3
K). The thermal conductivity of the PCM was measured by the 

differential 3-ω method, and found to be 1.12 W/(m·K) with uncertainty about 25%. In the later 

discussion, the uncertainty of the PCM thermal conductivity is shown to have an insignificant 

effect on the lithography result.  
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Operating parameters include the PCM and other layer thicknesses, air gap distance, laser 

power, pulse duration, and focused laser spot size. All of the material properties and operating 

parameters are summarized in Table 3.1. Values in this table are used as the “base case” in the 

parametric study. Besides the focused laser spot size, all parameters are set to be equal to those 

in the typical experimental condition. The unknown focused laser spot size is estimated by 

comparing numerical and experimental results for a typical condition, as explained below. 

 

 

 

  

Table 3.1: Material properties and operating parameters in base case [29–32]. 
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4 Results and Parametric Study of 

Electromagnetic Wave Model and Heat Transfer 

Model 

 

The domain size, grid refinement, and time step size have been investigated in order to obtain 

high accuracy of the numerical solution. The domain size of the numerical model was shown to 

be large enough to eliminate any boundary effect in the numerical solution of the phase separated 

region. The grid and time step were refined until the numerical solution became independent of 

the grid and time step. As a result, the tolerance of the numerical solution is kept below 1%. 

The time-dependent heat source for the HT model can be calculated based on the resistive 

heating and laser pulse duration (Equation (B.3) in Appendix B). The heat source distribution at 

the top surface of the PCM layer is shown in Figure 4.1. In this figure, the time-dependent heat 

source is evaluated when the laser pulse reaches its peak value. The origin of this figure 

corresponds to the point below the center of the PL. By inspection, electromagnetic energy from 

the laser pulse is focused in a region within tens of nanometers right below the center of the PL, 

as desired.   
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The temperature distribution of the PCM after three standard deviations of time from the 

center mean time of the Gaussian laser pulse is shown in Figure 4.2. The isotherm at the phase 

separation threshold temperature (573 K) is also plotted. The upper plot in this figure is the 

temperature distribution at the top surface of the PCM layer, which is parallel to the xy-plane. 

The lower plot is the temperature distribution at the xz-plane cross-section of the PCM layer. For 

the lower plot, the z-axis starts at the top surface of the PCM layer to show the thermal 

penetration depth. The region enclosed by the 573 K isotherm has high enough temperature to 

cause phase separation based on the assumed threshold temperature. Since phase separation is an 

irreversible process, the determination of whether or not phase separation occurs must be made 

based on the maximum temperature reached at a specific location. Since the maximum 

temperatures are not all reached at the same time, isotherms from each time step are overlapped 

 

Figure 4.1: Heat source distribution at the top surface of PCM layer. - This heat source profile is 

captured when the laser pulse reaches its peak value. This figure shows the strong focusing effect of the 

PL. 
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together to determine the phase separated region; the 573 K isotherm at the end of the laser pulse 

in Figure 4.2 is approximately, but not exactly, the same size as the phase separated region.  

 

 

 

Because the focused laser spot size before reaching the PL is unknown, different values of 

focused spot diameters are used to calculate the corresponding feature sizes, specifically the 

radius of the phase separated region at the top surface of the PCM layer. The calculated feature 

sizes are compared with the experimental result for the base case condition to estimate the 

reasonable focused spot size in the experiment. The calculated feature radius as a function of 

focused laser spot size is plotted in Figure 4.3. Since feature size from the experiments is 22 nm 

 

Figure 4.2: Temperature distribution of PCM layer with isotherm at phase separation temperature. 

- From top to bottom are the temperature distributions of PCM layer top surface (parallel to xy-plane) and 

PCM layer cross-section (xz-plane) at the end of laser pulse.  
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[1], the typical focused laser spot diameter is expected to be about 1 μm based on this figure. The 

estimated spot diameter is the same order of magnitude as expected in the earlier discussion. 

Figure 4.3 shows an inverse relationship between focused spot size and feature size, which may 

at first seem counterintuitive. Keeping in mind that the total energy contained in the laser pulse is 

held fixed, a smaller focused spot size provides higher energy flux directly to the center aperture 

of the PL. As a result, more energy comes out from the center aperture to enhance the 

temperature rise in the PCM layer, so the feature size becomes larger.  

 

 

 

Next, a parametric study is performed for both operating parameters and PCM layer material 

properties. For the variables that are varied in the parametric study, Table 4.1 shows the base 

case values and the ranges over which they are varied. Operating parameters or material 

 

Figure 4.3: Lithography feature radius as a function of laser focused spot diameter. - Feature sizes 

are obtained by varying the objectively focused laser spot diameter with other numerical parameters 

unchanged.  
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properties are varied one by one, keeping all other parameters fixed at their base case values, and 

the effect on feature size is shown. In discussing the results, it is useful to keep in mind that 

smaller feature radius and larger feature depth are often desired for the lithography process.  

 

 

 

The effects of operating parameters on feature radius and depth are shown in Figure 4.4. In 

this figure, the horizontal axis is the ratio of the operating parameter to its base case value. In 

some cases, the reciprocal of the operating parameter is used to make the feature radius plot 

(upper plot in Figure 4.4) have positive slopes. This makes it easier to compare the relative 

importance of parameters. As an example, laser pulse duration is one of the varied parameters for 

which the reciprocal is used, as indicated in the legend. Therefore, a value of 1.4 means that the 

Table 4.1: Range of PCM properties and operating parameters included in parametric study. - 

Values of PCM properties or operating parameters are varied one by one within the specified range from 

the base case. 
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laser pulse duration is 1.4 times smaller than the base case value. Note that feature radius 

increases with increasing laser power in accordance with the experimental trend shown in Figure 

1.12. 

 

 

 

 

Figure 4.4: Feature radius and depth as a function of operating parameter values (relative to base 

case). 
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From inspection of Figure 4.4, feature radius can be reduced for higher-resolution plasmonic 

lithography by reducing or increasing certain parameters, but the feature depths are also reduced 

simultaneously for almost all the parameters.  The one exception to this is the PCM layer 

thickness. A thinner PCM layer has a negligible effect on reducing the feature radius, but 

dramatically increases the feature depth. Therefore, it may be possible to obtain smaller feature 

radius with the same feature depth. One possible approach is to reduce both average laser power 

and PCM layer thickness. As an example, by changing the PCM thickness and average laser 

power to become 40% and 79% of their typical values respectively, the feature radius changes 

from the typical 22 nm to about 15 nm with the feature depth unchanged. Physically, 

electromagnetic energy reflects at the bottom interface of the PCM layer. A thinner PCM layer 

absorbs less electromagnetic energy, allowing more electromagnetic energy to go through its 

thickness and reflect back to the PCM layer to be reabsorbed. Therefore, additional resistive 

heating takes place near the lower interface of the PCM layer to cause larger temperature rise at 

the bottom without significant effect on the region near the top surface.  

Similarly, feature radius and depth are shown in Figure 4.5 as functions of the PCM layer 

properties relative to their base case values. These results can be used either to account for the 

uncertainties in the assumed properties or to explore the effect of using a different material. From 

this figure, the volumetric heat capacity of the PCM layer,  p PCM
C , has the largest effect on 

both feature radius and depth. Although volumetric heat capacity is not expected to vary 

dramatically for solids, it may still be worthwhile to determine the constituents and their 

percentages more accurately for the PCM layer instead of estimating them from the PCM 

sputtering target. As stated previously, the uncertainty of the PCM thermal conductivity only 
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slightly affects feature radius and depth, because the thermal diffusion process takes much longer 

than the laser pulse duration. Observing the effect of the PCM refractive index, it appears that 

reducing the real part can lead to a smaller feature radius and larger feature depth. This suggests 

the possibility of improving the performance of plasmonic lithography by replacing the current 

TeOx material with a different material having a smaller real part of the refractive index.  
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Figure 4.5: Feature radius and depth as a function of PCM layer properties (relative to base case). - 

In the legend, from top to bottom the PCM properties are: the real and imaginary parts of the refractive 

index, thermal conductivity, and volumetric heat capacity.  
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5 Coupling of Phase Field Model and Heat 

Transfer Model 

 

5.1 Introduction 

In the plasmonic lithography process, a laser pulse with duration of about 10 ps is focused to tens 

of nanometer resolution to create features on the patterning material. The patterning material is a 

uniform mixture of tellurium and tellurium dioxide. When the patterning material is heated up by 

the laser pulse, it has been observed that tellurium and tellurium dioxide are separated from each 

other, and grains of tellurium are formed in a tellurium dioxide rich matrix [22]. This process 

will be referred to here as “phase separation.” The alkaline solution used in the subsequent 

pattern development process is able to dissolve tellurium dioxide, which increases the etching 

speed of the spot that experienced the phase separation. By controlling the development time, 

high resolution patterns can be fabricated.  

The mechanism that causes the phase separation in the tellurium-tellurium dioxide plasmonic 

lithography process has not been established in the literature.  The observation of separation 

between tellurium and tellurium dioxide suggests that the mechanism is spinodal decomposition.  

Classical mass diffusion driven by a concentration gradient is very slow; even if one of the 

components reaches its melting point which greatly increases its diffusion coefficient to the order 

of 10
-5

 cm
2
/s, it would take on the order of 400 ns to drive diffusion over a spot size of 20 nm.  

Since the laser pulse duration is only on the order of 10 ps, classical diffusion is much too slow 
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to explain the observed behavior.  In this chapter, a model of the phase separation process is 

proposed and explored.  Specifically, it is proposed that laser heating first causes melting of 

tellurium, which increases its diffusion coefficient, and that subsequently bond energy enables 

diffusion against the concentration gradient to form tellurium grains from the uniform mixture 

(that is, spinodal decomposition). Bond energy also causes heat release which extends the 

melting time beyond the laser pulse duration. In order to investigate whether this model can 

explain the phase separation in the lithography process, a phase field model is developed and 

coupled with a heat transfer model.  

Spinodal decomposition is a diffusion process and the change of free energy is the driving 

force for this process. In the phase field model, the free energy profile is constructed to include 

mixing entropy and bond energy enthalpy. A kinetic equation governs the concentration change 

based on the free energy profile. The phase field model can handle the rapid concentration 

change around the interface of tellurium grains and tellurium dioxide, which is not considered in 

the conventional diffusion problem.  

Physically, concentration cannot exceed one or fall below zero. Larger values of bond energy 

cause numerical issues when concentration gets close to zero and one. A mathematical 

transformation and extension of the free energy profile were introduced in the model to eliminate 

the numerical issues, as discussed below. 

In this chapter, the equations governing the phase field model and its coupling with the heat 

transfer model are developed, and numerical values of all input parameters are provided. In 

Chapter 6, model results are provided under isothermal conditions and for laser pulse heating. 

Fast phase separation and a clear region of separated tellurium grains (hereafter referred to as the 
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“separated region”) are obtained from the simulation result. In Chapter 7, a parametric study is 

performed to evaluate the importance of input parameters in the model. 

 

5.2 Modeling Approach 

The phase field model and heat transfer model used here are mainly intended to provide 

qualitative results by using a relatively simple approach to capture the necessary physical 

phenomena. The modeling approaches used for the phase field model and heat transfer model are 

provided in this section. Some of the following assumptions may be relaxed by using 

sophisticated thermodynamic data, more precise mathematical expressions, etc., but those 

assumptions are intended to yield reasonable approximate results with the advantage of shorter 

computation time. 

Instead of modeling the phase separation problem in three dimensions, a two-dimensional 

model is used. The governing equations and boundary conditions for the phase-field model and 

heat transfer model provided below are written in a general form which can be used in either a 

two-dimensional or three-dimensional model. In the actual computations, the two-dimensional 

model is used since it is sufficient to show the qualitative characteristics of the phase-field model 

developed here, and has the advantages of shorter computational time and simpler result 

visualization.  

By looking at the phase diagram of the Te-O system [33], at 0.2 mass fraction of Te atoms, 

only tellurium and tellurium dioxide exist below 988C. Since the temperature range in the 

following discussion is below 988C, we selected Te and TeO2 as the two substances or “phases.”  

The crystal plane distance is assumed to be the typical atomic dimension, which equals 0.5 

nm. Since the crystal structures of tellurium and tellurium dioxide are different, and the 
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composition is varying during the phase separation, it is not straightforward to calculate the 

mean crystal plane distance. Additionally, the mean crystal plane distance should be the same 

order of magnitude as the assumed 0.5 nm. Therefore, the assumed crystal plane distance is used 

for convenience.  

It is assumed that each pure substance melts instantaneously when the temperature exceeds 

its melting temperature.  When temperature is above the melting temperature, melting should be 

much faster than the phase separation, which requires continuous displacement of atoms.  To the 

best of the author‟s knowledge, liquid diffusion coefficients for tellurium and tellurium dioxide 

have not been reported. Therefore, a value of 10
-5

 cm
2
/s is used for the liquid diffusion 

coefficient, which is a typical value for the liquid state, including for liquid metals [34]. 

The initial condition of the concentration profile is 0.2 volume fraction of Te atoms with 1 to 

2 nm wavelength of small perturbation of concentration added to that otherwise uniform profile. 

Although the tellurium and tellurium dioxide do not mix in both solid and liquid states, the 

material is prepared by RF sputtering, which contains very small grains of tellurium and 

tellurium dioxide with size about 1 to 2 nm. Material with small grains of pure substance 

becomes numerical domain that has uniform concentration with small perturbation.  

The thermal properties of the mixture and liquid diffusion coefficient are assumed to be 

constants. In actuality, thermal properties such as specific heat and thermal conductivity depend 

on both temperature and concentration, and liquid diffusion coefficient also depends on 

temperature. However, the thermal properties of the mixture are not strongly dependent on 

temperature and concentration. Liquid diffusion coefficients of both components should have 

values within the same order of magnitude. With the focus put on understanding the phase 

separation problem, thermal properties and liquid diffusion coefficients are just assumed to be 



61 

 

constants. Moreover, although the solid diffusion coefficients in the following discussion are 

temperature dependent, their values are very small compared with the liquid diffusion coefficient, 

which is not important for the numerical result. 

 

5.3 Phase Field Model 

The phase field model is used to solve for the time dependent concentration profile within the 

binary mixture domain, which contains substances A and B. Substances A and B represent 

tellurium and tellurium dioxide respectively. The free energy inside the domain   is  
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 .  (5.1) 

The integrand is the local free energy density for mixing, which is derived by considering the 

bonding between particles within neighboring crystal planes [35]. In the above equation, C  is 

concentration or molar fraction of B particles, T  is temperature, 
0

N  is Avogadro‟s constant, 
b
  

is effective bond energy, 
m

v  is molar volume, and a  is crystal plane distance. The first term of 

the integrand,  ,f C T , is the free energy density for homogeneous mixing. The second term of 

the integrand, which contains C , accounts for inhomogeneous mixing. The homogeneous 

mixing term used in Equation (5.1) is  
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In this equation, the first and the second terms are just the linear combination of  A
f T and

 B
f T , which are the free energy of pure A and B, with the corresponding concentration. The 

third term is the mixing entropy, where R  is the universal gas constant. The fourth term is 

mixing enthalpy, where Z  is the coordination number in the crystal A or B. The last term in this 

equation, which is labeled the bounding term, is introduced here to obtain a numerical result. As 

long as   is small enough, addition of the bounding term has a negligible effect on the 

numerical result. Detailed discussion of the bounding term is provided in the “Numerical Model” 

section.  

The governing equation used to solve for the time dependent concentration profile is 

  2
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C F
M C C

t C





  
       ,

  (5.3) 

where t  is time and M2 is a mobility related constant defined as  
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where D  is the effective diffusion coefficient.  

The governing equation can be written as C t    j , and the solute flux, j , in the 

governing equation is [36]  
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j .  (5.5) 

This form of solute flux originates from the derivation of Fick‟s 1
st
 law [35]. F C   is chemical 

potential, so  F C   is the thermodynamic driving force. Since 
2

M is related to mobility, it 

is clear from the form of Equation (5.5) that both mobility and thermodynamic driving force are 

required to sustain mass transfer. For example, diamonds are thermodynamically unstable under 



63 

 

normal conditions, which create a driving force for transforming into graphite, but the high 

activation energy barrier leads to very small mobility, so the transition into graphite is so slow as 

to be unnoticeable. Later, it will be shown that the large value of bond energy in our system 

corresponds to a large driving force, which allows fast phase separation.  

Detailed derivation of the term  F C   in Equation (5.3) is provided in Appendix C. The 

end result is  
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where 
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In Equation (5.6),  
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with  
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Additionally, under isothermal conditions ( 0T  ) with 0
b
  , Equations (5.6) and (5.8) are 

equivalent to  
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With Equation (5.11), Equation (5.3) becomes  
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,  (5.12) 

which is Fick‟s law. The governing equation used here provides a more general approach to 

diffusion problems which reduces to the familiar Fick‟s Law under simple conditions. 

At the outer boundary of the numerical domain, particle fluxes are set to be zero with 

 0C  n ,   (5.13) 

where n  is the outward unit normal vector to the boundary. 

It is assumed that each component is solid below its melting temperature and liquid above.  A 

step function,  m
T T  , is introduced to switch the diffusion coefficients of each component 

from solid to liquid as the temperature increases. Ideally, the step function has zero value when 

m
T T , and unity value when 

m
T T . When the problem is solved numerically, a small 

transition region around 
m

T T  is adopted to make  m
T T   gradually change from zero to 

one instead of suddenly changing at 
m

T T . The temperature dependent diffusion coefficients 

for pure A and pure B are  

      A m, A A, S m, A L
1D T T T D T T D       ,  (5.14) 

      B m, B B, S m, B L
1D T T T D T T D       .  (5.15) 

In these two equations, 
, Am

T  and 
, Bm

T  are the melting temperatures of pure A and pure B. 
A, S

D

and 
B, S

D  are the solid diffusion coefficients. 
L

D  has the typical value of liquid diffusion 

coefficient. The effective diffusion coefficient of the mixture is assumed to be  
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      A B
, 1 ( )D C T C D T C D T   ,  (5.16) 

which is the concentration-weighted average of the diffusion coefficients of pure A and B. This 

linear relationship may not be accurate in reality, but it provides a simple expression which is 

sufficient to reveal the features of the phase separation.  

 

5.3.1 Concentration Transformation 

As noted earlier, the numerical solution of Equation (5.3) can result in concentrations below 

zero or above one. A bounding term was added in Equation (5.2) to address this problem, but in 

order to obtain a stable numerical solution it was also found necessary to transform the 

concentration to another variable, U, according to  

 
1

U

U

e
C

e



.  (5.17) 

By applying this transformation, U  is solved in the governing equation instead of C . The 

advantage of this transformation is that C  is bounded between zero and one for any real value of 

U . After the transformation, the governing equation, which is Equation (5.3), becomes  
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.  (5.18) 

The term  F C   now becomes  

     20, , 2b

m

NF f
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,  (5.19) 

where   is given by  

  
 2

1

4cosh 2
C U

U


 
     

 
.  (5.20) 
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In Equation (5.19),  

      1 3
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f
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,  (5.21) 

where 
1

P  and 
3

P  are 
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and  
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.  (5.23) 

The zero particle flux boundary condition corresponding to Equation (5.13) is  

 0U  n .  (5.24) 

Since the effective diffusion coefficient is a function of C  as well, Equation (5.16) is 

transformed to  

    A B

1
, ( )

1

U

U
D U T D T e D T

e
   

.  (5.25) 

The diffusion coefficients of the pure substances,  A
D T  and  B

D T , remain unchanged (see 

Equations (5.14) and (5.15)).  

Although solving for U  instead of C  is sufficient to make the concentration bounded 

between zero and one without adding the bounding term in Equation (5.2), a stable solution can 

only be obtained by solving for U  with the bounding term in the free energy density profile. 

Neither applying the transformation nor the bounding term alone led to a stable solution in this 

problem.  
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5.4 Heat Transfer Model 

Since some of the inputs in the phase field model are dependent on temperature, a heat transfer 

model is introduced and coupled with the phase field model. The governing equation of the heat 

transfer model is  

  p

T
C k T Q

t



  


.  (5.26) 

Here,   and 
p

C  are density and specific heat, k  is thermal conductivity, and Q  is the 

volumetric heat source. The outer boundary for the heat transfer model has a specified heat flux 

boundary condition,  

  k T q   n ,  (5.27) 

where q  is the magnitude of the outward normal component of the heat flux. 

The heat source in the heat transfer model governing equation includes the latent heat source, 

bond energy heat source, and resistive heating.  

The latent heat source is the heat absorbed or released when the material is melted or 

solidified. Similar to the discussion in the pure substances diffusion coefficient, the step function 

 x  is used to switch from solid to liquid as temperature increases. The stored latent heat 

energy of the pure substance is set to have zero-energy reference state as solid. Since temperature 

is used to indicate whether the substance is in solid or liquid state, when the temperature rises 

across the melting point, the substance‟s stored latent heat energy increases from zero to the 

value of the latent heat of fusion. Thus the latent heat energy inside the material that contains A 

and B is given by,  

      L m, A A m, B B
1E T T L C T T L C     ,  (5.28) 
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where 
A

L  and 
B

L  are the latent heats of fusion of pure A and B. The above equation is the sum 

of the stored latent heat energy for pure A and B with the multiplication of the corresponding 

concentration. The latent heat source is then expressed as the (negative) rate of change of the 

latent energy, namely 
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L
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δ δ

.

   (5.29) 

The function  xδ  in the above equation is defined as  

  
 d x

x
dx


δ .  (5.30) 

In terms of the transformed variable U , the latent heat source becomes 
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.  (5.31) 

Similar to the latent heat source, the bond energy heat source is the heat absorption or release 

when the chemical bond is broken or established between particles. The stored bond energy 

inside the material is  

  
220 0

b
1b b

m m

N N
E a C ZC C

v v

 
    .  (5.32) 

The first term in the above equation accounts for inhomogeneous mixing, and the second term is 

for homogeneous mixing. The stored bond energy is part of the free energy, so it can be found in 

the free energy density profile; the first term and second term can be found in Equations (5.1) 
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and (5.2) respectively. The amount of energy removed from the stored bond energy also converts 

to thermal energy, and vice versa. Thus, the bond energy heat source is  

  
2

2b 0

B
1 2b

m

CE N C
Q a Z C

t v t t

    
      

    

.  (5.33) 

Again, transforming C  into U , the above equation changes to  

 
 

 
20

B 2

tanh 2

4cosh 2

b

m

UN U
Q a Z

v U t




 
   

 
,  (5.34) 

where  
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.  (5.35) 

The resistive heating is caused by absorption of the electromagnetic energy, such as laser 

energy or near field energy from plasmonic lens [37]. Considering the resistive heating is a 

Gaussian pulse and has Gaussian distribution in space around the center, the resistive heating 

profile is  
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0total
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exp 2 exp
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t tQ x y
Q

ww   

  
    

    

.  (5.36) 

where 
0

t  is the time of the center of the Gaussian pulse and 
total

Q  is the total amount of energy 

for the entire resistive heating period, integrated over both time and space. It has units of energy 

per unit length corresponding to the two-dimensional model. Therefore, the resistive heating 

profile satisfies  

 
rh total

y x t

Q dt dx dy Q
  

  

   .  (5.37) 

In Equation (5.36), the standard deviation in time is  
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p
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t



 ,  (5.38) 

where 
p

t  is the full width at half maximum (FWHM) pulse duration. The standard deviation in 

space is  

 
0 0

2

ln 2
w r ,  (5.39) 

and 
0

r  is the FWHM radius of the resistive heating profile.  

According to the previous discussion, the heat source in Equation (5.26) is  

 
L b rh

Q Q Q Q   .  (5.40) 

 

5.5 Numerical Model 

In order to model the phase separation problem, the phase field model and heat transfer model 

are coupled and solved in two dimensions with COMSOL, a finite element software. Numerical 

inputs are provided in this section. 

 

5.5.1 Free Energy Density for Pure Substance 

The temperature derivatives of the free energy density of pure substances are evaluated for the 

phase field model governing equation. For substance A, tellurium, free energy density can be 

obtained from molar free energy data [38]. For substance B, tellurium dioxide, free energy 

density can be calculated from isobaric specific heat data [33]. The temperature derivative of free 

energy density is used in the governing equation rather than the free energy density, so the 

temperature derivative of free energy density of substances A and B are provided in this section.  
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The temperature derivative of free energy density of substance A is calculated from the molar 

free energy data. The melting point of substance A is 
m, A

722.66 KT  . In the solid state, the 

molar free energy within the temperature range of 
m, A

298.15 K T T   is  
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J
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.  (5.41) 

In the above expression, T  is temperature in kelvins. In the liquid state, the molar free energy for 

m, A
1261 KT T   is  
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.  (5.42) 

Since 
A A , Am

f G v , where 
, Am

v  is the molar volume of substance A, the solid and liquid 

temperature derivatives of free energy density of substance A are  
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The step function is used for transition between solid and liquid. The temperature derivative of 

free energy density of substance A is  
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The temperature derivative of free energy density of substance B is calculated from the 

isobaric specific heat data. Under constant pressure, the temperature derivative of molar free 

energy can be derived in general. The related thermodynamic relations are  
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H
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,  (5.46) 
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.  (5.47) 

H  and S  are molar enthalpy and molar entropy respectively. On the other hand, the molar free 

energy can be written as G H TS  . With Equations (5.46) and (5.47), the temperature 

derivative of molar free energy is  
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The molar entropy can be obtained from isobaric specific heat by 
0

T

p
S C T dT   in general. The 

melting point of substance B is 
m, B

1006.15 KT  . The molar entropy of substance B in both solid 

and liquid states is  
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where 0

B
70.1 0.3 J K molS     is the standard entropy of substance B at 298.15 K. The term 

B , B , Bm m
L v T  is the molar entropy of fusion of substance B. The expressions of isobaric specific 

heat of substance B in solid and liquid states are  
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,  (5.51) 

 3

, B (L)

J
112.63 2.18 10

K mol
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.  (5.52) 

By using 
B B , Bm

f G v , where 
, Bm

v  is molar volume of substance B, the temperature derivatives 

of free energy densities of substance B in solid and liquid states are 
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Again, the step function is used for transition between solid and liquid state. The temperature 

derivative of free energy density of substance B is  
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5.5.2 Effective Bond Energy Evaluation 

Bond energy is evaluated from the enthalpies that are required to separate all atoms in the 

substance. Assumptions are required for estimating the values of bond energies used in the phase 

field model. The chemical bond energy between two A particles, A-A bond energy, is assumed 
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to be the Te-Te bond energy in pure tellurium, which should be reasonable for a monoatomic 

substance. The chemical bond energy between two B particles, B-B bond energy, is assumed to 

be the average Te-O bond energy in pure tellurium dioxide. In the crystal of pure tellurium 

dioxide, each Te atom is bonded to four O atoms. If those four Te-O bonds are broken one by 

one, the required amounts of energy are different, but the average Te-O bond energy is used for 

simplicity and this average value is expected to be sufficient to show the qualitative phase 

separation characteristics. The bond energy between particle A and B, A-B bond energy, is 

assumed to be zero. The A-B bond energy is assumed to be the energy required to break the 

interaction between Te atoms in pure tellurium and TeO2 unit in pure tellurium dioxide. 

Tellurium and tellurium dioxide do not mix in both liquid and solid states [33]. This fact may 

lead to the hypothesis that the particles in tellurium and tellurium dioxide are not likely to bond 

to each other. Therefore, the A-B bond energy should be much smaller than the A-A and B-B 

bond energy and it will be neglected.  

The crystal structure of the tellurium and tellurium dioxide mixture is assumed to be identical 

everywhere within the domain regardless of the composition, and the coordination number is 

assumed to be 12, which is the same as that of the fcc structure. In order to derive the bond 

energy term that is used in the free energy density profile, a fixed crystal structure needs to be 

assumed for the entire mixture domain [35]. The coordination number is used in the bond energy 

calculation, and the crystal structure is not an input even though it is used to determine the 

coordination number. The crystal structures of tellurium and tellurium dioxide are different, but 

their coordination numbers should be within the same order of magnitude of the assumed 12. 

Thus, the assumed coordination number can lead to reasonable values of bond energies, and 

provides a result that qualitatively shows the characteristics of the phase separation.  
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As shown in Figure 5.1, three steps are required to separate all Te atoms and O atoms in 

tellurium dioxide. The required enthalpies from bottom to top are standard enthalpy of formation 

of tellurium dioxide, standard enthalpy of atomization of tellurium, and standard enthalpy of 

atomization of oxygen. For separating Te atoms in tellurium, only the enthalpy in the second step, 

standard enthalpy of atomization of tellurium, is required.  

 

 

 

The value of bond energy is always negative and equal to the total enthalpy required to 

separate all atoms divided by the total number of bonds. Again, tellurium and tellurium dioxide 

are defined as substance A and B. The A-A bond energy, which is equal to Te-Te bond energy in 

tellurium, can be calculated from  

  00 Te-Te

at Te2

N Z
H


   ,  (5.56) 

 

Figure 5.1: Enthalpies required to separate all atoms in tellurium dioxide. 
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where 
Te-Te AA
  , and 

0
2N Z  is the total number of bonds in one mole of substance. Similarly, 

the B-B bond energy, the Te-O bond energy in tellurium dioxide, can be calculated from  

      
2 2

0 0 00 Te-O

at at atTeO Te O2

N Z
H H H

        
 

,  (5.57) 

where 
Te-O BB
  . The energy to separate particle A and particle B is assumed to be negligibly 

small compared with the A-A bond and B-B bond energy, so the A-B bond energy is  

 
AB

0  .  (5.58) 

The effective bond energy is given by  

  AB AA BB

1

2
b
      .  (5.59) 

The value of effective bond energy is positive when the strength of A-B bond is weaker than the 

average of A-A bond and B-B bond. As a result, particles are more likely to bond with the same 

type of particle, and separation can occur. In contrast, if the value of effective bond energy is 

negative, particles are more likely to bond with different types of particles, and separation cannot 

occur. 

 

5.5.3 Free Energy Bounding Term 

The free energy bounding term in the free energy density profile is added for numerical purposes 

in order to have a stable numerical result. The typical free energy density profile for separation is 

double-well-like as shown in Figure 5.2. Since the system evolves to have lower free energy in 

time, if the average concentration lies between the two inflection points, the spinodal region at 

the center separates into phases with different concentrations, and the values of concentration 

stabilize at the two local minima. In the system of tellurium and tellurium dioxide, the effective 
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bond energy calculated as discussed earlier has a relatively large value. As shown in Figure 5.3, 

this results in the free energy density profile being convex downward, without local minima. 

Physically, values of concentration should stop at zero and one. However, as discussed earlier, if 

this system is solved numerically, values of concentration can become negative or exceed one. 

This numerical issue was solved in part by adding the bounding term, which creates local 

minima in the free energy density profile. As the arbitrary constant,  , approaches zero, the 

locations of the local minima approach C = 0 and 1, with only negligible effect on the original 

free energy profile. Comparing with the unbounded curve in Figure 5.3, the bounded curve is the 

free energy density profile with the bounding term added. The bounded curve almost entirely 

overlaps with the unbounded curve except near zero and one concentration (see inset).  It will be 

shown in Chapter 6 that introducing the bounding term has a negligible effect on the result 

concentration profile. Unfortunately, the rapid change in free energy density introduced by the 

bounding term is difficult to resolve numerically. As shown in Figure 5.4, transforming the 

concentration into U  provides great numerical advantage in resolving the bounding term since 

the behavior is much more gradual.  
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Figure 5.2: Free energy density profile for typical situation.  

 

Figure 5.3: Free energy density profile of tellurium and tellurium dioxide system with respect to 

concentration. – The „bounded‟ and „unbounded‟ curves represent the presence and absence of the free 

energy bounding term in the free energy density profile respectively at 730 K. For the bounded curve, 

. 
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5.5.4 Diffusion Coefficient 

The diffusion coefficients used for pure substances in both the solid and liquid states are 

provided. For solid substance A, the self-diffusion coefficient of pure tellurium is used [39], 

which is  

  
2

A, S

1.75 eV cm
130exp  

s
B

D T
k T

 
  

 
.  (5.60) 

To the best of the author‟s knowledge, the self-diffusion coefficient of tellurium dioxide has not 

been reported. For solid substance B, the activation energy for diffusion is assumed to be 

proportional to the latent heat. The activation energy for substance A is 1.75 eV. The latent heats 

of fusion for substances A and B are 17.5 kJ/mol and 29.08 kJ/mol respectively. The estimated 

activation energy for substance B is about 3 eV. The maximum diffusion coefficient of substance 

B is assumed to be 100 cm
2
/s, which is the same order of magnitude as for substance A. The 

diffusion coefficient of solid substance B is therefore 

 

Figure 5.4: Free energy density profile of tellurium and tellurium dioxide system with respect to U. 



80 

 

  
2

B, S

3 eV cm
100exp  

s
B

D T
k T

 
  

 
.  (5.61) 

It will be seen that the exact values of the solid diffusion coefficients are not important, because 

they are effectively zero. The values of liquid diffusion coefficients of substances A and B are 

assumed to be a typical value for liquid, which is  
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The solution is sensitive to this value, as will be shown later in the parametric study. 

 

5.5.5 Initial Condition for Phase Field Model 

The initial condition for concentration is homogeneous mixing with a small perturbation, as 

shown in Figure 5.5. The average concentration of the initial condition is set to be 0.8044, 

corresponding to 0.8 mass fraction of tellurium dioxide, with the perturbation range of ±0.005. In 

this figure, the color range on the left side is from 0 to 1, which only reveals that the average 

value is 0.8044. On the right side, the color range is adjusted to capture the perturbation profile. 

The perturbation has random magnitude within the range. The average wavelength of the 

perturbation is 1 nm in both x- and y-directions.  An investigation of the wavelength and 

magnitude of the perturbation will be reported in Chapter 6 and 7. 
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5.5.6 Inputs Summary 

All of the inputs for the numerical model are now provided and summarized. Some of the inputs 

are calculated based on the mass fraction of tellurium, which is equal to 0.2. All inputs are 

provided in Table 5.1, separated into three categories:  general properties, phase field model, and 

heat transfer model. The general properties category includes inputs that are used in both the 

phase field and heat transfer models. The other two categories include inputs that are solely used 

in the corresponding model.  

 

 

Figure 5.5: Initial condition of phase field model with different color ranges. 
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Table 5.1: Inputs for numerical model. 

 Name of inputs Unit Symbol 
Substance A Substance B 

solid liquid solid Liquid 

G
en

er
a

l 
P

ro
p

er
ti

es
 

Latent heat  ,  855.8 1106 

Melting temperature   ,  722.7 1006 

Isothermal case 

temperature 
  865 

Coordination number …  12 

Crystal plane distance   0.5 

Effective bond energy   0.8350 

Molar volume  
 24.90 

,  20.45 26.29 

P
h

a
se

 F
ie

ld
 M

o
d

el
 

Diffusion Coefficient  
, , 

 

Eqn. 

(5.60) 

 

1  10
-5 

Eqn. 

(5.61) 

 

1  10
-5 

Molar free energy  ,  Eqn. 

(5.41) 

Eqn. 

(5.42) 
… … 

Standard entropy 

 

 … 70.1 

Molar specific heat 

 

,  … … 
Eqn. 

(5.51) 

Eqn. 

(5.52) 

Bounding term 

constant 
…  0.02 

Average concentration …  0.8044 

Initial concentration 

perturbation 

wavelength 
  1 

Initial concentration 

perturbation range 
…  ±0.005 

H
ea

t 
T

ra
n

sf
er

 M
o

d
el

 

Density   6103 

Specific heat   360.5 

Thermal conductivity   1.12 

Total energy of laser 

pulse resistive heating 
  0.7372 

FWHM laser pulse 

duration 
  12 

Laser pulse FWHM 

radius 
  10 
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6 Results of Phase Field Model and Heat 

Transfer Model 

 

The results presented here are categorized in two cases, the isothermal and laser pulse cases. 

 

6.1 Isothermal Case 

The isothermal case result is calculated from the phase field model with constant temperature 

where the heat transfer model is not involved in the calculation. The value of temperature is set 

to be in the middle of the melting points of substances A and B, which is 865 K. Phase 

separation starts from the homogeneous concentration profile with small perturbation. When 

concentration locally reaches 0 or 1, which corresponds to pure substance A or B respectively, 

the pure substance regions start to grow larger. As the pure substance regions become larger, the 

transition regions between pure substance A and B become smaller, and eventually change to 

sharp interfaces.  

For long enough time, a steady-state concentration profile can be obtained under isothermal 

conditions. The isothermal steady-state concentration profile is shown in Figure 6.1. Small blue 

circular regions of pure substance A (tellurium) are observed. Those circular regions are 

surrounded by pure substance B (tellurium dioxide) in red color.  
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Because the bonding between the same types of particles are stronger than the bonding 

between different particles, when the phase separation starts, heat is released along with the 

formation of pure substance regions. The average bond energy heat source is  

 B, avg B

1
Q Q d



 
 

 ,  (6.1) 

where   is the domain. The time dependent average bond energy heat source is shown in Figure 

6.2. The value of average bond energy heat source implies the speed of phase separation. In this 

average bond energy heat source profile, a peak is observed. The peak corresponds to the 

moment that the phase separation is fastest. The time for this peak value is defined as the 

characteristic transition time, transt , which is about 63 ps for this case. The concentration profile 

at this characteristic transition time is shown in Figure 6.3. In this figure, phase separation is 

 

Figure 6.1: Concentration profile at steady-state under isothermal conditions at 865 K. 
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obvious. A well-defined peak in the time dependent average bond energy source is observed 

even when the model input parameters are changed, and the phase separation is obvious as well 

at the corresponding characteristic time. Those model input parameters include temperature, 

value of effective bond energy, average concentration, etc. The effect of varying those 

parameters is provided in the latter parametric study. Since the well-defined peaks in average 

bond energy heat source are observed for different cases of isothermal phase separation, and 

phase separations are obvious at the moment of those peaks, the characteristic transition time is 

used to represent the time required for phase separation under isothermal conditions.  

 

 

 

 

Figure 6.2: Time dependent average bond energy heat source under isothermal condition. - Time 

corresponding to the peak value is defined as characteristic transition time. 
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The time evolution of substance A region size is provided in Figure 6.4. The size of one 

substance A region is defined as the square root of the product of width and length of the 

concentration contour at C = 0.5. This figure of substance A region size is generated by 

monitoring the growth of one specific contour at the location where 0.5 concentration is reached 

at the earliest time. According to this figure, there is some waiting time for the substance A 

region to appear (point b in Figure 6.4); this is the time required for the concentration to reach 

0.5 from the average value of 0.8044. After the waiting time, the substance A region grows 

rapidly and then the growth slows down (point c). The characteristic transition time is within the 

rapid growth interval. Right after the rapid growth interval, those substance A regions mainly 

contain substance A with some small amount of B, and the substance B regions also contain 

 

Figure 6.3: Concentration profile at characteristic transition time under isothermal conditions at 

865 K. 
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some amount of substance A. After the rapid growth interval, substance B diffuses out from the 

substance A regions to the surrounding substance B regions and substance A also diffuses into 

the substance A regions from the substance B regions. Therefore, as time goes on, those regions 

only contain pure substances except for the narrow interface regions nearby the 0.5 concentration 

contour as shown in Figure 6.1.  
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Phase separation is still maintained after cooling to the solid state. Figure 6.5 shows the 

concentration profile at room temperature when cooling from the steady-state concentration 

profile at 865 K. A negative heat source is used in the heat transfer model to lower the 

 

 

Figure 6.4: Substance A region size vs. time under isotherm conditions at 865 K. – Contour 

concentration is C = 0.5. 

(a) 
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temperature. The reduction of temperature only has a minor effect on the free energy density 

profile because the steady-state profile at 865 K has the concentration profile corresponding to 

the lowest total free energy at that temperature. When temperature is lowered to below the 

melting point of substance A, 722.7 K, the entire domain is solid, and the small solid diffusion 

coefficient essentially stops diffusion and the concentration profile is fixed in the solid state. As a 

result, this phase separation process is irreversible.  

 

 

 

To ensure the validity of the solution methodology, a comparison has been performed 

between the solution of the governing equation in terms of concentration without the bounding 

term (“C solution”) and the solution of the governing equations in terms of the transformed 

 

Figure 6.5: Stable concentration profile at room temperature when cooling for the isothermal case 

at 865 K. 
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parameter U, with the bounding term (“U solution”). The comparison is performed at the last 

time step for which the C solution remains bounded by 0 and 1. Comparing the upper and lower 

plots in Figure 6.6 for the U and C solutions respectively, the concentration profiles have 

essentially the same distribution of substance A and B regions with slightly different 

concentration magnitudes. Those slight differences in magnitude are caused by introducing the 

free energy bounding term. In fact, when the free energy bounding term is removed, the resulting 

concentration profiles by solving for concentration and U are exactly the same, so the 

transformation from concentration to U provides a numerical advantage and does not affect the 

result.  
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Figure 6.6: Comparison between solving for parameter U and solving for concentration C. – (a) is 

the concentration profile by solving for U with the bounding term. (b) is the result from solving for C 

directly without the bounding term. Both plots are obtained under isothermal conditions at 865 K and t = 

55.5 ps. 

(a) 

(b) 
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The free energy bounding term only has a negligible effect on the numerical result. The 

addition of the bounding term is used to force the free energy density profile to go to positive 

infinity at C = 0 and 1, and has a slight effect at concentrations very close to 0 and 1. Otherwise, 

the bounding term only has negligible effect on all other locations. Figure 6.7 shows the steady-

state concentration profile with the value of bounding term constant doubled ( 0.04  ). The 

concentration profile shown in this figure is very close to that of Figure 6.1 which is duplicated 

in Figure 6.7(a), so the bounding term only has negligible effect on the results as long as the 

bounding term constant is sufficiently small.  
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Figure 6.7: Concentration profile at steady-state under isothermal conditions at 865 K. – (a) α = 

0.02, (b) α = 0.04. 

(a) 

(b) 
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6.1.1 Isothermal Case Phase Separation Characteristic 

Bond energy has a significant effect on the speed of phase separation. Under isothermal 

conditions, 0T  , Equations (5.6), (5.8), and (5.10) can be substituted into Equation (5.3) to 

yield 
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 .  (6.2) 

In the above equation,   is removed by using Equation (5.7). On the right-hand side of the 

above equation, each term contributes to the concentration rate of change. The first term is 

related to entropy, the second and third terms are related to bond energy enthalpy for 

homogenous and inhomogeneous mixing, and the fourth term comes from the bounding terms in 

the free energy density profile.  

In order to compare the contributions of each term in the right-hand side of the above 

equation at the beginning of phase separation, the initial concentration profile is set to be 

 0 initial initial avgsinC C x C      , where x  is the spatial coordinate. Again, avgC  is the average 

concentration, and initialC  and initial  are initial concentration perturbation range and wavelength 

respectively. The second derivative, 
 2

0C , has the order of magnitude of  

 
2 16 2

initial initial 4.93 10 1 mC      . The fourth derivative, 
 4

0C , has the order of magnitude 

of  
4 35 4

initial initial 4.87 10 1 mC     . In the right-hand side of Equation (6.2), the first to 
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fourth terms have the order of magnitudes of    2 6

m 2 0 9.6 10 1RT v M C s   , 

   2 9

0 b m 2 02 2.6 10 1N v ZM C s   ,    42 8

0 b m 2 02 5.4 10 1N v a M C s    , 

   2 6

0 b m 2 0 2.2 10 1N v M C s      respectively. Thus, the second and third terms, which 

correspond to homogeneous and inhomogeneous mixing bond energy terms, are dominant at the 

beginning of phase separation. 

Since two bond energy terms are dominant in Equation (6.2), the first entropy term and the 

fourth bounding term are removed for purposes of discussion, and the equation becomes 

     2 202
1bN DC

C C Z C a C
t RT


        
 

 .  (6.3) 

Thus the speed of phase separation strongly depends on the bond energy. In fact, from Equation 

(6.3), it is apparent that the time scale for transition should be inversely proportional to bond 

energy as long as the bond energy terms dominate. This hypothesis is tested in Figure 6.8. In this 

figure, the upper plot is generated by using the base case effective bond energy value, and is 

captured at 50 ps. The effective bond energy value used in the lower plot is just half of the base 

case value, and is captured at 104.2 ps. The capture time for the lower plot is chosen to make the 

difference between maximum and minimum of concentration profile identical to the upper plot. 

The concentration profiles are very similar to each other, confirming that the time scale for phase 

separation is inversely proportional to the bond energy. The effective bond energy provides a 

strong thermodynamic driving force that causes fast phase separation. 
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Equation (6.3) can also be examined to determine which parameters affect the steady state 

solution. It is apparent from Equation (6.3) that bond energy has an insignificant effect on the 

 

 

Figure 6.8: Comparison between the concentration profiles for different effective bond energy 

values and diffusion time. – (a) corresponds to the base case value of effective bond energy at 50 ps. 

(b) corresponds to half of the effective bond energy value from base case at 104.2 ps. 

(a) 

(b) 
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steady state concentration profile as long as the bond energy terms dominate. However, the 

values of coordination number and crystal plane distance, Z  and a , can change the steady state 

concentration profile. Figure 6.9 shows the concentration profiles for long enough time, which is 

close to steady state, for crystal plane distance, a, equal to 0.7 nm and 0.4 nm. Additionally, 

Figure 6.10 shows the concentration profiles for coordination number, Z, equal to 4 and 12. From 

these two figures, with all other parameters remaining the same, larger crystal plane distance or 

smaller coordination number leads to larger size of substance A clusters in the steady state 

concentration profile. Since both crystal plane distance and coordination number are included in 

the homogeneous and inhomogeneous mixing bond energy terms respectively, the relative 

magnitude of these two terms determines the size of substance A clusters. On the other hand, the 

size of substance A clusters in steady state is independent of the initial condition. For two initial 

concentration perturbation wavelengths, which are 2 nm and 1 nm, as shown in Figure 6.11, the 

overall size of clusters in the long time concentration profiles appear to be the same.  
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Figure 6.9: Comparison between the concentration profiles for different crystal plane distances. – 

(a) Crystal plane distance = 0.7 nm. (b) = 0.4 nm. 

(a) 

(b) 
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Figure 6.10: Comparison between the concentration profiles for different coordination numbers. – 

(a) Coordination number = 4. (b) = 12. 

(a) 

(b) 
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Figure 6.11: Comparison between the concentration profiles for different initial conditions. – (a), 

(c) initial concentration profiles with 2 nm and 1 nm concentration perturbation wavelengths 

respectively. (b), (d) concentration profiles with 2 nm and 1 nm perturbation wavelengths, respectively, 

after long time. 

(a) (b) 

(c) (d) 
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6.2 Laser Pulse Case 

The laser pulse case is intended to represent a two-dimensional version of the plasmonic 

lithography process and explain the mechanism for the observed difference in etching rate 

between the so-called separated and non-separated regions.  

The laser pulse case result is calculated by coupling the phase field model and heat transfer 

model. The initial concentration profile is the same as the one in the isothermal case, which is 

homogeneous mixing with small perturbation. As previously mentioned, the resistive heating 

from laser pulse, latent heat source and bond energy heat source are summed together and 

become the total heat source in the heat transfer model. The profile of resistive heating is a direct 

input, but the latent heat source and bond energy heat source are outputs from the phase field 

model that are used as inputs in the heat transfer model.  

The resulting stable concentration profile for the laser pulse case is shown in Figure 6.12. As 

shown in this figure, only a quarter domain is used in the numerical model to save computational 

resources. The origin in this figure corresponds to the center of the laser pulse. From this figure, 

it can be seen that phase separation occurs in a region of about 7 nm radius, caused by the laser 

pulse which has a FWHM radius of 10 nm. This phase separation region is called the separated 

region. The transition between the separated and non-separated region is quite sharp and well 

defined. The separated region corresponds to the formation of tellurium grains surrounded by 

tellurium dioxide. The non-separated region corresponds to a homogeneous mixture of tellurium 

and tellurium dioxide. Since tellurium dioxide can be dissolved in an alkaline solution, but 

tellurium cannot, during the pattern development process, tellurium dioxide in the separated 

region can be dissolved in the alkaline solution and the tellurium grains detach from the material 

as well. The purity of tellurium dioxide in the non-separated region is lower than the surrounding 
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tellurium dioxide in the separated region, so the separated region would have significantly higher 

etching speed. The sharp transition between the separated and non-separated region appears to 

explain the high contrast lithography patterns that have been achieved experimentally [22].  

 

 

 

The temperature history along the radius (x-axis in Figure 6.12) for the laser pulse case is 

shown in Figure 6.13. In this figure, temperature profiles at 61 to 102 ps after the peak of laser 

pulse are overlapped together. In general, temperature continues to increase after the peak of the 

laser pulse because of the additional heat source due to bond energy. For the region near the 

center, temperature increases to a maximum value as the bond energy heat source reaches its 

maximum, and then decreases by heat diffusion, as indicated by the red up and down arrow. Heat 

diffusing from the center causes the surrounding to increase in temperature even as the center 

 

Figure 6.12: Phase separation feature caused by laser pulse heating. – Curve at upper right is the 

internal boundary to separate domains that have different grid sizes and has no physical significance.  



103 

 

temperature starts to decrease, resulting in a monotonic temperature increase around 6 to 7 nm 

away from the center, as indicated by the red upward pointing arrow. Of course, eventually the 

temperature would decrease here too. 

 

 

 

6.2.1 1D Laser Pulse Model 

Since phase separation feature radius is the most important result in the laser pulse case, the 

problem can be simplified and solved by a one-dimensional (1D) model. This is needed in order 

to shorten run times in order to carry out a parametric study. In this 1D laser pulse model, the 

original x and y coordinates are replaced by the radius, r, with no angular (azimuthal) 

dependence. The heat transfer model is decoupled from the phase field model to solve for the 

 

Figure 6.13: Temperature profiles within 61 to 102 ps after the peak of laser pulse. – Red arrows 

indicate the time dependence of the temperature curves. 
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temperature, but the time dependent average bond energy heat source is a required input. The 

governing equation for temperature remains the same, which is  

  th 1Dp

T
C k T Q

t



  


.  (6.4) 

The heat source term, 1DQ , is also the sum of the resistive heating from laser pulse, latent heat 

source, and bond energy source. The resistive heating profile remains the same as Equation (5.36) 

except for expressing it in terms of the r-coordinate, namely  

 
 

22
0total

rh, 1D 2 2

2 0

0

exp 2 exp
2

2

t

t

t tQ r
Q

w
w


 

  
    

    

.  (6.5) 

The latent heat source profile for this 1D model is modified from Equation (5.29), which is  

 

   

 

L, 1D m, A A avg

m, B B avg

1Q T T L C

T
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t

   



   

δ

δ
.  (6.6) 

Here avgC  is, in principle, the azimuthally-averaged concentration. However, averaging over a 

circle results in averaging out the perturbations due to phase separation, thereby essentially 

recovering the original homogeneous concentration. Therefore, a constant average concentration 

is used in this equation, equal to the initial homogeneous concentration, and the term with C t   

has been removed since the average concentration is independent of time. For evaluating the 

bond energy heat source in this 1D model, the new variable called cumulative transition time is 

defined as  

  m, A

0

 

t

T T dt    .  (6.7) 
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In the above equation,   is the cumulative transition time, which is the value of how long the 

temperature has exceeded the melting temperature of substance A. The cumulative transition 

time can only be positive and cannot be decreased with time. For phase separation to occur, the 

temperature must exceed the melting temperature, therefore the duration of melting can be 

treated as the duration or cumulative time for phase separation. The bond energy heat source is 

obtained from the time dependent average bond energy heat source under isothermal conditions, 

such as the one shown in Figure 6.2, with the independent variable time replaced by the 

cumulative transition time. Thus, the bond energy heat source in this 1D model is  

    B, 1D B, avg m,AQ Q T T   .  (6.8) 

The total heat source in the 1D model is then 

 1D rh, 1D L, 1D B, 1DQ Q Q Q   .  (6.9) 

Equation (6.7) can be written as  

  m, AT T
t


  


.  (6.10) 

The governing equations for the 1D model are Equations (6.4) and (6.10), the initial temperature 

is the room temperature, and the initial value of   is 0.  

The resulting temperature history for the 1D model is shown in Figure 6.14. Comparing this 

figure with Figure 6.13, similar temperature profile time dependence is observed. Therefore, this 

1D laser pulse model should provide a good approximation to the original laser pulse model.  
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In the 1D laser pulse model, the size of the separated region can be obtained from the 

cumulative transition time. By solving this 1D model, temperature and cumulative transition time 

are the direct result. As time goes on, temperature decreases to below the melting point of 

substance A, and the cumulative transition time does not increase and remains the same. This 

stationary profile of cumulative transition time can determine whether phase separation occurs 

by using the criterion that the cumulative transition time must reach the characteristic transition 

time. This is illustrated in Figure 6.15, where the stationary cumulative transition time is plotted 

as a function of radius. Since the characteristic transition time is 63 ps, the predicted radius of the 

material transformed region is 6.7 nm, in close agreement with the observed material 

transformed region in Figure 6.12. Thus, the 1D model can be used with this cutoff criterion to 

predict the radius of the separated region. 

 

Figure 6.14: Temperature profiles within 61 to 102 ps after the peak of laser pulse obtained from 

1D laser pulse model. 
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One concern with the 1D model is that the bond energy heat source is calculated based on 

isothermal conditions, whereas the temperature in the 1D model is changing. To investigate the 

impact of this approximation, the 1D model has been run with different pre-selected isothermal 

temperatures for generating the bond energy heat source. The resulting values of separated 

region radius are compared in Figure 6.16. In this figure, three values of pre-selected temperature 

between the melting points of substances A and B are chosen. The resulting values of separated 

region radius are reasonably close together and around 7 nm. Therefore, the separated region 

radius is not strongly dependent on the pre-selected temperature for the isothermal average bond 

energy heat source. The pre-selected temperature is chosen to be 865 K, which is the average 

between the melting points of substances A and B. The resulting separated region radius for this 

pre-selected temperature is 6.7 nm, which agrees well with the separated region in Figure 6.12. 

 

Figure 6.15: Cumulative transition time and separated region cutoff. 
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In the later parametric study of the laser pulse case, this 1D laser pulse model is used for its 

shorter computational time and well-defined separated region size.  

 

 

  

 

Figure 6.16: Separated region radius from the 1D laser pulse model is obtained by using average 

bond energy heat source profiles with different pre-selected temperatures. 
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7 Parametric Study of Phase Field Model and 

Heat Transfer Model 

 

A parametric study has been performed for both the isothermal and laser pulse cases.  

 

7.1 Isothermal Case 

For the isothermal case parametric study, the ranges of parameters are shown in Table 7.1. Since 

the heat transfer model is not involved in the isothermal case, the parameters in this table are all 

inputs for the phase field model.  

 

 

 

Table 7.1: Parameter ranges for isothermal parametric study. 
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As discussed previously, the characteristics of the bond energy heat source profile (see 

Figure 6.2) are closely related to the phase separation process. Therefore, the characteristic 

transition time and maximum value of the bond energy heat source are shown in Figure 7.1 and 

Figure 7.2, respectively, as functions of several parameters. Each parameter is varied one by one 

while keeping the others unchanged from the base case value. From top to bottom, the 

parameters shown in the legend are the reciprocal of temperature change from the initial room 

temperature ( i 298.15 KT  ), the reciprocal of average concentration, the initial concentration 

perturbation range, the effective bond energy, and the liquid diffusion coefficient. In these two 

figures, the horizontal axis shows the ratio of a parameter to its base case value, so the base case 

itself is located at 1 on the horizontal axis. Some parameters are plotted using reciprocal values 

in order to make the curves have the same direction of slope for easy comparison.  

 

 

 

Figure 7.1: Isothermal characteristic transition time as a function of different parameter values 

(relative to base case). 
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From Figure 7.1 for characteristic transition time, dependency is observed for all of those 

parameters. The average concentration has the most significant effect. Since average 

concentration is plotted using the reciprocal value, the large negative slope means that a small 

decrease in average concentration leads to a large decrease in characteristic transition time. In 

contrast, the initial concentration perturbation range has the smallest effect on the characteristic 

transition time.  

From Figure 7.2 (which uses a semi-log scale), the average concentration also has the 

strongest effect on the bond energy heat source, and the initial concentration perturbation range 

has the weakest effect. The significant effect of average concentration may relate to the speed of 

diffusion and the amount of bond energy stored inside the material. The base case temperature 

 

Figure 7.2: Maximum average bond energy heat source in isothermal case as a function of different 

parameter values (relative to base case). 
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for the isothermal case is the middle point of the melting temperatures of substances A and B, so 

only substance A is melted and substance B remains solid. If the average concentration is smaller, 

more melted substance A enhances diffusion, which provides faster phase separation. This 

enhancement in diffusion should have quadratic relation to concentration based on the  1C C  

factor in Equation (6.3). On the other hand, physically, smaller average concentration allows 

more A-B bonds inside the material before phase separation. During phase separation, low 

energy A-B bonds are broken and high energy A-A and B-B bonds are formed. Thus, smaller 

average concentration can store more bond energy inside the material, and the amount of stored 

bond energy also has quadratic relation to concentration according to the  1C C  term in 

Equation (5.32). Since more bond energy can release in shorter time for smaller average 

concentration, as shown in Figure 7.3(a), larger peak of bond energy heat source and smaller 

peak time, which is defined as characteristic transition time are observed. The accumulation of 

bond energy can be calculated by integrating bond energy heat source with time. As shown in 

Figure 7.3(b), smaller average concentration can store larger amount of bond energy and release 

them during phase separation. Therefore, effects of quicker diffusion and more stored bond 

energy combine together to make the average concentration have a large effect on the 

characteristic transition time and maximum average bond energy heat source.  
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The value of effective bond energy also affects the phase separation speed as mentioned in 

the isothermal case phase separation characteristic section. It is also proportional to the amount 

 

 

Figure 7.3: (a) Bond energy heat source and (b) accumulated bond energy along with time for 

different average concentration. 

(a) 

(b) 
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of stored bond energy as shown in Equation (5.32). However, comparing with the quadratic 

effect of average concentration on diffusion and stored bond energy, the linear effect of the 

effective bond energy is less significant. As a result, the effective bond energy has less effect on 

both characteristic transition time and maximum average bond energy heat source.  

For the other parameters, temperature has some effect on the free energy density profile, and 

liquid diffusion coefficient affects the speed of diffusion. Both of them are also important in the 

characteristic transition time and the maximum average bond energy heat source as well. For the 

initial concentration perturbation range, it does not contribute to the diffusion speed and the 

amount of stored bond energy, so it is expected to have smallest importance.  

 

7.2 Laser Pulse Case 

A parametric study has also been performed for the laser pulse case. From the perspective of the 

application to plasmonic lithography, the most important result is the radius of the separated 

region. In addition to the parameters varied in the isothermal case, new parameters are included 

here that relate to the heat transfer model and the input laser pulse (see the horizontal axis in 

Figure 7.4). Each of these variables (represented by  ) was varied by a small amount from the 

base case, and the change in the phase separation feature radius, fr , was determined. The 

parameters on the horizontal axis in Figure 7.4 include inputs of the phase field model and heat 

transfer model, and the parameters for laser pulse resistive heating profile. From left to right, the 

inputs of the phase field model are the reciprocal of average concentration, the initial 

concentration perturbation range, the effective bond energy, and the liquid diffusion coefficient. 

The inputs of the heat transfer model are the reciprocal of volumetric heat capacity ( pC ) and 
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the reciprocal of thermal conductivity. The parameters for the resistive heating profile are the 

total energy of the laser pulse resistive heating, the reciprocal of the laser pulse FWHM radius, 

and the reciprocal of the FWHM laser pulse duration. 

 

 

 

Base case values are used to make the phase separation feature radius and independent 

parameters become non-dimensional, that is, f f, baser r  and base   respectively. The vertical axis 

in this figure is the derivative of non-dimensional phase separation feature radius with respect to 

the non-dimensional parameter. For example, for the reciprocal average concentration, a 1% 

change in the value of avg1 C  from the base case results in about a 30% change from the base 

case for the value of phase separation feature radius. The rates of change were calculated for 

 

Figure 7.4: Feature radius rate of change with respect to different parameters at base case.  
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small deviations from the base case value, and it should not be assumed that the same results will 

hold for larger deviations.  

The average concentration has the most significant effect on the phase separation feature 

radius. From the isothermal case parametric study, lowering the average concentration gives 

much shorter characteristic transition time and much larger maximum average bond energy heat 

source. Those effects make the phase separation feature radius very sensitive to the average 

concentration. During the lithography process, the laser pulse heats up the material. If no latent 

heat source and bond energy heat source are considered, the center of the heated spot maintains a 

temperature above the melting point for about 46 ps. For the base case, when latent heat source 

and bond energy heat source are considered, the center of the heated spot maintains a 

temperature above the melting point for about 162 ps. If latent heat source is considered with no 

bond energy heat source, the center of the heated spot maintains melting for about 68 ps. 

Therefore, bond energy heat source is more significant when compared with latent heat source. 

The small characteristic transition time means the heat from the stored bond energy can release 

more quickly before the heated spot cools down to below the melting point. The large maximum 

average bond energy heat source increases the melting time to allow more bond energy heat 

source to be released from phase separation, and also provides sufficient amount of heat to melt 

the surrounding region in addition to the heat from the laser pulse. As a result, the average 

concentration becomes the most sensitive parameter for the phase separation feature radius. In 

contrast, initial concentration perturbation range is the least sensitive parameter for the phase 

separation feature radius because of its smallest importance in characteristic transition time and 

maximum average bond energy heat source according to Figures 7.1 and 7.2 from the isothermal 

case parametric study.  
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The phase separation feature radius is also sensitive to the parameters for the heat transfer 

model. The volumetric heat capacity is responsible for how fast and how large of a heated region 

can reach the melting point during the laser pulse heating, which relates to the time for phase 

separation to occur and the size of the separated region. The thermal conductivity relates to how 

long the temperature can remain above the melting point before diffusion causes a temperature 

decrease due to heat transfer in the radial direction. Therefore, the phase separation feature size 

is sensitive to the parameters of the heat transfer model.  

For those parameters that define the laser pulse heating profile, pulse radius and duration 

have negative effects on the phase separation feature size at the base case. For the same total 

energy, small pulse radius and duration relative to the base case give more intense volumetric 

heating to reach a larger maximum temperature and provide longer time for phase separation to 

happen, so the phase separation feature radius is larger than the base case. However, if pulse 

radius and duration get smaller and smaller from the base case, time for phase separation 

saturates and cannot be increased significantly, so the phase separation feature radius should 

become independent of the pulse radius and duration.  

In practice, smaller phase separation feature radius, which corresponds to higher lithography 

resolution, can be achieved by increasing the average concentration from the base case, or 

decreasing the laser pulse total energy. 
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8 Conclusions and Future Work 

 

Plasmonic lithography is a potential nano-fabrication technique to replace the conventional 

photo-lithography technique. Photo-lithography requires a set of photo-masks, which are time 

consuming and expensive to make, so the design flexibility is limited. In addition, the resolution 

of photo-lithography is restricted by the diffraction limit, which is the focusing limit of a 

conventional optical system. In contrast, plasmonic lithography directly fabricates patterns using 

a parallel process instead of using a photo-mask. Moreover, plasmonic lithography uses a nano-

scale structure, called a plasmonic lens, to focus laser energy to make patterns with resolution 

much higher than the diffraction limit. Tellurium oxide material has been used as the patterning 

layer in plasmonic lithography [1,22]. When laser energy is focused by the plasmonic lens and 

converts to heat in the TeOx material, phase separation occurs in the material within the heated 

spot. Lithography patterns are made based on the higher etching speed of the phase separation 

region. In this dissertation, an investigation has been conducted to estimate the lithography 

resolution and optimize the process. An experiment has been performed to measure the thermal 

conductivity of TeOx material. Electromagnetic wave and heat transfer models have been 

coupled to simulate the transport mechanism of laser energy. A phase field model has been 

developed to investigate the characteristics of phase separation in the TeOx material. A heat 

transfer model is also coupled with the phase field model to simulate how the laser pulse energy 

causes phase separation. Parametric studies have been performed to understand the importance 

of different parameters and provide guidance to optimize the lithography process. 
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8.1 Thermal Conductivity Measurement of TeOx Thin 

Film 

The differential 3-omega method was used to measure the thermal conductivity of the TeOx 

material. A metallic pattern, which contains a narrow wire and electrodes, was fabricated on the 

sample by photo-lithography. Since the electrical resistance of the metallic narrow wire is a 

function of temperature, the narrow wire is used as a heater and thermometer by providing 

current and measuring electrical signal from the electrodes. When thin films are deposited on the 

substrate, they act as thermal resistive layers between the narrow wire and substrate, and the total 

thermal resistance can be obtained from the electrical signal of the narrow wire. As a result, total 

thermal resistances for different TeOx material thicknesses were obtained and used to calculate 

the contact thermal resistance and thermal conductivity of the TeOx material. The measurement 

result was used as input to the numerical models. 

 

8.2 Coupling of Electromagnetic Wave Model and Heat 

Transfer Model 

Electromagnetic wave and heat transfer models were coupled to simulate the laser energy 

transport mechanism in the plasmonic lithography process. In order to model the process, the 

phasor form of Maxwell‟s equation was used as the governing equation in the electromagnetic 

wave model. The plasmonic lens and TeOx material were included in the numerical model 

domain. The electric field of the laser pulse was generated at one numerical model boundary. 
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Resistive heating was calculated from the solved electric field, and used as a heat source in the 

heat transfer model to solve for the temperature profile to obtain the size of the phase separation 

region, or “feature.” The results of the electromagnetic wave model showed that a highly focused 

electric field is created in the TeOx material beneath the center of the plasmonic lens, which 

corresponds to highly concentrated heating in the TeOx material and high resolution phase 

separation feature. Results from the numerical model confirmed the strong electromagnetic 

energy focusing capability of the plasmonic lens with resolution in tens of nanometers as 

expected from the experimental result. 

A parametric study was performed on the coupled electromagnetic wave and heat transfer 

model for investigating the phase separation region radius and depth. The parametric study 

included lithography process operating parameters and material properties. Parametric study 

results suggested that the thickness of the TeOx material layer should be reduced for higher 

lithography resolution. Another option for higher resolution is to replace the TeOx material with 

a material which has smaller real part of the refractive index. Thus, the numerical model 

provides trends that suggest ways to optimize the plasmonic lithography process. 

 

8.3 Coupling of Phase Field Model and Heat Transfer 

Model 

When the TeOx material, which is a mixture of tellurium and tellurium dioxide, is heated up, 

phase separation occurs, and tellurium clusters are formed in the tellurium dioxide matrix. 

Tellurium dioxide can be dissolved in an alkaline solution, so phase separation increases the 

etching speed. The difference in etching speed allows pattern formation. In the plasmonic 
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lithography process, laser pulse with about 10 ps duration is used to make features on the TeOx 

patterning layer. The diffusion speed predicted from the classical theory is too small for the 

features to form in the time scale of the laser pulse duration. In order to investigate the speed and 

characteristics of phase separation in the TeOx material, a phase field model was developed. 

Comparing with classical diffusion theory, the phase field model is a more general approach to 

solve the diffusion problem, which accounts for bond energy and inhomogeneous (non-uniform) 

mixing in addition to the classical theory.  

The phase field model was solved for the system with two substances, tellurium and 

tellurium dioxide. The free energy profile of the mixture was constructed based on the bond 

energy and the concentration gradient effect from the inhomogeneous mixing. Governing 

equations in the phase field model were used to calculate the time-dependent concentration 

change, which is the combined effect of thermodynamic driving force from the free energy and 

mobility for diffusion. When the governing equation was solved numerically, concentration was 

observed to go beyond the zero-to-one range, which is physically impossible. This numerical 

issue was solved by transforming the concentration into another parameter and adding a free 

energy bounding term. The phase field model was coupled with a heat transfer model to simulate 

the phase separation feature formation based on the laser pulse heating. Latent heat and bond 

energy heat release are included in the heat transfer model. The initial condition of the 

concentration profile was set to be uniform with small perturbation, which corresponds to 

uniform mixture in reality.  

Results from the phase field model were categorized into isothermal and laser pulse cases. 

Isothermal case results were obtained by solving the phase field model under constant 

temperature conditions. The isothermal case results were used to reveal the characteristics of the 
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phase field model. Between the melting temperatures of tellurium and tellurium dioxide, obvious 

phase separation was observed in less than 70 ps, which is much faster than the diffusion speed 

obtained from the classical theory. In addition to the sufficient mobility (large enough diffusion 

coefficient) based on the melting of tellurium, the fast phase separation process is caused by the 

strong thermodynamic driving force related to the bond energy, which is not included in the 

classical theory. The thermodynamic driving force is the competition between mixing entropy 

maximization and enthalpy minimization. The contribution of bond energy enthalpy in the 

driving force is dominant when compared with the mixing entropy. Therefore, the phase 

separation speed is almost proportional to the value of bond energy. Since the classical theory 

does not include the contribution of bond energy enthalpy, it fails to explain the fast phase 

separation process in TeOx material. The bond energy enthalpy not only provides the strong 

thermodynamic driving force for fast phase separation process, but it also converts to heat during 

the process. On the other hand, the phase separated concentration profile is unchanged when 

temperature decreases from high temperature to room temperature, so phase separation in the 

TeOx material is an irreversible process. The previously mentioned bond energy enthalpy 

includes homogeneous and inhomogeneous mixing terms, and the relative values of these two 

terms determines the sizes of tellurium clusters after phase separation. Laser pulse case results 

were obtained from solving the phase field model with heat transfer model coupling by applying 

the heat source from laser pulse at the center of the domain to simulate the plasmonic lithography 

process. A phase separation region appears at the center with clear interface between it and the 

outer non-separated region. Therefore, the phase field model is able to capture the phase 

separation characteristic of the TeOx material, and successfully explains the fast phase separation 

process, which is not explained by the classical theory. 
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A parametric study was performed for both isothermal and laser pulse cases by individually 

varying parameters. For the isothermal case parametric study, only phase field model inputs were 

included, and the time required for phase separation and the heat release from bond energy 

enthalpy were subjects of the parametric study. It was found that average concentration and 

value of bond energy have significant effects since they contribute to driving force and mobility. 

The size of the phase separation region is an important result since it directly relates to the 

resolution of lithography. Therefore, for the laser pulse case parametric study, the size of the 

phase separation region is investigated, and both thermal properties and laser pulse parameters 

are included in addition to the inputs of the phase field model. The laser pulse case parametric 

study shows the average concentration and thermal properties have the largest effect on size of 

the separated region. According to the parametric study, in practice, increasing average 

concentration and reducing laser pulse power are suggested to reduce the separated region size to 

increase lithography resolution.  

 

8.4 Future Work 

In this dissertation, the framework for simulating the plasmonic lithography process has been set 

up, which mainly includes the energy transport mechanism of laser pulse electromagnetic energy 

and the phase transition characteristics of the patterning material. There are many additional 

studies that could be performed.  

One option is to work on continuous laser pulse operation. Comparing with a single laser 

pulse, the residual heat from previous pulses would add up significantly on the patterning 

material in the case of a high frequency continuous laser pulse. In this research project, the 
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simulation is only for one laser pulse, but the case of a continuous laser pulse can be simulated 

by modifying the parameters of the current numerical model without changing the governing 

equations.  

Currently, most of the material properties in the numerical models are assumed to be 

constants for simplicity in order to focus on the lithography process. In reality, the optical and 

thermal properties of the patterning material are expected to change upon phase separation by 

absorbing energy. The thermal properties of the other materials are also temperature dependent. 

Thus, the variation of material properties during the lithography process could be important to 

obtain more accurate result.  

The classical (continuum) theory of heat transfer is used here. This is justified because the 

patterning material is highly disordered since it is prepared by sputtering. On the other hand, 

nano-scale heat transfer effects could be considered in this nano-fabrication technique especially 

when the patterning material becomes more crystallized during phase separation.  

During the lithography process, a nano-size air gap is maintained between the plasmonic lens 

and the rotating patterning material. The near field thermal radiative heat transfer between the 

plasmonic lens and the patterning material should be considered since it may change the amount 

of energy absorbed by the patterning material and the size of the resulting lithography feature as 

well. Heat transfer induced by the air molecules may also be significant within the nano-size air 

gap between the plasmonic lens and the rotating patterning material. With the nano-scale air gap 

distance, the air gap distance may be smaller or comparable to the mean free path of the air 

molecules, so the air molecules should be ballistic within the gap and the conventional way to 

handle the convective heat transfer may not be suitable.  
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Besides working on the energy transport mechanism in the lithography process, more work 

can also be done concerning the phase behavior of the patterning material. A more sophisticated 

free energy profile can be constructed from more detailed thermodynamic data and calculations 

for the mixing of the substances instead of the current simple approaches by assuming identical 

crystal structure between substances, identical atomic distance, etc. Results from the phase field 

model may also be used to compare with results from molecular dynamic simulation, which may 

provide more accurate results but requires much more computing resource and time.  

The phase field model developed here is used in two-dimensional cases for qualitatively 

showing the characteristics of phase separation in the patterning material. However, all of the 

formulations in this phase field model are applicable to the three dimensional case, so three 

dimensional results for the phase field model can be obtained with more computing resource and 

time.  

Currently, the electromagnetic wave model and the phase field model are individually 

coupled with the heat transfer model, and these three models may be all coupled together to more 

accurately simulate the interaction between the three different physical phenomena.  
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APPENDIX A: Calculation of Incident UV Laser 

Electric Field Profile 

 

The electric field profile of the UV laser inside the sapphire flying head is assumed to have a 

Gaussian spatial profile. By using cylindrical coordinates with 2 2 2r x y  , the electric field 

profile of the positive z-propagating Gaussian beam is [40] 
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where 
0

E  is a constant electric field coefficient, 0w is the beam waist,  
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and 

    arctan Rz z z  .   (A.5) 

0
E  is in the y-direction, which is the same as the electric field direction of the UV laser.  

In order to use Equation (A.1) as incident electric field in one of the scattering boundaries, 

both 0
E  and 0w  must be calculated. Considering the focal plane of the Gaussian beam, which is 

located at z = 0, the field profile becomes  

   2 2

0expr r w   i 0E E .   (A.6) 
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Since the wavefront of the Gaussian beam is a flat surface at the focal plane, the magnetic field 

can be approximated by  

 
1 ˆ


 H k E ,   (A.7) 

which is a relation between electric field and magnetic field for a plane wave [41]. In the above 

equation, k̂  is the unit vector in the plane wave traveling direction, which is the positive z-

direction in this case.   is the intrinsic impedance, which is equal to  

 0 0 r c
c n   ,   (A.8) 

where 0c  is speed of light in vacuum and 0  is vacuum permeability. The energy flux of the 

electromagnetic wave can be represented by the time average Poynting vector, which is  
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In the above equation, superscript,  , represents complex conjugate. Using the above equation 

and Equation (A.7), the magnitude of the Poynting vector of the incident laser can be written as  
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Moreover, by substituting Equation (A.6), Equation (A.10) becomes 
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For 0r  as a known FWHM focused radius of Gaussian beam, by inspecting Equation (A.11), 0w  

can be solved from  2 2

0 01 2 exp 2r w  , so 

 0 0 2 ln 2w r .   (A.12) 
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The continuous laser becomes a Gaussian pulse after passing through the optical modulator. 

The energy flux of a single laser pulse can be written as  

      , pr t r g t av,i av,iS S .   (A.13) 

In the above equation,  pg t  is a Gaussian pulse function of time, and its expression is  

  
 

2

0

2

1
exp

22
p

tt

t t
g t

 

 
  

  

,  (A.14) 

where t  is standard deviation in time, and 0t  is pulse time. Similarly, for t  as a known 

FWHM pulse duration, t  can be calculated from t  as  

  / 2 2ln 2t t   .  (A.15) 

The amount of energy in each laser pulse can be related to the energy flux according to 

  
2

0 0

,ls

p t r

P
r t rd dr dt

f






 

  

    av,iS ,   (A.16) 

where lsP  is the time-average laser power arriving at the PL, and pf  is pulse frequency. Both 

sides of Equation (A.16) are equal to the amount of energy in each laser pulse, and the resulting 

electric field coefficient is  
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With Equations (A.1), (A.2)–(A.5), (A.12), and (A.17), the incident electric field profile for the 

top scattering boundary in Figure 3.3 is fully defined. 
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APPENDIX B: Calculation of Time-Dependent 

Heat Source 

 

For evaluating the time-dependent heat source in the HT model, both time-independent resistive 

heating from the EMW model and Gaussian pulse function of time are used in the calculation. 

First, consider the steady harmonic resistive heating from the EMW model, which is 

 rhQ  J E .   (B.1) 

In the above equation, J  is current density phasor, and angle brackets, , represent time 

average. By separating the real and imaginary parts, the complex refractive index is c in n jk  . 

With J E  and Equation (3.2), the steady harmonic resistive heating in Equation (B.1) can be 

written as  

  
20, , i
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r

nk
Q x y z




 E .   (B.2) 

By inspecting Equations (A.10), (A.13), and the above equation, the time dependency of the 

square of electric field magnitude is the same as that of the laser energy flux, and also the same 

as that of resistive heating. Therefore, the transient harmonic resistive heating is used as the 

transient heat source in the HT model, and its expression is  

      , , , , ,rh pQ x y z t Q x y z g t  .   (B.3) 
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APPENDIX C: Derivation of Thermodynamic 

Driving Force 

 

The variational derivative is used to evaluate the  F C   term is the phase field model 

governing equation, Equation (5.3). The free energy inside the material domain   is provided in 

Equation (5.1), which is      
22
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The variational derivative of Equation (5.1) is  
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Since  ,F C T  is the free energy, the result F C   corresponds to the chemical potential. 

Thermodynamic driving force can be obtained by taking the spatial gradient of the chemical 

potential, which is  

 
   

 2 20
, ,

2b

m

F C T f C T N
a C

C C v

 




    


 ,  (C.3) 

where 2C  is defined as  2C C    . 
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APPENDIX D: Validation of Applying Phasor 

Form of Maxwell’s Equation 

 

The phasor form of Maxwell‟s equation is used to solve electric field phasor. The electric field 

phasor, E , is related to the electric field, E , by    Re  e j tE t E  . Electric field can be the sum 

of electric field phasors at different frequency, which is     n

n

n

Re  e
j tE t E 

 
  

 
  or 

   Re  e j tE t E d 




 
  

 
  , and  nE   is the amplitude of the electric field at angular 

frequency of n . For certain time dependent electric field profile, Fourier transform can be used 

to compare electric field amplitudes with different frequencies, or find out the dominant angular 

frequency.  

For the laser pulse used in the plasmonic lithography, the FWHM pulse duration is t  = 12 

ps, and the wavelength of laser is 0  = 355 nm. If the spatial dependence is not considered, the 

single-pulse time dependent electric field profile can be simplified as  
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where pE  is the peak electric field,  pg t  is the Gaussian pulse function, 0 02 c    ( c  is 

speed of light) is the angular frequency of laser, and   2 2ln 2t t   . The Fourier 

transform of the pulse function is 
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with      0

p 0e
j t

F g t G
         , the Fourier transform of electric field is  

    
   

2 22 2

0 0

0 0

exp 1 exp 1
2 2 2

t t

tF E t
     

 
 

        
               
           

   (D.4) 

The value of 0t   is about 42.7 10 , which is large. According to Equation (D.4) the value of 

   F E t     decays rapidly from 0   =1. Therefore, the electric field amplitude with 

angular frequency at 0  is dominant in the laser pulse. As a result, the phasor form of Maxwell‟s 

equation can be used to solve a laser pulse problem instead of the full transient form as long as 

the 0t   is large enough, which means the period of laser is sufficiently smaller than the pulse 

duration.  
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